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Chuong 1

Giéi thiéu quy hoach tuyén tinh

1.1 Mot s6 vi du dan dén bai toan quy hoach tuyén tinh

Vidu 1.1 (Bai toan 1ap ké hoach san xuat). Mot trai cua cac khiic gb thanh
cac tam van. Co6 hai loai van: van thanh pham va van st dung trong xay
dung. Gia sit, déi voi:

e Van thanh pham can 2 gi dé cua va 5 gio dé bao 10m van.

e Van xay dung can 3 gio dé cua va 3 gid dé bao 10m van.
May cua lam viéc t6i da 8 gio trong ngay, va may bao lam viéc t6i da 15 gio
trong ngay. Néu 1¢i nhuan ctia 10m van thanh pham 1a 120 (ngan dong), va

loi nhuan ctia 10m van xay dung la 100 (ngan dong). Trong ngay, trai cua
phai cua bao nhiéu van méi loai dé lgi nhuan 16n nhat?

Gliat.
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Vi du 1.2 (Bai toan khau phan #n). Chuyén gia dinh dudng dinh thanh lap
mot thue don gdm 2 loai thuc pham chinh A va B. Ct mot (tram gram):

e Thuc pham A chia 2 don vi chat béo, 1 don vi carbohydrate va 4 don
vi protein.

e Thuc pham B chita 3 don vi chat béo, 3 don vi carbohydrate va 3 don
vi protein.

Néu mot (tram gram) thyc pham A gid 20 (ngan dong) va mot (tram gram)
thyc pham B gid 25 (ngan dong). Nha dinh dudng mudn thitc an phai cung
cap it nhat 18 don vi chat béo, 12 don vi carbohydrate va 24 don vi protein.
Bao nhiéu (tram gram) thiyc pham mdi loai dé c¢6 gia nhé nhat nhung van
cung cap du dinh dudng?

Gaz.
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Vi du 1.3 (Bai toan van tai). Mot nha sdn xudt ¢6 2 nha may: Mot nha
may ¢ Vinh Phtic vA mot nha may 6 Binh Duong. C6 3 kho hang phan phoi
san pham dat  Ha Noi, TP. HCM va Can Tho. Nha méy 6 Vinh phic; Binh
Duong, c¢6 kha nang cung cap t6i da 100; 140 tan mdi tuan. Luong cau clia
cac kho 6 Ha Noi, TP. HCM va Can Tho lan lugt tut 100; 60 va 80 tan trd
len. Chi phi van chuyén (tram ngan) mdi tan cho nhu bang bén dudi. Hoéi
can van chuyén bao nhiéu tan hang héa tit nha san xuat dén cac kho hang &
Ha Noi, TP. HCM va & can tho dé chi phi nhé nhat nhung van dap tng du
nhu cau?

Gliat.




1.1 Mot s6 vi du dan dén bai toin quy hoach tuyén tinh

Tram thu | Ha Noi |TP. HCM| Can tho
Tram phat W1:100 W,:60 W3:80

Vinh Phtc-Q4: 100 D 7 9

Binh Duong-Q5,:140 8 7 10
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1.2 Cac dang ctia bai toan quy hoach tuyén tinh

1.2.1 Bai toan quy hoach tuyén tinh dang tong quat

Tit cac vi du muc 1.1, bai todn quy hoach tuyén tinh tong qudt duge phat
biéu nhu sau: Tim X1, X2, .. ., X, sao cho

z = c1X] + cXo + -+ - + ¢, x, — max (hay min) (1.1)

V6i cac rang budc

anx, + apxy + - + apx, <(>G)(=) b
anxi; + anx; + - 4+ aux, < (>)(=) b (1.2)
amXx1 + amx2 + -+ + aunxn < (Z)(=) by

Ham tuyén tinh (1.1) goi 1& ham muc tiéu. He bat phuong trinh tuyén tinh
(1.2) goi la cac rang buodc. Vé trai clia cac rang buoc la cdc ham tuyén tinh
v6i X1, Xa, ..., X, 1& cac bién so.

1.2.2 Bai toan quy hoach tuyén tinh dang chuan

Chtng ta néi bai toan quy hoach tuyén tinh c6 dang chuan néu né c6 dang
nhu sau: Tim x;, x,, ..., X, sao cho

Z = C1X1 + Xy + -+ + ¢, X, — max, (hay min) (1.3)

V6i cac rang buoc

anx; + apxy; + - + apx, < b
ayxy + anx, + -+ + amx, < by

. . . : (1.4)
amX1 + amXxa2 + -+ + aupxp = bm

x;>0,j=12,....n (1.5)
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1.2.3 Bai toan quy hoach tuyén tinh dang chinh tic

Chiing ta néi bai toin quy hoach tuyén tinh c6 dang chinh tac* néu né co
dang nhu sau: Tim x1, X, ...,n sao cho

Z = c1X1 + cXo + -+ + ¢, X, = max, (hay min) (1.6)

V6i cac rang budc

anxy + apx; + -+ apx, = b

a,xy + anpx; + -+ + amx, = b (1.7)

amX1 + amXxy + - + AupXp = bm
x;>0,j=12,....n (1.8)

Vi du 1.4. Cho biét dang ciia cac bai toan quy hoach tuyén tinh sau:

a. z = 3x; + 2x, — min
V6i cac rang buoc
2xX1 + X

{ 31 — 2x;
x1>0,x, >0

IATA
o)

b. z = 2x1 + 3x; + 4x3 > max

V6i cac rang budc

3x1 + 2x, — 3x3 < 4
2x1 + 3xy + 2x3 < 6
31 — X + 2x3 > =8

X1 >0,x0>0,x3>0
c. z = 3x; +2x, + 3x3 — 2x4 — max
V6i cac rang buoc
2x1 + 6x2 + 2x3 — 4x4
3x; + 2x, — 5x3 + x4 =
6x; + 7x + 2x3 + 5x4 < 4
X1 20,x>0,x3>0,x4 20

d. z =2x1 + 5x7 + x3 + x4 + 4x5 — min

|
0

*Mot s6 sach ¢6 dinh nghia khac vé dang chuan v dang chinh tic. Cac ban can doc kj dinh nghia khi
tham khéo céc tai lieu khéc.
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V6i cac rang buoc
3x1 + 2x, — X3 + 2Xx;5
{ 4x, + 5x3 + 3x3 + 2x4
X1 >0,x0>0,x3>0,x4>0,xs >0

I
= A~

e. z = 2x; + 5x, > max

V6i cac rang buoc

3x;] + 2x, < 6
2x1 + 9% < 8
x1 >0

f. z=2x; 4+ 3x, —> min

V6i cac rang budc

2)61 + Xy — X3 = 4
31 + 2x, + x3 = 8
X1 — X2 = 6

x1>0,x2>0
Chi 7. Bai toan tim gia tri nho nhat ctia ham muc tiéu c6 thé viét thanh bai
toan tim gia tri 16n nhat ctia ham muc tiéu va ngudc lai. Diéu nay cac ban
sé thay qua quan hé:

n n
min E cjXj = —max | — E CjXj (1.9)
Jj=1 J=1

tuong duong

minz = —max(—z) (1.10)
Do do6, khong méat tinh téng quat trong phan 1y thuyét ta chi phat bicu bai
toan tim gia tri 16n nhat cia ham muc tiéu (max z). Bai toan tim gié tri nho
nhat ham muc tiéu (minz) thi c6 thé sit dung (1.10). ]
Vi du 1.5. Chuyén céac bai toan quy hoach tuyén tinh tim max ham muc
tiéu thanh tim min ham muc tiéu hay ngugc lai

a. z = 2x1 + 3x, + 4x3 — max
V6i cac rang buoc

3x; + 2xp, — 3x3 < 4
2x1 4+ 3x, + 2x3 < 6
3x; — X, + 2x3 > -8

x1>0,x>0,x3>0



1.3 Quan hé dang chuan va chinh tic

b. z = 3x;1 + 2x, — min

V6i cac rang buoc

2x1 + xp < 4
3x; — 2x, < 6
x>0,y>0

Gliat.

1.3 Quan hé dang chuan va chinh tic

1.3.1 Déi chiéu bat ding thic cta cac rang budc
Néu ta nhan hai vé ctia bat phuong trinh

kixi +kox, +--+kyx, >b
v6i —1 ta duge bat phuong trinh

—kix1 —koxy —---—k,x, <—b
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Vi du 1.6. Chuyén bai toan quy hoach tuyén tinh sau sang dang chuan:

z = 2x; + 3x, + 4x3 — max

V6i cac rang budc

3x; 4+ 2x; — 3x3 < 4
2x1 4+ 3x, + 2x3 < 6
3x; — Xxp + 2x3 > -8

X1 >0,x>0,x3>0

Gliaz.

1.3.2 Bién khong rang budc

+

Gia stt x; khong c6 rang budc, ching ta c¢6 thé thay x; bang hai bién xj va

Xj
+

Xj=X; —X;
trong do x;-r > 0 va x; > 0. Dieu nay c6 nghta la mot so bat k¥ chinh 1 hieu
ctia hai s6 khong am. V6i cach nay ching ta c6 thé chuyéen bai toan khong cé

rang budc vé bién thanh bai toan c¢6 rang buoc vé bién.

Vi du 1.7. Chuyén bai toan quy hoach tuyén tinh sau sang dang chuan

z = 2x1 + 5x, — max (1.11)
V6i cac rang budc

3x; + 2x, < 6

2x1 + 9%, < 8 (112)

X1 >0 (1.13)
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Glaz.

Nhan zét. Moi bai toan quy hoach tuyén tinh déu c6 thé chuyen doéi thanh
dang chuan bing cac cach nhu tréen. O

1.3.3 Bién d6i bai toan quy hoach dang chuan thanh dang chinh
tac
Xét rang buoc thic i trong bai toan quy hoach tuyén tinh dang chuan
anx, + apxxs + -+ aipx, < b; (1.14)

Chiing ta c¢6 thé chuyén rang buoc (1.14) thanh phuong trinh tuyén tinh bang
cach them vao bién phu x,4; > 0, va

ai X1+ apxxy + -+ aippXx, + Xpgpi = b; (1.15)

Bai toan quy hoach tuyén tinh dang chuan chuyén thanh dang chinh tic c6
dang nhu sau

Z =C1X1 + C2Xp + -+ + CpX;, — mmax

V6i cac rang budc

anxy + -+ + amx, + Xpq1 = b
axy + -+ + awuXx + Xngo = b
aAmX1 + -+ + AmnXy + Xp4m = bm

-XIZO”anO’xn—‘rIZO’vx}’l—}-mzo
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Vi du 1.8. Chuyén bai todn quy hoach tuyén tinh sau sang dang chinh tic

z = 120x; + 100x, — max

V6i cac rang buoc
2x1 + 3x;
5x1 + 3x;

x1>0,x2>0

=
=

15

Gliaz.

Vi du 1.9. Chuyén céc bai toan quy hoach tuyén tinh sau sang dang chinh
tac

a. z = 3x; + 2x, — min
V6i cac rang budc
2x1 + X2

3X1 — 2X2

X1 >0,x,>0

IA TA
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b. z = 2x1 + 3x; + 4x3 > max

V6i cac rang budc

3X1
2X1
3X1

+ 2x;

3X3

+ 3.X2 + 2X3
— X2 + 2x3
X1 >0,x>0,x3>0

IV IA TA
o)

c. z=3x1 +2x, + 3x3 — 2x4 — max

V6i cac rang budc
+ 6.X2 + 2X3

2X1
3X1
6)61

+ 2x;

5X3

+ 7X2 + ZX3
X1 >0,x0>0,x3>20,x4 >0

— 4X4
+ X4
+ Sxy

IA

o¢)

d. z = 2x; + 5x, > max

V6i cac rang buoc

3X1
le
x1 >0

+ 2x
+ 9x;

=
=
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e. z = 2x; + 3x, — min

V6i cac rang buoc

2xX1 + xp — x3 = 4
31 + 2x, + x3 = 8
X1 — X2 = 6

x1>0,x3>0

1.4 Dang ma tran cua bai toan quy hoach

Xét bai toan quy hoach dang chuan:

Z =C1X1 + C2Xy + -+ + CpX,; — max

V6i cac rang buoc
apxy + apxy; +
arx; + anx; -+

aAmX1 + amaXxz +

x; >0, =12,...,n

A1nXn
A Xy

amnxn

IA TA

IA
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Dat
aip dadip -+ dip X1 by C1
az; dy -+ dyy X2 b, (6]
A= . . . , X = , b= , €=
Am1 Am2 -+ Amn Xn bm Cn

Chiing ta c6 thé viét bai toan quy hoach trén thanh dang ma tran: Tim
x € R" sao cho

z = CTX—> max

V6i cac rang buoc
Ax <b
x>0
Vi du 1.10. Viét bai toan quy hoach tuyén tinh sau duéi dang ma tran.
z = 120x; + 100x, — max
V6i cac rang budc
2)61 + 3)62
5)61 + 3)62

x1>20,%>0

=
=

15

Gaz.

1.5 Phuong an chap nhan dudc

Dinh nghia 1.1 (Phuong an chap nhan dugc). Vécto x € R" théa tat cd
cdc rang budc cia bai todn quy hoach tuyén tinh dugc goi la phuong dan chap
nhan dugc.
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Vi du 1.11. Cho bai todn quy hoach tuyén tinh:

z = 120x; + 100x, — max

V6i cac rang budc
{ 2x; + 3x
5x1 + 3x;

x1>20,%>0

=
=

15

va cac phuong an:

0=(3) ==(3) »=(3) ==(3)

Phuong 4n nao 1a phuong an chap nhan dugce?
Gias.

