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MO DAU

A. MUC PiCH VA YEU CAU

1) Muc dich
Hinh hoa la mdt mon hoc thudc linh vuc Hinh hoc, nhim:

Nghién ciru cac phuong phap biéu dién cac hinh trong khong gian 1én mot mit ma thong
thuong 1a mit phang hai chiéu

Nghién ctru cac phuong phap giai cac bai toan trong khong gian bang cach giai ching trén
céc hinh biéu dién phéng do

Cung cap mot s6 kién thire hinh hoc co ban dé hoc tiép mon V& ki thuat va giai quyét mot sd
van dé lién quan dén chuyén mén.

2) Yéu cau cua hinh bi¢u dién

Hinh biéu dién phai don gian, ré rang, chinh x4c. Cac hinh biéu dién phai tuong Umg voi mot
hinh nhét dinh trong khong gian; nguoi ta goi tinh chat nay 1a tinh phan chuyén hay tinh tuong
duong hinh hoc ctia hinh biéu dién

3) Mot s6 ky hiéu va quy wéc

Trong bai gidang nay s€ dung nhiing ky hi¢u va qui udc sau:

biém Chtr in nhu: A, B, C,...

Duong théng Chir thuong nhu: a,b,c,...

Mit phiang Chit Hy lap hoic chit viét hoa nhu: o, B, v, §....A, B, C, ...

Su lién thudc Ky hiéu € nhu: diém Ae€a; dudong théng a e mp (a),..bemp(Q),..
Vuong goc I nhu:alb

Giao Nnhu: A=d N1

Két qua = nhu: g= mpa N mpf

Song song // nhu: d // k

Trung =nhu: A=B

B. CAC PHEP CHIEU

I. PHEP CHIEU XUYEN TAM

1) Cach xay dung

Trong khong gian cho mit phang P va mét diém S khong thude mp(P ).(Hinh 1)
Ngudi ta thyc hién phép chiéu mot diém A bat ky nhu sau:

V& duong thang SA, duong thing nay cit mat phang P tai diém A’

Ta c6 cac dinh nghia:

P : Mit phang hinh chiéu

— S : Tam chiéu \
— SA : Puong thang chiéu hodc tia chiéu A
— A’ : Hinh chiéu Xxuyén tam cua diém A tr tAm  ppp |
chiél S 1én mdt phang hinh chiéu P . /é( \ Al /
Phep chiéu duoc xay dyng nhu trén dugc goi 13 phép \\

chiéu xuyén tam v6i tim chiéu S va mit phang hinh

chiéu P.
Mot phép xuyén tim dugc xac dinh khi biét tAm chiéu S va mat phang hinh chiéu P.
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» Chuy

a) Hinh & mot tap hop diém. Vay dé chiéu mot hinh ta chiéu mot sé diém thanh phan cua hinh
du xac dinh hinh d6

b) Néu trong khong gian Oklic ta bd sung thém cac yéu té vo tan thi:

_ Hai duong thiang son g song xem nhu cét nhau tai mot diém & vo tan:
al//b ] anb=M,

Nhu vy dé biéu dién mot diém & vo tan ta biéu dién n6 bang mot phuong dudng thang

_ Hai mit phing son g song xem nhur cit nhau theo mot duong thang & vo tan
mpo. // mpp ) mpo A mpp = d.,

2) Tinh chét
1. Hinh chiéu xuyén tam ciia mét dwong thang khong di qua tam chiéu la mét dwong thang
Khi chiéu duong thing a, cic tia chiéu SA, SB hinh thanh mot mit phiang (SAB) goi 1a mit
phing chiéu. Do d6 hinh chiéu a’(=A'B")= mp(SAB) N mp(P) (hinh 2)
2. Hinh chiéu xuyén tam cia nhitng dwong thang song song néi chung la nhitng dwong thang
dong qui
Gia sir cho a / b nén cac mp(S,a) va mp(S,b) s& giao v6i mp(P) cho cac giao tuyén a’, b’ cit
nhau tai diém M’ (M’ 14 hinh chiéu xuyén tim ciia diém M., ctia dudng thang a, b) (hinh 3)
S
5 b

L7 Sy

Hlnh 2 Hinh 3

II. PHEP CHIEU SONG SONG

1) Cach xay dung

Phép chiéu song song la trieong hop ddc biét ciia phép chiéu xuyén tam khi tam chiéu S ¢ xa vé

tan

Nhu vay phép chiéu song song duoc xac dinh khi biét mat phang hinh chiéu P va phuwong chiéu s
A

Hnh 4

t S
A\
\

P \

\

Nguoi ta chiéu song song diém A bang cach qua A v& duong thing t song song véi phuong s, v&
giao diém A’ =t mp(P) thi A’ 1a hinh chiéu song song ciia diém A tir phuong chiéu s 1én mat
phang hinh chiéu P (hinh 4).

2) Tinh chét
Phép chiéu song song la truong hop dac biét cua phep chiéu xuyén tam nén co nhiing tinh chat
ctia phép chiéu xuyén tim. Ngoai ra phép chiéu song song c6 nhig tinh chat sau:
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1. Hinh chiéu song song cua nhitng dwong thang khéng song song véi phirong chiéu la nhiing
duong thang song song.

Gia sir cho a // b nén cac mit phang chiéu thudc a, b song song nhau, do dé giao tuyén ciia chiing

v6i mat phang hinh chiéu P 13 nhimg dudng thing song song: a’ // b’ (hinh 5)

a

R C
h Q A <
ﬂ' WF'
h A’
Hinh 5 Hinh 6

2. Ti sé don cua ba diém phdn biét thang hang bang ti s6 don ciia ba diém phdn biét hinh chiéu
cua chung

Cho ba diém A, B ,C phan biét théng hang, chiéu thanh ba diém A’, B’, C’ cling phan biét théng
hang.(hinh 6). Theo dinh ly Thalet, ta co6:

Cd _ CA
CB C'B'
Ky hiéu ti s6 don cua ba diém A,B,C nhu sau: (ABC)=(A’B’C’)

I11. PHEP CHIEU VUONG GOC

1) Cach xay dung

Phép chiéu vuéng goc la trwong hop dac bi¢t cua phép chiéu

song song khi phwong chiéu s vuéng géc véi mdt phang hinh | S

chiéuP: s LP (hinh7) /6( | /

Hinh 7

2) Tinh chét
Phép chiéu vudng goc c6 nhiing tinh chat cia phép chi€u song song; Ngoai ra con c¢6 nhiéu tinh
chat, chung ta s€ nghién ctru ¢ cac chuong sau.

IV. NHAN XET

Ta c6 thé dung cac phép chiéu trén dé biéu dién vat thé trong khong gian 1én mot mat phang.
Tuy nhién v6i mo6i hinh chiéu thi chua xac dinh duge mot vat thé duy nhat trong khong gian
Vi vay mot hinh chiéu chua dam bao dugc tinh phan chuyén cua hinh biéu dién.

> Trong cac bai sau ching ta s& nghién ctru phuong phap cac hinh chiéu vudéng goc ma cdc
hinh biéu dién dam bdo tinh phin chuyén dwoc goi la do thirc .
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Bai 1 PIEM

I. PO THUC CUA PIEM

I.1 Hé th("mg hai mit phing hinh chiéu vudng géc

a) Cach xay du’ng

Trong khong gian cho hai mat phang P; va P, vuong goc nhau, dé dé hinh dung dat P; nam
ngang, P, thang dimg. Ta nhan duoc hé thdng hai mit phiang hinh chiéu vudng goc (hinh 1.1)

@

1Y)
Cao>0, xa <0 Cao>0, xa >0 ¢ A,
I
X Ax‘io
(111) < |
Cao0<0, xa <0 ¢ A
Cao<0, xa >0
Hinh 1.1 Hinh 1.2

Xét mot diém A bat ky trong khong gian.
Chiéu vudng goc diém A lan Iuot 1én Py va P , ta nhan duogc cac hinh chiéu A, , Ay
Quay mp P, quanh truc x mot goc 90° theo chiéu mili tén qui u6c nhu (hinh 1.1) dén tring
P,. Vimp (A A; Ay) L Py vaP, nén s€ vuong gbéc véi truc x tai diém Ax. Do d6 sau khi
quay dén vi tri méi ba diém A;, Ax, A, thang hang va vudng goc truc x (hinh1.2)

b) Cac dinh nghia

I Mit phang hinh chiéu bang

) Mit phang hinh chiéu dimg

_ x=P;nP; Truc hinh chiéu

A Hinh chiéu bang cua diém A

A Hinh chiéu dung ctia diém A

_ AlA(Lx) Duong giong

A A Do xa cia diém A, qui wéc dwong néu A; nam phia duéi truc x

A A Do cao cua diém A, qui wéc duwong néu A, nam phia trén truc x

(AL AY) Cap diém hinh chiéu nay goi 13 d6 thirc ctia diém A.That vay tir A}, A, ta
6 thé dung lai dugc diém A theo thir tu nguoc lai véoi cach dung dd thire
ctia no

% Hé thong P, va P, chia khong gian ra lam 4 goc phan tu:

Géc phan e I - La phan khong gian nam trén P, va trudc P,
Géc phan tw 2 - La phan khong gian ndm trén P, va sau P,
Géc phan tw 3 - La phan khong gian nam duéi P, va sau P,
Géc phan tw 4 - La phan khong gian nam duéi P, va truée P,

+ Mt phdng phén gidc 1. La mat phang phan giac ctia P, va P, di qua goc phan tu thir 1 va goc
phan tu thir 3.

Nhitng diém thuéc mdt phang phdn gidgcl ¢é dé thire la mét cdp diém hinh chiéu dirng va hinh
chiéu bang doi xirng nhau qua truc hinh chiéu x
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+ MGt phang phén gidc 2. La mit phang phan gidc cta Py va P, di qua goc phan tu thir 2 va goc
phan tu thu 4.

Nhitng diém thuéc mdt phing phdn gidc 2 ¢ do thirc la mét cdp diém hinh chiéu dirng va hinh
chiéu bang tring nhau

(Hinh 1.3) 1a hinh khéng gian biéu dién mat phang phan giac 1, mat phang phan giac 2 va cac
goc phan tu ciia hé théng hai mit phang hinh chiéu vudng goc P, va P,

phg2 P, Jtlgl
@ Noaf-2 O

Phan giac 2 Phan giac 1

Hinh 1.3 Hinh 1.4

Néu ta dat tryc hinh chiéu x vuong goc voi mat phang cua t(‘)’~giéy thi hé thong hai mit phang
hinh chiéu P; , P, va hai mdt phang phan giac 1, 2 dugc biéu dien nhu (hinh 1.4)

Tom lai
Bé thirc ciia mot diém trong khong gian 13 mot cip diém hinh chiéu dimg va hinh chiéu bang co
thé phan biét hodc trung nhau

1.2 Hé thong ba mit phing hinh chiéu vudng géc

a) Cach xy dung
Thém vao mat phang P; vudng goc vai Py va Py, thuong P3 dat phia bén phai nguoi quan sat, ta
nhan duogc hé thong ba mat phang hinh chiéu vudng goéc nhu (hinh 1.5)

Z
A2 AZ
A,
x Ak 0 y
45 A,
y
A
1 Ay y
Hinh 1.5 Hinh 1.6

GQiy=P1 NP3;z=P,NP;

Xét mot diém A bat ky trong khong gian.

_ Chiéu vudng goc diém A lan luot 1én cac mat phfmg Py, P,, P; ta nhan duoc cac hinh chiéu
Ap, Ay As.

_ Quay cac mp Py, P314n luot quanh cac truc x, truc z mot goc 90 ° theo chidu miii tén qui ude

nhu (hinh 1.5). Truc y duogc tach ra lam hai phan, mot phan truc y theo mp P; dén tring voi truc
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z, mot phan tryc y’ theo mp P; dén tring véi truc x. Sau khi quay ta nhan dugc hinh biéu dién
nhu (hinh1.6)

b) Cac dinh nghia

_ P Mit phang hinh chiéu canh

Ay A, Do xacanh cia diém A, qui udc duong néu A, ndm phia bén trai truc z

A Hinh chiéu canh cua diém A

> Chuay
AyA,= 0Ay = 0A, = AA,

Vi hai hinh chiéu biéu dién do thtrc ciia mot diém nén ta dé dang v& duoc hinh chiéu thir ba
cua diém do

< Vidu
Cho d6 thuc cua diém B (B,, By) (hinh 1.7a). Hiy v& hinh chiéu tht ba cua diém B.

V4
B2 Bz B3 BZ
B B, By
X X 0 y'
B,
y
Hinh 1.7a Hinh 1.7b

Hinh chiéu canh Bj cta diém B duoc vé theo chiéu mili tén nhu (hinh 1.7b) ,v61 0By= 0B,
I1. Quan hé giira toa d6 Pécac va dd thirc ciia mot diém trong khong gian
Neéu lay ba mat phang hinh chiéu Py, P,, P3 1am ba mat phang toa do Pécdc; ba truc hinh chicu x,

y, z lam ba truc toa do Pécdc (hinh 1.8)

Vi diém A (xa, ya, za) bat ky trong khong gian, ta cé:

Hoanh do Xxa = OAx : DO xacanh cia diém A
Tung d6 ya = AA; Do xacuia diém A
_ Caodo zan = A1 A Do cao cia diém A
Nhu vay

Néu cho toa do Pécac cua mot diém trong khong
gian thi ta dé dang vé dwoc do thuc cua diém do.

¢ Vidu . )
Cho toa d0 Décdc cla cac diem A (2,3,4); B 0 0.
(4, -2, -5). Hay vé do thirc ctia chung. M M
b6 thirc cua cac diém A, B duge bi€u dien nhu Ay 3A, B, ole
ghlnh 1.9), cha ¥ chiéu duong cua cac truc x, y, A . X BJZ : z
Trong do: 3 .
OAy = +2; OAy = +3; OAz = +4 A Ay .
OB, = +4; OBy = -2; OBz=-5 1 B, By
Y1 Hinh1.9 vz

III. MOT VAI Vi DU GIAI SAN
% Vidul
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Hay vé& d thirc cta cac diém sau:

_ Piém A thudc mit phang P,

_ Piém B thudc mat phing P,

_ Piém C thudc mit phang Phan giac 1
_ Piém D thudc mit phang Phan giac 2
_ Piém E thudc truc hinh chiéu x

Giai
Piém A thudc mat phéng P; néncd Ai=A; A,e x
Piém B thudc mat phéng P, nén c6 B,=B; B, € x
Piém C thudc mit phang phan giac 1 nén c6 C;va C, d6i xtimg nhau qua truc x
Piém D thudc mit phiang phan giac 2 nén c6 D;= D,
Piém E thudc tryc hinh chiéu x nén c¢6 E;= Eze x ; (Hinh 1.10)

F, ?_._0F3 z
B,
Fid— Fy
C, GlT - Gy
X B, EI:EZ X Fy 0 Hy v

Gy, /1
Moy |

ODIED2 | 3
A, G, G;
H, 4 Fy
Hinh 1.10 Hinh 1.11 y

% Vidu2
Cho d6 thiic cua cac diém F, G, H (hinh 1.11). Hay v& hinh chiéu canh cta ching va cho biét
chung thudc goc phan tu tht may?

Giai

Hinh chiéu canh cta céc diém F, G, H dugc vé theo chiéu miii tén bat dau di tir hinh chiéu bang
Fi, Gi, H; tiép theo 1a miii tén di qua hinh chiéu ding F», Gy, H,. Ta s€ xac dinh dugc cac hinh
chiéu canh F3, G, H; ; (Hinh 1.11)

Piém F c6 d6 cao duong, d§ xa am nén diém F thudc gbc phén tu thir 2

Piém G c6 d6 cao am, do xa 4m nén diém G thudc gbc phﬁn tu tha 3

Piém H c6 d6 cao 4m, d6 xa duong nén diém H thudc gbc ph'?ln tu thir 4
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Bai 2 DPUONG THANG

I. PO THUC CUA PUONG THANG

Db thirc cua duong thang duoc xac dinh bai dd thirc ciia hai diém thudc dudng thing do.
Gia su duong thang d duoc xac dinh boi hai diém A(A;, Az) va B (B, By) thi :

Hai diém A1, Bi xac dinh hinh chiéu bang d; cua duong thang d

Hai diém A,, B, x4c dinh hinh chiéu dtng d, ctiia duong thiang d (hinh 2.1)

B,
A, d;
d,
X X
/ ¢
q B, /

Hinh 2.1 Hinh 2.2

Néu d 13 duong thang thuong (d;, dz khong vudng goc tryc hinh chiéu x ), thi khi biéu dién dd
thirc ciia duong thang d khong can biéu dién hai diém thudc né (hinh 2.2) .

» Chuy

Nhing duong thing thudc mit phang phan giacl ¢ hinh chiéu dting va hinh chiéu bang dbi
xtng nhau qua tryc hinh chiéu x

Nhimng dudng thang thuéc mat phang phan giac 2 c6 hinh chiéu ding va hinh chiéu bang
trung nhau

II. CAC VI TRi PAC BIET CUA PUONG THANG

IL. 1 Loai duong thflng song song voi mot mat phzzlng hinh chiéu

1) Duwdng bang (h) i ) ) o
a) Dinh nghia: Duwong bang la dwong thang song song voi mat phang hinh chiéu bang
Goi h 1a dudng bang, ta c6: h// P; (hinh 2.3a)

Hinh 2.3a Hinh 2.3b

b) Tinh chit:

o Hinh chiéu dirng ciia dwong bang song song véi truc x :  hy // x (hinh 2.3b)

e Hinh chiéu bang cia dwong bang hop vi truc x mét géc bang géc ciia duwong bang hop véi
mdt phang hinh chiéu dimg : (b, xX) = (b, P;) = B
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e Hinh chiéu bang ciia mét doan thang thudc dwong bang, bang chinh né.
Giastu A,Beh = A;B;=AB (hinh2.3b)

2) DPuwong mat (f) ) , ,
a) Pinh nghia: Duwong mat la dwong thang song song voi mat phang hinh chiéu ding:
Goi f'la duong mat, ta c6: £// P, (hinh 2.4a)

X
[
C D,
Hinh 2.4a Hinh 2.4b

b) Tinh chét

e Hinh chiéu bang ciia dwong mdt song song véi truc x : 1, //x (hinh 2.4b)

e Hinh chiéu dirng ciia dwong mdt hop véi truc x mét géc bang goc ciia dwong mat hop véi
mat phdng hinh chiéu bang : (£,X) = (#{P)) = a

e Hinh chiéu ditng ciia mét doan thang thudc dwong mat, bang chinh né.
GiasuC,Def = C;D,=CD (hinh 2.4b)

3) DPuwong canh (p)
a) Dinh nghia: 7 ) )
Duong canh la dwong thang song song voi mat phang hinh chiéu canh: p // P3 (hinh 2.52)

Hinh 2.5a Hinh 2.5b

b) Tinh chat

e Hinh chiéu dirng va hinh chiéu bang cia dwong canh, tring nhau va vudng géc véi truc Xx:
p1 = p> L x . Hai hinh chiéu nay chua biéu dién duoc mot duong canh cy thé trong khong
gian. Vi viy dé biéu dién mot dudng canh cu thé ta can phai biéu dién dd thirc cua hai diém
thudc duong canh d6; (hinh 2.5b) biéu dién duong canh p dugc xac dinh bang hai diém E, F

o Hinh chiéu canh ciia dwong canh lan luot hop véi truc y’, z cde géc bang goc ciia dwong
canh hop véi mdt phang hinh chiéu bang va mdt phang hinh chiéu dirng :

(P Y') = (@\P1) = o
(p>2) = () = P

e Hinh chiéu canh ciia mét doan thcfng thuoc duwong canh, bcing chinh no.
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Giasu E,F € p=E; F3=EF (hinh 2.5b)

I1.2 Loai dwdng thing vudng géc véi mot mit phang hinh chiéu
(thi song song véi hai méat phang hinh chiéu con lai)

1) Pwong thiang chiéu bing (d)

a) Dinh nghia:

Duong thang chiéu bang la dwong thang vudng goc véi mdt phang hinh chiéu bang: dLP,
(Hinh 2.6a)

<

¢ A.=B.=d,
Hinh 2.6b

b) Tinh chit

e Hinh chiéu bang ciia dwong thiang chiéu bang suy bién thanh mét diém: d; mot diém

e DPuodng thiang chiéu bang vira 13 dwong mdt vira 13 dwong canh nén ¢ nhiing tinh chat cia hai
loai duc‘mg nay, tuc:

- Hinh chiéu ditng cia dwong lhang chiéu bang vuong goc voi truc x:: dp L x

- Hinh chiéu dimg va hinh chiéu canh ciia doan thang thuéc dwong thang chiéu bang, bang
nhau va bang chinh no. Gia st A, B € d = A; B, = A3 B; = AB ; (hinh 2.6b)

2) Puong thang chiéu dirng (k)

a) Dinh nghia:

Puwong thang chiéu dirng la dwong thang vuéng goc véi mat phang hinh chiéu dimg.
Goi k 1a duong thang chiéu dimg, ta c6: k LP, (Hinh2.7a)

D,

k
Hinh 2.7a Hinh 2.7b

b) Tinh chit:

e Hinh chiéu ditng ciia dwong thang chiéu dirng suy bién thanh mét diém: k, mot diém

e Duong thiang chiéu dung vira 1a dwong bang vira 1a dwong canh nén c6 nhiing tinh chat cta
hai loai dudng nay, tic:

- Hinh chiéu bang ciia dwong thang chiéu dirng vudng géc véi truc x: 1 kL x

- Hinh chiéu bang va hinh chiéu canh cia doan thang thudc dwong thang chiéu dimg bang
nhau va bang chinh né. Gia sit C,D € k= C; D;=C3; D;=CD (hinh 2.7b)
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3) Puong thing chiéu canh (I)

a) Dinh nghia

Pudng thang chiéu canh 1a duong thang vudng goc voi mit phiang hinh chiéu canh
Goi | 1a duong thfmg chiéu canh, ta c6: 1 LPs (Hinh 2.8a)

z
L E, F, . E =F, =l,
| I |
X 0 | y
o/‘,
1 | |
E, F,
, Hinh 2.8a Hinh2.8b ~
b) Tinh chat: 7 ) ) ) )
- Hinh chiéu canh cua dwong thang chiéu canh suy bién thanh mot diem: 13 - mot diem

e Duong thing chiéu canh vira 1a dudng bang vira l1a duong mit nén c6 nhing tinh chét cia hai
loai duong nay, tic:

- Hinh chiéu bang va hinh chiéu dimg cia dwong thang chiéu canh song song nhau va song
song voi trucx: 11 //1;//x.

