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LOT1 NOI BAU

Ngay nay cac nha khoa hoc mé ta vii tru dwa trén hai ly thuyét co s& co tinh
riéng phan, dé 1a thuyét twong ddi rong va co hoc lwong tl. Hai ly thuyét d6 1a
nhirng thanh twu tri tué vi dai ctia nlra dau thé ky nay. Ly thuyét twong dbi rong mod
ta lwe hap dan va cau tric cwe vi cla v tru. Tréi lai co hoc lwgng tlr lai mé ta nhirng
hién twong & pham vi cuc ky nhd, c& mdt phan triéu ctia mot centimét.

Co lwgng t&r néi riéng va vat ly lwgng t&r néi chung da dwoc giang day thwong
xuyén cho sinh vién khoa toan va khoa ly & cip dai hoc. Trai lai thuyét twong dbi
rong lai chwa dwoc quan tdm thich dang nhw vay.

Tuy nhién cung véi thoi gian, thuyét twong dbi rong sé dwoc day thwdng
xuyén cho sinh vién chuwa tét nghiép dai hoc va diéu nay la khong thé tranh khai.
Day 1a ly thuyét khd — nhung gidng nhw nhirng ky luc dién kinh ndm muwoi nam vé
trwdc nhirtng ngwdi binh thwdng hidu nhw khéng thé dat dwoc thi ngay nay cac sinh
vién dai hoc dwoc luyén tap tét co thé dat dwoc. Hoan toan gibng nhw vay déi vai ly
thuyét cla Einstein dwoc xac 1ap cach day tdm muwoi 1am ndm. Sau mét thdi gian dai
thai nghén né da tim con dwéng cia minh vao thé gidi vat ly ctia cac trwdng dai hoc
va du it du nhidu né ciing chiém dwoc vj tri thuwéng xuyén trong thdi khoa biéu danh
cho sinh vién khoa vat ly va toan rng dung chwa tét nghiép dai hoc.

Ngay nay ly thuyét nay dwoc danh gia la rat co gia tri va co thé tiép thu dworc.
N6 la déi twong nghién ctru nghiém tic cla sinh vién khoa vat ly va toan ciing nhw
ai co sw quan tam trén trung binh déi véi ly thuyét nay, k& ca nhirtng ngudi sau nay
khéng c6 dv dinh tré thanh nha nghién ctru.

Viéc nhiéu ngudi hoc thuyét twong déi rong coé thé dwoc xem nhw mot thanh
coéng khac trong sw thanh codng toan dién cta ly thuyét nay.

Tuy vay viéc day thuyét twong déi rong cho sinh vién chwa tét nghiép dét ra
mét s6 van dé dac biét nhw sau.

1. Noi dung cuia ly thuyét phai dwoc han ché mét cach rat hop ly. Cé nghia
néu du nhirng nét co ban nhét, k& cad mot sb tién bd gan day nhat nhung lai
khéng qua kho déi véi sinh vién.

2. Gido trinh danh cho sinh vién dai hoc phai cé tinh kiém tra dwgc. Ngoai
nhirng bai tap thién vé k§ thuat tinh toan phai cé thém nhirng bai tap doi hdi
phai suy nghi dé tim ra I&i gidi méc du bai tap loai nay la rat kho.

3. Co su lién hé chat ché véi nhirng kién thirc ciia bd mén vat ly khac dé
gitp cho sinh vién hiéu sau hon nhirng diéu da hoc, gitp sinh vién van dung
tét nhirng kién thirc da hoc khi ra day tai cac trwerng phd thdng

4. Cung cip mot nén tang nhét dinh dé gitp sinh vién nghién ctu sau hon
khi c6 nguyén vong

Dwa trén tinh thAn nhw vay tac gid xay dwng gido trinh thuyét twong dbi rong
danh cho sinh vién khoa Vat Ly Dai hoc Sw pham. Trong qua trinh bién soan tac gia
da tham khao cac giao trinh clia cac trwong dai hoc sau:

1. Trwwong dai hoc Princeton
Misner — Thorne — Wheeler: Gravitation.
Freeman and company — Repinted 1999.

2.Trwong dai hoc Cradiff.
Schutz: First course in general relativity



Cambridge University Press — Reprinted 1999.

3.Trwéong dai hoc Southompton.
D’inverno: Introducing Einstein’s relativity
Oxford University Press — Reprinted 1996.

4.Trwong tong hop Oxford
Hughston — Tod: Introduction to general relativity
Cambridge University Press — Reprinted 2000.

5.Trrdng c6ng nghé Massachusetts.
Weinberg : Gravitation and Cosmology
Wiley & Sons Inc — Reprinted 2000.

Trong qua trinh bién soan tac giad dwoc sy gilp d& rat nhiét tinh cla cac dong
nghiép. Cho phép tac gid dwgc cdm on thay Pham Van Déng, thay Ly Vinh Bé, thay
Thai Khéc Pinh, c6 Tran Qubc Ha da giup d& rat nhiéu tir luc thai nghén cho t&i luc
gido trinh dwoc in. Tac gid xin cdm on gido s Nguyén Ngoc Giao — nguoi thay kinh
mén cla tac gia - da co nhiéu gép y rat bd ich vé ndi dung cla gido trinh.

Tac gid cdm on sy nhiét tinh cta sinh vién Nguyén Thi Nhj Ha va Nguyén
Thi Hang trong viéc danh may ban thdo déng th&i glri Idi cdm on téi anh Tom
Nguyén — viét kiu My — da gitp d& rat nhiéu trong viéc tim tai liéu tham khao.

Do Ian dau bién soan nén sai sét la diéu kho tranh khéi. Tac giad biét on cac
ban doc gop y dé gido trinh ngay mét tét hon

Cubi cung cho phép tac gia viét lai |&i ctia Stephan Hawking — nha vat ly ly
thuyét xuét sac nhat hién nay:

Tam muwoi ndm vé trwéc néu tin I Eddington thi chi cé hai ngudi hiéu dwoc
thuyét twong ddi rong. Ngay nay hang van sinh vién dai hoc hiéu dworc ly thuyét do
va hang triéu nguwdi it nhat da lam quen véi thuyét twong dO| rong.

Khi mét ly thuyét dwoc phat minh thi chi con la van dé thoi gian dé cho ly
thuyét do duwoc thau triét réi don gidn hoa va giang day trong nha trwong it nhat la
nhirng nét co' ban. Va moi ngudi ching ta sé dd kha nang c6 duwgc mot kién thive
nh&t dinh vé nhirng dinh luat trj vi vii tru va diéu hanh cudc sbng ctia chung ta.

Lé Nam

NOI DUNG CUA GIAO TRINH BAO GOM

Chuong | : Phép tinh tenxo trong khéng gian Riemann.

~ Muc dich ctia chwong nay la cung c&p cho sinh vién nhing kién thirc can
thiet vé cong cu toan hoc chinh cua thuyét twong doi rong. Sinh vién dwoc trang bi
vé cac phép tinh nhw : BPao ham hiép bién, dao ham lie, dao ham tuyét doi mot
tenxo... trong khdng gian cong, 4 — chiéu
Chuwong Il : Phuwong trinh Einstein

Trong chwong nay sinh vién sé dwoc hoc theo dung cach ma Einstein da lam

cach day tam muoi lam nam la xay dwng phwong trinh tir nguyén ly tac dung toi
thiéu. Ta sé& nhan dwoc phuong trinh vi phan bac hai phi tuyén mang tén Einstein.

Chuong Il : Nghiém Schwarzchild.

Sinh vién sé dwoc hoc cach gidi phwong trinh Einstein dé tim ra nghiém
Schwarzchild. Trong qua trinh giai moi tinh toan qua phirc tap sé dwoc bd bét nham



gitp cho sinh vién tiép thu d& dang hon. Sau d6 sinh vién sé dwoc lam quen véi ba
hé qua quan trong:

- Giai thich tan téc quy dao ky la cla sao thuy ma co hoc Newton khoéng giai
quyét duworc.

- Sw truyén cla tia sang trong khong — thdi gian cong quanh mét troi.

- Thoi gian dwéng nhw trdi cham tai noi cé trwéng hap dan 16n hon.

Chuong IV : L6 den

Mot trong nhirng vat thé ky la nhat trong tw nhién chinh 1a 16 den. Chuong
nay sé gidi thiéu cho sinh vién vé ving khong - thoi gian quanh 16 den khong quay
va |6 den quay. D6 la 16 den Schwarzchild va 16 den Kerr.

Chuwong V : Séng hap dan.

Khi ta gidi gan dung phuong trinh Einstein cho chan khong ta sé dugc
nghiém mé ta qua trinh song. D6 la song hap dan. Tuy nhién cho dén ngay hém nay
cac nha vat ly thiee nghiém van chwa do dwoc song hap dan.

Chwong VI : Vi tru hoc twong dbi tinh.

Chuwong nay gidi thiéu phwong trinh Friedman va tr day ta tinh dwgc ba md
hinh vi try hién nay. D6 la mé hinh vi try M&, v tru Phéng, va v tru Boéng.

Chuwong trinh trén twong (rng véi 45 tiét 1én 16p danh cho sinh vién khoa vat
ly nam th tw.

Chwong VII : Phu luc va bai tap



CHUONG |
PHEP TiNH TENXO

§1. QUY TAC CHi SO

Ngwoi ta hay dung cac chir sau dé ky hiéu chi sé:
i,j,k,1,n,m,...
o,B, 7,1, V,...
a,b,c,d,e,...

Trong biéu thirc néu chi sb chi 13p lai c6 1 I1an thi chi sé goi la chi sé tw do. -
free index

Ye X
Ta thay b va ¢ la chi sb tw do vi no chi Iap lai mét 1an chi s6G dwoc Iap lai
hai lan. Diéu nay cé nghia ta phai lay tdng theo chi s6 do.
Vi du:
Y 2X=Y X +Y,' X +Y, 2 X2y, X?
o voi G
(chi s6 4y téng goi la chi s6 cdm - dummy index.)

§2. MA TRAN CHUYEN TOA PO

Xét khéng gian n chiéu. Ta c6 hai hé toa dd cii va méi dwoc ky hiéu nhw
sau:

Hé toa do ci :G

Hétoaddmdi : G
Ta cé phuwong trinh lién hé gitra toa d6 mai va c:

x> x% . x%= fa(x1,x2,...,x”)z x?(x) (1)

Nhw da biét trong phan giai tich dinh thirc Jacobi s& bang khéng néu cac toa
d(f),mé’i phu thubc tuyér) tinh v&i nhau.
Néu cacG doéc lap tuyén tinh v&i nhau thi Jacobi sé khac zero.

ox'ox' ox’

ox' ox? T ax"

ox? ox>  ox? .

ox' ox? ox" |= X (2)
oxP

ox" ox" ox"

ox' ox? T ox"

DPinh thlrc ciia ma tran chuyén toa dé goi la Jacobi va ky hiéu la:

—a
J:aib #0 avagb=12,...n (3)
oX




Hoan toan twong tw ta c6 phép bién déi ngwoc tir méi vé ci:
ox°?
x? > x?:  x*=x%x) :W;ﬁo (4)
X

Ta nhan théy khi nhan hai ma tran trén vé&i nhau sé cho ma tran don vij

ox? ox° . N3~
— 5o o = (Phaania= %
Trong do 5? =3, = 5% — {g) a=c¢ (6)
a#c

Ky hiéu Kronecker

§3. TENXO PHAN BIEN VA TENXO HIEP BIEN

1. D& don gian ta xét khong gian hai chiéu phang voi toa doG va hai vécto
co’ s&G nhw hinh vé.
Néu hai truc toa d6 cua ta khéng vudng goc nhau ta cé hai cach mé ta

A

vectoG _
1. Chieu vudng goéc vécto’' G Ién hai truc ta dwoc

A = Acosh, = Ag,
A, = Acosh, = Ag,
Chiéu véctoGsong song theo tirng truc ta dwoc Gkhi do:
A=Alg + A%,
Nhw vay néu biétG va G ta déu xac dinh dwoc véctoG
A, A, goii lag thagnh phaan hiedp biean cula veuctd A
A", A? goii lag thagnh phaan phadn biean cuta veuctd A

Ta viétG hoac G o

Vé thu@t nglr khi’ ta ndéi vécto hiép bienG nao doé cé nghTa ta chi chu y t&i
thanh phan hiép bién cta né. Twong tw cho vécto phan bién.

Noi chungG. Tuy nhién trong khong gian phang v&i hé truc toa do vudng
goc nhau thi thanh phan hiép bién va phan bién bang nhau. Khéng gian
Euclide v&i hé toa dd Descartes.

2.Xét khong gian n chiéu.

Diém P co cac toa d6 1aG

Con Q cé toa do l1aG

10



ax® , Vecto G

Trong hé t(_)anC) ciiG vecto trén sé co thanh phan laG.

Trong hé toa dé m&iG cac thanh phan twong (rng clia vécto trén sé la ax®

DoG nén G (1)

Bay gi¢ ta dinh nghia:

Vécto phan bién hay tenxo phan bién hang 1 la tap hop nhirng dai lwongG
trong hé toa doG tai diém P ma tuan theo quy luat.

oa OXx°
X = axb XP (2)

Vi du
Cho duwdng congG trong khéng thdi - gian bén chiéu.

3 a=0123
Vecto: G 1a vécto tiép tuyén voi duong cong tai diém P.
VéctoG cé bon thanh phanG  tao nén tenxo phan bién hang 1

Ta viét lai :

% dx® dx' o dx®
du’ du’ du’ du

]_(x°,x1,x2,x3)zxa

Chu y: khi ta n6i vécto phan bién hang 1 ta thuwdng ky hieuG ma khoéng can
d4u vecto & trén.
T day ta tbng quat hoa:
Tenxo phan bién hang 2 la tap hop cac dai lwongGtrong hé toa dd -G
Ma tuan theo quy luat bién dbi sau khi chuyén hé toa do trG:
)—(ab _ ox° ﬁ Xcd

— . 3
ox° ox? ©)

Cac dai lwongG la thanh phan cla tenxo hang 2 trén nhuwng tinh trong hé
toa db -G

Hoan toan twong tw ta cé dinh nghia tenxo hiép bién hang 1 (vécto hiép
bién)

o oxP
Xa=—2%b (4)
oX ]
Twong tw ta cé dinh nghia tenxo hiép bién hang hai:
o ox° ox®
Xab = ox? oxP od ©)

Ta ciing ¢6 dinh nghia tenxo hén hop hang 3
oa  Ox? ox° ox'
Xbo=—F—5—. ’

oX~ OX"~ OX

ef (6)

11



Ta thuwong ky hiéu tenxo hangG phan bién, hangG hiép biénG
Tenxo hang khéng la vé hwdng va ta thwdng ky hiéu bang chirG

3. Tai sao tenxo lai dwoc cac nha vat ly cha y?

Xét hgi tenxoG vaGtrong hé toa d6 nao doé (v&i cac nha vat ly thi dé la hé
quy chiéu) thda man tinh chat:
’ Xab= Yab (7)
Nhan ca hai vé cua (7) v&i:
ox° ox? X _ ox° ox? b
ox? oxP’ ox? oxP
Theo dinh nghia (3) ta c6
, )—(cd _ Vcd (8)
Bieu thirc (8) chinh la phwong trinh (7) dwoc xeét trong hé toa d6 mdi (hé
quy chieéu mai) . ] .
Tw day ta phat bieu: Néu phwong trinh tenxo hay dang thirc tenxo dung
trong hé toa dé nao thi cling dung trong hé toa dé bat ky khac. ]
Noi cach khac phwong trinh tenxo' khdng phu thugc vao hé quy chiéu quan
tinh hay kh()ng’ quan tl'nh; Nhw vay tenxo la cc‘)n’g cu toan hoc rat phu hop dé
xay dwng thuyét twong doi réng (thuyét twong doi tong quat).

§4 . PAI SO TENXO

1. Phép céng dwoc thwe hién véi cac tenxo cung loai véi cac chi sb
giong nhau:
a a a
be T 4be = Xbe
2. Phép nhan tenxo - phép nhan ngoai - outer product

Tenxo l0aiG nhan véi tenxo loai sé cho ta tenxo loaiG
a a
Yo -Leg = Xpea ]
Tenxo hang hai nhéan voi tenxo hang 2 cho ta tenxo hang 4 . Néu ta co

véctoG va véctoG thi nhan tenxo gitra hai vecto trén dwoc ky hiéu nhw sau:
¢ Neéu ca hai deu la vecto phan bién

3. Phép nhén trong - inner product.

¢ cho ta tenxo hang 2

Hoac ta co: ¢ cho ta tenxo hang 1

Nhan xét: Hai tenxo' nhan v&i nhau, néu tat ca cac chi sb khac nhau thi ta
c6 phép nhan ngoai con néu ta co cac cap chi sb gibng nhau thi ta co6 phép
nhan trong.

4. Phép rut gon tenxo’ - contraction.

Cho tenxoG khi ta cho chisé a=c thiG thi la tenxo hiép bién hang 2. Vi vay
ta ky hieu: G
Hoac tacé: G

12



5. Tenxo la déi xieng vé&i hai chi sé trén hoac dwéi néu ta hoan vi cac
> X - ~ ~ AR
chi s6 dé cho nhau ma tenxo khéng doi:

Xab = Xba
X ~ . > 0y « A ~ e R « R - X ~ 7 .
Néu khong gian cua ta la n chiéu thi ta co thé bieu dién tenxo trén duoi
dang ma tran n hang n cét. Do cac phan t&r ctia ma tran la tenxo doi xirng nén

. n(n+1)

tacéd T thagnh phaan foac laap.

