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Muc tiéu cla mon hoc Toan 2

Mo6n hoc cung cap cac kién thlrc co ban cla dai sO tuy€n tinh.
Sinh vién sau khi két thic mén hoc nam vitng cac ki€n thlc nén
tang va bi€t gidi cac bai to4n co ban: tinh dinh thlc, 1am viéc véi
ma tran, bai toan gidi hé phuong trinh tuyén tinh, khéng gian
véctO, anh xa tuyén tinh, tim tri riéng véc to riéng, dua dang toan
phuong vé chinh tac.




SO phic

Ma tran

DPinh thUc

Hé phuong trinh tuy€n tinh

Khong gian véc to

Khong gian Euclide

Phép bi€n dGi tuyén tinh

Tri riéng, véctO riéng

Dang toan phuong




Nhiém vu cUa sinh vién.

Pi hoc day dU (vang 20% trén tOng sO budi hoc bi cam

thit).

Lam tat cd cac bai tap cho vé nha.

Poc bai méi truGce khi dén 16p.

Panh gia, ki€m tra.

Thi gi(ta hoc ky: hinh thitc trac nghi€m (20%)

Thi cubi ky: hinh thirc tu luan + dién két qua (80%)
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NOi dung

0.1 —Dang dai sO cua s phuc

0.2 —- Dang luong giac clia s6 phuc
0.3 — Dang mii cUa sO phurc

0.4 — Nang sO phtic 1én lity thira

0.5 — Khai can sO phtc

0.6 — Pinh ly co' ban cua Pai sO



0.1 Dang dai s6 cla sO phuc

Khong tOn tai mOt sO thuc ndo ma binh phuong cla né 1a
mOt s& am. Hay, khong tOn tai sO thuc x sao cho x2 = -1.

O thé kY th( 17, ngudi ta dinh nghia mot s6 do.

Binh phuong clla mOt sO do 1a moOt s6 am. Ky tu' i dugc chon
d€ ky hiéu mOt sO ma binh phuong cla né bang —1.

Dinh nghia s0 i

SO i, dugc goi 1a don vi do, 1a mot sO sao cho
2 =-1




0.1 Dang Pai sO cla sO phurc

Pinh nghia s6 phUc

Cho a va b 13 hai sO thuc va i 1a don vi do, khi do

z = a + bi dugc goi 1a sO phirc. SO thuc a dugc goi 1a
phan thuc va sO thuc b dugc goi 1a phan do cla sO phic
Z.

Phan thuc cla sO phUc z = a + bi dugc ky hi€u 1a Re(z).
Phan do cla sO phlc z = a + bi dugc ky hiéu 1a Im(z).

Tap sO thuc 1a tap hop con cUa tap sO phic, bdi vi n€u cho
b=0,thia + bi =a+ 0i =ala mbtsd phlc.




0.1 Dang Pai sO cla sO phic

Tat cd cac sO c6 dang 0 + bi, véi b 1a mOt sO thuc khac
khong dugc goi 1a sO thuan do. Vi du: i, -2i, 3i 1a nhiing
sO thuan do.

SO phUrc ghi & dang z = a + bi dudc goi 1a dang dai sO
cUa sO phuc z.




0.1 Dang Pai sO cla sO phic

Pinh nghia su bang nhau

Hai sO phltc dugc goi 1a bang nhau néu ching c6 phan thuc va
phan do tuong Ung bang nhau.

N6i cach khéc, hai sO phlic z, = a, + ib, va z, = a, +ib, bang
nhau khi va chi khi a, = a,va b, = b,.

Vidu

Choz, =2 +3i;z,=m + 3i.
Tim tat cd cac sO thuc m dé z, = z,.

?

Giail

[P =

2172 = 2+3i=m 431 - [ ”; om =2




0.1 Dang Pai sO cla sO phic

Dinh nghia phép cOng va phép tr cUa hai sO phuc.

Cho a + bi va c + di 1a hai s6 phUrc, khi d6
Phép cOng: (a + bi) +(c+di)=(a+c)+(b+d)i
Phép tru: (a+ bi)-(c+di)=(a-c)+ (b-d)i

Vi du

Tim phan thuc va phan do cUla sO phic
z=(3+5i) + (2 - 3i).

2

Giai

z=(3+50)+2-31)) =3+2) +(5i-3i) =5+ 2i.
0 Re(z)=5 Im(z)=2.