- Hinh chiéu bang va hinh chiéu dirng cia doan thang thuéc dwong thang chiéu canh bang
nhau va bcfng chinh no: Giast E,F € | = E; F; = E; F, = EF (hinh 2.8b)

I11. SU LIEN THUQC CUA PIEM VA PUONG THANG
Sau day sé trinh bay hai dinh Iy khong chimg mimh

1) Piém thudc dwong thang thuong

Pudng thang thuong 1a dudng thang khong phai 1a duong duong canh

Dinh ly
Diéu kién can va di dé mét diém thuéc mot dwong thang thuong la cac hinh chiéu cing tén cia
diém va duong thang do thudc nhau A
Cho diém A(A,, A,) va dudng thang d(d;, d»), p
(hinh2.9); dinh Iy trén dugc viét dudi dang: d, i
X :
{Al ed, ;
Aed & V/
A2 (S d2 ] Al
Hinh 2.9

2) Piém thudc dwong canh

Pinh ly

Piéu kiél? ccfp va du dé diém C thudc duong canh AB la ti s6 don ciia ba diém A, B, C trén cdc
hinh chiéu bang nhau . )

Cho diém C (C,, C;) va duong canh AB (AB1, A;B,), dinh 1y trén dugc viét dudi dang:

C eAB < (A, B, C) = (A,B,C)
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< Vidu
Cho duong canh AB (A B, A;B,) va hinh chiéu dimg C; cta diém C; (hinh 2.10). Hay v& hinh
chiéu bang C; cta diém C biét Ce AB .
Dé vé& diém C; ta thuc hién nhu sau:
_ Vétia At bat ky, dat trén d6 cac diém C’, B’sao cho: A; C” = A,C,; C’B’ = (C,B;
Néi B’B;

Puong thing V& qua diém C’song song voi B
phuong B’B; cat duong thing A;B; tai diém C, la 2
diém can v¢; G,

That vay, theo dinh ly Thalet, ta co:

(A]B]C]) = (AlB’C‘)
Ma (A]B’C‘) = (AszCz) = (A]B]C]) = (AszCz)
thod man dinh 1y trén ; (Hinh 2.10)

Hinh 2.10

3) Vét ciia duwong thing i i i | h
Vét cia duong thang 1a giao diém ctiia duong thang voi mat phing hinh chiéu

a) Vét bang (M)

_ Dinh nghia:

Vét bang ciia dwong thang la giao diém cia dwong thang véi mdt phang hinh chiéu bang
Goi M la vét bang cua duong thang d, ta c6: M =d N P, ( Hinh 2.11a)

_ Tinh chit
+ Hinh chi€u bang cta vét bang trung véi chinh no : M; =M
+ Hinh chiéu dtmg ctia vét bang thudc tryc x : M, € x (Hinh 2.11b)

Hinh 2.11a Hinh 2.11b

b) Vét ding (N)

_ Dinh nghia

Vét dirng cua dwong thang la giao diém ciia duwong thang véi mat phang hinh chiéu dirng
Goi N 1a vét dimg ctia duong thang d, tacé: N=d NP, ; (Hinh 2.11a)

_ Tinh chit
+ Hinh chiéu dirng cua vét dirng trung voi chinh no : N =N
+ Hinh chiéu bang cua vét ditng thugc truc x - N, € x; (hinh 2.11Db)

IV.PHUONG PHAP TAM GIAC
Phuong phap tam giac dung d€ xac dinh d¢ dai that cuia mét doan thang va goc nghiéng cua doan
thang do6 tao véi mat phang hinh chicu
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Gia str c6 doan thang AB, chiéu vudng goc nd xudng P; dugc A;By; (hinh 2.12).

K& AC// A]B]

Trong tam gidc vudng ACB, ta c6: AC=A;B; va BC = | BB; - AA1 | Hi¢u d¢ cao cua A, B.
Véi nhan xét nay ta co thé vé& dugc d6 dai that cia doan thang AB nhu sau:

“Veé mot tam gidc vuong co mot canh goc vuong A;B; la hinh chiéu bang ciia doan thang AB,
canh goc vuong con Ial BBy bang hiéu dé cao hai dau mit A, B; thi canh huyen A By la do dai
that cua doan thang can tim va géc nghiéng o = (BiA\B,) la goc cia doan thang AB hop véi
mdt phang hinh chiéu bang “.

B B,
B,
A C
‘ X
A,
1
Hinh 2.12 Hinh 2.13

Phuong phap xac dinh d6 dai that cua doan thang AB va goc nghiéng cua doan thang dé tao voi
mat phang hinh chicu bang P | da néu ¢ trén goi la phwong phap tam giac.

Tuong tu, ta cling c6 thé xac dinh duoc do dai that ciia doan thang va goc nghiéng cua doan
thang tao v&i mat phang hinh chiéu dung; bang cach v& mot tam giac vudng co6 mot canh goc
vudng 14 hinh chiéu dirng ciia doan thing, canh goc vudng con lai bang higu dg xa cia hai dau
mit doan thing do

V.MOT VAI Vi DU GIAI SAN
< Vidul

Cho duong thépg AB. Hay xac dinh:
a) Vet bang, vét dimg cua duong thang AB

b) Diém C trén dudng thang AB c6 do cao gap doi do xa

Giai
a) Goi M, N lan luot 1 vét bang va vét ding cua duong M
thang AB, ta 6 : ! Hinh 12.14
. M, = A2B2 NXx =M, EA]B]- la Vét béﬂg cua AB
_ N;=ABinx=N, € A,B; - 1a vét dting ciia AB

b) Goi I 1a diém c6 do cao gap doi do xa va Bi= 1;. Duong thang Nil, cit A;B, tai diém C; la
hinh chiéu dung cua diém C can tim.
Tu C,e A;B; = Cie AB; ; (Hinh 2.14)

¢ Vidu2
Cho diém A(A,, Ay) va hinh chiéu dtimg B; cua diém B. Hiy xac dinh hinh chiéu bang ctia diém
B trong céac truong hop sau:
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a) Biét AB c6 do dai 1 =30 mm
b) Biét AB hop v6i Py goc o < 90"
¢) Biét AB hop véi P, goc B < 90°

Giai
a) V& tam gidc vuong A;AB’ vudng tai A; c6 mot canh goc vudng A A, bang hiéu do cao ctia

hai diém A, B; canh huyén AoB’ = AB =30mm.

Theo phuong phap tam giac thi canh goc vuéng con lai A,B’ bang hinh chiéu bang A;B; cta
AB. Nhu vay B, 1a giao diém cua duong tron (A, A1B’) v6i duong giong qua B; ;
(Hinh 2.15a)

Hinh 2.15a Hinh 2.15b Hinh 2.15c¢

b) V& tam gidc vudng A;AoB’ vudng tai A; c6 mdt canh géc vudng A;Ay béng hiéu do cao cua
hai diém A, B. Vi (AB’,\Pl ) = o nén theo phuong phap tam giac thi canh huyén A(B’ hop véi
canh A 1A gbéc 90°- o va canh goc vudng con lai A;B’ br:ing hinh chiéu bfing A B cua AB.

Nhu vy B, dugc vé 1a giao diém ctia duong tron (A;, A;B’) v6i duong giong qua Bo;

(Hinh 2.15b)

¢) V¢ tam giadc vuong A,B,;B, vudng tai B, c6 mot canh goc vudng A,B,. Vi (Aé,\Pz ) =B nén
theo phuong phap tam giac thi canh hgyén A,Bo hop v6i canh A;B; goc B va canh gdc vudng
con lai BBy bang hi€u d6 xa cua hai diém A, B, tic: B,By= HB; = HB’;; (Hinh 2.15¢)

¢ Vidu3
Cho diém A(A,, A,). Hiy v& duong thiang di qua diém A va nghiéng véi mpP; , mpP; 1an luot
cac géc nhon a, B nhu hinh 2.16a

Giai
_ Gia str c6 doan thang AB nghiéng v6i mpP; , mpP, lan luot cac goc a, P.
_ Gitra hinh chiéu dimg A,B,, hiéu d6 xa ciia A,B; do dai that cia AB va goc nghiéng ctia AB
hop véi mpP; lién quan nhau bdi tam giac vuong A,B,By ; (Hinh 2.16b)
_ Gitra hinh chiéu béng A By, hi€u d6 cao cua A,B; do dai that cia AB va goc nghiéng cua AB
v&i mpP; lién quan nhau boi tam gidc vudng A;B By ; (Hinh 2.16b)
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% A=A, B,
a

+ |

Bl Bl” Bl'
A,
Blm ]31
a) b) c)
Hinh 2.16

Tir (Hinh 2.16b), ta v& d6 thirc ciia diém B & (Hinh 2.16¢) nhu sau:

V& hai duong thfmg t,t’ // x va cach A, doan bfmg BBy (hi¢u dd cao ctua A, B)

Vé duong tron (A,, AzB»), cit t, t’ tai 4 diém B,, B,’, B’’y, B’”’; 1a cac hinh chiéu dang cua
céc diém B can dung

Puong tron (A, A1B)), cit cac duong giong qua cac dlem B,, B,’, B’’,, B’’; tai 4 diém Bi,
B:’, B”’1, B’’’ 1a cac hinh chiéu bang cua cac diém B can dung; (Hinh 1.16c¢)

Bai todn c6 4 nghiém

(Dé hiéu ky hon hay tham khao thém bai s617" sach “BAI TAP HINH HOA GIAI SAN” cua cling
tac gid)

GUVC - T4S. Nyuyin Di 16 Rloa Su pham R thadt



Bic gidng HINFH HOA 2005

Bai 3 VI TRI TUONG POI GIUA HAI
PUONG THANG

Ttrong khong gian, hai dudng thing co cac vi tri twong dbi: giao nhau, song song va chéo nhau

I. HAI PUONG THANG GIAO NHAU
1) Hai duong thang thuong giao nhau
Duong thang thuong la duong thang khong phai la duong canh 35

DPinh ly
Diéu kién can va du dé hai duong thang thudng giao nhau 1a cac hinh chiéu cing tén cta ching
giao nhau tai cac diém nam trén mot dudng giong
Cho hai duong thang a,b (hinh 3.1), dinh 1y trén duoc viét thanh: 2
I
by

a,nb =1, X
anb=l<<,4 np, =1,

b
LI Ly ’>ll<

a]
Hinh 3.1

2) Mot dwong thang thwdong va mt dwong canh giao nhau
Dinh ly

Piéu kién can va di dé mot duong thang thudng va mot dudng canh giao nhau 1a cac hinh chiéu
cung tén cua chiing giao nhau tai cac diém thoa man d6 thtrc cta diém thudc duong canh do

Cho duodng thang thuong d va dudng canh AB,
dinh ly trén duoc viét thanh:

dl mA]B] :]1 X
d NAB =l d2 mAsz :lz
(ABil,)=(4:B:1>)

Hinh 3.2

¢ Vidu
Cho duong canh AB va hinh ghiéu dung d; cua duong thang d. Hiy v& hinh chiéu bang d; cua
duong thang d, bict d di qua diém J va cat AB tai di€m I

Giai
Hinh chiéu bang I; ctia diém I € AB duoc vé& bang cach tmg dung dinh 1y Thalet nhu sau:
_ Vétia A, t bat ky rdi dat 1én d6 cac doan A\’ = A, vaI’B’ =1,B,
_ NéiB’B;
Duong théng qua I’ song song voi B’B; cit AB; tai diém I}; ta co:(A1B1l; ) = (A2B2l)
= le AB. Vé,y d1 =1LI; (Hinh 32)
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I1. HAI PUONG THANG SONG SONG
1) Hai dwong thing thudng song song

DPinh ly

Diéu kién can va du dé hai duong thang thuong song song nhau 13 cac cip hinh chiéu cung tén
cua chung song song nhau

Cho hai duong thang thuog a,b; (hinh 3.3),
dinh 1y trén dugc viét thanh:

a2¢

by

X

a, /b, ay Q

Hinh 3.3
Chlrng minh

Diéu ki¢n can: Gia st a // b nén cac cip mit phang chiéu qua a, b song song nhau, do do
chung s& cat mat phang hinh chiéu bang va mat phang hinh chiéu ding theo cac cip giao tuyén
song song nhau, tc la a; // by vaa, // b, .

Diéu kién du: Gia st c6 hai duong théng thuong a, b thod man a; // by va a, // b,. Béng cach
Xay dung nguoc lai pheép chleu vudng goc, cap mat phing song song Vuong gbc vo1 mat phang
hinh chiéu bang qua aj, b s& cat cdp mat phang song song vudng goc véi mit phang hinh chiéu
dimg qua ay, b, theo hai giao tuyén a, b song song nhau .

3) Hai duwdng canh song song )
Xét hai duong canh c6 cac cap hinh chi€u cung tén khong trung nhau

Dinh ly ' ’
“Piéu kién cdn va dii dé hai dwong canh song song nhau la ¢é hai dwong thang twa trén chiing
giao nhau hodc song song nhau “ 7z
Cho hai duong canh EF va GH, E, E;
dinh 1y trén duoc viét thanh: E 1 G ' ' G
inh 1y trén duge vi L . G GZI N
F, ',TI H Fz. 28 : Lyl i ¢ H 3
EHNGF=I | X X G e
EF//GHC{ E Ei, _ VS
EH//GF . Gi // /
P %I 1 rl 1/
I
4H; H, _/;
Hinh 3.4 Hinh 3.5
Chirng minh

_ Diéu ki¢gn can: Gia st EF // GH, thi bon diém E, F, G, H dong phang nén s& c6 hai duong
thang EH, GF tua trén chiing giao nhau tai I hodc song song nhau (¢ dy xét giao nhau)

_ Diéu ki¢n du: Gia sir c6 hai duong canh EF, GH c6 céc cap hinh chiéu cing tén khong tring
nhau va c6 hai duong thrfmg tua trén ching EH n GF =1 hoac EH // GF. Thi bbn diém E, F, G, H
ddng phang nén hai duong canh d6 song song nhau, tirc: EF // GH (Hinh 3.4)

» Chuy
Ngoai ra ta co thé phat biéu dinh 1y trén nhu sau:
“Piéu kién can va dii dé hai dwong canh song song nhau la hinh chiéu canh ciia ching song

song nhau ** (Hinh 3.5)
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% Vidu
Cho duong canh AB va diém M; (Hinh 3.6). Hay v& dudng thing MN // AB

Giai
Vi AB 1a duong canh nén MN // AB ciing 1a duong canh. Trong mp(MAB), v& N thoa mén
MN // AB, gia st biét trudc N, hdy v& Ny nhu sau:
GOl I=AN N BM IzEBzMz MéNzEAzIz; N]EAlll

Il S B]Ml
AzI L .o M, °2><
B, &~ I d;
X 2 N, X
A1 /
. ¢
B, I,&I M, /
Il \’Q d
N, 1
Hinh 3.6 Hinh 3.7

I1I. HAT PUONG THANG CHEO NHAU 9
Hai duong thang khong thoa mén song song hodc giao nhau thi cheéo nhau; (Hinh 3.7) biéu dién
hai duong thang c, d chéo nhau.

IV. HINH CHIEU CUA GOC VUONG

Dinh ly

“Diéu kién can va du dé mgt goc vuong chiéu xuong mat phang hinh chiéeu thanh mot goc vuong
la goc vuong do co mot canh song song voi mat phang hinh chiéu va canh goc vuong con lai
khong vuong goc voi mdat phang hinh chiéu do.”

B B2 d2 /
? | N2 c
| §A . A, :
i OV I X X
SO -
IM BV A, X
O
1 d1
0,
Hinh 3.8 Hinh 3.9 Hinh 3.10

Chu’ng minh
Diéu ki¢n can: Gia sir c6 AOB = 90" va OA /I Py . Chiéu vudéng goc xudng mit phang hinh
chiéu bang ta nhan duoc A;0,; B (Hinh 3.8), can ching minh A, O 1B;=90°
Ta co: A0, //AO
AO L OBvaAO 1L 0O0; = AO Lmp(B O0;) = AO L OB,
Ma A101 // AO = A101 1 01B1
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_ Diéu kién di : Gia su AOB = 90" chiéu vudng goc xudng mit phing hinh chiéu bﬁpg duoc
goc ATOIB;= 90", ta can chimng minh goc vuéng AOB c¢6 mdt canh song song mit phing hinh

chiéubang P;;taco: A0, L mp(OO;B)) (1)
B;0; L mp(O0;A1A) = B,0; L AO|
Ma BO L AOJ = AO L mp(O0,;B)) )

Tu (1) va (2), = AO // AOy , tic AO // mp(Py)
(Hinh 3.9) bi€u dién do thure cua goéc vuong AOB, cé canh OA // mp(P)).

» Chuy
Dinh ly trén ciing dung cho truong hop hai duong thang chéo nhau ma vudng goéc voi nhau.
(Hinh 3.10) biéu dién hai duong thang c, d chéo nhau ma vuong goc nhau, voi c // P,

* Vidu . q L C
Hay v& hinh chiéu bang C, cua diém C, bi€t rang tam giac
ABC can tai C, cho AB la duong bang, (Hinh 3.11) .

A2 B2
Giai X H,
Goi H la trung diém cua AB, vi tam gidc ABC can tai C nén C,
CH 1 AB, vé lai AB // mp (P)., nén theo dinh 1y trén, ta co A
CiH; L AB,. -
Tir d6 ta v& duoc C; 1a giao diém ciia duong giong qua C, voi ! B,
duong théng 1 AB; tai H; Hinh 3.11

V.MOT VAI Vi DU GIAI SAN
% Vidul 7
Cho ba duong thang a, b, ¢ chéo nhau; (Hinh 3.12). Hay vé

duong thang d song song vai ¢ cit ca a va b; trong d6 a L mp (P))

Giai

Gia str dudng thang d can dung cit a, b lan luot tai A, B. Vi a L
mp (P;) nén A;=a;. Valaid//cnénd; qua Ayvad;// ¢

Vi dmb=B;thd1 ﬂb] =B; = B,e bz

Vé d; qua B, va d, // c;; (Hinh 3.12)
Vay d 1a duong thing thang can v&

Hinh 3.12

 Vidu?2
Cho hai duong thing AB, CD chéo nhau; (Hinh 3.13). Hiy x4c dinh khoang cach va dung doan
vudng goc chung cua hai duong thing do trong cac trudng hop sau day:
a) CDL mp (P)); AB 1a duong thang thuong
b) CDL mp (P,); AB la dudong canh
¢) CDL mp (P3); AB la duong thang thuong

Giai
a) Goi MN la doan vuong géc chung ctia AB va CD, v6i N € AB,M € CD
Vi CDL mp (P;) nén M, = C;= D;va MN la doan duong bfmg
Va 1a1 MN 1AB = M1N1 LA]B] t&_li N]. Tu N] € A1B1:> N2€ Asz = M2N2 // X, (Hinh 313&)
Két luan: M;N; = MN - 1a khoang cach gitra hai dudng thang AB, CD chéo nhau
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b) Goi MN la doan vuéng goc chung cua AB va CD, v6i N € AB, M € CD

Vi CDL mp (P2) nén M, = C,= D,va MN 1a doan duong mat

Va 1a1 MN 1AB = M2N2 LAsz t&_li Nz. Tu Nze A2B2:> N] € A]B] = M1N1 // X, (Hinh 313b)
Két luan: M|N; = M)N; = MN - 1a khoang céach gitra hai duong théng AB, CD chéo nhau

B,. “| B,
N, N;
X M, D, P As
2
G, : > M,=C,ED,
X B, y'
1 Ml /
¢ D,
B' .
t Alv* y
Hinh 3.13a Hinh 3.12b Hinh 3.12¢

¢) Goi MN la doan vuong géc chung cia AB va CD, v6i N € AB,M € CD

Vi CD.L mp (P3) nén M3 = Cs= D3 va MN la doan duong canh

Va 18.1 MN 1LAB = M3N3 J_A3B3 tai N3.