Tenxo 1a phan déi xtng néu G

T day ta suy ra ¢

G Nghia 14 cac thanh phan nam trén dwong chéo chinh bang zero. Nhw vay
tenxo phan dbi xirng c6G thanh phan déc lap.

* Trong khéng gian bdn chiéu :

Tenxo G cdé G thanh phan

Tenxo G co G thanh phan

Tenxo G c6 G thanh phan

8§5. TENXO METRIC
1. Xét khong gian n chiéu. Ta chon hé toa d6 chuanG sao cho d¢ dai vo
cung bé ndi hai diem Ian can nhau co6 dang:
ds? = dx®.dx® (1)

Vi du: Ta c6é biéu thirc quen thudécG trong toa do Descartes trong khdéng
gian 3 chiéu.

Bay gi® ta chuyén (1) sang hé toa d6 mé&iG

ox? ox° ox? ox°

ds = ax?ax® = —.dx’ — .ax? = — . — .ax".dx’
OoX OoX OX~ OX

Néu ta dat G (2) thi G (3)

Q goi la tenxo metric hjép bién.

G tenxo metric phan bién dwoc xac dinh tir biéu thirc

| 9ap9™ =8° ) (4)
G Ta lap ma tran gc‘3m cacG. Tim ma tran nghich dao cta ). Ma tran nghich
dao chinh la ma tran I).

2. Ta c6 cach dinh nghia thw hai:
G; G: vecto co sO
ds? = dx.dx = dx°e,.dx’e, = 8,8, .dx°dx" = g_,.dxdx’
Voi ¢ (5)
Ta viét tich vé hwdng cua hai vecto nho tenxo metric:
AB=g,A°B* =g®A B, = A°B, = A,B°
(6)

3. Ta dinh nghia khéng gian Riemann :

13



Khoéng gian véi hé toa doG c6 G véi Ged mot phan tlr khac 1 goi la tenxo
Riemann.

Vi du: bé méat ctia qua dat 1a khong gian Riemann 2 chiéu nam trong khong
gian ba chieu thong thuongG. Ta co khoang cach gira hai diém bét ky trén
mat cau ds va duwoc tinh theo céng thirc:

ds®’ =r’d0’ +r’sin” 0d¢° = g,,d0° + g,,d¢’
Goo =922 =1 923=0s2=0; Gy =0sy=r"sin’0

§6. DAO HAM LIE

1. Cho dai lwong vd huwdngG. Rd rang vé hwéngG khong thay dbi khi
chuyén hé toa do

Néu tai moi diém cla khéng gian Riemann (*ng v&i mét gia tri cus thi ta
dwoc mét trwong vé hwdng hay trwdng tenxo hang khong.

Twong ty tenxoG... dwoc xac dinh tai méi diém trong ving ndo doé thudc
khéng gian Riemann thi két qua ta cé truéng tenxo hang twong ng.
2. Cho hai trwong vecto bat kyG vaG, giao hoan tr Lie cla hai vecto trén tac
dung 1én hamG dworc dinh nghia:

[X,Y]f = (XY= YX)f = X(YF)- Y(XF) (1)

[X, Y|af, +Bf,) = o X, Y]f, + B[X, Y]F, (2)
V&iG hai ham bét ky ;G thuc, va Lie giao hoan tlr thda man:

[X.Y)f.g9)= f[X,Y]g+o[X, Y] (3)

Tiv ba biéu thirc trén, ta thay giao hoan tlr Lie 1a toan tl tuyén tinh vag toan
ter nay giong phép vi phan.
Trong hé toa d6G ta dinh nghia vecto X :
0

X=Xaa - :Xaﬁa

X

xf=x* O fox2 O _xap ¢ )
ox? ox?

Bay gi® ta xét thanh phan th a cla giao hoan t Lie
(X, YT f=(XY-YX) f =(X*3,Y* - Y°3,X°)f
Z°f =(X*0,Y* - Y*0,X°)f
= [X,Y] =z = (x®8,Y* - Y*6,X°)
Tl day ta dinh nghia dao ham Lie cla vectoG theo hwéng vectoG duoc
viét nhv sau:

LyY=[XY]=-Y X]=-L,X
Ta chap nhan mét so tinh chat sau:
1. G G ladailwgng v hudng

2. LylY7Zu0)= YLyZpo + (L Y?)Zpe

14



3. 8%LyT% =LyT%

4. LyY?=[X, Y[ =X"8,Y? - Y5, X?

5. L,Y,=[XY],=X",Y,+Y,0,X"

6. L, T%=X°,T®-T%3X"—-T% X°
7. LyToy = X0 Top + Tog0p X + Tpg0,X°

bao ham Lie mot tenxo' theo hwéng X la dao ham riéng ma khong can st
dung tenxo métric (khdng can str dung hé so lién thong)

§7.DAO HAM HIEP BIEN

1.Khai niém dich chuyén song song

Trong khéng gian phang dich chuyén song song mét vecto c6 nghia la di
chuyén né sao cho lic ndo vecto cling song véi chinh né. Noi cach khéac, ta
dich chuyén sao cho d6 I&n va huwéng clia né khdng thay dbi.

Trong khéng gian cong Remann dich chuyén song mét vecto doc theo C
nghia la dich chuy&n né sao cho géc tao gitra né va duwdng cong C luén
khéng dbi. Luc nay cac thanh phan cla vecto sé thay déi cho du dd Ién cua
né khoéng thay doéi.

2. Pao ham hiép bién

Xét mot trwdng vecto phan bién bat kyG. Tai diém P twong (ng vé&i toa doG
vecto co gia tri Il

A/‘ A® + 6/% DA
P Q A®+dA°
Tai diém Q trng v&i toa d6G vecto cé gia tri 1aG
Bay gi® ta dich chuyén song song vectoG dén diém Q. Vecto sé thay ddi
mét lwong dwoc ky hiéuG
Ta lap hiéu:G (1)
Dai lwogngG hoan toan co thé dat bang: 1 (2)
Trong d6 :G |a mdét ham nao d6 phu thudc vao hé toa do ta chon. C6 thé
bang khéng hodc khac khdong.G co tén 1a hé sb lién théng hay ky hiéu
Christoffel loai hai.

Con dau (-) hoan toan la do quy wéc cla ta.
Thay (2) vao (1) :G

Mat khactaco G Thay vao (3)
a a
DA? = A g s ra A = | P2 L raga° | (4)
oxP % oxP

Phan trong ngo&acG goi la dao ham hiép bién cutia vecto phan biénG

15



Vaky hiéu : ¢ . (5) ]
(dau cham phay (;) c6 nghia la dao ham hiép bién)
Ta c6 thé xay dwng phép dao ham phan bién (xem Landau trang 310)
3. Pao ham hiép bién vecto hiép bién
Nhw da biét néu ta dich chuyén song song mét vé hwéng thi dai lwong nay
khéng thay dcf>i. N6i cach khac tich vd hwéng cla hai vecto sé khoéng thay dbi
khi dich chuyén song song. _
Xét tich vd hwéng cla hai vectoG. Do khéng thay déi khi dich chuyén song
song nén:
5(A,B7)= 0= B%A, + A,5B° =0
= B™SA, = -A5B° =—A (- T7B°dx" )= +T°wA, B dx’
o
vé mat cau truc:
% A,B°dx? =T°aA,BdX"
nén ta viét lai (7):
B?3A, =T °aA,B%dx"
Sau khi gian wocGé haivé :G (8)
Twong tw nhw (1): G (9)
Thay (8) vao (9) G (10) ] )
Phan trong ngoac goi la dao ham hiép bién vecto hiép bién
0A
V,A, = —Z —T A, = A.b
oX

Twong tw ta chirng dwoc dao ham hiép bién cac tenxo hang cao hon:
aAab

V A% = PV A% + TP A%
(11)

Vo Aup = aAib ~T %Ay~ ThcAsy
(12) "

V A% = 8(;4‘113 ~T%cA% +T%4cA%
(13) ”

4. Ta tim sw lién hé giira dao ham Lie va dao ham hiép bién:
?
Ly Y? = X°0,Y? - YP0,X? =XV, Y - Y*V  X?
dé tra 1o cau hdi trén ta xét:
VoY =0,Y% +T%:Y°
(14)
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vaa = abXa + FabCXC
(15) . .
nhan tw trai (14) v&iG va (15) voiG roi trir cho nhau:
XV, Y =YV, X' =X0,Y* = "9, X" + e (XY - X°Y")
Ta chi xét cho hé sé lién théng | nén hai s6 hang cudi cung cé cung ciu
trac.
Do vay chung triét tiéu nhau. Cudi cung ta dwoc:
XV, Y? - Y?V, X% = XP5,Y? - Yo, X°
(16). : ‘
Trong biéu thtrc cia dao ham Lie ta c6 the thay dao ham thwong bang dao
ham hiép bién. V&i dieu kién laG doi xirng v&i hai chi s6 dwdi.
0p >V,

§8. DAO HAM TUYET DBOI

1.0 §7tadaco
a
DA? = dA? —5A? = (Zib + :bAC]dxb
X
(1)

Chia hai vé cho du vé&i u: théng sb ctia ho duwéng congG

DAZ (0A% ., .)dx® dx°(oA®
= + T2 A° = +T9 A° 2
du Lax" e j du  duloxt ¢ )
Biéu thirc (2) goi la dao ham tuyét dbi ctiaG va ki hiéu
a a
DA® _ dx” aAb iTe g :ﬂ_vbAa _ Xy, A
Du dul ox du
a
DA Xov, A7 =V (A  XP o (3)
Du , du
Do ¢ nénta co cach viét thk hai:
a a
DA" 08" | rape (5)
DU du du ]
Twong tw dao ham tuyét doi tenxo hiép bién hang mét
DA, dx° dA, o , dxX’
=—V, A, =VyA =—2-TZA —— 6
DU duba X a dU bccdu ()

Ta c6 thé xay dwng dao ham tuyét dbi cac tenxo hang cao hon
DA; dx°
=V A% =XV _A% =V, A% 7
Du du c c X ( )

2. Y nghia hinh hoc
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Trong trwdng hop dac biét khiG ta néi vectoG dwoc dich chuyén song song
sao cho no trung voi vectoG tai diém moi. Trwong hop nay chi xay ra khi
dudng congG la duwong rat dac biét goi la dwong trac dia con vectoG Iuc nay
sé la vecto tiép tuyén véi dwdng tréc dia.

a a
DA” _ V, A® = aA” a4 AP ax
DU du du
DoG ltc nay bangG (tangent vector)

DA®  d dx® dx’ dx®

- + bc
DU du du du du
d?x?® ., dx’ dx°
pra O (®)
du? du du , ,
(8) phuwong trinh cho dwong trac diaG. Thong sb u goi 1a thédng sb Affine ta
ki hiéu bang chir s hoac (

d?x? ax” dx®

df i s ds ds
O phan sau bang nguyén ly tac dung tbi thiéu ta chirng minh dwoc rang
dwdng ngén nhét gira hai diém trong khéng gian Riemann la duwéng trac dia
va phwong trinh cdia né trung véi (9)

=0

§9. KY HIEU CHRISTOFFEL VA TENXO METRIC

1. Xoan - Torsion

Xét trrong vo hudngG ] ,
Mac du :G nhwng trong tredng hop tong quat chwa chac

] G’.Khidé:G=? (1)
Néu ta dat |.
VaV = aaVb - 1_‘lg:avc = aaabq) - 1_‘l():aaccb
(2)
vaa = abVa - ngVc = 5b5aq) - ngacq)
) (3)
Lay (3) - (2):

(vavb _vaa)q) = (aaab ba )CD ( rba)v O
(Vavb - vaa)q) = (rcab - ba)ch)
G =tenxo x0anG , _ (4)
Néu khoéng gian cong cua ta khdong xoan thiG=0
= I'%ap =T"%ba kyl hiedu Christoffel Aoai x6ling voui hai chae soa dooui.
2.Taco dinh ly sau: ] ]
G la tenxo métric doi xirng . Néu khdng gian cua ta la khéng gian xoan thi

VaGhe = 0.
Ching minh: G (5)
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ngca =0= abgca - 1—‘gcgda - 1—‘glagdc =0

V9ap=0= 0,9, — gagdb - rgbgda =0

(7) ] _
Ta lay (5)-(6)-(7) va chd y t&i tinh déi xteng ctiaG

2T 50a + 0abbe ~ OpFea ~ Oclab = 0
TbeGys = %(8bgca + 0cGap — 0aTbc)
Nhan cé hai vé v&iG
5= %gda(ﬁbgca +06ab — 0a0bc)
(8)
Ipe= %gad(ﬁbgcd +0694b — 04pe)
(9)

Vay néuG thiG co6 dang nhw (9). Ta c6 thé néi nguoc lai : Néu nhw I'se cou
dang nhuw (9) thi sau khi tinh toan tryc tiep ta thayG

3. Néu ta dat .G

1
= [bc, d] =2 (abgcd + 0.9 — ac/gbc)

(10)
thi (10) goi la ky hiéu Christoffel loai 1
Ta dé dang chirng minh tiép:

VS%h=0 ; V,g*=0
lab,c]+[cb,a]l= 0,9,

§10 . PUONG TRAC DIA

1. Trong muc nay ta tim phwong trinh cho dwong trac dia xuat phat tir
nguyén ly tac dung téi thiéu. Trong co hoc, co hé sé chuyén déng tir P dén Q
sao cho bién phan cia ham tac dung bang 0.

Con trong hinh hoc: dwéong cong ndi hai diém P va Q s& ngan nhat khi bién
phan ctia ham tac dung bang 0.

Ta chon ham L c6 dac trwng d6 dai. Nhw da biét:

ds* = g, dx°dx’ (1)
ds)\? ax® dx’ b
L =| — = _— = %2 2
(de ab du d gabx X ( )
Ham tac dung: G (3)

Bang phuwong phap bién phan ta nhan dwoc phwong trinh Lagrange_Euler:
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oL d(aL)_o . i(@Lj_aLzo "
ox® du\ ox° du\ ox®) ox°

oL 09, Pxb

ox°  ox°
oL 0 :
Pyl 2 {guix* )= 29,8
i(aL)zz dx® 2dgacdxadxb
du\ ox° % dx’ du du
Thay két qua vira tim dwoc vao (4) va sau mét vai bién dbi ta nhan duoc
d2 d d .a.b d2 a

— 4+, x°x" =0 hay +T2 xP%° =0 (5)

Fra Fra
Phuwong trinh (5) trung v&i phwong trinh (8) - §8.

Thong sb u trong trwéng hop nay goi la théng sb Affine, thwdng ky hiéu
bang chi¥ s hoac (

Néutadat
¢ voi G: goi la ham Lagrange
Thi phwong trinh Lagrange- Euler van co6 dang:
d(e¥) o _
du\ ox°) ox°

2. Vectd X? vag Y” tréic giao nhau khi
XY=g,XY" =0 (6)

Néu:G thi vectoG goi la vecto null ‘

Vecto null ¢ d6 dai bang khéng nhung cac thanh phan cta no6 khac khong,
trong khi vecto zero cé dd dai bang khéong véi tat ca cac thanh phan bang
khong.

dx® dx”

27 =g ———— =0 khi vectd a lag vectd null.
du du du
(7)

Do vecto null nam doc theo nén anh sang nén hamG = 0 danh cho tia sang
(hat photon)
KhiG c6 do dai bang don vj
Pbi v&i vat m chuyén dong véi van téc < ¢ ta cling ap dung phwong trinh
Lagrange-Euler (phwong trinh dwéng trac dia) nhwng:
dx® dx”
27 = — =1
gab du du (8)
Chu y: Néu ta chon dau ctia métricG
Thi (8) 1ay d4u +
Néu ta diu cia métric G
Thi (8) l1ay d4u -
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§ 11. TENXO RIEMANN

Ta chu y rang ndi chung dao ham hiép bién khéng giao hoan. Ta c6 :

Dao ham riéng: G

DPao ham hiép bién:G. Xét dao ham hiép bién vecto phan bién X*

V. XT=0.X"+ 2 Xx?

Day la tenxoG
(1) o .

Tac dung tiépG Ién (1) va chu y (1) la tenxoG

VoV X7 = 04(0.X7 + TEXC )+ T2[0.X° + T5.X0) -T2, (0,7 + T2.X°) 2)

Twong tw ta tinh:

VoV X7 =0,{0X° + Ty XP )+ To{0,X° + TeX® |- TE[0, X7 +T5.X?) (3)

LAy (3) -(2) va chu yG

chdxa - Vdvcxa = Rgcdxb + (ng - Fceic)vexa

Trong d6:G (4) o

Néu khong gian cua ta khdng xoan, nghia la :G thiG goi la tenxo Riemann -
Christoffel. Goi tat la tenxo Riemann.

