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Loi ndi dau

Gido trinh nay duoc bién soan nhdm trang bi cdc tri thitc todn hoc cot yéu dé’ lam cong
cu hoc tdp va nghién citu cac moén hoc chuyén nganh cho sinh vién cac nganh ky thudt
thuoc Pai hoc Pa ndng. Noi dung gido trinh gom cé 8 chuong véi thoi luong 60 tiét (4
don vi hoc trinh) duogc chia lam hai chuyén dé nho.

Chuyén dé Ham bién phitc gom 5 chuong
Chuong 1 Cdc khdi niém co ban vé sé phiic, day tri phiic, ham tri phiic va cdc
tdp con ciia tdp s6 phiic.
Chuong 2 Cdc khdi niém co bdn vé ham tri phiic, dao ham phiic, cdc ham gidi
tich so cdp va phép bién hinh bdo gidc.
Chuong 3 Cdc khdi niém co bdan vé tich phdn phiic, dinh ly tich phdn Cauchy va
cdc hé qud cua no.
Chuong 4 Cdc khdi niém co bdn vé chudi ham phiic, khai trién Taylor, khai trién
Laurent, 1y thuyét thang du va cdc ving dung ciia né.
Chuong 5 Cdc khdi niém co bdn, cdc tinh chdt, cdc phuong phdp tim dnh - goc va
cdc vng dung ctia bién doi Fourier va bién doi Laplace.

Chuyén dé Phuong trinh vdt 1y Todn gom cé 3 chuong
Chuong 6 Cdc khdi niém co bdan vé 1y thuyét truong : Truong vé huong, truong
vecto, thong lugng, hoan luu va todn tit vi phdn cdp 1.
Chuong 7 Cdc bai todn co bdn cua phuong trinh vdt ly - todn, bai todn Cauchy
va bai todan hén hop cua phuong trinh truyén song.
Chuong 8 Buai todn Cauchy va bai todn hon hop cia phuong trinh truyén nhiét,
bai todn Dirichlet va bai todn Neumann ctia phuong trinh Laplace.

Tdc gid xin chdn thanh cam on cdc ban dong nghiép GVC. Nguyén Trinh, GVC. Lé Phii
Nghia va GVC.TS. Lé Hoang Tri da danh thoi gian doc bdn thdo va cho cdc y kién déng
g0p dé hoan thién gido trinh.
Gido trinh duogc bién soan ldn ddu chdc con ¢é nhiéu thiéu sét. Rdt mong nhdn duoc y
kién déng gop cua ban doc gan xa.

Da ndng 2004

Tdc gia
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Chuong 1

So6 phiic

D1. Truong so phiic

e Kihitcul=3%3={(x,y):x,y U3 }. Trén tap [J dinh nghia phép todn cdng va phép
todn nhan nhu sau
O, y), x7,y) OO
Xy +&,y)=x+x,y+y)
(X, y) X (X, y)) = (Xx” - yy’, Xy’ + Xy) (1.1.1)

Vidu 2, 1) +(¢-1,D)=(1,2) va (2,1)x(-1,1)=(3,1)

Dinh Iy (0, +, X ) la mot truong so.

Chitng minh

Kiém tra truc tiép céc cong thic (1.1.1)

Phép toan cong c6 tinh giao hodn, tinh két hop, ¢6 phan tir khong 1a (0, 0)
U,y 00 & y)+0,0)=(x,y)

Moi phan tlr ¢6 phan ti d6i 1a -(x, y) = (-X, -y)
O, y) OO, (x,y) + (%, -y) = (0, 0)

Phép toan nhan c6 tinh giao hoan, tinh két hop, cé phan tir don vi 1a (1, 0)
U, y) 00, x,y) x(1,0) =(x,y)

X -y
: )

Moi phan tir khdc khong c6 phan tir nghich déo 1a (x, y)"' = ( I
x*+y? X’ +y

06 y) 00-{0,0), (x,y) X (52— ,——>—)=(1,0)
X" +y" X"ty
Ngoai ra phép nhan la phan phoi véi phép cong M
* Trudng (0, +, X ) goi 1a truong s6 phiic, méi phan tir cua O goi 1a mot s phiic.
Theo dinh nghia trén mdi s& phiic 14 mot cap hai s6 thuc véi cac phép todn thuc hién
theo cong thic (1.1.1). Trén truong so phiic phép trit, phép chia va phép Iuy thira dinh

nghia nhu sau.
O,z z) OO0xOxOvéi 0 =0-1{(0,0) }

z R . i
z2-7=z2+(-2), — =z%x(2) vaz'=1,z'=zvaz =7" xz (1.1.2)
z

* Bing cach dong nhét s6 thuc x véi s6 phic (x, 0)

Gido Trinh Todn Chuyén bé Trang 5
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Chuong 1. SO Phiic

Xx=(x,0),1=(,0)va0=(0,0)
tap so thuc trd thanh tip con cuta tap so phic. Phép cong va phép nhan cac s6 phiic han
ché 1én tap so thuc trd thanh phép cong va phép nhan cac so thuc quen thudc.
X+xX=2x0+x,0=x+x,0=x+x, ...
Ngoai ra trong tap s phiic con c6 cac s6 khong phai 1a s6 thuc. Ki hiéu i = (0, 1) goi la
don vi do. Ta c6
i’=(0,1)x(0,1)=(-1,0)=-1
Suy ra phuong trinh x*+ 1 = 0 ¢6 nghiém phic 1a x = J-103
Nhu vay truong so thuc (3, +, X) 1a mot trudong con thuc su ctia truong s6 phic (0, +, ).

D2. Dang dai s6 clia s6 phtic

* V6i moi so phiic z = (X, y) phan tich

x,y)=(x,0)+(0,y) =x(1,0) + y(0, 1)
Dong nhat don vi thuc (1, 0) =1 va don vi 40 (0, 1) =i, ta c6

Z=X+1y (1.2.1)
Dang viét (1.2.1) goi 1a dang dai s6 cua s6 phic. S6 thuc x = Rez goi 1a phdn thuc, s6
thuc y = Imz goi 1a phdn do va s6 phic z = x - iy goi la lién hop phiic cia s6 phiic z.
K&t hop cac cong thitc (1.1.1) - (1.2.1) suy ra dang dai s6 cua cac phép toan so phiic.

X+iy)+ X +1y)=x+x)+i(y+y’)
(X +1y) X (X* +1y’) = (xx - yy’) +i(xy’ + x’y)
+ . I+ I I — I
ARSI A A L AL (1.22)
X +1y X"ty X"ty

ViduChoz=1+2i vaz =2-1

'
1x7 =(Q2+2)+i(1+4)=4+3], £ =12
zZ 2-i

Z=(1+2)x(1+2i)=-3+5i, 2=22xz=(3+50) x (1 +2i)=-13-i

=i

e Tir dinh nghia suy ra

z=z < z[I3 z=-z2+ 20113 7=z

z+ Z =2Rez z-z =2ilmz zZ =Re’z+ Im’z (1.2.3)
Ngoai ra lién hop phiic con c6 cédc tinh chat sau day.

Dinhly U(n,z,z’) 00 x 0 x[]

Trang 6 Gido Trinh Todn Chuyén bé
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Chuong 1. SO Phiic

1 2+7 =72+ 7

2 77" = 27 z" = (z2)"
o zZ z

3. z =(z) ;=§

Chitng minh
1. Suy ra tr dinh nghia

2.Tacé 77 = X +iy)x (x"+iy") = (xx* - yy’) - i(xy’ + X’y)

27 =(x-iy) X (X" -iy) = (XX" - yy’) +i(-xy’ X'y)
Qui nap suy ra hé thic thi hai.

3. Taco 2z =7z =1

I
1]
—~
|
N
o

Suy ra 2/ =2z)" =z 27"

M

* V6i moi s6 phiic z = x + iy, s6 thuc | z | = 4/x* +y> goi 12 module clia s6 phic z.

Néu z=x [0 3thi |z |=]|x |. Nhu vay module cta s6 phtic 1a m& rong tu nhién cta khai
niém tri tuyét doi cua s6 thuc. Tir dinh nghia suy ra
|Rez |, |Imz|<|z| lz|=|-z|=|Zz|=|-Z | 2z =zz=|z
_ |
=17 2wy = ——a7 (1.2.4)
lz] z' Al

Ngoai ra module ctia s6 phiic con ¢ cac tinh chat sau day.

Dinhly 1(n,z,z’) U0 x0Ox0

I. ]z|=20 |z]|=0 < z=0

2. zz’|=|z| 7] | 2" [=]z

3. |zt =]z z -1zl
AR

4. |z+72 ||z |+ |72 | lz|-12’||<|z-2"|

Chitng minh

1. Suy ra tir dinh nghia

2.Tacé |zz’'[=zz 2 =(ZZ)(Z’;)=(|Z |l z’| )’

Qui nap suy ra hé thic thi hai.

3.Tacé |zz'|=|z|z'|=1=|z"|=1/]|z]

Suyra  |z/Z’|=|z@)" |=]z||@)"]

4.Tacé zz' + 2Z’=2R€(Z;)S|Z?D =|z| 2|

Suy ra lz+2 P=(z+2)z+2z)=0z0 +2Re(z ') +|ZF< (| z|+| 2> W

D3. Dang luong giac cua so phiic

Gido Trinh Todn Chuyén bé
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* V6i moi s6 phiic z = x + iy O 00" ton tai duy nhat s6 thuc ¢ O (-Tt, T1] sao cho

cosd = X v sind = A (1.3.1)

lz] lz|

Tap s6 thuc Argz = ¢ + k211, k [0 9 goi 1a argument, s6 thuc argz = ¢ goi la argument
chinh cla s6 phtc z. Ching ta qui uéc Arg(0) = 0.
Kihiéu r=|z |t cong thic (1.3.1) suy ra

X =rcosd vay = rsind
Thay vao cong thure (1.2.1) nhan dugc

z =r(cos + isind) (1.3.2)
Dang viét (1.3.2) goi l1a dang luong gidc cua s6 phic.

* Tir dinh nghia suy ra
argz=¢ = arg(-z) =¢ - L argz =-P vaarg(-z) =Tt- ¢
x>0,argx =0 x<0,argx =Tt

y>0,argly) =12  y<O0,arg(y) =-172 ... (1.3.3)
Ngoai ra argument cuia s6 phic con cé cac tinh chat sau day.

Dinhly U(n,z,z) 00O xOx1

1. arg(zz’) = argz + argz’ [2T1 arg(z") =n argz [21(

2. arg(z’') = - argz [21] arg(z/z’) = argz - argz’ [21
Chung minh

1.Giast z=r(cos¢ +isind) va z’ =r’(cosd’ + isind’)

Suy ra

7z’ = rr’[(cosPcosd’ - sindsind’) + i(sinpcosd’ + cospsind’)]

= 1r’[cos(P + ¢°) + isin(P + ¢°)]
Qui nap suy ra hé thic thi hai.

2. Taco
arg(zz') = arg(z) + arg(z’') = 0 [21] = arg(z’') = - arg(z) [2TT]
Suy ra
arg(z/ z’) = arg(zz’") = argz + arg(z’™") M

ViduChoz=1+ivaz =1+ /3i

Ta co 77’ = [\/5 (cosg + ising)][2(cosg + ising)] = 2\/5 (cos% + isin%[)

7 = (2 )10"[cos(100’74T ) + isin(lOO]Z:[ )] = -2%

* V6i moi s6 thuc ¢ [0 3, ki hiéu
e® = cosd + i sind (1.3.4)

Trang 8 Gido Trinh Todn Chuyén bé
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Theo cac két qua & trén chiing ta c6 dinh 1y sau day.

Pinhly O, ¢,¢) 00 x3x3

1. 0 =1~ ¢=kom e =e"

2. ei(¢+¢’) — ei¢ei¢’ (eitb)-l — e-i¢ (ei¢)n — ein¢

Chiing minh

Suy ra tlr cong thic (1.3.4) va cac két qua 6 trén M

Héqua O(n,¢) 00 x3

1.  (cosd + isind)" = cosnd + isinn (1.3.5)

2. cosh = %(ei“’ +e?) sing = %(e“" - e'?) (1.3.6)
i

Cong thie (1.3.5) goi la cong thitc Moivre, cong thitc (1.3.6) goi la cong thitc Euler.

Vidu Tinh tong C = > coskd va S= ) sinkd
k=0 k=0

n ) ei(n+1)¢ _1
Ta cé C+iS= zelk¢:—
— e“') _1
k=0
+ - + — . + ol .
Suy ra C= 1 cos(n+ D¢ —cosnd +cos¢p —1 ViS= 1sin(n+1)¢ —sinnd —sin ¢
2 cosd -1 2 cosh -1

* S6 phitc w goi 1a can bac n cua s6 phic z va ki hiéu la w = Yz néuz=w"
Néuz=0thiw=0

Xét truong hop z=re? 20 vaw = pe®

Theo dinh nghia w' = p'e™® = rei®

Suy ra p"=rvand =¢ + m21m

Hay o=rva 0=24+m2" i m0o
n n

Phantich m=nq+k v6i 0<k<n vaqU9. Taco

¢ +m2—T[E9 +k2—n [21]
n n n n

Twr d6 suy ra dinh 1y sau day.
Dinh Iy Can bac n cta so phic khac khong c6 ding n gia tri khac nhau
w, = ¥r [cos (2 + k2T +isin(® + k20 v6i k=0..(n-1) (137
n n n n

Vidu

Gido Trinh Todn Chuyén Dé Trang 9
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1.Sophicz=1+i= \/E(cosg + isinE) c6 cac can bac 3 sau day

\/_ (cos— +isin-% B \/_ (cos— + isin ?12-[ \/_ 2 (cos 1172T[ + isin 11721'[)

2. Giai phuong trinh x*-x +1 =0

1+id3
2

Ta c6 A = -3 <0 phuong trinh ¢6 nghiém phic x, , =

L 2T

Hé qua Kihiéu 0, = e " ,k=0...(n - 1) 1a cac can bac n cua don vi.

L =0, 2. w=(w)" 3. zwk =0
k=0

2m

ViduVéin=3kihicuj=e * =0, .Suyracy=j =] val+j+7=0

P4. Cé4c ing dung hinh hoc phéing

« Ki hiéu V 12 mat phing vecto v6i co s truc chuan duong (i, j). Anh xa
®:0- V,z=x+iyav=xi+yj (1.4.1)
1a mot song anh goi 1a biéu dién vecto cha s6 phiic. Vecto v goi 1a dnh cua s6 phic z,
con s6 phuc z goi 1a toa vi phiic cua vecto v va ki hiéu 1a v(z).
Ki hiéu P 12 mat phang diém véi hé toa do truc giao (Oxy). Anh xa
®:0 - Pz=x+iya M(x,y) (1.4.2)
1a mot song anh goi 12 biéu dién hinh hoc ctia so phiic. Diém M goi 12 dnh cua s6 phic z

con s6 phtc z goi 1a foa vi phiic ctia diém M va ki hiéu 1a M(z). A
Nhu hinh bén, M(z) v6i z = x + iy, M,(-Z ), M,(-z) va M5(Z). |, A — M

Néu z = x [ 3 thi diém M(z) 0 (Ox), con néu z = iy thi diém
M(z) O (Oy). Do vay mat phang (Oxy) con goi 13 mat phing

v

o 0
phtic, truc (Ox) Ia truc thuc va truc (Oy) la truc ao. Sau nay
ching ta s& déng nhat mdi s6 phitc véi mot vecto hay mot diém
trong mat phiang va nguoc lai.
Dinh 1y Cho céc vecto u(a), v(b) 0V, s6 thuc A 0 3 va diém M(z) O P
I. Jul|=]|a] (i, u) = arg(a) dAa+b)=Au+v
2. |OM |=]|z] 0(i,OM ) = arg(z)
Chitng minh

Trang 10 Gido Trinh Todn Chuyén bé
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Suy ra tur cdc cong thuc (1.4.1) va (1.4.2) »

A

Hé qud 1 Trong mit phang cho cic diém A(a), B(b), C(c) va D(d)
1. AB(b-a), AB=|b-a], 0@ AB)=arg(b - a)

2. O(AB, CD)=0(@CD) - D(i,ﬁs)=arg§
—a

Chiing minh
Suy ra tu dinh 1y "

ViduChoz UOU- {-1,0, 1} va A(1), B(-1), M(2), N(l) va P(%(z + l)). Ching minh
z z

rang duong thang (MN) la phan gidc ctia géc [( PA ,ﬁ ).

A

. _ 2
Tac60G, AP) = arg(~ (z+ 1) - 1) = arg =D M
2 z p
. 1 1 (z+1)? __—
UG, BP)=arg(—(z+ —)+ 1) =ar >
. BP) = arg( - (z+ )+ D=arg™ . O/ "
Suy ra N
0G, AP) + 0, BP):arg(Zzl) (221) = 2arg(z- L) =20¢, MN)
Z V4 Z

Hé qua 2 Véi cac ki hiéu nhu trén

1. Hai duong thing (AB) // (CD) = are9_S =0 - 42¢0o3
b—-a b-a
. N 2 d —C n d —=C .
2. Hai duong thang (AB) J(CD) <« arg =— [ = i3
b-a 2 b-a
3.Badiém A, B, C thing hang < arge— © =0[r] - — > 03
b-a b—a
Chitng minh
Suy ra tir cac hé thic hé qua 1 "

Vi du Trong mit phiang tim diém A(z) sao cho ba diém A(z), B(iz) va C(i) thing hang
Kihiéuz=x +1iy, tacéd

A,B,Cthing hing = 21 =k03 o -y+i(x-1)=(kx) +ik(y - 1)
Z—1
- —y:kX - _ 1-k _k(k_l) L.
{x—l:k(y—l) X= a0 YT oy OikHs

eanhxa ®:P - P, M a N goi la mot phép bién hinh

Gido Trinh Todn Chuyén Dé Trang 11
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Phép bién hinh M o N = M + v goi la phép tinh tién theo vecto v
Phép bién hinhM a N=A + k AM (k> 0) goi la phép vi tu tam A, hé s6 k

Phép bién hinh M a N sao cho [J( m, E\I) = o goi la phép quay tam A, géc O
Tich ctia phép tinh tién, phép vi tu va phép quay goi 1a phép dong dang.

Dinh Iy Cho phépbiénhinh®: M a N

1. Phép bién hinh @ 1a phép tinh tién = z’=z+bvéibU[

2. Phép bién hinh ® 1a phép vi tu = zZ=a+k(z-a)v6ik3,alll]

3. Phép bién hinh @ Ia phép quay - zZ=a+e%z-a)véiad3,a00

4. Phép bién hinh ® 1a phép dong dang < z’=az+bvéia, b 00

Chung minh

Suy ra tir dinh nghia cac phép bién hinh va toa vi phiic. M

Vi du Cho A(a), B(b) va C(c). Tim diéu kién can va di dé AABC la tam gidc déu

AABC I tam gidc déu thuan < (a-b)=e 3 (c-b) A

= (@a-b)=-j(c-b) = a+jb+jc=0
Tuong tu, AACB la tam gidc déu nghich

= (a-b)=-jlc-b) < a+jc+i’b=0 B C
Suy ra AABC la tam gidc déu

= (a+jb+jc)a+jc+jb)=0 < a*+b*+c’=ab+bc+ca

D5. Day tri phtc

* 4nh xa
¢:0 - Onaz =x,+1iy, (1.5.1)
goi 1a ddy s6 phirc va ki hiéu 1a (z,),0o.
Day so thuc (x,),00 g0i 1a phdn thuc, day so thuc (y,),oo0 12 phdn do, ddy s6 thuc duong
(| z, yoo 1a module, day so6 phic (Z, )00 1a lién hop phiic cha day s6 phic.

Day s6 phiic (z,),00 g0i 1a ddn dén gici han a vakihiéula lim z, =a néu

n - +oo

Oe>0,0NO0: On>N= |z -a |<¢

Day s6 phic (z,),00 goi 1a ddn ra vo han vakihiéula lim z, = néu

n - +oo

OM>0,ONOO0:0O0n>N= |z, |>M
Day c6 giéi han module hitu han goi la day hoi tu. Day khong hoi tu goi la day phdn ky.

Trang 12 Gido Trinh Todn Chuyén bé



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Chuong 1. SO Phiic

Dinh Iy Cho day so phiic (z, = x, +1iy,),oo vaa=a + i3 0 O

limz,=a < limx,=d va limy,=[ (1.5.2)
Chiing minh
Gia st

limz =a « 0e>0,ONOO:0On>N = |[z,-a| <€

n — +oo
= On>N = |x,-0|<evaly, -B|<e€

Suy ra lim x, =0 va limy,=f3

n - +oo n— +oo
Nguoc lai

lim x,=0 va limy,=f3

n— +oo n— +oo

- Oe>0,0NOO: On>N = |x,-0|<€2 va |y, -B|<¢€2
= On>N= |z, -a|<e

Suy ra limz, =a 4]
n — +oo
Hé qud
1. limz,=a < lim Z, —a:>11m|z|—|a|
n - +oo n— +oo
2. lim Az, +27’)=Alim z, + lim 2’
n— +oo n — +oo n — +oco

lim (z,2’,)= lim z, lim z’, va lim (z,/2’,) = hm z,/ lim 2’

n — +oo n— +oo n — +oo n — +oo +o00 n — +oo

3. Cac tinh chat khac tuong tu gidi han day so thuc

* Cho day s6 phiic (z, = x, + 1y,),00 . Téng vo han
Zz =Zy+Z,+...+ 7, + .. (1.5.3)
goi 1a chudi so phiic.

+o0o +00
Chubi so6 thuc ZXH goi 1a phdn thuc, chudi s6 thuc Zyn 1a phdn do, chudi s thuc
n=0 n=0

duong »'lz, | 1a module, chubi s6 phic Y 7, 1a lién hop phiic ctia chubi s6 phic.

n=0 n=0

n
Kihiéu S, = Z z, goi 12 16ng riéng thir n cha chudi so phic. Néu day tong rieng S, dan
k=0
dén gi6i han S ¢6 module hitu han thi chudi s6 phiic goi 1a hoi tu dén tong S va ki hiéu l1a

+00

Z z, = S. Chudi khong hoi tu goi 1a chuoi phan ky.

n=0

Vi du Xét chudi s6 phitc Y z"=1+z+..+2+.. (|z]|<]1)

n=0

Gido Trinh Todn Chuyén Dé Trang 13
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n+l _
z IDQ,* 1

z-1 1-z

Ta cé S,=1+z+...+272"=

Vay chudi da cho hoi tu.

Tir dinh nghia chudi s6 phiic va cdc tinh chat cta diy so phiic, clia chudi s6 thuc suy ra
cac két qua sau day.

Pinh Iy Cho chudi s phic > (z, =x, +iy,) vaS =a +ip 00

n=0
Yz,=S = Yx,=ava Yy =B (1.5.4)
n=0 n=0 n=0
Chung minh
Suy ra tir cdc dinh nghia va cong thic (1.5.2) M
Hé qud
L Dlz,I=|S|= Yz,=8 =« >7z,=8
n=0 n=0 n=0

2. Céac tinh chat khac tuong tu chudi s6 thuc

+00 +00
* Chuéi s6 phic "z, goi 1a hgi ty tuyét déi néu chudi module » Iz, | hoi tu. RS rang
n=0 n=0

chudi hoi tu tuyét doi 1a chudi hoi tu. Tuy nhién di€éu nguoc lai néi chung 1a khong
diing. Ngoai ra, c¢6 thé ching minh ring chi khi chudi s6 phic hoi tu tuyét d6i thi téng
vo han (1.5.3) méi c6 cdc tinh chat giao hodn, két hop, ... twong tu nhu tong hitu han.

b6. Ham tri phuc

* Cho khoang I [J 3, anh xa
f:1 - 0, t af(t)=u(t) +iv(t) (1.6.1)
goi la ham tri phuc.
Ham u(t) = Ref(t) goi 1a phdn thuc, ham v(t) = Imf(t) 1a phdn do, ham | f(t) | 1a module,
ham f(t) 1a lién hop phitc clia ham tri phic.
Trén tap f(I, ) cac ham tri phiic xac dinh trén khoang I, ching ta dinh nghia cac phép
toan dai so tuong tu nhu trén tap f(I, 3) cac ham tri thuc xac dinh trén khoangl.
Ham tri phiic f(t) goi 1a bi chdn n€u ham module | f(t) | bi chan.
Choham f:1 — O vao O I.Ham f goi 1a ddn dén gi6i han L khi t din dén o va ki
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hiéu l1a lim f(t) =1 néu
t-a
Oe>0,00>0:0t0LO0<|t-a|<d= |f(t)-L|<e
Ham f goi 1a ddn ra vo han khi t dan dén o va ki hiéu 1a lim f(t) = © néu

OM>0,00>0 :0t0LO<It-al<d= [f(t)|>M
Cac truong hop khéac dinh nghia tuong tu.

Dinh Iy Choham f:1 - O, ta f(t) =u(®) +iv(),a O T vaL=1+ik 0O
limf(t)=L < limu®) =1 vd limv(t)=k (1.6.2)

Chitng minh
Lap luan tuong tu nhu chiing minh cong thic (1.5.2) 4]

Hé qud
l. limf®)=L = limf(t) =L = lim|f@®)|=|L |
toa t-a t-a

2. lim [AM(0) + g(H)] = Aim £(t) + lim g(t)
lim [f(Dg®] = lim £(t) lim g(t), lim [(t) / g(O] = lim £(t) / lim g(t)

3. Cac tinh chat khac tuong tu giGi han ham tri thuc

 Tir cdc két qua trén thdy rang, cdc tinh chat cia ham tri thuc duoc md& rong tu nhién
thong qua phan thuc, phan ao cho ham tri phic.

Ham f(t) = u(t) + iv(t) goi 1a khd tich (lién tuc, cé dao ham, thuéc I6p C*, ...) néu cic
ham u(t) va v(t) 12 kha tich (lién tuc, c6 dao ham, thuoc 16p C*, ... ) vatacd

j f(t)dt = j u(t)dt +i j v(t)dt

1 1

91 =u®@® +iv (@) , ... (1.6.3)

Ham f(t) goi 1a kha tich tuyét d6i n€u ham module | f(t) | kha tich. Trén tap s6 phic
khong dinh nghia quan hé tha tu va do vay cac tinh chat lién quan dén tha tu cta f(t)
duogc chuyén qua cho module | f(t) |.

Vi du Cho ham tri phtic f(t) = cost + isint ¢ phan thuc x(t) = cost phan ao y(t) = sint la
ham thuoc 16p C* suy ra ham f(t) thuoc 16p C”
f°(t) = - sint + icost, f’(t) = - cost - isint, ...

/2 /2 /2
.[(cost+isint)dt = .[costdt +1 .[sintdt =1+i
0 0 0
e 4nh xa
y:[o, Bl - O, ta v (1.6.4)
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goi 1a mot tham so cung. Tap diém I = y([a, B]) goi 1a qui dao cha tham s6 cung y hay
cdn goi 1a mot duong cong phdng. Phuong trinh

y(©) = x(0) +iy(), t O [a, ]
goi 14 phuong trinh tham sé ctia dudng cong phang I
Tham s6 cung Y goi 12 kin néu diém dau va diém cudi trung nhau. Tic 12 y(a) = y(B)
Tham s6 cung Yy goi la don néu anh xa y: (a, B) — [0 1a mot don anh.
Tham s6 cung Y goi 1a lién tuc (tron titng khiic, thudc 16p C*, ...) néu ham y (t) 1a lién tuc
(c6 dao ham lién tuc timg khic, thuoc 16p C, ...) trén [a, B]. Sau nay ching ta chi xét
cac tham s6 cung tir lién tuc trd 1én.

* 4nh xa

¢ :[a,B] - [a, B], tas=0() (1.6.5)
c6 dao ham lién tuc va khdc khong goi 1a mot phép doi tham so. Néu véi moi t O (a, B)
dao ham ¢’(t) > 0 thi phép ddi tham s6 goi 1a bdo toan hudng, trai lai goi 12 doi hudng.
Hai tham s6 cung y: [a, B] - Ovavy, : [a,, B,] - U goi la tuong duong néu cé phép doéi
tham s6 ¢ : [, B] - [q,, B,] sao cho

Ot0 [a, B, y©) = y,0d(t)
Néu ¢ bao toan hudng thi y vay, goi la cung huong, trai lai goi 1a nguoc huong.
C6 thé thdy ring qua hé cung hudng 12 mot quan hé twong duong theo nghia tong quat.
N6 phan chia tap cac tham s6 cung c¢6 cung qui dao ' thanh hai 16p tuong duong. Mot
16p ciing huéng véi y con 16p kia ngugc hudng véi y. Puong cong phang I = y([a, B])
cung véi 16p cac tham s6 cung cung hudng goi 1a mot duong cong dinh hudng. Ciing can
luu ¥ réing cing mot tap diém I ¢6 thé 1a qui dao clia nhiéu dudng cong dinh huéng khac
nhau. Sau nay khi néi dén dudng cong chiing ta hiéu d6 12 dudong cong dinh huéng.

Vi du Tham s6 cung x(t) = Rcost, y(t) = Rsint, t [J [0, 211 1a don, tron, kin va ¢6 qui dao
la dudng tron tam tai géc toa do, ban kinh R va dinh huéng nguoc chiéu kim dong hé.

» Duodng cong I goi 1a don (kin, lién tuc, tron tung khiic, I6p C*, ... ) néu tham s6 cung y
12 don (kin, lién tuc, tron timg khiic, 16p C, ...). Pudng cong " goi 1a do duoc néu tham
sO cung Y ¢6 dao ham kha tich tuyét doi trén [a, 3]. Khi d6 ki hiéu

B
s(M) =[x (@ +y” (0dt (1.6.6)

va goi 12 do dai cha dudng cong . C6 thé chitng minh ring dudng cong don, tron ting
khic 1a do duoc.

7. Tap con cua tap s6 phic
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eChoallOvae>0.HinhtronB(a,e)={z0O0O:|z-a|<€} goi Q)
12 € - 1an can cua diém a. Cho tap D O [, diém a goi l1a diém trong O
cua tap D néu J€ > 0 sao cho B(a, €) O D. Diém b goi 12 diém bién
cia tapDnéu Je>0,B(b,g) n D# 0 vaB(b, &) n (0-D)z 0.
Ki hieu D, la tap hop cdc diém trong, D 1a tap hop cic diém bién
va D =D [0 dD la bao déng ctia tap D. RS rang ta c6

D,O0DOD (1.7.1)
Tap D goi 1a tdp md néu D = D, tap D goi 1a tdp déngnéu D= D . Tap A 0 D goi la m&
(dong) trong tap D néu tap A n D la tdp mo (d6ng).

Vidu Hinh tron mé B(a, &) ={z00:|z-a|<€ } latap mo.
Hinh tron déng B(a, €)= {z0O:|z-a|< ¢} latap dong
TapD={z=x+iyOd0O: x>0,y =0 } la tap khong dong va ciing khong mo.

Dinh Iy Tap md, tap dong c6 céc tinh chat sau day.

1. Tap O va [0 1a tap m&

2. Tap D la tap mé khi va chi khi O a 0D, O0B(a, &) 0D

3. Néu cac tap D va E la tap ma& thi cac tap D n E va D [0 E ciing la tap m&
4. Tap D la tap mé khi va chi khi tap O - D 1a tap dong

5. Tap D la tap déng khi va chi khi O (z,),opp O D va lim z,=athi adD

n - +oo

Chiing minh
1. - 3. Suy ra tir dinh nghia tap m&
4. Theo dinh nghia diém bién
oD =0(0J - D)
Theo dinh nghia tap ma, tap dong
tapDmé = 0DOD < dDOO-D < tap - D dong
5. Gia sir tap D 12 tap dong va day so phiic z, hoi tu trong D dén diém a. Khi d6
Oe>0,0z, OB(a, ) =>Ba,e)nD#0 =aldD =D
Nguoc lai, v6i moi a [ dD theo dinh nghia di€ém bién
Oe=1/n,0z, 0B(a,e) n D = 0z, - a
Theo gia thiét a J D suy ra dD [J D. ]

» Tap D goi 1a gidi ngi n€u (R > 0 sao cho D [ B(O, R). Tap dong va giGi ndi goi la tap
compact. Cho céc tap D, E U [, ki hi¢u
d(D,E)=Inf{ |a-b]|:(a,b) UDXE } (1.7.2)
goi 1a khodng cdch gitta hai tap D va E.
Dinh ly ChocactapD,E U [
1. Tap D la tap compact khi va chi khi O (z,),00 O D, Oday con zy,, — a0 D
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2. Néu tap D la tap compact va tap E [ D la dong trong D thi tap E la tap compact
3. Néu cac tap D, E 1a tap compact vaD n E=[ thid(D, E) >0
+00
4. Néu tap D la tap compact va On 0 0, D, 0 D déng, D,,, 0D, thi | D,=a0D
n=0
Chiing minh
1. Gia st tap D la tap compact. Do tap D bi chan nén day (z,),00 1a ddy c6 module bi
chan. Suy ra day so thuc (x,),00 va (y,),o0o 1a day bi chan. Theo tinh chat ctia day s6 thuc
OX¢pm — O VA yp, — Bsuyrazy, — a=0a+if. Do tap D la tap dong nén a I D.
Ngugce lai, do moi day z, — a [0 D nén tap D la tap déng. Néu D khong bi chan thi c6
day z, — oo khong c6 day con hoi tu. Vi vay tap D la tap dong va bi chan.
2. - 4. Ban doc tu chiing minh M

e Choa, b0, tap [a,b] = {(1-t)a+tb:t O[O0, 1]} 12 doan thang ndi hai diém a va b.
Hop clia cdc doan thang [a,, a,], [a,, a,], ..., [a,,, a,] goi 12 dudng gap khiic qua n +1 dinh
vakihiéula<a,,a,, ..., a,>.

Tap D goi 1a tap 16i néu O (a, b) 0 D7, [a, b] O D. Tap D goi 1a tap lién thong duong néu
0 (a, b) 0 D?, c6 dudng cong " néi diém a vé6i diém b va ndm gon trong tap D. Tt nhién
tap 16i la tap lién thong dudng nhung ngugc lai khong ding.

Tap D goi la tap lién thong néu phan tichD=A [0 Bvéi A n B=[0 vacac tip A, Bvua
m& va vira dong trong D thi hoac A = D hoac B = D. Tap D mé (hoac dong) va lién
thong goi 1a mot mién.

Dinh Iy Trong tap so phic cac tinh chat sau day 1a twong duong.

1. Tap D la lién thong

2.0 (a, b) O D? c6 dudong gap khiic <a,=a, a,,...,a,=b>0D

3. Tap D la lién thong dudng

Chiing minh

1.=2.0a0D,dat A={z D : Oduong gip khiic <a, ...,z > [0 D}. Tap A vira la tap
mo vira la tap dong trong tip Dva AZ [ nén A=D

2. = 3. Theo dinh nghia lién thong dudng

3. = 1. Gia st ngugc lai tap D khong lién thong. Khi d6 D=A 0 Bv6i A n B=0 va
cac tap A, B vira md vira dong trong D. Chon (a, b) [ A x B, theo gia thiét c6 dudng
cong (a, b) nam gon trong D.

Chia doi dudng cong (a, b) bang diém c. Néu ¢ 0 A xét dudong cong (a, = ¢, b, = b), con
néu ¢ [ B xét duong cong (a, = a, b, = ¢). Tiép tuc chia doi dudng cong ching ta nhan
duoc day that lai a,, b, - ¢ OA n B. Trai vdi gia thi€t A n B=0. 2

» Cho tap D O O bat ki. Hai diém a, b [0 D goi 1a lién thong, ki hiéu 1a a ~ b néu ¢6
dudng cong noi a v6i b va nim gon trong D. C6 thé chitng minh ring quan hé lién thong
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12 mot quan hé tuong duong theo nghia tong quét. Do d6 né chia tap D thanh hop cic
16p tuong duong khong rong va roi nhau. Moéi 16p tuong duong
[a]={b0OD: b~a} (1.7.3)
goi 1a mot thanh phdn lién thong chita diém a. Tap D Ia tap lién thong khi va chi khi n6
c6 ding mot thanh phan lién thong.
Mién D goi la don lién néu bién 0D gobm mot thanh phan lién thong, trudng hop trai lai
goi 1a mién da lién.
Bién 0D goi 1a dinh huong duong néu khi di theo hudng dé thi
mién D nidm phia bén trdi. Sau nay chiing ta chi xét mién don
hoac da lién cé bién gom hitu han dudng cong don, tron ting
khiic va dinh hudng duong. Nhu vay néu mién D l1a mién don D
lién thi hoac 1a D = [0 hoac la dD" 1a duong cong kin dinh
hudng nguoc chiéu kim dong ho.

* Trong gido trinh nay ching ta thudong xét mot s6 mién don lién va da lién ¢ bién dinh
huéng duong nhu sau.

5//./

[ [

=

O<argz<a Imz>0

g

a<Rez<b a<Imz<b

L

N

A

Y

"J’

AN
\\§~§“

’ vl

r<|Z|<R D_[_l’l]

Bai tap chuong 1
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1

o

. Viét dang dai s6 clia cac s6 phuc
2 4 +5i

S @-i)(1+2i b.
(G-nt+ 2 4-3i 3-4i

. Cho cdc s6 phtc a, b [0 0. Chiing minh rang
z+abz—(a+b)

Clal=|bl=1=>0z00, 0i3
a—b
+
lal=[b|=1va 1+abz0= ¥ 3
1+ab

. Viét dang lugng gidc ctia cac s6 phic

-1 +i4/3 b. (V3 +i)" c. i

4. Giai cac phuong trinh

[N ol -

d. (1+2i)

d. Y1+i

Z2-(2+3i)z-1+3i=0 b. Z'-(5-14D)Z*-2(12 + 5i) =0
BZ+z+ 1) +Z +22+2)°=0 d z+z+jz+1)+2=0
N\ 3 N\ 2 .
+ + +
[Z ?j+(z ?j + 27 1=0 £ |Z|=l‘=|1—z|
Z—1 Z—1 Z—1 Z
(Z+1) = (z-i) h 1422427+ .. 422 +2"=0

. Tinh céc t6ng sau day

C= ZCos(a +kb) va S = Z sin(a + kb)
k=0 k=0

2m

.Kihiéu w= e " Iacan bac n thit k ctia don vi
n—1 n-1
. Tinh céc téng Z (k + D* z Crw*
k=0 k=0
n-1 n—1
. Chiing minhring Oz 00, ﬂ(z—w“) =)z
=1 1=0

. Trong mat phang phtc cho tim diém M(z) sao cho

. kTt
Suy ra lj sin— =
=1

A=C'+C +Cl+..,B=C. +C!+C/+.,C=C2+C +C} +...

n-1

. C4c diém c6 toa vi 12 z, z* va z’ 1ap nén tam gidc c6 truc tam la goc O

. Céc diém c6 toa vi z, z* va Z’ thang hang
. C4c diém 6 toa vi z, z° va 2’ 1ap thanh tam gidc vuong

1+u

. Khao sat su hoi tu cia day s6 phitc v, 00, On 00O, u,,, = " -

-u,
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9.0(n,z)00x0 va|argz, | < a. Chiing minh ring chubi ZI z, | hoitu

n20

10. Cho tam giac AABC. Ki hieu My=A, M, =B,M,=Cvaln UL, M, la trong tam
cla tam gidc AM, M, , M_,. Ching t6 ring ddy diém (M,), oo 12 ddy hoi tu va tim giGi
han cta n6?

