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Poan Ouong Nguyén Clucong 1. Dinh thuie - Ma trgn

Chwong | ]
MA TR AN —PINH THUC

1. MA TRAN

1.1. Khai niém ma tran
* Pinh nghia 1
« Mgt ma t@n (matrix) A c6 @p mxn trén R & mpt hé thng gm mxn s thec a,
(i=12,..,m; j=12,...,n), dwoc sip thanh laing gm m dong van cdt

all al? o al n
A= a?l a22 o a?n
ml am? o am n

« Matrgn A nhe trénduwoc viet gon 1a A = (a

ij >m><71, )

« CAC 9 thuc a, dwoc gi la cac phin t# cia ma tgn (@), nam ¢ dong the i va @t thir ;.

« Ma trdn c6 tit ci cac phin tr déu bing Oduroc gpi la ma trin khong.

« Cap & (m,n) dwoc gi 1a kich thréc aia ma tgn A. Hai ma tein ¢6 cing kich thoc diroc gpi 1a
cung @p.

« Tép hop cac ma tfin cip m xn trén R duoc ky heula M (R).

1 5)
Vidu 1. Xét matin A = ,tac6Ade M, . (R) va
. 0 6 2x3

anzl,a12:—2,a13:5, a21:0,a22:3, a23:6.

= Pinh nghia 2
Xétmatin A=(a.) €M (R).
17/ mxn mxn

! )

* Khim =n, tagi A lama tgn vudng ép n. Ky hiu (a,) (R) duwoc viét gon 1a (a,),

nXxXn nxn

vaM (R).
*Khim=1,tapi A=(a, - a,)ecM_ (R)lamatgndong.
all
*Khin=1,tagi A=| : |[e M_ (R)lamatgn ot.

ml

cKhim=n=1,tapi A=(a,)€ M_(R) 1amatgn 1 phin t.

= Pinh nghia 3

 Puong chéo clia cac plin tr a ,a Ccua ma tgn vubng A = (%-)n duwoc Qi la dwong

117 aQQ"" nn

chéo chinh#&a A, dwong chéo condi duroc Qi la dirong chéo ph.
» Ma trgn vudng A = (a,), €6 tit ca cac phin t nam ngoaidiong chéo chinkiéu hing 0dicoc gpi
la ma tiin chéo (diagonal matrix), ky i la A = diag(a,, a,, --- a ).

« Ma trén chéo dp n gom tit ci cac phin tr trén dwong chéo chinl@éu bang 1diwoc gi 1a ma trin
don vi cap n (Identity matrix), ky kiu 1a I hay I .



Bai gidang Pai sé Tuyén tinh

« Ma trdn vudng cOdt ci cac phin tr nam phia i (twong ieng, trén)dwong chéo chinl@éu bing 0
duoC @i la ma trin tam giac trén (tongwng, deoi).

« Ma trgn vudng codt ca cac ep phin tr doi xirng Wi nhau quadirong chéo chinhdng nhaudiroc
goi la ma trin doi xirng.

Vidu 2.
3 0 O -1 0 0
A=|0 -4 0|,B=|0 5 0| lacacmatmn chéo;
0 0 6 0 00

Lo 100
12:[ J,[g: 0 1 0] lacac ma@ndon vi;
00 1

0 1
9 1 2
C = 0 0 ,D=10 1 0] lacac ma #in tam giac trén;
0 0 2
0 3 0 0
E = 9 5 , F=14 0 0| lacac ma@ntam giac doi;
-1 5 2
1 5 3 4 -1
G = ],H: 4 1 0| lacéac ma #nddi xang.

-1 0 2

= Pinh nghia 4
Hai ma tgn A= (a,) v& B = (b,) dwoc gi I& bang nhau khi va ohkhi chiing cling dp va

a, =b, (Vij),kyhpula A=B.

1
Vidu 3.Cho haimatn A = i vaB =
‘ z 2 u 3

TacA=B khiz=0,y=-1,2=2,u=2,¢t=3.

10—1]

1.2. C4c phép toan trén ma #n
1.2.1. Phép @ng va trir hai ma tran
Chohaima@in A=(a_) vaB=(,)

ij/ mxn j 7 mx

_, tadinh ngha

A+ B=(a,£b,)

i /mxn

Vi du 4.
-1 0 2 2 0 2 1 0 4) (-1 0 2 2 0 2 -3 0 0
23—4+5—31_70—3’23—4_5—31_—36—5
= Nhan xét

Phép 6ng ma tén c6 tinh ct giao hoan va tinh éhkét hop.
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1.2.2. Phép nhéan vé téng
Chomatn A = (a,

i )mxn

va® \ € R, tadinh ngha
A = (Aa,)

15/ mxn

3—110 3 -3 0 2642132
=2 0 —4| |6 0o 12" |=4 0 8| “|—2 0 4|

Vidu 5.

= Cchay
« Phép nhan voudng c6 tinh phan g déi vsi phép éng ma tan.
e Ma tén —1.4 = —A duoc goi la ma tr@n doi cia matén A.

Vi du 6.
1 -2 9 -8 5 —10 18 —16 —-13 6
ol 4 0 [|—2| 2 8 =120 0 [(—|4 16 | =| 16 —16].
-2 4 —1 —10 20 -2 8 -8 12
; -2 7| . 2 .
Vidu7.Cho A = 9 vaB = 1 . Timmatén X théa2X + 41, =24 - B.
Giai. Ta co:
2X +41, :2,4—B<:>2X:2A—B—4[2<:>X:A—%B—2I2
-2 7! 116 2 1 0 -2 7 3 1 2 0
& X = —— -2 S X = - - :
3 9| 2|-8 4 01 3 9 —4 2 0 2

\/éX_76
ay =7 5l

1.2.3. Phép nhan hai ma &n

Cho haimatn A = (a vaB=(,),,, tadinh ngha

1j >m><71, nx

AB = (c,)

mxp

trongdé c, =a.b, +ab, +..+a b (i=1..m; k=1..p).

171k 1272k in nk

= Chay
Diéu kién dé phép nhandB thuc hién duoc 14 $ ot cia ma tén A (ma tén truge) king $ dong
cia ma tén B (ma tén sau).

= Nhén xét

« S5 dong @a ma tén tich AB bing $ dong @ia ma tén A, 5 ¢t cia ma tan tich AB bang $ oot
ciamatn B.
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« Sy 36 nhan haimain A va B:

Vi du 8.

(12 3)|5|=(14+25+36)=(32),

KT

1 2|12 0 1.2+2(-1) 1.0+2.0 0 0
0 0||-1 0| [02+0.(-1) 00+00| [0 0
0
1 1 -1 ) 4 —4
-2 0 3 =T o9
-1 3
. 1 2 3 . i L
Vidu 9.Chomatin A = 15 6 . Thuc hién cac phép tinh sau:
Giai
1 0 0
1) AI ; 10 bz2os), 2) I A Lo
)3_456 1_456’ )2_01
1 0 -1 -1 -2 1
Vidu 10.Chohaimatn A=(2 -2 0 |vaB=|0 -3 1].
3 0 -3 2 -1 0
Thrc hién cac phép tinh sau: VB, 2) BA.
Giai
1 0 —-1)—-1 -2 1 -3 -1 1
1)AB=1[2 -2 0|0 -3 1|=[|-2 2 0].
3 0 =3|]|2 -1 0 -9 -3 3
-1 -2 1}|j1 0 -1 -2 4 =2
2)BA=|0 -3 1}|12 -2 0|=|-3 6 -3]|.
2 -1 0|13 0 -3 0 2 =2

|

(13+26) (L4+27) (1.5+28)=(15 18 21),

ni,;

1 2 3
4 5 6

2)IA.

3

1 2 3
4 5 6

].
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= Nhén xét
e Tich aia hai ma #in khac khéng co 'é”l!é. mot ma tén khéng.
* Phép nhan hai maitr khéng co tinh cit giao hoan.
= Tinh chét
Chocacmaidn A, B, C va$ ) € R. Gia thiét ring cac phép tintiéu thec hién duoc, ta co:
i) (AB)C = A(BC) (tinh ctit két hop);
i) A(BB+ C) = AB + AC (tinh ctit phan pli bén trai);
iii) (A4 B)C = AC + BC (tinh chit phan pléi bén phii);
A)AAB) = (AA)B = A\B):

5)AI =A=1 A,vsi Ae M (R).
Vi du 11, Thuc hién phép tinhsaud — | — ~I1* 2| ° ~°1* °
|1_1._C|¢npep|nsa.—_1354-1—7_254.
Giai. Ta co:
12 11 (=25 —20 ~13 -9
A: —|— — .
13 9 4 13] [17 292
Cach khac
1 2] (0 =5l{[2 3] (1 =3}[2 3] [-13 -9
A: —|— = = .
—1 3| {7 =2lll5 4| |6 1|5 4 17 22

1 -1 20 1 312 -1 2 ||—-1
Vidu 12.Thyc hign phép tinhA=| 2 -3 0||-1 -2 1 {1 0 =2|l 1
-1 1 412 -1 =-3{|3 1 0 (|—2

Giai. Ta co:
5 1 —41|2 -1 2 ||—-1 -1 -9 8 ||—1 —24
A=(3 8 3 (|11 0 =2||1|=]| 23 0 —10|l1|=]|-3|.
7T =7 =143 1 0 ||—2 —35 —21 28 ||—2 —42
Cach khéc
Thuc hién phép nhanit phai sang trai ta co:
1 -1 2|0 1 3 ||—=7 1 -1 2| -3 —24
A=12 -3 0||-1 -2 1 3|1=(2 -3 0O||—-1|=|-3]|.
-1 1 4} 2 -1 —-3||—-2 -1 1 4}|-11 —42

1.2.4. Liy thira ma tran vuodng
Chomatin Aec M (R).
* Lay thera ma tein A dwoc dinh nghia theo quy ap nhe sau:

A =1, A = A A = A" A= AA* (Vk €N)

* Néu A khac ma tin khéng vadk € N\ {0; 1} sao choAd" = (0,), thi A dwoc gi la ma tin Ly
linh. & k € N, k> 2 bé nhit sao choAd" = (0,), duoc i la cap aia ma tén liy linh A.
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01 0
Vidu13.Matan A={0 0 1| laliy linh cip 3 vi:
0 0 0

0O 1 0}]]0 1 0 0 0 O 0O 0 Ofj0 1 0 0 0 0
A =0 0 1l0 0 1[=|0 0 1|=(0),, 4°=[0 0 1]j0 0 1|=[0 0 0|=(0,),
i Y
0O 0 0] 0 O 0 0 0 0O 0 0ofjlo 0 O 0 0 0
» Tinh chét
I) [(Olj)n]k:(olj)n'(In)k:In'VkeN
iiy A" = A" A" YA€ M (R), Yk,m € N
jii) A" = (A"", VA€ M (R), Yk,m € N,
= Chay
°Né'uA:diag(a11 a,, a ) thi Ak:diag(af1 a; afl'n).

* Néu A, B € M (R) théa AB = BA (giao hoan thi cac ling ding thrc quen thdc ding ding Wi
A, B.Khi AB = BA thi cac ingding thrc d6 khdng contiing rira.

1 0 0
Vidu 14.Xét ma tén chéoA =|0 -1 0], taco:
0 0 2
1 0 olft o 0 100 | 0 0
A*=|0 —1 0f|l0 =1 0|=|0 1 O|=|0 (=1 O],
0 0 2/l0 0 2 00 4 0o 2
1 0 0|t 0 O 1 0 of [ 0 0
A*=10 1 0f|0 =1 0|=|0 -1 0O|=|0 (=1 O].
0 4/l0 0 2 0 0 8 0 0o 2°
. L 3 5| | 2 -5 )
Vidu 15.Xét haima tin A = va B = , ta co:
1 2 -1 3
« AB=BA=1,,
2
e N E 5| (5 o] (25 o0
1 2] |-1 3] |0 5] |0 25/
2 2
P AR L B — 35 ) 3 5|2 =5 2 =5
+ + 12 + 1 2||-1 3 +—1 3
14 25) (2 0 9 —25| (25 0O
15 olTlo 2|T|=s 14| |0 25|

Suyra(A+ B = A> +2AB + B°.

10
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1 2 2 1
Vidu 16.Xét haimatin A = vaB = , ta co:
: 1 0 4 3

10 7 3 4
e AB = = = BA,

2 1 7 8

2 2

AB2_12 2 1) (3 3] (24 18
(+)_10+43_53_3024’

-A2+2AB+B2—1 2 +2 +
110

2
2 1
4 3

1 2|2 1
1 0f|4 3

Suy ra(A+ B)’ = A* +2AB + B,

. A 1
Vidu 17.Cho ham & f(z) = 22° — 42> vamatin A = 0

Giai. Ta co:
! —1][1 —1]:[1 —2]’ 4
0 1o 1 0 1
Suy ra:
1 -3 1 —-2) (1 o] (2 —6] (4
fA)+1, =2, 1_4[0 1]+[0 1]:[0 2]_[0

Vidu 18.Tim matan D = (ABC)’, trongdo:

-2 1 3 0
A= B = L C =
1 O 8 —1
. -1 0
Giai. Taco: ABC = ]
0 3
1 0] (17 o] (-1 o
Vay D = — = .
0 3 0 3 0 243
, . ) 2 0
Vidu 19.Tim matén (I, — A", v6i A = ) O]'
. ; 1 0 2 0 -1 0
Gial. Ta co:]2 — A= — =
0 1 1 0 -1 1
VI e = B I LR
=, - )_—1 1|—=1 1| |0 1] 2

= (I _A)QOIO _ [(]2 _A)Q _ (12)1005 — 7.

2
~1 0] (-1 0
Vay (I, — AP = IQ.[_l 1] = [_1 1].

}1005

20 14 8 5§ 31 21
+4 2+20 13| |25 17|

.Timmatén f(A)+ I .

2

11
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cos —sinao
Vidu 20.Cho ma tin A = .Tim A", Vn € N.

sin  cos«

Giai
» Ta co:
0 1 0 cosOa —sin O« . cosla —sinla
A = = . , A = A = .
0 1 sinO0a  cosO« sinlae cosla
. . ) ) . .
r cosa —sinallcosa —sina cos  a—sin“a —2sinacosa cos2a  —sin2«q
sinae  cosa ||sina  cosa 2sin o cos o cos’ a — sin® « sin2a  cos2«

Gid s A* coska  —sinka
e Giasr A" = .
sinka  coska

*Véin=Fk+1,tr (x) taco:

e coska —sinkal||cosa —sina cos(k + o —sin(k + 1)«
~|sinka coska |[sina  cosa | |[sin(k+1)a cos(k+1Da |’
cosna  —sinno
Vay A" =| | , Vne N,
sinna cosno

Vidu 21.Cho ma tin A = (a,), €O Cac phntra, = (-1)"". Tim ptan tir o, chia ma ton A,
Gial

Phin tir o, can tim latich dong th2 cla A va gt thir 5 ala A .

Cac pln tir trén dong th 2 aia A 1a:

a, =(-1"=-1,a,=1,...,a,,,=-1,0a, =1.

21 22

Céc pln tir trén &t thx 5 c1a A 1a:

a, =(-1)" =1, a, =—1,..,a,. =1,0a,, =—1.

Vay a, = —1.1+1(=1) + ... + (—1).1 + 1(=1) = —40.

40s6 hang

Vidy22.Chomatin 4 =(a,),,
Giai
Phan tir o, cAn tim latich dong th 7 cia A va &t thir 6 aia A.

c6 cac phn tr a, = (—1)".j. Tim pin tr o, ciia matin A°.

Céc plan tir trén dong thr 7 aia A 1a:
a,=(-)'1=-1,a,=-2,.,a,=-99,a, B =—100.

71 799 7100

C4c pln tir trén &t thr 6 caa A 1a:
a,:(—1)1.6:—6'a%:ﬁ,_”’a :_6'a :6.

16 99 6 100 6

Vay a, =6(1—2+3—4+...+99 —100) = —300.

Vidy23.Chomatin 4 =(a,),,
Giai
Phan tir o,, cAn tim la tich dong th3 cia A va &t thir 4 aia A.

c6 cac phn tr a, = (—1)".3'. Tim phin tr o, ciia ma tén 4’

Dongthr3ala A la (-3 —3* —3° ... —3" —3")
12

()

].
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Cottht4aia A la(—3* 3* —3"...-3" 3"

A 4 2 3 99 100 4 1- (_3)100 35 100

1.2.5. Phép chuén vi

Chomatin Ac M_(R).Ma tran chuyn vi (Transposed matrix)u@ A, ky héu la A", 1a mpt
ma tin cip nxm nhin dwoc tr A bang cach chugn tit ci cac dong trongA thanh cac 6t
tironging aia A” . Phép bén @i ma trin A thanh matin A” dwoc gpi la phép chuyn vi.

1 4
. 1 2 3
Vi du 24.Ma tran chuyn vi cia A = L5 6 laA" =2 5.
3 6
= Tinh chét
) (A+B)" =A"+B",VABe M _ (R).
i) M) =XA", VAe M (R),VAeR.
iy (A4") =A,vAeM (R).
4i) (AB)" = B'A" ,VAe M, (R),VBe M, (R).
1 -1
] : . 0 1 -2
Vidu25.Chohaimatn A= 0 2 |vaB= Lo -3l
-3 =2
1) Tinh (AB)"; 2) TinhB" A" va so sanhét qua véi (AB)".
Giai
1) Ta co:

=B"A"=|1 0 =1 0 -3|.

1 —6 12

Vay B'A" = (AB)" .

13
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1.3. C4c phép bén d6i so cip trén ma tran

1.3.1.Pinh nghia
Chomatin A=(a,), . (m>2). Ta @i phép bén doi so cip dong trén4 1a mjt trong cac dng
sau
1) Hoan v dongi va dongk cho nhauié A tré¢thanhB: A—%~% B,

2) Nhan dongi véiss A = 0 dé A tréthanhC: A—2=4 (.
3) Thay dong bsi téng dongi véi A lan dongk dé A thanhD: A—“=4% . p,
= Chay
i) Trong ding 3), $ thuc \ co tré 1a 0.
i) Trong thrc hanh ta thong lam @p A
iii) Twong tr, ta ding c6 cac phép & déi so cap trén 6t caa ma tén.

dopd Mg

Vi du 26.Dung cac phép bin doi so cip trén dongté dua ma thn sauday v ma tén tam giac trén:

2 1 -1
A=[1 -2 3
3 -1 2
Gial. Ta co:
2 1 -1 1 -2 3
A=|1 -2 3|—%% 42 1 -1
3 -1 2 3 -1 2
1 -2 3 1 -2 3
— 10 5 74T 0 5 T,
o 5 -7 0 0 0

Vi du 27.Dung cac phép b d6i so cip dé dua ma tén sauday V& ma tén don vi:

1 1 =1
B=|1 -2 2
2 —1 2
Giai. Ta co:
1 1 -1 1o
B=|1 —2 2|—a=s*s |1 _9 o
2 b2 2 —1 1
1 1 0 ]
—ia |0 3 0%0

0 -3 1] ;1% oo 1

1.3.2. Ma tran so cip
Ma ti@n thudiroc tir ma tiin don Vi I boi ding ndt phép bén doi so cip dong hay 6t diroc i 1a

ma trin s cap.
14



Poan Ouong Nguyén Clucong 1. Dinh thuie - Ma trgn

Vi du 28.Ching © ring cac ma fin sauday la & cip:

00 1 1 0 0 100
A=]0 1 0|,B=|0 -5 0|vaC=|2 1 0|.
100 0 0 1 00 1
Gidi. Ta co:
00 00 1
I,=]0 1 0|—2% 0 1 0=4,
0 1 100
00 1 0 0
I,=0 1 0]——=—"%—|0 -5 0|=8,
00 1 0 0 1
00 100
I=[0 1 o]—=%2% 512 1 0|=C.
00 1 00 1

Do cac ma fin A4, B, C thuduoc tr ma tn don vi 1, bsi dling mot phép bén doi so cap dong hay

cot nén la cac main s cap.

1.4. Ma tran bac thang va tic thang rat gon
1.4.1. Ma tran bac thang
= Pinh nghia

« Trong ndt ma tiin, mst dong co dt ca cac plin tr déu hing 0duwoc i la dong king khdng hay
dong khoéng.

« Trong ndt ma tein, phin t khac Odau tién tinh & trai sang plai ciia mpt dongduroc goi 1a phan tr
Co So cua dongdo.
« Ma trgn bdc thang la ma tin khac khéng codp m x n (m,n > 2) théa ai haidiéu kién sau
1) Cac dong éing khdngs phia dréi cac dong khac khong;
2) Phin t co s& ciia mgt dong kit ky nam bén phi phan tr
o s cua dongo phia trén dongié.

Vi du 29.
» Cac ma tin sau la bc thang:
1 0 2 01 2 3
I,A={0 0 3|,B=|0 0 4 5
0 0 O 0 0 01
» Cac ma tin sau khong pti la bac thang:
0 2 7 2 3 5 0 3 5
C=|0 3 4|,D=|0 0 O|,E=|0 0 O
0 0 5 0 1 3 5 00
= Pinh ly . ) . . ; c 2
Mbi ma tr@n deu co the dwa duwoc ve ma tgn bic thang lang mot so hiru han cac phép lan doi
So' cap.

15
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1.4.2. Ma tran bac thang rat gon
* Pinh nghia
Ma trgn bic thang rat gn 1a ma tgin bic thang cé phin i co' s& cia mt dong bit ky déu bang 1 va
la phan tr khac 0 duy ndt cia ost chira phan tir d6.

1 3 00 01 0 3
Vidu30.Cacmatinl ,A=|0 0 1 O, B=|0 0 1 2| lacacma tn bic thang ratgn.
0 0 0 1 00 0O
1 3 R . .
Matn C = 00 1} khong pfai 1a bac thang rat gn.

1.5. Ma tran kha nghich

1.5.1.Pinh nghia

« Ma trén vubng A cap n duwoc i la khd nghich réu n tzi ma trgn vuéng clingdp B sao cho
AB=BA=1 .

« Ma trgn B l1a duy nlit vadiroc goi la ma trin nghichddo cia matén A, kyhgula B = A",

» Chuy
A =4
i) Néu ma tan B la ma tén nghichdao aia A thi A ciing la ma tin ngtich dao cia B.
Vidu3l. A= ? 3 vaB = 1 71 1a hai ma tin nghichdao cia nhau ViAB = BA =1, .
0 01
Vidu32.Chobétmatan A=|0 1 0| théadangthrc: A* —A* — A+ 1, =(0,),. Tim A™".
1 0 0
Giai. Ta co:
A=A A+ =), & A+ A+ A= S A-A+A+L)=1,.
0 0 1
Viy A =—A"+A+1,=|0 1 0.
100

Vidy 33.Cho A € M (R) lama tan liy linh cip % .
Chng minhang (I, —A) ' = A"+ + A+1 .
Giai. Ta co:
(I, —A)A" + . + A+ 1) =A""+ 4+ A+ )—(A"+ 4"+ + A+ 4)
=1 — Al = I — (Olj)” =1.

Suy rad"™ +...+ A+ langfchdao cia (I, — 4).
Vay (I, —A) " = A"+ A+
» Chay

i) Néu ma tin vudng A cé it ntit 1 dong (hay 1@t) bing khong thi khdng khnghich.
16
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iy I ' =1; (AB)' =B'A".

iii) Néu ac — bd = 0 thi

2
Vidu 34.Cho haimatn A = 1 vaB =

3

2 1
3 2|

Thc hién cac phép tinh: 1)AB)™"; 2) B'A™.

2 s5\(2 1) (19 12]' 1 7 —12 7 —12
1 3|13 2| |11 7| 19.7-11.12|-11 19| |-11 19|

Giai
1) Ta co:

(AB)" =

2) Ta co:

1.5.2. Thuit toan tim ma tran nghich dao bang phép bén déi so cip trén dong
Chomain A€ M (R), tatimA™" (néu c6) nhr sau

* Bwéc 1.Lap ma tén (A‘In) bing cach ghéf  vao bén phi cua A .

« Buéc 2. DUng phép Iéin ddi so cip trén dongié dua (A‘In) vé dang (A"B) (voi A’la ma tan bac

thang rat gn).
Khi dé:

)néu A’ = I thita Kt luan A khéng kh nghich;
iy néu A’ = I thitaKtluan 4 kha nghchvad' = B.

)
-2 10

1 0
2 1|
1 -5

DoA’ = ] = I, nén ma in A khong kk nghich.

0 0
1 -5
1 5]

Vi du 35.Tim ma tén nghich dao (réu c6) Ga A =

Giai. Ta co:
1 -5

(A‘I2): —2 10/0 1 0 0

1 0] dy—d,+2d, [1 =

Vi du 36.Tim ma tén ngtich dao (réu c6) ¢ia B =

Giai. Ta co:

17
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1 =51 0 ,.,, [1 =51 0
(B.) = BE—
2 1 5[0 1 0 10|—1 1
1 1
424 +d, 2 01 1 dﬁ%dl 10 5 9
0 10-1 1] 4-Lly JO 1| 1 1}
10 10
5 5
\@yB’I:i :
10]—-1 1
1 1 -1
Vi du 37.Tim nghichdao (réu cé) mamatén C ={1 0 1
2 1 0
Giai. Ta co:
1 1 -1 0 0 1 1 —-11 00
(C[r,)={1 0 1]0o 1 0]—E=h o -1 2|-1 1 0
21 0|0 01 0O -1 2|-2 0 1
10 10 1 0
—a=h 0 1 201 -1 0.
%o lo0 0]-1 -1 1
Vay ma tin C' khdng kh nghich.
1 -1 0 1
) . . 0 -1 10
Vi du 38.Tim nghichdao aia ma tén D = 0 L1l
0 0 1
Giai. Ta co:
1 -1 0 11 0 0 O 10 0 01 -1 1 -2
(D‘I)_ 0 -1 1 00 10 0 toaa |01 000 -1 1 -1
Y7100 1140 01 0] &=k, J00 100 0 1 —1f
0 0 110 0 0 1 0 0 0 140 0 1
1 -1 1 -2
L0 =11 -1
Ny D = . ;
0 0 1 -1
0 0 1

18
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, 2.PINH THUC
2.1. Ma tran con éGp k

* Pinh nghia
Chomafn A= (a,), €M (R).

* Ma tr@n vudng @p k duroc ldp tir cAc phin i nam trén giao 6a k dong vak cjt cia A dirgc gpi
la matgnconap k cia A.

