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LOINOI PAU

Gido trinh “ Thiét k€ va ddnh gid thuat todn “ cé ndi dung ti€p sau gido
trinh “C4u tric dit liéu va thult todn 1” va “ Todn cao cAp A4”, trinh bay trong 3
tin chi 1y thuy&t va 1 tin chi thuc hanh cho cdc sinh vién nganh Todn — Tin hoc va
Co6ng nghé thong tin. Trong tAm chinh cda gido trinh :

- Trinh bay mot s6 phuong phap thiét k& thut todn thong dung.

- Tim hiéu co s& phan tich @6 phic tap cdia thuat todn.

Nbi dung gido trinh gdm 6 chuong :
CHUONG 1 : GIGI THIEU THIET KE VA PANH GIA THUAT TOAN.

Chuong nay gidi thi€u khdi niém tryc quan cda thuit todn, ngdn nglr mo ta
thut todn, phan tich thuit todn, cdi ti€n thuat todn.

CHUGCNG 2 : PHUONG PHAP CHIA DE TRI

Chuong nay trinh bay k§y thuat thi€t k& chia dé tri, md hinh thi tuc thudng st
dung va céc bai todn minh hoa nhu : bai todn MinMax, thuit to4dn Strassen vé nhian
ma tran, thult todn tron truc tiép, . . .

CHUGNG 3 : PHUGNG PHAP QUAY LUI

Gid6i thi€u mo hinh dé quy quay lui va cdc bai todn minh hoa nhu : bai todn
“ngua di tudn”, bai todn “ tdm hau “, c4c bai todn td hop, cdc thuit todn tim ki€m
trén db thi DFS, BFS. . .

CHUONG 4 : PHUGNG PHAP NHANH CAN

Chuong nay mo ti k§ thudt ddnh gid nhdnh cin trong qué trinh quay lui dé
tim 13i gidi tdi uu clia bai todn. Cdc bai todn ding dé minh hoa nhu bai todn
Ngudi du lich “, bai todn “ chi€c tdi x4ch “.

CHUONG 5 : PHUONG PHAP THAM LAM

Gi6i thiéu phuong phdp tim ki€ém nhanh 15i gidi chdp nhan dudc (va c6 thé
12 t6i vu) ctia bai todn t8i wu. C4c bai todn minh hoa nhu : bai todn “ Ngudi du
lich”, thuit todn Dijkstra tim dudng di ngdn nhat tir mot dinh dén cdc dinh con lai
clia d6 thi, bai todn “ chi€c tdi xach «, . .
CHUGNG 6 : PHUONG PHAP QUY HOACH PONG

Chuong nay md ta y tudng, cdc thao tac chinh st dung trong thuit todn quy
hoach dong. Céc bai todn minh hoa nhu thuit todn Floyd tim dudng di ngin nhat
gitta cdc cip dinh cia mot don dd thi, bai todn nhin t8 hgp cdc ma tran, cAy nhi
phan tim ki€m t6i uu ...
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Vi trinh d9 ngudi bi€n soan c6 han nén tap gido trinh khong tranh
khoi nhiéu khi€m khuyét, chiing toi rdt mong sy gép ¥ clia cdc ban ddng nghiép va
sinh vién.

Cudi ciing, ching tdi cdm on sy dong vién, gidp d& nhiét thanh clia
cic ban ddng nghiép trong khoa Todn-Tin hoc d€ tip gido trinh nay dudc hoan
thanh.

balat, ngay 10 thang 11 ndm 2002
TRAN TUAN MINH
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CHUONG 1 : GIGI THIEU THIET KE, PANH GIA THUAT
TOAN

Thuat ngit thuat todn (Algorithm ) 1 tir viét tit cda tén mot nha todn hoc &
thé& ky IX : Abu Ja’fa Mohammed ibn Musa al-Khowarizmi . PAu tién, thuit toan
dudc hi€u nhu 14 cdc quy tic thuc hién cic phép todn s6 hoc vdi cic con s6 dudc
viét trong hé thap phan. Cluing vdi sy phat trién cia mdy tinh , kh4i niém thuit todn
dudc hi€u theo nghia rong hon. Mét dinh nghia hinh thiic vé thuit todn dudc nha
todn hoc ngudi Anh 1a Alanh Turing dua ra vao ndm 1936 thong qua mdy Turing.
C6 thé néi 1y thuyé&t thuat toan dugc hinh thanh tir d6.

Ly thuyé&t thut todn quan tim dé&n nhitng van dé sau :

1. Gii dudc bing thuit todn : Lép bai todn nao gidi dudc bing thuit todn,
16p bai todn khong gidi dudc bing thuat todn.

2. T6i uu héa thuit todn : Thay nhitng thuat todn chua tot bing nhitng thuit
todn tot hon.

3. Trién khai thuit todn : Xay dung nhitng ngdén ngit thuc hién trén mdy tinh
d€ ma héa thuit todn.

Hudéng nghién cdu thi 2 thudéc pham vi cia linh vuc phdn tich thuit
todan : Panh lugng mic do phic tap cia thuit todn ; con hudng thi ba thudng dugc
x&p vao khoa hoc 14p trinh.

Chuong diu tién clia gido trinh s& gigi thiéu thuit todn theo nghia truc quan
va mot s6 khdi niém md diu vé phan tich va thiét k& thuat todn.

L. Dinh nghia truc quan vé Thuit todn

1. Pinh nghia

Thuat todn 12 mdt ddy hitu han cdc thao tic dugc bd tri theo mot trinh tuf x4c
dinh, dugc dé ra trudc, nhim gidi quy&t mot bai todn nhat dinh.

- Thao tic , hay con goi la tdc vu, phép todn ( Operation ) hay l€nh
(Command), chi thi (Instruction)...]d mdt hanh dong can dugc thuc hién bdi co ché
thuc hién thuit toan.

MJi thao tic bi€n ddi bai todn tir mot trang thdi trudc (hay trang thai
nhap) sang trang thdi sau (hay trang thdi xudt).Thyc t€ mdi thao tic thudng st
dung mot s§ ddi tugng trong trang thdi nhap (cdc ddi tugng nhip )va sdn sinh ra
céc doi tugng mdi trong trang thdi xut (cdc doi tugng xuat). Quan hé giita 2 trang
thdi xudt va nhap cho thdy tdc dong clia thao tidc. Ddy cdc thao tic cla thuat todn
ndi ti€p nhau nhim bién d6i bai todn tir trang th4i ban diu dén trang thai két qua.

MB3i thao tdc c6 thé phan tich thanh cdc thao tdc don gidn hon.

- Trinh tu thuc hién cédc thao tic phai dugc xdc dinh rd rang trong thuit
todn. Ciing mot tap hgp thao tdc nhung x&p dit theo trinh ty khdc nhau sé cho két
qua khdc nhau.
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2. Cic dic trung cd ban cua thuit todn
a) Tinh xdc dinh
C4c thao tdc, cdc doi tugng, phuong tién trong thuit todn phdi c6é y nghia
& rang, khong duge gdy nham 1an. N6i cdch khdc, hai cd ché& hoat dong khic nhau
(ngudi hodc mdy...) cing thuc hién mot thuat todn, st dung cdc d6i tugng, phuong
tién nhap phdi cho cing mot két qua.
b) Tinh diing (hay hitu han)

Doi héi thuit todn phai dirng va cho két qua sau mot sd hitu han cdc budc .

¢) Tinh diing cuia thudt todn

Thuat todn ding 12 thuat todn cho k&t qud thda min dic t3 thuit todn véi
moi trudng hgp clia cdc ddi tugng, phuong tién nhap.

Thuat todn sai khi sai trong (it nhat ) mot trudng hdp.

d) Tinh phd dung

Thuit toan d€ gidi mot 16p bai todn gdm nhiéu bai todn cu thé, 16p dé dudc
xdc dinh bdi dic ta. Di nhién c6 16p bai todn chi gdm 1 bai. Thuat todn khi dé sé&
khong can st dung d6i tugng, phudng tién nhap nao ca.

3. Diic ta thuit todn

MBJi thuit todn nhim gidi quy&t mot 16p cdc bai todn cu thé.

MB&i 1an thuc hién thuit todn cAn phdi cung cAp cho cd ché thuc hién mot
s6 doi tuong hay phuong tién can thiét nao d6. Cic d6i tugng hay phuong tién nay
phan biét bai toan cu thé trong 16p bai todn ma thuit todn gidi quyét.

Lam sao dinh 16 16p bai todn ma mdt thuat todn gidi quyét? D6 1a dic td
thuit todn. Pic t3 thuit todn cin chi ra cdc dic diém sau :

1. Céc d6i tugng va phuong tién cla thuit todn can st dung (nhap).

2. Piéu kién rang budc (néu cé) trén cic ddi tugng va phuong tién do.

3. Céc san pham ,két qua (xuat).

4. Céc yéu ciu trén san pham, két qui. Thudng xuit hién dudi dang quan
hé giita két qua va cdc d6i tugng, phuong tién st dung.

THUAT
TO AN OUTPUT

IL. Cdc dang dién dat thuit todn

Thuit todn c6 thé dién dat dusi nhiéu hinh thic, ching han dudi dang luu
dd, dang ngdn ngit ty nhién, dang ma gid hoic mdt ngdn ngi 1ap trinh nao d6 .
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1. Dang lvu d6 ( so d6 khdi)

Dung céc hinh v& ( ¢6 qui u6c ) d€ dién dat thuat todn .Luu db cho hinh dnh
tryc quan va tong thé cia thuit todn ,cho nén thudng dugc st dung.

2. Dang ngon ngwl tu nhién

Thuit todn c6 thé trinh bay dudi dang ngdn ngit ty nhién theo trinh ty cic
budc thuc hi€n trong thudt todn .

3. Ngon ngii 1ap trinh.

Dung ciu tric 1énh, dif liéu cia mdt ngdn ngit 14p trinh ndo d6 d€ mo ta.

4. Dang ma gia

Thuit todn trinh bay trong dang vin ban bing ngdn ngit tw nhién tuy dé hiéu
nhung khé cai dit. Diing mot ngif 1ap trinh nao d6 d€ dién t4 thi phic tap, khé hiéu.
Thong thudng thuit todn ciing dugc trao d6i dudi dang vin ban - tuy khong rang
budc nhiéu vio ci phdp xdc dinh nhu cdc ngdn ngit 1ap trinh, nhung ciing tudn theo
mot s quy udc ban diu - Ta goi dang nay 1a ma gid. Ty theo viéc dinh huéng cai
dit thuit todn theo ngdn ngit 14p trinh nao ta dién dat thuit todn gin vdi ngdn ngi
dy. Trong phan nay ta trinh bdy mot s& quy uSc clia ngdén ngit mi gid trong dang
gin C/C++.

a) Ky tu

- B0 chir cai : 26 chir cai.

- 10 chit s6 thap phan.

- C4c dau phép todn sd hoc.

- Céc diu phép todn quan hé.

b) Cdc tir : Ghép cic ky tu chit, s6, ddu gach dudi ( _).
Cac tu sau xem nhu la cac tur khoa :
if, else, case, for, while , do while ...

¢) Cdc phép todn sé hoc va logic

- Céc phép todn sd hoc : +, -, *, /, %.
- Cé4c phép todan Logic : &&, II, ! cia C/C++.

d) Biéu thifc va thit ty wu tién cdc phép todn trong biéu thiic (Nhu C/C++).
e) Cdc cdu lénh
1. Lénh gén :
x = Biéu thdc;
2. Lénh ghép (Khdilénh ) :

[
Ay

Ap;
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}

3. CAu tric ré nhanh :

if (C) if (C)

A A
else

B

Trong d6 C la biéu thitc logic, A va B la cic khdi 1énh.
4. C4u tric chon :

bt
Ma gia
Switch(Bt) Al
Case C1 : Al;
Case C2 : A2; 0
CaseCn : An A2
[default : An+1;]
Trong d6 : 0
- bt : Bi€u thic nguyén.
- Ci la céc giad tri nguyén doi1 mot khéac An
nhau.
- Ai la nhém Iénh. Ol__ An+1

5. Lip v6i ki€m tra diéu kién truSc (While).

Ma gia :
While C
A; %®% 0

£1
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6. Lip v6i ki€m tra diéu kién sau (do .. while).

Ma gia :
do A
A
while (C);
I\C/ 0

7. Lip vdéi s6 1an lip xdc dinh

Ma gid -
For (bt1;bt2;bt3) l
A btl

Trong d6 : >

- btl : Khdi dau gid tri bién diéu khién.

- bt2 : Biéu thic diéu kién, xdc dinh diéu bt2

kién lap.

- bt3 : Khdi dau lai bién diéu khién

- A 12 khoi 1énh. 1
A
bt3

8. Cau lénh vaora :
Poc : scanf(danh_sdch_bién);
Viét : printf(Danh_sdch_bié&n);
9. CAu 1énh bat ddu va két thic :

{

}
10. Ham (Function):

Type tén_ham (Danh sdch cdc type va doi)

{

}
11. Lo1 goi ham :
tén_ham (Danh sich cdc tham so thuc);
12. Cau lénh return
return (bt) : Gdn gid tri biéu thitc bt cho ham.

I11. Thi€t ké& thuit toian

Thuat todn dugc thi€t k€ mot cdch c6 cau tric, cdng cu chi yéu Ia :
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1. Modul héa va thiét ké ti trén xudng (Top-Dow)

Céc bai todn giai dugc trén mdy tinh ngay cang phiic tap va da dang. Cac
thuat todn gidi ching ngay cang c6 quy mé I6n doi hdi nhiéu thdi gian va cong stic
clia nhiéu ngudi. Tuy nhién cong viéc sé& don gidn hon néu nhu ta chia bai todn ra
thanh cdc bai todn nhd. Piéu d6 ciing c¢6 nghia 13 néu coi bai todn 13 modul chinh
thi can chia thanh cdc modul con. P&n lugt minh cdc modul con lai phan rd thanh
cidc modul con thich hgp...

Nhu vy viéc t6 chifc 18i gidi thé hién theo mot ciu triic phin cap :

[a]

: ' !
[ai] A2 [A3]

1 ! l !
[a3]

Chién thuit gidi bai todn nhu vay 1a “chia d€ tri”, thé hién chién thuat d6 ta
diing thiét k& tir trén xudng. P4 1a cach nhin nhin van dé mot cach téng quat, dé
cAp dén cdc cong viéc chinh, sau d6 mdi bs sung dan cic chi tiét.

2. Phuong phap lam min din (hay tinh ché titng buée )

La phuong phép thi€t k& phdn dnh tinh than modul héa va thiét k& tir trén
xudng.

DPAu tién thuit todn dudc trinh bay dudi dang ngdn ngit tu nhién thé hién y
chinh cdng viéc. Cdc budc sau sé chi tiét hdéa dan tuong ng véi cdc cong viéc nhd
hon. P6 14 cdc buée 1am min dan dic t3 thuit todn va huéng vé ngdn ngi 14p trinh
ma ta du dinh cai dit.

Qud trinh thi€t k&€ va phat trién thudt todn s& thé hién dan tir ngon ngit ty
nhién, sang ngdn ngit mi gia roi d€n ngdn ngi 1ap trinh, va di tir mifc “lam cdi gi
“dén “lam nhu th€ nao”.

Vidu:

Bai todn nin tén .

Mot tén c6 thé c6 mot hay nhieu tir, cac tir tich biét bdi it nhat 1 dau cach
(khodng tring, tab, ..). T 1a mot day cdc ky tu khac dau cach.

Viéc nin tén thyc hién theo cdc quy céch :
(i) Khi¥ cdc d4u cdch & ddu va cudi clia tén (cd ho va tén dugc goi tit 1a tén ).
(ii) Khtt b6t cdc ddu cdch & gitta cdc tir, chi dé lai mot dau cach.
(iii) Cdc chir cdi diu tir dugc viét hoa, ngdai ra moi chit cdi con lai dugc viét
thudng.

Chuong trinh dugc phat thdo bdi :
Miic O .
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Nén x thanh x theo cédc quy tic (i-iii).

Miic 1 :
Do tén dudc tao bdi cdc tir , nén nin tén thi ta phdi nidn cdc tir. Ta ndn tiing
ti trong tén cho d&n hét cdc tir. Y tudng & mic 1 duge 1am min hon nhu sau :
Khi (con tie w trong x) ta thuc hién
Ndn lai tie w trong x;
Pdt mot ddu cdch néu can;

Miic 2 :
Ta chi ti€t hon thao tic : ’Pit mot ddu cach néu can”.
R0 rang diu cdch ndi chi dit sau mdi tir, trir tir cudi ciing. Nhu vay sau khi
Xt Iy xong tir cudi thi ta khong dit dau cach. Vay ta c6 thé viét :
Khi (con tir w trong x) ta thuc hién
Ndin lai tir w trong x;
Néu w chua phdi la tix cudi trong x thi
Ddit mot ddu cdch sau w;

Miic 3 :
DPé xit ly dit liéu dugc 16 rang, tam thdi ta coi tén dich 13 y va tén ngudn la
X.
y = tirrong;
Khi (con tix w trong x) ta thuc hién
Ndin lai tic w trong x;
Ghép w vao sau y;
Néu w chua phdi la tix cudi trong x thi
Ghép ddu cdch vao sau y;
Miic 4 :

Ta cu thé€ héa th€ nao 1a 1 tir.

Dé thay 12 mot tir w clia x 12 mdt ddy ky ty khong chita dau cdch va duge
chin ddu va cudi bdi dau cich hoic tir réng.

C6 thé nhan dang dugc tir w trong x bing thao tic don gidn sau day :
a) Vuot diy dau cdch dé dén diu tir.
b) Vuot diy ky ty khdc ddu ciach d€ dén hét tir.

Ta chi ¥ riing tin hiéu két thic clia x 1a ky ty NULL. Ta c6 thé viét ham nin
tén nhu sau :
void Nanten(char x[])

{

char y[max];

inti;
y[0] ="\0};
// Vudt ddy dau cach bién trdi
1=0;
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while (x[i] == cach)

1++;
//Cho két qua : x[i] 1a dau 1 tir hay la x[i] = NULL
while (x[i] !'= NULL) // Trudng hop x[i] ddu 1 tir

{
ghepkt(Hoa(x[1]),y); // Ky tu dau 12 Hoa
i++; //Sang than tf hodc roi vao két
while ((x[i] !=cach )&& (x[i] !=NULL)) // Than 1 tir
{ // X1y than tir
ghepkt(Thuong(x[i]),y); // Trong than tir, KT vi€t thudng
i++;

// Xt 1y xong 1 tit, tim dén tir ti€p theo
while (x[i] == cach)
i++; // Vuot diu cdch sau 1 tir
if (x[i] != NULL) // T vira x{t ly chwa phai 1a tir cudi
ghepkt(cach,y);
}
strepy( y,X);

Miic 5 :

Ta viét thém cdc ham :

Hoa(char x) :D6&iky tu thudng thanh Hoa;

Thuong(char x): P6i ky tu hoa thianh thudng.

ghepkt (char ch, char y[ ]); Ghép ky tu ch vao cudi xau y, luu trit lai vao y.

Nhan xét ring khodng cdich d = | ‘A’ - ‘a’| (= 32) chinh la do 1&ch bd
chit hoa dén chit thudng.

Vay néu ch 1a chit thudng thi ch -d s& 1a ma cda tr hoa tudng ng, va
ngugc lai, n€u ch 1a chit hoa thi ch +d s& 12 md clia tr thudng tuong dng. T d6
suy ra cach cai diat cic ham Hoa() va Thuong().

Con ham ghép(), Chi cin xdc dinh cudi cia y, sau d6 chép ch vio cudi clia y
la xong.

3. Mot s6 phuong phap thiét ké

Trén co s§ 1y thuyét mdy Turing, ta chia dudc cdc bai todn thanh 2 16p
khong giao nhau : L&p gidi dugc bing thult todn , va I6p khong gidi dudc bing
thuit toan.

D6i v6i 16p cédc bai todn gidi dudce bing thuit todn, dwa vao cic dic trung
clia qud trinh thi€t k& cda thuit todn, ta c6 thé chi ra mdt s6 cdc phuong phap thiét
k€& thuat todn co ban sau day :

a) Phuong phdp chia dé tri. ( Divide-and-Conquer method ).

Y twéng 1a : Chia dif liéu thanh tirng mién dd nhd, gidi bai todn trén cdc

mién di chia réi tong hdp két qua lai .
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Ching han nhu thuit todn Quicksort.

b) Phuong phdp quay lui ( BackTracking method ).

Tim ki€m theo uu tién.

D&i v6i mdi budc thuit todn, wu tién theo dd rong hay chiéu siu d€ tim
ki€m.

Chéng han thuit todn gidi bai todn 8 hau.
¢) Phuong phdp tham lam ( Greedy Method ).

Y tudng 1a : Xdc dinh trt tu x@ 1y d€ 6 1gi nhat, Sdp x€&p dit liéu theo trat ti
dé, roi xit 1y dit liéu theo trat ty di néu. Cong sitc bd ra 13 tim ra trat ty do.

Ching han thudt todn tim cdy bao trum nhé nhat (Shortest spanning
Trees).

d) Phuong phdp Quy hoach dong (Dynamic Programming method).

Phuong phdp quy hoach dong dua vio mdt nguyén Iy, goi 12 nguyén 1y t6i
uvu cua Bellman :

“ Né&u 13i gidi ciia bai todn 12 t6i wu thi 161 gidi clia cdc bai todn con ciing toi
uu .

Phuong phép nay t& chifc tim ki€m 15i gidi theo ki€u tir dudi 1én. Xuat phat
tif cdc bai todn con nhd va don gidn nhat, t8 hdp cdc 13i gidi cla ching d€ c6 1i
gidi ctia bai todn con 16n hon...va cit nhu thé€ cudi cung dudc 13i gidi cia bai todn
ban dau.

Ching han thuit todn “chiéc tdi xdch” (Knapsack).

e) Phuong phdp nhdanh cdn ( branch-and-bound method ).

Y tudng 1a : Trong qud trinh tim ki€m 15i gidi, ta phan hoach tip cdc phuong
4n clia bai todn ra thanh hai hay nhiéu tdp con dudc bi€u dién nhu 1 céc nit clia
ciy tim ki€m va cd ging bing phép ddnh gid cin cho cdc nit, tim cdch loai bd cdc
nhédnh ctia cAy ma ta biét chic khong chua phuong 4n ti uvu.

Ching han thuit todn gidi bai todn ngudi du lich.

Ta c6 thé minh hoa bdi hinh vé sau :
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o
o 2.
© Miy Turing™

IV. Phian tich thuit toan

Khi xay dung dugc thuit todn d€ gidi bai todn thi c¢6 hiing loat vin dé dudc
dit ra d€ phan tich. Thudng 14 cdc van dé sau :

- Yéu cau vé tinh ding din cda thuat todn, thuat todn cé cho 15i gidi ding
ctia bai todan hay khong ?

- Tinh don gidn clia thuat todn. Thudng ta mong mudn c¢6 dugc mot thuat
todn don gidn, dé hiéu, dé 1ap trinh. Péc biét 1a nhitng thuit todn chi dung mot vai
14n ta cAn coi trong tinh chit nay, vi cdng stic va thdi gian bé ra d€ xay dung thuat
todn thudng 16n hon rat nhiéu so véi thdi gian thyc hién né.

- Yéu cau vé khong gian : thuit todn dugc xAy dung c6 phit hgp véi bo nhé
ciia mdy tinh hay khong ?

- Yéu cau vé thdi gian : Thdi gian chay clia thuit todn c6 nhanh khong ?
Mot bai todn thudng cé nhiéu thuat todn d€ gidi, cho nén yéu cau mot thuit todn
din nhanh dén két qua 1a mot doi hdi duong nhién.

Trong phan nay ta quan tim chd y&u dén tdc dd clia thuit todn. Ta ciing luu
y ring thdi gian chay ciia thuit todn va dung lugng bo nhd nhiéu khi khong cin doi
dugc d€ c6 mot gidi phap tron ven. Ching han, thuit todn sip x&p noi sé c6 thdi
gian chay nhanh hon vi dit liéu dugc luu trit trong bd nhé trong, va do d6 khong phu
hop trong trudng hop kich thuéc dit liéu 16n. Ngugc lai, cdc thuit todn sip x&p
ngoai phl hdp véi kich thude dit liéu 16n vi dit liéu dudc luu trit chinh & cédc thi€t bi
ngoai, nhung khi d6 tdc do lai chAm hon.

1. Cdc buéc trong qud trinh phan tich didnh gid thoi gian chay ciaa
thuit toan

- Budc diu tién trong viéc phan tich thdi gian chay cda thuat todn 12 quan
tam dén kich thuéc dit liéu, s& dugc dung nhu dit liéu nhap cla thuit todn va quyét
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dinh phén tich ndo 1a thich hgp. Ta c6 thé xem thdi gian chay clia thuit todn 12 mot
ham theo kich thuéc cia dit liéu nhap. Néu goi n 1a kich thudc clia dit liéu nhap thi
thdi gian thuc hién T cha thuit todn dugc biéu dién nhu mét ham theo n, ky hiéu la
: T(n).

- BuGc thit hai trong viéc phan tich danh gid thdi gian chay ctia m6t thuat
to4n 14 nhan ra cdc thao tdc triru tugng clia thuit todn d€ tich biét sy phan tich va
sy cai dit. Bdi vi ta bi€t ring tdc do x 1y cia mdy tinh va cdc bo dich clia cdc ngdn
ngit 14p trinh cip cao déu dnh hudng dén thdi gian chay cda thuit todn, nhung
nhitng y&u t6 nay 4nh hudng khong dong déu véi cdc loai may trén dé cai dit thuat
todn, vi vy khong thé dua vao chiing d€ danh gia thdi gian chay cla thuit todn.
Chéng han ta tich biét sy xem xét ¢6 bao nhiéu phép todn so sanh trong mot thuit
todn sip x&p khdi su xdc dinh cin bao nhiéu micro gidy chay trén mot mdy tinh cu
thé. Yé&u td thit nhat dude x4c dinh bdi tinh chit cla thuit todn, con yéu td thd hai
dudc xdc dinh bdi tinh ning clia mdy tinh. Piéu nay cho ta thidy ring T(n) khong
thé dugc bi€u dién bing gidy, phiit...dudc; cdch tot hon 1a bi€u dién theo sd cic chi
thi trong thuat todn.