Tu N3€ A3B3:> N2€ Asz , M2N2 /lzva N1 S A1B1 , M]N] /! Yy, (Hil’lh 3130)
Két luan: M3N; = MN - 1a khoang cach gitra hai dudng thang AB, CD chéo nhau

% Vidu3

Cho diém A(A1, Az) va dudng mat f (f;, £);

(Hinh 3.14). Hay dung hinh vuéng ABCD, biét rang
B,C thudc duong mat £

Giai
_ ABCD Ia hinh vuéng nén AB L BC
_ vi B,C efnénAB 1l f= A2B2 1L f2:> B1€ f]

_ Bing phuong phap tam giac, xac dinh d6 dai that
cua doan AB la doan B,A B, c, f

_ ViBC=AB = BzCz = B2A0:> C]E fl

Vé D thod man AD // BC; (Hinh 3.14)

Hinh 3.14
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Bai 4 MAT PHANG

I.PO THUC CUA HAI MAT PHANG

Do thirc ctia mit phang co thé duoc xac dinh bai mot trong cac cach sau day:
Ba diém phan biét khong thang hang, mp(ABC); (Hinh 4.1a)

Mot diém va mot duong thfmg khong thudc nhau, mp(M, d) ; (Hinh 4.1b)
Hai duong thang giao nhau, mp(a, b) ; (Hinh 4.1c)

Hai duong thang song song, mp(m, 1) ; (Hinh 4.1d)

B2 az /
%sz 'r . C2 MzT d/ X m, /
X X b, X X L
a, >< 1\
b,

m
A’L1 +G Mll N L
iB, \
a) mp(ABC) b) mp(M, d) c¢) mp(a, b) d) mp(m // 1)

Hinh 4.1
Ngoai ra ngudi ta con biéu dién mit phang bang hai vét ctia ching nhu sau:

& VET CUA MAT PHANG

Vét cia mat phang 1a giao tuyén ciia mat phang v6i mit phang hinh chiéu

1) Vét bang ciia mit phing
a) Dinh nghia:
Vét bang clia miat phang 1a giao tuyén ciia mat phang véi mat phiang hinh chiéu bang
Goi m 1a vét bang cia mit phang o thi: m = mpo. » mpP1 ; (Hinh 4.2a)
Ky hi¢u : my

b) Tinh chat
_Hinh chiéu bang cua vét bang trung véi chinh ndé: mjq = mg
_ Hinh chiéu dung cua vét bang trung véi tryuc X : my, =x ; (hinh 4.2b)

Hinh 4.2a Hinh 4.2b Hinh 4.3a Hinh 4.3b

2) Vét ding ciia méit phiang
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a) Dinh nghia:

Vét ding cuia mit phang 1a giao tuyén ciia mit phang v6i mat phang hinh chiéu dung
Goi n 1a vét dimg ctia mat phang o thi: n = mpa N mpP, (Hinh 4.2a)

Ky hi¢u : n,

b) Tinh chét
_Hinh chiéu dung cta vét ding trung voi chinh n6:  ny =ng
_ Hinh chiéu bang cta vét ding trung voi truc X : ni, =x ; (hinh 4.2b)

» Chuy

¢ Thyc chat ciia viéc biéu dién mat phang o bang hai vét ciia chung 1a biéu dién mit phang o
bang hai dudng thang m,, n, cat nhau hodc song song nhau lan luot nim trong mit phang hinh
chiéu bang va mit phang hinh chiéu dung. Do d6 hai vét m,, n, cta mit phing o phai cit nhau
tai mot diém nam trén truc x (Hinh 4.2a,b) hodc song song vdi truc x (Hinh 4.3a, b)

¢ Duong thang thudc mit phang thi cac vét ciing tén ciia dudng thang va mit phang thudc nhau

II. CAC Vi TRi PAC BIET CUA MAT PHANG

II. 1- Loai mit phing vudng géc véi mit phang hinh chiéu

1) Mt phiang chiéu bing

a) Pinh nghia:

Mit phang chiéu bang 1a mit phang vudng goc véi mat phang hinh chiéu bang
Goi o 1a mat phang chiéu bang, ta c6: mpo. L mpP;

b) Tinh chat

Hinh chiéu bang cia mit phang chiéu bang suy bién thanh mot dudng thang: (o) — 1 dudng
thang

Hinh chiéu bang cua diém, duong thing thudc mit phang chiéu bang thi thudc duong thing
suy bién ctia mit phang chiéu bang do6

Gia sir : Diém A € mpa.;d € mpo. = A; € (o) ;di = (o) ;

Vét ding ctia mit phang chiéu bang vudng goc véi truc x : na L x ; (Hinh 4.4)

X X
\A1\d1 = (al) N kl

m|3 Bl
Hinh 4.4 Hinh 4.5

2) Mit phang chiéu ding

a) Dinh nghia:

Mit phang chiéu dimg 1a mat phang vuéng géc véi mat phang hinh chiéu ding
Goi B 1a mat phang chiéu ding: mpp L mpP;

b) Tinh chét
_ Hinh chiéu dimg ctua mat phang chiéu dung suy bién thanh mét duong thang: (B2) — 1
duong thang
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_ Hinh chiéu dtimg cua diém, duong thang thudc mit phang chiéu ding thi thugc duong thang
suy bién ctia mit phang chiéu dung d6
Giastr:DiémB e mpB;k e mpp =By e (B2) ; ka=(B2);

_ Vét bang ctia mit phang chiéu ding vudng goc véi truc x : mg L x ; (Hinh4.5)

3) Mit phang chiéu canh

a) Dinh nghia:

Mit phang chiéu canh 14 mit phang vudng goc véi mit phang hinh chiéu canh
Goi y 12 mit phang chiéu canh, ta c6: mpy L mpP3

b) Tinh chét

_ Hinh chiéu canh ctia mit phing chiéu canh suy bién thanh mot duong thing: (y3) — 1 duong
thing

_ Hinh chiéu canh cua diém, ~duong thang thudc mat phang chiéu canh thi thuoc duong thang
suy bién ctia mit phang chiéu canh do

Giast:PiémC e mpy;le mpy = Cs € (13); k= (y3 ) ; (Hinh 4.6)

_ Vét bang va vét ding ciia miat phang chiéu canh vudng gdc véi truc z hay song song véi truc
X

1 V4
m,,n, 1z n, A = C,
m, // n, I/ x (Hinh 4.6) \ 2o 1:=(y3)
X 0 4 Y
my ’
y

I1.2 Loai mat phflng song song voi mot mat phzzlng hinh chiéu
(Thi vudng goc v6i hai mit phang hinh chiéu con lai)

1) Mit phang bing

a) Dinh nghia: i i o

Mat phang bang la mat phang song song vdi mat phang hinh chi¢u bang

Goi a 13 mit phang bang, ta c6: mpo. // mpP1

A, B, C, (o)

Hinh 4.7 Hinh 4.8

b) Tinh chat

_ Hinh chiéu dtmg cua mit phang bang suy bién thanh mot dudng thang song song véi truc x:
(o) /1 x

_ Mit phing bang vira 12 mat phang chiéu dimg vira 13 mit phang chiéu canh nén c6 nhirng tinh
chat cua hai loai mit phang nay
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Giasut A,B,C e mpa = A, B, C; € (a2)
_ Hinh chiéu bang ctia mot hinh phang thudc mit phang bang thi bang chinh nd
A ABC € mpa = A A;B;C;= AABC; (Hinh 4.7)

2) Mit phiang mit

a) Dinh nghia

Mit phang mit 13 mit phang song song véi mit phang hinh chiéu ding
Goi B 1a mat phang mit, ta c6: mpp // mpP,

b) Tinh chét

_ Hinh chiéu bang cia mit phang mit suy bién thanh mot duong thang song song véi truc x:
(B /7 x L L

_ Mat phang mat vira 1a mat phang chi€u bang vira 1a mat phang chiéu canh nén c¢6 nhirng tinh
chat ctia hai loai mit phang nay

Gia sur D,E, F l’l’lpB =D, E,F e (B])

_ Hinh chiéu dtng ctia mot hinh phang thudc mit phang mat thi bang chinh né

ADEF € mp B = A D,E;F,= A DEF ; (Hinh 4.8)

3) Mit phing canh

a) Dinh nghia

Mit phang canh 1a mit phing song song v6i mat phang hinh chiéu canh
Goi & 1a mit phang canh, ta c6 : mpd // mpP;

b) Tinh chét , _
Hinh chiéu bang va hinh chiéu ding ctia mit phang canh suy bién thanh hai duong thang
trung nhau va vuong goc voi truc x:  (01) =(82) L x 5.

_ Mat phang canh vira 1a mat phang chiéu
bang vira 1a mit phing chiéu dung nén co D
nhiing tinh chét ctia hai loai mat phang nay K-
Gia su :D, K, L € mpd; (Hinh 4.9) X L
= Dl, K] , L]E (81) va Dz, K2 ,L2€ (52)
_ Hinh chiéu canh cia mét hinh phing thudc D,
mit phing canh thi bang chinh no, gia st : L,
ADKL € mpd = AD;K;L;= ADKL K
1
Hinh 4.9 N

I11. SU' LIEN THUQC CUA PIEM, PUONG THANG VOi MAT PHANG

(Bdi todn co bén trén mdt phing)

. s d,
Dua vao hai tién dé sau day dé bi€u dien sy lién thude cua A
di€ém, duong thang voi mat phang ’ C
X

1. Mot duong thang thuéc mét mdt phang néu né cé hai
diém thuéc mat phang do

2. Mot diém thuéc mét mdt phcfng néu né thuéc mot R
dwong thang ciia mdt phang dé Hinh 4 10
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** Vidul
Cho mit phang ABC (hinh 4.10). Hay v& mot dudng thang d bat ky thuéc mat phang ABC.

Giai

Trong mit phang ABC, ta liy hai diém bat ky E, F; ching han E €AB, Fe AC. Hai diém
phan biét E, F xac dinh dudng thing d c6 do thic: E\F, =d, va EoF, = dy

- Puong thiang d c6 hai diém E, F thuéc mp(ABC) nén theo tién dé1 thi (d, dy) 1a dd thic cta
duong thang d thudc mat phing (ABC) ; (hinh 4.10)

% Vidu 2
Cho mat phing duoc xac dinh boi hai duong thfmg giao nhau a, b va hinh chiéu dimg K, cta
diém K; (hinh 4.11). Hay v€ hinh chiéu bang K, biét K thuéc mat phang (a, b)

Giai
Trong mp (a,b), v& dudng thing g di qua diém K; g, di qua K,. Vi g € mp(a,b) nén v& duoc g
T Ky € g2 = K€ g1 . Vay (Ki, Ky) 1a d6 thirc ciia diém K thudc mp(a,b) can dung

IV. CAC PUONG THANG PAC BIET CUA MAT PHANG
1) Puwong bang cua mat phang

a) Dinh nghia:

Puong bang cua mit phang 1a duong thang thudc mit phang va song song voi mit phang hinh
chiéu bang

Goi h,, 12 duong bang cua mit phang o: h, € mpa va hy // (P1) ; (Hinh 4.12a)

b) Tinh chét

_ Hinh chiéu dtng ctua dudng bang song song véi truc x:  hy, // x ; (Hinh 4.12b)
h, // x ; (Hinh 4.13)

_ Hinh chiéu bang ctia dudng bang song song véi vét bang ciia mat phang : hy // mg

A,
B, F, h,
X G,
E,
Fi h,
A
Hinh 4.12a Hinh 4.12b Hinh 4.13

2) Puong mit ciia mit phing

a) Dinh nghia , ) ) ,
Duong mat cua mat phang la duong thang thugc mat phang va song song voi mat phang hinh
chiéu ding

Goi f, 1a dudng mit ciia mit phang a: f, € mpo va £, // (P,) ; (Hinh 4.14a)
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Hinh 4.14a Hinh 4.14b Hinh 4.15

b) Tinh chat
_ Hinh chiéu bang cta dudng mit song song véi truc x:  fi, // x ; (Hinh 4.14b)
fi //x; (Hinh 4.15)
_ Hinh chiéu dung ctia dudng mit song song vai vét dimg ctia mit phang : i, // ng

» Chuy

¢ Duong bang h, € mpa nén vét ding N ciia dudng bang h,, thudc vét dimg n,, ctia mpa

¢ Duong mit f, € mpa nén vét bang M ciia duong mit f, thudc vét bang m, ciia mpa

¢ Néu mit phiang o 1a mit phing chiéu canh thi dirong thang chiéu canh k, € mpo vira 1a
duong bang vira 1a dudng mat (Hinh 4.16 a, b)

N, ng
1D, K
x Nll ‘\Mz 2
S P K
D~ m,
M,
Hinh 4.16a Hinh 4.16b

3) Pudong ddc nhit ciia mit phing doi véi mit phing hinh chiéu

a) Puong doc nhat ciia mit phiang déi véi mit phang hinh chiéu bang

¢ Dinh nghia

Puong doc nhat cia mit phang dbi véi mat phang hinh chiéu bang 1a duong thang thudc mit
phang va tao vO1 mat phang hinh chiéu bang mot goc 16n nhat so véi cac dudng thiang khac thude
mit phang do

N,
X j; C,
B, M,
G
Hinh 4.17a Hinh 4.17b Hinh 4.17¢

Goi d 1a duong dbc nhét ciia mp a dbi voi miat phang hinh chiéu bang (Hinh 4.17a)
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¢ Tinh chat

- Dlro’ng dbc nhat cua mat phang ddi véi mit phang hinh chiéu bang thi vuong goc voi
duong bang (hay vét bang) cia mit phiang do, nén goc vudng duoc bao ton & hinh chiéu bang,
trcd L ho (ma) = d; L hjoa hayd; L m, (Hmh 4.17b)

(Hlnh 4.17¢) biéu dién MN 1a duong dbc nhét ciia mat phang (NBC) ddi v6i miat phang hinh
chiéu bang, MN Vuong gbc voi duong bang BD = NM, L B1D1

- Géc cia dwong doc nhit ciia mit phiang dbi véi mit phiang hinh chiéu bang chinh 13 goc
ctia mit phang d6 hop voi mit phang hinh chiéu bang : (d,/i’l) (mml) [0}

b) Puong ddc nhit ciia mit phiang déi véi méit phiang hinh chiéu ding

¢ Dinh nghia

Puong dbc nhit ciia mit phang ddi v6i mat phing hinh chiéu ding 12 dudng thang thudc mat
phang va tao v6i mit phang hinh chiéu ding mot goc 16n nhit so véi cac dudng thang khéc
thudc mat phing do

Hinh 4.18 Hinh 4.18b
Goi g 1a dudng dbc nhit cia mpo d6i véi mat phang hinh chiéu ding (Hinh 4.18a)

¢ Tinh chat

- Puwong doc nhit cia mit phing ddi véi mit phiang hinh chiéu ding thi vuong goc voi
duong mit (hay vét ding) ciia mit phiang do, nén géc vudng duge bao tén ¢ hinh chiéu dung,
tuc: gl fo(ng) = g1 fHe hay g 1 ng (Hinh 4.18Db)

- Goc cua duong ddc nhit ciia mat phang doi véi mit phang hinh chiéu ding chinh 13 goc
ctia mit phang d6 hop voi mit phang hinh chiéu dung

(&, P2) = (mpa P, ) =8

¢ Vidu

Cho mit phang a(m,, n,). Hay xac dinh

goc nghiéng ctia mp o d6i mat phang hinh  x
chiéu bang va dbi voi mit phang hinh chiéu
ding

Giai
1) V& duong doc nhat MN ctia mpo. ddi
vOi mpP1 : M1N1 1 my = M2N2.
(Hinh 4.19). Bang phuong phép tam giac, xac dinh d6 dai that cia doan NM 1a M;N,
= NiMiNo =¢ = (MN, Py) = (mpa. , Py)

Hinh 4.19 Hinh 4.20

2) V& duong dbc nhat EF ciia mp o d6i voi mp P, : EoF, L n, = E,F; (Hinh 4.20).Bang phuong
phap tam giac, xac dinh d6 dai that ctia doan EF 1a F,E,

— BSPSE) =8 = (EF)P, ) = (mpbPs )
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V.MOT VAI Vi DU GIAI SAN

% Vidul

Cho mp o (mg, ny) va hinh chiéu dang A,;B,C; cua tam giac ABC; (Hinh 4.21a,b). Hay v€ hinh
chiéu bfing ABCy, biét tam giac ABC thuoc mp o

B, Ng Ng N,
A, B, ’
A Ny A
x M, N,
X C, ‘ B,
A, C,
Mg
me, M,
Hinh 4.21a C, Hinh 4.21b

Giai

a) Tam giac ABC € mpa ( Hinh 4.21a) nén:

_ Cex=>Ciem,

_ BCﬁHa:K; tﬁK2:B2C2ﬁna:>K1€ XVéBle K1C1
_ ACmna=N; thN2=A2C2ﬁna:>N1€ XVélA]E N]C]

b) Tam giac ABC € mpa ( Hinh 4.21b) nén:
_ ABnnga=NvaAB nmy,=M.

. Tf,l'Nz =AB, nng, = Nje X va M, =ABonx=>Miemyg = A], Bie MiN;
_ Vimpa la mat ph'fmg chiéu canh (my // ng // X) nén A C; //=A,C,

~ Néi B|C;

% Vidu 2
Cho mpa dugc xac dinh bang hai duong thang a,b cat
nhau; (Hinh 4.22). Hiy v& cac vét m, n, ctia mpo.

Giai
Goi A,B lan luot 1a vét ding ciia duong thang a, b.
TII Aq —almx:>A2 € Ay, (A—Az)
TIIB1 blﬂX:>B2 € bz, (B Bz)
Goi M 1a vét bang ciia duong thang a
Tu My=anx=M,; ea;(M Ml) Hinh 4.22
_ Puong thing a,b € mp o nén vét dtng n, di qua cac vét ding A, B cta duong thang a,b :
Ny = A2B2
Goi O =ny N X = my = M;0; (Hinh 4.22)

% Vidu3

Cho duong thang d. Hay dung mat phang thuong va mit phang bang vét nhan duong thang d
lam duong dbc nhit ctia mit phang:

a) DPéi véi mp P,

b) Bbi véi mp P,
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Giai
a) V& duong bépg h L dtail= hy Ldtai I = mp(d,h) nhdn duong thang d lam duong doc
nhat cua mit phing doi véi mpPy;(Hinh 4.23a)

b) V€ duong mat f L dtail = f, L d> tai , = mp(d, f) nhén duong thang d 1am dudng doc nhit
cua mat phang do6i véi mp P, ;(Hinh 4.23b)

d d,
| h
2 12
£,
X X

b) c)
Hinh 4.23

¢) V& M, N lan luot 1a vét bang, vét dung ciia duong thiang d; mpo nhan duong thang d lam
dudng ddc nhat cua mat phéng doi véi mpP; nén m, L d; tai M;= n, di qua N»; (Hinh 4.23c¢)

d) Tuong tu, mpo nhan dudng thiang d 1am dudng dbc nhat ciia mit phang ddi voi mp P, nén
ng L d; tai No= m, di qua M, va di qua giao diém cua ng voi truc x; (Hinh 4.23d)

% Vidu4
Cho vét bang m, cia mpa.. Hiy v& vét dimg n,, biét raing mpo nghiéng véi mp Py goc 60°

Giai

Ta biét rang goc nghiéng ctia mpa. d6i voi mp Py ciing chinh 14 goc ctia duong doc nhét ciia mpo
d6 d6i voi mp Py. Vi vay ta v& duong thang d doc nhét cia mpa ddi v6i mp P,

d; L mytai M; va cit truc x tai Ni,= M e x.
Ta biét raing mpo tao voi mp Py goc 60°nén d
tao véi mpP, goc 60°.VE tam gidc vudng
M;N Ny c6 mdt canh goc vuong M;N;, canh
huyén M N tao v&i MN; goc 60°

Theo phuong phap tam gidc thi canh goc
vudng con lai N|Ng bang hiéu d6 cao caa M,
N; tirc : NiN; = NNy = dr = MhN,

Vay n, di qua N, va qua giao diém cia m, véi
truc x ; (Hinh 4.24)

Hinh 4.24
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Bai 5 VI TRI TUONG POI GIUA
HAI MAT PHANG

Trong khong gian hai mit phang c¢6 cac vi tri twong ddi: giao nhau hodc song song

I. HAI MAT PHANG SONG SONG

DPinh ly

Piéu kién can va du dé hai mat phing song song nhau 1a trong mit phang nay chira hai duong
thang giao nhau lan lugt song song v6i hai duong thang giao nhau thugc mit phang kia

¢ Vidu
Cho mit phang (a,b) va diém M. Qua M hiy dung mp(c,d) / mp(a,b)

7 Giai AN, M
Qua diém M v¢ hai duong thang c, d: b, dX
c/la =ci//ajvacy//ap 2

d//b =di//bivady// b,

X
f/efty mp(c, d) // mp(a,b) 1a mit phing can dung 4 ©
b, L d, M,

Hinh 5.1

» Chuy

¢ Hai mit phing song song nhau thi cac vét cling tén cua chiing song song

Gid s : mpo / mpB = m, // mgvan,// ng;(Hinh 5.2)

. B@éu nguoc lai chi ding khi chiung 1a mat phang thuong, con mit phang chiéu canh thi chwa
chac

Ng

g

mg

II. HAI MAT PHANG GIAO NHAU

Noi dung ctia phan nay 13 v& giao tuyén cta hai mét phang

1) Truong hop biét mét hinh chiéu cia giao tuyén
a) Néu ca hai mat phang da cho l1a mat phang chiéu cung tén, thi:

_ Ta biét dugc mot hinh chi€u cua giao tuyén suy bién thanh mot di€ém chinh 1a giao diém cua
hai dudng thang suy bién cua hai mat phang chiéu do
_Hinh chiéu con lai cua giao tuyén di qua diém suy bién d6 va vudng goc voi truc hinh chiéu .
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* Vidu
Hay vé& giao tuyén ctia hai mit phang a, B chiéu bang (Hinh 5.3)

Giai
Goi g=mpo N mpp .
Vimp o va mpB L P; nén giao tuyén g cua ching vudng goc mpP; ; c6 hinh chiéu bing g
= (o)) N (B1) — 1 diém
Hinh chiéu dtimg cua giao tuyén : g, L x

L
=(o,) A
N £ ng j25) (2)7’%
a,
X * ) hd b2
g b
B £ (o)) A :
I B,
Hinh 5.3 ' Hinh5.4

b) Néu mét trong hai mit phiang da cho 1a mit phang chiéu, thi:

_ Ta biét duoc mot hinh chiéu cia giao tuyén tring voi duong thang suy bién cia mat phang
chi¢u do.

_ Pé v& hinh chiéu con lai cta giao tuyén ta 4p dung bai toan dudng thing thudc mit phang
khong chiéu.

¢ Vidu
Hiy v& giao tuyén ctia mit phang (a, b) v6i mit phiang o chiéu dung ; (Hinh 5.4)

Giai
Goi g=mpa N mp(a, b) .
Vimpa L P; nén g, =(ay).
Theo trén, g € mp(a, b) nén g s& cit a, b 1an luot tai cac diém A, B. Do d6 g, = AB,

2) Truwong hop tong quat
Pé vé& giao tuyén g cua hai mit phang a, P bat ky (Hinh 5.5). Ta phai tim hai diém chung cta
chung bang cach dung hai mit phing phy tro. Trinh tu g1a1 nhu sau:
1) Dung mit phang ¢ phu tro (¢ thuong 13 mat phang chiéu) cit ca mpo. va mp B
2) V& hai giao tuyén phu: a=mpe N mpo.
va b=mpe N mpf

3) V& giao diém: M=a b, la mot diém thudc giao tuyén g
Tuong tw, v& mp ¢’ phu tro thir hai [thudng (¢°) // (9) ], ta tim duoc diém thi hai Ne g
Vay

g =MN = mpa. N mpf

 Vidu
Hay vé& giao tuyén ctia mit phang (c, d) voi mit phang o (mg, ny) (Hinh 5.6)

Giai
Dung mpo - 1am mit phang bang phu tro (ciing 1a mit phang chiéu dung)
V& hai duong bang giao tuyén phu:
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+ a=mpo "mpo; Vimp ¢ L P, nén ar=(¢2) = a;// my
+ b=mpe "mp(c,d); Vimpe L P, nén b= (¢p;) = b,
Végiaodiém M=anb;Tx agnb;=M; = Me a,

e
mpo e ™,
mpo A \a c byt d,
"\ N MY & i
Hinh 5.5 Hinh 5.6

T ng tO

Duyng mp @’ / mp@ - lam mit phang phu trg

V& hai duong bang giao tuyén phu:

+ a’=mpe’ Nnmpa; Vimpe’ L P, nén a’,=(¢’) = a’;//a

+ b’=mpe’ nmp(c,d); Vimpe’L P, nén b’,=(¢’2) =b’1// by
_ Véglaodlém N=a’ﬁb’;Tl‘Ia’1ﬁb’1=N1:>N2€ a’z

Két luan: g = MN = mpoa N mp(c, d)

III.MOT VAI Vi DU GIAI SAN

% Vidul
Hay vé& giao tuyén ctia mp o va mpp; duoc cho trong cac trudng hop & (Hinh 5.7a,b,c)

Giai

a) Vim,, mg € Py = m, N mg =M thudc giao tuyén cta (o) va ().

