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Chuong 1

Chuan trén truong

1.1 Cac khai niém co ban

Dinh nghia 1.1.1. Cho F la mét truong, dnh xa |.| - F — R dugc goi la chudn trén F néu
né théa man ba tinh chdt sau:

i |z|>0; VeeFvalr]=02=0
ii. |zy|=|zlyl; Ve,yerF
ii. |x+y| <l|z|+y|; Ve,yeF
Vi du.
1. Lay F =Q, R, C; véi gia tri tuyét d6i thong thudng la chuén.

2. Lay F la truong tuy ¥, Vo € F, ta dinh nghia
1 néfuxz+#0
ol = { ’

0 nfux=0

13 chudn tAm thudng.

Tinh chat.
L1=1
2. |z7Y = % Va # 0

x|’

3. N&u F 13 trudng hitu han thi trén F ¢6 duy nhat mot chudn 13 chuidn tAm thudng.
L]
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1.1.1 Chuan tuong duong

Cho F 1a trudng; |.| 1 chudn trén F. Khi d6, chudn |.| cdm sinh ra métric d(x,y) = |z — y|.
Topo sinh bdi métric nay duge goi 13 topd cdm sinh bdi chudn |.|.

Dinh nghia 1.1.2. Cho hai chudn |.|1, |.|2 trén truong F. Ta néi |.|, va |.|2 la tuong duong
vdi nhau khi va chi khi tépé cdm sinh béi hai chudn nay la tring nhau.

Pinh ly 1.1.1 (Cac diéu kién tuong duong clia chuan). Cho F la truong; véi |.|1, |.]2 la
hai chudn trén F, cdc khdng dinh sau twong dwong

~

Dz <le|zle<1; Vel

2. |z <1e|z[p<1; VreF.

3. Ton tai ¢ > 0 sao cho |z|, = |z|5; Vz e F
4

. Day {x,} la day Cauchy déi vdi chudn |.|, < day {z,} la day Cauchy déi vdi chudn
|-J2-

n

e~
Chiing minh.

1.=>2. Véimoiz € F, x #0;tacd || > 1 & |1/z)) <1 & [1/x|s < 1< ||z > 1. Do d6
o)y <1 |z < 1; Vo € F, x # 0, v6i z = 0 hién nhién.

2. = 1. Véi z = 0 hién nhién.
Véimoix € F, t £A0;tacd x|y > 1< |[1/z); <1< [1/z]s <1< |z); > 1. Do d6
x| <1< |z|o<1; Ve eF, #0

1.= 3. e Né&u chuin |.|; ]2 chufn tAm thudng thi chuén |.|; cling 1a chuin tAm thudng.
That vay, véimoi z € F, x #0 tacd |z|; = 1.
Néu |z|a > 1 thi |1/z]s < 1= |1/z]; <1 (mau thuin)
Néu |z|2 < 1 thi |z|; < 1 (mAu thuin)
Do d6 |z]s = 1 hay |.|2 12 chudn tAm thuong. Vay |.|; = |.|»

e Néu |.|; khong 1a chudn tAm thudng thi tdn tai 2y € F sao cho |zo|; > 1, do
d6 |zgla > 1. Didt a = |zo|l1 vA b = |xolo. Khi d6, Vo € F, x # 0 ta viét
x|y = a¥, y =log, |x|. Ta s ching minh |z|; = b¥. That vay, ldy = > y ta c6

)y = a¥ < a% = |zo|y = 2"y < |22

= |2"/al < 1= 2" /2l < 1= |z|y < bw
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cho @ — y ta dugc |z < BY.
Tuong ty néu ldy y > =, thi ta dugc |z[, > bY.
Vay |z|s = Y. Do d6

2|1 = a¥ = (V)% = |2|5;  v6ic = log,a >0
Véi o = 0 hién nhién ding thic trén cing théa man.
3. = 4. Day {z,} la day Cauchy dé6i v6i chudn |.|; khi va chi khi
|2p — xmlt = 0 khim,n — o
& |zn — |/ — 0 khim,n — oo véic >0
& |y — Tmlo — 0 khim,n — oo
& Day {z,} 1a ddy Cauchy d6i véi chudn ||, .

4. = 1. Gid st |z|; < 1 ta cAn ching minh |z|; < 1. Tu gia thi€t |z|; <1 ta suy ra 2" — 0 d6i
v6i chudn |.|;. Do d6 {z"} 1a day Cauchy d6i véi |.|; hay {z"} la ddy Cauchy d6i véi
|.|2. Diéu nay c6 nghia 1a (z"** — 2) — 0 d6i v6i chudn || hay 2"(x — 1) — 0 d06i
v6i chudn |.]o. Do d6 |2"|o]1 — 2] — 0. Ma |1 — x| # 0 suy ra |2"]2 — 0 hay |z| < 1.

3. = 5. Goi 7,7 1an lugt 1a t6pd dugc cdm sinh tit chudn |.|4, |.|]». LAy A € 71, Vo € A thi ton
tai By(z,r) C A. Khi d6

yEBi(r,r) e |ly—x)1 <r< |y—x|i/c<rl/c

S ly—zfa < rl/e o y € Bg(x,rl/c) & Bi(x,r) = Bg(l’,’f’l/c)

Diéu nay c6 nghia la tdn tai By(z,rY/¢) € A. Do d6 A € 7.
Vay i =1

5.= 1. Gid st |z|; < 1 suyra |2"]|; — 0. Do |.|;y ~ |.|2 nén |2"|; — 0. Suy ra |z]|s < 1

1.2 Chuan phi Archimedean

Dinh nghia 1.2.1. Cho F la truong va |.| la chudn trén F. Khi dé chudn |.| dugc goi la
chudn phi Archimedean néu né théa man thém diéu kién

ii’. |z +y| <max{|z|, [yl}; Vr,yeF
Vi du.

L. Chuin tAm thudng trén trudng F 1 chudn phi Archimedean.
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2. N&u F la trudng hiiu han thi moi chuidn trén F' déu la chuidn tAm thudng. Do d6,
moi chuéin trén trudng hitu han F déu [a phi Archimedean.