Vidu :
Xét :
for(i=1;1<n;i++) (1)
for(j=1;j <n; j++) 2)
Ky hiéu : T(n) Ia thdi gian thyc hién cau 1énh (2):
1 1 2 3| . n-1
(2) n

T(n)= n;-;);; n=(n-1)n

- Budc thi ba trong viéc phan tich ddanh gid thdi gian chay ciia mot thuat
todn 12 sy phan tich vé mit todn hoc v6i muc dich tim ra cdc gid tri trung binh va
trudng hgp x4u nhat cho mdi dai lugng co ban. Ching han, khi sip x€p mdt diy cic
phan t¥, thdi gian chay clia thut todn hi€n nhién con phu thudc vao tinh chit cla
dit liéu nhap nhu :
* Day c6 tha ty thuan.
* Day c6 thu ty ngugc.
* C4c s6 hang clia ddy c6 thif t ngAu nhién.

2. Cac ky hiéu tiém can

a) Ky hié¢u O lon (big — oh) :
Dinh nghia :

Cho ham f: N* —— N . Ta dinh nghia :

O(f(n)) = {t: N¥* —— N |3ceR",3np e N, Vn=ng, t(n) < cf(n)}

O(f(n)) goi 1a cap cia f(n).

Véi t:N¥ —— >N

t(n) € O(f(n)) < FceR",3Inp e N, Vn=ng, t(n) < cf(n).

Trdn Tudn Minh Khoa Todn-Tin

Suu tam béi: www.daihoc.com.vn



Thiét ké va danh gid thudt todan -79 -

Nhin xét :
a) t(n) € O(t(n))
b) t(n) € O(f(n)) = Ice R*,VneN,t(n) < cf(n).
Cdc tinh chét :
Tinh chdt 1 :
Véi moi ham f: N¥ —— N* .
e f(N)? eO(n?)

o2fM c oM

f(n)eO(n):{

Tinh chdt 2:
a) f(n) € O(g(n)) va g(n) € O(h(n)) = f(n) € O(h(n)).
b) g(n) € O(h(n)) = O(g(n)) < O(h(n)).
Tinh chdt 3:
a) O(f(n)) = O(g(n)) & g(n) € O(f(n)) va f(n) € O(g(n)).
b) O(f(n)) c O(g(n)) < f(n) € O(g(n)) va g(n) ¢ O(f(n)).
Tinh chdt 4:

a) im- M~ o0 o O(f(n)) = O(g(n))
s g(n)

b im D = 0 = O(fn) = O(g(n) = O(e(n) f(n)
n—o g(n)
Vidu :
-Ham f(n) = 2n° +3n’ + 60> + 2 c6 cdp O(n’ ) vi:
o2’ +3n° +6n° +2
lim 5
N—oo n
-Ham f(n) = 2" 12 O(n!)vi:
n

lim—=0.
n—o0 n!

-Ham 2™'e0(2").
b) Ky hiéu Q:
Ky hiéu nay ding d€ chi chin dudi ciia thdi gian chay clia thuit todn
Ta dinh nghia :
Q(f(n)) = {t: N——>N"|IceR*,3Ing e N, VY n>no, t(n) > cf(n)}
Tinh chdt 6:
Cho f,g:N4>N* , Taco:
f(n) € O(g(n)) < gn) € Q (f(n)).

=2#0.

¢) Ky hiéu 0:
Dinh nghia :
8(f(n)) = O(f(n)) N Q (f(n)).
Tinh chdt 7:
f(n) € 0 (g(n)) < 3Ic,deR",dnp e N, V n=ng, cg(n) < f(n) < dg(n).

3. Mot s 16p cac thuit todn
HAu hét cdc thuit todn dugc gidi thiéu trong gido trinh nay tiém cin tdi mot
trong cdc ham sau :
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(1) 1 : N&u tat cd céc chi thi clia chuong trinh déu dugc thuc hién chi mot vai
1an va ta néi thdi gian chay cdia né 13 hiing sd.

(2) Logn : Khi thdi gian chay cla chuong trinh 1a Logarit. Thoi gian chay
thudc loai ndy xuit hién trong cdc chuong trinh ma gidi 1 bai téan 16n bing cdch
chuyén né thanh 1 bai todn nhd hon, bing cach cit bd kich thuéc mdt hiing s6 nao
d6. Co s6 Logarit c6 thé 1am thay ddi hiing s6 d6 nhung khong nhiéu.

(3) n: Khi thoi gian chay clia chuong trinh 13 tuyén tinh.

(4) nLogn : Thoi gian chay thudc loai ndy xuit hién trong cdc chuong trinh
ma gidi 1 bai todn 16n biing cach chuyén né thanh cic bai toan nhd hon, ké dén gidi
quyét ching 1 cach doc 1ap, sau d6 t6 hdp cic 15i gidi.

(5) n”: Thdi gian chay cla thudt todn 12 bac 2, thudng 1a x& Iy cdc cip phin
tl dit liéu (c6 thé 1a 2 vong lip 16ng nhau). Trudng hop nay chi cé y nghia thuc t&
khi bai todn nhd.

(6) n’ : Mot thuat todn xi 1y bd ba cdc phan t& dit liéu (c6 thé 1a 3 vong lip
16ng nhau) c6 thdi gian chay bac 3. Trudng hop ndy chi c6 y nghia thyc t& khi bai
todan nhd.

(7).2":

Sau diy 1 cdc gid tri xAp xi clia cdc ham trén :

n\ Ham n lgn Nlgn n’ n’ 2"
1 1 0 0 1 1 2
2 2 1 2 4 8 4
4 n 2 8 16 64 16
8 8 3 24 64 512 256
16 16 4 64 256 4096 65536
32 32 5 160 1024 32768 2.147.483.648

Dé thAy ring :

O(1) = O(Ig n) = O(n) = O(nlgn) « O(n*) = O(n’ ) = O2").

Céc ham loai : 2", n!, n" thudng dugc goi 1a cdc ham loai mi. thuit todn véi
thdi gian chay c6 c4p ham loai mii thi td¢c do rat chim.

Cac ham loai : n3, nz, nLog, n, n, Log, n thudng dugc goi l1a cdc ham loai da
thitc. Thuat todn véi thoi gian chay c6 cAp ham da thitc thudng chap nhan dugc.

Ghi cha :

Céc hiing sd bi bé qua trong bi€u thifc ddnh gid d6 phic tap cda thuit todn
c6 thé c6 ¥y nghia quan trong trong Gng dung cu thé. Gia st thuit toan 1 doi hoi thdi
gian 1a Cyn, con thuét todn 2 doi hdi thdi gian la C,n’. Di nhién 13 v6i n dd 16n thi
thut todn 1 nhanh hon thuit todn 2. Nhung v6i n nhd thi ¢6 thé thuat todn 1 nhanh
hon thuit toan 2. Chazlng han, v6i C; =200, C, =10, va v6i n =5, thi thuat toan 1
doi héi thoi gian 1000, trong khi d6 thuét todn 2 chi ¢6 250.

Vidu :
Thuat todn Chon tryc ti€p (Straight Selection) : SSS
Sip x&p ting dan day cdc khéa : x[1],x[2],.. ..x[n].
Y tudng :
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- Bu6c i chon phin tif nhd nhat cta diy x[i],x[i+1],. . .,x[n], d6i chd phan
tr nhd nhat nay cho x[i].

- Lap thao tic nay v6ii= 1..n-1.
Thuat toédn :

1 for (1 =1;1 <=n-1;1++)
{
2 k=1i; Khdéi dong chi s6 clia gid tri nhd nhat: (k
==i)
3 a = x[il; LAy ra gi4 tri cia phan ti¥ thi i
4 for (j=i+1;j <=n; j++) Tim phan tif nhé nhat trong mang
x[i]...x[n]
5 if (x[j] <a)
{
6 a=x[jl;
7 k=j; Gift vi trf clia phan tt nhd nhat
} a 12 gia tri nhé nhat (Khi d6 : x[k] = = a)
8 x[k] = x[i]; D6i vi tri cia phin ti¥ nhé nhat
9 x[i] = a; Cho phin it a vi tri thif i.
}

Do phic tap thuit todn:
Lénh (1) thuc hién n 14n, (L4n n d€ tho4t khdi for).
M&bi 1énh (2), (3), (8), (9) thuc hién n-1 14n.

Lénh (4) thyc hiénn + (n-1) +..+2 = 2D sy
. a nn-1) .,
Lénh (5) thuc hién A = (n-1)+(n-2)+...+1 = — lan. // So sanh

e Xét trudng hdp x4u nhat :
Titc 12 1énh (5) ludn thda dicu kién, tuong tng diy cé thit ty ngudc lai,
M&i 1énh (6), (7) thuc hién w I4n.
Do dé :
T(n) =n+4(n-1) + n(n+1)/2 - 1 + 3n(n-1)/2
=2n" +4n-5 < 6n°.
T(n) € 6 (n®)
e Xét trudng hgp tot nhat
Titc 12 1énh (5) 1luén khong théa diéu kién, tuong tng diy c6 thit ty thuin,
(6) va (7) khong thuc hién 1an nao. Ta cé6 :
T(n)=n’> +5n-5 € 0 (n?).

4. Phén tich thuit toan dé qui.

Phin 16n cdc thuit todn déu dya trén sy phin rd dé qui mot bai todn 16n
thanh céc bai todn nhd, r6i diing 15i gidi cdc bai todn nhd dé gidi bai todn ban dau.
Thoi gian chay clia thuit todn nhu th€ dude x4c dinh béi kich thude va s6 lugng cdc
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bai todn con va gid phai tra ctia sy phin rad. Nén cdc thuit todn dé qui c6 thdi gian
chay phu thudc vao thdi gian chay cho cdc dif liéu nhap c6 kich thuc nhé hon, diéu
nay dugc dién dich thanh mot cong thifc todn hoc goi 1a cdng thic truy hoi. Do dé,
dé tinh d6 phifc tap clia thudt todn, ta thudng phai gidi cic phuong trinh truy hdi. C6
nhiéu cdch gidi, ta nghién ctu cdc cdch thudng ding sau.
A. Phuong phép thay thé :

Dua vao dang truy hoi ctia phuong trinh d€ tinh d6 phtc tap cta thuit todn
duc vao cdc kich thudc dir liéu nhé hon.

Mot s& cong thiic thudng gip sau diy dugc gidi bing phuong phdp thay thé :
Cong thic 1:

N

T +NsN 22
;N =1

Cong thdc nay thudng dung cho cic chuong trinh dé qui ma cé vong lap
duyét qua dit liéu nhap dé bd bét 1 phan tir .
Tn= Tana+N
= Tno + (N-l) +N
Tno23+ +(N-2) + (N-1) +N = . . .

=142+ ... +N
_ N(N+1)
= -
Cong thic 2:
Ty +LEN2>2
Ty =1 2
O;N =1

Cong thifc nay thudng dung cho cic thuit todn dé qui ma tai mdi budc chia
dit liéu nhap thanh 2 phan .
Gid st N=2",¢6:

T2n Tn 1+1:T2n 2+2_ =n
Suy ra : Tn = logz N.
Cong thuc 3:
Ty +N;N>2
Ty =1 2
O;N =1

Cong thifc nay thudng diing cho cdc thuit todn dé qui ma tai mdi budc thyc
hién, chia d6i dif liéu nhap nhung c6 ki€m tra mdi phan t¥ cda dif liéu nhap.

Ty=N+—+—+— - =2N.
2 4 8
Cong thic 4:
2T, +;N >2
Ty = 2
O;N=1
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Cong thiic nay thudng diing cho cdc thuit todn theo phuong phdp chia dé

tri.
— n
T2n - 2T2n7] + 2
To T T

2 1=_2

= + +1+1=
N Hn-l on-2

_ N
:Tzn =n2

= Ty = NLog, N

B. Dung phuong trinh dic trung dé€ gidi phuong trinh truy hdi :

B1) Phuong trinh truy hdi tuyén tinh thuan nhat v6i cdc hé sd khong déi :

Xét phuong trinh dang :

ottt -+t =0

Trong dd céc tj,i =n,n—1,---,n—K 1a cdc &n sd.

bit 1, = X", tadua (1) vé dang :

Xn_k(a()xk +alxk_1 +...+ak_lx -I-ak):()

X"k =0
=

ay XK +a, X+ va  X+a, =0

(1)

(2)

X = 0 hién nhién 1a nghiém ctlia (2), nhung ta quan tdm dén nghiém cila

phuong trinh :

p(X)=a, X" +a X" +--+a_X+a, =0

3)

Phuong trinh (3) goi 1a phuong trinh dic trung bic k cia phuong trinh truy

hdi (1) .

THI1 : Tatca cdc nghiém ciia (3 ) déu 12 nghiém don.

Gia st ring X, X,,++, X; 12 cdc nghiém don cda (3), thi ta ¢6 th€ ki€m tra

k
duge t,=>GX{",vdi c;, ¢z ..., o 1a cdc hiing xdc dinh tir k diéu kién ban dau

i=1
1a nghiém cua (3).
TH2 : Phuong trinh (3 ) c6 nghi€ém bdi.
- Gia st u 1a nghiém kép ctia (3).
Véin >k, xét da thidc p bacn :

q(X)=a,nX" +a,(n-HX"" +---+a, (n—Kk) X" = X(X"“p(X))

Vi u 12 nghiém kép ctia (3), nén tdn tai da thifc r thda :

p(X) = (X —u)’r(X)
Khi d6 : q(X) = X[ X" (X =u)*r(X)]'=0

Do d6 : a,nu" +a,(n-Hu™" +--+a (n-ku"* =0

Tdc 1a : t, = nu" cling 12 nghiém cda (1).
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- Téng quat, n€u u 1a nghiém bdi m cda (3) thi :
ty =u", nu", n’u”, ..., n™"'u" ciing 12 nghiém cda (1)
Khi d6 t& hop tuyén tinh clia cac nghiém nay va cic nghiém khic cia
phuong trinh dic trung (3) sé€ 1a nghiém cua (1).
Vidul:
T(n)—6T(N=1)+8T(n-2)=0
T0)=1

T()=2

Xét phuong trinh: T(n)—6T(n—-1)+8T(n-2)=0
bat: X" =T(n)
Tacé: X"—6X" +8X"2 =0
Phuong trinh dic trung : X2 -6X+8=0
Cécicnghiém: X; =2, X, =4
Vay : T(N)=¢ X{ +¢, X7
Do :
TO)=1=¢X{ +6, XY =1=¢ +¢, =1
TH=2=cX, +CX, =2=2¢, +4c, =2

o C +C, =1
Vay co: = ¢ =L¢c, =0.
2¢c; +4c, =2
Vidu 2
5T(N=1)-8T(N-2)+4T(n-3);n>3
T(n) = 0;n=0
~in=1
2:n=2

Ta ¢6 phuong trinh :
T(N)—-5T(h-1)+8T(N-2)-4T(n-3)=0
Phuong trinh ddc trung tuong dng 1a :
X?-5X*+8X -4=0
N (X=1)(X=-2)>=0
Viy ta c6 cdc nghiém ctia phuong trinh dic trung : 1 (don), 2 (kép)
Nén nghiém chungla: T(n)=c¢1"+¢,2" +c,n2"
Dua vao cdc diéu kién dau, ta c6 :
c,+¢,=0
C, +2¢, +2¢, =1
C, +4c, +8c, =2

Suy ra : C, =-2;C, =2;C, :—%
Vay : T(n)=2""-—n2"" -2
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B2) Phuong trinh truy hdi tuyén tinh khong thuin nhat véi cdc hé sd khong doi :
Phuong trinh dang : a;t,+a,t, , +---+a.t,, =b"p(n)
V6i b 1a hiing s8, p 1a da thitc bac d theo n.
Bién ddi vé dang thuin nhat.
Vidu:
t -2t =3
(2):t,,, -2t =3"";
(3):3t, — 6t =3"";donhdn 2 vé ciia (1) cho 3
LAy (2) — (3), dugc dang thuan nhat :
t 5t +6t =0

Ta co:

5. Cac phép toan trén cac ky hiéu tiém can

a) Phép todn cong :

0( f(n)) + 6 (g(n)) = Max(6( f(n)) , 6 (g(n))
Nhin xét :
- 0( f(n)) + 0 (g(n) = B( f(n) + g(m)) = 6 (Max(f(n),g(n))
- Dic biét, Néu c 12 hing sd, thi :

0( cf(n)) = B(f(n))
b) Phép todn nhédn :

0(f(n))0 (g(n)) = O(f(n)g(n))
bic biét :

0(f(n)*) = (8(f(n))*
¢) Phép todn tich cuc :

D6 1a 1€nh trong thuit todn ma thdi gian thyc hién n6é khong it hon thdi gian
thuc hién cdc 1énh khac. Khi ddanh gid thdi gian thyc hién cda thuit todn, ta chi can
quan tAm dén cdc buéc thuc hién clia phép todn ndy.

Vidu : Sdp ting dan cdc phan tir clia ddy so x.

Dung thuit todn chén truc ti€p SIS (straight insertion Sort):
Y tudng :

O buse i, gid st day : x[1],..., x[i] dd c6 th ty. Tim vi tri thich hdp ctia phan
tif x[i+1] d€ chén né vao day x[1]...., x[i], két qua 14 ta c6 day x[1],..., x[i+1] c6 thi
tu. Thuc hién thao tac trén véi i=1,2,,..., n-1.

Thuat todn :

for (i =1; i<=n-1; i++)

{
a=x[i+1]; bi€n tam a nhan gi4 tri clia x[i+1]
x[0] = a;
j=1; Chuén bi cho a ti€n vé trdi (khdi dong j
While (a < x[j]) a con < x[j], a con ti€n veé trai
{

x[ j+11=x[jl; doi gid tri vé phai
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j=j-1; Chuin bi cho a tién ti€p vé trii
} a > x[jl
x[j+1] = a; Chen x[i+1] vao vi tri thich hgp - 1a sau
x[j].
}

C6 thé xem phép todn tich cuc & day 1a : a< x[j];
Trong trudng hop xau nhit, tuong ing diy gidm dan. S6 14n thuc hién cla
phép todn nay la :
n(n+1)
2
Vay : T(n) € 0 (nd).

2+---4+n= 1.

Trong trudng hgp tdt nhit, tuong Gng diy ting din.S& 1an thuc hién cda
phép todnnayla:n-1
Vay : T(n) € 0 (n).

6. Phan tich truong hgp trung binh
Ta biét ring thdi gian thyc hién thuat todn khong phai chi phu thudc vao
kich thuSc dit liéu ma con phu thudc vao tinh trang dit liéu nhip nita. Ching han,
khi x&p ting din mdt ddy cdc s6 nguyén, thi cdc s6 dd c6 sin thit ty ting dan, hoic
ngudc lai, hoic ngiu nhién.
Phan trén ta dd xét trong nhitng kha niing tot nhat hoic x4u nhat cla thuat

toan .

Bay gid ta phan tich trong trudng hgp ngiu nhién, tic 1a danh gid do phic
tap trung binh thdi gian thyc hién thudt todn .

Viéc danh gid trung binh thudng khé va phdc tap doi hdi nhitng cong cu
to4an hoc tinh vi, hon nita viéc tinh trung binh c6 thé c6 nhiéu cich quan niém khac
nhau.0 day, viéc danh gid do phuc tap thuit todn trong trudng hgp trung binh ta
dua trén cd s§ 1y thuyét x4c suit (rdirac).

Vidu :

Xét thudt todn chen truc tiép .

Xét budc thit i clia vong lip. Danh sdch c6 i phan tr dd dugc sip. Phan ti
x[i+1] c6 thé chén vao i-1 khe giita cdc x[j],j € {1, i} va thém 2 vi tri diu cudi
nita (Chen trudc x[1] va chén sau x[i] ), téng cong la c6 1+1 wvi tri co thé chén
x[1+1].

Gi4 st kha niing clia mdi vi tri dugc x[i+1] chén vao la ddng déu. Tic 1a xdc
suat ciia mdi vi tri dugc x[i+1] chén vao la ﬁ .

Goi X; 12 bi€n ngiu nhién chi s6 lugng cdc phép todn so sanh can thiét dé
x[i+1] chén vao vi tri thich hdp clia né trong mdi budc. Ta c6 :
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X, Xs Xi
i+1 1 3 2 1 Vi tri
(Tw phdi sang trdi)
| i 3 2 1 X;
I R T p
i+1 i+1 i+1 i+1 i+1
.1 1 1 .1 I
B =g 2 St
=_L(1+2+---+(i—1)+i+i)
I+1
1 .|(|+1)+ |

Tirl 2 i+l
i

2 i+1

~ . N A X ‘A 7z . . e 7z 2 < ~
Néu goi Y la bién ngau nhién xac dinh bdi tdng cac so sanh trong sap x€p

thi :
Y = X;+Xo+---+X,,
Taco:
n-1 -l n-1
E(Y) = E(X.) = — + — == > 1+ 1———
(¥) i=1 (%) o 2 o+ z 2( |+1)
:l_n(n—1)+n_ 1
2 2 o |
2
:n_+3_n_Hn
4 4

Trong d6 : H, = Zl < Ign + I ; ( H, 1a s6 Harmonic bac n.)

i=l

Nén gid tri trung binh ctia cdc phép todn so sdnh trong thuit todn tudng
2
. N A AA T N > A ps 15
duong véi R Vay do phtc tap trung binh cua thudt todnla 0 (n*).

V. Toi wu thuit todn

Tién trinh tdng qudt clia viéc tao ra cdc sra ddi ngay cang ti€n bd hon cho
mot thuit todn d€ sinh ra mot phién ban khic chay nhanh hon dugc goi 12 t8i vu
thuat todn. Khi t6i wu mdot thut todn ta thudng dya vdo mot nguyén ly, d6 la
nguyén ly Profile : “ Tim diém mat thdi gian nhiéu nhat cda thuit todn “.

Mot s& k§ thudt sau thudng dung d€ tdi vu thuat todn :
1. K¥ thuit tdi vu cdc vong lip
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Paiy 1a diém quan tAm dau tién khi cdi ti€n thuat todn, vi vong lip 1a ciu
1énh thudng lam ting do phiic tap clia thuit todn. Viéc cdi ti€n tip trung vao :
- C6 ging gidm cédc vong lip 1ong nhau.
- Ting sb 1&énh thuc hién trong mot budc 1ip d€ gidm s6 lugng cdc budc lip.
- Téch cédc 1énh khong phu thudc vao chi s6 1ip ra khoi vong lip.

Vidul:
Xét thuat todn tinh gid tri clia e* theo cong thifc gan ding :
X! X x"
ZT: T X Sk s
>0 ! 2! n!

Thuit todn 1 :{ Tinh tiing s6 hang rdi cong lai.}

Input x,n
n Xi
Ouput S = Z—'
i1 I
M6 t4 :
S=1;

for( 1= 1;i<=n;i++)

{

p=1

for ji=1;j<=13++)
p = p*x/j;

S=S+p;

}
Ta c6 thé coi phép todn tich cuc & day 12 phép p = p*x/j .

Ta thay né thuc hién dudc : 142+. . +n= nn+1 1an.

Nén T(n) € 0 (n?).

Thudt todn 2 :
Ta xem xét vong lip trong c6 can thié€t hay khong ?

2z Y N o N s X X AN
Nhén xét rang vong ldp trong dudc dung dé tinh TR nhung moi s6 hang
i!

trong tdng, s6 hang sau c6 thé dugc tinh dwa vao s6 hang trudc :
2

X* X X,
2 12

-.;

Xn XI"I—l Xn

N (n=1)! n
4 2 . ~ e s Xi A 4, A A
Nén vong 1dp trong c6 thé bo di vi ¢ thé tinh ,—'theo cong thuc trén. Vay
I

thuat todn c6 thé viét lai nhu sau :
S=1;
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p=1L
for( 1=1;i<=n;i++)
{ .
p = p*x/i; //)_(—'
i!
S=S+p;
}

Ching han c6 thé coi phép todn tich cuc & ddy 1a phép p := p*x/i.
Do d6 : T(n) € 6 (n).
Vidu?2:
Ta xét thuit todn nhin 2 ma tridn vudng cap n.
TTI1 :
Input a,b € Mat, (n)
Output ce Mat, (n)
Nhanl(a,b,c) =
for(i =1; i<=n; i++)
for(G=1;j <=n; j++)

{
clilljl = 0;
for (k =1; k <=n; k++)
clilljl += a[il(k]*b[k][j1;
}

Theo TT1, mdi 14n ta chi tinh 1 phin t c[i][j] trong vong lip theo k. Gid ta
cai tién, trong trudng hop n chin, tinh mot 1an 4 gid tri :

c[il[j] cli][j+1] c[il(j] c[il(jj]
c[i+1][j] cli+1][j+11  clil[j] c[ii][jj]
TT2 :
Nhan2(a,b,c) =
1i=1;
while (i < n)
{
il = i+1;
i=1
while (j<n)
{
=J+L
c[illjl = 0;
clilljjl = 0;
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clii][j] = 0;
clii][jjl = 0;
k=1;
while (k < n)
{
kk = k+1;
clillj] = clil[j] + alil[k]*bIk][j] + al[i][kk]*bIkk][]];
clilljj] = clilljjl+alil(k]*b[k][jj] + a[il[kk]*b[kk][jj];
clil[j] = clu]jl+afiil[k]*bk][j] + a[i1][kk]*b[kK][j];
[

clit][jj] = clia][jjl+ai][k]*b[k][jj] +
a[ii][kk]*b[kk][j;I;
Kk = k+2;
}
i=i+2;
}
i=i+2;
}
}

Gid thi€t n chdn vi ta dung budc nhdy 2

2. Toi vu viéc ré nhianh
- Déi véi biéu thic logic két hop bing phép todn &&, nén viét theo thit ty xdc
suat sai gidm dan :
Al && Ay &&... && A,
Xdc suat sai clia cdc A; gidm dan .
- Ddi véi biéu thic logic k&t hgp bing phép todn Il, nén viét theo thit tu xdc
suat ding gidm dan :
A lTA L TTA,
Xdc sudt ding clia cdc A; gidm dan :

Xdc dinh do phic tap cla cdc thuit toan sau :

r=m%n; gt(n) =
while(r) if(n==0Iln==1)
{ return 1;
m =n, else
n=r; return (n * gt(n-1)) ;
r = m%n;
}
return n
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Fib(n) =
if(n<2)

return 2;
else

return Fib(n-1)+Fib(n-2);

Fibo(n) =
i=1;j=0;
for(k =1 —» n)
{
J=1+];
i=j-1;
}

return j;

Bai 2 :

Tinh d6 phiic tap clia cdc thut todn sau trong trudng hgp tot nhat, xAu nhat :

for i=1;1<=n/2;i++) if (csmin == n-i+1)
{ {
Min = a[i]; Hoan vi a[i] va a[csmin];
Csmin=1i; if (csmax !=1)
Max = a[n-i+1]; Hoan vi a[csmax] va a[n-
Csmax = n-i+1; I+1];
for j =1;j <=n-i+l; j++) }
{ else
if (a[j] < Min) {
{ Hodn vi a[csmax] va a[n-
Min = a[j]; I+1];
csmin =j ; Hodan vi a[i] va a[csmin];
} }
if (a[j] > Max) }
{
Max = a[j];
csmax = J;
}
}
Bai 3 .