Tu M;=mg, N"mg =>Me X

Van,, ng € P,= n, N ng =N thudc giao tuyén cia (o) va (B). Tir Ny=ng N ng = Nje x
Vay MN = mpa n mpf3 ; (Hinh 5.7a)

ng
X X N,
g mg Mg
Mg
M,
Hinh 5.7a Hinh 5.7b Hinh 5.7¢

b) Tuong tu nhu trén, vi m, // mg= my N mg =M,
= mpo. N mpP = NM,, = g (g 1a dudng bang cuia mpo. va mpp); (Hinh 5.7b)
¢) Tuong tu nhu trén = mpa N mpP = NM - 1a duong canh ; (Hinh 5.7¢)
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% Vidu2
Hay vé& giao tuyén ctia hai mat phang : mpa. (mg, A) va mpp (ng, B) ; (Hinh 5.7)

Giai
_ Qua diém A€ mpo, v& duong bang h va v& vét dimg H ctia h = Vét dtmg n,, di qua Hyva qua
giao diém cua m, v6i truc X
_ Qua diém Be mpp, v& duong mit f va v& vét dung F cia f = Vét bang mg di qua F; va qua
giao diém clia ng véi truc x
V& giao tuyén MN =mp o. » mpp ; (Hinh 5.7)

Hnh 5.7
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B 6 VI TRI TUONG POI GIUA
PUONG THANG VA MAT PHANG

I. PUONG THANG SONG SONG MAT PHANG

Dinh ly

Piéu kién can va di dé mot duang thang song song voi mot mat phang la dwong thang dé song
song véi mét dwong thang nam trong mat phang do

* Vidu
Cho mp(a, b) va diém M; (Hinh 6.1). Qua M, hiy dung dudng thang d // mp(a, b)

i 7 Giai
Trong mat phang (a,b), vé duong thang 1.
Qua diém M vé& duong thang d /1 = d, /1, va d, // 1, Theo dinh 1y trén thi d // mp(a, b)

I8
M, d, _Z
)
X
X b, *

d,
d A
11 bl \ll\/ll\ 1 1 (Oh)

Hinh 6.1 Hinh 6.2

II. PUONG THANG VA MAT PHANG GIAO NHAU

Nbi dung ciia phan nay 1a vé& giao diém ciia duong thang véi mit phang

1) Truong hop biét mot hinh chiéu ciia giao diém

a) Néu mit phang di cho la mit phing chléu, dwong thing bat ky thi:

_ Ta biét dugc mot hinh chiéu cua giao diém 1a giao ctia dudng thang suy bién ctia mat phang
chiéu d6 v6i hinh chiéu cing tén cia dudng thing

_ Dé v& hinh chiéu con lai ciia giao diém, ta ap dung bai todn diém thudc duong thang

% Vidu
Hiy v& giao diém cua dudng thang d voi mit phing o chiéu bang (Hinh 6.2)
Giai
GoiA=dnmpa= [Ae mpa,vimpa L P; nén A; € (o))
Aed=> A] Ed]
Vay A; = (o) ndi= Az € d; ; (Hinh 6.2)

b) Néu dwong thing da cho 1a dwong thing chiéu, mit phiang bat Ky, thi:
_ Tabiét dugc mot hinh chiéu cua giao diém trung véi diém suy bién cua duong thang chiéu do
_ Dé ve hinh chiéu con lai ctia giao di€ém, ta 4p dung bai toan diém thudc méat phang
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% Vidu
Hay vé& giao diém ctia mp(a, b) v6i duong thang d chiéu bang; (Hinh 6.3)

Giai
GoiM=dnmp(a,b)= [ Med,vid L P, nén M, =d,
M € mp(a, b) => M €g € mp(a, b)
Tu M] € g1—= Mz € 2, (Hil’lh 63)

Hinh 6.3 Hinh 6.4

2) Truong hop tong quat
Pé vé giao diém M cuia dudng thang d vi mpo. bat ky; (Hinh 6.4). Ta phai tim mot diém chung
ctia chiing bang cach ding mat phang phu trg, véi trinh tu giai nhu sau:
3) Dyng mat phiang ¢ phu trg chira dudng thang d (¢ thuong 1a mat phang chiéu)
4) V& giao tuyén phu: g=mpe N mpo
3) V& giao diém: M=gnd
Vay

M =d N mpa

* Vidu
Hay vé& giao diém cua dudng thang d véi mp(ABC)
Hinh 6.5)

Giai
1) Dung mit phang ¢ phu tro chiéu ding chira duong
thang d = (92) = d»

2) V& giao tuyén phu: g = EF = mpe n mp (ABC)
Tr g =EkF;=(92) = g1 =EiF,
3) VE giao diém: M=gnd
Tu M1=g1r\d1:>Mzed2 :>M=dmmp0c

Hinh 6.5

<% Biéu dién thay khuét trén hinh chiéu
Sau khi v& giao diém cta duong thang véi mit phing, dé gy an twong ndi cho hinh chiéu,
ngudi ta thuong biéu dién thiy - khuat cta hinh véi qui wée nhu sau:
Mit nguoi quan sat dat trén Py, trude P, va ddt xa vo tan theo cac hudng nhin vudng goc voi
hai mit phang hinh chiéu nay
Mit phang xem nhu khong trong sut (vat thé duc)

Véi qui udc nay, thi:
+ Cap diém nam trén duong thang chi¢u bang, diém nao cao hon s¢ thay ¢ hinh chiéu bang.

GUVC - T4S. Nyuyin Di 36 Rloa Su pham R thadt




Bic gidng HINFH HOA 2005

+ Cap diém nam trén duong thang chiéu dung, diém ndo xa hon s& thiy ¢ hinh chiéu dung

Tro lai vi du (hinh 6.5)

> Thay khudt ¢ hinh chiéu bang Xét cap diém I, J v6i Ied, J € BC sao cho I; = J;. Ta thay
diém 1 cao hon J nén : I;- thiy = I;M; - thdy; do d6 trén hinh chiéu nay mat phang che
khuét phan con lai cia duong thang thudc pham vi mit phang

> Thdy khudt 6 hinh chiéu dirng: Xét cap diém E, K v6i Ke d, E € AC sao cho E; = K. Ta
thdy diém K xa hon E nén : K, - thly = K,;M, - thdy; do d6 trén hinh chiéu nay mit phing
che khuat phan con lai ctia duong thang thuéc pham vi mit phang

III. PUONG THANG VUONG GOC VOI MAT PHANG
Dya vao dinh ly v€ hinh chiéu cua goc vudng va dinh ly vé duong thang vudng goc voi mat
phang trong khong gian, ta néu ra dinh ly sau:

1) P6i véi méit phing thuong
Pinh ly

Diéu kién can va di dé dwong thcing vuong goc voi mat phéng thwong la hinh chiéu bdng ciia
duong thang vuéng géc véi hinh chiéu bang ciia duong bang (vét bang) ciia mat phang va hinh
chiéu ditng ciia dwong thang vuéng géc véi hinh chiéu dirng ciia dwong mat(vét dirng) ciia mat
phdng

Cho duong thang d va mp o (Hinh 6.6),

dinh 1y trén viét lai nhu sau: dlmpa < dlj_hla hay(dl J‘ma)
d,Lf,hay(d,n,)
A Z
l'ly f,)(y h’)(x mY 2g—— . — . _;__ _______ A3
B — . — . 4 .
X ’ [0) B3 ';Y3 yv
7
ny ———/
y

Hinh 6.6 Hinh 6.7

Chirng minh
> Diéu ki¢n cin: Gia sitd L mpo = d L hy, € mpa = d; L h;, hay (d; L mg)
dLlf, e mpa=dy L fr, hay (d2 L ng)
> Diéu kign di: Gia st c6 duong bang h,, dudng mit f, thudc mpo va dudng thing d ; ma trén
dd thirc thoa man : d; L hig hay (d; L my)

dy 1 B (d2 L ng)
Thi theo dinh 1y v& hinh chiéu cta goc vuong = ~d Lh, hay d L m,
|: d.Llf, |: dLlng

Ma hy, f, hay (mg, ny) 13 hai duong thang cat nhau thudc mpa nén: d L mpo

2) Péi véi mit phing chiéu canh
Néu mit phiang di cho 1a mat phang chiéu canh thi duong thang vudng goc voi no phai la duong
canh; nguoc lai duong canh thi chua chic vudng goc véi mat phang chiéu canh
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Pinh ly :

Diéu kién can va dii dé dwong canh vudng géc véi malphang chiéu canh la hinh chiéu canh ciia
duwong canh vuéng géc hinh chiéu canh suy bién ciia mdt phang chiéu canh

Cho duong canh AB va mét phang y chiéu canh (Hinh 6.7), dinh 1y trén dugc viét thanh:

AB L mpy < A3Bs L (73)

IV. MOT VAI Vi DU GIAI SAN

* Vidul

Chimg minh rang :

a) Mait phang c6 hai Vet d6i xtg nhau qua tryc x thi vuéng goc voi mat phang phan giac 1
b) Mit phang c6 hai vét tring nhau thi vuéng goc véi mat phang phéan giac 2

Ng
Giai K

a) Gia str cho mp o c6 hai vét n, , m, ddi ximg

nhau qua tryc x (Hinh 6.8). Qua diém O tuy y X 0,=0,

trén truc x, ta v€ dudng thang

d L mpa (1)

=d; L mg Va d2 1 ng. d1 Mg
b) Vi n,, m, do61 xing nhau qua truc x nén d, d;

d6i xtg nhau qua truc x = demp phgl (2) Hinh 6.8

Tur (1) va (2) = mpa L mp phgl

¢) Gia str cho mpp c6 hai vét tring nhau (ng= mp)
Qua diém I tuy y trén truc x, ta vé duong thang
dlmpp =d; Lmgvad, Lng (1)
Ving=mgnénd, = d, = demp phg 2 (2%)
T (1°) va (2°) = mpP L mp phg 2

* Vidu2

Cho diém A ( Aj, A;) va mit phiang o (mg, ny);
(Hinh 6.10). &=(p)=d, ,n,
a) Xac dinh khoang cach tir diém A dén mp o

b) Hay v& diém B dbi ximg voi diém A qua mpo.

Giai

a) Dé xac dinh khoang cach tir diém A dén mp a, ta lam
nhu sau:

QuaAved Llmpa= dyLmygva d, L ng

V& giao diém : H = d N mp o ( dung mit phang ¢
phu trg). Bang phuong phap tam giac, xac dinh do Hinh 6.10
dai that cua doan AH la canh huyén H;A( cua tam

giac vudng H;A 1A,

b) Dé vé& diém B dbi xtmg voi diém A qua mp o, ta 1am nhu sau:
Trén du:(‘mgﬁthrfm‘g d léy diém B sao cho BH = HA = B;H, = HA=> B,ed,; (Hinh 6.10)
Vay B la diém can vé .
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¢ Vidu3
Cho doan thang AB (A;Bi, A;B,) va mit phang o (mg, n,). Hiy tim tip hop nhiing diém trén
mpo. cach déu hai ddu mat A, B (Hinh 6.11)

Giai

Tap hop nhiing diém cach déu hai dau mat A, B 1a mat phéng B - trung truc cua doan thang AB
(mat phang trung truc cua doan thang AB la mat phiang vuéng géc véi doan thing AB tai
trung diém I ciia né), mpp duoc v& bang vét nhu sau:

V¢ duong bang hg L AB tai trung diém I cua AB = hip L AB;tai ly
V& vét dimg H ctia duong bang hg: H=hg " mp P, =>H,=H
Vi hge mpf nén vét dung ng cua mpP phai di qua vét dung H, = H ciia dudng bang hg va vudng

Hinh 6.11 Hinh 6.12

~ Goi O =ng x thi vét bang mg di qua O va vudng goc AB; (hay mg // hyp)
Theo yéu cau cta dé bai thi tap hop nhitng diém can tim 13 giao tuyén cia mpo. va mpp:
g=MN =mpa N mpp (Hinh 6.11)

% Vidu4

Cho hai mat phrfmg a (M . n,), mit phang p (mg, B) va diém K; (Hinh 6.12).Yéu cau:
a) Hay v& vét dung cua mpB

b) Qua K hiy vé& duong thing d song song véi hai mit phang o, B

Giai

a) V& vét dung cua mpp nhu sau

_ Trong mpP, qua diém B v& duong bing hg = hog // x va hig// mg

V& vét dung H clia duong bang hg:H=hgnmp P, = H,=H

Vi hge mpP nén vét dimg ng ctia mpp phai di qua vét dimg H,= H ctia duong bang hg

b) V& giao tuyén g ctia mpa va mpp nhu sau:

_ VEN=noannf = (N=N;Njex)=N eg

_ VeM=ma nmp = M;=M; Myex ) =>M eg

Véy g=MN=mpo N mpp

Qua K, v& duong thang d // g = (d, // g, va d, // g, ).Vay d 1a duong thang can v&
(Hinh 6.12)
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% Vidu5
Cho diém A(A,, Az) va dudng thang d (d, d2 ); (Hinh 6.13). Hay x4c diinh khoang céch tir diém
A dén dudng thang d

Giai
~ QuaA,dungmp(h,f) Ld = h;Ld;
va = th_ d2
_ Végiao diém: H=d n mp(h, f) - (Dung miat phang ¢ phu trg chiéu dimg chira d)
Tu Hl— g1 d1 = HZE dz
_ Bing phuong phap tam giac, xac dinh d¢ dai that cua doan AH la: H;Ao (Hinh 6.13)
Vay khoang cach tir diém A dén dudng thang d 1a doan AH = H, A

2= (¢,) =d, f,
H,

Hinh 6.13 Hinh 6.14

% Viduo6
Cho doan thing AB (AiBy, A;B;) va hinh chiéu dtng C, cta diém C (Hinh 6.14). Hiy v& hinh
chiéu bang C; cta diém C, biét rang tam gidc ABC vudng tai A

Giai

Theo gia thiét CA L. AB nén C € mp(h, f) L AB tai A, vi vdy ta thuc hién nhu sau :
_ Vémp(h, f) L AB tai A
_ Cemp(h, f)= Ce k e mp(h, ) ; [ k - 12 dudng bang thudc mp(h, )]

Tu Cz S kz = C] S k1 (Hil’lh 614)

¢ Vidu7
Cho mit phing o (mg, n,), duong thang d (d;, dz) va hinh chiéu ding A, ciia diém A thudc mit
phing o (Hinh 6.15). Hiy vé& trong mp o dudng thang di qua A va vudng goc véi d

Giai

V& hinh chiéu bang A ciia diém A, bang cach gin diém A vao duong bang g ciia mpo

Puong thang can vé di qua diém A vudng goc véi d nén thudc mp B di qua A, vudng goc véi d.
Mit phang B duoc vé& nhu sau :

_ Qua diém A v& duong bang hg L d = hyp // x va hig L d,

V& vét ding H cua dudong bang hg: H=hg " mpP, = H,=H

_ Vi hge mpp nén vét dimg ng cua mpP phai di qua vét ding H, = H cua duong bang hg
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Hnh 6.15

_ Véng L dyvamg L d; (hodc mg // hyp)
Vi lai, duong thang can dyng thudc mpo nén né 1a giao tuyén ciia mpa. v6i mpp:
Vay MN=mpo N mpf; (Hinh 6.15)
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Bai 7 CAC PHEP BIEN POI HINH CHIEU

I. KHAI NIEM

Ta da biét réng dd 16n that cua mot doan théng thugc duong béng thé hién ngay & hinh chiéu
bang. Giao diém cua duong thang v6i mat phing, néu duong thang chiéu hodc mit phang chiéu
thi ta biét dugc mot hinh chiéu cia giao diém ma khong can sir dung mét phang phu tro.

Nhung ddi v6i duong thang thuong, mat phang thuong thi trong hinh hoa nguoi ta dung cdc
phép bién déi hinh chiéu & bién duong thang, mat phang ndy vé cac vi tri ddc biét ma ¢ vi tri
m&i ndy dé dang giai dugc bai toan. Sau khi giai xong c6 loai bai toan can phai dua nghiém vé vi
tri ban dau.

II. PHEP THAY POI MAT PHANG HINH CHIEU , 7
Phep thay doi mat phang hinh chi€u la mot phép bién d6i ma trong d6 hé thong mat phang hinh
chiéu thay doi con vat thé dugc bicu dién thi diing yén

I1.1 Thay d6i mit phiang hinh chiéu dirng

a) Dinh nghia

Thay doi mdt phang hinh chiéu dirng P la dimg mot mdt phang P’y L Py lam mdt phang hinh
chiéu ditng moi

Goi truc hinh chiéumdilas: s=P> NP i
Xet mot diém A bat ky. Chiéu vudng goc di€m A lan luot [én cac mat phang hinh chiéu Py, P,
P’, ta nhén dugc cac hinh chiéu la: A; A, A’; (Hinh 7.1a)

Hinh 7.1a Hinh 7.1b

b) Tinh chét |
_ Hinh chiéu bang A; ctia di€ém A trong hé thong moi va cti khong doi
D06 cao cua diém A trong hé théng méi va cii bang nhau: A", A, = A, A, (Hinh 7.1a)

» Qui wée

_ Sau khi quay P’, quanh tryc s dén trang véi P, 1di tiép tuc quay P; quanh truc x theo chiéu

qui wdc dén triung véi P, ta nhan dugc dd thirc ctia diém A trong hé théng cli vamdi (Hinh 7.1b)
O hai phia truc hinh chiéu méi s nguoi ta thuong ghi hai mat phang hinh chiéu méi P; va P,

v6i qui wdc nhu sau: Néu do cao ciia diém A dwong thi A’; dugc dit vé phia c6 ghi chit P,

¢ Vidul
Cho doan thing AB (AB, AsBy); (Hinh 7.2). Hay thay d6i mat phang hinh chiéu dimg dé AB
tr¢ thanh duong mat trong hé thong mai.
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Giai A,
Dé AB tr¢ thanh dudng mit trong hé thong méi thi B,
ta phai chon mp P’, // AB, tuc chon truc s // A1B
Ap dung d6 cao méi bang do cao cii ta v& duoc
A’,B’; (Hinh 7.2)

Nhan xét
A,2B’2 =AB
(A°AB%, s) = (ABYP )=

Hinh 7.2

% Vidu2
Cho mit phang (ABC) va diém M (Hnh 7.3).,B§1ng phuong phap thay d6i mat phang hinh chiéu
ding; hay xac dinh khoang céch tir diém M dén mdt phang (ABC)

A,
Giai H,
_ Pé mp(ABC) tro thanh mat phing chiéu M, D
dung trong hé thong mdi thi ta phai chon B — 2
mp P’, vudng goc voi duong bang BD cua 2 F T C,

mit phiang (ABC) , trc chon truc s L BjD; X
Ap dung d6 cao méi bang do cao cii ta v&
dyoc hinh chiéu ding méi cia mp(ABC)
suy bién thanh doan thfmg AHLCH

Pé xac dinh khoang cach tir diém M dén
mp(ABC),tavé: MH L mp(ABC)

D@ thiy MH la duong mit trong hé théng méi 1 S
nén : M’zH'z 1 A2‘C'2
va MH;//s Hinh 7.3
H, duoc xac dinh nhd d6 cao cii bang d6 cao méi (Hinh 7.3) .

_ Khoang cach tir diém M dén mp(ABC) chinh 1a doan M’,H', = MH

I1.2 Thay d6i mit phiang hinh chiéu bing

a) Dinh nghia

Thay doi mdt phang hinh chiéu bdang P, la diing mét mdt phang P’; L P; lam mdt phang hinh
chiéu bang méi

B, By
N — X
1
Hinh 7.4a Hinh 7.4b

Goi truc hinh chicuméilas: s=P’; NP,
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Xét mot diém B bat ky. Chiéq vubng goc diém B 1an luot 1én cac mit phang hinh chiéu P, , P, ,
P’; ta nhan dugc cac hinh chiéu la: B; B,, B’ (Hinh 7.4a)

b) Tinh chét |
_ Hinh chiéu dung B, khong doi trong hé thong méi va cii
_ Do xa cua diém B trong hé thong méi va cii bang nhau: B'; By = B; B, ( Hinh 7.4a)

» Qui wéc

_ Quay P’; quanh tryc s dén trung voi P, r6i quay P; quanh truc x theo chiéu qui udc dén tring
v6i P, ta nhan dugc do thire cua diém B trong hé théng cli va méi (Hinh 7.4b)

O hai phia tryc hinh chiéu méi s ngudi ta thuong ghi hai mit phang hinh chiéu méi P’; va P,
v6i qui ude nhu sau: Néu do xa cua diém B duong thi B’; dugc dat vé phia ¢6 ghi chir P’

* Vidul
Cho duong mat AB (A By, A;B;) .Hay thay d6i mat phang hinh chiéu bang dé AB tr¢ thanh
duong thang chiéu bang trong h¢ thong mai S

Giai
- Dé AB tr¢ thanh duong thang chiéu bang trong hé thong
moi thi ta phai chon mp P’, LAB, tlric chon truc s 1L A;B; .
- Ap dung d6 xa méi béng d0 xa cii ta v€ dugc A’ =B’
(Hinh 7.5)

Giai

- Pé v& dugc tam O cia dudng tron ndi tiép tam giac ABC,
ta phai xac dinh d¢ 16n that cua tam giac ABC

- Thay d6i mat phiang hinh chiéu bang dé mp (ABC) tro
thanh mit phing bang trong hé théng méi, ta phai chon
mp Py // (ABC) =s// AC,y.

