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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Chuong 1 :

CAC BUOC DAU CO SO

D¢ bat dau mot cude hanh trinh, ta khong thé khong chuan bi hanh trang dé 1én duong.
Toén hoc cling vay. Muén khdm phd duoc céi hay va céi dep cua bét ding thirc luong
gidc, ta can c6 nhitng “vat dung” chic chin va hitu dung, d6 chinh 1a chwong 1: “Céc
buéc dau co s6”.

Chuong nay tong quét nhitng kién thirc co ban can c¢6 dé ching minh bét dang thuc
lugng gidc. Theo kinh nghiém cd nhin cta minh, tic gia cho rang nhitng kién thtc nay 1a
day di cho mot cudc “hanh trinh”.

Trudce hét 1a cic bat ding thic dai s6 co ban ( AM — GM, BCS, Jensen, Chebyshev

.2) Tlep theo 12 cdc dang thirc, bat dang thire li€n quan co ban trong tam gidc. Cubi cling
la mét s6 dinh 1y khéc 1a cong cu déc luc trong vi¢c chirng minh bat dang thtrc (dinh 1y
Largare, dinh Iy vé dau cta tam thirc bac hai, dinh 1y vé ham tuyén tinh ...)
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

1.1. Céc bat diang thirc dai s6 co bén :

1.1.1. Bat diang thice AM — GM :

Véi moi so thuc khong am q,,a,,...,a, taluon cé

a,+a,+..+a,
21la,a,..a,

n

Bt dang thirc AM — GM (Arithmetic Means — Geometric Means) la mot bat dang thirc
quen thudc va c6 g dung rdt rong rai. Pdy la bat dang thirc ma ban doc can ghi nhé ré
rang nhdt, né sé la cong cu hoan hdo cho viéc chirng minh cdc bat dang thirc. Sau ddy la
hai cdch chitng minh bdt dang thirc nay ma theo y kién chii quan ciia minh, tdc gia cho
rang la ngdn gon va hay nht.

Chirng minh :
Céach 1 : Quy nap kiéu Cauchy

Véi n =1 bat dang thirc hién nhién ding. Khi n = 2 bét ding thuc tré thanh

WT%Z a,a, & (\/Z—\/Z)Z 20 (dongl)

Gia str bt dang thirc ding dén n =k tirc 1a :

a,+a,+..+a,
p >klaa,..a,

Ta s€ ching minh n6é dung véi n = 2k . That vay ta co :
(@, + @+t a )+ (@ + Gy +otay) Ja +a, +..+a, Nag, +a,, +..+ay,)

2k k
- \/(kvalaz---ak xkvakﬂamz---azk )
B k
= Zﬁ/a,az...akakﬂ...az,(

Tiép theo ta s& chimg minh véi n =k —1. Khi d6 :

a, +a,+..+a,_, +aa,..a,_ = /’c"\/alaQ...ak_1 Ha,a,..a,_
=k aa,..a,_,
=a ta,+..ta, 2 (k —1)";}/61,612...61,(71

Nhur vay bat dang thirc dwoc chirmg minh hoan toan.
Dang thtic xdyra < a, =a, =...=a,

Cach 2 : (loi gidi cua Polya )
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

a, +a, +..+a,

Goi A =
r 2 n 1
Khi do6 bat dang thirc can chirng minh twong duong voi
a,a,..a, < A" *)
RS rang néu a,=a,=..=a, =A thi (*) co dau dang thirc. Gia str chung khong bang

nhau. Nhu vay phdi c6 it nhat mot s6, gia st 1a a, < A va mot s6 khéc, gia sa 1a a, > A
ticla a, <A<a,.

Trong tich P =a,a,...a, ta hdy thay a, béi a',= A va thay a, boi a',=a,+a, —A.
Nhu vy a',+a',=a, +a, ma d'|da',—a,a, = Ala, +a, — A)—a,a, = (a, — A)a, — A)>0
=a' a',>aa,
= a,a,a5..a, <a' a',as..a,

Trong tich P'=a'|a', a;...a, c6 thém thuira sO bang A.Néu trong P' con thira sd khac
A thi ta tiép tuc bién d6i dé c6 thém mot thira sd nita bang A . Tiép tuc nhu vay tdi da
n—1 1an bién d6i ta da thay moi thira sd P bang A va duoc tich A”. Vi trong qua trinh
bién dbi tich cac thira s ting dan. = P < A" .= dpcm.

Vidy L1LL

Cho A,B,C la ba goc cua mot tam giac nhon. CMR :

tanA+tanB+tanC23\/§
Loi gidi :
A+ B
Vi tan(A+B)=—tanC @Mz—tanc
1—-tan Atan B

= tan A+tan B+tanC =tan Atan Btan C
Tam gidc ABC nhon nén tanA,tanB,tanC duong.
Theo AM - GMtaco:

tanA+tanB+tanC233\/tanAtanBtanC =33\/tanA+tanB+tanC
= (tamA+tanB+tamC)2 > 27(tan A + tan B + tan C)

— tan A+ tan B+ tan C = 3/3
Ding thirc xay ra < A= B =C < AABC déu.

Vidu 1.1.1.2.

Cho AABC nhon. CMR :
cotA+cotB+cotC 2 \/5
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Loi gidi :

Taludn co: cot(A+B)=—cotC
cotAcotB—1
& ————=—cotC
cotA+cotB
& cot Acot B+cot BecotC+cotCcotA =1
Khi do :
(cotA—cotB)2 +(cotB—cotC)2 +(cotC—cotA)2 >0
= (cotA+cotB+cotC)2 > 3(cot Acot B+ cot Bcot C +cot Ccot A) =3

= cotA+cotB+cotC 2 \/5
Dau bang xay ra khi va chi khi AABC déu.

Vi dy 1.1.1.3.

CMR voi moi AABC nhonva ne N *ta lubn co :
n—1

tan” A+tan" B+tan" C 532
tanA+tan B+tanC

Loi giai :
Theo AM - GMtaco:
tan” A+tan” B+tan" C > 33\/(tanAtanBtanC)" = 33\/(tanA+ tan B+ tan C)"

n n n ~ n-1
= tan” A+tan” B+ tan” C 23%/(tanA+tanB+tanC)"73 233\/(3«/§)n ’ =32

tan A+ tan B+ tan C
= dpcm.

Vi dy 1.1.1.4.

Cho a,b ld hai s6 thuc théa :
cosa+cosb+cosacosb >0
CMR : cosa+cosb=>0

Loi gidi :

Taco:
cosa+cosb+cosacosb =0

& (1+cosa)(l+cosbh)>1
Theo AM - GM thi :
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
( +cosa)42r (L+cosb) > \/(1+ cosa)(l+cosb) >1

= cosa+cosb =0

Vidu 1.1.1.5.

Chitng minh rang véi moi AABC nhon ta ¢6 :
cos Acos B cos BcosC cos C cos A 2 A B B C C A \/g
+ + < sm—s1n—+s1n—s1n—+s1n—s1n— +—
A B B C NG 2 2 2 2) 2
COS — COS — COS —COS— cos — co
2 2 2 2 2 2

Loi gidi :

Taco
cos A
= sIin—cot—
2cos—
Z cos AcosB

e, - sinésinE EcotAcotB
4 A B 2 2 \4
COS—COS—
2 2

Theo AM — GM thi :

Ecos Acos B
4 <

sin—sin£+§cotAcotB
2 2 4
A B 2
4cos—cos—

cosAcosB 2 A. B 3
T T sm—sm—+4cotAcotB
coszcos—

Tuong tu ta co :

cosBcosC i

- \/_[smﬁsmg+ ZcothotC]
cos
2 2

cosCcos A 2 C A 3
—_\/_ sm—sm—+4cothotA
cos

2 2

Cong vé theo vé cac bat dang thirc trén ta dugc :
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

cosAcosB cos BcosC cosCcos A
B B C

COS — COS — COS —COS — COS— COS —
2 2 2 2 2

<2(.A.B _B.C .C.Aj\/g

< | sin —sin — + sin —sin — + sin —sin — |+ -——(cot A cot B+ cot Bcot C + cot C cot A)
J3 22 22 2 2) 2

(. A. B . B.C .C. A 3
= ——| SIn—S1n — + sin — sin — + S1n —S1in — +—:>de1'Il.
2 272 27 2

V3 2 2

Buéc ddu ta méi chi ¢é bat dang thire AM — GM ciing cdc dang thire lwong gidc nén
sikc dnh hwdng dén cdc bat dang thire con han ché. Khi ta két hop AM — GM ciing BCS,
Jensen hay Chebyshev thi né thwc sw la mét vii khi ding gom cho cac bdt dang thirc
luwong giac.

1.1.2. Bit diang thicc BCS :

..b,) taludn c6 :

Véi hai b s6 (a,,a,,...,a )V (b,
(a,b, +a,b, +.. +ab)£ va) et a, b 4D, 4t b )

Néu nhie AM = GM la “canh chim dau dan” trong viéc chimg minh bdt dang thirc thi
BCS (Bouniakovski — Cauchy — Schwartz) lai la “cdnh tay phai” hét sirc ddic lyc. Vi
AM — GM ta lubn phdi chii y diéu kién cdc blen la khong am, nhung doi véi BCS cdc
bién khéng bi rang bugc boi diéu kién do, chi can la sé thiee ciing diing. Chimg minh bat
ddng thirc nay ciing rat don gian.

Chirng minh :
Cach 1:

Xeét tam thurc :
f(x)z(a,x—b,)2+(a2x—b2)2+...+(anx—bn)2
Sau khi khai trién ta c6 :
f(x)= (al2 +a, +...+an2)x2 ~2(ab, +ab, +..tab x+(b+b, +...+bn2)
Mat khac vi f(x) 20Vxe R nén :
A, <0 (ab +ab, +..+a,b,) < <(a’+a) +ta o2 +b, +..4b,) = dpem.

, a
Ping thurc xay ra (:)—'=—2=...=
g y b b,

=0 thiq,=0)

Céach2:
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Str dung bat ding thitc AM — GM ta c6
a’ b’ 2a,b,|
2 2 l 2 + 2 2 l 2 2
a +a, +..+a,” b~ +b +..+b, \/(a12+a22+ +a, )b +b, +..+b,7)
Cho i chay tir 1 dén n roi cong vé ca n bat dang thue lai ta c6 dpem.
Pay ciing la cdch chitng minh hét sirc ngdn gon ma ban doc nén ghi nhé!

Bay gio voi sw tiép sirc cua BCS, AM - GM nhu degre tiép thém nguon sirc manh, nhu
hé moc thém canh, nhw rong moc thém vay, phat huy hiéu qua tam dnh hweong ciia minh.
Hai bdt ddng thirc nay bi dap bo sung hé tro' cho nhau trong viéc chirng minh bat dang
thirc. Chiing dd “ludng long nhdt thé”, “song kiém hop bich” céng phd thanh cong nhiéu
bai toan kho.

“Trdm nghe khong bang mét thay”, ta hdy xét cdc vi du dé thdy ré diéu nay.

Vidu 1.1.2.1.

CMR voi moi a,b,a taco :

2
(sin + acosa)(sina +bcosa) < 1+(a;—bj

Loi gidi :

Taco:
(sin @+ acos)(sin @ +bcos ) = sin* & + (a + b)sin awcos & + abcos* &
l1-cos2a (a+b) . 1+cos2a
= 5 + sin 2o + ab———

= %(1 +ab+(a+b)sin2a + (ab—1)cos2c) (1)
Theo BCS taco6 :

Asinx+Bcosx<VA*+B* (2)

Ap dung (2) taco:

(a+b)sin2a + (ab —1)cos 2 < \/(a+b)2 +(ab-1) = /(a2 +1)p* +1) (3)

Thay (3) vao (1) ta duoc :

(sin0!+czcosa/)(sin05+bcos0!)S%(1+ab+w/ia2 +1ib2 +1i) (4)

Ta s& ching minh bét dang thirc sau ddy véi moia, b

2
%(1+ab+\/ia2+lib2+1i)£1+(a;b) 5)

The Inequalities Trigonometry 9



Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

That vay :

2 2
(5) @l+%+lw/ia2+lib2+li£1+a b ab
2 2 4 2

2

<:n/iaz+lkbz+1i<M
T2
2 2
@1/ia2+1ib2+1is(“ ”)Z(b +1) (6)

Theo AM — GM thi (6) hién nhién diing = (5) dting.
Tir (1) va (5) suy ra voi moi a,b, o tacod :

(sin@ + acosa)(sina +bcosa) < 1+(a;—bj

Ping thirc xay ra khi xay ra dong thoi dau bang o (1) va (6)

@ =p? A=l fll=b
it C,H_b :ab—l It t1ga = ath < cx:larctga-l_b+k£ (keZ)
sin2 cos2a ab—1 2 ab—1 2

Vidu 1.1.2.2.

Cho a,b,c >0 va asinx+bcosy=c. CMR :

a b a b a’+b’

2 : 2 2
in 1 1
cos x+s Y < c

Loi gidi :

Bét dang thirc can ching minh tuong duong véi :

2 2 2
1—sin x+1—cos ysl 1 ¢
a b a b a’+b’
sinzx+cos2y2 302 : ()
a b a +b

Theo BCS thi :
(a,b, +ab) (a, +a, Xb +b, )

4 _sinx 4. =08y
voi ‘ \/Z’ ’ JZ
b—a\/_

:(sm A y] asmx+bcosy)

do a® +b* >0 va asinx+bcos y =c = (*) dang = dpcm.

The Inequalities Trigonometry
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

B . a, a sinx cos

bang thirc xdy ra & — =2 & —-= 2)’
b, b, a b

sinx _cosy

&9 a’ b

asinx+bcosy=c

sin a’c
X=——-
a’+b°
= 5
cos be
y=—173
a’+b’

Vidy 1.1.2.3.

CMR voi moi AABC ta co :

2 2 2
ﬁ+\/§+&s1/%

V6i x,v,z la khodng cdach tir diém M bdt ky nam bén trong AABC dén ba canh
BC,CA,AB.

Loi gidi : A
Taco: P

SABC :SMAB+SMBC+SMCA Q/ 4
S vian i S e i S yica —1 h,
Sasc Sasc  Sasc X C
Z X B H

A - N
hc hb ha

—h +h+h = +h+h ) —+2+>
h h, h

a b c

Theo BCS thi :

ﬁ+ﬁ+&:m\/%+ﬁ\/\/%+\/h>c\/%5\/(h<,+hb+hc)(;:+2;+hi]:«/ha+hb+hc

ma S =%aha =%absinC:>ha =bsinC, h,=csinA , h,=asinB

ab be ca
2R 2R 2R

= \/ha +h, +h, :\/(asinB+bsinC+csinA) =\/

Tu ddsuyra:

2 2 2
\/;+\/;+\/ES /czbwL;)Ic:rcaS /a +;9R+c — dpem,

The Inequalities Trigonometry 11




Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwong giac

Chuwong 1 Cdc buéc diu co so

. a=b=c 5 .
Dbang thirc xay ra khi va chi khi { & AABC déu va M 1a tam noi tiép AABC .
X=y=z

Vidu 1.1.2.4.

Chitng minh rang :

Jcos x ++/sin x < 4\/§ Vxe [0;%)
Loi gidi :
Ap dung bét dang thirc BCS lién tiép 2 1an ta c6 :
(\/ cos x ++/sin x)4 <((1? + 17 )cos x +sin x))°
< +12) (1> +1fcos® x +sin> x)=8
= +Jcos x ++/sinx <4/8

Dang thirc xdy ra khi va chi khi x=—

Vi dy 1.1.2.5.

Churng minh rang voi moi so thuc a va x ta co

|(1—x2)sina+2xcosa| <1
1+ x?

Loi gidi :
Theo BCStaco:
((1-x*)sina +2xcosa) < ((1 —x*) +(2x) Xsin2 a+cos’a)
=1-2x" +x* +4x* =1+2x" +x*
= ((1-x?)sina +2xcosa)’ <(1+x2)
|
|

(l—az)sina+2xcosa| <1
1+x° ‘

The Inequalities Trigonometry 12



Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

1.1.3. Bit diang thirc Jensen :

Ham sé y = f(x) lién tuc trén doan [a,b] va n diém x,,x,,.,x, tiy y trén doan
[a,b] taco:
i) f"(x)>0 trong khoang (a,b) thi:

fG)+fx)+.+ fx,) an(xl +x, +...+xnj
n
ii) f"(x)<O0 trong khosng (a,b) thi :

FO)+ f)+.+ f(x,) an(xl +x2:...+xnj

Bat ddang thitc AM — GM va bdt dang thite BCS thdt sw la cdc dai gia trong viéc chimg
minh bat dang thirc néi chung. Nheng riéng doi véi chuyén muc bat dang thirc lirong gidc
thi d6 lai tré thanh san choi riéng cho bat dang thirc Jensen. Dii ¢6 vé hoi khé tin nhung
dé la sw that, dén 75% bat dang thirc lwong gidc ta chi can néi “theo bdt dang thirc
Jensen hién nhién ta cé dpcm”.

Trong phat biéu cia minh, bdt dang thirc Jensen cé dé cdp dén dao ham bdc hai,
nhiung dé la kién thire cua 16p 12 THPT. Vi vdy né sé khong thich hop cho mét sé doi
tuwong ban doc. Cho nén ta sé phat biéu bat dcfng thiec Jensen dwoi mot dang khac :

Cho f:R* — R théa man f(x)+f(y)22f(x+Ty] Vx,ye R* Khi dé véi moi

XXy, X, € R" ta c6 bat dang thirc :

f(x1)+f(x2)+...+f(xn)2nf(

X, +x2+...+xnj

n

Sw thdt la tac gia chwea tirng tiép xiic v6i mot chieng minh chinh thirc ciia bat dang thire
Jensen trong phdt biéu c¢é f"(x). Con viéc chitng minh phdt biéu khong sir dung dao
ham thi rdt don gian. N6 sir dung phwong phdp quy nap Cauchy twong tir nhw khi chirng
minh bat dang thirc AM — GM. Do do tdc gia sé khong trinh bay chirng minh ¢ day.

Ngoai ra, 6 mot 56 tdi liéu cé thé ban doc gap khai niem 16i 16m khi nhdc t6i bat dcfng
thirc Jensen. Nhung hién nay trong cong dong todn hoc van chwea quy wéc ré rang dau la
161, dau la 16m. Cho nén ban doc khéng nhat thiét quan tam dén diéu dé. Khi chiing minh
ta chi can xét f''(x) la di dé sir dung bat dang thirc Jensen. Ok! Mdc di bat dang thirc
Jensen khong phdi la mot bat dang thire chdt, nhung khi c6 ddu hiéu manh nha ciia né
thi ban doc cw tuy nghi sur dung .

The Inequalities Trigonometry 13



Truong THPT chuyén Ly Ty Trong — Can Tho Bat ding thirc lwong giac

Chuwong 1 Cdc buéc diu co so
Vidu 1.1.3.1.

Chitng minh rang véi moi AABC ta ¢6 :
sin A+sin B +sinC S%
Loi gidi :

Xét f(x)=sinx voi xe (0;7)
Tacd f"(x)=—sinx <0 Vxe (0;7). Tir d6 theo Jensen thi :

f(A)+ F(B)+ £(C)< 3f[$] =3Sm§= 343

— = dpcm.
5 p
Ding thirc xay ra khi va chi khi AABC déu.

Vi dy 1.1.3.2.

Chitng minh rang véi moi AABC déu ta ¢o :

tané+tan£+tan£2\/§
2 2
Loi gidi :
. . /4
Xét f(x)=tanx véi xe(O;Ej

Tacod f'(x)= 281?)( >0 Vxe (O;ZJ. Tur d6 theo Jensen thi :
CoS” X 2

AB.C
A B ¢ 2 2 2
53 a5)e 252

Ding thirc xay ra khi va chi khi AABC déu.

=3sin% = \/gzdpcm.

Vi dy 1.1.3.3.

Chitng minh rang véi moi AABC ta ¢6 :

242 242 242
(tan gj + (tan g] + (tan %) >32

Loi gidi :
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BAt ding thirc lwong giac

Truong THPT chuyén Ly Ty Trong — Can Tho 1
Chwong 1 Cdc buoc dau co so

Xét f(x)=(tan x)Zﬁ VOl x € (0;%)
Taco f '(X) =22 (1 +tan’ x)(tan x)2ﬁ_1 =22 ((tan )C)Zﬁ_1 + (tan x)zﬁ+1 )
)= 2\/5((2\/5 - 1)(1 + tan” x)(tan )74 (2\/5 + 1)(1 +tan’ x)(tan x)? )> 0
Theo Jensen ta co :
A B C
AV, /(B A€ 2 272
>y — — | 23f| =¥—~t—=
f(zj”{z}f[zj U

Ding thirc xay ra khi va chi khi AABC déu.

ju 22
= ?{Ig gj =37 5 dpcm.

Vi du 1.1.3.4.

Chitng minh rang véi moi AABC ta ¢6 :

siné+sin£+sin%+tané+tan§+tan%2%+\/§

Loi giai :

Xét f(x)=sinx+tanx véi xe (0;%)

. 4
Ta cod f"(x)=smx(1 4COS x)>0Vxe(0;£]
cos” x 2
Khi d6 theo Jensen thi :

A.B.C
A B C 2 2 2
53l 5 )2 232

Ding thirc xay ra khi va chi khi AABC déu.