Tinh thdi gian thuc hién trung binh cla cdc phép todn so sdnh trong cédc

thudt todn :
1. P&i chd tryc tiép.
2. Chon tryc tiép.

Bai 4 -
Xac dinh T(n) , véi :
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T(n)-3T(n-1)48T(N-2)=0,n>1
1.4T(0) =1
T()=2

T()=n+ 4T(g), n>1

T =1
T()=T(N-1)+T(n-2),n>1
3.{T0) =1

T =1

T()=2T(h-1)+Ln>1

4.:T0)=0
T =1
Bai 5:

C4i ti€n thuit todn cheén tryc ti€p bing cdch : Dung phuong phdp tim ki€m
nhi phin d€ x4c dinh vi tri cAn chén cda a; trong diy con di c6 thi tu ay,..., a;. .

Thuat todn cdi tién goi 12 chén nhi phan. Hay thiét k€&, cai dit va ddnh gid
do6 phdc tap thdi gian cla thudt toan.

Bai 6 :
Tim cdc vi du vé cdc thuit toin ma khi cdi ti€n ( bing cdch nao d6 ), s6 1an
thyc hién cla thuit toan gidm ddng ké ( vé do phic tap tiém cén, hoic vé i 1& ...)
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CHUONG 2 : PHUONG PHAP CHIA PE TRI

(Divide - and - conquer)

I. M& dau

C6 1& quan trong v dp dung rong rai nhat 1a k¥ thuat thi€t k& “Chia d€ tri” .
N6 phin ra bai todn kich thudc n thanh cac bai todn con nhdé hon ma viéc tim 16i
gidi cla ching la cing mot cach. Loi gidi cia bai toan da cho dudc xay dung twr 16i
giai ctia cdc bai todn con nay .

Ta c6 thé néi vin tit ¥ tudng chinh cla phuong phap nay la : chia dif liéu
thanh tirng mién di nhd, gidi bai todn trén cdc mién da chia rdi tdng hdp két qua
lai.

2. M4 hinh
Néu goi D&C(R) - V6i R 1a mién di liéu - 12 ham thé hién cdch giai bai
to4dn theo phuong phap chia dé tri thi ta c6 thé viét :
void D&C(6R)
{
If (R @4 nhd)
giai bai todn;
Else
{
Chia R thanh R, ....Rn;
for i=1;1<=m;i++)

D&C(R);
Téng hop két qua;

}
}

Sau diy la cidc minh hoa k¥ thuat thi€t k€ “ Chia d€ tri “.

I1. Thuit toan tim ki€m nhi phan.

1. Phét bi€u bai todn
Cho mang n phan tir da dugc sip ting dan va mot phan tf x. Tim x c6
trong mang hay khong ? N€u c¢6 x trong méang thi cho két qud 1a 1, ngugc lai cho
ké&t qua 0.
Gidi bing thuit todn tim ki€m nhi phan .

2. Y tudng
Chia d6i méng , mdi 1an so sdnh phan ti¥ giita v6i x, né€u phan t& x nhé hon
thi 14y nifa trdi, ngudc lai thi 14y nita phai.
3. M6 ta thuit toan
Input :a[l..n]
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{1; Xea
Output :
0;x¢a
Mo té
Tknp(a, x, Pau, Cudi) =
If (Pau > Cudi)
return O ; {ddy trong}
Else
{ S
Giita = (Pau + cudi) / 2;
If (x == a[Giira])
return 1;
else
if (x > a[Giira)])
Tknp(a, x, Giita + 1, Cudi) ;
else
Tknp(a, x, Pau, Gitta - 1) ;
}

4. D6 phidc tap thoi gian cua thuit toan

a) Trudng hop tdt nhat : twong Gng vdi sy tim duge x trong 1dn so sdnh dau

tién, tifc 12 : a[Giita] == a[n/2] == x ( x ndm & vi tri giita mang ).
Tacéd: Ty (n) = O(1).

b) Trudng hdp xau nhat : Do phic tap 12 O(Ig n).

That vay, Néu goi T(n) 12 d6 phiic tap cda thuat todn , thi sau khi kiém tra
diéu kién ( x == a[giita]) va sai thi goi dé qui thudt todn nay vdi dif liéu gidm nia,
nén thda min cong thifc truy hoi :

T(n)=1+T[n/2] ;n=>2va T[1]=0.
5. Cai dat
int tknp(int a[max],int x,int 1, int r)
{
int mid;
if (1>r)
return 0O;
mid = (I4r1)/2;
if (x == a[mid] )
return 1;
if (x>a[mid])
return tknp(a,x,mid+1,r);
return tknp(a,x,l,mid-1);
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II1. Bai toan MinMax
1. Phat biéu bai todn

Tim gia tri Min, Max trong doan a[l..r] cia mdng a[l..n].

2. Y tuéng
Tai mdi budc, chia ddi doan can tim rdi tim Min, Max clia tirng doan, sau dé
tong hop lai két qua.
Né&u doan chia chi c6 1 phan ti thi Min = Max va biing phan ti¥ d6.
Minh hoa :

1 1 2 3 4 5 6 7 8

a[i] 10 1 5 0 9 3 15 19

Tim gi4 tri Min, Max trong doan a[2..7] cia méang a[1..7] .

Ky hiéu :
MinMax(a,l,r,Min,Max) cho Min va Max trong doan af[l..r].
MinMax(a,2,7,Min,Max) Cho Min =0 va Max = 15 trong doan a[2..7]

3. Thuit toan

Input : af[l.r],(1<1)
Output : Min = Min (a[l],..,a[r]),
Max = Max (a[l],..,a[r]).

MO t4 :
MinMax(a,l, r, Min, Max) =
if 1==r)
{
Min =a[l];
Max = a[l];
}
Else
{
MinMax(a,l, (I+r) / 2, Minl, Max1);
MinMax(a,(l+r) /2 + 1, r , Min2, Max2);
If (Minl < Min2)
Min = Minl;
Else
Min = Min2;
If (Max1 > Max?2)
Max = Maxl1
Else
Max = Max2;
}
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4. D6 phiic tap thuit toan
Goi T(n) 12 s6 phép todn so sanh cAn thyc hién. Khi d6 ta c6 :
T(n/2)+T(n/2)+2 ; n>2
T(n)=<1; n=2
0; n=1

V6i n =2%, thi:
k-1
T(N)=2+2T(n/2)=2+2>+2°T(n/2%)=---=2"T(2)+ D 2’
i=1

k .
:Zzl_2k71:2k+1_2k71_2zﬂ_2.
= 2

Vay T(n) € O(n).
5. Cai dat
void MinMax(int a[.], int 1, int r, int &Min, int &Max )

{
int Min1,Min2,Max1,Max2;

if(l==r)
{
Min = a[l];
Max= a[l];
}
else

MinMax(a,l,(I+r)/2 , Min1, Max1);
MinMax(a,(1+r) /2 + 1,r, Min2, Max2);
if Minl < Min2)

Min = Minl;
else

Min = Min2;
if (Max1 > Max2)

Max = Max1;
else

Max = Max2;

}

IV. Thuit toan QuickSort

Diing thuat todn QuickSort (QS) d€ sip x&p céc gid tri trong mdt mang cic
s6 theo mot thit tu, ching han ting dan.

Phuong phdp QuickSort (hay con goi 1a phan doan) 12 mot cdi ti€n clia
phuong phdp sip x&p ddi chd tryc ti&p, do C.A.R. Hoare dé xuat.
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1. Y tudng
Chon ngiu nhién mot phan tif x.
Duyét diy tir bén trdi ( theo chi s6 i) trong khi con a; < x.
Duyét ddy tif bén phéi ( theo chi s6 j ) trong khi con a; > x.
Dai chd a; va aj néu hai phia chua vugt qua nhau.
.. . ti€p tuc qua trinh duyét va d6i chd nhu trén trong khi hai phia con chua
vudt qua nhau ( tifc 1a con cd i< j).

e K&t qlia phan hoach day thanh 3 phan :
ay < x véi k=1, ...,j (Day con thap);
am 22X v6i m=1i,..,n (D3ay con cao);
apb =x v6i h =j+1,...,i- 1.
(Vi th€ phuong phdp nay con goi 1a sip x&p bing phan hoach).
Ak dm
1 X 1
Tiép tuc phan hoach cho phan trdi (ddy con thdp nhd hon x), cho phan phai (
16n hon x) . . . cho dén khi cdc phian hoach chi con lai mot phan ti, 12 sip x&p xong.
Thuat todn thé hién y tudng d& qui va cach thiét k& chia d€ tri.

2. Mo ta thuit todn

- Thuat todn QuickSort
Input : a[l..n]
Output : a[l..n] khdng giam.
MO té thuit todn :
QuickSort (a,n) =
QS(a,1,n) ;
- Thuét todn phan hoach
Input : a[l..n],Lr;
Output : a[l..r] ting dan

MO té :
QS(a,Lr) =
i=1;
i=r
x = a[(14+r)/2]; // Chon phin ti¥ gifta
do
{
while (a[i] < x)
1++;
while (a[j] > x)
J=
if (i<=}))
{
ddichd afi] va a[jl;
1++;
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J=

}

while (i <=j);

if 1<j)
QS(a,l,));

if (r >1)
QS(a,i,r);

3. D6 phic tap cua thuit todn

e Diéu t6t nhit c6 thé xay ra trong QuickSort 12 mdi giai doan phan hoach
phan chia mang thanh 2 nia. Diéu ndy khi€n cho s& 1an so sdnh can thiét cla
QuickSort thda man cong thiic truy hdi “chia d€ tri “ sau day :

T,=2T,+n = nlLgn.
2
2T, : Phi ton sip x&p 2 mang con.
2

n : Phi t6n ki€m tra méi phan td.

e Trudng hdp xau nhat dng cho viéc chon phan t x lai c6 gid tri 16n nhat
hoic nhd nhit trong ddy. Gid st phan tif 16n nhit dugc chon ( phan t x ), khi d6
mdi budc chia s& chia n phan tr thAinh n-1 phan ti¥ trdi va 1 phan t& phii. K&t qua
12 cin t6i n phép chia ( thay cho Ign), va nhu th& do phic tap sé 12 T(n) = O(n?).

Trong trudng hop diy nhip vao di cé thit tu (thuan hay ngudc), phan ti 16n
nhat dudc chon sé& nim & cdc bién ( phai hoic trdi), cho nén thuat todn QuickSort
khong c6 hiéu qua.

e Trong trudng hdp trung binh :

Cong thifc truy hdi d€ tinh s6 1an so sdnh ma QuickSort can d€ hodn vi
ngiu nhién n phan tif 1a :

T, —(n+D)+ L D (Mo +Tnok); Vi n22;Co=C = 1.

1<k<n

Gid tri n+1 bao ham chi phi so sanh phan tif phan hoach v6i mdi phan ti

con lai, tdng con lai mang y nghia 12 mdi phan t& k c6 thé 1a phan ti phan hoach

wiovi ey Lo C o . . 5
vdi xdc suat m va sau d6 con lai cdc mang con c6 kich thuée k-1 va n-k.

2 n
T,=n+1+=> T,
P
Thyc hién lién ti€p cdc phép todn sau cho cd 2 v€ : Nhian cho n va trir cho
(n'l)cn-l .
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— (=T, =n(n+1)+n= ZTkl (n-DT,_,

Ny =i
—n(n+1)+2ZTk1 (n— 1)[n+—ZTk n
n-—
k=1
n-1
=n(n+1)—n(n- 1)+2ZTk1 2> T
k=1 k=1
Ta dugc : nT,—(n-DT,_; =n(n+1)-n(n-1)+2T,_;
Suy ra : nT, =(N+1T,_; +2n
Chia cd 2 v€ cho n(n+1) :
Tn :Tn_1-|— 2 :Tn_2+g+L= L+£...+E+E+L
n+1 n n+1 n-1 n n+l n+1 n 4 3 2

n+1 1

Z”: 2

k:zk’L
T, N n1

= 2 —=2|—dx=2In(n
n+1 kék J‘x n(m)

Nhu vay, B9 phic tap trung binh 1a O(nlnn)

V. Thuit toan nhin Strassen nhin 2 ma tran

1. Bai toan
Cho 2 ma trn vudng a, b cap n, n 1a luy thira 2.
Dung thuit todn Strassen nhin 2 ma trin vudng c4p n.

2. Mo ta

Ung dung thiét k&€ chia d€ tri, mbi ma trdn A, B, C ta chia thanh 4 ma trin
con va biéu dién tich 2 ma trin AxB = C theo cdc ma trin con d6 :
Cll C12 All A12 Bll B12]
BZl BZZ

Cin = AuBii + AipBy
Ci = AuBp + ApBx
Ca1 = AyBii + Ax»Byy
Cx» = AyBpn + AnBxn
Néu theo cdch nhan théng thudng, thi cdch chia dé tri nay din dén cong
thuc truy hdi : T(n) = 8T(n/2) + 6(n? ). Péng ti€c 1a k&t qui nay cho 15i gidi T(n)
€ o(n’).

C21 C22 A21 A22

Trong do6 :

Nhung theo kham pha clia Strasen, chi cAn 7 phép nhian dé qui n/2 x n/2 ma
tran va O(n” ) phép cong trir vd hudng theo cong thic truy hdi :
T(n) = 7T(n/2) + 18(n/2)* € O(n'®) = O(n**").
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Cu thé, d€ nhan 2 ma trin vudng cip 2 , theo Strassen chi can 7 phép nhan
va 18 phép cong (trir) cc s6. PE tinh :

rn Ci2 rll a12] rn b12:|
Cy Cyp ay Ay | |by by
- Piu tién tinh 7 tich :

(a2 -ax ) (b2 +bx)

(a1 +az ) (b +bxy)
m3 = (aj; -az ) (bir +bi2)

53
I

my = (a;; +ap)bxn
ms = aj(bi2—bx)
mg = as (ba; — by )
m7; = (ax; +axn )by

- sau do6 tinh c;; theo cong thic :
Ci1 = mj)+mp— My + Mg
Cl2 = My + mj
Cy1 = g + my

Cyp = mMp— M3 + M5 — My

Thuit todn c6 thé viét nhu sau :
strass(a, b, ¢, n)=

if(n==2)
nhan2(a,b,c);

else

{

tach(a,all,al2,a21,a22,n);
tach(b,b11,b12,b21,b22,n);
tach(c,c11,c12,c21,c22,n);

strass(all,bl1,d1,n/2);
strass(al2,b21,d2,n/2);
cong(dl,d2,c11,n/2);

strass(all,b12,d1,n/2);
strass(al2,b22,d2,n/2);
cong(d1,d2,c12,n/2);

strass(a21,b11,d1,n/2);
strass(a22,b21,d2,n/2);
cong(dl1,d2,c21,n/2);

strass(a21,b12,d1,n/2);
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strass(a22,b22,d2,n/2);
cong(dl1,d2,c22,n/2);

Hop(cll,c12,c21,c22,c,n);
}

VL. Bai todn hodn d6i 2 phan trong 1 diy

1. Phét bi€u bai todn

a[1..n] 12 mdt mang gdm n phan t&. Ta can chuyén m phan ti dau tién cla

mang v6i phan con lai cla mang ( n-m phén tif) ma khdng diing mot mang phu .

Ching han, vé6i n=8,a[8]=(1,2,3,4,5,6,7,8)

Néum =3, thikétqudla: (4,5,6,7,8,1,2,3)
Néum=35,thikétqudla: (6,7,8,1,2,3,4,5)
Néum=4,thikétquala: (5,6,7,8,1,2,3,4)

2. Y tuéng
* Néu m =n — m: Hodn ddi cac phan i clia 2 nita mang c6 do dai bing nhau :
*Néu m#n—m:

Néu m=n-m:

Né&u m <n—m: hodn d6i m phan t& ddu v6i m phan ti¥ cudi cia phin con
lai. Sau d6 trong mang a[l..n-m] ta chi can hodn d6i m phin ti dau vdi
phan con lai.

Néum>n-m :hoin d6i n-m phin ti ddu tién vdi n-m phan ti cia phan
sau. Sau d6 trong mang a[n-m+1 .. n] ta hodn ddi n-m phan ti cudi ming
véi cdc phan ti cia phan dau.

Nhu vy, bing cich 4p dung phudng phdp chia d€ tri, ta chia bai to4dn thanh

2 bai todn con :

Bai todn thi nhat 12 hodn ddi hai mang con c6 @6 dai bing nhau, cu thé 12
hodn ddi nira s6 phan tif du va cudi cia mang cho nhau biing cich ddi chd
titng cip phan tif tuong ng.

Bai todn thi hai cung dang v4i bai todn da cho nhung kich thuéc nhd hon,
nén c6 thé goi thuit todn dé qui d€ gidi va qud trinh goi dé qui sé& dimng khi
dat t6i sy hodn d6i 2 phan c6 do dai bing nhau

Vay mau chét clia thudt todn 13 thyc hién thao tic hodn ddi 2 nhém phan ti,

lip lai thao tdc nay trong khi s& lugng phan ti clia 2 nhém cong khic nhau. Nén ta
s€ thay thuat todn dé qui bing thult todn lap.

3. Thuit toan

// Hodn d6i m phan tif diu cda mang v6i phan con lai.

Input a[l..n], m. (m <n)

Output : a[l..n] véi tinh chdt m phan tif dAu mang a ( mang nhip ) nim cudi
mang
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két qua, n-m phan t cudi mang nhap nim & ddu mang két
qua.
M0 té thuit todn :
Transpose(a,n,m) =
i=m;j=n-m; m=m+l;

Khi (1 #))

Néu (i>])

{
Exchange(a,m-i,m,j);
i=i-];

}

Nguogc lai

{
j =j — l,
Exchange(a,m-i,m+j,i);

}

Exchange(a,m-i,m,1);
* Thuit toan exchange :

input a,

L], //vi tri

m; // S6 phan ti cAn ho4n ddi
output a
MO ta :
Exchange(a,i,j,m) =

V61 moip=0—>m-1
Dé&ichd (a[i+p], alj+p]);

Minh hoa :
n=38,a[8]=(1,2,3,4,5,6,7,8), m=3.
- Mang nhép :
a2 [ 3 | 4] s [ e[ 7 [ 8 |
A ; A A A
| Hoan déi |

- Exchange(a,1,6,3)
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- Exchange(a,1,4,2)
|4l 5 | 8 | 6 | 7 | 1 2 | 3 |
M N M N
Hoan doi1
- Exchange(a,3,5,1)
| 4] s | 7 6 8 | 1 2 | 3 |
M)
- Exchange(a,3,4,1)
a4l s | 6 [ 7 | 8 | 1 2 | 3 |

- K&t thic thuit todn.

4. Do phic tap thuit toan

Ki hiéu : T(i, j) 12 s& phan tf cAn d6i chd d€ hodn ddi day i phan ti va day j

phan tt, ta ¢6 cdng thic truy hdi sau :

i;néui=j
T@,))=11+T({—],i); néui>j
i+T(,]—1); néui<j

= T(,j) = i+j— UCLN(,j)
UCLN(i,j) 1a u6c chung 16n nhit cda i, j.

S. Cai dat

void Transpose(day a,int n,int m)

{
int1i, j;
i=m;
j=n-m;
m=m+1;
while (1!=))

if(i > j)

{
Exchange(a,m-i,m,j);
i=i-J;

}
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else
{
J=i-1
Exchange(a,m-i,m+j,i);
}
Exchange(a,m-i,m,i);

}

[ 7 3k st st s st steske sk ste st sk stk steskeosk skosteokok stk

void Exchange(day a, int 1, int j, int m)
{
for (int k = 0; k <= m-1; k++)
doicho(a[i+k], a[j+k]);
}

VIL. Tron hai dudng truc ti€p

1. Bai toan

S#p ting dan day céc sO bing thuit todn tron hai dudng tryc tiép.

Thuat todn sip x&p ki€u tron hai dudng tryc ti€p dudc thuc hién theo nhiéu
budc ldp :

* Mdi budc 1ip bao gdm hai giai doan :
Giai dogn 1 :( Phén bo)

Phan b3 luan phién ting p phan ti tir diy F vao cdc ddy trung gian F1, F2
trong khi chua hét day F.
Giai doan 2 :( Tron )

Tron tirng bo p phin ti trong diy F1 v6i p phin tif trong F2, k&t qua tron
dugc dua vao F, trong khi chua hét day F1 va chua hét day F2.

* Céc budc lap con duge thyc hién trong khi p con < s8 cdc phan i cta F .

Bu6c dau tién p dugc khdi dong bing 1.

MJi buéc 1ip sau( sau mot 1an phan bd va trdn ), s6 phin tif p s& khéi dong
laila:p=p*2.
Minh hoa :

Gid st F 12 day dung sip thit ty , F ¢6 ndi dung nhu sau :

F(oj211}1|5/8|1(2]9(6|7|4|6|7]2|2]3]|1
0 1

Pau tién ta phan bd ludn phién tiing phan ¥ clia diy ngudn F vio cdc day
trung gian F1 , F2.
e Trong lan phdn bé ddu tién ,ta co :

F1 90 1 5 1 9 7 6 21 3 1
F2 2 1 8 2 6 4 7 2
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Ta thyc hién tron hai dudng tiing phin t& & F1 vdi titng phan ti & F2; Két
qua tron dugc ghi vao F.

'F 290 [1-1 |58 |12 |69 [47 |67 [221 |13 [1 |
e Sang ldn thit 2:

F1 2-90 5-8 6-9 6-7 1-3

2 1-1 1-2 4-7 221 1

F 1-1-2-90 | 1-2-5-8 4-6-7-9 2-6-7-21 1-1-3

e Sang lan thit 3 :

Fl 1-1-2-90 4-6-7-9 1-1-3

F2 1-2-5-8 2-6-7-21

F 1-1-1-2-2-5-8-90 | 2-4-6-6-7-7-9-21 | 1-1-3

e Sang ldn thit 4 :

F1 1-1-1-2-2-5-8-90 1-1-3

F2 2-4-6-6-7-7-9-21

F 1-1-1-2-2-2-4-5-6-6-7-7-8-9-21-90 | 1-1-3

e Sang lan thit 5 :

F1 1-1-1-2-2-2-4-5-6-6-7-7-8-9-21-90

2 1-1-3
|F 1-1-1-1-1-2-2-2-3-4-5-6-6-7-7-8-9-21-90

Khi d6 F dugc sip thi ty .

3. Thiét k&
* Thuat to4n tron 2 dudng tryc tép :
input F[1..n]; // ddy can sip
Output F da dudc sip
MO ta:
p=1
Trong khi (p <=n) ta thyc hién :
{
- Phan bd luan phién titng p phin t¥ tir ddy F vao cdc ddy trung gian F1, F2
trong khi chua hét day F.
-Tron tiing cip p phin t trong diy F1 véi p phan tir trong diy F2, két qui
ghi vao F, trong khi chua hét day F1 va chua hét day F2;
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- Khéi déng laip : p = p*2;
}
MO ta trén c6 thé viét thinh ham :
//F,n,F1,F2 1a cdc bién toan cuc
void mergesort ()
{
p=1
while (p<=n)
{
distribution (p);
merge(p);
p=p*2
}
}

Nhu vy, thuit todn chd yéu duge xay dung trén 2 thao téc :
- distribution (p) : Phain b luin phién p phan ti tir ddy F vao cdc ddy trung gian
F1, F2 trong khi chua hét day F.
- merge(p) : Tron tiing cdp p phan ti trong F1, va p phan tf trong F2, két qua Iuu
trit vao F, trong khi chua hét day F1 va chua hét day F2;

a) Thudt todn phén bo

Phan b6 ludn phién p phan ti tir diy F vao cdc ddy trung gian F1, F2 cho
dén hét day F.
al) Thiét ké :
Input F;
Output F1,F2;
Mo ta

Thuc hién

{ A

Poc tling p phan t trong F va chép luin phién vao F1, F2;

}
Trong khi ( chua hét day F);

Trong mo t4 trén, c6 2 thao tdc con can phai luu y :
Thao tdac 1 :

Lam thé nio dé xi Iy mot cach ty dong viéc chép luan phién vao F1 va F2.
Ta thuc hién biing cdch : Dung mot khod k, v6i k € {1,2} va quy dinh :

Néu k =1 thi chép vao F1;

Néu k = 2 thi chép vao F2;

Gia st dau tién cho k = 1 d€ quyét dinh chép p phan tif ciia F vao F1 trudc.
Sau mdi 1an chép xong p phan ti¥, ta chi cAn khdi dong lai gid tri k = 3-k .
Thao tdac 2 :
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Poc p phin ti clia F chép vao F1 nhu thé nao ? Ta doc tiing phan ti cda F
va chép phan ti¥ d6 vao Fl1; Viéc doc chép tiing phin tf ndy con dudc thyc hién
trong khi chua dd p phan t& va chua hét day F.

Vay thao tic phan bd c6 thé mo t3 chi ti€t nhu sau :
do
{

i=1;

while (i <= p && chua hét diy F)

{ N

Poc phan ti thd i trong F;
if (k==1)

chép vao F1;
else

chép vao F2;

while ( chua hét day F);

Thao t4dc phan b cai dit thinh mdt hAm nhu sau :
/IF, F1, F2, n, h;,h, 14 cdc bién toan cuc.
void distribute(int p)

{

inti, k=1,1=1;
hl =0;h2 =0;
do
{

1 =1;

while( i<=p && 1 <=n)
{
if(k==1)
{
hl++;
F1[h1] = F[l];

else

{
h2++;
F2[h2] = F[1];

}

1++;

14++;

}
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k =3-k;
}

while(l <= n);

b) Thudt todn tron ting bo p phén tii trong F1 va p phédn tit trong F2.