- Ap dung d6 xa méi bang d¢ xa cii ta v& dyoc hinh chiéu
bﬁng moi cua tam giac la: A”;B’C'; .

- Trong tam gidc nay ta v€ hai duong phan giac A’I’; va
C"1J’, giao nhau tai O’y - 1a tam cua dudng tron ndi tiép
tam giac A’\B’;C'1. Tra vé hinh chiéu ban dau ta c6 (O,
0,) 1a @6 thirc cuia tAm O ctia dudng tron ndi tiép tam giac
ABC cén tim.

3) Thay doi lién tiép hai mit phang hinh chiéu

D6i v6i mot s6 bai toan ta can phai thay doi lién tiép hai mat phang hinh chiéu dé c6 hé thong hai
mit phang hinh chiéu méi phu hop véi bai toan , chang han:

_ HéP, L P, thay doi P, — hé P, L P, tiép tuc thay d6i P, — hé P’, L P’|, hoic

_ Hé P, LP,thay doi P, - hé¢ P, L P’; tiép tuc thay d6i P, - hé¢ P’; L P,

» Chuy

1) Poi véi duwong thing:

_ Pé dua dwong thing thwong vé duong bang hodc duong mat trong hé thong méi ta phai thay
d6i mat phang hinh chiéu mot 1an

_ Pé dua dwong bang hoic dwong mit vé duong thiang chiéu dimg hodc chiéu bang trong hé
thdng méi ta phai thay d6i mat phiang hinh chiéu mot lan.
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Dé dua dwong thing thuwong vé duong thang chiéu trong hé thong méi ta phai thay d6i mat

phang hinh chiéu lién tiép hai lan:

+ Thay dbi mit phang hinh chiéu lan 1 dua dwong thing thwong vé duong bang hoic
duong mat trong hé thong mai

+ Thay doi mat phiang hinh chiéu 1an 2 dua dwong bang hoic dwong mit d6 vé duong thang
chiéu ding hodc chiéu bang trong hé thong moi

2) Péi voi mit phang:

Pé dua mit phang thwong vé mit phing chiéu bang hoic mat phang chiéu dung trong hé

théng mdi ta phai thay d6i mat phang hinh chiéu mot lan

Pé dwa mit phang chiéu bang hodc mit phang chiéu ding vé mit phang mat hodc mit phing

bang trong h¢ thong moi ta pha1 thay d6i mat phang hinh chiéu mot lan

Pé dua mat phang thuong vé mat phang bang hodc mit phang mat trong hé théng moéi ta phai

thay d6i mit phang hinh chiéu lién tlep hai lan:

+ Thay d6i mat phang hinh chiéu 1an 1 dua mit phing thwong vé mit phang chiéu bang
hodc mat phang chiéu dimg trong hé théng moi

+ Thay ddi mat phang hinh chiéu lan 2 dwa mit phang chiéu bang hoic mit phing chiéu
dirng d6 vé mit phang mat hodc mat phang bang trong hé¢ thong moi

(Hinh 7.7) biéu dién cac hinh chiéu cua diém A bang cach thay d6i mit phang hinh chiéu dimg

P, — P’, 16i tiép tuc thay d6i midt phang hinh chiéu bang P; — P’;. Khi vé A’y, 1dy d xa méi

AT = ATA

-

4 ‘}2 2 ?pzv @1'
t

Hinh 7.7 Hinh 7.8

¢ Vidu3
Cho doan thing AB (A;B), A;B,) va diém M (M, M) ; (Hinh 7.8). Tim khoéng céch tir diém M
dén doan thang AB

Giai

¢ Thay d6i mit phang hinh chiéu dé duong thang thudng AB tré thanh duong thang chiéu trong
hé théng moi, trinh tu thuc hién hai budc nhu sau:
Thay d6i P, dé AB // P’ = s // AiB,. Ap dung do cao méi bang do cao cil ta v& dugc A’,B’,
Thay d6i P, 3¢ AB 1P’ =t 1 A’,B’,. Ap dung d6 xa moi bang do xa cii ta vé duoc A’y =
B’

¢ VEMH L AB.ViAB L P’ = H'\= A’ = B’; va d& thiy MH 1 duong bang trong hé thong
méi nén = M’,H", // t va M’ H'| = MH thé hién khoang cach tir diém M dén doan thing AB
Tu H'z € A’zB’z = H, € AiB; va H, e A2B2 (Hinh 78)
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III. PHEP QUAY QUAH TRUC
Phep quay quanh truc la mot phep bién doi hinh chi€u ma trong do h¢ thong mat phang hinh
chi¢u ding yén, con vat thé dugc bicu dien quay dén vi tri mdi phu hop voi yéu cau cua bai toan.

I11.1 Phép quay quanh truc chiéu

1) Phép quay quanh truc chiéu bing

a) Dinh nghia

Phép quay quanh truc chiéu bang t la mét phép bién déi hinh chiéu, sao cho :

_ Moi diém M twong vmg véi diém M, hai diém nay thuéc mdt phang bang vuéng goc truc t
_ Khodng cdach tir M va M dén truc t bang nhau goi la ban kinh quay: OM = OM’

_ Goc quay (O]‘f,bM’) = @ - ¢6 chiéu cho truée (Hinh 7.9a)

b) Tinh chét
_ Hinh chiéu dtng cta dudng thang ndi cip diém twong Gmg song song véi truc x: MaM’; // x
_ Hinh chiéu bang cta goc quay (OI\(DM’) bang chinh né:

(OIM{,O/M")) = (OMDM’) =¢  (Hinh 7.9b)

» Chuy
Nhirng diém thudc truc quay t cho anh va tao anh tring nhau: giasrAc t=A=A’

Hinh 7.9a Hinh 7.9b Hinh 7.10a Hinh 7.10b

2) Phép quay quanh truc chiéu dirng
a) Dinh nghia
Phép quay quanh truc chiéu du"ng tla motphep bién doi hinh chiéu, sao cho :
_ Moi diém N twong iing véi diém N°, hai diém nay thudc mdt phang mdt vuéng goc truc t
_ Khodng cdach tie N va N’ dén truc t bang nhau goi la ban kinh quay: ON = ON’
_ Goc quay (OmV9 =@ - co huong cho trudc (Hinh 7.10a)

b) Tinh chat
_ Hinh chiéu bang cia dwong thang noi cdp diém twong iteng song song véi truc x: NiN’; // x
_ Hinh chiéu dimg ciia géc quay (ON,ON’) bang chinh né:

(0:X0:N"2) = (ONON) = ¢, (Hinh 7.10b)

» Chuy

+ Nhitng diém thudc truc quay t cho anh va tao anh tring nhau. Gia st B € t = B =B’

+ D061 voi mot sO bai todn ta can phai quay lién ti€p quanh hai truc chiéu dé cé vi tri méi phu
hop v6i bai todn
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% Vidul
Cho doan Ehéng AB; (Hinh 7.11). Bang phép quay quanh tryc chiéu, hay xac dinh d6 dai that
cua doan thang AB va goc nghiéng cua AB hop vo1 mat phang hinh chiéu bang

Giai
Chon truc quay t chiéu bang qua diém A = t; = A;. Quay quanh truc t dua AB dén vi tri moi
A’B’ // Pz, = A’l = A1 =1y, A’z = Az va A’lB,l Ix = B’z

. PN
Két ludn : A’,B’, =ABva géc (A’,B;,x)=a= (Aé}l) ; (Hinh 7.11)

t2 Bz sz t2 Ny
M2 M'2 hz(x
, = f
A , = A2 o T / | .
X X
H, M'
B'l 1 h i}
t, !
M, Ma
Hinh 7.11 Hinh 7.12

* Vidu2
Cho mit phang o (m,, ng) va diém M (M, M,); (Hinh 7.12). Hiy chon truc quay la dudng thing
chiéu va quay quanh truc d6 dua diém M dén vi tri méi thudc mit phang a

Giai

Khi quay diém M quanh tryc t LP; dén vi tri méi M’ emp o thi M’ thudc dudong bang h, ctia
mpa, h, cung do cao véi M. Lic nay M’ € hy, va Mt = M’ t;. biéu nay xay ra khi ta chon truc
t L P; thod man : Mit; > t;H; (voi Hy 1a chan dudng vudng goc ké tur t, dén hiq)

TuM’;€ hjg= M’,€ hyy ; (Hinh 7.12)

» Chuy

Déi véi bai toan quay quanh truc chiéu dua dudng thang d dén vi tri méi d’ thuée mat phang o.
Ta chon truc quay di qua giao diém cia duong thang d véi mat phang o; sau d6 chi can quay mot
di€ém tuy y trén duong thang d dén vi tri mai thudc mat phang o (trd vé vi du 2 & trén)

I11.2 Phép quay quanh dwong bing

a) Dinh nghia

Phép quay quanh dwong bang la mét phép quay quanh truc ma truc o ddy la duwong bang

Trong phan nay ta xét phép quay mot mat phang quanh mot duong bang cia nd dén vi tri méi
song song voi P, (cung do cao v6i voi dudng bang do)

> Xét mot diem M quay quanh duong bang h dén vi tri méi M’ cling d6 cao véi h, ta c6:
_ M,M’emp L htaiO=h 1 MM’= M;M’; L h; tai O; (gbc vuong dugc bao tdn & mp P))
_ O;M’; = OM (vi ¢ vi tri m6i ban kinh quay OM” // Py ); (Hinh 7.13a)

Tir d6 ta c6 cach v& M’; trén do thirc nhu sau:
+ V& d6 16n that cua ban kinh quay OM (dung phuong phép tam giac): O;My, = OM
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Dit trén duong thang M,0,( L h;) doan O,M’ ;= O;M, (Hinh 7.13b)

Hinh 7.13a Hinh 7.13b

% Vidu
Cho tam gidc ABC. Bang phép quay quanh dudng bang, hiy xac dinh d6 16n that ctia tam giac
ABC
Giai
Trong tam gidc ABC, v& dudng bang BD.
Quay diém A quanh duong bang BD dén vi tri méi A’ cuing d6 cao voi dudng bang BD
Taco B’ =B; vaD’ =D, (Céc diém thudc truc quay)
Vi CeAD = C1€A1D1 va C'1 EA’]D,l (V()’l C1C'1 _LA1D1)
Két luan: AA B Ci= AABC

+ + + +

II1.3 Phép quay quanh dwdong mat

Phép quay mat phang quanh dwdng mat dugc xay dung tuong tu nhu pheép quay mat phing
quanh duong bang. Nhung ¢ day quay mat phang dén vi tri méi song song P, (cung do xa voi
dudng mat do)

II1.4 Phép gap mat phing quanh vét ,,
Phép gap mat phang quanh vét cua no la truong hop dac biét cua phép quay mat phang quanh
dwong bang hodc dwong mdat o vi tri dac biét - do chinh la vét bang, vét dung cua mat phang

Muc dich cta phép gap mit phang quanh vét bang, vét dimg ctia n6 1a dua mat phang dén vi tri
mdi dén trung voi Py hodc P,. Nham gidi mdt so bai toan veé do 16n that, hodc vi tri ...

% Vidu 1
Cho mit phang a (mg, ny) ; (Hinh 7.14). Hay gap mpo quanh vét bang m, dén vi tri méi tring
vo1 P 1

Giai

bé gap mat phang o quanh vét bang veé vi tri mai trung véi Py; vi mg € Py nén ta chi can quay
thém mot diém ctia mpa dén trung véi Py. DB€ don gian ta lay diém N € n, réi quay quanh vét
bang m, dén vi tri méi N’ thude P;.

GUVC - T4S. Nyuyin Di 48 Rloa Su pham R thadt



Bic gidng HINFH HOA 2005
(Hinh 7.14a) ciing cho thay rang A’;e M’;N’; 14 hinh gap cia Ac MN € mpa.

Goil=mgnx;taco:IN=LN,=n, =I'1N=IN=n’, (1)
N, Ng,
I A,
< N,z O, M,
0

A, my
Ol. A'l MIEM'I

n'

Hinh 7.14a Hinh 7.14b Hinh 7.15

» Chuy

+ Tu nhan xét (1) thi diém N, duoc v€ nhu sau: N’; = Vong tron ( I}, [L,N,) N N;O,
(Hinh 7.14b)

+ Néu mat phang da cho 1a mit phang chiéu canh thi khi gip mat phang quanh vét bang ta van
thyc hién nhu phép quay quanh dudng bang (Hinh 7.15)

III.MOT VAI Vi DU GIAI SAN.

% Vidul

Cho diém A va mpa. (Mg, ).

a) Hay xac dinh khoang cach tir diém A dén mpa
b) Hay vé diém B d6i xtig diém A qua mpo

Giai

a) Qua A vé& duong thang d L mpo = d; L m, vady L n,

V& giao diém H = d n mpa; bang phuong phap thay d6i mat phing hinh chiéu ding dwa mpa
tré thanh mit phang chiéu dimg trong hé théng méi, chon truc s L m, = hinh chiéu dung méi
ctia mpa suy bién thanh duong thang (o).

Ta xé4c dinh dugc H, = d’> n (a’2) = A’;H', = AH - 1a khoang céch tir diém A dén mpo =
H] Ed] Vé. Hzedz

b) V& diém B dbi xing diém A bang cach liy HB = HA. Tu B’,e d’,= B ed; va B,ed,,
(Hinh 7.16)

¢ Vidu2
Cho hai doan thing AB va CD; (Hinh 7.17). Hay thay d6i mat phing hinh chiéu bang dé hai hinh
chiéu bang madi cia chung song song nhau
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A, Mo
H, B
2
N2 B2
E
A, ’
X
X x
Aj B D,
Bl Cl
Hinh 7.17
Giai

V& CE // AB; trong mp (CDE) ta v& duong bang ED. Thay doi mit phang hinh chiéu bang dé mp
(CDE) tr¢ thanh mat phang chiéu bang trong h¢ thong mdi, cé hinh chiéu bang mdi la doan
C’]D,l

Vi AB //mp (CDE) = A’,B’; // C’,D’;; (Hinh 7.17)

% Vidu3
Cho doan thang AB. Hay thay d6i mat phang hinh chiéu dung dé:
a) Hinh chiéu dimg méi va hinh chiéu bang cua doan thang AB song song nhau
b) Hinh chiéu ding méi va hinh chiéu bang cta doan thang AB dbi xtmg nhau qua tryc hinh
chiéu moi s
Giai

a) Dé hinh chiéu ding méi va hinh chiéu bang cua doan thang AB song song nhau, ta ve cac
vong tron tdm A, B c6 ban kinh 1an lugt 1a d6 cao ctia diém B va diém A.Dudng thang s tiép
tuyén ngoai cua hai vong tron vira vé 1a truc hinh chiéu méi can dung; (Hinh 7.18a)

b) D¢ hinh chiéu ding méi va hinh chiéu bang cta doan thing AB ddi ximg nhau qua truc hinh
chiéu mdi s, ta v& cac vong tron tdm A, B; c6 ban kinh 1an luot 1a d6 cao cua diém A va diém
B.Pudng thing s tiép tuyén ngoai cia hai vong tron vira v& 1a tryc hinh chiéu méi can dyung;
(Hinh 7.18b)

Hinh 7.18a Hinh 7.18b
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¢ Vidu4
Cho hai mpo(m,, ny) va mpf (mg, ng). Hay tim qui tich nhitng diém cach déu hai mpo. (m,, ng)
va mpf (mg, ng) trong hai truong hgp sau day

Giai

a) Cau a); Hinh 7.19a

V& giao tuyén g = mpa. N mpp; vi my, / mg = g la duong bang

Thay d6i mat phang hinh chiéu dimg sao cho giao tuyén g tré thanh dudng thang chiéu dimg
trong hé thong méi: g, — mot diém ; cac mpo, mpP c¢6 hinh chiéu dimg méi suy bién thanh
cac duong thang (o) va (B’2) di qua diém suy bién do.

= [(057) ,XP’2)] 12 goc ctia hai mp o va mpp

"_Félp hop nhitng diém cach déu hai mp o, mpp 1a mpy phan giac ciia mpo, mpp = (y2°) 1a phan

giac cua [(azm’z)] = m, // g1; vany diqua N ; (Hinh 7.19a)

ng

B')
NI'EMIV
™)
S P2 (6'2) S P2' P2' Plnsv (al')

Hinh 7.19a Hinh 7.19b

b) Caub); Hinh 7.19b
V& giao tuyén MN = mpa. N mpp
Thay d6i mat phang hinh chiéu lién tiép hai lan dé MN tré thanh duong thang chiéu bang
trong hé théng méi. Lic nidy mpy phan giac ctia hai mit phang mpo., mpP c6 hinh chiéu bang
m&i suy bién thanh dudng thing (y;”) phan giac cua [(a%’l)]
Tra vé vj tri ban dau dugc : n’, // M’,N’; va m, , n,; (Hinh 7.19b)

< Vidu5

Cho mpo. (my, n,) va diém A; (Hinh 7.20). Hay chon truc quay t chiéu bang, rdi quay quanh t
dua mpo dén vi tri moi chira diém A

Giai

_ Dé quay mpa quanh truc t LP; dén vi tri méi mp o’ €A thi duong bang h, ctia mpo ciing do

cao v6i diém A, d&én vi tri méi h'y di qua diém A. Khi quay quanh truc t chiéu bang thi h,
ludn ludn tiép xtic voi dudng tron cd ban kinh R 1a khoang cach giira h, va t. Liic nay h;’,,
tiép xtic voi dudng tron tim t; ban kinh R=Kt; va di qua Al = Ase hy’, = hy,. Diéu nay xay
ra khi ta chon truc t L P; thoa man: A;t; > t;K (v6i K 1a chan duong vudng gbe ké tur t, dén
hi). Vét bang m, ciing quay dén vi mdi my’ // hy’,,

V& vét dung H' ciia dudng thang h'y, = n,’ qua H', va di qua giao diém O cua vét bang m,’
voi truc x; (Hinh 7.20)
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_ Bién luén:
+ Néu Ajt; > ;K : Bai toan c6 2 nghiém
+ Neéu Ajt; = t;K : Bai toan c6 1 nghiém

Néu At; < ;K : Bai toan v nghiém . b Ny
Ng
h'v(x A? H") h?u
I
X H', @)

K'

' K

h 1T A]
my' |
hI(X.
Mg
Hinh 7.20
» Chuy

D6i v6i bai toan quay quanh tryc chiéu t dua miat phang o dén vi tri méi o’ chita dudng thing d.
Ta héy chon truc quay t di qua giao diém cta duong thang d véi mit phing a; sau d6 chi can
quay mit phang a quanh truc t dén vi tri méi o’ chira mot diém tuy ¥ trén d (trd vé vi du 5 quay
mit phang dén vi tri méi chira diém)

¢ Viduo6

Cho doafl thang AB. Hay chon truc quay t 1a dudng thang chiéu, rdi quay quanh t dua AB dén vi
tri méi thod man:

a) Thudc mat phiang phan gidc 1 (c6 hai hinh chiéu d6i xtrng nhau qua truc x)

b) Thudc mit phing phan giac 2 (¢6 hai hinh chiéu tring nhau)

Giai
a) V& giao diém M = AB N mphpg 1, bing cach 1y diém K thudc mit phing phan giac 1 sao
cho KlEAl. GOl O= B1K1 M X.
Ve M2= OKz M Asz = M] €A1B1. Vﬁy M=ABn l’l’lphpg 1

=M,

Hinh 7.21a Hinh 7.21b
_ Chon tryc quay t chiéu bang qua M = t,=M, t, 1x
_ Quay quanh tryc t dua duong thing AB dén vi tri méi A’B’ thudc mit phing phén giac 1; vi
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M e AB nén ta chi can quay thém diém A dén vi tri m&i A’ thudc mit phang phan giac 1 thi
(Ay’, Ay’ doi xung nhau qua tryuc x); Hinh 7.21a

b) Tuong ty nhu trén, chon truc quay t chiéu bang di qua giao diém I ciia dudng thang AB voi
mat phéng phan giac 2; c6 I1=I,= A 1B; N A;B;

Quay A quanh tam t; dén vi tri m&i A’ cung do cao véi diém A= A’=A’,va B’,=B’, cung do

cao véi diém B; (Hinh 7.21b)

¢ Vidu7
Cho mpa. (my, n,) va dudng thang d; (Hinh 7.22). Bang phép quay quanh dudng bang, hiy xéac
dinh goc nghiéng ciia duong thang d hop véi mpa

Giai
Qua diém A tuy y trén d, v& duong thing k L mp o
Goig =(i0d) = (drmpa) = 90" ¢
V& duong bang BC, voi Bek, Ced.
Bing phép quay diém A quanh dudng biang BC ta xac dinh dugc @ = BTANC’, = (4, mipa)
=90° ¢ (Hinh 7.22)

N,
Ng,
D, G,
2 =
A,
. N, N
X D, C,
A1 B gl
My, ! o
0,
A"} B,
g T
— oD c,
’.’ N'l
A,
Hinh 7.22 Hinh 7.23

% Vidu$8
Cho mpo (mg, ny) va hinh chiéu bing A,B,; (Hinh 7.23). Bing phép gip mit phﬁng quanh vét,
hdy vé cac hinh chiéu cla hinh vuéng ABCD thudc mpo.