11. Cho ham f : I - O sao cho f(t) # 0. Chitng minh ring ham | f | 1a don diéu tiang khi
va chi khi Re(f’/ )2 0.

12. Cho f: 3, — [ lién tuc va bi chan. Tinh giGi han

1 +00
. aa (E(E . f(t
a. lim x IJth (@=1) b. lim j (/);)dt
X - +0 xt X+ 0 1+t
13. Khéo sit cdc dudng cong phing
a. z(t) = acost + ibsint b. z(t) = acht + ibsht
. . Int
c. z(t) = (t - sint) + i(1 - cost) d. z(t)=t1nt+1nT
14. Biéu dién trén mat phang cic tap con cuia tap so phiic
a. |z-3+4i|=2 b. |[z-1]|+|z+1]|=3
n L n
c. arg(z-1)=— d. -— <argz< —va|z|>2
g(z-1) =7 ; Sargz< o valz|
e. 0<Imz <lva|z|<2 f. [z-1]|+]|z+1]|>3
g. |z|<2vaRez>-1 h. |z-i|>1va |z]|<2
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Ham bién phiic

P1. Ham bién phuc

e Chomién DO . d4nhxaf:D — [, za w = f(z) goi 1a ham bién phiic xac dinh trén
mién D va ki hiéu la w = f(z) véi z O D.
Thay z = x + iy vao biéu thic f(z) va thitc hién cdc phép toan

f(x +iy) = u(x, y) +iv(x, y) véi (x,y) 0D O 3* (2.1.1)
Ham u(x, y) goi 1a phdn thuc, ham v(x, y) goi 14 phdn do, ham | f(z) | = Vu® +v* goi la
module, ham f (z) = u(x, y) - iv(X, y) goi la lién hop phitc cua ham phuc f(z).

Nguoc lai, véi x:%(z+ Z)Vﬁy:%(z— Z),taco

ux,y)+iv(x,y)=1(z, z) véi z, z D U U (2.1.2)
Nhu vay ham phitc mot mat xem nhu la ham moét bién phiic, mat khac dugc xem nhu
ham hai bién thuc. Diéu nay lam cho ham phiic vira ¢ cac tinh chat giong va vira ¢ cac
tinh chat khac v6i ham hai bién thuc. Sau nay tuy theo timg trudong hop cu thé, ching ta
c6 thé cho ham phtc & dang (2.1.1) hoic dang (2.1.2)

ViduXét w=z".Thay z=x +iy suyra w=(x +iy)’ = (x*- y>) +i(2xy) = u +iv

« Dé biéu dién hinh hoc ham phiic, ta ding cap mat phang (z) = (Oxy) va (w) = (Ouv).

W)

Qua anh xa f

Diém 7y = X, + 1Y, bién thanh diém W, = Ug + 1V,
Puong cong z(t) = x(t) + iy(t) bién thanh dudng cong w(t) = u(t) + iv(t)
Mién D bién thanh mién G

Chinh vi vay méi ham phifc xem nhu 12 mot phép bién hinh tir mat phiang (Oxy) vao mat
phang (Ouv). Néu 4nh xa f 12 don 4nh thi hAm w = f(z) goi 1a don diép, trdi lai goi 1a da
diép. Him da diép bién mot mat phang (z) thanh nhiéu mat phing (w) tring lén nhau.
Néu anh xa f 1a don tri thi ham w = f(z) goi 1a ham don tri, trai lai goi 1a da tri. Ham da
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tri bién mot mat phang (z) thanh nhiéu tap con roi nhau ctia mat phang (w). Trong gido
trinh nay ching ta chi xét cic ham phtc don tri xac dinh trén mién don diép ctia no.

e Trén tap F(D, 0) cdc ham phic xédc dinh trén mién D, dinh nghia cdc phép toan dai s
tuong tu nhu trén tap F(I, 0) cac ham tri phic xac dinh trén khoang 1.
Chocicham f: D - U, za w=1f(z) vag:G - U, wa w = g(w) sao cho f(D) UJ G.
Ham

h:D - U, zaw=g[f(z)] 2.1.3)
goi 1a ham hop ctia ham f va ham g, ki hiéu 1a h = gof.
Chohamf:D - 0, za w=1f(z) va G = f(D).
Ham

g:G - U, wa z=g(w)saocho f(z) =w 2.1.4)
goi 12 ham nguoc chia ham f, ki hieu la g=f".
Ham ngugc clia hAm bién phitc c6 thé 1a ham da tri. Céc tinh chét phép toan clia ham
phtic tuong tu nhu cdc tinh chat cia ham thuc.

Vi du Ham w = 72 13 ham da diép trén [ va ¢6 ham ngugc z = v/'w 1a ham da tri.

D?2. Gié6i han va lién tuc

e Choham f: D — [,a 0D vaL O0O. Ham f goi 14 ddn dén giéi han L khi z dan dén a

va ki hiéu Ia lim f(z) = L néu

UOe>0,00>0:0z0D,|z-a|<d= |f(z)-L|<¢

Ham f goi 1a dan dén giGi han L khi z ddn ra vé han va ki hiéu 1a lim f(z) = L néu

70

Oe>0,0N>0:0z0D,|z|>N= |f(z)-L|<¢

Ham f goi 1a ddn ra vé han khi z dan dén a va ki hiéu 1a lim f(z) = c0 néu

Z—-a

OM>0,000>0:0z0D,|z-a|<d= [f(z)|>M

Dinh Iy Cho f(z) =u(x,y) +iv(x,y),a=a +if3 va L=1+ik 00
limf(zy=L « Ilim u(x,y)=1va lim 5 v(x,y)=k (2.2.1)

z-a (x.y) - (0.B) (x.y)—(a,
Chitng minh
Gia su
limf(z)=L « 0e>0,000>0: Oz0OD,|z-a|<d=|f(z)-L|<¢€

Z-a

= O, y)OD,|x-a|<d2va|y-B|<d?2
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= |ux,y)-1|<€ va|v(x,y)-k|<e

Suyra lim u,y)=1va Ilim v(x,y)=k
y (x.y)—(a.,p) (X, ¥) (x.y)—(a.,p) (X, ¥)

Nguoc lai

Iim ux,y)=1va lim v vy)=k
(x.y) - (a.,B) (X, ¥) (x.y)—(a.,p) (X, ¥)

- [0e>0,00>0: Ox,y)UD,|x-a|<dvaly-B|<d
= |ux,y)-1]|<€2 va|v(x,y)-k|<€R2
=0z0OD,|z-a|<d= |f(z)-L|<¢

Suy ra limf(z)=L 4]
Hé qua
. limfe=L « lmf(z) =L = lim|f(z)|=|L]|

2. lim [Af(z) + g(z)] = A lim f(z) + lim g(z)
lim [f(z)g(z)] = lim f(z) lim g(z), lim [f(z)/ g(z)] = lim f(z)/ lim g(z)

3. C4c tinh chat khac tuong tu giéi han ham bién thuc

e Ham f goi 1a lién tuc tai diém a 0 D néu lim f(z) = f(a). HAm f goi 1a lién tuc trén mién

D néu né lién tuc tai moi diém z [0 D.
Ham f goi 1a lién tuc déu trén mién D néu
Oe>0,00>0: Oz,z0OD,|z-2"|<d=|f(2)-f(z")|< €
R6 rang ham f lién tuc déu trén mién D thi né lién tuc trén mién D. Tuy nhién diéu
ngugc lai néi chung la khong ding.

Dinh Iy Cho ham f lién tuc trén mién D compact.

1. Ham | f(z) | bi chdn trén mién D va Oz, , z, 0 D sao cho
UzOUD, [f(z) [=]f(») |<[1(z) |

2. Tap f(D) 1a mién compact

3. Ham f lién tuc déu trén mién D

4. Cac tinh chat khac tuong tu ham bién thuc lién tuc

Chiing minh

1. Do ham tri thuc | f(z) | = \/ u’(x,y) + v’(x,y) lién tuc trén mién compact nén bi chan

va dat tri I6n nhat, tri bé nhat trén mién do.

2. Theo chiing minh trén tap f(D) l1a tap gi6i ndi.

Xét day w, = f(z,) O[] - w,. Do mién D compact nén c6 day con zy,, L[] - z, OD.
Do ham f lién tuc nén f(zy,)) UL - w,=1(z,) U (D). Suy ra tap f(D) la tap dong.

Xét cap hai diém w, = f(z,), w, = f(z,) 0 f(D) tuy y. Do tap D lién thong nén c6 tham s6
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cung Y(t) ndi z, v6i z, va ndm gon trong D. Khi d6 tham s6& cung foy(t) ndi w, véi w, va
nam gon trong f(D). Suy ra tap f(D) 1a tap lién thong dudng.
3. Gia st nguoc lai, ham f khong lién tuc déu trén tap D. Khi d6
Oe>0,00=1/n,02,,z 0D: |z,-z,’|<1/nva |f(z)-f(z,) | =€
Do mién D compact nén c6 cic ddy con zy,,, UL — avazy,’ UL - b.
Theo gia thiét trén
ON,>0:0n>Ny, |a-b|<|a-zpp |+ | Zow - Zyw) |+ Zyn -b < 1/n
Suy ra a =b. Do ham f lién tuc nén
ON, O0:On>N,, |[f(zpq) - f(zyn) | <€
Trai vé6i gia thiét phan ching. ]

D3. Pao ham phiic

e Chohamf: D - [0, za f(z) = u(x, y) + iv(x, y). Ham f goi 1a R - khd vi n€u phan thuc
u = Ref va phan a0 v = Imf 1a cac ham kha vi. Khi d6 dai lugng
df = du + idv (2.3.1)
goi 1a vi phdn ctia ham phuc f.
Ki hiéu dz=dx +idy va dz=dx - idy. Bién doi

df = (@ + i@)dx + (@ + ia—v)dy = ﬁdx + iﬁdy
ox  0Ox dy Oy 0x dy
L 0 L g7 = Ty Mgz 23.2)
2 0x Oy 2 0x Oy 0z 0z

Ham f goi 1a C - khd vi n€u nd 1a R - kha vi va ¢6 cdc dao ham riéng thoa man diéu kién
Cauchy - Riemann sau day
of du Ov . Odu ov

— =0 —=— va —=-— (C-R)
0z ox Oy dy 0x

ViduChow=7 =x-1y
Tacdé u=xvav=-y lacac ham kha vi nén ham w 1a R - kha vi
Tuy nhién u =1# v =-1 nén ham w khong phai 1a C - khd vi

e Choham f: D - [,al0Dvakihiéu Az=1z-a, Af =1(z) - f(a). Gidi han

M
lim = =) (2.3.3)

goi 12 dao ham cha ham f tai diém a.
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Gidstham f1aR - kha viva Az = | Az |e® , AZ= | AZ [e™. Theo cong thic (2.3.2)

af= 0+ A7 4 o)
0z 0z
Chia hai v€ cho Az
Af_of a—fem +V(Az) v6i Y(Az) - 0 (2.3.4)
Nz 0z 0z
Suy ra diéu kién can va da dé gi6i han (2.3.3) ton tai khong phu thudc vao Az 1a
X oo
0z

Tic 1a ham f1a C - kha vi. Tir d6 suy ra dinh 1y sau day.
Dinh Iy Ham phiic f c6 dao ham khi va chi khi n6 1a C - kha vi.

Hé qud Néu ham f 1a C - kha vi thi
Ju . Ov Ju .Ou ov .Ou ov .0v

ffz)= —+1—= —-i— = — -1I— = — +1— (2.3.5)
0x 0x ox Oy dy Oy dy 0x
Chiing minh
Gia str ham f 1a C - kha vi. Chuyén qua gi6i han cong thiic (2.3.4)
of
f(z) = —
(2) 3
Két hop v6i cong thiic (2.3.2) va diéu kién (C - R) nhan duoc cong thidc trén. M
Nhan xét

1. Néu cdc ham u va v thuoc 16p C' thi ham f1a R - khd vi va néu céc dao ham riéng thod
man thém diéu kién Cauchy - Riemann thi n6 1a C - kha vi. Tuy nhién diéu nguoc lai néi
chung la khong ding.

2. Tir cong thite (2.3.5) suy ra cdc qui tic tinh dao ham phiic tuong tu nhu cdc qui tac
tinh dao ham thuc.

Vidu Chow =7 = (x* - y?) +i(2xy)

Tacé u=x"-y’vav=2xy la cdc ham kha vi va thod man diéu kién (C - R)
U, =2x=v, va u, =-2y=- v

Suy ra ham w 1a C - kha vi va theo cong thic (2.3.5)
w=u +iv, =2x+i2y =2z
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b4. Ham giai tich

e Choham f: D — O vaa D, Ham f goi 12 gidi tich (chinh hinh) tai diém a néu c6 s6
duong R sao cho ham f ¢6 dao ham trong hinh tron B(a, R). Ham f goi 1a gidi tich trong
mién md D néu nd gidi tich tai moi diém trong mién D. Trudng hop D khong phai mién
mo0, ham f goi 1a giai tich trong mién D néu né giai tich trong mién mé G va D O G. Ki

hiéu H(D, 0) Ia tap cdc ham giai tich trén mién D.

Dinh Iy Ham phic giai tich ¢6 cac tinh chat sau day.

1. Cho cac ham f, g O H(D, 0) va A O 0. Khi d6 Af + g, fg, f/ g (g #0) O H(D, )
M) + 2@ =\P(2) + 2°(2)
[(f(2)g(2)] = (2)g(2) + f(2)g’(2)

I

[f(z)} _ '(2)2(2) ~ f(2)g' (2) 24.1)
g(2) g’ (z)
2. Cho f O H(D, 0), g 0 H(G, 0O) va f(D) O G. Khi d6 ham hop gof [ H(D, [)
(gof)’(z) = g’ (W’ (z) v6i W= f(z) (2.4.2)
3. Cho f OH(D, ) va f’(z) # 0. Khi d6 ham ngugc g [ H(G, 0) v6i G = f(D)
, 1 -
g'(w)= ) véiw =1(z) (2.4.3)
Chitng minh

1. - 2. Lap luan tuwong tu nhu ching minh tinh chat cua dao ham thuc

3. Gia su f(z) = u(x, y) + iv(x, y).

Tir gia thiét suy ra cdc ham u, v 1a kha vi va thoa man diéu kién (C - R). Két hop véi
cong thuic (2.3.5) ta co
"

Jx,y) = =) + (V) =@ [#0

X Vy
Suy ra anh xa f: (x,y) - (u, v) la mot vi phoi (song anh va kha vi dia phuong). Do d6
nd ¢6 anh xa nguoc g : (u, v) — (X, y) cling la mot vi phoi. Ttr d6 suy ra

Aw=Af - 0 = Az=Ag ~ 0 va lim Le _ lim(%)'l = (P'(2))" W
Z

w -0 AW Az -0

* Gia stt ham w = f(z) giai tich tai diém a va c6 dao ham f’(a) # 0.
Goi L : z = z(t) 1a dudng cong tron di qua diém a va I : w = f[z(t)] = w(t) la anh ctia n6
qua anh xa f. Khi d6 dz(t) 1a vi phan cung trén dudong cong L va dw(t) l1a vi phan cung
trén duong cong I'. Theo cong thitc dao ham ham hop trong lan can diém a, ta c6

dw = f’(a)z’(t)dt = f’(a)dz
Suy ra

|dw |=]|f(a) ||dz| va arg(dw) = arg(dz) + argf’(a) [2T11] (2.4.4)
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Nhu vay | f’(a) | 1a hé s6 co va argf’(a) la goc quay ctiia duong cong L bat ky trong lan
can diém a. Suy ra trong lan can ciia diém a phép bién hinh w = f(z) 1a phép dong dang.

2(t) w(t)
dz dw
@ Uedz G aredv

a
* Phép bién hinh bao toan gdéc giita hai dudng cong goi 1a phép bién hinh bdo gidc. Theo
két qua trén thi ham giai tich va c6 dao ham khac khong 1a mot phép bién hinh bao giac.
Nguoc lai gia sir 4anh xa f 12 R - kha vi va bao gidc tai diém a. Qua 4nh xa f co s& chinh

tac (i, i) bién thanh cap vecto ti€p xic (ﬁ, ﬁ).
0x Oy 0x Oy
Do tinh bao giac
of of 0o 0 L
U(—, —)=0(—, —)==
0x Oy 0x Oy 2
Suy ra
O _0u 00 0 0 vy L
dy Oy dy 0x 0x 0x 0

Diéu nay c6 nghia 1a ham R - kha vi va bién hinh bao gidc 1a ham C - kha vi. Ching ta
s€ quay lai van dé bién hinh bao gidc & cu6i chuong nay.

b5. Ham luy thira

Ham luy thira phiic
* Ham luy thura phiic

w=z", zOO (2.5.1)
la ham giai tich trén toan tap so phtc, c6 dao ham
w’(z) = nz"' (2.5.2)

va c6 cac tinh chat twong tu ham luy thira thuc.

* Ham luy thtra phtic 1a ham da diép

n

"=z} = |z|=|z |va argz=argz, [2%[] (2.5.3)

Suy ra mién don diép 1a hinh quat 0 < argz < O + 2n .
n
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Ki hicu z=re® suy ra w = r"e™.
, argz=2"
%// argw:=2T|
{Z{%} 7 , argz=0

Qua 4nh xa lu§ thira phiic

Tia argz =0 bién thanh tia argw = nQl

Goc 0<argz< 2Tn bién thanh goéc 0 <argw < 21T

Mot mat phang (z) bién thanh n - mat phang (w)

Ham cdn phiic

* Ham céan phtc

w=4z « z=w" (2.5.4)
la ham nguoc cua ham luy thira phitc. Do ham luy thira phic 1a n - diép nén ham can
phtc 12 ham n - tri. Ki hiéu z=re® va w=pe®, ta c6

p=4r,0= %ﬂ(%" v6i k =0...(n-1) (2.5.5)

Khi z chay trén dudng cong L kin, khong bao gbc toa do thi w chay dong thoi trén céac
duong cong I, kin, khong bao goc toa do. Khi z chay trén duong cong L kin, bao goc
toa do thi w chay dong thoi trén céc cung w,w,,, tir diém w, dén diém w,,,. Khi z chay
hét mot vong bao gbc toa do thi w nhay tir nhanh don tri nay sang nhanh khac. Do vay
diém go6c goi 1a diém ré nhanh clia ham cin phifc va dé tiach cdc nhanh don tri nguoi ta

thuong cit mat phing phitc bing mot tia tir O ra oo,

* Mién don tri ciia ham can phitc 1a D = 0 - (-0, 0]. V6i k=0, ham

0
w=14re™ (2.5.6)
1a ham don diép, giai tich trén mién D, ¢6 dao ham

1

w'(z) = %z" 2.5.7)

va c6 cac tinh chit khac twong tu ham can thuc.
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b6. Ham mi
Ham mii phic
* Ham mii phic
w =e¢e" =e"(cosy + isiny), z I [ (2.6.1)

c6 phan thuc u = e*cosy va phan do v = e’siny thoa diéu kién (C - R) nén giai tich trén
toan tap so phuc, cé dao ham

w(z) = & (2.6.2)
Ham mii phic tuan hoan chu ky T = 211
ez+12T[ — ez

va c6 cac tinh chat khac tuong tu nhu ham ma thue.

* Ham mii phtic 1a ham da diép

e’ =e”" < Rez=Rez, valmz=Imgz, [271] (2.6.3)
Suy ra mién don diép 1a bang ding a <Imz < a + 21L
Kihiéuz=x+iysuyra |w|=¢e"va Argw =y + k2TL

% [mz=27 ‘

N argw=0
\ o » / argw=2T

=

Qua anh xa mi phuc

»

Puong thing y=8 bién thanh tia argw =3
Bang ngang 0<Imz<2m  bién thanh géc 0 <argw <21
Mot mat phang (z) bién thanh o - mat phang (w)

Ham logarit phiic

* Ham logarit phiic
w=Llnz « z=¢" (2.6.4)
la ham ngugc cua ham mi phitc. Do ham mi phic 1a ham da diép nén ham logarit phiic
l1a ham da tri.
Giastt w=u+1v,tacod
e'=|z|vav=argz+k2mvéik 09
Suy ra
w=In|z|+i(argz+ k2 v6ik 09 (2.6.5)
Lap luan twong tu nhu ham cén phiic, diém goc 1a diém ré nhanh cta ham logarit va dé
tach nhanh don tri can phai cit mat phing phitc bang mot tia tir 0 ra co.
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* Mién don tri ciia ham logarit phic 1a D = [ - (o0, 0]. V6i k =0, ham

w =1In|z | + iargz (2.6.6)
1a ham don tri, giai tich trén mién D, c¢6 dao ham
W=l 2.6.7)
z

va c6 cac tinh chit khac tuong tu ham logarit thuc.

VidulLn(-1) =In|-1 |+iarg(-1) =ity i' =e! =e

D7. Ham luong giac

Ham luong gidc phiic
* Ki hiéu

coSz = l(eiZ +e™)  sinz= i,(eiZ -e™) tgz= SNz (2.7.1)
2 2i COSZ

Cac ham bién phiic w = cosz, w = sinz va w = tgz goi la cac ham luong gidc phiic.
Ham luong gidc phic don tri, tudn hoan, giai tich, c6 dao ham

(cosz)’ = - sinz (sinz)’ = cosz, ... 2.7.2)
va c6 cac tinh chit khac twong tu ham lugng gidc thuec.

Chiiy V6i z=x 3, cosz = %(eix +¢e™) = cosx. Tuy nhién cos(i) = %(e’1 +e)>1

Ham hyperbole phiic
e Ki hiéu

1 z -z 1 z -z shz
— = = - = — 2.7.
chz= —(e* +e™) shz (e —e™) thz (2.7.3)

Cac ham bién phitc w = chz, w = shz va w = thz goi 1a cac ham hyperbole phiic.
Ham hyperbole phtc don tri, tudn hoan, giai tich, c6 dao ham

(chz)’ = shz (shz)’ = chz, ... 2.7.4)
va c6 cac tinh chat khac tuong tu ham hyperbole thuc.

* Ngoai ra, ta c6 céc lién hé gilta ham lugng gidc va ham hyperbole
chiz = cosz cosiz = chz shiz = isinz siniz = ishz 2.7.5)

Vi du Tim anh ctia mién _TET <Rez< g qua anh xa w = sinz
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Ta cé w = sin(X + 1y) = sinxcosiy + cosxsiniy = sinxchy + icosxshy
Suy ra u = sinxchy va v = cosxshy
y A A
a
g//n/z n/zg’ -1 1
.
Qua dnh xa w =sin z
Duong thing ~ x = ig bién thanh tia u=#chy, v=0
Puong thang x=a bién thanh hyperbole u = sinachy, v = cosashy
Mién g <Rez < g bién thanh mién (W) - (<00, -1] O [1, +00)

* Lap luan tuong tu tim anh cac ham lugng giac, ham hyperbole khac.

D8. Bién hinh bao giac

e dnh xa f: D - [ goila bién hinh bdo gidc tai diém a néu né béo toan géc dinh hudng
gifta cic dudng cong di qua diém a. Anh xa f goi 12 phép bién hinh bdo gidc trén mién D
néu né 1a don diép va bao gidc tai moi diém thuoc D.

a b
Theo cdc két qua & trén ham giai tich va c6 dao ham khac khong tai diém a 1a mot song
4nh, R - kha vi va bao gidc trong lan can diém a, goi 12 mot vi phoi bdo gidc. Ngugc lai
mot vi phoi bao gidc tai diém a 12 hAm gidi tich va c6 dao ham khac khong tai diém a.

Bai todgn Tim phép bién hinh bao gidc f bién mién don lién D thanh mién don lién G.

» D¢ gidi bai todn trén nguoi ta thuong sit dung cdc két qua dudi day, goi 1a cdc nguyén
1y bién hinh bao gidc. Viéc chiing minh cac nguyén ly bién hinh bao giac 1a rét phic tap
va phai stt dung nhiéu két qua khac. O day ching ta chi trinh bay so lugc cic y tudng
clia cdc phép chitng minh. Ban doc quan tam dén céc phép chitng minh chi tiét c6 thé
tim xem & phan tai liéu tham khao.
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Nguyén Iy ton tai Cho D va G la cdc mién don lién giGi noi. Khi d6 ton tai vo s6 ham
giai tich w = f(z) bién hinh bao gidc mién D thanh mién G. Phép bién hinh duoc xac
dinh duy nhat néu ¢6 thém mot trong hai diéu kién sau day.
1. Cho biét w, = f(z,) va w, = f(z,) v6i z, 0 D, va z, [0 0D
2. Cho biét w, = f(z,) va arg f’(z,) = a v6iz, D,
Chiing minh
« Ki hiéu
U={z0O0O:|z|<1},S={gOHMD,0):0z0D,|gz)|<1}vaalD
Ta cong nhan
Of, OS sao cho |f,(a) | = l\gIDaSX | g(a) |

Khi d6 ham giai tich f, 1a phép bién hinh bao gidc bién mién D thanh mién U.
C6 thé tim dugc vo s6 ham gidi tich f : D — U nhu vay. Tuy nhién ta c6 lién hé
f=f oh v6i h:U — U, h(z) =® 22 h(a)=0
-az
Tur d6 suy ra néu c6 thém cac diéu kién bé sung thi c6 thé xdc dinh duy nhat ham f.
e Giasttf:D - Uvag:G - U lacédc phép bién hinh bdo gidc. Khi d6 g'of : D - G 1a
phép bién hinh bao gidc bién mién D thanh mién G. M

Nguyén Iy bdo toan mién Cho D la mién don lién giéi noi, ham f : D — [ lién tuc trén

D, giai tich trong D va khong phai 12 ham hing. Khi d6 G = f(D) ciing 12 mién don lién.
Chitng minh
* Do ham f lién tuc nén bao toan dudong cong suy ra bao toan tinh lién thong
* V6i moi b =f(a) 0 G, do mién D md va f # const nén c6 hinh tron B(a, R) [ D sao cho
v6i moi z [1 B(a, R), f(z) #b.
Ki hiéu
W= I\Z/IDil_n [f(z)-b| v6il =0B
N;[f(z) - b] 1a s6 khong diém clia ham f(z) - b trong hinh tron B(a, R)
Vé6i w [ B(b, W) tuy y, ta c6
f(z)-w=1f(z)-b+b-w va [f(z)-b|>u>|b-w| véi zUB(a, R)
Theo dinh 1y Rouché (D8, chuong 4)
N;[f(2) - w] = N[f(z) - b] = 1
Do d6 Uz U B(a, R) sao cho w =1(z) LI G.
Vi diém w tuy y nén B(b, i) O G va suy ra tap G 1a tap m& 4]

Nguyén Iy tuong itng bién Cho D, G la cdc mién don lién giGi noi, ham f: D — [ lién
tuc trén D, giai tich trong D va bién hinh bao gidc 0D* thanh 0G*. Khi d6 ham f bién
hinh bao gidc mién D thanh mién G.

Chitng minh
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* V6i moi b [ G, ki hiéu Ar[f(z) - b] 1a s6 gia argument ctia ham f(z) - b khi z chay trén
duong cong ['. Theo nguyén ly argument (D8, chuong 4)

Ny [f(z) - b] = LAaD[f(z) -b] = LAaG(w -b)=1
21 21

Do d6 [ a LI D sao cho b = f(a).
Lap luan tuong tu véi b0 G

Ny [f(z) - b] = LAaD[f(z) -b] = LAaG(w -b)=0
21 21

Suy ra ham f bién hinh bao gidc mién D thanh mién G. M

Nguyén Iy doi xitng Cho céc mién don lién gi6i noi D, d6i xing véi D, qua doan théng

hoac cung tron L 0 8D, n 0D, va ham f, : D, — O lién tuc trén D,, giai tich trong D,,
bién hinh bao gidc mién D, thanh mién G, sao cho cung L* thanh cung " 0 0G,. Khi d6
¢6 ham giai tich f: D, 0 D, - [ bién hinh bao gidc mién D, 0 D, thanh mién G, 00 G,
v6i G, 1a mién doi xiing v6i G, qua cung I".
Chung minh
* Xét truong hop L va I 1 cdc doan thang niam trén truc thuc. Khi d6 ham
f,:D, - U, zaf,(z)=f(z) vaf,(z) =1f,(z), UzUL
1a ham giai tich bién hinh bao gidc mién D, thanh mién G,. Ham f x4dc dinh nhu sau
f:D,UD, - [, f(z) =1,(z), zUD, U L vaf(z) =1f,(2z),zUD,
1a ham giai tich bién hinh bao gidc mién D, [0 D, thanh mién G, O G..
e Trudng hgp téng qudt, ching ta duing ham giai tich bién cdc cung L va I thanh cac

doan thang nim trén truc thuc. M

P9. Ham tuyén tinh va ham nghich dao

Ham tuyén tinh

* Ham tuyén tinh

w=az+b(a#0) (2.9.1)
la ham giai tich, c6 dao ham

w(z)=a#0
va do dé bién hinh bao gidc mat phing (z) 1én mat phang (w).

e Kihiéu A =|a|va a = arg(a). Phan tich
w=Ae%z+b (2.9.2)
Suy ra phép bién hinh tuyén tinh la tich cua cac phép bién hinh sau day.
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1. Phép quay tam O géc o za{=¢e"
2. Phép vi tu tam O hé s6 A 7. 0=\
3. Phép tinh tién vecto b Waw=w+b

Vay phép bién hinh tuyén tinh la phép dong dang.

Ham nghich dao

* Ham nghich dao
w=l 00 (2.9.3)

z
la ham giai tich, c6 dao ham y

w’(z):—Zi2 Z0v6izZ0

va do dé bién hinh bao gidc mat phing (z) - {0} 1én mat phang (w). k

o Ki hiéu z=re, ta c6
1
|w|=|—1|=— va argw =-argz=-¢ (2.9.4)
zI T
Suy ra phép bién hinh nghich dao la tich cua cac phép bién hinh sau day.

1. Phép déi xting qua dudng trondonvi za = Le®
r

2. Phép doi xting qua truc hoanh law=7l
Vay phép nghich dao bao toan tinh d6i xiing qua duong tron don vi va qua truc hoanh.

* Phuong trinh dudng tron suy rong trong mat phang (z) c6 dang
AX*+y)+Bx+Cy+D=0 (2.9.5)
Kihiéuz=x+iy vaw=u+iv. Suyra
- = X = v va y= v
u+iv u+v? u’ +v2
Thay vao phuong trinh dudng tron (2.9.5) nhan duoc
Du>+v)+Bu-Cv +A =0
Qua phép bién hinh nghich dao
1. Buodng thing
di qua goc A=D=0 bién thanh dudng thang qua goc

X+1y =

khong quagéc A =0vaD#0 bién thanh dudng tron qua goc

2. Dudng tron
di qua goc A#0vaD=0 bién thainh dudng thing khong qua goc
khong quagéoc A #0vaD#0 Dbién thanh dudng tron khong qua goc

Vay phép bién hinh nghich dao bién dudng tron suy rong thanh dudng tron suy rong.
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D10. Ham phan tuyén tinh va ham Jucop

Ham phdn tuyén tinh

* Ham phan tuyén tinh

w=3* D (20 ad-bez0) (2.10.1)
cz+d

la ham giai tich, c6 dao ham

wiz)= 2470 sy zz- 4

(cz—d) c
vi do d6 bién hinh bdo gidc mat phing () - {-9 } 1én mat phing (w).
C

e Phan tich

w= bezad 1 ,a (2.10.2)

¢c cz+d ¢
Suy ra phép bién hinh phan tuyén tinh la tich cta cac phép bién hinh sau day.
1. Phép dong dang za{=cz+d

2. Phépnghichdao {aw= %
ip d6 _ . bc—ad _. a
3. Phép dong dang Waw=a,Ww+b, viia, = vab, =<
C c

Vay phép bién hinh phan tuyén tinh bao toan duong tron suy rong va tinh doi xing qua
duong tron suy rong.
* Bién d6i

a,z+b, a b d

w=———V6i a,=—,b,=— vad, = —
z+d, c c c

Suy ra néu biét duoc anh ctia ba diém khac nhau
W, = W(Z,), W, =W(zZ,), W;=W(zy),
thi ¢6 thé xac dinh dugc phép bién hinh phan tuyén tinh.

WoW, Wy TW, 272 2y~ 2,

(2.10.3)
W=—W, W, =W,  Z—Z; Z, —Z,
Ham Jucop
* Ham Jucop
wele+e D oo (2.10.4)
2 Z

la ham giai tich, c6 dao ham
w@=Lta-1yz0véi 220, £1
2 z

va do dé bién hinh bao gidc mat phing (z) - {0, £1} 1én mat phang (w).
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* Ham Jucop la ham da diép
L+ Ly=1g vy o @-2)0-22)=0 (2.10.5)
2 z 2 Z,

Suy ra mién don diép l1a bén trong hodc bén ngoai duong tron don vi.
Ki hiéu z = re”?, ta c6

w= 1 (r+ l)cos(l) + il (r- l)sin(l) (2.10.6)
2 r 2 r

(2)

7

R (W)
Qua phép bién hinh Jucop
Pudng tron |z|=1  bién thanh doan thing u = cosd, v=0
e . 1 1. .
|z|=r bién thanh ellipse u= % (r+ —)cosd, v =% (r- —)sind
r r

Mién [z|>1 bién thanh (w) - [-1, 1]
lz|<1 (w) - [-1, 1] nguoc huéng

P11. Cac vi du bién hinh bao gidc

Vi du 1 Tim ham gidi tich w = f(z) bién hinh b4o gidc nlta mat phang D = { Imz > 0 }
thanh phan trong hinh tron don vi G = { |w | <1 } sao cho f(a) = 0.

e Do 0D va 0G déu la dudng tron nén ching ta chon phép bién hinh phan tuyén tinh
az+b
cz+d

Do ham phan tuyén tinh bao toan tinh doi xing qua bién va f(a) = 0 suy ra f(a ) = o

W=
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w=kZ"2 v6i kOO
Z—a

Do tinh tuong tng bién : z [ dD = w = f(z) J 0G suy ra

z=x=|w|=|k|[F=2 =1 vado =2 =1nen |k|=1
x-2a Xx—a
Ki hicu k = e v6i ¢ 0 3 suy ra
w=e® 278 2.11.1)

Z—a

Dé x4c dinh goéc ¢ can biét thém anh cia mot diém thit hai.

Vi du 2 Tim ham giai tich w = f(z) bién hinh bao gidc mién D ={ |z | < 1 } thanh mién
G ={|w|<1 }saochof(a)=0.

iy 7

e Do 0D va 0G déu la dudng tron nén ching ta chon phép bién hinh phan tuyén tinh

_az+b

cz+d

Do ham phan tuyén tinh bao toan tinh doi xiing qua bién va f(a) = 0 suy ra f(1/a) =

w= k22 k272 kOO
z—1/a az—1

Do tinh tuong ting bién : z [ dD = w = f(z) J 0G suy ra

lz]=1 :>|w|:|k|_Z_1 =1 vado | Z=% =1v6i|z|=1neén|k]|=1
az — -
Ki hieu k = ¢ v6i ¢ O 3 suy ra
w=e? % (2.11.2)

Dé x4c dinh goéc ¢ can biét thém anh cia mot diém thit hai.

Vi du 3 Tim ham giai tich w = f(z) bién hinh bao gidc mién D = { 0 < argz < g } thanh

mién G = {|w|< 1} sao cho f(e') = 0 va f(0) = i.

* Truéc hét bién géc nhon thanh nita mat phang trén bang phép luy thira. Sau dé dung
phép bién hinh phan tuyén tinh (2.11.1) bién nlta mat phang trén thanh phan trong ctia
hinh tron don vi.
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: 7
PLLE :
e 1

i 0
//////// 1 % %
I S
L0 =0.2(e") =i 057, RGOk

720 =i
’;
z" +1i

Lay tich cac phép bién hinh w= —i=—

Vi du 4 Tim ham giai tich w = f(z) bién hinh bao gidc mien D={ |z|< 1 vaImz > 0 }
thinh mién G = { Imw >0 }.

 Trudc hét bién nira hinh tron thanh géc vuong bang cich bién diém -1 thanh oo va
diém 1 thanh diém O bing phép bién hinh phan tuyén tinh. Sau d6 quay va bién géc
vuong thanh nita mat phang trén.

7

N w-1) =1, wi) =1

2
L4y tich cdc phép bién hinh w = o = — (Z - 1)

W) =-1.20=i M)

Vi du 5 Tim ham gidi tich w = f(z) bién hinh bo gidc mién D = {|z|< 1, | z - %| >%

thanhmién G ={ -1 <Rew<1 }.

5
_ e~ *
= zo=2 NN\ 0=4@- Zi) =42 -3

0)=1,{(-1)=i/2 i) = i, w(i/2) = -

L&y tich cac phép bién hinh w=iw= i +3

z—1

-1
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* Truéc hét bién hai dudng tron 16ng nhau hai dudng thang song song bing cich bién

diém i thanh diém . Sau d6 dung phép tinh tién va phép vi tu dé diéu chinh bang ngang
thanh bang ngang d6i xiing va c¢6 do rong thich hop. Cudi cung ding phép quay dé nhan

duoc bang ding.

Vi du 6 Tim ham giai tich w = f(z) bién hinh bao gidc mién D = {| z | < 1} - [1/3, 1]

thanh mién G = {|w|<1}.

* Tru6c hét bién hinh tron véi 14t cat [1/3, 1] thanh mat phang véi 14t cat [-1, 5/3] bing
phép bién hinh Jucop. Sau d6 thu gon lat cit thanh doan [-1, 1] biang phép tinh tién va

phép vi tu. Cuoi cung dung phép bién hinh Jucop nguoc.