0.1 Dang Pai sO cla sO phic

Dinh nghia phép nhan hai sO phUc.

Cho z, = a + bivaz, = ¢ + di 14 hai s6 phlc, khi d6
z,.2, = (a + bi) (c +di) = (ac—bd) + (ad + bc)i

Vidu

Tim dang dai s cla sO phuc
Z = (2 + 5i).(3+ 2i)

?

Giail

2= (2+50)3 +2i) = 2.3 +2.2i + 3.5i + 5.2i
=6 +4i+ 151+ 10 =6+ 19i + 10(-1) = -4 + 19i
Vay dang dai sO cla sO phlcla: z =-4 + 19i.




0.1 Dang Pai sO cla sO phic

COng, trU, nhan hai s6 phuc:

Khi cOng (trtr) hai s6 phUc, ta cOng (trUr ) phan
thuc va phan Ao tuong Ung.

Nhan hai sO phurc, ta thuc hi€n gidng nhu nhan hai
bi€u thlrc dai sO vGicha y i2 = —1.




0.1 Dang Pai sO cla sO phic
Pinh nghia s6 phUc lién hgp

SO phlic z=a—-bi dudc goi la sO phuc lién hop cla sO
phUc z = a + bi.

V1 du.
Tim sO phuec lién hop cla s phltc z = (2 + 3i) (4 -
—ot
Gial.

z=(2+30)(4-21)=24—-22i + 3i.4 — 3i.2i
=8-4i+12i—6i> = 8—4i + 12i—6(-1) = 14 + 8i.
Vay s0 phic lién hgp 1a z =14 -8i.




0.1 Dang Pai sO cla sO phic

Tinh chat cla s6 phUc lién hop

Cho z va w 1a hai s0 phlrc; z va w 1a hai s6 phuc lién hop
tuong Ung. Khi do:
1. z+z 1a mOt sO thuc.

z[z 1a mOt sO thuc.
z =z khiva chi khi z1a mOt sO thuc.

wW=Z+w

e
!
<)

N
[

Z

N OO U A W N
N
+

% \

=(2z)" v&i moi sO tu nhién n




0.1 Dang Pai sO cla sO phic

Phép chia hai sO phurc.

zy _ a +ib

Z, d,+ib,

z; _ (a +iby)(a, —ib,)
Z) (2+1b2)(a2 ib)

) _&a +hby b1“2 aby
2 1.2
Z aytb a3 +bj

Mu0n chia s6 phUc z, cho z,, ta nhan t(f va mau cho sO phuc
lien hop cUa mau. (Gidsd 0 )




0.1 Dang Dai s cua s phuc

Vi du. .
P L
Thu'c hién phep toan o]
=1
Giai.

. . . Nhan t& va mau cho sO
3+21 _(3+ 21)(5"'1))7 phUtc lién hop cla mau la
5—i  (5-i)(5+i 541

_ 15+ 3i +10i + 2i°
25+1

_13+13i (1,1

Viét & dang bai sO
% 2 2"




0.1 Dang Dai s cua s phuc

LuUu y: So sdnh voi s6 phiic.

Trong truOng sO phUc khong c6 khai ni€m so sanh. N6i mOt
céch khéc, khong thé so sanh hai sO phltc z, = a, + ib, va  z,
= a, + ib, nhu trong trudng sO thuc. Bi€u thifc z, < z, hodc z,
> z, khong c6 nghia trong truOng s6 philtc C ngoai trlf chiing
ta dinh nghia khai niém so sanh mOt cach khéc.




0.2 Dang luong gidc cla sO phic

ylk
truddo

bl M(a,b) =z =a+bi

truc thuc
gcosqb =4
, r
r =+a® +b* = mod(z) P D, b
Esmgb =—



0.2 Dang lugng gidc cla sO phlc
Dinh nghia M6dun cua s& phutc

Moédun cUa sO phlc z = a + bi 1a mOt sO thuc duong dugc dinh
nghia nhuU sau:

mod(z) =| z |- \/a2 +b*

Vidu

Tim mo6dun cUa sO phlUc z = 3 - 4i.

rd

Giail

a=23;b=-4. Véymod(z) = |Z| = \/612 +b2 :\/32 +(_4)2 =>5.




0.2 Dang luong gidc cla sO phic

Chi :

Néu coi sO phUc z = a + bi la mOt di€m c6 toa do (a, b), thi
z[=va? +b% = (@ =0)? + (b -0)?