Giai
V& hinh chiéu diing B, ciia diém B, bing cach gin Be g e mp o; tii B,e g,= B,e g,
Vé AB, // x
Gap mpa. quanh vét bing m,, ta vé dudc hinh gap B',e g', = A',B', // x va A',B'=AB
Ve hinh vuong that A',B',C',D',=ABCD
Tu A'C', = A,C, = A,C,; (Hinh 7.23)
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Bai 8 PUONG CONG VA MAT

A. DPUONG CONG

I. KHAI NIEM
Ta c6 thé ndi rang duong cong 14 qiii tich ciia mot diém chuyén dong theo mot qui luat nhit dinh
nao do tao thanh. Co6 céc loai dudng cong sau:
Pudng cong phang : Néu duong cong thudc mot miat phang
Puong cong ghénh : Néu dudng cong khong thudec mot mit phing
Puong cong dai s6 bac n : Néu dudng cong dugc biéu dién bang mot phuwong trinh dai sd
bacn
_ Pudng cong dai sb bac m x n : Néu dudng cong duoc biéu dién bang hai phuong trinh dai sb
biac m va biacn
Nhitng duong cong phang bac hai thudng gap 1a: Puong tron, Elip, Parabol, Hyperbol
Ta c6 thé noi rang Elip, Parabol, Hyperbol 1an luot 1a nhitng dudng cong bac hai khong ¢ diém
vo tan, c6 mot diém vo tan thudc truc dbi xung, co hai diém vo tan thudc hai duong ti¢m can

II. HINH CHIEU CUA MOT PUONG CONG

¢ Tinh chit 1

Hinh chiéu xuyén tim hay song song cta tiép tuyén ctia dudng cong tai mot diém noi chung la
tiép tuyén cua hinh chiéu duong cong tai hinh chiéu diém do

Gia str Mt 1a tiép tuyén cta dudng cong (C) tai diém M = M’t' 1a tiép tuyén ctia dudng cong (C")
tai diém M’ 1a hinh chiéu cua diém M (Hinh 8.1)

(€) ¢ \s
M
' Ml
Hinh 8.1 Hinh 8.2

¢ Tinh chat2

Hinh chiéu cta duong cong dai s6 bac n noi chung 1a duong cong dai s6 bac n

¢ Tinh chat3

Hinh chiéu vudng goc cua dudng cong ghénh dai s6 bac n 1én mit phang d6i xtng ctia no 1a
duong cong phang dai s6 bacn /2

» Chuy

Hinh chiéu song song cta Elip, Parabol, Hyperbol 1an luot 13 Elip, Parabol, Hyperbol

Hinh chiéu song song cua cip duong kinh lién hiép cua Elip 1a cap duong kinh lién hiép cta

Elip hinh chiéu ( Hinh 8.2). Néu hai duong kinh lién hiép vudng goc véi nhau thi goi 1a cip

truc cua Elip

Elip c6 thé dugc xac dinh bang cip duong kinh lién hiép cia nd

_ Riéng dbi voi duong tron ta chi ¥ cac tinh chat sau:

+ Néu mit phang ctiia duong tron khong song song véi phuong chiéu thi hinh chiéu cua duong
tron 1a Elip
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+ Tam cta dudng tron chiéu thanh tim cua elip
+ Hai dudng kinh vudng gbc cia duong tron chiéu thanh hai dudng kinh lién hiép cta Elip

+ Dic biét
Trong hinh chiéu vudng gbc, truc dai cua Elip 13 hinh chiéu ctia duong kinh dudng tron song
song v&i mdt phang hinh chiéu, nén bang dudng kinh ctia duong tron do

*» Vidu
Hay vé& cac hinh chiéu cia dudng tron tdm O, ban kinh R thudc mat phing o chiéu dimg
(Hinh 8.3)
Giai

D, (o)
Hinh chiéu dung cua dudng tron suy bién thanh doan
C, A,=B=0, théng C2D2 :‘ 2R va Gy, Dre ()
Hinh chiéu bang ctia duong tron la Elip ¢o :
Tam O,
Truc dai AjB; = AB=2R v6i AB L mp P>
Truc ngén C:D; L AiB; tai Oy

+ 4+ +

Hinh 8.3

B. MAT HINH HQC
I. KHAI NIEM
1) Da dién
Pa dién 1a mit kin dugc tao thanh bai mot s6 hiru han cac da giac phang khép kin
Céc da giac nay la cac mat cua da di¢n
_ Céc canh, cac dinh cua da giac nay goi la cac canh, cac dinh cua da di¢n
Mat chop, mat lang tru 1a cac da dién dac biét

2) Mat cong
Ta c6 thé noi r:;ing mat cong la qii tich cia mét duong chuyén dong theo mdt qui luat nhét dinh
nao do tao thanh.
Pudng chuyén dong goi 1a dudng sinh, trong qué trinh chuyén dong tao thanh mit dudng sinh co
thé bién dang hoic khong bién dang; duong sinh c6 thé 1a dudng thang hodc duong cong. Néu
duong sinh 1a duong théng thi mdt dugc tao thanh goi 1a mat k&€ (mat non, mat try,...)
Co cac loai mat cong sau:
_ Mat tron xoay: Néu mat dugc tao thanh bai mot dudng sinh quay xung quanh mot truc
_ Mat cong dai s6 bac n : Néu mat duoc biéu dién b?mg mot phuong trinh dai s6 bac n
_ Cac mat cong bac hai thuong gdp la: Mat non, mat fru, mat cau, mat Elipxoit, mat Paraboloic,
mat Hyperbolic...

II. BIEU DIEN MAT - PIEM THUQC MAT

Biéu dién mot mit 1a biéu dién mot s6 thanh phan cta mat di xac dinh mat d6.Tuy nhién, dé

dé hinh dung ngudi ta thudng biéu dién mit cong bang cac dudng bao hinh chiéu

_ Biéu dién mét diém thudc mit 13 biéu dién diém d6 thudc mot duong ciia mit sao cho trén
hinh chiéu dudng nay 1a duong thiang hodc dudng tron
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Sau day sé& biéu dién mot s6 mat thong dung

1) Pa dién
Biéu dién da dién bang cach biéu dién tit ca cac canh cta da dién

» (Hinh 8.4) biéu dién tir dién ABCD. Cach vé théy khuét cua cap canh hinh chiéu béng AiBy,
C;D;va cdp canh hinh chiéu dung A,C,, B,D, nhu da biét.

> Thay khuit
_ Puong di qua mot diém khuat trén hinh chiéu nao thi duong d6 khuat trén hinh chiéu d6
Mt phang chira mot dudng thang khuat trén hinh chiéu nao thi mit phang d6 khuat trén hinh
chiéu do
> Cho hinh chiéu dimg M,; hdy v& hinh chiéu bang M , biét M thudc tir dién ABCD(Hinh 8.4)
V6i vi tri M, da cho thi ¢6 hai diém M va M’, ma M’»= M, voi:
+ M e mp (BCD) = Me CI. Tir Mye C;Lb= M, e C|I; . Vi C1; thdy nén M, thiy
M’ € mp (ACD) = M’e CJ . Tt M’,e CoJ,= M’ e C,J;. Vi C1J; khuat nén M’ khuat

Hinh 8.4 Hinh 8.5 Hinh 8.6

2) Mt nén bac hai

Mat non bac hai la mat duoc tao thanh boi mot duong thcfng d chuyén dong luon luon di qua
mot diem S cé dinh goi la dinh non va twa vao mot duwong cong bdc hai (C) goi la duong chudn
cua non (Hinh 8.5).

> Mit non bac hai gdm c6 hai phan d6i xtmg nhau qua dinh nén. (Hinh 8.6) biéu dién mot phan
clia mit nén bac hai duoc giéi han tir dinh S dén duong chudn bac hai (C) thudc mit phang
chiéu dung c6 hinh chiéu bang la dudng tron.

ay, by 1a hai duong sinh bao ¢ hinh chiéu dimg ctia nén (a;, by khong vé ¢ day)

my, n; la hai duong sinh bao & hinh chiéu br:ing cua nén (my, np khong vé ¢ day)

> Thay khuat

+ Nhitng diém thudc mat non thi thuc duong sinh cua nén: Néu chan duong sinh nay thudc
cung thay ctia duong chuan (C) trén hinh chiéu nao thi diém d6 dugc thay trén hinh chiéu d6

+ Nhimng diém thudc nira trude cia nén ké tir hai duong sinh ma hinh chiéu ding 13 hai duong
sinh bién thi duoc thdy & hinh chiéu dimg

+ Nhitng diém thudc nira trén ctia non ké tir hai duong sinh ma hinh chiéu bang 1a hai duong
sinh bién thi duoc thay ¢ hinh chiéu bang

> Cho hinh chiéu dimg M,; hay v& hinh chiéu bang M, , biét M thuoc mat noén dinh S
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(hinh 8.6)
Vi vi tri M, da cho thi ¢6 hai diém M va M’, ma M’»= Mj;:
+ GinMe SI € nén. Tir Mye Col,= M e Si1; . Vi SyI; thdy nén M, thiy
+ GinM’e SJe nén. T M’,e SpJo= M’ e SJ1. Vi S1J; khuit nén M’ khuét

» Chuay

1) Pé vé& hinh chiéu bang M;, M’ ciia diém M, ta c6 thé gan M vao dudng Elip () thudc mat
n6n; Elip () ndy c6 tAm nim trén truc cta nén va thudc mat phang chiéu dimg song song
mp (C). Vi vay (®) 1a dudng tron va tt My e (01) = M; , M’ € (o) (Hinh 8.6)

2) Mit nén tron xoay la mat dugc tao thanh bai mot duong thiang quay xung quanh mot truc tai
mot diém cb dinh thudc truc quay d6. Mit phang vudng goc vdi truc tron xoay ndy sé cho
giao tuyén la dudng tron.

3) Mait tru bac hai

Mat tru bdc hai la truvong hop dac biét cua mat non bac hai khi dinh non S o xa vo tan

> (Hinh 8.7) biéu dién mit tru bac hai c6 duong chuan (C) 1a elip thudc mit phiang chiéu ding
¢6 hinh chiéu bang 1a dudng tron.
a,, b, 12 hai dudng sinh bao & hinh chiéu ding cua try, hinh chiéu bang khong v& & day
my, n; 1a hai duong sinh bao & hinh chiéu bang ciia try, hinh chiéu dimg khong vé& ¢ day

> ThAy khuat
Xét thiy khuét cua tru twong tu nhu xét thay khuat cta non.
> Cho hinh chiéu dig M,; hiy vé& hinh chiéu bang M, biét M thudc mat try (Hinh 8.7)
Vi vi tri M, d3 cho thi ¢6 hai diém M va M’, ma M’,= M,:
+ GinMede tru. T Mpre db= Me d;.

Vi d; thay nén M, thiy
+ Gin M’eketru. T M’,€ k,= M’ € k.

Vi k; thdy nén M’, thdy  (Hinh 8.7)

4) Mit ciu

- Mat cau la mat bdc hai tron xoay dwoc tao thanh boi mot dwong tron quay xung quanh mot
dwong kinh cua no

- Mat cau la qui tich ciia nhitng diém trong khéng gian cach déu mét diém co dinh goi la tam

> (Hinh 8.8) biéu dién mit cAu bac hai tdm O, ban kinh R

Cac hinh chiéu ctia mit cau 1a cac dudng tron bang nhau c6 ban kinh R cua cau

_ a, 1a dudng tron bao & hinh chiéu dimg ciia cau ; (a) emp / P,
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by 1a duwong tron bao ¢ hinh chiéu bang cua ciu ; (b) emp / P

> Thay khuat

+ Nhitng diém thudc ntra trén ctia mit cau ké tir duong tron (b) duogc thiy ¢ hinh chiéu bang

+ Nhitng diém thudc nira trude ctia mat cau ké tir dudng tron (a) duoc thdy & hinh chiéu dimg

> Cho hinh chiéu ding M,; hdy v& hinh chiéu bang M,, biét M thudc mat cau (O,R) (hinh 8.8)
Vi vi tri M, d3 cho thi ¢6 hai diém M va M’, ma M’,= M, :
Gin M =M’ e (w) € cau. Tl‘{: M;, M€ () = My; M’ 1€ (01). Vi M, nim ntra trén cua cau

nén M;; M’ théy & hinh chiéu béng

5) Miit xuyén

Mat xuyén la mdt béc bé/i tron xoay dwoc tgo thanhboi mot dwong tron (C) quuay xung quanh
mot truc t thuoc mat phang cua dwong tron nhung khong di qua tam O (Hinh 8.9)

% Phén loai mit xuyén
Mt xuyén hé: Néu truc t khong cit duong
tron sinh (C)
Mit xuyén kin: Néu truc t cit duong tron
sinh (C)

T : o
(S S W CA IO
() | l@=opy !
e e L1
M"=M" =M= Ml\ d,
Hinh 8.10

> Thay khuat

CI N -

Hinh 8.9
Ta thudng biéu dién mit xuyén & vi tri
dac bi¢t cd truc t vuong goéc vdi mat
phang hinh chiéu.
(Hinh 8.10) biéu dién dd thirc ciia mat
Xuyén cOtruct L P,
(az), (by) 13 hinh chiéu dimg cta céc
duong tron vi tuyén tao ra do cac diém
thudc dudng tron sinh (C) xa va gan truc
t nhat
(a), (b) thudc mot mit phang vudng goc
truc t va dong thoi cing 1a mat phang dbi
Xtng clia xuyén
(C)) 14 hinh chiéu bang cta dudng tron
sinh (C) thudc mit phiang d6i xtng chta
truct.
d;, d’; 1a hinh chiéu bang cua hai dudong
tron trung binh cta xuyén
(duong tron trung binh cua xuyén la
dudng tron tao ra do hai diém nam trén
duong tron sinh (C) c6 khoang cach dén
truc t bang khoiang cich cia tim O
duong tron (C) dén tryc t-tao thanh.

Nhiing diém thudc nira trén ciia xuyén ké tir duong tron sinh (C) va duong tron trung binh

~ (d) s& thdy & hinh chiéu bing .

Nhitng diém thudc nira trude cua xuyén ké tir hai duong tron (a), (b) s& thdy & hinh chiéu

- ding
» Chuy

Mit phang vudng goc vai truc t s& cat xuyén cho giao tuyén 13 hai duong tron vi tuyén
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Mit phang chira tryc t s& cit xuyén cho giao tuyén 1a hai duong tron bang dudng tron sinh

> Cho hinh chiéu bang M,; hiy v& hinh chiéu dimg cua diém M, biét M thudc mit xuyén
(Hinh 8.10)
Véi vi tri M1 da cho thi ¢6 bon diém M, M”, M” M”maM”’=M" =M =M, :
Gin M, M’ € (o) va M’, M’ e (®’) € xuyén. Tu: M7 =M"1=M’ 1—M1]e [(@)) = (®"))]
= My, M7’ e (wy) va M), M’ e (07;). Vi M) nam nira trude cua Xuyen = My, M’,, M’,,
M’*’; thay & hinh chiéu dung .

III. MOT VAI Vi DU GIAi SAN

¢ Vidul
Cho doan thang AB. Hiy biéu dién qui tich nhitng diém trong khong gian nhin doan AB duéi
gboc vudng.
Giai
_ Qui tich nhitng diém trong khong gian nhin doan AB dué6i goc vudng 1a mit cau dudng kinh
AB, ¢6 tam O 14 trung diém ciia doan AB
_ Bang phuong phap tam gidc ta xac dinh d¢ dai thét cia doan thing AB 1a doan A;By
V& mit cau tdm O 13 trung diém ctia doan AB, ban kinh bang A By / 2; (Hinh 8.11)

Hinh 8.11 Hinh 8.12

% Vidu2
Cho mp a. chiéu bang va diém O thudc mp o. Hay biéu dién mat nén tron xoay dinh S, day 1a
dudng tron tim O, ban kinh R thudc mp o, chiéu cao SO = h cho trudc | h |

I I

Giai
Hinh chiéu bang cua day nén suy bién thanh doan thang M;N, = 2R thudc duong thang (o))
Gap mp o quanh vét dung, ta vé dugc duong tron that tim O, ban kinh R ciia dy non
Vi chiéu cao cua nén bang h , nén ta vé& O;S; = h va vudng goc dudng thang (o) = S, véi
0282 /X
V& hai duong sinh bao ¢ hinh chiéu b?mg cua non la: S{N;, SiM;
Hai dudng sinh bao ¢ hinh chiéu dung ctia nén sé di qua S, va tiép xtic véi Elip hinh chiéu
dung ciia day non. Vi Elip nay khong v& chinh x4c bang tay nén ta c6 cach giai nhu sau:
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+ Viéc v& hai duong sinh bao nay twong duong véi vé& hai duong thang di qua diém Ke mpa
voi K, = S, va tiép xuc véi day non
+ Tur hinh gap ta xac dinh K', 10i v& K’,A"; va K’,B’’, tiép xuc v6i dudng tron gap (O, R).

+ Tra vé hinh chiéu ding ta dugc K,A’, va K,B»- 14 hai duong sinh bao can vé ; (Hinh 8.12)

¢ Vidu3

Cho mp o chiéu bang, hinh chéu bang d; va dudng thiang Ot v6i Oc mp a. Hay v€ hinh chiéu
ding d, cua duong sinh d ctia mat tru nhan Ot lam truc va duong chuan cua tru la duong tron
tdm O, ban kinh R thudc mp a.

Giai
Hinh chiéu bang cua day tru 1a doan thang M;N; = 2R thudc dudng thing (o))
Gap mp o quanh vét dimg, ta v& duoc duong tron that tim O,’ ban kinh R cua day tru
Vi d 14 duong sinh cua mat tru nén d tya trén day tai hai diém 1, J. O hinh gap I,’, J,” thude
duong tron gap
Tir hinh chiéu bang va hinh gdp ctia I, ] = I, J;
Hai duong théng dy, dy’ qua I, J, va song song Oxt; 1a hinh chiéu ding cia hai dudong sinh
can dyng ; (Hinh 8.13) d

2
Ny /
'

Hinh 8.13
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Bai 9 MAT PHANG TIEP XUC

VOI MAT CONG
I. KHAI NIEM

_ Tiép tuyén tai mot diém ctia mot duong cong thudc mit cong ciing 1a tiép tuyén ctia mit cong
tai diém d6

_ Néu tai mot diém ciia mdt cong c6 vo so tiép tuyén thuéc mot mit phang thi mit phang nay
goi 1a mat phing tiép xuc v6i mat cong tai diém d6 - mp(Mt,Mk) ; (Hinh 9.1)

> Trong bai nay ta s€ trinh bay cac loai bai toan tiép xuc sau:

1. Mat phang tlep xtc véi mot mit tai mot diém cho trude thude mat

2. Mat phang tlep xuc voi mot miat di qua mot diém cho trude khong thugc mat

3. Mit phang tiép xtic voi mot mit song song v6i mot dudng thiang cho trude

I1. MAT PHANG TIEP XUC VOI MAT KE |
Mat phang tiép xic voi mat ke sé tai mot diém thuoc mat sé chira cac dwong sinh la duong thang
cua mat ke di qua diém do

1) Miit phang tiép xiic véi méit nén
¢ Vidul
Cho mit nén dinh S va hinh chiéu ding M, cua diém M thudc non (Hinh 9.2). Qua diém M hay
dung mit phang tiép xtic véi mat non
Giai
Vi vi tri M, da cho thi co6 hai diém M va M’, ma M’»= My:
+ Gian Me SA € nén. Tir Mae CA,= M€ SiA;
+ GénM’e SA € n6on. Tt M, e SzA = M’e S1A’
Mat phang tiép xtic v6i non tai diém M thudc noén phai chira dudng sinh SM va chira mot tiép
tuyen vOi non tai mot diém tuy ¥ trén duong sinh SM ; goi A 1 chan dudng sinh SM trén duong
chuan (C) ; v& At tiép xtc voi (C) Vay mp (SM, At) tiép xtic véi non theo duong sinh SM
Tuong tu, ta ciing dung duge mp (SM”,A’t") tiép xtc v6i non theo dudng sinh SM”

Hinh 9.1 Hinh 9.2
¢ Vidu2
Cho mit nén dinh S va diém M khong thudc nén (Hinh 9.3). Qua diém M hidy dung mat phang
tiép xtic v6i mat nén

Giai

Cac mat phang tlep xuic can dung chira SM va s& tiép xtic v6i non theo cac duong sinh SA,SB.
Céac mat phang tiép xtc nay sé cat mat phang duong chuan (C) theo cac tiép tuyén t va t’ véi
duong chuén (C). Vi vay ta co cach v& nhu sau:
V& I=SM nmp(C)
V& IA, IB tiép xuc véi (C) = mp(SIA) va mp(SIB) 1 hai mit phang tiép xuc can dung
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Mat phgng dudng chuén (C)

Hinh 9.3
2) Mt phang tiép xiic v6i mit tru
% Vidu
Cho mit try duong chuan (C) ndm trong mit phang chiéu dung va dudng thang d (Hinh 9.4).
Hay dung mat phing tiép xuc v6i mat tru song song véi duong thang d

Giai
Mit phang tiép xuc can dung song song vdi duong thang d va tiép xtc véi tru theo mot dudng
sinh. Nhu vy phuong ctia mit phang tiép xuc da duoc xac dinh; vi vay ta c6 cach vé nhu sau:

Mat ph%qg duong chuan (C)

Qua diém M tuy ¥, v& mp (a, b) v6i a / d va b // dudng sinh tru

Ve I=an mp(C) va J=bnmp(C) = mp(a,b) "mp(C) =1J

_ Ve@cac tlep tuyen t, t’ tiép xtic voi (C) 1an luot tai A, B va song song 1J
T cac tiép diém A, B vé& cac duong sinh k, 1

Vay cac mit phang tiép xtic can dung la: mp(t, k) va mp(t’, 1); (Hinh 9.5)

III.MAT PHANG TIEP XUC VOI MAT CAU

Mat phé”ing tiép xUc v&i mit cau tai mot diém thudc cau thi vuong gbc voi ban kinh cia mat cau
di qua diém d6

 Vidu

Cho mit cau (O,R) va hinh chiéu ding M, cta diém M thudc cau; (Hinh 9.6). Hiy dung mait
phang tiép xtc voi mat cau tai M
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Giai

- T vi trf M, cia diém M di cho, ta gén M thudc
dudng tron vi tuyén (®) thudc clu sé& xéac dinh duge
hinh chiéu bang cia diém M 13 hai diém M;, M’ e
(o1)

- Vémp (h, f) L OM tai diém M. vay mp (h, f) 12 mat
phang tiép xtic v&i mat cau tai diém M

- Tuong ty, ta vé€ dugc mat phfmg tiép XUc vGi mit ciu
tai diém M’
Bai todn co6 hai nghiém

Hinh 9.6
(o,
IV. MOT VAI Vi DU UNG DUNG GIAI SAN : h,
% Vidul
Cho duong thang d (dy, dy); (Hinh 9.7). Qua dudng thang d hiy v& mit phang hop véi mit phiang
hinh chiéu bang mot goc ¢ d,
Giai

Mit phang can dung tiép xic v6i mit non tron xoay ¢o :
+ Pinh Se d
+ Truc vudéng goc P 1
+ Cac duong sinh hop véi P 1 goc ¢
Lay diém S e d tuy y, v& mit nén tron xoay ding S, vi
cac duong sinh non hop véi P | goc ¢ nén hai duong
sinh bién & hinh chiéu dimg ctia non hop véi truc x goc
@. Hinh chiéu bang (C,) ctia dudng chuan (C); 1a duong
tron
Ve l=dn mp(C);
V& IA, IB tiép xuc véi (C); (Hinh 9.7)
Vay cac mat phang can dung 1a: mp(SIA) va mp(SIB).