V V X?-V VX =R X"
. ) ,
Néu st dung ky hiéu |

Thi: VV X% = 1
[cd] 2
(6)

§ 12. HE TOA PO TRAC DIA

RngX b

Tai diém P bét ky ta ludn chon dwoc hé toa dd ma trong d6
1ﬁZc(P) =0
H§ toa dé nay co tén hé toa dé trac. Doi véi cac nha vat ly thi d6 la hé quy
chiéu quan tinh.
NéuG tai moi diém trong toan khong gian thi khong gian goi la phang

Ta co dinh ly : diéu kién can va du dé khéng gian la phang 1a tenxo
Riemann=0

§ 13 . TENXO RICCI

Ta viét lai dinh nghia tenxo Riemann
Rooad =0T 6a = 04T be + Tpaleo — Tpol ed (1)
Voi G (2) ]
Nhin vao dinh nghta ta nhan ra ngay tenxo dé cong Riemann phan doi xtrng
v&i hai chi sO cudi:

21



Rt?cd = _Rl?dc
(3)
= geaRgcd = _geaRgdc - Rabcd = _Rabdc
(4)

Trong phan bai tap ta chirng minh dworc :
Rabcd = _Rbacd

Rabcd = Rcdab
Ta cling chirng minh duoc:
R:cd + R:bc + R:db =0
Ha chi sé ta c6 déng nhat thirc Ricci:
Rabcd + Radbc + Racdb =0 (8)

Bang cach chon hé toa do trac dia cho biéu thirc (1) sau d6 dao ham hiép
bién roi hoan vi vong quanh cac chi s6 ta nhan dwgc dong nhat thirc Bianchi:

VaRdebc-l' Vdeeca + VcRdeab: 0
Ta cé:

Ri.y = choa=c

Rbad = Roa = 97 Rapea

Ry =015 +0,05, +TaTs,-T5 ;. goiilag tenxd Ricci (9)
T G suy ra tenxo Ricci d6i xirng
G : d6 cong vb hwdng, hay vé hwdng Ricci
Tenxo Einstein dwgc dinh nghia nhuw sau:

1
G, =Ry — 2 9apR

(10)

§ 14. PHUONG TRINH PO LECH TRAC DIA

Xét ho dueng trac dia theo théng sb ( va dwoc danh sb n
x? = x?(\,n)
Vecto tiép tuyénG

Vecto néi hai dwong trac dia ngay canh nhau
ox°?
I na
on
DoG la duwdng trac dia vaG la vecto
tiep tuyén cua né nén dao ham tuyét doi cua
u® sed baéng khoang: V u® =0

Téac dung tiépG Ién (1)

Cong triy hai vé v&iG
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Nh& dao ham Lie ta chirng minh dwoc trong trwdng hop dac biét cua ta (hai

vecto U? vag n°) faio hagm tuyeét fioai sed baéng faio hagm riedng (xem
phaan bagi tagp) neéan ta co:

a a 2 a
VNua:vNéiziaL:a X
Oh 0On oL Onoi

(4)

a a 2 a
vuna:vuai:iaiza X
on O\ On  OAOn

(5)
= V¥ =v,n?
(6)
Thay (3) vao :
D?n?
——+ R u’n°u’ = 0
DA
(7) ,
(7) phwong trinh d6 léch trac dia. ]
Néu ta >§ét hai hat, chuyén ﬂéng doc t,heo hai dwdng trac dia ngay canh
nhau thi s6 hang:G mé ta gia toc twong doi gitra hai hat.
¢ mo ta lwc thay trieu do hap dan

Cha y: phan chirng minh:
(VaVy =VyVa ) = Rt nu®
Ban doc c6 thé tham khao trong Hughton va Tod - trang 79

§15. TENXO MAT BO

Tenxo tuyét dbi hay tenxo thwong |  Tenxo twong déi
x2 = X xb T X
ox® _ ox®
. oxP voiG : Jacobi
Xﬂ:@—aXb ’_ WaXb,
X ZZ =J — Zz
OX
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Twong tw cho tenxo hang cao hon. V6i tenxo twong dbi trong cong thirc
bién doi ludn co6 thém thirc s6G. Ta noiG - tenxo mat dd voi trong lwong w
(Tensor density of weight w).

Ta chip nhan ma khéng chirng ninh quy tdc dao ham hiép bién tenxo mat
dé:
VG = cauc soa haing gioang nhé ‘G lag tenxd thédeng - wl'S, G *
Vidu:G
Néu b la vé hwédng mat dé :
V.bo=0.0—wId
Xét trwdng hop dac biét khi w=1 ; c=a
V. T =0, CT*+I2 TP -T) CT*=0,T*
DoG cé cuing cAu tric
vV,C*=0,C"
§16. DINH THU’C METRIC

Trong khéng Riemann v&i métric Gta c6 phép bién dbi:

ox° ox*°
ab = %2 ygcd (4)
_ab _ OX" x° o
ox° ox?

. ) .
Lay dinh thirc (4) ta duoc :G

Dinh thirc métric g theo dinh nghia la mat dé vé hwéng vdi trong lvong +2,
do giao trinh cla ta cac métric c6 negative signature nén dinh thirc g sé am

vay ta viét:
1
(-9)=F(-9)=(-9)"* = (- g)"
(— g)_y2 : maat fiod voa hodung véui troing 166ing +1
(7)

Vi tenxo bat kyG khi nd nhan véiG sé tao nén tenxo mat dd véi trong
lwong +1

(6)

DoG nénG 8)
Ta xét cong thwrc sau: Chc.)‘ ma tranG thi ma tran nghich dao
bl = i
deta;|
a=deta,

Al phaan phui fiaii soa culia a;
Nghia 1aG (khai trién theo hang i) 9)
Bao ham (9)
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oa _

aa
NéuG thi

oa

= Z a; A’ = AU vieat theo kieau maui khoang cot
a

da 0a; 2% oa; i _ o oa;

ox"
(10)

" da, ox*

T ok ox*

Ap dung céng thire (10) choG ta dwoc

og _
a (o]
(11)

Hay ta c6 thé viét:

0 0
ggb gab gab Laf

DoG ciing la ham cuaGl[] ta dao ham va ap dung (12)

a(_ g)y2 1 2.1 ( ) 1 2 ab
Tab E( )/ o0, 2 (— Q) "2 (— 9)9
Hay a((;giz/z = %(— Q)% gab

(13)
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CHUONG I

PHUWONG TRINH EINSTEIN

§1.CAC NGUYEN LY TRONG THUYET TUONG POI RONG

1.Nguyén ly Mach.

Sw phan bd vat chat xac dinh tinh chat hinh hoc cua khéng gian
quanh né. Noéi cach khac, vat chat sé ndi cho khéng gian biét phai cong nhw
thé nao con khéng gian sé noi cho vat chéat biét phai chuyén déng ra sao-
John Wheeler .

2. Nguyén ly twong dwong —The principle of Equivalence.

Thi nghiém trong may Einstein:

Thang may dirng yén tai mat d4t, phi hanh gia tha qua tao, qua tao sé roi tw
do xudng vd&i gia tbcG.

Thang may chay that ém tai khoang khéng vii tru véi gia tbcG.Phi hanh gia
thad qua tdo, qua tao van roi xudng san gibng nhw trwong hop dirng yén tai
mat dat. Néu dong co thang may chay that ém thi s& cé lic phi hanh gia
khéng phén biét dwoc lic ndo thang may dirng yén tai mat dat, luc nao thang
may chuyen dong véi gia tbc Gtrong khoang khong v tru.

Chuyen dong tw do trong hé qui chiéu khéng quan tinh giébng nhw chuyen
dong cla vat trong hé qui chiéu quan tinh cé trwong ngoai lag truéng hap
dan.

Néu thang may quay ,ta luén cé thé thay thé bang truong hadp dan tuong
duwong c6 ban chét da tinh dén lwc ly tam va lwc Coriolis.

Chay:

Khéng thé ap dung nguyén ly nay cho toan khéng gian vi tai vé cung
trwdng hap dan that séG trong khi trweng hdp dan twong dwong co thé tién
t&i vo cung 1&n (chuyén déng quay chéng han)

Nguyén ly nay ap dung cho vung khéng gian hep.

3. Nguyén ly hiép bién téng quat.

Moi phwong trinh vat ly déu dwoc dién ta béi phwong trinh hiép bién (dwoi
dang Tenxo). Nghia 1a né cé dang nhw nhau trong moi hé quy chiéu. Diéu nay
khéng c6 nghia moi hé quy chiéu 1a twong dwong nhau trong toan khéng
gian. Két qua do dwoc sé khac nhau nhwng dang cua phwong trinh thi khong
doi.

Einstein Iy luan rdng moi ngu®i quan sat — quan tinh hay khéng quan tinh —
déu co6 kha nang tim ra cac dinh luat vat ly. Néu diéu dé khéng dung thi ré
rang chang ta d& khong thé tim ra dinh luat vat ly nao hét vi qua dat cua ta 1a
hé qui chiéu khéng quan tinh.

Hé toa dd trong phép tenxo = Hé qui chiéu bét ky trong vat ly

4. Nguyén ly twong rng-The correspondence principle.
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General relativity , Newton theory of gravitation

Special relativity—— Newton mechanics in the absence of
gravitation
5. Hé qua tr nguyén ly twong dwong.
F =ma m : khoai 166ing quaun tinh
Mm
F=6— L =m,.g m, : khoai 166ing haap daan

Do ta cé thé thay thé lwc gay gia t6cG bang Iwc hap dan gay raG nén khéi
lwong quan tinh tw né phai bang khéi lwong hap dan .
M Quaun tinh = IM Haap daén )
Dike tai Princeton va Braginski tai Moscow da do va két qua cua sy sai
khac gitra hai loai khdi lwong trén gan bang 10-12.

§2. PHUONG TRINH PALATINI

Theo dinh nghia tenxo Rienann c6 dang :

Rocd = 0clha — Oalhe + Thalee — Tocl e (1)
Tai diém P bét ky ta chon hé toa do tréc dia. Khi d6 :
T2 (P)=0 (2)

Luc nay tenxo Riemann sé co dang:
Rk?cd = 6cl_‘k?d _8drt;ac
3) . )
Cha y: trong hé toa do trac dia dao ham cua hé S0 lién thong sé khac
khéng mdc du ban than hé so lién thong bang khong.
Bay gi¢ ta thyee hién phép thay doi sau:
g >I5 =T +% (4)
51“&; : biedn phaan cuda hea soa liean thoang. Ta cudng choung minh Addic
balin thaan heé soa lién thong khéng phai 1a tenxo nhwng bién phan cla né la
tenxo
Tog sOi thay Aoai nagy daan fiean soi thay Aoai cula tenxd Riemann:
Rocd —> Roca = Rioed + Rieq (5)
ORica (P) =00 Ty —04Te) =0 (g ) — 0y (M)
(6)
Mat khat[)
Nén thay vao(6):
| Rig (P) =V (3Tfy) = V4 (9T) (7)
DoG la gtenxo nénG ciing la tenxo
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=phoong trinh (7) lag phodng trinh tenxd. Phodng trinh tenxd naey fiulng
trong hea toia dé trac dia nhwng cling dung trong hé toa d6 bat ky. Ta co6 thé
tbng quat hoa:

Rpeg =V (M) = Vg ()
(8)

Nhan 2 vé cua (8) v&iG hay néi cach khac choG
Rgcd = Ryq
OR; =V, (8I) -V, (Sria )
(9)

(8) va (9) cé tén la phwong trinh Palatini.

§3. HAM TAC DUNG CUA PHUONG TRINH HAP DAN

Ta nh¢ lai thuyét twong déi hep:
G G vo huwdnt

Con ham tac dung cua hat dién tich g xac dinh trong dién — tr trwong

b .

| = _f(— meds — 3 Adx') (xem Landau- 68)
C

a

Sau mét vai bién dbi ta xac dinh ham Lagrange

2
V -
¥ =-me* [1-= + 9 A7 - q¢ =voa hesung
C C

T y twdng trén ta sé xay dwng ham tac dung cho trwéng hap dan .
1. Do phan bd vat chat quyét dinh tinh chat hinh hoc cla khéng — thdi gian
ma tinh chat hinh hoc cla khoéng - thoi gian lai dwoc dac trwng béi cac tenxo
metric g,, neéan ta phadi tinh fiean soT col maét cula cauc g ,.

2. Tenxo Riemann clia ta c6 chira dao ham riéng 2 lan cta metric nén ta hy
vong phwong trinh trwdng hip dan sé c6 mat tenxo'G (phwong trinh 2 Newton
c6 dao ham hai 14n qui dao theo t)
3. Ham Lagrange cua ta sé phai 1a vé hwéng giéng nhuw trong thuyét twong
dbi hep va trong dién — tir trwong.

Ta chon : Gvo hwong _ (1)
Ta chonGvi khdng — thoi gian clia ta coG am.
Ham tac dung cuta trvongG (2)

Ham G goi la ham Einstein Lagrange.
(day khoéng phai la cach chon duy nhat. Eddington chon kiéu khac
nhwng cach cua Einstein la don gian nhat)|

Cha y: G

Tich phan lay trong vungGll khéng — thdi gian 4 chiéu. Ta phai thém diéu
kién clia phwong phap bién phan 1aG sé bang zero tai bién T cla vungG
(gibng nhu co ly thuyét)

Néu ta ky hiéu : G GG (3)
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| = [g*R,,dQ = [ £ dQ
Q Q
(4)

Bay gi® ta xét biéu thirc sau:

b b b
gab_)gab+5gab hay ga _)ga +5ga
DoGnén :

(gab +5gabxgbc +5gbc):5ca +5gabgbc + gabagbc +0(52)
(5)

58598 =0=5(9"9y.) = 0™ Upe + 9 My
= gbc5gab :—gab59bc
= 995 3% =-9% 9%,

Sy 09" == 9" e

d b . cd
§ga: ? Cé‘gbc

®)
Ta lay bieén phan (4):

A = [(69 PRy +9 % Ry, )dQ
Q v

(7)

ta xét riéng sb hang nay
Jg abéRabdQ = Jg * (Vc ab — vbracc)jg
0 0

ab ab o-c
= | Vc(g ) Vb(g 5Fac) dQ
Q —
véi sb hang nay ta cho b, ¢ ddi chd cho

[VC(gab ab) ( acér )Q

8c(g ® acér b)dQ

nhau

_ J‘ (gab acél—b)ds
Vi theo diéu kién phwong phap bién phan tai thi bién phan tai bé mat cua
vungG sé phai bang 0.
Chu y: Ta da st dung cac céng thire da chirng minh & chwong 1- §16:

chab:() : VC|:( g)l/zTa:| o |:( g)l/zTa:|
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[ 0,T%Q= [ T?s, fonh Iy Gauss cho khoang — thogi gian 4
Q dQ
chieau.
Ta viét lai (7): G
=0
Rapd1(-9)"* g 1

|

Q

[Rp02°6(=0)""% + Ry (—9)' 39 *°1dQ2

Q

cha y (6) vaGr

1
= [ [Rabgabg(—gf”gcdégcd + Ry (-9)"? (~9%°9")dyy 1dQ
Q

1
= (—9)1/2(5R9°d ~ Ry, 9%g™)d dQ
Q

:_j(_g)%(—%Rng + R )dQ

Q

¢ 0%%
==[ (-9)""* G* &gy Q= [~ —E5geqdQ
Q

Q%cd

S8l =0 khi vag chae khi —(—g)""? G =0vi & 4 baat kys

5% ( y ab
%% - (~g)h6* =0
é‘gab

(8) ,

V6i cach chon ham Lagrange twong tng voéi trwong hap dan va nho
nguyén ly tac dung toi thiéu ta tim dwoc phwong trinh Einstein — Lagrange:

0% 0| % | 6%

agab axc 8gab _égab_

PN _(_g)l/z Gab — 0 Gab -0
(9)
Phwong trinh nay co tén phwong trinh Einstein danh cho chan khong,
(Vacuum) cho khéng - th&i gian nam ngoai vat chat tao ra trwdng.

0

§4. PHUONG TRINH EINSTEIN TONG QUAT

O phan trwdc ta tim duwgc phwong trinh Einstein cho chan khong. Mudn tim
phwong trinh tong quat ta phai cong thém ham Lagrange twong &ng v&i sy
c6 mat cta vat chat. Ta goi matter Lagrangt
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Bay gio ham tac dung cd dangG
V6iG: hé sb két néi. ,
Bang nguyén ly tac dung tdi thiéu ta tinh dworc:

5%,

b
— _(_g)l/zGa
5gab
Hoan toan twong tw ta tinh dwoc :
é;%’pM _ 1/2T ab
=(-0)
5gab

(10)
T%: tenxd haing hai nago fiou noui lean alinh h660ng cula vaat chaat trong
vugng Q fiang xeut. N6i mot cach khac tenxo trén la dai lwong dac trwng cho
khdi lwong va ndng lwong. Sau nay sé chirng minh dwoc laGtenxo nang-
dong lwvong ( The energy — momentum tensor).

Twong tw nhw & phan truéc :

50% +k5$M :_(_g)l/ZGab +k(_g)1/2-|-ab :O
5gab 5gab
(11)
~G® —kT® = Gap = KTy

(12)

Phwong trinh (11) cé nghia :

- D6 cong cla khéng gian = Hé sb ti 186G dai lwong dac trung cho khbi —
nang luvong

1. Bay la phuwong trinh vi phan xac dinh cac tenxo metricG tw tenxo nang-
dong lvongG. Biéu nay phu hop voi nguyén ly Mach: Sy phan bo vat chat
xac dinh tinh chat hinh hoc cQa khong gian. KhiG ta cé phwong trinh cho vung
khdng gian nam ngoai vat chat sinh ra trwdng (chan khéng) .
2. Cac phuwong trinh Einstein rat kho gidi vi n6 1a phwong trinh khong tuyén
tinhG ta khong thé ap dung nguyén ly chong chat. Vé mat vat ly cd nghia la tiv
mot van deé vat ly phire tap ta khong thé phan tich thanh cac thanh phan don
gian hon dé nghién ctru.
3. Phrong trinh vi phan khéng tuyén tinh s& cho ta rat nhiéu nghiém trong d6
c6 nhieu nghiém khoéng cé y nghia vat ly vi vay cac nghiém can phai dwoc
thwe nghiém kiém chirng .