T T 3
=3| sin— + tan — =—+\/§:>d cm.
(1 6 6) 2 P

Vi dy 1.1.3.5.

Chitng minh rang véi moi AABC nhon ta ¢6 :

(sin A)Sin “(sin B)Sirl (sinC )Sm > (gj ’

Loi gidi :

Ta co

The Inequalities Trigonometry



Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
{sin2 A+sin® B+sin® C =2+2cos Acos BcosC

sin A+sinB+sinC >sin* A+sin’> B+sin’ C

33

va sinA+sinB+sinCST

33

:>2<sinA+sinB+sinCST
Xét f(x)=xInx véi xe (0;1]
Tacd f'(x)=Inx+1
f"(x):l >0 Vxe (0;1]
X

Bay gio voi Jensen ta dugc :
sinA+sinB+sinC ln[ sina +sin B +sin Cj < sin A(Insin A)+ sin B(Insin B)+ sin C(Insin C)
3 3 B 3

sinA+sinB+sinC s Adsin Bisin €
=S ln( 3 j

<In(sin A)™* +In(sin B)"™® + In(sin C)™ ¢

. . . sin A+sin B+sin C
o hll:( sin A + sn; B+sinC j :l < ln[(sin A)sin A (sin B)sin B (sin C)sin c]
(sin A +sin B +sin C)*™" A*n B¢

3 sin A+sin B+sin C

< (sin A)Sin A(sin B)Si" (sinC )Si" ¢

. . . 343
c 2sin A+sin B+sin C 2 sin A+sin B+sin C 2 T\F
. inA B( . Si
= (sin A)™* (sin B)™’ (sinC)™" > = = (—j > (—]

3 sin A+sin B+sin C 3 3

= dpcm.

1.1.4. Bat diang thirc Chebyshev :

Véi hai diy so thwe don di¢u cung chidu a,,a,,...,a, va b,,b,....b, thitacé :

ab, +a,b, +..+ab, > %(a1 +a,+..+a, )b, +b,+..+b,)

Theo kha nang cua minh thi tac gia rdt it khi sir dung bdt dang thirc nay. Vi trudc hét
ta can dé y 101 chiéu ciia cdc bién, thirong phdi sap lai thir tw cdc bién. Do dé bai todn
can co yéu cau doi ximg hodn toan gitta cdc bién, viéc sdp xép thir ty sé khong lam mat
tinh tong qudt cua bai toan. Nhung khong vi thé ma lgi phu nhdn tam anh huong cia bdt
dding thirc Chebyshev trong viéc chirng minh bdt dang thirc lwong gidc, mdc dit né c¢6 mot
chitng minh hét sirc don gian va ngdn gon.
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Chirng minh :
Bang phén tich tryc tiép, ta c6 dang thic :
n(a,b, + a,b, +..+a,b, )—(a, +a, +..+a, )b, +b, +..+b, )= Z(ai —-a; )(bi —bj)Z 0

i,j=1
Vihai day a,,a,,...,a, va b,,b,,...,b, don diéu cung chi€u nén (ai —aj)(b[ —bj)z 0

Néu 2 day a,,a,....a, va b,,b,,...b, don diéu nguwoc chiéu thi bt dang thirc doi

chiéu.

Vidu 1.1.4.1.

Chitng minh rang véi moi AABC ta c6 :
aA+bB+cC S
a+b+c 3

Loi gidi :

Khong mat tinh téng quét gia si :
a<b<ces A<B<LC

Theo Chebyshev thi :
(a+b+cj(A+B+st aA+bB+cC
3 3 3
aA+bB+cC > A+B+C _z
a+b+c 3 3

Ding thirc xay ra khi va chi khi AABC déu.

Vidu 1.1.4.2.
Cho AABC khéng cé goc tiiva A, B, C do bang radian. CMR :
sinB sinC
+
)

3(sin A +sin B+sin C) < (A+B+C)(SH:‘A+

Loi gidi :

X

Xét f(x) =22 g xe[o;ﬂ

Taco f'(x)= Cosx(x;tanx) <0 Vxe (0;%}
X
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Vay f(x) nghich bién trén (o;’ﬂ

Khong mat tong quat gia sir :
ASB>C— s1nAS sin B < sinC
) o A B C
Ap dung bat dang thirc Chebysheyv ta co :
‘WA SinB i
(A+B+ C)(SIZ + SH; + sn(;C] > 3(sin A + sin B + sin C) = dpcm.
Ding thirc xay ra khi va chi khi AABC déu.

Vi du 1.1.4.3.

Chitng minh rang véi moi AABC ta c6 :
sinA+sin B+sinC < tan Atan Btan C
cosA+cosB+cosC 3

Loi gidi :
Khong mét tong quat gia st A> B >C
tanA>tan B >tanC
cosA<cosB<cosC

Ap dung Chebyshev ta c6 :
[tanA+tanB+tanC](cosA+cosB+cost > tan Acos A+tan Bcos B+ tan Ccos C

3 3 B 3
sinA+sin B+sinC < tanA+tan B+tanC

cosA+cosB+cosC 3
Ma ta lai c6 tan A +tan B +tan C = tan Atan B tan C
= dpcm.
Ping thirc xay ra khi va chi khi AABC déu.

Vidu 1.1.4.4.

Chitng minh rang véi moi AABC ta c6 :

in2A+sin2B +sin?2
2(sin A+sin B+sinC) > 3 sin o sin 2€
2 cosA+cosB+cosC

Loi gidi :

Khong mat tong quat gia st a <b<c
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
sin A <sin B <sinC
cosA =cosB =cosC

Khi d6 theo Chebysheyv thi :
(sinA+sinB +sian(cosA+cosB+cost S sin Acos A + sin Bcos B +sin C cos C

3 3 3
sin2A +sin2B +sin2C
cosSA+cosB+cosC

= 2(sinA+sinB+sinC)2%

= dpcm. i
Dang thirc xay ra khi va chi khi AABC déu.

1.2. Cac dang thirc bat diang thirc trong tam giac :

Sau ddy la hau hét nhitng dang thire, bdt dang thirc quen thugc trong tam gidc va trong
lwong gidc dwoc dung trong chuyén dé nay hodic rdt can thiét cho qud trinh hoc todn cua
ban doc. Céc ban c6 thé ding phan nay nhw mot tir dién nhé dé tra ciru khi can thiét. Hay
ban doc ciing ¢6 thé chirng minh tdt ca cdc két qua nhw la bai tdp rén luyén. Ngodi ra toi
ciing xin nhdc véi ban doc rang nhitng kién thirc trong phan nay khi ép dung vao bai tdp
déu can thiét duoc chung minh lqi.

1.2.1. Ping thirc :

a b ¢

—=——=—""=12R

sinA sinB sinC
a* =b*+c* —2bccos A a=bcosC +ccosB
b* =c¢? +a’*—-2cacosB b=ccosA+acosC
ct=a’>+b*>=2abcosC c=acosB+bcos A

S= la.ha = lb.hb = lc.hc
2 2 2

= lbcsinA = %ca sin B =%absinC

:a—bC:ZR2 sin A sin Bsin C = pr
4R
:(p—a)ra :(p_b)rb :(p_c)rc

=Jp(p-a)lp-b)p-c)
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Truong THPT chuyén Ly Ty Trong — Can Tho

BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

2bccosé
2 2 2 l -2 r:(p—a)tané
m2:2b +2c° —a a P 5
a 4 B B
2¢2 +2a> — b2 2cacos— =(p—b)tan5
mb2= l, = 2
4 c+a _ C
2a2+2b2_c2 —(p—C)tanE
m’ = 2abcos —
' 4 ] =2 . A. B
c =4Rsin—sin —sin—
a+b 2
A-B
tan| ———
a—b _ 2
a+b A+B 2, 2 2
tan cotA:—b rtc —d
2 48
B—C 2 2 g2
tan cotp= T4 b
b—C_ 2 48
b+c B+C a+bh?—c?
tan cotC=————
2 48
— 2 2 2
tan c-4 cotA+cotB+cotC:u
c—a _ 2 48
c+a C+A
tan
2
sinA = [(P=bXp=c) P ) cosA_ [Plp-a) Ao [(e=blp-c)
2 2 be 2 p(p-a)
nl ,/p lp-a) cos B = |Plp=D) B [p=clp-a)
2 ca 2 p(p—b)
_ /LP—” cos & = [Plp=c) € _ [(p=alp—b)
ab 2 ab 2 plp—c)
sin A+sin B+sinC = 4cos—cos£cos£:£
2 2 2 R

sin2A +sin2B +sin2C = 4sin A sin Bsin C

sin? A+sin’ B+sin® C = 2(1+cos Acos Bcos C)
cos A+cos B+cosC =1+4sinésin§sin£= 1+=
2 2 2 R

cos> A+cos’ B+cos’C=1-2cos Acos BcosC
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

tanA+tan B+tan C =tan Atan Btan C
A B C A B C

cot—+cot—+ cot— = cot—cot—cot—
2 2 2 2 2 2

A B B C C A
tan —tan—+tan—tan—+tan—tan— =1
2 2 2 2 2 2

cotAcotB+cotBcotC+cotCcotA=1

sin(2k +1)A +sin(2k +1)B + sin(2k +1)C = (= 1)" 4 cos(2k + 1)§cos(2k + 1)§cos(2k + 1)%
sin 2kA + sin 2kB + sin 2kC = (—1)""" 4sin kA sin kBsin kC
cos(2k +1)A + cos(2k +1)B + cos(2k +1)C =1+ (—1)  4sin(2k + 1)§sin(2k + 1)§sin(2k + 1)%

c0s 2kA + cos 2kB + cos 2kC = —1+ (- l)k 4 cos kAcos kBcoskC
tan kA + tan kB + tan kC = tan kA tan kB tan kC
cot kAcot kB + cotkBcot kC + cotkCcotkA =1

tan(2k + 1)§tan(2k + 1)? + tan(2k + 1)§tan(2k + 1)% + tan(2k + 1)% tan(2k + 1)% =1

cot(2k + l)g +cot(2k + 1) +cot(2k + 1) = cot(2k + l)gcot@k + l)gcot(% + 1)%

cos” kA +cos” kB + cos’ kC—1+( )ZCoskAcoschoskC
sin” kA +sin” kB +sin’ kC=2+(—1)k+1200skAcoschoskC

1.2.2. Bat dang thic :

|a—b|<c<a+b a<bhbe A<B

|b—c|<a<b+c b<ce= BLC
|c—a|<b<c+a csaeC<A
A B
3 cos—+cos—+cos—<i
cosA+cosB+cosC < — 2 2 2 2
2 A B .C._3
3\/5 sin—+sin—+sin— < —
sinA+sinB+sinCST 2 2 2 2
A B C
e - = >
tan A+ tan B + tan C = 3+/3 tan2+tan2+tan2_\/§
cot A+cot B+cotC >+/3 coté+cot§+cot£23\/§
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

2A ZB 2C
cos” —+cos’ —+cos’ —
2 2

3
cos® A+cos* B+cos’C ZZ

.,A .,B . ,C
9 sin“ —+sin“ —+sin” —
sin> A+sin’ B+sin° C <= 2 2

4 , C

) ) ) tan2é+tan B+tan —21
tan“ A+tan" B+tan“ C 29 2

2 2 2 A B C
cot” A+cot” B+cot” C =1 cot25+cot2—+cot2—

1 cosécosﬁcos—<i

cosAcosBcos C £ — > > > 3
.A. B . C 1
sinAsinBsinCS% s1nEsmEsmES§
A A A 1

tanAtanBtanC23\/§ tan—tan—tan—<T

1
tAcotBcotC < —— A A A
coLALOLEo 3\/5 cotEcotEcotEZ%/g

1.3. M6t s6 dinh ly khac :
1.3.1. Dinh ly Lagrange :

Néu ham s6 y = f(x) lién tuc trén doan [a;b] va c¢6 dao ham trén khoing (a;b)
thi ton tai 1 diém ce (a;b) sao cho :

f)=fla)=f(c)b-a)

Néi chung véi kién thicc THPT, ta chl co cong nhan dinh ly nay ma khong chirng minh.
Vi chitng minh ciia né can dén mét sé kién thirc ciia todn cao cdp. Ta chi can hiéu cich
diing né ciing nhitng diéu kién di kém trong cdc truong hop chimg minh.

Vi dy 1.3.11.

Chitng minh rang Ya,be R,a < b thi ta ¢6 :

|sinb —sin a| < |b - a|

Loi gidi :
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
Xét f(x)=sinx= f'(x)=cosx
Khi do theo dinh ly Lagrange ta co
Jee (a;b): f(b)- f(a)=(b—-a)cosc
= [sinb—sina| <|p—d|cosc|<[p—a| °

= dpcm.

Vi dy 1.3.1.2.

Voi 0<a<b.CMR :
b—a b b-a
<In—<
a a

Loi gidi :

Xét f(x)=1Inx, khido f(x) lién tuc trén [a;b] kha vi trén (a;b) nén :

Elce(a;b):m=f'(c)=l vi a<c<b nén +<icl
-a c b ¢ a
Tur do l<M<l:b_a<ln2<b_a:>a‘pcm.
b b—a a b a a
Vi du 1.3.1.3.
/1
Cho 0<,B<0:<5.CMR:
05—2 <tana —tan B < 0!—2,5
cos” f3 cos” o

Loi gidi :

Xét f(x)=tanx lién tyc trén [,8;0{] kha vi trén (B; ) nén theo dinh ly Lagrange

EICE(16,;0{):f(05)—f(,3)=f,(c):tanoz—tanﬁ= 12 1)
a—pf a-f cos’c
Vi B<c<a nén 1 LR (2)

<
cos’ B cos’c cos’a
Tur (1)(2) = dpem.

Vi du 1.3.1.4.
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

1 x+1 1 X
CMR néu x>0 thi (1+—j >(1+—j
x+1 X

Loi gidi :
Xét f(x)= xln(l +1j = x(In(x+1)=Inx) Vx>0
x

Tacod f'(x)=In(x+1)—Inx—

x+1
Xét g(r)=1Inr lién tuc trén [x;x+ 1] kha vi trén (x;x+1) nén theo Lagrange thi :
dce (x;x+1):—ln(x+1)—lnx = g'(c)>—1
(x+1)—x x+1

= f'(x):ln(x+1)—1nx—L>o
x+1

véi x>0= f(x) ting trén (0;+ o)

:>f(x+1)>f(x):>ln(1+%jx >1n[1+ljx

X+ X

x+1 X
:>[1+ ! j >[l+lj
x+1 X

= dpcm.

Vi dy 1.3.L5.

Chitng minh rang Nne Z" ta ¢6 :

Jerr
n*+n+l n’+1

2—£ arctan
n-+2n+2

Loi gidi :

Xét f(x)=arctan x lién tuc trén [n;n + 1]

= f'(x)= ! - trén (n;n+1)Vne zZ*
I+x

Theo dinh ly Lagrange ta co :
Jee (n;n+1):f'(c)= flnt1)-fln)

(n+1)—n

=

n+l—-n
- = arctan(n + 1) —arctann = arctan| ———

I+c¢ 1+(n+1)n

1 1
= 5= arctan[z—j
1+c¢ n"+n+1
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
Péy ce(nn+l)=1<n<c<n+1
=n’<c’ <(n+1)2
en+l<c’+1<n’ +2n+2
1 1 1
< <

n+2n+2 c*+1 n*+1

1
<
n2+n+1j n®+1

n®+2n+2
= dpcm.

< arctan(

1.3.2. Pinh 1y vé dau ciia tam thirc bic hai :

Cho tam thirc f(x)=ax® +bx+c (a #0) va A=5b* —4ac
-Néu A <0 thi f(x) cung diu véi hé sb a, véi moi sé thure x.
x)

\ A g e b
cung diu voi a voi moi x;t—z—.
a

-Néu A>0 thi f(x) cé hai nghiém x,,x, va gia sit x, < x,.Thé thi f(x) cung dau

-Néu A=0 thi f(
v6i a véi moi x ngoai doan [x, ;xz] (tirc 12 x < x, hay x> x,) va f(x) trai ddu véi a
khi x & trong khoang hai nghiém (tirc 1a x, <x<x,).

Trong mot sé truong hop, dinh Iy ndy la mét cong cu hét siec hiéu qua. Ta sé coi biéu

thirc can chitng minh la mot tam thire bdc hai theo mot bién roi xét A. Véi dinh ly trén thi
cdc bat dang thirc thuong roi vao truong hop A <0ma it khi ta xét A > 0.

Vidy 1.3.2.1.

CMR Vx,y,z€ R va AABC bd'tk)‘/ta co :
cosA cosB cosC _x*+y* +2z°
+ + <

X y z 2xyz
Loi gidi :
Bat dang thtic can chimg minh twong duong véi :
x> - 2x(ycosC + zcosB)+ (y2 +7°— 2yzcosA)2 0
Coi day nhu 1a tam thirc bac hai theo bién x.
A'=(ycosC + zcos B) — (y2 +2z° —2yzcos A)
=—(ysinC—zsinB)* <0
Vay bét dang thire trén dng.
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Ding thirc xay ra khi va chi khi :
ysinC = zsin B . . .
S x:y:z=sinA:sinB:sinC=a:b:c
x=ycosC+zcosB
tuc x,y,z la ba canh cua tam giac tuong duong véi AABC .

Vi dy 1.3.2.2.

CMR Vxe Rva AABC bdt ky ta c6 :
1
14+—x* > cos A+ x(cos B+cos C)

Loi gidi :
Bat dang thtic can chimg minh twong duong véi :
x> =2x(cos B+cosC)+2—2cos A>0

A'= (cos B + cos C)2 —2(1-cos A)

2
= 2cosB+CcosB_C —4sinzé
2 2 2
=4sinzé coszB_C—l
2 2
B-C

<0

A
= —4sin” —sin?
2

Vay l?ét dang thirc trén ding.
bang thirc xay ra khi va chi khi :

A=0 B=C
=
x=cosB+cosC x=2cosB=2cosC

Vi du 1.3.2.4.

CMR trong moi AABC ta déu c6 :
a+b+ CT

absin® A +bcsin® B + casin® C S( 5

Loi gidi :
Bét dang thirc can ching minh tuong duong véi :
a® +2a(bcos2A +ccos2C)+b* + ¢ +2bccos 2B = 0

A'=(bcos2A +ccos2C) — (b2 +¢? +2bccos 2B)
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

= —(bsin2A +¢sin2C)’ <0
Vay bt dang thirc dugc ching minh xong.
Vidu 1.3.24.

Cho AABC bt ky. CMR :

cosA+cosB+cosCS%

Loi gidi :
B+ B -
bét k =cos A+cos B+cosC =2cos 2Ccos 2C—cos(A+B)
=N 20052A—;B—2005A_BCOSA+B+k—1=0

A+B .
Do d6 cos la nghiém cua phuong trinh :

2x? —=2cos x+k-1=0

, A+ B

Xét A'= cos —2(k —1). Dé ton tai nghiém thi :

A'20<:>2(k—1)SCOSZ%S13kS%

:>cosA+cosB+cosCS%

=dpcm.

Vi dy 1.3.2.5.

CMR Vx,ye Rtaco :

. . 3
s1nx+smy+cos(x+y)£5

Loi gidi :

xX+y

+y x_y+1—23inzT

< . . . X
Pit k =sin x+sin y +cos(x + y) = 2sin cos

Khi do6 sin x; Y 1a nghiém cua phuong trinh :

23t —2cos— x+k—1=0
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
=A=1-2(k-1)>0
=k < 3
2

=dpcm.

1.3.3. Pinh 1y vé ham tuyén tinh :
Xét ham f(x)=ax+b xac dinh trén doan [o; 5]
Néu {f(a) =k

f(B)=k
thi f(x)>k Vxe [a;B].

(ke R)

Pay la mot dinh Iy kha hay. Trong mét so truwong hop, khi ma AM — GM da bé tay,
BCS da dau hang vo diéu kién thi dinh [y vé ham tuyén tinh mdi phat huy heét sirc manh
cua minh. Mot phat biéu het sirc don gian nhung do lai la 10i ra cho nhiéu bai bat dang

thirc kho.

Vi dy 1.3.3.1.

Cho a,b,c la nhitng 56 thue khong am thoa :
a’+b>+c’ =4

CMR : a+b+c£%abc+\/§

Loi gidi :
Ta viét lai bt dang thirc can ching minh dudi dang :

[1—%bc]a+b+c—\/§go

Xét f(a)

Khi d6 :
F0)=b+c—v8 <2 +¢?)-V8=+8-+8=0
f(2)=2-bc+b+c—-8=2-8<+/8-8=0

Via=2b=c=0)
Vay f(a)<0 Vae [0;2]= dpem.
Ping thirc xay ra khi va chi khi a =0,b=c¢ =0 va cac hoan vi.

(1—%bcja+b+c—\/§ voi ae [0;2].
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Vi dy 1.3.3.2.

CMR Na,b,c khong am ta co :
7(ab + be + ca)a+b+c) < 9abe + 2(a+b+c)3
Loi gidi :
b c

a e LNt e g e n1n
bat x = 3y = (7= . Khi @6 bai toan tré thanh :
a+b+c a+b+c a+b+c

Chirng minh 7(xy+yz+z,x)s9xyz+2 voi x+y+z=1

Khong mét tinh téng quat gia sir x = max{x, ¥, Z}.