% 7

7 7 ’
113417 ) //
2] Z = 7
1 1 g '1 5/3
= —(z+—
¢ 2(Z Z) (D=%(W+%)
— _ 3 1
¢(1)=1,¢4(1/3)=5/3 w= Z(Z_E) w(-1)=-1, (5/3) =1
Ly tich cdc phép bién hinh w = 0w+’ — 1 =%(z +%) —% +\/[§(z +%) —i]z -1
Bai tap chuong 2
1. Xéc dinh phan thuc, phan ao, module va argument ctia cac ham sau day.
4
a w=z" b. w= 13z c. w= 211 d w=z-—
z-1 z
2. Bi€u dién qua z va z cac ham sau day.
a w=x"-1 b. w=x’+y* +iy C.WZ% 8. w=x’+iy’
X"ty
3. Khao sét tinh lién tuc, lién tuc déu clia cac ham sau day.
+
a.w=ReZ b. w=Inx +1y c. w=2 ! d w= 2
z z-1 lz|
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4. Khao sét diéu kién (C - R) va tinh giai tich ctia cdc ham sau day.

a w=272 b. w=zRez c. W= 21 d w
z° +1

1]
N
NI

5. Diéu kién Cauchy - Riemann

a. Tim a, b, ¢ 0 3 dé ham f(z) = x + ay + i(bx + cy) gidi tich trén [

b. Chiing t6 ring ham f(z) = 4/l xy| thoa diéu kién (C - R) nhung khong kha vi tai z = 0

c. Cho f(z) = u(r, §) + iv(r, §) v6i z = re®. Viét dang lugng gidc cua diéu kién (C - R)
Ju Ov

d. Cho w = u(x, y) + i v(x, y). Chiing minh rang néu O lim ReA—W thi — = —
82-0 Az ox 0Ox

6. Tim g6c quay va hé s6 co clia phép bién hinh w = f(z) tai diém z 0 D.

a. W=z Véi z=1+1i, z=-3+4i b. w= V6i z=1-1, z=1+1i
z> +1

7. Viét dang dai s6 ctia cac sO phiic sau day.

a. et b. Ln(1 +1) c. cos(2 +1) d. sin(2i)
! ‘

e. tg(2-1) £l g (1-7)7 h, (-

8. Chitng minh c4c cong thic sau day.

a. cos(z + z’) = coszcosz’ - sinzsinz’ b. sin2z = 2sinzcosz

2t
c. tg(22) = —== d. ch(2z) = ch’z - sh’z
I+tg'z

9. Tim anh ctia mién D qua phép bién hinh w = f(z)
.w=z"vaD={-112 < Imz < 172} b. w=2+e” vaD={-TI<Rez< 1}
. w=coszvaD={-172 <Imz < 172} d. w=shz vaD={-172 <Rez < 172}

[

o

10. Cho phép bién hinh w = (1 +1i)z- 1

a. Tim &nh cia doan thang néi hai diém z,=1i va z,=-i

b. Tim anh ctia duong tron |z - (1 +1) |=2

c. Tim anh cta tam gidc c6 dinh z,=0,z, =1 +1 va z,=1-1

11. Tim anh cua cac dudng cong sau day qua cac phép bién hinh w = —
z
a xX’+y' =4 b. x=1 c.y=x d x-1Y+y =1
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12. Tim phép bién hinh phan tuyén tinh

a. Bién tam gidc ¢6 cdc dinh 0, 1, i thanh tam gidc dong dang c6 cic dinh 0, 2, 1+ i
b. Bién cdc diém -1, +, i tuwong tGng thanh cdc di€ém i, 1, 1 +1i

c. Bién diém i thanh -i va ¢ diém bat dong 12 1 + 2i

d. Bién hinh tron | z | < 1 thanh nita mat phang Rew > 0 sao cho w(0) = 1, w’(1) = T2
e. Bién hinh tron | z | < 1 thanh hinh tron |w - 1 | < 1 sao cho w(0) =1/2, w(1)=0

13. Tim phép bién hinh bién cic mién sau day thanh nita mat phang trén Imw > 0

a. Imz>0,|z|<2 b.Imz>0,|z|<?2

d. |[z]|<2,0<argz< 173 e. |z|>2,0<argz< 174
f.|z|<1, |z-i]|<l g lz|>1,|z-i|<1

h. |z]|>2,]z-3|>1 i. 1<Rez<2

j. Rez>0,0<Imz<?2 k. |z|<1,0<argz<2Tm
1. Méi trong bon mién giGi han bdi cdc dudong tron |z |=1va |z+1|=1
m. (z)-[-1,1] n. (z) - (-0, 1] O [1, +00)
o. (z)-[1+1,2+2i] p- @-{y=x,x20}
g. {|lz| > 1} -[i, +i) r. {|lz|<1}-11/2,1]
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Tich Phan Phuc

D1. Tich phan phiic

e Cho mién D [0 [J, ham phtc
f:D - U,z af(z) =ulx,y)+iv(x,y)
va tham s6 cung tron ting khic

Tich phan

B
j f(z)dz = j YOIy ()dt (3.1.1)
% a

goi 1a tich phdn ciia ham phiic f(z) doc theo tham sé cung V.
Gia st Y, :[a, B,] - D,savys)
12 tham s6 cung cling huéng véi y. Tiic 12 ¢6 phép d6i tham s6 bao toan huéng

¢ : [a, Bl a[a,, B,] v6i ¢ (1) >0 vay,(s) = Yod(t)
Khi d6 ta co

B By
[flyy@dt = [y, )1V, (s)ds

Suy ra tich phan cua ham phtc khong phu thudc vao 16p cac tham so6 cung cung huéng.
Kihiéu I =y([a, B]) 1a dudong cong dinh hudng. Tich phan

[f(2)dz = [t(z)dz (3.1.2)

r Y

goi 1a tich phdn cua ham phiic f{(z) trén duong cong I". Néu tich phan (3.1.1) ton tai hitu
han thi ham f goi 1a khd tich trén duong cong I'.

Dinh Iy Ham phiic f lién tuc trén duong cong I tron ting khiic thi kha tich.

Chiing minh

Giastf:D - Oliéentucval =y([a, B]) v6i y: [a, B ] — D la tham s6 cung tron ting
khic. Khi d6 ham foy(t)y’(t) lién tuc tirmg khic nén kha tich trén doan [a, (3]. 4]

* D¢ tinh tich phan phiic, thay

Y (1) =x’(1) + 1y’ (t) va foy(t) = u[x(t), y(D)] + 1v[x(t), y(O)] = u(t) + iv(t)
vao cong thic (3.1.1) réi tach phan thuc, phan ao suy ra cong thic sau day.
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B B
j f(z)dz = j [u()x'(t) = v(O)y'(D)]dt + i j [u(t)y'(t) + v(O)x"(0)]dt (3.1.3)

Vidu
1. Tinh tich phan I = I zRezdz véi I 1a doan thang [1, 2i]

r 2i
Tham s6 hod doan thang [1, 2i]

x=ty=-2t+2v6itU[l,0]
Suy ra
V(1) =1 -2i, foy (t) = £ +i(-26* + 2¢) 0 1

0 1 1
I= j[ﬁ +i(-2t2 +20)](1 - 2i)dt = j(?,t2 —4t)dt + ij(4t2 —2t)dt = -
1 0 0

2. Tinh tich phan 1= §d—f vGi [ 1a duong tron | z | = R dinh huéng duong
lz

Tham s6 hoa duong tron [ = (ab) y
y(t) = Re", t O [0, 21

Suy ra /_
Y (t) = iRe", foy(t) = R"e™ \
21

I — iRl_n Iei(l—n)tdt - { 22)-[1 l;llzill
0

N

P2. Cac tinh chat cua tich phan phiic

* Trong muc nay dé don gian chiing ta xem cac ham f, g, ... 1a lién tuc trén mién D, con
I =vy(a, B]) véi y: [a, B] - D la duong cong dinh huéng, tron timg Khidc va ndm gon
trong mién D. Tich phan cua ham phtc ¢6 cdc tinh chat sau day.

1. Tuyén tinh Né&u cic ham f va g kha tich trén duong cong " thi v6i moi s6 phiic A
ham Af + g kha tich trén duong cong I'.
j [A(z) + g(z)]dz = A j f(z)dz + j g(2)dz (3.2.1)

r r

4
Chitng minh
Tur gia thi€t suy ra ham [Afoy(t) + goy(t)]y’(t) kha tich trén [a, B]

B
[IM@) +g(2)ldz = [[Moy(t) + goy(DIY (1t
r a
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] ]
= j Aoy(HY'(t)dt + j goy(DY'(D)dt = A j f(z)dz + j o(2)dz W

2. Dinh huong Néu ham f kha tich trén duong cong [ = (ab) thi ham f ciing kha tich
trén duong cong [™ = (ba).

j f(z)dz = - j f(z)dz (3.2.2)

Chitng minh
Tham s6 hod

M =vy(lo, B v6i y.: [a, B] - D, y(t) = (-t + a + B)
Tt gia thiét suy ra ham foy (t)y.’(t) kha tich trén [a, [3].

B B
j f(z)dz = - j foy(-t + 0 + B)Y'(-t + o +P)dt = - j foy(s)Y'(s)ds W
r- a a

3. Hé thirc Chasles Néu ham f kha tich trén duong cong I' = (ab) thi véi moi ¢ O ' ham
f kha tich trén cac duong cong I', = (ac) va I, = (cb).

f(z)dz + | f(z)dz = | f(z)dz (3.2.3)
Jrae [tere=]

Chiing minh
Gia strc = y(¢) v6i € I [a, B]. Tham s6 hoa
I =vi([a, €]) voiy, : [a, €] - D,y () =y1t)
M, =Yu([g, B v6i Y, : [€, Bl - D, yy(t) = V(1)
Tir gia thiét suy ra ham foy,(t)y,’(t) kha tich trén [a, €] va foy,(t)y,’(t) kha tich trén [, B].

€ B B
[foy, (0y; Wdt + [foy, (1), (Dt = [foy(®)y (Hdt W

4. Udc luong tich phdn Ki hiéu s(I") 1a do dai ctia dudng cong I'. Néu ham f kha tich
trén duong cong I thi ham | f(z) | kha tich trén duong cong I'.

j f(z)dz
d

< j [f(2)]ds < supr | £(2) | s(7) (3.2.4)
r

Chiing minh
Tir gia thi€t suy ra ham foy(t)y’(t) kha tich trén [a, B]. Két hop cong thic (3.1.3) vé6i
cong thuc tich phan dudng loai 1 suy ra

B
< [[fov|ly'ldt = [[f(z|ds W

a r

j f(z)dz
d

]
j foy(t)y'(H)dt
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5. Lién hé tich phdn duong NéEu ham f(z) = u(x, y) + iv(x, y) kha tich trén duong cong

I" thi cac ham u(x, y) va v(x, y) kha tich trén duong cong I'.

J.f(z)dz = ju(x,y)dx - v(x,y)dy + iJ. v(X,y)dx + u(x,y)dy (3.2.5)

r r r
Chitng minh
Tur gia thié€t suy ra cdc ham u(t) va v(t) kha tich trén [a, ]. Két hop cong thic (3.1.3) v6i
cong thic tich phan duong loai 2 suy ra cong thic (3.2.5) M

Cong thircc Newton-Leibniz

Ham giai tich F(z) goi 1a nguyén ham cua ham f(z) trén mién D néu 00 z 0 D, F’(z) = f(z)
Cho ham f(z) ¢c6 nguyén ham 1a F(z) va ' = (ab). Khi d6 ta c6

If(z)dz =F(b) - F(a) (3.2.6)

ab

Chung minh
Tir gia thiét suy ra ham Foy(t) 1a nguyén ham cta foy(t) trén [, [3]. K&t hop cong thiic
(3.1.1) va cong thicc Newton - Leibniz cua tich phan xac dinh.

B
[f(z)dz = [y (dt = Foy(B) - Foy(@) M
ab o
Vi du Tinh tich phan I = d—f v6i [ 1a duong tron | z | = R dinh huéng duong
r Z

Tac6é I = (ab) v6i a =Re”, b = Re™"

1
1-n

Véin # 1 ham f(z) = Ln c6 nguyén ham F(z) = z' ™" suyra I=F(b)-F(a)=0
z

Vé6in=1ham f(z) = 1 c6 nguyén ham F(z) = Lnz. Tuy nhién ham logarit chi xac dinh
z

don tri trén [ - (-0, 0]. Vi vay I = Ln,(e”") - Ln,(e") = 211

D3. Dinh ly Cauchy

Dinh Iy Cho ham f giai tich trén mién D don lién va duong cong I don, kin, tron tiing
khic, dinh hudng duong va ndm gon trong mién D. Khi d6 ta ¢6

§f(z)dz =0 (3.3.1)

!

Chitng minh
Ki hiéu Dr O D 1a mién don lién c6 bién dinh huéng duong la dudng cong I'. Dé don
gian ta xem ham f(z) = u(x, y) + iv(x, y) v6i cac ham u va v ¢6 dao ham lién tuc trén D.
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ap dung cong thic (3.2.5), cong thitc Green va di€u kién Cauchy-Riemann.
fff(z)dz = ff(udx —vdy) + i§(vdx + udy)
!

r r

ov odu du Ov
— ____dd +' _——dd :0 24!
g( o ay) xdy lg(ax ay) xdy

Chi ¥y Ham f gidi tich khong di dé céac ham u va v ¢6 dao ham riéng lién tuc. Do dé viéc
chitng minh dinh 1y Cauchy thuc ra phic tap hon rat nhiéu. Ban doc quan tam dén phép
chiing minh ddy di c6 thé tim doc & cdc tai liéu tham khéo.

Hé qud 1 Cho mién D don lién ¢6 bién dinh huéng duong 1a duong cong don, kin, tron
ting khiic va ham f lién tuc trén D, gidi tich trong D.

§(z)dz =0 (3.3.2)

oD

Chitng minh

Theo dinh nghia tich phan, ta c6 thé xem tich phan trén dD nhu 12 gi6i han cla tich phan
trén dudng cong I' don, kin, tron timg khiic, dinh huéng duong, nam gon trong mién D
va dan dén dD. ]

Hé qud 2 Cho mién D da lién c6 bién dinh huéng duong gém hitu han dudong cong don,
kin, tron timg khic va ham f lién tuc trén D, giai tich trong D.

§(z)dz (3.3.3)

oD

Chitng minh
Gia sir mién D da lién va ching ta cat mién D bang

céc cung (ab) va (cd) nhan dugc mién don lién D, nhu
hinh bén. Ta c6 € @ g_ a

dD, = 0D + (ab) + (ba) + (cd) + (dc)
K&t hgp hé qua 2 va tinh dinh huéng, tinh cong tinh
ctia tich phan
0= §f(z)dz= §f(z)dz+ j f(z)dz+ j f(z)dz + j f(z)dz+ j f(z)dz = §f(z)dz W
oD ab ba cd dc oD

D,

Hé qud 3 Cho mién D da lién c6 bién dinh huéng duong gém hitu han dudong cong don,
kin, tron timg khic D =L} + L] +...+ L. va ham flién tuc trén D, giai tich trong D.
ftzydz = Y $f(z)dz (3.3.4)
Lo k=11,

Chitng minh
Suy ra tlr cong thic (3.3.3) va tinh dinh huéng, tinh cong tinh cta tich phan. "
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Hé qua 4 Cho ham f giai tich trong mién D don lién. Khi d6 tich phan
[£@)dC véia, 20D (3.3.5)
khong phu thudc dudng cong don, tron timg khiic, n6i a v6i z va ndm gon trong mién D.
Chiing minh
Gia st (amb) va (anb) 1a hai duong cong don, tron ting
khtc, n6i a v6i z va nam gon trong D. Khi d6 (amzna) la
dudng cong don, tron timg khic, kin va nam gon trong D.
Ttr cong thice (3.3.1) va tinh cong tinh

0= §f@dg = [f(Q)dT + [f(Q)a

Chuyén vé va sir dung tinh dinh huéng suy ra
[£@dg = [f@)dg M

A

Hé qua 5 Cho ham f giai tich trén mién D don lién va a 0 D. Khi d6 ham
F(z) = [£(©)dC v6iz0D (3.3.6)

1a nguyén ham cua ham f trong mién D va F(a) = 0.
Chitng minh
Theo cong thiic (3.3.5) ham F xdc dinh don tri trén mién D va F(a) = 0.
Ngoai ra v6i moi (z, h) I D x U sao cho [z, z+ h] U D
|F(z +h) -F(2)

z+h

R ~f(z) = % [ (@) - (2))a| < sup{] @) - f(z) | : L O [z z+h]}
O, 0
Suy ra ham F giai tich trong D va F’(z) = f(z). 4]

b4. Cong thic tich phan Cauchy

Bo dé Cho dudng cong I don, kin, tron timg khiic, dinh huéng duong va D = Dr.
Khi dé ta cé

(3.4.1)

1 dz |1 alD
DaO0O-T, Indr(a)—ﬁif —a_{O =

z
Ham Indr(a) goi 1a chi s ciia diém a doi véi duong cong I,
Chitng minh
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Vé6ia 0D, ham f(z) =

lién tuc trén D, giai tich trong D. Theo cong thiic (3.3.2)
z—a

tich phan cta ham f trén dudong cong kin I' bang khong.
Véi a O D, ki hiéu B = B(a, d) [1 D, S = 0B* 1a dudng tron tam a,
ban kinh &, dinh huéng duong va D, = D - B. Ham f(z) lién tuc

tréen D,, giai tich trong D, theo cong thitc (3.3.4) va cic vi du
trong D1.

d d )
iz_zazfz_zazzm W

Dinh Iy Cho ham f giai tich trong mién D va dudng cong I' don, kin, tron timg khiic,
dinh huéng duong sao cho Dr U D. Khi dé6 ta c6

OaOD-T, Indr(a)f(a) = i§ f(2)
2T

rZ—a

dz (3.4.2)

Cong thiic (3.4.2) goi 1a cong thiic tich phdn Cauchy.
Chiing minh

f(z) —f(a) "
Tir gia thiét suy ra ham g(z) = 7 —a Z# 2  oj3j tich trong mién D.
f'(a) z=a
Str dung cong thic (3.3.1) ta c6
0= fg(z)dz = § f2) dz-§ f@ 4,
! fz-a z—-a
Két hop véi cong thitc (3.4.1) suy ra cong thiic (3.4.2) "

Hé qud 1 Cho mién D c6 bién dinh huéng duong gém hitu han dudng cong don, kin,
tron timg khiic va ham f lién tuc trén D, giai tich trong D.

1 Q@
0z0OD, f(z) = = ii . dz (3.4.3)
Chiing minh

Néu D 1a mién don lién thi bién 0D la duong cong ' dinh hudng duong, don, kin va tron
tung khuc. Lap luan tuwong tu nhu trong chiing minh dinh 1y va st dung cong thic (3.3.2)
thay cho cong thic (3.3.1)

Néu D 1a mién da lién bién d6i mién D thanh mién D, don lién nhu trong hé qua 2, D3.
Sau d6 st dung két qua da biét cho mién don lién, tinh cong tinh va tinh dinh huéng cta
tich phan. 4

Nhan xét Theo céc két qua trén thi gia tri cia ham giai tich trong mién D dugc xac dinh

béng cdc gid tri ctia nd trén bién dD.
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A

Hé qud 2 Cho duong cong I' don, kin, tron tirng khic, dinh huéng duong va ham f lién

tuc trén ﬁr , giai tich trong Dr-.

DaODr, § @) 4, = omif(a) (3.4.4)
lz—a
Chitng minh
Suy ra tu cong thic (3.4.3) M
Vi du Tinh tich phan I = § de " v6i I 1a duong tron dinh 1
rZ —
huéng duong |z | = 3.
Theo cong thic (3.3.4) 3
1 1
1= § 2=lg+ § 2¥Llg; =1 41,
z+1 z—1

|z+1]=1 |z-1=1

Ham f(z) =

" thoa man cong thic (3.4.4) trong duong tron |z + 1 | =1 suy ra
7 —
I, = 27if(-1) = -Td
Ham g(z) = %1 thoa man cong thuc (3.4.4) trong duong tron [z - 1 | =1 suy ra
z

I, =2mig(1) = 1d
Vay I=-mi+mi=0

D5. Tich phan Cauchy

* Cho duong cong dinh huéng ' don, tron tirng khiic va ham f lién tuc trén .
Tich phan

f©) 4z véizop=0-T (3.5.1)
z

1
F(z)—ﬁlz_

goi la tich phdan Cauchy doc theo duong cong I

Dinh Iy Ham F(z) 1a giai tich va ¢6 dao ham moi cép trén mién D. Khi do6 ta c6

O(n,z) 00 xD, F"(z) = n! .[ f(0)

d 3.5.2
21 | (L -2)""! . ( )

Chitng minh
Do ham f lién tuc trén I va z O I nén ham F xac dinh don tri trén mién D.
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VéimoiallDtuyy
F@-F@ _ L__fO g —f )
z-a M) (@ -a)C - 2) ) -a)
Suy ra ham F ¢6 dao ham cap mot trong mién D tinh theo cong thic (3.5.2) va do d6 giai
tich trong mién D.

Gia str ham F ¢6 dao ham dén cép n - 1 trong mién D
VéimoialDtuyy

:Z:(Z a) -z

(n-1) _ -
F" ' (9-F" (@ _ (n 1) J- =

z-a r C-a)"(-2)"
!
Z-a n.~ J- f(Z)nH dZ
T r (Z - a)
Suy ra ham F c6 dao ham cép n trong mién D tinh theo cong thic (3.5.2) 4]

Hé qud 1 Cho mién D c6 bién dinh huong duong gom hitu han duong cong don, kin va
tron timg khiic. Néu ham f lién tuc trén D, giai tich trong D thi c6 dao ham moi cap
trong mién D.

O(n,z) 00 xD, f"(z) = d¢ (3.5.3)

jg f(0)
2TT1 aD(Z )n+1

Chiing minh
Néu D 1a mién don lién thi bién 0D la duong cong ' dinh huéng duong, don, kin va tron
tung khuc. Theo cong thuc (3.4.3) ta c6

{(9)

DzDDf()—Eif dl =F(2)
—Z

Két hop vé6i cong thic (3.5.2) suy ra cong thic (3.5.3)

Néu D 1a mién da lién bién d6i mién D thanh mién D, don lién nhu trong hé qua 2, D3.
Sau d6 str dung két qua da biét cho mién don lién, tinh cong tinh va tinh dinh huéng cua
tich phan. 4

Hé qud 2 Cho duong cong I don, kin, tron timg khidc, dinh huéng duong va ham f lién

tuc trén 5r , giai tich trong Dr.

DaODr, f—& g, = 2 ) (3.5.4)
t(z—a)
Chiing minh
Suy ra tu cong thic (3.5.3) "
Vi du Tinh tich phan I = § ( © dlz) ~ V6i [ la duong tron | z | = 2 dinh huéng duong
r(z+l)
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Ham f(z) = e” lién tuc trén hinh tron | z | < 2, giai tich trong hinh tron | z | < 2. Thoa man
cong thuc (3.5.4) suy ra
1= 2™ Py = e
2!

A

Hé qua 3 (Dinh Iy Morera) Cho ham f lién tuc trén mién D va véi moi tam gidc A 0 D
§(z)dz=0 (3.5.5)
on

Khi d6 ham f giai tich trén mién D.

Chung minh

Vé6i a D tuy y, ki hiéu B = B(a, d) [1 D. Vi ham f lién tuc trén
B nén kha tich trén moi doan théng [a, z] véi z O B.

Do d6 ham

F(z) = _Z[f(Z)dZ v6iz 1B

x4c dinh don tri trong hinh tron B va F(a) = 0.
Ngoai ra v6i moi (z, h) U D x [Jsaocho [z, z+h ] I B

F(z+h) - F(z 17"
I EEVZED _fay = |- (@ = F@)k < supl] £Q) - £ |: ¢ Dz 2+ h)
T}~ 0
Suy ra ham F giai tich trong B va F’(z) = f(z).
Tt dinh 1y trén suy ra ham f c¢6 dao ham trong B va do d6 giai tich trong B. M

D6. Dinh 1y tri trung binh

Dinh Iy (Vé tri trung binh) Cho ham f giai tich trén mién D. Khi d6 ta c¢6

21
OnO0O,R>0:B(a,R) 0D, f@a)= n! J'f(a +Re™")e ™dt (3.6.1)
2TR" 4
Chitng minh

Tham s6 hod duong tron S = 0B*(a, R)
y(t) = a + Re", dz = iRe''dt véi t I [0, 2711
Ap dung cong thic (3.5.4)

! s o
f(n)(a) — 1’1.‘ § f(Z) - dZ — Il! jf(a + Relt )e—mtdt }N
211 Y (2 -a)" 2TR" 3
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Hé qud 1 (Bdt ddng thitc Cauchy) Cho ham f giai tich trén mién D.
n!'M

n

OnOO,R>0:B(a,R) 0D, |f"(a) | <

v6i M =supgg| f(z) |  (3.6.2)

Chitng minh
Suy ra tu uéc luong tich phan (3.6.1)

n!M

Rn

dt <

) 2T L
| f7(a) | < 2“—T[ [[f@+Re*)e™ NV
0

Hé qud 2 (Pinh ly Liouville) Ham giai tich va bi chan trén tap s6 phic 1a ham hang.
Chitng minh
Gia str ham f giai tich va bi chan trén tap [. Khi dé
O@,R)00Ox%x3,,B@,R)00
Theo cong thic (3.6.2) véin =1

|f’(a) | < % O~ 0 véi M=supg|f(z) |
Suy ra 0 a0, f’(a) = 0. Vay ham f 12 ham héang. 4]
Hé qud 3 (Dinh 1y D’Alembert - Gauss) Moi da thiic hé s6 phiic bac n ¢6 ding n khong
diém phiic trong d6 khong diém boi k tinh 1a k khong diém.

Chiing minh
Gia st P(z)=a,+az+..+ 2" va OzOO,P(2)#0

Ta c6
IP.2) =]z 1+(£+...+a—gj >|z | 1—(5‘“‘1 +...+a—2j
z z z
Suy ra
1 n
OzOO:|z]|=r= Max(|(n+1)ak|kJ = |P.(2)|= d
k=0..n-1 n+1
K hieu
m, =min{|P,(z)|:|z|<r}, m=min{m,, nr+1 }va g(Z)=$,ZDD
Khi dé
Oz0OO,|P(z)|2m hay |g(z)|= Si
IP.(z)|  m

Nhu vay ham g(z) 1a giai tich va bi chan trén O, theo dinh 1y Liouville né 12 hAm héng.

Suy ra ham P,(z) 12 ham hing! Diéu nay 1a mau thuan.

Vay Uz, UJ U sao cho P (z,) = 0.

Phan tich P (z) = (z - z,)P, ,(z) v61 degP,,=n- 1.

Lap luan tuong tu phan tich P_(z) va ti€p tuc phan tich cho dén khi
P@z)=z-2)z-2,)..(z-2) »
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Hé qud 4 (Nguyén Iy module cuc dai) Cho mién D gi6i noi va ham f lién tuc trén D,
giai tich trong D. Khi d6 hoac ham f(z) 1a hAm hang hodc ham | f(z) | chi dat tri 16n nhit,
tri bé nhat trén dD.
Chung minh
* Gia st ham f(z) khong phai 12 ham hing. Do ham | f(z) | lién tuc trén mién D déng va
gi6i noi nén dat tri 16n nhat, tri bé nhat trén mién D . Ching ta xét trudng hop ham dat tri
16n nhat. Tic la

Oa OD sao cho | f(a) | = Max,, | f(2) |
Néu a [0 D, thi ala diém cuc dai dia phwong va khi d6 [0B(a, R) 0 D sao cho

Ot 0O[0, 2, | f(a) | > | f(a + Re") |
U'6c lugng cong thiic (3.6.1) véin =0

Tt

| f(a) | < ijf(a+Re“)dt <|f(a) |
21y

Diéu nay 1a mau thuan. Vay a [0 dD.
* Lap luan tuong tu cho truong hgp ham dat tri bé nhat. 4

P7. Him diéu hoa

 Ham thuc u(x, y) lién tuc trén D, thuoc 16p C? trong D goi 12 ham diéu hoa trong néu
n6 thoa man phuong trinh Laplace. Tuc la

d°u , 0°u
O(x,y)OD,Au=2%+21 _9 3.7.1
(oY) 0D Au= 25+ o3 G.7.D

Dinh Iy Phan thuc, phan do ctia ham giai tich 1a ham diéu hoa.

Chung minh

Cho ham f(z) = u(x, y) + iv(x, y) giai tich trén mién D. Khi d6 ham f(z) c6 dao ham moi
cép suy ra cac ham u(x, y) va v(x, y) ¢6 cdc dao ham riéng lién tuc va thoa man diéu
kién Cauchy - Riemann

U =vy va ug =-v)

Suy ra
Au=u +u =v, —v, =0valAv=v +v, =-u +u =0 M
* Sau nay chiing ta goi cap ham diéu hoa va thoa man diéu kién Cauchy - Riemann Ia
cap ham diéu hoa lién hop.
Dinh Iy Cho ham thuc u(x, y) diéu hoa trong mién D don lién. Khi d6 ¢6 ham phiic f(z)
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giai tich trong mién D sao cho u = Ref hoidc u = Imf.
Chitng minh
* Do ham u diéu hoa trong mién D don lién nén dang vi phan
w= —u,dx +u,dy
la dang vi phan ding. Suy ra tich phan ctia né khong phu thudc vao duong 14y tich phan.
C6 dinh a [0 D v6i moi z [0 D, ham

v(x, y) = [ - u} dx +ul dy (3.7.2)

thuoc 16p C* trong mién D va thoa man diéu kién Cauchy - Riemann
I I N I I
V,=-u vav, =u

Suy ra ham phiic f(z) = u(x, y) + iv(x, y) la giai tich trong mién D va u = Ref.
* Lap luan tuong tu dé tim ham f(z) sao cho u = Imf. Ml

Vidu Cho ham u =x*-y* tim ham w = f(z) giai tich sao cho u = Ref
Kiém tra truc ti€p ham u 12 ham diéu hoa
u, =2x=v,,u, =-2y=-v, va Au=uj +uy =0
Tim ham v diéu hoa lién hop véi ham u
v(X,y) = jv;dx = .[2de =2xy + §(y)
Dao ham theo bién y
v =2x+¢°(y)=2x= ¢'()=0=>9(y)=C
Suy ra ham phiic
f(z) = (x* - y*) +i(2xy + C)
la ham giai tich can tim.

Hé qud 1 Ham diéu hoa c6 dao ham riéng moi cdp va cdc dao ham riéng clia n6 ciing 1a
ham diéu hoa.

Chiing minh

Theo cac dinh 1y & trén u = Ref vé6i f 1a ham giai tich. Khi d6 dao ham cac cép cua ham f
cling 1a ham giai tich va c6 phan thuc, phan ao la cac dao ham riéng cia ham u. Wl

Hé qud 2 Ham diéu hoa dat tri trung binh tai tAm cta hinh tron ndm gon trong mién D.

27
OR>0:B(, R) 0D, u(a) = zi ju(a +Re')dt (3.7.3)
T 0
Chiing minh

Tuong tu nhu trén u = Ref véi f 1a ham giai tich. Theo cong thic (3.6.1) véin =0
2n
u(a) = Ref(a) = [Ref(a+Re")dt M
21y

A

Hé qua 3 Ham u diéu hoa dat tri 16n nhat, tri bé nhat trén dD.
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Chung minh
Str dung cong thitc (3.7.3) va 1ap luan tuong tu nhu chiing minh nguyén 1y cuc dai. Wi

Hé qud 4 Ham diéu hoa va bi chin trén toan tap so phiic 12 ham héing.

Chiing minh

Tuong tu nhu trén u = Ref vé6i f 1a ham giai tich. T gia thi€t ham u bi chan va cong thic
(3.7.4) du6i day suy ra ham f bi chan. Theo dinh 1y Liouville suy ra ham f 12 ham héang.
Suy ra ham u 1a ham hang. M

Cong thitc Schwartz Cho f(z) = u(x, y) + iv(x, y) giai tich trén mién D va B(0, R) [ D.
Rel t

Oa B0, R), f(a) = —IU(R 't R dt+ 1v(0) (3.7.4)
e
Chiing minh
Vé6i moi a Ll B(0, R)
1 ¢ f(2) 1% . Re . 1ot
f(a) = — ¢—-dz = — | f(Re" . dt va f(0) = — | f(Re")dt
(@) 27 g.z-a n;[( )Re't— va 1) 27T}[( )

2

DoaB(0,R)nén a, = RT JB(0, R) suy ra
a

27 =it

0= § 1@, - ijf(Rei-t)_Ldt

2n1 LZ-a, 2m g ae" —R

Bién doi
1 it iy ae"! 177 it -R
f(0 f(Re dt——fR dt = — | f(Re dt
(0) = j( ) j( i 2n£( I
. ae" + 1 i -R

0= L] | (ReH)2 Ry, L j f(Re" ) ——d

2m ae" —R 2n ae"' -R

Suy ra

2n i
1 o ReM +a g0 it Re +a
f(0)= — |f(Re")———= £(0)=— [f(R
0)= 5 j (Re'") St va £(0) = j (Re') oot

f(a) - iv(0) = f(a) ——[f(O) £(0)] = j u(Re") llie.t J_’a dt W

* Ham
Re" +a
S(a, t) = ———
Re" -a
goi 1a nhdn Schwartz. Theo cong thitc (3.7.4) né€u biét gid tri trén bién cla phan thuc u
va gia tri v(0) thi suy ra duoc gia tri cua ham f bén trong hinh tron B(0, R).
Bién déi
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R*—1lal? +i2RIm(ae‘“)
IRe+al? |Rel' —a|?

S(a, t) =
Ham
R*-lal’
IRe" +al’
goi l1a nhdn Poisson. T cong thitc (3.7.4) suy ra

P(a, t) =ReS(a, t) =

R*-lal?
|Re" +a I?

goi 1a cong thitc Poisson. Sau nay chiing ta c6 thé dung cong thiic (3.7.5) dé tim nghiém

u(a) = Ref(a) = %{ j u(Re™) (3.7.5)

ctia bai toan Dirichlet trong hinh tron.

Bai tap chuong 3

 Tham s6 hod dudng cong dé tinh c4c tich phan sau day.

1. Iezdz v6i I 12 cung parabole y = x*, 1 < x <2
r

2. j tgzdz v6i I 1 cung parabole x =y*, 0 <y < 1
r

3. .[ zImzdz vé6i I 1a dudng gdp khic néi cdc diém 1,1, -1 va -i
r

4. j(zz+ZZ)dzv6iI_121cungtr(‘)n|z|=1,0SarngT[
r

5. §— [z 6T 1a dudng ellipse X'+ 4y* =4
-
J

* Sir dung dinh 1y Cauchy dé tinh c4c tich phan sau day.

6. j zsin zdz v6i I 12 dudng cong bat ki néi hai diém 0 va Td
r

7. j (z=1)coszdz vé6i I 1a dudng cong bat ki n6i hai diém Tt i
r

8. I dZI voi I 1a dudng cong bat ki noi hai diém -1 va 1 +1i
7 —
!

0. §Iz|2dz v6i I 1a bién dinh huéng chamién D={ |z|=1,Imz>0 }
r

10. §I—Z|dz v6i I 1a bién dinh huéng ciamién D= {1 < |z|<2,Imz20 }
Z
J
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11. § 2dZ " vdi I 1a dudng cong kin khong di qua di€ém #i
rz t

e Sir dung cong thiic tich phan Cauchy dé tinh cac tich phan sau day.

2
2. §= 2 6i T 1a cdc dudng tron |z | = 1 va |z | =3

tz—21

13, § dz v6ilMlacac duong tron |z |=1,]|z-2i|=1va|z+2i|=1
I-zz+4

14. § dz v6i [ lacac duong tron |z |=1,|z-2|=1va|z|=3
12> +27

15, i; zshzdz

2

" v6i I 1a dudng cong kin khong di qua diém +i
z- +

T

* Tinh c4c tich phan sau day.

16. 3£°°25Zdz v6i I 1a dudng tron |z | =2
rZ ~
17. jﬁsmmz v6i I 12 dudng tron |z |=3
Lz —2z
ze’dz . _ ... . .
18. § v6i I 1a duong tron [z +1i|=1
t(z+1)
19. ¢ shzdz i 1 1a duong tron | z- 1] = 1

L 2-1*(z+3)
20, i}ln( z+ 3)dz

voi [ laduong tron |z |=2
1) gtron |z]

T

71, i; zsinz

4D dz vé6i I 12 duong ellipse 4x* +y* -2y =0
r(z- +

 Tim ham giai tich biét phan thuc, phan ao.

22, u(x,y)=x-3xy’ 23, u(X,y)=x -y +5x+y- — J .
X"ty
24, u(x,y)= arctgi 25. u(x,y)=— X - -2y
y x“+y
26. v(x,y)=2xy+3 27. v(X,y)=2x"-2y*+Xx
28. v(x,y)=In(xX*+y?) +x -2y 29. v(x,y)=3+x*-y- %
X(x"+y%)
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CHUOGI ham PHGC va Thang du

D1. Chubi ham phic

* Cho diay ham (u, : D — [),qn. Téng vo han

iun(z) = uy(z)+u(z) + ... + u(z2)+ .. 4.1.1)

+00
goi 12 chudi ham phiic. S6 phic a goi 1a diém hoi tu néu chudi s6 phiic Zun(a) hoi tu.
n=0

Tap cdc diém hoi tu goi 12 mién hoi tu va thudng ki hiéu 1a D.

Trén mién hoi tu ham S(z) = i u, (z) goi la téng, ham S (z) = Zn: u, (z) goi 12 tng riéng
n=0 k=0

thi n va ham R (z) = S(z) - S,(z) goi 1a phan du thi n cia chudi ham phc.

Chubi ham phiic goi 1a héi tu déu trén mién D dén ham S(z), ki hiéu i u,(z) - S(z) néu

n=0

Oe>0,0N>0saochodzUOD,On=2N=|S(z) - S,(z) | < €

+o00
A ) . A~ , Xe A e
Tiéu chudn Weierstrass Néu c6 chuoi s6 duong Zan hoi tu sao cho
n=0

Om,z) OO xD, |u,(z)|<a,
4.1.2)
thi chudi ham phitc hoi tu déu trén mién D.

 Sau nay ching ta xem céc chudi hoi tu déu ciing thoa man tiéu chuan Weierstrass.
Chubi ham phiic hoi tu déu ¢6 céc tinh chét sau day.

+00 D
1. Tinh lién tuc Néu (0 n O 0, u,(z) lién tuc trén mién D va Zun(z):S(z) thi ham
n=0

S(z) ciing lién tuc trén mién D.
Chitng minh
VéimoiallDvag>0bétuyy
Do tinh hoi tu déu
ON>0:0n>N,0z0D=|S(z)-S,(z) |<e/3va |S(a)-S,(a)|<€/3
Do tinh lién tuc
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00>0:0n<N,0z0OD,|z-a|<d=|u,(z)-ula)| <€/3N
Suy ra
OzOD,|z-a|<d0=

| S(z) - S(a) | < | S(z) - S,(2) | + il u,(z)—u, (@)l +]S@)-S,(a) <€

Vay ham S(z) lién tuc trén mién D. M

2. Tich phdn tung tix Néu [ n U [J, u(z) lién tuc trén duong cong I tron timg khiic,

+o00 D

nam gon trong mién D va Zun (z)=S(z) thi ham S(z) ciing kha tich trén duong cong I'.
n=0
| (2 un(Z)jdz = 2( | un(z)dzj (4.1.3)
r \n=0 n=0\r

Chitng minh
Theo tinh chit 1. ham S(z) lién tuc va I tron ting khiic nén kha tich trén I".

b
K hieu s(I) = j |y'(t) 1 dt. Do tinh hoi tu déu

Oe>0,0ON>0:0n>N,0z0T =|S(z)-S,(2) |<e/s(N)
Suy ra

[S(z)dz - 3 [u,()d7 < [[S(2) =S, (2)dz <& W

k=0

+00 D
3. Pao ham tung tr Néu O n 0 O, u,(z) giai tich trong mién D va Zun(z):S(z) thi

n=0
ham S(z) ciing giai tich trong mién D.
+00 D
O0kO00, Y u@=5"(2) (4.1.4)
n=0
Chiing minh
Vé6imoi z 0D, [0B(z, R) U D. Ki hiéu I' =9dB" va G =D - B(z, R/2) khi d6
+00 G
OnO0O, u, ©) gidi tich trong G va Z_UH(Z) 9]
(-z -z (-z

St dung cong thic (3.4.3) va cong thiic (4.1.3)
_ Y _ L &u @ o 1 S
S@)=2u,@ = 2m2§a_zdz =2 d

n=0 2TﬁrZ_Z

Theo dinh 1y vé tich phan Cauchy ham S(z) giai tich trong mién D va do d6 c6 dao ham
moi cép trén mién D. Két hgp cong thic (3.5.3) va cong thic (4.1.3)
' +o00 ' +o00
0kO 0,890 = = { S(Z)kﬂ =Y < ¢ u“(ziﬂ g =D u(z) W
21 r (Z - Z) n=0 21 r (Z - Z) n=0
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4. Xdc dinh trén bién Néu O n O [0, u(2) lién tuc trén mién D, giai tich trong mién D

va iun(z)?S(z) thi iun(z)zs(z).