Bién lugn:
Goi 0 1a goc cua duong thang d véi mp P

+ Néug>35 : Bai toan co6 hai nghiém
+ Néuop=95 : Bai todn c6 mot nghi¢m
+ Néuop<o : Bai toan v6 nghi¢m

* Vidu2

Cho hai dudng sinh bao hinh chiéu dimg cua nén tron
xoay dinh S, truc t 1a duong mat; (Hinh 9.8). Hay v& hai
duong sinh bao hinh chiéu bang cta nén.

Giai
Hai duong sinh bao hinh chiéu bang cua noén 13 hai
duong thang suy bién cta hai mit phang chiéu bang tiép
xuc v6i non. Hai mit phang tiép xuc nay ciing tiép xtc véi
mit cAu ndi tiép non. (¢, Hinh9.8
- Vay ta v€ mdt mat ciu tm O et, tiép xuc mat nén theo mdt duong tron (®) thudc mat ph'fmg
vudng goc truc t. Vit // P, nén () suy bién thanh doan thang; [(®;) khong v& & day]
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- Quadinh non S, v& hai mp7 va mpT ‘chiéu bang tiép xuc cau ta nhan dugc hinh chiéu ‘bﬁng la
hai duong thang (7' 1), (T “1) di qua S; tiép xuc duong tron bao hinh chiéu bang cta cau. Vay
(T 1)va(T “y) 1a hai duong sinh bao & hinh chiéu bang ctia non.

» Nhan xét

Hai tiép diém Ty, T°; thudc dudng sinh bao hinh chiéu bang ciia nén ciing thudc dudng tron bao
hinh chiéu bang ctia cau. Do d6 ching chinh 1a hinh chiéu bang cua céc giao diém cua duong
tron 16n nhit nim ngang cta cau véi duong tron tiép xtc (m) do cau tiép xuc non.

% Vidu3

Cho mit phing o (ng, m) va mit tru c6 duong chuin (C;) thudc miat phang chiéu dung

(Hinh 9.9). Hiy v& diém cao nhat, thap nhat (di véi P ;) cua giao tuyén ctia mp o v6i mit try

Giai

- Goi M, N lan luot 1a cac diém cao nhat, thip nhat cin tim. Tai M, N tiép tuyén cia giao
tuyén phai 1a nhimg duong bang ciia mat phang o ddng thoi chung thudc cac mit phing tiép
xuc voi tru (Hinh 9.9a)

- Pé co cac tiép tuyén do6 ta phai v& cac mit phing tiép xuc tru song song v6i phuong dudng
bang cuia mit phang o - d6 la mp (k,t) va mp (Lt") // mp (K1J)

- Céhc mat phang tiép xuc nay sé tlep Xuc vai tru theo cac duong sinh tlep xuc k Va 1. Céc giao
diém M, N cuia hai dudng sinh tiép xtic ndy v&i mpa 13 cac diém cao, thip nhat can tim
M=knmpavaN=Inmpa ;(Hinh 9.9b)

2= (9, =k,

g=(¢,)=

Mg ! M T,

Hinh 9.9b Hinh 9.9b g I,

» Tuong ty, trong vi du nay ta co the tim cac diém gan nhat, xa nhat (so v4i P ,) cla giao
tuyén, bang cach v& mit phang tlep xUc tru song song véi phuong du(mg mat cla mat phing
o. Giao diém ciia hai dudng sinh tiép xic véi mpo cho cac diém gan nhat, xa nhit can tim

» Chuay

Tim céac diém cao nhat, thip nhat, gan nhét, xa nhét clia giao tuyén ctia mit phang o v6i mit non

cach giai gidng nhu trudng hop trén

% Vidu4
Cho diém 0 va vét bang m, cua mit phang o (Hinh 9.10). Hay v& vét dtng n, ctia mp o; biét mp
o cach diém 0 mot khoang R
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Hinh 9.10

Giai
Mit phiang o cach diém 0 mot khoang R nén mit phang o tiép xfic v6i mit ciu tim 0 ban
kinh R
V& mit cau tdm O, ban kinh R
Thay d6i mit phang hinh chiéu dimg dé mp a tré thanh mit phang chiéu dimg trong hé théng
méi; chon truc s 1 m, = Hinh chiéu ding mdi ciia mp o suy bién thanh duong thang (o)
di qua giao diém ctia m,, voi truc s va tiép xuc véi duong tron bao hinh chiéu ding méi cua
mat cau
Tir (02°), tra vé hinh chiéu dimg ta duge n, (chii y do cao cii bang d6 cao méi); (Hinh 9.10)
Bai toan c6 hai nghiém (O day chi vé mot nghiém)
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Biito GIAO TUYEN CUA MAT PHANG
VOI MOT MAT

I. KHAI NIEM
_ Giao tuyén ciia mit phang véi mot mat 13 tap hop cac diém chung cia mit phing véi mat do
_ Giao tuyén ciia mat phang véi mot da dién thuong 1a mot hodc nhiéu da giac phfmg trong do:
+ Céc canh cua da gidc nay la giao tuyen cua cac mat cua da dién vo1 mat phang cét
+ Céc dinh ctua da glac nay la giao diém cua cac canh ciia da dién véi mat phang cit
_ Giao tuyén ciia mat phang véi mot mat cong bac n thuong 1a dudong cong phang bac n

1) Poi véi mit nén bac hai dwong chuin 1a Elipse hodc duong tron

Giao tuyén co thé 1a:

_ Elipse (hodc duong Tron) Néu mat phang cat tat ca cac duong sinh ctia mit nén

_ Parabol Néu mit phang song song voi mot dudng sinh ctia mit nén

_ Hyperbol Néu mat phang song song v6i hai duong sinh ctia mat nén
(hai duong sinh nay 1a hai huéng cua hai duong tiém can ciia Hyperbol giao tuyén)

» Chuy

Néu mit phang di qua dinh nén - giao tuyén c6 thé la:

_ Mot diém dinh nén. Néu mit phing khong cét duong chudn ciia nén

Mot duong sinh cia nén. Néu mat phang cat duong chuan ciia nén tai 1 diém (tiép xic)
_ Hai duong sinh ctia nén: Néu mit phang cit duong chudn ciia non tai 2 diém

> Nhin dang giao tuyén i
Twr chu y trén ta c6 thé doan nhan dang giao tuyén cuia mat phang véi nén bac hai c6 duong
chuan 14 Elipse hoac dudng tron ta lam nhu sau:

Qua dinh non, vé mat phang song song mat phang dd cho. Néu mat phang vira vé khéng cat, cdt
mét diém, cdt hai diém véi dwong chudn cia non thi giao tuyén lan lwot la: Elipse, Parabol,
Hyperbol

2) Poi véi mit tru bac hai dwong chuin la Elipse hoiic dwong tron

Giao tuyén co thé 1a:
Elipse (duong Tron) Néu mit phang cit tat ca cac dudng sinh cia mit tru
Mot dwong sinh (kép) Néu mit phang tiép xtic mit tru
Hai dwong sinh Néu mit phang song song dudng sinh mit tru

» Chuy

Khi v& giao tuyén ta cin chi ¥ dén cac dic trung sau:

Truc ddi xtng cla giao tuyén

Céc diém ranh gi(’)i gifra phén thdy, phan khuat cta giao trén ting hinh chiéu

Céc diém cao nhat, thip nhét (so v6i Py) cac dlem gan nhat, xa nhat (so véi P,)

Dé vé& giao tuyén duoc chinh xéac, doi khi ta can phai v& thém maot vai diém trung gian nira.

+ + + +

II. Truong hop biét mét hinh chiéu cia giao tuyén
1) Néeu mgt da cho la ling tru chiéu hogc fru chiéu (tac canh lang try hodc duong sinh tru
vuong goc voi mat phang hinh chiéu) con mat phang bat ky, thi:
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Ta biét duoc mot hinh chiéu cua giao tuyén trung v6i hinh chiéu suy bién cua ling tru hoic
tru chiéu do

Dé v& hinh chiéu con lai cta giao tuyén ta ap dung bai toan diém, duong thang thudc mat
phang.

¢ Vidul
Hay v& giao tuyén ctia mit phang o voi lang try (abc)
chiéu bang (Hinh 10.1)

Giai
- Goi A=anmp(a); B=b N mp(a); C=c N mp(a)
= mpa M lang tru (abc) = Tam giac ABC
Vi a, b, cl P]
= Alzal,Blzbl,Clzcl
- Ap dung bai toan co ban: diém, duong thang thudc
mit phang o; xac dinh duoc hinh chiéu ding A,, Bo,
G,
- Mit phang (a, c) khuat trén hinh chiéu ding nén A, Hinh 10.1
C, khuét ; (Hinh 10.1)

¢ Vidu2 4
Hay v€ giao tuyén cuia mat phang o voi mat
tru tron xoay chiéu bang (Hinh 10.2)

Giai PSR
Dé dang thay rang mat phang cat tru cho Rals

1
giao tuyén 1a Elip: (¢) = mpa. M try e :
Hinh chiéu bang (e;) tring voi hinh chiéu Ny, . 3 (e.) i

!
}
1

bang cta try - duong tron (C)
Ta biét rang truc dai AB cua Elip (c) thuoc X B, . )

dwong thang MN giao ciia mdt phiang o véi IS e Shhhhbhbh
mdt phang [ doi xirng chung ciia tru va mp

a, truc ngan CD bang dwong kinh ciia mdt
'
tru T, T, f

Vi truc t L Py nén (B) 1a mat phang chiéu \ 1; ! () =(e)
bang c6 hinh chiéu bang suy bién thanh :

duong thing (B1) di qua t;; hon nita mp(B)

1 mpa nén (B;) di qua t; va vudng goc my,. B
Do d6 AB chinh 1a duong dbc nhit cia Hinh 10.2

mpa d6i voi dbi véi mpP; va CD 1a dudng

bang ctia mp o

Vay AiB; LCD;tai O =t

Hinh chiéu dimng (e») 1a elip nhan A;B,, C,D;lam cdp duong kinh lién hiép

Vi A, B 1a cac diém thudc truc ddi xtimg ddng thoi thude giao tuyén nén chung 1a cac diém
cao nhat, thdp nhat ctia giao tuyén (e)

T, T’ 1a céc tiép diém cua elip (e;) v6i hai dudng sinh bao hinh chiéu dimg cua try; né ciing
1a cac diém ranh giéi giita phan thay va phan khuét cia elip (e,) - cach v& chung bang cach
gdn vao duong mat f ; (Hinh 10.2)

h,
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2) Néu mat phang di cho la mit phang chiéu con mdt bt ky, thi:

_ Ta biét duoc mét hinh chiéu cua giao tuyén thudc hinh chiéu suy bién ctia mit phang chiéu
do

_ Dé v& hinh chiéu con lai cua giao tuyén ta ap dung bai toan diém thudc mat

¢ Vidul
Hay vé& giao tuyén ctia mit phiang o chiéu dtng véi mit chop (S.ABC) ; (Hinh 10.3)

Giai
Goi tam giac DEF = mpa m (S.ABC).
Vimp o L P, nén D,E;F>e () = D|E F. Mit phang (SBC) khuat ¢ hinh chiéu bang nén doan
E,F, khuit ; (Hinh 10.2)
SZ

(o)

C
Mg B, \ (B

Hinh 10.3 Hinh 10.4
% Vidu 2
Hay vé giao tuyén cua mat phang o chiéu dung véi mat non tron xoay truc t L P; (Hinh 10.4)

Giai

_ Mat phang o cat toan bo dudng sinh clia nén nén mp o. M nén = Elip (e)

_ Vimpo L P, nén hinh chiéu dimg (e,) cua giao tuyén suy bién thanh doan thing A,B,e (o).
Va lai mp B, d6i xtimg chung ciia try tron xoay va mpo., song song P, nén ABe mpf va la truc
dai cua elip giao tuyén ; truc ngan CD 1P, = C; = D= O, [v6i O 1a tAm cia elip (e)]

_ Hinh chiéu bang cta giao tuyén 1a elip (e;) nhan A;B; lam truc dai; C;D; 1am tryc ngin

(vi AB L CD va CD // P, ). C;, D; duoc v& bang cach gin vao dudng tron vi tuyén nim ngang

thudc nén

» Chuy

Nguoi ta di chimg minh dwoc rang mdt phang cdt nén tron xoay cho giao tuyen la elip chiéu lén
mdt phang vuong goc voi truc cua non tron xoay do la elip nhan hinh chiéu cua dinh nén lam
mot tiéu diém

% Vidu 3
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_ Hay veé giao tuyén clia mit phang o chiéu dimg voi mat
cau tdm O ban kinh R (Hinh 10.5)

Giai

Mit phing o N cau = dudng tron (®) co tdm I 1a chan

dudng vudng goc vé tir O dén mpa

Vi mp a LP, nén hinh chiéu dimg (©,) cta giao tuyén

suy bién thanh doan thang A,B>e (o)

Hinh chiéu bang cua giao tuyén 14 elip c6 : (o)

+ Truc dai C;D; = A;B,= AB [AB la du’(‘mg kinh cua
duong tron (w)], co thé veé Cy, Dy bang cach gin C,
D vao duong tron vi tuyén ndm ngang; (Hinh 10.5)

+ Truc ngan A1B 1

T,, T 1a cac tiép dlem cua elip (@) voi duong tron bao

hinh chiéu bang ctia cau; nd ciing 13 cac diém ranh gidi

gitta phan thiy va phan khuit cua elip (o)

T,
Hinh 10.5
II1. Trwong hop tong quat
Gia st can tim giao tuyén cta mpo va mit (Z), ta tién hanh nhu sau:
a) Dung mat phang ¢ phu tro cit ca mpa va mat (X) [mpe thuong la mat phang chiéu] sao cho
giao tuyén 1a du’ong d& v& trén hinh chiéu
b) V& céac giao tuyén phu: m=mppampa
q n=mpp(Z)
¢) Vécacgiaodiem: A,B=mmnn

Céc diém A, B thudc giao tuyen ciia mpa. va mat () can tim,
Tuong tu, tim thém mot s6 diém thudc giao tuyén nita va cudi cung ndi giao lai.

» Chuy

_ Pau tién ta phai doan dang cta giao tuyén, sau d6 vé cac diém thudc giao tuyén
_ Ngoai ra nguoi ta con dung cac phwong phap bién ddi hinh chiéu hoic phdi hop véi cac
phuong phap di biét dé vé giao tuyén clia mit phang v6i mot mit .

% Vidul
Hay vé& giao tuyén ctia mat phang a(m,, n,) vOi mit try tron xoay c6 truc t L Py ; (Hinh 10.6)
Giai
1. Posn dang giao tuyén
- Qua dinh nén S, v&€ mpd // mpa., béng cach v€ duong mat fs // f, ; roi v& vét béng F=1f5nP
= m;s qua F; va song song m,,
- D@ thay rang m;s khong cat duong chuan (C) clia nén nén mpa. cat non cho giao tuyén 1a Elip

(e)
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2. Dé vé cac diém cua giao, ta dung cac mat phang phu tro 1a cac mat phéng chiéu bang chira
truc t ciia non (dé cat non theo cac dudong sinh) va cac mit phang bang (dé cat non theo cac
duong tron c6 hinh chiéu bang ciing 12 dudng tron), cu thé nhu sau:

S, N, ~
i fro
A
f26 ”“i.“z "T'Z
Cof s D “"". hyo= (Y,)
n T 02| i
- ! e, 1
|
; 9 I W
G :
| i :
i <y |
i !
F, fio [ N ! B flo= (M)
0, isl
! (O]
Mg | ! 1
ms M (el
Hinh 10.6 B) [ 1

+ mpp chiéu bang dbi xing chung ctia nén va mp o cho hai diém A,B 13 hai ddu mut cua truc
dai Elip giao tuyén - A 1a diém cao nhét; B 1a diém thap nhat; (Hinh 10.6)

+ mpy // P, di qua trung diém O ciia AB, cho hai diém C, D 1a hai ¢du mut cta truc ngan Elip
giao tuyén

+ mpA // P, di qua tryc t cua non, cho hai diém T, T’ thudc giao, c6 hinh chiéu ding T,, T, 1a
cac tlep diém cua cua elip (e2) voi hai dudng sinh bao hinh chiéu dung ciia non, né ciing 1a
cac diém ranh gidi gitra phan thay va phan khuat cta elip (e2)

Hinh chiéu bang cta giao tuyén 1a elip (e;) nhan A;B,va C,D, lam cip truc; trong d6 A B 1a
truc dai

Hinh chiéu dimg ciia giao tuyén 12 elip (e,) nhan A,B, va C,D, 1am cap duong kinh lién hiép

» Chuay
C6 thé sir dung phép thay ddi mit phang hinh chiéu dimg dé dua mpo tré thanh mat phang
chiéu dimg trong hé théng mai thi viée giai bai toan nay duoc d& dang hon

¢ Vidu2
Hay vé& giao tuyén ctia mit phiang a(m,, n,) véi mit cdu tim O, ban kinh R ; (Hinh 10.7)

Giai
Mat phang o M cau = duong tron (®)
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Pé vé& cac diém cua giao, ta ding cac mit phing phu tro 13 cac mat phang bang, cac mait
phang mit (dé cit cu theo dudng tron ¢ hinh chiéu bang, hinh chiéu ding ciing 14 duong
tron); cu thé nhu sau:
Dung mpp chiéu bang d6i ximg chung ctia ciu va mpa, v& cac giao tuyén phu:

mpf N mpo. = MN

mppP M cdu = Pudng tron (v) bang dudng tron 16n cua cau
Dé v& cac giao diém A,B = MN N (v); ta quay mpp chira MN va (v) quanh truc chiéu bang t
di qua tdm O cau, dén vi tri m&i //P, . Luc nay hinh chiéu dimg méi (v’,) tring voi dudng tron
bao hinh chiéu ding cua cAu, MN ¢6 vi tri méi M'N’ . V& A’ B’=M'N’ N (V")
Tra vé vi tri ban dau bang cach quay nguoc tro lai ta duoc A,B thudc giao; trong do: A 1a
diém cao nhat; B 1a diém thap nhéat; (Hinh 10.6).

t
2 N,
j N,
| a XA -t
(v'5) { “““ " v <~ 2
| B, L0, P00

""" * H K= (,)

R C, I

:T I 2 DZ..'.

Ng, ((’)2) 'y'.
X |\ ! N,
C, N |
A (V1) A,
me : g
1T, b ENVDET N, fi=()
“ iOI
. ; I F1
1...'. . (0) ) D
Ml .!'l---I-I“ ! I‘l1
(B1) ; k,
Hinh 10.6

Goi CD la duong kinh ciia duong tron (o), vudng goc v6i AB tai trung diém 1. mpe // Py di
qua I, cho hai diém C, D thudc giao, c6 hinh chiéu béng C,D; 1a truc dai cua elip (o)

mpy // Py di qua tam cau O, cho hai diém E, F thudc giao, c¢6 hinh chiéu béng E,, F; 1a cac
tiép diém cua cua elip (o)) v6i dudng tron bao hinh chiéu bang ciia ciu, n6 ciing 1a cac diém
ranh gi6i giita phan thiy va phan khuét cua elip (o)

mpA // P di qua tdm ciu O, cho hai diém T, T thudc giao, c6 hinh chiéu ding T,, T *; 14 cac
tiép diém cua cua elip (©,) v6i dudng tron bao hinh chiéu dung cua cau, n6 ciing 1a cac diém
ranh gi6i giita phan thiy va phan khut cta elip (o2)

Hinh chiéu bfmg cua giao tuyén 1a elip (w1) nhan A;B;va C,D; 1am cap truc

Hinh chiéu dtmg cua giao tuyén 1a elip (o;) nhan A;B, va C,D; lam cip duong kinh lién
hiép.