) 1
Xét f(X): (7y+7z —9yz)x+7yz -2 voi xe [5;1}
Taco:

f(lj=() ; fl)=-2<0

3
1
= f(x)<0vVxe [5;1}
Vay bat dang thirc chimg minh xong.
. 1
Dang thtc xay ra <:>x=y=z=§<:>a=b=c.

DPay la phan duy nhdt ciia chuyén dé khong dé cdp dén liwong gidc. N6 chi mang tinh
gidi thiéu cho ban doc mgt dinh Iy hay ae ching minh bat dang thirc. Nhung thuc ra
trong mét s6 badi bat dang thirc lwong gidc, ta van co thé ap dung dinh Iy nay. Chi ¢6 diéu

cdc ban nén chii y la dau bang cia bat dang thirc xdy ra phdi phit hop véi tdp xdc dinh
cua cdac ham luong giac.

1.4. Bai tap :

Cho AABC.CMR :

1.4.1. cot’ A+cot’ B+cot’ C > € v6i AABC nhon.
3
L4, A . B . C _3J2-43

sin—+sin—+sin—<———
4 4 4 2

1.4.3. L, o1 oo

sinA sinB sinC

1.44. sin2é+sin2£+sin2£+sinésin£sin 21
2 2 2 2 2 8
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Truong THPT chuyén Ly Ty Trong — Can Tho Bat ding thirc lwong giac

1.4.5.

1.4.6.
1.4.7.
1.4.8.

1.4.9.

1.4.10.
1.4.11.
1.4.12.

1.4.13.
1.4.14.

1.4.15.

Chuwong 1 Cdc buéc diu co so

9
8sin Asin Bsin C

sC_A >8sin Asin BsinC

cotA+cotB+cotC <

A-B B-C
cos C
2 2
1+ cos Acos BcosC 2 sin Asin Bsin C
R B >34\/§
a+b—-c b+c—a c+a—b_2\/§
a, b icshh
m, m, m,
m,  m, m 33
a b c 2
mJl, +ml, +ml = p2
1 1 1 3
+ + >

2 2 2
am b m, ¢ m, abc

a

COS (0]

c

abc
(p—a)p-b)p-c)< =
h, +h, +h, =29r
sin Asin BsinC < sin[ A 233 j sin[ B 23stin[ ¢ 2314]
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chwong 2 Cdc phwong phap chirng minh

Chuong 2 :

Cac phuong phap chirng minh

Chung minh bat dang thic doi hoi k¥ ning va kinh nghiém. Khong thé khoi khoi ma ta
dam dau vao chimg minh khi gdp mot bai bat dang thirc. Ta s& xem xét nd thudc dang bai
nao, nén ding phuong phap nao dé chimg minh. Liic d6 viéc chimg minh bat dang thirc
mai thanh cong dugc.

Nhur vay, dé co thé duong dau véi cac bat dang thirc luong giac, ban doc can nam viing
cac phuong phap ching minh. D6 s& 1a kim chi nam cho cac bai bat ding thirc. Nhitng
phuong phap d6 ciing rat phong pht va da dang : tong hop, phan tich, quy udc dung, udc
lugng non gia, d6i bién, chon phan tir cuc trj ... Nhung theo y kién chu quan ctia minh,
nhitng phuong phap that sy can thiét va thong dung sé& duoc tac gia gidi thidu trong
chuong 2 : “Cac phwong phap chirng minh”.

Muc luc :
2.1.  Bién d6i lugng gidc trong QUONE .............coovviieeeeei e, 32
2.2, ST dung cAc BUSGC GAU CO ST .. oivvneieeeee e 38
2.3, Pua vé vector va tich VO hUONE ...........ccoooiiiiiiiiee e, 46
2.4.  Kéthop cac bat dang thirc ¢d dién ..........ooooveeiiieiiieeiiiie i) 48
2.5. Téan dung tinh don di€u cua ham 80 et 57
2.6, Bl AP ¢ttt 64
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Chwong 2 Cdc phwong phap chirng minh

2.1. Bién ddi lwong giac twong dwong :

C6 thé néi phirong phdp nay la mét phirong phéap “xwa nhw Trdi Bat”. N6 sir dung cac
cong thirc luong gidc va sw blen doi qua lai gifta cdc bat dang thirc. De co the sur dung
16t phwrong phdp nay ban doc can trang bi cho minh nhitng kién thirc can thiét vé bién doi
lwong gidc (ban doc c6 thé tham khdo thém phan 1.2. Cdc ding thirc,bit ding thirc
trong tam gidc).

Thong thwong thi véi phwong phép nay, ta sé dwa bat dang thire can chitng minh vé
dang bat dang thirc ding hay quen thudc. Ngodi ra, ta ciing cé thé sir dung hai két qud

quen thugc |sin x| <1;

Vidu 2.1.1.

.
1—sin— o
CMR : —14>1/3cos—
. £ 7

2sin

Loi giai :

Taco:
T 3z T S5z 3z T 57
1—sin— =sin— —sin— +sin— — sin — + sin — — sin —
14 14 14 14 14 14

T V4 27 3z
=2sin—| cos— + coS— + cos—
14 7 7 7

. T
1=sin~ z 2 3r
:>—14=cos—+cos—+cos— (1)
. 7 7 7
2sin —
14

Mait khac tacod :

7 1 T RY/4 Y4 T 4 27
COS— = —| COS— + COS— + COS— + COS — + COS— + COS —
7 2 7 7 7 7 7 7

T 27 27 37 37 T
= COS—COS— + COS—— COS — + COS— COS — (2)
7 7 7 7 7 7

. T 27 3
bat x=cos—; y=cos—; z =cos7

Khi d6 tir (1),(2) ta c6 bét dang thirc can ching minh tuong duong véi :

x+y+z>3y+yz+zx) (3)

ma x,y,z>0 nén:
B)e (x-y)+(-2)+@z-x)>0 (4)
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chwong 2 Cdc phwong phap chirng minh

Vi x,y,z d6i mot khac nhau nén (4) ding = dpem.
Nhu vy, voi cac bat ddng thirc nhu trén thi viéc bién doi lwong gidc la quyét dinh

song con voi viéc chitng minh bat dang thirc. Sau khi siv dung cdc bién doi thi viéc giai
quyét bat dang thirc tro nén dé dang tham chi 1a hién nhién (!).

Vidu 2.1.2.

CMR : a’ +b* +c¢* > 2(absin3x + cacos 2x — bessin x)
Loi gidi :

Bét dang thirc can ching minh tuong duong véi :
a*(sin 2x+cos® 2x)+ b>(sin x + cos® x)+¢> > 2ab(sin xcos 2x + sin 2xcos x) +

+2cacos 2x — 2bcsin x
= (a2 cos® 2x+b*sin® x+c¢* —2abcos 2xsin x — 2cacos 2x + 2bcsinx)
+(a?sin? 2x — 2absin 2xcos x + b cos” x) = 0

. . 2
& (acos2x—bsinx—c)’ + (a sin 2x—bcosx) >0
Bat dang thtic cudi cing ludn ding nén ta c6 dpem.

Vi dy 2.1.3.

CMR véi AABC bat ky ta ¢6 :

. . ) 9
sin? A+sin? B+sin* C SZ

Loi gidi :

Bat dang thtic can chimg minh twong duong véi :
- cos® A+ 1—-cos2B +1—cos2C 32
2 2 4

& cos’ A+%(cos2B+cos2C)+iZ 0

& cos’ A—cosAcos(B—C)+iZ 0

cos(B—C) ?

@(cosA— j +lsin2(B—C)20
2 4

9 = dpcm. i
Dang thirc xay ra khi va chi khi AABC déu.
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Chwong 2 Cdc phwong phap chirng minh

Vi dy 2.1.4.

Cho a,ﬂ,7¢§+k7c (ke Z) la ba géc théa sin> @ +sin® fB+sin’ y=1. CMR :

(tana/tanﬁ+ tan S tan ¥+ tan ytan @

2
3 j <1-2tan” ortan’® Btan’ y

Loi gidi :
Taco:
sin® @ +sin” B +sin’ y=1
& cos’ a+cos’ f+cos’ y=2
1 1 1
2 + 2 + 2 =
l+tana l+tan"f l+tan”y

& tan” atan” f+tan” Btan” y+tan® ytan® @ =1—2tan’ artan” Stan’ y
Khi d6 bat dang thirc can chtrng minh twong dwong voi :
tan ¢ tan £ + tan B tan ¥ + tan ytan
( 3
& (tanartan S —tan Btan ¥)” + (tan Btan y — tan ytan )’ + (tan ytan & — tan ar tan B)° > 0
= dpcm.

2
j <tan’ artan’ B+ tan” Btan’ y+tan’ ytan’ o

tan @ tan § = tan S tan ¥
Ding thirc xay ra < {tan Stan y = tan ytan < tana =tan B =tany
tan ytan & = tan o tan

Vi dy 2.1.5.

CMR trong AABC bat ky ta c6 :

A B C A B C
cot—+cot—+cot— = 3| tan — + tan — + tan —
2 2 2 2 2 2

Loi gidi :
Taco:
A B C A B C
cot— + cot — + cot — = cot — cot —cot —
2 2 2 2 2 2

A B x,y,2>0
bat x=cot—; y=cot—; z=cot£ thi Y
2 2 2 X+y+z=xyz

Khi d6 bat dang thirc can chtrng minh twong dwong voi :
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Chwong 2 Cdc phwong phap chirng minh

I 1 1
X+y+z23 —+—+—
X 'y z

3(xy + yz + 2x)
xyz

<:>(x+y+z)2

(:)(x+y+z)2 23(xy+yz+zx)

s k-y)+(-z2+(E-x7=0

= dpcm.
Dang thirc xdy ra < cot A =cot B =cotC

< A=B=C
& AABC déu.

Vi du 2.1.6.

CMR : 1, + 1_ < 2
3+sinx 3-sinx 2+cosx
Loi giai :

Vi —1<sinx<1 va cosx=>-1 nén:
34sinx>0;3—-sinx>0 va 2+cos>0
Khi d6 bat dang thirc can chtrng minh twong dwong voi :
6(2+cosx) < 2(9—sin® x)
& 12+6c0sx <18—2(1—cos” x)
& 2cos’ x—6cosx+4>0
& (cosx—l)(cosx— 2) >0
do cosx <1 nén bat dang thirc cudi cling ludn ding = dpcm.

Vi dy 2.1.7.

CMR V%Sa;ﬂ<%mcé :

;—m( ! —1) L
cosa +cos cosa cos B

Loi gidi :

Tu V%Sa;ﬁ<%:>0<cosa;cos,8£%
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Chwong 2 Cdc phwong phap chirng minh

O<cosa+cos <1

do d6 1
0<cosacos B SZ

biat a =cosa+cos ;b =cosacos f
Bét dang thirc da cho tré thanh :

2—aS /1—a+b
a b
2
o 2—a S1—a+b
a b
o @2-a)b<a’*(l-a+b)
oa’—a’—4ab+4b<0

& (a-1)a>-4b)<0

BAt déng thirc cudi cing dung vi a <1 va a* —4b = (cosa —cos 3)° = 0 = dpcm.

Vi dy 2.1.8.

Cho cdc géc nhon a va b théa sin® a+sin*b<1. CMR :
sin? a +sin’ b < sin’(a + b)

Loi gidi :
, . . o7
Taco: sin*a+sin’| = —a|=1
2
nén tir diéu kién sin’a+sin’b <1 suyra:

b<Z_4.0<a+b<™
2 2

Mait khac tacéd :
sin?(a +b)=sin’ acos® b +sin’ bcos’ a + 2sinasinbcosacosb
nén thay cos® b =1—sin” b vio thi bat dang thirc can chimg minh tuong duong véi :
2sin” asin® b < 2sinasinbcosacosb
& sina sinb < cosacosb

& 0<cos(a+b)
(dé y 2sinasinb >0 nén co thé chia hai vé cho 2sinasinb)

Bét dang thirc sau ctng hién nhién ding do 0<a+b < % = dpcm.
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Chwong 2 Cdc phwong phap chirng minh

Vi dy 2.1.9.

Cho AABC khéng vuong. CMR :
3tan” Atan’ Btan’ C—S(tan2 A+tan’ B+ tan’ C)S9+tan2 Atan’ B+tan” Btan’ C +tan’ Ctan’ A

Loi giai :

Bat dang thtic can chimg minh twong duong véi :
4tan’ Atan’ Btan’ C—4(tan2 A+tan’ B+tan’ C)—SS (1+tan2 A)(1+tan2 B)(I-Han2 C)

<:>4[ 12 —1)( 12 —1}( 12 —1}—4( 12 + 12 + 12 —3]—8S > 12 5
cos” A cos” B cos° C cos"A cos°B cos° C cos” Acos” Bcos” C

4 1 1 1 1
- + + <
cos? Acos® Beos® C (cos2 Acos’ B cos? Bcos®> C cos” Ccos’ Aj cos? Acos? Bcos® C

3
& cos® A+cos? B+cos? CZZ

l+cos2A 1+cos2B
o + +
2
& 2(cos2A+cos2B)+4cos> C+120

& 2cos(A+ B)cos(A—B)+4cos’ C+120

& 4cos? C—4cosCcos(A—B)+120

& (2cosC —cos(A—B))* +sin*(A—B)>0
= dpcm.

cos’ C Zg
4

Vi du sau ddy, theo y kién chii quan cia tdc gid, thi 16 gidi ciia né ximg déang la bdc
thay ve bién doi luong giac. Nhitng bién doi that sw lat léo két hop cung bat dang thirc
mot cach hop Iy dung ché da mang dén cho chung ta mot bai toan that sw dac sac !!!

Vi dy 2.1.10.

Cho nira dwong tron ban kinh R , C la mét diém tiy ¥ trén nva duong tron. Trong hai
hinh quat noi tiép hai dwong tron, goi M va N la hai tiep diém cua hai dwong tron voi
duong kinh cua niwra dwong tron da cho. CMR :  MN 2> 2R(\/§ - 1)

Loi giai :

Goi O,,0, latam cua hai duong tron. Pat ZCON =2a (nhu vay 0 < a < %)

va 00, =R, ; 00, =R,
Taco:
Z0O,0N =«

£0,0M =§—a
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Chwong 2 Cdc phwong phap chirng minh

Vay :
MN =MO+ON =R, cot(%—a]+R2 cota = R, tana + R, cot &
Trong A vudng O,MO c¢:

R, =0,0 sin(% - a’] =(R—R,)cosax

R o
R1(1+cosa')=Rcosa':Rl=L
1+ cosa
Tuong ty :
. ) Rsino
R, =00, sina = (R—Rz)sma: R, :—Sl.n
1+sino
Do 36 :

Rcosa sina+Rsina cosa
l+cosa cosax 1+sina sina
Rsina N Rcosa

MN =

l+cosax 1+sina
sina+cosa +1

(1+sina)(1+cos )

ol . a o
2c0s—| sin— + cos —
_R 2( 2 2]

- 2
sing+cosg 2cos’ a
2 2 2

2R
sina+cosa+1

2R

ma sina+cosa3\/§(0{—%j£\/5:>MN2 :2R(\/§—1):>dpcm.

V2 +1
Ding thirc xay ra (:)CX:%(:)OCJ_MN.

2.2. Sir dung cac bwéc diu co sé :

Cdc bude dau co s¢ ma tdc gid mudn nhdc dén & day la phan 1.2. Cdc déing thirc, bit
ding thirc trong tam gidc. Ta sé dwa cdc bat dang thirc can chirng minh vé cdc bat dang
thirc co ban bdng cdch bién doi va sir dung cdc dang thike co ban. Ngodi ra, khi tham gia
cdc ky thi, tac gia khuyén ban doc nén chitng minh cdac ddng thire, bat dang thire co ban
s dung nhu mot b6 dé cho bai todn.
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Chwong 2 Cdc phwong phap chirng minh

Vidy 2.2.1.

Cho AABC . Duong phdn gidc trong cdc goc A,B,C cat dwong tron ngoai tiép AABC
lan lwot tai A,,B,,C,. CMR :

SABC < SAIBICI

Loi giai :

Goi R 1a ban kinh duong tron ngoai tiép AABC thi n6 ciing 1a ban kinh dudng tron
ngoai tiép AAB,C,. A

Bat dang thtic can chimg minh twong duong véi :
2R?sin Asin Bsin C < 2R”sin A, sin B, sinC, (1)
B A A+B

*+C ;BlzcJr ;Clanén:
2 2 2
B+C . C+A . A+B

sin sin
2 2

Do A, =

(1) & sin A sin Bsin C < sin

B C
. A . B.C A B C A B
& 8sin—sin—sin — cos — cos —cos — < cos — cos —cos—  (2)
2 2 2 2 2 2 2 2 2

Vi cosécosﬁcos£ >0 nén: A,
2 2 2
2)= sinésinﬁsin£ < 1 = dpcm.
2 2 2 8

Ding thirc xay ra < AABC déu.

Vidu 2.2.2.

CMR trong moi tam gidc ta déu c6 :

sin Asin B+sin BsinC +sin Csin A < %+4sin§sin£sin£
Loi gidi :

Taco: cosA+cosB+cosC=1+ 4sin§sin§sin%
Bat dang thtic da cho tuong duong vi :

sinAsinB+sinBsinC+sinCsinAS%+cosA+cosB+cosC (1)

ma :
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Chwong 2 Cdc phwong phap chirng minh

cosA =sin BsinC —cos BcosC
cosB=sinCsinA—cosCcos A

cosC =sin Asin B—cos Acos B

(1) © cos Acos B+ cos Bcos C +cos C cos A < % (2)
That vay hién nhién ta c6 :

1
cos Acos B+cosBcosC +cosCcos A Sg(cosA+cosB+cosC)2 3)

Mat khac ta co : cosA+cosB+cosCS%

= (3) dang = (2) dung = dpcm.
Ding thirc xay ra khi va chi khi AABC déu.

Vi dy 2.2.3.

Cho AABC bat ky. CMR :
1 1 1 .

+ + >
1+2cosA+4cosAcosB 1+2cosB+4cosBcosC 1+2cosC+4cosCcosA

Loi gidi :

Dit vé trai bat dang thirc can ching minh 1a T,
Theo AM - GM ta co :
T[3 +2(cos A+ cos B +cos C) + 4(cos A cos B + cos Bcos C + cos C cos A)] >9 (1)

\ 3
ma: cosA+cosB+cosCS§

(cos A +cos B + cos C)2

3
= 3+ 2(cos A+ cos B +cos C)+4(cos Acos B+cos BcosC +cosCcos A)<9 (2)

Tur (1),(2) suy ra T >1= dpcm.

va hién nhién : cos Acos B+ cosBcosC +cosCcos A <

<3
4

Vidu 2.2.4.

CMR véi moi AABC bat ky, ta c6 :
a>+b>+c* 2438 +(a-b) +(b-c) +(c—a)

Loi gidi :

Bét dang thirc can ching minh tuong duong véi :
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Chwong 2 Cdc phwong phap chirng minh

2(ab +be +ca) > 43S +a® +b* +c? (1)

Taco:
2 2 _ 2
cotaz 2t —a
48
2 22
cotp S ta =b"
48
2 2 2
cotc =Lt =
48
Khi 36 :

(1)4:)4S(.1 + .1 + ‘1 j24\/§S+4S(cotA+cotB+cotC)
sinA sinB sinC

= .1 —CcotA [+ .1 —cotB |+ ‘1 —cotC 2\/5
sin A sin B sinC

= tané+tanﬁ+tan£2 \/5
2 2 2

= dpcm.
Dang thtrc xay ra khi va chi khi AABC déu.

Vidu 2.2.5.

CMR trong moi tam gidc, ta co :
.A. B . B.C . C. A _5 r
sin—sin— +sin—sin— +sin—sin— < —+ —
2 2 2 2 2 2 8 4R
Loi gidi :

Ap dung cong thic : r=4R sin%singsin%, ta dua bat dang thirc da cho vé dang
tuong duong sau :
.A. B .B.C .C.A . A.B.C._5S
sin—sin — + sin —sin — + sin —sin — — sin —sin —sin— < = (1)
2 2 2 2 2 2 2 2 2 8
Tacod: cosA+cosB+cosC=1+4sin§sin§sin%
Do d6:
(1)<:)sinésinﬁ+sinﬁsin£+singsiné—l(cosA+cosB+cosC—1)Sé (2)
2 2 2 2 2 4 8

2
Theo AM - GM, ta co :

cos cos B cos A cos B

B n . A. B n n . A. B
—+—iz 2:>sm551n5 —§+—i 22s1n—s1n5
COS— COS— COS— COS—

2 2 2 2
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Chwong 2 Cdc phwong phap chirng minh

= 25inésin£ < 1 sinAtan£+ sinBtané

2 2 2 2
Tuong tu ta ¢ :

2sin E sin sin B tan £ +sin C tan E
2 2 2

2sin £ sin sin C tan é +sin Atan E
2 2 2
T d6 suy ra:

. A. B . B.C . C.A
2| sin —sin — + sin —sin — + sin —sin — | <
2 2 2 2 2 2
< %{tan%(sinB +sinC)+ tang(sinC +sin A)+ tan%(sinA+ sin B)}

= cosA+cosB+cosC =2 sinésin£+sin£sin£+singsiné
2 2 2 2 2 2
Khi d6 :
sinésin£+ sinﬁsin£+sin£siné—l(cosA+cosB+cosC—1)S
2 2 2 2 2 2 4

Sl(cosA+cosB+cosC)—i(cosA+cosB+cosC—1)=i(cosA+cosB+cosC)=i

\®)

\ 3
ma cosA+cosB+cosCS§

= sinésin§+sinﬁsin£+singsiné—l(cosA+cosB+cosC—1)S
2 2 2 2 2 2 4

oo | i

= (2) ding= dpcm.