*Matrgn M, c6 @ip n—1 thuduoc tr A bang céch B di dong thr i va &t thir j duoc goi la ma
trgn con @ia A #ng \6i phan i a, .

1 2 3
Vidu39.Xétmatin A=[4 5 6|, taco cac ma fin contng Wi cac phan tir a, la:
7 8 9
4 6 4 5
Mll = ! M12 = 7 9 ! M13 = 7 8 !
3 1 1
M21 = 9 ! M22 = 7 9 ! M23 = 7 !
1 1
M:n = J M32 = 4 g M33 = 4

2.2.Pinh nghia dinh thac

Dinh thic (determinant) &a ma tgn A = (a, ) , ky héu la det A hay | A|, la mpt 6 thuc durpc
dinh ngha quy rp theon nhw sau

11"

e Néu n =1 thi detA:‘au‘:a

A N all 12
eNeu n =2 thidet4 = = a,a,, — 0,0,
a?l 22
« Néu n > 3 thi
det A = anAn + a12A12 St aln,Aln
trongdd A = (—1)"" det(M, ) (j =1,2,...,n).
» Chay

n

)det! =1, det(0,), =0.

i) Quy tic saududng chéo Quy tic Sariug:

¥ %k ok * % * * ¥k T * * * %

B e

ko ok ok ko ok ko ok * k ko ok * ok k *
(ba phin tr ndm trén céaloan nji thi nhan i nhau).
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Vi du 40.Tinhdinh thrc caa cac ma fin sau:

1 2 -1

1)A—3 2. 2YB=[3 -2 1

I Uk =
2 1 1
Giai
DdetA=| | =34-1.(-2) =14
)e—14—.—.(—)—.
-2 1 31 .13

2) det B =1.(-1)"" ) 1+2(—1)“?2 1+(—1)(—1)1+32 . =-3-21+(-1).7=-12

Céch khéc. Sir dung quy tic sauduong chéo, ta co:
det B=1.(—2).1+2.1.243.1.(-1) —2.(=2)(-1) - 3.2.1 - 1.1.1 = —12.

—1

—1
Vi du 41.Tinhdinh thrc cila ma tén A = :

N W o O
W = R O
w o N W

Gidi. Ta co:
det A=0.4, +0.A4,+3.4, +(-1).4, =3-1)""det M, — (—1)"" det M,
41 -1 |41 2
=33 1 2(+13 1 0=-49.
2 3 5| 2 33

4

2.3. CAc tinh clit co ban cia dinh thirc
Chomatn A € M (R), ta c6 cac tinh dh co ban sau

2.3.1. Tinh cHit 1

det(A") = det A

1 2
3 4

1 3
2 4

Vi du 42.

2.3.2. Tinh chit 2 o
Neu hoan v hai dong (hay haidt) cho nhau thiZinh thrc doi dau.

1 3 2 -1 1 1 1 -1 1
Vidu43.|2 -2 1lj=—|2 -2 1|=|-2 2
-1 1 1 1 3 2 3 1 2
= H¢ qua ) ) .
Dinh thic cé it nlat hai dong (hay haidt) giong nhau thi bng O.
3 3 1 r ¢ 2’
Vidud4.2 2 1|/=0; 1 ¥ y’|=0.
117 1y 9
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2.3.3. Tinh ctit 3 , ‘
Neu nhan mat dong (hay nit cot) véi so thuc A thi dinh thic tang 1En A lan.

3.1 0 3.(-1) 10 -1 |z+1 z 2° 1 z 2°
Vidu45./]2 1 -2 |=3]2 1 =2; [z+1 y Pl=@+DL y 9|
3 1 7 31 7 |lza+1 2z 2° 1 2z 2°

= H¢ qua

» Dinh thic c6 it nkit 1 dong (hay 14t) bang khong thi bing 0.
* Dinh thic c6 2 dong (hay 24t) ti I1¢ voi nhau thi lang O.

z 0 1 6 —6 -9
Vidu46.|z° 0 y|=0; 2 2 3=
2 0 ¢ -8 =3 12

2.3.4. Tinh clit 4

Néu dinh thic ¢ ngt dong (hay mit cst) ma mdi phan ti 1a tong aia hai $ hang thi ta c6 th tach
thanh tng haidinh thic.

z+1 z—1 =z 1 -1 0 T T T
Vidu47.| z y Y=l v ¥+l v ¥
1 2 1 z 2 1 z 2°

2 c 2
cos"x 2 3 sin“z 2

sinz 5 6|4+|cos’z 5

O© O W
Il

—= = =

co Ot N

O© O W

e 2 2
sin“z 8 9 cos“xz 8

2.35. Tinhctits ‘
Dinh thic £ khdngdoi neu ta @ng vao mt dong (hay it cot) voi A lan dong (hay ét) khac.

1 2 3
Vi du 48.Dung tinh cht 5, dvadinh thic sau ¢ dang tam giac trénA = |-1 2 —1|.
2 3 4
el 2 3 [l 2 B|aaidaft 203
Giai. TacooA = |0 4 2/ = |0 4 2 = 4 2.
92 -1 —
3 4 0 1 2 00 _§
2
x 2 2
Vi du 49.Sir dung cAc tinh cit dé tinhdinhthic A =2 2 2|.
2 2 z
dodsasaltt4 z+4 z+4 11 1
Giai. Taco:A = 2 T 2 |=@+4P2 =z 2
2 2 T 2 2
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d,—d,~2d, 1 1 1
, dzizd(x—i—él)O -2 0 |=(z+4)(z—-2)>
S 0 0 a2

= Cchay
Trong tinh chit 5, dong (hay &) ma ta mén thayddi thi khéngdugc nhan wi bat ky sd thyc nao
khéac 1.

2.4.Pinh ly Laplace W khai tri én dinh thirc
Cho ma tin A= (a,),. Goi A =(—1)"det(M,) la phin budai sé cia phin i a,, ta c6

khai trién Laplace nkr sau

= Khai tri én theo dong thi i

n

detA=a A +a,A, +..+a A = v aijAM

m m

J=1

= Khai tri én theo dt thir j

n

det A = aleU, + anAzj 4+ an].An], = Zai],Ajj

i=1

1 0 0 2
2 01 2 | .
Vi du 50.Tinhdinh thic A = 13 9 3 bang hai cach:
3 0 2 1
1) khai tn theo dong 1; 2) khai én theo 6t 2.
Giai 7
1) Khai trign theo dong 1, ta co
0 1 2 2 01
A=11[3 2 3/+(-1).2.]1 3 2/=3.
0 2 1 3
2) Khai trién theo 6t 2, ta c6
10
A=(-1).3]2 1 2/=3
3 2

= Nhan xét
Khi tinhdinh thic, ta nén khai tén Laplace theo dong (hagt} co chra nhiu phan tir O nHit.

1 1 1 2

. < . TR g e 2 -1 1 3
Vi du 51. Ap dung tinh clat va khai trén Laplace, hay tintiinh thric A = 1 ek

3 2 1
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1 1 1 2
dy—d,—2d, 0 -3 —1 -1 khai trién cot 1 -3 -1 -1
d'zﬁdszll 0 1 -2 0
d,—d,—3d, 0 1 5
0O 0 -1 =5

= C4c két qua dic biét can nhé
binh thrc cia ma tén chéo va tam giatwroc tinh theo cong tic:

° ] v —
det [dlag(all a22 amL >] a11a22 o 'ann
all al? o aln all 0
0 a, .. a a, a, ..
22 2n 21 22
° — =
: : ‘. : : : ‘. : a11a22 . 'ann
0 O a. a .. a
nn nl n2 nn

2.5.Pinh ly Laplace mé rong (khai trién dinh thirc theo k dong hay kat)
Chomatin A= (a,), . Xétk dong vak cot nhu sau:

i <y <. <i VA <) <<

« Goi dinh thrc cia ma tén con ép & gdm céc phn tir nam trénk dong vak oot da xéto trén 1a

a. . a. . e A,

L% 4Ja Ik

S =1 " bla bk
a. a. . a

W ) Uy,

« Dinh thic 3 cia ma tén con ép n — k nhin duoc tir A bing cach b di k£ dong vak oot ¢ trén
duoc goi la dinh thi:c con bucaa 6.

* Bai lugng

A = (_1)771+7;2+...+72k+]‘1+]'2+___+].k 6

duoc goi 1 phan budai 6 cia 6.

= Pinh ly ,
Dinh tmc aia mgt ma tin vudng ng ting aia tich mi dinh thic rat ra & & dong (hayk cgt)
véi phan bu trong izng aia chung.

1 1 2
) ) 2 -1 1 3
Vidu52. Xét mathn A = :
: 1 2 -1 2
3 3 2 1
o . . . s 2 3
* Chon hai dong 2 va 3, habt1l va 4, ta c@inh thic 6 = 1 9’
A e an . 11
* Bo di hai dong va haid da chon, taduoc dinh thic 5 = 5 9
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) . 11
« Phan bldai so cia 6 ladai lugng A = (=173 = . 1.
1 1 1 2
] ; o e 2 -1 1 3
Vi du 53.Ap dungdinh ly Laplace nx rong, hay tinhdinh thrc A = 1 9 L
3 2 1

Giai. Ta khai trén Laplace theo hai dong 1 va 2.
« Tir hai dong nay tap duoc saudinh thic con ép hai:

5 1 1 3 s 1 1 1 2
| | e B I
5 1 1 5 5 1 2 1 2
LA B T | R O R | -
* S4u phn budai sb trongeng Wi saudinh thic con trén [a:
-1 2 2 2
A = (—1)r2e2 — 5. A = (1) —4,
2 -1 1 2
A = (1)t — 7 A = (=) — _5,
1 -1 1 2
A — _1 1+242+4 — _5 , A — _1 1+2+3+4 — _3 ]

Vay A=6A 460, +8A, +8A, +5A, +6A, =—34.

1 2 3 4 5
5 00 3 O
Vidu 54.Tinhdinhthrcciamatin A=|4 5 1 2 3.
31 2 1 4
2 0 0 4 0
Giai. Khai trién Laplace theo hai dong 2 va 5r fiai dong nay ta ¢Hap duoc mot dinh thrc con ép

hai khac khong la

5 3
6:2 4:14.
PHin budai sb twongung 1a
2 3 5
A= (=15 1 3 =-10.
1 2 4

Vay det A = 6.A = —140.
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Clutong 1. Pinh thite — Ma trign

= C4c két qua dic biét can nhé

« Dang chia khdi

Néu A, C' la hai ma tin vudéng vaoO la ma tén khéng thi ta co

* Dang tich

AiB

A0

=det A.detC

0 C

BC

Néu A va C 1a hai ma tin vudng cling 4p thi ta c6

1 2 3 4
) o 3 —2:7 19
VI du 55lT|nh dlnh th:rc A [T FR
' 0 0 3 0
0 0 4 —1
Giai. Binh thic da cho c6 dng chia kidi.
Vay A L2ip bl 8 3 24
A=, ) = E99=
1 2 3 4 5
5 0 0 3 0
Vidu 56.Tinhdinhthic A=4 5 1 2 3.
3 1 2 1 4
2 0 0 4 0
Giai. Hoan v ¢t va dong nlr sau:
1 4 3 2 5 2 4:0 0 O
b, 003 00 0,15 3000
A=—-4 2 15 3 =14 2:1 5 3.
3 1 2 1 4 3 1:2 1 4
2 4 0 0 0 1 4:3 2 5
Dinh thic thuduoc c6 ding chia kidi.
1
9 4 5 3
Vay A= L2 1 4= (-14).10 = ~140.
3 2 5
1 1 -1 2 1 4
Vidu57.Chohaimatn A=|2 0 3 |(vaB=|2 1 3|.Tinhdet(AB).
1 2 -3 1 2 1

Giai. Ta co:

|det(AB) = det A.det B

det(AB) =

11 —-12 1 4
2 0
1 2 =31 2 1

3.2 1 3|=-3.
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1 1 —1|{2 1 4||-3 1 4
Vidu 58.Tinhdinhthrc A=2 0 3|2 1 3|0 1 2
1 2 =3|f1 2 1)j1 2 1
Giai. Ta co:
1 1 —-1112 1 4|-3 1 4
A=12 0 3.2 1 3[.|0 1 2/=-21
12 =31 2 1|1 21
0 0 0 0 =z
0 z—1 0 0 1
Vi du 59.Giai phuong trinh|0 15 2 0 3/=0
3 24 z z 4
x T z 1 3
Giai. Hoan v cot 1 va ét 5, taduoc:
T 0 0i0 O
1 z—1 0:0 O x 0 0
r 3
3 15 z:0 0=0<1 z-1 0.1x:0
4 24 =xix 3 3 156 =
3 T zil =z
<:>x2(x—1)(x2—3):0<:>x:O\/x:1\/x::|:\/§.
1 —a —a —a
1 a 0
Vi du 60.Tinhdinh thic cip n sau:A =[1 0 a
1 0 0 a
n 0
1

Giai. Cong #t ca cac dong vao dong 1, daoc dinh thic tam giacA =1 0 a

Vay A = n.a""".
1+a a 0 0 0
1 1+a a 0 0
i i i . 0 1 14+a a 0
Vi du 61.Tinhdinh thrc cap » sau:A =
" 0 0 1 1+4a 0
0 0 0 0 - 1+4a

Giai. Xem &t thir nhat c6 cang 1+a 1+0 0+0 --- 040)" ta tachdinh thic thanh éng
A =A + B, trongdo:
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Clutong 1. Pinh thite — Ma trign

1 a 0 0 0
1 1+a a 0 0
0 1 1+a a 0
A = , B =
" 0 0 1 1+a 0 "
0 0 0 0 -+ 1+4a

Doi véi A , lay dong thir hai tir dong thr nhat taduoc

1 a 0 0
0 1 a 0
01 14+a a
A =
" 0 0 1 1+a
0 0 0 0

Khai trién A theo @t thir nhit, ta c6A = A .

1

Lap luan twong tr, taduoc 4 = A  =..=4 =1.

1

Khai trién B, theo &t thir nhit, taduoc B = aA .
Suy ra:
A =1+aA _

1

=1+al+aA ))=1+a+d’A

o O O e

2

14+a

O O O O

1+a

0 0 0
a 0 0
1+a a 0
1 14+a 0
0 0 1+a

=.=1l+a+d +..+a""'A =1+a+d" +..+a" '(1+a).

VAy A =1+a+a’+..+a"" +a".

oo o O

Lo O o o

4

4 3 0 0
1 4 30
] s . 0 1 4 3
Vi du 62.Tinhdinh thrc cap n» sau:A =
"0 0 1 4
00 00
Giai. Khai trién A theo 6t thir nhat, taduoc
3 000
1 4 3 0
01 4 3
A =4A  —
0001 4
0 0 0 O
Khai trién tiép dinh thrc dip n — 1 trén theo dong thnhit, taduoc
An = 4A7L71 - SAnf?
Bién ddi (1), ta co:
An - Anfl = 3(A7L71 - Anf?) = 32<An72

L=3HA, —A) =3

(1),

).
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Bién ddi (1) theo céach khac, ta co:

A —-3A =A —-3A =.=A -3A =1

n+l 1

2

Vay, tir (2) va (3) taduwgc A =

2.6.Ung dung dinh thirc tim ma tran nghich dao
2.6.1.Piéu kién dé ma tran vudng kha nghich

= Pinh ly
Ma tein vubngA la kha nghich khi va clikhi
Vi du 63.Tim diéu kién cia tham 8 m dé ma tén sau k& nghich:
m 1|lm 0 Tm—l 0
A= ) |-
0 m||]l m-—1 1 m
Giai. Ta co:
m  1|lm 0 |flm—1 0 5 )
det A = | =m’(m—1)".
0 m{|{l m-1 1 m
] m =0
Vay A kha nghich < det A = 0 < 3
m = 1.

2.6.2. Thuit toan tim ma tran nghich dao
Chomatn A€ M (R).Détim A, ta thrc hién cac lnéc sau

* Bugc 1.Tinh det A. Khi do:
1) reu det A = 0 thi ta ket luan A khong kfa nghich;
2) réu det 4 = 0, ta lam tép buéc 2.

e Buwdc 2. Tinh ma tén phu hop (adjunct matriy adjA = [(A..)H]T cua A, trongdo

ij

A = (=1 det(M,).

* Buéc 3.Ma trin nghichdao cia A la

A = L .adjA

det A
1 2 1
Vi du 64.Tim ma tén nghichdao (ucé) aA=|1 1 2
3 5 4

Giai. Tacodet A =0.Vay A khdng kh nghch.

-3 4

Vidu 65.Cho matin A = .Tim A,

Giai
e TacOdetA=—-7=0, suy raAd kha nghch.
e Tinh ma tén phu hop:
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4 3 T 4 5
Au=4,42=3,A21=5,A22=2:»<A4,>2:[5 2]:»ade:[<AU>2} :[ ]

3 2
4 5
Vay A7 = L .acle:—l .
det A 713 2
1 2 1
Vidu66.Chomatin A=|0 1 1|.TimA"
1 2 3
Giai
e det A =2 = 0= A kha nghch.
* Ta co:
1 1 1 ) 0 1 .
A“_2 3 e 1 3_’A13_1 ol 7
2 1 A 1 1 5 1 2 0
‘/471__2 3__’A22_1 3_’A23__1 2_’
2 1 11 1 2
A31:1 1:1’A32:_0 1__’ 33:0 1:1
1 1 -1 1 -4 1
=(4),=|-4 2 0|=adjd=|1 2 -1|.
1 -1 1 -1 0 1
1 —4 1
. 1 1 . 1
Vay A~ = adjA=—-|1 2 -1}
det A 2 1 1

2.7. Hang aia ma tran

2.7.1.Pinh thikc con dp k
= Pinh nghia
Cho ma tfin A= (a )

e - PNh thic Gia ma ten con @p k cua A dwoc gi la dinh thic con @p
k cua A.

= Dinh ly
Néu ma tgn A c6 tit ca cacdinh thic con @p k déu hing O thi caadinh thic con &p cao ton k
cing hing 0.

2.7.2. Hhng aia ma tran
* Pinh nghia

Cip cao nlat cia dinh thic con khac 0da ma tén A duoc gi 1a hang aia ma tégn A, ky hiu 1a
r(A).

Néu A 1a ma tin khong thi ta quyoc r(A) = 0.
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1 2 1 -3
Vidu67.Matgn A=|-1 1 1 0 | c6 ttca12dinh thic con @p mot, C2.C° =18 dinh thic
1 5 3 -6

con d@p hai vaC? = 4 dinh thrc con @p ba.

Cécdinh thrc con d@p ba la:
1 2 1 1 2 -3 1 1 -3 2 1 -3
-1 1 1j=}-11 O0|=|-1 1 Of=1 1 0|=0.
1 5 3 1 5 —6 1 3 —6 5 3 —6

Do co

2
1‘:310 nénr(4)=2.

= Nhén xét
« Hang aia ma tén khong thayii khi ta hoan v dong hay ét.
*Néu A = (a)  khackhong thil < r(A4) < min{m,n}.

ij 7 mx

« Dic biét, néu A 1a ma vubng 4p n thi
|r(A) =n < detAd = O‘

m —1 —2
Vidu68.Chomatin A=|{0 3 2 |.Ching®ring matén A c6 hang bing 3 \6i moi m .
2 m 1

Giai. Tacddet A = —2m*> +3m -8 < 0,Ym.
\ay 7(A) = 3,Vm e R,

2.7.3. Thuit toan tim hang aia ma tran
« Bwéc 1.Pua ma tan cin tim hang v dang bic thang.
* Budc 2. S6 dong khac khéngia ma tén bac thangdd chinh & ing aia ma tan da cho.

1 -3 4 2
Vidu69.Chomatin A=|2 —5 1 4|.Timr(A4).
3 =8 5 6

Giai. Bién doi so cip dong trén madn A, taduoc:

1 -3 4 2 1 -3 4
A—2=o2a 10 1 -7 0| —2h 0 1 =7 0.
o1 70 0 0 0
Vay r(4)=2.
2 1 -1
0 -1 0 0
Vi du 70.Cho ma tin B = . Tim r(B).
0 1 2 0
-1 1 -4

Giai. Bién ddi so cip trén ma tin B, taduoc:
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1 -1 3 1 -1 3
-1 0 -1
B — —
0 O 2 0 0 O 0
0 O —4 0 O -8
Vay r(B) =4.
» Chay

Trong trong hyp tham 6 & cac ét dau, ta khodua ma tin v dang bic thang. Khidd, ta hoan v
cot cua ma tén sao cho thanmosy cac ét cuoi, roi dua e dang kic thang.

m +1 1 3
Vidu7l.Chomatin A=| 2 m+42 0].Tim giati cia tham 8 m dé r(A4) = 2.
2m 1 3

Giai. Bién doi so cip trén ma tin A4, taduoc:

3 1 m—+1 3 1 m+1
A—5"% 10 m+2 2 |—2%4 10 m+2 2
3 1 2m 0 0 m-—1
31 2
*Voi m=1,taco:A—|0 3 2|=r(A)=2.
00 0

3 1 -1 3 1 -1
*Véim=-2,tac0:A—|0 0 2 |—|0 0 2|=r4)=2.
0 0 -3 0 0 O

Vay m = -2V m = 1.

-1 2 1 -1 1
Vi du 72.Tuy theo gia trcia m , tim hang aia ma tén A = ;nl (1) _11 _11
1 2 2 -1 1
Giai. Bién ddi so cip trén ma #in A, taduoc:
1 -1 1 2 -1 1 -1 1 9 _1
g |TL AL w0202 1 med
e 11 0 omo 1 Gohd 2 -1 m-2 2
1 -1 2 2 1 0 1 0 2
1 -1 1 2 —1
4 —d +d, 0 -2 2 m—1
B 1 m-1 m+1
0 0O - m+1 —m+1

Vayvsi m=1tacor(Ad)=3 vam=1tacor(d)=4.m

31



Bai gidang Pai sé Tuyén tinh

BAI T AP TRAC NGHIEM CHUONG |

Cau 1.Chomatin A< M_ (R). Phép nhan tkc hign duoc la:

A. A.I7 X

Cau2.Chohaimatn A =1

Cau 3.Chohaimatn A =

A. AB =

C.AB=

a 2b 3¢
4a 5Hb 6¢|;
7a 8b 9c

2 3
4 5b 6 |;
7 8 9¢

a

Cau4.Chohaimatn A =

A. BA=

C.BA=

Cau5.Chomatin A =

A. A2011

C. A?Oll

32

a 2b 3¢
4a 5Hb 6¢|;
7a 8b 9c

2 3
4 5b 6 |;
7 8 9¢

Q

—-56 15

15 |
—56 "

~15 4]

—15
4

—1

—_

~J

N e

B. ]8.A;

2 3

C.I.AL; D.I.Al.
01 — .
. Matéan X thoa X.A = B la:
2 3 1
1 -1 0 1 1 2
C. ; D. :
2 0 1 -1 0 1

5 6|vaB=diag(a b c¢).Mat@éntich AB la:

8 9

B. AB =

D. AB =

co ot N
o O W

B. BA=

D. BA=

i

B. A2011 —

—2

D. A?Oll —

2a
5b
8¢

4b
Tc

5b

2a
5b
8¢

4b
Tc

3a
6b |;
9¢

3¢

va B =diag(a b c¢). Matiéntich B.A la:

3a
6b |;
9¢

3¢

7
Al Ma tan A*" la:

~56]
15 |

—56
e
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Cau6.Chomatin Ae M

100(

Phantr o (j =1,...,100) cia A” la:

R), trongd6 cac pln tir o dong thr i 1a ¢’ (i =1,...,100).

100

A. 2", B. 100.2'; C.100(2" +1); D. 100(2' —1).
3 m 0
R 2m m Lo . : N
Cau 7.Chomatin A = . Gia ti cha tham 8 m dé r(A) = 3 la:
9 3m 0 m+
15 dbm—+1 0 7
m = m:O
A.m=0; B.m=1, : ; D.
m = %1 m=1
1 m 1 2
. 2 3m—1 m+2 m+3 o ) . .
Céau 8.Choma tin A = . Gia ti chatham 8 m dé r(A) =2 la:
4 5m—1 m+4 2m+7
2 2m 2 4
A.m=20; B.m=1; C.m=2; D.m=3.
Cau 9.Pinh thrc cia ma tén A/ (A € R) la:
A X; B. Al C.nA; D. A"
01 2 0
A T34 1 .
Cau 10.Cho ma tin A = . Giaticha det A la:
1 2 7 0
04 4 0
A 4; B. —4; C.8; D.-8.
1 0 0 O
5 1 2 4
Cau 11.Chomatin A =13 0 0 0f.GiaticuadetA la:
9 10 0 0 3
T 8 0 2 7
A 12; B. -12; C.6; D.-6.
1 2 -1 -2 1 21 2
Cau 12.ChoA=|0 1 -2 3 |vaB=|-1 2 3 1 |.Gidticiadet(AB") la:
2 0 1 1 0 1 1 -3
A. 100; B. —100; C.125; D. —125.
2+2m -5 12

Cau13.ChoA=|m—-3 m+1 —3m|.Giaticiathamé m dé A <0 I&;
m+3 —m—1 3m
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m <0
A.m>0; B. m<4; C. X
m >4
zr xz —1 -1
. o2t 1 1 i .
Cau 14.Phrong trinh = 0 c6 nghém la:
1 4 1 1
7T 8 9 5
r=—1 T = T =
A. : . : ) :
T =42 T =12 r==+1
z—3 2 —4

Céau 15.Phrong trinh| 2 xz—6 —2 |=0 co nghém la:

A. ; ; . ;
T = T = r=17
m—2 —4 -3
Cau l6.Chomatin A= 4 m+6 3 |.Giaticiathamé m dé A kha nghch la:
-3 -3 m—1
m =1 m =1
A. 3 X B. ; X
m = 2 m = —2
m =1 m =1
C. ; D. 1 . ;
m = 3 m = —3

34
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Chwong |l

HE PHUONG TRINH TUY EN TiNH

1. HE PHUONG TRINH T ONG QUAT
1.1.Pinh nghia
« Mgt hé gom m phirong trinh hic nhit chiza n dn 2, (j=12...,n)
a,r, +a,r,+..+a,x =0

1272 In"n

| a,r +a,r,+..+a, r = b2

a T +a T, +..ta T =b

ml 1 mn n m

trong do, cac I# s a,b €R (i=12..,m; j=12..n),
diroc gi 1a hé phrong trinh tuyn tinh Bng quat (hay gi ngan gon 1a hé phrong trinh tuyn tinh).