1a khodng cach tU di€m (a, b) d€n gOc toa do.

Choz=a+bi va w=c +di.
z-wl=\J(a-c)* +(b-dY’
1a khodng cach gilra hai di€m (a, b) va (c,d).




0.3 Dang mii cUa sO phUtc

Vidu
Tim tat cd cac sO phic z thda
2-2+3i|=5
Giai
|lz—-2+3il=5
=|z-(2-31)F5

dudng tron tam (2,-3) ban kinh bang 5.




0.2 Dang luong gidc cla sO phitc

Dinh nghia argument cUa sO phUc

Géc @ dugc goi la argument cla sO phlc z va dugc ky hiéu
la arg(z) =¢.

Luu v.

Goc ¢ dugc gidi han trong khoang

0<¢<2m hoac —MT<Q<TT

:,\ ]/ < 2 N ],C.
Dosqb=g= a
[ 2 42 b
g " Na“+b hodc tgp=—
Dsin¢:9: b .
= r \Ja’ +b?




0.2 Dang lugng giac cla sO phuc

Vidu

Tim argument cUa s6 phlfcz =+/3 +i.

->

Giai

a=+/3;b=1. Tatim géc @ thoa:

COSQ——

r N3+l 2 Suyra ¢:7—T
6
sin¢—é— L 1
r J3+1 2
Vayarg®)=




0.2 Dang lugng giac cla sO phurc

z=a+bi; a’*+b*>0

z:\/612+b2 d +1 b )
(\/a2 +b? \/a2 +b?

|

z= r (cos¢ +  ising@)

—>z = r{Cos¢ + iSing }—|Dang ludng gic cla sO phuc




0.2 Dang lugng giac cla sO phurc

Vidu

Tim dang lugng giac cla sO phlte = -1+ iN/3.

rd

Giai

a=-1Lb=+3. Mbdun: r :|z|:\/a2 +b* =2.

Argument:
5 a -1 -1 .in _b J3 \/5
cos@=—= = =
ro <J3+1 2 roA3+1 2
27T
Suyra ¢ = 3

. 27T . . 271
Dang lugng giac: z=-1+ in/3 = 2(cos? +isin ?)




0.2 Dang luong giac cla sO phic

z; =r(cos@, +ising,);z, =r,(cos¢, +ising,)

SU bang nhau gilta hai sO phlc & dang luong giac

n=rnr

[]
Z, =7, o
b E¢1:¢2+2k”

Phép nhan G dang luong giac

zy 2, = ry(cos(@, +@,) +isin(@; +¢,))

Nhan hai s6 phlUc & dang lugng gidc: médun nhan vGi nhau
va argument cOng lai.




0.2 Dang lugng gidc cla sO phltc

Vidu

Tim dang lugng gidc, mddun va argument cUa sO phitc
z=(1+i)1-i3).

Giai

z=(1+0)(1-iv/3)

=2 (cos7—T +isin ) EZE(COSiT +isin iT)
4 4 3 3

T —TT T -7l
7z = 242[cos(= +——) +isin( = +——
[cos(", +-_ ) +isin(, +_ 7))

=7l

Dang luQong giac: z = 2\/§(COS—2 +1sin E)




0.2 Dang luong giac cla sO phic

z, =r(cos@, +ising,);z, =r,(cos@, +isin¢@
1—h 1 1,23 =1 2 2

Phép chia hai s6 phlic & dang luong giac

4 - :—1(cos(¢1 —¢,) tisin(¢; —¢,))
2

Zy

Chia hai sO phirc & dang luong giac: mddun chia cho nhau va
argument trU ra.




0.2 Dang lugng gidc cla sO phltc

Vi du
Tim dang lugng gidc, mddun va argument cUa sO phitc
2" in12
—3+i
Giai
o I Y | §
o 7 —2i3 ) 4(c053+151n3)
~J3+i 2(c055n+ isin 5IT)
6 6
-7T 51T -7T 51T
z =2|cos(— - +isin(— -
[cos( 3 g ) ( 3 g )]
71T —7TT

Dang lu‘O’ng gléC YA 2(COST + isin T)




0.3 Dang mil cUa sO phUtc

Dinh Iy Euler (1707-1783)

e!? =cos@ +ising

z=a+bi - Dang dai sO cla sO phuc z

z =r(cos¢ +isin¢)—Dang lugng giac clia sO phUc
Z

7 = re'?- Dang mii cUa sO phuc z




0.3 Dang mii cUa sO phUtc

Vidu

Tim dang mii cUa sO phUtc sau

Z:—\/§+i

. _ S5m ., .. b
Dang luong giac: z = 2(COS€ T lSlnE)

51T
i

Dang mii: z=2 °




0.3 Dang mil cUa s6 phUtc

Vidu

Bi€u dién cac sO phifc sau 1én mat phang phic

z=e>"19, ¢$UR

z =e?(cosg + ising)

Moédun khéng thay d0i, suy ra tap hop cac di€m la dudng tron.