Vi du 2.2.6.

Cho AABC bit ky. CMR :
( a’*+b*+c? jS < a’b*c?

cotA+cotB+cotC A B C
tan — tan — tan —
2 2
Loi gidi :
Tacé :
2 2 2
+b" +
a c — 48
cotA+cotB+cotC

nén bat dang thirc da cho twong duong véi :
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Chwong 2 Cdc phwong phap chirng minh

3 a’b’c?
64S* < (1)

B _C
tan — tan — tan —
2 2 2

Mat khéc ta cling ¢6 :
a’> =b*+c¢* =2bccos A= a® > 2bc—2bccos A

=a’> 4bcsin2§

) 4bcsin? é
a

s Azz%mmA=%

tan — tan —

2
Tuong tu ta cling ¢o :
b* c’
=248 ; =48

B C

tan — tan —
2 2

= (1) diing = dpem.

Vi dy 2.2.7.

CMR trong moi tam gidc ta co :
(1+b+c—bc)cosA+(1+c+a—ca)cosB+(1+a+b—ab)cosC <3

Loi gidi :

Ta c6 vé trai ctia bat dang thirc cAn chimg minh bang :
(cosA+cosB+cosC)+[(b+c)cosA+(c+a)cosB+(a+b)cosC]—(abcosC+bccosA+cacosB)
bat :
P =cosA+cosB+cosC
Q=(b+c)cosA+(c+a)cos B+ (a+b)cosC

R=abcosC +bccosA+cacosB
D&Myps%

Mait khac tacéd :

bcosC +ccos B = 2R(sin Bcos C +sin C cos B) = 2Rsin(B+C)=2RsinA=a
Tuong ty :

ccosA+acosC=b

acosB+bcosA=c

=>Q=a+b+c
Vatalaico:
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Chwong 2 Cdc phwong phap chirng minh

2 2 2 2 2 2 2 2 22

abcosC+bccosA+cacosB=a il +b rc —a + & ta b

2 2 2
2 2 2
g4 tb e
2
2 2 2 2 2 2
:>P+Q+RS§+(a+b+c)—a th ke =3—(a ) +{b=1) +(e-1) <3
2 2 3
= dpcm.
Vi du 2.2.8.
Cho AABC bt ky. CMR :
R+r>43s
Loi gidi :
Taco:
R_abc_2R3sinAsinBsinC_\/ S
48 8 2sin Asin BsinC
r—i— S _\/gx/ZsinAsinBsinC
p R(sinA+sinB+sinC) sinA+sinB+sinC
Vay :

2
Theo AM -GMtacod:

R+r>3\/ S\/E\/sinAsinBsinC

3\ 8sin Asin Bsin C(sin A +sin B +sin C)

R+r=— —
2sinAsinBsinC 2 \ 2sin Asin BsinC sinA+sin B+sinC

1\/ S +1\/ S +\/§\/2sinAsinBsinC

343

sinA+sinB+sinCST

343

sin Asin Bsin C ST

= R+r=>3 ﬂ =i/§\/§:>dpcm.
4427343

Vi dy 2.2.9.

CMR trong moi tam gidc ta co :
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2 2
§[i) S ab~ ab +bc\/%+ca\/ca 2§(£]

3\2r)  a+b b+c c+a 3\ R

Loi gidi :
Theo AM - GM ta ¢6 :
ab@ N bc\/% N cavea ab+bc+ca

a+b b+c c+a 2
2 2
Do S=pr:>§ S z—(a+b+c)
3\ 2r 6

Laicé:
ab+bc+ca < (a+b+c)
2 - 6

8(5}2 ab@ bc\/E ca\/z
== —| 2 + +

= vé trai dugc chig minh xong.

3\2r)  a+b b+c c+a
Tacé :
a+b+c=2R(sin A+sin B +sinC)

33

sinA+sinB+sinCST

:>a+b+cS3R\/§
Theo AM - GM ta ¢6 :

5% = pf(p—a)p-b)p-bNp-Wp-cNp-a) < p*%

8

abc

:§(§j2<§. P 9 abe 9abe

3\R) 3 (a+b+cJ2 2 a+b+c (a+b)+(b+c)+(c+a)
33

Mot 1an nira theo AM — GM ta c6 :
9abc < 9abc < abJab N bebe N cavlca
(a+b)+(+c)+(c+a)” 33fla+b)b+c)c+a)  a+b  b+c  c+a
= vé phai chirng minh xong = Bét dang thtrc dugc chirng minh hoan toan.

Vi dy 2.2.10.

Cho AABC bt ky. CMR :
4
at b® c? S [abc\/g J
C

A " B "
cos’~ cos’— cos’— 3R
2 2

The Inequalities Trigonometry 45



Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chwong 2 Cdc phwong phap chirng minh

Loi gidi :
Ap dung BCS ta c6 :
a® b* c® (a4 +b* +c4)2

+ + >

cos2é cos2§ cos2£ cos2é+coszﬁ+cos2—
2 2 2 2 2

<

A~ o

ZA ZB 2
cos’ —+cos’ —+cos
2 2

(“—Z’CT = 1652y
R
Vi thé ta chi can ching minh : a* +b* +c¢* 2165
Trudc hétracod : a* +b* +¢* 2 abcla+b+c¢) (1)
That vay : (1) az(a2 —bc)+bz(b2 —ca)+ 02(02 —ab)Z 0
= la2 + (b+c)2kb—c)2 + le +(c+a)2kc—a)2 + lcz +(a+b)2ka—b)2 > (0 (dung!)
Mait khac ta cling c6 :

1652 =16p(p—a)p-blp-c)=(a+b+cfa+b—c)b+c—a)c+a-b) (2)
Tir (1),(2) thi suy ra ta phai chimg minh : abc > (a+b—c)b+c—a)c+a-b) (3)
bat :

¢
2

x=a+b-c

y=b+c—a

z=c+a->b
vi a,b,cla ba canh ciia mot tam gidc nén x,y,z >0
Khi @6 theo AM — GM thi :

B 0 GRS CRao I ety N E) X
8

2 vz=(a+b-c)b+c—a)c+a-b)
= (3) dang = dpcm.

2.3 Pua vé vector va tich vo huéng

Phirong phdp nay luén dwa ra cho ban doc nhitng 1oi gidi bdt ngo va thii vi. N6 déc
tring cho su két hop hodn giita dai sé va hinh hoc. Nhitng tinh chdt ciia vector lai mang
dén 1oi gidi thdt sang siia va dep mdt. Nhung s6 lwong cde bai todn ciia phwong phdp nay
khéng nhiéu.

Vi dy 2.3.1.
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CMR trong moi tam gidc ta co :

cosA+cosB+cosCS%

Loi gidi :

—_— — —

Léy cac vector don vi e, e,, e, lan Iuot trén cac canh AB,BC,CA .
Hién nhién ta ¢6 : A
) ->
(el+e2+e3) >0 e

— — — —

< 3+ 200s(eT,5)+ 2008(62,63)+ 2008(63,61 )2 0
& 3-2(cos A+cosB+cosC)>0

(:)cosA+cosB+cosC£% B >

= dpcm.

Vi dy 2.3.2.

Cho AABC nhon. CMR :

c0s2A+cos2B+cos2C 2> —%

Loi gidi :

Goi O, G lan luot 1 tim dudng tron ngoai tiép va trong tim AABC.
Tacé: OA+OB+0C =30G 2
Hién nhién :

(_> _ —

0A+ 0B +0Cf 20
< 3R? +2R? [cos(OTﬁL @)+ COS(O_B: %)+ cos(O_C:,a&)]Z 0 0

& 3R’ +2R2(0052C+0052A+0052B)20 BUC
& c0s2A+cos2B+cos2C = —%

= dpcm.

_— — —

Ding thirc xay ra © 0A+0B+0C=0o 0G =0 0=G < AMBC ddu.

Vi du 2.3.3.
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Cho AABC nhon. CMR Vx,y,z€ R taco:

1
y7€082A+ zxcos2B + xycos2C = —E(X2 +y? +z2)

Loi gidi :

Goi O 1a tim dudng tron ngoai tiép AABC .

Taco:

.y O
(xOA + yOB + zOC) >0

. . . B
o x>+ 32 + 2% + 2xyOA0B + 2yz0B.OC + 22xOC.0A > 0 UC

& x*+y* + 277 +2xyc0s2C +2yzcos 2A +2zxcos 2B > 0

1
& yzcos2A+ zxcos2B + xycos2C Z—E(x2 +y? +Zz)

= dpcm.

2.4. Két hop cac bat dang thirc co dién :

Vé néi dung ciing nhw cach thirc sit dung cac bdt dang thirc chiing ta dd ban ¢ chwong
1: “Cdc bwoc dau co s6™. Vi thé o phan nay, ta sé khong nhdc lai ma xét thém mot so vi
du phire tap hon, thu vi hon.

Vidu 2.4.1.

CMR YAABC ta co :
A . B . C A B C)._ 93
sin—+sin—+sin— | cot—+cot—+cot— | = ——
2 2 2 2 2 2 2

Loi gidi :

Theo AM - GM ta ¢6 :

. A . B . C
sm§+s1n—+s1n—

\/. A.B. C
2> 3/sin —sin —sin —
3 2 2 2
Mat khac :

A B
COS—COS—COS —

A B C A B
cot—+cot—+cot— =cot—cot—cot— =
2 2 2 2 2 . . B .
Sin —sin —S1in —
2 2 2
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1 A A B B
Z(sinA+sinB+sinC) sin20052+sincos+sinccosc

. A. B.C . A. B.C
sin —sin —sin — 2sin —sin—sin—
2 2 2 2 2

J. A A.B B.C C
3/sIn — COS—SIN—COS— SIN — COS —
272 2 2

>3,
2 . A. B.C
sin —sin —sin—
2 2 2
Suyra:

A . B . A B C
sin—+sin—+sin— | cot—+cot—+cot— | =
( 2 2 2}( 2 2 2)

J. A.B.C.A A.B B.C C
3/s1In—S1n—S1n —S1In — COS—S1IN —COS— S1INn — COS —
2727272 2 2

52
2

. A. B.C
sin — sin—sin —
2 2 2

9 A B C
=Z3/cot=cot—cot— (1)
2 2 2 2

A B C
ma ta cling co : cot—cotzcot— >33

9 A B c_9, 9Vv3
= —-3/cot—cot—cot— = —-3/3J/3 =—— (2
2 2 2 2 2 \/— ( )
T (1) va (2) :
. A . B .C A B C
= |sin—+sin—+sin— | cot-—+cot—+cot— | = ——
2 2 2 2 2 2

=dpcm.

Vi dy 2.4.2.

Cho AABC nhon. CMR :

(cos A+ cos B+cosC)(tan A+ tan B+ tan C) >

Ne)
Ngl
w

Loi gidi :

Vi AABC nhon nén cos A,cos B,cosC,tan A, tan B, tan C déu duong.
cosA+cosB+cosC
3

Theo AM -GMtacod: > 3\/cos AcosBcosC

sin A sin Bsin C

tanA+tanB+tanC =tan Atan Btan C =
cos AcosBcos C
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1. . .
Z(sm 2A+sin 2B +sin 2C) _sin Acos A +sin Bcos B +sin Ccos C

cos Acos BcosC 2cos Acos Bcos C
>§' 3\/sinAcosAsinBcosBsin CcosC
2 2cos Acos BcosC

Suyra:

. i/cos A cos Bcos Csin Acos Asin Bcos Bsin C cos C

(cos A+cos B+cos C)(tan A+ tan B + tan C)Zg
2 cos Acos Bcos C

= %3\/ tan Atan BtanC (1)
Mait khac : tan Atan Btan C > 33

:>%3x/tanAtanBtanC 2%-3\/3\/_ =¥ (2)

T (1) va (2) suyra:

(cosA+cosB+cosC)(tanA+tanB+tanC)2

3
2

=dpcm.

Vi dy 2.4.3.

Cho AABC tity . CMR :

tané+ + tan£+ + tan£+ > 443
2
tan — tan — tan —
2 2
Loi gidi :
. /4
Xét f(x)=tanx Vxe (O;Ej
Khido: f"(x)=
A B

Theo Jensen thi : tanE + tanE + tan% >3 (1)

Xét g(x)=cotx Vxe (0;%)
\ 2 T
Va g"(x) = 2(1+cot x)cotx >0 Vxe (O;Ej
Theo Jensen thi : cotg + cotg + cot% >343 (2)

Vay (1)+(2)= dpem.
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Vi du 2.4.4.

CMR trong moi tam gidc ta co :

3
1+ ! 1+ ! 1+ ! > 1+i
sin A sin B sinC \/5

Ta str dung bd dé sau :
Bodeé:Cho x,y,z>0 va x+y+z<S thi:

3
(1 +lj(1 +l][1 +lj > [1 +3j (1)
X y 4 S
Chitng minh bé dé :
Taco:

Loi gidi :

VT(l):1+[l+l+1]+($+i+L]+L (2)

Xy Z yz X xyz
Theo AM - GM ta cé :
x y z x+y+z S

Dau bang xay ratrong (3) & x=y=z= %

Tiép tuc theo AM ~GM thi :
S>x+y+z23R/xyz
S? 1 _27

2 > B
:>27 xyz:xyz S’ )

Dau bang trong (4) xayra & x=y=7z =%

Van theo AM — GM ta lai ¢6 :

R I H 5)

Xy yz XYz
Dau béng trong (5) Xayra & x=y=¢z =%
Tir (4)(5) suyra:
1 1 _27

—+—+—2=2— (6
xy yz = S°? (©)

Déu bang trong (6) xay ra < dong thoi c6 ddu bang trong (4)(5) & x=y=z =%
T (2)(3)(4)(6) taco :
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3
VT(1)21+%+£+ 27 =[1+zj

s s S
B6 dé duoc chimg minh. D4u bing xay ra <> ddng thoi c6 dau bang trong (3)(4)(6)
Sx=y=z7= S
r y 3
Ap dung voi x=sinA>0,y=sinB>0,z=sinC >0

33

ma ta co sinA+sinB+sinCS% vay ¢ day S:T

Theo b dé suy ra ngay :

1+ ! 1+ ! 1+ ! >
sin A sin B sinC

Dau bang xay ra <> sinA=sinB =sinC =

=

7\

ST

& AABC déu.

Vi dy 2.4.5.

CMR trong moi tam gidc ta co :

L+, +1 < pJ3

Loi gidi :

A
2bccos—
Taco: 1 =22 ,/P(i‘“):zvbc,/ip(p_a) )
C

b+c  b+c b+c

Theo AM - GM ta c6 ZM
b+c

l,<yplp-a) (2)
Dau bang trong (2) xayra & b=c
Hoan toan tuong tu ta co :

1, <\plp-b) (3)

L. <yplp=c) ()
Dau bang trong (3)(4) twong ing xdyra << a=b=c
Tir (2)(3)(4) suyra:
I, +1,+1, S\/;(\/p—awL\/p—b +\/p—c) (5)
Dau bang trong (5) xay ra <> dong thoi cé dau bang trong (2)(3)(4) @ a=b=c
Ap dung BCS ta co :

<1 nént (1) suyra:
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Wp—a+yp—b+p—cf <3Bp-a-b-c)
:>\/p—a+\/p—b+\/p—cs\/§ (6)
Dau bang trong (6) xayra & a=b=c
Tir (5)(6) taco: [, +1, +1. < p3  (7)
Ping thic trong (7) xdy ra < ddng thoi c¢6 ddu bang trong (5)(6) @ a=b=c
& AABC déu.

Vi du 2.4.6.
Cho AABC bit ky. CMR :
a’+b> +¢’ 24_2
abc R
Loi gidi :
, abc
Taco: S=-—r=pr=yplp=alp-blp-c)
_2r_ 85" _8plp-a)p-b)p—c)_(2p-2a)2p-2b)2p-2c)
R pabc pabc abc

(b+c—a)c+a-bla+b—c) a’b+ab* +b*c+bc* +cla+ca’ —a’ —b’ —c* —2abe

abc abc

2r a’+b’+¢? a b b ¢ ¢ a a+b>+c?
:4—?:—+6— —t ettt [

abc b a ¢ b a c abc

= dpcm.

Vi du 2.4.7.

Cho AABC nhon. CMR :
[ a + b — cj[ b + < __ aj( ¢ + a__ bj > 27abc
cosA cosB cosB cosC cosC cosA

Loi gidi :

Bét dang thirc can ching minh tuong duong véi :

smA+smB—sinC smB+s1nC_SinA smC+smA—sinB > 27sin Asin Bsin C
cosA cosB cosB cosC cosC cosA
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& %—sinc &—sinA %—sinB > 27sin Asin BsinC
cosAcosB cosBcosC cosCcos A

1—cosAcosB ‘ 1—cosBcosC . 1—cosCcos A >

>27
cos Acos B cosBcosC cosCcos A
A

X =tan— 1-x? 2x

) COSA = > tan A =
B 1+x 1—x2
=tan— 1-vy? 2
bat Y 2 = <cosB = y2 va JtanB= y2
I+y I-y
z=tan— -2 27
2 cosC = Zz tanC = 5
O0<x,y,z<1 I+z 1-z

=2 fi-5?)
I—cosAcosB _ (1+x*fi+y?)  2(x*+y?)
cosAcosB  (1-x*f1-y*) ~ (1-x*)Ji-y?)
il+x2K1+y2i
Mit khactaco: x> +y> = 2xy
1—cosAcosB> 2x 2y

Tacé :

=tanAtan B (1)

2

cosAcosB  1-x? .1—y

Tuong ty : 1zcosBeosC >tanBtanC (2)
cos BcosC

IzcosCeosA >tanCtan A (3)

cosCcos A
Nhan vé theo vé ba bat dang thie (1)(2)(3) ta duogc :

I_COSACOSB-I_COSBCOSC-I_COSCCOSAZtanzAtanthanZC

cos AcosB cosBcosC cosCcos A
Taddbiét: tanAtanBtanC >3+/3 = tan®> Atan> Btan> C > 27
Suyra:

l—cosAcosB.1—cosBcosC'1—cochosA > 97

cosAcosB cosBcosC cosCcos A
= dpcm.

Vi dy 2.4.8.

CMR Y AABC taco:

a’+b>+c’ Zﬁ p2+a_bc
35 p
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Loi gidi :

Bét dang thirc can ching minh tuong duong véi :
22% (a+b+c)2+ 2abc
35 4 a+b+c

a’+b* +c

oy T2abc
+—

& 35(a® +6>+¢2)29a+b+c)
a+b+c

Theo BCS thi: (a+b+c)* <3(a® +b>+¢?)
= 9(a+b+c) <27(a>+b>+c*) (1)

@ > 3 abe

a’+b*+¢? > 3/—a2b202
3
= (a+b+c)(a2 +b? +cz)29abc
= 8(a+b+c)(a2 +b’ +cz)2 T2abc
7261[76' (2)
a+b+c

Laicéo:

(:)8(a2+b2+02)2

Lay (1) cong (2) ta duoc :

27(a® +6> +¢)+8(a> +b% +¢%)=9a+b+c) 12abe_

a+b+c
<:>35(c12+bz+c2)29(a+b+c)2+M
a+b+c
= dpcm.
Vidu 2.4.9.
CMR trong AABC ta co :
B-C C-A A-B
cos 5 cos 5 cos 5
+ + >
. A . B . C 6
sin — sin — sin—
2 2
Loi gidi :
Theo AM - GMtaco:
B-C C-A A-B B-C C-A A-B
cos 5 cos 5 cos 5 cos 5 cos 5 cos 5
> . . 1
A B o | T — W
sin— sin— sin— sin— sin — sin—
2 2 2 2
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ma
B-C C-A A-B . B+C B-C . C+A C-A . A+B A—-B
cos cos cos 2sin cos 2sin cosS 2sin cos
2 2 2 2 2 2 2 2 2
. A . B . C A . A B . B c . C
sin — sin — sin — 2cos—sin — 2cos—sin — 2cos—sin —
2 2 2 2 2 2 2

(sin B + sin C)(sin C + sin A)(sin A + sin B)
sin Asin Bsin C

Lai theo AM-GMtacod:

sin A +sin B = 2+/sin Asin B
sin B+sin C 2 2+/sin Bsin C
sinC+sin A 2 2+/sinCsin A

= (sin B +sin C)(sin C +sin A)(sin A + sin B) > 8sin Asin Bsin C
N (sin B +sin C)(sin C + sin A)(sin A + sin B)

. >8 (2)
sin Asin BsinC
Tir (1)(2) suyra:
B-C C-A A-B
cos 5 cos 5 cos 5 \/_
+ + >338 =
. A ) . C 38 =6
sin — sin— sin —

2 2 2
= dpcm.

Vi du 2.4.10.