Sau mét vai bién dbi don gian ta dwa (11) vé dang sau:

1
Rap = k(Tab ) gaij

(13)
Dang th 2 ctia phwong trinh Einstein.
Sau nay Einstein c6 dwa thém sé hant: nén phwong trinh (11) cé dang:
G — Ao = kTab
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G: hang s6 vii try do Einstein dwa vao dé phu hop voi mé hinh vi tru khi do
la tinh. Sau nay cac quan sat ctia Hubble chirng minh rang vi tru dang né ra.
Chirng minh trén d& dan dén viéc Einstein tir chdi hang s6 vii try. Ong noi:
do la sai lam I&n nhat trong doi ma t6i mac phai.
Ngay nay khi nghién ctru vi tru nguwoi ta chia ra 3 trwdng hop:
A0 :A=0 ; )0
- Hé sb két nbi (hé sb ti18)G  néu xét trong hé twong dbi tinh
- Hé sb két nbi (hé sb ti18)G  néu xét trong hé S
G: hang sb6 hap dan;G: van téc anh sang trong chan khéng.
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CHUONG il

NGHIEM SCHWAZSCHILD

Sau khi cdng bd thuyét twong déi rong Einstein nghi rang chac phai kha 1au
m¢&i c6 ngwdi tim ra nghiém b&i phuwong trinh Einstein 1a phwong trinh phi
tuyén. Tuy nhién sau do hai thang Einstein nhan duwgc cong trinh cla
Schwarzschild va 6ng thét 1&n: Téi khéng ngé rang ban da giai quyét van dé
mot cach don gidn dén nhw vay. Viéc tim ra nghiém cuta ban that tuyét voi.

That khéng may vao ngay 11-5-1916 Schwarzschild mét vi bénh, huéng
dwong 43 tudi.

§1. NGHIEM SCHWARZSCCHILD (13.1.1916)

Xét khéng gian ndm ngoai vat thé cd 1ap, tinh va co tinh dbi xtrng cau, khi
do ta cé thé coi nhwGkhodng phu thudc vad.
Ta 1ap luan nhu saul
Do khéng —thdi gian 4 chiéu nén ta co tbng cong 16.G nhungG=G nén sb
phan t& doc 1ap 1aG
Ta hoan toan cé thé bién db tvGTa co thé lwa chonG trong s6G g, fiodc
laép ( cOnG phan t&r doc 1ap.
Do cacG luén duwa dwoc vé dang chéo nén cudi cuing ta chi can xac dinh 4
phan t&r G,GGG. Bat diu tir toa do ciu trong khong gian 3 chiéu:
ChoGconst, ta dich chuyen P tirG
GkhoangGcung chan gocG=G
~ ChoGconst, ta dich chuyénG tG
GGcung chan gocGsiUl]
Vay khodng cach v cling nhd gitra hai diém bat ky z
trén mat cau:

ds* =ds; +ds; =a’(d6” +sin’ d¢’)

Hoan toan twong tw ta c6 dang don gian nhat clia G co tinh doi xing cau
trong khong_thdi gian bon chiéu:
ds* = Adt> - Bdr? — r*(d6? +sin® d¢* )
(1)
Do ham mi luén dwong nén ta chon:

G G, trong trwdng hop tong quat ta coG
Gl G, trong trwéng hop tdng quat ta coG
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ds? =e'dt* —e*dr? —rz(dé?2 +sin? &d¢* ) (2)
=g, = diag(ev,—ek,—ra—r2 sin’ 9)
(3)
g® = diag (e‘v,—e‘ﬂ,—r‘z,—r‘2 sin 2 9)
. @ .
Néu ta coi nhw cacG nayla nghiém cta phwong trinh Einstein danh cho chan

khong thi thay _cécG nay vao, phwong trinh sé nghiém dung. Tt day ta tinh
dwoc cacG vaG.

GS‘:RS—%éﬁR:O

(5)
th)i =0 % Rcb

Rap = 0clab — Oplac + ccdrng _ngre?c
(6) |
VOi G (7)
Sau khi thay (3),(4) vao (7) ta tinh dwoc cacG sau dé lai thay tiép vao (6) ta
tinh dwoc tenxo Ricci( tinh dwgc tenxo Einstein.

(A1 1 —e 4
Gl=e* 2 |4+ = : G = =0 8
0 (r rzj r2 0 r ()
(Vv 1 1
R A AL 6t =6

dau G con dauG
L4y (8)-(9): GG
= A+v =0 = g(ﬂ+v)=0
r

(G const néu ta chon constG[
= A+v=0 = V=—A1
(1) |
Taviétlai 8):G
DoG nén: _ _
G chuyén twGsangG vl |
d(re*)=dr — re " =r +const
ta chon consW (GL

_ 2m
e t=1-"
"

34



(12)
_ 2m
Do el =et=1-"—
r
(13) ]
Thay vao két qua tim dwoc vao (2):
-1
ds? = (1 - 2_mj dt? —(1 —z—mj dt* =17 (d6” + sin” d¢” )
r r
(14)

Nghiém ddi x(rng cau clia phwong trinh Einstein cho chan khong (14) co tén
yéu to do dai Schwarzschild ndi tiéng hay nghiém Schwarzschild néi tiéng.

O day ta coi nhuG vaG

Nhan xét:

Khir—>o  (14)=ds’ = dt> —dr® —r*(d6? +sin® &g’ )

Day la dang clia metric trong thuyét twong dbi hep. Ta ndi nghiém (14) c6
tiém can phéng. o o

Khi trwedng hap dan rat yeu ( trwdng hap dan Newton tr day ta tinh duwoc:

gooz1+2—c2D:1—ZG|;/l Doq)z_G_M
C rc r
Mat khac:G
So sanh rut ra:G m : geometric mass (15)

Trong hé Sl ta co:
-
ds? = (1_ 2GM )cz at’ —(1 _20M j dr? — 12 (07 + sin” 6d¢?)

c’r rc’

§2. QUY PAO KY LA CUA SAO THUY- MECURY

- Co hoc Newton giéi thich dugc tai sao khi quay quanh mat trdi truc chinh clia quy
dao Sao Thily lai tién dong nhut hinh dudi day:
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Ta co6 thé xem mét troi 1a khdi cau. Do khéi lwong rat Ién nén mat troi tao ra
quanh minh truéng hap dan manh cé tinh déi xtrng ciu. Lic nay nghiém thich
hop nhét cho viing khéng —thdi gian quanh mat tréi 1a nghiém Schwarzschild.

Ta xét hat khéi lwgng don vi chuyén dong trén dwdng tréc dia gibng-thoi
gian (time-like) dwa trén nghiém Schwarzschild.

Ta ¢6:G; chia hai vé cho thoi gian riént

(E)z_ DD _ g ot
dr Jab dr dr Jab

(1) . .
Ta phai dung thoi gian riéng (proper time) vi thoi gian riéngGla théng so
Affine.

Néu ta cod TL[ (2)
Nhw da biéet:
2F = g, X°X"
Nén ta co:
2
ds
(—j =1=g,xx" =2%
dr

Thay cacG cua Schwarschild vao (3):

-1
2m) . 2m . . .
2¥= (1——)?—(1——} P2 —r?0%* —r’sin’ 64 =1 (4)
r r
(4) 1a ham Lagrange cho hat chuyén déng trong khong —thoi gian dwgc md
tad b&i nghiém Schwarzschild. Tl nguyén ly tac dung téi thiéu ta cé6 phwong
trinh Lagrange:

oF _dlox|_, a=0,1,23
ox? dr ox8
Ta chi can tim 3 phwong trinh Ia du:
-1
a=0 g ; %:(l—z—mj {
ot ot r
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3l

a=2 %:—rzsinﬁcosﬁéz ; %:—rzé’
00 00
d (2, 2. 12
—Ir@)-r-sinfcosfp” =0
dr
(6)
a=3 g:o; %:—rzsinw}
o¢ o¢
dra. 2,;
0+—|r 0o (=0 7
| sin’ 6] ™)

Trong co hoc Newton ta thwdng xét chuyén dong clia cac hanh tinh trong
mat phang nén bay gi¢ trong thuyét twong dbi rong ta ciing xét chuyén déng
clia cac hanh tinh trong mat phéng xich dao.

Xét trwong hop :G G GO
Thay vao (7):

d 2 . 2H y _i 2 |
L le]-2fr o)

r‘¢=const=h
(8)

Xét (5):

i{(l_z_mj f}:o :{1—2—mj t =const =k (9)
dr r r

Thay (9) vao (4):

-1 -1
kz(l—z—mj —(1—2—m) r’—0— rig> =1 (10)
r r
batG G o
Thay vao (10) va sau mét vai bien doi don gian ta duoc:
2 2
LLCR I . 21+2n;u+2mu3 (11)
d¢ h h

C6 thé giai (11) bang tich phan ellispe, tuy nhién ta cé cach giai gan duang
sau:
Pao ham (11) theoG:

du d*u du 2m du , du
4t u— =" emu—
d¢ dg? d¢ h?* d¢ d¢
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T day ta dwoc phucyng trinh Binet twong di tinh.

d*u m

— tU=—F+ 3mu?

dg*

(12)
-Nh¢ lai trong co hoc Newton ta co6 phwong trinh Binet:

d?u Y7,
—+Uu== u=GM,+M
d¢2 h2 ( 1 2)

So sanh ta thay phuwong trinh (12) sai khac & s6 hangG. D6i véi sao Thiy
s6 hang nayGnén ta co thé ap dung phwong phap gan ding dé tinh .

Ta dwa vao théng sb:

Thay vao (12): G (13)
Ta tim nghiém dwéi dang:

U=u,+au, +0(e?) (14)

Thay (14) vao (13):
2.2

Y }+O(52):O (15)

14 m 14

Ap dung phuong phap nhiéu loan ta cé:
1. Gan dung bac khéng :G phuong trinh Binet. Nghiém cé dang:

Uy = hmz(l +ecosg). Ta choin ¢, =0

Thuwc chét day |a bai toan Kepler ma ta da giai trong co’ ly thuyét:
A
~1+ecos @
‘ voiG .
2. Gan d_l’Jng bac mét: G (16)
ThayGvao (16):

:%z[l(l+ecos¢)

uy + U, :m2(1+ecos¢)2 =h—rr;(1+2ecos¢+e2 cos” @)
Do cos” ¢ = (1+cos 2¢)

2
2 2
m e 2me me
U'+U, = —| 1+ — |[+—cos@d+———cos 2
e hz[ 2j h2 / 2h? /

Ta tim nghiém dwéi dang: G
Sau khi tim nghiém ta duoc:
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2 2
A:h—";(ue—j =" oo™

2 o ~ 6h?
Tém lai nghiém téng quat (14) véi dd chinh xac bac moét c6 dang:
m ) I 1
U=u,+¢&— 1+e¢sm¢+ez(———cos2¢j (17)
h, 2 6
Hay:

m

2 {1 +e cos[¢5(l — 8)]}

u zh—n;(l+ecos¢+ee¢sin¢)z

Ta da ap dung:
cos(@ — ge) = cos ¢ cos £¢ + sin ¢ sin &¢
3. Cudi cung ta da giai quyét xong bai toan Kepler trong thuyét twong doi
rong va ket qua:

u= hmz {1 +ecos[g(1-¢)]} (18)

(18) md t& quy dao hanh tinh la elipse nhung do cosnx cé chu ky 1aG néU
sé co chu ky I,

211
i ):2H(1+g+...)z2H(1+g):2H+2Hg (19)
—-&
Biéu thirc nay c6 nghia la sao Thiy sau khi quay moét vong quanh mat troi
thi truc chinh cua elipse sé quay dwoc mot géc bangG
Sau khi chuyén sang hé Sl ta dwoc:

2411°a°

2lle ~
cszil—ezi

Cong thirc nay do Einstein tim ra dau tién.
G truc chinh cla elipse; G van téc anh sang
G chu ky-The&i gian hanh tinh quay hét mét vong.
G eccentricity cla quy dao

(20)

Két qua quan sat nam 1971 Tinh toan ly thuyét
Sao Thuy 43.1"+0.5” 43"
Sao Kim 8.4”+4.8” 8.6”
Qua dat 5" +1.2" 3.8”
(Trong 100 nam)

§3. S UON CONG CUA TIA SANG.

Theo thuyét twong doi hep, anh sang trong chan khong sé truyén
theo dwong thang. Theo thuyét twong doi rbng anh sang sé truyén theo
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duong trdc dia null(null-geodesic ) . Ta sé& xét tia sang di trong trwong hap
dan gay b&i mat troi. _
Ta xay dwng ham Lagrange cho anh sang v&iG -Schwarschild
2L =g, XX =0
(1)

2¥ = (1—2ijt'2 —(1 —2Tm)_lr2 —r?0* —r*sin* 04> =0 (2)
Hoan toan twong ty nhw §2 ta dwoc phwong trinh cho tia sang ng véi
9:%; 0=0=0 : sind =1
d*u

d—2+uz3mu2

, ) ) 3)
Véi tredng hop gidi han khiG ta trd vé thuyét twong doi hep
2

u
= —+Uu=0

(4)
Nghiém (4)c6 dang:

UOZ%COS(¢_¢0) . D =const

Pay la phwong trinh dwéng thang. Két qua phu hop véi thuyét ctia Newton.

1 1
OP r n %o

%cos¢<:> D=r.cos¢
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_ Tuy theo gia triGma tam giac co thé thay ddi nhwng Itic naoG Iuc nao cling
van la dwong thang. Bay gi& quay lai phwong trinh (3) cla thuyét twong doi
réng.

u"+u = 3mu?
6) |
Tim nghiém dwéi dang: G (7)
Sau khi thay (7) vao (6) ta duoc:

ug + U, +3m(uy +u, ) = 3mug +18m*u,u, +27m’u}

1. Gan dung bac khéng :

‘ G ta chonG
2. Gan dung bac mot:

1
Ul +U, =ug = u+u, :Ecoszqﬁ (8)

(8) la phwong trinh vi phan bac hai cé vé phai . Ta can chon 1 nghiém riéng
cua (8) va nghiém do co dang:

1 2
U, =E(2—cos @)

Vay nghiém tdng quat gan dung bac 1 séla:

cosd) m
u=u,+3mu, = D (2 COS (1))
(9)
Xét gia tri tiém cén_cfja (9):
DoGnén khi G thi G vay ta cc’>
2m
O_cos¢ (2 cos ¢)~cos¢ m
D
2m 2m
= cos¢g = Y suy ra ngay ¢ = +( +E)
Tw hinh vé ta tinh dwoc géc léch cta 2 du(yng tiém can khiG
G DoG nénG
IT 2m II 2m
+(+—) —(—+—)
2 D 2 D
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Ngudi quan st cho ring

ngdi sao G day A 175"

/g/

Vi trf thit ctia ngdi sao
Tia sdng tlf ngdi sao 6 rét xa

Ngudi quan sét

Vay tia sang khi di ngang qua mat trdi sé bj bé cong duéi mét goc bang

1,75”. Diéu nay c6 thé hiéu do trwdng hap dan ctia mat troi nén khéng — thoi
gian bao quanh né da bj uén cong va viéc tia sang bi udn cong 1a hé qua. (Tia
sang truyén theo dwdng trac dia null trong khéng — thdi gian quanh mét troi).

Dé kiém tra ngudi ta chup cac sao khi khong c6 mét troi. Sau dé khi cé nhat
thwc toan phan ngw&i ta lai chup lai cac sao d6. So sanh hai birc anh nguéi
ta nhan thay cac sao trong anh khi nhat thyc sé rdi xa nhau hon do tia sang
bi bé cong khi di ngang qua mat troi. Luc nay ta chon D = ban kinh mat troi,
c6 nghia coi nhw tia sang di sat mép mat troi.

Ngay nay khi do céac tin hiéu tlr cac Quasars , nguwdi ta nhan thay khi di
ngang qua mat tr&i cac tin hiéu vo tuyén da bj léch trG

Thién ha hoic 1§ dencs (/)
khoi Iugng cuic 16n

Hiéu ting thau kinh hap din khi xét trong
khong_thoi gian Schwarzschild

Hiéu (ng nay dwoc phat hién nam 1980 khi quan sat quasar
0957+561AtDo hiéu wng trén ma chup duwgc 2 quasars. Thyc té cd mét
quasar ma thoi.
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§4. DICH CHUYEN PO HAP DAN —GRAVITATIONAL RED SHIFT

~ bay ciing la mét trong nhirng hiéu tng kinh dién chirng minh sy dung
dan cua thuyét twong doi rong. Tr nguyén ly twong dwong ta cé thé suy ra
hiéu rng nay.

/ A’
/

Y

X’ Xy

Dé tién ta ky hiéu nhw sau:G; G xét hai vi tricach xa nhau véi hai dong ho
nguyén tr chay dong bd v&i nhau. T vi tri 1 ta gi tin hiéu vo tuyéen den vi tri
2.

Tai 1: Thoi gian gitra hai dinh song lién tiép nhauGla thoi gian riéng vi
may phat ding yén taiG. Toa d6Gsé duwoc xac dinh tr dinh nghia thdi gian
riéng.

dr? = ds? = g, dx2dx? = gedx’dx” +0+0+0

042
= goo (X )(dX;)
(1)
Do may phat dirng yén tai 1 chi phu thudc vao toa do ma khoéng phu thuéc
vao thoi gian vi ta xét qua trinh nay trong khong —th&i gian tinh (Static Space-
time :khéng —th&i gian khéng gian né, co lai theo t).
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Tai 2: Khi tin hiéu dén vj tri th® 2 thi nguoi quan sat tai dé sé nhan thay
khoang th&i gian gilra hai ding séng lién tiép sé laGlrng voi toa do thdi gian
dx; .