* Ta g

ay Gy a4
Ay Gy =0 @y, A A K

A= . o SleM (R)lamategn hé o,
aml am2 o amn
bl
b2 p A A » A A

B=||=(@®) , €M (R)Ilamatgnctciahés twdo
bm
xl

)Y fL’2 p A A » R
vaX =| " |= (a;j)m €M (R) lamatgn cit ciaan.

:I;ﬂ

Khi d6, ke phuong trinh (I) duoc viét duéi dang ma tan 1a

al
« a=| .*| duoc gi la mgt nghiém aia h¢ (I) néu Ao = B.
8}

n

Ngha I3, khi thayz, = o, z, = a,..., z, =« vao(I) thi tit ci cacdang thic déu duoc thoa man.

= Quy wéc
Dé cho @n, ta vét nghigm dedi dang o = (a5 a5 ).

xl—x2—|—2x3—|—4x4: 4
Vi du 1. Xét k¢ pheong trinh {2z, + 2, + 4z, =-3
2z, — 7x3 = 5
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Ta co:
X
1 -1 2 4 4 !
X
A=|2 1 4 0|,B=|-3]|,X=|*|vaa=(;-1-11) la mtnghiém cia r¢.
T,
0 2 -7 0 5 ’
X

N

1.2. H¢ Cramer

1.2.1.Pinh nghia ) ) . o
H¢ Cramer la nat h¢ phirong trinh tuyn tinh ¢6 8 phiong trinh king Wi so an vadinh thic cia ma
tran hé so khac khoéng.

r+2y+ z=4 rT— y+22=3
Vidu2.H¢ { = —3y+62z=4 lahe Cramer; & {2z + 3y + z =1 khong plii la h¢ Cramer.
5c— y+ z2=95 r+4dy— z2=2

1.2.2.Pinh ly Cramer (Quy tic Cramer)
Cho ¢ CramerAX =B, Ac M (R) vadetA=0.

Hé Cramer AX = B c6 nghém duy nht 1a

det A
T = L (7=1,2,...,n)
7 detA

trongdo, cac ma tin A, nhan duroc hing cach thay ét thiz j cia A bdi cét cac b so tir do B..

23;1 +z,—- z,= 1
Vi du 3. Giai hé¢ pheong trinh T, +3z, = 3
2x1 +z,+ z, =-—1

Giai. Ta co:
2 1 -1 1 -1
A=[0 1 3|=detA=4, A=|3 1 3|=detd =-12,
2 1 1 -1 1 1
-1 2 1 1
A =0 3 3|=detAd =24, A =10 1 3|=detd =—4.
2 -1 1 2 1 -1

Vay hé da cho c6 ngléim duy nlit 1a:

det det det
:];‘1 = © 141 = —37 "L‘Q = —e AZ = 67 {1;‘3 = © Ag =
det A det A det A

r+2y+ z=4
Vi du 4. Giai hé phuong trinh{ =z — 3y + 62z =4
ST — y+ z2=5
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Giai. Ta co:
1 2 1 4 2
A=|1 -3 6|=detA=75, A =14 -3 6|=detd =75,
5 —1 1 5 —1
1 4 1 1 2 4
A2:1 4 6:>detA2:75, 143:1 -3 4:>detA3:75.
5 5 1 5 —1 5

Vay hé c6 nghém duy nhat 1a (z; y; 2) = (1; 1; 1).

1.2.3. Bén luan sb nghiém cia hé dang Cramer
Chol AX =B, Ae M (R) vamatin A chiatham é m.
Ta c6 cac trong hop sau
« Truwong hep 1. Néu det A = 0 thi hé c6 nghém duy nfat.
« Truwong hop 2.Néu det A = 0 va3j € {1,2,...,n} sao chodet A, = 0 thi k¢ v nghém.

 Trwong hep 3. Néu det A = 0 va det A =0 (Vj=12,...,n) thi hco thé c6 v $ nghiém haic

v nghém. Khido, ta ghi det A = 0 tim tham 8 m va thay vao &dé giai truc tiép.

Vi du 5. Tim diéu kién caa tham 8 m dé hé pheong trinh sau c6 ngéin duy nfit:
[ +82—Tt=m-—1
3r+my+2z+4t=m

mz+5t=m" —1

5z —mt =2m + 2

Giai. Ta co:
m 0 -7
3 m 2 Yy
A= 00 m = det A = —m"(m" 4 25).
0O 0 5 —m

Vay hé c6 nghém duy nhat khi det A = 0 < m = 0.

. N Y n , 2 LA N (m+1)$+ y:m+2 ,
Vidu 6. Timdieu kién caa m dé hé¢ phuong trinh co nghém.
z+(m+1y=0
Giai. Ta co:
m+1 1 det A 5
fd = e .
1 mt 1 e m(m + 2)

SuyradetA=0< m=-2Vm=0.
«Véi m = —2, hé pheong trinh t thanhz —y = 0 (v6 $ nghiém).
T+y=

=2
6 nghém).
o4y o (VO NGEM)

* V6i m = 0, h¢ phuong trinh tty thanh{

Vay hé c6 nghém khim = 0.
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Vi du 7. Bién luan $5 nghiém caa hé pheong trinh
mr+ y+ z=1
rT+my+ z=m

T+ y+mz=m’

Giai. Ta co:
m 1 1
detA={1 m 1l=m+2)(m—-1=detA=0&m=-2Vm=1.
1 1 m
S m = =2 ,
* Vi o] ta cOdet A = 0. Suy ra B c6 nghém duy nfat.

*Véi m =1, R tré thanhz + 3 + 2 = 1. Suy ra B c6 vo $ nghiém.
V&I m = —2, hé tré thanh:
—2x+ y+ z= 1 0z +0y+0z= 3
T=2y+ z2=-2&12—-2y + 2 =-2
T+ y—2z= 4 r+y —2z2= 4

Suy ra B phuong trinh vé nghim.

Vi du 8. Bién luan $5 nghiém caa hé pheong trinh

(m—"T)z+ 12y — 6z= m
10z — (m +19)y + 10z = —2m
12z — 24y —(m—13)z= 0
Gidi. Ta co:
m—17 12 —6
detA=| 10 —-m—-19 10
12 —24 13—m
m—17 12 —6 m —19 12 —6
=| 10 -m—-19 10 |=| 30 -m—19 10
2m — 2 0 1-m 0 0 1-m
_a-m" T oy o),
30 —m —19

Suyradet A=0< m = +1.
«Voi m = +1, ta codet A = 0. Suy ra B c6 nghém duy nfat.
*V6i m = —1, hé phaong trinh té thanh:

-8z + 12y — 62 = —1 8r —12y 4+ 62=1
10z —18y +10z2 = 2 & bx— 9Jy+5z=1
120 =24y +142 = 0 6z —12y +72=0
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8r —12y 462 = 1
& 4z —2z =—1. Suy ra & vd nghém.
2x — z= 1

*V6i m =1, hé phaong trinh té thanh:

6z +12y — 62= 1 6z +12y — 62z = 1
110 — 20y + 102 = —2 & {bx — 10y + 5z = —1
120 — 24y +12z = 0 T— 2y+ 2= 0

[ 62 +12y — 62 = 1
& 160z = —1. Suy ra B v nghém.
122 = 1

» Chuy
Trong vi di 8, khim =1 thi det A = det A = det A, = det A, = 0 nhung h¢ v nghém.

1.3. Ghi hé tong quat bing phwong phap Gauss
Xét ¢ pheong trinh tugn tinh tng quét

AX =B (I).
Goi A la ma thn md rong, dugc xacdinh nhr sau
Ay Gy Gy, bl
b
A:(A‘B): 21 22 20| 72
ml am? o amn m

bé giai hé (1) bang phrong phap Gauss (cahroc goi la phrong phap kin doi so cip trén dong), ta
thuc hién cac lrdc sau
« Buéc 1.Lap ma thn md rong A .
« Buéc 2.bua A V& bac thang i cac phép léin ddi so cip trén dong.
« Budc 3. Viét lai hé va giai nguoc tir dudi 1én trén.
- Chay ,
Trong qua trinh tkc hién burdc 2, reu:
i) c6 hai dongitlé thi ta xbadi mot dong;
i) c6 dong nao ing khéngthi ta x6adi dongdo;
iii) c6 it nhat mot donga dang (0 -+ 0 b) (b = 0) thi ta Kt luan h¢ (1) vd nghém.
Vi du 9. Giai hé phrong trinh sau ing phrong phap Gauss
20 +y— 2= 1

y+3z2= 3
20 +y+ z=-—1
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Giai
21 —1|1
-Matranmr@nglaZ:(A\B): 01 3|3
21 1|-1
« Bua ma tan A vé dang hic thang:
2 1 —11 2 1 —1|1
01 3[3|—%%% 4,10 1 3|3
2 1 1|-1 00 2[-2

* Hé phuong trinhda cho té thanh:
2c+y— 2= 1 T =—3
y+3z= 3 & jy= 6
22 = -2 z=-1

Vay hé phrong trinhda cho ¢ ngléim duy nht 1a (—3; 6;—1).

ox, — 2z, + 5z, — 3z, = 3
Vi du 10.Giai h¢ pheong trinh 14z, + z, + 3z, — 21, = 1
20 + Tz, — x, =—1
Giai
5 —2 5 =33
« Ma tran mg rong IaZ:(A\B): 4 1 3 -21
2 7 -1 0]|-1

« Pua ma tdn A vé dang bic thang:

5 -2 5 =3 3 5 -2 5 =33
A—sumi—|0 18 -5 2| 7| =Rl 138 5 2)-T),
0 39 —15 6 |-11 0 0 0 0/10

Nhan thdy dong36a A co cing (0 - 0|b) (b= 0).

Vay hé pheong trinhda cho vo nghéim.

'x+2y—32+5t: 1
Vidu 11.Giai h¢ pheong trinhy 243y — 2+ t=-2
2 4+ by —4z + 6t = —1
Giai. Ta co:
1 2 -3 51 1 2 -3 5|1 1 2 -3 5|1
A=[1 3 -1 1|-2[—=|0 1 2 —4-3|—[0 1 2 —4][-3|.
2 5 —4 6/—-1 01 2 —4[-3 00 0 0]0

rT4+2y—324+5t= 1

Hé pheong trinh to thanh
v pruong y+2z2—4t=-3

Luc nay k& gdm c6 2 plrong trinh va 4in nén ta c6 thchon z, y laman chinh vaz, t laman ph.
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Pit z=a € R, t =3 c R vatk vao ¢ taduoc
r=T+4+T7a—130
y=-—-3—-2a+40

Vay hé phrong trinhda cho cé vo & nghiém dudi dang
r=T+T7a—1303

y=—-3—2a+4p3
| zZ =

t=p

(o, B €R).

r + 6z, +2z,— dSr,—2z, =—4
Vi du 12.Giai h¢ phuong trinh {2z, + 12z, + 6z, — 187, — 5z, = —5
3z, + 18z, + 8z, — 23z, — b6z, = —2
Giai. Ta co:
1 6 2 -5 2[4 1 6 2 -5 —-2/-4 1 6 2 -5 —-2/—4
A=|2 12 6 —18 —5—-5|—[0 0 2 -8 —1/3|—|0 0 2 —8 —13
3 18 8 —23 —6|-2 0 0 2 -8 0]10 o0 o0 0 1|7

Hé phuong trinh t6 thanh
T, + 63;2 —|—2a;3 — 5x4 —2x5 =—4
2x3—8x4 - T, = 3

$5:

Ditz, =a € R, z, = 8 € R vat vao f¢ taduoc
r, = —6a — 30
T, =5+40
T, =7

Vay hé phrong trinhda cho c6 v & nghiém dudi dang (—6a — 36; o 5+ 48; 3; 7) (a, B € R).
= Chay

Trong trong hyp hé ¢6 vo $ nghiém, ta @i nghiém chira tham & 1a nghiém ©ng quat Cho tham &
gia tni cu thé, tadugc nghiém riéng

1.4.Piéu kién c6 nghém ciaa hé phwong trinh tuy én tinh téng quét
1.4.1.Pinh ly Kronecker — Capelli

Hé phiong trinh tuyn tinh 6ng quatAX = B (I) c¢6 nghém khi va clikhi
r(A) = r(A)

trongdo, A€ M_ (R) va A 1a ma tégn ms réng.

- Chiy

i) 7(A) < r(4).

i) Néu r(A) = r(A) = n (sd an) thi k¢ (1) c6 nghém duy nlit.

iii) Néu r(4) = r(4) < n thi ke (I) c6 vo $ nghiém, trongd6 c6 n — r 4n tr doduoc lay nhiing
gia ti tuy y.
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Vi du 13.Tim diéu kién cia m dé hé pheong trinh sau c6 véisnghiém:
r+2y + z=1
20+ 95y + 32=295
37+ Ty +m’z =6
Giai. Ta co:
1 2 1|1 1 2 1 1 1 2 1 1
A=|2 5 3[5/—=l0 1 1 [3|—=l0 1 1 |3]
3 7 m’6 0 1 m*>—33 0 0 m*—4|0

Nhan thiy 2 < 7(4) < 3 nén k¢ c6 v $ nghiém khi:

r(A)=r(A)=2&m>—4=0.
Vay, Véi m = +2 thi k& c6 v $ nghiém phi thuoc vao 1 thamé&

Vi du 14.Tim diéu kién cia m dé hé pheong trinh sau vo nghim:
z+ 3y+ -1
—2z— 6y+ (m—1) 4
4 +12y + (B3 +m*)z =m —3

z
z

Giai. Ta co:
1 3 1 —1 13 1 | -1 13 1| -1
A=|-2 =6 m—1| 4 |[—=]0 0 m+1] 2 |—=|0 0 m+1 2
4 12 m*+3m-3 0 0 m*—1m+1 0 0 0 [3—m

« Néu m = 3 thi r(4) = r(4) = 2 = hé¢ c6 vd $ nghiém (lcai).

« Néu m = —1 thi r(4) =1 < 3 = r(A) = hé v nghém (nhan).
Vay h¢ da cho v6 ngléim khi m = 3.

- Chiy
i) Khi tim diéu kign cia tham & dé h¢ phrong trinh vo nghim, ta c6 th tim diéu kién dé hé co
nghiém. Saudo, ta €t luan ngroc lai.
i) Néu ma tan mo rong A c6 cac 6t dau chra tham 6 thi ta c6 th doi cot trong ma tin A (khong
duoc doi voi cot hé so tu do).
Vi du 15.Bién luan s5 nghiém aia k& pheong trinh
mr+ y+ z + t=m
20 +3y+2z+ (bm—3)t=m+1
(m—1Dz+3y+2z+(m° +m)t =4

Giai. Ta co:
1 1 1 m 1 1 m 1 m
A=| 2 3 2 5m—-3m+1|—"% 512 3 2  5m—-3/m+1
m—1 3 2 m*>+m| 4 2 3 m—1 m"+m| 4
1 1 m 1 m
—t 1001 2-2m bm—5 [1-m]|.
S 00 m—3 m> —4m+3|13—m
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« Néu m = 3 thi r(4) = r(4) = 2 = hé c6 vd $ nghiém.

« Néu m = 3 thi r(4) = r(4) = 3 = hé c6 vd $ nghiém.

1.4.2.Piéu kién dé hai hé¢ phuwong trinh c6 nghiém chung
Mudn timdiéu kién cia tham 8 @ hai h¢ phirong trinh c6 nghim chung, ta ghép chiing thankstm
hé roi di tim dieu kign cia tham 8 dé hé chungd6 cé nghém.
Vi du 16.Tim diéu kién cia tham 6 m dé hai k¢ phuong trinh sau cé ngéin chung:
r+y —z4+t=2m+1 _[22+D5y—22+2t=2m+1
rT+Ty—>5z—t=-—m va 3z +Ty—32+3t =1

Giai. Hai h¢ phuong trinh c6 ngléim chung khi B pheong trinh sau c6 ngén:
z+ y— z+ t =2m+1
rT+Ty—5z—1t =—-m
<2:L"+5y—2z-|—2t:2m+1

3z +Ty—32+3t=1

Ta co:
11 -1 1lem+1] (11 -1 1]2m+1 11 -1 1] 2m+1
_ 17 5~ —m 06 —4 —2-3m—1 06 —4 —2 —3m—1
A=l 5 —2 2lom+1| "o 3 0 0|l-2m-1 00 4 2| -m-1
37 -3 1 04 0 0|-6m—2 00 0 O0|-10m—2

Suyrar(Ad) =r(4) & —-10m —2=0< m = —é.

Vay hai k¢ pheong trinhda cho c6 ngléim chung khim = —é. [

2. HE PHUONG TRINH THU AN NHAT

2.1.Pinh nghia
Hé phiong trinh tuyn tinh thuin nhit 1a trieong hop dac biét cia hé phrong trinh Bng quat, c6 dng
a.r, +a.x +...+a x =0

1171 12772 1n""n
a4y, +a,r, +..+a, x = 0 (un

a . +a xz.+..4+4a z =0

ml1 m2° 2 mn- n

bit O =(0,) ,he (II) duoc viét lai dusi dang ma tén la
» Chay

i) Dor(A) =r(A) nén g (II) ludn cé nghim.
i) Bac bigt, K¢ (17) ludn co nghim X = (0; 0;...; 0). Khi dd, X dugc goi la nghiém tam theong
cua (I1).
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» Nhan xét
« Khi m = n vadet A = 0 thi (II) c6 duy nldt nghigm tim theong.
« Khi m =n vadetA =0 thi (II) c6 vd $ nghim.

Vi du 17.Tim diéu kién cia tham 8 m dé hé phrong trinh sau c6 duy dhnghiém tim theong:
3z +m’y + (m—>5)z =0
(m+2)y + z=0
dy+(m+2)z2=0

Giai. Hé phrong trinh c6 duy ndt nghiém tam thuong khi:

3 m? m—>5

m =0
detA=0&10 m+2 1 [=0&3m*+4m) =0« A
m = —4.
0 4 m + 2
Vi du 18.Tim gia ti caa tham 8 m dé hé sau c6 vd & nghiém:
t+ y+(1-m)z=0
(m+Dzx— y+ 22=0
20 —my + 32=0
1 1 1—-m
Giai. TacoA={m+1 -1 2
2 —-m
Hé da cho c6 vo & nghiém khi:
1 1 1-m 0 1 1-m
detA=0<m+1 -1 2 |=0&&m+2 -1 2 |=0
2 —m 3 m+2 —m 3
0 1 1—m
m =
Sm+2)0 m—1 —1|=0s (m+2)(m*—2m)<
m = £2.

1 —m 3

2.2. Ngh#m co ban ciia hé phwong trinh thuan nhét

T, + —i—2x3 —i—2x4 =0
Vi du 19.Xét k¢ phuong trinh {2z, + 3z, + 42, + 7, =0 (%)
le —|—4x2 —|—6x3 —|—3x4 =0

Ta co:
1 1 2 2 1 1 2 2
A=12 3 4 1|—|0 1 0 -3
3 4 6 3 0 00 O

x1+x2+2x3+2$4:()

z, —3x4:O

H¢ (x) tro thanh
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T, = —2(11 — 50z2
o L . . T, = 3@2
Vay hé (x) cd vd  nghiém dudi dang - (o, a, € R)
iL‘B = Oél
iL‘4 = on

Khi dd, ta cé cac khai &m sau
1) Nghém X = (—2q, — 5a,; 3a,; a5 o) (ay, a, € R) dugc goi la nghiém ng quéatcia ke (x).
2) Bién doi nghiém tong quat, tatuoc
X =0a/(-20;1;0) + (=5 3; 0; 1) (o, o, € R)
Hai nghém X = (—2; 0;1; 0) va X, = (—5; 3; 0; 1) dugc goi la nghiém @ ban cia Fe (x).
3) He nghiém {X , X, } duoc goi la hé nghiém @ ban cia (x).

= Tong quét
1) Néu r(A) = r < n (b an) thi k¢ (II) c6 nghém tong quatX la
r, = (a,0,..,a )

T, = goQ(al,aQ,...,a,H)

€R) (54

2) Thaya, = La, = 0,...,a. = 0 vao (x), tadugc nghtm oo bin
X, = (¢,(L,0,...,0); ©,(1,0,...,0);...; ¢ (1,0,...,0); 1; 0;...; 0).
1,...

2

)

Thaya, =0, a, = , a =0 vao (xx), tadugc nghém oo ban

n

1
X, = (¢,(0,1,...,0); ,(0,1,...,0);...; ¢ (0,1,...,0); 0; 1;...; 0).
Thaya, =0, a, = 0,..., « =1 vao (xx), tadugc nghém ao ban
X =(90,0,...,1); ¢,(0,0,...,1);...; © (0,0,...,1); 0; 0;...; 1).

3 He {X, X,,.., X 1} duoc goi lahé nghiém @ ban caa (I1).
Khi do, ta co

X = Oéle + a2X2 + ...+ aW,X”f

r

Vi du 20. Tim nghém oo ban va nghém téng quét éa he pheong trinh
r4+y+ 2=0
{23: —y—22=0
Giai. Ta co:

1 1 1 1 1 1
— :
2 -1 -2 0 -3 —4
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~ |lz+y+ 2=0
Hé da cho trong duong wi
—3y—42=0

Choz =1, tadugc mot nghiém co ban la X, = [%;—%; 1].

Vay nghiém tong quét aa r¢ la:

1 1
= r=—-a«
x 3 3
4 4
X=aX &|y :a—g @«y:—ga(aER).
z
1 2=

= Chuy
Dé tranh cac ngim oo ban & dang phan &, ta cé ti chon an phy va tham 8 thich kyp khi tim
nghiém oo ban.
Vi du 21.Tim nghém oo ban va nghém téng quét éa he pheong trinh
r+y+ z2+2t=0
{2x—y—2z—l— t=0
Giai. Ta co:

A:

2 -1 =21 0 -3 —4 -3|

1112]
ﬁ

1112]

H¢ da cho trong duong wi
r+y+ z2+2t=0
—3y—42—-3t =0

Lan lwotthayz =3, t =0 vaz =0, ¢t = 1 vao I taduoc hai nghém oo ban 1a:
X =0-430vaX =(-5-10;1).

Vay nghiém tong quét éa ré la:

T 1 —1 T=q -,
Y —4 -1 y=—4a, —q,

X=aX +aX & L=l +a, 0 (:%z:?)ozl (o, a, €R).
t 0 1 t=aq,

2.3. Giu trGc nghiém cia hé phweng trinh tuy én tinh

Trong plin nay, ta xét haiphuong trinh tugn tinh tng quéat va tugn tinh thian nhat déu c6 vo
so nghém lién ket voi nhau nlr sau

AX =B (I) VaAX = O (II)
trongdd

AeM, (R),X=(z),,B=(0),,0=(0),, var(d)=rA)<n.

77],><77,(
« Pinh Iy
Néu X la nghiém tong quat @a k¢ (II) va X, la mjt nghiém riéng @a hé (1) thi X + X, la
nghiém tong quat ga hé (I).
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Vi du 22.Giai hé phuong trinh
THy+ z+2=4

20 —y—2z2+ t=2

Giai. Xét he phrong trinh thédn nHit lién két véi hé (x) nhr sau:
T+y+ z2+2t=0

20 —y—2z+ t=0

Trong vi di 21, tad biét hé (s) c6 nghém tong quat |a

T=q —a,
y=—4da —aq,

a, a € R).
z = 3aq, (o, o, )
t=aq,

Mat khac, & (x) co mdt nghém riéng laX = (0; 0; 0; 2).
Vay nghiém tong quat éa ¢ () 1a

T=qQ —a,

y=—4da —aq,

] a,a €R)m
z = 3a, (@, o )
t=a,+2

BAI T AP TRAC NGHIEM CHUONG ||

x4+ 4y + 52 =—1
Cau 1.Nghiém aia k¢ pheong trinh {2z + 7y — 11z =2 la:
3z +1ly —62=1
A. (15;—4; 0); B. (94;—25; 1);

C. (15— 79c;—4 — 21a; @) (a € R); D. (154 7T9a;—4 — 21la; a) (a0 € R).

2(m + 1z + (m+10)y = m

Cau 2.Hé phrong trinh
mz + (m+2)y =2m

A m=2; B.m=2;
C.m=-2; D.m=-2.

r+2y+(7T—m)z=2
Cau 3.Gia ti caa tham 8 m dé hé pheong trinh {2z + 4y — 5z=1
3z + 6y + mz =3

c6 v &nghiém 1a:

c6 duy ntit mot nghiém khi va ch khi:
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A.m=-1; B.m=1;
C.m=-7; Dm=7
T—yY+22=3

3
Cau 4.Nghiém aia k¢ pheong trinh a
gne F prong 2r4+y—22=7

A. (3; 205 a) (e € R);

B.0l+a; 0; ) (e € R);
C.Z—a+3; a) (e € R);

D.(2; 34+ 2a; a) (a € R).
3z — 2y+ 2z=0

Cau 5.5 nghtm ao ban cia b8 {22 + 7y — 62 =0 la:
x4+ 39y — 342 =0

B. 1 nghim;
D. 3 nghim.

A. 0 nghé¢m;
C. 2 nghém,;

[ 24+ y—z+ t=0

, _ r—2y+z2z+ t=0
Cau 6.6 nghém oo ban cia k¢ Y

la:
3x—=3y+2+3t=0
or— y—2+5t=0
A. 1 nghém; B. 2 nghim;
C. 3 nghém,; D. 4 nghim.

A . . , r—2y+2=0
Cau 7.Cho bét X = (1; 1; 1) la nghEm oo ban cia kg
0 3r+y—4z=0.

, i r—=2y+2z2=0
Ngh¢m tong quat aa ¢ la:
3z +y—4z=-7

A (a+La+2a+3) (e« e R);

B.l+wo a—3; a+4) (e € R);
C.la—-2a+3 a+l) (aeR);

D.(a+1L 3+a; a—1) (a« € R).

r—3y+4z+2t=0
T+ y+3z2— t=0.

Cau 8.Biét (—13; 1; 4; 0), (10; 0;—3; 1) & hai nghém ao ban aia h¢

r—3y+4z+2t=-3

la:
T+ y+3z— t=-2

Nghim tong quat aa hé

A. (10a —133; a +1; 4a —38—1; B) (a, f € R);

B. (100 —1363; B —1;—3a +483; a +1) (o, 8 € R);
C.(-13a +108+1; o; 4o —38—1; B) (o, B € R);
D. (—

13a+108; a—1; 4a—306; f+1) (, BER). =
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Chuong Il )
KHONG GIAN VECTOR

1. KHAI NI EM KHONG GIAN VECTOR

1.1.Pinh nghia
Cho ip V' khac bng, xét hai phép toardrg va nhan voiong sau:
VXV =V RxV -V

(z,y) — z+u (A @) = Am.