CMR trong moi AABC ta co :

2
sin Asin B+sin BsinC +sinCsin A > 9[%]

Loi gidi :
Bat dang thtic can chimg minh twong duong véi :
Rsin Asin B + Rsin Bsin C + Rsin Csin A > 9r°
odb be cag.
22 22 22

& ab+bc+ca2 36r°
Theo cong thtrc hinh chiéu :

B C C A A B
a=r|cot—+cot— |;b=r| cot—+cot— |; ¢ =r| cot—+cot—
2 a 2 a 2 a
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) B C C A 5 C A A B
=ab+bc+ca=r"|cot—+cot— | cot—+cot— |+ r°| cot—+cot— || cot—+cot— |+
2 2 2 2 2 2 2 2

) A B B C
+7r°| cot—+cot— | cot—+ cot—
2 2 2 2
Theo AM - GM ta ¢6 :

cot£+cot£ cot£+coté > 2\/cot£cot£ 2\/cot£coté =4\/cot2CcotAcotB (1)
2 2 2 2 2 2 2 2

Tuong ty :

[cot% + cot g][coté + cot gj 2 4\/cot2 AcotBcotC (2)

[cotg + cot gj(cotg + cot %j 2 4\/ cot’ BeotCcotA  (3)

T (1)(2)(3) suy ra:

C A A B C A A B
cot—+cot— | cot—+cot— [+| cot—+cot— || cot—+cot— |+
[conGreons [eorgrenrd o o e [ g v

+ cot£+coté coté+cotE 2123\/cotzé00t2£cot2£ (4)
2 2 2 2 2 2 2

A B A B
Mit khac ta co : cotEcotEcot% >34/3 = cot’ ECOtZ ECOtZ % >27 (5)

Tir (4)(5) suyra: 123\/cot2§c0t2 gcotZ% >123=36 (6)

Tir (4)(6) suy ra dpem.

2.5. Tén dung tinh don diéu ciia ham s :

Chuwong nay khi doc thi ban doc can cé kién thirc co ban vé dao ham, khdo st ham s6
ciia chwong trinh 12 THPT. Phuong phdp ndy thuwc si ¢6 hiéu qud trong cdc bai bat ding
thire lieong gidc. Pé c6 thé sir dung 16t phwong phdp nay thi ban doc can dén nhiing kinh
nghiém giai toan o cac phwong phadp da néu o cac phan truoc.

Vi du 2.5.1.
. 2x . T
CMR: sinx>— voi xe(O;Ej

4

Loi gidi :
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, sinx 2 . T
Xét  f(x)= —— vO1 xe|0;—
X V.4 2

_ Xxcosx—sinx

= f'(x) ;

X

Xét  g(x)=xcosx—sinx véi xe(O;

NN

J

= g'(x)=—xsinx <0 Vxe (O;%) — g(x) nghich bién trén khoang do.

= g(x)< g(0)=0= f'(x)<0:>f(x)>f(§j=0:>dpcm.

Vi dy 2.5.2.

. 3
CMR : (smxj >Ccosx VoI (O;EJ

Loi gidi :
Bat dang thtic can chimg minh twong duong véi :

1 1
SLLLEN (cos)s

1
& sinx(cos)3 —x>0

1
Xét  f(x)=sinx(cosx)3 —x voi xe (0;%}

2 4
Taco: f'(x)=(cosx)s —%sin2 x(cosx)3 -1

1 7
f'(x)= %(cos x)3(1—sinx)+ gsin3 x(cosx)s >0 Vxe (0;%)
= f'(x) d6ng bién trong khoang d6= f'(x)> £'(0)=0
= f(x) cling dong bién trong khoang 46 = f(x)> £(0)=0= dpcm.
Vi du 2.5.3.

CMR néu a la géc nhon hay a =0 thi ta ¢ :
zsina + 2lana > 2a+1

Loi gidi :
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chwong 2 Cdc phwong phap chirng minh
Ap dung AM - GM cho hai s6 duong 2" va 2™ ta o :
2sina + 2lana > 2\/251na2lana — 2\/251na+lana

A : A , . . r /4
Nhu vay ta chi can ching minh : sina +tana > 2a véi 0<a < B

Xét  f(x)=sinx+tanx—2x véi xe(o;%j

Taco:

3 2 _ _
_,_cos’ x—2cos x+1:(1 cos x)[1+ cos x(1 COSX)]>OVxe[O;%j

f'(x)=cosx+ 5 >
cos” x cos” x cos” x

= f(x) dong bién trén khoang d6 = f(a)> £(0) véi ae (0;%) = sina+tana > 2a

= 2y 3 04[22 = gt

= 2% 42t >0 (khi @ =0 ta c6 ddu dang thirc xay ra).
Vidu 2.54.
CMR trong moi tam gidc ta déu c6 :
13
1+ cosAcos B+cos AcosB+cosAcosB < E(cosA +cos B +cosC)+cos Acos Bcos C
Loi gidi :

Bét dang thirc can ching minh tuong duong véi :

1
1—2cos Acos Bcos C +2(cos Acos B + cos Acos B+ cos Acos B) +1 Zg(cosA+cosB+cosC)
1
& cos” A+cos’ B +cos’ C+2(cosAcosB+cosAcosB+cosAcosB)+1Zg(cosA+cosB+cosC)

& (cosA+cosB+cosC)2 +IS%(COSA+COSB+COSC)

1 <13
cosA+cosB+cosC 6

& cosA+cosB+cosC +
< 3
Datt=cosA+cosB+cosC:>1<tS§
TS X I . 3
Xét ham dic trung : f(t)=r+- voi re 1;5
t
, , 1 3 A A , ,
Taco: f (x)=1——2>0‘v’te 1;5 = f(x) dong bién trén khoang do.
X

= f(x)S f(%j=%:>dpcm.
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chwong 2 Cdc phwong phap chirng minh

Vi du 2.5.5.

Cho AABC ¢6 chu vi bang 3. CMR :

1
3(sin2 A+sin® B +sin’ C)+ 8Rsin Asin BsinC 2

2

Loi gidi :
Bat dang thtic can chimg minh twong duong véi :
3.4R*sin® A+3.4R*sin’ B+3.4R*sin* C + 4(2Rsin A)(2Rsin B)(2Rsin C)>13

< 3a’ +3b* +3¢* +4dabe >13
Do vai tro cia a,b,c lanhu nhaunéntacé thé gid st a<b<c

Theo gia thiét : a+b+c=3:a+b>c:>3—c>c:1£c<%
Ta bién d6i :
T =3a’ +3b* +3c* +4dabc

=3(a® +b*)+3c> +4abc

= 3[(a +b) —2ab]+ 3¢? +4abc

=3(3—-c)’ +3¢* +4abc — 6ab

=3(3—-c¢)’ +3c? +2ab(2c - 3)

=3(3-¢)’ +3c* —2ab(3-2¢)

vi c<%:>2€—3<0:>3—2€>0

2 2 2
va abS(aerj =(3_Cj :—2ab2—2(3_cj
2 2 2

Xét f(c)=c3—§c2+2—7 véi 1<c<>
2 2 2

= f'(c)=3¢?-3¢>0 Vce [1;%) = f(c) dong bién trén khoang d6.

= f(c)= f(1)=13 = dpcm.

Vi du 2.5.6.

Cho AABC bt ky. CMR : +

~ s
(\Y

ﬁ
S
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chwong 2 Cdc phwong phap chirng minh

Loi gidi :

Taco:
Ao [=blp-c)
plp-a)
tan— = —(p—c)(p— ):tanétanétanc \/p i A b P—C
p(p-0b) 2 2 2 p p P
an C = [(p=a)lp-b)
p(p—c)
w ﬁ:i:\/P(P_a)(P_b)(P—C):\/p—a‘p—b.p—c
S p p’ p p P
2
Do d6 : %:tanétanﬁtang
Mat khac :
p_ a+b+c a+b+c _ 2R(sinA+sinB+sinC)

r

2(p —a)tan;1 (b+c—a)tan1§ 2R(sin B +sin C —sin A)tang

cos é cos E COoS—
= 2 2 2 = cotécotﬁcot£
2 2 2

Khi d6 bat dang thic can chirg minh tuong duong vi :

A B C A B 28
tan — tan — tan — + cot—cot —cot— =2 ——
22 2 33
1 A B C 28
= 1 +cot— COt_COtE>T
cot—cot—cot — 33
2 2 2
bat t—cotécotﬁcot— t>3\/_
2 2 2
Xét f(t)=t+% véi 1233
:>f'(t)=1—i2>0 Vi 2343
t
= min f()= f(343)=33 +—— — dpem.

W3 f

Vi dy 2.5.7.
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chwong 2 Cdc phwong phap chirng minh

CMR voi moi AABC ta co :
33
(2R+a)2R+b)2R+¢)<8R’e 2

Loi giai :

Bét dang thtic can chirmg minh twong duong véi :

2R+a 2R+b 2R+c 0
2R 2R
a b c W3
S|l+—|1+—=|1+—|<e?
2R 2R 2R

ﬂ
& (1+sin A)1+sin B)(1+sinC)<e 2

Xét f(x)=In(l+x)—x véi 0<x<l1
= (W)= 1=
1+x 1+x

= f(x) nghich bién trén khoang d6 = f(x)< £(0)=0
=In(l+x)<x

<0 Vxe (0;1)

Lan lugt thay x = {sin A, sin B,sin C} vao bit dang thtic trén roi cong lai ta dugc :
In(1+sin A)+In(1 +sin B)+ In(1 +sin C) < sin A + sin B + sin C
& ln[(l +sin A)(1+sin B)(1 + sin C)] <sinA+sinB+sinC

& (1+sin A)(1+sin B)(1+sin C) < g¥nA+infrin€

3\/5 343

ma sinA+sinB+sinCST: (1+sin A)1+sin B)(1+sinC) < e? = dpcm.

Vi dy 2.5.8.

Cho AABC. CMR :

(1+cos® AL +cos® Bfl+cos’ C) 2 %

Loi gidi :

Khong mét tong quat gia sir C = min{A, B,C}.Tacé:
(1+cos? A)1+cos? B) = (1+ 1+C(2’S 2Aj(1+ 1+C2523j
Xét P = 4(1 +cos’ A)(l +cos’ B)= (3+cos2A4)(3 +cos2B)
= P =9+3(cos2A +cos2B)+cos2Acos 2B

= 9+6cos(A+B)cos(A—B)+%[cos(2A+2B)+ cos(2A—2B)]
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Truong THPT chuyén Ly Ty Trong — Can Tho Bat ding thirc lwong gidc
Chwong 2 Cdc phwong phap chirng minh

=9—6COSCCOS(A—B)+%[20082(A+B)-l- 200s2(A+B)—2]
=9—6cosCcos(A—B)+cos®> C+cos’(A+B)-1
do |cos(A—B)| <1

= P29-6¢cosC+cos’C =(3-cosC)’
ma cosC >0
= P(l+cos2 C)Z (3—cosC)2(l+cos2 C)

Mat khac ta co : 0<CS600:>COSCZ%
Xét f(x)=0B=x)[1+x*) véi xean
= f'(x)=2(x-3)x-1)2x-1)=0 ‘v’xe[%;lj

= f(x) ddng bién trén khoang dé.

= f(x)> f[%) =%:> (1+cos2 A)(1+cos2 B)(1+cos2 C)Z%:dpcm.

Vi du 2.5.9.

Cho AABC bat ky. CMR :

2(_1 + ‘1 j—(cotB+cotC)S2\/§
sinB sinC

Loi giai :

Xét f(x)=———cotx voi xe(0;7)
sin x
, 2cosx 1 1-2cosx . V1
=f)=-"F Tt = = f)=0ex="
sin“x sin” x sin” x 3
:maxf(x)=f(£j=\/§:> ‘2 —cotx<+/3
3 sin x
Thay x boi B,C trong bat ding thirc trén ta dugc :
- —cotBS\/§
sin B
= dpcm.
- —cotC <43
sin C
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chwong 2 Cdc phwong phap chirng minh

Vi du 2.5.10.
CMR : l <sin20° < l
3 20
Loi giai :

Pat a=sin20°:>0<a<sin30°:0<a<%

Taco: ﬁ =5in60° =sin3.20° = 3sin 20° —4sin> 20° = 3a —4a’ =§
= 4a’ -3a +§ = 0= a la nghiém cta phuong trinh : 4x’ —3x+§ =0
Xét da thuc : f(x)=4x> —3x+§

Ta c6 : f(—1):—1+£:*/§_2<0

2 2

V3

f(0)= - 0= f(-1)f(0)<0 B&i vi f(x) lién tuc trén toan truc s .Do d6 da thirc

f (x) ¢6 mot nghiém thuc trén khoang (— 1;0)
1) 2743-46
3)" " sa N (7
=5 l) <0
7 _ 100033 ~1757 3)7\20
f = <0

20 2000

0

Lai c6:

= dathic f(x) c6 mot nghiém thuc trén khodng (%’ZLOJ

Lai c6 - f[1]= B-2 4y £(1)= V342 >0:>f[%]f(l)<0

2 2 2

= dathic f(x) c6 mot nghiém thuc trén khodng (%;lj

Béivi ae [O;%) = a la nghiém thyc trén khoang [%,210] = dpcm.

2.6. Baitap:

Cho AABC.CMR :
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chwong 2 Cdc phwong phap chirng minh

2.6.1. V3(cos 24 — cos 2C)+ cos B S%

2.6.2. V30824 +2c0s2B +2+/3 cos 2C > —4
2.6.3. (\/g + 1Xcos 2A+cos2B)- (3 + \/g)cos 2C<4+45

2.6.4. tan§+ tang + tan% >4-+3 véi AABC c6 mét gbc > 2?7[
1 1 1 1
2.6.5. —+—+—<—
a’> b* ¢ 4r?
3 3 3
266, ey a b
r I’a rb rc
2.6.7. a4 b <y Sabe <2

b+c c+a a+b (a+b)b+c)c+a)

1 1 1 _ 3

2.6.8. . + — +— 2—+ltanAtanBtanC
sin2A sin2B sin2C 2 2

2.6.9. atané+btan£+ctan£2Lb+c
2 2 ﬁ
2.6.10. sin Asin Bsin C < 1

(sin A+sin B+sinC)* 63
2.6.11. 1+cos AcosBcosC > 9sinésin£sin£

2.6.12. m,+m, +m_ <4R+r
2.613. Wk +hh +hh <p?

2.6.14. a*(p-b)p—-c)+b*(p—c)p-a)+c*(p-a)p-b)< p*R*
2.6.15. (1—cos A)(1—cos B)(1—cos C) > cos Acos Bcos C
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Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chuwong 3 Ap dung vao mot so van dé khac

Chuong 3 :

Ap dung vao mot so0 van dé khac

*“C6 hoc thi phai c6 hanh”

Sau khi da xem xét céc bat dang thuc luong gidc cung cac phuong phéap ching minh
thi ta phai biét van dung nhiing két qua d6 vao cdc van dé khic.

Trong cdc chuong trudc ta ¢é cic vi du vé bat dang thuc luong gidc ma dau bang
thuong xay ra ¢ trudng hop dic biét : tam gidc déu, cAn hay vudng ... Vi thé lai phét sinh
ra mot dang bai méi : dinh tinh tam gidc dua vao diéu kién cho trudc.

Mit khic véi nhiing két qua clia cc chuong trude ta ciing ¢6 thé dan dén dang toan
tim cuyc trj luong gidc nho bat déng thirc. Dang bai nay rat hay : két qua duoc “gidu” di,
bat budc nguoi lam phai ty “mod mam” di tim ddp 4n cho riéng minh. Cong viéc d6 that
thid vi ! Va tit nhién mudn giai quyét tot van dé nay thi ta can c6 mot “von” bat dang thirc
“kha kha”

Bay glo ching ta s& cting kiém tra hiéu qua cua cic bat dang thic luong gidc trong
chuong 3 : “Ap dung vao mot s6 van dé khac”

Muc luc :
3.1, Dinhtinh tam GIAC.......ooiiii i 67
301, Tam @IAC ABU......vee e 67
3.1.20 0 Tam @IAC CANL ..ottt e e e e 70
3.1.3. Tam @IAC VUONZ. ... eveitie et 72
3.2, CUCHIT IUONG GIAC. . ittt e 73
3.3 B AP e 76
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Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chuwong 3 Ap dung vao mot so van dé khac

3.1. Dinh tinh tam giac :

3.1.1. Tam giac déu:

Tam gidac déu cé thé néi la tam gidc dep nhdt trong cdc tam gidc. O né ta cé duwoc s
dong nhat giita cdc tinh chat cua cdc dwong cao, duong trung tuyén, dwong phan gidc,
tdm ngoaqi tzep, tam noi tzep, tém bang tiép tam gidc ... Va cdc dir kién do lai ciing trung
hop véi diéu kién xdy ra ddu bang ¢ cdc bat ding thwc lwong giac doi ximg trong tam
gidc. Do d6 sau khi gidi dwge cdc bat dang thirc lwong gidc thi ta can phdi nghi dén viéc
van dung né tré thanh mét phirong phdp khi nhdn dang tam gidc déu.

Vi du 3.1.1.1.
CMR AABC déu khi théa : m, +m, +m, = %R

Loi gidi :

Theo BCStaco:
(ma+mb+mc)233( . +mb +m, )
& (m, +mb+m) %(a +b* +c? )

& (m, +m, +m, ) <9R (sin2A+sinzB+sin2C)

ma: sin? A+sin’ B+sin’C<=

-lk\D

= (m, +m, +mc)2 <9R® -2=ER2
4 4
9
=>m,+m,+m, SER
Ding thirc xay ra khi va chi khi AABC déu = dpcm.
Vidu 3.1.1.2.

Jab

4c

thi AABC déu.

0 . A. B
CMR néu thoa s1n5s1n5 =

Loi gidi :

Tacé :
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Truong THPT chuyén Ly Tu Trong Bit ding thirc lwong giac

Chuwong 3 Ap dung vao mét sé van dé khac

2RI A+ B A-B A—B
Jab _a+b _2RGsinA+sing) _TTM 5 N, %,
4c 8¢ 2R.8sinC 2R.8.2sin gcosg 8sin ¢ 8cos A+B
2 2 2
. A . B 1
=simnm—sm—<————
A+ B
8cos

< 8cos

sinésinéél

A+B( A-B A+B
& 4cos cos —Cos 5

, A+B A+B A—
< 4cos coS

2
A+ B A—B . ,A-B
< | 2cos —Cos +sin” >0
2 2 2

= dpcm.

Vi dy 3.1.1.3.

CMR AABC déu khi né théa : 2(h, +h, +h. )=(a+b+cW3
Loi gidi :
Piéu kién dé bai tuong duong voi :

2.2p(1+1+1j:(a+b+c)ﬁ
a b c

—+—t+—=—
a b c 2
o 1 s 1 .\ 1 A3
B C C A 2
cot—+cot— cot—+cot— cot—+cot—
2 2 2
Mat khac taco :
1 1 1 1 1 A B
ﬂgz —A+—B :Z tan5+tan5
cot5+cot5 cot— cot—

Tuong ty :
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Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chuwong 3 Ap dung vao mot so van dé khac

1 1 B C
—— < —| tan—+tan —
C 2 2

B
cot—+cot —
2 2

— < ManCims
C A 4 2 2

cot—+cot—
2 2

= 1 + ! + 1 <l tané+tan£+tan£
A B B C C - 2 2 2
cot—+cot— cot—+cot— cot—+cot—
2 2 2 2 2 2

V3

1 A B A B
= —<— tan—+tan—+tan£ & tan—+tan—+tan£2 \/5
2 2 2 2 2 2 2

2
= dpcm.

Vidu 3.1.1.4.
CMR néu théa S = 3Rr§ thi AABC déu.

Loi gidi :
Taco:

A B A B
S =2R*sin Asin BsinC = 2R2.2.2.2.sin—sin—singcos—cos—cos—

=4R sinésinﬁsin£4R cosécosﬁcos£ =r4R cosécosﬁcos—
2 2 2 2 2 2 2 2 2

< r4R£ = ﬂRr
8 2
= dpcm.
Vi du 3.1.1.5.

CMR AABC déu khi né théa m, m,m_ = pS
Loi gidi :

Taco:
m,’ :i(sz +2¢3 —az):%(bz — +2bccosA)2%bc(l+cosA)=bccoszé

ma:
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Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chuwong 3 Ap dung vao mot so van dé khac

2 2 _ 2 2 2 2

COSA:b-l-C—ajzcoszé_l=b tc a
2bc 2 2bc
:COSzA:b2+cz—a2+2bc: (b+c) -a’ _ p(p—a)
4bc 4bc be
=m, 2/p(p—-a)
Tuong tu :

{mﬁ«/p(pb)
m, > p(p-c)

= m,m,m, 2 py|p(p—a)p-b)p—c)=pS
= dpcm.

3.1.2. Tam giic can:

Sau tam gidc déu thi tam gidc can ciing dep khong kém. Va ¢ ddy thi chung ta sé xét
nhitng bat dang thirc co dau bang xay ra khi hai bién bang nhau va khac biéen thir ba. Vi

du A=B= %;c - 2?” . Vi thé né khé hom trieomg hop xdc dinh tam gide déu.