Chitng minh
Theo nguyén 1y cuc dai

0z0D,0a00D:[Sz) - Y u(2) [<|S@) - D u.(a)|<e Ml
k=0 k=0

D2. Chubi luy thira phic

* Chudi ham phiic
de(z=a)'=co+c(z-a) +..+cz-a) + ... 4.2.1)
=0

goi 12 chudi luy thira tam tai diém a.

Dinh 1y Abel Néu chudi lu§ thira hoi tu tai diém z, # a thi né hoi tu tuyét d6i va déu
trong moi hinh tron B(a, p) véip <|z,-a|.
Chitng minh

+00
Do chubi s6 phtc z c,(z, —a)" hoitunén lim c(z,-a)"=0. Suy ra
n — +oo
n=0

OM>0saochoOn 0, |c,(z,-a)"|<M
VéimoizOB(a,p)datq=|z-al|/|z-a|<1taco

n

Z—a

On0O0,0z0B(a, p),|c,(z-a)"|=]c,(z-a)"| < Mq"

zZ,—a
+00

Do chudi s6 duong z q" hoi tu, theo tiu chuén Weierstrass suy ra chudi luy thira hoi tu
n=0

tuyét doi va déu. ]

Hé qua 1 Néu chudi luy thira phan ky tai z, thi né phan ky trén mién |z-a|>]z, -a|
Chiing minh

Gia st tréi lai chudi luy thirahditutaiz:|z-a|>|z - a|. Tu dinh 1y suy ra chudi luy
thira hoi tu tai z,. Mau thuan véi gia thiét. ]

Hé qud 2 Tén tai s6 R = 0 sao cho chudi luy thira hoi tu trong duong trdon |z - a | =R va
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phan ky ngoai duong tron | z - a | = R.
Chiing minh
RO rang chudi luy thira luén hoi tu tai z = 0 va phan ky tai z = co. Ki hiéu
R, =Max{p O 3, : chudi luy thira hoi tu trong | z- a | < p}
R, =Min{p 0 3, : chudi luy thira phan ky ngoai |z - a | < p}
TacoR, =R, =R M

* SO R goi la bdn kinh hoi tu con hinh tron B(a, R) goi 1a hinh tron hoi tu ctia chudi luy
thira. Néu D 1a mién hoi tu ctia chudi luy thira thi ta luén ¢6

B(a,R) 0D O B(a, R)

Hé qua 3 Ban kinh hoi tu dugc tinh theo mot trong cac cong thiic sau day

c 1
R = lim —| = lim (4.2.2)
n - +e Cn+1 e “ﬂ'Cn I

Chitng minh
Lap luan tuong tu chudi lu§ thira thuc. M
* Ki hiéu

S(z) = ch (z—a)" voizB(a, R) (4.2.3)

n=0

Két hop céc tinh chét cia ham Iuy thira v6i cdc tinh chat cia chudi hoi tu déu ta c6 céac
hé qua sau day.

Hé quda 4 Ham S(z) lién tuc trong hinh tron B(a, R)
Chitng minh

Suy ra tir tinh lién tuc ctia ham luy thira va chudi hoi tu déu. MM

Hé qud 5 Ham S(z) kha tich trén dudng cong I tron timg khic, nam gon trong B(a, R)

[S@dz = Y e, [(z~a)"dz (4.2.4)
r n=0
Chiing minh
Suy ra tlr tinh kha tich cua ham luy thira va cong thiic tich phan timg tur. 4

A

Hé qua 6 Ham S(z) giai tich trong hinh tron B(a, R)

+0o

DkD0,8%2) = > nm-1)..(n—k + e, (z-a)"™ 4.2.5)
n=k
Chung minh
Suy ra tir tinh giai tich ctia ham luy thira va cong thiic dao ham ting tir. [
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Héqua7 Ok0O0O, ¢ = %S(k)(a) (4.2.6)

Chiing minh
Suy ra tir cong thitc (4.2.5) v6i z=a. 4]

Vi du Chuoi Iuy thira z z" hoi tu déu trong hinh tron B(0, 1) dén ham S(z) = " !

n=0 -z
Suy ra
0z 0B, 1), iiZ“dZ ) j-iz-ln(l—z)
n=0 montl o 1=¢
0 . 1 \¥ k!
Ok0O0O, én(n—l)...(n—k+l)z = [I_Zj = ag

D3. Chubi Taylor

DPinh 1y Cho D =B(a, R), [ = 0D" va ham f lién tuc trén D, gidi tich trong D.

S o 1 f(Q)
Oz0OD,f(z) = - = — d¢,n0O00 4.3.1
z (z) nZ::;cn(z a)" véi ¢ o f C—a)™ (,n ( )

Cong thic (4.3.1) goi 1a khai trién Taylor ctia ham f tai di€ém a.
Chiing minh
Vé6i moi z U D c6 dinh. Theo cong thiic tich phan Cauchy

_ L pf@
f(z) = szz—zdz (1)

V6i{ OlMtac6q=|z-a|/|{-a|<1 suyrakhai trién
o1 - (z—a) w f@ zif(Z)(z—aj 2
(-z Z—al z-a (-a\(-a (-z (-all-a
(—a

Do ham f lién tuc nén ¢6 module bi chan trén mién D suy ra

f(Z)(z—ajn .M
(-a\l-a

OM>0:020T, <7

Theo tiéu chuidn Weierstrass chudi (2) hoi tu déu trén ', do d6 c6 thé tich phan timg tir
doc theo duong cong I'. Tich phan ting tir cong thitc (1) suy ra cong thic (4.3.1) M
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Hé qua Két hop cong thic (4.2.6) va (4.3.1) ta cé
UkOO,c = %f‘k)(a) (4.3.2)

Nhan xét Theo dinh 1y Cauchy c6 thé 1ay ' 1a dudng cong bat ki don, kin, tron ting
khic bao a va z, dinh huéng duong va nam gon trong B(a, R). Thong thudng, ching ta
khai trién ham f(z) trong hinh tron B(0, R) chudi nhan dugc goi 1a chudi Maclorinh
tuong tu nhu ham thuc.

n

. . +o0 _1 n
2.cosz=l(e‘z+e“)=12(—+( D’ )“:1_lz2+lz4+,_,= =D 7"
2 2 n! 2! 41 = (2n)!

Tuwong tu khai trién

1 . 4 1 1
sinz=—(e”-¢e"%),chz=—(e*+¢e?),shz=—(e*-¢*
2i( ) 2( ) 2( )

— +00 — — +
3.(1+2)"=1+mz+ Mzz+... =Zm(m D...(m=n 1)z"
2! = n!
Véim=1
1 +00
=l-z+7-...= Y (-D)"z"
1+z ;)
Thay z bing 7*
1 n n
— =1-2Z+7"- .. Z( "z’
Suy ra

ln(1+z):j% i( n" jz dz = Z( 1)

z 11’1 "
arctanz = Ilfzzz _Z( " J'pndz Z; 3_1 2n

P4. Khong diém cuia ham giai tich

Dinh Iy Cho ham f giai tich trong mién D va day s6 (z,),00 hoi tu trén mién D dén diém
al0D.Néun O, f(z,) =0 thi OR > 0 sao cho U z [I B(a, R), f(z) = 0.
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Chitng minh
Khai trién Taylor ham f trong lan can diém a

0z [OB(a, R), f(z) = iocn(z —a)" véic,="f(a) = Ii+m f(z,))=0

n=0
Ki hiéu
m(a)=min{n J0:c, 70} 20 4.4.1)
Néu m(a) = m thi

fz)= D c,z-a)"=@z-a"Y ¢, z-a)" =(z-2)"g@)

v6i ham g(z) giai tich trong lan can diém a va g(a) =c,, # 0.
Do d6
Ue>0:0z0B(a, €),g(z)#0
Suy ra
Uz, UB(a, &), f(z,) = (z, - a)"g(z,) # 0!
Diéu nay mau thuan véi gia thiét.
Vay m(a) =+ . Titc1a 00 z 0 B(a, R), f(z) = 0 M
Hé qud 1 Cho ham f giai tich trén mién D. Ki hiéu Z(f) = {z LID : f(z) = 0}.
Khi d6 Z(f) = D hoac Z(f) c6 khong qua dém duogc phan tur.
Chitng minh
Ki hiéu A 1a cdc diém tu ca tap Z(f) ta c6
A O Z(f) O D va tap A la tap dong
Theo dinh nghia
OaOA,Odayz, O~ a vaf(z)=0
Theo dinh 1y trén
Oe>0:0z0B(a,€),f(z)=0 = B(a, ) A = tap A latap md.
Do tap D lién thong va tap A [ D vira dong va vira mé nén
Hoac A =0 suy ra Z(f) ¢6 khong qua dém dugc phan tu
Hoac A=Dsuyra Z(f)=D »

Nhan xét Theo két qua trén thi khong diém clia ham gidi tich khong déng nhat bang
khong luon 1a khong diém co lap. Tic 1a R >0 : Oz 0O B(a, R) - {a}, f(z) 20
Hé qud 2 Cho cac ham f, g giai tich trong mién D va day s6 (z,),00 hoi tu trén mién D
dén diém a 0 D. Néu On O 0, f(z,) = g(z,) thi 0z O D, f(z) = g(2).
Chitng minh
bat h(z) = f(z) - g(z), theo gia thiét Z(h) ¢6 dém dugc phan t, suy ra Z(h) =D
Tic 1a
UzUOD,h(z)=1(z) - g(z) =0 M
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Hé qud 3 Cho diém a 12 khong diém cta ham f gidi tich va khong dong nhat bang
khong trong mién D. Khi d6

OmO0O,0R>0:0z0B(a,R), f(z) = (z - a)" g(z) (4.4.2)
v6i g 1a ham gidi tich trong hinh tron B(a, R) va g(a) # 0. Diém a goi 1a khong diém cdp
m cua ham f.
Chung minh
Khai trién Taylor ham f trong lan can diém a

f(z)= ) c,(z—a)" véic,=f(a)=0

=0

Theo cac két qua trén diém a 1a khong diém co 1ap nén
OR>0:0z0B(a,R)-{a}, f(z) 20

Theo cong thiic (4.4.1) néu m(a) = +co thi 0 z [0 B(a, R), f(z) = 0 trdi véi gia thiét.

Suy ram(a) =m O 0. Tic 1a

fz)= Y c,(z=a)" =(z-a)" Y ¢, (z-a)" = (z-2)"g(2)

v6i g la ham giai tich trong hinh tron B(a, R) va g(a) =c,, # 0 44

P5. Chudi Laurent

Pinh ly Chomién D= {r<|z-a|<R} vaham flién tuc trén D, gidi tich trong D.
Véi moi p O (r, R) ki hiéu B=B(a, p) n Dva T = 9B*(a, p).

S N 1 (9]
Oz OB, f(z) = E - . d(,n009 (4.5.1
z () 2 c,(z—a)" v6i c me(z T (,n ( )

Cong thiic (4.5.1) goi 1a khai trién Laurent ctia ham f tai diém a.

Chung minh
V6i moi z [ B ¢6 dinh. Theo cong thiic tich phan Cauchy
1 f I ¢f I ¢f
)= 1 gg = - L IO g, L 1O g 1)
21 5 ( -z 2T[1r]Z—z 2T[l|_2Z—Z

V6imoi{ O, : |(-a|=r,tac6q=|(-al/|z-a|<]1
suy ra khai trién

11 1 &1 (l-aY
T Sl

1- z—a\z-—a

a
Z'aj @)
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V6imoi { OI,: |{-a|=R,tac6q=]|z-a|/|{-a|<1suyra khai trién
1 _ 1 1 _ 1 (z-a v f(0) =z f(()(z-a 3)
(-2 {-a,_z-a &l-all-a) (-2 &C-all-a

Do ham f lién tuc trén D nén ¢6 module bi chdn suy ra chudi (2) hoi tu déu trén I, va
chudi (3) hoi tu déu trén IM,. Ngoai ra theo dinh 1y Cauchy

f(0) f(0) f(0)
ag = ag = aq
i@ §@ i@—w
Tich phan tung tur cong thic (1) suy ra cong thic (4.5.1) "
* Nguoi ta thuong viét chudi Laurent dudi dang
Zc (z—a)" z + Zc (z—a)" 4.5.2)

n=1 (
Phan luy thira duong goi la phan déu, phan luy thira am goi 1a phdn chinh. Néu ham f
giai tich trong ca hinh tron B(a, R) thi 0 n > 1, ¢, = 0. Khi d6 chudi Laurent (4.5.1) tr&
thanh chudi Taylor (4.3.1)

Vidu
1. Khai trién ham f(z) = m trenmién D ={ 1 <|z|<2}
1 1
f(z)=- = P11 :-—(1+...+—z“+...)-l(1+...+i+...)
2,_2 Zl_l 2 2" z z"
2 z

2. Khai trién ham f(z) = sini1 thanh chubi tam tai a = 1
7 —

f(z) = smlcosL + coslsmL
z—1 zZ—

sin 1 - 1 1 +... va COSL—I—l 1

z-1 z-1 3l(z-1) 21 2 (z-1)

D6. Phan loai diém bat thudng

» Diém a goi 1a diém bdt thuong néu ham f khong giai tich tai a. Néu & > 0 sao cho
ham f giai tich trong B(a, €) - {a} thi diém a goi 1a diém bat thuong co6 lap. C6 thé phan
loai cdc diém bat thudng co 1ap nhu sau. Néu limf(z)= L thi diém a goi 12 bdt thuong

Z-a
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bd qua dugc. Néu limf(z) = oo thi diém a goi 12 cuc diém. Néu lim f(z) khong ton tai thi

diém a goi 12 bdt thuong cot yéu.
Gia sur trong 1an can di€ém a bat thuong co 1ap, ham f c6 khai trién Laurent

+o00

f(z) = z Con + iolcn(z—a)n (4.6.1)
n=0

n=l (Z - a)n

Dinh Iy Kihiécum(a)=min{ n[09: ¢, #0 }

1. Diém a la bat thuong bo qua duge khi va chi khi m(a) =0
2. biém a 1a cuc diém cap m khi va chi khi m(a) < 0

3. Diém a la bat thuong c6t yéu khi va chi khi m(a) = -0

Chiing minh
l.m@a)=m=20=1(z) = ch(z—a)“ O - ¢,=L
n=0
. N _ f(Z) Z ¢ 0 c9e L, . . Q2 . . Q2
Nguoc lai, ham g(z) = L, = & tich trong B(a, €). Khai trién Taylor tai diém a

g@ =Y c,(z-a)" véic,=L=m(a) 20
n=0

m

2. m@)=-m<0=fz)=> —=—+ ¢, (z-a) O[] -

n=1 (Z ~ a)n n=1
! *
Nguoc lai, ham g(z) = | f(z) 272 o3 tich trong B(a, €) va g(a) = 0.
0 z=a

Theo hé qua 3, b4
g(z) = (z - a)"h(z) v6i m 0 0" va h 1a ham giai tich trong B(a, €), h(a) # 0
Suy ra
1 1

1 +00
f(z) = _ A v b 2 _

+00

3.m(a)= -0 =f(z)= > —"— + 3¢, (z-a)" khong c6 gidi han khiz — a

n=1 \(Z — a)n n=0

Nguoc lai, phan ching trén co so 1. va 2. [

Hé qud 1 (Dinh ly Sokhotsky) Diém a la diém bat thudng c6t y&éu ctia ham f khi va chi
khi v6i moi s6 phiic A c¢é diy so phiic (z,),00 hoi tu dén a sao cho day s6 phic (f(z,)),00
hoi tu dén A. Tic la tap f(B(a, €)) trt mat trong tap [J.

» Ham f giai tich trén toan tap s6 phic goi la ham nguyén. Nhu vay ham nguyén chi cé

mot diém bat thudng duy nhat 1a z = c. Déi bién { = 1 suy ra ham g({) = f(z) c6 duy
z
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nhat diém bat thudng c6 1ap 12 { = 0. Khai trién Laurent hAm g({) trong lan can { =0

+00

HOEDY CZ +¢o+ icni“ = ic_nz“ +co+ Zm: c (4.6.2)
n=1 n=1 n=1

n
ZH

n=1
Do f(z) I,- f(a) nénUn=1,¢,=0

Tir d6 suy ra két qua sau day.

Hé qud 2 Kihiéu m(e) = - m,(0)

1. Ham f 1a ham héang khi va chi khi m(c) =0

2. Ham f la da thic bac n khi va chi khi m(o) =n
3. Ham f 1a ham siéu viét khi va chi khi m(o) = +oo

» Ham f(z) goi 1a ham phdn hinh néu né chi c6 hitu han cuc diém trén tap O

Hé qua 3 Ham f(z) 1a ham phan hinh khi va chi khi ham f(z) 1a phan thic hitu ty
Chiing minh

RO rang ham hitu ty f(z) = P((Z) ¢6 hitu han cuc diém 1a cdc khong diém clia Q(z)
z

Nguoc lai, gia stt ham f(z) c6 m cuc diém trén 0. Khi d6

h(z)

(z=-z)).(z-z,

f(z) =
)

vGi ham h giai tich trén toan [J va m, () =n suy ra h(z) = P(z) »

D7. Thang du

* Cho ham f giai tich trong B(a, R) - {a}, lién tuc trén ' = 0B(a, R). Tich phan
1
Resf(a) = ﬁjff(z)dz 4.7.1)
goi 12 thang duw clia ham f tai diém a.
Theo dinh 1y Cauchy, néu a 1a diém thudng ctia ham f thi Resf(a) = 0. Néu a 1a diém bat
thudng co6 1ap thi Resf(a) khong phu thudc vao dudng cong I' don, kin, tron tung khic,

bao diém a, dinh huéng duong va nim gon trong hinh tron B(a, R).
Cho ham f giai tich trong mién R < | z | < o, lién tuc trén I = 0B(0, R). Tich phan

Resf(o) = ﬁ 3€f(z)dz (4.7.2)
J

goi 12 thang dw cha ham f tai diém oo,
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Pinh Iy Thang du ctia ham f tai diém a 12 hé s ¢, clia khai trién Laurent tai diém dé.
Resf(a) =c, 4.7.3)

Chitng minh
Khai trién Laurent ham f tai diém a

f(z)—i c- ZC (z—a)" vmc-zl,iz f© d¢,n 09

n= I(Z ) T[lr(z_a)n+1
So sanh véi cong thic (4.7.1) suy ra cong thic (4.7.3) M
Hé qud Cho diém a la cuc diém cdp m ctia ham f
1 . d™
Resf(a) = m-D1 1 =D [(z=a)"f(z)] 4.7.4)
Chitng minh
Khai trién Laurent tai cuc di€ém a cdp m
c_
f(z) =
(z- a)
Suy ra

(z-a)™(z)=c,+..+c,(z-a)™ +cy(z-a)" +
[(z- )" (2)]™" =(m - 1)!c, + m(m-1)..2¢c,(z - a) + ...
Chuyén qua gi6i han hai v&

lim [(z - a)"(z)]™" =(m- 1)!lc, M

Vidu Ham f(z) = ———— c6 hai cuc diém cdp 3 1a i
(z” +1)
2 z z z
Resf(i) = —lim| — 1 - be” . 12¢ . = L2
21 z-i{ (z +1)° 2\(z+1)" (z+1)" (z+1) ) _ 16

Dinh Iy Cho ham f ¢6 cdc cuc diém hitu han 1a a, véik = 1...n

D Resf(a,) +Resf(w) =0 (4.7.5)

k=1
Chiing minh
Goi I, véik =1..n la cdc dudong tron | z - a, | = R, di bé d€ chi bao riéng timg di€ém a,
va [ 12 dudng tron | z | = R du 16n dé€ bao hét tat ca cac dudng tron IM,. Theo cong thic
tich phan Cauchy
jﬁf(z)dz =y f(zdz = j;f(z)dz
k=1 M

Chuyén v€ sau d6 chia hai v€ cho 2Tt suy ra cong thic (4.7.5) M
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Hé qua Cho dudng cong I don, kin, tron ting khic, dinh huéng duong va ham f lién
tuc trén I, giai tich trong Dr ngoai trir hitu han cuc diém a, O Dr véik = 1...n

§f(z)dz=211 ) Resf(a,) (4.7.6)
r k=1
Vidu Tinh I = §ﬂ v6i I 1a dudng tron | z | = 2 dinh huéng duong

L (22 +1)(z+3)

Ham f(z) ¢6 hai cuc di€ém z = i nim trong mién Dr va mot cuc diém z = -3 ndm ngoai
mién Dr.

Resf(-i) = lim sin z _sin(-1)
z--i (z—1)(z—3) -2+6i

Resf(i) = lim = sin(i).
z-i (z+1)(z—3) - —2-6i

I =2mi[Resf(-1) + Resf(i)] = - %sin(i)

D8. Thang du Loga

* Cho ham f giai tich va khac khong trong B(a, R) - {a}, lién tuc trén ' = 0B(a, R).

Tich phan
ResLnf(a) = —§ '@ 4, 4.8.1)
f (z)
goi 1a thdng du loga clia ham f tai diém a. Theo dinh nghia trén

ResLnf(a) = Resg(a) trong d6 g(z) = [Ln f(z)]” = f(( )) v6iz B(a, R) - {a}
z

Dinh Iy Vi cac ki hiéu nhu trén
1. Néu a 1a khong diém cdp n ctia ham thi ResLnf(a) =n
2. Néu b 1a cuc di€ém cép m ctia ham f thi ResLnf(b) = -
Chiing minh
1. Theo hé qua 3, b4

Oz O B(a, R), f(z) = (z - a)"h(z) v6i h(z) 1a ham giai tich trong B(a, R) va h(a) 0
Dao ham ham f suy ra

£(z) =n(z - a)"'h(z) + (z - a)"h(z)

n h'(z) .. h'(z)

7) = + vGi 1a ham giai tich trong B(a, R
g(2) 2—2 " he h2) g gB(a, R)
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Suy ra
ResLnf(a) =c,(g) =n
2. Theo hé qua 3, b5
h(z)

m

Z—a

0z OB(a, R), f(z) =

vGi h(z) 1a ham giai tich trong B(a, R) va h(a) # 0

Pao ham ham f suy ra

Pz)= —2 _h@z)+
(z—a

)m+l

h’(z)

z—a)"

-m N h'(z) i h'(z)

7) = 1a ham giai tich trong B(a, R
g(2) =2 ho) h) g gB(a,R)
Suy ra
ResLnf(a) =c,(g) =-m 4]

Py

Hé qud 1 Cho duong cong I' don, kin, tron timg khdc, dinh huéng duong va ham f lién
tuc trén I, ¢6 cdc khong diém a, cap n, v6i k = 1...p va giai tich trong Dr ngoai trir cac
cuc diém b, cdp m; v6i j=1...q

1 ¢f'(z) - .
— dz=)Yn -Y m =N-M (4.8.2)
2mi { £(2) k=1 =1
Chung minh
Két hgp dinh 1y trén, cong thic tich phan Cauchy va 1ap luan tuong tu hé qua 1, D7

M

e Ta xem mot khong diém cdp n 12 n khong diém don triing nhau va mot cuc diém cap m
la m cuc diém don trung nhau. Theo cong thitc Newtown - Leibniz va dinh nghia ham
logarit phuc

§ ff((z)) dz = §d[1n f(z)] = ArLnf(z) = Arln| f(z) | + iArArgf(z) = iArArgf(z)
r 1z r

K&t hop véi cong thiic (4.8.2) suy ra hé qua sau day.

Hé qud 2 (Nguyén ly Argument) SO gia cua argument cta ham f khi z chay hét mot

vong trén dudong cong I kin, tron timg khic va dinh huéng duong bang 21 nhan véi hiéu

s0 cuia s6 khong di€m trir di s6 cuc diém cua ham f ndm trong mién Dr. Tic 1a
ArArgf(z) = 21(N - M) (4.8.3)

Hé qua 3 (Pinh 1y Rouché) Cho dudng cong ' don, kin, tron ting khiic, dinh huéng
duong va cac ham f, g lién tuc trén I, gidi tich trong Dr. Ki hiéu Nr(f) 1a s6 khong diém
ctia ham f ndm trong Dr. Khi donéu Oz OT, |f(z) |>|g(z) | thi Nr(f+ g) = Nr(f).
Chiing minh
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. 2(2) 82, _
Theo giathiet Oz O, ) <1= ArArg(l + t2) )=0
Suy ra
1 1+@
Nr(f+g) = %ArArg[f(Z) +g(2)] g(z)
_ 1 &z
= 2ﬂArzAxrg[f(Z)(1+ t2) )]
= LArArgf(z) + LArArg(l + @) =Nr(f) M
27 27 f(z)

A

Hé qud 4 (Dinh 1y D’Alembert - Gauss) Moi da thiic hé s6 phiic bac n ¢6 ding n khong
diém phic trong d6 khong diém boi k tinh 1a k khong diém.
Chiing minh
Gia sur
P(z)y=a,+az+..+2"v6ia U0
Ki hiéu
f(z)=2", g(z)=a,+ ... +a,_z"', M=Max{|a,|,k=0..n-1)} vaR =nM + 1
Trén duong tron : |z|=R
lg(z) [ M1 + ... +R*") <nMR™' <R" = |{(2) |
Theo hé qua 3
Nr(P) =Nr(f+ g) =Nr(f) =n M

D9. Cac ung dung thang du

Dinh Iy (B6 dé Jordan) Cho dudong cong Iy, = {| z | =R, Imz = B} va ham f giai tich
trong nita mat phang D = {Imz > B} ngoai trir hitu han diém bat thudong. Khi dé ta c6

1. Néu lim zf(z) = 0 thi Rlim If(z)dz =0 (4.9.1)
00 — +00 f
2. Néu limf(z) =0 thi OA>0, Rlim If(z)ei“dz =0 (4.9.2)
00 — +00 f
Chiing minh Y r
1. T gia thiét suy ra 2
Oz0Olg, |zi(z) [sM O -0 = |f(z)|£%
Suy ra I r1
B 0
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j f(z)dz
Mr

< [[f@lds = %R(m 20) UL -0
r

2. Tu gia thiét suy ra

OzOlg, [f(z)|sM OH0 -0
Suy ra
I e™Mf(z)dz

Mr

< j ‘ei“f(z)‘ds+ j \ei“f(z)\ds + j \ei“f(z)\ds
r r, Iy

U'6c lugng tich phan, ta c6
| \ei“f(z)\ds + [ \ei“f(z)\ds <2Me™RO<2Me™B O[] - 0
r M

[le™f@lds = MR [ dt =MRe™ " O[]~ Ovia 00,19 W
r, 0

Hé qua 1 Cho f(z) 1a phan thiic hitu ty sao cho bac ctia mau s6 16n hon bac tir s6 it nhat
12 hai don vi, c6 c4c cuc diém a, v6i k = 1...p nim trong nita mat phang trén va c6 cic
cuc diém don b; véi j = 1...q nam trén truc thyc. Khi d6 ta c6

If(x)dx: ZTHZp:Resf(ak) + Tﬁzq:Resf(bj) (4.9.3)
e k=1 j=1
Chiing minh 4
e DE don gian, xét trudng hop ham f c6 mot cuc diém a My
thudc nira mat phang trén va mot cuc diém don b thuoc @
truc thuc. Trudng hop téng quét chiing minh tuong tu. M
Ki hiéu
-R b R

MNe:lz|=R,Imz>0, Tp:|z|=p,Imz>0
F=r,0[R,b-p]OF,0[b+p,R]

Theo cong thic (4.7.6)
§f(z)dz = j f(z)dz + j f(z)dz + j f(z)dz + j f(z)dz = 2TiResf(a)
!

Mg [-R.b—p] [ [b+p.R]

K&t hop véi cong thiic (4.9.1) suy ra

j f(x)dx = lim j f(z)dz + lim j f(z)dz
el — 400 p~>

R - +40,p -0 s
[-R.b-p] [b+p,R]

= 27iResf(a) - lim j f(z)dz (1)
-0 l_p

€

Do b 1a cuc diém don nén f(z) = + g(z) v6i g(z) giai tich trong lan can diém b

Suy ra ham g(z) bi chan trén '
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OM>0:0z00,,|g@|<M = jg(z)dz <Mmp 0 [}~ 0 2)
o
Tham s6 hoé cung [, : z=b + pe" véi t O [TT 0].
Tinh truc ti€p
[ 4z = - TiResf(b) 3)
rpz—b
Thay (2) va (3) vao (1) suy ra cong thic (4.9.1) »
Vi du Tinh tich phan I= | B Sk SN
X7+

- 1 e . 9 2
Phan thic f(z) = (22—1)2 c6 cuc diem kép a =1 thudc nura mat phang trén
z- +

I

Resf(i):lim( Z_,lzj:( 1.2_2(2—‘13)j _ 1
(2 +1) (z+1)® (z+1)?),_ 4

Suyra  1=2TiResf(i) = - g

Hé qud 2 Cho f(z) 1a phan thiic hitu sao cho bac cia méu s6 16n hon bac tir s6 it nhat 1a
mot don vi, ¢6 cdc cuc diém a, v6i k = 1...p nim trong nira mit phang trén va c6 cic cuc

idz

diém don b, v6i j = 1...q ndm trén tryc thuc. Ki hiéu g(z) = f(z)e™” ta c6

+00 ) p q
[f(0e ™ dx = 218 ) Resg(a,) +Ti )" Resg(b,) (4.9.4)
2o k=1 i=1
Chiing minh

Lap luan tuong tu nhu chiing minh hé qua 1. M

+00

Vi du Tinh tich phan T= |

0

+00  jx

dx=%lm:[oe

sin X

dx
X X

Phan thac f(z) = 1 c6 cuc diém don b =0 thuoc truc thuc va Resg(0) = lirr(} e’ =1
z z-

1 T
Suy ra I=—Im(mi) = —
y 2 (1) 5

Hé qud 3 Cho duong cong ', ={ |z|=R,Rez<a } va ham f giai tich trong nira mat
phang D = { Rez < O } ngoai trir hitu han diém bat thuong va lim f(z) = 0.

Z — 0

OA>0, lim j f(z)eMdz =0 (4.9.5)
— +00 rR
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Chung minh
Suy ra tir dinh 1y bang cdch quay mat phing mot géc Tv2. M

Hé qud 4 V6i cic gia thiét nhu hé qua 3, ki hiu g(z) = €"f(z)

a+ioco

OA>0, IA) = i j “f(z)dz = Y Resg(a,) (4.9.6)
Rea, <a
Chiing minh
Ki hiéu

=T, 0[a-iB, a+iB] v6i R db 16n dé bao hét cac cuc diém clia ham f(z)
Theo cong thic (4.7.6)

a+if

— § “f(z)dz = — j f(z)e™dz + L j “f(z)dz = Y Resg(a,)
Rea, <a
Suy ra
a+if
— j Mf(z)dz = ) Resg(a,) - [f(z)e™dz
Rea, <a TR
Cho 3 - +00 va sit dung hé qua 3 ching ta nhan dugc cong thic (4.9.6) M
Bai tap chuong 4
1. Tim mién hoi tu va téng clia cdc chudi sau day.
& 1 < ni"2" Z . n+2 .
a. b. — c. (n+Di""(z-1)"
;(Z_z)n n=1 (Z+1)n : n=z—oo
2. Tim mién hoi tu ctia chudi Marlaurin ctia cic ham sau day.
z’ -2z+19 z 3z+1
a. > b. > C. 3
(z—=3)"(2z+)5) 4+7z (z-2)
d. (1-z)e™ e. sin’z f. In(1 + 7%

3. Tim mién hoi tu ctia chudi Taylor tai diém a clia cdc ham sau day.

a. ! ,a=1 b.%,a:?a C. L,a=3i
z—2 z°—6z+5 1-z
d. sin(Z* + 42), a = -2 e. —,a=2 f. e” ™ a=2
z
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4. X4c dinh cap khong diém cta cic ham sd sau day.

.3
a. (7 +9)(7 +4) b. (1 -e)(Z* - 4) c. M ?
Z
5. Tim ham f giai tich tai z = 0 va thoa man
2
* + * . *
a f(L)=—— 00" b fe) =" 100 e fly=sn 2,000
n 3n+1 n n n 2

6. Tim mién hoi tu ctia chudi Laurent tai diém a ctia cic ham sau day.

a. ! ,a=0vaa=o0 b. ! ,a=0,a=1vaa=o0
z—2 z(1-2)
1 2
- -4
c. Z%e*, a=0vaa=o0 d. cosZ f, =
(z=2)

7. Tim chudi Laurent trong ctia ham f trong cdc mién D sau day.

2 _ + +
a.Z—2Z25,1<|z|<2 .l—z,1<|z|<2
(z-2)(z* +1) (z-1)(z-2)
d ———————,1<|z|<3 d M2 z1<ivalz]>1
(22 +1)(z-3) 1-7

+1
T lzl< L 1<z]<2va|z]>2
z-+z-2

8. Xdc dinh cdp cuia diém bat thuong (ké ca ) clia cdc ham sau day.
5

zZ z+2 . 1
a. > b. ——— C. sinz+ — d. cos—
(1-2) z(z+1)(z—-1) z zZ+1
e. —_1 f. e'zcosl g. 1 CZOSZ h. Sniz
Sinz Z V4 Z
9. Tinh thang du cua cac ham sau day.
2 + 2 4 2n
a. Z ! b. % c. —2 5 I
z-2 (z= +1) (z+1) (z-1D"
1 e’ coSz 1
¢ SN & — h. —
z(1-e™) z°(z° +4) z sinz — 5
. COSZ | shz e’
1. 5 J. sin— k. — L ——
1-2z z (z=-1D(z" +1) z°(z" +4)

10. Tinh tich phan ham f trén duong cong kin ' dinh huéng duong sau day.
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2 riz-2]=2 b.§edz,r:|z|=3
rz t4

L (z-1)(z-2)’ z’
dz T
t(z=1)*(z° +1)

o

zdz

dz 2 2 2 2
. [ +y’=2x+2y-1 X" +y'=2x
z" +1

dz

1

()]

3 a
dz
e. ¢—— :|z|=2 f. ¢———, M: |z|[=2
i(z—3)(25+1) 2] izlo+l ]

. §(sin—j dz, T :|z|=1 h §

{ z

11. Tinh céc tich phan xac dinh sau day

LT W[ Sl
o 1+cosd o (1+coso) 2 13+12sin¢

—?Z , M 4x°+2y°=3
7o +1

12. Tim s6 nghiém cua céc da thiic trong mién D sau day.
a. Z2+27+8z+1, |z|<lval<|z|<2

b. Z-5z+1,|z|<1,1<|z]|<2va2<]|z]<3

c. Z+7+37+z+2,Rez>0

d 278 -37+3272-z+1,Rez>0valmz>0

13. Tinh céc tich phan suy rong sau day.

+00 +0o 2+ +00
[ b [XLax o ——
X5 T9) Xt o (X7 +D(x” +4)
T de . szzosdxz f T szinx X
s xT+D" , (X7 +4) X =2x+10
*(sinx ) In*x T x%*Inx

. dx h. i. | ———dx

s [,( x j J‘1+x J;(1+x2)2

j LU
A1 =x)(1 +x)> o x+tl
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Bién doi fourier va Bién doi laplace

D1. Tich phan suy rong

* Trong chuong nay chiing ta ki hiéu
F(3,0)={f:3 - [0} la dai s6 cic ham bién thuc, tri phiic

| [l = Supg| f(t) | va |||, = J-If(t) | dt 1a c4c chuén trén F(3, )

L®={fOFG3, 0O): | f]lo <+ } 12 dai s6 cdc ham ¢6 module bi chin
C,={fOC3, 0): limf(t) =0 } 1a dai s6 cdc ham lién tuc, dan vé khong tai co

L'={fOF@G,0): | f]|, <+ } 1a dai s6 cdc ham kha tich tuyét doi trén 3
Chiing ta di biét rang ham kha tich tuyét d6i 1a lién tuc timg khic, dan vé khong tai vo
cung va bi chan trén toan 3. Tuc la

L'0CM,OL”

e Chokhoang I03vaham F:1x3 - [, (x, t) a F(x, t) kha tich trén 3 v6i m6i x [0 1
co dinh. Tich phan suy rong

f(f) = fF(x,t)dt v6i x 01 (5.1.1)

goi 12 bi chén déu trén khoang I néu ¢6 ham ¢ O L' sao cho
Ok, t)0Ix3, DFx, 00<|6@)]

Dinh Iy Tich phan suy rong bi chan déu c6 céc tinh chat sau day
1. Néu ham F(x, t) lién tuc trén mién I x 3 thi ham f(x) lién tuc trén khoang I
y OF . x " .
2. Néu ciac ham F(x, t), . lién tuc trén mién I X 3 va tich phan J-a—(x, t)dt ciling bi
X = .0x
chan déu trén khoang I thi ham f(x) c¢6 dao ham trén khoang I
+00 aF
—(x,t)dt
[0

—00

d +o0
OxOIL — |F(x,t)dt =
” j (x,t)
3. Néu ham F(x, t) lién tuc trén I x 3 thi ham f(x) kha tich dia phuong trén khoang I

U[a,b] OI, j-f(x)dx = TUF(X, t)dx]dt

—oo\ a

« Ki hieu
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N = {%) {20 goi Ia ham nhay don vi
1
0 t<0,t>h

3(t) = lim &(t, h) = {5“’ t=0
h-0

6(t,h):%[r](t)—r](t—h)]:{g O<tsh 4513 ham xung

{20 goi 1a ham xung Dirac

Dinh Iy Ham xung Dirac c6 céc tinh chat sau day.

1. j 3t)dt =1
2. Vé6i moi ham f lién tuc tai 0 j f()(t)dt = £(0)

3. 0t03,n) = ja(r)dr = jé(t—r)dr va &(t) = n’(t)
—co 0

Chitng minh

+00 +oo h
1. j 3(t)dt = j lim &(t, h)dt = lim j &(t,h)dt = 1
-, _whaO h-0 0

2. f f(t)o(t)dt = _ff(t) Ef% o(t,h)dt = PP% % { f(t)dt = £f(0)

t<0
0<t<h

t
3. Xét tich phan n(, h) = ja(t, h)dt =
- t=h

0
t
h
1

Chuyén qua giéi han n(t) = lim n(t, h)

Tur d6 suy ra cac hé thiic khac.

* Cho cac ham f, g [ F(3, [J). Tich phan
0t03, )0 = j f(T)g(t - T)dt

goi la tich chdp ctua ham f va ham g.