3. Cho p 1a s6 nguyén t6. Khi d6 V2 € Q, z # 0 dugc biéu dién dusi dang

x:pa%; voi a,m,nEZ; n%oa (map) :17 (nap) =1

Ky hiéu a = ord,(z)
Qui udc ord,(0) = oo

B6 dé 1.2.1. Cho p la s6 nguyén t6. Khi dé Vz,y € Q ta c6
i. ord,(zy) = ordy(z) + ordy,(y)
ii. ord,(z+y) > min{ord,(x),ord,(y)}

Lay p € (0,1). Khi d6 chuén |.| : Q — R x4c dinh bdi

2] = 7@ n&u z £ 0
10 néuzr =0

13 chuén phi Archimedean trén Q
LAy p1,p2 € (0,1) va goi |.|1,].]o tuong Gng 1a hai chudn dugc xac dinh theo p1, po.
Khi d6 |.]1 ~ |.]2- That vayVz € Q, z #0

ordp(x) _ (pgrdp(m))logp2p1

2|, = pf = |z|5; VOl c=log,p1 >0

Lay p = %, ta ¢c6 chuén |.|, : Q — R x4c dinh bdi

2], = p %) n&uax #0
P10 néuz =0

13 chuén phi Archimedean trén Q. Ta hay goi 1a chuén p-adic trén Q.
]

Pinh ly 1.2.1 (Cac diéu kién ctia chuin phi Archimedean). Cho F la truong véi e la phdn
tit don vi va |.| la chudn trén F. Cdc diéu kién sau day la tuong duong.

1. Chudn |.| la chudn phi Archimedean.
2. 12/ <Lvdi2=2c=c+e

3. n| <L védin=ne=e+e+---+e
~—_——

n

4. Tdp N = {n =n.e | n € N} bj chdn.
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Chiing minh.
1.=2. Taco |2| = |e+ e <max{lel|,|e|} =1

2.=3. NeuneNthin=ag+ a2+ -+ a2’
Trong d6 a; € {0,1}, Vi=0,1,...,s; as = 1.
Suyra|a;| <1, Vi=0,1,...,s Do dé

n = lao + a2 + -+~ +a,2°| < aol + [aa[2] + - - + [a,|[27]

<l4+1l+4+--+1=s+1

Mait khéc, ta cé
98 S n < 2S+1

Suy ra
s+1<log,n+1

Do d6
In| <logyn+1

Khi d6, v6i moi sd nguyén duong k, ta ¢
In*| <log,n®+1=klogyn +1 < k(logyn + 1)

Suy ra
In| < kY*(logyn + 1)V/*

Cho k — oo, ta sé c6 |n| < 1
3. = 4. Hién nhién.

4. = 1. Gid st tap N bi chin, tdn tai a € R sao cho |n| < a; Vn € N. Khi d6

oyl = @+ )" =1 Craky"™|
k=0

n n
<D 1Clz gl < Y alefMy
k=0 k=0

< (n + Da(max{]z], [y[})"
Suy ra

|z +yl < Vn+ 1Yamax{|z|, |y[}
Cho n — oo thi /n+ 1/a — 1. Do d6

|z + y| < max{|z], |y|}

Vay |.| 12 chudn phi Archimedean.
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1.2.1 Tinh chat co ban clia chuan phi Archimedean

Ménh dé 1.2.1 (Nguyén ly tam giac can). Cho |.| la chudn phi Archimedean trén truong F.
Néu |x| # [yl thi |z +y| = max{|«], [y]}.

Ching minh. Khong mat tinh tdng quat, ta gid st |z| > |y|. Khi d6, ta c6
|| = |z +y -yl < max{[z +y|, [y|} < max{|z|, |y} = ||

Suy ra

|| = max{|z + y|, [y}
Ma |z| > |y| nén |z] = [z +y|. Vay |z +y| = max{[z[, |y[}. 0
Ménh dé 1.2.2. Cho |.| la chudn phi Archimedean trén truong F. Néu day {x,} — x # 0 thi

ton tai ng € N sao cho |v,| = |z|, Vn > ng

Ching minh. Vi z # 0 nén |z| > 0 va do {z,,} — 2 nén tbn tai ng € N sao cho |z, — x| <
|z|; Vn > ng. theo nguyén Iy tam gidc cln, ta ¢ |x,| = |z, — 2 + x| = max{|z,, — x|, |z|} =
|z|; Vn > ng O

1.3 Chuan trén Q

Dinh ly 1.3.1 (Dinh ly Ostrowski). Moi chudn khéng tam thuong |.| trén Q déu tuong duong
véi chudn gid tri tuyét doi thong thuong hodc chudn |.|,, vdi p la s6 nguyén t6 nao do.

Chiing minh.

L. Né&u |2| > 1 thi |.| [A chu&n Archimedean.
Lay n € N, gid st n = ag + a12 + - -+ + a,2%, trong d6 a; € {0;1} va 28 < n < 25t
12| = 2% a =logy|2|. Tacd

In| <lao| + |a1||2] + -+ |as]|2]° < 142"+ --- +2%° <29°C < nC

Suy ra
In*| < n*eC = |n| < neC/*
Cho k — oo ta duge |n| < n*
Mit khac, do 25 < n < 257! nén ta ¢6
|2s+1| — |n_|_2s+1 _n| S |n| + |2s+1 _n|
Suy ra
|n| 2 |2s+1| _ |23+1 _ n| 2 2(s+1)a _ (2s+1 _ n)a 2 2(s+1)a _ 9sa

Do dé
|n| > 2(s+1)aC/ > nac/
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Suy ra
|nk| > nkacl - |n| > nacll/k

Cho k — oo ta duge |n| > n® Vay |n| =n% VneN
Do d6 |z| = |z]*; VzeQ

2. Néu |2| <1 thi || [ chudn phi Archimedean.
T gid thi€t [2] < 1tacd |n| < 1; Vo € N. Do d6 || 1a chudn khong tAm thudng nén
tdn tai n € N* sao cho |n| < 1. Goi p # 0 1a s6 ty nhién bé nhit thda man |p| < 1.
Khi d6 p 1a s6 nguyén t8. Lay q # p 1a s6 nguyén td, ta sé ching minh |¢| = 1. Gid
st |g] < 1, vi (p¥,¢*) = 1 nén ton tai u,v € Z sao cho up® +vg* = 1. Ta c6