Twong tw nhw (1) _ (2)
Do khong —thoi gian tinh nénGL
Lay (2) chia (1)
2
(adr) 2 _ oo (X3)

=

dz? 9oo (Xi")
1
:a:(gwgqé
oo (X{")

3)

Tw day ta thay hé sdG chi cho ta biét ddng hé chuan bij tai 2 gé nhip bao
nhiéu lan trong khodng thoi gian tiép nhan gitva hai dinh séng. Diéu nay co6
nghia thiét bi nguyén tt tai 1 cé tdn sb déc trungG thi nguoi tiép nhan tai 2 sé
do dwoc tan s6G.

Néu ta coi thoi gian gitra hai dinh séng tai 1 1aG thi tai 2 sé 1aG

Do:T:l:>T'=aT :ﬁzl,
1% Ve Vo
a2
=V :V_OZVO(QOO(X;)J
a Joo (X2)

(4)
Tw (4) ta nhan thay néu:G
Tan sb cang nhd thi bwédc séng cang I&nGléch vé phia dé (bwdc séng dai).
*Po léch tan s6 dwoc dinh nghia:
G Né&u nhu trwrng hap dan yéu thi ta co:

20 M
~l+—- ; b=-G—
gOO C2 r
(5)
, I+— 1+—
ﬂ—v_o_ — Cz 1~ C2 _1
Vo Vo 1+2(IZ2 1+¢;22
c c
_ -2, 9,-9,
c?+ D, c?
(6) _
Chuy: G

Thay (5) vao (6)i
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A ¢ Lonr

(7)

D0 (ta xép dat thi nghiém nhw vay) nénG léch vé phia dd.
** Xét thi nghiém dwoc dat tai dinh va chan nui:

Viét lai (7) :

. GM H H
AV=V —V=—NV—0m—=-V0.—
R ¢ c

Néu déng hd nguyén tlr tai 1 g nhip v&iG thi nguoi trén dinh nai sé nhan

duoc V <V.Anh ta seb suy luaan: moii soi vieac diean ra taii chaén nuui cou
vel chaam laii. Thoi gian tréi tai chan nui sé cham hon thoi gian tréi tai dinh
ndi. N6i cach khac néu hai déng hd nguyén tlr gibng hét nhau dwoc dat tai
dinh va chan nui thi cai dat tai dinh nui sé€ chay nhanh hon & dinh nui. Thoi
gian dwong nhw chay cham hon khi & gan nhirng vat cé khéi lwong lon c&

trai dat.
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T=l<T'=l’ Vi v<v
1% 1%

N6i cach khac anh sang sé mat nang lwong khi thoat tr ving co trudng
hap d&n manh t&i viing ¢c6 truéng hdp dan yéu hon va vi mat nang lwong nén
budc sdng clia né phai dai ra.

** Tl codng thire (4): GO

Néu G tan sb bang zero c6 nghiaG. Ta ¢6 dich chuyén dé hap dan vé han.
Diéu nay cé nghia ta khéng nhan dwoc tin hiéu gi hét viG.

Nam 1960 Pound va Rebka cho dat tai dinh va chan thap nuwdc tai trwong
dai hoc Harvard hai déng hd Hydrogen maser clock giéng hét nhau. Két qua
do dac cho thdy ddng hd dat tai chan thap chay cham hon déng hd tai dinh
thap.

Tinh toan ly thuyét tr cong thire (8) :G

Két qua do dac tir thwe nghiém G
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CHUONG IV

SONG HAP DAN

Sw nghién ctru vé séng hap dan cuia ta sé& xuat phat tir nhirng cdng
trinh cta Einstein dwa trén dang tuyén tinh ciia phwong trinh hap dan. Trong
phép gan dung trén ta sé thay song hap dan |a séng ngang va c6 hai trang
thai phan cuc.

§1. PHU'ONG TRINH EINSTEIN TUYEN TiNH HOA
1. Ta xét khéng th¢i gian cong gan phang. Diéu nay c6 nghia metric
cua ta sé chi sai khac chut it so v&i metric Minkowski.

Gab= Nab +hgp

Vi G hayG (2)
Ta cé: hab = (ac (bd hcd. Tw day ta tinh dworc:
gab= nab _ hab (3)
a 1 ad
Do Loe =297 (9dcb + Gobe ~ be,a)

2

Nén khi thay (1) va (3) vao ta nhan duwoc biéu thirc cta ky hiéu
Christoffel loai hai gan dung bac mét theo hab

1 1
Lpe = Enad(hdc,b + Ny o = Ppeg) = 2 (3, +hy o — ) (4)

Chu y: ta da str dung cac ky hiéu:

0
ad _ pha
n @ hbc = hbc

Néu chi xét t&i bé bac mét thi tenxo Riemann sé chi con lai hai sé hang dau:
¢+ bé bac hai — bé bac hai

Ta thay (1) va (4) vao biéu thirc sau:
1
Robod = 9aeFbod = 2 (Pag bc + Pocad = Pacbd = Pba ac) (5)
Tw day ta tinh dwoc tenxo Ricci:
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1

d

Ry = 9% Reaay = 2 (hz,ac + h:,bc —hga,—0h,) (6)
O day ta da st dung ky hiéu:

w0 0 0% o o* o* %
oxt ox? o2 ox®: oy* o0 ot?

vi=1

hi=h ; n°=diagonal (1, -1, -1, -1)

Biéu thtee (6) gay cho ta mét cam giac kho chiu vi sy phire tap cua nd.
Ta cé the lam mat sy kho chiu trén bang phwong phap sau:

2. Bay gi® ta xét phép bién dbi Loreutz Gauge nhw sau:

— 1 — 1

Pao = oo g M= = 1 2 528 g
DPao ham (7) theo chi sé ¢ ta duoc:

nC (o 1 (o Cc 1

ha,c = ha,c - E 6ah,c = ha,c - E h,a (8)
Néu ta datG thi bat buocG (9)
Thay (9) vao (6) ta dwoc:

11 1 ] 1
Rap = 2 (E h’ba + Eh,ab —hap—"hap) "o 0 hap

Do:R=n*R, :nab(—%)ljhab = —% Oh

T day ta tinh dwoc Tenxo Einstein:

1 1 1 1 1
G, = Ry —EnabR= _EDhab +Z NavJh =_ED(hab —Enabh)
1 _
Gab = _EDhab

V&i phwong trinh Einstein tuyén tinh héa trong phép bién dbi Lorentz
Gauge c6 dang:

1 J—
Gabz—EDEab= 87Ty = Ohap =-161T,, (10)

Twong &ng va&i (9) va (10) ta cé biéu thirc cho metric da tuyén tinh hoa:
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Gab =MNab + Map :nab"’F’ab—%nabh (11)
Voi: ¢
3. Ta con mot viéc niva 1a phai kiém tra lai xem viéc ta dat
hab = h,, —%nabh sed thay noai ra sao khi ta aup duing pheup biean fioai
voa cugng beu fAoai v&i toa dé ma cu thé la:
Xold = XNew = Xolg + & (12)

Trong phan bai tap ta chirng minh dwoc cac biéu thirc sau:
New

Eab = Eg%d - ga,b - gb,a + nabg,cc (13)

_b:NeW = F’b?aO/d —-0¢&, (14)
Tw (14) ta thy ngayG khiG T
Do ta da chon Gnén 1 (15)
Ta c6 thé 1ap luan ngwoc lai nhw sau : Néu ta chon (asaocho:

T thi v&i viéc chon G( G
( phwong trinh Einstein tuyén tinh hoa T (16)

Tom lai ta co (16) tré vé ding dang cua (10) nghia la phép bién ddi vo
cung bé doi v&i toa do khong lam thay ddi dang phwong trinh (10). Khi khéng
co6 vat chat sinh ra trwdng (10) sé cé dang

_ 0% 9% 9% 0% )
Dhab:():)(atz—axz_ayz—azz hab:0 (17)

Day chinh la phwong trinh sdbng quen thuéc ma ta da gap trong dién
dong lwe hoc va phwong trinh vat ly toan. N6 mé ta qua trinh séng lan truyén
trong khéng gian v&i van toc ¢ = 1 va hoan toan twong tw nhw trong dién dong
lwc nghiém don gidn nhat cta (16) la séng phéng don sac :

a

h., = Real Part o/(A gl ) (18)

Hoaic v&i dang phan bién :

he® —Real Part o/(Aabe'kaxa j
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Vecto séngG
Gia st séng truyén theo truc x ta c6 :
kax® = kox? + kox" + kox® + kX
= ot - kX
h., = Real Part of( € (‘”t‘kxx)) (19)

Két luan : Khi xét trwong hap dan yéu trong chan khong ta da gia dinh
khéng th&i gian luc nay gan nhw khéng thoi gian phang Minkowski

gab = (ab + hab voi (hab( << 1

Sau do6 twong tw nhw trong dién déng lwc ta ap dung phép bién dbi
Lorents Gauge

E;C:O:hg,‘::%h

,a

Va twr day ta dwoc :

Gab = —% Dﬁab - 87[7;[) — DF’ab - _16(”:7-61)

Vé&i chan khoéng ta co 1 (20)

Sau khi nhan (20) véi (ab ta duwoc T (21)

Va day la phwong trinh mé ta song hap dan lan truyén trong chan
khong vai van toc anh sang ¢ = 1

§2. SU PHAN CUC CUA SONG HAP DAN

1. Xét phwong trinh Einstein cho chan khéng da tuyén tinh hoa

Pé don gian ta xét séng hap dan lan truyén theo truc x. Khi dé nghiém
(1) cé dang

¢ ta coi nhw c =1 (2)
Ta viét lai diéu kién Lorents Gauge

1
hy . — 2 h,=0 (3)
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1 a
hoo,0 = P14 = 2 he=0
1
ho10 — M4 — Eh,o =0 > (4)
hoz2,0 — M2 =0 )
hoz0 — M3 =0

Néu ta ky hiéu diu phét 1a dao ham theo bién méi u thi (4) sé cé dang :

Hoo+H 1h' 0 )
=+ _ =
000175
Hos+h'13 =0
Sau khi phan tich (5) ta dwoc :
h00+h01—%h:C1 A
1
hoz + hyy =Cs
hos + M3 =Cy4 7

T didu kiénG ta co6 quyén chon cac const = 0 khi d6 ta c6 bén biéu
thrc sau :

iz = ~oy hy3 = —hys

1
hoq = 2 (Poo + M4) hy3 =—hy,

Ta viét lai hab dwdi dang ma tran va cha y tinh dbi xirng clia hab :
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1
hoo—E(hoo+h11) ho2 o3
1
—E(hoo+h11)h11_h02_h03

h02 - h02 h22 h23

h30 _h03 h23 _h22

Do viéc chon hab khéng phai la duy nhét r)én ta c~c') quyén chon hé toa
ddé m&i sao cho ma tran (7) c6 dang don giéq nhat ma van gilr nguyén cac so
hang déc lap, cé y nghia vat ly quan trong nhat. Cu thé la

i'e — Xnew = X0 + &
J J
hap - h;\ll)ew = hab - aa,b - ab,a

Trong d6 (a thda man diéu kién Lorentz Gauge :
hg’a:0:>li|§a=0

Ta sé& cb géng chon (a sao cho :
hcl)\(lJeW = oo - 0,0 —So0,0 = 0
hcl)\éewz hoz — o2 —S20 = 0

hcl)\éewz hos - §0,3 - @3,0 =0

hﬁewz h11 - §1,1 —§1,1 =0

(8)

Viét lai (8) :
1 1
&o,o = E hoo ; <t31,1 = E 4 ©)
€20 = hoz ;830 = hos
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Chu y : DoG nén dao ham theo y va z béng zero vay khi ta chon cac
& ,thoGa madn (9) thi rod ragng ma tradn culia cauc h;\l',ewchae cogn laii cauc
phaan t60 sau khauc zero.

N 0 0 0 0
hy" = (10)

0 0 " "

0 0 hé\:lsew_ 2I\;ew
Nho phép bién dbi doc dao trén maGcehi con phu thudc vao hai ham sé
doc 1ap Ia :
¢ vaG
2. Sw phan cuc ctia séng hap dan :

Ta xét hai trwong hop riéng sau va dé tién viéc in an ta bd ky hiéu New
trén cac hab

a. Xéth23 =0 con h22 (0

Tw bidu thirc gab = (ab + hab ta tinh dwoc
922 =22+ hoo =— 1+ hyp (12)

933 =1n33+hsz=—1—hy
Ta viét yéu t6 do dai ctia ving khong thoi gian co sy hién dién clia
séng hap dan
ds® = dt? — dx® — (1 = hy) dy? — (1 + hy) dZ° (13)
h22 la ham clia u va ta cho rang gia tri cia n6 bién thién tr 0 ( h22 > 0
vater 0 —)h22 <0.
Ta nghién ctru xem diéu gi sé& xay ra khi séng hap dan “— h22” dap vao

tap hop cac hat nam trong mét phang yz. Do séng truyén theo phwong x nén
mat yz vuéng goc v&i song toi.
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Dau tién ta xét hai hat trong mat phang yz cé toa dd ban dau tai (y0, z0)
va (Yo +dy, zo)

Tw (13) ta thy khodng céach riéng gitra ching sé la :
ds®=— (1 - hy,) dy? (14)

Néu h22 bién thién t 0 ( h22 > 0 ta nhan thdy dS2 sé giam dan. Co
nghia, hai hat dich chuy&n gan nhau hon.

Néq h22 bién thién t&» 0 ( h22 < 0 thi dS2 sé& tang lén. Co nghia, hai hat
dich chuyén xa nhau hon.

Vi hai hat c6 toa d6 (y0, z0) va (y0 ,z0 + dz) trén mat phang yz thi diéu
ngwoc lai s€ xay ra vi khoang cach riéng gitra chung :

2 2
ds? = — (1 + hy,) dZ (15)
Vay néu song hap dan bién thién tuan hoan lan truyén theo phwong x va dap vao cac hat

xép theo vong tron trong mat phang yz thi vong cac hat sé& bién dang nhw
hinh vé :

OO

T birc tranh nay ta thay rd tinh chat séng ngang cla séng hap dan. Ta
goi trang thai nay la phan cyc +.

2. Xét trwong hop : h22 =0 con h23 (0

Ta co:
dS? = dff —dx*-dy? +2h,3dydz —dz* (16)
C6 hé sb 2, vi ta co: h23dydz + h32dydz

Ta thwe hién phép quay 450 trong mat phang yz bang cach dwa vao toa
dé moi:

1
y%}‘/:ﬁ(yu) (17)

7=
z—>z_\/§( y+2)

54



(18)
Toa d6 m&iG sé tao mot gocGso vodi y, z.

LAy (17) + (18)G
1

:>dy:\/E

(dy - dz)
Tuong tw 17) - (18)G
1
= dz=—=(dy+dz
ﬁ( y+dz)

Tw day ta tinh dwoc : dy2; dz2 va dydz sau d6 thay két qua vao (16)
dS? = dff — dx? — (1 = ha3)dy?— (1+hy3) dZ? (19)

So sanh (19) voi (13) ta thiy song “-h23” sé tao nén hiéu &ng giéng y nhw sOng “-h22”,
neu nhw quay cac truc y va z mot goc 450

@ : j Z D Ni :
7
N
Bwrc tranh nay cho ta thdy séng hap dan “-h23” |4 séng ngang. Trang

thai nay goi 1a Phan cwc X. Séng hap dan c6 hai trang thai phan cuc va hai
trang thai nay tao véi nhau mot géc 450.

Nam 1960, J.Weber 1a nguoi dau tién nghi ra thiét bi do tim séng hap
dan. Do sy tac dung cla soéng hap dan 1én vat chat qua nhé bé nén cho toi
tan ngay hém nay (ndm 2002) cac nha vat ly thwec nghiém van chwa do tim
duwoc séng hdp dan mét cach truc tiép.

Tuy nhién khi nghién ctru binary pulsar PSR 1913 +16 cac nha vat ly

thién van nhan thay c6 bang chirng gian tiép cho si ton tai clia blrc xa song
hap dan (c6 thé xem thém Schutz —241)
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§3. GAN BUNG CHUYEN DONG CHAM:

Ta xay dwng thuyét twong doi rong da trén sy gilp d& clia thuyét
twong doi hep va thuyét hap dan Newton. Vi vay trong trweong hop gidi han
rieng thuyet twong doi réng sé tré ve thuyéet hap dan Newton.

Khi trwdng hap dan yéu khong thoi gian Einstein sé tré nén rat gan voi
khong thoi gian Minkowski va moi van toc v deu nhoé hon rat nhiéu so véi van
toc anh sang (v/c <<1). Luc nay cac gab sé chi khac mét it so v&i Métric
Minkowsi 77ap.

Qab = Nap + hap ; /hab/<< 1 (1)
voi  hab = (ac(bdhcd ; (ab(bc L
Ta cling tinh dwoc : gab = (ab — hab (2)

Dé tién tinh toan ta chuyén sang hé don vi Sl :
X = (" x", X% x%) = (x°, x*) = (ct x, y, 2)

Xét chuyén dong cia hat tw do voi van toc v doc theo dwong
xa = xa ((); théng so ( la thoi gian riéng. Nhw dé biét hat sé chuyén
dong theo dwdng trac dia timelike thda man phwong trinh :

d?x? ., dx’ dx°

=0 3
d‘52+bcd‘td‘t ()

dau tién ta nhac lai :

ds? = ch? = 2df? — dx? — dy? - d2 = dtz(cz B dx*  dy dzzJ

a2 d?  df
= df? (c? - V*)
_ czdt2[1 —fz} =c2dt?(1-¢?)
C

1 (4)
%:(1—82) 2 z1+%gz =1+ 0O(?)