Vi du 3.1.2.1.
A . P4 ” A .« A 2 2 2 A+B \

CMR AABC can khi no thoa diéu kién tan” A+ tan” B = 2tan va nhon.
Loi gidi :

Ta co - tan A+ tan B = sin(A + B) _ 2sin(A + B) _ 2sinC

cosAcos B cos(A+B)+cos(A—B) cos(A—B)-cosC
vi cos(A—B)<1= cos(A—B)—cosC <1-cosC = 2sin2%
. . 4sin—cos—
2 2 A+B
= ( s1n)C 2 sinC = 2 2 =200t£=2tan i
cosl{A—B)—cosC 2gin? 2 sin? 2
A+B

= tan A+tan B = 2tan

2
1 4 A+ B A+ B
[r gia thiét : tan® A+tan’> B =2tan’ 5 < 2( tan tan ]

2
=N 2(tan2 A+ tan? B)S tan’ A+tan’ B+ 2tan Atan B
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Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chuwong 3 Ap dung vao mot so van dé khac

& (tanA—tanB)’ <0
& tan A =tan B

< A=B
= dpcm.

Vidu 3.1.2.2.
P, A
CMR AABC can khi thoa h, = Jbe COSE

Loi gidi :

2bc A
COS—

b+c 2

Trong moi tam giac talubncd: h, <[, =

2bc bc
A b+c22\bc = < =4/b
ma c c P \/% c

2be cosgs \/Ecosgj h, < \/Ecosg

b+c
Ding thirc xay ra khi AABC can = dpcm.

Vidu 3.1.2.3.
£ 7. . B . .
CMR néu thoa r+r, =4R smE thi AABC can.

Loi gidi :
Taco:

sin —

r+r, = (p —b)tan§+ ptang =(2p —b)tang =(a +c)tan§ =2R(sin A+sinC)

COS—
2
sin — sinE
=4RsinA+CcosA_C- 2 =4Rcos£cosA_C- 2 =4Rsin£cosA_CS4RsinE
2 2 B 2 2 2
cosz COS —

B 5
=r+r, <4R sinE Dang thtrc xdy ra khi AABC can = dpcm.
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Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chuwong 3 Ap dung vao mot so van dé khac

Vidu 3.1.2.4.
CMR néu S:i(a2+b2)thi AABC can.
Loi gidi :
T L2, 12)s ] [
Tacoé:a” +b S2ab:Z(a +b )Z—abZEab51nC=S

1 ’ . . 2 .
:Z@%uﬁksz>mmcc@n@ﬂﬁﬂ%uh@dmmL

Vi dy 3.1.2.5.

CMR AABC cdn khi thoa 2cos A+cosB+cosC = %

Loi gidi :
Taco:

ZCOSA+COSB+COSC=2(1—2$in2§j+2008B;CCOSB;C

B—cj2 1 ,B-C 1 9
+ —COS

A A B - A 1
=—4sin® = + 2sin—cos ¢ =— 2sin———cos
2 2 2 2

I 9
_+_

2 4 4
B—

2
=— 2siné—lcosB_C —lsin2 C+2S2
2 2 2 4 2 4 4

Ping thic xay rakhi B = C = dpcm.

3.1.3. Tam giic vuong :
Cudi ciing ta xét dén tam gidc vuéng, dai dién khé tinh nhat ciia tam gide doi voi bdt
dang thirc luong giac. Duong nhu khi nhan dién tam giac vuong, phwong phap biéen doi

twrong dwong cdc dang thire la dwoc ding hon cd. Va ta hiém khi gdp bai todn nhdn dién
tam giac vuong ma can dung den bat dang thure luong gidc.

Vidu 3.1.3.1.
CMR AABC vuong khi thoa 3cos B+ 6sinC +4sin B+8cosC =15
Loi gidi :
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Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chuwong 3 Ap dung vao mot so van dé khac

Theo BCS ta c6 :
3cosB+4sinB < \/(32 +42)(cos2 B +sin’ B):S

6sinC+8cosC < \/(62 +82)(sin2 C +cos’ C)=10

= 3cosﬁ+4sinB+6sinC+8cosC <15
Dang thtrc xay ra khi va chi khi :

cosB _sinB tanB—4
3cosB+4sinB=5 B T3
C?s o & ‘3 4 3(:)tanB=cotC(:)B+C=Z
6sinC +8cosC =10 sinC cosC 4 2
= cotC =—
6 3
=dpcm.

3.2. Cuec tri lwong giac :

Day la linh vic van dung thanh cong va triét dé bat dang thirc lwong gidc vdo giai
toan. Ddc biét trong dang bai ndy, gan nhu ta la nguoi di trong sa mac khong biét
phiwrong hwong dwong di, ta sé khong biét truéc két qua ma phdi t minh ding cac bat
dang thire dd biét dé tim ra dap an cudi cing. Vi 1€ d6 ma dang todn nay thiwong rdt “kho
x0i”, né doi héi ta phdi biét khéo léo sir dung cdc bat dang thirc ciing nhwe can mét von
liéng kinh nghiém vé bat ddng thirc khong nho.

Vi du 3.2.1.
Tim gid tri nhé nhdt cia ham s6 :
f(X, y) -

voi a,b,c,d la cac hang 56 duong.

4 -4
asin® x+bcos* y , acos x+bsin" y

csin® x+dcos’ y ccoszx+dsin2y

Loi gidi :

sin* x cos* x
+

Dﬁt f('x’y):afl+bf2 Vé’l f] -2 2 2 .2
csin“ x+dcos”y ccos” x+dsin”y

cos* x sin” x
-2 2 + 2 s 2
csin“ x+dcos”y ccos” x+dsin”y
Tacé: c+d = clsin® x+cos? x)+ d(sin® y +cos? y)
Do d6:
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Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chuwong 3 Ap dung vao mot so van dé khac

<4 4
c+d)f, =|lcsin® x+d cos” y)+|ccos® x+dsin” o X + cos X
( )f] [( y) ( y) csin x+dcos’y ccos’x+dsin’y
2 2 ?
> \/csin2x+dcos2y L +\/ccoszx+dsin2y cos X =1
\/csin2 x+dcos’y \/ccos2 x+dsin’y
A a+b
= f, 2 Tuong tu : f, 2 Vay  f(x.y)=af, +bf, 2
+d c+d
Vi du 3.2.2.

Tim gid tri nhé nhdt ciia biéu thirc :
P =cos3A+cos3B—cos3C

Loi gidi :

Tacod: cos3C = cos3[7r—(A+B)]:cos[37z—3(A+B)]: —cos3(A+B) nén

P= 0053A+cos3B+cos3(A+B)= 20053(14—;Bjcos3(A;B}L2cos2 3(AL28)—1

B A—B A+ B 1
+2 3 J— 3 +—= ,
j COS [ ]COS ( j f(x y)

A':cos23[A;sz—1£O:>P2——

= P+%= 200523(A+

A'=0

cos%[ﬂjzl
2
< A+ B 1 A-B
cos3( * j=——cos3(;j
2
A=B
A=B A:27£
= 9
COS3A=—— 4
A=
9
Véy Pmin:_5<:> 49 9
Mg o7
L 9 9
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Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chuwong 3 Ap dung vao mot so van dé khac

Vi du 3.2.3.

Tim gid tri [ém nhdt ciia biéu thirc :
sin®> A+sin® B+sin”> C

P: 2 2 2
cos“ A+cos“ B+cos” C

Loi gidi :

Taco :
3
P = 2 2 2 -1
cos“ A+cos” B+cos” C
B 3
3—(sin2A+sinzB+sin2C)
3

~1=3

= 9
32
4

Dod6: P, =3 & AABC déu.

Vidu 3.24.
Tim gid tri [6n nhdt nhé nhat cia y =3/sin x —~/cos x
Loi gidi :

biéu kién : sinx>0,cosx >0

Tacod: y=4\/sinx—\/cosx <4/sinx <1

. , sinx =1 1
Dau bang xay ra & & x =E+k2ﬂ'

cosx=0

Mit khéc : y =4/sinx —+/cosx = —/cosx > -1

FE , sinx=0
Dau bang xay ra < { S x=k2x
cosx=1
V4
i | Ve =l x=—+k27
Vay
Vuin =~ 1 & x=k27
Vidu 3.2.5.
, 24+ \
Cho ham so y = cosx Hay tim Max y trén mién xdc dinh cua no.

sinx+cosx—2
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Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chwong 3 Ap dung vao mot so van dé khac

Loi gidi :
Vi sinx va cosx khong dong thoi bang 1 nén y xéac dinh trén R.

S U S, 2+cosx
Y, thudc mién gia tri ciia ham so6 khi va chi khi ¥, =

sinx+cosx—2

& Y, sinx+ (Y0 —1)cosx = 2Y, +2 c6 nghiém.
v, +2) <y, +(v,-1)
& 2Y,2 +10Y, +3<0
@—S—ESYS—SwL\/E

2 0 2
—5+JE§
2

2

Vay y max =

3.3. Baitap:

CMR AABC déu néu né thoa mot trong cac dang thic sau

3.3.1. cosAcosB+cosBcosC+cosCcosA =%

3.3.2. sin2A+sin2B+sin2C =sin A+sin B+sinC

3.3.3. ! + 1 + 1 =£+ltanAtanBtanC
sin2A sin2B sin2C 2 2
2 2 2 2 2,2 2
3.3.4. a +b" +c _ a'bc
cotA+cotB+cotC

A B
tan —tan — tan —
2 2 2

335 acosA+bcosB+ccosC _l

a+b+c 2

3.3.6. m m,m_ = abc cosécosﬁcos£
' 2 2 2
3.3.7. 1,11 =abc cosécos Ecos -
2 2 2
3.3.8. bc cotg +ca cotg +ab cot% =128

(1+ ! ][H ! j[H ! j=5+—26\/5
sin A sin B sinC 9

3.3.10. sin Asin BsinC _ 1

(sin A +sin B +sin C)* 6+/3

3.3.

°
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dfm‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan dén bat dang thure va lwong gidc

Chuong 4 :

Mot so chuyén,dé bai viét hay,
thu vi lien quan dén bat dang thirc va
lwong giac

Pung nhu tén goi ctia minh, chuwong nay s& bao gém cac bai viét chuyén dé vé bat dang
thirc va luong giac. Tac gia cta ching déu 1a cac gido vién, hoc sinh gioi toan ma tac gia
danh gia rat cao. Noi dung ctia cac bai viét chuyén dé déu dé hiéu va mach lac. Ban doc
c6 thé tham khao nhiéu kién thirc bo ich tir chiing. Vi khudn kho chuyén dé nén tac gia
chi tap hop duge mot sb bai viét that sy 1a hay va thi vi :

Muc luc :
Xung quanh bai toan Ecdos trong tam @IAC .....oovvviiiiiiiiiieii e 78
Ung dung cua dai s vao viéc phat hién va chimg minh bat dang thirc trong tam
02T 82
Thir tré v& coi ngudn ctia mon Luong gidc.. TR |
Phuong phép giai mot dang bat dang thic luong glac trong tam glac ceerreenne 94
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

Xung quanh bai toan Ecdos trong tam giac
Nguyén Van Hién
(Thai Binh)

Bt dang thure trong tam giac ludn la dé tai rat ‘hay. Trong bai viét nhé nay, ching ta
cung trao d6i vé mot bat dang thirc quen thudc : Bt dang thire Ecdos.

Bai toan 1 : Cho mot diém M trong AABC. Goi R,,R,,R, la khoang cach tir M dén
A,B,C vad,.d, d, lakhoang cach ttt M dén BC,CA, AB thi:
R,+R, +R >2(d, +d,+d,) (E)

Giai: Taco:
28 apc = 28 puc

a
— 2‘SAMB + 2‘SAMC

a

_cd, +bd,

a
Bang cach ldy ddi ximg M qua phan giac goc A
S bd, +cd,

R,2h —d, =

Tuong ty : R, z2——F—= (1)

= R, +R, +R, 2da(é+%]+db[ﬁ+£j+dc(%+2]2 2(d, +d, +d,)= dpcm.
C a

¢ a
Thuyc ra (E) chi la truong hop riéng ciia tong quat sau :
Bai toan 2 : Chiing minh rang :

R*+R'+R 22 (a} +a,} +d ) ()
voil2k>0
Giﬁi : Truge hét ta chimg minh :
Bodel: Vx,y>0val=k>0 thi:

(e+y) 22 (" +y*) (H)

Ching minh :
k k
(H)(:)(£+1] > 2"-‘(x—k+1j & fla)=(a+1) —2"(a* +1)20 véi T=a>0
y y y
Vi f(a)=kl(a+1)" = (2a)"'|]=0 = a=1hodc k=1.Vé&i k=1 thi (H) la ding thirc
ding.

Doa>0val>k>0 thitaco:
fl@)=0Va>0val>k>0
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac
= (H) duogc chirg minh.
Tro lai bai toan 2 :
Tirhé (1) taco :

k k k
o o) 5 (b4 (e,

¢ a a a a
bd.  cd,

(Ap dungbd @é (H) voi x=—<; y=—1)
a a

Tuong ty :

s G CRCIR ORON DR

>24d *+d,} +d )
= dpcm.
Diang thirc xay ra khi AABC déu va M 1a tdm tam giac. Ap dung (E) ta ching minh
duoc bai toan sau : ‘
Bai toan 3 : Chung minh rang :

LI S 2(L+i+ij (3)

d, d, d, R, R, R,
Giai : Thuc hién phép nghich dao tam M, phuong tich don vi ta duoc :

Mar=L | mar=L

R(l d(l
MB* = 1 va {MB'= 1

Rb db
MC* = 1 MC'"= 1

RC dC

Ap dung (E) trong AA"B"'C" :
MA"+MB"+MC"'> 2(MA*+MB* +MC *)

@L+i+i2 2(L+L+L]

da db dc Ra Rb Rc
=dpem.

Mo rong két qua nay ta c6 bai toan sau :
Bai toan 4 : Chirng minh rang :

2"(da" +d,' +dc")2 R“+R+R" (4)
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac

Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

voi 0>k >-1

Huoéng din cach giai : Ta thiy (4) dé dang dugc ching minh nhd 4p dung (2) trong

phép bién hinh nghich dao tim M, phuong tich don vi. Pang thirc xay ra khi AABC déu

va M 1a tdm tam giac.

Bay gid véi k >1 thi tir hé (1) ta thu dugc ngay :

Bai toan 5 : Chiing minh rang :

R>+R+R>>2d+d, +d>?)(5)

Xuét phat tir bai toan nay, ta thu duoc nhiing két qua tong quat sau :

Bai toan 6 : Chung minh rang :

R'+R'+R*>2 ' +a,+d*) (6)

voi k >1

Giai : Chiing ta cling chirmg minh mot bo dé :

B6dé2: Vx,y>0 va k>1 thi:

(x+y) 2x" +y* (G)
Ching minh :

y y
Vi g'(a kla+lkl—ak’1J>0 Ya>0:k>1
= gla )>OVa>0,k>1
= (G) duoc ching minh xong.
Str dung b6 dé (G) vao bai toan (6) :

k k
(G)(:)[£+lj > 1o gla)=(a+1) —a“ ~1>0 (@t ~=a>0)
y

T he (1) :
k k k
Rakz(bdurcdb] >(bdcj +(cdbj (datx:bdc ;y:%
a a a a a a
Tuong ty :

w5 [
R"U(

= R, +R +R

-J
L]
-l (2] o(s o] (2) (&) ool () ()

d+d+d)

= dpcm. .

Bai toan 7 : Chirng minh rang :
d+d'+d'>2R*+R*+R*) (7)

voi k< -1
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac
Huwéng din cach giai : Ta thy (7) ciing duoc ching minh d& dang nhd 4p dung (6)
trong phép bién hinh nghich dao tim M, phuong tich don vi. Pang thuc khong thé xay ra
trong (6) va (7)
Xét vé quan hé giita (R, ,R,,R,) véi (d,,d,.d,) ngoai bat ding thirc (E) va nhing mo
rong cia nd, chung ta con gip mot sd bat dang thirc rat hay sau day. Viéc ching minh
chung xin danh cho ban doc :
) R,R,R.28d,d,d,
d,+d, d,+d, d, +d
+ +
R R, R

a

2) b <3

c

3) RaRbRc 2 (da + db )(da + dc )(db + dc)
4) Raszchz 2 (Rada + Rbdb )(Rada + Rcdc )(Rbdb + Rcdc)
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan dén bat dang thure va lwong gidc
Ung dung cia dai so vao viéc phat hién va chimg
minh bat dang thirc trong tam giac
Lé Ngoc Anh
(HS chuyén toan khéa 2005 - 2008
Trwomg THPT chuyén Ly Tw Trong, Can Tho)

1/ Chiing ta di tir bai todn dai s6 sau: Véi Vx € (0%) ta luon co:

x x 2x .
—<Ig—<—<sinx<x.
2 2 =
2 2
Chitng minh: Ta ching minh 2 bat dang thirc: sinx > v 1g ; <2
V4 V4

bit f(x)= —sm x 12 ham sb xdc dinh va lién tyc trong (0 %} .
X

Ta 6 flx)="CBX MY bt e(x)=xcos x-sinx trong (o,ﬂ khi dé
X

g'(x)=-xsinx<0=> g(x) nghich bién trong doan {O,%} nén g(x)<g(0)=0 voi
xe (O,Z}. Do d6 f'(x)<0véi Vxe (O,Z} suy raf()c)>f(£j=z hay sinx > 2=
2 2 2) & V.4
véiVxe (o,fj.
2

Pt h(x)=—rgx xéc dinh va lién tuc trén(O, ﬂ .
X

X—sin x

Ta c6 h'(x)= >0Vxe(0,%j nén ham sb h(x) dong bién, do

2x°cos’ =
doh(x)<h Ll hay tg£<2 vai vxe| 0,2 .
2 2 2 2

Con 2 bét dang thire fg % >§ va sin x < x danh cho ban doc ty chiing minh.

Bady gio- mdi la phéan ddng chii y:

Xét AABC: BC=a, BC=b, AC=b.Goi A, B, Clado lon cic goc bang radian;
r, R, p, S lan luot 13 ban kinh dudng tron ndi tiép, ban kinh dudng tron ngoai tiép, nta
chu vi va dién tich tam gidc; lo, he Ma, rq twong ung la d6 dai duong phén gidc, duong
cao, dudng trung tuyén va ban kinh duong tron bang tiép tmg v4i dinh A...

Bai toan 1: Chirg minh ring trong tam gidc ABC nhon ta lu6n c6:

Z—Z < Acos’x + Bcos> B+ Ccos’C < £
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot so6 chuyén dé bai viet hay,thu vi

lién quan dén bat ddng thirc va lrong gidc
Nhén xét:
Tir dinh 1 ham sb sin quen thudc trong tam gidc ta c6: sin A +sin B+sin B =% va

<o 4 « KA X N < A R A . 4
bai toan dai so ta dé dang dua ra bien d6i sau Acos’A <2tg —cos’A=sin A<— Acos’A, tir
T
d6 dua dén 101 giai nhu sau.
Loi giai:

Ta cé: Acos’A < 2tg %coszA —sinA<X Acos’A = D Acos’A< ) sinA= P
/4

4 .
va — ) Acos’A> sinA= % = ) Acos’A> % . Tr day suy ra dpcm.
/4

A . e A A B B C cC A x
Trong mdt tam gidc ta c6 nhan xét sau:zg 5tg—+tg—tg E+tg—tg—=l két hop

. x 2x ,2A2B 2B2C 2C2A B C C A
vOl tg—<— nén ta cO——+——+——>1g—t1g—+1g—tg—+ig—tg—=1 =

2 T T XX XX 22 22 22

2

A.B+B.C+C.A>% (1). Mit khic tg%>§ nén ta ciing dé ding c6
éé+££+£é t—t—+t—t£+t£té—1tfrdﬁ ta lai c6
22 22 2 2 g2g2 g2g2 g2g2 Y '
AB+B.C+C.A<4 (2). Tu (1) va (2) ta c6 bai toan mdi.

Bai toan 2: Chung minh rang trong tam gidc ABC nhon ta ludn c6:
2

%<A.B+B.C+C.A<4
Luwu y: Khi ding cdch nay dé sang tao bai todn méi thi dé todn 12 AABC phai 12 nhon

N Ns g 2 Y N T T TR A g oA
vi trong bai toan dai so thi Vxe (O,Ej. Lo1 giai bai todn twong tu nhu nhan xét ¢ trén.

. s (cz+b+c)2
Maiat khiac, 4p dung bat dang thic ab+bc+ca<-——— thi ta cd ngay

2
A.B+B.C+C.ASM—

2

7[ \ A 7z N z 13 =99 N 66 29

R Tu day ta c¢6 bai todn “chdt” hon va “dep” hon:

2 2

V4 T
—(AB+BC+CA<—

4 3
Bay gio ta thur di tir cong thuc 1, hy, my, ry dé tim ra cdc cong thuc méi.