1= 1] = |up® + vg"| < |ullp*| + |v]|¢"] < [P*] + |¢"]

Cho k — oo ta duge 1 < 0 (vo Iy). Vay |¢| = 1.

m, 1, T

Lay n € N, gid st n = p™p"py? ... pi". ta cd
1 ylog1 |p| 1 ymlogi |p| 1 C C

trong d6 C' = logy |p|. Do d6 |z = |z[S; VzreQ
P

1.4 Xay dung trudng so p-adic Q,

Tu dinh 1y Oxtropski, ta thdy mot chudn khong tAm thuong trén Q 1a gia tri tuyet doi
thong thudng |.|, hoic 1a chufdn phi Archimedean |.|,. Mit khéc, ta bi€t ring lam day da
Q theo |.| ta thu dugc trudng s6 thuc R. Do d6 néu ta lam diy dd Q theo ||, ta cling sé thu
dugc trudng méi ma ta goi la trudng céc s6 p-adic Q,. Cu thé cach xay dung nhu sau:

Ky hieu S 1 tap tat ci cac ddy Cauchy hiu ty theo chuén |.|,. Trén S ta xdc dinh mot
quan hé tuong duong nhu sau:

{zn} ~{yn} & M |2n = yalp =0

Ta goi Q, 1a tAp hop tat cd céc 16p tuong duong theo quan hé trén va ta trang bi cho Q,
hai phép todn cOng va nhan nhu sau:

e Phép codng

{rn} +{ynt = {20 + yn}

Phin t& khong 1a 0 = {0}
Phin t& d6i cta z = {z,} [a —2 = {—x,}.
Ta c6 (Qp, +) [a mdt nhém Abel.
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e Phép nhan

Phdn ti don vila 1 = {1} L
Phan t& nghich ddo: Ta c6 nhan xét riing bat ky mot 16p khac khong 0 # z = {x,,} cda
Q, déu c6 mot dai dién la day Cauchy ma moi phan ti déu khic khong. That vay, néu
z; = 0 ta c6 thé thay z; bdi 2, = p. Vayn€uz € Q,, = # 0 thiz = {z,,}, z, #0, Vn.
Khi d6 1 = {mT} la phin ti nghich dao cia x trong Q,.

Ta ¢6 (Q;,.) la mot nhém Abel.

Do dé6, ta c6 thé ching minh (Q,,+,.) la mot trudng, trudng nay duge goi 1a trudng s&
p-adic Q,. Trudng Q c6 thé duge xem nhu la trudng con ctia Q, nhd déng cdu nhiing

1:Q — Qy; me

1.4.1 Chuan trén Q,
Dinh nghia 1.4.1. Chudn trén Q, dugc xdc dinh nhu sau:
r€Q o =Tod laly= lim |a.l,

Cach dinh nghia nhu vay 1a hgp Iy va thuc sy cho ta mot chudn trén Q,. Ta c6 thé
thay r6 dugc diéu nay qua nhing Iy luan sau day.

L lim, o |2, luon luon tdn tai.
Néu z = 0 thi |z,[, — 0.
Né&u x # 0 thi véi e > 0 ndo d6 va v6i N € N ton tai iy > N sao cho

|xiN|p > € (11)
Khi d6 v6i N du 16n ta c6
|l’i—l’i/|p<€; V'i,'i/>N

Chon 7' = iy ta dugc
|l’i — xiN|p <eg Vi>N (12)

Tu (L1) va (1.2), 4p dung nguyén ly tam gidc can ta dugc
Tilp = @iy lp; Vi> N

Suy ra

lim [z,], = [Tiylp
n—00
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2. Chuén |z|, khong phy thuoc vao cich chon phan ti dai dién.
Gid st ¢ = {z,,} = {«/,}, khi d6 {z,,} ~ {2],}, suy ra

lim |z, — 2], =0

n—oo
Mat khac, ta ¢6 |z, — 2|, > ||znlp — |2, ]| Do d6
lin ([, — [1p] = 0
n—oo
Suy ra
lim |z,|, = lim |2 |,
n—oo n—oo n

Chd y. Khi ti€n hanh lam didy dd Q d€ thu duge R thi tap gid tri cda chuén |.| ting lén
dén tap hop tat cd cac s6 thuc khong Am. Nhung khi lam diy dd Q d€ thu duge Q, thi tap
gia tri cia chuén |.|, vAn gid nguyén 1a {p"|n € Z} U {0}. O

1.4.2 Pong du trong Q,

Véi a,b € Q, tanéi a =b (mod p™) < |a—0b|, < p™.
Néu a,b € Z thi dinh nghia dong du trong Q, s& trung véi dinh nghia dong du thong
thuong trén tap hop sd nguyén Z.

1.4.3 SO nguyén p-adic

Tap hgp Z, = {a € Q, : |a|, < 1} cung v6i phép cOng va phép nhan trong Q, lap thanh
moOt vanh. Vanh nay dugc goi 1a vanh cac s6 nguyén p-adic.
Tap hop tat cd cac phan ti kha nghich cta vanh Z, 1a

Ly ={r €Zy: /v € Ly} ={x €Ly : |x|, = 1}

Céc phan tl cta Z% con duge goi la cdc don vi p-adic.

1.5 Biéu dién p-adic cta s6 » trong Q,

Ta da biét ring, né€u z € Q, thi ta c¢6 thé viet z = {x,} v6i {z,} 1a day Cauchy nao dé
trong Q. Tuy nhién né€u z la mot s6 nguyén p-adic thi ta c6 thé chon dai dién {z,} thda
man mot s6 diéu kién dic biét nao d6. Trude hét, ta can téi cac bd dé sau day.