Ta n6iV cling \6i hai phép toan trén laghkhong gian vecto(vector space- viét tit 1a kgv trén
R, hay R — khéng gian vector,au thoa 8 tinh cht sau:

D4y +z=z+Wy+2), Vr,y,z€V;
2)d0eV: .z +0=04+x=z, VeV,

Y VeeV, A—z)eV:i(-z)+rz=z+(-1)=0;
YHzr+y=y+az VoyeV,;

5) Mz +vy) =z + Ay, Vz,y €V, VA € R;

6) N+ p)z = Az + pz, Ve €V, VA u € R;

7) (M) = Muzx), Ve e V, VA peR;

) lx=z VeV,

= Chuy
i) M&i phan tir thudc V' duoc goi la mot vector, mdi phan tir thuse R duoc goi la mot vo hedng.
i) Vector 6 € V' la duy nhat vaduoc goi la vector khdng
iii) (—z) €V duoc gi la vectordsi caa vectorz € V' va mbi vector z ¢ mot vectordoi duy nhit.

1.2. Tinh chit cia khéng gian vectorV
1) 0x=0,VeeV
2)—z=(-1)ux,Vz eV
) A0=0,VAeR
DIdz=0=>A=0Vz=0 (xeV, AeR)
S)Az=pz, z=0=>A=pu (x €V; \,u € R)

6) \z =Xy, A\=0=z=y (r,yeV; A €R)

1.3. CAc vi di vé khong gian vector
1) Tap hop R" = {:1; =(z; 3550 )z, €R, i = 1,2,...,n} cac 1o s thuc [a mbt khéng gian vector
véi hai phép toan:
Tty = (T, +y; T, + YT, +Y,),
Ar = (Az; Az Az ) (z,y € R", A € R).

z, dugc goi 1a thanh phn thr ¢ cia vectorz = (z;,;...;z ) € R".
Vectorkhéngthuoc R” 1& 6 = (0; 0;...; 0).

2) Goi P [z] la tip hop cacda thrc hé s6 thuc theo bén z ¢6 kic nhd hon hay ting . M3i phan tir
p hay p(z) € P [z] cO ding:
p(r) =a, + a1z + a2x2 totaz" (o, €R, i=012..,n).

49



Bai gidang Pai s6 Tuyén tinh

P [z] la mot khdng gian vectordi hai phép toan:
(p(2),q(x)) — p(z) + q(z) va(A p(z)) — Ap(z) (A €R).
Vectorkhongthuc P [z] 1a 6 = 0 + 0z + 02° + ... + 0z" .

3) Tap hop nghém caa mdt hé pheong trinh tuygn tinh thidn nhit véi hai phép toanang va nhan vo
huong la ndt khdng gian vector.

4) Taphop V =M (R) véi hai phép toandng ma tén va nhan vé iong la nét kgvt

1.4. Khbng gian vector con
= Pinh nghia
Cho khdng gian vectdr, tap hop W C V' duoc gi la khong gian vector con (vectorial subspace)
cua V neu W cing la mpt khéng gian vector.

= Nhén xét ,
Cho khoéng gian vectdr , tap hop W C V' lakgvtcon @ia V' néu:
(x+Xy)eW,Ve,ye W, VA€ R.

Vi du.

*Tap hop W = {0, 6 € V} lakgvtcon c@iakgvt V.

sTap hop W = {(a; B; 0;...;0)‘04,6 € R} lakgvtcon dia R" .

« R? khong lakgvtcon @ia R* vi v = (1; 2) € R* nhung v ¢ R*. m

2. ' POC LAP TUYEN TINH — PHU THUOQC TUYEN TiNH

2.1. T6 hegp tuyén tinh
= Pinh nghia

Trong khong gian vectdr , xétn vectoru, (i =1,2,...,n).

Tong au +au, . tau = Zaiui (o, € R) duoc gpi la mot t6 hop tuyén tinh aia n vector

non
i=1

. Néuz=> au (a, € R) thi ta néi vectorz duoc bidu dién (hay béu th) tuyén tinh quan

=1
vector u, (hay ¢ vector {u ,u,,...,u }).

Vi du 1. Tim biéu dién tuyén tinh (réu c6) @a vectorz = (1; 7;—4) qua hai vecton, = (1,—3; 2) va
u, = (2;—1; 1).
Giii. Gia sir vectorz dugc biéu dién tuyén tinh quau, va u, .
Suy ra,dn tai o, o, € R sao chor = au, + a,u,
hay
a +2a,= 1
L 7-4) = (1;-32) + 0,(2-1 1) © {30, — a,= T&{ '
200 + o, = —4 ?
Vay x = —3u, + 2u, .
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Vi du 2. Tim béu dién tuyén tinh (r€u c6) @ia vectorz = (1; 3;—1) qua hai vector, = (1,—1; 0) va

u, = (2;—1; 0).
Giai. Gid sir vectorz dugc biéu dién tuyén tinh quau, va u,.
Suyra,éntai o, o, € R sao chor = ayu, + o,u,

hay
a +2a,= 1
(1 3;—1) = (-1 0) + 0,(2,—1; 0) & {—a, — a, = 3 (¢ phuong trinh v6 nghim).

Oa, +0c, = —1

Vay vectorz khong cé bdu dién tuyén tinh quau, va u,.

= —4 + 3z + 22° qua I# hai

Vi du 3. Trong khong gian?,[z], tim béu thi tuyén tinh @ia vector f(z)
vector: u(z) = —1+ 2 + 32° vav(z) =7 — bz — 2°.
Giai. Gia st f(z) dwoc biéu thi tuyén tinh quau(z) va v(z).
Suy ra,én tai o, a, € R sao chof(z) = ayu(z) + a,u(z)

hay
—4 43z +27° = oy (142 + 32%) + o, (7T — bz — z°)

& —4 432+ 22" = (—a, + Ta,) + (o, — b))z + (3o, — v, )2

—a, +Ta, = —4 a:l
& 041—5042: 3 & 2

Sal— o, = 2

Vay f(z) = u(x) - 2 o(o).

Vi du 4. Tim m dé vector u = (1; m; 5) duoc biéu thi tuyén tinh qua hai vectorn, = (1;—3; 2) va

, = (Z-11).
Gidi. Gid sir u dugc bicu thi tuyén tinh quau,, u, .
Suy ra,dn tai a, b € R sao chou = au, + bu,

U

hay
a+2b=1 a= 3
(L m;5)=a(l;—3;2)+b02;—-1;1) & {-3a— b=m<{ b=-1
2a+ b=5 m = —8.

Vay m = -8 vau = 3u, —u,.

Vidu 5. Trong R*, Timm dé u, 1a© hop tuyén tinh @a u,, u,, u, trongdo:
= G=10:1), uwy = (ms mi=152), uy = (0525 0; m), uy, = (25 2—m; 4).

ul
Giai. Gia sir v, 1a 1 hop tuyén tinh @a u,, u,, u,. Suy ra,3a, b, c € R sao cho
m 0 2 1
m 2 2 —1
ulzau2+bu3+cu4<:>a_1 +bO -l-c_m: 0
2 m 4 1
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Yéu déu dé bai trongduong Wi hé phrong trinh sau cé ngéin:

ma + 2c= 1
ma + 2b+ 2¢ = -1
—a —mc= 0

20 +mb+ 4c= 1

Ta co:
m 0 1 m 0 1 1 0 m 0
m 2 —1 0 2 —2 0 1 0 [—1
4]5) - 10 —mo| |-1 0 —m|o| |lm o 2 |1
2 m 4|1 0 m 4—2m| 1 0 m 4—-2m|1
1 0 m 0 1 0 m 0
01 0 | -1 01 0 -~ o )
o0 2-m 1 | "lo 0 2-m 1 (dicu kign: 2 —m” = 0).
0 0 4—2mll+m 0 0 0 |[m®+m’—4m+2

Vay dé u, 126 hop tuyén tinh @a u,, u,, u, thi:

om® +2m*> —8m +4 =10

) @mzl\/m:—lj:\/g.
2—m”~ =0

r(A) = T(A‘B) &

2.2.Poc lap tuyén tinh va phu thugc tuyén tinh
= Pinh nghia
Trong khong gian vectdr , xétn vectoru, (i =1,2,...,n).

* H¢ chira n vector {u,,u,,...,u, } diroC goi 12 dgc lap tuyén tinh (vét tat 1a ditt) néu > " avu, = 6 thi
i=1

a =0Ve=12,..n.
« Hé chira n vector {u,,u,,...,u } khong pli 1a doc ldp tuyen tinh thidwoc i la phu thugc tuyen

tinh (viét tat 1a pttt).
Vi du 6. Trong R?, xét sr doc lap tuyén tinh hay ph thuoc tuyén tinh @a ke vector

A={u = (L~-1), u, =(2;3)}.
Giai. Ta co:
&

—a, +3a, =0

a +2a,=0 o =0
au, + au, =0 & o (l;-1) + a,(2 3) = (0; 0) &

\ay hé A ladoc lap tuyén tinh.

Vi du 7. Trong R?, xét sr doc lap tuyén tinh hay ph thusc tuyén tinh ¢ia & gdm 3 vector sau:
B={u, =(-13;2), u,=(20;1), u; = (0; 6; 5)}.
Giai. Ta co:

3
Y au =0 o (-1 3 2) + a,(2; 0; 1) + o, (0; 6; 5) = (0; 0; 0)

i=1
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—a, + 2q, =0
& 1 3, +6a, =0 ()
200 + «a, +5a, =0
-1 2 0
He (x) cOomatinhesd A= 3 0 6.
2 1 5

Do r(A) =2 < 3 nén I§ (x) c6 nghém khdng &m thuong.
Vay hé B la phi thuoc tuyén tinh.

Vi du 8.Trong M, ,(R), xét sr doc lap tuyen tinh hay ph thuic tuyén tinh @ia ke:

W_A_1203_2300_010
7130 177 {4 0 1) |2 0 1|
Gidi. Tacé:ad +bB+cC =(0,),, (a b, c€R)
a-+2b =0
20+3b+ ¢c=0
T30 +4b + 2 = 0 (%)
a+ b+ c=0

Do k8 (xx) c6 vd $ nghiém nén ¢ W phu thudc tuyén tinh.

Cach khac
Do24—B—C =(0_),, nén it W phu thuc tuyén tinh.

ij

Vi du 9.Trong P [z], xét s ditt haypttt cia Fe:

U={uy =1Lu =2 u = ..., u = ", u , =1z"}.
Giai. Ta co:
n+1
YDAu =0 (N eER) & N +Az+A2"+..+A2"" +A 2" =0+0z+..+0z".
=1
DPdng nHit thuc, taduoc
A=A =A==\ =A\_=0.

n n+1
Vay hé vectorU ladoc lap tuyén tinh.

Vidu 10.Trong P[z] cho t§ 3 vectorV = {f =22* f =2’ +z+1 f =a"—z+m}.
Timm d hé V phy thupe tuyén tinh.
Giai. Ta co:
of o f, Hagf, =0
& o (22°) + o, (2" + 24+ 1) + oy (z” —z+m) = 02" + 0z + 0

& (20, + o, + o)2” + (o, — o)z + (a, + mey,) = 02° 4 0z + 0.
Yéu d@u dé bai trongduong Wi hé phrong trinh sau cé ngéin khéng &m theong:
200 + o, + «a, =0
a— a,=0

a2+moz3:0
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Ngha la:
21 1
0 1 —1:0(:)2<m+1):0(:)m:—1.
01 m

= Pinh ly

Hé chira n vector & phy thugc tuyén tinh khi va chkhi tn tai trong hé mgt vector 12 6 hop tuyén
tinh aia n — 1 vector condi.

* HE qua )
* Néeu h¢ cé vector khdng thidphy thusc tuyen tinh.
« Néu c6 ngit bs phin cia hé phy thugce tuyén tinh thi I# pttt.
Vi du 11.
« Trong R*, xét k¢ A = {u, = (0; 0; 0), u, = (1; 0; 1), u, = (0; 1; 2)}.
Do 1.u, + 0.u, + 0.u, = 6 nén k¢ A 1a pha thusc tuyén tinh.

2 2, _ 2, _ 3. _ 4
*Trong P,[z], Xét & B={v, = 2" v, = -32" 0, = (x —1)"; v, = 2"},

Taco Iy phan {v, = 2°; v, = —32°} laptitnén ¢ B lapttt.
That vay, ¢ B ptttdo 3.0, +1.v, + 0., + 0.0, = 0.

2.3. H¢ vector trong R"
= Pinh nghia
TrongR", xétm vectoru, = (a,,a
Ma trgn A = (a )
i

vector {u,, u,,..., u_}.

a,) (i=12..m).
gom m dong trong #ng Wi m vectordiroc gi 1a ma tgn dong @a hé m

1990

mxn

Vidu 12.H¢ {u, = (1,—-1;,-2), u, = (4; 2;—3)} c6 ma tén dong laA =

1 -1 -2
4 2 =3|
» PDinh ly
TrongR", gid s hé W gom m vector va cé madin dong laA € M (R).

« Hé vector W 1a dgc Idp tuyén tinh khi va chkhi r(A)=m.
« Hé vector W la phy thugc tuyén tinh khi va chkhi r(A4) < m.

= H¢ qua
« TrongR", hé chira nhiéu hon n vector thi ph thuge tuyén tinh.
« TrongR", hé chiza n vector ladsc ldp tuyén tinh khi va chkhi

Vi du 13.Trong R*, xét sr dltt haypttt cua k¢ vector sauB = {(—1; 2; 0), (2; 1; 1)} .

Giai. Ta co:
-1 2 0 -1 2 0
— .
2 1 1 0 5 1

Dor(4) =2 nén k¢ B ladoc lap tuyén tinh.

A=
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Vi du 14.Trong R?, xét sr dltt haypttt cua ke vector sauB = {(—1; 2; 0), (1; 5; 3), (2; 3; 3)}.
Giai. Ta co:
-1 2 0 -1 2 0 -1 2 0
A=|1 5 3|—|0 7 3|—|0 7 3].
2 3 3 0O 7 3 0 0 O

Dor(A) =2 < 3 nén i B phy thupc tuyén tinh.
Vi du 15.Trong R?, timdiéu kién cia m dé he {(—m; 1; 1), (1 — 4m; 3; m +2)} pttt.

Giai. Ta co:
—m 1 1 1 -m 1
— .
0 1-m m-—1

1-4m 3 m+2

A:

1 —m 1
ﬁ
3 1—4m m+2

\ay hé da cho 1a ph thudc tuyén tinh khi va chkhi:
r(d)<2em=1.
Vi du 16.Trong R?, bién luan sy dltt va srptttcaa e W = {(m; 1; 1), (1; m; 1), (1; 1; m)}.
Giai. Ta co:
m 1 1
A=[1 m 1|=detd=(m+2)(m—1).
1 1

m

« He W ladoc lap tuyén tinh khi va chkhi:
detA=0& m=—-2A"m=1.

« He W 1a phu thudc tuyén tinh khi va chkhi:
detA=0&m=-2Vm=1.m

3. 0 CHIEU, CO SO CUA KHONG GIAN VECTOR
3.1. Khong gian sinh lé mot hé vector
= Pinh nghia
Trongkgvt V' cho & gobm m vector S = {u,u,,...,u_}.

« Tdp hop tdt cd cac © hop tuyen tinh aia S dwoc gi la khdng gian con sinhdd S, ky hiu 1a
<8 >.

m

Vay <S§S>= vGV‘v:Zaiui (a, € R)
i=1

*Néu< S >=V thitagi S lahésinh aa V hayV duwoc sinhralsihé S.

Vidu 17.Trong R*, cho & S = {u, = (1;0), u, = (0; 1)} .
Goi v € R*, V6i v = (z; y), ta co:
v=(1;0)+(0; ) = vu, +yu, =>veE<IF >,

Mit khac, do< S > C R* nén< S > = R,
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Vidu 18.Trong R*, cho i S = {u = (1; 0;—1), u, = (0; 1;,—1)}.
Goive<S >,V v=(z; y; z), ta co:
v = au, + fu, = (a; B;—a —B) (a,3 € R).
Viy < 8§ >={z= (o fi—a—F) (a,f €R)} C R”.

Vi du 19.Ching © hé vectorW = {u = (1; 1; 1), u, = (0; 1; 1)} khong pli la h¢ sinh @ia R®.
Giai. Lay vectorv = (0; 0; 1) € R®. Ta co:
v=au +a,u, < (0;01) =11 1) +a,(0; 1; 1)
Q =0
& o, +a, =0 (ke pheong trinh vo nghim).

ozl-l—on:l

Suyrav g < W >.Vay W khong phi la h¢ sinh ¢ia R®.

. . 5 L le+y+z2—t=0 | . R

Vi du 20.Cho ¢ phaeong trinh thdn nhat c6 hai nghim oo ban la
r—y—z2+t=0
X =0;50;1), X, =(0;,—1 1; 0).
Goi X la mpt nghiém bit ky caa h¢ pheong trinh trén, ta co:
X=aX +aX, (0,0, €R).
Vay <X1, X2> la khéng gian vector da tt ca cac nghém ocia ke pheong trinh trén, vauoc oi la
khbng gian ngldm.

3.2. $ chiéu va ar s

= Pinh nghia

» Khong gian vectol’ duopc gi la cé n chicu (n — dimension),du tn tai n vectordgc ldp tuyen
tinh va khréng‘cécﬁ ky hé doc ldp tuyen tinh nao ckra nhiéu hon n vector.
Ky héu  chieu aia khéng gian vectol la dim V.

« Hé gom n vectordsc ldp tuyen tinh trong khéng gian vectdr cé n chiéu duoc goi la mét co so
(basic) @ia V.

= Quy woéc o
Khong gian zerd’ = {0} ch' chira 1 vector khong c@schiéu la 0.

= Chiy
i) Khéng gian vector céahiéu hiru han duoc goi 1a khéng gian vectoritu han chiéu.

ii) Khdng gian vector ma trond6 ta c6 th tim duoc vO $ vectordoc 1ap tuyén tinh duoc goi 1a
khong gian vector védm chieu. Trong plam vi cheong trinh, ta khéng xét & khong gian nay.

= binh ly ‘
Neu h¢ S la mpt co so cua khéng giamn chieu V thi< S > =V

Vidu 21.Trong R?, xét ¢ vector F = {u, = (1;—1), u, = (0; 1)} .
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1 .
Do det =1=0 nén kg F ladoc lap tuyen tinh.

0

Mt khéc, xét vectow = (a; b) € R* ta cdv = au, + (a + b)u, .
Suy ra & {u, u,, v} la phithuoc tuyén tinh.
Vay dim R* = 2 va k¢ vector F' 1a mdt co s§ cia R”.
= Chay
i) TrongR", e vectorE = {e. = (a; a,;...;a ), i=12,..,n}
trongdé a, =1 néu i=j, a, =0 néu i= j la mit co so cia R" va dimR" =n. H¢ E,
duoc goi 1a co s6 chinh tic cia R” .
i) Trong R", moi hé gdbm n vectordltt déu 1a @ so.
iii) Mot khong gian vectoriru han chiéu co the c6 nhéu o s5 va $ vector trong cacecss do la
khbéngdoi.
Vidu 22.Trong P,[z], xétke S = {f =1, f, =z, f, = 2°}.
Nhan thiy hé S ladoc lap tuyén tinh.
e r: 2 4.
Xet f € Pr] v6i f =a,+axr+ a2, taco:
f=a.f +a.f,+a.f,={f=1Ff == f =2 f} laptit.

Vay dim P[z] = 3 va S la mjt co s& cua P)[z].

Tong quat, ta c6

dim P [z] =n+ 1LVn € Z*

= Nhan xét
TrongR", goi A la ma thn dong 4o boi m vector dla k¢ S'.

e Tacodim < S >=r(4)<n.
e Néu dim < S > = k thi moi hé gdbm & vectordltt caa S déu la @ s cia < S >.

Vidu 23.Trong R*, cho 1§ vector S = {(1; 2; 3; 4), (2; 4; 9; 6), (1;2; 5; 3), (1;2;6; 3)}.
Tim & chiéu aia khong gian sinkc S > .

1 2 3 4
\ 24960
Gial. Ma tran dong @a 4 vector la4d = 1 2 5 3l

1 2 6 3

1 2 3 4 1 2 3 4

4l 0 03 =2 . 0 0 3 -2

0 0 2 -1 0 00 1

0 0 3 —1 000 O

Vay, dor(4) =3 néndim < § > = 3.

Vi du 24.Trong R*, cho I§ vector
W={u =(-24-2-4), u, = (2-5-3 1), u, = (-1 3; 4 1)}.
Xadinh $ chiéu va tim not co sd cia < W >.
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Giai. Ta co:
-2 4 -2 -4 1 -2 1 2 1 -2 1 2
A=|2 -5 -3 1|—=|0 -1 =5 =3|—=|0 -1 —5 —3|=r(d)=2.
-1 3 4 1 0 1 5} 3 0 O 0 O
Dot {u, u,} ladoc lap tuyen tinh nén:
dim<W >=2vamtcosscia<W > la F = {u, u,}.
Ta throng cton k¢ {(1;,—2; 1; 2), (0;—1;—5;—3)} lam @ 0.

Vi dy 25. Timdiéu kién cia m dé hé 4 vector sau laccsy cua P,[z]:
F={f=2"f=ma’—2° f =ma+1, f =22 + 4z +m}.
Gidi. Ta codim P,[z] = 4.

7 3 2 ’ ,e A A A . . . ~
Do f € Pfz] c6 dng f = a,x” + a,2” + ax + a, twongung Wi mot b 5 (a,; a,; a; a,), Nén ta

1 0 0 O

. . m —1 0 0

lap dugc maténdong éahe F la A = ]
m

0 2 4 m

Vay F' la @ sy cua P[z] khivachikhidetA= 0 m= £2.m

4. TOA PO CUA VECTOR
4.1. Toa d6 cia vector ddi véi mot co' o

= Binh Iy
Trong khong gian vecton chiéu V, cho nt co so' duoc sip thi tw B = {u ,u,,...,u }. Khi do,

moi vector v cia V deu viét duwoc mpt cach duy nhit dudi dang © hop tuyén tinh aia n vector
trong B .

= Quy wéc
Tir day v sau, khi ndilen nt co s la ta ngim hiéu rang @ so d6 da droc sup thir tur.

= Pinh nghia
Trong khong gian vectoV’, cho @ s B = {u,u,,...,u }. Theodinh ly trén, Vz € V déu viét
diroc mpt cach duy nlit duéi dang

n on

T=ou Ut tou = Zaiui (o, € R)
i=1

&

Q.
ky héu la [z], =| *| vata @iné laadj cia = trong @r s B.

= Quy woéc
TrongR", ta viét co' s chinh tic £ 14 E', va viét [z], 1a [z].
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Vidu 26.Trong R?, cho @ 86 B = {u, = (2—1), u, = (1; 1)} va vectorz = (3;—5). Tim [z],.

a
Gidi. Goi [r], = B , ta co:
3 2 1
T = au, +bu, < [r] = a[u |+ b[u,] < I +5b 1
20 +b= 3 8 7
>a=—,b=——.
—a+b=-5 3 3
8 7
\ay [fU]B:[g —g] :

Vi dy 27.Trong P,[z], cho f = ' + 2°. Tim [f],, biét co sy A4 |a:
{f=th=o-1Lf=@-10 f=@-1" f=E-1

Gidi. Goi [f], = (o, o, o, a, a,), taco:
f=af+oh taf+of +of
S+’ =a+a,z-1)+a,(z-1)"+a,(z-1°+a(z-1)"

DPdng nHit cac I s, taduoc:

O 2 2 £ 9
I
A NN-REEN B V)

—

o —a,+ a— a + a5:O
a2—2a3+3a4—4a5:0
a3—3a4+6a5:()<:)<

w

a4—4a5:1

a5:1

ot

vay [fl,=2 7 9 5 1).

Vi du 28.Trong R*, xét hai o s5:
B ={u =(1;0), u, = (0;—-1)}, B, ={v, = (2;—1), v, = (1, 1)} .

. 1 .
Cho bt [x]32 =1y .Tlm[:n]Bl.
G.‘,. G o a N - «@ t z.
iai. Goi [z] = ; va[:z:]Bl— sl a co:
1 a 2 1 4
[:B]Bzz 5 Sr=v+2, & =11 +21 & [z] = 1
| B BRE o 4
[w]Bl— 5 &z = au, + fu, & 1= + 4 4|® 5=_1
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4.2. Toa do chaa vector trong cac o s khac nhau
4.2.1. Ma tran chuyén co' s

Trong khéng gian vectoet chiéu V', cho hai o & B = {u, uy,...,u }, B, ={v, v,,...., v }.

Ma tiin ([UI]B [v,], - [Un]B) duoc i la ma tign chugn w s tir co 0 B, sang @ 6 B,, ky
higu 1 P, _

B,"

bic bigt, trong R", taco P, |, = ([vl] [’UZ]...[’UH]) la ma thn oot cia cac vector theo thty do

2

trong @ 6 B, .
Vi du 29.Trong R?, tim ma tan chuyn P, , Véihai o s
B ={u, =(10),u,=L-1}, B, ={v, =1,-2),v, = (3 1)}.
PR . a N C z .
Giai. Goi [UI]BI =1, va [UQ]Bl =1, , ta co:
1 1 b 1 a=-—1 —1
Y I 1 R B i TR g U P
3 1 p 1 c= 4 4
1| =ol 1|7 oz o1 Tl =)
A -1 4
Vay PBIHB2 =l _1|°

Vidu 30.Trong P,[z], tim haima tin P, , va P, , véihai o s5:

F:{fi:jl’f;:‘T’-}g:xQ}lG:{91:1792:I2—I,g3:x+1}'
Giai
TimP,_ .. Tacé:

g, =f=lgl,=010 0 07,
9, =~hL+f=lgl,=0 -1 1,
g,=h+h=lgl, =1 1 0).