0.3 Dang mil cUa s6 phUtc

Vidu
Bi€u dién cac sO phifc sau 1én mat phang phic

z=¢e9"3 qOR

z =e?(cos3+ isin3)

Argument khéng thay d0i, suy ra tap hop cac di€ém 1a nUa
dudng thang nam trong goc phan tu th(r 2.



0.4 Nang sO phurc 1én lily thtra

Dinh nghia phép nang sO phurc 1én liiy thira bac n

z=a+bi
z? = 7[Z =(a +bi)(a +bi) = (a® —=b?) +(2ab)i
z° = (a +bi)’ = a> +3a’bi +3a(bi)* + (bi)> =...
2" =(a+bi)" =CJa" +Cpa" " (bi) + Cra" " (bi)” +...+ C} (bi)"

z" = A+iB




0.3 Nang sO phurc 1én lily thira

Vi du. Choz =2 + i. Tinh z5.

z° =(2+i)° =
=CJ2° +C2Y i+ Co2°1° + C22°1° ++C2 21 + C2i° =
=32 +5.16.i +10.8.(-1) +10.4.(=i) +5.2.1+i =

=-38+41i



0.3 Nang sO phuc lén lily thua

i°=i°d=(-)d=—i

i‘ =i’ =(-1) (-1 =1 i*=i*0 =10=1

iy thabacn cla i

Gid st n 1a sO tu nhién, khi d6 i» = i", v&i r 1a phan du clla n
chia cho 4.




0.3 Dang mii cUa sO phUtc

Vi du
Tinh  z=i
1987 =449+ 3
5 = {1987




0.3 Nang sO phurc 1én lily thtra

Vidu

Cho z=1+1.
a) Tim z3;

b) Tim z!%,

a) z2°=(1+1)°=1+3i+3:2 + 1
z=1+3i-3-1

z=-2+21

b) Tinh toong toirabphoa tap. Ta solduing cath khad



0.3 Nang sO phurc 1én lily thtra

z=a+bi=r(COS¢ + iSing)
z% = z[k = r*(cos2¢ + isin2¢)
23 = 22 (& = (cos3¢ + isin3p)
z" = 2" 1 [& = " (cosn¢ + isinng)

Cong thUc De Moivre

Chor > 0, cho n 1a sO tU nhién. Khi do

[r(cos¢ +ising)]" =r"(cosng +isinng)




0.3 Nang sO phurc 1én lily thtra

Vidu. SU dung cong thUc de Moivre’s, tinh:
a) (1+i)> b) (-1+i/3)%"

0 (3-1)"
(V12 +2i)%°
Giai.  a) Budc1.Viét1+i & dang luong giac
z=1+i :ﬁ(cosgﬂsing)
Budc 2. SU dung cong thUc de Moivre’s:
2 2

7% = [ﬁ(cosg+ isin E)]ZS =(+/2)* (cosﬂT+ isin iT)
4 4 ;‘_f[ - 4

Budc3. Dongidn z” =2"2(cos" +isin-)

4 4




0.4 Khai can sO phic

Dinh nghia cin bac n cla s6 phuc

Cin bac n cla sO phuc z 1a s6 phlc w, sao cho w" = z,
trong do n la sO tU nhién.

z=a+bi=r(cos¢ +isin@)

Yz :’Q/r(cos¢+isin¢) =2, :ﬁ(cos¢+2kﬂ+isin¢+2kﬂ)
n n

vbik=0,1,2,...,n—1.

Can bac n cla sO phuc z c6 diing n nghi€m phan biét.




0.4 Khai can sO phic

Vi du. Tim can bac n cUa cac sO phUtc sau. Bi€u di€n cac
nghiém lén trén mat phang phuec.

a) /8 b)m C) g/ 150

1+i

1+1

d) © e e)V5+12i f) V1+2i

Giai cau a)

b) Viétso phlic ¢ dang lugng gidc: 8 =8(cos0 +isin0)

SU dung cong thUc:

+2k + 2k
3/8(cos0 +isin0) = z =2(coso - n+iSiDO 3 7'[)

k=0,1,2.