B6 dé 1.5.1. Néu = = {x,} € Q, thi lim, ..oz, = =
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Ching minh. Ta c6 © — z,, = {(x; — x,,);}. Do d6
2= aly = lim [z — 20l
1—00

Vi {z,} 1a ddy Cauchy trong Q nén v6i moi € > 0 tdn tai N € N sao cho Vi,7 > N ta ¢
|z; — |, <e. Chon n > N, khi d6 Vi > N ta cé |z; — x|, < . Do d6
Vay

lim z, =z

n—oo

O

B6 dé 1.5.2. Néu x € Qva |z|, < 1 thi Vi €N, t6n tai a € 7 sao cho |a — x|, < p~'. Hon
nita, sé a cé thé chon trong tdp {0,1,...,p" — 1}

Chiing minh. Gid st v =2 € Q, (m,n) = 1. Do |z], < 1 nén (n,p) =1 = (n,p’) =1, do
dé ton tai u, v € Z sao cho un + vp! = 1. Dit b = mu € Z, khi d6

b — x|p = |$|p|nu - 1|:n < |nu — 1|:n = |Upi|p < p_i
Dit b= pig+a trong d6 0 < a < p* — 1. Khi d6
la — x|p =[b—u _pi‘ﬂp < max{|b — $|p> |pi(J|p} < p_i
O

Dinh ly 1.5.1. Vi méi a € Z, c¢é duy nhdt mét dai dién la day Cauchy cdc sé nguyén {a;}
théa man

LO0<a<p—1, Vi=12,...
2. a; = a;11 (mod p)
Chiing minh.

e Sy ton tai:
Gia st day Cauchy {c¢;} 1a day dai dién b4t ky cda a. Ta phdi tim mot day Cauchy
gdbm cac s& nguyén {a;} tuong duong vé6i {c;} va thdéa hai diéu kién cia dinh Iy.
Do {¢;} 1a day Cauchy nén v6i mdi s6 j = 1,2,... ton tai mot s6 N(j) € N sao cho

lci = culp <p7P; Vi1 > N(j)
Khi d6 Vj =1,2,... va Vi’ > N(j) ta c6

leniylp = ler + engy — colp < max{|culp, len) — cvlp} < max{|cs|p, p77}
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Vi |ei|, — |al, <1 khi ¢/ — oo nén ta cé
lengply 1 Vi=12,...
Ap dung b8 dé& (15.2) ta tim duge day s6 nguyén {a;} théa man

{Ogaj<p7

|a; — engylp < P77
Ta ching minh {a;} 1a ddy can tim:
a1 — ajlp = a1 — engen + engany — envg) — (a5 — en)lp

< max{|aj+1 — N +) |ps len 1) — englps lag — evglp}
< max{p Ut pJ pi} =p

Suy ra {a;} la day Cauchy va a; = a;j41 (mod p/)

Lay j bat ky, khi d6 ta c6

laj — ¢jlp = laj — CN(j)+CN(j)_Cj|p

< max{|a; — englp, leng) — ¢ilp}
<max{pd,p I} =p

Do d6 |a; — ¢j|, — 0 khi j — oo hay {a;} ~ {¢;}

e Sy duy nhat:
Néu {a}} 1a mot day s6 nguyén khac thda hai didu kién ctia dinh 1y thi ton tai ip € N
nao d6 sao cho a;, # aj,.
Vi 0 < a;, a, < p nén a;, # az, (mod p°) = lai, — aj |, > p~™.
Né&u i > ig thi |a; — a;|, < p~ va |a - alo|p < p~. Do d6 theo nguyén Iy tam gidc
can ta cd |a; — ay|p, = |ai, — aj |, > p~'%; Vi > ip.
Suy ra {a;} » {a}}
]

Véi céc s6 nguyén {a;} théa man cac diéu kién trong dinh 1y (1.5.1), ta ¢6 thé viét

a; = b(]
az = by + bip
as = b() + blp + bgp2

a; = by +bip+ -+ biap™!

trong d6 0 < b; <p—1v6ii=0,1,2,.... Khi d6 v6i mbi a € Z, ta c6

a={bo+bip+---+b_1p~'}



Bcing Tudn Hiép - Gidi tich p-adic 14

Theo b8 dé (1.5.1), ta c6 thé viét a dusi dang
a=by+bip+---+bp" +---
Cong thic nay duge goi 1a bi€u dién p-adic ctia a trong Z,,.
Néu z € Q, bat ky, |z|, = p™ véi m € Z thi ta s&€ nhan x véi mdt s§ p™ sao cho s6 2’ = zp™

théa man |2/|, = 1. Sau d6 4p dung dinh ly (1.5.1), ta s& chon duge mot day {b;} sao cho
bp#0,0<b; <p—1vataco

¥ =bytbipt+bpt = bipf
=0

Suy ra bi€u dién cta z s c6 dang

l,/
xr = ZQ_m — bop_m —I— blp_m+1 _I_ P _I_ bnp_m—"_n _I_ e
bit ¢; = bipm,Vi=—m,...,0,1,.. ., khi d6 ¢_,, # 0 va ta sé& c6
2= Comp " ) " g T = )

Trong d6 m € Z, ¢, # 0,0 < ¢; < p — 1 sao cho |z], = p™. Coéng thic nay duge goi 1a
cong thic biéu dién p-adic cta = trong Q,,.

1.6 BoO dé Hensel

Céc phép toan s hoc thong thudng nhu: cdng, trii, nhan va chia trong Q, duge thyc hién
mot cich d& dang. Tuy nhién, viéc khai cin clla mdt s6 nguyén va viéc tim nghiém cta
mot phuong trinh nao dé trong Q, noi chung 1a van dé khong phai lic nao ching ta ciing
thuc hién duge. BS dé Hensel va b3 dé Hensel m$ rong dugc trinh bay dusi day sé gidp
chiing ta gidi quyét mot phan nao vé van dé ndi trén.

Pinh ly 1.6.1 (B6 dé Hensel). Cho F(z) = ¢y + c1x 4 -+~ + coa™ € Zy[x] c6 dao ham
F'(z) = c1 + 2c0x + - - + ne, 2"t € Zylz). Gid sit ¢6 ag € Z, théa F(ag) =0 (mod p) va
F'(ap) £ 0 (mod p). Khi dé ton tai duy nhdt a € Z, sao cho F(a)=0va a = ap (mod p).