Tron titng bo p phin i trong F1, va p phin & trong F2, két qua luu trit vao
F, trong khi chua hét F1 va F2.
al) Thiét ké :

Input F1, F2;
Output F;
Mo ta :
Trong khi ( chua hét ddy F1 va chua hét day F2)
{
Tron titng cip p phan ti clia F1 va clia F2 vao F;
}
Trong khi (chua hét day F1)
chép cdc phin ti con lai ctia F1 vao F;
Trong khi (chua hét diy F2)
chép cédc phan tif con lai ctia F2 vao F;

- Ta can chi rd cong viéc tron tiing cip p phan ti ciia F1 va cia F2 vio F
hoat dong nhu thé nao ? D6 1a :
- (*) : Poc titng phan i trong F1, trong F2, so sdnh gi4 tri clia ching, gid tri nio
nhé hon thi chép phan ti tvong Gng vao F. N&u 13 phan ti cia F1 thi doc tiép 1
phan t& ctia F1; ngudc lai thi doc ti€p 1 phan tif cia F2
- ( *¥* ) :Thao tdc trén con dudc thuc hién trong khi : chua doc di p phan tit trong F1
va chua doc dli p phin ti¥ trong F2 va chua hét diy F1 va chua hét day F2;
- Vong lip (¥*) dirng khi da doc di p phan tif trong F1, hoic da doc dd p phan tk
trong F2, hoic hét diy F1 hoic hét ddy F2; Va khi d6 ta cAn x{ 1y cdc trudng hdp
sau :
Trong trudng hgp chwa hét ddy F1 va chua hétday F2:
Né&u chua di p phan ti trong F1, thi doc va chép cdc phan tif clia F1
vao F cho dd p; Tuong tu nhu vy cho F2.
a2) Cai ddt :
/* F,F1,F2.n,h;,h, 13 cdc bién toan cuc.
Ta dung cic bién :
- 1 : d€m cdc phan tif doc dugc trong diy F.
- 15 :d&m cdc phan tu doc dudc trong diy Fs .
- il : duyétday F1
- 12 =1 duyétday F2
*/
void merge(int p)
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{
intt, il =1,i2=1,r1,r2;
inth=0;
while(il <= hl && 12 <= h2)
{
rl=r2=1;
while((rl <=p) && (12 <=p ) && il <=hl && i2 <=h2)
{
if(F1[il] <= F2[i2])
{
h++;
F[h] = F1[il1];
rl++;
il++;
}
else
{
h++;
F[h] = F2[i2];
12++;
12++;
}
}
while(il <=hl && rl <=p)
{
h++;
blh] = bl[il];
11++;
}
while(i2 <= h2 && 12 <=p)
{
h++;
b[h] = b2[i2];
12++;
}
}
while(il <= hl)
{
h++;
blh] = bl[il];
11++;
}
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while(i2 <= h2)
{

h++;
b[h] = b2[i2];
12++;

}

n=h;

4. D6 phitc tap thuit toan

Ta nhan xét ring, trong phuong phéap sip x&p bing tron hai dudng truc tiép,
s6 lugng cdc budc sao chép cdc phan tif tir ddy nay sang diy kia con 16n hon s6
lugng cdc bude so sdnh giita cdc phan t : Vi &ng v6i mot 1an so sdnh thi c6 mot
thao tdc sao chép, nhung n€u mot diy nao dé xi 1y can (hét ddy) thi phan dudi clia
ddy con lai dugc sao chép ma khong tng véi mot phép so sdnh ndo. Vi thé, doi véi
phuong phdp nay, ta chon phép sao chép lam cidn c danh gid thdi gian thuc hién
cua thuat todn.

Trong mdi 1an phan bd va tron thi toan bd n phan tir dudc duyét qua, so sdnh
va chép vao day dich (output). Nhu vay thdi gian chi phi cho mdi budc cé cap la
O(n).

Vi trong mdi budc (budc thi k) ta gidi quyét duge 2" = p gid tri va tién trinh
dirng khi p > n,nén ta c6 lgn budc, do d6 cAp thdi gian chi phi cho phuong phap
nay la O(nlgn).

Mot nhuge di€ém clia phuong phép sip x&p bing ki€u tron hai dudng truc
ti€p 12 chi phi cho khong gian qud 16n: n6é doi hdi cung cip viing nhé 2" phan ti,
gap doi so vdi phuong phdp thong thudng. Do d6 phuong phdp nay chi thich hgp khi
ta thao tdc trén céc t&p.

Mt khdc, phuong phdp sidp x€p kiéu tron hai dudng tryc ti€p c6 mot nhuge
diém quan trong nita 12 né tu giéi han s6 lugng cédc gid tri ¢ dinh 1a 1,2,4,...2%,
trong d6 2*<n. Nhu vay ta ludn ludn phdi duyét qua k budc chia va tron. Néu
cho phép s6 lugng cdc phan tif trong mot 14an tron c6 kich thudc khdc thi s6 cdc bude
c6 thé gidm di va trong trudng hop nay viéc sip x€p c6 kha ning két thic sém.

BAI TAP

Bai 1:(Nhan cic sd16n)
K§ thuat chia dé tri nhan 2 s6 nguyén duong x, y dudi dang chubi :
Nhan(x,y) =
if(1(x), I(y) <=4)
Nhan 2 s6 nguyén nguyén kiéu long;

else
Gia st 1(x) = I(y) = n;
Téch x thanh 2 chudi con : a(Nita trdi), b (nita phai)
Téch y thanh 2 chudi con : ¢(Nita trdi), d (nia phai)
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Kq = nhan(a,c)*10" + nhan(a,d)*10™* + nhan (b,c)*10™* + nhan(b,d);

Bai2:

Thuat todn nhan 2 s6 nguyén n bit.

Gia st x va y 1a 2 s6 nguyén n bit. K§ thuit “ chia d€ tri “ cho phép nhin
xy la tdch x, y ra 2 s& nguyén n/2 bit :

x L a | b |
n/2 bit trdi ~ n/2 bit phai
y Lo | 4 |

va tinh theo cOng thuc :

x*y = a*c*2" + ((a-b)*(d-c) + a*c + b*d)*2"* + b*d
Ghi chu :

- Tach bit : Copy céc bit.

- Nhan 2" cho a : Dich chuyén trdi a n bit.

Bai 3 :
Chox,s,n e Z+ Giast Yx<s,tinh Vx.

Bai 4 :
Sdp ting dan mdt diy x cdc sO, bing thuit todn tron tuf nhién :
Trong khi (s6 dudng chay ctia x > 1)
- Téch ludn phién tirng dudng chay cla x vao cdc day trung gian xj, X;
- Tron ting cdp dudng chay cua X1, X, , luu trif vao x;
Ghi chu :
Pudng chay trong x 13 cdc ddy con c6 thit tu ( ting dan) ¢ chiéu dai 16n
nhat.

Bai 5 :

LAap lich thi d4u vong tron 1 lugt cho n ddi béng d4, n 14 lu§ thira 2. Trong 1
dgt thi dau , mdi doi diu 1 trAn. PAu trong n-1 dot.

K§ thuit chia d€ tri xAy dung lich cho mdt nita s ddi . Lich nay dudc lap
nén do 4p dung dé qui cla thuit todn biing cich tim lich cho mot nita s6 doi ... khi
chi con 2 doi thi ta c6 mot cip dau don gidn.

Céc doi dugc danh so tir 1 d€n n. Gid st ¢6 8 doi . Lich thi dau cho 4 doi tur
1 dén 4 14p diy géc trdi trén ( 4 hang 3 cdt) coi nhu da 1ap xong. Goéc trdi dudi ( 4
hang 3 cot ) phdi cho vao cdc doi c6 so thit ty cao (tr 5 dén 8) ngugc véi cic s6
khéc.Lich con nay tao ra biing cich cdng 4 cho mdi s6 nguyén ciia géc trdi trén .
Bay gid ta da 1am don gidn bai todn. TAt cd phan con lai 12 cdc ddi c6 s6 thap ddu
vdi cac doi c6 sd cao. Pidu d6 dé hi€u 1a cdc doi tir 1-4 dau vé6i cdc ddi 5-8 tuong
ting tr dot thit 4 va hodn vi theo chu ky 5 dén 8 trong cac dot tiép theo.
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CHUONG 3 : PHUGNG PHAP QUAY LUI
(Back Tracking)

L. M¢ dau
1. Y tuéng

Nét dic trung cta phuong phdp quay lui 12 cdc bude hudng t6i 15i gidi cudi
cung cia bai toan hoan toan dugc lam thu.

Tai mdi bu6c, néu c6 modt Ivra chon duge chip nhén thi ghi nhén lai lya chon
ndy va ti€n hanh cdc bude thit ti€p theo. Con ngude lai khong c6 Iva chon nio thich
hgp thi 1am lai budc truSc, xod bd su ghi nhian va quay vé chu trinh thi cdc lya
chon con lai.

Hanh d6ng nay dudc goi la quay lui, thuit todn thé hién phuong phdp nay
goi 1a quay lui.

Piém quan trong clia thuit todn 13 phai ghi nhé tai mdi budc di qua d€ tranh
trung lip khi quay lui. D& thay 1a cdc thong tin nay can dudc Ivu trik vio mdt ngin
x&p, nén thuit toan thé hién y thi€t k&€ mot cach dé quy.

2. M6 hinh
Loi gidi ctia bai todn thudng bi€u dién bing mot vec t6 gdm n thanh phin
X = (X1,.., Xy ) phai théa man cdc diéu kién nao d6. D€ chi ra 15i gidi x, ta phai xay
dung din céc thanh phan 15i gidi x; .
Tai mdi budc i :
P4 x4y dung xong cdc thanh phin xi,.., Xi.1
- Xay dung thanh phan x; bing cdch 1an lugt thit tt ci cdc khd ning ma x;
c6 thé chon :

e Né&u mdt khd niing j nao d6 phit hdp cho x; thi xdc dinh x; theo
kha ndng j. Thudng phai c6 thém thao tac ghi nhin trang thai méi
ctia bai todn d€ hé trg cho budc quay lui. N&u i = n thi ta c6 dudc
mot 16i gidi, ngudc lai thi ti€n hanh budc i+1 dé xdc dinh xi,, .

e N&u khong c6 mdt kha ning nao chdp nhan dugc cho x; thi ta lui
lai budc trude (budc 1-1) d€ x4c dinh lai thanh phan x;..

D& don gidn, ta gid dinh cdc kh3 ning chon lua cho cic x; tai mdi bude 1a
nht nhau, do d6 ta phdi c6 thém mot thao tdc ki€m tra kha ning j ndo la chdp nhian
dudgc cho x; .

M0 hinh clia phudng phdp quay lui c6 thé viét bing thd tuc sau, v6i n 13 s6
budc can phai thuc hién, k 14 s6 kha ning ma xi c6 thé chon lya.

Try(i) =
for(j=1—-k)
If ( x; chAp nhan dudc kha ning j)
{
Xdc dinh x; theo khé ning j;

Trdn Tudn Minh Khoa Todn-Tin

Suu tam béi: www.daihoc.com.vn



Thiét ké va ddanh gid thudgt tedn -54 -

Ghi nhén trang thai mdi;

if(i<n)
Try(i+1);
else
Ghi nhan nghi€ém;

Tra lai trang thdi cii cho bai todn;

Ghi chu :

Tim nghiém bing phuong phip quay lui c6 thé chuyén vé tim kiém trén ciy
khong gian céc trang thdi, v4i cdy dugc xay dung tirng muc nhu sau :

. Céc niit con ctia goc (thude mifc 1) 13 cac kha ning c6 thé chon cho x;.

- Gid st x;.; 1amot nat § muc tha i-1, khi d6 cédc nit con cua x;.; 12 cdc kha

niang ma x; c6 thé€ chon, mot khi da tim duge cdc thanh phan xi,.., Xi1.

Nhu viy, mdi nit x; ctia cdy bi€u dién mot 15i gidi bd phan, d6 1a cac nit
nim trén dudng di tir goc dén niit d6.

Ta c6 thé néi viéc tim ki€m nghiém bing phuong phip quay lui chinh 1 tim
ki€m theo chiéu siu trén ciy khong gian cdc trang thai.

Goc

. /N Me 1

X2 Miic 2

Sau diy 13 cdc minh hoa vé k¥ thuit thiét k& quay lui.

IL. Bai todn Ngua di tuan
1. Phat biéu bai todn
Cho ban ¢ ¢6 n x n 6 . Mot con ngua dugce phép di theo luat cd vua, diu
tién dudc dit G 6 cé toa do x¢, yo.
Van dé 1a hdy chi ra cdc hanh trinh (néu c6) clia ngya — D6 12 ngua di qua
tat cd cdc 6 clia ban cd, mdi 6 di qua ding mot 1an .
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2. Thi€t k& thuat toin
Céch gidi quyét ro rang 1a xét xem c6 thé thyc hién mot nude di k€ nira hay
khong. SJ d6 diu tién c6 thé phat thio nhu sau :
Try(i) =
for(j=1-—>k)
If ( x; chdp nhan dugc kha ning k)
{

Xdc dinh x; theo kha niang k;
Ghi nhan trang thai mdi;
if(i<n?)
Try(i+1);
else
Ghi nhin nghi€m;
Tré lai trang thdi cii cho bai todn;

}

Dé& mb t4 chi tiét thuit todn, ta phai qui dinh cdch md t3 dit liéu va céc thao
tac, do la :

- Biéudién bancd .

- Cédc kha ndng cho lua cho x; ?

- C4ch thuc x4c dinh x; theo j.

- Céch thic gi nhin trang thdi méi, trd vé trang thdi cii.

- Ghi nhan nghiém.

* Ta s& bi€u dién ban cd bing 1 ma tridn vudng cAp n: int h[n][n];

S& di thé hién mdi 6 cd bing 1 s& nguyén thay cho gid tri boole (d€ ddnh
d4u 6 da dugc di qua chua) 1a vi ta mudn 1an do theo qud trinh di chuyén clia con
ngua.

Ta qui u6c nhu sau :

hix][y]=0 = O <x,y> ngua chua di qua;
hixl[yl=i = O <x,y> ngua di di qua & budc tht i (1 <i<n’).

* Céc kha ning chon Iya cho x; ? P6 chinh 13 cdc nudc di clia ngua ma x; c6 thé
chip nhan dudc.

Véi cip toa dd bat ddu <x,y> nhu trong hinh v&, c6 tit cd 8 6 <u,v> ma
con ngya c6 thé di dén. Gia s chiing dugc danh s6 tit 0 d&€n 7 nhu hinh sau :
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Toa 1 2 3 4 5 Toa do
do (a,b)
(a,b)
(-2,-1) 4 3 1 (-2,1)
(-1,-2) 5 2 2 (-1,2)
hang x w5 3
%
(1,-2) 6 1 4 (1,2)
2,-1) 7 0 5 2,1)
T
cOt y

( 8 budc di c6 thé c6 clia con ngua )

Mot phuong phap don gidn d€ c6 dudc u, v tirx, y 1a ta ding 2 mang a va b
lutu tri¥ cdc sai biét vé toa do .Né&u ta ding mot chi s6 k dé ddnh s6 “budc di k& ”
thi chi ti€t @6 dudc thé hién bdi: u=x +a[k]; v=y + b[k]; k = 0,_7 .

Piéu kién “chap nhan dugc” c6 thé dugc bi€u dién nhu két hop clia cic didu
kién :

O méi phdi thuécbancd (1 < u < n va 1< v < n)va chua di qua 6 do,
nghia 1a h[u,v] = 0;

* P& ghi nhan nudc di hop 1& & budc i, ta gan h[u][v] = i; va d€ hiy mot nudc di thi
ta gdn h[u][v] =0.

* Ma trdn h ghi nhan két qud nghiém. N&u c¢6 <x,y> sao cho h<x,y> = 0 thi d6
khong phai la 15i gidi ctia bai todn , con ngudc 1a h chita dudng di ctia ngua.

Vay thuit todn c¢6 thé mo td nhu sau :

Input n, /Kich thuéc ban co
X, yi//Toa do xuat phdt & budc i
Output h;
MO té :
Try(i, x,y) =
for(k =0; k <=7; k++)
{
u =x+ alk];
v =y +blk];
if (1 <=u,v<=n &&h[u][v] ==0)
{
hlu][v] =1;

if (i < n*n)
Try(i+1,u,v);
else
xuat_h(); // In ma trin h
}
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hu][v] = 0;
}
Thi tuc ndy xuAt tit cd cdc 15i gidi, néu cé.
Thii tuc d& qui dugc khdi dong bing mot 1énh goi cdc toa do6 diu xo, yo 12
tham s6. O xudt phdt 6 tri 1, con cdc 6 khic duge danh ddu con tréng.
Hlxo llyo ] =1;
Try(2,x,y );
Céc mang a va b c6 thé khdi dau nhu sau :
int a[8]= {2.1,-1,-2,-2.-1,1.2}:
int b[8]={1,2,2,1,-1,-2,-2,-1};

* C4c 161 gidi sau 12 mot s6 két qud cho tir thudt todn trén :

n=5 x=1 y=1 n=6 x=2 y=3
1 6 15 10 21 36 17 6 29 8 11
14 |9 20 5 16 19 |30 1 10 5 28
19 |2 7 22 11 16 |35 18 7 12 |9
8 13 24 17 4 23 20 31 2 27 |4
25 18 3 12 23 34 15 22 25 32 13
21 24 33 14 3 26
* V6in =5, cdc toa dd xudt phat sau khong c6 161 gidi : (2,3), (3,2)...
II1. Bai toan 8 hiu

1. Phét bi€u bai todn
TAM QUAN HAU PUQC PAT LEN BAN CO VUA
sao cho ching khong dn dudc nhau .
Bai todn nay 12 mot vi du ndi ti€ng vé viéc dung cdc phuong phap thit va sai
va phuong phédp quay lui.

2. Thi€t ké& thuit toin

M4u chdt ciia thudt toan ré rang 1a xét xem c6 thé dit quan hiu ti€p theo
nhu thé€ ndo. Theo luit ¢d vua, mdt quan hau cé thé dn cdc quan khdc néu nim trén
cung 1 dudng, dudng nay c6 thé 1a :

- Hang,

- Cot,

- Cac dudng chéo (di qua toa d6 vi tri ctia hau).

Suy ra ring mdi hiang chi ¢ thé chita 1 va chi 1 quan hau. Nén viéc chon vi
tri cho quan hau th i c6 thé gi6i han duge & hang thi i. Nhu thé tham s& i trd
thanh chi hang, va qud trinh chon vi tri cho quin hau ti€n hanh trén toan gid tri c6
thé c6 clia céc cot j.

Ta quy udc :

x[i] // Chi quan hau thi i: nim & hang i.

Trdn Tudn Minh Khoa Todn-Tin

Suu tam béi: www.daihoc.com.vn



Thiét ké va ddanh gid thudgt tedn -58 -

x[i] =] // quan hau thd i dat d cot j;
Pé€ quan hau i (trén hang i) chdp nhan cot j thi cot j va 2 dudng chéo qua 6
<i,j> phai con tréng ( tic 1a khong c6 quan hau khéc chi€m linh)
Luu ¥ rang trong 2 dudng chéo :
- Pudng chéo ngudc (vudng géc v6i dudng chéo chinh) : tit cd cdc & déu c6
t6ng 2 toa d6 i va j 12 hiing;

- Pudng chéo thuin (song song vdi dudng chéo chinh) : gdm tit cd cic 6
(i,j) ma c6 hiéu cdc toa dd (i-j) 1a hiing s0.

Cot j Dudng chéo (i +))
budng chéo
i-J)
Hang i+— N

z ~ z LN R 1R X z PETEN
Do d6 ta s€ chon cdc mang Boole 1 chiéu dé bi€u di€n céc trang thdi nay :

a[jl] = 1 :Cé6 nghia la khong c¢6 quan hiu nao & cot.
b[i+j] = 1 : C6 nghia 1a khong c6 quin hiu nao 6 dudng chéo ngugc (i+j) .
cli-jl=1

: C6 nghia 1a khong c¢6 quan hdu nao & dudng chéo thuin (i- j) .
Vi:
1£1,j £8=2<i+ <16 Va -7<i-j< 7.

Nén ta c6 thé khai bdo :
int x[8],

a[8],

b[15],

c[15];

Véi cdc dit liu da cho, thi 1énh dit quan hau sé thé hién bdi :

x[ 1] = j;// dat quan hlu th 1 trén cOt j.
a[ j]= 0;/Khi dit hau tai cot j , thi cot j khong con tréng nita
b[ i+ j | = 0;//Cac dudng chéo tuong ing cling khong con
cli-j]=0;/trong nita .

Con I€nh D&i quan hau 1a :

//Lam cho hang i va cac dudng chéo tuong tng trd thanh trong

a[j] = 1L;
bli+j] = I;
cli-jl = 1;
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Con diéu kién an toan 12 6 ¢6 toa dd (i, j) nim & hang va cdc dudng chéo
chua bi chi€m (dugc thé hién bing tri True). Do d6, c6 thé dugc thé hién bsi biéu
thitc logic :

alji] &&b[i+j]&& cl[i-j]

Try(i) =
{
for j=1;j<=8;j++)
if (a[j] && bli+j] && c[i-j])

{
xX[i] = j;
a[jl = 0;
b[i+j] = 0;
cli-jl= 0;
if(i<8)
try (i+1);
else
Xuat(x);
/* Sau khi in 1 13i gidi xong,trd lai tinh trang ban d4u con tréng cho hang
a[jl,
dudng chéo i+j va dudng chéo i-j, d€ tim 13i gidi khac */
aljl =1
bli+j] = 1;
cli-jl= 1
}
}
Ghi chi :

Thuit todn nay tim dugc tit cd 92 15i gidi. Thuc ra 1a chi c6 12 13i gidi
khéc nhau that sy, d6 13 vi thuit todn khong ghi nhan tinh ddi xidng.

IV. Bai toan liét ké cac day nhi phin do dain

1. Phit biéu bai todn

Liét ké cdc day c6 chiéu dai n dudi dang x;X,...x, , trong d6 x; € { 0,1 }.

2. Thi€t k& thuat toin
Ta c6 thé st dung so @6 tim tit ci cdc 13i gidi cla bai todn.Ham Try(i) xdc
dinh x;, trong d6 x; chi c6 1 trong 2 gia tri 1a 0 hay 1. Cdc gid tri nay mic nhién
dudc chdp nhan ma khong can phai thod méan diéu kién gi. Nén Ham try(i) c6 thé
viét nhu sau :
Try (i) =
for (j=0;j<=1;j++)
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x[i] =j;

if i<n)

Try (i+1);
else

Xuat(x);

Cay khong gian cdc trang thai ctia bai todn c6 thé md ta bdi

FANEAN
FAVATATAN

1 010 011 100 101 110

V. Bai toan liét ké cac hoan vi

1. Phat biéu bai todn

Liét ké cdc hodn vi clia n s6 nguyén duong dau tién.

2. Thiét k& thuat toian
Ta bi€u di€n cdc hodn vi dudi dang a; ... a, ; a; €{1,..,n} vd a;# a;néu i=
j. V6i moi i, a; chap nhan gid tri j néu j chua dugc st dung, va vi vy ta can ghi
nhd j da dudc st dung hay chua khi quay lui. D€ 1am diéu nay ta ding mot diy céc
bi€n logic b; v6i quy udce :

Vji=1Ln:b, :{

1; néu j chua sit dung
0; néu nguoc lai.
Sau khi gén j cho aj, ta can ghi nhd cho b; ( bj = 0) va phai trd lai trang thdi
cii cho b; ( b; = True) khi thyc hi€n viéc in xong mot hodn vi.
Ta chi y ring ddy cdc bi€n b; s& dugc khdi dong bing 1
Thuit todn c6 thé viét nhu sau :
Try( )=
{
for (j=1;j<=n;j++)
if (b[j1)
{
ali] =j;
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b[j] =0; // Ghi nhén trang thai méi
if (i <n)

Try(i+1);
else

Xuat();

b[j] = True; // Tra lai trang thdi cii

V1. Bai todn liét ké céic té hgp

1. Phét biéu bai todn
Liét ké cdc td hop chip k trong n phan ti.
2. Thiét k& thuat todn
Ta s& bi€u dién t6 hdp dudi dang x,...xy ; Trong d6 :
1<x1<Xx2<..<X¢ £n.
Ta nhan xét ring v6i moij € {1,..n}:
xichApnhianj < je { cii+1,. ., n-k+i}.
Céc gid tri j thda diéu kién trén mic nhién dugc chdp nhin, nén ta khong
can diing c4c bi€n booole d€ ghi nhé nita.
Thuit todn c6 thé viét nhu sau :
Try(1) =
for(j=1;j<=n;j++)
if(x[i-1]+1<=j<=n-k+1)

{
x[i] =j;
if (i <k)
Try(i+1);
else
Xuat(x);
}

VIL Bai todn tim ki€m dudng di trén do thi

1. Phét bi€u bai todn
G = (V, U) 1a don d6 thi (c6 huéng hodc vo huéng). V = {1,. ., n} 1a tip cic
dinh, U 12 tap canh (cung). V6is, t € V, tim tat ci cdc dudng di tir s dén t.
Céc thuat toan tim ki€m cd ban :
Thuat todn DFS : Tim ki€m theo chiéu siu.
Thuat todn BFS : Tim ki€m theo chiéu rong.

Trdn Tudn Minh Khoa Todn-Tin

Suu tam béi: www.daihoc.com.vn



Thiét ké va ddanh gid thudgt tedn -62 -

2. Thuat toan DFS ( Depth First Search)
a) Y tudng
Thuit todn DFS ti€n hanh tim ki€m trong d6 thi theo chiéu sau. Thuat todn
thuc hién viéc thiam tit ci cdc dinh c6 thé dat duge cho t6i dinh t tir dinh s cho
truSc. Pinh dude thim cang mudn s& cang sém dugc duyét xong (co ché LIFO —
Viao Sau Ra Truéc). Nén thuit todn cé thé t6 chifc bing mdot thi tuc dé quy quay
lui.

b) Mo ta thudt todn
Input G=(V,U),s,t
Output TAat cd cdc dudng di tir s dé€n t (néu cb).
DFS (int s) =

for (u=1;u<=n;u++)

{

if (chip nhan dudc)
{

Ghi nhin né;

if (w#t)

DFS(u);
else

In dudng di;

bd viéc ghi nhén;

¢) Cai dat
Ta cAn mo t dif liéu dd thi va cdc ménh dé dugc phat biéu trong mo hinh.
Ma tran s& dudc biéu dién biing ma trin ké :

L@, j)eu

”‘{maJ)eu

Ghi nhan dinh dudc thim dé tranh tring lip khi quay lui biing cdch d4dnh
dau. Ta sit dung mot madng mot chiéu Daxet[] véi qui udc :

Daxet[u] =1, u di dudc tham.