Dinh Iy Tich chap cé cac tinh chat sau day.

I OfgOL fpOLl vallfOgllhi<Nfll gl
2. OfgOL! fOg=gOf

3. Of0OL'nC@0O) fOd=00f=f

4. Of,ghOL,A00 Af+g)0h = M Oh+glh
Chung minh

(5.1.2)

(5.1.3)

M
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1. Do ham g kha tich tuyét d6i nén bi chan trén 3
0003, [fet-D<]lgll D]
Do f kha tich tuyét d6i nén tich phan suy rong (fC)(t) hoi tu tuyét d6i va bi chan déu

00|

It Ogl= |

— 00|

+0o

j f(T)g(t - T)dT

—00

dt < jlf(r)l(jlg(t—T)ldtde:||f||1 el
2. Dt03 ()M = [f(Dg(t-Ddt = [f(t-0)g(6)dd = (M)

+00 h
3. 0t03, ()t = j £(t = Dlim &, h)dt = m% j f(t — 1)dt = f(t)
e 0

4. Suy ra tit tinh tuyén tinh cua tich phan "

P2. Cic bé dé Fourier

Bo dé 1 Choham f OL'. Véi mdi f O 3 co dinh ki hiéu f (t) = f(t - x) véimoi t 0 3
Khi dé danhxa®:3 - L', f - f_Ialién tuc theo chuén.
Chiing minh
Ta ching minh rang
O0e>0,00>0: Ox,yd3,[x-y|<0=|PX)-DP(y) |, <€
That vay
Do ham f kha tich tuyét d6i nén
Oe>0,0N>0: [If(Hldt < is

ItI=2N
Trong khoang [-N, N] ham f c¢6 hitu han di€ém gidn doan loai mot
a,=-N<a,<..<a,=Nv6i A=Max{|a -a_|:k=1..m}
va trén mdi khoang con [a,_, a,] ham c6 thé th4c trién thanh ham lién tuc déu

Oe>0,05>0:[x-y|<d= |f(x)-fy)|< ——
2mA

Twr d6 suy ra uéc luong

I00) - @) [l = [[Ee=x) = f(t - y)ldt

< [lfe=x = f(t-y)dt + i j f(t-x)=f(t-y)dt <&

[tI=N k=la, _,

* V6imoi (A, t, x) 0 3" x 3 x 3k hieu
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H(t) =e™ va hy(x) = L jH()\t)ei’“dt (5.2.1)
21

Bo dé 2 Cic ham H(t) va hy(x) c6 céc tinh chat sau day

I 0t03 O0<HO<!  limHAD=1 Jim HO\) =0
2 O X)D3*X3 h(X)—l A Th x)dx=1
. s + A T[)\z + X2 J A
1 1 e ist ixt

3. Of0L (f Ohy)(x) = — j ( j f(s)e ds]H()\t)e dt
21| -

4, OgOL"lién tuc tai x 0 3 lAmé (g Ohy)() = g(x)

5. OfOL! lim || £ Ohy, - £}, =0

Chiing minh

1. Suy ra tir dinh nghia ham H(t)
2. Tinh tryc tiép tich phan (5.2.1)

0

1 , T 1 1 1 1 A
ha(x)= —]| [e®™'dt+ [e™™dt | = — - =
A 211(I ! oA +ix —A+ix)  TAZ+x

—00

3. Theo dinh nghia tich chap va ham hy

v 1 A i(x—-y)t ixt
(f Ohy)(x) = j f(x =y)h, (dy= | ( [fx—yye'c dy]H()\t)e dt

P6i bién s = x - y & tich phan bén trong nhan duogc két qua.
4. Theo dinh nghia tich chap va ham hy

(g O = [gx =y)h, (dy= [e(x=As)h,(s)ds V6i y =As

U'6c luong truc ti€p

006 s) 03, g - A () [< g lho [hiGs) |
Suy ra tich phan trén bi chan déu. Do ham g lién tuc nén c6 thé chuyén giGi han qua d4u
tich phan.

(g O OfI~  [gtoh,(s)ds = g(x)
5. Ki hiéu
Oy D3, gy)=lIf,-fll = [Ifx=y)=feoldx<2|| £

Theo b6 dé 1. ham g lién tuc tai y = 0 v6i g(0) = 0 va bi chan trén toan 3
Tir dinh nghia chudn, tich chap va ham h)
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00|

J

—00|

+oo

[ (£ =y) = £, (y)dy|dx

—00

100 - £l = [1(E Thy)(x) = F(x) 1 dx =

< | [ [1fx=y) =01 dxjhh(y)dy = (gMh)(©0) DI, ~ g(0)=0

—00

Suy ra tir tinh chat 4. ctia bo dé 2. M

P3. Bién d6i Fourier

» Cho ciac ham f, FOL' ki hiéu

D03 F(w= [re ™t (5.3.1)

0t03, F()= - f F(w)e™dw (5.3.2)
217,

Ngoai ra ham f va ham g goi 1a bdang nhau hdu khdp noi trén 3 néu
lef(x) —g(x)ldx =0

Dinh Iy Vi cac ki hiéu nhu trén
. oOfoL focnl va|f st
2. OFOL FOCGAL va | Fl.<|f]

h.k.n

3. Neuf=Fti F =t
Chitng minh
1. Theo gia thiét ham f kha tich tuyét d6i va ta cé
O (w03, [fe™ =] |
Suy ra tich phan (5.3.1) bi chin déu. Do ham f(t)e™ lién tuc nén ham i (w) lién tuc.
Bién déi tich phan

+00 —i(.u)(l+E) +0o )
f= [foe  “dt = - [fe-")e™dt
—00 —00 w
Cong hai v€ v6i cong thic (5.3.1) suy ra

2 f(w) | < j|f(t)—f(t—£)ue‘i°* ldt =1t~ f, [, DFLE~ 0

w

Do 4nh xa @ lién tuc theo chuén theo bé dé 1.
Ngoai ra, ta c6
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) ) +o00 .
I llo = supel T() [ supe [IF0) 1™ Ide = £,
2. Ki hiéu F(t) = F(- t) v6i t O 3. Bién déi cong thiic (5.3.2)
Ft) = 1 J’ F(-0)e ™°do = i%_ (1) v6i0 =-w
21 2n

Do ham F O L' nén ham F. 0 L' va két qua duoc suy ra tir tinh chat 1. cha dinh Iy.
3. Theo tinh chét 3. clia bd dé 2 va tinh chét ctia tich phan bi chian déu

17 it 177 itca
(f D)) = —— [, f@HAwe" o = L F(@HAWe“dw O[T, - F()

Mat khéc theo tinh chat 5. cia theo bd dé 2
|| fChy - £, O~ 0

Do tinh chat clia su hoi tu theo chuén
h.k.n

Oe03, (fThy)() O - f(0)

Do tinh duy nhit ctia giéi han suy ra

h.k.n
F o=t W

* C3p 4nh xa
F:L -C.fafvaF:L -C,Fak (5.3.3)
xac dinh theo cap cong thic (5.3.1) va (5.3.2) goi la cap bién doi Fourier thuan nghich.

Do tinh chat 3. cua dinh 1y sau nay ching ta 1dy F = i va dong nhat f= ¥ Hamf goi la
ham géc, ham F goi 1a ham dnh va ki hiéulaf o F.

Vidu

vG6iRea>0

Lim=em® o f=[nme ™ d=—
e atiw

1 1 2\
+ =
A-iw Atie N+’

0 +o00
f(t) = e-)\ltl ()\ > 0) - %((,0) — J-e()\—iw)ldt + .[e—()\ﬂw)[dt _
0

—00

2.8(t) o u(w) = f S(t)e “dt=1 va u(t) = f d(we"dw =1 o F(w) = 21d(w)

T

1 1tI<T ] [ a-ie g A SInT@
3. f(t) = {0 e - = je dt =2 -
=T
F(w)=2smwT - I‘«“(t):2iIZMei“dooEf(t)ngoaitrfrcécdiémt=iT
: mnm’, W
_ 1 lwlsT 1 (e, sinTt _ 1
F(CO)—{O lol>T l\:(t)—znje dw = _2T|f(t)

-T
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P4. Tinh chat cta bién déi Fourier

* Gia st cac ham ma ching ta néi dén sau day kha tich tuyét d6i va do d6 ludén c6 anh va
nghich anh Fourier. Ki hiéu f « F véi f(t) 1a ham goc va F(w) 1a ham anh tuong tng.

1. Tuyén tinh Né&u ham f va ham g kha tich tuyét déi thi véi moi s6 phic A ham Af + g
cling kha tich tuyét doi.

OA OO, AM(t) + g(t) « AF(z) + G(2) 5.4.1)
Chiing minh

f()\f(t)+g(t))e_i‘°‘dt =A f f(t)e dt + fg(t)e_mdt M

—0c0

2. Dich _chuyén géc Néu ham f kha tich tuyét doi thi véi moi s6 thuc o ham f(t - o)
cling kha tich tuyét doi.

Oa O3, f(t-a) o e ““F(w) 54.2)
Chiing minh

j f(t — a)e " dt = e j f(t — o)e VAt - a) PdibienT=t-a Y

3. Pong dang Né&u ham f kha tich tuyét doi thi véi moi s6 thuc o khac khong ham f(art)
cling kha tich tuyét doi.

Da 03, fat) o l—llF(E) v f(-t) o F-0) (5.43)
a a
Chitng minh
[rae™at = sgn(@) [ fate o d(at) Déi bién T = at W
—o0 a —00
P 1 1t _,sin®
Vi du Cho f(t) = {0 NS

wsin(w/3) &30 sin @

Tacéd g(t)=f3t+3)- %f(t +3) o G(w) =2e" ”

4. Pao ham géc Gia su ham f va cac dao ham cua n6 kha tich tuyét doi.
(1) « iwF(w) va On 00, 1) o (i0)"F(w) 544
Chiing minh

£ - jwf’(t)e‘“*”dt = (e ™| + (i) f f(e ™ dt = (iw) j f(t)e *dt

Qui nap suy ra cong thic thit hai. "

Gido Trinh Todn Chuyén bé Trang 85



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Chuong 5. Bién Poi Fourier Va Bién Poi Laplace

5. Tich phdn géoc Gia s ham f va tich phan cta n6 kha tich tuyét doi.

jf(r)dt - %)F(oo) + TF(0)N(w) (5.4.5)
Chﬂng_;inh
Ki hieu g(t) = jf(r)dT o G(w), g(t) = (1)
Theo tinh chat 4 Ow D_:;, (1W)G(w) = F(w)
Suy ra G(w = %o F(w) v6i w# 0 va G(0) = TF(0)(w) M

6. anh _cua tich chdp Néu ham f va ham g kha tich tuyét déi thi tich chap cta ching
cling kha tich tuyét doi.

(L)1) ~ F()G(w) (5.4.6)
Chung minh

o - | [ Jra- Ug(f)df]e'“”‘dt = j[ [ T)e'“"“’”dtjg(r)e_“"‘dr

—oo\ — —

—00

= F(0)G(w) 44

7. Hé thiic Parseval Gia st ham f va ham anh F cta n6 kha tich tuyét doi.

+00 ) _Lﬂn s
_L O F de= L F(w)|” do (5.4.7)
Chiing minh

I| f(t)1* dt = If(t)f*(t)dt = ijif(t)(%[ IF*(w)e_“‘”dedt

om?, an

_ 1 T{Tf(t)e_“wdth*(w)dwz 1n T|F(co)|2dco M

Vidu

o 1 s dnL _
1. 6(t) o1l r](t)— jé(T)dT o E)'i‘ T[6((A)) va 6(0— E D IOXE +T[6(C0)) =1

—0co

; 1 1
2.8(t)= j f(Ddt = () - F(w)(zo + TO(W)) = o F(w) + TF(0)X(w)

T 11 I
3,60 = [ NOITE*NO] A £ ) - F(w) = : -
0= [ NOIA*NOT AW« F@) = 1o = oG

o B =

! C (e = v
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Cong

thirc déi ngdu

So sanh cap cong thic Fourier (5.3.1) va (5.3.2)

f(t) o F(w) = F(t) o 2n%[ f f(0)e'"@°do =onF (-w) = 2TH(-w)

F(w) o f(H) = f(w) o L f f(1)e”V'dt = if(-t) = if(-t) (5.4.8)
21 21 21

Tur d6 suy ra tinh d6i ngau cta cap bién doi Fourier. Néu bién d6i Fourier thuan c6 tinh

chét a thi bién doi Fourier nghich ciing ¢6 tinh chit d6 chi sai khdc mot hang s6 2Tt va

bién s6 c6 diu nguogc lai. Ching ta c¢6 cac cong thic sau day.

2’.Dichchuyénanh Ooa O3 e%f(t) » F(w-a) (5.4.2°)
3°. Péng dang Da03 I—llf(i) o F(aw) (5.4.3")
a a
4’. Dao ham anh Citf(t) o F(w)va On 00, O o F(w) (5.4.4%)
5°. Tich phan 4nh —%f(t) + THO)3(t) « [F(o)do (5.4.5”)
6. anh ctia tich F(O)g(t) o —— [F0)G(w-0)do = L royw (5567
21>, 2m
Vidu
. f=e™A\>0) o Fw= = g(t) = A G(w) = 21
)\2 +C02 )\2 +t2
2. F)= — (Rea>0) o f(t) = ™) = G(0) = e*°N(W) & gt) =— ——
atiw 2T a—it
3. ui) =l o 2m(w) = Da 03, e" o 2m(w- a)

f(t) = sinat :i.e“" - i‘e'“"l - F(w) = Eé(co- a) - 26(w+ a)
2i 21 1 1

G(W) = $inaw o g() = —— (D&t - a) + 8-t + 1))
2T 1 1

D5. Tim anh, goc cua bién doi Fourier

e Tir cap cong thitc doi ngau (5.4.8) suy ra rang néu chiing ta ¢6 dugc mot cong thite cho

ham anh thi s€ c6 cong thiic tuong tu cho ham gdoc va nguoc lai. Vi vay trong muc nay

chiing ta chi dua ra cong thiic tim anh hoac cong thic tim goc.
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dnh cuia ham tudan hoan

Do ham mii g(w) = ™ tudn hoan vé6i chu ky T = 21Tnén ham 4nh F(w) luon 12 ham tuin
hoan vé6i chu ky T = 21t Nguoc lai, ta c6

Oa 03, F(w) =2m(w- a) « f(t)= 2i IZTté(w— a)e dt =e™
T[ —00
Néu ham f(t) 1a ham tuén hoan chu ky T, khai trién Fourier
+o00 T
f(ty= > a,e"" véia, = ljf(t)e‘““’“dt, kD9vaa= 2"
g T T
Do tinh tuyén tinh
f(t) « F(w)= ) a, 2md(w-ka) (5.5.1)
Vidu

1. Ham f(t) = z O(t —nT) tudn hoan chukylaTva Ok 09, a, = % suy ra

f(t)= > 8t -nT) « F(w) = %"Zé(w—k%n)

-idt it

2. Tacéd f(t) = cosat = %e + %e o F(w) = TO(w+ a) + To(w- o) suy ra

f(Hg(t) o %T [F(0)G(w-0)do = %G(co+ Q) + %G(oo— a) véi g(t) — G(w)

danh _cua ham tri thuc
Ki hiéu f'(t) 12 lién hop phitc ctia ham f(t). Khi d6 néu ham f kha tich tuyét d6i thi ham
cling kha tich tuyét d6i va ta cé

®

j £ (e dt = ( j f(t)e‘“‘“’)‘dtJ =F(- w)

Tu do6 suy ra cong thic
() o F(-w) (5.5.2)

e Gia sur

0 w03, F(w) = R(w) + il(w) = [F(w)] e®®
Néu f(t) 1a ham tri thuc

ft)=ft) = F(-w) =R(-w) -il(-w) = F(w) = R(w) + il(w)
T d6 suy ra

R(-w) = R(w), I(-w) = - [(w) va [F(-w)| = [F(w)], P(-0) = - P(w) (5.5.3)
Néu f(t) 1a ham tri thuc va chan

£(t) = f(t) va f(-t) = f(t) = F'(-w) = F(-w) = F(w) 12 ham tri thuc va chin
Néu f(t) 12 ham tri thuc va 18
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£(t) = f(t) va f(-t) = - f(t) = F (-w) = - F(-w) = F(w) 12 hAm thuén 40 va 18
Néu f(t) 1a ham tri thuc bat ki, phan tich

f(t) = % [(f(t) + f(-0)] + % [f(t) - f(-t)] = Ef(t) + Of(t)

v6i Ef 1a ham chan va Of 1a ham 1é. Dung tinh tuyén tinh va cac két qua & trén

f(t) o R(w) + il(w) = F(w) (5.5.4)
. Altl At 1 2\
Viduf(t)y=e™"=2E{e"n() } A >0) o F(w)=2Re{ - =
A +iw N+’
Goc cua ham hitu ty
Ta da co
— (Rea>0) o« e™n(t) (5.5.5)
a+iw
Str dung cong thitc dao ham anh va qui nap suy ra
1 tn_l
——— (Rea>0) o« en(t 5.5.6
(a+iw)" ( ) (n—-1)! nw ( )

Xét truong hgp ham F(w) 1a mot phan thic hitu ty thuc su. Do ham F(w) kha tich tuyét
d6i nén né khong c6 cuc diém thuc. Trudc hét ching ta phan tich F(w) thanh tdng cac
phan thic don va phan thuc boi. Sau dé sit dung cdc cong thiic (5.4.1) - (5.4.7°) dé dua
vé cac truong hop trén. Trong cdc trudng hop phic tap hon c6 thé phai dung dén cic
cong thic anh cta tich hodc anh cta tich chap dé tim géc.

Vi du Tim g6c cua phan thic

. 2 .
I Fy=@ *iwrs B, € :
(1w +6iw+9 3+iw (3+iw)
1 2
=1- + o f(t) = 3(t) - e*n(t) + 2te'n(t
3+ie | 3+io) (t) = o(t) n(t) n(t
2. F(w) = 22oc—1 _ 22@—1 _ A N B '
®w —4x+5 —-(w +4i(lw+5 1+2i-iw 1-2i+iw
-2+i 2+1

= i - ECTINR o ft)=(2+ i)e-(1+2i)ln t) - (2 + i)e'(l'Zi)lr](t)

Phuong trinh vi phdn hé sé hang
Cho phuong trinh vi phan hé s6 hang

N M
2 ayPm=2bx"®) v6iN2M (5.5.7)
k=0 =0

Chuyén qua anh
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N M
D a, (™Y (W) =D b, (1w X(w)
k=0 j=0
Giai ra duogc

D b, (iw)’
Y(w) = & — X(w) = H)X(w) « y(t) = h®X() (5.5.8)

D a, (iw)

Vi du Giai phuong trinh y”(t) + 4y’(t) + 3y(t) = x’(t) + 2x(t)
Chuyén qua anh

[(1w)* + 4(iw) + 3] Y(w) = [(iw) + 2] X(w)
Giai ra dugc
1 1

2+i 1 .
2 1+iw  3+i

H(w) = —— =
(1+10)3 +1w)

Theo cong thic (5.5.8)

) e h() = 2 (e + N
w 2

x(1) = 0() = y(H) =h(t) va x(t) =n() = y(1) = Ih(T)dT

Cho x(t) bang mot ham cu thé

x(®) = MM o X(@= —-
1+1w
Giai ra dugc nghiém tuong Gng
Y=t(tr 2 Ly =Lt -ednm
4 1+i0  (1+iw)?® 3+iw 4

Bang goc anh Fourier

Tt f(t) F(w) Tt f(t) F(w)
1 6(0 1 7 < ikat 21T T
;akek La= 2n§ak6(w—k0()
2| Limew | ° | Sae-km) 28" (- ka)
iw = T =
3 19(t-0a) e'd® 9 | cosat TO(W- o) + &W+ a)]
1 2TIO(W) 10 | sinat -TH[O(W - O) - H W+ O)]
5 {1 ltI<T sin Tw 11| ot 1
2 ——,Rea>0
0 1tI>T 17 o m-nic "V @+
6 | sin Wt 1 lwl<W | 12| (1 1tI<T - sinkoT, o
- {0 l0l> W {o T <itleTn |22 ek
f(t + T) = £(t)
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D6. Bién déi Laplace

e Ham f O F(3, [0) goi 1a ham goc néu c6 cac tinh chat sau day

1. f(t) lién tuc tung khic trén 3

2. Ut<0,f(t)=0

3. OM>0,0s>0saochodt>0,]f(t)|<Me"

S6 s, bé nhat thoa man diéu kién 3. goi 1a chi s tang ciia ham gdc. Ki hiéu G 1a tap hop
ciac ham goc va P,(s,) = { z O O : Rez > s, } 1a nlta mat phang phai. Néu f(t) 1a ham goc
chi s6 tang s, ta sé viét f [ G(s,).

Dinh Iy Cho f 0 G(s,). Khi d6 ham bién phiic
F(z) = j f(t)e™dt v6iz OP,(s,) (5.6.1)
0

giai tich trén nira mat phang P,(s,) va F(z) U [] [I] — 0 déu theo Argz.
Chitng minh
Theo gia thiét ta c6 udc luong

Oo=Rez>s, 0t03, [f(he” |[<Me™ ™" O[]~ 0
Suy ra tich phan (5.6.1) hoi tu déu trén P,(s,) va dan déu vé khong khi 0 dan ra +c0. Do
ham mii g(z) = e™ la ham giai tich nén ham F(z) giai tich trén P,(s,). Ngoai ra dao ham
qua dau tich phan ching ta nhan duoc cong thic

Uz UOP.(sy), F(z) = - ftf(t)e_”dt [
* 4nh xa
L: G(sy) — H(P,(sy), f(t) a F(z) (5.6.2)

xdc dinh theo cong thiic (5.6.1) goi la phép bién doi Laplace. Ham f(t) goi 12 ham goc,

ham F(z) goi 1a ham anh cua bién d6i Laplace va ki hiéu 1a f(t) « F(z).
Vidu

1. &(t) = {(’)’w :;O o u(z) = jé(t)e‘Z‘dt =1
0

+oo i 1 B
2. r](t):{(l) :;8 - F@ = [nwe dt =~ v6i Rez >0
0

3. f(t)=e"n( ~ F(z) = Ie(”)‘dt = Z—ia v6i Rez > Rea
0
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Chu y
1. Bién d6i Laplace khong phai 12 song 4nh va nira mat phang P,(s,) thay déi theo timg

ham goc f(t). Tac la 0f(t) O G(s,) va F(z) = I f(t)e ™dt 1a ham giai tich trén P,(s,).
0

2. Ham goc dinh nghia nhu trén goi la g6c phai. Tuong tu c6 thé dinh nghia ham goc
trai, ham g6c hai bén. Do vay c6 thé n6i dén phép bién doi Laplace tri, phai va hai bén.
Trong gido trinh nay ching ta chi xét dén bién d6i Laplace phai.

3. Néu f(t) 1a ham tri phic thod man cédc diéu kién 1. va 3. ctia dinh nghia ham gdc thi
f(t)n(t) cling 1a ham goc. Sau nay chiing ta s€ viét f(t) thay cho f(t)n(t).

D7. Bién doi Laplace nguoc

* Ham F O F(O, 0J) goi 1a ham anh néu c6 cac tinh chit sau day
1.  F(z) giai tich trén nira mat phang Rez > s
2.  F(» O[] ]~ 0déutheo Argz
O+ioo
3. Oo=Rez>s,tichphan [F(z)dz hoi ty tuyét doi
S6 s, bé nhét thoa man diéu kién 1. va 3. goi 1a chi s6 cia ham F(z). Ki hiéu A 1a tap hop

cac ham anh. Néu F(z) 1a ham anh chi s6 s, ta s€ viét F [ A(s,).

Dinh Iy Cho F(z) [J A(s,). Khi d6 ham tri phtic
Ot03, f(t) = —— [F2e"az (5.7.1)
2T[1 g-—ico
l1a ham gdc chi s6 s, va f(t) « F(z).
Chitng minh
Theo gia thiét 3. v6i moi 0 > s, ¢d dinh ham F(0 + iw) kha tich tuyét doi. Ki hiéu

O0t03, go(t) = L j F(o +iw)edw
21>,

g+ico

00> s, f(t) = go(t)e” = —— [F(o+iwe ™ dw= — [F(z)e"dz
21, PAL A

Theo dinh 1y vé bién déi Fourier nguoc ham gs [0 C, suy ra ham f 0 CM. Ngoai ra do
gia thiét 1., 2. va cong thic tinh tich phan suy rong (4.9.6)

—0+ico

Ot=-1<0,f(t) = 2L jF(-z)e”dz = ZRe s[F(-z)e”,a, ] =0
Tu

—g—joo Reay >s
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U'6c luong tich phan
Oa>s, [ft)|=]gst) e <Me® véi M =sup{ |gs(t)|, o>s,}
Tir d6 suy ra ham f(t) 1a ham goc va ta co

D0>s,Fz)= [g, (e ™dt = [f(H)e™ " dt = [f(t)e™dt W
—00 —00 0

Hé qua 1 Cho ham F(z) O A(s,) va c6 cdc cuc diém a, véik =1..n
F(z) o f(t) = ) Res[f(z)e*,a,] (5.7.2)
k=1

Chiing minh
Suy ra tir cong thitc (5.7.1) va cong thic tinh tich phan suy rong (4.9.6) "

Hé qud 2 Cho ham F(z) = % 1a phan thiic hitu ty thuc su, ¢6 céc cuc diém don thuc
z
a, v6i k = 1..n va cic cuc diém don phiic b; = o * B, véi j = 1..m. Khi d6
- A - a.t .
f(t) = Z,(—ak)ea“ +2Ze ! (Mj cosf3;t =N, s1n[3jt) (5.7.3)
=1 B (ak) i=1
A(b)) A(b.)
aN=I ]
Bb,) T R

] J

trong d6 M; = Re

véij=1.m

Chitng minh
Suy ra tir cong thitc (5.7.2) va cong thifc tinh thiang du tai cuc diém don. "

3z° +3z+2
(z=2)(z> +4z+8)
AQ2) _ 1 A(-2+2i1) 1 1

A ) 1+ lisM=1,N=
B2) = B(=2+2i) 4' 4

Vidu Ham F(z) = c6 cdc cuc difm dona=2vab=-2+2i

Ta co

Suy ra f(t) = e* + 2e*(cos2t - isin2t)

A

Hé qud 3 Cho F(z) O A(s,) va c6 khai trién Laurent trén mién | z | > R. Khi d6

+0o a +0o a
Fz)=Y =2 o fit)=y —2—"" 5.7.4
@=27% - f0= 2 (5.7.4)
Chiing minh
Véi Rez > R, chudi 6 v€ trdi (5.7.4) hoi tu déu. Tich phan timg tir
1 +o0 O+ioo ezt 1 g+ico ezt ezt tn—l
f(t)= — dz v6i — dz = ReZ 0] = »
® 21 nzzz‘a;[w z" 21 G;L z" [z“ : (n—=1)!
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D8. Tinh chat ctia Bién d6i Laplace

* Gia st cac ham ma chiing ta néi dén 1a ham géc hoac 1a ham anh va do d6 luon ¢6 anh
va nghich anh Laplace. Ki hiéu f « F véi f(t) 1a ham goc va F(z) 1a ham anh tuong tng.

1. Tuyén tinh Néu ham f va ham g 1a cdc ham goc thi v6i moi s6 phitc A ham Af + g
cling 1a ham gdc.

OA OO, M®) + gt « AFz) + G(2) (5.8.1)
Chitng minh
AM(D) + g(t) o J’ [A(t) + g(D)]dt = AF(z) + G(z) M

0

2. Dich chuyén géc Néu ham f 13 ham goc thi véi moi s6 duong a ham f(t - o) ciing 14

ham goc.
OaO Bi, f(t-a) o e%F(z) (5.8.2)
Chiing minh
ft-a) o e™ jf(t —)e ™ ™d(t—a) Déibien T=t-a M
0

3. Pong dang Néu ham f 1a ham gdc thi v6i moi s6 duong o ham f(at) cling 1a ham goc.
Da 035, fat) o lF[Ej (5.8.3)
a a

Chiing minh

fat) o - | flat)e @ d(at) Déi bién T = at W
a 0

4. Ham tudn hoan Néu ham f1a T - tudn hoan sao cho O t O [0, T], f(t) = g(t) v6i g 1a
ham goc thi ham f ciing 1a ham goc.

f(t) o F(z) = IG(Z_)TZ véi g(t) © G(2) (5.8.4)
-e
Chiing minh
+00 0T +00 T
F(z) = Z J-g(t)e_”dt = (Ze"‘“"”TZJIg(T)e_”dT M
n=l (n-T n=l 0
Vidu Tacé sinat = i,(eia‘ - o i 1_ - 1_ =9 \6iRez>0
2i 2ilz—-ia  z+ia z’+a’

Tuong tu tim anh cla cosat, shat, cos’at, ...

Trang 94 Gido Trinh Todn Chuyén bé



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Chuong 5. Bién Poi Fourier Va Bién Poi Laplace

5. Pao ham goc Gia su ham f va cac dao ham ctia n6 la cac ham goc.
£(t) o zF(z) - f(O)vaOn OO, f(t) o 2" F(z) - 2'f(0) - ... - f"P(0) (5.8.5)
Chiing minh

PO « [f'©e™d =0} + 2z [f(he™dt v6i Rez>0
0 0

Qui nap suy ra cong thic thit hai. 4]

6. Tich phdn géc Néu ham f 1a ham goc thi tich phan cta né cling la ham gdc.

j f(D)dT o lF(z) (5.8.6)
0 Z

Chiing minh

Ham g(t) = .[ f(T)dt thoa man cédc di€u kién ham goc va g(0) = 0. Theo cong thic 5.
0
gt) o G(z) = g’(t) =1(t) - zG(z) - g(0) =F(z) "

7. Anh cua tich chdp Né&u ham f va ham g 1a cdc ham goc thi tich chap cta né ciing 1a
ham goc.
(fLe)(®) « F(z)G(2) (5.8.7)
Chitng minh
()W < [ ( [foe —T)dee_”dt = [ | e_ZTx(T)dTJ[ ey —t)dtj W
0

0 0 0

8. Cong thitc Duhamel Gia si ham f, ham g va cadc dao ham cua chiing la cac ham gdc.

ZF(2)G(z) ~ f(0)g®) +EFLR)O

- f(Og0) + (")) (5.8.8)
Chiing minh
zF(2)G(z) = f(0)G(z) + (zF(z) - 1(0))G(z) ~ f(0)g(t) + (fLE)(t) »
Vidu

1.Tacé &) o lsuyra n) = ja(r)dr el s =nm o1
Z
0

vOoi Rez >0

n+l

t
2. Taco jr](T)dT - — quinapsuyra t" o
0

Cong thirc doi ngdu
Bang céch so sdnh cdc cong thic anh va nghich anh ctia bién doi Laplace ching ta suy
ra cac cong thic d6i ngau cta cac cong thic (5.8.2) - (5.8.7)
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2’. Dich chuyén anh a0, e'f(t) « F(z- a) (5.8.2%)
5’. Bbao ham anh tf(t) o -F(z) va On OO, t"f(t) « (-1)"F™(2) (5.8.5")
6°. Tich phan anh %f(t) o j F(Q)dl (5.8.6")
L 1 1
’. Anh h fi o — |F - =— (F 8.7
7’. Anh cua tic (Hg(t) i UL (O)G(z-0)dC i (FIG)(z) (5.8.7")
Vidu
n! , n! )
1.Tac6 "o — suyra e“t" o ———— v6iRez>-Rea
z" (z+a)"
2.Tacé  sinat suy ra tsinOt - a = 20z
: g 22 +02 y - 22 +02 (2> +a?)?
3. Taco sin t o ]o d¢ =I_ arctgz suy ra sit = jﬂ dt ~ l(1—T - arctgz)
' t P+l 2 0 T z 2

D9. Tim anh, g6c clia bién d6i Laplace

Gac cua ham hitu ty

* Bai todn tim anh clia ham goc thudong don gian, cé thé giai duoc ngay bang cach sir
dung cdc cong thic (5.7.1) - (5.7.7°). Bai toan tim goc phic tap hon nhiéu, dé don gidn
chung ta giGi han trong pham vi tim ham gdc cta cac phan thic hitu ty. Trong cac vi du
& trén chiing ta da c6 cac cong thic sau day.

1 1 u

< ¢ o€ (5.9.1)
za (z—a)" (n=1)!
Z a
< cosat - sinat 592
st T g SN (5.9.2)
Gia su
1 z
——— o f(t a4 — o t
(ZZ + a2)n—l ( ) va (ZZ + a2)n—l g( )
Bién déi
z -1 1 1
= - tf(t) = P(t 593
(ZZ +a2)n z(n_l)((zz_'_az)n—l] 2(n_1) () q)() ( )
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I

1 2n-3 1 L1 z
(z2+a*)"  2m-Da’ (z* +a*)""  2m-Da’(z* +a*)""

o 2(?:‘__1;2 f) - o _11)0(2 tg(t) = Yo (5.9.4)
Bién d6i
ZMZ+N = M(Z2+p)2 + N—szz véia’=q-p >0
(z"+2pz+q)"  (z+p) +a’)"  ((z+p)” +a’)"
o Me™(t) + (N - Mp)e Y1) (5.9.5)

Trudng hop F(z) 1a phan thic bat ky, ta phan tich F(z) thanh tong céc phan thic don gian
dang (5.9.1) - (5.9.5) Sau d6 dung céc tinh chat tuyén tinh dé tim ham goc f(t).

Vi du Tim goc cua phan thic
322 +2z+2 1o, z*2 1

1. F(z) = > = + -
(z=2)z> +4z+8) z-2 (z+2)*+4 (z+2)* +4

o e+ 2e?cos2t - %e'z‘sinZt = f(t)

32-4 _ 3@z-1-1
(2> =22+2)°  ((z=1)*+1)°

2. F(z) = - f(t) =¢' g(t)

G(z) =3 zZ 1 B g 1 l z l 1
(z* +D* (2% +1)? 3\ z% +1 2 \z* +1 2 727 +1

o %tsin t+ %tcost - %sint =g(t)

Phuong trinh vi phdan hé sé hang
Cho phuong trinh vi phan hé s6 hing
a x"(t) + ... + a,x’(t) + ayx(t) = f(t)
X, = x(0), x, = x°(0), ..., x,.; = x"(0) (5.9.6)

* Gia str cac ham x(t), ..., x™(t) va f(t) 1a cdc ham g6c. Chuyén qua anh

x(t) o  X(z)

x’(1) o 2X(2) - X

X(n)(t) o ZHX(Z) - ZH_IXO e - X
f(t) - F@

(5.9.6) - A(@)X(z) = F(z) + B(z)
Giai ra duoc
F(z) +B(z)

X(z) = AZ)

x(t) (5.9.7)
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X"(t) +4x'() +4x() =t’e™
x(0)=1,x'(0)=2

Gia sur x(t) va cac dao ham ctia n6 déu 1a ham goc.

Vi duGiai phuong trinh {

X(t) & X(2),x’(t) & zX(2) - 1, x"°(t) & 2’X(z) -z-2vaf(t) =te™ o 0 Z
(z+2)
Chuyén qua anh
2+ 47+ 4HX(z) = —2 +(z+6
( X)= g +@+6)
Giai ra dugc
6 4 1 -2t 1 .5
X(z) = + + - x(t) = 1+4t+—t
(@ (Z+2)4 (Z+2)2 z+2 x(O)=e"( 20 )

e Phuong phép trén c6 thé sir dung dé giai mot s6 phuong trinh vi phan hé s bién thién,
hé phuong trinh vi phan, phuong trinh dao ham riéng hoac phuong trinh tich phan.

xX'+x-y=¢'

Vi du Giai hé phuong trinhg vi phan y' +3x =2y =2¢'
x(0)=Ly0) =1

Gia sur x(t) va y(t) 1a cdc ham goc, chuyén qua anh hé phuong trinh

Z+DX-Y=——+1
z—1

3X+(2-2)Y =—2—+1
z—1
Giai hé phuong trinh tuyén tinh suy ra

X(z) = ﬁ =Y(z) o x(®=c=y)

Bang goc anh Laplace
Tt f(t) F(2) Tt f(©) F(z)
1 1 5 n-1
o(t) t o _ Rez> -
(n-=-1)! (z+a)
2 6 |e™
n( l ,Rez>0 e cospt _zra ,Rez>0
z (z+a)* +p°
3 _ -0z ’7 -Ot .
ot - o) e’ z00 e 'sinf3t BZ _ Rez>0
(z+a)” +B
4 — (n) n 8 =
o,(t)=0"(v |z', z0 U N.(H =N®L..Lh(Y iﬂ,Rez>0
z
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Bai tap chuong 5

1. Tim anh Fourier ctia cac ham goc sau day.
. e-2(l-l)r] (t) b e»ZIt»lI

-3ltl

[
o

L O(t+1) 4+ O(t-1) d. sin(2mt + )

. e%cosPtn(t), a >0 f. e*sin2t g. te?sin4tn(t) h. sintsin2t

2 t |t|51 +00
i {1+cosTlt [t1<1 i {1—t 0<t<l1 k. {1 1<ltl<?2 1 ze—n—zm

[¢]

0 [t1>1 0 t(0,1) 0 Itl>2 s
(sin tjz 4t sin Tit sin 21(t — 1)
t|— n. 0.

s (1+t%)? m Tt—1)

Biét () 03, F'{(1 +i0F(w)} = Ae™n() va [IF(w)* dw =2m

o

q. Biét f(t) 03, Ot< 0, f(t) = 0 va 2i [ReF(wedo = | t]e"
T[ —0o

2. Tim goc Fourier ctia cac ham anh sau day.

2sin3(w—2m)
wW—2T

e. e“cos(4w+13) f. cos2wsin(wy2) g. 2TO(W) + TO(W - 4T0) + TO(W + 4D

h. 20(w- T0) + 28(w + 1) + 3w - 21D + 33(W + 2T0)

|F|=2[n(w+3)-N(w-3)], P=-2w+T

. e“n(-) - 2e“n(w) b. c. N(w) -N(w-2) d. e®®cosw

o

[

3. Cho f « F véi f(t) ¢6 d6 thi nhu hinh bén.

[

.Tim ®(w)  b. Tim F(0) c. Tinh j F(w)dw

-101 23
d. Tinh | F(o0) 239D 2040, e. Tinh [IF(w) P do f. Tim g6c ctia ReF(w)
o W o
4. Tinh tich chap (f(E)(t) bang bién d6i Fourier nguoc
a. f(t) =te™n(), gt)=e*n() b. f(t) = te™n(1), gt) =te*n(v)
c. f(t)=eM(), gt) =en(-t) d. f(t) = cos’t, g(t) = S‘—TT
5. Giai phuong trinh vi phan hé s6 hang bang bién déi Fourier.
a y’+ 3y’ +2y =x"+3x b. y’+5y’ +6y=x"+4x
c. y”+\/5y’+y=2x”—2x d y’+4y +3y=x"+2x
e. y + 10y =x[T-x véi f(t) = e'n(t) + 38(t)
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(@)

®

-

q

7. Tim goc Laplace clia cac ham anh sau day.

a.