T (4) suy ra ta cé thé thay ( bang t néu lay gan dung bac mét theoG

Do quéng dwéng = v.dt nén dx( ~ v.dW = (cdt. Do d6 :
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x>

— 5
cdt ©)
Sau khi thay d( bang dt bao (3) va chia 2 vé& cho c2 :
10 1 _, dx° dx°
% 2 el ©)
c dt C dt dt
Ta chi chd y t&i phan toa dd khdng gian nén (6) :
2 .0 Y
1 d%x S d(ct) d(ct) , arg, & dlct) dxPd(ct) oI dx dx’ _ 0
c? dt cdt cdt cdt.cdt cdt cdt
\2 \2 \’
bé bac mot bé bac hai bé bac ba
& day ta str dung ky hiéu a =0,1,2,3 = 0,(
o,fB,7=1,2,3
Do ta chi gilr lai s6 hang bé bac mét nén (7) cé dang :
1 d*x°
+Tp=0 (8)
2 cdf "

o 1 44 1 wd Ohog | Ohog a"'ooj
oo == 0 +0 -0 =— + - +
0 =5 9" (00904 *+ 90%4d — 94Y00) 2 n ( NCHPS

bé bac haiG
Thay vao (8) :

2 df 2 ox® ox°
Do khéng _thoi gian ta xét la tinh nén hab khéng phu thudc t :
suy ra (OhO( = 0 nén ta con :

1 dPx* 10hy

¢ df  2ox"
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Vay voi trwong hop gﬂén ding chuyén déng cham, tlr phwong trinh
dwdng trac dia Einstein da dan toi phwong trinh (9). Va phuwong trinh nay sé
trung v&i phwong trinh tvong (rng cua Newton phwong trinh 2 danh cho lyc
hap dan.

Vé&i hat cé khéi lwong mot don vi ta ¢o :

a?x* oD
1.X=F =—-qgradd = =— 10
I dt? ox* (10)

sosanh (9)va (10)tarutra:

o?x* o, 00
df? 2 ox* 0 ox¢
2
C
% hyy =@
2 00
20
Pon = <
00 C2
TUG (11)

V@i (: thé hAp dan Newton. Newton gravitational potential.
Khi khéi lwong ctia hat thiy (test particle) bang 1 don vi thi :
grad U = gradd = -F

§4. HE SO TILE HE SO GHEP NOI

_ Xét trvong hap dan yéu. Phuong trinh Einstein danh cho trwong hap
dan yéu sé co dang :

Oh,, = kT, (1)

N[=

Qab = Nap T hap

— 1 1
hab = hab - E nabh = hab - E T]aandth (2)

58



Thay lai vao (1) :

1 1
2 O (hyp — Enaandhcd) =—kT,,

Sau khi tinh toan ta dwoc :

1 1
Evzhab = k(T — Enabn“’Tcd) (3)

Gia thuyét rang khong co trwong dién tir, vat chat sinh ra truong gom
cac hat v&i mat dé nho (0, chuyén dong v&i van toc nhd cung bac vai v. Khi
dé tenxo nang — déng lwong sé co dang (trong don vi Sl)

T = ¢*pgd3d = Top = C*pgdad)
d 2
N“Teq =Cpo
(cha y | xem phan phu luc)

T (3)choa=b=0:

1 1 1 1
Evzhoo :km)o—inooToo)zikRo =§k02p0 (4)
Do oo =1+ hog = Vg0 = VZhyg (5)
Mat khacG nénG (6)
Tt (5) va (6) va (4) :
4
c

(: thé hip dan Newton (khac v&i thé ndng hap dan)

_ Phuong trinh (7) sé trung v&i phwong trinh twong (ng cla thuyét hap
dan Newton la phwong trinh Poisson :

Ta so sanh (7) v&i phwong trinh Poisson ( 2( = 4(G(0
Tarutra (G (8)

Nhéc lai : thé nang h4p dan dwoc dinh nghia nhw sau :
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u(r)=-cM" _
r

Suy raG goi 1a thé h4p dan cla vat M.

Khi m = 1 ta ¢6 ngayG
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CHUONG V

LO PEN

Ngay tir nam 1795, dwa trén ly thuyét hap dan va anh sang cia
Newton, Laplace d& chi ra rang anh sang khong thé thoat khdi nhirng vat thé
c6 khéi lvgng cwe I&n nhwng ban kinh cwe nhé.

Nam 1916 Karl Schwarzschild tim ra nghiém cuia phwong trinh cua
Einstein nhwng ca Karl Schwarzschild 1an Einstein déu khong biét rang
nghiém trén chira dwng s mo ta toan dién vung khéng —théi gian bén ngoai
16 den khong quay.

N&m 1930 Chandrasekhar tim ra gi¢i han khoi lwgng cho cac cau hinh
suy bién hoan toan — completely degenerate .

Sau do6 6ng nhan xét : mét ngdi sao cé kha nang co lai t&i ban kinh c&
vai kilomet khi khéi lwong clia né I&n hon nhiéu 1an khdi lwong téi han. Khi dé
trwéng hap dan cda ngdi sao manh t&i mirc khéng mét birc xa nao cla sao
thoat ra dwoc. Réat tiéc cho ngudi thay cla 6ng, huan twdc Eddington da nghi
ng® y kién trén va cung chia sé su nghi ngd dé c6 nha vat ly nguoi Nga

Lev Landau (1932).

~ Nam 1939 Oppenheimervaf va Snyder da tinh toan qua trinh co lai do
hap dan clta ngdi sao va nhan thay né hoan toan c6 kha nang cat dit moi sy
lién lac v&i bén ngoai. Day la sy tinh toan chi tiét dau tién vé sy hinh thanh 16
den.

L& den va van dé co lai do hap dan bj bé quén cho t&i ndm1960 ma&i
dwoc J.Wheeler va cac cong sy cua 6ng nghién clru. Nam1968 6ng nghi ra
tw 10 den.

] Nam 1963 Roy.Kerr tim ra ho cac nghiém cta phwong trinh Einstein va
két qua trén da duwoc st dung dé nghién ctru 16 den quay va tich dién.

~ Hé thdng sao doi Cygnus X-1 phét ra tia X rat manh. Moi tinh toan cho
thay hé thong nay la bang chirng gian tiép cho sy ton tai |16 den trong v tru.

Nam 1994 tlr nhirtng sb liéu do kinh Hubble cung cip cho thiy tam
thién ha M87- cach chung ta 50 triéu nam anh sang- 1a 16 den véi khdi lvong
gan bang 109 khdi lwong Mat Troi. Sau d6 sb liéu do dac ciing cho thay tam
ctia dai Ngan Ha 1a 16 den c6 khdi lwong gan bang106 khéi lwong Méat Troi.
Mac du tit ca cac bang ching trén 1a gian tiép nhwng sw ton tai cia 16 den
dwoc cac nha vat ly coi 1a hién nhién.
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§1. PIEM KY DI CUA NGHIEM SCHWARZSCHILD

Ta viét nghiém Sch:

ds® (I—Tjdt —(1—2ij dr? - r2(d6> +sin® G g? (1)
KhiG ta thay: G
om)! -1
Khi r =2m =—1-==| =—=-
| du ( ZmJ 0o

Hai diém trén goi 1a diém ky di, gia triG goi la ban kinh Schwarzschild- I
G: xét trong hé twong dbi tinh
G: xét trong hé Sl

1 : 2m(r{o

2 - 0(r(2m

Tal Vl‘Jng 2 ta thé’yG cOno nyia 1ia wo v va o1 thay d6| tinh Ché’t t tro
thanh Spacelike con r tré thanh timelike.

Ta chia ra lam hai vung:

§2. BIEU DO KHONG -THO'I GIAN

Ta vé duong trac dia cho tia sang va dé don gian ta xét tia sang truyén theo
toa dé r con phan gécGceonst

Do O=¢=const=>0=¢=0

1)
DOoi voi tia sang (photon) thi

ds? = g, dx?dx® =0
(2)

=27 = goof2 + 01 P+ 92 6> + g33¢2: 0

=2% = (1—27”‘} —(1—27"1) P =0 (3)

diu chdm & day la dao ham theo théng sb Affine doc theo dwdng trac dia
null- ta ky hiéu la u.

Viét phwong trinh Euler-Lagrange cho trac dia-null:

ig_i(iyj ~ 0
ox? du \ ox?
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Ta tinh tirng sé hang mét:GL

= (1 — Z—m)t =k =const

(4)
Thay (4) vao (3):

(6)
Xét G (7)
Thay (4) va (6) vao (7):

a _f_, v :i(u 2mj
dr r r—2m

Tich phan ta duwoc:

Ta c6 nghiém:

t=r+2mln|r —2m|+ const: outgoing radial null geodesics (9)

t=-r-2m ln‘r — 2m\ +const: ingoing radial null geodesics
(10)

outgoing

ingoing

-V
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Nhin vao biéu dé ta thay tia sang tir xa tién t¢iG sé phai can thoi
gianG. Diéu nay khéng ding vé&i thuc té nén ta can chon hé toa dd méi sao
cho btrc tranh clia ta phu hop véi thuc té.

Ta chon hé toa 6 m&iG véi :
f=t+2mln/r—2m|

(11)

hay: G thay vao (10) va (9):

(a) t=f—2mln|r —2m|=r +2mIn|r — 2m| + const
f =r+4mln|r — 2m| + const

(12)

(b) t=f—2mln|r —2m|=—r —2mIn|r — 2m| + const

t =—r +const
(13)
(12) m6é ta dwdng outgoing radial null geodesics .
(13 ) mo ta dwong ingoing radial null geodesics .
Tw G  talay vi phan biéu thirc nay:

di=dt+ 2" dr—dt=di_ 2"

r—2m r—2m

dr

(14)

Thay (14) vao nghiém Schwarzschild ta duoc:

2my ., 4m 2m .
ds = (1——) dt? — 2™ gfdr —(1 +—)dr2 —r2(d6? +sin® Gdg? )
r r r

(15) (15) goi la nghiém Schwarzschild trong toa d6 Eddington-Finkelstein
(1958) . _ )
Nghiém nay khong co diém ky di taiG. N6 lién tuc trong khoang 0<r| va chi ton
tai duy nhat m(f)t’ky di taiG. .

Bay gio ta tien hanh vé do thi cho ho dwdng ingoing va outgoing cua
nghiém Schwarzschild trong toa dé Eddington-Finkelstein:

ingoing

outgoing

-y

r=0 r=2m

, 45" Ta nhan théy (13) mo

ta dwong thang tao bai mét goc-450 vol rycG. Con (12) mé ta dwong thang +
duwdng logarit = dwd'ng cong c6 dang giong logarit.

Khi vé cac ndn anh sang ta thy cang gan vi triG cac nén cang nghiéng

vao trong va tai vi triGthi mat phai cia nén anh sang (&*ng v&i dwdng outgoing
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) s& song song v&i trucG. Diéu nay c6 nghia néu taiG phat ra tia sang huéng
ra ngoai thi tia sang nay ding yén tai ché. Néi chinh xac hon 1a nd khéng
thoat ra ngoai dwoc ma chay 1d6ng vong quanh mat cdu ban kinhG . Nguoi tai
xa v cuc sé khong thay b4t ky mét tia sang ndo phat ra dwoc to vang trén.
Anh sang da khong thoat ra dwoc thi khdong co vat gi cé thé thoat ra dwoc vi
van tbc anh sang la cao nhét.

Vung trén dwoc nha vat ly My John Wheeler goi la “16 den “-Black hole-
va tr nay dwoc gi¢i khoa hoc chap nhan (1968).

§3 . CHAN TROI SU KIEN- EVENT HORIZONS.

Ta xét biéu db — thdi gian cta 16 den theo cach sau:

Quay birc tranh & §.2 mot vong quanh trucG, sau do lay mét cat vudng
goc ta dwoc bieu do theo mat xich daoGO.

. 0-d 0 00

S =2m

_ Tai xa v6 cling nén anh sang binh thwong -tam & gitra. Cang gan
maW nén anh sang cang nghiéng vé phia |6 den (vé phia dieém ky di).

Tai matG cac outgoing photon s& nam ngay trén mat cau con cac
photon khac bi hwdng vao trong hét. Bé matG giong nhu mang tham thau mot
chiéu chi cho di ttr ngoai (vung1) vao trong (viing2) ma thoi.

MétQ goi la chan troi sy kién. N6 dong vai tro bién cla tat ca cac sv
kién ma vé nguyén tac ngudi & ngoai (vung1) khéng thé quan sat dwoc.

Goi la phén troi sw ki@n b&i vi khi ra bd bién ngém nhin du’c‘mg chan
troi ta chi thay nhitng gi nam trwéc dwong chan troi, con cac vat nam tai
dwong chan trdi va & sau no thi ta khdng co cach gi thay dworc.
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™Y twdng v§ 16 den, xuét phat tir hé qua clia co’ hoc Newton. Ta xét vat
kh(“)i_ lwoengGehuyén déng ra xa yét hinh cau ban kinh R, khoi lwong M, van
tocG. Khi d6 nang lvgng toan phan cta vat m:
Gdéng nang+ thé nang.
1, Mm

E=—mv -G—
2 r

<l

Ta dinh nghta van tbc thoat (the escape velocity) VES la van téc cta vat
tai b& mat thién th& M c6 kha nang dwa vat ra xa vd cwc ma tai dé van tdc
bang 0.

GEtai mat thién thé (dinh luat bao toan co nang)

v2:2-M
ot =260
Gia st vat co van téc thoaW:
G hésl
GG hé twong dbi tinh
Diéu nay duwoc Laplace nhan ra tlr ndm 1798.

§4. LO PEN QUAY

Nhw da biét nghiém Schwarzschild méta 16 den khéng quay —mét
trwdng hop riéng trong tw nhién. Nam 1963 Roy Kerr da tim dwoc nghiém
tbng quat t» phwong trinh Einstein cho chan khéng. Nghiém Kerr cé nhiéu
dang nhwng nguwdi ta hay dung dang Boyer-Lindquist (1967) dé nghién ctwu.

66



sin? @

2
ds? = Az(dt —asin’ 9d¢)2 —72[(1'2 +a2)d¢—ath —'Dfdr2 — p?do?
p p
(1)
(1) con coé tén Kerr metric trong toa d6 Boyer-Lindquist, trong do:
p?=r?+a’cos’ 0
(2)
A=r?-2mr+a’ (3)

Ta c6 mét sb nhan xét sau:

1. Nghiém phu thudc vaoG vaG. Khi ta choG ta duwoc nghiém Schwarzschild |,
conG: khoi lvgng cua vat sinh ra tredng trong don vi twong doi tinh.
2. Cac metric khéong phu thudc vaoG vaG nén nghiém coé tinh dbi xirng truc va
dirng.
3. Néu ta d6i dau cung mét licG vaG 1,Gl) thi nghiém van khong thay dbi.
Diéu nay dan dén viéc a twong rng theo sy quay theo got.
4. Do co s6 hangG nén ta co thé suy raG lién quan dén van toc goc clia vat
thé sinh ra trwdng vaG lién quan dén mémen déng lwvgng (cé thé xem thém
Dinverno-253).

e Viéc tim ra nghiém Kerr rat phirc tap. N6 nam ngoai khuén khd cta giao

trinh nay. Ban doc cé thé tham khao trong Chadrasekhar-306.

§5. DIEM KY DI VA MAT CHAN TROI CUA NGHIEM KERR

* Nhin vao nghiém ta thay Kerr metric cé diém ky di khiG (xem thém
Chandrasekhar-289).
T (2): G (1)
DoGnén suy r§ khiG va G (2)
Ta c6 sw lién hé gitraGv(I:
X =Trsinfcos¢+acosfsing
Yy =rcosfsin¢g—asinécos¢

Z=rcosd

thay vaoG taduoc: G G

Ta viét lai:G (3)

Do G nénG con G

G nén vé phai (3) conG .
Tomlai(3)i ; G (4)
Tir (4) ta nhan thay diém ky di 1a dwong tron ban kinhG nam tai mat
phang xich daoG
- Nhw d3 biét khiG ta c6 dich chuyén dé hap dan vé han.
Tw (1) (4 ta co hé sb cua dt2:
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[ A a’sin? HJ
7 7 =0oo
P P (5)

A—a’sin?@ r?-2mr+a’cos’d
Y00 = 2 - 2
p p
Jgo =0 khi t60 soa r* —2mr+a”cos® @ = 0. Giali ph6éng trinh basc hai
nagy ta dwoc hai nghiém khiGG cd gia tri ¢b dinh.

s, =m=+vm*—a’cosd

(6)
v&i gid thuyétG ta nhan thdy G( mat congG sé& bao mét congG.
KhiG :ban kinh cwc dai tai xich dao
G : ban kinh nhd nhét tai hai cuc
Néu nhin cat ngang thi mat v&iGeo hinh trai bong bau duc phinh ra &
xich dao. Con néu nhin ttr trén cuc xuéng thi 1a hinh tron. Tém lai matGtao
nén hinh Ellipsoid.

maét doch chuyean fiol haap dadn S, 6ung

Ergosphere
Chaan trégi soi kiean

Maét doch chuyean fio( haap dadn s_ 6ung voui r_

Ta tim chan troi sy kién véi gia thietG(sw quay clia vat nhd hon néu so
sanh v&i khoi lvgng) giong nhw véi nghiém Schwarschild ta tim mat véiG rng
voiG

2 2
Te(1)(4tacs & gl=" 2mzr+a —0 khi
P
r’—2mr+a’=0 (7)

Giai (7) ta c6 hai nghiém

68



r=r,=m=ym’-a’
(8)

Tdng hop lai ta cé ba vung:
Ving G
V&i nghiém Schwarschild ta c6 chan troi sy kién mat dich chuyén doé vo
han trung khdp nhau. Con bay gi® chan trdi sy kienGnam toan bd trong mat
dich chuyén d6 hap dan vé hanG. Vung khéng gian nam gitra hai mat bén goi
la Ergosphere.