1 0 1
vay P, . ={0 —1 1|.
0 1 0

*TimP, ..Taco:
f=9=I[f,=01 0 0,
f==9+g, =, =1 0 1,
fi==9,+9,+g,=fl, =11 1"

1 -1 -1
Vay P, . =0 0 1
0 1 1
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» Pinh ly
Trong khong gian vector chiéu V' cho ba o s& B, B,vaB,.
Ta co:
i) PBﬁB] =1 (i=123); Iii PBﬁB& = PBﬁBz.PBﬁB;{; i) PBﬁB2 = (PBPBI)’I.
= H¢ qua
Trong R", ta co:
Pyn = PBﬁE'PEw}z2 - (PEw}zl )71PE*>B

1 2

Vi du 31.Dva vao & qua, giai lai vi du 29.
Gial. Ta co:

4.2.2. Cong thirc d6i toa dd
Trong khong gian vector chiéu V', cho hai o s& B,, B, va vectorz € V. Ta c6 cong tic doi
toado la

Vidu 32.Trong R*, xét hai © ¢ B, va B,.

1 -1 2 1
Cho Ibt PBﬁBl =|0 1 3 ]va [U]Bl =|2|. Tim [U]BQ.
0 0 =2 3

Giai. Ta co:
W], =P, ,.[v], =|0 1 3][2|=|11].
0 0 =213 —6

\ay o], = (5 11 —6)".

2

Vidu 33.Trong R*, cho @ s& A = {(1; 2), (3;—4)} va vectorz = (3;—2). Tim [z], .

Giai. Ta co:
1 3)'(3 14 3)3) 1(3
2], =P, [z, = 2 —4| |-2 :E 2 —1f|-2 :g 4)

Vi du 34.Trong R*, xét hai 0 s5: A ={(2; 3), (,—2)} va B = {(3;-2), (2 5)} .
Cho bt [z], =(1 2)", tim[z],.
Giai. Ta c6 ma #in chuyn oo v l&:
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BAI T AP TRAC NGHIEM CHUONG I

Cau 1.Gia ti m dé u, = (2; m+4; 2m +7) la © hop tuyén tinh @ia u, = (1; 2; 3) va
u, = (3; 8 11) I
A.m=-1; B.m=1; C.m=-7; D.m=7.
Cau 2.Giati m dé u, = (2; m + 4; 3m +13) 12 hop tuyén tinh @a v, = (1; 2; 3), u, = (L, 1; 1)
vau, = (1; 3; 5) la
A.m=-1; B.m=1; C.m=-7; D.m=7.
Cau 3.Trong B,[z], gid ti m dé u, =z +m a1 hop tuyén tinh @a u, = 22° + 3 va
u, =2 —z+1 l&
1 1
A .m=-2; B.m=2; Cm=——; D.m=-—.
2 2
Cau 4.Giati m dé vectoru, = (1;2; m — 3) la hop tuyén tinh @ia u, = (-1 m; m — 1) va

u, = (=1 1—m) la

3

A m=1; B.m=-2; C.

m=2"

Cau 5.Gia ti cia m dé he u = (1;2m-3), u, = (=1 m;m-—1) vau, = (,-1;1—-m) phu
thuoc tuyén tinh 1a:

m = —2

A m=1; B.m=-2; C. : D.

m=1 m=2

Cau 6.Gia ti cia m dé hé ba vector saday phi thudc tuyén tinh (m; 1; 3; 4), (m; m; m + 2; 6) va
(2m; 2; 6; m +10) l&:

A.m=0Vvm=1; Bm=0VvVm=-2;

Cm=-2Vvm=1; Dm=-2vm=0Vm=1.

Cau 7.Gia ti m dé cAc vector sawo thanh nit co s caa R*
(1; 2, m), (m; 2m+3; 3m+3), (4; 3m +7; bm + 3) &

A.m¢3/\m¢—§; B.m¢—3/\m¢§;

C.m¢—4/\m¢%; D.m¢4/\m¢—%.

CAu 8.Gia ti cia m dé vectorz = (3; m; m) € W voi
W=<u=0110),u =(201)> &
A.-m=-1; B.m=1; C.m=-7; Dm=17.

Cau 9.DPiéu kign cia m dé vectorz = (1; 1; m) ¢ W Véi
W=<u=(110),u =(201),u =1-11)>

A.m=0; B.m=1; C.m=2; D.m=3.
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Cau 10.Toado ciaz = (1;2) trongw so B = {(1; 4), (—2; 5)} la:

1 -2 9
AL ; B. L , c.L ; D. L
13|(—2 131 1312 13

)

Cau11.Cho A = {(3; 4), (-2 1)}, B={(1; 3), (1, 2)} lahai o sy cha R> va[z], = (1 2)".

bado cua vectorz trong @ o B la:
8 ] 0

; C.
-9

1

-8
9

A. : B. : D.

il

Cau 12.Trong R’ chow sy A= {(1; 1; 1), (; 0; 1), (0; 1; 2)} . Ma tian chuyn av s P, 1&:

1 2 -1 1 2 -1 1 2 -1 1 1 -1
A. 1 -1 -2 11; B.l 1 114; C.l 1 -2 11|, D.—=|2 -2 0
2 2 2 2
-1 0 1 -1 -2 1 -1 0 1 -1 1
Cau 13.Toadd cua vectorz = (2; 3; 6) trong @ s0 A = {(1;2; 3), (1, 3; 4), (2,4, 7)} la:

Alz], =(-1 1 1 B.[z] =(1 -1 1);

A

C.[z], =(26 35 58)"; D.[z], =17 37 60)".

Cau 14.Toadd cua vectorz = (2;—1; 0) trong @ so B = {(1; ;—-1), (1; 2; 1), (2, 1; 1)} la:

1 —1 1 1
A.l 7| 8.1—7; C.l—7; D.17
) 5) ) )
-8 8 8 8
r— y+ z2=0
Cau 15.Vector z thuoc khdong gian nglém aia k¢ pheong trinh {2z + 4y — 2 =0 la:
T+0oy—22=0

A z=(1-1-3); B.za=(-11-2); C.z=(3-36); D.z=(3-3—-6).

" L N . . 2z 4+4y— 2+ t— u=0 _
Cau 16.50 chicu khdng gian ngém W caa k¢ phuong trinh

A. dimW =2; B. dimW = 3; C.dimW =4; D.dimW =5.m

a
dr+8y —22—-2t+3u =0
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Chuong IV ) o
ANH XA TUYEN TINH

1. KHAI NI EM ANH X A TUYEN TiNH

1.1.Pinh nghia

Cho X', Y la hai khong gian vector tréR . ’ ‘
Anhx T : X — Y duoc gi la anh x tuyen tinh & X vaoY neu thva man haidieu kién sau:

1) T(ax) = aT(z), Yz € X, Va € R;
2)T(x+y) =T(x)+T(y), Va,y € X.
= Chuy : :
i) Boi voi anh » tuyen tinh, ky héu T'(z) condugc viet la Tz .
i) 7(0,) =6, véi 0., 0, 1an luot lavector khongcia X , V.
iii) Hai diéu kién trongdinh ngha trén trong duong Wi
T(x+ ay)=Tr+ aTy, Vr,y € X, Va € R

Vidu 1.Ching 6 anhx T : R* — R* duogc dinh ngha
T(z; z,; v,) = (z, —z, + z,; 2z, + 37,) la anh x tuyen tinh.
Giai. Trong R, ta xét hai vector: = (z;; z,; z,) vay = (y,; 4,5 ¥,) -
Véi a € R tuyy, ta co:
T(z+ay) = T(z, + ay; 7, + ay,; 7, + ay,)
= (2, + ay, — 7, — oy, + 1, + ay,; 2z, + 2y, + 37, + 3ay,)
= (z, —x, + 2,5 27, + 3z,) + ay, — ¥y, +¥,; 2y, +3y,) = Tr + aTy.

Vay anh x T 1a &nh x tuyén tinh tr R® vao R?.

Vidu 2.Ching © &anh x f c6 cong tiic f(z; y) = (z — y; 2+ 3y)
khéng pti1a &nh »x tuyén tinh ir R? vao R?.
Giai. Trong R?, xét hai vectorn = (1; 2) va v = (0;—1), ta co:
flutv)=fL1)=01-12+3.1)=(0;5),
f(u) + f(v) = (=1 8) + (L,—1) = (0; 7)
= flu+v) = f(u) + f(v).
Vay &nh x f khong phi 1a anh s tuyén tinh &r R? vao R?.

Vi du 3. Céc anh x sauday la cac anhatuyén tinh tr R* vao R>.
1) Phép cltiu vudéng gdc xéng truc Oz, Oy :
T(z; y) = (23 0), T(z; y) = (0; y).

2) Phépidi xang qua tac Oz, Oy:
T(z; y) = (z;—y), T(z; y) = (23 y).

3) Phép quay 6t géc ¢ quanh gc toadd O:
T(z; y) = (xcosp — ysinp; rsinp + ycosp).
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Vi du 4. Goi C[a; b] la tip hop cac ham @t bién 5 lién tuc trén[a; b]. Trén Cla; b], xacdinh phép
toan ®ng hai ham & va nhan vé tiéng thi C[a; b] 1a mot khdng gian vector.
Khi do, ta co:

b
Tf = ff(x)d:z; la anh x tuyén tinh tr Cla; b] VAO R;
Sf = f F(t)dt, z € [a; b] 12 &nh x tuyén tinh t Cla; b] vao Cla; b].

Vidu5.ChoAe M (R),tacoT, :R" — R", T,z = Alz] 1a anh x tuyén tinh.

1.2. Nhan vaanh ciaa anh xa tuyén tinh
1.2.1.Pinh nghia
Cho anh xtuyéntinh f: X — Y.

. Tap {x € X| f(z) = ey} duroc opi 1a nhan @a f, ky hiu 1a Ker(f) .
. Tip { @)z € X} diroC @i 14 anh qia f, ky hiéu 1a Tm(f).
1.2.2. Tinh chit ’ ,
Cho &nhaxtuyen tinh f : X — Y, ta cé céc tinh ¢it sau

i) Ker(f) la mgt khéng gian conia X .

i) Im(f) l& khéng gian con:a Y .

iiiy f 1a don anh khi va chkhi Ker(f) = {0, }.

4i) f 12 toan anh khi va atkhi Tm(f) = V .

5i) Nu < > =X thi < f(S) > = Im(f).

Vi du 6. Cho &nh x tuyén tinh f : R* — R? duoc dinh ngha

f(xl; T, a;,i) = (ar;1 + o, —4r; 7 — xQ).
TimKer(f) vaIm(f).
Giai
* Tim Ker(f). Ta co:
T, = 2a
T+, — 4x3 =0
f(z; 2,5 2,) = (0; 0) & &1z, = 2a (e € R)
| hTh B T, =

Vay Ker(f) = {z = 2; 20; o) € R®, a € R}.

« Tim Im(f). Trong R*, xét @ s& chinh &c ta c6:
fG0; 0)=(1+0-0; 1-0)=(1; 1),
f0; 1, 00=(0+1-0; 0—1) = (1;—-1),
f(0;0, 1)=(0+0—4; 0—0)=(—4; 0).
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Do<@;0;0%(&];0%(0;& D>::R3nén
tm(f) = (1 1), (5-1), (=4 0)) = (1, 1), (1))
={y=(a+ B a-p)eR (a,f €R)}.

= Binh Iy
Gid sr Xva Y la hai khdng gian vectoriu hgn chiéu. Neu f 1a anh x tuyén tinh & X vaoY

thi

|dim Ker(f) + dim Im(f) = dim X|

= H¢ qua ’
Cho anhxtuyéntinhf: X — Y vadim X =dimY .
Khido, badiéu sauday la trong duong:

i) f lasong anh;

ii) f & don anh;

i) f la toan anh.

Vi du 7. Cho &nh x tuyén tinh f : R* — R® x&cdinh nhr sau:
flmy;2)=(mx+y+ 2z, 2+ my+ 2, x4+ y+mz).

Timdiéu kién cia m dé f cé anh x ngeoc .
Giai. Ap dung h¢ qua trén, ta co:
f c6 &anh 3 nguoc ' khi va chi khi f ladon anh.
Tuwong duong Wi Ker(f) = {6}.

mr+y+z=0
Tuong dwong Wi hé {2 + my 4+ z = 0 chi c6 nghém tim theong.
r+y+mz=0
m 1 1
m = —2
Tuwongduong |l m 1 ¢0<:>1
m = 1.
1 1 m

. . o Cm = -2
Vay diéu kiéndé f cé anh x nguoc £ Ia{
m = 1.

1.2.3. $ khuyét va hang dia anh a tuyén tinh
a) binh nghia
Cho anhxtuyéntinh f: X — V.
* $ chiéu aia Ker(f) duoc goi la so khuyét cia f, ky higu 1a d(f).
* $ chiéu aia Im(f) dwoc gi la hang aia f, ky hisu 1a r(f).

b) Thuét toan tim sb khuyét va hang ciia anh »a tuyén tinh
Cho anh xtuyén tinh f : R — R™.
* Tim sb khuyét caa f S
Bwdéc 1.Giai hé phrong trinh thdn nhat f(z) = 6 (%)
Bwéc 2.SH chiéu khoéng gian nglm cia (x) la & khuyét cia f va cac ngléim ao ban lap thanh
mot co s ciia Ker(f) .
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* Tim hang aia f
Buéc 1. Trong R", ta clon mot co s B = {u, u,,..., . } va lap ma tan dongA caa ¢ vector
{f(w), f(u,),..., f(u,)}
Buéc 2.Dua A vé ma tén bac thangA’. Khi d6, $ dong khac khongia A’ 1a hang aia f va
cac vector dongrongting trong A’ 1ap thanh ngt co s ciia Im(f) .

Vi du 8.Cho anh x tuyén tinh f : R* — R* duoc dinh ngha
flr; 2 2,) = (2, +2;-m1, + 1,5 2, —1,).
Tim & khuyét va hang aia f .
Chira mbt co s caa cac khdng gian vectdfer(f) va Im(f).

) ’ Giai
* Tim © khuyét caa f. Ta c6:
z, + 2z, =0 T = -«
—z,+z,=0& 17, =a (acR) (%)
T, —2, =0 Ty =a

Suy ra, nghim oo ban cia () la X, = (—1; 1; 1).
Vay d(f) =1 vanmbt co so cia Ker(f) 1a {(—-1 1;1)}.

 Tim hang aia f. Trong R?, xét @ so chinh fic ta co:
f150; 0) = (1; 0; 0), f(0; 1; 0) = (=1 1), f(0; 05 1) = (05 L,—1).
Suy ra:

A=|1 -1 1|—]|0 -1 1].
0 1 -1 0 0 O

Vay r(f) =2 va bt co s5 cia Im(f) 12 {(1; 0; 0), (0;—1; 1)}. m

2. MA TRAN CUA ANH X A TUYEN TiNH
Tir day @ sau, ta chxét laai &nh x tuyén tinh f : R" — R™.
Khin=m,ta@i f: R" — R" latoan t tuyén tinhhay con gi la phép bén dsi tuyéen tinh

2.1. Khai niém ma tran ciia anh xa tuyén tinh

2.1.1.Pinh nghia
Cho anh x tuyén tinh f: R" — R™ va hai @ s caa R", R" 1an luot 12 B, = {u,u,,...,u } va
B, = {v,v,,...,v}.
Ma trgn

A:

), £, 7w, € M., ®)

duoC goi la ma tiin @ia anh x tuyén tinh f trong @ip o so B, va B,, ky héu 1a [f]; hay vét
don gian 1a A néu khéng b nham lan.
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Cu thé 13, réu

flu)=a,v +a,v, +a,v,+..+a v

3173 ml“m

flu,) =a,v +a,v, +a,v, +...+a v

3273 m2 - m

f(un,) = alnvl + a?TLUQ + a3nv3 t+..ta

mn m

thi
all a12 o aln
a21 a22 o aQn
B = a a a
[f]B1 A 32 T 3n |
ml 'm2 o amn

= Trwong hgp dac biét
Neu f: R" — R" latoan tr tuyén tinh vaB = {u,u,,...,u } 1a mpt co so cia R” thi ma ten aia
ftrongapwss B, B la
A=([fw)] [f@w)], [f@)],) € M, (R)
va ky hu [f]2 duoc viét gon 1a [£],.

Vidu 9.
1) Anh a tuyén tinh f : R — R", f(z) = (2; 0;...; 0) c6 [f]? =1 0 - 0),

1

2) Anhatuntinhg: R" — R, g(z; 7,552 )=z, cO[g]; =1 0 - 0).

3) Toan t tuyén tinhdong nkit Id : R" — R", Id(z) =z cO[Id], =1 .

Vi du 10.Cho anh x tuyén tinh f : R® — R? xacdinh nhr sau:
flr o5 2,) = (2,52, —22,). Tim A = [f]i2 .

3

Giai. Ta co:

fle)) = F(0; 0; 1) = (0, =2) = [f(e,)], :[ " ]

01 0
Vay A = :
1 0 -2

Vi du 11.Cho toant tuyén tinh f : R® — R* x&cdinh nhr sau:
fa @y @) = (2 @, — 20, @, + 21, + 3z,). Tim A = [f]

B,

Giai. Ta co:

fle)=f10,0)=LL1)=[fe)], =1 1 1)

3

fle,) = f(0; 1; 0) = (0; 0; 2) = [f(e,)], =(0 0 2)

3

fley) = f(0; 0; 1) = (0;—2; 3) = [f(e,)], =(0 —2 3)".

3
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10 0
Vay A=|1 0 —2|.
12 3

Vi dy 12.Cho anh x tuyén tinh f : R> — R*. Tim A = [f]*, biét:
fAG; 1) =(0;2; 1) va f(2,—-1) = (3; ,-1).
Giai. Gia s (z; y) = a(1; 1) + b(2,—1) , ta c6:

1
— a=—x+—
a + 2b m¢> 3 3y
a—b=y b—lx—ly
3 3

= f(z; y) = a.f(; 1) + b.f(2-1)

— 242 0.2 1) +
33

r Y
——=.(3 11
33]< )

= flry)=@—-yz+yy).

1 -1
Vay A=|1 1
0 1

Vi du 13.Cho toant tuyén tinh f : R* — R* xacdinh f(z; x,) = (z, — 2z,; 3z, + 5z,).

Tin(f],: va[f], véicoss B = {(;~1), (-3)}.
Gial
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2.1.2. Tinh cHit cia &nh »a tuyén tinh
a) Neu f: R" — R™ la anh x: tuyén tinh vaB,, B, 1a hai @ 6 twongung aia R", R™ thi

r(f) = (1)

va

[f(2)],, = [fly-[z], Yo eR"

2

b) Nu f:R" - R", g: R" — R", h: R" — R* 1a cac anh o tuyén tinh vaB,, B,, B, la cac
cosscia R", R™, R* thi
(F + 9@, =I5 +1g)y ) [al,, VzeR"

va

(7 oW (@)l,, = (W5-100% ) [el,, Vo € R"

3

= H¢ qua
Cho toant tuyén tinh f : R" — R" va B,, B, lahai @ s chia R".

Néu ton tgi ' thi

= ()

va
1

@), = (1) ], Veer”

Vi du 14.Cho anh x tuyén tinh f : R* — R? va2 o 6 B,, B, tuongring, trongdo:
B, ={( 0;-1), (0;=1~1), (=L-1)}.

L (10 2) | ]
Cho bt [f]; = 0 1 1 vaz = (1; 2; 3), tim [f(z)], .
Giai. Ta co:
-1
1 0 1 0o 1 -1
P, =0 -1 -1 =|-1 0 -1
-1 -1 -1 1 -1 1

2
1 -3
Vi du 15.Cho anh x tuyén tinh f : R? — R?* c6 [f]z“ =0 2
|43

Tim main [f]ZZ . Trongd6, hai @ si twongung la:
B ={u =L1),u, =12}, B,={v, = 0;1),u, =1 L 1),v, =1 0; 0)}.
Gial. Ta co:
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4 3 7
0 -1 1|-2
= ), =P, ), =[0 1 0] 2=
1 0 -—-1||7 -9

= [fu)], =Py, [fw)], =0 1 04 |=| 4
1 0 -1l{10] |-15
5 6
BQ
Vay[f]Bl: 2 4
—9 —15

Vi dy 16.Cho toant tuyén tinh f : R* — R* xacdinh f(z; z,) = (z, + 2z,;—z, — 3,).
Char = (I; 2) va @ & B = {(4—3), (—1; 1)}
Tin{f ' (z)], va béu thic cia f'(z; z,) -

C o ~ X A '1:1 + 21“2 - O , 7 A \ -1
Giai. Nhan thay hé 5 chi c6 nghém tam thuong. Suy raKer(f) = {0} = 3f .
T, T O%, =
«Tim [f7'(2)],.
Ta co:
(4 11 3
Poe =) =3 ] T3 47 lk= |y

« Tim biéu thic aia f'(z;; z,) .
1 9 L 1 2 o B 3 2
1 _3 :>[f ]_ -1 -3 =1 =1l

Vay fﬁl(xl; x,) = (3z, + 21—, —1,).

Taco: [f]=
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» Chay
Ta c6 th kiém ching ki f~' trong vi di 16 nhr sau:
bit o = 3z, + 21, va f = —x, —z,, taduoc f(o; ) = (o +26;—a — 36) = (z; z,)
hay f(3z, + 2z,;—2, —,) = (7 z,).

vay f(x; z,) = 3z, + 2z,;—2, —1,).

2.2.Pinh ly chuyén déi ma tran ciaa anh xa tuyén tinh
= Pinh ly
Gia s B,, B, la hai @ s5 cia R” va B/, B! la hai r 5 ciia R”.
Néu f la anh x tuyén tinh & R" vao R™ thi

1y = Py l115-P

= Nhan xét

!

Néu dat [f]Bl =A, [f]? =4, P=P,_, vaP =P, . thicong tikc trongdinh Iy tr&
thanh A, = (P')".A P.

So d6 chuyén ddi ma tran ciaa anh xa tuyén tinh

I
UE=A§ A=
P

= Trwong hep riéng
Néu f: R" — R" latoan tr tuyén tinh, B la mjt co socia R" va P = P, thi
[f]l; = P [f],-P

Vi du 17.Cho toant tuyén tinh f : R* — R* c6 béu thic
flo,y2)=@+y+unr—y+zno+y—2).
Tin’[f]F, véicoss F={(2;10), (L 0;1), (=1 0;1)}.

Gial. Ta co:
1 1 1 2 1 -1 0 2 0
/l,=]1 -1 1|{vaP=pF, =1 0 0|=P'==1 -2 1
1 1 -1 01 1 -1 2 1
Suy ra:
' 0 2 olft 1 1]f2 ~1
[f]F:5 1 -2 1|1 -1 1 0 0
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1 2 0
\,ay[f]F: 2 -1 —1|.
1 1 -1

Vi du 18.Cho anh x tuyén tinh f : R — R? cé beu thic f(z; y; 2) = (z4+y— 2,2 —y + 2).
Tim madn cia f trong @Gp o so:
B={(110),(0; 11,501} vaB ={(21), 1D}

Giai. Ta co:
1 1
s 11 -1 , 2 1
e =1, _, vaP=p, =1 1 0,P'=F_, = |
0 1

Vay [ = (P') [f]2 P

0 1 1
1 —1l[2 0 © 2 0 -2
=1 210 0 2| |-2 0 4

2.3. Thuat toan tim ma tran cia anh »a tuyén tinh
Cho anh xtuyén tinh f : R" — R™ va hai © so 1an luot 1a:

B1 :{U17 Uyy-- ey ”U,n} Vé.Bg :{”Ul, Uyyeees Um}'

e Budc 1. Tim cac ma tn sau:
S = ([vl]E [v,], (v, ], ) (ma tén ot cac vectorga B,),

Q= (1), ()], L), )

* Buéc 2. DUNg phép din ddi so cip trén dongié dua ma tan (S‘Q) vé dang (I‘A)
Khido, [f];> = A.

Vi du 19.Cho toani tuyén tinh f(z; y) = (z + y; = — 2y) .
Dung thit toan tim[f],, véi co s6 B = {(2; 1), (1,—-1)}.
Gidi. Tac6B, = B, = B.

2 1] L . 10 30
L e =]l ra-m= = e=]) 4

3 0 2 113 0 1 01 1 1 01 1
— — — .
0 3 3 03 3 2 113 0 0 1j1 -2

S =

Suy ra:

o)
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1 1
\Vay [f]Bz[l —QJ'

Vi du 20.Cho anh x tuyén tinh f : R* — R? cé béu thic f(z; y; 2) = (z+y — 2, 2 — y + 2)
Dung tht toan tim ma &n cia f trong éGp oo so sau:
B={(110),(0;1;1), (10, 1)} vaB" = {(21), (1; 1)}

Giai. Ta co:
1 1: — (2
f(1;0;1) = (0; 2)
Suy ra:
5_21200 2 0l4 0 —4) (1 ol2 0o —2
(‘Q)_l o 0 2| o 12 0 —4| o 1|-2 0 4|
Lo (2 0 =2

Vi du 21.Cho anh x tuyén tinh f(z; y) = (z + y; y — 2; ).
Dung tht toan tim ma tn aia f trong &p oo SO sau:
B={(1L-2), (3 9} vad={(10;0), (11 0), (1 1; }.

Giai. Ta co:
111 -1 7
s—lo 1 1 {f(l;—2)=(—1;—3;1) 0 3 1
oy ’ :> == | "
3:4)=(7;1;3
001 f(3;54)=( ) L3
Suy ra:
11 1-1 7 1 002 6
(S\Q)zo 1 1-3 1|=]0 1 0-4 —2
0 0 11 3 00 11 3
2 6
vy [fl, =|-4 —2|.=
1 3

3. TRI RIENG — VECTOR RIENG
3.1. Ma tran déng dang
= Pinh nghia

Hai ma tgn vudng cungdp A va B duwoc mi la dong ding Wi nhau ru tn ti ma trdn khi

nghich P thoa
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1 X
Vidu 22.Haimatén A = 6 —1 vabB = 0 la dong chng Wi nhau vi cé ma éin
0 .
P= L 3 kha nghchthba B = P AP.
» Tinh chét

Hai ma tén aia mgt todn i tuyén tinh trong hai o s khac nhau thifong dzng Wi nhau.

3.2.Pa thwrc dac trung va phrong trinh dic trung
= Pinh nghia

*Chomatin Ac M (R).Dathic hicn cia A € R
P (N) =det(A—=AI)

duoC Qi la da thic dac trung (characteristic polynomialy@ A va phrong trinh P, (\) = 0 duoc
goi la phwong trinhddac trung aia A.