Dinh nghia 1.2 (Phuong an t6i uu). Phuong dn chap nhan dugc lam cho
ham muc tiéu cé gid tri lon nhat (néu la bai todn max) hay nhé nhat (néu la
bai todn min) thi dugc goi la phuong dn toi vu.
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1.6 Y nghia hinh hoc ctia bai toan quy hoach tuyén tinh

Trong phan nay ta xét dén phuong phap giai bai toan quy hoach tuyén tinh
bang hinh hoc. Phuong phap hinh hoc chi gidi bai toan quy hoach tuyén tinh
hai hodc ba bién. Tuy nhién, ¥ nghia ctia phuong phap nay cho ta ¥ tudng
dé xay dung thuat toan dai sé c6 thé giai dudc bai toan rat 16n sé duge trinh
bay trong chuong 2.

1.6.1 Phuong phap d6 thi giai bai toan quy hoach tuyén tinh

Vi du 1.12. Giai bai toan quy hoach tuyén tinh
z =4x + 3y — max
V6i cac rang buoc
x + y < 4
5 + 3y < 15
x=0,y=0

Gliaz.
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Vi du 1.13. Giai bai toan quy hoach tuyén tinh

z =2x 4+ 5y — max

V6i cac rang budc

—3x + 2y < 6
x + 2y > 2
x>0,y>0

Gaz.

1.6.2 Tinh chit cta tap phuong an chip nhan dudgc

Dinh nghia 1.3 (Doan thang). Doan thang noi hai diém x; va Xy duge dinh
nghia
xeR'|x=Ax1+ (1 =A)x3, 0<A<1} (1.16)
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Theo d6, néu A = 0 ching ta c6 X3, vA néu A = 1 ching ta c¢6 x;. Nhitng
diém thuoc doan thing véi 0 < A < 1 dudc goi 1a cac diém trong ciia doan,
va X1 va Xg dudc goi la diém bién cta doan théng.

X1 e

¢ Xo

X = Ax; + (1 — M)x;

Hinh 1.1: x4, X, 1 hai diém bién, x 13 diém trong

Dinh 1y 1.4. Cho x; va Xy la hai phuong dn chap nhan dugc cia bai todn
quy hoach tuyén tinh. Diém x = Ax; + (1 — 1)x2,0 < A < 1, trén doan noi
hai diém xq v Xo. Khi do

i. X cing la phuong dan chap nhan dugc.

T T T

4. Néu cdc gid tri ham muc tieu ¢’ x; = ¢f'xy thi ¢’x = cT'x3 = ¢ 'xs.

iii. Néu cdc gid tri ham muc tiéu ¢’ x; < ¢!'xy thi ¢f'x < ¢’ x,.
Chaing minh. Gid stt bai toan quy hoach tuyén tinh c6 rang buoc a’x < b.

Vi x; vA Xy 1a hai phuong 4n chdp nhan duge cho nén a’x; < b va al
b.

X <

i. Véix = Ax;+ (1 —=21)x3,0 < A < 1, trén doan ndi hai diém x; va x,, ching
ta co

a’x =al (Ax; + (1 —2A)xy)
= /\aTxl + (1 — A)asz
<Ab+(1—A)b<b

Do x thda rang budc cho nén x ciing 1a phuong an chap nhan dude. Vay, cac
diém trén doan néi hai phuong an chap nhan dude 1a cac phuong an chap
nhan duge.

ii. Theo i), x 1a phuong 4n chap nhan dugc.

c'x=c’ (Ax1 + (1 = 1)xy)
= ACTX1 + (1 — A)CTXZ
= CTX2 = CTX1
Vay céc phuong an chap nhan dude cling thudoc mot doan thang thi cing gia
tri ham muc tiéu.
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iii. V6i x = Ax; + (1 —A)x2,0 < A < 1, trén doan ndi hai diem x; va xa,
chung ta co
c'x=c’ (Ax1 + (1 — 1)xy)
= A,CTX1 + (1 — A)CTX2
< )LCTX2 + (1 — )L)CTX2 = CTX2
T dinh 1§ nay, xét tap cac phuong 4n chap nhan dudc 1a doan théng noi béi

hai diém x;, X thi mot diém bién c6 gia tri ham muc tiéu 16n nhat va diem
bién con lai ¢6 gia tri ham muc tiéu nhé nhat. O

Vi du 1.14. Xem lai bai toan quy hoach tuyén tinh nhu vi du 1.12 trang
16.

z =2x 4+ 5y — max

V6i cac rang buoc

—3x + 2y < 6
x + 2y = 2
x>0,y>0
4 KA
z/5 o\ B
24k
X
lxzc
x 0 é\ x
(b)
Hinh 1.2:

a. Ta thay x = (1/2;2),x = (2;1/2) la phuong an chap nhan dugc va
diém x thuoc doan néi hai diém x;x,, v6i x dinh béi

SHIS)

X=Ax1+(1=-A)x, A=

ciing 14 phuong an chap nhan dugce, xem hinh 1.2a.
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b. Cho hai phuong an chap nhan duge x! = (1/2;7/3) vaxl = (2;1/3) ¢6
cling gia tri ham muc tiéu 1a (z/5 = 3), thi phuong 4n x thuoc doan ndi hai
diém xx,, véi x dinh béi

2
X=Ax1+(1=-A)x, A= 3
cling cung gia tri ham muc tiéu la (z/5 = 3), xem hinh 1.2b. O]

Dinh nghia 1.5 (Tap 16i). Tap S € R" dugc goi la tap 167 néu vdi hai diém
phan biét bat ky X1 va Xy thuoc S thi doan noi hai diém X1 Va4 Xo cing nam
trong tap S.

C
D C
A B B
y (a) y (b) (c)

X5 X1 X1
/ \ X2 \ X2
L/x X | —
(d) () (f)
Hinh 1.3:

Vi du 1.15. Céc tap con ciia R? trong hinh 1.3 la cac tap 16i. Cac tap con
ctia R? trong hinh 1.4 khong phai 1a tap 10i. O

Dinh 1y 1.6. Tap tat cd cdc phuong dn chap nhan duge S = {x|Ax = b, x >
0} ciia bai todn quy hoach tuyén tinh dang chinh tdc la mot tap loi.

L) >

(a) (b) ()
Hinh 1.4:
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Chiing minh. Goi X1,%X3 € S 12 hai phuong an chap nhan dugc, theo dinh 1y
1.4(i) thi
X = Axy + (1 — A)xy

ciing 1a phuong chap nhan duge. Do dé x € S, hay S 1a tap 1oi ]

1.7 Diém cuc bién

Dinh nghia 1.7 (T6 hop 16i). Diem x € R" la to hop loi cia r diém
X1,X1, ..., Xp trong R" néu ton tai A, Az, Ar =00 + A0+ -+ A, =1
a0 cho x = A1X1 + ArXg + -+ - + A,X,.

Pinh 1y 1.8. Tap chita tit cdc to hop loi ctia hiu han cdc diém trong R" 1
mot tap loi.

Chitng minh. Goi S 1a tap chita tat ca cac to hop 18i clia r diém xq,xq,..., X,

trong R". Lay x,y € S

X = AXg + A2Xp + -+ + A X, Z)ki =1, A, >0
i=0

y=Axi+Ax+ o+ A% Y A=1 1,>0
i=0

. 2 ~ P . - 2 ~
Diém thudc doan noi hai diem x,y c6 dang

z=Ax+(1—-AN)y
= (A1 + 2, = AN Mo + Ay = A5 5 (WA + 4, = AL))x, )

Tathay AL + A, —AA, =1, Ad; + A, —AA, > 0. Chonén z € S, hay S
i=1
1 tap 1oi. ]
Dinh nghia 1.9 (Diém cyc bién ciia tap 161). Diém x ctia tap loi S duoc goi
la diém cuc bién cia S néux khong la to hop 10i cia hai diém cia S khdc x.

Vi du 1.16. Tap 16i nhu hinh 1.5, cac diém A, B,C, D va E la diém cuc
bién. ]
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Hinh 1.5:

Nhan xét. Tt dinh nghia diém cuc bién, ta thay diém x € S 1a diém cuc bién
néu

X=Ax1+ (1 —A)x3, x1,x3€S8, A>0
thi x; = x9 = x. []

Dinh nghia 1.10 (Phuong an cuc bién). Diém cuc bién ciia tap cdc phuong
an chap nhan duge con goi la phuong dn cuc bién.

1.8 Phuong an cd ban chiap nhan dudc

Trong phan nay ta sé két hop ¥ tudng ctia phuong phap hinh hoc va phuong
an cuc bién dude trinh bay trong phan 1.6 va 1.7 dé giai bai toan quy hoach
tuyén tinh bang cong cu dai s6. Ta sé thay vai trdo quan trong ctia phuong an
cic bién trong viéc tim phuong an t6i wu ctia ham muc tiéu thong qua dinh
Iy 1.18.
Do diém cuyc bién rat kho xac dinh bang phuong phap hinh hoc khi bai toan
quy hoach c6 tit ba bién tré len. Cho nén phan nay sé trinh bay phuong phap
dai s6 dé tim phuong an cuc bién. Céc khai niém duge trinh bay trong phan
nay la nghiém co ban, phuong an co ban, phuong an cd ban chap
nhan dudc. Dé c6 thé dinh nghia phuong 4n co ban, trudc hét ta xét bai
toan quy hoach tuyén tinh dang chuan
z = ¢/x — max (1.17)
V6i cac rang buoc
Ax=b (1.18)
x>0 (1.19)
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Trong d6 A 1a ma tran cap m x n, ¢ € R*, va b € R™. Dit cac cot clia ma
tran A la Aj, Ay, ..., A,. Rang buoc (1.18) dugc viét thanh

X1A1 +X2A2+"'—|—X,1An =b (120)
Ta c6 hai gid st vé ma tran A :
e Thit nhat 1a m < n.

e Thtt hai 1a ma tran A c6 m dong doc lap tuyén tinh. Nghia 13 hang cia
A 13 m, khi d6 trong n cot ciia A sé c6 m cot doc lap tuyén tinh.

Hai gid st nayy dang cho bai toan quy hoach tuyén tinh dang chinh tic dugc
bién déi tit bai toan quy hoach tuyén tinh dang chuan.

1.8.1 Nghiém co ban cia Ax=Db
Nghiém co ban cia Ax = b duge xay dung nhu sau:

(1) Chon' tap T gom m cot doc lap tuyén tinh ctia 4 (Chon co s6 cho R™).
(2) n —m bién tuong ting vdi cac cot con lai cho bang khong.
(3) Phuong trinh Ax = b dugc viét lai

X1A; + A, +---+x,A, =D (1.21)

Trong d6 A; 1a cot thii ctia A. Dat iy, s, ..., i, 1a chi s6 cac bién khong
cho bang bang khong. He phuong trinh (1.21) duge viét gon

inAil + xizAiQ + -4 ximAim =b (122)
hé nay c6 m phuong trinh, m an c¢6 duy nhat mot nghiem.

(4) Nghiem ctia heé nay két hop v6i n —m thanh phan ta cho bang khong &
trén dugc goi la nghiém co ban cia Ax = b.

Vi du 1.17. Cho hé phuong trinh tuyén tinh bén an nhu sau

X1+ x2 + X3 = 4
5)61 —|—3X2 + x4 = 15

Tim tat cid nghiém co ban.

TS& c6 nhidu nhat C™ tap T



1.8 Phuong an co ban chap nhan duoc

24

Glaz.
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[
Trong mot nghiém co ban bat k¥, n —m bién c6 gia tri cho bang khong dugdc
goi 1a bién khong cd ban, va m bién giai dude goi la bién co ban.
Nghiém co ban 1a nghiém ciia hé phuong trinh Ax = b nén né khong can
phai thda dicu kien x > 0, va do d6 nghiém co ban khong nhat thiét phai la
phuong an chap nhan duge clia bai toan quy hoach tuyén tinh. (1.17), (1.18)
va (1.19).
Dinh nghia 1.11 (Phuong an co ban chap nhan dugc). Xét bai todn quy
hoach tuyén tinh dang chinh tdc cé tap cdc rang buoc S = {x|Ax = b,x > 0},
nghiém co ban cia Ax = b théa dieu kién x > 0 dugc la phuong dn co bdn
chap nhan duoc.
Vi du 1.18. Tim tat ci cac phuong 4n co ban chap nhan duge clia
z = 4x; + 3x, > max
V6i cac rang buoc
X1+ x2 + x; = 4
5x1 + 3x; + x4 = 15
x>0, j=1,...4

Ghaz.

1.8.2 Thanh lap phuong an cuc bién

Tap m cot doc lap tuyén tinh ctia A lap thanh mot co sé cia R™. Khong
méat tinh tong quat, ta gid st m cot cudi cta A doc lap tuyén tinh. Goi
S = {x|Ax = b,x > 0} 1a tap 16i cdc phuong an chap nhan dugc cia (1.17),
(1.18) va (1.19).
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Dinh 1y 1.12. Gid st m cot cudi cia A, dudc ky hiéu A/l, Alz, ey A;n la doc
lap tuyén tinh va

XA +xA, +--+x,A, =D (1.23)
trong dé x;, > 0,¥i = 1,2,...,m. Khi dé diém

/

X = (0,0,...,O,x/l,x'z,... X, )

la phuong dn cuc bién (diém cuc bién ciia S ).
Chatng minh. Dé dang ta c6 x 1a phuong 4n chap nhan dugce clia bai toan quy
hoach tuyén tinh (1.17), (1.18) va (1.19).