Daxet[u] =0, u chua dudc tham.
Miéng Daxet[] lic diu khdi dong bing 0 tit ca.

Diéu kién chip nhin dudc cho dinh u chinh 13 u ké v6i v (ay, = 1) va u chua
dugc thim ( Daxet[u] = 0).

DPé& ghi nhan céc dinh trong dudng di, ta ding mot mang mot chiéu Truoc[ ],
vdi qui ude :

Truoc[u] =v <> v la dinh ding truSc dinh u, va u ké véi v

Ta khéi dong mang Truoc[ | bing O tat c4.

Thuat todn c6 thé viét lai nhu sau :
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Input G = (@jj)nxn » S, t
Output TAt cd cdc dudng di tir s dén t (néu co).
void DFS(s) =
int u;
daxet[s] = 1;
for(u=1;u <=n; u++)
{
if( a[s][u] && !daxet[u])
{
Truoc[u] =s;
if(u==t)
Xuat_duongdi();
else
DFS(u);
daxet[u] = 0;

}

Maéng truoc[ ] luu tri¥ cdc dinh trén dutng di,
Néu két thiic thuat todn, Daxet[t] = 0 ( Truoc[t] = 0 ) thi khong c¢6 dudng di
tir s dén t.
Trong trudng hop ton tai dudng di, xuat dudng di chinh 13 xuit mang Truoc|
]. Thao tc nay c6 thé viét nhu sau :
Xuat_duongdi()=
cout<<t<<"<--";
j=t
while ( truoc[j] !=s)
{
cout<<truoc[j]<<"<--";
j = truoc[jl;
}

cout<<s<<endl;

V6i dd thi c6 huéng cho bdi ma tran ké :
7

011
000
010
0000
0110
0100
1000

—_—— O = O O O
S O O o= O O
S O O = O = O

—_ = =

K&t qud :
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s=1,t=4 s=2,t=5
4 « 1 S 61« 4«32
4 « 7 « 1 S« 63«2

S5 61«42
S 63«42

3. Thuit toan BFS ( Breadth First Search)
a) Y tudng
Thuat todn BFS ti€n hanh tim ki€m trén d6 thi theo chiéu rong. Thuit todn
thuc hién viéc thiam tit ci cdc dinh c6 thé dat dugc cho t6i dinh t tr dinh s cho

trudc theo tirng mic k&. Pinh dugc thim cang sém thi s& cing sém dudc duyét xong
(co ché& FIFO — Vao Truéc Ra Trudc).

b) Mo ta thudt todn
Input G =(V.,E),
s,te V;
Output
Pudng di tir s dén t.
Mo té :
- Bu6cO: A ={s}.
- Bubcl: A ={xeV\A :(s,x)eE}.

- Budc2: A ={xeV\[A UA]:IyeA,(y,X) e E}.

- Bu6ci: A ={XeV\UAk:EIye A, .,(nx)eE}.
k=0

Thuit todn ¢6 khong qua n budc 1ap; mot trong hai trudng hgp sau xay ra :
- Né&uvdi moii,t ¢ A;: khong c6 dudng di tir s dén t;
- Ngugc lai, t € A(m) véi m ndo d6. Khi d6 ton tai dudng di tir s tdi t, va dé 1a
mot dudng di ngdn nhat tir s dén t.
Trong trudng hgp nay, ta xdc dinh dugc cdc dinh trén dudng di bing cdch
quay ngugc lai tir t d€n cdc dinh trude t trong tirng cdc tap truSe cho dén khi gip s.
Minh hoa :
Cho don db thi c¢6 huéng :
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1
6
2
5
3 4

Tim dudng di tir dinh (1) dén dinh (4) :
A0) = {1}
A(l) = {2,3,5}
A2) = {6}
AQ) = {4}

DPudng di ngin nhat tim dugc 1a 4 < 6 < 5 < 1 ,c6 chiéu daila 3.

¢) Cai dat

Trong thuét todn BFS, dinh dudc thim cang sém s€ cang sém trd thanh
duyét xong, nén cic dinh dugc thim s€ dugc luu trd trong hang ddi queue. Mot
dinh s& trd thanh duyét xong ngay sau khi ta xét xong tit c4 cac dinh ké cda né .

Ta dung mot mang logic Daxet[ ] dé d4anh diu cdc dinh dugc thim, ming
nay dugc khéi dong bing 0 tit cd d€ chi ring lic diu chua dinh ndo dugc thim.

Mot mang truoc[ ] dé€ lvu tri cdc dinh nim trén dudng di ngdn nhat cAn tim
(néu ¢6), v6i ¥ nghia Truoc[i] 1a dinh ding trudc dinh i trong dudng di. Mang
Truoc[ ] dugc khdi dong bing 0 tit cd d€ chi riing lic diu chua c6 dinh nao.

13H) thi G dugc bi€u dién bﬁng ma trin k€ a= (auy)nxn

) {l; (u,v) e E;
trong do : a, =
0;(u,v) ¢ E;

Hang dgi queue ta cai dit bing mang . Thuat todn dugc cai dit nhu sau :
BFS(s) =

intu, j, dauQ =1, cuoiQ = 1;

queue[cuoiQ] =s;

Daxet[s] = 1;

while ( dauQ <= cuoiQ)

{

u = queue[dauQ];

dauQ++;

for (j=1;j<=n;j++)
if( a[u][j] == 1 && !Daxet[j] )
{

cuoiQ++;
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queue[cuoiQ] =j;
Daxet[j] = 1;
Truoclj] = u;

Nhan xét :
Ta c6 thé thdy mdi 1an goi DFS(s), BFS(s) thi moi dinh ciing thanh phan
li€n thong v6i s s€ dugc tham, nén sau khi thuc hi€n ham trén thi :
e Truoc[t] == 0 : c6 nghia 12 khong ton tai dudng di tir s dén t,
e Ngugc lai, c6 dudng di tir s dén t. Khi d6 15i gidi duge cho bdi :
t < pl =Truoc[t] <~ p2 =Truoc[pl] « ...« s.

BAITAP
Bai 1:
Cai dit cac thudt toan :

1. Liét ké tat cd cdc ddy nhi phan do dai n.
2. Liét ké tit ca cdc hodn vi clia n s& nguyén duong diu tién.
3. Liét ké tit ca céc t6 hogp chip k trong tip gdm n s nguyen duong diu tién.
4. Gidi bai todn ngya di tuin.
5. Giai bai todn n hau.
6. DFS.
7. BFS.
Bai2 :
Chodaya=(aj,as ...,an) g6m cic s6 ddi mot khac nhau.

1. Liét ké tat cd cdc hodn vi clia ddy n phin ti¥ clia a.
2. Liét ké tit ca cdc t6 hdp chip k trong tip gdm n phan ti cla a.

Bai 3 :

Gi4 st 6 khda ¢ n cong tic. Mdi cdng tic c6 mot trong 2 trang thdi “déng”
hay “md”. Khéa md dugce néu c6 it nhat [n/2] cong tic c6 trang thdi m4.

Liét ké tit c4 ciac cdch md khoa.

Bai 4 ( Ngua di tuan ).

Cho ban ¢ n x n 6. Mot con ngua dugc phép di theo luit cG vua.

Tim hanh trinh clia ngua, bat diu tir 6 <xo, yo > di qua tit c4 cdc 6 clia ban
¢d, mdi 6 diing mot 1an.

Liét ké tat cd cdc hanh trinh.

Bai 5 :
Cho ban ¢ n x n 6. Mot con ngua dude phép di theo luit cG vua.
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Tim hanh trinh clia ngua, bit diu tir 6 <xo, yo >, 0 két thic <x,, y; >, mdi 6
trong hanh trinh ngua di qua ding mot 1an.
1. Liét ké tit ca cdc hanh trinh.
2. Chi ra hanh trinh ngéin nhat ( ¢6 s6 6 trong hanh trinh it nhat )

Bai 6 ( Ngua di tuan ).

Cho ban ¢ n x n 6. Mot con ngua dude phép di theo ludt ¢ tudng.

Tim hanh trinh ctia ngua, bit ddu tir 6 <xo, yo > di qua tit c4 cdc 6 clia ban
¢S, mdi 6 diing mdt 1an.

Liét ké tit c4 cac hanh trinh.

Bai7:

Mot ngudi du lich muén tham quan n thanh phd Ty, Ts, . ., Tn . Xuat ph4t tr
mdt thanh phd ndo d6, ngudi du lich mudn di qua tit cd cdc thanh pho con lai, mdi
thanh phd di qua ding mot 1an rdi quay trd lai thanh phd xuit phat.

Goi G;j 12 chi phi di ti thanh phd Ti d€n thanh phd T; .
1. Liét ké tat cd cdc hanh trinh di tf thanh phd Ti dén thanh phd T; thda yéu ciu
bai todn va chi phi tuong @ng.
2. Chi ra hanh trinh di ti thanh phd Ti d€n thanh phd T; thda yéu ciu bai todn (néu
c6) sao cho c6 chi phi it nhat.

Bai 8 :

Cho mdt ma tran vudng cAp n, cdc phin tif clia ma tran 13 cdc s& tu nhién.
Ta néi dudng di trong ma tran 12 mot dudng gap khiic khong tu cit xuat phat tir mot
0 nao d6 ctia ma trin, sau dé c6 thé di theo cic huéng : 1én trén, xudng dudi, ré
trai, r& phai. P9 dai cia dudng di 12 s6 6 nim trong dudng di.

V6i 6 xudt phat cho trudc :
1. Tim mdt dudng di dai nhat trong ma tran, theo nghia c6 nhiéu 6 nhat trong dudng
di.
2. Tim dudng di dai nhit trong ma trin sao cho cdc 6 trén dudng di 1ap thanh mot
day s& khong gidm.

Bai 9 .
Cho G =(V.E) 12 mot don do thi, khong c6 trong s0, trong d6 V={1,..,n}
la tdp dinh, E 1a tap canh ( hay cung).
1. X4c dinh s& thanh phan lién thong clia G.
2. Xuit cdc dinh nim trong trong mdi thanh phan lién thong.

Bai 10 :

Trén mdt manh dat hinh vudng, ta chia thinh n x n 8, mdi 6 ta ghi mot s6 1a
0 hoic 1. O mang s6 0 ta d2o ao, mang s6 1 ta trdng cd. Hai 6 tréng ¢d ¢ canh lién
nhau dugc xem 13 cling niim trong bdn cd. Hay xdc dinh dién tich cta bdn cd 16n
nhat ( theo nghia ¢ s& 6 nhiéu nhat ).
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Bai 11 -
Cho 3 ky tr A, B, C va n 1a mot s6 nguyén duong.
1. Liét ké tat ca cdc chudi tao ra tir 3 ky ty trén, vdi chiéu dai n.
2. Liét ké tat cd cdc chudi tao ra tir 3 ky tu trén, vdi chiéu dai n, thda diéu kién
khong c6 2 chudi con lién ti€p nao gidng nhau.
3. Chi ra chudi thda (1) , (2) va sao cho s ky tu B 1a it nhat.

Bai 12 :

Gi4 st A < N*, cé n phin tit. Cho S € N*.

n -

Xéac dinh: D :{(Xl,---,xn) e N" :S:ZXiai;a. e AVi :l,n}

i=1
Bai 13 :

Cho n xau ky tu khdc réng aj, as, . .,an , va mot xau ky tu S. Tim cdch biéu
dién S qua cdc x4u ai, dudi dang ghép x4au, mdi xau ai c6 thé khong xuit hién
trong S, hoic xut hién trong S nhiéu lan.

Liét ké tit ca cach cach bi€u dién.

Bai 14 -

C6 n @b vat, mdi vat i dic trung bdi trong ludng Wi va gid tri st dung Vi,
v6imoii e {1,..,n}.

Can chon cdc vat nay dit vio mot chiéc tdi xdch ¢ gidi han trong lugng m,
sao cho tong gid tri st dung cdc vat dudc chon 12 16n nhat.

Bai 15 :
Xét bai todn tim dudng bay trong mang giao thong hang khong.
Trong cd s& dit liéu cdc tuyén bay clia mot hing hang khong, gid st mdi
tuyé&n bay xdc dinh bdi cdc thanh phin :
- Thanh phd xuAt ph4t.
- Thanh phd dich.
- Chidu dai dudng bay
V6i thanh phd xudt phét va thanh phd dich cho trudc.
1. Liétkeé tit cd cic dudng bay.
2. Chi ra dudng bay cé chiéu dai ngin nhat.
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CHUONG 4: PHUONG PHAP NHANH CAN
(Branch And Bound)

I. MG dau

L. Y tuéng

Phuong phap quay lui, vét can c6 thé gidi cac bai todn tdi uu, bing cich lua
chon phuong 4n t&i wu trong tAt cd cdc 15i gidi tim dudc. Nhung nhiéu bai todn
khong gian cdc 161 gidi 1a qud 16n, nén 4p dung phudng phdp phdp quay lui khé
ddm bdo vé thdi gian ciing nhu k§ thudt. Cho nén ta can phdi cdi tién thuit todn
quay lui d€ han ché& bét viéc duyét cic phuong 4n. C6 nhiéu cich cdi tién, trong d6
¢6 phuong phdp nhanh can.

Phuong phap nhanh cin 13 mot cai tién cda phuong phap quay lui, dung dé
tim 13i gidi t6i wu clia bai todn. Y tudng chinh ctia né nhu sau :

Trong qud trinh duyét ta ludn giit lai mot phuong 4n miu ( ¢6 thé xem 12 13i
gidi t8i uu cuc bd — ching han c6 gid nhd nhat tai thdi di€ém d6 ). Pdnh gia nhdnh
cian la phuong phdp tinh gid cia phuong an ngay trong qud trinh xay dung cac
thanh phan clia phuong dn theo hudng dang xay dung c6 thé tdt hon phudng 4n miu
hay khong. Néu khong ta lua chon theo huéng khéc.

2. M hinh
Gia st bai todn tdi uwu cho 12 :
Tim Min{f(x) : x € D};
Véi X = {a=(a1,~-,an)eHA :P(x)};
i=1

A|<oo;Vi=1n. P la mdt tinh

n
chattén []A.
i=1

Nghiém ctia bai todn néu c6 sé& dugc bi€u dién dusi dang :x = (xy,...,Xp)

Trong qué trinh liét k& theo phuong phdp quay lui, ta XAy dung din cédc
thanh phan clia nghiém.

Mot bd phan i thanh phan (xi, .., X;) s& goi 12 mot 18i gidi (phuong 4n) bd

phan capi. Ta goi X; 1a tap cdc 15i gidi bo phan capi, Vi=1,n.

Péanh gid céan la tim mot ham g x4c dinh trén céc X sao cho :

9(X,, -, %) <Min{f(a):a=(a,,:,a,) € X, % =a,Vi :I,_i}

BAt ding thifc ndy c6 nghia 1a gid tri g(X,, -+, X ) khong 16n hon gid tri ciia
cdc phuong d4n mdG rong tir 16i gidi bd phan (X,---,X%).

Sau khi tim dugc ham ddnh gid cin g, ta ding g d€ gidm bét chi phi duyét
cic phuong dan theo phuong phap quay lui.

Gid st x* 12 15 gidi tot nhat hién c¢é (phudng 4n mau), con f* 1a gid tri tot
nhit tuong tng f* = f(x*).

Néu g(x,---, %) >f*thi:

f* < g(x, %) <Min{f(a):a=(a,---,a,) e X,x =a,Vi=1i}
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Nén chic ring cdc 161 gidi md rong tf (X, -+, %) s& khong t6t hon phudng
4n mau, do d6 c6 thé bd di khong can phat trién 18i gidi bo phan (X,,---,X )dé tim
131 gidi toi wu clia bai todn.

Thu tuc quay lui stta lai thanh thd tuc nhdnh cdn nhu sau :

Try (1) =
forG=1 —n)

if( Chap nhan dugc )

{
X4éc dinh x; theo j;
Ghi nhén trang thai mdi;
if(i == n)

Cap nhat 16i gidi t6i uu ;

else
{
Xdc dinh cdn g(X, -+, %) ;
lf( g(xlv"'axi) < )
Try (i+1);
}

// Trd bai todn vé trang thdi cii

}

Thyc chat clia phuong phdp nhdnh cin 13 tim ki€m theo chiéu siu trén ciy
liét ké 15i gidi nhu phuong phdp quay lui, chi khdc c6 mdt diéu 1a khi tim dugc x;
ma ddnh gid can g(X,---,%)> f* thi ta cdt bd cdc nhdnh con tf x; di xuéng, ma
quay 1én ngay cha cia né la x;.;.

Van dé 1a xdc dinh ham ddnh gid cAn nhu thé nao ?

I1. Bai toan ngudi du lich

1. Bai todn
Mot ngudi du lich muén tham quan n thanh phé Ty,.., T, . Xuat phdt tir mot
thanh phd nao d6, ngudi du lich mudn di qua tit cd cdc thanh phd con lai, mdi
thanh phd di qua ding 1 1dn r6i quay trd lai thanh phd xuat phat.
Goi C;j 1a chi phi di tir thanh pho T; d&€n T; . Hay tim mot hanh trinh thda yéu
cAu bai todn sao cho chi phi 12 nhé nhat.

2. Y tuéng
Goi 7 12 mot hodn vi clia {1,.., n} thi mdt hanh trinh thd yéu ciu bai todn c6
dang : Tn(l) d Tn(z) - ... > Tn(n) .

Nén c6 tat cd n! hanh trinh nhu thé.

Néu ta ¢§ dinh mdt thanh phd xuit phat, ching han Ty, thi c6 (n-1)! hanh
trinh.
Bai to4an chuyén vé dang :
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Tim Min{f(as,.., ay ) : (a2,.., a, ) 1a hodn vi cia {2,..,n}}.
Véi f(a,--,a,)= Cl,az +Ca2,a3 +---+Cawan +Canl

Céch gidi bai todn s& ké&t hgp ddnh gid nhdnh cin trong qud trinh liét ké
phuong dn cta thuit toan quay lui.

3. Thiét k&
Input C=(Cy)
Output - X* = (X1,....Xn) // Hanh trinh t6i vu
- = f(x*) // Gi4 tri 61 wu
Try (1) =
for(j=1 —n)
if( Chap nhan dugc )
{
X4c dinh x; theo j;
Ghi nhén trang thai mdi;
if(i ==n)
Cap nhat 16i gidi t6i uu;
else
{
Xdc dinh can g(X, -, %)
(g%, %) <f*)
Try (i+1);
}
// Trd bai todn vé trang thdi cii
}

e N&u ta c6 dinh xuét phat t¢ T;, ta duyét vong lip tir j = 2.
e Danh gid nhdnh cén :
bit: CMin =Min{Cj;:1,j € {1,..,n}
Gia st vao buéc i ta tim dugc 161 gid bd phan cap ila (xi,..,x; ), tic 1a da di
qua doan duong T, > T, — ...—>T;, tuong tng véi chi phi :
Si= C, +C,, +-+C,
DPé& phit trién hanh trinh bo phin nay thinh mdt hanh trinh diy dd, ta con
phdi di qua n-i+1 doan dudng nita, gdm n-i thanh phd con lai va doan quay lai T;.
Do chi phi mdi mdt trong n-i+1 doan con lai khong nhd hon CMin, nén ham
ddnh gi4 cin c6 thé xac dinh nhu sau :
9(X, %) =S +(n—i+1)CMin
e Diéu kién chap nhin dugc cla j 1a thanh phd T; chua di qua.
Ta ding mot mang logic Daxet[] d€ bi€u dién trang thai nay
_ {I;Tj da dugc di qua
Daxet[ J] = .
0;T, chua dudc di qua
Ming Daxet[ ] phai dudc biing 0 tat ca.
e Xic dinh x; theo j bing cAu 1énh gdn : x; =]

Trdn Tudn Minh Khoa Todn-Tin

Suu tam béi: www.daihoc.com.vn



Thiét ké va ddanh gid thudgt tedn -72 -

Cap nhat trang thdi méi : Daxet[j] = 1.

Cap nhat lai chi phi sau khi tim dugc x; : S = S+ Cx,,,x‘
e Cap nhat I5i gidi t6i vu :

Tinh chi phi hanh trinh vira tim dudc :

Tong=S+ C, 3

Néu (Tong < f*) thi
Lgtu = x;
f* = Tong;
e Thao tdc huy bd trang thdi : Daxet[j] = 0.
Trd laichiphici: S=S- C

Xi—1%
Tha tuc nhdnh cin viét lai nhu sau :

Try(D)=
for(j=2 —>n)
if(!Daxet[j])
{
x[i] =J;
Daxet[j] = 1;
S =S + C[x[i-1]][x[i]];
if(i==n) //Cap nhat toi uu
{
Tong =S + C[x[n]][x[1]];
if(Tong < £*)
{
Lgtu = x;
f* = Tong;
}
}
else
{
g =S + (n-i+1)*Cmin; //Danh gia can
if (g<f¥)
Try(i+1);
}
S =S - CIx[i- I[x[11];
Daxet[j] = 0;
}
Minh hoa :
[0 3 14 18 15]
3 o 4 22 20
Ma tran chi phi : C=|17 9 16 4
6 2 7 o 12
9 15 11 5 oo
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(D
f*=c0
(1,2) / (1,3) (1,4 (1,5)
S=3;g=11 J S=14; g=22 S=18; g=26 S=15;g=23
(1,2,3) / (1,2,4) (1,2,5)
S=7;g=13 1 S=25;g=31 S=23;¢g=29
g > f* (=22):
(12.3.4) (12.3.5) Tl Cit cdc nhdanh nay
S=23; g =27 S=11;g=15
(1,2,3.4,5) 123549 | 7
S=35;g=37 S=16;g=18

Cép nhat:
f*=35+9=44

Hanh trinh TU méi
152535455

Cap nhit :
f*=16+6=22
Hanh trinh mdéi :
15253554

4. Cai dat
void Try(int 1)
{

int j, Tong, g;
for j =2;j <=n; j++)

if(!Daxet[j])

{
x[i] =j;
Daxet[j] = 1;

S =S + C[x[i-1]][x[i]];
if(i==n) //Cap nhat hanh trinh toi uu

{
Tong =S + C[x[n]I[x[1]];
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if(Tong < Gttu)
{
Gan(Httu,x,n);
Gttu = Tong;
}
}
else
{
g =S + (n-1+1)*Cmin; //Danh gia can
if ( g < Gttu)
Try(i+1);
}
S =S - CIx[i-1I[x[1]];
Daxet[j] = 0;
}
}
Khéi dong céc bién :
void Init()
{
inti, j;
Cmin = VC;//Chi phi nho nhat giua 2 thanh pho
for(i=1;1<=n;i++)
Daxet[i] = 0;
for(i=1;i<=n;i++)
for(G=1;j<=n; j++)
if(Cmin>C[i][j])
Cmin = C[i][j];
Gttu = VC;//Gia tri toi uu f*
S=0;
x[1] = 1; // Xuat phat tu dinh 1
}

II1. Bai toan cai tai xach

1. Bai toan
C6 n loai @6 vat, mdi loai c6 s& lugng khong han ché&. Do vat loai i, dic
trung bdi trong lugng Wi va gid tri sit dung Vi, véimoii € {1,..,n}.
Can chon cdc vat nay dit vio mot chi€c tdi xdch ¢ gidi han trong lugng m,
sao cho tong gid tri st dung cdc vat dudc chon 12 16n nhat.

2. Y tuéng
bat : D:{u:(ul,~--,un)e N" :Zuiwi < m}

i=1
va : f:D->R*
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(U, Up) B F UL, Uy) = DUV s (U, U, ) € D
=

Bai todn chié&c tdi xdch chuyén vé bai todn sau :

Tim x* € D : f* = f(x*) = {f(U)ZUE D}

Cho nén ta s& k&t hdp danh gi4 nhdnh cin trong qud trinh liét ké cédc 15i gidi
theo phuong phédp quay lui.