®

=

. Tim anh Laplace ctia cic ham g6c sau day.
b. &(t) + n(t)
f. tcos’t

e + e ¥sin3t

tedt

ch2tcost ]
1—cost

te'
¢ sht
. .[ —dt I.

b T

. e'sin2tcos4t

sin 2t cos 3t
t

.[cos(t —T)e’'dt
0

c. cos’Ot d. sin’t
g. e”ch3t h. (t+ 1)sin2t
. 2
K sin 4t L sin” t
t t
0. j(T+1)cosTdT p- jl_e dt
T
0 0

J-(t -1)* cos2Tdt

0

wn

t. |sint |, | cost |

e z+1 1 z+8
: 3 ¢ i iR d =
z" -9 z"+2z 7z —4z+8 z-+4z+5
2 3
: 3 f ZZ 2 g 32 2 h 4 : 2
(z-1) (z” +4) (z-1)(z-3) z'—52" +4
1 ; z’ 32° -1 L sint
z*(z-1) (P4 +9) L (22 +1) Sz
11 1 1 -t
—Ccos— 0. —e p. —e
z z z z—1
. Giai céc phuong trinh vi phan sau day bang bién doi Laplace.
X7 -3x" +2x = te' x(0)=1, x’(0)=-2
X" +2x’ +x =t’¢e x(0)=0, x’(0)=0
X -2x’ + 2x = e'sint x(0)=0, x’0)=1
X7 -3x" +2x = 12 x(0)=2, x’(0)=6
X7 +4x =3sint + 10cos3t  x(0)=-2, x’(0) =3
X7 - X’ =4sint + 5cos2t x(0)=-1, x’(0)=-2
X7 +3x7+3x"+x=6e"  x(0)=x"0)=x"0)=0

. Giai céc hé phuong trinh vi phan sau day bang bién déi Laplace.

x'+3x —4y =9¢”*

2x +y' =3y =3e*

x(0) =2, y(0)=0

|

2x"+x —y' =—3sint
x+y' =-—sint
x(0) =0, x'(0)=1, y(0)=0

x+y' +2y =sint

X' —=2x —4y =cost
c
x(0) =0,y(0)=0

X" _y’ — 0
d. <x—y" =2sint
x(0)=-1, x'(0)=y(0) =y'(0)=1
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Chuong 6

Ly thuyét truong

D1. Trudong vo huéng

 Mién D O 3’ cing véi 4nh xa
u:D - 3, (x,y,2) dux,y,z) (6.1.1)
goi 1a mot truong vé huong va ki hiéu 1a (D, u). Nhu vay néu (D, u) la truong vo huéng
thi u 12 mot ham s6 xdc dinh trén mién D. Su khéc biét thé hién & chd khi néi vé trudng
vo huéng ngoai cac tinh chat cua ham u nguoi ta con quan tdm hon dén cau tric cua
mién xéac dinh D. Truong vo hudng (D, u) goi 1a lién tuc (c6 dao ham riéng, ...) néu nhu
ham u 1a lién tuc (c6 dao ham riéng, ... ) trén mién D. Sau nay néu khong ndéi gi thém
ching ta xem rang cdc trudng vo hudng 1a ¢6 dao ham lién tuc ting khiic trd 1én.
Cho diém A 0 D, mat cong c6 phuong trinh
ux, y,z) =u(A)
goi 12 mdt mitc (dang tri) di qua diém A. Do tinh don tri ctia
ham s6, qua méi diém A chi c6 duy nhat mot mat mic. Hay
noéi cach khiac cdc mat midc phan chia mién D thanh cac 16p

mat cong roi nhau.

Vi du Trudng vo huéng u = x> + y* + z° goi 12 trudng ban
kinh, cidc mat miic 12 cdc mat cau dong tam : x* + y* + z* = R?

* Cho diém A [0 D va vecto don vi e 0 3°. Gi6i han

+ —
0 Ay = fjm WA *te) TuA) 6.1.2)
Oe t-0 t
goi 12 dao ham theo hudng vecto e ciia trudng vo hudng u tai diém A.
Dinh Iy Cho vecto e = {cosq, cosf3, cosy}. Khi d6
ou = a—ucosO( + a—ucosB + @Cosy (6.1.3)
Oe  0x Oy 0z
Chitng minh
Theo gia thiét ham u c6 dao ham riéng lién tuc
u(A +te) -u(A) = a_u tcosal + 6_u tcosf3 + 6_u tcosy+ o(te)
0x dy 0z
Chia hai v€ cho t va chuyén qua gi6i han nhan dugc cong thic trén. M
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ewd MW W _
0i 0x J Oy ok 0z

Vi du Tinh dao ham theo huéng vecto e(1, 1, -1) clia trudong vo huéng u = x* + y* - 7°
tai diém A(1, 1, -1).

Ta cé
Z—Z(A) = g—i(A) =2, %(A) =-2va cosd = cosf3 = %, cosy = —%
Suy ra
ou 1 1 1
(A =2—— +2—— 42— =243
N R R
D2. Gradient
e Cho truong vo huéng (D, u). Vecto
gradu=a—ui+ 0_uj+ a—uk (6.2.1)
0x dy 0z

goi la gradient cta trudng vo hudng u.

ViduChou=xy+yz-zxvaA(l,1,-1)

Ta co
gradu=1{y-z,x+2z,y-x}vagradu(A)=1{2,0,0}

* Tur dinh nghia suy ra gradient c6 cac tinh chat sau day.

Cdc qui tdc tinh Cho u, v 1a cdc trudong vo hudng, f 1a ham cé dao ham va A 1a so thuc.

1. grad Au+v)=Agradu+ gradv
2. grad (uw)=vgradu+ugradv

3. gradf(u)=1(u)gradu (6.2.2)
Chitng minh
Suy ra tir cong thic (6.2.1) va tinh chat cia dao ham riéng. 4

Lién hé véi dao ham theo huong Cho u la truong vo huéng va e vecto don vi.

4. a_u = <grad u, e>
Oe

5. Max|g—u | = || grad u || dat duoc khi va chi khi e // grad u
e
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6. Min|g—u | =0 dat dugc khi va chi khi e [l grad u (6.2.3)
e

Chiing minh
Suy ra tir cong thitc (6.1.2) va tinh chat cta tich vo hudng. "

Lién hé voi mat miic
7. Gradient ctia trudng vo huéng u tai diém A 1a phap vecto cia mat mic di qua diém A

tai chinh diém dé.
Chitng minh
Cho S : u(x, y, z) = o 1a mat mic di qua diém A

val : x =x(t), y = y(t), z = z(t) la dudng cong

tron tuy y di qua diém A va ndm gon trén mit

cong S. Khi dé vecto T = {x’(t), y’(t), Z’(t)}

1a vecto ti€p xtc cta dudng cong I tai diém A.

Dol S nén u[x(t), y(t), z(t)] = a. Pao ham hai vé theo t
ul x’(t) + u'yy’(t) +u,2’(t)=0

Suy ra gradu T 4]

Vi du Xét phan bo nhiét trén vat ran hinh ciu D, déng chat, truyén nhiét dang huéng,
nguoén nhiét dat & tam. Goi u(x, y, z) 1a nhiét do tai diém M(x, x, y). Khi d6 u 1a trudng
vo huéng xdc dinh trén mién D. Cic mat muc (dang nhiét) 1a cic mat ciu dong tam.
Hué6ng truyén nhiét cuc dai déng phuong véi vecto grad u, huéng cuc tiéu vuong géc véi
vecto grad u.

D3. Truong vecto

 Mién D O 3’ ciing v6i 4nh xa

F:D- 3, (x,y,2)aF=X(x,y,2i+ Y(X,y,2)j+Z(X,y, 2k (6.3.1)
goi la truong vecto va ki hiéu (D, F ). Cac truong vo huéng X, Y va Z goi la céc thanh
phén toa do cua trudg vecto F. Trudng vecto (D, F ) 1a lién tuc (c6 dao ham riéng, ...)
néu cdc thanh phén toa do ctia nd 1a lién tuc (cé dao ham riéng, ...) trén mién D. Sau nay
néu khong néi gi thém chiing ta xem rang céc trudng vecto 1a ¢6 dao ham riéng lién tuc
timg khic trén mién D.

Vidu F ={x,y,z} la trudng vecto ban kinh, G = {X, Y, 0} 1a truong vecto phéng
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* Ho dudng cong ' ndm gon trong mién D goi 1a ho duong dong cla trudng vecto F néu
c6 cac tinh chét sau day.

1. V6i mdi diém A O D c6 duy nhat mot dudong cong '(A) di qua

2. Vecto F(A) 1a vecto tiép xtic ctia dudng cong '(A) tai diém A.

Vi du Néu truong F 1a truong chat 1ong thi ho duong dong
chinh 1a dong chat 16ng chay dudi tac dong cua truong F.

{

* Gia st ho duong dong c¢6 phuong trinh tham s6

x=x(1), y=y(®), z=2z1)
Theo dinh nghia trén trudng vecto ti€p xdc T = {x’(t), y’(t), z’(t)} dong phuong vé6i
truong vecto F ={X,Y, Z}. Tac la

xX(t)=AX, y'(t) =AY, 2’(t)=AZ v6iA U3
Tir d6 suy ra hé phuong trinh vi phan

dx = dy = dz = Adt (6.3.2)

X Y Z

goi 1a hé phuong trinh vi phdn cia ho duong dong.

Vi du Tim dudng dong ctia trudng vecto F = {y, - x, 1} di qua diém A(1, 1, 0)
Lap hé phuong trinh vi phan — =-— =dz=Adt

Giai ra phuong trinh tham s6 ctia ho duong dong
x =Rcost, y=Rsint, z=-t+ Cvéi (R,C) 0 3F*
Puong dong di qua diém A thod man  Rcost,= 1, Rsint,=1, -t,+ C=0
Suy ra R=+2,t,=14, C=174
D6 chinh 1a duong xoan 6¢ déu trong khong gian
X = \/Ecost, y= \/Esint, z=-t+T74

b4. Thong luong

e Cho trudong vecto (D, F ) vd mat cong S tron ting manh, ndm gon trong mién D, dinh
hudng theo phap vecto 1a n. Tich phan mat loai hai

® = [[<F,n>dS = [[Xdydz + Ydzdx + Zdxdy (6.4.1)
S S

goi la thong luong cla truong vecto F qua mat cong S.
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Néu F la truong chat 16ng thi thong luong chinh 1a lugng

chat 1ong di qua mat cong S theo hudng phap vecto n .
trong mot don vi thoi gian. r s
* Cho truong vecto (D, F ) v6i F = {X, Y, Z}. Truong vd huéng

divF = g—f + ?3_;( + g—f (6.4.2)

goi la divergence (ngudn) cua truong vecto F.

Vi du Cho trudng vecto F = {xy, yz, zx} va diém A(1, 1, -1)
Ta co
divF=y+z+x vadivFA)=1+1-1=2

Dinh Iy Cho F, G 1a c4c trudng vecto va u la truong vo hudng. Divergence c6 cic tinh
chat sau day.

1. div(F+G)=divF +divG

2. div(uF)=udivF + <gradu, F>

Chiing minh

Suy ra tir dinh nghia (6.4.2) va cac tinh chit ciia dao ham riéng. 4]

* Gia sir Q 1a mién dong nam gon trong mién D va c6 bién 12 mat cong kin S tron ting
manh, dinh huéng theo phéap vecto ngoai n. Khi d6 cong thitc Ostrogradski dugc viét lai
6 dang vecto nhu sau.

ﬁ< F.n>dS = j j divFdV 6.4.3)
S Q

Chon Q 1a hinh cAu déng tam A, ban kinh €. Tlr cong thitc (6.4.3) va dinh 1y vé tri trung
binh cua tich phan boi ba suy ra.

divF(A) = liml <F,n>dS (6.4.4)
€—>0V S

Theo cong thifc trén, nguén cta trudng vecto F tai diém A 1a lugng chat 16ng di ra tir
diém A theo huéng cua trudng vecto F.

e Cho trudong vecto (D, F ) va diém A [ D. Néu div F(A) > 0 thi diém A goi 12 diém
nguon. Néu div F(A) < 0 thi diém A goi la diém thung.

Vi du Cho truong vecto F = {xy, yz, zx}

Ta co divF=y+z+x
divF(1,0,0)=1>0 diém (1, 0, 0) 1a diém ngudn
divF(-1,0,0)=-1<0 diém (-1, 0, 0) 1a diém thang
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D5. Hoan luu

¢ Cho trudng vecto (D, F ) va dudong cong I kin, tron timg khic, nam gon trong mién D,
dinh hudéng theo vecto ti€p xuc 7. Tich phan duong loai hai

K= j£<F,T>ds = §de+Ydy+Zdz (3.5.1)
r r

goi 1a hoan luu cua truong vecto F doc theo duong cong kin I'.

Néu F la truong chat 16ng thi hoan luu 1a cong \/\/
dich chuyén mot don vi khoi luong chat 1ong doc ‘@;
theo dudng cong " theo hudng vecto T. /\/\\;

* Cho truong vecto (D, F ) v6i F = {X, Y, Z}. Truong vecto
rotF = 9z _oY i+(a—X—a—ij+ oy X k (6.5.2)
dy 0z 0z 0x 0x Oy

goi la rotation (xody) cua truong vecto F.

Vi du Cho trudng vecto F = {xy, yz, zx} va diém A(1, 0, -1)
Ta co
rotF ={z,x,y} va rot F(A)={-1, 1,0}

Dinh Iy Cho F, G la cac trudong vecto va u la truong vo hudng. Rotation c6 cac tinh chat
sau day.

1. rot (F+G)=rotF +rotG

2. rot(WF)=urotF + [gradu, F]

Chitng minh

Suy ra tir dinh nghia (6.5.2) va cac tinh chat ctia dao ham riéng. M

 Gia str S 1a mét cong tron titng manh, ndm gon trong mién D, dinh huéng theo phap
vecto n va cé bién la dudng cong kin I" tron ting khiic, dinh huéng theo vecto ti€p xic T
phu hop véi hudng phép vecto n. Khi d6 cong thitc Stokes viét lai & dang vecto nhu sau.

§<F,T>ds = ﬁ< rotF .n > dS (6.5.3)
r S

Chon S 1a nlta mat cau tam A, ban kinh €. Tir cong thitc (6.5.3) va dinh 1y vé tri trung
binh cua tich phan mat loai hai suy ra.

<rot F,n>(A) = lim é§ <F.T >ds (6.5.4)
r

-0

Theo cong thic trén, cudng do cla trudng vecto rot F theo huéng phdp vecto n tai diém
A 1a cong tu quay cta diém A theo hudng truc quay n.
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e Cho truong vecto (D, F ) va diém A 0 D. Néu < rot F, n >(A) > 0 thi diém A goi 1a
diém xoay thuan. Néu < rot F, n >(A) < 0 thi diém A goi 1a diém xody nghich.

Vi du Cho truong vecto F = {xy, yz, zx} van = {X, y, z}

Ta co rotF={z,x,y} va <rotF,n>=2zx+Xxy +Yyz
<rotF,n>(1,0,1)=1>0 diém (1, 0, 1) 1a diém xody thuan
<rotF,n>(1,0,-1)=-1<0 diém (1, 0, -1) 12 diém xody nghich

Dinh Iy Cho trudng vecto <D, F > va diém A O D.

1. Max|<rotF,n>A)|=|rot F(A)| dat duoc khi va chi khi n // rot F

2. Min|<rotF,n>A)|=0 dat dugc khi va chi khi n O rot F
Chitng minh
Suy ra tir tinh chét cta tich vo hudng. ]

* Theo két qua trén thi cuong do xody c¢6 tri tuyét doi 16n nhét theo huéng dong phuong
VGi vecto rot F va co tri tuyét doi bé nhat theo huéng vudng goc véi vecto rot F.

P6. Toan tir Hamilton

* Vecto tuong trung
D:ii+ij+ik (6.6.1)
0x dy 0z

véi 9 , — Vva 9 tuong tng l1a phép lay dao ham riéng theo cac bién x, y, va z goi la
0x Oy 0z

todan tir Hamilton.

» Tac dong toan tir Hamilton mot 1an chiing ta nhan duoc céc truong grad, div va rot da
ndi & cac muc trén nhu sau.
1. Tich cua vecto [ véi truong vo hudng u 1a truong vecto grad u
Du:(ii+ij+ik)u:a—ui+a—uj+a—uk (6.6.2)
0x dy 0z 0x dy 0z

2. Tich vo hudng clia vecto U véi truong vecto F' 1a truong vo huéng div F

X Y 07
DF:(ii+ ij+ ik)(Xi+Yj+Zk): X + 6_+ 9z
0x dy 0z ox 0y 0z

3. Tich c6 hudng clia vecto [I véi truong vecto F 1a trudong vecto rot F

(6.6.3)
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UxF :(ii+ iJ+ ik) X (Xi+Yj+Zk)
0x dy 0z

_(9z _oaY i+(0_X_a_ij+ oY _0X), (6.6.4)
dy 0z 0z 0x 0x Oy

* T4ac dong toan tr Hamilton hai 1an ching ta nhan dugc cac toan ti vi phan cap hai.
4. V6i moi truong vo huéng (D, u) thuoc 16p C
du., du, 0%’u  0%u  9°

div (grad w) = div (X i+ 4 gy = + + 2% —Au (6.65)
0x dy 0z ox>  dy?  0z°

Toan tlir

A= 0’ i+ 62j+ 0’ k

ox> dy*> 0z>

goi la todn tu Laplace.
Tic 1a Au = div (grad v) = O(Ou) = O*u
5. Véi moi truong vo huéng (D, u) thuoc 16p C*

rot (grad u) = rot (a—ui + %j + 6_u k=0 (6.6.6)

0x dy 0z

Tuc 1a rot (grad u) = [1xJu =0
6. V6i moi truong vecto (D, F ) thuoc 16p C

div (rot F) = div O_Z_O_Y i+(0_X_0_ij+ a—Y—a—Xk =0 (6.6.7)
dy 0z 0z 0x ox Oy

Tic 1a div(rot F)=UxF)=0
7. V6i moi truong vecto (D, F ) thuoc 16p C2

0Z JY). (aX azj. aY o0X
rot(rotF)=rot | ——— i+ | ———|j+| ——— |k
dy 0z 0z 0x ox Oy

=grad (divF)-AF (6.6.8)

b7. Truong thé

* Truong vecto (D, F ) v6i F = {X, Y, Z} goi la truong thé" néu cé truong vo huéng
(D, u) saocho F =gradu. Tuc la
x= y- % L% 6.7.1)
0x dy 0z

Ham u goi 1a ham thé vi cta truong vecto F.
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Tur dinh nghia suy ra néu truong vecto F 1a truong thé thi
rot F =rot (gradu) =0 (6.7.2)
Chiing ta s& chiing minh rang diéu ngugc lai cling ding.

Dinh Iy Truong vecto (D, F ) la truong thé khi va chi khi rot F = 0
Chitng minh
Diéu kién can suy ra tir cong thiic (6.7.2). Ching ta chiing minh diéu kién du
Gia stir rot F=0
Khi d6 véi moi dudong cong I kin, tron titng khdc va nam gon trong mién D.

§Xdx +Ydy +Zdz = ff<rot F,n>ds =0

r S
vGi S 1a mat cong tron ting manh, ndm gon trong mién D va c¢6 bién dinh hudng theo
phép vecto n 1a duong cong I'.
Suy ra v6i moi A, M U D tich phan

[ Xdx +Ydy +Zdz

AM
khong phu thudc vao duong 1ay tich phan.
Co6 dinh diém A 0O D va dat

u(M) = dex +Ydy +Zdz v6i M O D

AM

Do cac ham X, Y, Z c¢6 dao ham riéng lién tuc nén ham u c6 dao ham riéng lién tuc trén
mién D. Kiém tra truc tiép ta ¢

gradu=F
Tur d6 suy ra truong vecto F' 1a truong th€ va ham u 1a ham thé€ vi cta né. M

* Tl cac két qua & trén suy ra y nghia co hoc cua truong thé nhu sau.
1. Trong trudng thé khong c6 diém xody

rotF =0
2. Hoan luu doc theo dudng cong kin ndm gon trong mién D luon biang khong.
K= §<F,T>ds = ff<rot F,n>dS =0 (6.7.3)
r S
3. Cong dich chuyén bang thé vi diém cudi trix di thé vi diém dau.
[<F.T>ds = [Xdx+Ydy+Zdz = [du =u(N)-u(M) (6.7.4)
MN MN MN

u(M)

¢
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b8. Truong 6ng

e Truong vecto (D, F ) v6i F = {X, Y, Z} goi la truong éng néu cé truong vecto (D, G )
v6i1 G = {X,,Y,,Z,} sao cho F =rot G. Ttc la

dy 0z 0z  0Ox ox Oy
Truong vecto G goi 1a truong thé vi cua truong vecto F.

X= (6.8.1)

Tir dinh nghia suy ra néu F 1a truong 6ng thi
div F =div (rot G) =0 (6.8.2)
C6 thé chitng minh ring diéu nguoc lai cling ding. Tic 1a ching ta c6 két qua sau day.

Dinh Iy Truong vecto (D, F ) 1a trudng ong khi va chi khi div F =0

* Tu cac két qua & trén suy ra y nghia co hoc cua trudng ong nhu sau.
1. Trong trudng 6ng khong c6 diém nguén

divF =0
2. Thong lugng qua mat cong kin ndm gon trong mién D luon bing khong.
® = ff<F,n>ds = [[[divFdv (6.8.3)
S Q

3. Thong luogng di qua cdc mit cat cia mot ludng 1a nhu nhau.

Gia st S 1a mat tru kin nhu hinh bén
S=S,+S,+5S,

Trong d6 S dinh huéng theo phap vecto ngoai n

S, dinh huéng theo phap vecto n, ngugc huéng

véi truong vecto F, S, dinh huéng theo phap

vecto n; cung huéng vé6i truong vecto F. S,

dinh huéng theo phdp vecto n, vudng géc véi

truong vecto F.

Theo tinh chit cua truong 6ng va tinh cong tinh cua tich phan
0=ff<F.n>ds = [[<F,ny >dS + [[<F,n; >dS + [[<F,n, >dS

S So S| S,

Tir d6 suy ra
[[<F.ny>dS =-[[<F.ny>dS = [[<F,n; >dS
S, Sy So

Hay néi cdch khdc thong luong clia trudng 6ng di qua cdc mat cat 1a mot hang so.

 Truong vecto (D, F ) goi la truong diéu hoa néu né vira 1a trudng thé€ va vira 1a trudng
ong. Tic la c6 truong vo hudng (D, u ) va truong vecto (D, G ) sao cho

F =gradu=rotG (6.8.4)
T d6 suy ra

Trang 110 Gido Trinh Todn Chuyén bé



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Chuong 6. Ly Thuyét Truong

Au = div (grad u) = div (rot G) =0 (6.8.5)
Tiic 1a ham thé vi cua trudong diéu hoa 1a ham diéu hoa.

Tl cac két qua & trén suy ra y nghia co hoc cta truong ong nhu sau.
1. Trong truong diéu hoa khong c6 diém xody, diém ngudn
rotF=0 va divF=0
2. Hoan luu doc theo dudng cong kin ndm gon trong mién D luon biang khong.

K = j£<F,T>ds =0
r

3. Thong lugng qua mat cong kin ndm gon trong mién D luon bang khong.
®=ff<F,n>ds
S

Bai tap chuong 6

1. Tim dao ham tai diém A theo huéng vecto e clia trudng vo huéng u = xy - z°
a. A(1,2,3)vaefl, 1,1} b. A(1,1,0)vaef{O,1,1}
. A(1, 0, 1) va e 1a huéng phan giac trong ctia géc Oxy

o

2. Cho trudong vo huéng u = x> + y* - 7°
a. Tim do 16n va hudng cuia vecto grad u tai diém A(1,-2, 1)
b. Tim géc gitta grad u(1, 1, 1) va grad u(1, -1, 0)
c. Tim diém M sao cho grad u(M) déng phuong véi truc Oy
3. Cho trudng ban kinh = x> +y? +22
o . | >
a. Tima— véi ef{-1,0, 1} b. Tim grad — va grad r
e r

c. Tim grad f(r) v6i ham f 1a ham c6 dao ham lién tuc.

4. Tim Divergence cuia cdc trudng vecto F tai diém A sau day.
a. F={xy,yz zx} vaA(l, 1,2) b. F = {xy? yz’, zx*} va A(-2,0, 1)
c. F={xyz,x+y+1zxy+yz+zx}vaA(Q,1,?2)

4. Tim Rotation clia cdc trudng vecto F tai diém A sau day.
a. F={x,yz, 2’x} vaA(2,-1, 1) b. F ={yz zx, xy} va A(1, 3, 2)
c. F={xX*+y,y +72,22+x’} vaA(-2,3,1)
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6. Chitng minh cdc dang thifc sau day.
a. div(FxG)=FrotG-GrotF b. rot (rot F) = grad (divF)-AF

7. Cho (D, u) va (D, v) la cdc trudong vo huéng, r = x> +y? +2z2 1a trudng ban kinh,
con ham f 1a ham cé dao ham lién tuc. Hay tinh
a. div (grad f(1)) b. div (u grad v) c. rot (grad rf(r))

. Tinh thong lugng cua truong vecto F qua mat cong S.
. F = {x,y, z} qua phan mat phang x +y + z = 1 trong géc phin tdm thi nhat

8
a
b
c. F =Xy, yz, zx} qua phan mit parabole z=x*+y*va0<z<1
d
e
f

. Tinh hoan luu cua truong vecto F doc theo duong cong I'.
. F={x,y, z} theo dudng xo0dn 6¢ x = a cost, y = a sint, z = bt v6i t O [0, Ty2]
F = {xy, yz, zx} theo doan théng noi hai diém A(a, 1, 1) va B(2, 4, 8)
F = {-y, x, 0} theo dudng cong kin (x -2)’+y*=1vaz=0
. F={x,y’, 7’} theo dudng cong kin xX*+y’+zZ =1vax+y+z=1
F = {xy’, Xy, z} theo dudng congkin z=x"+y’vaz=x+y

o a0 T O
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Phuong trinh truyén song

P1. Phuong trinh dao ham riéng tuyén tinh cap 2

e Cho mién D [J 3’ va cdc ham a, b, ¢ : D — 3. Phuong trinh dao ham riéng tuyén tinh
cép 2 v6i hai bién doc 1ap c6 dang nhu sau
d°u 0°u d°u Ou Ou

, + 2b(X, + c(X, =FXx,y,u, —, 7.1.1
a(x, y) Y X, y) oxdy c(x, y) oy X,y x ) (7.1.1)

Ki hiéu A(x, y) =b*(x, y) - a(x, y)e(x, y) v6i (x, y) O D

1. Néu U (x, y) U D, A(x, y) > 0 thi phuong trinh (7.1.1) c6 dang hyperbole
2. Néu U (x, y) O D, A(x, y) = 0 thi phuong trinh (7.1.1) c6 dang parabole
3. Néu U (x, y) O D, A(x, y) < 0 thi phuong trinh (7.1.1) ¢6 dang ellipse

* Gia su anh xa
ﬁa—n—ﬁa—n 0 (7.1.2)

CD:D—>Q, , — s 61 N =
x,y) - (& n) voiJ(x, y) ox dy 3y ox

12 phép d6i bién tir mién D vao mién Q.
Theo cong thic dao ham ham hop
du _Ou OE Oudn Qu _Ou GE Ou dn

ax 9% Ox an ox 0y GE dy Gr] dy

| Pa(O), 00 Ein, o) 0%, aua'y
ox? GE aaan 0x 0x dn* \ 0x 0 0x> 0n ox*
9w _ 00, du (0800, 0E0n), Fudnon du 0%, du o'
oxdy 0&° dx Oy GEGI’] 0x dy ay 0x ) on’ 0x dy 0 0xdy On 0xdy

ou _ (66) o O ﬁa_mﬂ(a_nf L0u 0 0w ot
Ay’ 082 0&0n dy dy an’ | dy 0% dy> on dy”
Thay vao phuong trinh (7.1.1) nhan duoc

0°u d°u Ou Ou

a +2b (&, =F U, —, —
a,(, r])aEz 1(3 ﬂ)aaa +¢y(§ n)ar] (&N, u P a)

Trong do

al(E’ r])_a(X9 Y)(axj +2b(X9 Y) aX ay +C(X» Y)(ayJ
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0F 08 0 an 0 an an an
b, N)=ax,y)——+bXx,y)| ——+—— | +c(x,y)— —
(& n)=ax,y) ox dy (x y)(ax oy " ay ox j c(x,y) ox dy

Y on an on ’
.M =ax, y)| — | +2bx, y)—— +c(x,y)| —
c,(& ) =a(x y)(axj (x,y) ox dy c(x,y) oy
Suy ra

A& n)= b12 -3¢, = Ax, Y)JZ(X, y)
Ttc 1a ching ta cé dinh ly sau day.

Dinh Iy Phép d6i bién khong suy bién khong 1am thay déi dang cta phuong trinh dao
ham riéng tuyén tinh cap 2.

* Néu & van la cac nghiém riéng doc 1ap ctia phuong trinh

Y’ 19 00 )
, — | +2b + =0 7.1.3
a(x Y)( axj X,y 6 oy c(X,y) oy ( )
thi a,(x,y)=b,(x,y) = ¢,(x, y) = 0. Khi d6 phuong trinh (7.1.1) ¢6 dang chinh tac
0%u du Ou
. = F s s Uy Sz 9 A~

Gia st ¢(x, y) la mot nghiém riéng khong tam thudng ctia phuong trinh (7.1.3). Chiing
ta c6 (¢, , §,) # (0, 0) khong giam tong quit c6 thé xem ¢, # 0. Khi d6 phuong trinh
¢(x, y) = C xédc dinh ham 4n y = y(x) c¢6 dao ham y’(x) =- ¢, / ¢, .
Thay vao phuong trinh (7.1.3) nhan duoc phuong trinh vi phan

a(x, y)y’> - 2b(x, y)y’ + c(x,y) =0 véi a(x,y) 0 (7.1.4)
goi la phuong trinh ddc trung cta phuong trinh (7.1.1)

1. Néu A(x, y) = b’(x, y) - a(x, y)c(X, y) > 0 thi phuong trinh (7.1.4) ¢6 nghiém thuc

jb(x ,Y) £AKX,y) dx 4 C

a(x,y)

Déi bién

b(x,y) —+/AX,y) b(x,y) + 4 AX,y)
g+n=y- | dxvag-n=y- | dx
a(x,y) a(x,y)
Dua vé dang chinh tac cia phuong trinh hyperbole

0’u 0%u Ju Ou
— - — =F,(¢, —, — 7.1.5
aaz arlz Z(E r] u aE a ) ( )

2. Néu A(x, y) = b(x, y) - a(X, y)c(X, y) = O thi phuong trinh (7.1.4) ¢6 nghiém kép

Trang 114 Gido Trinh Todn Chuyén bé



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Chuong 7. Phuong Trinh Truyén Séng

yex) = | bY) iyt ¢

a(x,y)
Déi bién
£ J-b( ,Y)
=y- dxvan=n(x,y)sao cho J(x,y) #0
a(x,y)

Pua vé dang chinh tic ctia phuong trinh parabole

02 au Ju
FEnu 20, 7.1.6

3. Néu A(x, y) = bX(x, y) - a(x, y)c(x, y) thi phuong trinh (7.1.4) ¢6 nghiém phiic

Y(X) _ J’ b(X’ Y) * i‘\l - A(X’ Y)

a(x,y)

dx+C=a(x,y) xifx,y)+C

D6i bién
foy- jb(X Y) v j\/—A(XY
a(x, y) a(x,y)
Pua vé dang chinh tic cuia phuong trinh ellipse

0°u 0%u du Ou
AL du ou 717
% o’ A& U T o) .17

Vi du Pua vé chinh tic phuong trinh sau day

2 2 2
0 3000 O g0u 0u g g
ox’ 0x0y oy’ ox Oy

Giai phuong trinh dac trung

2y'2—3y'+1=0,y=x+C,y=%X +C
Pai bién

1 3 1
+N=y-—-x,{-N=y-x Suyra {=y-—X, N=—
E+n=y 2XEFI y-x Suyra =y 4xrl i

o8 3 0 _, on_1 Ou Ou
ax 4 dy ox 4 oy  Ox  40E 4o ox o
0w _ 90 39w 10w 0w __30% 1 du du_0d%

0_!‘]_0 Ju 36u 1 0u du Ou

]

ox> 1608 8 0&on 16 o>’ oxdy T4 GEZ 4 0&on " ay> 6{2
Dang chinh tac cta phuong trinh 1a
0°u 9°u du du

- =2— +2— -8u
0c> an’ 0  0n
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D2. Phuong trinh vat 1y - toan

Phuong trinh truyén song

* Cho soi day rat manh, cé do dai 1, hai mit co
dinh, dao dong bé trong mat phing Oxu theo
phuong truc Ou. Lic khong dao dong day nam | """

trén doan [0, 1] va do dai ctia day khong thay déi T P, P, M2

trong suot qua trinh dao dong. Bai toan doi hoi M, . —
xdc dinh do léch u(x, t) tai diém hoanh do x vao 0 X, X X 1
thoi diém t.

* Gia sur day rat déo, dan hoi véi luc cang T(x, t) huéng theo phuong ti€p tuyén cua sgi
day va do d6 c6 he s6 goc 1a u’ . Do do dai cua sgi day khong thay déi trong ldc dao
dong nén luc cang T(x, t) khong phu thudc vao thoi gian. Goi P, 1a hinh chiéu cua luc
cang trén cung M, M, 1én truc Ou

b 0%u
P, = j T(x) v dx

Goi F(x, t) 1a mat do clia ngoai luc tic dong va P, 1a hinh chi€u ctia ngoai luc trén cung
MM, lén truc Ou

P,= [F(x,t)dx

Xq
Goi p(x) 1a mat do vat chét cta soi day, u 1a gia toc clia chuyén dong va P; 1a hinh
chiéu cua luc quan tinh trén cung M, M, 1én truc Ou

2
ade
ot

Theo nguyén 1y can bang luc P, + P, + P, =0 suy ra

ude =0

62
ot’

P, = -TD(X)

X2 2
| (T(x) O Y Fx,1)-p(x)
M 0x
Do x,, x, la tuy y nén U (x, t) [J [0, 1] % [0, +00) ta cd
0%u 0%u
=T
PR

Néu soi day dong chat thi p(x) va T(x) 1a cac hang s6. Pat a>=T/p >0 goi la van toc

P(x) +F(x, 0)

truyén séng va f(x, t) = F(x, t)/p 1a ngoai luc tdc dong. Khi d6 do 1éch u(x, t) 1a nghiém

ctia phuong trinh
0’u _ ,0°u
RS

goi 1a phuong trinh truyén séng trong khong gian mot chiéu.

Trong truong hop dao dong tu do khong ¢ ngoai luc tdc dong : f(x, t) = 0, phuong trinh

+f(x, t) (7.2.1)
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(7.2.1) 1a phuong trinh thuan nhat. Truong hop dao dong cudng bic : f(x, t) Z 0, phuong
trinh (7.2.1) la phuong trinh khong thuin nhét.

Phuong trinh truyén nhiét

» Xét phan bo nhiét trén vat ran, thé tich D, truyén nhiét S
dang huéng trong khong gian Oxyz. Bai toan doi hoi xdc
dinh nhiét do u(M, t) tai diém M(x, y, z) vao thoi diém t. K

* Goi k(M) 12 h¢ s6 truyén nhiét, i 12 huéng truyén nhiét va
Q, nhiét luong di qua mat kin S = @D tir thoi diém t, dén t,

r ou K .
Q,= j dti k(M) ~pdS = j dt i div(kgradu)dV
Goi Q, 1a nhiét lugng sinh b&i ngudn nhiét trong ¢6 mat do F(M, t) tir thoi diém t, dén t,

Q,= Tdt [FM, dv

t, D
Goi p(M) 1a mat do vat chat, c(M) 1a nhiét dung va Q, 1a nhiét lugng can dé vat ran D
thay déi tir nhiét do u(M, t,) dén u(M, t,)

Q= jc(M)P(M)(u(M,tz)—u(M,tz))dV - J‘dtIC(M)p(M)%dV

D 4

Theo nguyén 1y can bang nhiét Q, + Q, - Q;=0suyra
ty
[at (div(kgradu) +F(M, t) — c(M)p(M) %)av =0
t, D

Do t,, t, tuy y nén [J (M, t) D X [0, +00) ching ta c6
C(M)p(M)% = div(k(M)gradu) + F(M, t)

Néu vat rin 12 dong chat thi ¢(M), p(M) va k(M) 12 c4c hing so. Pat a*> =k / cp > 0 goi
12 van toc truyén nhiét va f(M, t) = F(M, t) / cp 1a ngudn nhiét trong. Khi d6 nhiét do
u(M, t) la nghiém ctia phuong trinh

ou ,0°u 0°u 09°

— =a¥( + +

ot x> 0y’ 0z
goi 12 phuong trinh truyén nhiét trong khong gian ba chiéu.
Trong truong hop khong c¢6 ngudn nhiét trong : f(M, t) = 0, phuong trinh (7.2.2) Ia
phuong trinh thuin nhat. Trudng hop c6 ngudn nhiét trong : f(M, t) # 0, phuong trinh
(7.2.2) 1a phuong trinh khong thuan nhét.

u
S)+ix,y, 2, 0) (7.2.2)

Phuong trinh Laplace

 Xét phan bo nhiét trén vat ran truyén nhiét ding huéng, nhiét do u(x, y, z, t) tai diém
M(X, y, z) vao thoi diém t thoa man phuong trinh (7.2.2). Néu phan b6 nhiét khong phu
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thudc thoi gian thi u] = 0 va khi d6 phuong trinh (7.2.2) tré thanh
0°u N 0°u N 0°u
x>  dy> 0z’

goi la phuong trinh Laplace.

Trong truong hop khong c¢6 nguodn nhiét trong : g(x, y, z, t) = 0, phuong trinh (7.2.3) 1a

=g(X,y,2t) (7.2.3)

phuong trinh thuin nhat. Truong hop cé ngudn nhiét trong : g(x, y, z, t) # 0 phuong trinh
(7.2.3) 1a phuong trinh khong thuan nhat con goi l1a phuong trinh Poisson.

P3. Cac bai toan co ban

Bai todn tong qudt
e Cho cdc mién D 0 3", H= D x 3, va cdc ham u 0 C2(H, 3), f O C(H, 3). Ki hicu
n 920

Au = zax?

i=1

goi 1a toan tir Laplace. Cac bai todn Vat ly - Ky thuat thuong dan dén viéc giai cac
phuong trinh dao ham riéng tuyén tinh cap 2 c6 dang téng quét nhu sau.

