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1. Ly thuyét co ban

Trong rat nhiéu linh vuc, chuyén dong cua mot hé duwoc moé hinh hda boi cac
phuwong trinh vi phdn, tc 13 phuong trinh ¢6 chira cac dao ham ctia an ham can
tim. Chang han, trong co hoc ¢6 dién (Newton), trong thién van hoc (Su chuyén
dong cua cac hanh tinh), trong hda hoc (cac phan tng héa hoc, sy phan ra phong
xa), trong sinh hoc (su phat trién quan thé, quan x3), trong xa hdi hoc (su phat
trién dan sd), trong dién ttr... Trong hau hét cac linh vuc nhu thé, bai toan chung
nhat 1d viéc mdé ta nghiém cia phuong trinh nay (ca vé dinh tinh 1an dinh
leong).
1.1 Vai mo hinh don gian

Sw roi twr do. Xét mot vat c6 khdi lwong m duogc tha roi tw do trong khi

quyén gan mat dat. Theo dinh luat 11 Newton, chuyén dong cua vat do co thé

dugc mo ta boi phuong trinh

F=ma 1)

Trong d6 F 1a hop luc tac dung 1én vét va a 1a gia tc chuyén dong cua vat.

Hop luc F co thé gia thiét 1a chi bao gom lyc hap dan (ti I8 vai khdi uong

ctia vat va huéng xudng) va luc can (ti I& vai van tc cua vat va hudng 1én

trén). Ngoai ra, do gia tbc chuyén dong a = Z—: nén (1) co thé viét dudi dang

dv _
m; =mg v (2)

g= 9,8?2 la gia t6C trong trudng, con oo la hé s6 can.
Vay van toc v cua vat roi ty do thoa man phuong trinh (2) véi su Xuét hién
cua dao ham cua v. Nhiing phuong trinh nhu vay goi la phuong trinh vi

phan.

Dung dich héa hoc. Gia sir tai thoi diém ban dau t = t, mot thing chira

Xo kg mudi hoa tan trong 1000 lit nwéc. Ta cho chay vao thing mot loai
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nudc mudi nong do a (kg/lit) voi luu lwong r(lit/phat) va khudy déu. Pong
thoi cho hdn hop d6 chay ra khoi thung ciing véi tbe do nhu trén. Goi X =

x(t) 14 lwong mudi trong thung tai thoi diém bat ky. RS rang ti 18 thay doi
lugng mudi trong thing Z—f bang hiéu cua ti 18 mudi chay vao ar (kg/phut)
trir di ti 16 mudi chay ra tai thoi diém dang xét T’;O (kg/phut). Vay ta c6

phuong trinh vi phdn

dx B X
at Y 1000

Vi dit kién ban dau x(to) = %o

1.2 Khai niém phwong trinh vi phan
1.2.1 Phuong trinh vi phdn
Phwong trinh vi phdn 1a phuong trinh lién hé giita bién doc lap (hay
céc bién doc lap), ham chua biét va dao ham ctia ham sd do. Phuong
trinh vi phdan c6 dang
F(x,y,y’,y”, ...,y(”)) =0

Trong d6 ¥y = y(x) 14 4n ham can tim va nhét thiét phai c6 sy tham gia
ctia dao ham (dén cip nao d6) cua an.
Trong trudng hop an ham can tim 13 ham nhiéu bién (Xuat hién cac
dao ham riéng) thi phuwong trinh vi phdn con dugc goi la phuong trinh
dao ham riéng. D¢ phan biét, nguoi ta thuong goi phuong trinh vai an
ham 1a ham mot biét 1a phwong trinh vi phdn thuong va 1a ddi tugng
nghién cttu cua bai thao luan nay.
Ta ndi modt phirong trinh vi phdn cap n néu n 1 cap I6n nhat cua dao
ham cta 4n xuét hién trong phuong trinh.
Vidu -

e¥ —y'"xcosx = 0

4ynr\/F _yu= 0
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yx —y' =y'xlnx
lan luot 1a cac phuong trinh vi phdn cap I, cap 11 va cap |.
1.2.2 Nghiém cua phwong trinh vi phdn
Cho mot phuwong trinh vi phdn cap n. Moi ham s, kha vi dén cap n ma
khi thay vao phuon trinh d6 cho ta dong nhat thie déu goi la nghiém
cua phuong trinh vi phan dé.
Vidu:
Cho phuwong trinh vi phan
y' =2y
Nghiém cua phuong trinh 14 moi ham dang y = (x + €)? voi C 1a
hang sé tiy y. That vay, y' = 2(x + C) thay vao phuong trinh ta duoc

y' =2x+0)=2/(x+0)? =2y
1.3 Phwong trinh vi phdn cap |
Phurong trinh vi phdn cap 1 1a phwong trinh vi phdn & dang don gian nhét va
14 nén tang cho cac phurong trinh vi phdn & cap cao hon.
1.3.1 Dgng biéu dién
Phuwong trinh vi phdn cap 1 c¢6 dang tong quat & F(x,y,y') =0. O
day, F 1a ham 3 bién.
Phuong trinh sau goi 1a phuwong trinh vi phédn cap |, giai duoc véi dao
ham
y'=fy)hay = f(x,y)
f(x,y) 1a ham 2 bién, xac dinh trong mién D nao d6 thudc mat phang
toa do Oxy.
Phuwong trinh vi phédn cap I c6 thé dugc cho véi bién x, bién y co vai
trd binh dang.
fGoy)dx = g(x,y)dy

6| Toan cao cap 2 : PHUONG TRINH VI PHAN



Bai thado lugn NHOM 10

Khéc voi cac trudng hop ban dau, phuong trinh cubi c¢6 thé ¢6 nghiém
dang x = C v&i C 1a hang sé.