Gia st x khong la diém cuc bién ctia S. Khi dé x 1a diém trong ctia mot doan
thuoc S. Nghia 14 c6 hai diém phan biét u,v € S khac x vas6 1,0 < A < 1
sao cho

x=Au+ (1—-A)v (1.24)
Trong do
i ! /
u= (U, U ..., Up_p, U, Uy, ..., U, ) >0
va
! ! !/
V= (V,02...,U—m, VU, Vy,...,V,) >0

T (1.24) ching ta c6

0 =Au; +(1—=XA)v;,, 1<i<n—m

X; =M +(1=Ny, 1<j<m (1.25)

Bdéi vi u;,v; va A, 1 — A 1 cac s6 duong cho nén u; = 0 v v; = 0 véi
i =1,2,...,n—m.ula phuong an chap nhan dugc nén

A, FuyAy+ - +u,A =b (1.26)

Lay (1.23) trit cho (1.26) ta duge
(xy —u)A} + (5 —ur) Ay + -+ (x, —u,)A, =b
Bdi vi A, A/z, ..., A, doc lap tuyén tinh, nén
xl/- =vl/-, Vi<i<m

hay x = u, suy ra gid thiét x # u la sai. Vay x 1a diém cyc bién cia S. [
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Vi du 1.19. Ching minh x” = (1,2, 3,0) la phuong an cuc bién ctia bai
toan
z = —4x; + 3x, + 7x3 + 8x4 — min
V6i cac rang buoc
3X1 + 3)62 + 4X3 + 5)64 = 21

Tx1 — x2 + x3 4+ 6x4
2X1 — X2 4+ 5x3 + 2x4 = 15

X;>0, j=1,....4

Il
o0

Gliat.

Dinh nghia 1.13. Phuong dn cuc bién ctua bai toan quy hoach tuyén tinh
dang chinh tic duge goi la khéng suy bién néu sé thanh phan duong cia
né la m. Néu so thanh phan duong it hon m thi goi la phuong dan cuc bién
suy bién.

Nhan zét. Chiing minh x = (xy, ..., Xx,) la phuong an cyc bién:
e Kiém x 1a phuong an chap nhan dugc.
o Dat T = {A;|x; > 0}, trong d6 A; la cic vécto cot ctua A.

e Néu cac vécto ciia T 1a doc lap tuyén tinh thi x 14 phuong an ciuc bién.
L]
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Dinh 1y 1.14. Néux = (x1,X2,...,X,) la phuong dn cuc bién cia tap cdc
phuong dn S = {x|Ax = b,x > 0} thi cdc cot cia A tuong ing x; > 0 doc
lap tuyén tinh.

Chiing minh. Dé don gian, ta sip xép va danh sb lai cac cot clia A va céc

thanh phan ciia x sao cho k thanh phan cudi ciia x, ky higu x|, x5, . .. ,x,; 1a
cac s6 duong. Vay phuong trinh (1.20) dugc viét

XA+ XA, -+ x AL =Db (1.27)
Ta can chiing minh rang A/l, A/2, e A;{ 1a doc lap tuyén tinh. Ta chitng minh

bang phan chiing, gid st ching khong doc lap tuyén tinh. Nghia 1a ton tai
c=(c1,¢a,...,cr) # 0sao cho

AL+ A+ F A =0 (1.28)
Nhan (1.28) v6i hang s6 d > 0, dau tien cong két qua véi (1.27) ta duge

phuong trinh (1.29), sau d6 tru két qua véi (1.27) ta dugc phuong trinh
(1.30).

(x; +dc)A| + (xy +dc) A, + -+ (x, + de)A, =Db (1.29)
(x; —dc)A| — (xy + dc) Ay + -+ (x, —dc)A, =Db (1.30)

Bay gi¢ ta chon hai diém trong R”,
vV = (O,O,...,O,x'1 +alcl,x/2 + dcz,...,x,; + dcy)

w = (0,0,...,0,x/1—dcl,x/z—dcz,...,x;c—dck)

Bdi vi d 1a hang s6 duong bat k¥, ta chon nhu sau:
X;
0<d<min——, ¢; #0
o lejl
V6i cach chon d nhu trén, ta thay k& thanh phan sau ctia v, w 1a cac so6 duong.
Mac khéc, tir (1.29) va (1.30) ta ciing ¢6 v, w 1a phuong an chap nhan duge.

Nhung ta lai c6
1 1
X=-V-+ —-w,
2 2
trai véi gia thiét ban dau x la diém cuc bién. Vay gia st k cot cudi ctia A doc
lap tuyén tinh I3 sai. O
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Hé qua 1.15. S6 phuong dn cuc bién cia tap phuong dn chdap nhan duoc
S = {x|Ax = b,x > 0} la hdu han.

Chiing manh. Béi vi s6 hé ¢c6 m vécto cot doc 1ap tuyén tinh 1a hitu han, nén
theo dinh 1y 1.14 thi s6 phuong an cuc bién ciia S 1& hitu han. []

Hé qua 1.16. S6 thanh phan duong cia mot phuong dn cuc bién toi da la
m.

Chiing minh. Theo dinh 1y 1.14, cic cot ctia A tuong tng véi cic thanh phan
duong ctia phuong an cic bién x € S 1a doc lap tuyén tinh trong R”. Nhung
khong thé c6 nhiéu hon m vécto doc lap tuyén tinh trong R”. Do dé s6 thanh
phan duong ciia mot phuong an cuc bién toi da la m. O

Dinh 1y 1.17 (Tuong duong gitta phuong an cyc bién va phuong dn co ban
chap nhan duge). x la diém cuc bién cia S = {x|Ax = b,x > 0} khi va chi
khi x la phuong dn co ban chap nhan duoc.

Vi du 1.20. Tim tat ci cac phuong an cuc bién ciia
z = 4x; + 3x, > max
V6i cac rang buoc

X1+ x2 + x; = 4
le —|—3X2 + x4 = 15

X;>0, j=1,....4
Gidi.
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1.8.3 Quan hé gitta phuong an cuc bién va phuong an t6i vu

Dinh 1y 1.18. Néu bai todn quy hoach tuyén tinh dang chinh tdc cé phuong
dn toi wu thi sé c6 mot phuong dn cuc bién la phuong dn toi uu.

Nhan zét. Nho dinh 1y 1.18, néu ta chiing minh duge bai toan quy hoach
tuyén tinh dang chinh tic c6 phuong an to6i wu, thi né sé c6 phuong an cuc
bién 14 phuong an téi wu. Trén day ching ta c6 thé tim dugc tat ci cac
phuong an cuyc bién (vi s6 phuong an ciic bien 1a httu han theo hé qua). Do
d6 trong sb6 cac phuong an ciic bién vita chi ra, lan lugt thit tiing phuong an
ta dugc phuong an toi uu. O

Rang buoc clia bai toan quy hoach tuyén tinh dang chinh tic Ax = b 13 mot
hé m phuong trinh tuyén tinh » an. Dinh 1y 1.12 va 1.14 cho ta mdi quan
hé gitta diém cuc bién ciia tap cac phuong an chap nhan duge S = {x|Ax =
b,x > 0} va s doc lap tuyén tinh cac cot cia A.

Pinh 1y 1.19. Diéu kién can va di dé bai todn quy hoach tuyén tinh dang
chinh tdc cé phuong dn toi wu la tap cdc phuong dn khong rong va ham muc
tiéu bj chdn trén (néu la bai todn max) hodc b chin dudi (néu la bai todan
min ).

Vi du 1.21. Giai bai toan quy hoach tuyén tinh

z =4x1 + 3x, > max
V6i cac rang buoc
{ X1+ x4+ X3
5x1 + 3x» + x4
x; >0, j=1,...,4

I
I

15

Grai. Bai toan quy hoach nay c6 cac phuong an cuc bién

Nghiém co ban Phuong an cye bién | Gia tri ham muc tiéu
x1 = (3/2;5/2;0;0) | x1 = (3/2;5/2;0;0)
x, = (3;0;1;0) x, = (3:0;1;0)

X3 = (4,0;0;-5)
x4 = (0;5;—1;0) x4 = (0, 6;5;0)
xs = (0;4:0;3) xs = (0:4:0;3)
x¢ = (0;0;4;15) x¢ = (0;0;4;15)
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1.9 Bai tap chuong 1

Bai tap 1.1. Bang phuong phap hinh hoc gidi bai todn quy hoach tuyén
tinh
z = —4x; + 3x, — min
V6i cac rang buoc
X1 + X

2x1 + 3x;
X1 — X2

IA TV IA
)

xX1,x2 >0

Dap an: Phuong an t6i uvu x’ = (4;2) gia tri ham muc tiéu z = —10.
Bai tap 1.2. Cho bai toan quy hoach tuyén tinh:

z = =2x1 + 6x3 + 4x3 — 2x4 + 3X5; > max

V6i cac rang budc

X1 + 2x2 + 4x;3 = 52
4x, 4+ 2x3 + X4 = 60
X + 3)62 + x; = 36

x;>0, j=1,..5

Chiing minh x” = (0;34/3;22/3;0;2) la phuong an cic bién.
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Bai tap 1.3. Cho bai toan quy hoach tuyén tinh
Z = X1 — 2X, + 2Xx3 — min
V6i cac rang buoc

X1 + X2 = 6
ZXQ+X3=8

x; >0, j=12,3

a. Tim tat ca cac phuong an cyc bieén.

b. Tim phuong an toi uu.

Dap an:
a. Phuong an cyc bien xI' = (2;4;0); xI = (6;0;8)
b. Phuong an t6i wu x7 = (2;4;0)



Chuong 2

Phuong phap don hinh

2.1 Phuong phap don hinh cho bai toan quy hoach dang chuan

Xét bai toan quy hoach tuyén tinh dang chuan

z =cixX1 +cxy + -+ ¢, X, — max (2.1)

V6i cac rang buoc

anx; + apxy; + - + apx, < b
a,nxy + anx, + -+ + amx, < b
) . . . (2.2)
amX1 + amXxa + -+ + aupXp = bm
x;>0,j=12,....n (2.3)
ta dat
ailr dip ccc dip X1 by C1
ajzy dz -+ dyy X2 b, (69)
A = , X = , b= , C=
Ami Am2 *°° dmn Xn bm Cn
Bai toan c¢6 dang ma tran
z = ¢'x — max (2.4)

V6i cac rang budc
Ax <b

x>0
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Trong phan nay ta gid st b > 0, phan 2.3 sé trinh bay bai toan cho truong
hgp b khong khong am.

Bay gio ta sé bién doi bai toan sang dang chinh tic bing cidch théem m an
phu.
Z =C1X1 + CXxy + -+ + X, — max

V6i cac rang budc

anxy + o0+ awmXp +Xpp = b

anxy + -+ 4+ ayXx, +Xn+42 = b

aAmX1 + - + AunXy +Xn+tm = bm
xlZO,---,anO,xn—i—lZO,---,xn—}—mZO

Ta viét bai toan duéi dang ma tran
z = ¢'x — max (2.7)
V6i cac rang budc
Ax=b
x>0

trong d6 A’ 1a ma tran m x (m + n) c¢6 dang

ap ap -+ ap 1.0 -0
/ a ay -+ ay; 01 --- 0
O |
Ami Am2 *+* Amyp 0 0 -+ 1

Goi " = {A'x = b,x > 0} 1a tap 16i cac phuong an chdp nhan dudc cia bai
toan quy hoach tuyén tinh (2.7), (2.8), (2.9). Theo 1.8 chuong 1 thi phuong
an co ban chap nhan dudc clia bai toan quy hoach tuyén tinh la diém cuc
bien ctia S’

DPinh nghia 2.1 (Ciec bién lién ké). Hai diém cuc bién khdc nhau trong S’
duoc goi la lien ké néu ching chi khdac nhau mot bién co bdn.

Vidu 2.1. Xem lai vi du 1.21 trang 31, cac diém cuc bién

35
(5; 5;0; 0) ,(3;0;1;2),(0;6;5;0), (0;4;0;3),(0;0;4;15) .
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, 35 N .
Hai diém cuc bién (5, 5; 0; 0) va (3;0;1;2) la lien ke bdi vi bien co ban cua

diém cuc bién thit nhat 14 x1, x, vA bién c¢6 ban ctia diém cuc bién thi hai 1a
x1, x4. Hai diém cuc bien (3;0; 1;2), (0; 4; 0; 3) khong lién ke. ]

Nam 1947, nha toan hoc George Bernard Danzig dua ra phuong phap don
hinh, 14 phuong phap bat dau xét tit mot diém cire bien ban dau (phuong an
co ban chap nhan duge) lan luot xét dén cac diém cuyc bién lién ké sao cho
lam tang gia tri ham muc tieu. Qua trinh tién hanh dén lic thu duge phuong
an t6i uu hodc gia tri ham muc tiéu khong hitu han. Phuong phap don hinh
c6 hai budc:

(1) Xét xem phuong an cyc bién hién hanh da la phuong an t6i uu hay chua.

(2) Néu phuong an cyc bién ¢ buée (1) khong phai 1a phuong an t6i wu thi
tim phuong an cyc bién lién ké sao cho gia tri ham muc tiéu 16n hon
hodc bang gia tri ham muc tiéu clia phuong an cic bién trude do.