« Cho toani tuyén tinh f : R" — R". Pa thic bic n cia A € R

P.(\) = det(4d—\I)

droC i 1a da thirc dac trung aia f (A & ma ten biéu dién f trong mbt co s& ndodd) va phrong
trinh Pf(A) = 0 duoc gi la phwong trinhdgc trung aia f.

1 2
Vidu 23.Choma tin A = 3 4 , ta co:

1-A 2
3 4=

=\ -5\ —2.

» Dinh ly .
Hai ma ttin dong deng wi nhau thi c6 cunga thizc dac trung.
Vi du 24.Cho toani tuyén tinh f(z; y; 2) = (x —y; y — 2, 2 — ) .
Tim plong trinhdac trung aia f .
1 -1 0
Gidi. Goi A=|[f],,tac6A=|0 1 —1].
-1 0 1

Phrong trinhdac treng aia f 1a:
1-x =1 0

PN=0&] 0 1-XA —1[{=0&-A+3X-31=0.
—1 0 1—A
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3.3. Tri riéng, vector riéng
3.3.1. Tii riéng, vector riéng aia toan tir tuyén tinh
= Pinh nghia
Cho toanit tuyén tinh f : R" — R".
« S thuc \ dwoc gpi la tri riéng (eigenvalue)a f néu tn tai vector z € R" va z = 6 sao cho
fz) = Az
* Vectorz = 0 thoa f(x) = Az dwoc Qi la vector riéng (eigenvectorya f #ng wi tri riéng \.
3.3.2. Tri riéng, vector riéng aia ma tran vubéng

* Pinh nghia
Chomatin Ae M (R).

« S thuc )\ duwoc gpi la tri riéng aia ma tin A néu tn tai vector z € R” va z = 0 sao cho
Alz] = x|

* Vectorz = 6 thoa Alz] = A\[z| dwoc gpi la vector riéng da ma tén A #ng Wi trj riéng \.
Vi du 25.Cho toant tuyén tinh f(z; z,) = (4, — 2z,; =, + z,).
Xét$ \ = 3 vavectorz = (2; 1), ta co:

fl@)=f(2,1) = (6; 3) = 3(2; 1) = Aw.
Vay = = (2; 1) la vector riéngea f ang wi tri riéng A = 3.
=150 [z].

4 =2 4 =2|2
eft el

Vay z = (2; 1) la vector riéng@a A = [f] ung Wi tri riéng A = 3.

Mat khac, ta c6:

* Pinh ly
Cho toand# tuyen tinh f : R" — R" vamjtco so B cia R”.
« S thuc \ 1atri riéng aia f khi va chikhi \ 14 trj riéng aia [fl,-
* Vectorz € R" (z = ) la vector riéng ga f @ng wi tri riéng A khi va cli khi [z], 1a vector riéng
cua [f], vng \Gi .
=Chiy. ’
i) T day v sau, ta xenda thrc dac trung va plrong trinhdac trung aia toan i tuyen tinh f va ma
tran [f], 1a nhr nhau.
i) CAc vector riéngia ma thn A (ng Wi cac ti riéng khac nhau thdoc 1ap tuyén tinh.

= Nhén xét

Ta co
Alz] = Nz] & (A — Al )[z] = [0] (*)

Dé z = 0 la vector riénga A thi () phai c6 nghém khéng dm thuong.
Suy radet(A— A ) = 0.
Vay A langhiém aia pheong trinhddc trung P,(A) = 0.

76



Poan Ouong Nguyén Clutong 4. Anl xq tuyén tinh

= Thuat toén tim tri riéng va vector riéng dia ma tran A
* Buéc 1. Giai phuong trinhdéc trung P,(A) = 0 dé tim tri riéng \.

« Buéc 2. Giai hé phuong trinh thdn nhat (A — A\T)[z] = [#], ngh&m khéng &m theong dia ke 1a
vector riéngrng i .

. , . 4
Vi du 26.Cho toani tuyen tinh f : R> — R* cé ma tin biéu dién 1a A = ) . Tim ti riéng va

vector riéng ta f .
Giai. Phrong trinhdac trung la:
4-N =2

_ 2 _ _
1 1_)\—0<:)A S5 +6=0.

det(A—X,)) =0

Suy ra\ =2, A\, = 3 la hai ti riéng @a f.

2 =2 T, 0 23;1 — 2x2 =0
=| |&
1 —1||=x 0 T — T, = 0

Chon z, = 1=z, = 1, tadugc vector riéngu, = (1; 1).

«Ung Wi \ =2, taco:

(A=X1)[z]=[0] &

Suy ra céc vector cang «o(1; 1) (a = 0) cling la vector riéng.

1 -2 1 -2
ﬁ
1 -2 0 0

Chon 7, = 1=z, = 2, taduoc vector riéngu, = (2; 1).

«Ung Wi A\, = 3, ta co:

A-NI =

272

= (A=\1)[z]=1[0] & 2, —2x, = 0.

Suy ra céc vector cang 5(2; 1) (8 = 0) ciing la vector riéng.

0 01

Vidu27.ChoA=|0 1 O0f.Timtiriéng va vector riéngia A .
1 0 0

Giai. Phrong trinhdac trung:

A 0 1
0 1-X 0|=0&(1- NNV -1)=0
1 0 A

=\ =-1L A =1lahaitiriéng aa A.

L=

* Vi Alz—l,tacé:

1 0 1 1 0 1

T+ 3}3—0

A-XI=|0 2 0|—]|0 1 0|= . —o
1 0 1 000 ?
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Chon z, =1= =z, = —1, tadugc vector riéngu, = (1; 0;—1).
Suy ra cac vector cang o(1; 0;—1) (a = 0) ciing la vector riéng.

*V6i A\, =1, ta co:
-1 0 1 -1 0 1
A-N=|0 0 0|—=|0 0 0|z -, =0.
1 0 -1 0 0 O
Chonz =1, 1, =0 = 1z, =1, taduoc vector riéngu, = (1; 0; 1).
Chon 2, =0, r, = 1=z, = 0, taduoc vector riéngu, = (0; 1; 0).
Suy ra céc vector cang 5(1; 0; 1) va~(0; 1; 0) (8, A = 0) cing la vector riéng.
» Chay

Do det(4A— Al )=0 nén & pheong trinh (A —AI )[z]=[6] ludn c6 v & nghém va ndi

nghiém oo ban oia k¢ 1a mot vector riéng ¢ thé.
Ta @i vector riéng a thé nay lavector riéng o so.

3.4. Khoéng gian con riéng

= Pinh Iy
Cho toant tuyén tinh f : R" — R". Tdp hpp tat ci cac vectorz € R" théa f(z) = Az, A€ R

(ké ca vector khong) la @it khdng gian conim R”, ky hitu 1a E()).
= Pinh nghia
Cho toan:t tuyén tinh f : R" — R" ¢6 tr riéng \. Khido, E()\) duwoc goi la khéng gian con riéng
(eigenvector spaceing wi .
» Chuy
i) H¢ nghiém oo ban aia ke pheong trinh (A — AT)[z] = [#] cho ta § vector @ sy va tao thanh njt
co s cua khdng gian con riéng ¢itit 1akhong gian riény E()).

i) dim E(A\)=n—r(A—XI).
iii) Néu A la nghém boi & caa P,(\) = 0 thi dim E(\) < k.
Vi du 28.Trong vi di 27, ta c6:
* Tir nghiém ao ban cia (A — A I)[z] = [0] ta suy ra vectorecss la u, = (1; 0;—1).
V%ﬁE@J)z<ﬂﬂx—D>VédhnE@&)zl.
* Tr nghém oo ban aia (A — A\ J)[z] =[] ta suy ra 2 vectorocsd la:
u, = (1; 0; 1) vau, = (0; 1; 0).

Vay E(l) = <(1; 0; 1), (0 ; 0)> va dim E(1) = 2.
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Vi du 29.Tim $ chiéu aia cac khong gian con riémgg Wi cac ti riéng ca ma tn

2 4 3
B=|-4 -6 -—-3|.
3 3 1
Giai. Phrong trinhdac trung:
2—X 4 3
[B-M|=0e| -4 —6-X -3|=0
3 3 1—A
1-X 1—-X 1-2A\ 1 1 1
sl -4 —6-X2 3|=0&(01-XN4 6+X 3 |=0
3 3 1—A 3 3 1-A
0 1 1
S1-=N-2=-X 6+X 3 |=0
0 3 1-A

sa-neL

— —1 22: .
4 11 0OeA-1)A\+2)°"=0

Suyra\ =1, A\, = -2 lahaitiriéng @a B .
*V6i A\ =1, taco:

1 4 3 1 4 3 1 4 3 1 4 3

B—A1]:—4 -7 =3|—10 9 9({—10

1

9 9/—1|0 1 1|=rB-\)=2.
3 3 0 1 0 0 3 3 0 0 O
Vay dim E(\) =3 —r(B-\I)=1.
*V6i \, = -2, ta co:
4 4 3 1 1 0 1 1 0
B-M\N=|-4 -4 -3/—1]0 0 0|—{0 0 1

3 3 3 11 1] [0 0 0
Vay dim E(\,) = 3—r(B— A1) =1.

3 1 -1
Vi du 30.Tim o s cua cac khong gian riengia matén C =2 2 —1].
2 2 0
Giai. Phrong trinhdac trung:
3—A 1 -1 1-XA —1+X 0
2 2—X —1=0&] 2 2—X —1=0
2 2 —-A 2 2 —-A
1 -1 0 1 -1 0
S 1-N2 2-X -1=02@1-XN)0 4—X —1=0
2 2 =) 0 4 =X
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A=1
Ss1=-\N\=-2=0<
(=N -2) o

*Véi A =1, taco:

Cc-1I=|2 1 -1|—|0 0 0|=

2 1 —-1 20—1{
2 2 -1 01 0

Chon z, =1, taduoc vector rienge sv la u, = (1; 0; 2).

Vay E(1) c6 not co s 1a {u, = (1; 0; 2)} .

*Véi A =2, taco:

T+ T, —xy =

c-21=|12 0 -1|—|0 =2 1 |=
—2x2+m3:()

11 -1 1111
2 2 =2 0 0 O

Chon z, = 1, taduoc vector riénge st la u, = (1; 1; 2).

Vay E(2) c6 mot co o 1a {u, = (1; 1; 2)}.

Vi du 31.Tim cac khéng gian riéngia toan i tuyén tinh
flz; y; 2) = (x + 3y + 32;—3x — by — 32; 3z + 3y + 2).

1 3 3
Giai. Taco[f]=|—-3 -5 —-3|.
3 3 1
ba thrc dac trung:
1—A 3 3 1-X 1—-X 1-2A\
Pf(A): -3 -5-X =3|=-3 —-5-X =3
3 3 1—A 3 3 1—A
1 1 1
=1-N0 —2—=X 0 |=1-XNN\+2".
0 0 —2-A

Suyra\=-2va\=1lahaitiriéng da f.

*Véi A\ = -2, taco:
3 3 3 1 1 1
[fl-(-2).=|-3 -3 =3|—[0 0 O|=a +z,+z,=0.
3 3 3 0O 0 0

Ch')nxl:l’xQ:O:>:E3:_1:>u1:(1§0§_1>-
Chon s, = 0.2, =15 2, = —1 = u, = (0: L-1).

Vay B(=2) = (u, = (1 0:-1), u, = (0; -1)) = {z = (& f—a — B) € R’ (o, BE R}
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*V6i A =1, tacé:
0o 3 3 0 1 1
[f]-11=|-3 -6 —3|—[1 1 0|=
3 3 0 0 0 O

x2+x3:0
T, +x, =0

Chonr =1=z=-Lz, =1=u =(1-11).

Vay E(1) = <u3 =(L-1 1)> ={z =(;—; a) e R® (a € R)}.

3.5.Pinh ly Cayley — Hamilton
= Pinh Iy

Néu toan tr tuyen tinh f : R" — R" ¢6 ma tein biéu dién trong ngt co' s ndodo 1a A vada thic

dac trung 1a P (A) thi

P (4)=(0,),

Vi du 32. Xét toan & tuyén tinh f(z; y) = (4= — 2y; z + y), ta co:

-2
1

4 2 (4 -2
_5
11 11

A:up:ﬁ = P,(A) =\ —5\ +6.

Khi do:

+6I 00
210 o

70
Vidu 33.Chomatin A=|0 2
3 0

— o W

Giai. ba thrc dic trung:

PMN=| 0 2-=X 0 [=X—10\+14) +4
3 0 1-2A

= A’ — 104> +14A 441, = (0,), = A" —104° + 144° + 44" = (0, )

i ij’3
8 0 0
= B=8I,=[0 8 0f,
0 0 8

Vay det B = 8° =512. m

.Tinhdet B, trongdé B = A" —10A4° 4+ 14A4° + 44" + 81,
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4. CHEO HOA MA TR AN VUONG
Trong plin nay, ta xétd € M (R) 1a ma tan biéu dién ton tr tuyén tinh f : R" — R" trong not
Co O B naodo aia R".
4.1. Khai niém ma tran chéo hoadwoc

= Pinh nghia
Ma tin A € M (R) duoc i la chéo héaduoc néu A dong ding Wi ma trdn duong chéoD ;

nghia 13, ©n tzi ma trin P khd nghich sao chaP 'AP = D.
Khido, ta n6i ma tin P lam chéo héa madn A.

1 0 0

0 0 O
Vidu 34.Matan A=|0 1 0| lachéohbéduoc,vicomatin P=|0 1 0] thoa
1 01 -1 0 1
0 0 O
P'AP=|0 1 0].
0 0 1

4.2.Piéu kién ma tran chéo héadwec

* Pinh ly 1
Ma tran A€ M (R) la chéo hoaduoc khi va cli khi trong R" ¢c6 n¥t co so gom n vector riéng

cua A.

= H¢ qua
Néu matgn A € M (R) c6n tri riéng phan hit thi chéo hoafuoc.

* Pinh ly 2
Gia st matin A€ M (R) cOk tririéng A (i = 1,...,k) phan bét va tadat n, = dim E(),). Khi

d6, badiéu sauday la trong diong:
1) Ma tein A la chéo héaturoc;

2)Pa thicdac trung aia A coO ding P, (A) = (A= X)" (A =A)"“...(A =)™,

3n, +n,+..+n =n.

4.3. Ma tran lam chéo hdéa ma tfin vuéng
Gia st ma tdin A< M (R) chéo hobadugc. Khi do, ©Hn tai ma tan P kha nghich thva

P7'AP =D v6i D =diag(\, A, - A).
Xet ma tén kha nghich P = ([u,] [v,]...[u_]), trongdo

[w]=(a, o, - a) (i=12..n).

Ta co:
P'AP =D = AP = PD
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a, o, S0
T T ) T B |
anl an? ... a7m 0 0 cee )\n
Ao, Ao, o Aa
Al i) fu ) = | A T A
Ao Ao, e Aa

= (Alu,] Alu,]...Alu 1) = (\fu,] Alu,]..A [u ])

= Alu]=Alu](i=12,..,n).

Suy ra\ latr riéng vau. la vector riéngrng Wi \ cua A.
1 1 1

= Két luan
1) P la ma tein cO cac 6t la cac vector riéngeso cua A.
2) Ma tin chéoD gom céc tif riéng trongng Wi cac vector riéng trong madn P .
= Nhén xét
Taco:P'AP =D = A= PDP'
= A* = (PDP")(PDP') = PD*P"
= A" =PD'P' =P. [diag(A, A

2

AP

Vay A" = P.diag(\* A" - AY).P7

n

Vi du 35.Xét ma thn A trong vi di 31, ta co:
« Ung Wi tri riéng A, = —2 ¢6 2 vector riéngess 1a u, = (1; 0;—1), u, = (0; 1;—1).

+ Ung wi tri riéng A\, =1 ¢0 1 vector riéngaess 1a u, = (1;,—1; 1).

1 0 1 -2 0 0
SuyraP=|{0 1 —1jvaD=|0 -2 0.
-1 -1 1 0 0 1
Khi d9o, ta co:
A =pPD" P!
1 0 1|(=2* o 0lfo -1 -1 1 —1023 —1023
=0 1 =1 0 (=2 o/l 2 1]|=]|1023 2047 1023
-1 -1 1 0 0o 11 1 1 —1023 —1023 1
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4.4. Thuat toan chéo hdéa ma tén vubéng
Dé chéo héamain A € M (R) ta thrc hién cac xéc sau
Buéc 1.Giai phuong trinh‘A - AI‘ = 0 dé tim tri riéng thrc cia A.
* Truong hop A khéng co trriéng thrc nao thi ta & luan A khéng chéo héduoc.
* Truong hop A ¢6 n tri riéng thrc phan bit thi A chéo héatuoc, ta lam tp busc 2.
* Truong hop A cO k tririéng thec phan bdt A (i =1,...,k) v6i A la nghém boi n, cia phrong
trinh ‘A — )\I‘ = 0 thi réu:
) n, +n, +..+n, <n,taktluan A khdng chéo hoduoc;
i) n, +n, +...+n, =n thi A chéo hdalugc, ta lam tp broc 2.

Buwéc 2.Lap ma thn P co cac 6t la cac vector@so cia £()\).

Khid6, P""AP = D véi D 1a matén chéo c6 cac pin tir trénduong chéo chinhah luot la A,
(mdi A\ xuat hién lién tiép n_ 1an).

Vidu 36.Matran C trong vi di 30 cO ti rieng i hailax = 2.
Dodim E(2) =1 <2 nénC khodng chéo hodugc.

] 1 0
Vi du 37.Chéo hoa (éu duoc) ma thn A = 6 1].
Giai. Ta co:
I-Xx 0 A=-1 o
=0& = A chéo hbéatuoc.
6 —-1-A A=1
2 0

e A=—1: (A—)J):[

0
*A=1:(4A-)X])=

0
]:>3:E1—x220:>u2:(1;3).

6 —2
0 . -1 0
SuyraP = vaD = .
1 3 0 1
-1 0
Vay PAP = .
0 1
] 3 ]
Vi du 38.Cho matin A = s 1| Tinh A",
Giai. Ta co:
3—A 0 0 A=-—1 A chéo héa
s 1., =0%], _4 = A chéohdaugc.
4 0
*A=—1:(A-\)= 8 0 =1z =0=u =(0;1).
. 0 0
*A=3:(A-\)= s —4 =21 —1,=0=u, = (1;2).
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Ta co:

0 1|1—1 0 |[-2 1
V'\ A2011 — PD2011P71 — —
i 1 2 [0 320“][ 1 0]

Vidu 39.Chéoh6éamaign A=|-6 —4 3

Giai. Ta co:
-6 —4-\ 3 |=0&| 6 44+ =-3|=0

—6 —6 5—A 0 A—2 2-X

S| 6 1+X 3|=0MA-1)A-2V=0&
0 0 2-2A

«Ung Wi A =1 (nghém don), ta co:
3 2 -1 3 0 1
A-1I=|-6 -5 3|—|0 1 -1
-6 —6 4 0 0 O

3z, + z,=0 )
= ‘ = u, = (1;-3;-3) = dim E(1) = 1.

«Ung Wi A =2 (nghiém i 2), ta co:
2 2 -1 2 2 -1
A-2[=|-6 -6 3|—|0 0 O
-6 -6 3 0 0 O

u, =002
=27, +2z, -1, =0= u, = (0: 1 2):>d1mE(2):2.

Do dim E(1) 4+ dim £(2) = 3 nén A chéo hoéatuoc.

1 00
Vay P'AP =10 2 O|,v6i P=|-3 0 1|.m
00 2
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BAI T AP TRAC NGHIEM CHUONG IV

Cau 1.Matrn [f]; cia anh @ tuyén tinh f : R* — R® c6 béu thic f(z; y) = (32; 7 — 2y;—5y) &

2

3 0 3 0
A B, i E, .
e ={1 -2 B.[fly =1 -2|;

0 -5 1 =5

3 1 0 3 1 1
ClULi=l, 5 _s D.fl =g 5 _s|

Cau 2.Ma trn cia todn tr tuyén tinh f : R® — R® cé biu thirc
fzsy;2) =QBr+y—22-2yy+32)

3 1 -1 3 1 -1
A lfl=]1 =2 0 B.[fl=]1 -2 ,
1 -1 3 -1 0 3
3 1 -1 3 1 0
C.lfl=|1 =2 o0/ D.[f]=]1 -2 1
0 1 3 0 1 3

Cau 3.Cho toant tuyén tinh f(z; y) = (22 — y; 3y) va @ s B = {(1; 2), (—1; 3)}.

Ma tin [f]7 la:
6 0 6 0 2 —4 3 1
) l : B. l : C. : D. l .
5l—4 1 5|—4 5 4 7 6|10 2

CAu 4.Cho toant tuyén tinh f : R* — R? thoa f(1; 2) = (—4; 3) va f(3; 4) = (—6; 7).
Ma tin cia f trong @ o chinh fic 1a:

-4 —6 1 3 2 -3 2 1
A. ; B. ; C. , D. :
3 7 2 4 1 1 -3 1
CAu 5.Toan fr tuyén tinh f(z; y) = (z +y; z — 2y) cOmatintrong © v B = {(2; 1), (1,—1)} la:
1 1 -2 1 2 1 3 0
A. ; B. ; C. ; D. :
1 -2 1 1 1 -1 0 3

CAu 6.Cho toant tuyén tinh f : R* — R? c6 ma tin aia f ddi véi co sy B = {(1; 0), (1; 1)} la

I 2 -2 , , ..
A= 5 4 . Biéu thic cia f la:
A. f(z;y) = (z +2y; 3z + 4y); B. f(z; y) = (z; z + y);
C. f(z; y) = (4o + 2y; 3z — y); D. f(z; y) = (4z + 2y; 3z + ).
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CAu 7.Cho anh x tuyén tinh f : R* — R® thoa f(2; 1) = (1; 1; 3) va f(1,—1) = (2;—1; 0).
Béu thac caa f 1&:
A flz;y) = (22 -y 2 +y); B. flz; y) = (s 2+ y; 2 — y);

C.flmyy)=(—yz2+y), D.flz;9) =~y 157 +y).

Cau 8.Cho anh x tuyén tinh f : R? — R® ¢6 béu thic f(z; y) = (z — 2y;—2z + 4y; 0).
Ktingdinh dang la:

A r(f)=1,d(f)=1; B.r(f)=1,d(f)=2;

C.r(f)=2,d(f)=0; D.r(f)=2,d(f)=1.

CAu 9.Cho anh x tuyén tinh f : R® — R? ¢0 béu thac f(z; y; 2) = (z — 2y; ) .
Kting dinh ddng la:

A r(f)=1,d(f)=1; B.r(f)=1

C.r(f)=2,d(f)=0:; D.r(f) =2, d(f)=1.

Cau 10.Cho toant tuyén tinh f : R' — R* ¢co béu thic
flx; y; 25 t) = (x + my; ma + 4y; 2y + z + 3t; 42 — Tt).
Gia ircaa m dé f khéng phi don anh la:
A.m=2; B.m=-3; C.m==2; D.m=43.

CAu 11.Cho hai toanit tuyén tinh r R* vao R* nhr sau:
f(x;y)=(z+y; ) vag(z; y) = (z; x —2y).
Ma t@in [f —2g], la:

-1 1 -1 -1
1 -1 1 1
Clf=2,=|, 4|’ D.[f =24, =| | _4]-

Cau 12.Cho toani tuyén tinh f(z; y) = (2z — y; 4z + 3y) va vectorv = (2;—2).

Dado cia f'(v) trong @ s& chinh fic Ia:
2

; B. 1 ; C. 1

5|—6 5

1
Cau 13.Cho ma tin A = 4

2 :
5 vaB=A"—4A4° - 54" + A.

& dungdinh ly Cayley — Hamiltoré tim B , taduoc:

4 8 4 16
A. B = : B.B = :
16 12 8 12
9 8 9 16
C.B= : D.B = )
16 17 8 17
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2 1 2 2
Cau 1l4.Matran P = 3 1} chéo hbamain A = 3 thanh:
-1 0 4 0 -5 0 20 0
A. ; : , C. , D.
0 4 0 -1 0 20 0 -5
1 1 0
Cau 15.Matan A=|0 1 0 | coda thrcdac trang P,()) la:
5 3 —2
A. P (N) =X\ —4X+3; B. P,(\) ==\’ +4X - 3;
C.P,(\) =X\ —3Xx+2; D. P,(A) =—-X\"+3x—2.
1 -1 0
Cau 16.Chomatin A=|-4 1 O0|cbécactriengtheottrtu: A\ =—-1, A\ =\ =3.
0O 0 3
Ma tin P lam chéo héal la:
1 1 O 1 0
A.P=[|0 -2 0f; B.P=|0 2 0f;
2 0 1 2 01
1 0 1 0
C.P= -3 0f; D.P= -2 0O|l.m
0 1 0 1
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Chwong V

DANG TOAN PHUONG
1. KHAI NI EM DANG TOAN PHUONG

1.1. Dang song tuyén tinh
= Pinh nghia 1
« Anh x f:R"xR" - R
(2, y) — f(z, y)
dwoc gpi 1a Mt dang song tugn tinh trénR" néu f tuyén tinh theo#ng bién = va y; nghia 13,
Vr,y,2 € R", Va € R ta co:
) fz+y, 2) = flz, 2) + fy, 2);
i) f(z, y+2) = f(z, y) + f(z, 2);
i) flaz, y) = af(z, y);
4i) f(z, ay) = af(z, y).

* Gia Sir f(z,y) la mot dang song tugn tinh trénR" . Xét mbt co s B = {u,u,,...,u } cia R". Vi

hai vectorz, y bat ky thuoc R”
T = Z“sz y Y = Zu].y]. )
i=1 j=1

ta co

n n

:ZZf(u u)x

i=1 j=1

bit a;, = f(u,u,), taduoc

=3 azy, 1)

i=1 j=1

* Ma tran A = (a”,)” duoC i 14 ma trin @ia dzng song tugn tinh f trong @ s¢ B, ky hidu la

=[fl,
Ta quyuéc viét (a),, = a . Khi d6, dang song tugn tinh f duoc viét lai duéi dang ma tén
flay) = ([],)" Alyl, (2)

= Chay
i) Khi co s khongduoc chi rd thi ta ngm hiéu d6 1a & s3 chinh ic E trong R".
i) Dang song tugn tinh throng duoc cho argi dang (1).