1.3.2 Nghiém tong qudt va nghiém riéng
Dinh nghia 1. Ho cac ham sb dang y = ¢(x, C), trong d6 C 1a hang s6
tw do, théa man phuong trinh dd cho goi a nghiém tong quat cia
phuong trinh.
y=(x+C)? 1 nghiém tong quat cua phuong trinh

y' =2y

Pinh nghia 2. Néu tir nghiém tong quat cho hing sé cu thé C = C,thi

ham sb y = ¢(x, C,) duoc goi la nghiém riéng cua phuong trinh Ay.

o Luu ¥ rang phuwong trinh ¢é nhimg nghiém cé thé khéng chira
trong nghiém téng qudt véi bat ky hang sé cu thé nao.

Phuong trinh

y' =2y

C6 nghiém y = 0 nhitng lai khong chira trong nghiém tong quat.

Pinh nghia 3. Giai phwong trinh vi phdn cap I dugc két qua ¢ dang
8(x,y,C) =0 véi C 1a hiang s6 tuy ¥ thi §(x,y,C) = 0 goi 1 tich
phan tong quat ctia phuong trinh. Véi € = C,, dang thuc §(x, y,C,) =
0 goi la tich phan riéng ctia phuong trinh.
Vi du. Phuong trinh (x +y —2)dx+ (x —y+4)dy =0 co6 tich
phan tong quét 13 x? + 2xy — y? —4x + 8y = C.
1.3.3 Dinh ly vé sy ton tai va duy nhat nghiéem
1.3.3.1 Bai toan Cauchy
Ta nhan xét rang nghiém cua mot phuwong trinh vi phdn néi

chung phu thudc vao mét hay nhiéu hing sb tiy ¥ nao d6. Bé
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xac dinh mot nghiém cu thé, ta can thém mot hay nhiéu hang s

tly ¥ nao do (tuy theo cap cua phuwong trinh vi phdn). Chang

3 ~ 7
han, y =x? ld nghiém cua phuong trinh y’' = x2. Dé thay

y = ’;—3 1a nghiém duy nhat thoa man diéu kién y(0) = 1.

Ta xét bai toan sau day, goi la bai todn Cauchy

y' =f(xy)

y(xo) = o

Trong d6 (x,,y,) € D duoc goi la diéu Kién ban dau.

Tim nghiém y(x) théa man {

Vay thi, cau héi dat ra la liéu bai toan trén c6 Lo giai khong, va
néu c6 thi s& c6 bao nhiéu Loi giai. Nguoi ta da chang minh
duoc rang khong phai lic nao bai toan Cauchy ciing ¢6 nghiém
va khi c6 nghiém thi cling khong nhat thiét 1a chi c¢6 duy nhit
nghiém. Chang han, phuong trinh y’ = x2,y(0) =0 ¢6 duy

nhit 1 nghiém I y = ’;—3 Phuong trinh xy' =1vy,y(0) =1
khong c6 nghiém nao. Con phuong trinh y' = y%,y(O) =0c¢co
it nhét 2 nghigm (tich phan) la y = 0 vay? = ~x?.

Trong muc sau ta s& phat biéu dinh Iy giai quyét tron ven bai
toan Cauchy cho phuogn trinh vi phan cép |.

1.3.3.2 Dinh Iy vé su ton tai va duy nhit nghiém

Cho phwong trinh vi phdn céap |, giai dugc v6i dao ham
y' = f(x,¥). Néu ham sé f(x,y) lién tuc trén mién mé D c6
chtra diém (x,,y,) thi ton tai mot nghiém y = y(x) cua phuong

\ . 4 \ A Of(x, ~
trinh do, sao cho y, = y(x,). Néu dao ham riéng % cling

lién tuc trén D thi nghiém d6 1a nghiém duy nhét.
Piéu kién y, = y(x,) goi 1a diéu kién ban dau. Piéu kién ban
dau duoc ky hiéu
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Ylx=x, = Yo
1.4 Phwong trinh vi phén cap ||
1.4.1 Mé dau vé phuwong trinh vi phén cap |l
Phuwong trinh vi phdn cap 11 ¢6 dang tong quat
F(x,y,y",y")=0
Trong d6 nhat thiét khong dugc thiéu y'".
Dang giai dugc ddi véi dao ham bac hai :
y'=fxyy")
1.4.2 Dinh ly 16N tai va duy nhat nghiém
Xét phuong trinh y" = f(x,y,y). Néu ham sé f(x,y,y") lién tuc trén

mién mé D nao d6 chua diem (xo,¥,,¥',) thi ton tai nghiem y =

y(x) ciia phuong trinh sao cho y(x,) = vy, ¥’ (x0) = ¥’y Néu Z_f/,g_;

cling lién tuc trén D thi nghiém noi trén 1a nghiém duy nhét.
2. Cac dang bai tap
2.1 Phwong trinh vi phén cap |

2.1.1 Cdc dang phuong trinh vi phdn cap I c¢é thé gidi duwoc va
phuong phdp giai
Trong phan nay, ta s& gigi thiéu mot sé dang phuwong trinh vi phén cap
I ma c6 thé tich phan dugc theo nghia cé thé viét biéu thic cua nghiém
tong quat dudi dang tuong minh hoic phu thugc tham so. Ta ndi mot
phwong trinh vi phédn 1a cau phuong duoc néu c6 thé biéu dién nghiém
ctia né dudi dang to hop hitu han céc phép toan trén cac ham so cap va
tich phan ctia ching. Luu ¥ rang ta khong c6 phuong phap giai tong
quat cho cac phuwong trinh vi phdn, tham chi véi nhitng phuong trinh
vi phdn cap 1. Diéu d6 ciing c6 nghia 1a khong phai tat ca cac phuong

trinh vi phédn (ké ca cap 1) déu giai duoc.
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2.1.2 Phuong trinh véi bién sé phdn ly
Phuwong trinh vi phdn cap | véi bién sb phan ly (hay con goi I
phuong trinh tach bién) 1& phuwong trinh vi phdn c6 dang
fGdx = g(y)dy
Cach giai: Cac ham f(x),g(y) duogc gia thiét lién tuc trén cac
khoang nao d6. Khi d6 chi can tich phan 2 vé ctia phuong trinh

14 ta thu dugc tich phan téng quét cua nd.