Dé minh hoa phuong phap don hinh ta xét bai toan dang chuan.

z = 4x1 + 3x, — max (2.10)

V6i cac rang budc

X1+ x = 4
{ 551 + 3x, < 15 (211)
x;>0,j =12 (2.12)

Chuyén bai toan sang dang chinh tic:

Gliat.
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2.1.1 Phuong an cuc bién ban dau

Dé bat dau phuong phap don hinh, ta phai tim mot phuong an cuc bién chap
nhan duge. V6i gia st bT = (4,5) > 0 ta tim phuong an cyc bién rat dé dang,
chi viéc cho tat ca cac bién khong co ban bang x; = x, = 0. Ta tim:

x3=4, x4=15
Phuong an cuc bién ban dau la:
(x1, X2, x3,x4) = (0,0,4,15)
Dé thuan tién cho viéc lap bang don hinh, ta viét ham muc tiéu 2.10 nhu sau

—4x;—3x,+2z=0 (2.13)

O day ta xem z 1& cling mot bién, mac khac x; = x, = 0 nén gia tri ham
muc tiéu bay gic z = 0. Bang don hinh cho nhu bang 2.1

X1 X2 X3 X4 Z
X3 1 1 1 0 0 4
X4 o 3 0 1 0 15
-4 -3 0 0 1 0
Bang 2.1:

Nhan zét. Cac dong trong bang don hinh:

i. Dong dau tién liet ké tén bién xi, x», X3, x4 va z tuong tng cho ting
cOt.
ii. Dong hai va ba la céc hé s6 ctia hai rang budc (2.11).
iii. Dong cudi liet ke he s6 —c; ctia ham muc tieu (2.10).
iv. Cot dau tien bén trai cho biét bién x3, x4 1 bién co ban clia dong mot
va hai.
v. Phan tt é dong cudi, cot cudi l1a gia tri ham muc tiéu.

Chi 4. Trong bang don hinh, bién co ban c6 cac tinh chat:

i. Bién co ban chi xuat hién trong mot phuong trinh (rang budc) va bién
co ban nay c6 hé s6 1a +1.
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ii. Cot co bién co ban toan 1a s6 0 trit sd 41 1 hé s6 ctia bién co ban.
iii. Gia tri ctia bién co ban 1a gia tri nam cung dong & cot cudi.

iv. He s6 ctia bién co ban ¢ ham muc tiéu , ¢; = 0. ]

Dén day bai toan quy hoach da dugc chuyén sang bang don hinh. Bang don
hinh thé hién tat ca cac rang budc, ham muc tiéu, phuong an cuc bién va gia
tri ctia ham muc tiéu tuong ng. Bang don hinh tong quat ctia bai toan quy
hoach (2.7), (2.8), (2.9) cho nhu bang 2.8.

X1 X2 e Xn Xn+1 Xn+2 = Xpn4m Z
Xpe1 | @1 ap e+ oap 1 0O -+ 0 0]b
Xpi2 | @21 Az -+ a0 1 - 0 0]b
Xndm | Aml  Am2 - dmp 0 0 e 1 0 bm
—C] —Cp -+ —Cp 0 o --- 0 110
Bang 2.2:

2.1.2 DAu hiéu tbi vu

Tiép tuc, ta sé tim hiéu dau hiéu dé xac dinh phuong an cuc bién trong bang
c6 lam ham muc tiéu t6i wu chua?

Trong vi du nay, ching ta c6 thé tang gia tri clia

z =4x; 4+ 3x2 +0x3 + Oxy4

khong co ban cd ban

bang cach tang gia tri clia bién khong co ban (hién tai x; = x, = 0). Tong
quat, mot ham muc tiéu ta co thé viét

z = Z cjX;j + Z 0-x; (2.14)

khong co ban co ban

Bay gio gia tri clia z c6 thé dudc tang léen bing cach tang gia tri ctia bién
khong co ban c¢6 hé s6 ham muc tiéu am trong bang don hinh tiu gia tri 0.
Néu lam diéu nay thi phai c6 mot bién co ban khac (gia tri bién nay khéc
khong) tré thanh bién khong co ban (gia tri bang khong) bdi vi 6 bién co
ban khong thay doi.
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Viéc doi gié tri cia mot bién co ban vé gia tri 0 thi khéng lam thay doi gia
tri cia ham muc tiéu béi vi hé s6 ham muc tiéu cia bién co ban 1a 0. Dén
day ta c6 dau hiéu t6i vu nhu sau:

Dinh ly 2.2 (Dau hiéu t6i wu). Néu hé s6 ham muc tiéu cia bing don hinh
la khong (—c; = 0) doi vdi bién co bin va khong am (—c; > 0) doi vdi
bién khong co ban thi phuong dn cuc bién hién thoi trong bing don hinh la
phuong an vu.

Dinh ly 2.3 (Dau hiéu c6 phuong an cyc bién tét hon). Néu hé s6 ham
muc tiéu ctia bang don hinh la khéng (—c; = 0) doi vdi bién co bin va am
(—c; < 0) doi vdi bién khong co bin sé c¢é phuong dan cuc bién khac tot hon,
nghia la lam gid tri ham muc tiéu [on hon.

Nhan xét. Néu trong bang don hinh:

e —c; >0,V thi phuong an cyc bién hién thoi la phuong an t6i vu.

e C6 —c; < 0 thl phuong an cyc bien hién thoi khong 1a phuong an t6i
uu. [

Vi du 2.2. Cho bai todn quy hoach tuyén tinh

z = 7x1 —26x7 + 9x3 — min
V6i cac rang buoc
X; — 2Xx» =5
— X3 + x3 =7
x; >0, j=12,3

a. Ching minh x” = (5;7;0) 1a phuong an cuc bién.

b. Xét xem x c6 1& phuong an cuc bién t6i uu ciia bai toan hay khong.

Gaz.
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Vi du 2.3. Cho bai toan quy hoach tuyén tinh

z =5x; —x, — 19x3 — 16x4 —> max

V6i cac rang budc

i

X1 + x3 4+ 2x3 — 3x4 =
2X1 — X2 4+ X3 + 5x4 =
—3X1 + 4)C2 + 7X3 — 8X4 =9

X;>0, j=1,....4

[\

Chitng minh x7 = (25/13;64/13;0;8/13) 1a phuong 4n cyc bién, t6i uu clia
bai toan da cho.

Gliaz.




2.1 Phuong phap don hinh cho bai toan quy hoach dang chuan 40

2.1.3 Chon bién vao co sé

Gia stt bang don hinh bay gio ¢c6 —c; < 0 thi lic nay gia tri ham muc tieu
chua t6i wu. Do d6 can c6 su dieéu chinh gia tri ctia cic bién. Trong vi du:

z = 4x; 4+ 3x3 + 0x3 + Oxy

khong co ban co ban

Ta thay néu x; tang 1 don vi thi z tang 4 don vi, trong khi x, tang 1 don vi
thi z tang 3 don vi, do d6 ta nén tang gia tri ctia x;. Vay x; 1a bién vio co s6

Nhé lai rang, hé s6 ctiia cac bién khong co ban ¢; > 0 hay trong bang don
hinh thi —¢; < 0. Vay ta chon bién x, vao cd sé néu

min{—cj;—cj < O} = —Cy

Cot chita bién vao co sd duge goi 1a cot xoay

J
X1 X2 X3 X4 V4
X3 1 1 1 0 0 4
X4 5) 3 0 1 0 15
-4 -3 0 0 1 0
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2.1.4 Chon bién ra khéi cd sé
Giéi (2.11) cho x3,x4 ta c6

X3=4—X1—X2
X4 = 15—5X1—3X2

Ta tang gia tri clia x; va git nguyén gia tri cia x, = 0

{X3:4—X1

(2.15)
Xq = 15— le

Tu (2.15) cho thay, khi tang gia tri clia x1 thi x3, x4 gidm. Vay van de la x
tang dén gia tri ndo? Nhd lai rang x3, x4 > 0 do d6 ta ting gia tri x; sao cho:

{X3=4—X120 (216)

x4 =15—-5x1 >0

Giai (2.16) ta dugc
x1 <4
x; <15/5=3
Ta thay ring, ta chi c6 thé tang gia tri ctia x; dén min{4;3} = 3. Phuong an
cuc bién bay gio la
X1=3, XQ=O, X3=1, X4=0

Phuong an nay 1a phuong an lién ké v6i phuong an trude. Bién co ban bay
gio 1a x; vA x3, bién khong co ban bay gio 1& x; va x4. Bién ra khoi co sé
trong truong hop nay la x4, xem bang 2.4.

!
X1 X2 X3 X4 Z
X3 1 1 1 0 0 4
<~ | x4 o 3 0 1 0 15
-4 -3 0 0 1 0
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Dong chita x4 ciia bang don hinh goi 1a dong xoay, phan tit nim trén dong
xoay va cot xoay goi l1a phan t& truc. Trong vi du clia ta phan ti truc 1a

(5).

1
X1 X2 X3 X4 zZ
X3 1 1 1 0 0 4
<~ | X4 (5) 3 0 1 0 15
-4 -3 0 0 1 0
Bang 2.5:

Nhan zét. Gia st x, 1& bién vao co sd. Néu

. bi br
mini{—:;da;, > 0 = —
djy Ary

thi bién x, 1& bién ra khoi co sé.

2.1.5 Lap bang don hinh méi

Dén day, ta da xac dinh duge bién mdi vao co s§ va bién ra khoi co sd, ltic
nay:
e Bién co ban 1a xi, x3

e Bién khong co ban 1 x5, x4

X1 X2 X3 X4 Z

X3
X1

Bang 2.6:

Vi x; 1a bién co ban méi trong dong hai cia rang buoc nén:

e Heé s6 ciia x; trong rang budc thit hai 1a 1. Ta chia hai vé ciia rang
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budc thit hai cho phan tt trye (1a 5).

Xp+ X2+ Zx4 =3

5 5

(2.17)

e Bién x; khong cé mit trong rang budc thi¥ nhit va ham muc

. X 1
tiéu. Deé co dieu nay, ta thay x; = 3 — gxz — §X4 trong 2.17 vao rang

buoc thit nhat

tuong duong

va ham muc tiéu

1
3——X2—§X3+X2+x4=4

5

2—I— 1 1
—Xp + X3 — =X4 =
52 35N

5

Ta c6 bang don hinh méi nhu bang 2.7.

3 4
——XQ+§X4+Z=12

(2.18)

(2.19)

(2.20)

X1 X2 X3 X4 z

X3 0 2/5 1 —1/5 0 1

X1 1 3/5 0 1/5 0 3

0 —3/5 0 4/5 1 12

Bang 2.7:
Nhan xét. Tom tat thuat toan don hinh:
J
X1 Xy Xn Xn+1 Xn+m Z

Xnt1 | A11 ap - ay 1 0 0]b
<~ Xr arl (arv) Arp 0 0 0 br
Xn+m | Aml Amy Amn 0 1 0 bm
—C —Cy —C, 0 110
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Buéc 1: Chon bién vao cé sd. Néu min {—cj; —cj < O} = —c, thi bién x,
vao co sd. Nguoe lai, néu —c ;> 0v6imoi j thi phuong an cuc bién hién
thoi 1a phuong an téi uu.

Buéc 2: Chon bién ra cd sé. Néu
. {bz } br
mini{—:;da;, > 0y = —
Ay Ary

thi bién x, 1& bién ra khoi co sd. Ngudc lai, néu khong tim duge bién ra
khoi co sd thi bai toan khong c6 phuong an to6i uu.

Buéc 3: Lap bang don hinh méi. Ta da xac dinh bién x, 1a bién vao va
x, 13 bién ra khéi co s6. Ta lap bang don hinh méi
e Xac dinh phan t truc a,,.
e Chia dong chita phan tit triuc cho phan ti truc.
e Cac phan tit dong i cot j khac clia bang dugce tinh

Vi du 2.4. Giai lai chi tiét bai toan
z = 4x1 4 3x, — max
V6i cac rang buoc
{ X1+ x = 4
5x1 + 3x, < 15
x; >0, j=12

dugc minh hoa trong vi du trén bang thuat toan don hinh.
Giai.
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Nhan zét. Trong cac bang don hinh, cot chia z khong thay doi qua cac bude
lap. Do d6, dé don gian ta sé khong ghi cot z trong bang don hinh.

Vi du 2.5. Giai bai toan quy hoach tuyén tinh

z = 2x1 — 33X, + X3 > max

V6i cac rang buoc

X1 — 5x + x3 < 15
3x; + 2x, — 2x3 < 20
4x4 + x3 < 10

x; >0, j=1273
Giidii.
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Vi du 2.6. Giai bai toan quy hoach tuyén tinh

z = 2x1 4+ 3x, + x3 — max

V6i cac rang buoc

X1 — 5)62 + x3 = 6
2x1 + 2x» < 7
—x1 + 2x; <5

x;>0, j=1273

Gliaz.
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Vi du 2.7. Giai bai toan quy hoach tuyén tinh

z = —=2X] — X3 + X3 + x4 — max

V6i cac rang budc

X1+ x2 + 2x3 — X4 =
— 2X2 — 7X3 + 3)64 + X3 =
— 3x3 + 2x4 + XxX¢ =

Gliaz.

(O8]
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Vi du 2.8. Giai bai toan quy hoach tuyén tinh dang chuan

Z = —X1 +2x, —2X3 + X4 — X5 + 2x¢ — min

V6i cac rang budc

2X1 — Xy — SX3 + x4 =
X1 — 2x + 2x3 + X5 =
—4x; + x2 + X3 + Xe¢ =

x; >0, j=1,....6
Gidi.