0.4 Khai can sO phic

Gidi cau b)

C o » . T, TT
b) Viét sO phUc G dang luong giAc: J3+i= Z(COSE t1sin E)
SU dung cong thUc:
- - E+2k7T E+2k7T
‘\1/2(cos—+isin—) = Zy :\/E(cos 6 +isin O )
6 6 4 4
k=0,1,2,3.
Z, X
22
3




0.5 Pinh 1y co bdn cla Pai sO

Nha bac hoc nguoi PUc Carl Friedrich Gauss (1777-1855)
chUng minh rang moi da thlc c6 it nhat mOt nghiém.

SO nghiém cla mOt da thic

Pa thltc P(z) bacn c6 ding n nghiém k€ cd nghiém boOi.




0.5 Pinh 1y co bén cla Pai sO

Dinh 1y co bdn cla Pai sO cho biét dugc sO nghi€m cUa
phuong trinh ma khéng chi cach tim cac nghiém dé nhu thé
nao.

Néu da thlc v&i hé so thuc, ching ta c6 mOt hé qua rat quan
trong sau day

Hé qua

Néu a + bi 1a mOt nghiém phUc cUa da thic P(z) v&i hé sO
thuc, thi a — bi cling 1a mOt nghiém phurc.




0.5 Pinh 1y co bdn cla Pai sO

Vidu

(st dung hé qua cua dinh 1y co ban)
1) Tim da thlc bac 3 v&i hé sO thucnhan z, = 3iva z, = 2+i
lam nghiém.

2) Tim da thlc bac 4 v6i hé sO thucnhanz, = 3iva z, = 2+i
lam nghi€m.

1) Khéng tOn tai da thitc thda yéu cau bai toan.

2) Pa thlrc can tim la:
P(z)=(z-z )z -z )(z— 2,)(z — 2;)
P(z)=(z-3i)(z+3i)(z—(2+ 1)) (z—-(2- 1))
P(z)=(z°+9)(z°> -4z +5)



0.5 Pinh 1y co bdn cla Pai sO

Vidu

(st dung hé qua cUla dinh 1y co ban)
Tim tat cd cac nghiém cUaP(z) = z* —4z° +14z° —362z + 45
bi€t 2 + i 1a mOt nghiém.

Gidi. BGi vi da thUc v6i hé s thuc va 2 + i 1a mOt nghiém,
theo hé qua ta c6 2 —i 1a mOt nghiém.
P(z) c6 th€ phantichthainh z-2 +i)(z-(2-1i) =

=7z2—4z+5

P(z) c6 thé ghi G dang
P(z)=(z2—4z + 5)(z° + 9)

72 + 9 0 hai nghiém 3i va —3i. Vay ta tim dugc ca 4
nghiém cla P(z) 14 2 + i, 2 — i, 3i, -3i.




0.5 Dinh 1y co ban clla Pai sO

Vi du

Giai phuong trinh sau trong C.

z2+i=0

. . =Jr ., . -7
29:_.7. = Z:9\/_.7_ < Z:%/C052+_7.S|n2

v k2n
] zk:cos2 5 + 1iSin

ﬁﬂ+k2n

k=01],...,8




0.5 Dinh 1y co ban clla Pai sO

Vi du. Gidi cac phuong trinh sau trong C.
a) z°+1-i=0
b)zz+z+1:O
C) 2 +z72°+2=0
d) z°+2z+1-i=0

Gidi. Gidiphuong trinh az’ +bz+c=0
Budc 1. Tinh A =b*-4ac

]BLHSC;L TED]/VQXIZ:W/ku__ZhJC ::ZXLZ

/ 'b+A1 'b+A2
BuUGc 3. le za za

29




Két luan

1. Dang Pai s6 cla s phlic
z=a+bi

2. Dang Lugng gidc cla sO phutc
z=r(cos@ +isin¢@)

3. Nang lén liy thua
z" =[r(cos@ +isin@)]" =r"(cosn¢g +isinng)

4. Can bac n cla s6 phUc o o
+ . . + 2KTT
/z =n/r(cos¢ +ising) = z, :Q/F(Cos¢ 7T+1sm¢ )
n n
k=123,..,n-1.




C m{|n cacemnhi u!
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