[ rax= [ gway+c
Vi du: Giai phuong trinh y2y' — x(1 + x?)dx = 0
Nhan xét: Phuong trinh c6 dang phan ly bién sb.
Tich phan 2 vé ta thu duoc tich phan tong quat

Nhan xét. Cac phuong trinh dang y' = f(x)g(y); f (x)dx +
g(»)dy = 0 hoic M(x)N(y)dx+ P(x)Q(y)du=0 déu c6
thé dua vé dugc phuong trinh ¢ bién s phan ly.

a) Phuong trinh c6 dang y' = f(x)g(y)

V' = F)g() % — F0)9O)

o f(x)dx = g(y)dy
b) Phuong trinh c6 dang f(x)dx+ g(y)dy =0
fl)dx+g(y)dy =0 & f(x)dx = —g(y)dy
¢) Phuong trinh ¢6 dang M (x)N(y)dx+ P(x)Q(y)dy =0
M(x)N(y)dx + P(x)Q(y)dy = 0
e MO)N)dx = —P(x)Q(y)dy

* Néu N(y)P(x) # 0 chia ca 2 vé cho N (y)P(x).
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M(x) Q)

dx +——=dy =0
P(x) N(y)
1a phuong trinh dang trén. Tich phan ca 2 vé
M
[MG gy y [2024,
P(x) N(y) )

* Truong hop N(y) hoiac P(x) bang 0 thi phai thir truc tiép
vao phuong trinh. Tuy nhién phép thir chi mang y nghia
tuong trung, ta s€ ludn co6 nghiém X =

a(y#b)vay=>b(x#a)

Vi du. Giai phuong trinh
x(1+y?)dx+y(1+x*)dy=0

Nhan xét : (1 + y2)(1 + x%) # 0, nén ta c6

* e+ —2
X
A+ T a+y9

j(l f(l yyz)

Tuc lé%ln(l +x2) + %ln(l +y3)=C:= %ln C,

dy =0

Vay tich phan tong quat cta phuong trinh di cho 1a
(1+x2)(1+ y?) = C, trong d6 C, 1a hang sé dwong tiy
y.
2.1.3 Phurong trinh dang cap cap |
Pinh nghia 1. Ham f(x, y) duoc goi la ham dang cap bac m néu
V&I moi ttacod

fx,ty) =t™f(x,y)
Dinh nghia 2. Phuong trinh

11
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M(x,y)dx + N(x,y)dy =0
Trong d6 M(x,y), N(x,y) 1a cac ham dang cép cung bac duoc
goi la phwong trinh dang cap.

Phuong trinh cudi luon co thé duoc bién d6i vé dang

dy y
Ix <p(x)
Cach giai:
Déty=xu,tacéd—y=xd—u+u.TfJ:dé
dx dx
du
— 4 —
x o tu gw)

du .
Hay X— = gu) —u

£ s , du _ dx
Néu g(u) —u # 0 thi ta co R hay
du
In|x| = fg(u)_u +1In|C| = 68(u) + In|C]|

Hay x = Ce®™

Néu g(u) —u =0 thi bang cach thir tryc tiép ta thdy ham
y = uyx la nghiém cua phuong trinh da cho.

Vi du. Giai phuong trinh

dy x+y
dx  x
Loi giai. Bat y = ux, khi do
dy du
a u+Xa

Phuong trinh ¢6 dang

du x4+ ux
Uut+x—=
dx X

du
:}xa= loxdu=dxou=hnlx|+C

12
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Thay u = %ta c6y = x(In|x| + C)(x # 0)
PHUONG TRINH PUA VE DANG PANG CAP

ﬂ B (a1x+ b,y + c1>
dx ax +by +c

Néu | ’21| 0, ta dit {;i;iz

con a, £ la cac hang so théa man hé

{a1a+blﬂ+c1=0
ac+bf+c=0

Voi g, u 1a cac bién mai,

Khi 6 phuong trinh duoc dwa vé dang dang cap c6 dang
du (ale + b, ,u)
de as + bu

N&u |‘;1 ’21 | = 0 thi dua phuong trinh 3 cho vé dang

dy (k(ax+ by) +c

= = b
dx ax+ by +c¢ ) filax+by)

Dit z = ax + by, dua vé phuong trinh c¢6 vé phai khong chua
bién x.
Vi du. Giai phuong trinh :

(x+y—-2)dx+(x—y+4)dy=0
Tacodinhthic || | # 0. Giaih¢

-2 =
{a+ﬁ OtaduQCa=—1,,8=3.De_“1t

a—p+4=0
{ng_ld huong trinh v& dan
y:,Ll+3’ ua phuong Ve ag

(e+w)de+ (e—pu)du=0
Pay 1a phuong trinh dang cip. Giai bang phép d6i bién u = ue,
ta duoc €2 + 2eu—u? =C

13
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Tré vé bién x,y theo cong thitc dit ban dau. Tich phan tong
quat cua phuong trinh nay 1a
x?+2xy—y? —4x+8y=C
2.1.4 Phuong trinh vi phén tuyén tinh cdp |
Trong muc ndy ta xét 16p cac phuwong trinh vi phdn ma biéu
thirc 13 tuyén tinh d6i v6i an va dao ham ciia n6. Cac phuong
trinh nhu thé goi & phuwong trinh vi phdn tuyén tinh. Dang tong
quat cta phurong trinh vi phdan cap 113
y' +p(x)y =qXx)

Trong d6 p(x),q(x) la cac ham xac dinh trén (a, b) nao do.
Vi q(x) = 0 ta c6 phuong trinh vi phdn tuyén tinh thuan nhat :
y' +p)y=0
Dinh Iy. Gia st p(x),q(x) lién tuc trén (a, b) va x, € (a, b) thi
VGi Moi gid tri v, phuong trinh tuyén tinh thuan nhét chi c6 mot

nghiém duy nhat thoa mén y(x,) = y,.