Vi du 1. Xét cang song tugn tinh f : R> x R — R ¢6 biu thic
fz,y) =2y, —2zy + 33y, V6i v = (z;2,), y=(y; 4,).
Tir biéu thac aia f(z,y), ta xaadinh dugc:
1 3

=1 a = 2a =3, a.=0=>A=

11 7721 ? 722
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Khi d6, cang ma tén aia f(x,y) la:
1 3

flwy) =[] Aly] = (xl m?) —2 0

Vi du 2. Xét dang song tugn tinh f : R x R* — R ¢6 ma tin cia

A=

S W O
EN RSO
co ot N

Tir ma tén A, ta c6 beu thic cia f(z,y) la:

Y
Yy |

f trong @ s chinh fc &

flzy) =2y, + 22y, + 3z,y, +4xy, + 5.y, + 61,y + T2y, + 81,9,

trongdo, = = (z; z,; ;) € R’ vay = (y; y,; y,) € R’.

= Chay

Trong ma @in A cia cang song tugn tinh f trén R", phan tir o, 1a 1 s6 cia $ hang chira 7y,

(1=12,....,n; j=1,2,....n).

= Pinh nghia 2
Dang song tugn tinh f trén R" duwoc gi 1a doi xirng (teong ieng,

f(z,y) = f(y,2), Yo,y € R"

phin déi xirng) réu

(tLt’O'ng I/Z’ng, f(xa y) = _f(y7 :E)a Vl',y € Rn)'

= Nhén xét
Ma tén aia chng song tugn tinhddi xang (hay pan déi xang) f
ddi xang (hay phn déi xtng).

trong not co so bat ky caa R 1a

Vi du 3. Dang song tugn tinh f(z,y) = 3z, + 2wy, + 22y, — 1, la ddi xung vi:

f(z,y) = 3z.y, + 21y, +2x,y, — x,y, = 3y,x, + 2,7, + 2,1, — Y,T, = fly,z).

. 3 2
Khldo,matan[f]:2 .

] ciing la ma tin déi x&ng.

1.2. Dang toan phwong
= Pinh nghia
« Cho f la cang song tugn tinhdsi xieng trén R™ .
Anh x
g:R" - R
z — q(z) = f(z,7)

duoc @i la dgng toan plrong ¢ trén R" ung wi f.

e Néu A = [f], thi A cing duoc gi la ma tin aia dzng toan plrong ¢ trong @ s B, va ta @ng

vietla A = [q]
Khi @é, ta c6

B"

q(z) = ([z],)" Al2],
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Vi du 4. Cho ding song tugn tinhddi xang f : R* x R> — R,

floy) = 2y, + 22y, + 22y, — 31,9,
Khi &8, cang toan plrong trongting ¢ : R* — R duoc xacdinh la:

q(z) = v + 2z, + 20,0 — 31,0, = 1‘12 — 3:522 +4xz,.

Vi du 5. Tim dang toan plrong ¢(z) . Biét ma tén cia ¢ trong @ s chinh fic la A =

)
Ly

Giai. Ta co:

o) = qla; z,) = (o Ala] = (1, — 2, —a, +2,)

= (z, — z,)r, + (—2, + 2z,)z,.
Vay ¢(z) =z + 22) — 2z 3, .
= Nhan xét

. P A , A , A N opa Ao 2 N 2. LA S A , A
Trong vi @ 5, cac phn tir a,, vaa,, cia A lan luot la k¢ s0 cia z; va z; ; tong hai plan tir a, va
a, lahe s ciaz,.

Vi du 6. Tim ma thn cia cang toan phrong ¢ : R*> — R sau:

q(z) = 2z} + 3z — 2 — 4z .z, + 62,2, .

Giai. Ta co:
a,=20a,=3a,=-1,a,=0a,=-2,a0,=0a, =0, a, =a, =3.
2 =2
Vay ma tén cin tim l1a ma tin ddi xang A =|—-2 3 .
0o 3 -1

1.3. Dang toan phwong chinh tic
1.3.1.Pinh nghia

TrongR", dgng toan plrong

2 2 2 - 2
q(r) = a,z; +a,z, +..+a 1 = Za x

nn n

diroc gpi 1 dgng toan plrong chinh dc hay @i tat 1a dzng chinh dc.
Ma trdn aia dang chinhdc la A = diag(a, a

2 ann) '

, 1 0
Vi du 7. Trong R*, cho ding chinhic ¢ cé matin [¢] = [0 5|

Khi d6, biéu thic caa ¢ 1a:

1 0|z
g(x) = q(z; @,) = [2]'[g][2] = (=, 152)[ ] |
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0 O
Vi du 8. Trong R?, dang chinhdc ¢(z) = 27 — 5z comatin [¢]={0 —5 0.
0O 0 O

1.3.2.Pwa dang toan phwong vé dang chinh tic
» Phwong phép chung
Trong R", gia Sir dang toan plrong ¢(z) cé ma tén [¢] = A.
Xét mt co s B bat ky cia R". Goi P =P, ,, thuc hién phépdoi bién [z] = Ply] tadugc:
g(z) = [2]" Alz] = q(y) = (P[y])" A(Ply]) = [y]" (PTAP)[y].
Néu ma tén P"AP c6 ching chéo thi ta ndiahg toan plrong ¢(z) duoc dua W dang chinh ic
q(y) - Khido, [¢], = PTAP.
Vay, viéc dwa mpt dang toan plrong W dang chinh dc 1a tadi tim mjt ma tiin P sao choP” AP
[a ma tin chéo.
Vi du 9. Tim dang toan phong g(z) = 327 — 2 + 4a,z, trong R* di véi co s

B={(12), (31}

Giai. Ta co:
PR CEE2 R L) [12
_2—1’_%3_21;3 131
[P 23 2L o8 (7 2
= ld, = 13 1|2 —1ll2 1| |21 38

Vay, ddi bién [z] = P[y], ta c6 dng toan plrong trong o s5 B la

q(y) = Ty, + 38y; +42y,y,.

Vi du 10.Tim dang toan plrong f(z) = 2 + 2z + 4,2, — 4z,z, trong @ SO
B={(10;0), (-2 10), (2-1 1)}.

Giai. Ta co:
1 2 0 1 -2 2
A=[2 2 =2,P=P =0 1 -1
0 -2 0 0 0 1
1 0 Ofj1 2 o0f1 -2 2 1 0 0
=[fl,=P"AP=|-2 1 0f|2 2 =20 1 -1|=[0 —2 0.
2 -1 1Jj0 =2 0o 0 1| |0 0 2

Vay, ddi bién [z] = P[y], ta c6 dng toan plrong trong o s5 B la

fly) =y’ — 2y +2y. (dang chinhic theo bén ). m
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2.PUA DANG TOAN PHUONG VE DANG CHINH T AC
BANG CHEO HOA TRUC GIAO

2.1. Khdng gian Euclide
2.1.1.Pinh nghia
« Xét khodng gian vectoV trén R. Mgt quy luit cho rongng aip vectorz, y bat ky thusc V Vo
s6 thee duy niat, ky hiu 1a <x\ y> (hay (z, 1)), théa man n tinh clit sau:
1) <x‘:1:> >0 Vé<x‘x> =0 2=20;
2 (o) = =)
3) <(x + y)‘z> = <x‘z> +<y‘z>, VzeV;
4) <)\:L“‘y> = )\<x‘y>, VAeR
duoc i la tich vé wong aia = va y .
« Khong gian vectol’ hizu hgn chiéu trén R éi tich vo heéng duroc dinh nghia nhe trén dicoc goi

la mgt khdng gian Euclide.

Vi du 11.Trong khéng gian vectaR", ta xét tich vé tiéng nhr sau:
<:B‘y> = <(ZB1;ZB2;...;:E”) (yl;y2;...;y”)> =y +TY, +...+TY .
Khi dg, R" véi tich vo hrong nhr trén 1a ndt khdng gian Euclide.

= Chay
Tir day tro di, khi n6i ¢én R” thi ta ngm hiéu R" 1a khéng gian Euclidedi tich vo hréng nhr
trong vi di 11.

2.1.2. Chuin ciia mét vector
= Pinh nghia
Trong khong gian Euclid® , s thic <u‘ u> diroc gpi la chuin (haydé dai) aia vectorwu, ky hiéu

la Hu” Vectoru dioc i la vectordon vi néu Hu” =1.

Vi du 12.Trong R® cho vectoru = (1;—2; 2), ta céHuH = \/<u‘u> = \/12 + (=27 +2° =3.

2.1.3. G sé truc chuan

a) binh nghia

Trong khéng gian Euclide chiéu V', tadinh ngha
« Hai vectoru va v duoc i la truc giao \bi nhau réu <u‘v> =0eR.
« Mgt co S5 diroc gpi |a co 6 truc giao réu cac vector €a o so 1a truc giao bi nhau ting doi mpt.
« Cos¢ B = {u,u,,...,u } dwoC goi la co' so truc chuin néu B 1a co so truc giao va

e = el = = ] = 1

Uu
n
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Vi du 13.Trong R?, ta co:
1) HE A={(2-1), (—3;—6)} la o s truc giao.

Je |f f][f &

2
* Binh Iy . |
Mvi khéng gian Euclide: chieu déu ton tgi co so truc chuin.

] la @ s truc chuin.

b) Thuét toan trwc chuan hdéa Gram — Schmidt

Trong khéng gian Euclide chiéu V, xét ndt co so {u,,u,,...,u } thy y. Ta xay ¢ng @ s truc
chuén nhr sau

* Budc 1. Xay drng @ so truc giao{v,,v,,...,v, } bang cachdit:

Ul = Ul,
o {u)
U, = U, — > Y
|-
o {ufa) {wf)
Uy = Uy — > U 5 Uy
o |-,
n—1 <u >
v —

n

« Budc 2. X4y dmg @ s5 truc chuin {w ,w,,...,w } bang cach chin héa cac vectar budc 2:

’U (% v

== = e, W=
\ T T ™

Vi du 14.Trong R?, hay tirc chuin héa o sv B = {u, = (1,0, 0), u, = (0; 1; 1), u, = (0; ,=1)}.

n

Giai. Ta c6(u,u,) = <(1; 0: 0)|(0: 1 1)> —1.040.140.1=0.

Tuong tu, <u1‘u3> = <u2‘u3> = 0= B la ar st tryc giao.

Truc chuin héa © 5 B:

o (500 00,0, w = (0; 1 1) :[O.L.L]
o] N4+ T Tu] Ve rrar URR)
Uy (0; ;1) [0 1 __]

O N e

V2' 2

Vay co ¥ truc chuin 1a

W= {wl = (10, 0), w, = [0; €. L]7 w, =

2 2

O;L;_L] |
2 2
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» Pinh ly
Neu W = {w,,w,,...,w } & mpt co s truc chuin aia khong gian Euclider chiéu V vau € V thi

Clutong 5. Dang toan phuong

n

U = <u‘wl>wl +<u‘w2>w2 +...+<u‘wn>wn = Z<u‘wi>wi

i=1

= H¢ qua
Neu W = {w,,w,,...,w } 1& mpt co s truc chuin cia khong gian Euclider chiéu V vau € V thi

wy = () () - (el

Vi du 15.Trong R?, hay tirc chiin hda o s sau:
B ={u, = (-1 0), u, = (0; ,-1), u, = (;; ;-1)}.
Timdado cua u = (1; 2; 3) trong @ s truc chudin do.
Gial

e Truc chuin héa o s B . Pat:
v, =u = (1,-10),
v, = u, _—<u2‘v;> v, = (0; —1) —
o - 0

(0:-1)|-1; 0))

2

(1,—1; 0)

-1 11
=(0;;-1) ——(1-10) =|=; —;—1],
(05 15-1) = —(5-1 0 [22 ]

v, = <u3‘vl> <u3‘v>%=(1; T st 0)—%[3;%;—1]=[§% 1]-

2
3 3 5 U 2 9
o] |-.|

Truc chuin hoa céac vector , v, v, :

17 727 Y3°
) 1 1 1
w, =1 = =1L 0):[—;——;0],
v, \/5 2 2
v 2(1 1 1 1 2
B IR 1
b V3l2 V6 V6 Ve
v, 111 3 +3 43
w. = = —_——_——_ ] =— — —
3 333 3737 3
U3

Vay co s§ tryc chuin A W = {w,, w,, w,}.

*» Toad¢ cua vectoru = (1; 2; 3) trong @ 6 W |a:
T
aly = () (o) ()} = [_% . z@] .

2.2. Thuat toan chéo hoa tuc giao

2.2.1. Ma tran truc giao

Ma trgn vubngP dwocC gpi 1a ma trin truc giao u P = P'.
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= Cchay
i) Néu P = (a,), 1a ma tén truc giao thiy “a’ =1 (j =1,2,...,n).
i=1

i) Néu W 1a av s tryc chuin aia R" thi P, la ma tan truc giao.

2 0 0

Vi du 16.Ma tran P:i 0 1 1 |lamatén truc giao vi:

\/50 1 -1

11@00600 100
P’PP=——|0 1 1//0 1 1|=]|0 1 0.
2219 1 1o 1 -1| lo 0 1

= Nhén xét
Trong clxong 4, tadd bét cach tim ma @n kha nghich P chéo hda main vudng A ; ngha 13,
P7'AP 1a ma tén chéo. Dai6, réu ta timdugc ma tén trec giao P thi P7AP la ma tan chéo.

2.2.2. Thut toan
Gia s dang toan pbrong ¢(z) trong R" coé maténla A.
* Buéc 1. Tim cac tirieng A, (i =1,...,n) cia A va cac vector riéngocsy u, cia cac khéng gian
riénging Wi A .
« Buéc 2. Tryc chuin hda Gram — Schmidtu, ..., } thanh o s tryc chiin W = {w,,...,w }.
* Buwéc 3. Ma tran tryc giao la

Khid6, ma tén adia ¢ trong © 0 W la

PTAP = diag(), A A)

) .,

(néu )\, la nghém boi & caa P () =0 thilip lai & 1an lién tiép).
Doi bién [z] = P[y], tadugc

Vi du 17.Pua ding toan phong ¢(z) = —3a. + 4z,z, trong R* vé dang chinh ic bing thiit toan
chéo héba trc giao.
2
_3] )

=N +3\—4.

Giai. Ma tran oia ¢ trong @ so chinh fic 1a A =

» Budc 1. Tim tf riéng va vector riéngocso.
Ta co:
—A 2

det(Ad-AD)=| = |

Suyramafin A cohaitiriéngla)\ =1va\ = —4.
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-1 2 -1 2
(A_)\]):[Q _4]—>[0 O]:>u1:(2;1),

4 / 4 2 2 1 Lo
« Buéc 2. Trc chuin héa{u,, u,}.
Do {u,, u,} truc giao nén ta co:
U 1 U 1
w =—r=—7(21) vaw, = —* =—(1,-2).
S 74 N N A

Suy ra 6 s truc chuin cia R* & W = {w,, w,}.
112 1

T 112 1|0 2 |[2 1 1 0

P AP =— = :

51 —=2{|12 =3||1 -2 0 —4

L2 1

xl]_i[2 1][y1]:> 1_\/33/1 \/gyz

- 1 2

Z, = Eyl _gyz'

Thayz,, z, trong cong ttrc doi bién ¢ trén vaog(z), tadugc dang chinh dc cin tim la

* Buéc 3. Matén tryc giao laP = P, =

Khi dé

Dboi bién:

q(y) =y} —4y..

= Chuy
i) CActrj riéngcaa ma thn A lan luot (tng Wi vector @t caa P .
i) Ta d& bét P"AP = diag(\, A, -~ A ) nén khong an phii déi bién au thé d¢ thay vao @ng

toan plrong. Tuy nhién, mafn trec giao P la rit quan tong trong cong thc doi bién. Dodé, ta
can phai chi ra ma tén P .

Vi du 18.Trong R*, cho ma tin A cua caing toan plrong ¢(x) cd cac ti riéng va vector riéngocsy
twongung laX =3, u, = (L 1;1), A, =6, u, = (=1;—=1L 2) val =8 u, = (=1 1 0).
Tim ding chinhic aia ¢ bing thuit toan chéo héaur giao.

Giai. bat:
v =u =111 = w :%(1;1; 1),
) _ 1
R I
v, = U, — <u3‘v;> v, — <u3‘vj> v, =(-1510)=w, = L(—1; 1; 0)
sl e 2
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2 -1 3
A 1 N 2. - X , z A N N
Vay P = T V2 —1 3 | vadéibién [z] = P[y] tadugc dang chinh ic can tim la
2 2 o

q(y) = 3y + 6y, + 8y .

Vi du 19.Pua cing toan phrong trong R* sauday & dang chinh ic bing thiit toan chéo héatc
giao: ¢(z) = 3z} + 627 + 322 — 4z .z, + 8,2, + 4,7, .

3 -2 4
Giai. Matéanaiag laA=|-2 6
4
Ta co:
3—A -2 4 3—A —2 4
det(A—X)=0<| -2 6-X 2 |=0&|-2 6-X 2 [=0
4 2 3—A 0 14 -2\ 77—\
3—X —-10
> 2-x 2 |—oe-n " TP
= - U IC SRR kb PR
0 0 7T—A
-4 -2 4 2 1 =2
Vi A\=7,taco(A-7I)=|-2 -1 2 |—|0 0 O
4 2 -4 0 0
Suy ra hai vectorocss cia £(7) la u, = (1; 0; 1), u, = (0; 2; 1).
5 -2 4 1 -4 -1
Voi A=-2,tacé(A+2I)=|-2 8 2|—|0 2 1
4 2 5 0 0 O
Suy ra vectoresy cia E(-2) la u, = (2; 1;-2) . Dat:
1
v=u =101 =w =——(;01),
1 1 1 \/5
u,|v
= Z—H—;>v1=[—%;2;%];»w2=%<—1;4;1),
o W2
u,|v u, |
v, :u3—< 3‘ 21>“1_< 3‘ 22>1)2 =(25-2)= w, :%(2; 1;,—-2).
WE " el
3 -1 2
vaypzifo 4 2 | vadéibién [z] = P[y] taduoc dang chinhic Ia
3V2
31 -2

gy) =Ty} + Ty, —2y; . m
98



Poan Ouong Nguyén Clutong 5. Dang toan phuong

3.PUA DANG TOAN PHUONG VE DANG CHINH T AC
BANG CAC THUAT TOAN KHAC (tham kh #0)

3.1. Thuat toan Lagrange
TrongR", xét cing toan plrong

q(z) = ia“xf +2 Z QT
i=1 1<i<j<n
Thuét todn Lagrange la plong phap nhom tic tiép lan luot theo ting bién z. dudi dang ©ng binh
pheong. Sauio, ta dra vao cacdng binh plrong dé ddi bién.
Théng throng, tadat [y] = Q[z] va i 1a doi bién xudi. Tép theo, ta dii [z] = Q '[y] va gi la déi
bién ngroc. Khidd, maténdoibién S1a P =Q'.

3.1.1. Trweong hop 1 (g(z) cO L 5 a_ =0)
* Buéc 1. Gia st a,, = 0, ta tAchdt ca cac $ hang chira z, trong ¢(z) va thém hac bt dé ¢ cing

2
q(z) = a, (:El ta,z, .. t+a,r > +a, (7537,

In""n
trongdo, ¢,(z,;...;z,) chia ©i dan — 1 bién.
Déi bién xuoi:
y =r +a, v, ..+, y =1 (i=2..,n).
Déi bién ngroc:

:El = yl - algyg e T Oélny”) :Ei - yL (Z == 2,...,7’7,) .

Taduoc ma tan doi bién la

1 —Q, —Qy,

0 1 0
Pl = :

0 0 1

Khi d6, v6i bién mai thi ¢(z) tré thanh
9(y) = a,y; +q,(U,5-59,) -

« Buéc 2. Tiép tuc 1am nhr budc 1 chog, (y,;...;y, ) , taduoc ma thn doi bién la P, ...
Satk buéc thi cing toan plrong ¢ & ¢6 cing chinh ic.

Ma #m dbi bién tir du dén bude cudi cung 1a

P=P..P

3.1.2. Treong hep 2 (¢(z) c6 ke sH a. =0, Vi)
Gi st a,, = 0, taddi bién ngroc:
=Y Yy T, =Y, Yy L, =y, (i=3,...,n).

Khido, cang toan plrong to thanhg(y) = 2a,,y’ —2a,y; +... vataco B sd cia y. khac 0.
Ta to lai truong hop 1.
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Vi du 20.Dung thit toan Lagrangéé dua chng toan plrong trongR® sauday \é dang chinh ic va
tim ma tan doi bién P: ¢(z) = —z} + 427 + 22,2, + 4oz, .
o Giai
e Budc 1. Bén doi:
q(z) = (! —2z2, + o)) + 2] + 42 +dax, = —(x, — ) + 2] +42) + 4z .z,
Déi bién xubi:

Yy =, — I,
Yy = Z,
Yy = Ly

Déi bién ngroc:

8 8 8
)
|
<
no

w

tadugc ma tén doi bién 1a P, =

L =Y Y,

3 Ys
0
0
1

==
o R K~

Khi d6, cang toan plong ¢ déi véi bién y 1a q(y) = —y” + (y, +v,)° + 4y, +4(y, +,)v,,
i q,(y) = (y, +,)" +4y; + 4y, +9,)y,.

« Buéc 2. Bénddi q,(y) = (y, +y, +2v,)".

Doi bién:
4 =Y, y = 2 1 0 0
Z, =Y +y, +2y, >y, =—2 42 -2z, =P =-1 1 =2|=q(2)=2.
23 = Yy Yy = A 0 0 1
0 1 -2
Vay ma tén doi bién cia @& hai bréc la: P = PP, =|-1 1 —2| va Wi [z] = P[z], dang chinh
0 0 1

tac aia ¢ la ¢(z) = —z} + 2.

Cach khac q
Trong thrc hanh ta cé ththuc hién gop ca hai brdc nhr sau:
q(z) = (! —2zx, + 2)) + 2 + 42 + 4z, = —(x, — ) + (z, +2z,)°.
Déi bién xudi:
Y =T -8y Yy =3+ 20, Y, =T,
Déi bién ngroc:
T, =Yy =2y, Ty = Y, T Y, — 2Y, Ty = Yy

0 1 -2
Vay maténdoi biénla P =|—-1 1 —2| vaWwi [z]= P[y], dang chinhic cia ¢ 1a
0 0 1

a(y) = —y; +v..
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Vi du 21.Dung thit toan Lagrangéé dua chng toan plrong trongR* sauday & dang chinh ic va
tim ma tan déi bién P f(z) = 22,2, + 22,2, — 62,7, .
Giai. Doi bién ngroc:

T, =y +Y, 1 1 0
T, =y —Y, =P =|1 -1 0].
Ty = Ys 0 0

Dang toan pkrong f ddi véi bién y 1a:

Fw) =20y, +v,)(y, — y,)+2(y,+v,)y, —6(y, — v,)y, = 2y. — 2y, — 4y,y,+8y,7,
=20y’ —2yy, +v2) — 2y + 8y,y, —2y> =2y, —y,)’ — 2y, —2y,)* + 6y..

Déi bién:
z, =y, - Y, Y, =z + 2 1 01
zZ, = Y, =2y, >y, = 2, +22,=F=|0 1 2
z, = Y, Y, = 2, 0 01
1 1 3
Vay matandoibiénla P = PP, =|1 —1 —1|vaWwi [z] = P[¢], dang chinhic cia aia f &
0 0 1

f(z) =22 — 222 + 627

= Nhén xét
Do cachdéi bién trong thidt toan Lagrange co éhkhac nhau nénadg chinh ic 1a khdng duy nit.

3.2. Thuat toan Jacobi

3.2.1.Pinh thwrc con chinh

Cho ma tin vudngA = (a.) . Dinh thic con@p k (1 <k < n)

ij

(ZH alk
D, =
akl akk
duoc i la dinh thic con chinhga A.
-1 2 3
Vidu22.Matan A=| 0 4 0] co badinh thic con chinh sau:
5 0 0
D, =|-1|=-1,D,= o 4= D =detd=—60.

3.2.2.Dinh thic D4 |

Cho ma in vudng A4 = (a,), . Dinh thic conD,_, cipi—1cia A (1< j<i<n) ladinhthic
diroC 1g0 thanh & ¢ — 1 dongdau vai — 1 cgt dau (sau khidd b di cot thir j) cia A.
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-1 2 3
Vidu23.Matan A=| 0 4 0] cé badinhthrc conD,_| ; sau:
5 00

D,,, =D, = ‘2‘ =2 (dong 1 va ét 2),

2 . Y A Y 5 A
D, =D, = 4 o= —12 (hai dongdau va &t 2, 3 (l» cot 1)),

-1 AT X N , A
D, ,=D,,= 0o o~ 0 (hai dongdau va &t 1, 3 (I cot 2)).

3.2.3. Thuit toan

Trong R", gia sir dang toan phong ¢(z) c6 ma tin A = (a,), va ddng thi cacdinh thic con
chinhD =0 (k=1..,n-1).

e Buéc 1.Tinh cac B s

. Dz;l.]
047] :( ]‘>1+J _D -
i—1
« Buéc 2.Doi bién theo cong thc:
xl = yl + a21y2 + a31y3 + a41y4 + o + anlyn
) :EZ = yQ + a32y3 + a42y4 + o + anZyn
x'ﬂ, = yn
1 an nl
s e 0o 1 .. «,
Khi do, maténdoibicnlaP=|. . .
0 O 1
va ding chinh ic 1a
D D D
a(y) =Dy, + 2y, + —Hy, +
Dl D2 anl

Vi du 24.Dung thit toan Jacobiwa cang toan plrong trongR® sau & dang chinh ic:
q(z) =227 + ) + 1727 — 4z z, + 1222, — 16,2, .

2 =2 6
Giai. Matdnailag laA=|—-2 1 -=8].
6 -8 17

Cacdinh thic con chinh¢a 4 la:

-2 1
Do D, = 0, D, = 0 nén ta & dungdugc thuit toan Jacobi.

D, =2,D, = — 2, D, =detA=—6.
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Céc It s Qs Oy, Q)
-2 6
D 1 -8
-1, -2 ‘ 3-1,1
a :_12+1$:__:1’ a. = (—1)7* b =_5,
21 ( ) -Dl 2 31 ( ) .D2 _2
2 6
‘ -2 -8
a = (—1)*? L2 _ -9
32 ( ) ‘Z)2 _2
bai bién:

I, =1 + Y, + Y, I, =1 + Yy — 53/3
x, = Yy, + Qply =T, = Yy — 23/3
Ty = Yy Ty = Ys
Khi d6, taduoc dang chinh ic cia ¢ 1a:
D D.
q(y) = Dy, +32y§ +3"’y§ & q(y) =2y, — vy, + 3y,

1 2

Vi du 25.Dung thit toan Jacohiwa chng toan plrong trongR?® sau ¥ dang chinh ic:
f(@) =22 + 2l + 2} + 3z,2, + 4z,2,.