§6. DUONG TRAC DPIA NULL CHINH

Khi ta xét mét vat quay quanh truc z, theo co hoc Newton ta cé thé xem
xét trong hé quy chiéu quay cung v&i vat . Khi do vat sé ding yén trong hé
quy chiéu nay. Péi voi thuyét twong dbi rong ta khong thé 1am nhw vay dugc
vi khéng thé tim dwoc hé quy chiéu dé dua nghiém Kerr tr& vé nghiém
Schwarzschild. No6i cach khac phuo’ng trinh phi tuyén tinh d& gén ngudn voi
trwdng ngoai. Piéu nay tao cho ta cdm giac rang cac vat thé quay sé “kéo”
vung khéng gian quanh né theo va nhw vay cé nghia la kéo cac duwong trac
dia theo luén.

Do metric cé tinh dbi xtng truc nén ta thé nhan dwoc cac dwdng tréc
dia null ndm trén siéu matGeonst. Ta tim cac tréc dia null thoa Oman diéu
kién:

GeonsWvaG (1)
(d4u chdm biéu thj dao ham theo théng sb Affine u.).
Ta c6 ham Lagrange:

rop o B o ’ sin” @ P
pE (t asin’ ¢J pE [( +a)¢ at] P

Va céc phwong trinh Lagrance theo t,G cho photon:

A (t—asm 9¢]+a 29[(r2+a2)¢3—at'] =const=1  (3)
P’ p

2
M[t_asm «9¢J (r2+a 2)Sln 9[( +a )¢§ at] =const=n (4)
Yo

2

a‘A 2aA¢

(t—asm 0¢)2 (t—asm 0¢)
u)[( +a)¢ at]2+ (5)

Ta thém mot phuwong trlnh nira tr diéu kienG
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2 .
Az[f—asinzﬁgb} —szzé)[(rz+a2)¢5—at']2—'01r2 =0
p p

(6) , . o
Ta c6 4 phwong trinh doi voi 3 an sb6 GII nén gitraG vaG can phai cé sw rang
budc. Sau khi tinh toan tryc tiép ta dwoc:
(n + al sin? QXn —al sin® 6’): 0
(7)

Ta gi6i han sw chl y t¢i :G=I voiG=const (8)
Sau khi giai triee tiép (3),(4),(5),(6) va (8) ta dwoc:
. I 2 2
t=—(r"+a
e
(9)
r =+l
(10)
j=La
(11) g
chonGG (12)
_ ¢ _ds_a
rdr A
(13)
Sau khi tich phan (12) va (13) ta dwoc:
2 2
m m
t=r+/m+———|Inr—r |+ m-——— |Injr—r |+ C(14)
(mz _ g2 )5 (mz _ az)g
r—r
p=—2 _In +%+ c
- r—r
z(m2 - a2)2 -

(15)
voiG va diéu kién a2 < m2

Khao sat dju clia G ta nhan th4Z>0 tai viing 1 va vung
3 (G ;G )vaG<0 taivung 2T) nén ta suy ra

dt r*+a’

dr A

Vi vay (14) va (15) mé ta cac ho dwong trac dia null chinh di ra- principle
outing null geodesics.

* Hoan toan twong tw khi ta chonGta sé nhan dwoc (14) va (15) bang cach
thay t bang —t vaG bangG cac dwdng nay goi la cac dwdng trac dia null chinh
di vao- principle ingoing null geodesics.

* Hoan toan twong tw nhw trudng hop nghiém Schwarzschild ta chuyén
sang toa d6 m&iG dé duwéng di vao ingoing cé dang dwdng thang.

>0 taii vueng 1.
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G voiG
G voiG
G G dwdng thang
G Gceonst khéng phu thudc vaoG
Db thi cé dang giéng nhw nghiém Schwarzschild cac nén anh sang bi

bé cong vé phia r=r+ va tai r=r+ cac photon &ng v&i outgoing sé drng yén tai
ché. N6i dung hon 1a chay vong quanh mat cau ban kinh r+ ma khoéng thé
thoat ra ngoai dworc.

§ 7. HIEU NG PENROSE (1969)

Khi nghién clru ndng lwong cla cac hat roi vao 16 den Penrose nhan
th4y khi lot vao bén trong ving ergosphere nang lwong hay cé kha nang
nhan gia tri &m va sau dé chim sau vao trong 16 den. T két qua nay 6ng da
nghi ra thi nghiém li thu sau:

T xa vd cwe g&i mot hat véi nang lwong Ein vao 16 den quay. Quy dao
hat dwoc chon sao cho né Iot qua mat cau s+ vao vung ergosphere.

Trong vung nay hat bj tach lam hai do Iwc thuy triéu. M6t mau lot vao
quy dao v&i nang lwgng am Edown va chui vao |6 den . Phan con lai véi nang
lwgng dwdng Eout ban ra ngoai vung ergosphere va ra xa v6 cung.

Tw dinh luat bao toan nang lvgng ta cé:
Ein = Eout + Edown

~ Do Edown <0 ( Eout> Ein. Biéu nay c6 nghia hat ban ra da lay di mot
phan nang lwong quay cua 16 den lam cho né quay cham lai. Hién twong trén
goi la hiéu rng Penrose.

Nam 1972-Bardeen, Press va Tenkolsky da chi ra rang cac hat bj tach
ra lam doi trong ving ergosphere khi toc d6i cia ching phai dat t¢i 0,5¢. Nhw
vay hién twong trén chi xay ra khi toc d6 hat roi vao 16 den (0,5c.

Nam 1975 Hawking ap dung ly thuyét trwéng lwong tr va ving khéng —
thoi gian quanh 16 den va 6ng da chirng minh dwoc sw phat xa 16 den. Pay la
mot phat kién rat quan trong ca hai linh vwc vén bi tach riéng ra la vat ly lvong
tr ly thuyét twong ddi rong. Tir day hinh thanh nén bai toan héc bda nhét hién

nay: Hap dan lvong ti-quantum gravity.
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CHUONG 6

VU TRU HOC TUONG DOI TiNH

§1. CAC NGUYEN LY VU TRU CO’ BAN

Nam 1922, mét r]ém trwéc khi mat vi bénh thwong han, Alexander
Fr[edmann tai tru«‘)’r]g tér)g hop St.Pe’gersburg duwa ra nhan dinh nhw sau: Tai
moi ky nguyén ta deu thay vi tru la dong nhat va dang huwédng.

Vi du:

Tai ky nguyén t1 ta quan sat vi t[u va théy vl tru c6 dién mao nhw tbé
nao do thi tai ky nguyén t2 vi tru cd thé khac di nhuwng dién mao cla n6 van
nhw xwa, giong nhw blrc tranh trén bong bong sé n& deu khi ta thdi to 1én.

Vi try dédng huéng cod nghia khong cd vi tri wu tién, blre tranh va try |a
nhw nhau khi nhin tr moi phia (t4t nhién trir mét sb diém ky di).

G.Gamow — hoc trd xuét sic clia Friedmann — dau tién dé xuét do birc
xa nén cla v tru dé kiém tra y twéng cta Friedmann. Sau dé hai nha vat ly
cua trwdng dai hoc Princeton |a Bob Dicke va Jim Peebles tién doan blrc xa
nén nam & dai séng cwc ngdn va hai éng bat tay vao do tim nhwng ngudi tim
thay lai la Penzias va Wilson lam viéc tai phong thi nghiém Bell Telephone
vao nadm 1965. Ly do tim thay la nho thiét bi ctia Bell Telephone khi d6 hién
dai nhat thé gidi. Nam 1978 Penzias va Wilson nhan gidi Nobel, mét bat cong
l&n cho Gamow, Dicke va Peebles.

Nam 1923, H.Weyl tim cach dwa thuyét twong ddi rong vao nghién ctru
v try nhw mot the thong nhat va 6ng dé nghi cé thé xem mai thién ha nhw la
mot hat va cac hat nay chuyen dong trong vi tru theo dwong trac dia thoi gian
giong nhw cac phan t&r nwéc trong chat Idng ly twdng.

Vi tru hoc twong déi tinh dwoc xay dwa trén ba nguyén Iy co ban sau:

1. Tién dé Friedmann.

2. Tién dé Weyl.

3. Thuyét twong dbi rong Einstein.
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§2. KHONG GIAN CO PO CONG KHONG DPOI

Trong toan hoc ngu&i ta chirng minh dwgc dd cong cliia khéng gian
dwoc dac trwng béi phwong trinh sau:

Rabcd = K(gacgbd - gadgbc) (1)

V6i K 1a hang s6 va goi la do cong — the curvature. Khong gian trén goi
la khéng gian c6 d6 cong khdng doi.

Xét khong gian 3 chiéu : voi i,j,k=1,2,3.
Riw = K(9igi— 9igji)
Nhan hai vé véi gik:
9" Ry = Ry = K g" (9ugi— 9igi)
= K(5;95 - 9 9i93)=K(3.9 -5 gy
= K(3.951-91)= 2K gy (2)

Do khong gian 3 chiéu dang hwéng nén no phai co tinh déi xrng cau.
Tw day ta cé yéu to do dai — line element:

do = gjdx dx = e* drf + P(d& + sin® 6dg ) (3)
v&i (= ((r). Tw (3) ta tinh dwgc Tenxo Ricci:

\

Ru="
L &

Ry =——5— Rs3 =c08eC0.Rs5

sin“ 6

F —nar 2
p =1+ e )e (4)

Tw diéu kién khéng gian c6 dd cong khong ddi (2) ta dwoc hai phuwong
trinh sau:

Ry = 2Kg11 = 7\‘7 = 2’(9)L (5)

Rz = 2Kgaa =1+ % e NM—et =2Kr? (6)

Tw (5) ta tinh ( réi thay vao (6)
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e-( = 1—-Kr2 thay két qua nay vao (3)

ar?
1-Kr

do? =

-+ 2 (d0? + sin® 0dp?) (7)

(7) mo ta metric cia mat cau 3 chiéu trong khong gian 4 chiéu co do
cong khéng doi.

>0

DPé cong K c6 thé: 0

<0
Ta dwa vao bién s6 mai:

r= —1r (8)
1+ Kr?
4

Sau khi lay vi phan (8) réi bién dbi (7) theo bién s6 méiGta duoc :

do? = 1 [dr? +72(d6? + sin® 0dd?)] (9)

1,22
1+ —Kr
( 4 )

Theo cé&c tién dé cda vi tru hoc ta thay tai thoi diém t nhéat dinh nao do,
cac diém trong vi tru déu cé chung mot gia tri mat do, ap suat va do cong.
Diéu nay c6 nghia “chét 16ng v try” sé nam trén cac matr, (, ( voi t

= const. Nhw da biét cdc siéu mat nay vuéng géc véi truc t nén ta cé

9i=0;i=1,2, 3.
Do ta quan sat bl tranh vii tru nhwng ta ciing chuyén déng véi vii try
nén ta chon thoi gian vi tru la thoi gian riéng, ¢6 nghia goo = 1. Tl suy luan
trén ta co thé viét yéu té do dai cla vi tru dwdi dang:
ds2 = dt2 — hé s ty Ié. d(2 (10)
dr? +r2(do? + sin® 6dj? )]

ds? = dt? - S2(t)[ 1
(1+ZKr )?

(11)

V&i S2(t): Hé sb ty 1&. Hé sb nay xuét hién vi theo tién dé Friedmann tai
moi ky nguyén vii tru c6 dién mao nhw nhau nhin t vi tri bat ky. Vay véi ky
nguyén tiép theo mat cau cutia ta van nhw vay nhwng chi sai khac mét hé sb ty
|&. Ta sé chu y t¢i toa dé r va hé sb ty 1&. Ta dat:
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k=K —i1= K=Kk

K
D4u clia k phu thudc vao diu cla K.
Ta dat tiép:
¢ 14y vi phan réi binh phuong

%2
ar

— dr? =
K|

Thay vao (11):

S2(t) [dr'” + 1% (do? + sin? 0d0?)

ds? = dt? - ] (12)
K (1 +1kr*2 )2
Ta @it tiép:G  khi K (0
Rt =S®) khiK=0 (13)
2
(12) = d* = df? —Rz(t)[dr +r (d$ + si” Ocp* ;e
(14 2)2

Hodac ta két hop (7) va (11) ta ciing cé dang:
2 ,
* 2 ;2 2
2 +r (d6” + sin” 6do“)] (15)

ds? = df? — R’(t)[1c_’r

(14) va (15) déu l1a yéu t6 do dai cua vi tru twong dbi tinh. Riéng (14)
c6 yéu t6 do dai Robertson — Walker (1936) v&i k=-1; 0; +1 (Robertson —
Walker line element for relativistic cosmology.

§3. PHUONG TRINH FRIEDMANN

1. T nguyén ly vii tru déng nhét, ddng hwéng ta co yéu td do dai
Robertson — Walker.

dF — df Rz[dr +r (d92+sm 0dp> )]

1
1+ kr
(14 k™)

(1)
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2. Tl tién d& Weyl ta cé tenxo ndng — déng lwong cla dong chay ly
twdng (Xem phu luc)

Tab = (,0 +p)uaub - PGab (2)
(: méat dd, p : &up suét

Do déng nhat va dadng hwéng nén (, p chi la ham cla t, con ua van tbc
4 chiéu cua dong chat léng.

3. Phuong trinh Einstein: Gab - (gab = 8(Tab (3)
(: Hang sb vii tru do Einstein dwa vao. Ta chi xét trwdng hop khi (=0

Tt (1) ta rut ra ngay cac gab, sau d6 ta tinhGva nhan dwoc 13 ky hiéu
Chirstoffel loai 2 khac zero va dwa vao céng thirc:

d d
Rab = 8cFaCb - abl—‘acc + 1ﬂccdrab - ngr ca

Ta tinh dwoc tenxo Ricci:

R00=—3—g R = Q(RR+2R2 + 2k)
V&idau chdm la dao ham theot ; G
T (2) ta c6 : TOO = (g00 ( T00=(
=T} =T =-p (4)

Sau khi thay tat ca cac két qua trén vao phwong trinh Einstein véi (=0
ta dwoc:

ZRRJ;?Z R? + k _ _8mp )
3, RZR: K_gmp (6)

Ap suat & day bao gém: ap suét gay ra do sw chuyén ddng hdn loan
clia cac ngdi sao va cac thién ha, ap suét do chuyén doéng nhiét ciia cac phan
khi trong vii try, ap suét do bl xa.... v..v.. Tuy nhién két qué do dac cho thay
p nhd hon ( c& mot triéu 1an, do d6 cé thé co nhw p = 0 . Viét lai (5):

2RR+R2 +k—-AR*=0
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Sau khi bién déi réi tinh tich phan ta dworc:

R-C_k (7)
R

Phwong trinh (7) goi la phwong trinh Friedmann — Robertson — Walker.
- C la hang sb khi tich phan.

- R(t) 1a kich thwdc hodc hé sbé ty 1& khoang cach cta vi try tai thoi
diém t — Distance scale factor of the universe at time t -

Sau khi so sanh (7) véi phwong trinh (6) ta tinh duorc:
8
C= 3 pR® (8)

‘Ta viét lai phwong trinh Friedmann — Robertson — Walker trong hé SI
v@ihangsovitru (=0

R - %anRz ~ ke? ©)
DPé& ngan gon phwong trinh (9) goi la phwong trinh Friedmann

§4. CAC MO HINH VU TRUKHI (=0

Viét1ai 7§ 3 v&i (=0

R-C_k (1)
R
a.Khik=+1
RR?=C-R (2)

Patbiétsé méiul  (3)

¢ Thay laivao (2) :

1 C(1- cosu) 1o siu=c-1 C(1- cosu)
2 4 2
1 3 .2 1 1
—C3(1-cosu)t?(1-cos? u) = C(1-— + — cosu)
8 2 2

2

CT * (1- cosu)(1— cosu)(1+ cosu) = (1+ cosu)
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2
CTUZ (1-cosu)? =1

Hay %u(1 —cosu) =1

Tich phan 2 vé theo dt :

C du
—((A —-cosu)—dt=|dt=t
I2( )dt j

—Tdu— Efcosudu= t
2, 2,

(Cha y & day ta chon khi u=0(t=0
va u=0 (R =0 theo (3)
Két qua ta duwoc :G  (4)
Ta viét lai (3) va (4) :
¢ (5) mo ta dwdng cycloid

t

0 nC
Big nC Big Crunch

2

M6 hinh nay goi Ia md hinh vi try dong Closed Universe — Vi tru 1a hiru
han.

Vi tru n& dan ra tir diém ky di t = 0 doat t¢i ban kinh cwc dai Rmax = C

Khi u =( haZ rdi sau d6 sé co dan lai t&i diém ky dj tai u =2( hay t =z C.
Diém nay goi la Big Crunch. vu co 16n.