3. Thi€t k& thuat toian
Mo hinh ban diu c6 thé st dung nhu sau :
Try(i) =
forG=1->1)
if(Chap nhan dugc)
{

X4c dinh x; theo j;
Ghi nhan trang thai mdi;
if(i==n)

Cap nhat 15i gidi toi uu;

else
{
X4c dinh can trén g;
lf( g(Xl,..., Xi) < f*)
Try(i+1);
}

Tra lai trang thdi c@i cho bai todn;
}

e Cachchon vat:
Vv \Y/
Xét mang don gid : Dg = (—1,---,—”j
Wi W,

Ta chon vat theo don gid gidm dan.
Khong mait tinh tdng quat, ta gid st cdc loai vat cho theo thif tv gidm din
ctia don gia.
e Ddnh giad cin trén :
Gia st da tim dugc 13i gidi bd phan : (X,,---,% ). Khi d6 :

1
- Gid tri clia tdi xdch thu dugc : S= D X;V; =S + xvj.
j=1

- Tuong tng vdi trong lugng cdc vat da dudce x€p vao chiéc tii :

|
TL= ) x,W, =TL +xw;.

j=1

i
- Do dé, gidi han trong lugng cua chiéc tiiconlaila : m— TL =m - Z X;W; .
j=1
Tacod:
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Max{f(u):u =(Uy,+,U,) € DU, =X,V :I,_i}:

Max{8+ Zn:ujvj : Zn:ujwj < m}:

j=i+1 j=i+1
n n m
. %
S+Maxs DUV, Y UW, <m < Sy, K —
j=itl joitl Wi,

Do d6, cin trén cho céc 18i gidi bo phin cip i c6 thé x4c dinh bdi :
m
9(%. %) =S+v,, *(_
Vvi+1

e Theo bi€u thic xdc dinh cin trén g, cédc gid tri c6 thé chdp dugc cho x4 1a

(=0 (ﬂ]
\Ni+l

e Thao tdc ghi nhan trang thdi mdi khi x4c dinh dudc x; ching qua 1a cAp nhat
lai gi4 tri thu dudc va gidi han trong lugng mdi clia chiéc tii :

S = S+xv;
T==T+x;w;.
e Vi vy, thao tdc tré lai trang thdi cii cho bai todn :
S =S- XiVi
T=T- XiW;i .

e Cap nhat I5i gidi t6i vu :
Khi tim dudec mdt 15i gidi, ta so sdnh 151 gidi ndy véi 161 gidi ma ta coi 12 tot
nhit vao thdi di€m hién tai d€ chon 15i gidi tdi wu.

e Cic khdi tao gi4 tri ban dau :

-x*¥*=0; //L3i gidi t8i wu clia bai todn
- =1f(x*)=0; // Gié tri toi uu
-S=0; //Gia tri thu dugc tirng budc cia chiéc tii.
-TL =; /ITrong lugng x&p vao chiéc tii tirng budc.
Ta viét lai thli tuc nhdnh cin trén :

Input m,

v=(Vi, ..., Vn) : Vi € R,Vi;
w=(W1,..., Wp ) 1 W; € R,Vi;
Output xX* = (Xq,..., Xn) : X; € N,Vi;

f* = f(x*)= Max{Zuivi > uw <mu, e N,Vi eﬁ}
i=1 i=1

Try()=
t=(m-TL)/w; ;
for G=t;5>=0;j--)

{
Xi =J;
TL = TL + w;*x; ;
S =S + vi*x;;
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if(i==n) //Cap nhat toi uu
{
if(S > £*)
{
x* =x;
f*=S§;
}
}
else

g =S + vi;1 ¥(m-TL)/wi,; //Danh gia can

if (g>f*)
Try(i+1);
}
TL = TL — w;i*x;;
S =S -vi*xg;
}
Minh hoa :
i 1 2 3 4
w 5 3 2 4
\% 10 5 3 6
m=238
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1
I IR
1 N
M O |
S=10: I‘ S=0: \
TL=5: | TL=0: '
g=15; i g=10; e L
: Y
1
1
/I .....
-
xo=1 / Xy = I
! |
II | I
* |
/ | g<f I
(11 ! (1,0) | |
S=15; |' S=10;
TL =8; : TL=5;
g=15; \ g=13;
\ /
\ ’
AY /
AY 4
. ,
X3 = \\ II
RS ’
\\ 4
So 7’
So 4
~So 4
=~ So ’/
(1,1,0) .
S=15; e - -7
TL =8;
g=15;
X4 =0
L&i gidi toi uu :
(1,1,0,0) x*=(1,1,0,0)
S=15; f*=15
TL =8;

4. Cai dat
void Try(int 1)
{
mtj, t, g;
t = (int)((m-T1)/w[i]);
forG=1t;3>=0;j--)

{
x[i] =j;
Tl =TI + w[i]*x[i]; //Trong luong thu duoc
S =S +v[i]*x[i]; //Gia tri thu duoc
if(i==n) //Cap nhat toi uu
{
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if(S > Gttu)
{
Gan();
Gttu = S;
}
}
else
{
g =S + v[i+1]*(m-Tl)/w[i+1]; //Danh gia can
if ( g > Gttu)
Try(i+1);
}

Tl = TI - w[i]*x[i];
S =S - v[i]*x[il;

}
}
//*************
void Init()
{
for (inti=1;1<=n; i++)
{
Patu[i] = 0;
x[i] = 0;
}
S=0;
Gttu = 0;
T1=0;
}
BAITAP
Bai 1 -

C6 n d@6 vat, mdi vat i dic trung bdi trong luong w; va gid tri st dung v;, v6i
moii € {1,..,n}.

Can chon céc vat nay dit vao mot chiéc tii xdch cé gidi han trong lugng m,
sao cho tong gid tri st dung cdc vat dudc chon 12 16n nhat.

Bai2:

Cho 3 ky tu A, B, C va n 1a mot s6 nguyén duong.

Xdc dinh chudi thda tao ra tir 3 ky tu trén, vdi chiéu dai n, thda diéu kién
khong c6 2 chudi con lién ti€p ndo gidng nhau va sao cho s6 ky tu B 1a it nhat.
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Bai 3 :
Tim 13i gidi t6i wu bai todn :
10X +5X, +3X,+6X, — Max
5X, +3X, +2X, +4X, <8
X, %Xy, %5, X%, €N
Bai 4 :

Gi4 st ¢6 n cong viéc va n thg. Chi phi trd cho ngudi thd i d€ 1am cong viéc
jla Cij.Mbdi cong viéc chi do mot thg thuc hién va ngugc lai.
Tim céch thué cic thg 1am viéc sao cho tdng chi phi 1a nhd nhat.
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CHUONG 5: PHUONG PHAP THAM LAM
(The greedy method)

I. M6 dau

1. Y tudng

Phuong phdp tham lam 1 ky thudt thiét k& thudng dugc dung d€ gidi cac bai
todn t&i wu. Phuong phdp duge ti€n hanh trong nhiéu budc. Tai mdi budc, theo mot
chon lva nao dé ( xac dinh béng mdt ham chon), s& tim mdt 15i gidi t6i vu cho bai
todn nhd tuong Wng. LJi gidi cda bai todn dudc bd sung dan tirng budc tir 15i gidi
ctia cdc bai todn con.

L&i gidi duge xay dung nhu thé c6 chic 1a 13i gidi toi wu clia bai todn ?

Céc 10i gidi tim dugc biing phuong phdp tham lam thudng chi 12 chidp nhan
dudgc theo diéu kién nao d6, chua chic 1a tdi uvu.

Cho truSc mot tip A gdbm n d6i tuogng, ta can phdi chon mdt tap con S clia
A. V6i mot tip con S dugc chon ra thda min cdc yéu cau clia bai todn, ta goi 1a mot
nghiém chap nhin dudc . Mot haim muc tiéu gdn mdi nghiém chap nhin dudc véi
mot gid tri. Nghiém t8i vu 1a nghiém chip nhin dugc ma tai d6 ham muc tiéu dat
gid tri nhd nhat ( 16n nhat).

Dic trung tham lam clia phudng phdp thé hién bdi : trong mdi budc viéc xi
1 s& tuan theo mot su chon Iya trudc, khong k€ dén tinh trang khong tot c6 thé xay
ra khi thuc hién lua chon lic dau.

2. M hinh
Chon S tu tap tap A .
Tinh ch4t tham lam cta thuét todn dinh huéng bdi ham Chon.
- Khéi dong S =
- Trong khi A # &:
- Chon phan ti¥ t6t nhat clia A gén vao x : x = Chon (A) ;
- Cap nhat cdc doi tugng dé chon : A = A-{x};
- Né&u Su {x} thda min y&u cAu bai todn thi
Cap nhat 16i gidi : S =Su {x};
Thi tuc thuat todn tham lam c6 thé cai dit nhu sau :
input A[1..n]
output S //16i giai;
greedy (A,n) =
S=;
while ( A = &)
{
x= Chon(A);
A = A-{x}
if( SU {x} chap nhan dudc )
S =Su {x};
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return S;

I1. Bai toan nguoi du lich

1. Bai toan
Mot ngudi du lich mudn tham quan n thanh phé Ty,.., T, . Xuat phit tf mot
thanh phd nao d6, ngudi du lich muén di qua tat cd cdc thanh phd con lai, mdi
thanh phd di qua ding 1 1in r6i quay trd lai thanh phd xuat phat.
Goi C;j 1a chi phi di tir thanh ph6 T; d&€n T; . Hay tim mot hanh trinh thda yéu
cau bai todn sao cho chi phi 12 nhé nhat.

2. Y tuén
Pay Ia bai todn tim chu trinh ¢6 trong s6 nhd nhit trong mot don d6 thi ¢
huéng c6 trong so.
Thuat todn tham lam cho bai todn 13 chon thanh phd c6 chi phi nhd nhat tinh
tir thanh pho hién thdi dén cdc thanh phd chua qua.

3. Thuat toan
Input C=(Cj)
output TOUR //Hanh trinh t6i uu,
COST;//Chi phi tuong tng
M6 t4 :
TOUR :=0; COST :=0; v := u; // Khdi tao
Vk := 1 —n ://Thim tit cd cdc thinh phd
// Chon canh k&)
- Chon <v, w> la doan ndi 2 thanh phé c¢6 chi phi nhd nhat tinh tit TP v dén
céc thanh phd chua qua.
- TOUR := TOUR + <v, w>; //Cap nhat 16i giai
-COST :=COST + Cyy ; //Cép nhat chi phi
// Chuyén di hoan thanh
TOUR :=TOUR + <v, u>;
COST :=COST + Cyy ;

Minh hoa : 1

0 1 2 7 5]

10 4 4 3 2

C=|2 401 2
741 0 3 4
5 3 2 3 0] 5 2
3 3
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1. TOUR :=0; COST :=0;u:=1;
=>w=2;

2. TOUR :=<1,2>; COST :=1;u:=2;
=>w=35;
3. TOUR := {<1,2>, <2,5>}
COST =4;u:=5;

=>w=23;

4. TOUR := {<1,2>, <2,5>,<5,3>}
COST :=6;u:=3;

—

[
"

5. TOUR := {<1,2>, <2,5>,<5,3>,<3,4>}

COST :=7;u=1;

TOUR := {<1,2>, <2,5>,<5,3>,<3,4>,<4,1>}

COST =14

4. P6 phidc tap cua thuit todn

Thao tdc chon dinh thich hgp trong n dinh dugc t§ chifc bing mot vong lip
dé duyét. Nén chi phi cho thuit todn xéc dinh bdi 2 vong lip 16ng nhau, nén

T(n) € O(n?).
5. Cai dat

int GTS (mat a, int n, int TOUR[max], int Ddau)
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int v, //Dinh dang xet
k, //Duyet qua n dinh de chon
w; //Dinh duoc chon trong moi buoc

int mini; //Chon min cac canh(cung) trong moi buoc
int COST; /[Trong so nho nhat cua chu trinh
int daxet[max]; //Danh dau cac dinh da duoc su dung
for(k = 1; k <= n; k++)

daxet[k] = 0; //Chua dinh nao duoc xet
COST =0; //Luc dau, gia tri COST ==

inti; // Bien dem, dem tim du n dinh thi dung
v = Ddau; //Chon dinh xuat phatla 1

1i=1;

TOUR([i] = v; //Dua v vao chu trinh

daxet[v] = 1; //Dinh v da duoc xet

while(i < n)
{
mini = VC;
for (k = 1; k <=n; k++)
if('daxet[k])
if(mini > a[v][k])
{

mini = a[v][k];

w =k;
}
V=W,
1++;
TOUR[i] = v;
daxet[v] =1;
COST += mini;

}
COST +=a[v][Ddau];
return COST;

}

II1. Thuit toan Dijkstra -Tim dudng di ngin nhit trong dé thi cé
trong s
1. Bai toan
Cho G = (V,E) 1a don dd thi lién thong (v6 huéng hoic c6 hudng) c6 trong

sO ,
V = {1,..,n} 1a tdp cdc dinh , E 1a tip cdc canh (cung).
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Cho sy € E. Tim dudng di ngin nhit di tir sy d&€n cdc dinh con lai.
Gidi bai todn trén biing thuit to4dn Dijkstra .

2. Y tuéng

Thuat todn Dijkstra cho phép tim dudng di ngidn nhat tr mot dinh s dén cdc
dinh con lai clia dd thi va chiéu dai (trong s6 ) tuong ng.

Phuong phdp clia thuit todn 1a xdc dinh tuin ty dinh c6 chiéu dai dén s theo
thit tv ting dan.

Thuat to4dn dudc xdy dung trén cd s3 gdn cho mdi dinh cdc nhin tam thoi.
Nhin tam thdi cla cdc dinh cho biét cin trén cda chiéu dai dudng di ngdn nhat tir s
dén dinh d6. Nhin ciia cdc dinh s& bi€n ddi trong cdc budc lip, ma & mdi budc lap
s& c6 mot nhin tam thdi trd thanh chinh thifc. Néu nhin cia mot dinh ndo d6 trd
thanh chinh thifc thi d6 cling chinh 12 chiéu dai ngin nhit clia dudng di tir s dén
dinh d6.

3. Mo ta thuit toian

Ky hiéu :

* L(v) d€ chi nhin cda dinh v, tic 1a cin trén cla chiéu dai dudng di ngin
nhat tir so dén v.

* d(sg ,v) : chiéu dai dudng di ngin nhat tir so dénv.

* m(so,v) 12 trong s6 clia cung (canh) (s,v).

Thuat toan Dijkstra tim chiéu dai dudng di ngidn nhat tir dinh s d&€n n-1 dinh
con lai duge mo ta nhu sau :

input : G, sp
Output : d(so,Vv), VvV #5sp 3
M0 t4 :

e Khdéi dong :
L(v)=o, Vv #sp; //Nhan tam thoi

S=3; /ITap luu tr& cdc dinh c6 nhan chinh thic
e BuGc O :

d(so »80 ) = L(s0) = 0;

S ={so}; // 89 ¢c6 Nhan chinh thic
e Buéc 1:

- Tinh lai nhan tam thdi L(v), ve S :
N&u v ké véi s thi
L(v) = Min{L(v), L(s0) + m(so,v) };
-Tim s; ¢ S va ké véi sy sao cho :
L(s;)=Min{L(v): Vv ¢ S, };
(Khi d@6 : d(sg,s; ) =L(sy))
-S=SuU{s1};//S=1{sp,s1};s1 codnhan chinh thic
e Buéc 2:
- Tinh lai nhan tam thdi L(v), ve S :
Néu v ké vdi s, thi
L(v) = Min{L(v), L(s1) + m(s1,v) };
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-Tim s, ¢ S va ké véi s; hoic sg sao cho :
L(s; ) =Min{L(v): Vv ¢ S};
(Khi dd : d(s,s2)=L(sy)); //0=d(sg,s1) < d(s0,52)
Né&u L(sp) = Min{L(s;), L(sj) + m(sj,2)} thi dudng di tir s d€n s, di qua dinh
sj1a ngdn nhat, va s; 1a dinh ddng ké trudc s,.
-S=S U {sy};//S ={so, 81,82 } ;//so c6 nhan chinh thic

e Budc i:
- Tinh lai nhan tam thdi L(v), ve S :
Néu v ké vdi s;.; thi
L(v) = Min{L(v), L(si-1) + m(si.1,v)};
-Tims; ¢ S va ké véi si,j = 0,i —1 sao cho :
L(si)=Min{L(v): Vv ¢S };
(d(s,si) =L(sp) ); /10 = d(s,s1) £d(s,s2) < .. <d(s,sy)
Né&u L(s;) = Min{L(s;), L(s;) + m(s;,s;)} thi dudng di ngdn nhat t s d&n s; di
qua dinh s;, va s; 1a dinh ding ké trudc s;.
-S=S U {s;i}; /S ={s0,81,..,8; }; //s; c6 nhan chinh thic
Thuat todn dung khi 1 =n-1;
Khi thuit todn két thic, ta ¢ : 0 = d(sp,50) < d(80,51) < d(s0,82) < . . < d(S0,Sn-

1)
Néu chi tim duwong di ngdn nhdt tiv so dén t, thi thudt todn ditng khi cét € S.
Tinh chat tham lam clia thuat todn Dijkstra 12 tai mdi buSc, chon's; ¢ S va s;

1a dinh ké véi sj, Vi j = 0,1 —1 sao cho L(s; ) = Min{L(v) : Vv ¢ S }.
Minh hoa : Xét @6 thi c6 huéng G :

5
2
15 1 40
36
4 1
1( 4 1
15
45 20

Pudng di ngidn nhat tir dinh s = 1 d&n cdc dinh con lai :
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Bu6c O :
L(s)=o0; Vs
d(1,)=L(1)=0;
S={1}
Buéc 1 :
- Tinh nhan tam thGi L(v), vg S :
*Céacdinhe¢ S vakév6il11a23,5:
L(2) =Min{ L(2), L(1)+m(1,2)} = 20.
L@3) =Min{ L(3), L(1)+m(1,3)} = 15.
L(5) = Min{ L(5), L(1)+m(1,5)} = 80.
* C4dc dinh ¢ S va khong ké vé6i 112 4,6 :
L(4) =L(6) = .
-Tims; ¢ S va ké v6i 1 sao cho :L(s; ) =Min{L(v): Vv ¢S };
L(3) = Min{L(v) : Vv & S} = 15.
Pudng di tir 1 dén 3 xdc dinh bdi : 1 — 3 13 ngdn nhat trong tat cd cdc
dudng di tir 1 dén cédc dinh khdc va d(1,3) =L(3) = 15.
-S=Su {3};/S={1,3}
Bu6c 2 :
- Tinh nhén tam thSi L(v), vg S :
*Cacdinh ¢ S vaké v6i31a2,6:
L(2) = Min{ L(2), L(3)+m(3,2)} = Min{ 20, 15+4} = 19.
L(6) = Min{ L(6), L(3)+m(3,6)} = Min{ o, 15+10} = 25.
L(4) = oo.
L(5) = 80 //Pa tinh & budc 1.
-Tim s, ¢ S va ké vdi 1 hodc 3 sao cho :L(s; ) = Min{L(v): Vv ¢ S };
L(2) = Min{L(v) : ¥v & S} = Min{ L(2), L(3)+m(3,2)} = 19.
Pudng di tir 1 d&én 2 x4c dinh bdi : 1 — 3— 2 13 ngdn nhat trong tat cd cic
dudng di tir 1 dé€n cdc dinhj=3 va :d(1,2)=L(2)=19.
-S=Su {2};//1S={1,3,2}
... tuong tu, ta c6 két qud tinh todn sau day :

Bué6c Chiéu dai clia dudng di ngin nhat
lip Pudng di ngin dén tir dinh s (=1) dén cdc dinh khéc : tsnn[]
nhatla dudng di | dinh 1 2 3 4 5 6
tir dinh 1

Buécl | 153 3 - 20 15 o0 80 00

Buéc2 | 153> 2 2 - 19 - 25

Bu6c3 | 153> 6 6 - - - 29 25

Buécd | 13— 64 4 - - - 29 -

BuécS | 13— 255 5 - - - - 29 -

4. Cai dat

- Ta biéu dién don db thi c6 huéng G biing ma trin céc trong so clia canh :
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a= (auv)nxn 5

) trong s ciia (u,V);(u,V) € E;
trong do : a, = o (ULV) £ E:

- Ding méang 1 chiéu d€ luu trr cdc nhdn tam thdi clia cdc dinh, ky hiéu 1a
L[]

- Diing mang 1 chiéu Daxet[ | cdc gid tri logic &€ ddnh d4u cac dinh di dudc
dua vao tap S ( gdm cdc dinh cé nhin chinh thifc ):

M3i buéc, néu xac dinh duge dinh k d€ dua vao tip S thi ta gdn Daxet[k]
= 1; va khi d6 L[k] 12 nhin chinh thifc ctia k ( chi chiéu dai clia dudng di nhé nhit
cta dudng tr s dén k) .

- Khéi dong dir liéu :

0 Khéi dong Daxet|[] 12 rong :
Daxet[i] =0, Vi.
0 Khdi dong cin trén chiéu dai clia dudng di ngin nhit tir s d€n dinh
khéc ( ddnh nhadn tam thdi ) bing .
L[i] = oo;1#s.
0 Khdi dong trong sd nhd nhat dudng di tir s dén s biing 0.
L[s] =0;//d(s,s) =0

- Gid st tai mdi budc, ( véi Dht 1a dinh vira dua dudc vao S, Daxet[Dht] = 1
), cac dinh i chua dugc xét s& dugc danh nhén lai nhu sau :

Néu (L[i] + m(Dht,i) ) < L[i]) thi:

L[i] = L[Dht] + m(Dht,i);

Va trong trudng hop nay, dudng di ngdn nhit tir s d€n i sé& di qua dinh Dht
(d6 12 dinh ké trudc i)

- P€ luu tri c4c dinh trén dudng di ngdn nhat tir s dén't, véit € S , ta dung
mang mdt chiéu Ddnn[ ], v6i tinh chat Ddnn[i] 13 dinh truéc dinh i.

Thuat todn dugc cai dit bing ham sau :

Input a[n][n], s

Output - Xuat ra man hinh dudng di ngdn nhat tir s d€n cdc dinh con lai
- Chiéu dai tuong ng

void dijkstra( int s)

{
int Ddnn[max]; // Chita dudng di ngdn nhat tir s dén dinh t tai mdi budc

int 1,k,Dht,Min;
int Daxet[max]; /P4nh diu cdc dinh d3 dua vao S
int L[max];

for (i=1;1<=n;i++)

{

Daxet[i] = 0;
L[i] = VC;
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}

//Dua dinh s vao tap dinh S da xet
Daxet[s] = 1;

L[s]=0;

Dht =s;

int h = 1; //d&m mdi budc : cho di n-1 bude
while (h<=n-1)

{
Min = VC;
for (i=1;i<=n;i++)
if(!Daxet[i])
{
if ( L[dht] + a[dht][i] < L[i] ) /Tinh lai nhan
{
L[i] = L[dht] + a[dht][i] ;
Ddnn[i] = dht;
//gan dinh hien tai la dinh truoc dinh i tren lo
trinh
}
if(L[i] < Min) // Chon dinh k
{
Min = L[i];
k=1;
}
}
// Tai budc h : tim dugc dudng di ngdn nhat tir s dé€n k : Ddnn[]
xuatdd(s,k,Ddnn);
cout<<"\nTrong so : "<<L[k];
dht = k;// Khoi dong lai Dht
Daxet[dht] = 1; //Dua nut k vao tap nut da xet
h++;
}
}

[ 3k st st s st stk sk ste skt st stk sk stttk skotokokosteokoke sk

void xuatdd(int s, int k, int Ddnn[max])

{
int i;
cout<<"\nDuong di ngan nhat tu "<<s<<" den "<<k<<"la:";
1=k;
while(i !=s)
{
cout<<i<<"<--";
1= Ddnn[i];
}
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couts<s;

5. D6 phic tap cua thuit todn

Thudt todn md ti bdi 2 vong lip 16ng nhau, nén T(n) € O(n?).

IV. Thuét todn Prim — Tim cAy bao trum nhd nhit (Minimal Spanning
Tree)

1. Bai toan
G =(V,E) 1a don db thi vo hudng lién thong, cé trong sd .
V = {1,..,n}la tip cac dinh. E 1a tip cac canh (edge).
Mot cay T goi 1a cAy bao trim ctia G néu T 13 dd thi con ctia G va chita moi
dinh cia G.
Van dé 1a tim cAy bao trum c6 trong s6 nhd nhit : MST (Minimal
Spanning Tree ) cua G.

Céc thuat todn cd ban gidi bai todn trén la cdc thuit todn Prim va Kruscal.
Trong phin nay, ta gidi thiéu thuit todn Prim

2. Y tuéng

Thuit todn Prim x4y dyng mot dd thi con T ctia G nhu sau:

Pau tién chon tuy y 1 dinh ctia G dit vao T.

Qua4 trinh sau con thyc hién trong khi T chua chita hét c4c dinh cta G :

MJdi budc, tim mdt canh c6 trong s6 nhd nhat ndi 1 dinh trong T véi 1 dinh
ngoai T. Thém canh nay vao T.

K&t thic thuét todn Prim cho ta mot MST cida d6 thi G.

Tinh tham lam cia thuit todn Prim 13 tai mdi buéc thém vao T mdt canh cé
trong s6 nhdé nhat ndi mot dinh trong T va mot dinh ngoai T.

3. Mo ta thuit toan
nput G=(V,E)
Output T = (V, .) la MST
MO ta :
- Goi Ulatapconctua V.
- Khéidong T =(U,.) =&; //P6 thi con rong.
- Khéidong U = {1}; // Chon dinh 1 ditvao T.
- Trongkhi(U=#V)
Tim canh (u,v) ¢6 trong so nho nhat, véi u eU va v ¢ U. Thém dinh v
nay vao U. Thém (u,v)vaoT.
L&i gidi clia bai todn 12 13i gidi toi wu.

Minh hoa :
Xét dd thi sau :
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1 2
1 2 3
4 4 5 6
4 3 5 8 6
7

Ap dung thuat todn Prim,bit ddu tir dinh 1,ta xdy dung din 1 MST cda dd
thi trén :

2 3 3
2 5 6
3
3
Hoat ddng ctia thudt todn :
Budc Cac canh chon Tap U
0 - {1}
1 (2,1) {1,2}
2 (3,2) {1,2,3}
3 4,1) {1,2,34}
4 (5,4) {1,2,3,4,5}
5 (7,4) {1,2,3,4,5,7}
6 (6,7) {1,2,3,4,5,7,6}

4. Cai dat
P& ti€n hanh cai dit thuit todn, ta cAn mé ta dit li¢u .
D6 thi ¢6 trong s6 c6 thé bi€u dién bdi 1 ma tran ké clia né :

¢ = (c[ill[jDnxn -
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Trong 0 (i, j);Neu (i, j) ton tai;
clil[il=40;i = j
oo;Neu (i, j) khong ton tai;

Khi tim canh ¢6 trong s6 nhé nhat ndi 1 dinh trong U va mot dinh ngoai U

tai mdi budc, ta sé ding 2 mang d€ lvu tri :
-Mang closest[]://==U

Véi i € V\U thi closest[i] € Ula dinh ké gan i nhat.
- Ming lowcost[i] cho trong s6 ctia canh (i, closest[i]) .

Tai mdi budc, ta duyét mang lowcost dé tim dinh closest[k] € U sao cho
trong sO (k,closest[k]) = lowcost[k] 12 nhé nhat. Khi tim dudc, Ta in canh
(closest[k], k), cAp nhat vao cdc mang closest va lowcost ,va ¢6 k da thém vao U.
Khi ma ta tim dugc mdt dinh k cho cdy bao trum, ta cho lowcost[k] = o, 1a mot gid
tri rdt 16n, 16n hon bat ky trong s6 clia canh nio cla d6 thi, nhu vy dinh nay sé
khong dugc kéo dai trong U.
void Prim (Mat ¢)

{

double Lowcostf MAX];

int ClosestfMAX];

int 1,j,k,Min;

for (i=2;i<=n;i++)

{

Lowcost[i] = c[1][i];
Closest[i] = 1;

}

for (i=2;i<=n;i++)

{

Min = Lowcost[2];
k=2;
for (j=3; j<=n; j++) // Chon k

if (Lowcost[j] < Min )

{

Min = Lowcost[j];
k=j;

}
cout<<endl<<k<<closest[k];
lowcost[k] = oo;

// Khéi ddng lai Closest[], Lowcost[]
for (j=2; j<=n; j++)

if ( (c[k][ j] < lowcost[j]) && (lowcost[j] < 0))

{

lowcost[j] = c[k][j];
closest[j] = k;
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S. P phic tap thuit toan
Ta c6 thé thay 1a P9 phiic tap trong thuit toan Prim la on?).