2
?9 S =@M+ (x,00H, (7.3.1)
t
ou ,
o =EMuHiGD (0 OH, (7.3.2)
Au =1(x) x U D, (7.3.3)

Vi vay cac phuong trinh trén dugc goi l1a cac phuong trinh Vat 1y - Toan. Phuong trinh
Hyperbole (7.3.1) xuat hién trong céc bai todn dao dong, truyén séng goi la phuong
trinh truyén séng. Phuong trinh Parabole (7.3.2) xuat hién trong cdc bai todn truyén
nhiét, phan bé nhiét goi 1a phuong trinh truyén nhiét. Phuong trinh Ellipse (7.3.3) xuat
hién trong céc bai todn vé qua trinh ditng goi 1a phuong trinh Laplace.
Cac phuong trinh Vat Iy - Todn thudng c6 vo s6 nghiém, dé xac dinh diing nghiém cén
tim can phai ¢6 thém céc diéu kién phu.
- Diéu kién ban dau cho biét trang thdi ctia hé thong vao thoi diém t = 0.

Ou

Un =g —no=h (7.3.4)
ot
- Diéu kién bién cho biét trang thdi ctia hé thong trén bién dD.
Ju Ju
Upp=h, — mp=p, (— +AW)mp =q (7.3.5)
on on

Trong thuc tién cdc diéu kién phu duoc xdc dinh bang thuc nghiém va do d6 c6 sai so.
Vi vay khi thiét 1ap cdc bai todn vé phuong trinh Vat 1y - Toan chiing ta yéu cau
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- Bai todn c6 nghiém duy nhét : Phuong trinh ¢6 ding mot nghiém thoa man cac diéu
kién phu cho trudc.

- Bai todn ¢6 nghiém 6n dinh : Sai s6 nho cia céc diéu kién phu dan dén sai s6 nho cia
nghiém.

Bai toan téng quét chia phuong trinh Vat 1y - To4n phat biéu nhu sau : Tim nghiém duy
nhdt va én dinh ciia phuong trinh Vit 1y - Todn thod man cdc diéu kién phu cho trudc.

* Trong gido trinh nay ching ta xem xét cac bai todn sau day

- Bai todn Cauchy : Tim nghiém duy nhat va 6n dinh clia phuong trinh truyén séng

(truyén nhiét) thod mén cac diéu kién ban dau

- Bai todn hén hop : Tim nghiém duy nhat va 6n dinh ctia phuong trinh truyén séng

(truyén nhiét) thoa man cac diéu kién ban dau va diéu kién bién

- Bai toan Diriclet : Tim nghiém duy nhat va 6n dinh clia phuong trinh Laplace thoa man

diéu kién bién ump, = g

- Bai todn Neuman : Tim nghiém duy nhat va én dinh clia phuong trinh Laplace thoa
Ou

man diéu kién bién ump, = g va n mop = h
n

Céc bai todan v6i phuong trinh thudn nhat goi tat 1a bai todn thuin nhat, v6i phuong trinh
khong thudn nhat goi 12 bai toan khong thuin nhat. Dé don gian trong gi4o trinh nay
ching ta chi giGi han céc bai todn trong pham vi khong gian mot hoac hai chiéu. Tuy
nhién cic phuong phdp gidi va cong thitc nghiém c6é thé mé rong tu nhién cho trudng
hop khong gian n chiéu. Cu thé chiing ta s& 1an lugt nghién ctiu cdc bai toan sau day.

Bai toan Cauchy (CH) Bai todn hon hop (HH)
Tim ham u O C(H, 3) thoa man Tim ham u O C(H, 3) thoa man
phuong trinh truyén séng phuong trinh truyén séng
02 6 u 02 6 u
= , ) = ,t)
o ax o
va diéu kién ban dau va céc diéu kién phu
Ju Ju
Ur = &(X), — 0 = h(x) U = 8(X), —— o = h(X), urpp = p(t)
ot ot
Bai toan Cauchy (CP) Bai todn hon hop (HP)
Tim ham u O C(H, 3) thoa man Tim ham u O C(H, 3) thoa man
phuong trinh truyén nhiét phuong trinh truyén nhiét
2 2
M 29Nk W 29Uk
ot ox’ ot ox’
va diéu kién ban dau va céc diéu kién phu
Ju
=g(x) un, = g(x), (a + Au)rpp = h(t)
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Bai todan Diriclet (DE) Bai toan Neumann (NE)
Tim ham u 0 C(D, 3) thoa man Tim ham u 0 C(D, 3) thoa man
phuong trinh Laplace phuong trinh Laplace

9°u  0%u 9°u  0%u

+ = f(x, + = f(x,

x>  ay’ y) x> ay’ y)

va diéu kién bién va cdc diéu kién bién
Ou
urop = &(X, y) ucop = &(X, y), P h(x, y)

P4. Bai toan Cauchy thuan nhat

Bai todan CHla

Cho cacmién D=3, H=D x 3, va ham h 0 C(D, 3).

Tim ham u 0 C(H, 3) thod man phuong trinh truyén séng
’u  ,0°u
_2 =a :

ot 0x

va diéu kién ban dau

vé6i (x, t) O H, (7.4.1)

u(x, 0) =0, 3_1: (x, 0) =h(x) (7.4.2)

e Poibién €=x+at,nN=x-at
Tinh cdc dao ham riéng bang cong thiic dao ham ham hop
Odu_Ou Ou Ou (au au]
-ou, =3

ox 9 on o (98 on

d’u _ 0%u N d%u N 0’u 0’u _ a{azu B d%u N azuj
ox?  9E 0&an oan* ot 08> 9&n on’
Thé vao phuong trinh (7.4.1), nhan dugc phuong trinh
0°u _
0N
Tich phan hai lan
u(&, n) =9+ wn)
Trd vé bién cii
u(x, t) = d(x + at) + P(x - at)
Thé vao diéu kién ban dau (7.4.2)
u(x, 0) = o(x) + Y(x) = g(x) va u;(x, 0) = a[$p’(x) - P’(x)] = h(x)
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Tich phan phuong trinh thit hai, dua vé hé phuong trinh
1 X
600+ W00 =0, () - W00 = — [ h(E)dE
0

Giai hé phuong trinh trén tim ¢(x) va (x) va suy ra nghiém cua bai toan
X +at

1
u(x, t) = % Lh(a)dz (7.4.3)

Dinh Iy Cho ham h 0O C'(D, 3). Bai todn CH1a c6 nghiém duy nhat va 6n dinh xdc dinh
theo cong thic (7.4.3)

Chitng minh

» Do ham h O C'(D, 3) nén ham u 0 C*(H, 3). Kiém tra truc tiép

O, t) OH, 3_1: = %a[h(x + at) + h(x - at)]

°u 1 _ | , d°u
e = Ea[h (x + at) + h’(x - at)] =a2axz

Ox OD,u(x,0)=0, %(x, 0) = h(x)

’u 2 0°u
ot? ox?’

* Néu u, 1a nghiém ctia bai todn u(x, 0) =0, % (x,0) =h;
t
2

2
thi u = u, - u, 1a nghiém cta bai toan 6_;1 :a20 lZl,u(x, 0)=0, @(x, 0)=h,-h,=h
ot ox ot

Véi méi T > 0 ¢6 dinh, ki hiéu B = [x - aT, x + aT] va H; = B x [0, T]. Tir cong thic
(7.4.3) ching ta c6 uéc luong sau day

EI (X9t) DHT’ |U(X,t)| < TsupBlh(E) |
Twr d6 suy ra

h=h,-h,=0 = u=u,-u,=0.

Ihfl=1h-hy [[<d= [[ull=]u -u,[|<e=T>
Vay bai toan c¢6 nghiém duy nhat va 6n dinh trén H; v6i méi T ¢6 dinh. Do tinh lién tuc
cua nghiém suy ra bai todn c¢6 nghiém duy nhat va 6n dinh trén H. 4]

Bai toan CHI1b
Cho cdc mién D =3, H=D x 3, va ham g [0 C(D, 3).
Tim ham u [0 C(H, 3) thod man phuong trinh truyén séng
0°u ,0%u
U227 i (x,0) OH
ot ox> ’

va diéu kién ban dau

Ju
u(x, 0) = g(x), E x,0)=0
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DPinh Iy Cho g 0 C*(D, 3) va v(x, t) 1a nghiém ctia bai toin CH1a véi g_v (x, 0) = g(x)
t

Bai toan CH1b c6 nghiém duy nhat va 6n dinh xdc dinh theo cong thiic sau day
x+at

u(x, 1) = ( = a j g(§)d€ (7.4.4)

Chiing minh
» Do ham g 0 CX(D, 3) nén ham v J C’(H, 3) suy ra ham u 0 C*(H, 3).
Kiém tra truc tié€p

2 2 2 2
D(Xt)DHau aavzaaa _aaa_v
o> o’ at ot 0x” ax> ot
ov ,0°v
Ux OD, u(x, 0)=a(x, 0)= g(x) (x 0) =a’ Y (x 0)
e Tinh duy nhat va 6n dinh clia nghiém suy ra tlr bai toan CH1a. M

5. Bai toan Cauchy khong thuan nhat

Bai todan CHlIc
Cho cdc mién D=3, H=D x 3, va ham f [0 C(H, 3).
Tim ham u 0 C(H, 3) thoa man phuong trinh truyén séng
d’u _ ,0%u
2

at’
va diéu kién ban dau

u(x,0)=0, @ x,0)=0
ot

Dinh Iy Cho ham f [J C(H, 3) va v(x, T, t) 1a nghiém ctia bai toain CHla trén H x 3, v6i
v(x, T,0)=0va ? x,T,0)=1(x, 1)
t
Bai todn CH1c c6 nghiém duy nhat va 6n dinh xac dinh theo cong thic sau day.
t
u(x, 0 = [ v, T, =)t (7.5.1)
0
Chiing minh
e Do ham f J C(H, 3) nén ham v O C'(H x 3,, 3) suy ra ham u 0 C*(H, 3)
Kiém tra truc tié€p
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ou cov ¢ 0v

Ux,)UH, — =v(x,,0) + | — (X, T,t—T)dT = | —(x,T,t —T)dT
(0 OH, == =V(x,1,0) !at(" ) !at(" )
°u  0dv (0°v , 0%V

F = E(X, t,0) + .([a—tz(X,T,t_T)dT =a !y(X,T,t_T)dT + f(x, t)

DxDD,u(x,O)=O,%(X,O)=O

e Tinh duy nhat va 6n dinh clia nghiém suy ra tr bai toan CH1a. 4]

Bai todan CH1
Cho cicmién D=3, H=D x 3,, cic ham f 0 C(H, 3) va g, h 0 C(D, 3).
Tim ham u 0 C(H, 3) thod man phuong trinh truyén séng

02 6 u

at Ox

va diéu kién ban dﬁu

u(x, 0) = g(X) (X 0) = h(x)

,t) voi (x,t) U H,

* Tim nghiém ctia bai todin CH1 duéi dang
u(x, t) = u,(x, t) + u(x, t) + u(x, t)
VGi ug(X, t) 1a nghiém cua bai toan CH1a.
K&t hgp cac cong thic (7.4.3), (7.4.4) va (7.5.1) suy ra cong thiic sau day.

u(x, t) = ( x]a:g(ﬁ)d2+xja}1(§)d§+ j drxrf(E t— t)dEj (7.5.2)

X—at X—at

DPinh 1y Cho cac ham f O C(H, 3), g O C¥(D, 3) va h O C'(D, 3). Bai toan CH1 c¢6
nghiém duy nhat va 6n dinh xéc dinh theo cong thic (7.5.2).

2 2
Vi du Giai bai toian ?9 4o g 121 +2xe™ véi (x,t) 03 x 3,
t X

u(x, 0) = cosx, % (x,0)=2x

Theo cong thic (7.5.2) ching ta cé

ux.t) = i(% Xﬁ;os £dt +xr2£dé +jx+fﬂzze‘ ‘dEdTJ

x—at 0 x—at

= cosxcosat + 2xt(2t - 1 + e¥)

Nhan xét Bing cédch kéo dai lién tuc cadc ham lién tuc timg khic, cong thice (7.5.2) van
str dung duoc trong truong hop cac ham f, g va h ¢6 dao ham lién tuc tirng khdc.
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D6. Bai toan gia Cauchy

Bai toan SHla
Cho cicmién D=3, ,H=D x 3, , cdc ham f [0 C(H, 3) va g, h 0 C(D, 3).
Tim ham u 0 C(H, 3) thoa man phuong trinh truyén séng
d°u 0 2
= + f(x, t) v6i (x,t) U H,
ot’ ax

diéu kién ban dau

u(x, 0) = (x) (X 0) =hx)

va diéu kién bién
u0,t)=0

e Tu tudng chung dé giai bai todn SH 1a tim céch chuyén vé bai toan CH tuong duong.
Goi f,, g, va h, tuong ting la kéo dai ctia cic ham f, g va h 1én toan 3, con v(x, t) la
nghiém cua bai toan Cauchy sau day.

’v 2 02

ot?

(x) (X 0) =h,(x) v6i (x,t) 13 x 3,

Theo cong thuc (7.5.2) ching ta c6

v(x, 1) = —[gl(x +at) + g,(x - ap)] + —X fh (E)dE + — j far ff (& t—T)dE

The vao diéu kién bién

v(0, 1) = gl(at)+g1( a] + — jh (E)dE + —jdrjf(a t-1dE =0

Suy ra cac ham f,, g, va h, phai la cadc ham 1é.
Tc 1a

] fx,t) x=0 ) og(x) x=20 . _J hx) x=20
fl(x’t)‘{ f(x,0 x<0° & )_{—g(—x) x<0 ' hl(x)_{—h(—x) x <0

Dinh Iy Cho ham f 0 C(H, 3), ham g [0 C*(D, 3) va ham h O C'(D, 3) thoa man
f(0,t)=0, g(0)=0vah(0)=0
Bai toan SH1a c6 nghiém duy nhat va én dinh xéc dinh theo cong thitc

u(x, 1) = [ Tél(ad&xﬁ &t + ] [ar frEe- r)d&j (7.6.1)

X—at

v6i f), g, va h, tuong ting 1a kéo dai 1¢é cua cdc ham f, g vah 1én toan 3.
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Bai toan SH1b

Chocdcmién D=3, ,H=D x 3, vaham p O C(3,, 3)

Tim ham u 0 C(H, 3) thod man phuong trinh truyén séng
0°u ,0%u
2 -4 2
ot 0x

diéu kién ban dau

V6l (x, t) U H,

u(x, 0)=0, @ x,00=0
ot

va diéu kién bién
u(0, t) = p(t)

* Kiém tra truc tié€p ham
X X
u(x, t) =n(t- g)P(t - g) (7.6.2)

la nghiém cua bai todan SH1b.

Bai toan SHI1
Chocidcmién D=3, ,H=D x 3, , cdc ham f 0 C(H, 3), g, h O C(D, 3), p 0 C@3,, 3)
Tim ham u [0 C(H, 3) thod man phuong trinh truyén séng
0°u ,0%u
2 -4 2
ot 0x
diéu kién ban dau

+f(x, 1) v6i (x,t) OH,

u(x, 0) = g(x), % (x, 0) = h(x)

va diéu kién bién
u(0, t) = p(t)

* Tim nghiém cta bai toan SH1 dudi dang u(x, t) =u,(x, t) + u,(x, t)
trong do6 ug(x, t) 1a nghiém cua bai toan SH1a.
K&t hgp cac cong thic (7.6.1) va (7.6.2) suy ra cong thiic sau day.
1 a x+at x+at t x+at
u(x, ) = g(a x Lgmz)dz - Ia}ll(é>dz + j dt [f,(&t- r)dzJ

X—at

+1(t - %)p(t - %) (7.6.3)

Dinh Iy Cho cac ham f O C(H, 3), g 0 C(D, 3), h 0 C'(D, 3) va p O C*(3,, 3) thoa
g2(0)=0,h(0)=0vaf(0,t)=0

Bai toan SH1 c¢6 nghiém duy nhat va 6n dinh x4c dinh theo cong thic (7.6.3) véi f,, g, va

h, tuong tng la kéo dai 1é cia cac ham f, g va h 1én toan 3.
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2 2
ViduGidibaitosn L% =490
ox’

+2xt v6i (x,t) 0 3,%3,

u(x, 0) = sinx, %(x, 0)=2x

u(0, t) = sint
Do cac ham f, g va h 1a ham 1€ nén cac ham kéo dai 1é f, = f, g, = g va h, = h. Thay vao
cong thic (7.6.3) chiing ta c6

1 a x+2t ) x+2t t x+21 X ) X
u(x, t) = Z(E X :[tsm §dE + X L?Ed& + ! drx jz T2(t - T)EdEj+ (- sin(t- )

— sinxcos2t + 2xt + %xﬁ (- %)sin(t i %) v6i (x, ) 0 3.x 3,

Nhan xét Phuong phép trén c6 thé sir dung dé gidi cac bai todn gia Cauchy khac.

D7. Bai toan hon hop thuin nhéit

Bai todn HHl1a
Cho cdc mién D = [0, 1], H=D x [0, T] va cdc ham g, h 0 C(D, 3)
Tim ham u 00 C(H, 3) thoa man phuong trinh truyén séng

u_ 0%

=a vol (x,t) UH 7.7.1
o PRE (x, 1) 0 ( )
diéu kién ban dau
u(x, 0) = 200, 34 (3, 0)=hex) (1.72)
va diéu kién bién
u(0,t)=0, u(l,t)=0 (7.7.3)

* Bai todn HH1a duoc giai bang phuong phdp tach bién ma noi dung ctia né nhu sau
Tim nghiém cta bai toan HH1a dang tach bién

u(x, t) = X(x)T(t)
Pao ham u(x, t) hai lan theo x, theo t sau d6 th€ vao phuong trinh (7.7.1)
X"x) Tt
X(x)  a’T(t)
Thé ham u(x, t) vao diéu kién bién (7.7.3)

u(0, t) = X(0)T(t) =0 va u(, t) = X()T(t) =0 v6i T(t) 0

X(x)T(t) = a*X”(x)T(t) suy ra =203
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Chiing ta nhan dugc hé phuong trinh vi phan hé s6 hang sau day

X’(x) + AX(x)= 0 (7.7.4)
T (t) + \a’T(t) = 0 (7.7.5)
X0)=X(1)=0vsiA 3 (7.7.6)

* Phuong trinh vi phan (7.7.4) ¢6 phuong trinh dac trung
K+A=0
Néu A = - o® thi phuong trinh (7.7.4) ¢6 nghiém téng quat X(x) = C,e™ + C,e™
Thé vao diéu kién (7.7.6) giai ra dugc C, = C, = 0. Hé chi ¢6 nghiém tam thuong.
Néu A = 0 thi phuong trinh (7.7.4) c6 nghiém téng quit ~ X(x) = C, + C,x
Truong hop nay hé cling chi c6 nghiém tam thuong.
Néu A = o’ thi phuong trinh (7.7.4) ¢6 nghiém téng quat  X(x) = C,cosax + C,sin0x

Thé vao diéu kién (7.7.6) gidi ra dugc C, = 0, C, tuy y va O = ?

Suy ra hé phuong trinh (7.7.4) va (7.7.6) c6 ho nghiém riéng truc giao trén [0, 1]

2
X, (x) = Aksin$x v6i A, O3 vah, = (anj koo

Thé cac A, vao phuong trinh (7.7.5) giai ra dugc
T.(t) = Bkcos$t + cksin$t v6i B, C,) 03, k00"
Suy ra ho nghiém riéng doc 14p cua bai toan HH1a

u, (x,t) = (akcos$t + bksin$ t )sin?x véia, =AB,,b=AC kOO0

e Tim nghiém tng quét clia bai todin HH1a dang chudi ham
+00

& k k k
u(x, t) = Zuk(x,t) = Z(ak cosTmt+bk sinTmtj sinTT[x (7.7.7)
k=1

k=1
Thé vao diéu kién ban dau (7.7.3)
ux, 0= a, sinTT[x: g(x) va g—l:(x, 0)= szbk sinTT[x = h(x)
k=1 k=1

Néu cac ham g va h c6 thé khai trién thanh chudi Fourier trén doan [0, 1] thi

2 | KTt 2 KTt
a = — x)sin— xdx va b, = —— | h(x) sin — xdx 7.7.8
) 1!g() 1 X km! (x)sin= (1.7.8)

Dinh Iy Cho cic ham g J C*(D, 3) va h [0 C'(D, 3) thod man
g0)=g)=0vah(0)=h1)=0

Chubi ham (7.7.7) vé6i hé so a, va b, tinh theo cong thic (7.7.8) 1a nghiém duy nhét va

6n dinh cua bai todn HH1a.
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Chiing minh

 Cic ham g va h theo gia thiét thod man diéu kién Dirichlet do d6 khai trién dugc thanh
chudi Fourier hoi tu déu va ¢6 cac chudi dao ham hoi tu déu trén doan [0, 1].

Suy ra chudi ham (7.7.7) véi céc hé so a, va b, tinh theo cong thic (7.7.8) 1a hoi tu déu
va cdc chudi dao ham riéng dén cdp hai clia n6 ciing hoi tu déu trén mién H. Do vay c6
thé dao ham tlmg tir hai 14n theo x, theo t trén mién H. Kiém tra truc ti€p thdy rang chubi
(7.7.7) va céc chudi dao ham riéng ctia né thoa man phuong trinh (7.7.1) va céc diéu
kién phu (7.7.2), (7.7.3)

e Lap luan twong tu nhu bai todn CH1 suy ra tinh 6n dinh va duy nhat nghiém. M

Vi du Xac dinh dao dong tu do ctia day c6 hai dau miut x = 0, x =1 ¢d dinh, do 1éch ban
dau u(x, 0) = x(I - x) va van t6c ban dau % (x,0)=0.

Thay vao cong thue (7.7.8) nhan dugc
1 KT 0 k =2n
. 2 N
a, = .([x(l—x)smedx = 81 K=+ va b,
T (2n+1)

=0véik OO

Suy ra nghiém cua bai toan

1> & 1 2n+1 2n+1
u(x, t)=8—3 5 (2n )mtsin( n )T[x
T 5 (2n+1)

D8. Bai toan hon hop khong thuan nhat

Bai toan HH1b
Cho cac mién D =[0, 1], H=D x [0, T], cac ham f 0 C(H, 3) va g, h 0 C(D, 3)
Tim ham u 00 C(H, 3) thod man phuong trinh truyén séng
0’u .2 0°u
ot’ ox’
diéu kién ban dau

+ f(x, t) v6i (x,t) UH,

ux, 0) =0, @ x,0)=0
ot

va diéu kién bién
u0,t)=0,u(,t)=0
 Tim nghiém bai toin HH1b duéi dang chubi ham

u(x, ) = ZTk(t)sinkTT[x (7.8.1)
k=1

Khai trién Fourier ham f(x, t) trén doan [0, 1]
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+o0 1
f(x, 0= YA @)sin S x ¥6i G0 = [ £ 0sin S dx
k=1 0

Sau d6 thé vao bai toan HH1b

5 (T,;'(t) + (kij Tk(t)] sin an x = 3£, (sin an X

k=1 k=1

ZTk(O)sink—nx =0va ZT;(O)sink—"x =0
k=t 1 k=1 1
Chiing ta nhan dugc ho phuong trinh vi phan hé s6 hing
2
" kTra
T () + [Tj T (1) = (1)

T.(0)=0, T, (0)=0v6i k O O° (7.8.2)

* Giai ho phuong trinh vi phan tuyén tinh hé s6 hang (7.8.2) tim ciac ham T,(t) sau d6
thé vao cong thic (7.8.1) suy ra nghiém cua bai toan HH1b. Ho phuong trinh (7.8.2) ¢6
thé gidi bang phuong phdp todn tir Laplace néi & chuong 5 hodc bing mot trong céc
phuong phdp giai phuong trinh vi phan tuyén tinh hé s6 hang da biét nao d6. Lap luan
tuong tu nhu bai toan HH1a ching ta ¢6 két qua sau day.

Dinh Iy Cho ham f 0 C(H, 3) n C'(D, 3). Chubi ham (7.8.1) vé6i cac ham T,(t) x4c dinh
tr ho phuong trinh (7.8.2) 12 nghiém duy nhat va 6n dinh clia bai todn HH1b.

Bai toan HH1
Cho céc mién D = [0, 1], H=D x [0, T], c4ac ham f [0 C(H, 3), g, h 0 C(D,3) va cdc ham
p, q O C([0, T], 3). Tim ham u 0 C(H, 3) thoa man phuong trinh truyén séng
6_211 _ g d°u
ot’ ox’
diéu kién ban dau

+ f(x, t) v6i (x,t) UH,

Ou
u(X, 0) = g(x)’ a (X’ 0) = h(X)
va diéu kién bién
u(0, t) = p(t), udl, t) = q(t)
* Tim nghiém bai toan HH1 duéi dang
X
ux, t) = v(x, ) + w(x, t) + p(t) + n (q(®) - p(H) (7.8.3)

Trong d6 ham v(x, t) 1a nghiém cua bai toan HH1a
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9°v  ,0%
=a

ot? ox’

v(x, 0) = g(x) - p(0) - ?(Q(O) -p(0) = g,(x)

g—: (x,0)=h(x) - p’(0) - ?(CI’(O) -p’(0)) =hy(x)

v(0,t)=v(,t)=0 (7.8.4)
vGi céc diéu kién bién

g20)=g)=0 < g(0)=p0), g)=q(0)

h(0)=h1)=0 < h(0)=p’0), h{d)=q’(0)

Ham w(x, t) 1a nghiém cua bai toan HH1b

’w _ ,0°w 9°w

S = 0P ?(q”(t) PU0) =2 0D
w(x, 0)=0, a—W(x, 0)=0
ot
w(0,t)=w({,t)=0 (7.8.5)

* Giai cac bai toan (7.8.4) va (7.8.5) tim cac ham v(x, t) va w(x, t) sau d6 thé€ vao cong
thuc (7.8.3) suy ra nghiém ctia bai toan HHI.

Dinh Iy Cho cic ham f 0 C(H, 3) n C'(D, 3), g [ CXD, 3), h O C'(D, 3) va cdc ham P
q O C*([0,T], 3) thoa man

£(0) =p(0), g1) =q(0) va h(0) = p’(0), h(l) = q’(0)
Ham u(x, t) xac dinh theo cong thitc (7.8.3) véi cac ham v(x, t) va w(x, t) 1a nghiém cua
céc bai toan (7.8.4) va (7.8.5) 1a nghiém duy nhat va 6n dinh ctia bai toan HHI.

Vidu Gidi bai todn o =4
ot 0x

+ xt véi (x,t) [0, 1] % [0, T]

u(x, 0) = sinT, % x,0)=xvau0,t)=0,u(l,t)=t

* Tim nghiém cua bai toan dudi dang u(x, t) = v(x, t) + w(x, t) + xt trong d6 ham v(x, t)
la nghiém cua bai toan HH1a véi g,(x) = sinTx va h,(x) = 0 con ham w(x, t) 1a nghiém
cta bai toan HH1b véi f,(x, t) = xt.

Giai bai toan HH1

1 k=1

0 ks VAb=0vsikOD

1
a, = 2.[sinT[xsinkT[xdx :{
0

Suy ra
V(X, t) = cOS2TESInTX
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Giai bai toan HH2a
1 k+1
£(t) = ZtJ-xsin krxdx= 200 ¢ veik OO
0 km
Giai ho phuong trinh vi phan hé s6 hang
" 2 2(_1)k+1 ’
T, (t) + k) T, (t) = k—t, T,(0)=0, T(0) =0

Tim dugc cac ham
_ (_1)k+1
2(km)’

Suy ra nghiém cua bai toan

T, (t) [t _ sin 2kmj veik OO
2kmt

+00 k+1
u(x, t) = Xt + cos2TusinTxX + ! Z 1) t— ! sin 2KTt |sin kTX
210 = k° 2Kt

Nhan xét Bang cdch kéo dai lién tuc cdc ham lién tuc ting khic, cdc cong thifc trén van
str dung duogc trong truong hgp cac ham g va h ¢6 dao ham lién tuc ting khuc.

Bai tap chuong 7

 Dua vé chinh tic cic phuong trinh dao ham riéng tuyén tinh cap 2 sau day.

2 2 2
o U, 0 50 a0
ox’ 0x0y dy>
2 2 2
g, U p0u O g0 g0y
0x’ oxdy  oy° ox Oy

0°u 0%u 0%u Ou  Ou

3. 2 +3 + +7—-4— =0
ox’ 0x0y oy’ ox Oy
2 2 2
4, o’u - 2sinx 0’u —coszxa a4 +sinx@ =0
ox° 0xdy Ay’ dy

* Lap bai toan phuong trinh Vat ly - Todan tir cdc bai toan sau day.

7. Day rat manh c6 do dai I dat trén truc Ox, mit x = 0 ¢6 dinh, mit x = 1 chuyén dong
theo qui luat Asinax, dao dong trong moi truong c6 luc can ty 1€ vé6i van toc, hé so ty 1&
l1a A, do léch ban dau la g(x), van téc ban dau la h(x). Xac dinh dao dong cua day?

8. Dia rdt moéng déng chat ban kinh R dat trong mat phang Oxy, mat do nguén nhiét
trong ty 1& v6i khoang cach dén tam, nhiét do moi truong gitt ¢ nhiét do u,, nhiét do ban
dau 1a g(x, y). Xac dinh phan bd nhiét trén dia?
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* Giai bai toan Cauchy

9.

10.

11.

12.

0’u _ ,0%u

— =a
ot’ ox>

u ,0%u N
-5 —a 5 + te

ot o0x

u ,0%u .
-5 —a 5 + tsinx
ot o0x

u  ,0%u

-5 —a 5 + tcosx
ot o0x

* Giai bai toan gia Cauchy

13.

14.

15.

16.

’u _ ,0%u

— =a +te™
ot ox?

’u ,0°u .
—5 =& —— +isinx
ot 0x

’u  ,0°u .
—~5 =& —— +xsinx
ot ox

’u ,0°u

—5 =& 5 +XCosx
ot 0x

ou
Ugo=¢, —no=¢"
ot
. Ou
ur_, = SinX, — g, = X + COSX
ot
ou
Ur_, = COSX, — =X
ot
. ou
U = SINX, — o = 2X
ot
. ou
Up_, = SInXx, a5 oo =X, U(0,t)=0
t

u ) )
Ur.o = XCOSX, — [ = sinx, u(0,t) =¢"
t

Ou Ju
Un., = COSX, — o =3x>, —(0,t)=0
=0 ot =0 ax( )

Ou Ou
un_, = sinx, — o, =cosx, — (0,t)=0
O=0 atDto aX( )

* Giai céc bai todn hon hop sau day véi H=1[0,1] x 3,

17.

18.

19.

20.

21.

22.

23.

a2 ox
o2 ax>
o2 ax>
2 2
% = 2% + bshx
X
2 2
% =a2% + tcosx
X
0%u _ .0%
ot> x>
2 2
6_121 +27\@ = a20 =
ot ot ox?

un, = x(1 - x), g—ltl 0o =0vau0,t)=ud, t)=0

un., =0, % 0o = Xsinx va u(0, t) =u(, t) =0

Up_ = XCOSX, % no=0vau0,t)=t,ul,t)=0

un_, =0, % 0o =0 vau(0,t)=u(l,t)=0
. Ju N
up_, = SInx, =0 = x va u(0,t)=0,udd, t)=t
Ju N .
un,, =0, =0 = 0Ova u(0, t) =0, u(, t) = Asintx

U = g(x), % oo = h(x) vau(0, ) =u(l, ) =0
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Chuong 8
Phuong trinh truyén nhiét
DP1. Bai toan Cauchy thuan nhat
Bai toan CPla

Cho cic mién D=3, H=D x 3, va ham g (1 C(D, 3).
Tim ham u 00 C(H, 3) thoa man phuong trinh truyén nhiét

ou ,0%u .

— =a vol (x,t) U H 8.1.1

3 x2 (x, 1) 0 ( )
va diéu kién ban dau

u(x, 0) = g(x) (8.1.2)

* Tim nghiém riéng bi chan cua bai toan CPla dang tach bién
u(x, t) = X(x)T(t)
Thé vao phuong trinh (8.1.1) dua vé hé phuong trinh vi phan
T°(t) + Aa’T(t) = 0
X’(x) + AX(x)=0
Hé phuong trinh vi phan trén ¢6 ho nghiém riéng bi chan
T(t) = e va X(x) = A(0)cosax + B(o)sinox véi o O 3,
Suy ra ho nghiém riéng bi chan cua bai toan CPla
Ug(x, t) = e @ (A(a)cosax + B(a)sinox), o 0 3,
* Tim nghiém t6ng quat cha bai todn CPla dang tich phan suy rong

+00 +o0o

ux, 0= [u,(x,0da = [ [A() cosax + B(a)sin ax]da (8.1.3)
0 0
Theé vao diéu kien ban dau (8.1.2)

u(x, 0) = [[A(a)cosax +B(a)sinaxjda = g(x)
0
Néu ham g c6 thé khai trién thanh tich phan Fourier thi
1 +o0 . 1 +00 ‘
A@) = — [g(®)cos(a€)dE va B(a) = — [ (€)sin(a€)dE
T, T
Thay vao cong thitc (8.1.3) va bién déi

u(x, t) = l Jﬁo( j:og(z) cos a(z - X)dzje—(aa)hda
T[—°° 0

Daéi thit tu 14y tich phan
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ux, t) = — f ( f " cosa(E —x)dO(Jg(E)dE (8.1.4)

e Déibien B=aavt = dB=a+/tda
_&-x
2a\/_

Bién déi tich phan bén trong cta tich phan (8.1.4)

Te_(“a)zt cosa(§ —x)da = L]e:_p’z cos2sPdp = LI(s)

0 a\/; 0 a\/;

Pao ham I(s), sau d6 tich phan timg phan, nhan dugc phuong trinh vi phan
I'(s) = j sin 2spde " = -2sI(s) va 1(0) = */2_ I(s) = */E e

0

E=x+2a\/¥s,dE=Za\/¥ds

Thay vao tich phan (8.1.4) suy ra cong thurc sau day.
_&- X)

Je@e = a (8.1.5)

u(x, t) = X +2at s)e ™ ds =

s
Jme, \/_
Dinh Iy Cho ham g J C(D, 3) n B(D, 3). Bai todn CPla c¢6 nghiém duy nhat va 6n dinh
xdc dinh theo cong thuc (8.1.5)
Chiing minh
* Theo gia thiét ham g lién tuc va bi chan

O, t)0H,Os03,0g(x+ 2a\/;s) e D<sMe™
Suy ra tich phan (8.1.5) bi chian déu. Do d6 c6 thé 14y gi6i han va dao ham qua dau tich
phan theo x hai lan, theo t mot 1an. Kiém tra truc ti€p ham u(x, t) 1a nghiém ctia phuong
trinh (8.1.1) thoa man diéu kién ban dau (8.1.2)

au &)’

o j 2@ = fm W dg

62 e (S R s
— + 4a“t d
jg(a)( 33\/?&3/2 8215\/?&5/2]e E

ou ¢ -1 (&-x)* ‘(E;;)Z ,0%u
- = + a’t d =
ot jg(a)(% ? 8al s’ © § =a ax 2

lim u(x, t) = 11m ! jg(x +2av/t s)e ™ ds = g(x)
T[ Ze

—00

t—0+

’ . . , . 9’
* Néu u, 1a hai nghiém cua bai toan @ =22 ,ux,0) =g
ot g
. , . 0 9’
thi u = u, - u, 1a nghiém cua bai toidn A _p 121 ,ux,0)=g,-g,=¢g

ot
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Tu cong thiic (8.1.5) chung ta c6 uéc luong sau day
1 +o0 _Sz
O 0 OH, ukx, 0 |< —= [lekx+2asVt)le™ds < sup, 0 g() 0
Jns,

Twr d6 suy ra
g=g-2=0=>u=u-u,=0

lgll=llg-gll<d = llull=llu-ul<e
Vay bai toan ¢6 nghiém duy nhét va 6n dinh trén H. 4]

2
V{du Gidi bai todn 9% = 49U
t x>

va u(x, 0) = xe™
Ham g(x) = xe™ thoa man diéu kién cta dinh 1y. Theo cong thic (8.1.5)

u(x, t) = % J-[(X -8t) + 4\/¥(s + 2\/;)]e—<8+2ft>ze4t—xds

Le‘“’x[(x —8t)J-e"’z d0+4\/¥.[06‘°2 doj vGi o =5+ 24t

N

(x - 8t)e™™

P2. Bai toan Cauchy khong thuan nhat

Bai toan CP1b
Cho cdc mién D =3, H=D x 3, va ham f O C(H, 3).
Tim ham u 00 C(H, 3) thoa man phuong trinh truyén nhiét
2
g—‘t* = gx‘j +£(x, ) v6i (x, 1) OH,
va diéu kién ban diu
ux,0)=0

Dinh Iy Cho ham f [0 C(H, 3) n B(D, 3) va ham v(x, T, t) l1a nghiém cua bai toan CPla
thoda man v(x, T, 0) = f(x, T).
Bai todn CP1b c6 nghiém duy nhét va 6n dinh x4c dinh theo cong thitc sau day

(E—x)’
(&, 1) .

1 ¢ 7 2
dt I qg (8.2.1)
2a\/?['([ _‘[,\/t -1

t
u(x, t) = j V(X,T,t —T)dT =
0

Chitng minh
» Do ham f 0 C(H, 3) n B(D, 3) nén ham v 0 C*(H x 3,, 3). Do d6 c6 thé dao ham tich
phan (8.2.1) theo x hai lan, theo t mot 1an. Ki€m tra truc ti€p
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t t 32
ou _ IQ(X,T,t—T)dT +v(x,t,0) = az.[a—\;(x,t,t -T)dt +f(x, t)
ot v 0t o 0X
2
= 2% L) VA u(x, 0) =0
0x
e Tinh duy nhat va 6n dinh suy ra tir bai todn CPla. M
Bai toan CP1

Cho cicmién D=3, H=D x 3, , cdc ham f (0 C(H, 3) va g 0 C(D, 3).
Tim ham u 00 C(H, 3) thoa man phuong trinh truyén nhiét
du ,0°u
—_— = a
ot :
va diéu kién ban dau
u(x, 0) = g(x)

* Tim nghiém cua bai toan CP1 dudi dang
u(x, t) = u,(x, t) + u(x, t)
trong do6 uq(x, t) 1a nghiém cua bai toan CP1a
K&t hop cac cong thic (8.1.5) va (8.2.1) suy ra cong thiic sau day.

+00 t +00
1 ( [a(x+2avt s)e™ ds+ [ dr [f(x+2avTs,t-1)e ™ dsj
\/]_-[ —00 0 —00

u(x, t) =

2® 0 TR
4 qE+ | dr | —2——Le %' ( 8.2.2
o R a0 ] w2

Dinh Iy Cho cdc ham f 0 C(H, 3) n B(D, 3) va g [ C(D, 3) n B(D, 3). Bai todn CP1 c6
nghiém duy nhat va 6n dinh xac dinh theo cong thiic (8.2.2).

e Ou 0’u . .
Vi du Giai bai todn i a26_2 + 3t va u(x, 0) = sinx
t X

Ham f(x, t) = t*, g(x) = sinx thoa man diéu kién clia dinh ly. Theo cong thiic (8.2.2)

u(x, t) = % jzosin(x+2a\/¥s)e Y ds + —j(j?)(t 1)’e” dsde

« Ki hiéu

1(x+2axfs)

I(t) =

f_{, @

Pao ham I(t), bién déi va sau d6 tich phan ting phan
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¢ . _2 - ia . _2
el(x+2a\/¥s)d(e s ) — el(x+2a\ﬁs) S

_2
e 1(x+2a\/¥s)e S dS

—ia
rey =——
2V [, 24T
=-a’>I(t) véi [(0) = e
Giai phuong trinh vi phan nhan dugc
I(t) = e "e™ = e " (cosx + i sinx) (8.2.3)
Tach phan thuc, phan ao suy ra cac tich phan can tim. Can ghi nhan két qua va phuong

1

phép tinh tich phan trén dé sir dung sau nay.
e Tinh truc tiép tich phan

M) = — N j ( j (t-1)’e” dsjdrzﬁ

Suy ra nghiém cua bai toan

u(x, t) = Im I(t) + J(t) = e “tsinx + £

Nhan xét Bang céach kéo dai lién tuc cdc ham lién tuc ting khic, cdc cong thic trén van
str dung duogc trong truong hop cac ham f va g ¢6 dao ham lién tuc tirng khuc.