Pinh ly 1.6.2 (B6 dé Hensel mé rong). Cho F(z) = ¢y + 1z + -+ + co2™ € Z,[x] c6
dgo ham F'(x) = ¢1 + 2cx + -+ + ne,a™ ' € Zplz]. Gid sit ¢6 ag € Z, thda F(ag) = 0
(mod p*™*1), F'(ag) = 0 (mod p™) va F'(ag) #Z 0 (mod p™*'). Khi dé tén tai duy nhdt
a € Z, sao cho F(a)=0va a =ag (mod p™*).

Chiing minh. O
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1.7 Nhoém gia tri va truong thang du cua Q,

1.8 Mot s tinh chat topd cha Q,

Vi Topod trong Q, 1a t6p6 cdm sinh bdi chudn phi Archimedean nén né c6 nhiéu tinh chat
khéc la so véi topo thong thudong.

DPinh nghia 1.8.1.
e Hinh cdu mé tém a bdn kinh v la tdp hop
Bla,r)={x € Qp: |x—al, <r}
e Hinh cdu déng tém a bdn kinh v la tdp hop

Bla,r]={x € Q,: |z —al, <7}

o Mt cdu tdm a bdn kinh r la tdp hop

D(a,r) ={z € Qp: |z —al, =1}

Tu dinh nghia nay ta thily Z, la hinh cAu m& tam 0 bén kinh 1 va Z7 la mit ciu tm 0
ban kinh 1.

Ménh dé 1.8.1.
1. Moi hinh cdu, mdt cdu trong Q, déu la nhiing tdp vita déng, vica mé.
2. Hai hinh cdu bdt ky trong Q, hodc long nhau hodc roi nhau.
3. Moi hinh cdu, mdt cdu trong Qp déu cé vo s6 tam. Moi hinh cdu déu c6 vé sé bdn kinh.
4. Q, chi c6 mét 56" dém dugc cdc hinh cdu va mdt cau.
Chiing minh.
L

R

O

Ta da bi€t vanh s6 nguyén p-adic Z, chinh la hinh cAu m3 B(0,1) nén Z, 1a tap ma.
Hon th€ niia, ta con ¢c6 ménh dé.
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Ménh dé 1.8.2. Z, la tdp compact.

Ching minh. Ldy {z,} 12 mot day trong Z,. Ta s& xay dung mot day con {z,, } hoi tu
trong Z,. Xét cac khai trién p—adic:

Ty =210+ TP+ +appt 4

Ty = Tog + TP+ - + Topp” + -+

Do x19, T20, - - ., Tno, - .. g26m v6 han cac phin ti nhung chi nhan cac gia tri trong tap hiiu
han {0,1,...,p— 1} nén tdn tai tdp Ky gdm v6 han cic phan ti clia day {z,} sao cho chi

s6 dau tién trong khai trién p—adic ctia mdi phan ti thudc Ky déu bing nhau va bing b.
Tuong tu, K; C Ky: tAp vo han cic phan ti cta day {z,} sao cho chit s& thi hai trong khai
trién p—adic ctia mbi phan ti thudc K; déu bing nhau va bing b;. Ci thé, ti€p tuc qua
trinh trén ta xay dung dugc mot day cac tap vo han 16ng nhau:

KoDKiD---DK,D--

Trong d6 K,, 1a tAp con vo han cic phan ti cia diy {z,} sao cho trong khai trién p—adic
ctia mdi phan ti thudc K, chii s6 ddu tién déu bing by, chii s6 thi hai déu bing by, ...
chit s6 thi n + 1 déu bing b,,.

Lé/y Tng EK(],[L'nl EKl,...,[Eni EKZ',...(’NJO <N << < )
Dita=by+bip+---+bp'+--- €Z, Taco |z, —al, <p .

Cho i — oo ta dugc day con {z,,} hoi tu vé a € Z,.

Vay Z, 1a tdp compact. O

Y

Nhan xét. Nhu vay, ching ta da ching minh dugc Z, 1a tap compact, diéu nay c6 nghia
la B(0,1) la tap compact. Do d6 v6i moi a € Q, thi a + Z, 1a [an cAn compact cda a trong
Q,. Vi vay, Q, la tdp compact dia phuong. O

1.8.1 Khoang trong Q,

1.9 Bai tap chuong 1



Chuong 2

Xay dung trudng so phic p-adic C,

2.1

Chuan trén khong gian vecto

2.2 Trudng Q,

2.3 Cac tinh chat co bdn cda C,

L
2.

C, day du.
C, 1a trudng déng dai so.

Ching minh. Diu tién, ta sé ching minh bd dé sau day.

B6 dé 2.3.1. Ldy g(z) = 2" +b,_ 12" +-- -+ by € Qp[z]. Khi d6, néu 3 la mdt nghi¢m
cia g(x) thi |f|, < ¢ = max{1,|b],}

Chiing minh. Gid st  la nghiém cda g(x) va |5], > ¢ (*)

Ta cé

B+ bpa " 4 b =0

bn—2 bO
= 0 =—bp1 — 5 g
bn—i— i
10 < e (P52 < e (oo} (o |9, > 1)
< ¢ (mau thuin véi (*))

Vay |Bl, < ¢ [

17



Bcing Tudn Hiép - Gidi tich p-adic 18

~N S e W

Ldy f(x) = 2™ + ap—12™ '+ - + ag € Cplz], v6i a; € C,. Ta s& chiing minh f(z) ¢
nghiém trong C,,. o
Vé6i mbii =0,1,...,n— 1; 14y {a;;},; 1a ddy phan t& cda Q, hoi tu vé a;. Dt

gi(x) =2" + ap_1;2" "+ aix +ag; V)
L4y r;; 12 nghiém cla g;(x) trong Q, (i = 1,2,...,n). Taco
gj+1(x) = Iy (& = 7ija)
Vi moi j, ta dat A; = maxy<i<p{1, |a;;|"}. Do a;; — a; khi j — oo nén ay; — aj khi
J — 00. Do d6 |a;;|™ bi chin khi j — oo, suy ra A; bi chin khi j — oo, ton tai A sao

cho A; < A, Vj.
Theo b6 dé 231, ta dlIQC maxlgign{l, |’T’Z'j|n} < A

C, 1a khong gian vecto vo han chiéu trén Q,

Nhém gid tri |C;| = {p" : r € Q} < (R¥,.)