Cach giai. Ta giai phwong trinh vi phan tuyén tinh bang
phuong phap bién thién hang s6. Dé giai duoc phuong trinh vi
phdn tuyén tinh truéc hét ta phai giai phuong trinh tuyén tinh
thuan nhat y" + p(x)y = 0

d
2 = —p()dx &y = Ginlyl = [ ~p()dx+1nlc

(C+#0)
Nghiém tong quat ctia phuong trinh 14
y = Ce= I p(ax

Coi C lamdt ham cua x : C = C(x), khi do
y = C(x)e—fp(x)dx
Va do do
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d_y — e—fp(x)dxd_C + C(_p(x))e—fp(x)dx

dx dx
Thay vao phuong trinh : y' + p(x)y = q(x), ta dugc
dc
= — q(x)efp(x)dx

sC= fq(x)efp(’ddx +D

Thay C vao nghiém téng quét ctia phuong trinh thuan nhat, ta c6
nghiém tong quat ctia phuong trinh khéng thuan nhat

y = (j q(x)efp(x)dx + D) e~ I p(ax
D 14 hang s tuy y.
Vidy : Tim nghiém cua phuong trinh vi phan
y' +3xy=x
,di qua diém (0 ; 4)

Loi giai. Ta ¢ p(x) = 3x = [ p(x)dx = 3212 Do d6 nghiém

tong quat 1a

Thay x = 0,y = 4 vao dang thic trén ta tim duoc C = % va

nghiém riéng can tim la

1 11 _3x?

=—4 —¢ 2
y=3773°¢

* He qua : Nghiém cta phuwong trinh vi phdn tuyén tinh cap |
véi diéu kién y(x,) = ¥, cho béi cong thuc

= [z, a(©ue)dt +y,
YR u(x)

15
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Trong d6 ulx) = ef"o p(o)dt

2.1.5 Phuong trinh Bernoulli
Phuong trinh ¢6 dang
y' +p)y=y*g(x)

trong d6 « 1a sb thuc nao d6, dugc goi la phuong trinh

Bernoulli. Cac ham p(x),q(x) duoc gia thiét 1 cac ham lién

tuc.

Cach giai.

1) Néu o< = 0 thi phuong trinh Bernoulli 1a phuong trinh tuyén
tinh cap I.

2) Néu oc =1 thi phuwong trinh Bernoulli 1a phuong trinh tuyén
tinh cap | thuan nhat do sé& bién d6i duoc dudi dang y' +
[p(x) — q(x)]y = 0.

3) Néu o< 0 thi chia ca 2 vé ctia phuong trinh cho y* ta dugc

Yy +p(x)y' ™ = q(x)
Pit y1=* = z, dua phuong trinh vé dang phuong trinh tuyén
tinh.

ZI

o TPz =4q()

z' + (1-o)p(x)z = (1—-c)q(x)
4) Néu 0 <= 1 thi ngoai nghiém nhu ¢ 3) con c6 thém
nghiém y = 0.

Vi dy : Giai phuong trinh xy’ — 4y = x2.[y
RO rang day la phuong trinh Bernoulli voi <= % vay=0Ia
mot nghiém cda phuong trinh da cho. Gia st y # 0, chia ca

. 1
2 vé cho xy:z ta duoc :
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_1 4
2y’ ——
y 2y X

1
yz=1x

1

1
bat z=yztaco z' = %y_ﬁy’. Khi d6 phuong trinh da cho

tr thanh phuwrong trinh vi phdn tuyén tinh khong thuan nht.

, 2 X
z'——z=—=
X 2

Giai phuong trinh nay ta dugc nghiém
1
z = x? (—lnlxl + C)
2
Do d6 phuong trinh c¢6 nghiém tong quat 1
y = x* Glnlxl + C)

Valnghiém lay =0

2.2 Phwong trinh vi phén cap |l

2.2.1 Cdc truong hop giam cdp duwoc
2.2.1.1 Truong hop vé phai khong phu thudc vao y, y’
Phuong trinh ¢6 dang y"' = f(x)
Cach giai. Lay tich phan lién tiép 2 lan

y' = jf(x)dx+C

=>y=j(ff(x)dx+€>+D

2.2.1.2  Truong hop vé phai khong phu thudc vao y
Phuong trinh y"' = f(x,y")
Cachgiai. Daty’ = p -» y" = p’. Khi d6 phuong trinh c¢6 dang
p' = f(x,p). Pay 1 phuong trinh vi phdan cap 1 d6i véi ham p.
Gia sir nghiém tong quat cua phuong trinh nay 1a p = @(x, C).
Khi d6 taco y' = @(x, €). Giai tiép duoc nghiém

y = j(p(x,C)dx+D

17
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Vi du. Giai phuong trinh

!

y"=x—y—
X

Lo giai. Pat p = y’, dua phuong trinh vé dang
x? C

1
‘+-p=x->p="+—
prtop=x->p=ot

2 .
Thay p boiy', taco y’ = x? + 5 Nghiém tong quat cuia phuong

trinh nay 1a
3

X
y=?+C.ln|x|+D

Truong hop vé phai khong chira x
Phuong trinh c6 dang y”' = f(y,y")
Cach giai. Trude tién kiém tra trudng hop y = 0. Truong hop
con lai dat y’ = p(x), tacod
,_dp _dp

y _Ezpd_y

Thay vao phuong trinh ta c6 pZ—z = f(y,p). Gia sir phuong

trinh ndy c6 nghiém & p = @(y,C). Giai tiép phuong trinh

v _ dy _ o .
— = ¢(y,0), ta dugc Pt dx. T day ta co
dy
=x+D
fco(y, )

Vi du. Giai phuong trinh

2yy" =y" +y*
Loi giai. Phuong trinh ¢6 nghiém y = 0. Truong hop con lai
daty’ =p(y), tacoy”" =p Z—z. Thay vao phuong trinh ta dugc

dp dp? 1
2yp.m = p? +yt e =—p? +
ypg, =Py e =ty

18
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Pay 1a phuong trinh vi phén tuyén tinh cap | ciia ham p? theo
bién doc lap y. Giai theo phuong phap bién thién hang sé, ta
dugc nghiém tong quéat & p? = y2 + Cy (C tiy y). Thay lai

A ~ ay _ 2 2 _
bién ci ==y =+/y2+Cy (y*+Cy >0) = dx =

dy _ dy o
+ y2+Cy=>X—if y2+Cy+D(Dtuyy).