V. Bai toan ghi cac bai hat

1. Phat biéu bai todn

C6 n bai hét, dung lugng hoic chiéu dai phat duge ghi trong mang :
a=(a;,a2,...,ap).

- T4n sut phat 1a nhu nhau, tim va phat tuin ty.

- Goi X 1a tap hgp cac hodn vi trén tip {1,..,n}.

Véi K=(k, ky,...,ky) e X, tadit:
D(K) = g . é a 5 a 1a dung lugng bai hat thi ki .

j=li=1 " i
Tim b € £ saocho D(b)=Min{ D(k):k € £ }
Minh hoa :
Vé6i n=3; a=(5,10, 3).

i1 2 3 S6 hiéu bai hat

afli] | 5 10 3 Dung lugng

b % B "% % %, TG D(b)
(1,2,3) 5 5+10=15 5+10+3 =18 38
(1,3,2) 5 543 =8 5+3+10=18 31
(2,1,3) 10 1045 =15 10+5+3 =18 43
(2,3,1) 10 1043 =13 10+3+5 =18 41
(3,1,2) 3 3+5=8 3+5+10=18 29
(3,2,1) 3 3+410=13 3+10+5 =18 34

Tacé: D(b) =d((3,1,2)) = Min{ D(k) : k € X }.
Mot cich don gidn d€ tim 13i gidi trén 13 vét can cdc hodn vi, nhung khi d6
chi phi thdi gian 1a qud 16n. Ta sé xdc dinh truGc mot trat tw va xd 1y dit liéu theo

trat tu nay.
2. Thiét k&
IHPUt (al’ 32, LR N] ] an)
Output : Hodn vi b = (ky,...k,) ,

min = D(b) = Min {D(K): K € X };
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Ta c6 nhan xét ring D(b) dat min néu Tj = ZJ: a Vj el.n dat min .
i=1 "1
Va T; dat Min néu trong mdi budc i, a dudc chon vao 12 gid tri nhd nhat clia day
i
con cOn lai ctia a .
binh huéng cho thuat todn tham lam trong trudng hdp nay la cic Tj dugc
tinh theo trdt tu ting din clia a, phin ti a; dudc chon trong mdi budc thém vao
chinh 12 min cta {a;,..,a,}. Khi d6, 16i gidi tim dudc s& 1a 15i gidi t61 wu. Thuat todn
tham lam c6 thé md t3 nhu sau :
record_greedy(a,b,n) =
* Khdi dong b[i] =1,Vi; min = 0;t = 0;
*for(i=1—>n)
- Chon j = arcmin(a,n,i); // a[j] = min{al[i],..a[n]};
- b[i] <> blj; // Pdi chd
- ali] <> aljl;
- Céap nhat lai gid tri min;
t=t+ali];
min = min + t;
* return min;

3. Do phic tap cia thuit todn

Thuat todn chon min dudc st dung chinh 1a chon truc ti€p, Ta dé thdy do
phtic tap cia thuit todn trong cac trudng hop la o).

4. Cai dat

int record_greedy(int a[max],int b[max],int n)

{
int i,t= 0,min = 0;
int j,k,x;
for (i=1;i<=n;i++) // Khéi dong b
b[i] =1;
for (i = 1;i <=n; i++)
{
J = arcmin(a,n,1);
Doich(b[i],b[j]); // Chinh x4c lai b tai mdi budc
Doicho(a[i],a[j]);
t+=ali];
min += t; // Chinh x4c din min trong mdi bugc
}
return min;
}
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V1. Bai toan chié€c tiii xdch (Knapsack)

1. Phét biéu bai todn
Cé nvat, mdi vati,ie{l,..,n} dudgc dic trung bdi trong lugng w; (kg) va
gid tri v; (US). C6 mot chiéc tdi xdch c6 khd ning mang m kg. Gid st w;i, v;, m €
N*
Vie {1,.n).
Hay chon vat x&p vao ba 16 sao cho ba 16 thu dudc c6 gid tri nhat.
Cic trong lugng w; ciia n vat ¢ thé bi€u dién bdi mang :

2

w=(W,W,..,Wy);
Va gia tri tuong Gng ctia cac vat :
V=(V1, V2,0 Vn);

Céc vat chon dugc dugc luu trir trong méang €[ |, v6i qui u6e :
gli] = 1 < Vati dudc chon.
Bai todn trd thanh :

n
Z &V, = max
=

n
D W< m
i=1

g €{0,1};Vi=1Ln

2. Thi€t ké& thuit todn

Thuit todn tham lam cho bai todn chon vt ¢6 gid tri giam dan (theo don
gid ).

Input
w= (Wi, W2, ...,Wy);// Trong lugng
v=(Vvy Va,...,vn);// Gid tri
m = Stfc chifa chiéc ba 10.

Output

g[1..n] ; / Panh dau cdc vat dudc chon
Vmax : Gid tri 16n nhat cta ba 16.
MO té :
Knap_Greedy(w,v,Chon, n, m) =
* Khéi dong b[i] =i, Vi = 1,n; //Luu tri chi s6 lam cho mang don gid gidm

dan.
* Khéi dong g[i] =0, Vi = I,n; Khgi dong Vmax = 0;
W.
* Tinh don gid : di =L .vie{l,.,n
V.
i
*for(i=1;i<=n&& m>0;i++)
{
- Chon j = arcmax(d,n,i); // d[j] = Max{d[i],..,d[n]};
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- b[i] & b[j] ;
- // Cap nhatlai Vmax, Chon|[ |, m;
if (m > w[bl[i]])
{
Vmax += v[bl[i]];
g[bli] = 1;
m -= w[b[i]l];
}
- dlil <> d[j];
}
* return max;
Minh hoa :
V6i n=4;,m=17
1|1 2 3 4
wli] | 8 10 9 5
v[i] | 8 12 10 4
Pon gid d[i] | 1 6/5 10/9 4/5
Vat chon X X Ttl : 15/17
theo thuat Vmax =16
todn g[i]
Phuong én | x X Tt : 17
t01 uu Vmax = 18

3. D6 phic tap cua thuit todn

Thuat todn chon Max dugc st dung chinh 12 chon tryc ti€p, nén do phic tap
ctia thuat todn trong cdc trudng hgp la O(nz).
4. Cai dat
long MAX_GREEDY (long w[],long v[],int C[],int n,long m)

{
int 1i,j,k,b[max];
long Vmax = 0;
double d[max]; // Mang don gia
for i=1;1i<=n;i++)
{
bli] =1
Clil=0;
d[i] = (double)w[i]/v[i];
}
fori=1;i<=n && m > 0; i++)
{
j = arcmax(d,n,i);
den(b[i],b[j]); //DSi chd
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if (m > w[bl[i]])

{
Vmax += v[b[i]];
CIb[i]] = 1;
m -= w[b[i]];

}

det(d[i],d[j]); //D3&i chd

}

return Vmax;

VII. Phuong phiap tham lam va Heuristic

Trong khi thi€t k& gidi cdc bai todn ta c6 thé cd thi theo moi phudng dn dé
tim 15i gidi t6i uvu. Nhung khong phii ldc ndo ciing dugc nhu vay, vi c6 rat nhiéu
trudng hdp tén phi rat nhiéu thdi gian. Nén thay vi tim 13i gidi t6i wu, ta tim mot 15i
gidi tot theo nghia :

- N6 dap tng dugc yéu cau, trong mot thdi gian ma thyc t& chdp nhan dudc.

Mot thudt todn “t6t” nhu vay ( khong phai 12 61 wu ) goi 1a thuat todn
Heuristic.

Thuat toan Heuristic thudng dugc thé hién trong phudng phap tham lam. Ta
c6 gan cho mdt trat ty nao d6 rdi xit 1y theo trat tu da cho.

Ta xét bai toan “ Té6 mau do thi “ sau :

“ T6 mau cho mot d6 thi véi s6 mau it nhat c6 thé.”

T mau cho db thi 12 gdn mau cho mdi dinh cla dd thi sao cho khong c6 2
dinh k& ndo cing mot mau.

Bai todn t6 mau dd thi dugc nghién cifu trong nhiéu thap ky nay, né thudc
vao mot 16p kha rong bai todn, duge goi 12 “ bai todn N-P diy dd “, ma doi véi
chiing thi nhitng 15i gidi hién c6 chi y&u thudc loai “c6 hét moi kha niing”.

Né&u dd thi nhd ta c6 thé c6 thit moi phuong 4n, d€ c6 thé di t6i mot 15i gidi
t6i wu. Nhung vdi dd thi 16n thi cdch 1am nay 13 khong thé. Mot 15i gidi “tot” c6
dudc tir thuat todn Heuristic 1a c4ch ti€p can clia ta cho trudng hop ndy.

Thuit todn Heuristic hgp 1y cho bai todn to6 mau db thi dugc thé hién bdi
céch thi€t k& tham lam :

- Ta c6 t6 mau cho cédc dinh, trudc hét bing mot mau, khong thé dugc nita
mdéi dung t61 mau thi hai, thi ba . . .

Thuit todn dugc mod td nhu sau :

1. Chon mot dinh chuwa dudc t6 mau, va to né bing mau mdi.

2. Tim trong cdc dinh chua dugc t6 mau, véi mdi dinh d6 xdc dinh xem c6
phdi 12 dinh ké ctia 1 dinh d3 dugc td mau mdi chua. Néu chua thi to dinh d6 bing
mau mdi.
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minh hoa :

- T6 xanh cho dinh (1), theo thi tw d6 t6 xanh cho (2).
- Khi d6, (3) va (4) phdi td khiac mau, ching han dd.
- Khi d6, (5] lai phai t6 mdt mau thit 3, ching han vang.

C4ch ti€p can nay thé& hién 6 y tham lam. N6 thyc hién t6 mau mét dinh
niao d6 ma né cé thé té6 dugc, khdong hé chii y d&n tinh hudng bat 1gi c6 thé x4y ra
(khi theo trat tu da xac dinh truGe).

Can nhic hon, véi dd thi trén ta chi can 2 mau dé to, chazlng han :

- T6 xanh cho (1), (3) va (4).
- T6 d@d cho (2) va(5).

BAI TAP

Bail :

Cho mot 1ugi hinh vudng cap n, mdi 6 dugc gdn v6i mdt s6 tw nhién.

Tai mot & c6 thé di chuyén dén 6 khic theo cdc hudng : l1én trén, xudng
dudi, 1€ trai, ré phai (4 6 ké canh ).

Tim dudng di tir 6 ddu tién (1,1) d€n 6 ( m, m) sao cho tdng cdc 6 di qua 12
nhd nhat. (1 <m<n).

Bai 2 :

Cho n thi€t bi (p; )i<i<n V2 m cong viec (W;)i<i<m -

Céc thiét bi c6 thé 1am viéc ddng thdi va lam viéc nao ciing dudc. Mdi viéc
da 1am & thiét bi nao thi 1am dén cung. Thdi gian 1Am cong viec w;la ¢, 1 €
{1,..,m}.

Can xay dung mdt lich biu 13 th tu thuc hién cdc cong viéc sao cho tdng
thdi gian hoan thanh la nhanh nhat .

Bai 3:

Cho m codng viéc (Wi )i<i<m tuong Gng thdi gian thuc hién (t )i<ij<m va tap
céc thi€tbi clung chic ning .

Véi thdi gian Ty cho trudc c¢d dinh, d€ hoan thanh m cdng viéc thi cAn bd
tri cdc cong viéc trén cdc thiét bi sao cho s thiét bi dat min.

Trdn Tudn Minh Khoa Todn-Tin

Suu tam béi: www.daihoc.com.vn



Thiét ké va ddanh gid thudgt tedn -99 -

Bai 4:
Giai bai todn :
n
D" &V, — max
i=1
n
> sw< m
i=1
0<¢g <L;Vi=Ln
Bai 5 :

C6 n loai @6 vat, mdi loai c6 s& lugng khong han ché. Do vat loai i, dic
trung bdi trong lugng w; va gid tri st dung v, véimoii € {1,..,n}.

Can chon cdc vat nay dit vio mot chi€c tdi xdch ¢ gidi han trong lugng m,
sao cho tong gid tri st dung cdc vat dudc chon 12 16n nhat.

Bai 6 :
Cho G = (V,E) 12 mot don @b thi lién thong .V = {1,.., n} 1 tip cdc dinh, E

la tdp cdac canh. Thudt todn Kruscal xdy dung tdp canh T cda cidy bao trum nhd
nhat
H = (V,T) theo tiing budc :
- Sip E theo thit ty khong gidm.
- Khéidau T =J;
- Trongkhi(|T|<n-1)
{
Chon e 1a canh c6 trong s& nhd nhat trong E;
E=E\{e};
if (T U {e} khong chira chu trinh )
T=Tu {e};
}
Bai7:
Cai dit thuat todn té mau do thi.
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CHUONG 6 : PHUGNG PHAP QUY HOACH PONG

(Dynamic Programming)

1. Phuong phédp tong quat

D6i v6i nhiu thuit todn, phuong phap chia d€ tri thudng déng vai trdo chii
dao trong viéc thiét k€ thuat todn. Trong phudng phdp quy hoach dong lai cang tin
dung phuong phdp nay : Khi khong biét cAn phai gidi bai todn con nao, ta gidi tat
cé cdc bai todn con va luu tri nhitng 15i gidi nay ( d€ khdi phdi tinh todn lai ) nhim
st dung lai chiing d€ gidi bai toan 16n hon.

Phuong phép nay td chic tim ki€m 15i gidi theo kiu tir du6i 1én (bottom
up). Xudt phdt tlif cic bai todn con nhd va don gidn nhat, t§ hop cdc 15i gidi cia
chiing d€ c6 13i giai clia bai todn con 16n hon...va cif nhu thé d€ tim 13i gidi clia bai
to4n ban dau.

Khi s dung phudng phip quy hoach dong d€ gidi quyét van dé, ta c6 thé
gdp 2 kho khén sau :

1. S6 lugng 15i gidi clia cdc bai todn con c6 thé rat 16n khong chidp nhin
dugc .

2. Khong phdi ldc nao su két hop 15i gidi clia cdc bai todn con ciing cho ra
161 gidi ctia bai toan 16n hon.

D& gidi quyét nhitng trudng hop nhu vay, phuong phap quy hoach dong dwa
vao mot nguyén ly, goi 1a nguyén 1y t6i wu (The principle of optimality) ctia
Bellman :

“ Né&u 13i gidi ctia bai todn 12 t6i wu thi 161 gidi clia cdc bai todn con ciing toi
uu 7.

Trong thudt todn quy hoach ddng thudng dung céc thao tac :

- X4y dung mot ham quy hoach dong ( hodc phudng trinh quy hoach dong ).
- Lap bang luu lai cdc gid tri ciia ham.
- Truy xuAt 15 gidi t61 wu cda bai todn tir bang luu.

Trong chuong nay ta gi6i thiéu mot sd bai todn c6 thé dung quy hoach dong
gidi quyét mdt cdch hiéu qui. Nhitng van dé nay déu lién quan dén bai todn tim
phuong 4n toi uu dé thuc hién mot cong viéc nao do, va ching ¢6 chung mdt tinh
chit 1a ddp 4n tot nhat cho mot bai todn con van dudc duy tri khi bai todn d6 trd
thanh mot phan trong mdt bai todn 16n.

II. Thuit todn Floyd -Tim dudng di ngin nhat giita cdc cip dinh

1. Bai toan
Cho G = (V.E) 1a mot don db thi c6 huéng c6 trong s6. V = {1,..,n} 1a tap
céc dinh. E 1 tp cdc cung. Tim dudng di ngin nhat giita cdc cip dinh cla do thi .
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2. Y tudng
Thuat to4n Floyd dugc thiét k& theo phuong phdp quy hoach dong. Nguyén
1y t61 wu dugc van dung cho bai todn nay 1 :
“Né&u k 1a dinh nim trén dudng di ngin nhit tir i d&n j thi doan dudng tir i
dén k va tir k dén j cling phdi ngin nhat. “

3. Thiét k&
Do thi dugc bi€u dién bdi ma tran ké cédc trong s6 clia cung : a = (jj Jnxn -
Trong s6 (i, j); (i, j) € E
Vi,j € {1,..,n}: a = O;i=j
o, (i,j) ¢ E
Ta ky hiéu :
- Ma trin trong s6 dudng di ngdn nhit giita cdc cdp dinh : d = (dy)
dij : Trong s0 clia dudng di ngdn nhat tr i dén j.
- Ma trn x4c dinh cdc dinh trung gian cla dudng di ngdn nhdt tri dénj: p = (py)
pij : dudng di ngdn nhat tiri d€n j c¢6 di qua dinh trung gian p;; hay khong ?
pij =0; dudng di ngdn nhattr i d€n j khong c6 di qua dinh trung gian p;;.
pij #0; dudng di ngdn nhdttr i d€n j di qua dinh trung gian p;;.

- G budck :

- Ky hiéu ma train d 12 d* cho biét chiéu dai nhd nhit cia dudng di tir i d&n
j.

- Ky hiéu ma tran p 12 p* cho biét dudng di ngdn nhat tir i dén j c6 di qua
dinh trung gian thudc tap dinh {1,...k}.

Input a
Output d,p;
M6 ta :
Bu6ce O :
-Khéidong d:d=a;(=d")
- Khéi dong p: pij=0;
Budce 1 :

Kiém tra mdi cip dinh i, j : C6/khdng mot dudng di tiri d&n j di qua dinh
trung gian 1, ma c6 trong s6 nhd hon budc 0 ? Trong s& cia dudng di d6 1a :
dlij = Mil’l{ doij . doil + d01j }
Néud'y =d% + d°; thi p'y =1, tic 1a dudng di tuong tng di qua dinh 1.

Budc 2 :
Kiém tra mdi cip dinh i, j : C6/khdng mot dudng di tiri d€nj di qua dinh
trung gian 2, ma c6 trong s6 nhd hon budc 1? Trong s6 clia dudng di d6 1a :
d2ij = Mil’l{ dlij , dliz + dlzj }
Néu d%=d';, +d'y thip%=2 : tic 1a dudng di tuong tng di qua dinh 2.
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Ctf ti€p tuc nhu vay, thuit todn két thic sau budc n, ma trdn d x4c dinh
trong s& dudng di ngdn nhat giita 2 dinh bat ky i, j. Ma trdn p cho biét dudng di
ngdn nhat t i d&n j c6 di qua dinh trung gian p;;.
Minh hoa :

Tim dudng di ngin nhat giita cdc cip dinh ctia db thi :

1 15 4

bl 1 |2 [3 |4 1 |2 |3 |4
d |1 0 5 o  © p' |1 0O 0 0 0
2 |50 0 15 5 2 o 0 0 0
3 130 35 0 15 310 1 0 0
4 15 20 5 0 4 |0 1 0 0
b2 1 2 |3 a4 1 |2 [3 |4
& |1 0 5 20 10 p° |1 o o0 2 2
2 |50 0 15 5 2 o 0o 0 0
3 130 35 0 15 3]0 1 0 0
4 15 20 5 0 4 |0 1 0 0
b3 1 |2 [3 |4 1 |2 |3 |4
¢ |1 0 5 20 10 p’ |1 0 0 2 2
2 |45 0 15 5 2 |3 0 0 0
3 130 35 0 15 310 1 0 0
4 15 20 5 0 4 o 1 0 0
b4 1 |2 [3 |4 1 |2 |3 |4
dt= |1 0 5 15 10 pt= |1 0 0 4 2
d |2 |20 0 100 5 p |2 |4 0 4 0
3 130 35 0 15 310 1 0 0
4 15 20 5 0 4 |0 1 0 0
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Cién ci vao ma tran d, ta chi ra khodng cdch dudng di ngdn nhat tr i dén j,
va dua vao p c6 thé xdc dinh cdc dinh nim trén dudng di ngdn nhat nay.
Ching han, v6ii =1,j=3.
Theo d, di3 = 15. Nén dudng di ngin nhit tir 1 dén 3 c6 khodng cdch 1a 15.
Theo p, dudng di ngdn nhat tir dinh 1 d€n dinh 3 di qua dinh trung gian p3
=4, dudng di ngdn nhat tir dinh 1 dén dinh 4 di qua dinh trung gian pi4 = 2, dudng
di ngdn nhat tir dinh 1 dén dinh 2 khong di qua dinh trung gian nao ( pi2 = 0).
Vay dudng di ngdn nhat tr dinh 1 déndinh 31a: 1 >2 >4 3.
4. Cai dit
void floyd()
{
inti, j, k;
// Khoi dong ma tran d va p
for (i=1; i<=n; i++)
for (j = 1; j<=n; j++)
{
d[il[j]1 = alil[jl;
plillj]1=0;
}
for (k = 1; k <= n; k++) // Tinh ma trdn d va p § budc lap k
for (1=1;1<=n;1++)
if (d[i][k] >0 && d[i][k] < vc)
for j =1; j<=n; j++)
if (d[k][j] >0 && d[k][j] < vc)
if (d[i][k] + d[k][j] < d[il[j])
{
d[i](j1 = d[il[k] + d[k][j];
plilljl =k;
}
Ham xuat dudng di ngdn nhat tit x dén y cai dit nhu sau :
void xuatdd(int x, int y)
{
int r;
if (plx][y] ==0)
{

cout<<y<<" ->";

return;

}

else

{
r=p[x]lyl;
xuatdd(x,r);
xuatdd(r,y);
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5. D6 phiic tap cia thuit toan
T(n) e O(n>).

II1. Nhan t6 hep nhiéu ma tran

1. Bai toan

Xét tich cdc ma trdn : A = Ajx...x A, , v6i gid thi€t phép nhan c6 nghia .

Do tinh két hgp ctia phép nhan ma trin, cdc ma trin A; c6 thé nhém lai theo
nhiéu cdch khdc nhau, ma ma trin két qud A khong d6i. Tuy nhién cé su khdc biét
vé chi phi khi thay d6i cédc t6 hop cdc ma trin A;.Ta luu y ring tich 2 ma tran cAp
(mxn) va (nxp) s€ c6 chi phi la mxnxp.

Van d@é 12 tim trinh ty thuc hién cdc ma trin sao cho c6 chi phi it nhat.

Cho céc ma tran, véi cac kich thuGc tuong tng :

A X B X C X D
30x1 1x40 40x10 10x25

Nhéan cdc ma trin trén vd&i cac thi tu sau :

Thit tu Chi phi
((AB)C)D 30x1x40 + 30x40x10 + 30x10x25 = 20700
(A(B(CD)) 40x10x25 + 1x40x25 + 30x1x25 = 11750
(AB)(CD) 30x1x40 +40x10x25 + 30x40x25 = 41200
A((BC)D) 1x40x10 + 1x10x25 + 30x1x25 = 1400

C6 thé thay chi phi cho phép nhan cdc ma tran phu thudc vio cich t& hgp
cac ma tran .

2. Y tudng

Ta gii bai todn biing c4ch ti€p can tir dudi 1én. Ta sé& tinh todn va luu tri 15i
gidi t6i wu cho tiing phan nhd d& tranh tinh todn lai cho bai todn 16n hon.

TruSc hét 1a cho cdc bd 2 ma trdn, cdc bd 3 ma trdn . . .

Ching han, d€ tinh AxBxC ta c6 thé tinh theo cdc cdch : (AxB)xC hoic
Ax(BxC).

Nén chi phi d€ tinh AxBxC 14 chi phi tinh dugc tir 2 phin :

Phan mot 1a chi phi kq1xC, véi kql = AxB ( chi phi ndy di tinh va dugc
luu trr)

Phan hai 1a chi phi A x kq2, v6i kq2 = BxC ( chi phi ndy da dugc Iuu tri)

So sdnh 2 phan trén va luu tri chi phi nhé hon. . .
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3. Thiét k&

MaAu chét 12 tinh chi phi nhin bd cdc ma trdn : Ajx..xA; , véi 1<i<j<n,
trong d6 cdc bo nhd hon da dugc tinh va luu trit két qua.

V6i mot cdch té hgp cdc ma trin :

Aix.. xAj = (Aix..xAy) X (Ags1X...xAj)

Chi phi dé€ nhan cdc ma trin A,,...,A; s& bing tdng : Chi phi d€ nhéan
Ajx...x Ay
(=kql), chi phi d€ nhan Ay,ix...xA; (= kq2), va chi phi kq1xkq2.

Né&u goi Mj; 1a chi phi nhd nhit dé€ nhan bd cdc ma tran Ajx...xA;,1<i<j<
n, thi:
* Mix 12 chi phi nhé nhat d€ nhan bd cdc ma tran Ajx...xAg
* My,1; 12 chi phi nhé nhit d€ nhan bd cdc ma tran A, x...xA;

Vi ma trdn kql ¢@ di; xdx va kq2 c¢6 ¢ dg xd; , nén chi phi dé nhan
ququz la di_ldkdj,
Vaytacé:

My = Min My + My, +dded fi<i<j<n
M, =0

Ta c6 th€ xem M 12 ma trdn tam gidc trén : (Mjj)i<icj<n . Ta cAn tinh va lam
diy cdc phan tl ciia ma trin nay cho dé&n khi xdc dinh dudc My, . Pudng chéo chinh
bing 0 tat ca.
Tinh Mj;, ta can biét My, M1 . Ta tinh bang doc theo cdc dudng chéo bit dau tir
dudng chéo k& trén dudng chéo chinh va thay ddi vé huéng géc phai trén.