Trudong thing du cda C, 1a bao dong dai s6 cia F, = Z,/pZ,

C, la khong gian kha ly.

C, khong compact dia phuong.

Ching minh. Véi m € N, (m, p) = 1, ta ki hiéu
Vi={z€C,: 2" =1}

Dé dang thay, z € V1< 2™ = 1. Suy ra 2l =1=|z], =1

B6 dé 2.3.2. Véim eN,(m,p)=1,2€ V1,z#1thi |z —1[, =1

Ching minh. Tacé |z—1], < max{|z]|,,|1],} = 1. Gid st |z—1|, < 1. Pita=2—-1#0
thi 0 # |a|, <1va z=a+ 1. Khi dé

1=2"=(14a)"=1+Cha+ - +Cp'a™ " +a"

Suy ra
Cla+--4+Cm g™ 4 g™ =0
=a(Cl +- - +C" a2+ a™ ) =0

= lal,lm+---+C"a™ % 4 0™, =0
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Ta lai c6 (m,p) = 1 nén |m|, = 1 va do |a], < 1 nén ta ciing c6 |C' a7, =
|Chlplaly™ <lal, <1, Vi=2,...,m. Do d6, ta phéi c6

e+ Ol g, = 1

Suy ra |al, =0=a=0= z=1. Ta gip sy mau thuln.
Vay |z — 1], =1 O

Bay gid, ta sé di ching minh C, khong compact dia phuong. D3t

= | ¥i

(m,p)=1

Khi d6, I 13 mot tap hgp vo han cic phan ti nim trén mit cau don vi. LAY {z;}ien C 1
12 mot diy bat ky gdm cic phan ti phan biét thudc I. Ta sé ching minh {z;}ien
khong cé day con hoi tu. That vay, véi z; # z; bat ky, gid st z; € ¥/1,z; € /1. Khi
do, ta co

_alpm

Zi

(I

o)™ =
ZJ |ZJ|p

Suy ra
Z. mn Z.
e, 241
Zj Zj

Do d6, theo b8 dé trén, ta sé cé

Z.
|2 = 2ilp = |zilpl = — 1 =1
J

Suy ra moi day con ctia {z;}ieny déu khong hoi ty. Do d6 qua cAu don vi la khong
compact, hay moi qud ciu trong C, déu khong compact. Vay C, khong compact dia
phuong. O

8. C, c6 lyc lugng continum, nhung s6 hinh ciu trong C, 1a d€m dugc.

2.4 Bai tap chuong 2

L Goi C} ={z€C,:|z—1[, <1} la tAp hop céc phin ti duong cta C,. Ching minh
cac khing dinh sau 13 tuong duong
(@) a € C}
(b) lim,_o a?" =1

(c) a? € Cf
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Giai. (a) = (b)

Ldy a € Cf, dat ¢ = max{|a — 1[,, 1/p}, khi d6 0 < ¢ < 1. Ta s& chiing minh bing
quy nap khing dinh sau |a?" — 1|, < "t

Véin =0, tacé |a— 1|, < ¢, diéu nay luon ding do cich xac dinh c

Gi4 st, ta da c6 |a?" — 1], < L

Ta ciAn ching minh |a?""" — 1], < "2,

Dit b = a?" — 1, suy ra ||, < "™ < Khi d6

n+2 n
ja? " =1y = [(@”)P = 1], = [(b+ 1)P = 1],

=[P+ Cb" 4+ C2 M|,
= [bl,[tP "+ OB+ CPTY,

Vi b, < " < ¢ nén |C§bp_k_1|p = |C§|p|bp_k_1|p < |bp_k_1|:n <Pl < e Vk =
0,1,...,p—2va |[C?7, = |p|, = 1/p < ¢ Do d6

P+ O+ CPTY < c

Suy ra

|apn+1 _ 1|p S Cn+2

Vay ta da ching minh dugc |a?” — 1], < "™, v6i 0 < ¢ < 1. Do d6

lim [¢”" — 1, =0 = lim o =1

n—oo n—oo
(b) = (a)
Gi st lim, oo a?” =1 = 3n: |a*" — 1|, < 1. Dit x = a — 1, ta cAn ching minh
|z|, < 1. Gid st |z], > 1, ta cd
1> (x4 17" = 1], = |2 + Cha?" ™+ + Ch ',
Vi |z|, > 1 nén v8imoi k=1,2,...,p" — 1, tacd
G2, = [Chilyla? ¥, < [l < Jal?
Theo nguyén 1y tam gidc can ta phai ¢
1> [a” +Cha?” 4 + Cg:_la?|p =|zF" >1
Suyral>1(voly)

Ta da ching minh duge (a) < (b)
Mait khéc, ta lai cé

aEC;(:)limapnzl(:)limale:l

n—oo n—oo

& lim (e’ =1 s d’ € Cr

n—oQ

Vay ta cing ¢6 duge (a) < (c) ]



Chuong 3

Ham giai tich p-adic

3.1 Chuoi liy thia

Chudi Y 7, a, hoi tu khi va chi khi day S, = Y"1 ,a; hoi tu < {S,} la day Cauchy
@Sn—Sn_lzaneO.

Chudi >~ anz™ , a, € C, goi 1a chudi lay thua (1).

Ban kinh hoi tu ctia chudi (1) 1a

1
r =
lim,, .o SUp |an|;,/"

L. Vz € C,,|z|, < r: chudi (1) hoi ty.
2. Vz € C,, |z|, > r : chudi (1) phan ky.

3. Vz € C,, |z|, = r : chudi (1) hoi tu n&u a,r™ — 0, chudi (1) phan ky néu a,r" 4 0.

3.2 Ham giai tich

Goi D = D(0,r) ={2 € C, : |2|, <r}. Him f: D — C, goi 1a ham gidi tich trén D né&u
f(2) biéu dién dugc dusi dang chudi liy thita hoi ty, tic 1a

o

f(z) = Z an 2"

n=0
hoi tu trong D = D(0,r).
Vi du.