2.2.2 Phuong trinh vi phan tuyén tinh cap |
Phuwong trinh vi phdn tuyén tinh cap 11 1a phuong trinh ¢6 dang

y'+alx)y +b(x)y= f(x)
e Néu f(x) # 0 thi phuong trinh khong thuan nhat.

e Néu f(x) = 0 thi phuong trinh thuan nhat.

Pinh Iy nghiém. Nghiém tong quat cua phuong trinh khong thuan nhét
y" +a(x)y' +b(x)y = f(x) bang tong cia nghiém tong quat
phuong trinh thuan nhat va mot nghiém riéng ndo d6 ctia phuong trinh

khong thuan nhat.
Nguyén ly chong chat nghiém. Cho phuong trinh
y"'+ax)y + b))y = f(x) +g(x)

Néu y, 13 nghiém riéng ctia phuong trinh ctia phuong trinh
y"+alx)y" +b(x)y= f(x)

Néu y, 1a nghiém riéng ctia phuong trinh cua phuong trinh
y" +a(x)y’+ b(x)y = g(x)

Thi y = y, + y, 14 nghiém riéng ctia phuong trinh ban dau.

Luu ¥ : K&t qua nay cé thé mo rong cho trudng hop vé phai la tong

cua n ham.
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2.2.3 Phuong trinh tuyén tinh cdp |1 hé sé hang
Phuong trinh y"' 4+ py’ + qy = f(x) duoc goi la phuwong trinh tuyén
tinh cap 11 hé sé hing, vai p,q 1a hing sé.
Néu f(x) =0 thi phuong trinh duoc goi & phuwong trinh vi phdn
tuyén tinh cap 11 thuan nhat.
Cach giai. Ta giai phuong trinh bang cach tim nghiém tong quat cua
phuong trinh thuan nhat va mot nghiém riéng ctia phuong trinh khong
thuan nhat. (ap dung cac dinh Iy cua phan 1.4.4)
2.2.3.1 Nghiém tong quét ctia phuong trinh thuan nhat
Ta tim nghiém riéng doc lap tuyén tinh (tic 1a ching khong ti
&) ctia phuong trinh thuan nhat dudi dang y = e**,k € C. Tinh
y',y", thay vao phuong trinh thuan nhat ta co
k%e** + pke®* + qge** =0 k?+pk+qg=0

Pay 1a mot phuong trinh dai s, nghiém phtrc. Phuong trinh nay
duoc goi la phuong trinh dac trung ctia hai phuong trinh trén.
Ta dung ky hiéu y dé chi nghiém tong quat ctia phuong trinh
thuan nhat.
Pinh Iy vé nghiém tong quat ctia phuong trinh thuan nhat.
Néu phuong trinh dic trung c6 2 nghiém thuc phan biét
k, # k, thi nghiém tong quat ctia phwong trinh thuan nhat 1a

y = C,e*1* + C,e¥2*
Néu phuong trinh dic trung c6 cac nghiém thuc tring nhau thi
nghiém tong quat ctia phuong trinh thuan nhat 1a

y = C e + C,xe**
Néu phuwong trinh dic trung co 2 nghiém phtc lién hop I
k,., =oc i thi nghi¢ém tong quat cua phuong trinh thuan nhat
la

y = e**[C,cosfx + C,sinfx]
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Vi dy. Tim nghiém tong quat ctia phuong trinh
y'+2y'+2y=0
Loi giai. Xét phuong trinh dac trung k% +2k+2 =0 ¢6
nghiém la k,, = -1+
— nghiém tong quat cua phuong trinh 1
y = e *(C,cosx + C,sinx)

Tim nghiém riéng ciia phuong trinh khong thuan nhat

Truong hop 1. f(x) = e**P,(x) véi P,(x) la da thirc bac n cia

x con o Ia hang sb thuc, n € Z*. Nghiém riéng .

Néu o khong la nghiém ciia phuong trinh dic trung thi nghiém
riéng c6 thé tim ¢ dang ¥ = e**Q,(x), trong d6 Q,(x) 1a da
thirc voi cac hé s6 chua biét va c6 thé duoc xac dinh bang
phuong phap hé s bat dinh.

Néu « 1a nghiém don cua phuong trinh dic trung thi c6 thé im
¢ dang y = xe**Qn (x)

Néu oc 13 nghiém kép cuia phuong trinh dic trung thi nghiém

riéng c6 thé tim ¢ dang § = x2e°*Q,, (x)

Vi du. Giai phuong trinh
y'+5y'+6y=3
Loi giai. Phuong trinh dac trung
k? +5k+6=0<k, =-3,k, =2
Nghiém tong quat ctia phuong trinh thuan nhat 1a
y=Ce 3+ Ce?*
— Ta tim nghiém riéng ¢ dang y = A. Thay vao phuong trinh ta

duoc 6A=3 A= % Nghiém riéng cua phuong trinh khong
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thuan nhat I 9 = % Vay nghiém téng quat cta phwong trinh

khong thuan nhat I

1
y=9+y=_Ce 3+ (e ** +§

Truong hop 2
f(x) =e**[P,(x)cosBx+ P, (x)sinfBx]
Néu oc +Bi khong 1a nghiém cua phuong trinh dic trung thi

nghiém riéng c6 thé tim & dang :

y = e**[Q,(x)cosPx + R;(x)sinBx];l = max{n; m}
Néu o« +Bi 1a nghiém cta phuong trinh dic trung thi nghiém
riéng c6 thé tim ¢ dang