Ta mudn biét thit ty t6t nhat d€ nhan diy cdc ma tran ( theo nghia chi phi
nhd nhat). Mdi 1an ta x4c dinh dudc t8 hgp tot nhét , ta ding bién k dé luu tri thi
t nay. D6 1a Oy =k, véi M, +M,,, +d;,d,d, datmin,

A

N

( Béng tinh Mj; )

Céc M ta luu trit trong méng 2 chiéu M.
Céc chi s§ k d€ xdc dinh dugc M;; ta luu tri trong méng 2 chiéu O.
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Kich thudc clia cdc ma trdn ta lvu trif trong mang 1 chiéu d : A; 1a ma tran
c6 di.; hang , d; cot. Thuit todn c6 thé viét nhu sau :
Input d = (do,dy,...,dn) 3

Output M=M;),
O =(Oy);

Mo ta :

MO(d,n,0,M) =

int1i, j, k, diag;
*for (i=1;1<=n;i++)
M[i][i] = 0;
* for (diag = 1; diag <= n-1; diag++)
for (i=1;1<=n - diag; i++)
+j=1+diag;
+ My = MiniM + M, +d, dd, |
+ O[1][j] = k; // v61 M;; dat min
* return m[1][n];

K&t qua cia thuat todn, véi do = 30;d; = 1; dy =40; d3 = 10; dy = 25 :

0 1200 700 1400 -1 1 1

- 0 400 650 - - 2 3
M = : O=

- — 0 10000 - - - 3

_ _ _ 0 - _

4. D6 phic tap cua thuit toan
T(n) € O(n’)

5. Cai dit
long MO(int d[max],int n, mat O, mat M)

{
int 1, j, k, diag,min,csm;
for i=1;1<=n;i++)
M[i][i] = 0;
for (diag = 1; diag <= n-1; diag++)
for (1=1;1<=n - diag; i++)
{
j=1+diag;
csm =1i;
min = M[i][i]+M[i+1][j]+d[i-1]*d[i]*d[j];
for (k=1; k <=j - L;k++)
if (min > (M[i][k]+M[k+1][j]+d[i-1]*d[k]*d[j] ))
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min = M[i][k]+M[k+1][j]+d[i-1]*d[k]*d[]];
csm = k;
}
M[i][j] = min;
O[i][j] = csm;
}
return M[1][n];

Ham xuAt trinh tu t8 hgp cdc ma tran :

void MOS(int i, int j, mat O)
{
int k;
if i==))
cout<<'A'<<i;
else
{
k =O[il[jl;
cout<<'(";
MOS(,k,0);
cout<<'*';
MOS (k+1,j,0);
cout<<")";

IV. CAy nhi phan tim kiém téi vu (Optimal Binary Search Tree)

Ta thudng t& chic cAy nhi phan tim ki€m trén gia thiét 1a cdc khéa tim ki€m
c6 dong kha ning vé truy xuét. Tuy nhién c6 nhitng trudng hdp ma ta c6 thong tin
vé xdc suat truy xuit cdc khéa. Ching han qué trinh phan tich cda trinh bién dich
dé x4c dinh xem mot tir ¢6 phai 1a tir khéa hay khong ? Trong trudng hdp nay, viéc
thong ké hang trim chudng trinh (dudc bién dich) cé thé cho thong tin khd chinh
x4c vé tan s6 xuat hién tuong ddi clia cdc khoa.

Gia st trong ciy nhi phan tim ki€m, x4c suat truy xuat cia khéa K; 1a p;:
P{X=Ki}= p:
Biy gid ta mudn t6 chifc cAy nhi phin tim ki€m sao cho tong s6 cic
buéc tim ki€m 12 nhd nhat. Chi phi tim ki€m dic trung bdi s6 lugng
céc phép todn so sianh cin thi€t khi tim ki€m trén ciy, nén ta phai
chid y dén d6 dai dudng di trén cay. 0 day ta cling dya vai khai niém
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ndy, nhung phai thay ddi chiit it &€ phdn 4nh dugc tinh chat clia cAy
nhi phan tim ki€m bay gid : Poi v6i cdc khéa ma xdc sudt tim ki€m
16n hon phéi tudng ng v6i dudng di ngdn hon.

Muédn thé, ta gin cho mdi khéa ( nit ) mot s6 duong ma ta goi 1A trong s,
d6 1a x4c suat ca khéa nay trong tim ki€m. Tir diy dan t6i khai niém do dai dudng
di c6 trong s6 clia cay (Weighted path tree):

“Po dai dudng di (trong) c6 trong sd clia ciy 1a tdng d6 dai dudng di c6
trong s6 (ng vdi mdi nit trén ciy”.

b6 chinh 1a gié tri :

P = _Zn:pih

Véi p; 1a xdc suat d€ khéa K; xudt hién. h; 1a mic cda nit tuong tng K;.

Muc dich clia bai todn ta mudn dit ra 1a : Cuc ti€u héa do dai dudng di c6
trong s6 v6i phan phdi xdc sut cho trude. N6i cdch khiac, Xdc dinh ciy nhi phan
tim ki€m sao cho P ¢6 gid tri nhd nhat.

Mot céch ty nhién ta c6 thé thay x4c suat truy xuat clia cdc khéa biing tin
suat clia cdc khoa, bai todn c6 thé phat bi€u lai nhu sau :

1. Phat bi€u bai todn
Cho trudc tap cac khéa K , i el,_n, saocho : K1 <Ky<---<K,.

Xdc dinh cdy nhi phan tim ki€m vd&i tdp cdc khéa trén sao cho biéu thitc P
sau ddy c6 gia tri nhd nhat :

P:Zn:aihi
i=1

Trong do6 :

e h; 1a miic clia nidt trong thit i; i e1,n.

e a; 12 tAn suit xut hién cda khéa k; ; i e1,n.

Cay nhi phan tim ki€m thda man yé&u cau nay goi la ciy nhi phan tim ki€m
t01 uu.

2. Y tudng

Ngudi ta chiing minh dugc ring s6 lugng cdc cdy nhi phan tim ki€m n nt

c6 dang khéc nhau, la :

1 4n
— o = ———— ; (Khi nkhd I6n).
n+

Jz-n2

Do d6 viéc chon ciy nhi phan tim ki€m t6i uu biing cdch Iya chon trong cdc
ciy d6 mot cay c6 do dai dudng di ¢ trong sd nhd nhat, 1a khé thyc hién khi n 16n.
Ta c6 thé 4p dung phuong phdp qui hoach ddng cho bai todn nay, vi ta c6 thé si
dung dudc nguyén 1y t8i wu. D6 1a vi cdy t6i vu c6 tinh chit didng chid y sau day :
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Mot ciy 12 t6i wu thi cdc cdy con ciing 1a t6i wu. Tinh chit ndy gdi 1én mot thuit
todn :

Xuat phét tir titng niit dugc xem nhu cAy con nhd nhit, tim mot cdch c6 hé
thdng cdc ciy 16n hon . Nhu thé ciy 16n 1én “ tir 14 t6i goc “.

3. Thi€t k& thuét todn

Céch ti€p can quy hoach dong d€ gidi quyét bai toan nay 12 tim nghiém tdi
uu theo cach phat trién cdy 16n 1én tir 14 tdi gdc, tic 1a tim ki€m phuong dn t8i vu
xy dung cdy con gdm cdc khéa Ki,..., K; va luu trif lai ddp 4n.

Néu goi Ky 12 gbc ctia cdy Tj; tudng Gng vdi cdc khéa lién nhau Ki,..., K thi
cdc nit Ki,..., K| phdi ndm trén cdy con trdi va cdc nit Ky,i,..., Kj phdi ndm trén
ciy con phdi, va ta phai sip toi uu cho 2 ciy con nay. Vi ta khong bi€t phai chon
ntit nao 1am gdc cho tt nhat nén ta phai chon thi tit ¢4 cdc nit va cuc tiéu héa cic
céch chon nay.

Ta c6 thé thdy do dai dudng di c6 trong s6 cda cdy Tj sé bing tdng do dai
dudng di c6 trong s6 ctia 2 cdy con Tix; vd Ty va s8 1an mot phép tim ki€m
duyét qua cdc nit tir 14 dé€n gbc ( d6 chinh 1a d6 dai dudng di c6 trong s6 cla ciy
1Tﬁ).

K

N

Kk+la"'a J

Pbat .
M;; = D9 dai dudng di c6 trong sd cla cdy nhi phan tim ki€m t3i wu
tuong ing vGi cac khéa Kij<..<Kj,v6i1<i< j<n.
Khi d6 M;j dugc xac dinh theo cong thic :

g=i g=k+1

j
- ML?{Mi,k—l + M, +Zaq}

q=

k-1 i
M, = M(L?{Mi’k‘l +Y a,+M,; + D4, +ak}

j
=Min{Mi,k71 +Mk+1,j}+2aq; Vi i< .
g=i

i<k<j

M; =a.

Ta tinh Mj; béng cdch 1ap bdng nhu thuét todn nhan 8 hgp nhiéu ma tran.
P& giit vét khéa duge chon lam gdc trong mdi budc ta ding mot bing (ma tran )
root; root[i][j] 1a khéa chon 1am g&c cla ciy con chita K;,..., K.
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n+1 0
01 2 n

Thuit todn c6 th€ mo ta nhu sau
input a[l..n], //chita tin suat cic khda
n; //sd khéa
output root[][]// bdng cdc khéa clia cAy nhi phan tim ki€m t6i wu.
minOBST;//trong s6 clia cAy nhi phan tim ki€m t6i wu.
obst(a, n, root, M) =
double m[][];
* for (i=1—n) //Khdi ddng
{
M[i][i] = p[il;
M[i][i-1] = 0;
root[i][i] =1;
}
M[n+1][n] = 0;

* for (diag = 1—>n-1)
for (i=1 — n-diag)
{
j=1+diag;

j
MI[il[j]= KIVIkLr;(M[i][k—IH Mk +1][jD+ > aldl;
<ks o
root[i][j] = k;//Chi s6 gi4 tri nhd nhat m[i][j]
}
* minOBSST = M[1][n];
* return minOBSST;

4. D6 phic tap cua thuit toan
T(n) € O(n®)
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S. Cai dat

double obst(double a[max],int n, mat root, mat M)

{
int1, J, k, diag,csm;
double min;
for i=1;1i<=n;i++)
{
MIi][i] = plil;
M[i][i-1] = 0;
root[i][i] =1;
}
M[n+1][n] = 0;
for (diag = 1; diag <= n-1; diag++)
for (i=1;1<=n-diag; i++)
{
j=1+diag;
csm = i;
min = M[i][i-1] + M[i+1][j];
for (k=1; k <=j; k++)
if ( min > (M[i][k-1]+M[k+1][j]) )
{
min = M[i][k-1]+M[k+1][j];
csm = k;
}
root[i][j] = csm;
for (int q = 1; q <=j; q++)
min += a[q];
M[i][j] = min;
}
return M[1][n];
}

V. Day chung dai nhat cia 2 day s6

1. Bai toan

Cho céc day s6 nguyén : a =(ay,..., am ), b=(by, ..., by ) .

Tim mot ddy dai nhit ¢ nhan dudc tir a va b nhu sau : trong a x6a di mot s§
phan ti, trong b xéa di mot s6 phan ti¥ ( cdc phan ti bi x6a di trong a va b khong
nhat thi€t 13 trung chi s6 ).

Ta néi c 1a ddy con chung dai nhat nhan dugc tir a va b.

Vidu :
Véi cdc day a, b cho nhu sau :

Trdn Tudn Minh Khoa Todn-Tin

Suu tam béi: www.daihoc.com.vn



Thiét ké va ddanh gid thudt todn -7172 -

1 1 2 3 4 5 6 7
a 3 5 1 3 5 5 3
b 1 5 3 5 3 1

Day con chung dai nhatcla :

(¢}
N = =
W W W N
WD L D W
W W W

2. Y tuéng

Vi e{l, ...,m}, Vj €{1, ...,n}, n€u ta goi L;; 1a d0 dai cla ddy con dai nhat
cta a[l...i] va b[1...j] thi khi d6 Ly, chinh 12 do dai ctda diy con dai nhat clia a va
b.

Vay ta cin tinh céc L;; .

Mot cdch ti€p can ty nhién cla thuit todn 13 tr dudi 1én. Loi gidi t6i wu clia
cdc diy c6 do dai ngin hon sé& ddc tinh todn va luu tri lai d€ sit dung lai viéc xét
céc day c6 do dai dai hon.

3. Thuit toan

M&u chdt cda thudt todn 1a tinh cdc Lj; .

e Dau tién ta xét trong trudng hgp ddy a c¢6 1 phan ti, hodc diy b ¢6 1 phan
tur.

Dé thay la:
0; Néu a, khong cé trong b[1-+- j]
v {I;Ngw_ofc lai
Tuong ty :
0; Néu b, khong cé trong a[l--+i]
" {1; Nguoc lai
e TOng quit, véii>1,j>1:
Xét 2 trudng hop sau :
THI1 : ai = bj .
Suy ra rﬁng Lij = Li—l,j-l +1;

THI1 : a; # bj .
* Néu a; € b[1...j] thi rd rang 12 a; € b[1...j-1], nén : Li=Lij.
* N&ub; € a[l...i] third rang 1a b; € a[1...i-1], nén : Lij=Li,;.
Viaytaco:
L; = Max{L; ; ,,L L + X}

i,j—1° ==, —i-1,j-1
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I; Néu a,=b,
trong d6 : X=
0; Nguoc lai

z R N A A 2 N1 A z
Ta c6 thé xem L 1a md6t mxn ma trdn : (L;)mxe.Ta tinh va lam day cdc
A A N 7 P
phan t clia ma trdn naycé thé xem
Tinh L can phdi bi€t L, L, L. Ta tinh cdc phan t{ clia ma trdn

L tir géc bén trdi 1an lugt theo cdc dudng chéo song song vdi dudng chéo ngude

s s s
77 P -
1 % P2
127137 15 4 n
1 ////// // ///
2// // 7
// 4 |
- _ Z
/3 // //
P2
// //
L
. s
e
r X« Lij
m X<I—Lmn

Input a,b,m,n
Output L
Qhd(a,m,b,n,L) =
for (i=1;1<=m;i++)
if(b; € a[l..1])
Li=1;
else
Li; =0;
for G =1;j <=n;j++)
if(a; € b[1..j])
L] =1;
else
L[1][j1=0;
for (1 =2;1<=m; i++)
for(j =2;j <=n; j++)
+ if(a[i] == b[j])
x=1;
else
x=0;
+ L = Max{L, L L + X} ;

ij-12 Hien o et
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return L, ;

Ghi chu :
D€ tim ddy c tif ma trin L, ta xudt phat tir 6 Ly, .
Gia st dang & 6 Ljj, va can xdc dinh ¢; . (1 < 1 <Ly ).
Néu a; = bj thi ¢; =a;, con nguagc lai thi Lij = Li,j-l hoac Lij = Li-l,j .
Néu Lij = Li,j-l ta di d€n 0 Li,j-l, con néu Lij = Li—l,j thi di dén 6 Li—l,j

Minh hoa :
Vi dir li€u a, b nhu trén, ta c6 :

L=(L). = c=(1,5,5,3)

I T e T
W W W N NN =
AW W WD NN -
AW W W W N —

DN === O
W N DN ==

4. D6 phic tap cua thuit toan
T(n) € O(n?).

5. Cai dat
int Bt_Dend(int alMAX], int m, int b]MAX], int n, int LIMAX][MAX])
{
mnt1i, j, X;
for (i=1;i <= mji++)
if( Thuoc(a,i,b[1]))
L[i][1]=1;
else
L[i][1] = 0;
for (j = 1;j <= njj++)
if( Thuoc(b,j,a[1]))
L[11[jl1=1;
else
L[1][j] =05
for (i =2;1 <= m; i++)
for(j = 2;j <=n; j++)
{
if(a[i] == b[j])

x=1;
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else
x =0;
L[i][j] = Max(L[i][j-1], L[i-1][j], L{-1][j-1]+ x);
}
int k = L[m][n];
return k;

}

[ 3k st sk st stk sk ste stk skesteok sk steokok

void Dcdn(int afMAX],int b[MAX],int m,int n,int LIMAX][MAX],int c[MAX], int

&1)
{
inti=m,j=n;
1=0;
while (1> 0 && j>0)
{
if( ali] == b[j])
{
1++;
c[l] = alil;
-3 =3
}
else
if(L[i][j] ==L[1[j-11)
J-
else
1--;
}
fori=1;1i<=1/2;i++)
Hv(c[i], c[l-i+1]);//D8&i chd.
}

Bai todn ngudi du lich ta da gidi bing cdc phuong phdp :
- Tham lam : L&i gidi tim dudc khdng chic tdi uu.
- Nhdnh c4n : Loi gidi tim dugc t6i wu.
Trong phin nay, ta ti€p cAn cdch gidi bai todn ndy bing phudng phip quy
hoach dong.
n thanh phd dugc ddnh s6 tir 1 dé€n n. Pudng di tif thanh phd i dén thanh phd
j xem nhu 12 cung di tir dinh i d€n dinh j clia don d6 thi c6 huéng. Chi phi di tir i dén
j 1a trong s6 m(i,j) cla cung (i,).
Vay bai todn ngudi du lich c6 thé xem Ia tim mot chu trinh xut phat tir dinh
i ndo dé cla don do thi c6 huéng cé trong s G=(V,E), di qua mdi dinh ding 1 1an
sao cho c6 trong s6 nhd nhat.
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1. Y tuéng
Gia st c6 mot chu trinh thda yéu cAu bai todn va bit dau tir dinh 1 vé dinh 1.
Khi d6 chu trinh ndy bao gom cung (1,k), véi k € V\{1}, va dudng di tir k dén 1, di
qua mdi dinh con lai thuéc V\{1,k}, mbi dinh ding 1 1an.
Néu chu trinh nay c6 trong sd nhd nhit ( t6i vu ), thi theo nguyén 1y tdi wu
dudng di tir k dén 1 ciing c6 trong s6 nhd nhat ( 81 uu ).

2. Thié't k& thuit todn
Biéu dién G bing ma trinké: C= (Cij )n*n ,VGi :

m@, j)>0;(i,j) e E
Cj=10i=]
o;(i, j) ¢ E

Xéttap S < V\{1} va 1 € (V\{1})\S. Ta goi:
d(i,S) = Trong s6 cta dudng di ngin nhat di tir dinh i dén dinh 1
di qua mdi dinh trong S ding 1 1an.
Viayv6i2<i<n :
-NéuS =0, rorang 1a :
d@i, @)= C,;;
-NéuS#J :
d(,S) = l\k/leisn{Cik +d(k, S\ {k})}

Khi d6, trong s& clia chu trinh ngdn nhat di tir 1 dén 1 sé la :

dLV\{1}) = MKLQ{CM +d(k,V \ {1,k})}

Pétinh d(LV \{l}) tacincé d(k,V\{Lk}), véi2 <k <n.
Téng quit, ta can tinh cdc d(i,S), Sc V\{1} va i e (V\{I})\S.

Pau tién ta tinh va lvu trit d(i, @) ; d(i, S) v6i S chi c¢6 1 phan tir ; d(i, S)
v6i S ¢6 2 phan tit, . . .cho dén khi tinh dudc cdc d(k,V \{l,k}) v6i 2<k<n.

Input : C
Output : d(L,V \{1})
MO ta:
Budc O :
-Khéditao:d(i, d)=C,;2<i<n
Budce 1 :

-V6i ScV\{1}valSl=1; VizlvaiegS§S:
d(i,S) = I\k/lisn{Cik +d(k, S\ {k}}
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Buéc n-2 :
-V6i ScV\{1}valSl=n-2; Vizlvaie$S:
d(,S) = l\k/nsn{cik +d(k, S\ {k}}

Budc n-1 :
d(LV\{1})= Min{clk +d(k,V \{l, k})}

Minh hoa : 3
Xét @b thi sau :

0 10 15 20
5 0 9 10
6 13 0 12
8§ 8 9 0

*Khi S =@ :
dQ2,@)=C,, =5
d(3,@)=C, =6
d4,2)=C, =8

* Khi S 1a tap chi ¢6 1 phan tif = 1va i e (V\{1})\S
d(2,{3}) = C;+dB3, D) = Cyy+Cy = 15
d(2,{4})=C,,+d(4,2) =18
d3,{2}) = C,,+d(2,9) =18
d(3,{4}) = C,,+d(4,2)=20
d(4,{2})=C,+d(2,9)=13
d(4,{3})=C,;+d(3,90) =15

* Khi S1a tdp ¢c6 2 phan tf # 1 va i € (V\{1})\S
d(2,{3,4}) =Min{ C,;+d(3, {4}),C,,+d(4,{3})} =25
d(3,{2,4}) =Min{ C,,+d(2, {4}),C,,+ d(4,{2})} =25
d4,{2,3}) =Min{ C,,+d(2, {3}),C,;+d3.{2})} =23

* Cudi cung ta c6:
d(1,{2,3,4}) =Min{C,+d(2, {3.4}).C,;+d(3,{2,4}),,C,+d(4,{2,3})}
= Min{10+25, 15+25, 20+23)
— Min{35, 40, 43} = 35.
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C4ch tim cdc dinh nim trén chu trinh ¢6 trong s6 nhd nhat tuong ng nhu sau :
- Goi J(i.S) 1a dinh 1am cho Mi Sn{cik +d(k,S\{k})} dat min.

Ta co :
J(1,{2,3,4}) =2
J(2,{3,4}) =4
J4, {3}) =3
Vay chu trinh ngdn nhatla: 1 52 >4 >3 > 1

3. Po phic tap cua thuit toan
Ta xét thdi gian thuc hién T(n) cua d(i,S) :
- 1ic6n-1 lva chon.
- Vi=2,..,n: S8 cic tipSco k phﬁn td khdc 1,i 1a C,':_z .
Do d6 :

T(n)= nz_%‘(n—l)C,‘]ﬂz =(n-1)2">

Mit khdc khi tinh d(i,S) v6i S gdbm k phin tir, ta can thuc hién k-1 phép so
sanh dé x4c dinh min. Nén thdi gian thyc hién ctia thuit todn 1a n’2".

BAITAP

Bail:

Cho mot bang chit nhat m hang, n cot. Mdi 6 cla bang chita mot s6 nguyén
duong. Hay tim mdt dudng di tir cdt 1 dén cot m, di qua ding m 6 sao cho tong
gid tri cdc 0 1a nhd nhat.

Bai 2 :
Cho mot diy s6 nguyén ay, a, . .,a, . Hiy x6a mot s& lugng it nhit cdc s§
trong ddy sao cho ddy con lai ( vin gilf nguyén thit ty ) 12 mot diy khong gidm.

Bai 3 :
Cho n loai tién xu tudng ng vé6i cdc gid tri kiks,...k, xu. Can d6i T ddong
(tién gidy) ra tién xu sao cho s& xu cin dung 12 it nhat. Cho 1 déng bing 100 xu.

Bai 4 :

Cho n loai db vat, mdi loai c6 s6 lugng khong han ché. Trong mbi loai, cic
dd vat c6 trong lugng nhu nhau va cé gid tri nhu nhau.

Véimoi i € {1,..,n}, d vatloai thif i c6 trong lugng 1a w; va gid tri la p; .

C6 mot chiéc tii x4dch vdi gi6i han trong lugng 12 m.

Can chon cdc vat tir n loai d6 vat trén d€ dit vao chiéc tdi x4ch sao cho thu
dudc chiéc tdi xdch c6 gid tri nhat.

Bai5:
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Cai @it ham Ackerman :

n+1;m=0,ne N;
A(mn) =< Am-L1);me N",n=0;
Am-1,Amn-1);mne N’

Bai 6 :
Tinh :
1i=0,j>0
plil[j]1=40;i>0,j=0
1 . . - . .
E'(p[l =101+ plt][) —-11;1>0,) >0
Bai7:
Tinh cdc s& Catalan :
n—-1
T(n)=> TOHT(n—-i)xne N’
=
Bai 8 :
Cho a 12 mdt day cdc s6 nguyén duong.
Tim trong a mot diy con gidm dan dai nhat.
Bai 9 -
Cai datham :
f(x,k) = S& cdch phan tich x thanh tdng cic s6 nguyén t&
ma mdi s6 nguyén td xuat hién trong téng khong qué k 1an.
Bai 10 :

Cé6 n ngudi x&p hang mua vé xe. Trong hang, ta ddnh s6 theo thit ty tir 1 dén
n. Thai gian ban vé cho ngudi thi i 12 t;. M&i ngudi cAn mua 1 vé nhung c6 thé
dugc mua t6i da 2 vé. Mot ngudi ¢6 thé mua hd cho ngudi ding sau minh. Ngudi
thtt 1 mua vé hd cho ngudi tht i+1 thi thsi gian mua vé cho 2 ngudi 1a r;.

Xdc dinh phuong 4n sao cho n ngudi déu c6 vé véi thdi gian it nhat.
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PHU LUC

Dt liéu st dung trong cédc thudt todn dugc trinh bay trong gido trinh thudng
dudc luu tri trong cdc mang 1 chiéu, mang 2 chiéu vudng. P& tranh viéc nhap liéu
nhiéu 14n 1am mat thdi gian trong khi thuc hanh, dong thdi chudn bi trudc dit lieu dé
kiém tra k&t qua thuat todn, cdc dir liéu ddu vao sé& dudc t6 chifc va luu tri trong
céc tép vin ban. Trong chuong trinh thé hién thuat toan, chi can viét thém mot ham
chuyén dif liéu tir tép vio mang.

I. Mang 1 chiéu :
1. Dinh dang :
-Dong1: n
(12 mot s6 nguyén duong, chi kich thudc st dung clia mang )
-Dong 2 :

Céc s0 chi cdc phan tif clia mang. Hai s6 tdch biét bing 1 khodng tring.
2. Soan thdo tép dit liéu :

C6 thé sit dung cdc phan mém soan th3o vin ban trong ch& d6 khong dinh
dang, nhu NC, NOTEPAD, hodc cai diat thanh mot ham riéng thuc hién vi€éc nhap
liéu tir ban phim roi ghi vao tép.

3. Ham chuyén dit liéu ti tép vdn ban vao mdng 1 chiéu :
//Poc dit lidu tir tép f, rdi ghi vao diy a.

void Tep_Day(char *f, Day a, int &n)

{

ifstream in(f);
if(lin)
{
cout<<"\nKhong mo duoc tep "<<f;
getch();
exit(1) ;
}
in>>n;
for(inti=1;1<=n;i++)
in>>alil;
in.close();

II. Mang 2 chiéu vudéng (ma trin vudng):
1. Dinh dang :
-Dong1: n
(12 mdt s6 nguyén duong, chi kich thudc clia ma tran vudng)
- n dong ti€p theo, mdi dong n s6 .
Céc s6 chi cdc phan ti clia ma tran . Hai s& tach biét bing 1 khodng tring.
2. Soan thdo tép dit liéu :
Nhu mang 1 chiéu.

Trdn Tudn Minh Khoa Todn-Tin

Suu tam béi: www.daihoc.com.vn



Thiét ké va ddanh gid thudgt tedn

- 7127 -

3. Ham chuyén dit lidu tit tép van bdn vao ma trdn vudng.

//Poc dit liu tir tép f, rdi ghi vio ma trin a.
void Tep_Mat(char *f, mat a, int &n)

{

ifstream in(f);

if(lin)

{
cout<<"\nKhong mo duoc tep "<<f;
getch();
exit(1) ;

}

in>>n ;

inti, j;

for(i=1;1<=n;i++)
for(G=1;j<=n;j++)

in>>a[i][j];
in.close();
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