N
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2.2 Thuat toan don hinh cho bai toan min

Thuat toan don hinh cho bai todn tim gia tri nhé nhat ctia ham muc tieu vé
co ban gidng v6i bai toan tim gia tri 16n nhat. Ta c6 dau hiéu t6i vu dude
phat biéu nhu sau:

Dinh 1y 2.4 (Dau hiéu téi wu). Néu hé so6 ham muc tiéu cia bing don hinh
la khong (—c; = 0) doi vdi bién co bin va khong duong (—c; < 0) doi vdi
bién khong co bdn thi phuong dn cuc bién hién thoi trong bing don hinh la
phuong an uu.

Dinh 1y 2.5 (Dau hiéu c6 hiéu phuong an cuc bién tot hon). Néu hé so
ham muc tiéu cia bing don hinh la khéng (—c; = 0) doi vdi bién co bin va
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duong (—c; > 0) doi vdi bién khong co bin sé cé phuong dn cuc bién khdc
tot hon, nghia la lam gid tri ham muc tiéu lén nhdé.

Nhan xét. Néu trong bang don hinh:

e —c; <0,V thi phuong an cuc bién hién thaoi la phuong an t61 .

e C6 —c; > 0 thi phuong an cyc bién hién thoi chua 1a phuong an t6i wu.
[]

Vi du 2.9. Giai bai toan quy hoach tuyén tinh

Z = X1 + x2 — 3x3 — min

V6i cac rang buoc

2x1 — x2 + x3 =<1
—4x; 4+ 2xp, — x3 < 2
3x1 + x3 < 5

x;>0, j=1,2,3

Gliaz.
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2.3 Bai toan chinh tic khéng c6é sin ma tran don vi

Gia st can giai bai toan quy hoach tuyén tinh dang chinh tac
z = ¢/ x — max
V6i cac rang budc
Ax b

. > 0 (2.21)

Trong d6 A khong c6 ma tran don vi, b > 0 . Ching han can gidi bai todn
sau:

Vi du 2.10. Giai bai toan quy hoach tuyén tinh
z = —3x; + 4x2 + 5x3 — 6x4 —> max
V6i cac rang budc
X1 + x2 + x3 + 13x4 = 14

le + X2 + 14)64 11
+ 3x, + x3 + 1l4x4, = 16

x;>0, j=1,....4
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Gidi. Do ma tran cac hé s6 A khong c6 ma tran don vi nén chua xac dinh
duge phuong an cuc bién ban dau. Vi tap cac phuong an 1a hé phuong trinh
tuyén tinh nén ta c6 thé bién doi dé c6 ba vécto don vi

13 14 I 1 1 13 14

111
210 14 11 2222% [0 -1 —2 —12 —17| &==4
03114 16 0 3 1 14 16
11113 14 10 -1 1 =3
d1=d1—d2 d3=—1/5d3
0121217 /=101 2 12 17—
031 14 16) “=*73* \o 0 -5 —22 —35
1o -1 1 =3\ (1002754
01 2 12 17|]—=1010 16/5 3
00 1 22/5 7) “25 \oo0 1 22/57
Bai toan lac nay la
z = —123/5x4 4+ 35 — max
V6i cac rang buoc
X1 + 27/5x4 = 4
X7 + 16/5X4 = 3
X3 —+ 22/5X4 = 7
x; >0, j=1,....4
Véi bai toan nay ta c¢6 bang don hinh nhu sau
X1 X2 X3 X4
X1 1 0 0 27/5| 4
X2 | 0 1 0 16/5 | 3
x3 | 0 0 1 22/5 | 7
0 0 0 123/5| 35
Phuong an t6i wu x = (4;3;7;0), gia tri toi vu z = 35 ]

Nhung c6 thé trong qua trinh bién doi sau khi da cé cac vécto don vi ma
phuong an khong théa diéu kién khong am thi cach lam trén rat kho gap mot
phuong an cyc bién ban dau.
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Vi du 2.11. Giai bai toan quy hoach tuyén tinh

z = 2X1 — X, — 2X3 — max
V6i cac rang buoc
{xl—l— X, — x3 = —1
X1 + 2x + x3 =
x; >0, j=12,3

Vi ma tran cac hé s6 A khong c6 ma tran don vi nén chua xac dinh dugc
phuong an cyc bién ban dau. Vi tap cac phuong an 13 hé phuong trinh tuyén
tinh nén ta c6 thé bién ddi dé cé hai vécto don vi.

11—1—1_>11—1—1_>10—3—4
12 1 2 01 2 3 01 2 3
Bai toan lac nay la
z = 6x3 — 11 > max
V6i cac rang budc
X1 — 3)63 = —4
Xy + 2)63 = 3
x; >0, j=12,3

Dén day ta gap kho khan trong viéc tim phuong an cuyc bién. Ta diing phuong
phap sau day goi la phuong phap danh thué dé giai cho trusng hop nay. O

Xét bai toan quy hoach tuyén tinh dang chinh tac:

z =c1x; + -+ ¢,x, — max (2.22)

V6i cac rang budc

anx; + -+ + apx, = bl
axy + - + ayx, = b2
aAmX1 + -+ + AupXy = bm

x; =20, =1,...,x,
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Thém cac an yq,..., ¥, > 0 ma ta goi la an gia vao m rang buoc khi d6 bai
toan c6 dang

z=cix1+ -+ cpxy— My, —+--— My,, > max (2.23)
V6i cac rang budc

anxy + -+ + amx, + Y1 = b

anx; + -+ + dapXx, + » = b

amXx1 + - + AumpXy + Ym = bm

x; =0,j=1,...,n,y;, 20,i =1,...,m
Trong d6 M 13 s6 duong rat 16n, 16n hon bat k¥ sd ndo ma ta can so sanh.

Dinh ly 2.6. Bai todn (2.22) c¢6 phuong an toi vu x = (x1,...,x,) khi va
chi khi bai todn (2.23) c¢é phuong dn toi uu

y: (XI,...,.xn,O,...,O).

Chii 4. Khi giai bai toan (2.23) bang phuong phap don hinh thi cac hé s6
ham muc tiéu c6 chita tham s6 M. Vi M 16n nén khi so sanh céc gia tri c6
tham s6 M ta c6 quy uéc nhu sau

Ca >0
aM—I—b>0<:>_a:O,b>0
a4 <0
aM—I—b<0<:>_a:O,b<0
aM +b>cM+d o | 47°€
a=c,b>d

Vi du 2.12. Gia lai bai toan quy hoach tuyén tinh vi du 2.11

z = 2X1 — X, — 2X3 — max
V6i cac rang buoc
{Xl + X2 — X3
X1 + 2x + x3 =
x; >0, j=12,3

|
I
N —

Gaz.
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Vi du 2.13. Giai bai toan quy hoach tuyén tinh

z = 2Xx1 + 5x, > max

V6i cac rang budc

2x1 + 3xp < 6
X1 + 2x, = 4
X1,X2 >0

Gliat.
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2.4 Bai tap chuong 2

Bai tap 2.1. Giai cac bai toan quy hoach tuyén tinh:

a. z = x| —2xy + 2x3 — min
V6i cac rang budc
X1+ x + 4x4 = 6
{ ZXQ+X3+5X4=8
x; >0, j=1,...,4
Dap an: Phuong an t6i vu x! = (2;4;0;0), gia tri ham muc tiéu
z=—6
b. z = 2x1 + 3x; + x3 > max

V6i cac rang budc

X1 — 5x + x3 £ 6
2x1 4+ 2xp, — 2x3 < 7
—Xx1 + 2x + x3 < 5

x; >0, j=12,3
Dap an: Phuong an t6i wu x” = (125/12;17/6;39/4), gia tri ham
muc tiéu z = 469/12.
c. z =2x1 + x» + x3 + 3x4 — max
V6i cac rang buoc
{x1+2xz—|— X3 = 16
X2 + 4x3 + 2x4 < 8
x; >0, j=1,...,4Dap an: Phuong an t6i vux” = (16;0;0;4),
gia tri ham muc tiéu z = 44.
d. z = —x; —7x, —2x3 — 1x4 — max

V6i cac rang budc
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10
15

X1 4+ 3x + x3 + x4
2x1 4+ 5x2 4+ x3 + 4xy
x; >0, j=1,....4
Dap an: Phuong an t6i vu x” = (10;0;0;0), gi4 tri ham muc tiéu
z = —10.

e. z = 15x1 + 19x, — min

=
=

V6i cac rang budc

3x1 + x, > 3

X1 + x2 = 2

3x; + 4x, > 7
X1, X2 >0

Dap an: Phuong an t6i wu x” = (1;1;1), gia tri ham muc tieu
z = 34.

Bai tap 2.2. Cho bai toan quy hoach tuyén tinh:

z = —4x; — 5x, — 7Tx3 — max
Véi cac rang budc
3X1 + X2 + X3 = 6
X + 2)62 + 3X3 = 14
x; >0, j=12,3
a. Ching minh x” = (0;4;2) 14 phuong an ciyc bién, nhung khong phai 13
phuong an t6i vu.
b. Hiy xay dung mot phuong an ciic bién méi tét hon phuéng an cyc bién
4 cau a.
Bai tap 2.3. Cho bai toan quy hoach tuyén tinh:
z = —4x; — 3x, + 7x3 + 8x4 — min

V6i cac rang budc

2x1 4+ 3x2 + 4x3 + 5x4 = 20
8X1 — Xy + X3 + 6)64 = 9
le — Xy + SX3 + 2)64 = 15

X;>0, j=1,....4

Ching minh x” = (1;2;3;0) 1a phuong 4n cuc bién, t6i wu cia bai toan.
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Bai tap 2.4. Cho bai toan quy hoach tuyén tinh:

zZ = X1 + x, + mx3 — min

V6i cac rang buoc
2x1 + X2 + x3 = 4
3x1 + 2xp, + 3x3 =7

x; >0, j=12,3

a. Chitng minh x” = (1;2;0) 1a phuong an cyc bién ctia bai toan.
b. Tim m dé x 1a phuong an t6i wu.

Bai tap 2.5. Mot cong ty san xuat hai loai son: son noi that va son ngoai
troi. Nguyen lieu dé san xuat gom hai loai A, B véi trit luong tuong tng la
16 tan va 18 tan. Dé san xuat 1 tan son noi that can 1 tan nguyeén licu A
va 2 tan nguyen lieu B. Dé san xudt 1 tan son ngoai troi can 2 tan nguyén
licu A va 3 tan nguyen licu B. Qua diéu tra thi truong cong ty biét rang nhu
cau son noi that khong hon son ngoai troi qua 1 tan. Gia ban mot tan son
noi that 1a 4000 USD, gia ban mot tan son ngoai trdi 1a 3000 USD. Khi sin
xuat 1 tan son noi that phai bé ra mot chi phi 1a 1300 USD, khi san xuat 1
tan son ngoai troi phai bé ra mot chi phi 14 1000 USD. Hoi can san xuat moi
loai son bao nhiéu tan dé c6 loi nhuan 16n nhat? Pap an: Phuong an tdi wu
x! = (21/5;16/5), gia tri ham muc tiéu z = 17740

Bai tap 2.6. Mot cong ty san xuat hai loai son noi that va son ngoai troi.
Nguyeén lieu dé san xuat gdm hai loai A, B vé6i trit lugng 1a 6 tan va 8 tan
tuong ing. Dé san xuat mot tan son noi that can 2 tan nguyeén lieu A va 1
tan nguyen lieu B. Dé san xuat mot tan son ngoai tréi can 1 tan nguyen liéu
A va 2 tan nguyen lieu B. Qua diéu tra thi truong cong ty biét rang nhu cau
son noi that khong hon son ngoai troi qua 1 tan, nhu cau cuc dai clia son noi
that 14 2 tan. Gia ban mot tan son noi that 1a 2000 USD, gia ban mot tan
son ngoai trai 1a 3000 USD. Héi can san xuit méi loai son bao nhiéu tan dé
c6 doanh thu 16n nhat? Dap an: Phuong an t6i wvu x? = (4/3;10/3), gié tri
ham muc tiéu z = 38000/3.

Bai tap 2.7. Mot cong ty san xuat hai loai thuc pham A, B. Nguyén lieu
dé san xuét gdm ba loai bot, dusng va dau thuc vat. Vé6i trit luong du tru
tuong tng 1a 30 tan, 12 tan, 6 tan. Dé san xuat:
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e 1 tan thuc pham loai A can 0,5 tan bot, 0,5 tan duong, 0,2 tan dau thuc
vat.

e 1 tan thuc pham loai B can 0,8 tan bot, 0,4 tan duong, 0,4 tan dau thuc
vat.