A

y = xe**[Q,(x)cosBx + R;(x)sinfBx];l = max{n; m}

Vi du. Giai phuong trinh y'' 4+ 4y = sin2x
Xét phuong trinh dic trung : k> +4 =0 k = +2i

Nghiém tong quat ctia phuong trinh thuan nhat
y = x(Acos2x + Bsin2x)
So sanh céac hé sd, tim dugc A = —i,B =0

Nghiém tong quat ctia phuong trinh khong thuan nhat 1

1
y = C,;cos2x + C,sin2x — Zxcost

3. Ung dung ciia phwong trinh vi phan trong kinh té
PHAN TICH PONG TRONG KINH TE

3.1M#ét s6 mé hinh phwong trinh vi phin cap |

3.1.1 M6 hinh tang truong Domar
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Mb hinh tang truéng co dién cia gido su Domar dé cap dén viéc xac
dinh ludng dau tu dam bao cho nén kinh té luon ¢ trang thai can bang.
Mb hinh nay dugc xac lap trén co so cac gia thiét:

e Cic yéu t san xuat duoc sir dung theo mot ti Ié ¢é dinh

K
— = const
L

Do d6 c6 thé xét ham san xuat nhu 13 ham sé mot bién K
Q=f(K)
Trong d6 Q 1a san lwong tiém ning va K 1 tu ban.
e Tilé gitra Q va K 1a khong d6i, tic 13 Q = SK (B > 0)
e Nén kinh té luén & trang thai san xuat, tac 13 thu nhap Y bang san
lugng tiém niang Q°
e Xu hudng tiét kiém céan bién khong d6i va dau tu bang tiét kiem
I =S = sY (s la xu huéng tiét kiém cén bién)
Ta xét cac bién s6 néu trén nhu cac ham so cia bién thoi gian t. Tai

thoi diém t, lwong dau tu I(t) biéu thi tbe do gia ting quy von K(t),

do do
dK(t)
I(t) =
(t) T
Theo gia thiét thir hai
dQ BdK
—_—_— — = I
dt dt B
Theo gia thiét thir ba
dQ av
dt  dt

Theo gia thiét thir tu
dl sdY dy 1di
—_— = e =
dt dt dt sdt
Két hop cac két qua trén suy ra
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Pay 1a phuong trinh tuyén tinh thuin nhat. Giai phuong trinh nay
ta duoc quy dao thoi gian cua bién s | :
I = AePst
Vo1 t=0 ta ¢6 1(0)=A, do do
I =1(0)ePst
Trong d6 1(0) 1 lwong dau tu ban dau (tai thoi diém xuét phat). Do
B >0 vas >0 nén voi I1(0) > 0, T tang khong ngirng. Trang thai
can bang khong ton tai vai I — +oo khi t — +oo.
3.1.2 M6 hinh tang truong Solow
Trong md hinh Domar, san luong tiém ning duogc xét nhu 1d ham sé
ctia 1 biénK . Sy vang mat cua cac bién sé khac, trong d6 c6 bién s
lao dong L ham ¥ rang lao dong va von dugc két hop theo 1 ti 1& xac
dinh. Khac v61 Domar, giao su Solow da tim ra cach phan tich tang
truong trong diéu kién vén va lao dong duoc két hop theo ti 18 thay
doi.
3.1.2.1 Thiét lap mé hinh, gia thiét
Ta xuat phat tir ham san xuat Q = F(K, L) trong d6 cac bién s
duoc xét trong kinh té vi mo.
Mb hinh Solow duoc thiét Iap vdi cac gia thiét chinh sau
¢ Ham san xuat 1a ham thuan nhat bac 1
Vi gia thiét nay ta 6 Q = L.f(k) véi k = Ta ti s6 vén - lao
dong. Bién k biéu thi ham lwong von tinh binh quan cho mot don vi
lao dong.
e Tai thoi diém nén kinh té phat huy hét tiém ning cong nghé, tirc 1

Q) =Y(t)
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e Tai moi thoi diém mét ti phan co dinh cua thu nhap dugc tiét kiém
va dung hét cho dau tu:
fli—lt{ =I(t) = sY(t)
Trong d6 s 1a xu huéng tiét kiém can bién.
e Luc Iuong lao dong ting theo quy luat ham sé mi
dL
i L (t = const > 0)
Tur ddng nhat thic K = kL ta ¢
dK _ dk L
dl dt dt
Két hop gia thiét thir 2, thir 3 va dang thtic trén suy ra :
dK
T sQ =sL.f(k)
Két hop dang thic nay voi hé thic gia thiét 4, ta co thé viét hé thic
dK dk dL

PTIRTRLT

Duoi dang
dk
sL.f(k) = LE + ktL
Tu day thi ta c6 mo hinh Solow
dk
i s.f(k) —tk (3.1)

Mb hinh ndy cho ta phéan tich quy dao thoi gian cta bién sé k
3.1.2.2 Phantich
Ta xét ham san xuat & dang Cobb-Douslas
Q =aK*L** (a > 0,0 <x< 1)
Thi

[od

00-8a(5) -t

Phuong trinh (3.1) cia m6 hinh Solow tr¢ thanh
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— = ask®* —tk » —+ tk = ask®™
dt S T dt T S

Day 1a phuong trinh Bernoulli. Theo phuong phép d3 biét ta tim
duoc
as asii==
k=|(r1—~-=2 —t(1-0c)t +— 1-«
(k=== )e -
voi ko = k(0)

1
S

Dot >0val—x>0nénk — (aT)lTX khit — +o00. Trang thai
on dinh 1
R
7 1-x
k=(—
)
3.1.3 M6 hinh diéu chinh gid thi truong
Gia str cung va cau cua mot loai hang hoa nhu sau :
Q; =a—bP(a>0,b>0)
Qs =—c+dP (c>0,d>0)
Khi d6 gia can bang (gia khi Q; = Q) 1a mot hang s6 duong
a+c

b+d
Néu tai thoi diém xuat phat t = 0 gia P(0) dung bang gi4 can bang thi

P =

thi truong da can bang. Nhung néu khac thi phai sau mot thoi gian no
m&i c6 thé tién toi trang théi dy.