L
(_1)n+lzn

log(1+2) = Z —
n=1

21
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Ban kinh hoi tu:
1
T= = l/n:lim v nlp
lim,, oo sup |1/n}p n—oo

ordpn

Tacé n = po%™m , (m,p)=1=|n|, =p %" <1. Do d6

1 1
R p—ordpn_ < |n|p — p—ordpn <1
n m
Suy ra
1

n

<y |n|p <1
Chuyén qua gi6i han ta dugc:

= i il =
Xét |z|, = 1:
Ta c6 |1/nl, # 0 vi ton tai day con {n;}, (ng,p) = 1.

Khi d6 [1/nk], =1 4 0. Vay chudi khong hoi tu néu |z|, = 1.
K&t luan: log(1+ 2) : D(0,1) — C,

n+1_n

= (—1 z

12 ham gidi tich trén D(0, 1).

Ban kinh hoi tu:

1 S
T =l /Il

 limye sup |1/n!|

Ta c6 g
n_
ordy(n!) = —= | S, =ag+ay+---+a,
P p_ 1
trong d6 ag, ai, . .., as 1a cac chii s6 ctia n trong khai trién p—adic n = ag+aip+--- +

asp® , 0<a; <p—1,as #0. Tacd
Sp=ao+ar+-+a; < (p—1)(s+1) < (p—1)(og,n+1)

Do d6

n— (p—1)(log,n + 1) - ord,(n!) o1
n(p—1) - n T p-1



Bcing Tudn Hiép - Gidi tich p-adic

Chuyén qua gi6i han ta dugc:

. ordy(n!) 1
1 _=
n—00 n p—1
Suy ra
. ordp(n!) 1
. n —1 n—oo P — —
r=lm {/|nll, =p=™ no=pT
, 1 A .2 TP TP
Xét |z|, =pTr: tacan kifm tra 2~ - 0 & ||, — 0
n: n:
n n—5S, Sh
~ — — 0 & —— — 0
p—1 p-1 p—1

Thé nhung, ta c6 véi ny, = p¥ thi S, =1 /4 oo. Vay chudi phan ky.
. a
Két luan: e’ : D(0,pTr) — C,

OOZn
Z — E —
n!

n=0

1a ham gidi tich trén D(O,pﬁ).

3.3 Vanh cac ham giai tich

3.3.1 Cac dinh nghia

e Vanh cac da thtc:

Colz] ={f = Zaizi ca; € C,}
i=0
e Vanh cic chudi lay thia hinh thic:
Collz]l ={r = Zanz" tan € Gy}
n=0

Céac phép toan:
Cho

f:ianz" : g:ibnz"
n=0 n=0

— Phép cong:

o

f+g= Z(an + bn)zn

n=0

23
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— Phép nhan:
fg=> cn"
n=0

trong dé

Cp = Z aibj

i+j=n

Ta ¢6 C,[[z]] v6i hai phép todn cdng va nhan duge dinh nghia & trén [ap thanh mot
vanh.

e Cho r > 0 (r € R), ta dinh nghia:
An(Cy) = {f =) _anz" € C[[z]] : |an|pr™ — 0}
n=0

Ta d& dang kiém tra dugc A,(C,) 1a vanh con ctia vanh C,|[[z]].
e N&u f(2) =ap+arz+ -+ az"+--- € A.(C,) thi |a,|,r™ — 0 khi n — oco. Dit
w(r, f) = max|a,|,r" : hang t@ t6i dai cda f
v(r, f) = max{n : |an|pr™ = u(r, f)}

Ta c6 u(r, f),v(r, f) 1a cAc ham ting d6i v6i r. That vay, gid st r < 7y
* :u(rla f) = |an0|il7r?0 < |an0|il7rgo < :u(r% f)
* Gid st v(ry, f) = ny,v(re, f) = ng. Tacd
|no[pr5? 2 |an, [prat VA [, [pri® < an, |pr*
Suy ra
(ro/r1)™ > (r2/r1)™ = ng > my

3.3.2 Dinhly

Cho r > 0, u(r, —) 1a chuén phi Archimedean trén vanh A,(C,), tic la:
Lou(r,f)>0vaulr f)=0& f=0.
2. pu(r, fg) = p(r, f).p(r, g).

3. pu(r, f+g) < max{u(r, f); u(r, 9)}
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Ching minh. 1. va 3. Hién nhién ddng suy ra ti dinh nghia cda u(r, f).
Ta chiing minh 2.
Lay batky f,g € A.(C,), khi d6

f= Zanz" ;g = anz" i fg= chz"
n=0 n=0 n=0

trong dé

Cp = Z aibj = |Cn|p < max |ai|20|bj|2!7
. . Z+'7:n
i+j=n

Do d6
plr, fg) = max |eq|pr" < max max {[al,[b;|,r" }
= max max {|ail,r".[bj '} < p(r, f)-p(r. g)

Ngugc lai, goi

io =min{i : |a;l,r’ = p(r, f)} 5 Jo=min{j : [bjyr! = p(r,g)}
V6i moi i, j ta co ' ' ’ ’
|ailpr® < aglpr™ |bj|:nrj < |bj()|prjo
Ne&u 7 < ig va j < jo thi ta ¢6
|ai|pri < |Olio|:n7’iO ; |bj|prj < |bjo|:n7’jO

bat n = ig + jo, ta co

|aig|p = T_iO,U(T» s bl = T_jolu(ra 9)
Suy ra
|aiobj0 |:l7 = T_n,U(T» f),u(r, g)
N&u (4, ) # (io, jo) vA i+ j = n thi i < io hotic § < jo. Khi d6
|aibjl, < r"p(r, fu(r, 9)
Do d6
lealp = 1Y aibjly = laighjy + D> aibjly = laibslp = " ulr, fulr, )
i+j=n i+j=n,i#io