P3. Bai toan gia Cauchy

Bai toan SPla
Cho cicmién D=3, ,H=D x 3, , cdc ham f [0 C(D, 3) va g 0 C(D, 3)
Tim ham u 00 C(H, 3) thoa man phuong trinh truyén nhiét
@ =a’ ,0%u + f(x, t) v6i (x,t) UH,
ot ox’
va cdc diéu kién
u(x, 0) = g(x), u(0, t) =

e Tu tudng chung dé giai bai todn SP 1a tim cdch chuyén vé bai todn CP tuong duong.
Gia su f, va g, tuong tng la kéo dai cua cac ham f va g 1én toan 3, con ham v(x, t) la
nghiém cua bai toan Cauchy sau day.

2
ﬂ = 6 +f,(x,t) va u(x,0)=g,(x) véi (x,t) 13 x 3,
ot ax
Theo cong thic (8.2.2) , ta cé
E-x)? +oo (E-x)
s 2 f —
v(x, 0 = Igl(a) ““dE+Id RO

23\/_ o W AT

Thé vao diéu kién bién
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V0.0 Igl(a 4“dE+def(Et 7 mdz}

23\/_ [m oWt
Suy ra cac ham f, va g, phai la cac ham Ié.
Tuc 1a

_ ) fx,t) x=20 . _ ) g(x) x=20
fix, t)_{—f(—x,t) x <0 Vagl(x)‘{- 2(-x) x<0

Dinh Iy Cho cac ham f O C(H, 3) n B(H, 3) va g 0 C(D, 3) n B(D, 3) thoa man
f(0,t)=0 va g0) =
Bai toan SP1a c¢6 nghiém duy nhat va on dinh x4c dinh theo cong thic

Fe®)f
, t 4a’t 4a“t d
u(x, t) = o \/_ .[ { € & +

t +oo _ _Ex)? _E+x)?
+jdrjm(e W g Jd& 83.1)
0

0 T

2
Vi du Giai bai todn % - azg T4+ 2xt v6i (x,0) 03,X3,
t X

u(x, 0) =sinx va u(0, t) =
Do cac ham f va g 1a ham 1€ nén cac ham kéo dai 1é f, = f va g, = g. Thay vao cong thic
(8.2.2) va str dung tich phan (8.2.3) , ta cé

t +oo

1 +00 o
ux, t) = —— [sin(x+2ats)e > ds + — [ [2(t —1)(x +2av/Ts)e ™ dsdt
i Al
1 t
= ImI(t) + —— | 2(t —r)dr( “ds —avT [de™ ]
N Jeasait]
= ¢ 'sinx + xt?
Bai toan SP1b

Chocidcmién D=3, ,H=D x 3, vaham h O C(3,, 3)
Tim ham u 00 C(H, 3) thoa man phuong trinh truyén nhiét
du ,0°u
— =
ot 0x
va cac diéu kién
u(x, 0) =0, u(0, t) = h(t)

véi (x,t) UH,

Dinh Iy Cho ham h 0 C(3,, 3) n B(3,, 3). Bai todn SP1b ¢6 nghiém duy nhat va 6n dinh
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xac dinh theo cong thiic

h(t T)

23\/;[ 0

u(x, t) = st TdT (8.3.2)

Chiing minh
e Do ham h 0 C(3,, 3) n B(3,, 3) nén tich phan (8.3.2) hoi tu déu H. Do d6 c6 thé dao
ham theo x hai 14n, theo t mot 1an. Ki€m tra truc tiép

du h(t v, -5 x? ht-1) - =
- = a’t d-[ 4a T d-[
ox 2a\/?[ 0 4a’ \/_ J-
0’u h(t r) PN h(t T) :
= a’t d + 4a T d-[
aX2 J- 8 \/_ J-
Ou _ _x @e_4a T dh(t-1)

ot - Za\/ﬁ 312 Za\/ﬁj 3/2
2 _x
_ X X a1 2.
) 2a\/ﬁjh(t T)[2r5’2 4a 21”2} s
Theo cong thirc (8.3.2) tacd u(x, 0) =
Daéi bién tich phan (8.3.2)

+oo 2

X 2
s = ,ulx, t) = h(t — )e ™ ds
23\/? _)[ 4a2 2
2&[
Suy ra u(0, t) = h(t)
e Tinh duy nhéat va 6n dinh suy ra tir cong thiic (8.3.2) va udc luong tich phan. "

Bai toan SP1

Chocdcmién D=3, ,H=D x 3, , cdc ham f 0 C(H, 3), g O C(D, 3) vah 0 C(3,, 3)

Tim ham u [0 C(H, 3) thoa man phuong trinh truyén nhiét
ou _ 6 u
o

va céc diéu kién
u(x, 0) = g(x), u(0, t) = h(t)

,t) voi (x,t) U H,

* Tim nghiém cta bai toan SP1 dudi dang
u(x, t) = u,(x, t) + uy(x, t)
trong do6 uq(x, t) 1a nghiém cua bai toan SP1a
K&t hop cac cong thiic (8.3.1) va (8.3.2), suy ra cong thitc sau day.
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2

+oo _(Ex)’ _(E+x)? t _ _X
j (E){ 4 _ga 4t Jda + XJ' h(ts/z-[) e gt
0

T

u(x, t) =

af

t +oo _ _(Ex)’ _E+x)?
+ far| LG ) v (8.3.3)
5y AT

Dinh Iy Cho f [0 C(H, 3)n B(D, 3), g J C(D, 3)n B(D, 3), h 0 C(3,, 3)n B(3,, 3) thoa
man f(0,t)=0 vag0)=0
Bai toan SP1 c6 nghiém duy nhat va 6n dinh x4c dinh theo cong thic (8.3.3)

Nhan xét Phuong phap trén c6 thé str dung dé giai cdc bai todn gia Cauchy khéc.

D4. Bai toan hon hop thuan nhét

Bai todn HPla
Cho cdc mién D = [0, 1], H=D x [0, T] va ham g [0 C(D, 3)
Tim ham u 00 C(H, 3) thoa man phuong trinh truyén nhiét

du_ 00 o (x,t) OH, (8.4.1)
ot ox
diéu kién ban dau
u(x, 0) = g(x) (8.4.2)
va diéu kién bién
u0,t)=0, u(l,t)=0 (8.4.3)

* Tim nghiém cua bai toan HP1a dang tach bién
u(x, t) = X(x)T(t)
Thé vao phuong trinh (8.4.1) va diéu kién bién (8.4.3) dua vé hé phuong trinh vi phan

X’(x) + AX(x)= 0 (8.4.4)
T(t) + Aa’T(t) = 0 (8.4.5)
X0)=X1) =0 v6iAO3 (8.4.6)

Lap luan tuong tu nhu bai toan HHl1a, tim nghiém riéng khong tdm thuong cua hé
phuong trinh (8.4.4) va (8.4.6), nhan dugc ho nghiém riéng truc giao trén doan [0, 1]

2
X, (x) = Aksin$x voi A, O3 vaA, = (anj kOO

Thay vao phuong trinh (8.4.5) tim dugc ho nghiém riéng doc 1ap
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kma

T.(t) = Bke_[lj v6iB, 03,k 00"
Suy ra ho nghiém riéng doc 1ap cua bai toan HP1
kma

= t
u(x, t) = X, (X)T(t) = a, e ( 1 ] sin?x v6ia, =AB, kOO0

 Tim nghiém téng quét cta bai todn HP1 dang chudi ham
kﬂjﬁ

u(x, t) = iuk(x,t) = iake_( :
k=1 k=1

Thay vao diéu kién ban dau (8.4.2)

sinkTT[ X (8.4.7)

u(x, 0) = Zak sinanx =g(x)

k=1

Néu ham g c6 thé khai trién thanh chudi Fourier thi

1
a, = % j g(x)sinkTT[xdx (8.4.8)
0

Dinh Iy Cho ham g 0 C'(D, 3) thod man g(0) = g(l) = 0. Chubi ham (8.4.7) véi cic hé
s0 a, tinh theo cong thic (8.4.8) 12 nghiém duy nhat va 6n dinh clia bai todn HP1a.
Chitng minh

» Ham g theo gia thiét thod man diéu kién Diriclet va do d6 khai trién dugc thanh chubi
Fourier hoi tu déu trén doan [0, 1].

Do d6 chudi ham (8.4.7) véi cac hé s6 a, tinh theo cong thic (8.4.8) 1a hoi tu déu va c6
thé dao ham timg tir theo x hai 14n, theo t mot 1an trén mién H. Kiém tra truc tiép thdy
rang chudi ham (8.4.7) va céc chudi dao ham riéng ctia né thoa man phuong trinh (8.4.1)
va cdc di€u kién (8.4.2), (8.4.3)

e Lap luan tuong tu nhu bai todn CP1 suy ra tinh 6n dinh va duy nhat nghiém. 4]

du 0°u

— = G6i(x,t) [0, 1] %[0, T

o0 = g VO 6D OI0 11X [0,T]

ux,0)=x(1-x)vau(0,t)=u(l,t)=0
Theo cong thiic (8.4.8) ta co

Vi du Giai bai todn

1 1_(_1)]( 0 k:21’1
a, =2 [x(1=x)sin krxdx = 4 = 8 K =on +1
0

k*rr 2n+1)°10

Thé vao cong thic (8.4.7) suy ra nghiém ctia bai toan

8= 1 e
ux, )= — Y ———e PV M gin(2n + )T
™ ;(2n+1)3
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D5. Bai toan hon hop khong thuan nhat

Bai toan HP1b
Cho cac mién D = [0, 1], H=D x [0, T], cac ham f 0 C(H, 3) va g [0 C(D, 3)
Tim ham u 00 C(H, 3) thoa man phuong trinh truyén nhiét
du ,0%u
— =a
ot ox’
diéu kién ban dau
ux,0)=0
va cac diéu kién bién
u0,t)=0, u(d,t)=0

+ f(x, t) v6i (x,t) UH,

 Tim nghiém bai todn HP1b dang chudi ham
u(x, ) = ZTk(t)sinkTT[x (8.5.1)
k=1

Khai trién Fourier ham f(x, t) doan [0, 1], th€ vao bai toan HP1b

| r kma )’ . km - .kt
Z[Tk (1) +(Tj T, (t)jsme = ka (1) sme

k=1 k=1
1 +00

véi () = % [rex.0 sinkTT[de va 3 T, (0) sinan x =0
0 k=1

Dua vé ho phuong trinh vi phan hé s6 hang
2
) kTl
T (1) + (Tj T (t) = f (1), T.(0) =0 (8.5.2)
Giai ho phuong trinh vi phan tuyén tinh hé s6 hang (8.5.2) tim cdac ham T,(t) th€ vao
cong thuc (8.5.1) suy ra nghiém ctia bai toan.

Pinh Iy Cho ham f 0 C(H, 3) n C'(D, 3). Chudi ham (8.5.1) v6i cac ham T,(t) x4c dinh
boi hé phuong trinh (8.5.2) 1a nghiém duy nhét va 6n dinh cta bai toan HP1b.

Bai toan HP1
Cho cdc mién D = [0, 1], H =D x [0, T], cdc ham f [0 C(H, 3), g 0 C(D, 3) va cdc ham
p, q O C([0, T], 3). Tim ham u [0 C(H, 3) thoa man phuong trinh truyén nhiét
ot ox*
diéu kién ban dau
u(x, 0) = g(x)
va cac diéu kién bién
u(0, t) = p(t), udl, t) = q(t)

+ f(x, t) v6i (x,t) UH,
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* Tim nghiém bai toan HP1 duéi dang

u(x, £) = v(x, ) + W(x, t) + p(t) + ?(q(t) ~p() (8.5.3)
Trong d6 ham v(x, t) 1a nghiém cua bai toan HP1a
ov ,0%v
— =Q
ot ox’
v(x, 0) = g(x) - p(0) - ?(qm) - p(0)) = g,(x)
v(0, 1) = v(l, t) = 0 (8.5.4)

v6i diéu kién bién
20 =g0)=0 < g0)=p0), gl) = q(0)

Ham w(x, t) 1a nghiém ctia bai toan HP1b

ow 9°w , X, , 0°w

S T8 ga KD PO- T @O-pO) =2 Y
w(x,0)=0

w0, t)=w(,t)=0 (8.5.5)

* Giai cdc bai toan (8.5.4) va (8.5.5) tim ham v(x, t) va ham w(x, t) th€ vao cong thiic
(8.5.3) suy ra nghiém cutia bai toan.

Dinh Iy Cho cdc ham f 0 C(H, 3) n C'(D, 3), g O C(D, 3) va p, g O C'([0, T], 3) thoa
man £(0) = p(0), g(1) = q(0)

Ham u(x, t) xac dinh theo cong thic (8.5.3) véi ham v(x, t) va ham w(x, t) 1a nghiém cua
céc bai toan (8.5.4) va (8.5.5) 1a nghiém duy nhat va 6n dinh ctia bai toan HP1.

2
Vi du Gidi bai todn ou _ 46 u
ot ox’
u(x,0)=xvau0,t)=0,u(l,t)=¢"

e Tim nghiém cta bai todn dudi dang u(x, t) = v(x, t) + w(x, t) + xe* v6i ham v(x, t) 1a

V6l (x,t) U [0, 1] % [0, T]

nghiém cua bai toan HPla véi g,(x) = 0 con ham w(x, t) 1a nghiém cta bai toin HP1b
véi f,(x, t) = xe™.

Bai todn HP1a c6 nghiém v(x,t) =0

Giai bai toan HP1b

1 k+1
() =2¢™ [ xsinkmxdx = 2C1)
kTt

0

Giai ho phuong trinh vi phan hé s6 hing

2-D)F
kTt

et veik OO

T (1) + (2kTY*T, (1) = e, T(0)=0
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Tim duoc cac ham

k
T (1) = #(e““m“ —e_t) véik OO
kT(4k*m - 1)
Suy ra nghiém cua bai toan
+00 k
u(x, t) = xe'+ Z 2C1) (e"‘zmzt -e )sin kTx

kT4k>*10 —1)

Nhan xét Bang cach kéo dai lién tuc, cic cong thic trén van st dung dugc trong trudng
hop cac ham f va g ¢6 dao ham lién tuc ting khic.

D6. Bai toan Dirichlet trong hinh tron

o Xét toan tur vi phén Laplace trong mat phang
u 62
6x2 dy ay*
D4i bién toa do cuc x =rcos¢, y = rsind
Theo cong thitc dao ham ham hop
Ou Oudr Oudd ou l

Au(x, y) =

x orox opox - 0% s q’%
Ou _ OuOr 6u6¢_sin¢@+lc ¢_
dy  dr dy o dy o r a0
0%u °u 2 ., 0%u 2 . 0u 1., 0u 1 ., 0%
ﬁ = coszd)?—?cosq)smq)m +r—2czos¢sm¢£+;sm2¢a +r—251n2 W
d’u ’u 2 . 0%u 2 ou 1 1 d%u

: ) Ju
o sm2¢67 +?cos¢sm¢ 5100 —r—zcosd)smd)% + ;cosz(ba +r—200s2¢ e

Suy ra bi€u thiic toa do cuc clia todn tir Laplace
d’u 1 u_10u 10 ( auj 1 0°u
+— +

A e bl I
M= et e rarl o) T o

Bai todn DE1a
Cho mién D = [0, R] x [0, 211 va ham g [0 C([0, 211, 3).
Tim ham u 0 C(D, 3) thoa man phuong trinh Laplace

Au(r, §) = 0 véi (r, ) 0D, (8.6.1)
va diéu kién bién
u(R, 6) = g(6) (8.6.2)
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* Tim nghiém cua bai toin DE1a dang tach bién
u(r, §) = VIO ()
Thé vao phuong trinh (8.6.1) nhan dugc hé phuong trinh vi phan
D7(§) + AP(p) = 0 (8.6.3)
V@) + 1V’ (1) -AV(@) = 0,v6iA 03 (8.6.4)
Phuong trinh (8.6.3) ¢6 ho nghiém riéng truc giao, tuan hoan chu ky T = 2Tt
®,(x) = A,coskd + B,sinkd, A\, =k*> v6i A,,B, 03, k00
Thay vao phuong trinh (8.6.4) tim ho nghiém riéng doc lap va bi chan
V) =Cr* v6i C, O3, k00
Suy ra ho nghiém riéng doc 1ap cua bai toan DEla
u, = a, , u(r, §) = r'(a,coskd + b,sinkd) v6i a_=CA,,b =CB, , k00"

¢ Tim nghiém téng quét clia bai toan DEla dang chudi ham

u(r, ) = a, +§:rk(ak cosk¢ +b, sinkd) (8.6.5)

k=1
Thé vao diéu kién bién (8.6.2)
u(R, 8) =a,+» R*(a, coskB+b, sink6) = g(6)
k=1

Néu ham g c6 thé khai trién thanh chudi Fourier thi

1 2T 1 21 1 2T .
2= ! 2(0)d9, a, — ! 2(0)coskBdB, b, — ! 2(0)sinkBd0 (8.6.6)

Dinh Iy Cho g O C'([0, 211, 3) thod man g(0) = g(2m). Chudi ham (8.6.5) véi céc hé so
a, va b, tinh theo cong thiic (8.6.6) 12 nghiém duy nhat va 6n dinh ctia bai todn DE1a.

Chitng minh
Lap luan tuong tu nhu bai todn CP1 "

Vi du Giai bai toan DE1 Au=0 v6i u(R, 6) =2Rsind
Ham g(0) = 2RsinB thoa man cac diéu kién cua dinh 1y. Theo cong thic (8.6.6)

2 k=1

X N SV - .
ak:OVabk—2RE_([smesmk9d9—{0 k¢1V01kDD

Suy ra nghiém cua bai toan u(r, §) = 2rsinp =2y

« K{ hiéu
u(z) = u(r, §) véi z=re'® 0 D,
Theo két qua & D8, chuong 3 suy ra bai toan DEla c6 nghiém theo cong thiic sau day.

B 1 (+zgQ) ., 1 B
u(z) = Re o lZiR R dZ =Re o |<i f(Z)dZ = Rel(2) (8.6.7)
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Gia st trong hinh tron B(0, R) ham g c¢6 céc cuc diém khac khong a, v6i k = 1..n Theo
cong thuc tinh tich phan Cauchy (4.7.6) ta c6

I(z) = ResF(z) + ResF(0) + Zn: ResF(a,) (8.6.8)

k=1

Vi du Giai bai toan DE1 Au = 0 v6i u(R, 8) = 2RsinO
Chuyén qua toa vi phiic
1 ¢ .o 17P-R* 1{+z7*-R*?
=2R—(e"-e")=— vaF(() = -
g(Q) 2i( ) T © -

Taco
2(z* -R?) . 2R?
iz iz

I(z) = Res|[f, z] + Res|[f, 0] = =-2iz

Suy ra nghiém cua bai toan
u(z) = Re(-2iz) =2y

Bai todn DE1b
Cho mién D = [p, R] % [0, 2717 va cdc ham g, h O C([0, 211, 3)
Tim ham u 0 C(D, 3) thoa man phuong trinh Laplace

Au(r, ) =0 v6i (1, ¢) O D, (8.6.9)
va diéu kién bién
u(p, 6) = g(6), u(R, 8) =h(0) (8.6.10)

* Lap luan tuong tu bai toan DE1a, tim nghiém ctia bai todin DE1b dang tich bién
u(r, §) = V(I P()

Thay vao phuong trinh (8.6.9) nhan duoc ho nghiém riéng doc lap
u, = a, + bylnr
u,(r, §) = (ar* + br*)coskd + (¢, r* + d,r*)sinkd vé6i a, , b, ,c,,d 03, kOO0

e Tim nghiém t6ng quét cuia bai todn DE1b dang chudi ham
u(r, §) = a, + bylnr

+ Y [, r* +b,r ™ )coskd +(c,r* +d,r™*)sink] (8.6.11)

k=1

Thé vao diéu kién bién (8.6.10)

u(p, 8) = a, + bylnp + > [(a,p* +b,p™)coskB+(c,p* +d,p™)sink6] = g(6)

k=1

u(R, 8) = a, + bylnR +> [(a,R* +b,R™)coskb+(c,R" +d,R™)sin k6] = h(6)

k=1

Néu ham g c6 thé khai trién thanh chudi Fourier thi
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21 21
ag + blnp = —— [EQLE 3+ bInR = —— [n(e)d8
2T, 21
1 2T 1 21
ap* +bp*=— j 9(B)coskBd® aR*+bR* = — j h(6) cos kO6d6
n 0 n 0

2T
c.p*+d,p*= % j 9(0)sink8d® ¢ R*+dR* = %{
0

21

[h(B)sink6d®  (8.6.12)

0

Dinh Iy Cho céc ham g, h 0 C'([0, 211, 3) thoda man g(0) = g(2m), h(0) = h(2m). Chudi
ham (8.6.11) véi cac hé s6 a, , b, , ¢, va d, xac dinh tir hé¢ phuong trinh (8.6.12) 1a
nghiém duy nhat va 6n dinh cta bai todn DE1b.

D7. Bai toan Dirichlet trong hinh chit nhat

Bai toan DE2a
Cho mién D = [0, 1] x [0, d] va ham g, O C([0, 1], 3)
Tim ham u 00 C(D, 3) thoa man phuong trinh Laplace

0’u  0*u )
Au=—+—=0vé (x,y) 1D 8.7.1
axz ay2 ( y 0 ( )
va diéu kién bién
ux, 0)=g,x),ux,d)=u©,y)=ul,y)=0 (8.7.2)

* Tim nghiém ctia bai toan DE2a dang tach bién

u(x, y) = X(x)Y(y)
Thay vao phuong trinh (8.7.1) dua vé hé phuong trinh vi phan

X’(x) + AX(x) =0

Y7(y) - AY(y)=0

X0)=X1)=Y()=0 v6iA O3 (8.7.3)
Bai toan (8.7.3) c¢6 ho nghiém riéng doc lap

2
X (x) = Aksink—lﬂx , Y, (y) = Bksh$(d -y), A = (kTT[j véi kOO
Suy ra c6 ho nghiém riéng doc 1ap cua bai toan DE2a

u (X, y) =a, shk—lﬂ(d—y)sink—lﬂx véia, =AB 03, k00

 Tim nghiém téng quét ctia bai todn DE2a dang chudi ham
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+00 +00 k k
uxy) = Yu(xy) = ZakshTT[(d—y)sinTT[x (8.7.4)
k=1 k=1
Thé vio diéu kién bien (8.7.2)

+00 k k
u(x, 0) = ZakshTT[dsinTT[x =g.(x)

k=1
Néu ham g, ¢6 thé khai trién thanh chudi Fourier trén doan [0, 1] thi
2
krd

Ish——
1

ak:

1

k
[e.0 sinTT[XdX (8.7.5)
0

Pinh Iy Cho ham g, O C\([0, 1], 3) thoa man g,(0) = g(I) = 0. Chudi ham (8.7.4) véi he
s0 a, tinh theo cong thiic (8.7.5) 1a nghiém duy nhét va 6n dinh ctia bai todn DE2a.

* Lap luan tuong tu nhu trén, chiing ta giai cac bai toan sau day.

Bai toan DE2b
Cho mién D = [0, 1] x [0, d] va ham g, O C([0, d], 3).
Tim ham u 0 C(D, 3) thoa man phuong trinh Laplace
Au=0 vé6i (x,y) UD,
va diéu kién bién
udl, y) = g,(y), u(x, d) =u(0, y) =u(x, 0) =0

Pinh Iy Cho ham g, O C'([0, d], 3) thod man g, (0) = g,(d) = 0. Bai toan DE2b c6
nghiém duy nhét va 6n dinh xdc dinh theo cong thic
= k k , 2 . kTt
ux,y) = z bksh—nx sin—T[y véi b, = —J.gb (y)sin—ydy (8.7.6)
= d d ki d
dsh—©
d
Bai toan DE2c
Cho mién D = [0, 1] % [0, d] va ham g, O C([0, 1], 3).
Tim ham u 0 C(D, 3) thoa man phuong trinh Laplace
Au=0 véi (x,y) UD,
va diéu kién bién
u(x, d) =g.(x),u(0, x)=u(x,0)=ul,y)=0

Dinh Iy Cho ham g_ [ C'([0, 1], 3) thod man g,(0) = g(1) = 0. Bai todn DE2c ¢6 nghiém
duy nhat va 6n dinh x4c dinh theo cong thic

i 2 . kTt
u(x,y) = chshk—ny sink—nx véi ¢, = —Igc(x) sin—xdx  (8.7.7)
= I 1sh <19 5 I
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Bai toan DE2d

Cho D =10, 1] x [0, d] va ham g, O C([0, d], 3).

Tim ham u 00 C(D, 3) thoa man phuong trinh Laplace
Au=0v6i (x,y) UD,

va diéu kién bién
u(0, y) = gy(y), ux, 0) =u(l, y) =ux, d) =0

Pinh I Cho ham g, 0 C\([0, d], 3) thod man g,(0) = g,(d) = 0. Bai todn DE2d c6
nghiém duy nhat va 6n dinh xac dinh theo cong thic

ux,y) = deshl%n(l—x)sinl%ny
k=1
2

dsh @
d

véid, =

d

. kT
Igd (y) SlnFydy (8.7.8)
0

Bai toan DE2
Cho mién D = [0, 1] x [0, d], cdc ham g, , g, O C([0, 1], 3) va g, , g, 0 C([0, d], 3)
Tim ham u 00 C(D, 3) thoa man phuong trinh Laplace
Au=0 véi (x,y) D,
va diéu kién bién
u(x, 0) = g,(x), udl, y) = g,(y), u(x, d) = g5(x), u(0, y) = gy(y)

* Tim nghiém cua bai todin DE2 du6i dang
u(x, y) = up(X, ¥) + uy(X, y) + uy(X, y) +u(X,y) +uyX, y)
Trong d6 uy(x, y) 1a nghiém ctlia bai toan DE2a.
Ham
uy(x,y) = A + Bx + Cy + Dxy (8.7.9)
1a nghiém ctia bai toan DE sao cho uq(X, y) triét tiéu tai cac dinh cta hinh chit nhat.
Do tinh lién tuc cia ham u(x, y) trén bién 0D
u(0,0) =g,0)=¢g,(0) =A
ud, 0) =g, =g,0) =A+BI
u(l,d) =g,(d)=g;1) =A+Bl+Cd+DId
u(0,d) = g;(0) =g,d) =A+Cd
Giai hé phuong trinh trén suy ra
Az a0 = g0, B &0 Igl(O) . g4<d>d—g4<0>
(1) -2,(0)-g, D) +g,0) _ g,(d)~g,(0)~g,(d)+g,0)
1d 1d

D=g3

(8.7.10)
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 Thé vao diéu kién bién suy ra

2,(x) = u,(x, 0) = g,(x) - ,(0) - ?(glm - ,(0))
2.(x) = u(x, d) = gy(x) - 2(0) - ?(gﬁ) - 2,(0))
g(y) = uy(, y) = gy(y) - £,(0) - %(gzm) - 2,(0))

ga(y) = u4(0, y) = g4(y) - 2,(0) - %(g4(d) - 240)) (8.7.11)

» Két hop cac cong thic (8.7.4) - (8.7.8) nhan dugc cong thiic

ux, y) =uyx,y) + Z(a sh—(d y)+c, shkTyjskaT[x

k=1

+z( sh— x+dksh%"(1 x)jsm%y (8.7.12)

DPinh Iy Cho ciacham g, , g, 0C'([0,1],3) va g, , g, O C'([0, d], 3) thod man

£240) = 2,(0), g,(1) = 2,(0), gx(d) = g5(D), g5(0) = g,(d)
Chu6i ham (8.7.12) v6i ham u,(x, y) xdc dinh theo céc cong thic (8.7.9) - (8.7.10) va
cachéso a, , b, , ¢, vad, xac dinh theo cac cong thic (8.7.5) - (8.7.8) trong d6 cadc ham
g, g ,g vag, xdc dinh theo cong thitc (8.7.11) 1a nghiém duy nhat va 6n dinh cha bai
toan DE2.

D&. Bai toan Neumann

Bai todn NE1
Cho mién D = [0, R] % [0, 217 va ham h O C([0, 21, 3)
Tim ham u 0 C(D, 3) thoa man phuong trinh Laplace

2
Au = 1 a( @j+ia— =0 vé6i (r,$) 0D, (8.8.1)
rarl or) r ad*

va diéu kién bién

% (R, 8)=h(®) (8.8.2)
or

* Tim nghiém cta bai toan NE1 dang tach bién

u(r, ¢) = V(O P(¢)
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Thay vao phuong trinh (8.8.1) nhan duoc hé phuong trinh vi phan
D”(p) + AP($) = 0
V(@) + 1V’ (1) -AV(@) = 0,A 03 (8.8.3)

Bai todn (8.8.3) ¢6 ho nghiém riéng doc lap
u, = a,, u(r, §) = r(a,coskd + b,sinkd) v6i a, =C A, ,b,=CB,,k 00"

 Tim nghiém téng quat cta bai todn NE1 dang chudi ham
u(r, ¢) =aO+Z:rk(ak coskd +b, sinkd) (8.8.4)
k=1
Thé vao diéu kién bién (8.8.2)

g—“ (R,6)= D> kR""(a, coskB+b, sinkB) =h(B)
T k=1
Néu ham h c6 thé khai trién thanh chudi Fourier thi

a, = u(0, 0)

1 21 1 2n )
a, = W }[h(e) coskBdO, b, = m !h(e) sin kBd0 (8.8.5)

Dinh Iy Cho h 00 C'([0, 211, 3) thoa man h(0) = h(21). Chubi ham (8.8.4) véi cdc hé so6
a, va b, tinh theo cong thic (8.8.5) 1a nghiém duy nhat va 6n dinh ctia bai toan NE1.

* Lap luan tuong tu nhu cac bai toan DE2 chung ta giai cac bai toan sau day

Bai todn NE2b
Cho mién D = [0, 1] x [0, d] va ham h, (0 C([0, d], 3).
Tim ham u 00 C(D, 3) thoa man phuong trinh Laplace

9%u  0%u .
Au=—+— =0v6i (x,y)UD
ox*> oy’ 4 ’

va cdc di€u kién bién

u(x, d) = u(0, y) = u(x, 0) = 0, g—z (L y) = hyy)

Dinh Iy Cho ham h, O C'([0, d], 3). Bai todn NE2b c6 nghiém duy nhat va én dinh x4c

dinh theo cong thiic
+00 d
ux,y) = Zbkshk—nx sink—ny véi b, = #J-hb(y) sink—nydy (8.8.6)
P d d kmi d
kT[chT 0
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Bai todn NE2d

Cho mién D = [0, 1] % [0, d] va ham h, (0 C([0, d], 3).

Tim ham u 0 C(D, 3) thoa man phuong trinh Laplace
Au=0 v6i (x,y) UD,

va cdc diéu kién bién

u(x, 0) = u(l, y) = u(x, d) = 0, % 0, y) = hy(y)

Dinh Iy Cho ham h, 0 C'([0, d], 3). Bai todn NE2d c¢6 nghiém duy nhat va 6n dinh x4c
dinh theo cong thiic

ux,y) = desh

k=1

kTt k1t
—(1—x)sin—
: (I=-x) a7

_ d
véidk:—zkm hd(y)sinl%[ydy (8.8.7)
kren = © 0

Bai toan NE2
Cho mién D = [0, 1] x [0, d] va cac ham g, , g, 00 C([0, 1], 3) va h, , h, 0 C([0, d], 3)
Tim ham u 0 C(D, 3) thoa man phuong trinh Laplace

Au=0 vé6i (x,y) UD,

va cac diéu kién bién

u(x, 0) = 2,00, utx, d) = 2,00 va 21 y) = hoty), 20, y) = hy(y)
0x 0x

* Tim nghiém cua bai toan NE2 duéi dang

u(x, y) = up(X, y) + u,(X, y) + (X, y) +u(X,y) + uy(X,y) (8.8.8)
Trong d6 cac ham u,(x, y) va u(x, y) la nghiém cta bai toan DE2a va DE2c, cac ham
u,(X, y) va uy(x, y) 1a nghiém cua bai toan NE2b va NE2d, con ham

u,(x,y)=A + Bx + Cy + Dxy (8.8.9)
1a nghiém ctia bai toan DE sao cho uq(X, y) triét tiéu tai cidc dinh ctia hinh chit nhat

* Lap luan tuong tu nhu bai todn DE2 suy ra
A=g,0) p- 2080
_ 2,(0)—g,(0) D= g;()—g,(1)—g,(0) +g,(0)
d 1d
Thé vao diéu kién bién suy ra

C (8.8.10)
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g,(x) = g,(x) - g,(0) - ?(gl(l) - ,(0))

2.(x) = gX) - Z(0) - ?(gﬂ) - 2,0))

hy(y) = ha(y) - (B + Dy)
hy) - &0 Igl(O)
h,(y) - (B + Dy)

) - 2080 3 8080 =e0+ 5 0)

g;(1)—g,(1) - g,(0) + g,(0)
1

Y
d

hy(y)

(8.8.11)

» K&t hgp cac cong thic (8.7.4), (8.7.6), (8.8.6), (8.8.7) va (8.8.8) suy ra cong thic

+00

u(x, y) =uy(x,y) + Z(akshan(d -y) +ckshkTT[yj sinanx

k=1

< kTt kTt . kTt
+Z(bkshFx+dkshF(1—x)jsmFy (8.8.12)

k=1

Dinh Iy Cho cicham g, , g, 0 C'([0,1],3) va g, , g, O C'([0, d], 3) thoa man

g, (0) =hy(0), g, (1) =hy(0) va g (0) =hy(d), g; () =hy(d)
Chu6i ham (8.8.12) v6i ham u,(x, y) xdc dinh theo cdc cong thiic (8.8.9) - (8.8.10) va
cac hé so a, va c, xac dinh theo cdc cong thic (8.7.5) va (8.7.7) con cac hé s6 b, va d,
xac dinh theo cac cong thic (8.8.6) va (8.8.7) v6i cac ham g, , g, , h, va h; xac dinh theo
cong thiic (8.8.11) 1a nghiém duy nhét va 6n dinh ctia bai todn NE2.

Bai tap chuong 8

* Giai cac bai toan Cauchy

Ou d°u 2
. —=a— un, = xe !
ot 0x
Ou d°u :
2. m =a2a — + 3xt? un_, = sinx
t X
du ,0%u B
3. o =a Y + xe U, = COSX
t X
du ,0%u “ .
azaaz +te up_ = SInx
X
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* Giai cac bai toan gia Cauchy

5.

du ,0%u .
a—t:aa 5 + Xxsint
X
du ,0%u .
a—t:aa 5 + tsinx
X
du ,0%u “
a=aa 5 + te
X
du ,0%u .
a=aa 5 + Xe
X

un., = sinx, u(0,t)=0
un, = xcosx, u(0,t)=¢'
Ou )
un_, =cosx, — (0, t) =sint
0x

: du
un_, =sinx , — (0, t) = cost
0x

* Giai cédc bai todn hon hop sau day

0.

10.

11.

12.

13.

14.

du ,0%u
— =2
ot ox’
du ,0%u .
5% =a 5 + tsinx
% =azg—2121 + tcosx
X
2
g—ltl :azg 121 + 3xt?
X
2
g—ltl :azgxl; + (1 -x)e'
du ,0°u .
m =a Y + xe

ur_,=x(1-x), u0,t)=u(l,t)=0

un, = sinx, u(0,t)=u(,t)=0

un_, =cosx, u(0,t)=0,u(, t)=t

un., =0, u(0, t) =0, ud, t) = Asinwx

un,=1, u0,t)=¢’,ul,t)=0

un, =2x, u(0,t)=0,u, t)=¢'

* Giai bai toan Dirichlet trong hinh tron
Au=0 vé6i (r,d) O[0,2] X [0,2M1] va ug,=x"-xy+2
Au=0 v6i (r,$) O[0,2]%[0,21 va u2,d)=A + Bsind

15.
16.
17.
18.
19.

Au=0 véi (r, ) O

[
[
Au=0 v6i (r,d) O
[

0,2m va u(l, ¢) =sin’d
0, 11 %[0, 21 va u(l, ¢) =cos’d

Au=0 véi (r, ) O[0,R] % [0,21] va u(R, p)=0

* Giai bai toan Dirichlet trong hinh vanh khan

20. Au=0 véi (r,¢) O[1,2] x[0,2m] va u(l, d)=A,u2,¢$)=B

Au=0 vé6i (r,d) O[1,2] %[0, 21 va u(l, d) =1+ cos’d, u(2, ¢) = sin’¢p
22. Au=0 véi (r, o) O[0,R] %[0, ] va u(r,0)=u(, ™=0,uR, d)=A0d

21.
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* Giai bai toan Dirichlet trong hinh chit nhat
23. Au=0 vé6i (x,y) U[0,a] x[O0,Db]

u(0,y)=Ay(-y),u(a,y)=0, ux,0)= BsinE ,ux,b)=0
a

24, Au=0 vé6i (x,y) O[O0, 1] %x[-1, 1]
u(0, y) =u(m, y) =0, u(x, -1) =u(x, 1) = sin2x
25. Au=0 véi(x,y) [0, a] x [0, +o0)

(0, y) = u(a, y) = 0, u(x, 0) = A(l - 2), u(x, +) = 0
a

* Giai bai toan Neuman trong hinh tron

26. Au=0 véi (r,d) 0[0,2] x [0, 27 va %(2, 0) = Ad
T

27. Au=0 véi (r,d) 00, 1] x [0, 27] va %(1,¢)=200s¢
T

29. Au=0 v6i (r,$) [0, 1] x [0, 217 va %(1, ¢) = - sind
r

* Giai bai todn hon hgp trong hinh chit nhat
29. Au=0 véi (x,y) ][0, a] x [0, b]

u(0,y) =A, u(a, y) =By, @(x, 0)= @(x, b)=0
oy oy
30. Au=0 véi (x,y) ][0, a] %[0, b]
u(0, y) = A, u(a, y) = By, @(x, 0)= @(x, b)=0
oy oy
31. Au=0 vé6i (x,y)U][O0, ] x [0, 1
u(x, 0) = A, u(x, M = Bx, @ (0, y) =cosy, @ (T, y) = siny
ox ox

32. Au=-2 vé6i (x,y) U0, a] x[-b, b]
u0,y)=u(a,y)=u(x,0)=ux,b)=0
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