Gia ban mot tan thue pham A 1a 4000 USD, gia ban mot tan thuc pham B 1a
4500 USD. Héi can san xuat méi loai thuc pham bao nhiéu tan dé c6 doanh
thu 16n nhat? Dap an: Phuong an t6i wu x7 = (20;5), gia tri ham muc tiéu
z = 102500

Bai tap 2.8. Mot xi nghiép du dinh san xuat ba loai san pham A, B va C.
Cac san pham nay dugc ché tao tit ba loai nguyen lieu I, IT va III . S6 lugng
cac nguyen lieu I, 1T va IIT ma xi nghiép c6 lan lugt 1a 30, 50, 40. S6 luong
cac nguyen lieu can dé san xudt mot don vi san pham A, B, C dugc cho 6
bang sau day:

NL
qp I IT 11T
A 1 1 3
B 1 2
C 3 1

Xi nghiép mudn lap ké hoach san xuat dé thu dugc tong sé 1ai nhiéu nhat
(v6i gid thiét cac sdn pham lam ra déu ban hét), néu biét rang 1ai 5 trieu
dong cho mot don vi san pham loai A, 1ai 3,5 triéu dong cho mot don vi san
pham loai B, 1ai 2 triéu dong cho mot don vi san pham loai C.

a. Lap mo hinh bai toAn Quy hoach tuyén tinh.
b. Bang phuong phap don hinh, hiy giai bai toan trén. Dap an: Phuong
an t6i vu x7 = (20;0;0), gia tri ham muc tiéu z = 100.
Bai tap 2.9. Mot Xi nghiép chian nudi can mua mot loai thic an tong hop
T1, T2, T3 cho gia stc véi ty 1é chat dinh dudng nhu sau:

e 1 kg T1 chtta 4 don vi dinh duéng D1, 2 don vi dinh duéng D2, va 1 don
vi dinh duéng D3.

e 1 kg T2 chta 1 don vi dinh dudng D1, 7 don vi dinh duéng D2, va 3 don
vi dinh duéng D3
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e 1 kg T3 chtta 3 don vi dinh duéng D1, 1 don vi dinh duéng D2, va 4 don
vi dinh duéng D3.

MBJi bita an, gia stc can toi thidu 20 don vi D1, 25 don vi D2 va 30 don vi D3.
Hoéi Xi nghiép phai mua bao nhiéu kg T1, T2, T3 mdi loai cho mdt bita an dé
bao dam tét vé chat dinh dudng va tong s6 tien mua la nhé nhat? Biét rang
1 kg T1 c6 gia 1a 10 ngan dong, 1 kg T2 c6 gia 1a 12 ngan dong, 1 kg T3 co
gid 12 14 ngan dong. Dap an: Phuong an toi uu x7 = (5/18;49/18;97/18) ,
gia tri ham muc tiéu z = 998/9

Bai tap 2.10. Mot Xi nghiép xit 1y gidy, c6 ba phan xudng I, II, III cung
x1t 1§ hai loai gidy A, B. Do hai phan xuéng c6 nhiéu syt khac nhau, nén néu
cing dau tu 10 trieu dong vao mdi phan xudng thi cudi ky phan xuéng I xit
ly dugc 6 ta gidy loai A, 5 ta gidy loai B. Trong khi d6 phan xudng II xt 1y
dudc 4 ta gidy loai A, 6 ta giay loai B. Phan xuéng III xt Iy dudc 5 ta giay
loai A, 4 ta gidy loai B. Theo yéu cau lao dong thi cudi ky Xi nghiép phai xt
ly it nhat 6 tan gidy loai A, 8 tan gidy loai B. Hdi can dau tu vao mdi phan
xuéng bao nhiéu tién dé xi nghiép hoan thanh cong viéc véi gia tien dau tu
14 nho nhat. Pap an: Phuong 4n t6i wu x” = (1/4;9/8;0), gia tri ham muc
tiew z = 11/8

Bai tap 2.11. Mot gia dinh can it nhat 1800 don vi protéin va 1500 don vi
lipit trong thitc &n moéi ngay. Mot kilogam thit bo chita 600 don vi protéin va
600 don vi lipit, mot kilégam thit heo chita 600 don vi protéin va 300 don vi
lipit, mot kilogam thit ga chita 600 don vi protéin va 600 don vi lipit. Gia mot
kilogam thit bo 14 84 ngan dong, gia mot kilogam thit heo 14 71 ngan dong,
gia mot kilogam thit ga 13 90 ngan dong. H6i mot gia dinh nén mua bao nhiéu
kilogam thit moi loai dé bdo dam t6t khau phan &n trong mot ngay va tong
s6 tién phai mua la nhé nhat? Dap an: Phuong 4n t6i vu x” = (2;1;0), gia
tri ham muc tiéu z = 239



Chuong 3

Ly thuyét déi ngau

3.1 Vi du dan dén bai toan dbi ngau

Vi du 3.1. C6 m loai nguyén lieu dy trit ding dé san xuat ra n loai san
pham. Dé lam ra mot sin pham j can a;; nguyén liéu i cho nhu bang sau:

SP | x; Xo | o0 | Xxp
NL du trit
NL 1 2 ... n :
1 al ain tee A1n bl
2 dasy azy |+ dop b2
m am1 am2 e Amn bm
Gia ban c1 cy |- | ey

Trong d6, lugng nguyen lieu du trit thit i 14 b; va gia ban médi san pham j 1a
c;j. Yeu cau tim so6 luong san pham x, X, ..., X, sao cho tong doanh thu 16n
nhat.

Gaz.
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Vi du 3.2. Véi gia thiét giong nhu vi du 3.1, gia stt ¢c6 mot ngudi mudén mua
lai toan bo nguyén liéu trén. Tim gia ban nguyén liéu i, y; dé:

SP X1 X2 Xn ~
NL 1 5 " NL du tri
yi.1 air | Q2 | v | Q1n by
V2,2 a1 | Q2 | =+ | d2n by
Ym, M am1 Am2 e Amn bm
Gia ban c1 Co Cn

e Ngussi ban khong bi thiet.

e Ngudi mua dugc mua véi gia ré nhat.

Gliaz.
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3.1.1 Bai toan doéi ngau cta bai toan max

Hai bai toan quy hoach tuyén tinh sau goi 1a ciip bai toan déi ngau. Bai toan
1 goi 1a bai toan goc, bai toan 2 goi 1a bai toan ddi ngau. Mot rang budc va
diéu kién vé bién trén ciing mot dong goi 1a cap rang budc dbi ngiu.

Bai toan géc (1) Bai toan d6i ngau (2)
Z=c1X1 +- -+ cpx, — max Z/:b1y1+---+bmym—>min
aj X1 + ainXy + -+ + ainXp = b; yi <0
ain X1+ ainxo + -+ Ainxy < b; yi >0
ain X1 + aixxa + -+ dinXxy, = b; yi €R
xj =0 ayyr+azjyz+ -+ Amjym = ¢
x; <0 ayyr+azjyz+ -+ Amjym < ¢
xj €ER ayy1+azjys + o+ Amjym = ¢;

Nhan zét. Quan sat cap bai toan doi ngau trén ta cé cac nhan xét:

e Trong cap bai toan doéi ngau trén, hé s6 clia rang buoc thi i cia bai
toan goc tré thanh hé s6 ciia bién y; trong bai toan déi ngau. Ngudc lai,
he s6 clia x; trong bai toan goc chinh 1a he s6 ctia dong j trong bai toan
d6i ngau.

e He s6 ciia ham muc tiéu clia bai toan goc trd thanh he s6 vé phai cia
rang budc va ngudc lai. O

Vi du 3.3. Viét bai toan déi ngau clia bai todn gdc sau va cho biét cac cap
rang budc déi ngau
z = 2x1 + xp — 8x3 —> max
V6i cac rang budc
Tx1 + 4x2 + 2x3

3X1 — Xy —+ 3X3
2X1 + 3X2 — X3

X1 >0,x20>0

28
10
15

IA

(A%

Gaz.
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Vi du 3.4. Viét bai toan déi ngau ciia bai toan gbc sau va cho biét cac cap
rang budc déi ngau

z = 2x1 + 3x, > max

V6i cac rang buoc

3x; + 2x, < 2
—X1 + 2xp < 5
4x; + xp =< 1

x1>20,%>0

Gliaz.
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3.1.2 Bai toan doi ngau cta bai toan min

Bai toan goc (1) Bai toan déi ngau (2)

z=c1X1 + -+ cpx, — min Z =byy1 + -+ by, — max
ainXiy + aixxa + -+ ainx, > b; yi >0
aj X1 + ainXy + -+ + ainXpy < b; yi <0
ai X1 + aipXxy + -+ ainXp = b; yi €R

x;j >0 ayyr +azjys+ -+ amjym < ¢j

x;j <0 ayyr+azjys+ -+ amjym = ¢j

xj €ER ai;jy1+azjys + -+ amjym = ¢

Hai bai toan quy hoach tuyén tinh nay goi 1a cip bai toan déi ngau. Bai toan
1 goi 1a bai toan goc, bai toan 2 goi 1a bai toan ddi ngau. Mot rang budc va
diéu kien vé bién trén ciing mot dong goi la cap rang budc dbi ngiu.

Vi du 3.5. Viét bai toan déi ngau clia bai todn gdc sau va cho biét cac cap
rang budc déi ngau

z =4x; 4+ 3x, — 7x3 + x4 — X5 — min

V6i cac rang buoc

12x1 + 5x, — 3x; < 5
Xq — x3 — 4x4 — 5x; < =2
2x1 + x2 + x3 — 2x4 > 1
3)61 + 4X2 — SX3 + X4 = 17

X1, X3 > 0;x € Ry xq,x5 <0

Gat.
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Vi du 3.6. Viét bai toan d6i ngau clia bai toan goc sau va giai bai toan do6i
ngau bang phuong phap don hinh
z = 10x; + 8x, + 19x3 — min

V6i cac rang buoc

X1 + x2 + x3 > 6
3x; + 2x3 > 2
X1 + 2x2 + 5x3 > 5

X1, X2,x3 >0

Gaz.
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Nhan xét. Bai toan quy hoach tuyén tinh gbc dang
z =c¢'x — min
V6i cac rang budc
Ax>Db
x>0
trong d6 ¢ > 0 thi bai toan déi ngiu c6 dang chuan
7 = b’y — max
V6i cac rang buoc
AfTy <c
y=>0

dugce giai trie tiép bang phuong phap don hinh. O

Chi . Cac phan sau, ta chi xét bai toan goc dang min.

3.2 Cac dinh ly vé déi ngau

Cho cap bai toan goc, déi ngau nhu sau:

Bai toan goc (1) Bai toan déi ngau (2)

z=c1X; + -+ CpXy, —> min Z/=b1y1+---+bmym—>max
aj1X1 + aipXz + -+ ainxy = b; yi =0
aj1X1 + aipXz + -+ ainxy < b; yi <0
aj1X1 + aipXo + -+ ainXy, = b; yi €R

xj >0 ajjyr+azjyz+ -+ amjym = ¢j

x; <0 ajjyr +azjys+ -+ amiym > cj

x; €R ayjy1+azjya+ -+ amjym = Cj

Dinh 1y 3.1 (Ddi nglu yéu). Néux! = (xi,...,x,) la phuong dn chap nhan
dugc ciia bai todn goc vay! = (V1,..., ) la phuong dn chdap nhan duge cia
bai todn doi ngau tha

C1X1 4+ Xy = b1y 4+ by ym (3.1)

(Nghia la gid tri ham muc tiéu cia bai todn goc luon Ién hon hodc bang gid
tri ham muc tiéu cia bai todn doi ngau)
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Chiing minh. Ta dat

v, = Xj[Cj — (Cllj)71 +aziy, +--- +amjym)] >0

u, = (al-lxl—|—ai2X2+”'+ainxn_bi)yi>0

Cho nén

Zui = Z (ainx1 + aixxy + -+ + ainxy —bi)y; > 0
i=1

i=l1

n n
Zvj = ij'[c]'—(Clljyl+a2jy2+"'+amjym)]ZO
j=1 j=1

Do do6

0< Zui + Zvj = (c1x1 + -+ caXn) — (Ory1 + -+ b ym)
i=1 j=1

Hé qua 3.2 (Dau hi¢u khong c¢6 phuong an chap nhan duge).

i. Néu ham muc tiéu cia bai todn quy hoach tuyén tinh goc khong gidi
noi dudi, thi bai todn doi ngau khong cé phuong dn chap nhan dugc.
. Néu ham muc tiéu cta bai todn quy hoach tuyén tinh doi ngau khong
gidi noi trén, thi bai todn goc khong cé phuong dn chap nhan duoc.
Hé qua 3.3. Chox* = (x},...,x") vay* = (yf,...,ym) la phuong dn chap
nhan dude tuong ung cia bai todn goc va bai todn doi ngau. Néu gid tri ham
muc tieu cia hai bai todn nay bang nhau, nghia la

cix;+--+enx, =biyi + -+ by, (3.2)

thi x* va y* la phuong dn toi wu tuong ing cia hai bai todn.

Chiing minh. Goi x = (x1, ..., x,) 1A mot phuong an chap nhan dugce ciia bai
toan goc. Theo dinh 1y déi ngau yéu ta co

biyf + -+ bny) <cixi 4+ -+ caXy
do do6

Xy 4o epxy <cxy s+ cnXy
Vay x* = (x},...,x}) la phuong an t6i uu clia bai toan goc. Tuong tu, ta c6
y* 1a phuong an toi wu ctia bai toan déi ngau. O
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Dinh ly 3.4 (Ddi ngdu manh). Néu mot trong hai bai todn quy hoach tuyén
tinh goc hodc doi ngau cé phuong dn toi wu thi:

i. Bai todn quy hoach kia cing cé phuong dn toi uu.
. Gid tri ham muc tiéu toi vu cia hai bas todn bang nhau.
Dinh 1y 3.5 (Do lech bu). Gid st x,y tuong ting la phuong dn chdap nhan
dugc ciia bai toan goc, bai todn doi ngau. Khi dé x,y la toi wu khi va chi khi
(@ixi + ainxy + -+ + ainxy —b))y; = 0 Vi (3.3)
xjlayyr +asjyr+--+amjym—c;) = 0 Vj

Vi du 3.7. Cho bai toan quy hoach tuyén tinh

z = 4x; 4+ 3x, + 8x3 — min
V6i cac rang buoc
X1 + x3 = 2
X, + 2x3 = 5
x; >0, j=12,3

c6 phuong an t6i wu clia bai toan déi ngau la y7 = (2;3). Hay tim phuong
an t6i wu clia bai toan goc.