Van dé phan tich dong dugc dat ra nhu sau : Néu ¢6 du thoi gian dé
diéu chinh thi lidu thi truong cé tién t6i trang thdi cdn bang hay
khong, tirc la P(t) cé héi tu dén P hay khong khi t — +o0 ?

Ta thiét lap ham sé P=P(t). Pé don gian ta gia thiét rang toc do bién
thién cua gia ca ti & thuan véi lugng chénh léch giita cung va cau,

Q, — Q,, tai moi thoi diém
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dP
2= 0Qi-2) (6>0
t
Héng s6 & duoc goi 1a hé s diéu chinh. Cha ¥ rang trong phuwong
trinh trén, i—i = 0 khi va chi khi Q; = Q,. Thay 2 phuong trinh cung
cau ban dau vao phuong trinh trén, ta duoc
dP
—=06(a+c)—6(b+d)P
dt
< dP
T+5(b+d)P:6(a+c)
DPay 1 phuwong trinh vi phdn tuyén tinh, giai phuong trinh ndy ta
duoc .
P(t) = [P(0) — Ple~8®+dt 4 p
Trong d6
F_a+c
b+d

Do &§(b+d)t>0 nén [P(0)— Ple %®+dt 0 khit > +oo0. Nhu
vdy, moé hinh trén day cho thady P(t) — Pkhit » 4o, tic 1
P 1a trang thai on dinh.

Ngoai ra thi con mot ung dung quan trong niza cua phuong trinh vi
phéncaplla “Phdn tich dinh tinh quy dao thoi gian cia mét bién so
kinh té bang phwrong phdp dé thi” tuy nhién khéng cé chimg minh cy
thé dinh lwong cho phwong phép nay (khéng img dung nhing gi da
hoc) nén chiung em khong trinh bay ¢ day.

3.2Mdt s6 mé hinh phwong trinh vi phdn tuyén tinh cap ||

3.2.1 Diéu kién on dinh dong
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Gia sir quy luat van dong theo thoi gian t cua bién y dugc thiét lap
dudi dang phuong trinh :
y'+py' +qy=r(*)
Trang thai can bang y = ¥ 13 mdt nghiém riéng ctia phuong trinh trén.
Trang thai can bang ton tai khi va chi khi ¢ # 0. Khi d6
_ T
=4
Diéu kién 6n dinh cua trang thai can bang ¥ 1a diéu kién d¢é moi quy dao thoi
gian hoi tu dén .
Dinh Iy. Trang thai can bang ¥ 6n dinh dong khi va chi khi tat ca cac
nghiém cua phuong trinh dic trung k? + pk + g = 0 déu c6 phan thyc 1a sé
am. (phan thuc cua nghiém chinh 1a nghiém do)
Chung minh.
e Néu phuong trinh dic trung c6 hai nghiém thuc phan biét k, =
a,k, = b thi nghiém tong quat ctia phuong trinh (*) 1a
y =9+ Ce® + C,el
Trong truong hop nay lim,_,, ., y(t) = ¥ khi va chi khica a, b déu
14 sb am.
e Néu phuong trinh dic trung c6 mot nghiém thuc kép k, =k, = a
thi nghiém tong quét cua phuong trinh (*) 1a
y=y+(C,+ C,x)e™
Trong trudng hop nay, lim,_, .., y(t) = ¥ khi va chi khia < 0
e Néu phuong trinh dic trung c6 2 nghiém phic lién hop ki, =ax
Bi thi nghiém tong quat ctia phuong trinh (*) 1
y =y + e**(C,cospt + C,sinpt)
Trong trudng hop nay lim,_,, ., y(t) = ¥ khi va chi khix< 0
Nhan xét. Truong hop phuong trinh dac trung khong co6 nghiém thuc

(p? — 4q < 0) thi phan thyc cua cac nghiém phuc 13 o«c= —g, do d6 o« 1a sb
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am khi va chi khi p > 0. Néu phuong trinh dic trung c6 nghiém thuc
(p% — 4q > 0) thi diéu kién dé ca hai nghiém thuc déu am 1a g, p > 0.
3.2.2 M6 hinh thi truong Voi ki vong gid
Khi xét bien thoi gian t lién tuc, thong tin vé xu hudng gia P(t) c6 thé biet
duoc thong qua P’'(t) (gia ting hay gia giam) va P''(t) (gid ting voi te do
tang hay giam). Céac thong tin d6 c6 thé anh huonwgr téi quyét dinh tidu
dung ciia nguoi tiéu dung va nha san xuat. Chang han, néu cho rang trong
twong lai gan, gid mot loai hang héa s& ting nhanh thi nguoi tiéu dung sé&
mua nhiéu hon hang héa d6. D¢ xem xét anh hudng cua ky vong gid (nhan
dinh vé& xu hudng thay doi cua gia ca trén thi truong) d6i voi lwong cung va
lwong cau ngudi ta xét ham cung va ham cau dudi dang
Qa: = DIP(®),P' (1), P" (t)]
Qs = S[P(1),P'(8),P" (D]
Quy dao thoi gian cua gia thi trudng (gia can bang cung cau) duogc thiét lap
du6i dang phuong trinh vi phdn cap |l
S[P(t),P' (1), P" ()] = D[P(D),P'(t),P" ()] (**)
Néu han ché & mé hinh tuyén tinh va don gian héa ky hiéu ta c6 thé viét
Q;=a—bP+aP + [P"
Q;=—c+dP+yP' +6P"
(a,b,c,d >0)
Dé cho don gian ta gia thiét rang chi c6 ham cau chta ky vong gid, tirc 1a
y = § = 0. Khi d6 phuong trinh (**) c6 dang
—c+dP =a—bP + aP’ + P"
b+d a+c

a
SP' 4P ———P=—
B B

Duya vao dinh Iy vé diéu kién 6n dinh dong cta trang thai can bang ta co thé

(***)

rat ra mot s6 két luan khai quat vé tinh 6n dinh dong cua trang thai can bang

nhu sau :