Tai diédm ky dit =0 ta c6 R = 0 ( mat do chat I6n vod han. Vi tru tuan
theo md hinh Big Bang : Khé&i dau tir mot diém sau d6 bung né, Ién dan I1én
va téi hém nay van dang né ra. Vi tru ¢é diém khi dau va diém két thic va
sau d6 mot chu ky méi duoc lap lai.
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b. Khik =0

RR?=C
b JC
R1/2

R”ZR:\/E:[RVZC;—zj/adt

R3/2 9 9
-JCt= R =2t
3/2 =Ve 4

(R =hang sb .t2/3

Db thj 1a dworng cong nam gitra dworng thang va dwdng parabol. Cé
diém ky di tai t = 0. Vi tru n& ra tir diém ky di va tiép tuc nhw vay cho t&i vo
han. Do k = 0 nén khéng gian phdng. Ta c6 mé hinh vii tru phang Flat
Universe

c.Khik=-1:
RR*=C+R
DéW

Pao ham theo t :G
Thay (9) vao (7) :

1C(coshu— 1)1C202 sinf? u=C+Ccoshu— ¢
2 4 2 2

2
i (cosh-1) CT (coshu—1)(coshu+1) = (1+ coshu)

%Cz (coshu—1)%c? =

%C(coshu— 1)u=1

j Ccosh %’dt——CJ dt jdt
0 dt 0

(tachonu=0(R=0
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vaR=0w&ngvoit=0)
%C(sinhu— u)=t (10)
Viét lai (8) va (10) :
R= 1C(coshu— 1)
2
1 (11)
t= EC(sinhu— u)

(11) md td dwdng cong c6 dang ham emd. Vi tru c6 diém ky di tait = 0 va Sau do n&
mai. Ta c6 md hinh vi tru mé& Open Universe
R a

k=+1

Két luan : Ta c6 3 mé hinh vii tru : M& — Phéng — Déng.

Ca 3 m6 hinh d&u co didm ky di tai t = 0 (v tru co diém khai dau (Big
Bang). Céac sb liéu do dwoc hién nay cho thay tudi cta vi tru 12 — 18 ty nam.
DPé biét vii tru tudn theo md hinh ndo ta can gidi quyét van dé vat chét ti
(dark matter or missing mass). Khi do ta biét chinh xac dwoc gia tri ( cia vi
tru. Néu mat do vat chat cta vi tru bang moét gia tri t¢i han nao dé goi la (cr
((cr = critical density) thi v try sé tuan theo mé hinh phang. Cac s6
liéu ngay nay cho thay ( ~ (cr con vi try tuan theo mé hinh nao van la cau
héi chwa co |oi giai dap.
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Phu luc 1: THUYET TUONG POI HEP

§1. KHONG THO'I GIAN MINKOWSKI

Khéng thei gian Minkowski la khéng gian phang 4 chiéu t, x, y, z v&i cac
metric phang. Cé hai cach chon dau metric.
a)(+---) : b) (- +++)
V&i trwrdng hop a ta néi Signature -2
Con trwong hop b sé la Signature +2

Ta thuong ky hiéu :
(xa): (xo, x', X2, x3)

ds? = g, dx*dx” = 7, dx?dx”

(t,x,y,2)

Yéu t6 do dai

trong do:
oo :,"‘1_ Ty =1 =13 =1
G néuG
ds? = 7,50x%dx® = (ax® J' — (o' f — (o — (o* )
= dt* — dx? — dy? — dz?
& day ta chon Signature -2

§2. NON ANH SANG - THE NULL CONE

Ta c6 hé quy chiéu O . Ta xay dwng cac vecto co s& :

&, =(1,0,0,0) & =(0,1,0,0)
g, =(0,0,1,0) &, =(0,0,0,1)
Céc vecto co s& trén thda man biéu thirc sau:
€€ =1 ; &, =6,=86;=-1
€,6,=0 khia=b
T day ta rut ra G

R

Mét vecto bat ky déu biéu dién théng qua cac vecto co sé :
A= A%, + A'g, + A’g, + A’E,
Ta co tich vé hwdng cua 2 vectcy :
AB = A%,B", = A*B",6, = A*B"n,, = A®B°g,,
AB =-A°B° + AIB! + A?B? + A’B?

T day ta cd binh phwong d6 dai cia mét vecto.
XX = X2 =g XX =, X2XP =X X?
VectoG dwoc goi la : , ' _
Timelike _ giong thoi gian neu G
Spacelike_ giong khéng gian néu G
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Null vector_ vecto null néu G ‘
Vecto null cé binh phwong dé dai bang zero nhwng c6 cac thanh phan khac
zero
Néu ta chon Signature(- + + +) thi dau sé& nguwoc lai
T dinh nghia vecto null ta c6 :

X2 = XX =10 X OX O 477, XX 4 1y, X2X 2 477, XX =0

2 2
PP x2f - (xf =0
Tap hop tat ca cac vecto null tai diém P cho truwéc trong khdng thoi gian
Minkowski tao nén nén anh sang

t

Vectd
spacelike Vectd null

p

Vecto6 timelike

X Nén 4nh sing véi truc z 4n (duge ddu kin)
Y nghia vatly:
-Ve,cto’ timelike noi c’é\c_su kién c6 quan hé nhan gué v&i nhau. Vi du hat
chuyén dong vé&i van tocG thi khoang cach gitra 2 diém trén quy dao bao gi¢
cling théa man:
ds? = (cdt)? — (dx? +dy? + dz? )0
vi tbc d& anh sang nhan véi thoi gian bao gior cling Ién hon quang dwdng ma
hat di dwoc trong thoi gian do
-Vecto Spacelike noi cac sy kién doc 1ap nhau, khéng cé tinh nhan qua voi
nhau.
- Khi hai sy kién dwoc lién hé v&i nhau bai tin hiéu anh sang thi :
ds? = (cdt) — (dx® +dy? + dz?)=0
Céc sy kién nay nam trén non anh sang. Vi du sy kién mot la trén
mat tr&i xuat hién vét den Ién thi tdm phuat sau nguoi quan sat tai qua dat sé

chup dugc anh vet den (s kién hai). Hai sy kién nay nam trén nén anh sang
va chung duoc ndi v&i nhau bang vecto null.

§3. THO'I GIAN RIENG

Ta c6 vat chuyén dong.Thei gian dwoc tinh theo ddng hd gén chat véi vat
(cung chuyén dong véi vat) goi la thdi gian riéng.
Tw hiéu rng dan né thoi gian ta c6 :
G voi G
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=Ci2{(co|t)2 ~dx? —dy? —dz?}= - d

dz\’
dr> =[1-Y | = ot® 1__( j ( j U
¢ dt
! S
o2
c’dr? =ds?
Néu chon hé don vi trong d6G thi
_ , dz? =ds? ’
- DoG la thong so Affine nén thoi gian riéng cling la thong so Affine.
- Néu nguwoi quan sat chuyén dong ciing vai vat thi khi d6 van toc cia
vat so v&i anh ta sé bang zero.Khi do
ds? = (cdt)’ —0=c?dt?> =dt> choinc=1
thoi gian tinh theo dong ho clia anh ta bay gio 1a thoi gian riéng.
Do: G nén G
Suyra gy =1

§4. TIEN BPE CUA THUYET TUWONG DOl HEP

Ta phét biéu hai tién dé& co ban cla Einstein theo ngdn nglr tenxo nhw sau:
1. Khéng gian va thei gian dwoc biéu dién béi khong thei gian 4 chiéu véi:
- rabc = racb
- CacG  khoéng co diém ky di ‘ _
- Dao ham hiép bién tenxo metric bang zeroG
- R% =0
2. - Thoi gian riéng dwoc xac dinh tir G ,
- Hat tw do chuyen déng doc ’gheo duwdng trac dia timelikg.
- Hat photon (anh sang) chuyén déng doc theo dwong trac dia null.

§5. VECTO VAN TOC BON CHIEU

dr V2 JA dr v2 %_

a
U:(u‘),ul,uz,u3):(cdt % dy Ej_ dx

dr'dz’dz dr dr
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— 22— 2,2 v, v, )= p2(c? _Vz)
B o2 _y2 e
==
1_V/
o2
au = c? Neau choin ¢ =1 thi ta cou
~oau=1 foai voui Signature (+ - - -)
Néu ta chon Signature (- + + +) thiG
B 1 _dt
2 N dr
C
U : vectd vantdc 4 chiéu
v : vectd vAn toc 3 chitu md ta thudng st dung trong

co hoc_van tbc binh thwéng_ordinary velocity

Vecto déng lwong binh thuwong 3 chiéu:
p=ymv

Ta dinh nghia vecto déng lwong 4 chiéu:
P= (%, P Py pzj = (PO’P1,P2,P3)

Xét tich vb6 hwéng sau:
't = -] -] -]

2 2
_E 2 2 » E 2

T cdng thireG ta co:

PP = p” +m°c* - p* =
Néu chonG thi G _
Néu ta chon Signature (- + + +) thi G
Ta con cach chirng minh th&r hai dwa vao dinh nghia vecto dong lvong 4
chiéu:
=mu ; voui U lag vectd vaan toac 4 chieau
P=m°id=m’ do OU=1
-Xeét vat c6 dong luwgng 4 ch iduG so v&i hé quy chiéu dirng yén. Nguo’l quan
sat chuyén dong véi van tbc 4 chiduG khac so véi van tbc 4 chiéu clha vat.
Xét tich vé hwéng sau:

- (E dt dx dy dz
Pu ij) py: pZ d dZ' d’Z' d’Z'

ol ol
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E
:(E: Px> Py pz](cy97\/x:7vy>7vz)

= 7’E _y(vax + pyVy + szz)
~ Pu=y(E-pv) @)
Van bai toan trén nhung ta ap dung phép bién dc‘gi Lorentz cho nang_ddng
lweng tir hé quy chieu dirng yén sang hé quy chiéu cta ngudi quan sat co
van toc 4 chieuG v¢i G la van toc 3 chiéu binh thwdng.
E'=y(E-vp,)=7(E-Vp) (b)
Do vat chuyén ddng doc theo truc Ox nénG
So sanh (a) va (b) ta rut ra:
PU = E'lag naéng 166ing cula vaat do ngéd@i quan saut chuyean fioang voui
vaan toac U fio dworc.
-Ta co6 cach chirng minh thi hai:

Xet vat trong hé quy chiéu cla nguwoi quan sat. Nhw vay nguwoi quan sat va hé
quy chiéu dirng yén so v&i nhau.Vi vay van toc 4 chiéu clia ngwdi quan sat
luc nay la:

Uy, =(c,0,00)  vi y=1
Con déng lwong 4 chiéu clta hat so vé&i ngudi quan sat sé la:

(E p! pr pr)
c > x> My»s Mz

T E’' ’ ’ ’ '
obUop = (?, Py Py pz)(c,o,o,o) - E

f’ﬁ - 130bUOb — E'
Ta hoan toan cé thé ap dung cong thirc trén cho hé trong toa do bat ky vi né
] thwe chat la phwong trinh tenxo bac khéng.
Néu ta chon Signature (-+ + +) thi:

PU =Py, Uy, = -E'= —E gpserver
Eo,: Naéng 166ing cula hait do ngédei quan saut chuyean fiodng fio.
Khi ta chon G thi cong thirc khéng dbi.

§6.TENXO' NANG DONG LUONG CHO CHAT LONG LY TUONG

|

Ob

o

Xét trvdong gE“)m cac hat bui r&i rac khdong twong tac nhau.
Voi trUf(‘)’ng nh‘u’ trén sé dwoc xac dinh béi hai dai lwgng
-Van toc 4 chiéu cia dong cac hat:
a_ dx%
. dz- V'
G : thoi gian riéng doc theo dwdng the gidi (quy dao) cla hat bui.
-Mat d6 rieng dwoc do bdi ngwdi quan sat cling chuyén dong véi dong hat
bui:
Po = Po (X)
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T day ta xay dwng tenxo hang hai don gidn nhat nhw sau:
Tab _ pouaub

Bay gio ta xét chét Iong ly twéng dwgrc mo ta bdi ba dai lwong sau:

-Van téc 4 chiéu: G

-Trwdng mat do rieng: G

-Trwdng ap suat vé huéng: G

Trong trwéng hop gi¢i han khiG thi chéat 16ng Iy twéng sé tré thanh trwdng
clia cac hat bui r&i rac.

Xét chét 16ng trong hé quy chiéu chuyén déng cung véi chét 16ng. Do tinh
dadng hwéng clia chat 16ng tinh (chat 1dng ding yén trong hé quy chiéu
chuyén déng cung véi minh) nén ap suét theo ba phuong la nhw nhau.Khi d6
ta xay dwng tenxo ndng_slrc cang cho dong chét 16ng ly twéng:

Py 0 0 0
cw_| 0 P00
0 0 p 0
0 0 0 p

Do chét I6ng dirng yén nén van tbc 4 chiéu G
Tw day ta tbng quat héa:

T =(py + pluu” — pg™

Ta kiém tra lai:

T% =(p, + plu'u’ —pg®™ = p, + p—p = p,
do u'u’ =1 ;gOO:nOO:I
T = (po+p)uu -pg'' =-p(-D=p
dou'u'=0 ;9" =p""=-1

Twong tw: G

Néu ta chon Signature (- + + +) thi tenxoG cé dang:
7= (o0 + U+ pg™
T% =(py + pluu’® + pg”
=Pyt P=P=p
do luc nayG

Cha y thuat nglr:  Tenxo nang_ déng lwgng = Tenxo nang_surc cang
The stress_ energy tensor
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1/

2/
3/
4/
5/
6/
7/
8/

10.

11.

12.

13.

14.

15.

BAI TAP

Hay ching t6 rang dao ham hiép bién tenxo metric hiép bién bang
zero. Cho biét ky hiéu Chris toffel loai 2 cé dang nhw céng thic 9 —
chuwong 1.

Gidng nhu bai 1 nhwng lan nay la tenxo metric phan bién
Ching minh déng nhét thirc Ricci.

Ching minh tenxo Riemann phan déi xtrng véi hai cép chi sb .
Chng minh tenxo Riemann phan dbi xting véi hai chi s cubi.
Chirng minh tenxo’ Riemann phan dbi xirng véi hai chi sé dau.
Chtrng minh dang thirc Bianchi

Hay chirng minh: Néu ta chon ham Lagrange c6 dang
¢ thi phwong trinh dwéng trac dia c6 dang:

d2x® . dx® dx©
— =+ T2 —=0
du du du
Hay chtrng minh néu ta chon L =Gthi dang phwong trinh trc dia khéng
thay doi.

Xét ho duérng trac dia theo thdng sb Affine ( va dwoc danh sé lan

a a
X* =x"(4,n)
Hay chirng minh va&i hai vécto don viG va Gta

Hay chirng minh rangG

Tt dinh nghiaG
Hay chirng minh :G
Cho toa do m&i ¢
Hay chirng minh G
Tw két qua cda bai 13 hay chirng minh tiép
haNt?W =hyy —&ap = Spa t Maps 5C
Cho biétG
vaG
Hay chirng minh: G
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16.

17.

18.

19.

20.

21.

Hay chirng minh rang trong hé Sl sy tién déng cla truc chinh cta qiy
dao sao Thuy c6 dang:

e 24r°a’
(1 _ g2 )CzT 2
2 Ox®

a_ a ax™
cro X2 =X(7) . u =

Hay chi ra rangG

Mét hat khéi lwong m chuy&n dong trong mat phang va chiju tac dong
cua trwong xuyén tam véi :

U=-m&

r

Hay chirng minh:

- Mémen déng lwong hat la hang sb

- Phwong trinh Binet dwoc suy ra tr phwong trinh 2 Newton trong toa
doé cuc.

Ham Lagrange cla hat tw do c6 dang G

- Hay viét ham trén dwéi dang tenxo

- Hay chirng minh rang phuwong trinh chuyén déng cla hat trung véi
phwong trinh dwéng tréc dia.

Hay chirng minh rang ham Lagrange cta hat m trong co hoc twong ddi

tinh c6 dang
1
oy
L=-mc"| 1-—-
C

Xét khéng gian 3 chiéu voi

- Toa db cl X1 =X;x2=Yy; x3=z

-Toaddméié; G;é

a. Tim phwong trinh lién héG

b. Tim tenxo metric hiép bién va phan bién

c. Viét ham Lagrange cua hat tw do trong hé toa d6 mai.

d. Viét phuong trinh dwong trac diar, (, (.

22. Néu hai sv kién dwoc ndi véi nhau bdi vécto Spacelike thi:

a. Ton tai hé quy chiéu quan tinh, trong do6 hai sy kién trén sé dong
thoi xay ra.
b. Khéng tén tai hé quy chiéu quan tinh, trong do hai sy kién trén xay
ra tai cuing mot diém.
23. Néu hai sw kién dwoc ndi véi nhau b&i vécto timelike thi:
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24.

25.

26.

27.

a. Ton tai h@ quy chiéu quan tinh, trong do hai sw kién trén sé xay ra tai
cung moét diém.
b. Khong ton tai hé quy chiéu quan tinh, trong d6 ching xay ra dong
thoi (giai trén gian do khong thoi gian t, x)
. 2
3H
Nedu tafagt H =~ HeHE):  Po = oo
eau ta faét: M =—; = ; c
R 0=H(to) S

thi ta chirng minh dwoc:
Lo > p. => k=+1
khi: po=p. =>K=0
Po < Pe = k=-1
Néu cho rang vi tru nhw mét bong béng hinh cau dang né déu thi cong

thire tinh van téc thoat clia co hoc Newton ta tim dwocG(goi y: ta ¢co
dinh luat Hubble V=HR)

Tw phwong trinh - 1
hay dan vé phwong trinh sau:

.2
R 2%—k - C:8—7[,0R3

Hay tinh Rab cho:
a. Metric Schwarzchild
b. Metric Robertson - Walker
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