4 3 4
Giai. Matanaia f la A :% 3 2 0. Cacdinh thtc con chinhga 4 la:
4 0 2
14 3 1 1 el 17
D=2,D,=-|, J=-7.D=13 2 0=-".
4 0 2
Cac 8 5 Qs Oy, QU
D D D
a, = (—1)“% = —%, a, = (—1)3“% —8, a, = (—1)3”% =12,
T, =Y, —%yQ + 8y, ,
Doi bién {z, = y, — 12y, , taduoc cang chinhidc 1a f(y) = 2y —gyj + 17y,

2.3. Thuat toan bién doi so cAp ma tran déi xing

TrongR", gia sir dang toan plrong ¢(z) cé maténla A.

* Buwéc 1. Thuc hién mot s5 hiru han cac @p bién ddi so cip trén ma tin chia kidi (A‘ In) (mdi cap
gom mot phép bén d6i so cip dong va mit phép ben doi so cip adt cung kéu) dé dua ma tan A
vé dang chéodiag(A, A, -+ A ).Khido, I s tréthanhP”.

« Buwéc 2. Boi bién [z] = P[y], tadugc
9) = Ay; A8+ T AL
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Vi du 26.DUng thut todn bén doi so cip ma tén doi xting, dua cing toan phrong trong vi @ 19 \é
dang chinh ic.

Gidi. Ta co:
2 -2 6{1 0 0 2 -2 6[1 0 0
(47,)=[-2 1 -80 1 o|]—E=t—l0 -1 -2 1 1 0
6 -8 17/0 0 1 0 -2 —1-3 0 1
2 0 0[1 00 2 0 0[1L 0 0
—ezete 10 -1 -2/ 1 1 0|—%=n -1 -2/1 1 0
0 —2 —-1-3 0 1 0 0 3|-5 -2 1
2 0 01 0 0
—ama?e g -1 01 1 0
0 0 3-5 —2 1
1 0 0 11 -5
=P =1 1 0|=P=|0 1 —2|.
-5 -2 1 00 1

Ddi bién [z] = P[y], taduoc ¢(y) = ny — yj + 3y§, :

Vi du 27.Dung thit toan bén dbi so cip ma tén d6i xang, dua chng toan plrong trong R® sau @
dang chinhic: f(z) = 2z, — 4vx, + 67,7, .

0 1 —2
Giai. MaténailaflaA=|1 0 3
-2 3
Ta co:
0 1 —21 0 0 1 1 11 1 0
(47)=[1 0 3J0 1 of—4tEl1 0 30 1 0
—2 3 0[0 0 1 -2 3 00 0 1
2 1 11 1 0 2 1 1|1 1 0
—aate 110 30 10 —>jzjjj2jj 0 -1 5|-1 1 0
130001 -1 -1 2
2 0 0|1 1 0 2 1 0
—>;j§fj 0 —2 10|-1 1 OM—*%>0—2 10-1 1 0
Coloo10 —2-1 -1 2 0 48/—6 4 2
2 0 0|1 10 10 -1 —6
—a7ete 10 —2 0—110:>PT——110:>P_1 1 4
0 0 48—-6 4 2 —6 4 2 0 0 2

Doi bién [z] = Ply], taduoc f(y) =2y’ —2y. +48y.. m
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4. NHAN DIEN PUONG VA M AT BAC HAI

4.1. Nhan dién dwong bac hai

4.1.1.Pinh nghia ’ 9
Trong nat phang Ozy , duong hic hai 1a tGip hop tat ca cacdiém M(x; y) co ba dé théa phrong

trinh

ar” + by’ + 2caxy +2dx +2ey+ f=0 1)

trongdo a,b,c¢ khdngdaong thyi bang 0.

Vi du 28.Duong cong c6 piiong trinh sau l@uong kic hai2® +4y* —4ay + 42 — 3y —7=0.

4.1.2. Phan lai dwong bac hai

a) Cac dng chinh tic cia dwdng conic
2 2

1) % + i_Q =1 (duong elip);

5172 2
2) L - i_? = +1 (duong hyperbol);
a

3) y* = pz haic 2° = py (duong parabol).

b) Phén laai
Trong Ozy , xétduong kic hai (C) co6 phrong trinh (1).

Dit hai ma tén ddi xang:

QL O s
a oo
S~ 0

C —
; cia cang toan phrong az® + by® + 2c.zy va matin lén Q =

a
Ma tin nhSQ:[
C

* Pinh ly
Puong hic hai (C) 1a dirong conic khi va chkhi

detQ = 0

= Tinh chét
Néu (C) laduong conic thi:
i) (C) ladwong elip khi va chkhi det@ > 0;

ii) (C) la duwong hyperbol khi va atkhi det@ < 0;
i) (C') la duong parabol khi va chkhi det@ = 0.

« Chay
Néu det @ = 0 thi (C') khdng phi la conic (c6 th la tich @ia haiduong thing).

4.1.3. Rut @n dwong conic

Bing cAch xoay trc toadd va inh tién, tadua (1) & dang chinh 4c.

« Buéc 1.Pua chng toan phong az® + by” 4 2cay vé dang chinh ic a(z’)’ 4+ 8(y')* (khi tich chéo
zy ) bing phép bin doi truc giao phép quay t¥c).
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* Buéc 2.Doi bién 2" =2’ +d, y" =y + b (tinh tién K toa dd) mot cach thich bp dé phuong
trinh (C') ¢6 ding chinh ic.

Vi du 29.Xacdinh dang aiaduong bic hai (C) cé phrong trinhz® + 4y* — 4oy + 42 — 3y —7=0.
Gial. Ta co:

1 -2 2
= 3 = 25
—|-2 4 —Zl=detQ=-=x0.
7 2 7 4
2 -3 g
2
Suy ra(C') laduong conic.
Mat khac
Ll qeg =0
Q= 9 4 = det@ =0.

Vay (C) laduong parabol.

Vi du 30.Xacdinh dang aiadudng kic hai (C) cé phrong trinh2* + 7y* — 8zy —2r + 4y +1=0.
Giai. Ta co:

1 -4 -1
Q=|-4 7 2|=detQ=—-4=0.
-1 2 1
Suy ra(C') laduong conic.
Mat khac
1 -4
Q:[_4 . = detQ) = -9 <0.

Vay (C) laduong hyperbol.

Vi du 31.Xacdinh dang aiadudng kic hai (C) cé phrong trinh 2> — 4y® — 42 + 8y = 0.
Gial. Ta co:

1 0 =2
Q=|0 -4 4|=detQ=0.
-2 4 0

Suy ra(C') khéng plii la duwong conic.
Bién doi (O):
2’ =4y’ —dr+8y=0& (1 -2 —4(y—-1Y =0 (z—2y)(z +2y—4)=0.
Vay (C) la tich @ia haiduong thing.
Vi du 32.Trong Ozy , viét phrong trinh chinhic cia conic(C):

52° + 8y® + 4zy — 32z — 56y + 80 =0.
Giai. Xét cang toan plrong ¢(z;y) = 52° + 8y° + 4zy .

Maténaiag la Q = . Ma tan @ co ti riéng va vector riéngocsy teong ung la:

2
AN=9%u =02 va\ =4u =(-21).
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, 1 -2
Tryc chuin hda céc vector riéng o, tadugc ma thn truc giao P = %[2 . ]
5

Doi bién:

/
x
/

Y

=P

1 2
T=—FT ——F=Y
ATETTE
y — lx/ + iy/
V5 s
Thay vao phiong trinh @a (C), taduoc:
144 , 8

92"y +4(y'Y ——=2'+—=¢y'+80=0
NN
8| 1)
!/ /
2 2 T ——F Yy +—-=
P P2 [P 20 [V ' L GO ) Y
N N : 9
Doi bién:
1
" = 5 , " y/+_
J5 J5
i ([L’”)2 ( //)2
Vay (C) laduong elip c6 plrong trinh chinhic 1 +yT =1.

4.2. Nhan dién mat bac hai

4.2.1.Pinh nghia mat bac hai , 9

Trong khéng giarOzyz , mat bdc hai 1a tip hop tat ci cacdiém M(z; y; 2) c6 ba dé théa pheong
trinh

ax” + by’ + cz® +2d.xy + 2exz + 2f.yz + 29.x +2hy +2kz+1=0 (2)

trong do a,b,c,d,e, f khéngdong thvi bang 0.

Vi du 33.Trong R?, mat (S) c6 phrong trinh sau la #t bac hai:
3z° +3y° + 102y — 27 — 14y —13 = 0.

4.2.2. % lwoc V@ luat quan tinh Sylvester va @ng toan phrong xacdinh diu

a) Luat quan tinh Sylvester
Goi s la ss cac 8 hang mang du “ +” va p 1a 9 cac $ hang mang du “ —” trong dang chinh
tic. Khidd, s va p 1a nhiing dai luong hit bién, khdng ph thugc vao phép leh déi khéng suy kin
dé dwa dang toan plrong e dang chinh dc.

= Cchay

i) $ s dugc goi la chi 5 dwong quén tintoia ding toan pirong.
i) S5 p duoc i la chi s &m quan tinkeha cang toan plrong.
iii) S6 s — p duoc goi la chi s6 (hayky ) cia cang toan plrong.

Vi du 34.Trong R?, cho dng toan phong f(z) = } — 3z — 2z, .
- Cach 1.Bién doi f(z) = (z, —z,)" —4z..
Ddi bién y, =, — 1,9, = z,, taduoc f(y) = yf — 4y22.

2
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1

« Cach 2.Biéndoi f(z) = —%(ml + 3z,)* + %:1:2.

Doi bién z, = z, + 3z,, 2, = z,, taduoc f(z) = —%zlz + %zﬁ
Nhan thiy qua 2 cach B ddi trén, ding chinh ic khac nhau ningdéu c6s = p = 1.

b) Dang toan phreng xacdinh dau
= Pinh nghia
TrongR", gia st dang toan pbrong ¢(z) co r([q]) = n.

« Dang toan plrong ¢(z) duwoc gi la xacdinh drong réu ¢(z) > 0, Yz € R" (z = 6).
« Dang toan plrong ¢(z) dwoc gi la xacdinh am Bu ¢(z) < 0, Vo € R" (z = 6).
« Dang toan plrong ¢(z) dwoc gi la niza xacdinh drong (hay am) au
q(z) >0, Vz € R" (hay q(z) <0, Vz € R").
« Dang toan plrong ¢(z) dwoc goi 14 khéng xaazinh diu néu n6 nkin o gia tri diwong va gia ty am;

ngha 13, () thayddi ddu.

* Chlay
TrongR", viéc xét diu dang toan plrong ¢ ¢6 ([q]) < n (dang suy bén) 1a kha plrc tap.
Ta khéng xét day.
Vi du 35.Trong R?, ta co:
¢ ¢(z) = ! + 32] — 2zx, la xacdinh drong vi ¢(z) = (z, — z,)° +22] > 0, Yz € R® (z = 0).
o f(z) = —42} — 2} + 4z, la nra xacdinh am vi f(z) = —(2z, —z,)’ <0, Vo € R?.

¢ g(z) = 2 — 2] + 7,3, la khong xadinh diu vi g(,—1) = -1<0 vag; 1) =1>0.

= PDinh ly Sylvester

« Trong R", dang toan plrong xacdinh drong khi va ciikhi ma ten aia né c6 &t cd cacdinh thic
con chinhdéu duong; nghiala D, > 0 (k = 1,...,n).

» Trong R", dagng toan plrong xacdinh am khi va chkhi ma tgin aia né c6 caciinh thic con chinh
cap chin duong, aip lé am; nghia la (—=1)'D, > 0 (k = 1,...,n).

Vi du 36.Dungdinh ly Sylvester, xét tinh xatinh diu cia dang toan plrong trongR? sau:
q(z) = =227 — 42} — 322 + 4wz, .

-2 2 0
Giai. Matédnaiag laA=|2 -4 0 |var(4) =3.
0 0 -3

Ta c6 cadinh thrc con chinh:

DI:—2<0,D2:‘2

2
4‘:4>0,D3:det14:—12<0.

Vay q(z) xacdinh am.
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Vi du 37.Dungdinh ly Sylvester, xét tinh xatinh diu aia cang toan pkrong trongR* sau:
flayy;2) = 72> +2y° — 2° + bz

70 3
Giai. Matdnaia f laA=|0 2 0 |var(A)=3.
3 0 -1

Ta c6 cadinh thrc con chinh:
D =7>0,D,=14>0,D, =-32<0.

Suy raf khéng xaatinh drong va éing khéng xadinh am.
Mat khac

fL;0,00=7>0vaf(0,0,1)=-1<0.
Vay dang toan pkrong f khong xaatinh diu.

4.2.3. Phan lai mat bac hai

a) Cac dang chinh tic aia mit bac hai
1) 2° +y* + 2> = R* (mat ciu);

2 2 2
x Y z

2) <+ o + = =1 (mit elipsoid);
a &
72 yz P .
3) = + Pl 1 (hyperbolic 14ng);
oy 2 ‘93
4) = + Fo —1 (hyperbolic 24ng);
2 2 2
5) % + Z_2 — i—2 = 0 (nodn eliptic);
xQ yQ . . .
6) = 4 o 2z (parabolic eliptic);

2 2
7) % - Z_Q = 2z (parabolic hyperbolic);
2y 3 -
8) = 1 (mat try eliptic);

2 2
X

9L _ Z_Q = 1 (mat tru hyperbolic);

2
a
10) y* = pz haic z° = py (mat tru parabolic).
* Chuy ,
Céc dng 8), 9) va 10¢tuoc goi la cac nat bac hai suy kin.
b) Phan laai

Cho(S) la mat bac hai cé plrong trinh drgi dang (2).
bat ma tén nhd va ma tén I6n nhr sau:

4 a d e g

R N VA A
Q=|d v flvaQ= .

e f ¢ k

¢ /e g h kI
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* Pinh ly ’
Mit bdc hai (S)1a khéng suy fen khi va chi khi

detQ = 0

= Tinh chét ’
Néu mat bac hai(S) khéng suy kin thi:
) (S) lamgt elipsoid (ké ca elipsoidao) khi va cli khi ma tén dang toan plrong Q xacdinh
dwwong hayxacdinh am
i) (S) 1amat hyperpolic(1 ting hay 2 4ng) khi va ch khi ma tén dang toan plrong Q c6 ch
s s — p==+1,;
iii) (S) lamgt parabolic eliptic(hayparabolic hyperpolig khi va ch khi det@ = 0.

4.2.4. Rut @n mat bac hai
Bing cAch xoay trc toadd va inh tién, tadua (2) & dang chinh 4c.
« Buc 1.Dua cang toan prong q(z;y;2) = aa® + by” + c2* + 2d.ay + 2e.xz + 2f.yz vé dang chinh
tac a(z')* + B(y')* + v(2')* (khir cac tich chépbang phép kin doi truc giao phép quay.
e Buéc 2. Doibién: 2" =2’ +a', y" =y +b', 2" =2 + ¢ (tinh tién hé toa ds) mot cach thich bp
dé phuong trinh(S) ¢ ding chinh ic.

Vi du 38.Xacdinh cang aia mit bac hai (S) c6 phrong trinh:
47 + 4y° — 82° — 102y + 4az + 4yz — 162 — 16y — 82+ 72 = 0.

Giai. Ta co:
4 -5 2 =8
4 -5 2
N T 4 2 -8
@=|- vaQ = 2 2 -8 —4|
2 2 -8

-8 —8 —4 72
Do 7(Q) = 4 nén(S) khong suy kin.
Mat khac,det @ = 0 nén(S) la parabolic eliptic (hay parabolic hyperpolic).

Vi du 39.Xacdinh cang dia mit bac hai (S) c6 phrong trinh sautay i viét phuong trinh chinhic:
222 + 281y +152° + 8zy — 1122 — 184y — 302 + 343 = 0.

Giai. Ta co:
22 4 0 —56
22 4 0
L 28 ol D 28 0 —92
Q= €= 0 0 15 —15|
0 0 15

—-56 —92 —15 343
Do det@ = 0 nén(S) khéng suy kin.
Theodinh ly Sylvester, main ) co:
D, =22>0; D, =600>0; D, = 9000 > 0

nén@ xacdinh drong.
Suy ra(S) la mat elipsoid.
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Ma trin @ cO ti riéng va vector riéngocss tuong ung la:

A =30,u =(120)= w, :i(l; 2; 0),

NG
A =20,u,=(-2150)=w, = L(—2; 1; 0),
V5
A, =15, u, = (0; 0; 1) = w, = (0; 0; 1).
1 -2 0
Suy ra, ma éin truc giao IaP:% 2 1 0].
°lo 0o 5
Doi bién:
S S

Khi do, (S) co phrong trinh:

480 40
30(z")" +20(y') +15(2') ——=2' ——=y' — 302" + 343 =0
V5 s
2 2
[x/ 8] (oL :
2 —1
S W) U ) Gl
2 3 4

Dboi bién:

11\2 11\2 11\2
Vay (S) la mat elipsoid c6 phong trinh chinhic (=) + (y3) + <z4) =1

BAI T AP TRAC NGHIEM CHUONG V

Cau 1.Ma tran caa cang song tugn tinh trénR* xacdinh hoi
f(z,y) =22y, — 32y, + 51y, + 1,9,
trongeso B ={(2;1), (1;-1)} la:

13 —10 13 14 12 10 12 -9
: : B. ; C. ; D. .
14 1 —-10 1 -9 2 10 2
Cau 2.Ma tran dia cang toan plrong ¢(z;; z,) = :z;f —2zz, + 63;; trong © s

B={11), (-5 1} la

5 5 5 5 1
A. ; B. ; C.—-
5 9 5 -9 2
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Céau 3.Ma trn truc giao la:

V3 -2 2 0 1 2
ALl o 1 2l B.—| V3 —2 2|
%l 5o RN
V31 R NEREEEEN
c.Ll o -2 2 D. |3 —2 2|
%—ﬁlﬁ \60 1 2

Cau 4.Trong R?, dang toan phrong € suy bén khi tadua \é dang chinh ic la:

A qlz;z,; 1) = xf — xi +da1, + 21,2, ;

Cau 5.Trong R?*, cho ding toan plrong q(v; x,) = 3:522 +4r7,.

. -2 1 \ ,
Bang phép chéo hdautt giao \bi ma tén P = L[ 5| tadua ¢ vé dang chinhic la:

AR

2 2. 2 2.
A qy;y,) = -y, +4y;; B. q(y;; v,) =¥, —4y,;
C.q(y; v,) =4y, —v3; D. q(y,; v,) = —4y, + ;.

Céau 6.Trong R?, cho ding toan plrong f(z) = — 727 — 22] — 8z, .

Dung thdt toan Lagrangedi ma tén déi bién P = , tadua f vé dang chinh ic la:

2 1
A fly;y,) =2y — v, B. f(y,; v,) = =2y, +v.;
C. fly;v,) =y —2y;; D. f(y; y,) = =y} +2v..

‘ 2 1
Cau 7.Trong R”, cho dng toan plrong ¢(z) . Bang phép chéo hdaytr giao i P = %[1 2]’
o

tadua g vé dang chinhidc q(y; y,) = ¥’ — 4y.. Dang toan phong ¢(z) da cho la:

A. q(z; z,) = 3z) —daw,; B. ¢(z; z,) = 32} — 4z x,;

C.q(z; z,) = =3z} + 4z, ; D. ¢(z; z,) = —3z] + 4z 1, .

Cau 8.Trong R*, cho dng toan plong f(z). Bang phép chéo hoautr giao bi ma tén truc giao

1 0 3
Lo Vio o tadua f vé dang chinhic f(y) = —2y> + 2y° + 8y>
7o : ¢ dang y) = =2y, + 2y, + 8y;.
3 0 1

Dang toan phong f(z) da cho la:
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A. f(z; x,; x,) = Ta} + 2] — 2 + 6z,
B. f(z; z,; x,) = Ta} + 2z — 2l + 6z .2,
C. flz; 2,5 x,) = 7x12 — xj +2x§ + 62,7, ;
D. f(z; x,; x,) = Ta} — a] + 2a] + 6z, .

Cau 9.Trong R?, cho ding toan phrong f(z). Bang phép chéo héautr giao Wi co s tryc chiin

¥ = [ e ). -2 (e

tadua f vé dang chinhic f(y) = 3y’ + 6y, + 8y . Dang toan plrong f(z) dé cho la:
A. flz; m;z,)= 36x12 + 36$22 + 30x§ —24r 7, — 12z 7, — 122,72, ;

B. f(z; z,; x,) = 36z + 36z + 3022 — 1222, — 24z z, — 122,z ;
C. f(z; x,; x,) = 362 + 362, 4 30z; —12z,x, — 12z, 2, — 24z,
D. f( ) = 30z + 363, + 362) — 24xx, — 12z,2, — 122,12, .

xl; $2; 1133

Cau 10.Trong Ozy , choduong kic hai (C') ¢ phrong trinh:
52° + 8y® + 4zy — 32z — 56y + 80 =0.
Phan b duong kic hai, taduoc (C) a:
A. buong parabol; Bbuong elip;
C.buong hyperbol; D. Khéng g@ihla duong Conic.
Cau 11.Trong Ozyz , cho ndit bac hai (S) cé phrong trinh:
2227 +28y” +152° + 8zy — 1122 — 184y — 302 + 343 = 0.

Phén ko mat bac hai, tadugc (5) la:
A. Mat parabolic; B. Mt elipsoid;

C. Mt hyperbolic; D. Nt suy bén.
Céu 12.Trong Ozy , choduong kic hai (C') ¢6 phrong trinh:
z° +my’ + 6xy + 2z +2my + (m +1) = 0.
biéu kién cia m d& (C) laduong elip:
A.-m<1,; B.m>1; C.m>9; D.m<9.
Céau 13.Trong Ozy , choduong kic hai (C') c6 phrong trinh:
z° +my’ + 6xy + 2z +2my + (m +1) = 0.
biéu kién caa m dé (C) laduong hyperbol:

m <1 m <9
A. X B. X C.m<1; D.m<9.
m = —3 m = —3

Cau 14.Trong Ozyz , cho ndit bac hai (S) c6 phrong trinh:
2’ 4+ 5y° +m’2 + dzy — 23z + 2myz + 22 + 4y +2mz +1=0.

Diéu kien cia m dé (S) la mat parabolic:
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A m=——: B.m=——; C.m>—§; D.m>—£.
4 5 4 5

Cau 15.Truc chuin hoa o sy B ={(3;—4), (6; 5)} trong R* boi thuat toan Gram — Schmidt, ta

-2
413

Cau 16.Tryc giao hbae s B = {(12; 5), (3;—7)} trong R? bai thuat toAn Gram — Schmidt, ta

duoc:

Tis4)

>
—r
ot w
|
|
ot w
|
(S QTN

ot w
|
O

O
[t—
O
ot w
~—————
—_—
ot | w

|
O
A ——
[ —

duoc:
A2 5), |2, 18 B. (12 5), |22, - LIS L.
169 169 169 169
C.i(12; 5), ﬁ;—% ; D.{(12; 5), @;—% :
28 29 o8 29

Cau 17.Tryc giao hda Gram — Schmidt & B sau trongR®
B ={(-12;-2), (1, 2,-2), (2; 2,—1)}, taduoc:

2 2 2’21'l979" 9

0, -1 D. (-1 2,-2), 0; 2;— 1) 118,220
2" 2 2" 2)197 99

Cau 18.Tryc chiin héa Gram — Schmidbess B sau trongR?
B ={(1;20), (1; 0,—2), (0; 2;,—1)}, tadugc:

©|5

4.
797

NoJI N

A. {(— 1; 2;—2),

Y

4.
97

© |

C. {(—1; 2;—-2),

©|5

A l[¥5. 295 ) V30, 0. Vo] [ V6 V6 Vel
s 5 717 67 30| 376 6]
o [[5. 25 | (30 V30 V0| (o Vs Vo],
‘N5 5 71157 307 6 || 376 6]
o520 | Va0 Ve o) (6 6 G|
N5 5 7|l 307 61| 3 6 6]
o l[¥5. 25 | [ V6 V6 6] (V30 B0 Vaol|
‘N5 5 "] 376" 6115 30 6

Cau 19.Trong R?, cho @ s B = {(3; 4), (4;—3)} duoc tryc chuain hdéa Gram — Schmidt thariii .
Toado cia = = (1; 2) trong W la:
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2 11) 1)
A [ZL‘]W = g —E , B [QI]W = —1 ,

1 2| 1 2
Claly =7 —3| D[z}, =-% %

Cau 20.Trong R?, cho @ s5 B = {(1; 2), (2;—3)} duoc tryc chuin hdéa Gram — Schmidt thari .
Toad cua =z = (1; 2) trong W la:

w ; B.[z], =

o

0

Cau 21.Trong R?, cho @ s5 {(—1; 1,—2), (1; 3;—2), (2; 2;—1)} duoc tryc chuin hda Gram —
Schmidt thanhV . Toadd cia = = (1; 0; 0) trong @ s W a:

(L), L1
A ElE TR R "W EE TR B
11 1) 11 1)

Clzl, =|l-—— —= —|; ]l = —— = —
[z, 5 2 D. [z], 5 BB

Cau 22.Trong R?, cho @ s {(1; 0;—1), (1;—1; 0), (1; 1; 1)} dugc truc chuin héa Gram — Schmidt
thanhW . Toadd cia = = (1; 0; 0) trong W la:

HEREEE PR U
Ak =15 6 3)' 5 Lely 3 J6 2)°
11 1) 11 1)

Clzl, =|—= —= —|: Nz, == —= —=| . =
[]W \/5\/5\/8 D[]W \/5\/5\/6
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Chwong 1

1 2 3 4 5 6 7 8

D C A B B D D C

9 10 11 12 13 14 15 16

D A B C D A A B
Chwong 2

1 2 3 4 5 6 7 8

D B B D B B A C
Chwong 3

1 2 3 4 5 6 7 8

A C D D A C B B

9 10 11 12 13 14 15 16

A D B C B C D B
Chwong 4

1 2 3 4 5 6 7 8

A C B C A D D A

9 10 11 12 13 14 15 16

D C A B C A D D
Chwong 5

1 2 3 4 5 6 7 8

A B C B A C D B

9 10 11 12 13 14

A B B C B A

15 16 17 18 19 20 21 22

D B A C C B D A
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