Trong AABC taludn c6:2S = besin A = cl, siné + bl, siné
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chuwong 4 Mot s6 chuyén dé bai viét hay,thii vi
lién quan dén bat ddng thirc va lrong gidc

1 b+c b+c_1(1 1)

b c

- — = > =
2bc 2

1 1 1_1 1 1_1 ( 1 1 1 j
= +->—| ——+——+—
[, I, I. a b ¢ 2R\sinA sinB sinC
1 1 1_1(1 1 1
=>—4—+—>—|—+—+—|.
I 2R\A B C
Nhu v@y ching ta c6 Bai toan 3.
Bai todn 3: Ching minh rang trong tam gidac ABC nhon ta ludn c6:
1 1 1 _ 1 (1 1 lj
—t—+—>—| —+—+—
[, I, I. 2R\A B C

2R(sinB+sinC
Mt khéc, ta lai o6 26 =—2F¢ _ (si )

Ly 2cosé 2sin T_A
2 2 2

. Ap dung bai toan dai sé ta

duoc:
R2(B+C)
R(B+C) __bc " 5  7aR(B+C)_ bc 4R(B+C) bc 4R
—_—T>—> = >—>—— " S JR>—>—.
T—A l T A B+C I, 7z(B+C) I, =«
2 2

ab 4R ca 4R _. .. . x. 1 4
Hoan toan tuong ty ta ¢6: 7R > — >— vazR >—>—_ Tu day, cdng 3 chudi bat
c T b T
dang thirc ta duoc:
Bai todn 4: Ching minh rang trong tam gidc ABC nhon ta ludn c6:

12R a_bﬁ ca

+—<37R
r L L 1
. : . h, h . h. h . h, h
Trong tam gidc ta c¢6 két qua sinA=—-2=-—- |, sinB=—-=-—% va sinC=-—4%=-1,
c b a c b a

ma tir két qua cua bai toan dai s6 ta dé dang c6 2<sinA+sinB+sinC <7, ma

2(sinA+sin B+sinC)=h, (l+lj +h, (l+lj+hc (l+lj , tr diy ta c6 dugc Bai
b ¢ c a a b
toan S. .
Bai toan 5: Chung minh rang trong tam gidc ABC nhon ta ludn c6:

4<ha(l+lj+hb(l+lj+h{l+lj<27z
b ¢ c a a b

Ta xét tiép bai toan sau:
Bai todn 6: Ching minh rang trong tam gidc nhon ta ludn c6:
4

7.[2

2 2 2
m; +m, +m,
R2

(A2+BZ+C2)< <A*+B*+(C?

The Inequalities Trigonometry 84



Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

b +c* a’

Nhan xét:Lién hé v6i m’ trong tam gidc ta c6 m’ = v tu do ta suy ra

3 . . . R ISP
m: +m, +m’ =Z(a2 +b° +c2) =3R’ (sm2 A+sin® B +sin’ C)Va tir dua dén 1061 giai.

Loi giai:

¢ e 4 2 . X 4x° ) 2 A p 4A4° 2 2

Ap dung bai toan dai so ta dugc:—-<sin” x<x" ta lan luot co:?<s1n A<A”,
T

2 2

) . 4c .
—<sin’ B<B® va ——<sin’C<C*.
T T

Cong 3 chudi bat dang thirc trén ta duoc:

4 ) . . N p
—2(A2+BZ+C2)<sm2A+ssz+sm2C<A2+BZ+C2, md ta co:
T

2 2 2
. . . n; +m, +ni . . . \
mj +m§ +mf =3R? (sm2 A+sin® B +sin Cz) (:)%:(smzA+smzB+sm2 C),tu’

2 2 2
m, +mb +mc

day ta duoc: iz(A2+BZ+C2)< <A*+B*+C* (dpcm).
T

3R
Bay gid ta thir sing tao mot bat dang thirc lién quan téi r, ta ¢6 cong thire tinh ry, 12
A . A X X _2x . - T (A, 2A
r, = ptg —, tur bai toan dai s0 — <7g —<— chac chan ta dé¢ dang tim thdy —<-*+<—
2 2 2 2 p
. .,B r 2B _C r 2C X1 X
, tuong tu ta cling c6 — <-4+ <— va — <-4+ <—, cong 3 chudi bat
2 p 7 2 p 7

+7r + 2(A+B+C
A+B+C<r“ bl o ( )Va‘ltathudu’chﬁitoénI

p V4
Bai toan 7: Chirng minh rang trong tam gidc ABC nhon ta ludn c6:
A+B+C _r+n+r 2(A+B+C)
2 )4 4
Ta tim hiéu bai todn sau: .
Bai todn 8: Ching minh rang trong tam gidc ABC nhon ta ludn c6:
71’(2R—r) <aA+bB+cC< 4(2R—r)

dang thirc ta thu duoc

A p .z £ , A B C A
Nhan xét: Ta c6 ciac két qua: ra:ptgz, rb:Pth’ rc:pth, r:(p—a)th:

B C . A B C
-b)tg—=(p—c)tg— dan dén r,=r+atg—, r,=r+btg—, r.=r+ctg— va

(p=b)ig==(p=c)ig . 85 1 85 . g5
r,+r,+r.=4R+r(cic két qua nay ban doc tg ching minh), tor d6 ta suy ra

A A A . N o,
4R+r=3r+ptg5+ ptg5+ ptg; va nho két qud nay ta dé dang déanh gid tong

aA+bB+cC tir bai toan dai s6 nén ta dé c6 10i giai nhu sau.
Loi giai:
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chuwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

Ta c6: r =pt é v, =pt E r.=pt g r—( —a)t é—( —b)t E—( —c)t E tu
- la pgz’b pg2, c pg2, p 82 p 82 p 82,
e A B C ot 1t o
dé dan dén 1;=r+atg5, rb:r+btg5, rc=r+cth.Matalal co: r,+rn,+r.=4R+r
A A A e ooz . A
suy ra 4R+r=3r+ ptg5+ ptg5+ ptgz. Ap dung bai toan dai so ta dugc:
A A A 2
04R+r=3r+ptg—+ptg—+ptg—<3r+—(aA+bB+cC)
2 2 2 V4
& w(2R-r)<aA+bB+cC

A A A 1
04R+r=3r+ptg5+ptg5+ptg3>3r+§(aA+bB+cC)

& 4(2R—r) >aA+bB+cC

Két hop 2 diéu trén ta c6 diéu phai ching minh. 7

Sau day la cac bai todn dugc hinh thanh tir cic cong thirc quen thudc dé cac ban luyén
tap:

Bai toan: Chung minh rang trong tam gidc ABC nhon ta ludn c6:

a/ 2rp—8(R+r)<aA+bB+cC<2mp-27(R+r).

b/ 22 <(p=a) (p=b)+(p=b)(p=c)+(p=c)(p=a) <25 .

c/abc<a2(p—a)+b2(p—b)+cz(p—c)<§abc.
d/ 4<l, (l+lj+lb[l+lj+lc(l+lj<27[.
b c c a a b

2/Chiing ta xét ham: f (x) =

— v6i Vxe (0,7).
S1nx

Ta c6 f (x) 1a ham sé xdc dinh va lién tuc trong (0,7) v f (x)= ot Pyt

Sin x

g(x)=sinx-xcosx, xe (0,7),tacé g'(x)=xsinx>0 = g(x)dong bién trong doan
(0,7) = g(x)>g(0)=0= f(x)>0 nénham f (x) dong bién .

Chi y 3 bét dang thirc dai so:

1.Bit diang thirce AM-GM:
Cho n s6 thyc duong a,,4,,...,a, , ta ludn cé:

n?’
a+ta,+..+a
1 2 n
. >2laa,..a,
Al a9 2 _ _ _
Dau “=" xayra & a,=a,=...=a,.

2.Bit dang thirc Cauchy-Schwarz:
Cho 2 b 156 (a,,a,,....a,)va (b,b,,...,b,) trong &6 b, >0,i=1,n. Ta ludn cé:
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot so6 chuyén dé bai viet hay,thu vi

lién quan dén bat ddng thirc va lrong gidc
2 2 2 2

a+a,+..+ta
—+a—2+...+a—”2( L2 )
b, b, b, b+b,+..+b,

% \ a a
Dau “="xayra & —1=-2=_.=

G
bl b2 bn .

3.Bit ding thirc Chebyshev:
Cho 2 day (a,,a,,...,a,)va (b,b,,...,b,) cung ting hodc cung giam, tic la:

a<a,=..<a, . a2a,2..2a, 3
hoac , thi ta co:
b <b,<..<b, b=2b,2..2b,
ab +ab,+..+apb, chtat..ta, b +b,+...+b,
n n n

a=a,=..=a,
b=b=..=b

Néu 2 ddy don diéu ngugc chiéu thi doi chiéu dau bat dang thirc.
Xét trong tam gidc ABC c¢6 A=B (A,B s0 do hai géc A,B ctua tam gidc theo

Dau “=" xdy ra [

radian).
A B . . A L s X
e A>B = ——>—— theo ching minh trén thi ham f(x)=—)
sinA sinB sinx
ziziz éZﬁ,mé A>B < a>b. Nhu vy ta suy ra néu a>b thi= >4
a b B b B b
2R 2R
@).
e Hoan toan tuong tu : a=2b=2c = ézgzg va nhu vay ta cé
a c
(a—b)(é—ﬁjzo, (b-c)(ﬁ-ﬁjzo va (c—a) E-éjzo Cong 3
a b b ¢ c a
L 42 , A B A
bat dang thirc ta duge Y (a—b) — 20 & 2(A+B+C) 2D (b+c)= (1)
cyc a cyc a
-Cong A+B+C vao 2 vé cua (1) ta thu duoc
3(A+B+C)2(a+b+c)(é+§+£j (2)
a c

-Trr A+B+C vao 2 vé caa (1) ta thu dugc: (A+B+C)222(p—a)é ).
a

cye

. A
Chi y ring A+B+C=x vd a+b+c=2pnén (2) & 3722p) =
a

cyc

Q|

Aoz 1), Va ...
;ZSE (11),Va(3)<:>§(p—a) SE (iii).
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Truong THPT chuyén Ly Ty Trong — Can Tho . Bit dzeln‘g thire }u’gng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi

lién quan dén bat ddng thirc va luong gidc
e Mit khéc ta c6 thé dp dung bét ding thirc Chebyshev cho 2 bd sb

A B C £>£>£
(—,—,—j va (p—a, p—b, p—c). Tacé: a>2b>c =>{a b ¢
a b c
p—a<p-b<p-c
2.(p- a)A 4,5,¢ py A
p-atp-btp-c)la b A_"Ha .
= = =3 —a)—<——— M
3 3 3 ch(p ) y
A 3 A
A _3r A P2y, pzj a Pe=a 2
;;SEta suy ra: ;(p a);<—”y3” S—3p hay;(p—a);S—cyg SE(iV).

e Tachii y dén hai bat dang thuc (ii) va (iii):

-Ap dung bat dang thitc AM-GM cho 3 sb é,ﬁ,g ta dugc: Zé > 3[AB Cj két
a b c a ab.c

cyc

1
3
hop véi bat ding thic (ii) ta suy ra 3(A'B 'Cj SELAIN "'—b'cz(z—pj (v). Mit
ab.c 2p AB.C

AB.C ABC

cyc

1
bc )3 x b. 2
khéc, ta lai C(’)Z£23[ abc j , ma theo (v) ta dé dang suy ra ( abc j Z—p tr do ta
V4

¢6 bt ding thire 34> 2 (yi).
cyc T

-Ap dung bat dang thirc Cauchy-Schwarz , ta c6 :

z _y & A (A+B+C) 7’

e a maA Aa+Bb+Cc "~ Aa+Bb+Cc
2Zp—8(R+r)<Aa+Bb+Cc<2zp-27x(R+r) (bai tip o phﬁn trudc) nén

Z_

““a 2n(p-R-r)

(vil), ma ta da tim  duoc

2
(viii) (chi ding véi tam gidc nhon).

A B

,(p-b)
a

A B C ABC 52 ABC _, [SABC _
(r-a) 2400 24(p-0 C 23 p-alp-1)(p- 22 =3 ,/
a b c ab.c p4SR
2 PZ*
;(p—a)gﬁgf%%(@mé (p—a)%é%<5(theo iv) nén tr (4)

p) — 3 3
3 S_ABC e a Sz@ 7298 .A.B.C <p' Zé - 7298.A.B.C <p' 3r
p 4S.R 3 2 4R o a 4R 2p

& 54S.ABC <7 .p.R (ix).

-Ap dung bét ding thitc AM-GM cho 3 s6 (p—a) (p c) E ta duoc:
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

* Xettong T = (bjg;' aJ;xJ (“Z}' Ck} {CVC; bji_}

Tacoé: T=0
y+z 1 z+x 1 x+y 1 [ 1 1 1 j
R . + . + . -2 + + >0.
x d’A y b’B 7z c’C abNAB  beNBC  ca~NCA

y+2z £+Z+XE+x+y ab [ c a_ . b j>0
x aA y bB z N AB \/BC JCA )

y+2z bc z+x ca x+y ab
—= 4+ +

2 e .—22(“+b+0j(5)
x aA y bB 7z ¢ \JBC JcAa JAB

Ap dung bt dang thic AM-GM ta dugc: b ¢ 3( abe j >6_p (6).
/4

\/ BC JCA JAB
yte be ztxca xvy ab,op
x aA y bB z cC =&
Thay (x, y, z) trong (7) bang (p-a, p-b, p-c) ta duoc:

bc ca ab S 12p )

+ + >
A(p-a) B(p-b) C(p-c) =«
b+c c+a a+b>12p

Thay (X, y, z) trong (7) bé‘mg (bc, ca, ab) ta dugc: + + > (xi).
A B C T

Tur (5) va (6) ta dugc: ().

3/ Chiing ta xét bt ding thirc sau: sinx > 2 voi Vx e { 2} (phan chiing minh bat
V1

ddng thirc nay danh cho ban doc).
Theo dinh 1i ham sd sin ta c6 sin A = % va két hop voi bat dang thic trén ta duoc

2A 4R 12R
i2—<:>—>— tu’dotadedangsuyraz >—
2R & A A T

o 2 2
4/ Bét déng thire: 2% > n2 a —~ véi Vx € (0,7] (bit ding thirc nay xem nhu bai
X TH+x

tap danh cho ban doc).

X, 42 . A sin x 2x° . 2x°
Bat dang thuc trén twong duong 2l-——— & sinx2x———— ().
X T +x T +x

Trong tam gidc ta c4: sin A+sin B+sinC < % (2) (ban doc tu chung minh).Tur (1)

T+ A* T+B 1 +C
N (A B ), A P ¢ 7 33
T+A T+B r+C PAA PAB 2+C 2 4

A B 3
va (2) ta thu duoc ¥ZZsinA>A+B+C—2[ + + ¢ J

cyc
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va lu’ong gidc

sin A 7[ - A®
T A

Mit khdc, 4p dung bt dang thic cho 3 géc A, B, C ta thu duoc

sinB 7°—B* . sinC #n*-C?
> 2 va > 2
B 7°+B C ' +C
sinA sinB sinC #*-A*> n*-B* n*-C?
+ + > 2 2+ 2 2+ 2 2
A B C T°+A° m°+B° m+C
a b <

. . 2R 2R 2R - A 7[2 B 7[2 C
s1nA— ta cOo=~ ha >2R .
2R B C PR 1B 7iC y; Zﬂ' +A2

cong cdc bat dang thuc ta duoc:

tir ddy 4p dung dinh 1f ham s6 sin
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

Thir tré vé ¢oi nguon cia mon lwong giac
Lé Qudc Han
Pai hoc Sw pham Vinh

“Luong gidc hoc” ¢6 ngudn gdc tir Hinh hoc. Tuy nhién phan 16n hoc sinh khi hoc
mon Luong gidc hoc (giai phuong trinh luong gidc, ham 5O luong gidc ...), lai thdy né
nhu 12 mot bd phan ciia mon Pai s6 hoc, hodc nhu mot cong cu dé giai cic bai todn hinh
hoc (phan tam gidc lugng) ma khong thay mdi lién hé hai chiéu giita cic bd mén Ay.

Trong bai viét ndy, téi hy vong phin ndo c6 thé cho cdc ban mot cich nhin “méi”
ding hinh hoc dé giai cdc bai todn luong gidc.

Trudc hét, ta 14y mot két qua quen thudc trong hinh hoc so cap : “Néu G 1a trong tim
tam gidc ABC va M 14 mot diém tiy ¥ trong mat phang chira tam gidc d6 thi” :

MG* = %(MAZ +MB® + MC )—é(a +b>+c?) (Dinh Iy Lép-nit)
Néu M =0 la tdm dudng tron ngoai tiép AABC thi MA® + MB* + MB* =3R” nén 4p
dung dinh 1y ham s sin, ta suy ra: OG* = R* —gRZ(sin2 A+sin® B +sin’ C)

= 0G” = ng[%— (sin® A+sin’ B +sin’ c)j (1)

Tir dang thirc (1), suy ra :

sin® A+sin’ B+sin” C < % (2)
Dau dang thirc xay ra khi va chi khi G = O, tic 1a khi va chi khi AABC déu.
Nhu vay, véi mot kién thire hinh hoc 16p 10 ta da phat hién va chirng minh dugc bat dang
thirc (2). Ngoai ra, hé thirc (1) con cho ta mot “ngudn gdc hinh hoc” cuia bat dang thirc
(2), diéu ma it nguoi nghi dén. Bang cdch twong tu, ta hiy tinh khoang cich gitta O va
tryc tim H cia AABC . Xét trudng hop AABC c6 3 géc nhon. Goi E 1a giao diém cua
AH vé6i duong tron ngoai tiép AABC . The thi :
©110)=OH* —R* = HE.HA
Dodé: OH®> =R> - AH.HE (*)
(U

AF cos A cos A

= AB. =2RsinC
sinC sinC sinC

va HE =2HK =2BK cotC =2ABcosBcotC

B K C
=2.2RsinCcos B C?SC =4Rcos BcosC \:‘\—/
sinC

Thay vao (*) tacé :

AH = =2Rcos A

OH’ =8R2(é—cosAcosBcost 3)
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac
Néu ZBAC =90° chang han, thi (3) 1a hién nhien. Gia sit AABC c6 géc A tir. Khi d6
@110y =R>—OH® = HA.HE trong 46 AH =—-2Rcos A nén ta ciing suy ra (3).
Tir cong thirc (3), ta suy ra : H

cos AcosBcosC < é (4)

(DAu déng thirc xay ra khi va chi khi AABC géu). Ciing
nhu bat dang thuc (2), bat dang thie (4) da dwoc phat
hién va ching minh chi véi kién thic 16p 10 va c6 mot
“ngudn gdc hinh hoc” khd dep. Can nhd ring, “xua L

s 2o 24 “n e 1tA s e A , B
nay” chua néi dén viéc phét hién, chi riéng viéc chirng C
minh cdc bat dang thirc d6, nguoi ta thuong phai dung
cac cong thuc lugng gidc (chuong trinh lugng gidc 16p

11) va dinh 1y vé ddu tam thirc bac hai.
C6 dugce (1) va (3), ta tiép tuc tién téi. Ta thir sir dung “duong thang Ole”.
Néu O, G, H 1a tdim dudng tron ngoai tiép, trong tim va truc tim AABC thi O, G, H

thang hang va : OG:%OH.TL‘J: 0G’ :éOHZ.

T (1)(3) tacé :
%—(Sin2 A+sin® B +sin’ C)=i(1—SCosAcosBcosC)

hay sin® A+sin’ B+sin” C =2+ 2cos Acos BcosC
Thay sin® & bang 1—cos” & vao dang thirc cubi cling, ta duoc két qua quen thudc

cos> A+cos? B+cos? C+2cosAcosBcosC =1 (5)
Chua néi dén viéc phat hién ra (5), chi riéng viéc ching minh di lam “nhtc 6¢” khong
biét bao nhiu ban tr¢ moi lam quen voi lugng gidc. Qua mot vai vi du trén day, han cac
ban da thay vai trd cta hinh hoc trong viéc phét hién va chirng minh cic h¢ thic “thuan
tay lugng giac”. Mat khac, n6 ciing néu 1én cho chung ta mot cau hoi : Phai chang cédc h¢
thirc luong gidc trong mot tam gidc khi nao ciing ¢6 mot * nguon gdc hinh hoc” 1am ban
duong ? Moi cdc ban giai vai bai tap sau day dé cung c6 niém tin ctia minh.

1. Chig minh rang, trong mot tam gidc ta c6 d* = Rz(l - 8sin§sin§sin %) trong d6

d 1a khoang cach gitra duong tron tdm ngoai tiép va noi tiép tam gidc do.