Gat.
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Vi du 3.8. Cho bai toan quy hoach tuyén tinh

z =2Xx1 + 2x2 + X3 + 4x4 > max

V6i cac rang budc

5)(1 + X2 + X3 + 6X4 = 50
—3x + x3 + 2x4 > 16
4x, + 3x3 + x4 < 23

X;>0, j=1,....4

c6 phuong an t6i wu x’ = (0;14;6;5). Hay tim phuong an t6i wu ctia bai
toan doi ngau.

Gliaz.
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Vi du 3.9. Cho bai toan quy hoach tuyén tinh

Z = —X1 + 2x, + X3 > max

V6i cac rang budc

X1 + 3X2 — X4 = 5
X1 + x2 = 3
—3x + x3 + x4 = 2

x;20, j=1,....4

va cac phuong an x; = (3;0;11;0), x3 = (2;1;8;0), x3 = (—4;2;0;10),
x4 = (1;2;1;2). Phuong 4n nao la phuong an toi uu.

Gliaz.
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Vi du 3.10. Giai bai toan quy hoach tuyén tinh

z = 10x; + 8x2 + 19x3 — min
V6i cac rang buoc

2x1 4+ x2 4+ x3

3x; + 2Xx3

X1 + 2x2 + 5x;3

x;>0, j=1,....3

IV IV IV

Giat.

[\
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3.3 Bai tap chuong 3

Bai tap 3.1. Giai cac bai toan qui hoach tuyén tinh

a. z = 2x; + 3x; + 4x3 — min
V6i cac rang budc
6x; + 3x, + 2x3
{ 2x1 4+ 6xy + 3x3
x; >0, j=12,3
Dap an: Phuong an t6i wu x’ = ((7/5;53/15;0), gia tri ham muc
tieu z = 67/5

b. z = x1 + x, + X3 — min

19
24

=
=

V6i cac rang budc

6x; + 2x, + x3 > 20
X1 + 7xp + 3x3 > 25
3x; + x, + 8x3 > 30

x; >0, j=12,3
Dap an: Phuong an téi wu x7 = ((131/60;127/60;8/3), gia tri
ham muc tiéu z = 209/30

Bai tap 3.2. Cho bai toan quy hoach tuyén tinh

z = 2x1 + X2 + X3 + 3x4 — max

V6i cac rang budc

X1 — ZX2 + X3 = 16
X2 + 4x3 + x4 <8
X, — 2x3 4+ 3x4 < 20
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a. Phat biéu bai toan déi ngdu clia bai toan trén .
b. Hay gidi mot trong hai bai toan roi suy ra phuong an toi wu ciia bai toan
con lai.

Bai tap 3.3. Cho bai toan quy hoach tuyén tinh

z = —=5x; + xp + x3 + 16x4 —> max
V6i cac rang buoc
X1 + X2 + 2x3 — 3x4 = 5
2x1 — X + X3 + SX4
—3x; + 4x, + Tx3 — 8x4 = 9

X;>0, j=1,....4

[\

a. Hoi xT = (25/13;64/13;0;8/13) c6 phai la phuong an t6i wu ciia bai
toan trén khong
b. Viét bai toan déi ngau ctia bai toan trén va tim phuong an téi uu cla
bai toan déi ngau.
Bai tap 3.4. Mot Xi nghiép xit Iy gidy, c¢6 ba phan xudng I, II, III cung xit
1y hai loai gidy A, B. Do hai phan xudng c6 nhiéu sy khic nhau, nén néu
cing dau tu 10 trieu dong vao mdi phan xudng thi cudi ky phan xudng I xit
ly dugc 6 ta gidy loai A, 5 ta gidy loai B. Trong khi d6 phan xudéng II xt 1y
dudc 4 ta gidy loai A, 6 ta giay loai B. Phan xuéng III xu Iy dudc 5 ta giay
loai A, 4 ta gidy loai B. Theo yéu cau lao dong thi cudi ky Xi nghiép phai xt
ly it nhat 6 tan gidy loai A, 8 tan gidy loai B. Hdi can dau tu vao mdi phan
xuéng bao nhiéu tien dé xi nghiép hoan thanh coéng viec véi gia tién dau tu
12 nhé nhat. DAp an: Phuong an tdi wu x” = (1/4;9/8;0), gia tri ham muc
tieu z = 11/8

Bai tap 3.5. Mot gia dinh can it nhat 1800 don vi protéin va 1500 don vi
lipit trong thitc &n moi ngay. Mot kilogam thit bo chita 600 don vi protéin va
600 don vi lipit, mot kilogam thit heo chita 600 don vi protéin va 300 don vi
lipit, mot kilogam thit ga chita 600 don vi protéin va 600 don vi lipit. Gia mot
kilogam thit bo 1 84 ngan dong, gia mot kilogam thit heo 14 71 ngan dong,
gia mot kilogam thit ga 13 90 ngan dong. H6i mot gia dinh nén mua bao nhiéu
kilogam thit méi loai dé bao dam t6t khau phan &n trong mot ngay va tong
s6 tien phai mua 14 nhé nhat? Dap an: Phuong an t6i vu x! = (2;1;0), gia
tri ham muc tiéu z = 239
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Bai tap 3.6. Cho bai toan quy hoach tuyén tinh.

Z = X1 —2X, + X3 — X4 + X5 — min

V6i cac rang buoc

X1 — 2)62 + X3 + 3)64 — 2)65 = 6

—2x1 — 3xp + 2x3 + x4 — x5 > —4

X1 + 3x3 — 4x4 — 4x5 > 8
X1,...,xX5 >0

a. Kiém tra tinh t6i uwu ctia phuong an x’ = (5; —6; 1; —4;0).
b. Phat biéu bai toan déi ngdu ctia bai toan trén, chiing téa tap phuong
an clia bai toan doéi ngau la tap rong.

c. Chiing téa bai toan da cho khong c6 phuong an to6i uu.



Chuong 4
Bai toan van tai

4.1 Bai toan van tai can biang thu phat

Gia su:
Thu
) by | by | --- bj .o | b,
Phat
a Ci1 [ C12 | === | C1j | "= | Cln
a Ca1 | €22 | == | C2j | == | C2n
aij Ci1 | Cia | == | Cij | | Cin
Am Cml | Cm2 | " | Cmj | " | Cmn

e C6 m noi cung cap hang héa (tram phat), tram phat i chita a; don vi
hang héai =1,...,m.

e C6 n noi tieu thu hang héa (tram thu), tram thu tha j chia b; don vi
hang héa j =1,...,n.

° T(%ng luong phat bang téng lugng thu, nghia la
m n
Z a; = Z bj (41)
i=1 j=1

e Cudc phi van chuyén mot don vi hang héa tit noi cung cap thit i dén noi
tiéu thu tha ] 1a Cij.
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Yeéu cau ctia bai toan la tim lugng hang phan phdi x;; > 0 tit tram phét thi
i dén tram thu tht j sao cho:

e Tong chi phi van chuyén thap nhat

m n

z = ZZCUXU — min (4.2)
i=1 j=1
o (Giai tda kho i
Zx,-J-:ai, i=1,...,m (43)
j=1
e Cita hang nhan du hang

m
Z)Cl'j :bj jzl,...,n (44)
i=l1

Bang phan phéi lugng hang van chuyén x;; tit tram phat thi i dén tram thu
thit j thuong dugc trinh bay nhu sau:

bj bl b2 b]. bn
a; -
a C11 C12 C1j Cin
X11 X12 X1j X1n
as C21 C22 Caj Con
X21 X22 X2j X2n
a Ci1 Ci2 Cij Cin
1
Xi1 Xi2 Xij Xin
Cmi Cm2 Cmj Cmn
Xm1 Xm2 mj Xmn
Ma tran
X111 X12 0 Xin
X21 X322 *cc X2p
x=| . . (4.5)
Xml Xm2 *°° Xmn

thoa cac rang buoc (4.3) va (4.4) duge goi 1a phuong an chap nhan duge.
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Tinh chat 4.1. Bai todn van tdi can bang thu phdt luon cé phuong an toi
uY.

Chiing minh. Ta can chiing minh tap cidc phuong an chap nhan dugce khéc
rong va ham muc tiéu luoén bi chan duéi. That vay ta c6

a;b;
xij=—L>0, Vi, j (4.6)
ai
i=1
1& phuong an chap nhan duoc vi
- a,-bj . i .

n

inj = m m

j=1 j=1>"a; Y a;ij=l
i=1 j

m

m
a,-bj

m
i=1 i=1 Z“i
i=1

Ham muc tiéu bi chan duédi béi khong

z = chijxij > 0 (49)

i=1 j=1

Vay theo tinh chat ciia bai toan quy hoach tuyén tinh, bai toan van tai luon
c6 phuong an toi vu. O

Tinh chat 4.2. Ma tran hé so cic rang budc ctua bai toan van tair cé hang

bangm +n — 1.

4.2 Phuong an cuc bién cua bai toan van tai

Dinh nghia 4.3 (O chon, 6 loai).

i. Ta viet (i;j) la 06 ¢ dongi cot j.
. Trong bang van tdi, nhing o cé x;; > 0 duoc goi la 6 chon, nhiing 0
c6 x;j = 0 goi la 6 loaa.
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Dinh nghia 4.4 (Dudng di). Ta goi mot duong di la tap hop cic 6 chon sao
cho:

e Trén cung mot dong hay mot cot khong co qua hai 6 chon.
o Hai chon 6 lien tiép thi nam trén cung mot dong hay mot cot.

Vi du 4.1. Day cac 6 chon sau tao thanh mot duong di:

Vi du 4.2. Cac 6 chon sau c¢6 lap thanh duong di khong, tai sao?

Dinh nghia 4.5 (Chu trinh). Mot duong di khép kin dugc goi la mot chu
trinh.
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Vi du 4.3. Day cac 6 chon sau tao thanh moét chu trinh

1 1 -
|
l .
I &—1—-9
|
. l
e -4
-7
|
. i
O et R
|
| [
| —-+-—-9
[ |
[ [
-1 ———1-+4

Tinh chat 4.6. Mot bang van tdi c6 m dong, n cot thi tap cic 6 chon khong
chita chu trinh c6 toi dam +n —1 6.

Tinh chat 4.7. V&i mot phuong dn cé di m +n—1 6 chon khong chita chu
trinh, thi vdi bat ky mot o loai nao dudc dua vao phuong dn thi sé tao thanh
mot chu trinh va chu trinh nay la duy nhat.

Vidu 4.4. Xét bang van tai 3 dong, 4 cot v6i mot phuong an c6 3+4—1 =06
0 chon cho nhu sau

Khi ta them mot 6 loai bat k¥ thi 6 loai nay két hop véi mot s6 6 chon nay
tao thanh chu trinh. Chang han, ta thém 6 loai (1,2) vao phuong &n thi 6
nay sé két hop véi cac 6 (3,2); (3,3); (2,3); (2,1); (1, 1) tao thanh chu trinh.

[]
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-

Dinh ly 4.8. Mot phuong an duoc goi la phuong dn cuc bién ciua bar toan
van tai khi va cht khi tap cac 6 chon ciua no khong chita chu trinh.

Dinh nghia 4.9. Mot phuong an cuc bién co m +n — 1 6 chon duoc goi la
phuong dn cuc bién khong suy bién. Nguoce lai, mot phuong dn cuc bién cé it
hon m +n —1 0 chon dugc goi la phuong dan cuc bién suy bién.

Vi du 4.5. Phuong an sau la phuong an cuc bién khong suy bién

N30 | 40 | 50 | 60
so ||’ T2 _
N T N
s |12 2 P

Vi du 4.6. Phuong an sau la phuong an cyc bién suy bién

) bil 40 | 100 | 60 | 50
1
1 5 11 |3
80 40 40
EERE 1
70 20| 50
00 12 1 o 5 5

Nhan zét. Mot phuong an c¢o ban ¢6 cac ¢o chon ¢6 thé khong lap thanh mot
duong di.
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4.3 Cac phuong phap thanh lap phuong an cuc bién
4.3.1 Phuong phap cudc phi thiap nhét

Y tudng chinh ctia phuong phap nay la phan phéi lugng hang 16n nhat ¢6 thé
vao 0 ¢6 cude phi thap nhat. Phuong phap phan phdi lugng hang x;; duge
thuc hién nhu sau:

a; 10&1 dbng i,bj :bj—a,-
Xij = min{al—;bj} = bj loai cOt j,a,- =da; — bj (410)
a; =b; loaidong i cot ]
Lap lai qua trinh trén cho cac 6 tiép theo dén khi yéu cau ctia tram phat,

tram thu dugc théa man. Phuong 4n thu duge bang phuong phap nay la
phuong an cuyce bién.

Vi du 4.7. Bang phuong phap cudc phi thap nhat, thanh lap mot phuong
an cuc bién cua bai toan van tai:

SNl s0 | 40 | 50 | 60
ol P 7 |2
PP ER E P
= 12 2 3 |6

Gaz.
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4.3.2 Phuong phap géc Tay - Bac

Ta wu tién phan phoi luong hang nhiéu nhat vao 6 & géc Tay - Bac trén bang
van tai. Khi d6 néu:
e Tram phéat nao da hét hang thi ta x6a dong chia tram phat dé.

e Tram thu nao da nhan du hang thi ta x6a cot chita tram thu do.