Suy ra
w(rs fu(r, g) = [ealpr™ < u(r, fg)
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3.3.3 Cac tinh chat

L. A.(C,) day da d6i vé6i chudn pu(r, —).

Ching minh. Lay {f;} 1a day Cauchy trong A,(C,).
fi=api+anz+ -+ a2"+--- €A (Cp)
Khi d6 u(r, f; — f;) = 0 khid,j — o0
Ve>0,aN :Vi,j > N :pu(r, fi— fj) <e
& max |ani — anjlpr™ <€ ;Vi,j >N
Vi mbi n, ta ¢
ans = angly < = $¥ij = N

Suy ra, v6i mdi n, day {an;}; 12 day Cauchy trong C,. Do C, 1a diy dd nén day {a,;}:
hoi tu trong C,. Do d6, v6i mdi n, ta dit

an, = lim a,;

f=ao+az+ - +a2"+---
Ta sé ching minh f € A,(C,) va f; — f khi i — co. That vay, ta ¢
Ve > 0,3N : max |an — anjlpr" <€ ;Vi,j >N

Cho j — oo, ta dugc
max |an; — aplpr”" <e ;Vi> N
n

Suy ra
w(r, fi — f) = max|an; — anlpr™ — 0
Do d6
J=lim f;
Ta co

Ve > 0,3N : max |a, — ani|pr" <€ ;¥Vi> N
n

Chon ig > N, do f;, € A.(Cp) nén IM : |an,|,r" <€ ;Vn> M.
Khi d6, Vn > M, ta c6

|anlpr™ = lan = anig + @nigpr™ < max{|an = anig|pr"; |ani |} < €

Suy ra

lim a,r" =0
Do d6

f € A(C)
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2. C,[z] tru mat trong A,(C,).
Ching minh. Ldy f =ag+a12+ -+ a,2"+--- € A,(C,). Khi d6
fn=a0+ a1z + -+ a,2" € C)lz]

Ta sé chiing minh f,, — f theo chudn u(r, —). That vay,do f € A,.(C,) nén |a;|,7* — 0
khi i — oco. Ttc 13, ta c6

Ve > 0,3IN : |ai|,r" <€ ;Vi>N
Khi d6, Vn > N, ta ¢6 '
ulr, f = 1) = max fa,r’ < ¢

Do d6
lim p(r, f—fu) =0

3.4 Dinh ly chuan bi Weierstrass
3.5 Da giac Newton
3.6 Ham phan hinh p-adic

3.7 Bai tap chuong 3

L. Cho f 1a ham gidi tich trén C,, f khong c6 khong diém trong C,. Ching minh ring
f 1a hing s6.

Gidi. Ap dung dinh ly Weierstrass, ta c6:

o

f(z) = Zanz" ;oa,€C,

n=0

13 ham gidi tich trén C, thi s¢ khong diém cda f(z) trong hinh ciu |z|, < r 1a v(r, f).
Trd lai bai todn, gid st f 1a ham gidi tich trén C, va f khong c6 khong diém trong
C,. Ta sé chiing minh f 13 hiing s8, gid st ngugc lai f khong 13 hiing s6, tic la tdn tai
s6 nguyeén duong k sao cho ay, # 0. Khi d6 ta luon chon dugc 7 sao cho |ag|,r* > |ag,-
Suy ra v(r, f) > 0, nghia la f ¢6 khong diém trong C,, trai gid thiét. O
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2. Cho f la ham gidi tich trén C,, f c¢6 hiiu han khong diém trong C,. Chiing minh
rang f la da thic.

Gidi. Gia st f 1a ham gidi tich trén C, va f chi c6 ding k khong diém 1a 2, ..., 2.
Ta s& chiing minh f 1a da thdc bac k.
bit ro = max{|z1|p, - .., |2klp}- Khi d6, theo dinh ly Weierstrass, ta c6 v(r, f) = k v6i

moi r > rg. Ta sé ching minh a, =0, Vn > k.
That vay, gid st ngugc lai ton tai n > k sao cho a, # 0. Khi d6, ta luon chon dugc

r > 7o da 16n d€ |a,|,r™ > |a|,rt, Vi=0,1,...,k Suy ra v(r, f) > k, mau thuin vi
vir, f) =k.

Hon niia, do f c6 ding k khong diém nén ay, # 0.

Vay f la da thic bac k. O

3. Cho f(2) =Y a;2" € Z,[[z]] hoi ty trong B[0,1] va c6 it nhdt hai hé s8 a;, a; khong
chia hé&t cho p. Ching minh ring f ¢6 nghiém trong B[0, 1].

Gidi. Theo dinh Iy Weierstrass, ta chi cAn ching minh v(1, f) > 0.
Vi a, € Z, nén |a,|, < 1. Theo gid thiét, ta c6 ton tai ng > 0 sao cho |an,|, = 1. Do
dé
(L, f) = max{Ja,,} = 1
Khi d6
v(1, f) =max{n: |a,|, =1} > neg >0
]
4. Dit E={2€C,: |z|, < pﬁ}: 13 mién x4c dinh ctda ham s¢ mi e*. Ching minh
rang:
(a) e* la ding métric th F dén 1+ E.
(b) e*tY = % 4 e¥
(c) log[(1+x)(1+y)] = log(1 + ) + log(1 + y)
(d) log(1 + 2) la ding métric ti 1 + E d&én E.
(e) log: B(1,1) — C, la toan anh.
(f) Tap hgp céc khong diém ctia log(1 + 2) 1a

Jovi-

n
Giai.

(a) Chiing minh e* 13 ding métric ti F vaio 1 + E
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Nhan xét. Néu zy,..., 2, € E thi |2=22=1], < 1. That vay:

T1...Tp-1 n—1
ordy( n!n )>p_1—0rdp(n!)
:n—l_n—Sn:Sn—1>0
p—1 p—1 p—1 —
Suy ra, néu 1, ..., 2, € E thi 258 € E, vi:
r1...7 T1...Tp-1 1
=l = = lplzaly < [2alp <p™7
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Chuong 4

Ly thuyét Nevanlinna
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