Tur d6 hay suy ra bat dang thirc quen thudc tuong tng.

e 2. Cho AABC . Dung trong mit phang ABC cic diém O, va O, sao cho céc tam
gidc O,AB va O,AC lanhiing tam gidc can dinh O,,0, vé6i géc ¢ ddy bang 30° va
sao cho O, va C ¢ cuing mot ntra mat phing bo AB, O, va B ¢ cuing mot nira mat
phang by AC.

a) Chung minh :

1
0,0,” = g(a2 157 +¢? —4435)

b) Suy ra bat dang thiic twong Ung :
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac
sin®> A+sin® B +sin> C > 2+/3sin Asin Bsin C
3. Chung minh rang néu AABC ¢ 3 g6c nhon, thi :
sin A+sin B+sinC
cos A+cos B+cosC
4, Cho tl'}’ dién OABC c6 goc tam di¢n dinh O ba mat vuong, OA=O0B+OC.
Ching minh rang :
sin(ZOAB + ZOAC) = cos ZBAC
(Hay dung phuong phap ghép hinh)
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

Phwong phap gidai mét dang bat dang thirc lwong
giac trong tam giac
Nguyén Lai
GV THPT Luwong Van Chanh — Phi Yén
Gia st f(A, B,C) 1a biéu thirc chtra cdc ham s6 luong gidc cua cic géc trong AABC

Gia str cac goéc A, B,C thdéa man hai dicu kién :

D s )22 222 ) e 1))z 2(422) )
dang thirc xay ra khi va chikhi A= B

c+”

hoiic f(C)f[%jZfz s (2)

2) f(c)+f@ >2f

dang thic xay ra khi va chi khi C :% Khi cong hodc nhan (1)(2) ta s& c6 bat
dang thirc :
/4 - T
Fa)+ 1(8)+ (€)237( %) hote (4 (B (€)z 177

Diang thire xay ra khi va chi khi A= B =C . Tuong tu ta cling c6 bat dang thirc v6i chiéu
nguoc lai. b€ minh hoa cho phuong phédp trén ta xét c4c bai toan sau day :
Thi du 1. Chtirng minh rang véi moi AABC ta ludn ¢6 :

R SR B 32
1+\/sinA 1+\/sinB 1+\/sinC_\/§+4\/§

Loi gidi. Taco :

4 S 2

1 1 4
+ > 2 2
I++/sinA 1++/sinB 2++/sinA++/sinB 2+\/2(sinA+sinB) . A+B

1+ ./sin

1

=
1++/sin A 1+\/smB /
1+\/s1nC
1/s1n—

Cong theo vé (3) va (4) tacé:

Tuong ty ta c6 :
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Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

1 1 1 1 >9 1 + 1 > 4

+ + +
1++/sinA 1++/sinB 1+\/sinC . T . A+B V.4 . T
1+ ,/sin — 1+ ,/sin C+— 1+ ,/sin —
3 1+1/sin 3

2 3

1 1 1 32
= + + >
1++/sinA 1++sinB 1++sinC V2 +43

Dang thirc xay ra khi va chi khi AABC déu.
Thi du 2. Ching minh rang véi moi tam gidc ABC ta ludn ¢6 :

3
1+ ! 1+ ! 1+ ! > 1+i
sin A sin B sin C \/5

Loi gidi. Taco :

2
(1+ .1 ](H '1 j=1+ '1 + .1 +— 1' =1+ 2 + !
sin A sin B sinA sinB sinAsinB \/sin Asin B \/sin Asin B

(i) Fren) ) |k
=1+ ——=| =|1+ 2|1+ =l 1+——
sin Asin B \/cos(A —B)—cos(A+B) 1—cos(A + B) sin A+B

2
2
SN PRSIV N [N U (5)
sin A sin B . A+B
sin
2
2
Tuong tu [1+ ‘1 j1+ LN PN P S (6)
sinC . T T
sin — C+—
3 sin 3
2
Nhan theo vé cia (5) va (6) tacé:
2
2 4
1+ .1 1+ '1 1+ .1 1+ ! > 1+; 1+; > 1+ !
sin A sin B sinC /4 . A+B T . T
sin — sin C+— sin —
3 2 sin 3 3
2
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Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

3
=1+ ! 1+ ! 1+ ! > 1+i
sin A sin B sin C ﬁ

Ding thire xdy ra khi va chi khi AABC déu.
Thi du 3. Ching minh rang véi moi tam gidac ABC ta c6 :
sin® é+sin6 E+sin6 < > 3
2 2 2 64
Loi gidi. Truong hop tam gidc ABC tu hoac vudng.

V4
7 _ C+—
Gia st A=max{A,B,C}> PX lic d6 cos >0 va cos >0.
Taco:
sin6é+sin65 sin2é+sin2§ 3 3
2 2 5 2 2 =l 1_cosA+cosB =l 1—cosA+BcosA_B
2 2 8 2 2 2
3
1 A+B A+B A B A+B
Zg(l—cos =sin® = sin® —+ sin6522sin6 (7)
C z C+£
Tuong tu ta 6 : sin63+sin6722sin6 (8)
Cong theo vé cua (7) va (8) ta duoc :
A B C i A+ C+z A+B+C+z
sin® 2 +sin® 2 +sin® = +sin® > >2 sin6T+sin6 > 4sin® 3

= sin® é+ sin® E+ sin® < >3sin® z_ 3 (9)
2 2 6 64
Trudng hop tam gidgc ABC nhon, céc bat dang thirc (7),(8),(9) ludn diing.
Thi du 4. Chimg minh rang v6i moi tam gidc ABC ta lu6n ¢ :

3
(cos A +sin A)(cos B + sin B)(cos C +sin C) < 2&(? + ?J
Loi giai. Taco :
(cos A+ sin A)(cos B +sin B)(cos C +sin C) = 22 COS(A - %) cos(B - %) COS(C - %)

nén bat dang thirc dd cho twong duong véi :
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Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

oo ol oo 25 ¢

- Néu max{A,B,C}> 377[ thi vé trdi ctia (*) khong dwong nén bat dang thirc da cho

ludn dang.

- Néu max{A,B,C}<3—ﬂ thi: cos A—£ >0,cos B—z >0, cos C—£ >0
4 4 4 4
nén cos A—£ cos B—Z =l cos A+B—£ +cos(A—B)
4 4) 2 2
<M ivcod A+B-F)|<cos?(ATB_Z
2 2 2 4
= cos| A= |cos| B—Z | <cos?[ ATB_Z (10)
4 4 2 4

Tuong ty :
T T T C+£ T
cos| C—= |cos| =——= | < cos’ 37 (1)
4 3 4 2 4
Do d6 nhan theo vé cua (10) va (1 1) taséco:
T T T T A+B =« C+£ T T
COS(A—jcos(B—]cos(C—jcos(—chosz( —]cos2 3_Z Scos“(—
4 4 4 3 4 2 4 2 4 3 4

-l ofo-SJo{e-ren (-5 5]

Do d6:

3
(cos A+ sin A)(cos B +sin B)(cos C +sin C) < 2\5(% + ﬁ]

Ding thirc xay ra khi va chi khi tam gidc ABC déu.
Moi céc ban tiép tuc gidi cac bai todn sau day theo phuong phép trén.

Chtng minh rang véi moi tam gidc ABC, ta c6 :

) tan3§+tan3£+tan3géL

23

2) 1A+ L. lczs.z" (ne N)

sin” E sin” — sin" —

The Inequalities Trigonometry 97



Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

3) Acos%+ Bcos§+Ccos%Sﬂf1/E(l+\/§)

4) cos Z_Alcos) Z-B|cos| Z-c ZL(I+\/§)3cosAcosBcosC
4 4 4 232

voi AABC nhon.
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Truong THPT chuyén Ly Ty Trong — Can Tho o Bt ding thirc lwgng giac
Chwong S Bat dang thirc nhu the nao la hay ?
Lam sao co thé sang tao bat dang thirc ?

Chuong 5 :

Bat dang thirc nhw thé nao 1a hay ?
Lam sao co the sang tao bat dang thirc ?

Ban doc da lam quen voi bat a"cfng thire tir THCS. Bude dau cdc ban ¢6 thé chi hoc cdc
bat ddang thirc kinh dién : AM — GM, BCS, Jensen, Chebyshev, ... hay bat dau doc SOS,
ABC,...Vdy da bao gio ban doc tw hoi Bt ding thirc nhuw thé nao la hay? Lam sao cé
thé sdng tao bit ding thirc ? P6 thiee sy la nhitng van dé thii vi dang dé quan tdm va
binh lugn. Sau day la mét sé y kién ciia gido vién todn, hoc sinh chuyén todn vé van dé
nay :

Théy DPang Biao Hoa (GV chuyén toan Truong THPT chuyén Ly Tu Trong, Can Tho)
Bét ky bét dang thirc nio ciing déu cé cai hay va cai dep riéng ciia nd. Dic biét nhiing

bat dang thtrc van dung nhiéu khia canh cua céi bat bién trong bat dang thurc 1a bat dang

thirc hay!!!

Thay Tran Diéu Minh (GV chuyén todn Trwong THPT chuyén Ly Tw Trong, Can Tho) :

Tir bat dang thirc ban diu ma suy ra duoc nhiu bat dang thirc khac 1a bat dang thirc
hay!!!

C6 Ta Thanh Thiy Tién(GV chuyén todn Truwong THPT chuyén Ly Tuw Trong, Can Tho)
Bat d?lng thirc la mot trong nhiing dé tai duoc nhiéu nguol quan tam nhat. Quan h¢ cua
chiing rat rong, di sau vao la rat kho.Viéc chung minh bat dang thirc 16ng 1a twong doi de,

con viéc lam chat chiing méi 1a mot cong viéc kho khan va day ky tha!!!

Thay Tran Phwong (GD Trung tam hé tro nghién ciru va phat trién cdc san pham tri
tué, la tac gia nhiéu cuon sach hay vé todn hoc so cdp) :

Chung minh bt dang thirc 1a cong viéc doi hoi tri théng minh sang tao va su khéo 1éo.
Pham Kim Hung (SV khoa 9 Cu nhan tai nang — Truong DPHKHTN — DHQGHN, la tac

gid cudn sdach “Secrets in Inequalities”(Sing tao bdt dang thirc) noi tiéng) -
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Truong THPT chuyén Ly Ty Trong — Can Tho o Bt ding thirc lwgng giac
Chwong S Bat dang thirc nhu the nao la hay ?
Lam sao co thé sang tao bat dang thirc ?

Piéu kho khin nhét khi chiing ta tiép can véi bat dang thic 1a sy khéng dinh no c6 ding
hay khong. Thuc té thi khi giai mot bai toan mang tinh “gia thuyét” 1a mot viéc kha mao
hiém va mat nhiéu thoi gian, tham chi sau nhitng c¢b ging nhu vay thi két qua thu duoc
chi 14 mot phan vi du ching minh bét dang thiic sai. Nhung trong toan hoc thi nhiing diéu
nhu thé nay hoan toan rat binh thuong va cic ban khong can phai e ngai khi fir phii dinh
mot bai toan minh dat ra nhu vay ca, vi do6 s€ la budc dau tién dé ban sang tao ra dugc
mat bai toan hay va cd y nghia.

LLé Hoang Anh (HS chuyén toan khoa 2004 — 2007 Truong THPT chuyén Ly Tu Trong,
Can Tho' ) -

Bét dang thirc 1a mot mang toan rat kho, nhung lai 1a san choi dé cho nhiing hoc sinh gioi
toan thé hién nang lyc cua minh.

Nguyén Huynh Vinh Nghi (HS chuyén toan khéa 2004 — 2007 Truong THPT chuyén Ly
Ty Trong, Can Tho ) :

Bat dang thuc hay 1a bat dang thirc c6 nhitng phat biéu dep va cach chung minh thét dac
sic, ¢ thé khoi goi trong nhitng hoc sinh gioi toan phat trién va tong quat bai toan.

LLé Ngoc Anh (HS chuyén toan khoa 2005 — 2008 Truong THPT chuyén Ly Tu Trong,
Can Tho' ) :

Sang tao bat dang thirc 1a tdp hop cc nghién ctru roi rac, cdc bat dang thic don 1¢ rdi
“bién hod” ra mot bat dang thirc méi. Khi d6 ta s& cang ngay cang lam chit né hon. Cudi
cling ta s& c6 mot bat dang thirc nhin vao 1 hét biét duong lam. ©

Tran bang Khué (HS chuyén toan khoéa 2005 — 2008 Truong THPT chuyén Ly Tu
Trong, Can Tho ) :

Lay y tudng tir mot bat ddng thirc khdc (kho!) va phat biéu dudi mot cach khac sau khi da
ap dung mot s6 bo de.Tat nhién khi do6 trinh do phai cao hon, cach lam phai khé hon, the

mdi la sang tao !!!

Lé Phudc Duy (HS chuyén toan khoa 2005 — 2008 Truwong THPT chuyén Ly Tu Trong,
Can Tho' ) :

Bat dang thtic c6 tinh tong quat, kho, dep 13 bat ding thirc hay!!!

Huynh Hiru Vinh (HS chuyén toan khoa 2005 — 2008 Truwong THPT chuyén Ly Tu
Trong, Can Tho ) :

Nhiing bat dang thiic & dang tong quat ma truong hop dic biét ctia n6 1a nhing bét dang
thirc co ban, quen thudc 1a bat dang thic hay!!!
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Truong THPT chuyén Ly Tu Trong Bt ding thirc lwgng giac
Chwong 6 Huong dan giai bai tap

Chuong 6 :

Huwéng dan giai bai tap

14.1.
(cot A + cot B + cot C)3

Chirng minh cot® A+ cot® B+cot’ C > 5

va cotA+cotB+cotC2\/§

1.4.2.

Xétham f(x)= sin% véi xe (0;7)

2-43

Ching minh f''(x)<0 va sin% =

Cudi cung st dung Jensen.

1.4.3.

33

Tadaco: sinA+sinB+sinCST

va theo AM — GM thi : (sin A +sin B+sinC ,1 + ,1 + _1 >9
sinA sinB sinC

1.4.4

Bat dang thtic can chimg minh twong duong véi :

3—(cosA+cosB+cosC)+2sinésin£sin£2Z
2 2 2 4

.A. B . C 1

& sin—sin—sin— < —
2 2 2 8

1.4.5.
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Truong THPT chuyén Ly Tu Trong Bt ding thirc lwgng giac
Chwong 6 Huong dan giai bai tap

sin”> A+sin’? B+sin’ C

Chirng minh cot A ++cot B+cotC = - - ;
2sin Asin Bsin C

va sin’ A+sin? B+sin’C S%
1.4.6.

, A B (s 3 ) .
bey cos;coszcosg > (0 nén bat dang thuc can chirng minh tuong duong voi :

8cosécos£cos£cos A;B coS B ; ¢ cos C;A >8sin Asin BsinC
& (sin A + sin B)(sin B + sin C)(sin C + sin A) > 8sin Asin Bsin C

Tiép theo ding AM — GM d¢ chimg minh tiép.

1.4.7.

bat x=tan§;y=tan§;z=tan%:xy+yz+zx=l

Theo BCS thi : 3(x2y2 +y22% + z2x2)2 (xy+ yz + zx)°
= x’y +y’ 2 +2°x° 2% (1)

Theo AM - GM thi :

W >3/x*y* 7" = xyz < % = 3\/§xyz <1 (2)

T (1) suyra: 1+x>y® + y?z% +2°x° 2% va theo (2) ¢6 %24\/§xyz
Dian dén :
1+x*y* +y2 22 +2°x° 24\/§xyz
2+ 2()czy2 +y’ 2+ z2x2)2 8\/§xyz
o [+ i+ y2 N1+ 22)+ (1= 1= y2 J1-22) = 843z
2 2 2
(l—x ).(l—y )‘(l—z )2 3 2x 2y 2z
(1+x2) (1+y?) (1+2?) 1+x* 1+y* 1+2°
&> 1+ cos Acos Bcos C > +/3sin Asin Bsin C

S 1+

1.4.8.

Theo AM — GM chiing minh dugc :

4(1+1+1]23[1+1+1+3j
p—a p-b p-c p—a p—-b p-c p
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Truong THPT chuyén Ly Tu Trong Bt ding thirc lwgng giac
Chwong 6 Huong dan giai bai tap

= dpcm.

3
1,1 +3j24\/§

va 3 +
p—a p-b p-c p S

1.4.9. & 1.4.10.

Taco: (Zma)2 +(a\/§)2 = Z(a2 +b° +cz)
a’+b’+c’

243

- (IS a’+b*+c’

am, 243
a 2434 (1)
a’+b’ +c’
2\/§ma2

a a’+b’+c’
Tuong tu (1):

=am, <

\

ma
ma

(2)

A El

m, a>+b’+c’

b a ¢ :>i+i+i22\/§
i> 2\/502 ma mb mc

m, a +b*+c’

Tuong ty (2) :
m, , _ 23m,’
- 2 2 2

b a b +c m, m, m 33
m, 23m.’ a b ¢ 2

c a’*+b>+c’
1.4.11.
(p—a)(Zb2 +2c? —az)bc
(b+c)2

(2192 +2¢? —a2)bc 2 (b+c)4 —az(b+c)2
B 4

Chtmng minh : m [, =

va

=m,l, > p(p-a)
Twong tu cho m,l, va m I rdi cong cac bat dang thirc lai = dpem.

1.4.12.
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Truong THPT chuyén Ly Tu Trong Bt ding thirc lwgng giac
Chwong 6 Huong dan giai bai tap

1

b+ 1 a?

Tacod: m, < —— = >4
a‘m, b+c

2

1,11
1 1 1 a2 b2 C2
>+ 5 —+5—> > = dpcm.
a'm, bmb c'm, b+c+c+a+a+b abc
2 2 2
1.4.13.

2

Theo AM — GM thi : (p—a)(p—b)s%:dpcm.

1.4.14.
, . I 1 1 1 ;5 ..
Chung minh : — +—+—=— r6i dung AM - GM.
h, h, h, r
1.4.15.

Xétham f(x)=sinx Vxe (0;7) co f"(x)<0
A+3B>sinA+3sinB

4 4
Ap dung AM - GM thi : wz“ sin Asin’ B

Ap dung Jensen thi : sin

Tur d6 suy ra dpcm.

2.6.1.

Chuy (071 ++/30B - O—C’)2 >0 véi O 1a tim duodng tron ngoai tiép AABC .
2.6.2.

Chuy (204 +30B+0C) 20
2.6.3.

cha y (V5 +1)0A + 0B —20¢] 20

2.6.4.
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Truong THPT chuyén Ly Tu Trong

Bat ding thirc lwong gidc

Chwong 6 Hudng dan gidi bdi tdp

. 2
Gia sit Az%’

A
Chung minh : tané+tan£+tan£2tané+2tan r 4
2 2 2 2 4 4
Xét f(A)=tané+2tan r_A
2 4 4

D& thay : f''(x)>0= f(x) d6ng bién trén [2?” ; ;zj

ma 2tan%=2—\/§:> f(A)zf(z?ﬁj:4_\/§

2.6.5.
D@ thdy :
1 4p? _(a+b—c)+(b+c—a)+(c+a—b)_ 1 N 1 N 1
4r*  16S° (a+b—c)(b+c—a)(c+a—b) cz—(a—b)2 az—(b—c)2 b2—(c—a)2
= dpcm.
2.6.6.

Bét dang thirc can ching minh tuong duong véi :
a*(a=b)a—-c)+b*(b-c)b—a)+c*(c—a)c—=b)=0

2.6.7.

Bat dang thtic can chimg minh twong duong véi :
(a+b—c)b+c—a)c+a—b)>0

2.6.8.

Bét dang thirc can ching minh tuong duong véi :
cot A+ cot B+cotC =3

2.6.9

azb=>c
Chung minh f (x) =tanx tdng trén (0 ; %) =

Tiép theo str dung Chebyshev = dpcm.
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Truong THPT chuyén Ly Tu Trong Bt ding thirc lwgng giac
Chwong 6 Huong dan giai bai tap

2.6.10.

Bat dang thtic can chimg minh twong duong véi :
1

A B C
tan—tan—tan— < ——
343

2.6.11.

Bat dang thtic can chimg minh twong duong véi :
(a2 +b’ +02Xa +b+c)>9abc

2.6.12.

Tacé: m,> =R*(1+2cos Acos(B — C)+cos> A)< R*(1+2cos A +cos® A)
=>m, < R(1+cos A)
=m, +m, +m, <3R+R(cos A+cosB+cosC)=4R+r

2.6.13.

Bat dang thtic can chimg minh twong duong véi :

.A. B. C 1
sm—sm—sm—sg

2.6.14.

Bat dang thtic can chimg minh twong duong véi :

x* + 2x(ycos 2C + zcos 28)2yzcosZA+ y +z°20
véi x=p—a,y=p-b,z=p—c
Xét A'= dpcm.

2.6.15.

Bét dang thirc can ching minh tuong duong véi :

A B
tan Atan Btan C 2 cot—cot—cotg
2 2 2

B
& tan A + tan B + tan C 2 tan

+C C+A A+B
+ tan 5 + tan (*)

Xét f(x)=tanx Vxe (0;%)

A+ B < tan A+ tan B
- 2

Theo Jensen thi : tan

= dpcm.
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Truong THPT chuyén Ly Tu Trong Bt ding thirc lwgng giac
Chwong 6 Huong dan giai bai tap
Chung minh cac bat dang thirc sau rdi xét khi du bang xay ra :

3.3.1. cosAcosB+cosBcosC+cosCcosA < %

3.3.2. sin2A+sin2B+sin2C <sinA+sinB+sinC

1 1 1 V3

3.3.3. + + > —+ 1 tan A tan Btan C
sin2A sin2B sin2C 2 2

2 2 2 2 272 2
3.3.4. a +b” +c < abc
cot A+cotB+cotC A B C
tan — tan — tan —
2 2 2
335, acosA+bcosB+ccosCSl
a+b+c 2

3.3.6. m,mm, = abccosécosﬁcos—
2 2 2
3.3.7. 111 < abccosécosﬁcos—
2 2 2

3.3.8. bc cotg +ca cotg +ab cot% >12S8

3.3.9. (1+ 1 j(1+ ‘1 j(Hsil j25+ﬁ

sin A sin B nC 9
sin Asin Bsin C < 1
(sinA+sinB+sinC)* 63

3.3.10.
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