Sau d6 lap lai qua trinh trén déi véi nhitng 6 con lai. Phuong an dudc thanh
lap bang phuong phap géc Tay - Bac 1a phuong 4n cuc bién

Vi du 4.8. Biang phuong phap géc Tay - Bac, thanh lap phuong an cuc bién
cua bai toan van tai

N30 | 40 | 50 | 60
SN TR FR N P
P R A PR
112 2 3 |6

Gliaz.

4.3.3 Phuong phap Vogel (Fogel)

Phuong phap Vogel cho ta mot phuong an cyc bién kha tot, theo nghia né
rat gan v6i phuong an toi uu.
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i) Tréen mdi dong, mdi cot clia ma tran cude phi ta tinh higu s gitta hai
gia tri cu6c phi nhé nhat.

ii) Chon dong hay cot ¢6 hiéu s6 nay 16n nhat (néu c6 nhiéu dong hay cot
théa diéu kién nay thi ta chon mot dong hay mot cot trong cac dong,
cOt nay)

iii) Phan lugng hang nhiéu nhat vao 6 c6 cude phi nhoé nhat trén dong hay
cot vira chon duge. (Khi d6 néu noi nao da phat hét hang thi ta x6a
dong chita noi phat d6. Néu noi ndo nhan da hang thi ta x6a cot chia
noi nhan do6. Lic d6 ¢ot (dong) nay hieu s6 sé khong tinh cho bude sau).

iv) Lap lai ba budc néi trén véi nhitng 6 con lai cho dén hét. Ta thu duge
phuong an cuyc bién.

Vi du 4.9. Bang phuong phap Vogel tim phuong an ciyc bién ctia bai toin
van tai:

a; b 30 40 50 60
80 1 > 7 2
45 Y 7 4 9
55 12 2 3 6

Gaz.
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4.4 Thuat toan thé vi giai bai toan van tai
Dé giai bai toan van tai, ta thuc hién bén buée nhu sau:

Buéc 1. Thanh lap phuong an cuc bién bang mot trong cac phuong phap:
cuéc phi thap nhit, Tay - Bac, Vogel.

Buéc 2. Xét xem phuong an cuyc bién hién thoi da t6i wu hay chua bang
thuat toan quy khong cudc phi 6 chon. Néu phuong an circ bién hién
thaoi 1a phuong an t6i wu thi thuat toin két thic. Ngugce lai sang buée 3.

Budc 3. Xay duyng phuong an ciic bien méi tot hon xem 4.4.2.

Buéc 4. Quay vé budc 2.

4.4.1 Thuat toan quy khéng cuéc phi 6 chon

Xét bai toan quy hoach tuyén tinh cé phuong an ciic bién ban dau khong suy
bién (c6 m +n —1 6 chon). Néu bai toan c¢6 phuong 4n ciic bién suy bién (c6
it hon m +n — 1 6 chon) thi ta them 6 chon gia (i, j) véi x;; = 0 vao sao
cho cac 6 chon gia nay va cac 6 chon ban dau khong tao thanh chu trinh.

Vi du 4.10. Xét bai toan van tai c6 phuong an cuc bién suy bién

) bil 40 | 100 | 60 | 50
1

1 5 11 |3
80 40 40

5 11 |5 1
70 20| 50
00 2 1100 5 5

Ta thém 6 chon gia (1,2) véi x1, = 0 thi bai toan ¢6 m +n — 1 6 chon

Thuat toan quy khong cuée phi thuc hién nhu sau: Lan ludt cong vao céc
cuéc phi 6 dong 1,...,m mot lugng ry, ..., r, va vao cot 1,...,n mot lugng
S1,...,8, sao cho tong cudc phi trén cac 6 chon bang khong.

Vi du 4.11. Quy khong cude phi cac 6 chon ctia bang van tai.
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N0il 40 | 100 | 60 | 50
1 B E
80 40| ol 40
5 114 |5 1
70 20| 50
o0 14 1 o SRR
N0il 30 | 40 | 50 | 60
1 5 7 |2
80 30 50
5 7 11 |9
45 35 10
2 12 3 |6
55 10| 15
S
ri
1 5 7 |2
30 50
5 7 112 |9
35| 10
2 12 |3 |6
10| 15

Glaz.

Bai toan van tai sau khi quy khong cudce phi 6 chon:

N[ 30 | 40 | 50 | 60
801 30 50
45 35| 10
b5 10| 15

Dinh 1y 4.10. Lan lugt cong vao cac cudc phi & dong 1,...,m mot luong
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Fiy.ooosTm va Va0 cOt 1,...,n mot lugng sy, ...,s, tic thay c;; bdi

Cij =Ti+8j+Cj
thi ta duoc bai todn mdi cé cung phuong dn toi wu vdi bai todn ci.

Nhan zét. Theo dinh Iy 4.10, bai toan van tai véi phuong an cie bién

N30 | 40 | 50 | 60
so ||’ T2 _
N T N
N R ERN

va bai toan van tai sau khi quy khong cuée phi cac 6 chon véi phuong an cuce
bién

0 bil 30 | 40 | 50 | 60
0 9 10 |0
80 30 50
3 |4 0 0
45 35| 10
5 0 0 2
55 40| 15

13 tuwong duong nhau. Nghia bai toan quy khong cuée phi t6i wu thi bai toan
ban dau cling téi wu va ching cing phuong an t6i uu.

Ta nhan thay, trong bai toan quy khong cuée phi trén dong 2, ¢c6 6 (2, 1) c6
cudc phi “ré” hon cude phi cac 6 chon (2, 3) va (2, 4) nén phuong an hién thoi
chua to6i uu.

Dinh 1y 4.11 (Dau hi¢u t6i wu). Bai todn van tdi sau khi quy khong cudc
phi cac 6 chon:

/

ij = 0 vdi moi (i, j) tht phuong dn cuc bien hién thoi la phuong
an toi wu.

e Néu c

o Néu ton tai cl/.j < 0 thi c6 thé tim mot phuong dn mdi tot hon phuong
an hién thou.



4.4 Thuat toan thé vi giai bai toan van tai 92

Vi du 4.12. Ching minh phuong an circ bién hién thoi ctia bai toan van tai
sau khong phai 1a phuong an t6i uu.

N0l 30 | 40 | 50 | 60
T 5 |7 |2
80 1" 30| 40| 10
5 17 12 |9
45 10| 5
=2 2 3 |6 _

Gaz.

Vi du 4.13. Chiing minh phuong an citc bién hién thoi ctia bai toan van tai
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sau la phuong an to6i uu.

N30 | 40 | 50 | 60
0 |1y | 60
51" ol | s
s 27 P

Gliaz.

4.4.2 Xay dung phuong an cuc bién méi
Trén bang quy khong cude phi tim

Bugc 1. O vao 1a 6 loai ¢6 ¢;; < 0 nho nhat.
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Buédc 2. Xac dinh chu trinh chita 6 vao vita xac dinh bude 2. O vao danh
dau (+), cac 0 con lai xen ké dau (-), (+) trén chu trinh.

Buéc 3. Xac dinh phuong an cyc bién mdi.
e Luong diéu chinh ¢ = min {x;;|(i, j) c6 dau (-)}
e Phuong an cyc bién méi:
xij +¢q O c6 dau (+)
Xij = 1x;j—¢q O c6 dau (-) (4.11)
Xij O khong c6 déau

Vi du 4.14. Cho bai toan van tai ¢c6 phuong an ciyc bién

N0l 30 | 50 | 80 | 40
14
5 12 |5 |1
01 30 20| 40
|1 3|6
0 50| 20
w | |7 7P

Chiing minh phuong an cuc bién hién thoi chua t6i wu. Xay dung mot phuong
an khac tot hon.

Gliaz.
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Vi du 4.15. Cho bai toan van tai c6 phuong an cyc bién

b.

SNl as |25 | 10
PO R ER E )
7 16 s
30 25| 5
S ER N 3

Chting minh phuong an ciyic bién hién thoi chua t6i vu. Xay dyng mot phuong
an khac tot hon.

Gliaz.
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Vi du 4.16. Giai bai toan van tai

Gaz.

b;

a; 50 40 70
80 > 12
20 7 11
60 4 3




4.4 Thuat toan thé vi giai bai toan van tai

97
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4.5 Mot sb trudong hop dic biét ciia bai toan van tai

4.5.1 Bai toan van tai khéng can biang thu phat

Truong hop phat 16n hon thu. Ta thém tram thu gia b,,;, vé6i lugng
hang la

Lic nay bai toan can bang thu phat.

Truong hop phat it hon thu. Ta thém tram phat gid a,4;, v6i lugng
hang la

n m
A1 = E bj_E ai, cmy1; =0, j=1,...,n
=1 i=1

Lic nay bai toan can bang thu phat.

Vi du 4.17. Giai bai toan van tai khong can bang thu phat cho bdi bang
van tai sau:

N 100 | 65 | 95
o |7 5|2
o 13 5[5
09 2 |7
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Glaz.
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4.5.2 Bai toan van tai c6 6 cam

Day 1a bai toan van tai ma vi mot 1y do no dé c6 mot noi phat khong thé
chuyén chd hang dén mot noi nhan nao dé duge. Dé gidi quyét van dé nay
ching ta cho cudc phi ¢ 6 d6 1a M, v6i M 1a s6 duong rat 16n, 16n hon bat
ky s6 nao can so sanh. Sau d6 ching ta gidi nhu nhitng bai toan da trinh bay

4 trén.

Vi du 4.18. Giai bai toan van tai v6i hai 6 cam cho nhu sau:

a; b 100 | 65 95 40
80 6 ) 11 10
70 10 d 7
150 9 8 7

Gliaz.
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4.6 Bai toan van tai cuc dai cudc phi

Buéc 1. Thanh lap phuong an cuc bién bang phuong phap cuc dai cude
phi, ching ta phan phdi lugng hang nhiéu nhat vio 6 c6 cude phi 16n
nhat.

Buéc 2. Xét xem phuong an cuc bién hién thoi da t6i wu hay chua bang
thuat toan quy khong cuéc phi 6 chon.
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e Néu c; ; = 0véimoi (7, j) thi phuong an cuc bién hién thoi la phuong
an toi wu, thuat toan két thic.

e Néu ton tai ¢;; > 0 thico thé tim mot phuong an méi tét hon
phuong an hién thoi, chuyén sang bude 3.

Buéc 3. Xay dung phuong an cuc bién mdi tot hon, chi ¥ 6 vao 1a 6 loai
) c;j > 0 16n nhat, cac buéc tiép theo lam gidng bai toin min .

Buéc 4. Quay vé budc 2.

Vi du 4.19. Giai bai toan van tai cuc dai cudc phi sau:

Nlro | 55 | 85 | 60
oo |6 |5 |11 |10
s |06 |5 |7
o9 B [T |4

Gaz.
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4.7 Bai tap chuong 4

Bai tap 4.1. Giai bai toan van tai

DNl s0 | 50 | 80 | 40
w2 12 5P [
N PR PR PR ¢
P CEEEEEE

Dap an: Phuong an toi uu

30 20 0 40
x=1|0 30 40 0], z=400
0 0 40 O

Bai tap 4.2. Giai bai toan van tai:
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a; b 40 | 100 | 60 50
80 1 2 4 3
70 2 4 D 1
100 4 1 2 )

Dap an: Phuong an t6i uu

20 60 0 O
x=0120 0 0 50}, z=390
0 40 60 O

Bai tap 4.3. Giai bai toan van tai:

0 bil 20 | 30 | 45 | 50
ME 8 6 11
30 |6 7 7 12

55

Dap an: Phuong an toi uu

0 0 40 O
x=120 5 5 0], z=2930
0 25 0 30

Bai tap 4.4. Giai bai toan van tai c6 6 cam

) Y| 45 [ 100 | 50 | 60
-0 16 |15 |11
00 |10 179
s |12 |14 [0 |13
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Dap an: Phuong an toi uu

0 10 0 60
x=|145 5 50 0|, z=2995
0 8 0 O

Bai tap 4.5. Cho bai toan van tai can bang thu phat va mot phuong an:

. bil 40 | 45 | 60 | 65
00 |4 N 517 |2 N
PR ERRT N 2 N 10
. | . 2 |3 . 6

a. Tinh cuéc phi van chuyén ctia phuong an nay, chiing minh phuong an
cic bien da cho khong phai 1a phuong an téi uu.

b. Xuat phét tit phuong an trén hiy xay dung mot phuong an méi tot hon
(chi cdn mot phuong 4n méi t6t hon).

Bai tap 4.6. Mot nha may ché bién thit, sdn xuat ba loai thit: bo, lon, ciu,
v6i tong luong moi ngay 1a 480 tan bo; 400 tan lon; 230 tan ciru. Mbi loai
déu c6 thé ban dudc & dang tuoci hoac nau chin. Tong lugng cac loai thit nau
chin dé ban trong gis lam viéc 1a 420 tan. Ngoai ra nau thém ngoai gis 250
tan (voi gia cao hon). Loi nhuan thu duge trén mot tan duge cho bang bang
sau: (v6i don vi 13 trieu dong)

Tuoi Nau chin Nau\ ?hl.l}

Ngoai gic
Bo 8 11 14
Lon 4 7 12
Ctru 4 9 13

Muc dich ctia nha méy la tim phuong an san xuat dé lam cuc dai lgi nhuan.
HAy tim phuong an toi uu.
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