29

Toan cao cap 2 : PHUONG TRINH VI PHAN



Bai thado lugn NHOM 10

e Néu B > 0 thi phuong trinh dac trung c6 hai nghiém thyc trai dau,
do d6 trang thai can bang P khong 6n dinh.

e NéupB <0va x<0 thi cac hé sé cua phuong trinh (¥**) duong,
do d6 cac nghiém ctia phuogn trinh dic trung ctia nd hodc 1a cac s6
thuc am, hodc 1a cac sé phiic ¢6 phan thyc am. Trong trudng hop
ndy, trang thai can bang on dinh.

e Néu B <0wva o> 0 thi hé s6 ciia P’ am va hé sé ciia P duong.
Trong treong hop nay phuong trinh dac trung hoac ¢6 cac nghiém
thuc duong, hodc co cac nghiém phic véi phan thuc duong, do d6
trang thai can bang khong 6n dinh.

3.2.3 M6 hinh diéu chinh gid ¢ tinh dén hang héa ton dong
Trong cac mo hinh ting trudng xét ¢ phan trén ta gia st rang téc do diéu

chinh gia ti I¢ thuan véi lwong chénh léch cung cau.

P
ar =x (Qq — Qs) (x> 0)

Trong d6 lugng cung Q, va luong cau Q, la cac ham s theo bién t.

Trong md hinh ndi trén, ta bé qua lwgng hang hoa ton dong (chua ban hét)
khi c6 su du cung. Van dé dat ra 1a khong chi lwong du cung hién thoi ma ca
lugng hang ton dong chua ban hét ciing gy ap luc ha gia. Dé biéu dién ¥
tuéng nay ta xét mo hinh sau :

dP

—o =% (Qu=Q) — P f [04(x) = Qu(¥)]dx

Trong d6 «, B 1a cac hiang s duong.
Tu phuong trinh trén, ta co

dzp d dQ
P (d—Qt -2 ) - B10:(0) ~ Qu(®)

Gia str ham cung va ham cau 13 cac ham tuyén tinh
Q;=a—bP(a>0,b>0)
Qs =—c+dP(c>0,d>0)
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Khi do
d?pP dpP dP
P O ) RY R CROR CRYOL
d?pP b+ d)dP
—>dt2+o<( +dt) +B(b+d)P=pa+c) (4%

Quy dao thoi gian cta gid ca duoc thiét lap gian tiép dudi dang phuong trinh
vi phdn (4%) trén. Vi gia thiét o, 8, a, b, c,d déu 1a cac hang sé duong, cac
hé s cua phuong trinh (4*) duong, do d6 phuong trinh dic trung hodc c6
cc nghiém thuc 4m hodc ¢6 cac nghiém phtc ¢6 phan thuc am. Trang thai
can bang P = % 6n dinh déng. Du xudt phat ¢ trang thai ndo thi gia thi
truong van sé& dugc diéu chinh dan dén trang thai can bang.

3.2.4 M6 hinh é nhiém méi truong

Nguoi ta cho rang ham lwong CO, trong khi quyén lam ting nhiét do trai
dat. Ham luong d6 ngdy mot ting cing va4i Sy phat trién ciia cong nghiép, do
chat dot va khi thai dugc thai vao khi quyén, dong thdi mot phan trong sé do
duoc hap thu tu nhién bai nuwdc bién va sinh vat.

Goiy 1a ham lugng CO,. Ham lugng do tang theo quy luat

Y vy (59)

Trong d6 x la ham lugng CO, do cac xi nghiép cong nghiép thai vao khong
khi va o> 0 1a tham sé biéu dién ti phan CO, hap thu béi ty nhién. Gia sur

lwong khi trén duoc thai vao khi quyén 13 ting theo thdi gian theo quy luat

dx _
- =
Trong d6 B8,a, b 1a cac hing sé dwong. Hé sé B biéu dién ti phan CO, bi han
ché bét do cac hoat dong chong 6 nhidm ciia céc qubc gia.
Mo hinh [a mot hé phuong trink vi phdn cap | gdm 2 phuong trinh nhung ta
c6 thé biéu dién ching dudi dang 1 phwong trinh vi phan cap Il. Ly dao
ham ca 2 Vé roi thé phuong trinh tir (6%) vao (5%). Tac

ae’ — By (6%)
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dy
— bt — —C, —
ae By ¥

d?y
dt?
o d%y dy

Tt By = ae’*

Bang phuong phap hé so bat dinh ta tim dugc nghiém riéng
bt

oy ae

| VO = b+ 8

Nghiém tong quat ctia phuong trinh trén nhu sau
e Néuo2—4p8>0

aebt

b>+« b+ B

y = Cyef1t + C ekt +
Jx2-4p8

2

Trongdo k, , = —i.OC T

o Néuo?—48=0

aebt

+b2+o<b+ﬁ

a
y=(C;+Cit)e 2

o Néuo?—4p8<0

a aebt

y = (C,cosOt+ C,sinft)e 2 + bitoch + B

Trong d6 0 = ¥—— 4[;_“2

Do a, 8 > 0 nén ky,k,, —%1&‘1 cac s6 am. Trong ca 3 truong hop

nodi1 trén ta déu co :
bt

(t) e 0 khit— +
— - — 400
I T h v b + B l
Nhu vay quy dao dai han ctia ham luong CO, trong khi quyén la
aebt
Y =73
b?+xc b + B
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BAI TAP
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