Xét thiy khuat nhu (Hinh 10.6)
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» Chuy
C6 thé str dung phép thay déi mit phing hinh chiéu ding dé dwa mpo trd thanh mit phing
chiéu dung trong hé thong moi thi viéc giai bai toan nay dugc dé dang hon nhiéu

V. MOT VAI Vi DU GIAI SAN

< Vidul
Cho mat nén tron xoay dinh S va mpa; (Hinh 10.7). Hiy v& giao tuyén ciia mpo. v4i mit non
tron xoay do

Giai
Vimp o 12 mit phang chiéu canh nén ta str dung hinh chiéu canh dé vé& giao tuyén
Mit phang o cét toan b dudng sinh clia ndn nén giao tuyén 1a Elip va hinh chiéu canh ciia
giao tuyén 1a doan thang 153; thudc doan thang suy bién (a3) ciia mpa. Tra vé hinh chiéu
dung va hinh chiéu bang, ta nhan duoc:
Hinh chiéu ding cua giao tuyén 1a cung elip 1,2,3,4,5,, trong d6 cung 2,3,4, khuét vi thudc
nua sau cua non
Hinh chiéu bang ciia giao tuyén la cung elip 1,2,3,4,5; thay ; (Hinh 10.7)

z S;
Ny I
(03) :
3, I
2,=4)
X / Sy
Mg,
y

Hinh 10.7
» Chuay
Néu mit phang da cho 1a mit phang chiéu canh hoic mat phang phan giac 1 hodc mit phang
phan giac 2 thi ta dung mit phang hinh chiéu canh dé giai, cach giai twong ty nhu vi du trén
(Hinh 10.7)

% Vidu2
Cho lang tru (abc) va mpo; (Hinh 10.8). Hay vé giao tuyén ctia mp o voi lang tru d6 va vé& hinh
that cua giao tuyén do

Giai
Goi ABC = mpa M lang tru (abc)
Dé v& giao tuyén clia mp o, v6i lang tru (abc), ta xac dinh cac dinh A, B, C 1a giao diém ctia
cac canh ciia lang try v6i mp o bang cach ding mat phang ¢ phu trg chiéu dung chira canh
cua lang tru d6, ta nhan dugc:
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C=cnnmpa
= mp(a,c) N mpa. = CI [trong d6 I 1a giao diém ctia m,, voi canh day ciia mp(a,c)]
= AC=mp(a,c) N mpa ;
tuong tu AB = mp(a,b) N mpa ; (Hinh 10.8)
Pé vé& hinh that cia giao tuyén, ta gdp mp o quanh vét bang m,, , hinh gap 1a A A;’B;’C’
Két luan: A A;’B;°C;” =A ABC

Hinh 10.8

* Vidu3
Cho mpo va hinh chiéu ding S, cia diém S € mpa; (Hinh 10.9). Hiy v& trong mpo. dudng
thang di qua diém S va nghiéng véi mat phang hinh chiéu bang goc

Ny
Giai S, h,
. Se Il’lpO(.:7> SE‘h € mpa. Tur Szevhzj Sie h] P
_ Dudng thang can dung di qua diém S, hop v6i mat | I
phang hinh chiéu bang géc ¢ nén no la dudng sinh i .
cua mat non tron xoay: dinh S, truc LP; va cac S
duong sinh tao y(’)’i Pl‘g(')c [0) X (p/<R I i
_ Vay duong thang can dyng la duong sinh giao 1
tuyén ctia mit nén dinh S néi trén véi mpa. SA,SB; B, 2
(Hinh 10.9) I
Bién lugn: |
Goi 0 1a goc nghiéng cua mp o véi mp P TN
+ Néu d < ¢ : Bai toan vo nghiém 'l A,
+ Né:u O = ¢ : Bai toan c6 1 nghiém I m
+ Neéu o > ¢ : Bai toan c6 2 nghiém | h, *
Hinh 10.9

% Vidu4
Cho mp o va diém A; (Hinh 10.10). Hiy v& duong thiang qua diém A song song voi mp o dong
thoi nghiéng v6i mat phang hinh chiéu bang goc ¢
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Giai
Puong thang can dung qua diém A song song mpa nén dudng thang d6 thudc mpp song
song véi mpo.. Mit phang B dugc v& nhu sau :
Qua A v& duong bang hg // mpa;

+ V& vét dimg H = hg N mpP, = Vét dimg ng di

qua H, va song song n,. Vét bang mg // mg

Puong thang can dung di qua diém A, hop voi

mit phang hinh chiéu bang goc ¢ nén nd la
dudng sinh cia mdt nén tron xoay: dinh A, truc

L Py va cac duong sinh tao véi P goc ¢ X
Viy duong thang can dung la duong sinh giao
tuyén ctia mit nén dinh A néi trén véi mp p

D6 1a: AL; AJ (Hinh 10.10). 7, i

Bién ludn: X — %=
Ggi 0 la géc nghiéng cua mp a véi mp Py |
+ N@u O < ¢ : Bai toan vo nghiém I
+ Neéu o = ¢ : Bai toan c6 1 nghiém : h
+ Néus> ¢ : Bai toan 6 2 nghiém 1P
Hinh 10.10 mg

% Vidu$s
Cho mit nén tron xoay dinh S, truc vudng goc véi mp Py va vét ding n, clia mpao;
(Hinh 10.10). Hay v& vét bang m,, biét ring mpo cit non cho giao tuyén 1a Parabol

Giai
- Goi mpP qua dinh nén song song mpa.. Mo S,
- Qua dinh nén vé duong mét fz // mpa.
- V& vét bang F ciia duong mit fy: F = fy » mpP; ; dé fig !

thy fge mpp = Vét bang mg di qua Fy

- Theo d& bai, mpa. cit nén cho giao tuyén 1a Parabol
nén mg qua F; va tiép xuc véi duong tron day cua
non.

- Vimpa // mpp = m, // mg ; (Hinh 10.10)

=X K

Hinh 10.10

» Chuay
Néu mg khong cit day non thi mpa cit non cho giao tuyén 1a Elip
Néu mg cit day non tai hai diém thi mpo cat non cho giao tuyén 1a Hyperbol
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Bai 11 GIAO DIEM CUA PUONG THANG
VOI MOT MAT
I. KHAI NIEM

Giao diém cua dudng thang véi mot mit 1a tap hop cac diém chung cua dudong thang véi mat do
So giao diém to1 da cia mot duong thang voi mot da dién 161 1a hai diem
S6 giao diém (thuc va 40) to1 da cuia mot duong thang véi mot mat bac n 1a n di€ém

II. TRUONG HOQP BIET MOQT HiNH CHIEU CUA GIAO PIEM

1) Néu mat dd cho la ling tru chiéu hodic tru chiéu, con dwong thing bt kyp, thi:
Ta biét dugc mot hinh chiéu cua cac giao diém la giao cua hinh chiéu suy bién cua ling tru
chiéu hoic try chiéu d6 véi hinh chiéu cung tén cua duong thang
Pé vé& hinh chiéu con lai cua cac giao diém ta ap dung bai toan diém thudc duong thang

* Vidul
Hay v& giao diém cta dudng thang d voi ling tru (abc) chiéu bang (Hinh 11.1)

Giai
Goi M, N =d n (abc).
Vi léng tru (abc) 1Py =>=M,N = d] N A a1b101 =M, N; e dz; (Hinh 111)
Poan chui MN khuit. Ta c6: Me mp(a,b) va N emp(b, ¢) 1a hai mit phang thdy & hinh chiéu
dimg nén My, N, thiy & hinh chiéu dung .
b, % d,
N —] N /

2
M, . |

Hinh 11.1 Hinh 11.2

% Vidu2
Hay vé& giao diém cta dudng thing d v6i mat tru chiéu bang c6 truc t LP, (Hinh 11.2)

Giai
Goi M, N =d mn mat tru
Vi tru 1 P1 = M], N] = d] M dub’ng tron (C]) = Mz, N2 € dz; (Hil’lh 112)
Poan chui MN khuét; ta c6 M thudc nira trudce cua tru nén M, théy; N thudc ntra sau cua tru nén
N2 khth
2) Néu dwong thang di cho la dwong thing chiéu, con mat bdt kyp, thi:
_ Ta biét dugc mot hinh chiéu cia cac giao diém trung véi hinh chiéu suy bién cta duong thing
chiéu do
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Dé v¢ hinh chi€u con lai cua cac giao diém ta ap dung bai todn diém thudc mat

¢ Vidu
Hay v& giao ﬁiém ctia dudng thang d chiéu ding véi mit non dinh S, dudng chuan (C) 1a elip c6
hinh chiéu bang (C,) 1a duong tron (Hinh 11.3)

Giai
- GoiM,N=dnmatnén S
VidLP, =M,=N,=d,. Gin M, N vao cac duong sinh SI, SJ ciia non = M, Ny; (Hinh 11.3)
- Doan chui MN khuit; ta ¢c6 M, N thudc céc duong sinh ciia ndn ma cac chan cua cac duong
sinh nay & hinh chiéu bang nim trén cung thy cta duong chuan (C;) nén M, N, thay

Hinh 11.3 Hinh 11.4

III. TRUONG HQP TONG QUAT

Gia sir can tim giao diém cta dudng thang d véi mat (Z) ta tién hanh nhu sau:

d) Dung mat phang ¢ phu tro chira duong thang d cat mat (X) sao cho giao tuyén phu 1a duong
dé v& trén hinh chiéu

e) V& giao tuyén phu: g =mpo N (T)

f) Vé&cac giaodiém: M, N=gnd

Céc diém M, N thudc giao tuyén ctia dudng thang d va mit (Z) can tim

» Chuy
Ngoai ra nguoi ta con dung cdc phwong phdp bién doi hinh chiéu hodc phoi hop véi cdc
phirong phép da biét dé vé giao diém cia dwong thang véi mt mdt .

% Vidul
Hay vé& giao diém cta dudng thang d v6i mat chop S.ABC (Hinh 11.4)

Giai
Dung mp ¢ phu trg chiéu ding chira dudng thang d = (¢,) = d»
V& giao tuyén phu : A EFG = mpe N S.ABC
V& cac giao diém: M, N= AEFGnNd
Tur Ml, Ni=A E1F1G1 M d1 = Mz, N, € dz; (Hinh 114)
Vay M, N=d n S.ABC
Poan chui MN khuét
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+ Me mp(SAB) va Ne mp(SBC) 1a hai mit phang thay trén hinh chiéu dimg nén M,, N, thiy
+ Me mp (SAB) thdy ¢ hinh chiéu bang nén M, thdy; Ne mp(SBC) khuat ¢ hinh chiéu bang
nén N; khuat; (Hinh 11.4)

¢ Vidu2
Hay vé& giao diém cua dudng thang d v6i mat non S, duong chuan (C) 1a elip ¢6 hinh chiéu bang
(Cy) 1a duong tron (Hinh 11.5)
Giai
Dung mit phang phu tro chira duong thang d va dinh nén S [dé mp (S,d) cit non theo cac
duong sinh]
V& céc giao tuyén phu :
+ [J=mp(S,d) N mp(C); trong do :
I=d N mp(C); J = SK nmp(C) - vdi K 1a diém ldy tuy y trén duong thang d

+ Vé@cacgiaodiém: A,B=1Jn(C)

= mp(S,d) N non S = duong sinh SA, SB

A,
A
mp (C) ©)

Hinh 11.5a Hinh 11.5b

V& cac giao diém: M = SA N d; N =SB nd; (Hinh 11.5a)

Tu M] = SlAl M d1 = Mz S dz; VélN] = S]B] M d] :>N2 € d2 (Hil’lh 115b)

Vay M,N=dnnoénS

_ Poan chui MN khuét

+ M eSAvaN eSB; ViAj, B thudc ntra sau ctia (Cl) nén hinh chiéu dimg My, N, khuét.

+ Vi Ay thude cung thdy cia (C1) nén hinh chiéu bang M, thay; B, thudc cung khuét caa (C))
nén hinh chiéu bang N, khuét .

» Chuy
Pé vé giao diém ciia dwong thang véi mat hinh chdp ta cé thé ding mat phang phu tro chira
duwong thang va dinh chdp, twong tir nhie giao diém cia dwong thang véi nén

* Vidu3
Hay v& giao diém cua dudng thang d v6i mit try, duong chuan (C) 1a elip co hinh chiéu bang
(Cy) 1a duong tron (Hinh 11.6)
Giai
Dung mit phing phu tro chira duong thiang d va chira dudng thang k song song voi phuong
duong sinh cta tru [dé mp (k,d) cat try theo giao tuyén phu 1a cic duong sinh]

V& cac giao tuyén phu :
+ [J=mp(k,d) n mp(C); trong do6 :
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+ I=dnmp(C); J=k N mp(C) - v6i k qua K 1a diém lay tuy y trén duong thang d
+ Veécacgiaodiem: A,B=1Jn(C)
= mp(k,d) N tru = dudng sinh a, b 1an lugt qua A, B

Hinh 11.6a Hinh 11.6b

V& céc giao diém: M =a nd; N =b N d; (Hinh 11.6a)

T Mi=and =>M,e dz; vaNi = b ndi =Ny e d2 (Hinh 116b)

Vay M,N=dntru

Poan chui MN khuét

+ M e avaN e b; ViB; thudc ntra sau cia (C) nén hinh chiéu dang N, khuét; A, thudc nira
trudce cta (C;) nén hinh chiéu ding M, thy

+ Vi A, thudc cung thay cua (C;) nén hinh chiéu bang M, thdy; B, thudc cung khuat cia (C))

nén hinh chiéu bang N, khuét .

» Chuay
bé vé giao diéem cua dwong thang voi mat hinh lang tru ta co thé dung mat phang phu tro chia
duong thang va song song voi canh cua lang tru, twong tw nhu giao diém cua duwong thang voi
non

** Vidu 4 i i .
Hay v€ giao diém cua duong thang d véi mét cau
tdm O ban kinh R (Hinh 11.7)

Giai
Duyng mit phang ¢ phu trg chita duong thang d [(¢) x
thuong 1a mat phang chiéu], s& cit cau theo duong
tron. Noi chung duong tron ndy chiéu 1én cic mit
phang hinh chiéu 13 Elip
Vay ta c6 cach giai nhu sau:
Dung mp(¢) chiéu bang chtad = (¢1) =4,
V& céc giao tuyén phu : (o) = mp(@) N ciu =
(@)=(p)=dr 7
bé v€ cac giao diém cua duong thang d voi
duong tron (o), ta thay d6i mp hinh chiéu dung
sao cho mp (®) / P’;. O hinh chiéu dimg moi .
(m7’) 1a duong tron that Hinh 11.7
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_ Ve Mz’, Nz, = dz’ M ((1)2,) = M], N1 S d1 va Mz, Nz € d2
_ Vay M,N=d N chu
Xét thay, khuat nhu (Hinh 11.7)

IV.MOT VAI Vi DU GIAI SAN

¢ Vidu 1

Cho mit cau tdm O va duong thang d; (Hinh 11.8). Hiy tim cac diém trén mit cau gan va xa

duong thang d nhét

Giai

Qua tam O, v€ mp(h,f) L d

V& giao diém H = d N mp(h,f) bang cach ding mat phing ¢ phu trg chiéu dimg chira d

V& giao diém M,N = OH N céu O, bang cach ding mit phang & phu tro chiéu bang chtra OH :

V& giao tuyén phu: (®) =mpd N cau; co (o) = OH,

+ V& giao diém M,N = OH N (w) bang cach thay d6i mat phang hinh chiéu démg ta xac dinh
dugc hinh chiéu dimg méi cua giao diém 1a : M5, N’ = O’,H'; N (0°2). Tra vé hinh chiéu
bang va hinh chiéu dung ta nhan duge My, N, € O;H; va My, N, € O,H,

Vay M,N la cac diém thudc mit cau gan va xa duong thang d nhit can tim; (Hinh 11.8)

+ |

~
)|

Hinh 11.9

* Vidu2
Cho diém S va duong thang d; (Hinh 11.9). Hay dung dudng thang di qua S, cit duong thang d
dong thoi tao véi mp Py goc ¢

Giai

_ Duong thang can dung di qua diém S tao v6i mit phang hinh chiéu bang goc ¢ nén no la
duodng sinh ciia mat non tron xoay co :

+ Dinh S

+ Truc vuong goc mp P
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+ Céc duong sinh tao véi mp Py goc ¢ nén hai duong sinh bién ¢ hinh chiéu dimg ctia nén truc
X goc .

_ Va lai duong thing can dung cit duong thang d. Vay chung la cac duong sinh ctia mit nén S
di qua giao diém M,N ctia ctia d voi nén - d6 1a: SM, SN ; (Hinh 11.9)

“ Vidu3
Cho mit chop S.CDK va dudng canh AB; (Hinh 11.10). Hiy vé& giao diém ctia duong thing AB
vo1 mat chop S.CDK

Giai

_ Dung mp(AB,S) lam mit phang phu tro (mit phang phu tro chira duong thang va dinh chép).
V& cac giao tuyén va giao diém :

Vé IJ = mp(AB,S) n mp(CDK)

VEE,F=1JnACDK

VéM=AB N SE

VEéN=AB N SF

Vay M, N=AB n S.CDK
_ Xét thay khuat nhu (hinh 11.10), trong d6 doan chudi MN 1a khuét

+ + + + +

S,

Hinh 11.10 Hinh 11.11

% Vidu 4
Cho hai dudng thang a, b chéo nhau; (Hinh 11.11). Hiy dung duong thang cit a song song b va
va cach b mdt khoang r cho trudce

Giai

_ Puong thing d can dung song song vdi b va cach b mot khoang r nén d chinh 1a duong sinh
cua mat try tron xoay truc b ban kinh r
_ Vid cat anén cac duong sinh d can dung di qua céac giao diém M, N cua a vdi mat try vira ve.
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_ Thay d6i mat phang hinh chiéu dimg dé b tré thanh dudng thing chiéu dung trong hé thong
méi; lac nay mat try truc b ¢6 hinh chiéu dimg mai suy bién thanh dudng tron (o’,) tim b’,
ban kinh r

_ VEM’,, N =ahrnNn(w2) =>M,NeavaM;, N; € a

_ Qua M,N v& cac duong thing d, d’ // b d6 1a cac dudng thang can dung ; (Hinh 11.11)
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Bai 12 GIAO TUYEN CUA HAI MAT

I. KHAI NIEM

Giao tuyén cua hai mat la tap hop cac diem chung cua hai mat do

Dang cta giao tuyén :

Giao tuyén ciia hai da dién thuong 13 mot hay nhiéu dwong gdp khiic kin trong khéng gian -
tap hop cac doan thing va cac diém gay thuéc cac mdt va cac canh cta da di¢n

Giao tuyén ciia da dién véi mit cong dai so bic n thuong la mot hay nhiéu duong gap khuc
kin trong khéng gian, tap hop cac cung dudng cong phang dai sb bac n va cac diém gy
thudc cac mat va cac canh cua da dién

Giao tuyén ciia mdt cong dai s6 bdc m va mdt cong dai sé bdc n thuong 1a duong cong
ghénh dai s6 baic m x n

II. TRUONG HOQP BIET MOT HINH CHIEU CUA GIAO TUYEN

Néu mot trong hai mat da cho la lang tru chiéu hodc tru chiéu, thi:
Ta biét duogc mot hinh chiéu cua giao tuyén thudc hinh chiéu suy bién cua lang tru chiéu hodc
tru chiéu do
Pé v& hinh chiéu con lai cia cac giao tuyén ta ap dung bai toan diém, dudng thudc mat con
lai

¢ Vidul
Hay vé& giao tuyén cua ling tru (abc) chiéu bang véi lang tru xién (mnp); (Hinh 12.1a)

Giai
Vi lang tru (abc) L P; nén ta biét duoc hinh chiéu bf?mg cua giao tuyén la doan chir V: 1,3,5;
thudc tam giac a;bjc; [ hinh chiéu bang suy bién cta lang tru (abc)]
Giao tuyén 1a duong gap khac kin gdm tap hop cac diém giy va cac doan thing thudc cac
canh va cac mat cua da dién, duoc xac dinh nhu sau:

p’) 6

m, —F 1“,
n, + 2M7

b,

Hinh 12.1a Hinh 12.1b

& Cic diém gay: 1,2,3,4,5, 6 ; (Hinh 12.1a); trong do:
+ m N ling tru (abc) = diém 1 € mp(a, b) va diém 5 mp(b, ¢)
+ n N lang try (abe) = diém 2 € mp(a, b) va diém 4e mp(b, c)
+ b lang try (m n p) = diém 3 € mp(n, p) va diém 6 mp(m, p)
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& Cic doan thang:
+ mp(m, n) N lang tru (abc) = doan 12 € mp(a, b) va doan 45 mp(b, ¢)
+ mp(n, p) N lang tru (abc) = doan 23 € mp(a, b) va doan 34e mp(b, c)
+ mp(m, n) N lang tru (abc) = doan 12 € mp(a, b) va doan 45 mp(b, c)
& Noi cac diém vira tim dworc, v6i chii y rang hai diém cung thuéc mot mit phiang thi méi ndi
lai.
& ThAy - khuit trén hinh chiéu: nhimg doan giao tuyén thudc phan khuit ctia mot trong hai
mat trén hinh chiéu nao thi nhitng doan giao tuyén d6 bi khuat trén hinh chiéu do.
Poan 12 va 45 thudc mp(m,n) khuat trén hinh chiéu ding nén 1,2, va 4,5, khuét ;
(Hinh 12.1a)

> Néi giao bang cach lap bang khai trién
Ngoai cach noi giao da néu trén; sau day s€ trinh bay cach ndi giao bang cach 1ap bang.

Trinh ty thuc hién:

V& so dd khai trién cua hai mat da dién, néu canh nao khong giao thi nén khai trién theo canh

do6 (trong hinh 12.1a khai trién theo canh a, canh P)

Ghi tén cac diém vira tim duoc diing nhu vi tri trén hinh chiéu

Néi hai diém cung mot 6

> Xét thdy (+), khuét (-) trén ting hinh chiéu ta thém chi sb
hinh chiéu d6.

> Poan nao thudc hai mit phang thiy thi thdy trén hinh
chiéu d6 (Hinh 12.1b)

% Vidu?2 ‘ ’
V¢ giao ciia mat cau tam O v6i lang tru (abe) chiéu ding
(Hinh 12.2)

Giai

> Hinh chiéu dung coa giao tuyén la duong gip khic
4,2,1,7, thudc tam giac a,b,c,- hinh chiéu dung suy bién
cua lang tru, glao do ba mit bén ciia lang try cit cau:
mp(a,b) N cdu = cung tron 212, ¢6 hinh chiéu bang la
cung tron 21,2 khuét
mp(b,c) N cau = cung tron 2343’2’ song song Ps, c6 hinh
chiéu bfing la doan th'fmg 313
mp(a,c) N cau = dudng tron tdm I, ¢6 hinh chiéu bang 1a
elip tam I; va nhan 6,6, 1,7, lam cap truc (1,6, = 1,6",=
I,75)
51, 5’1 1a cac tiép diém cua hinh chiéu bang cia giao
tuyén véi dudng tron bao hinh chiéu bang ciia cau, ching
cling 1a cac diém ranh gi6i thdy khuit ¢ hinh chiéu bang
cua giao.
» Hinh chiéu bfmg cua giao tuyén 1a hai duong kin: Elip tam I, va duong kin 1,2,3,4,3°12°1,
> Xét thdy khuat nhu hinh 12.2 véi chi y nhitng diém thudc nira trén cau dugc thay ¢ hinh

chiéu béng: cung 5,6,7,6,5; théy; cac cung con lai khuét & hinh chiéu béng .

Hinh 12.2

¢ Vidu3
V& giao cia mit chop S.ABC vé6i mat tru chiéu bang (Hinh 12.3)
Giai
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> Vi tru chiéu bang nén ta biét dwoc hinh chiéu

bing cia giao tuyén 13 cung tron
1121314,516,7,8; thudc dudng tron hinh chiéu
bang cta tru

D¢ v& hinh chiéu dimg cta giao tuyén ta gin cac
cung thudc cac mat cua da dién:

mp(ABC) N try = cung tron1D8, c6 hinh chiéu
dung 1a doan thang ngang D,8,

mp(SBC) m try = Hai cung 12 va 78 cua mot
elip, c6 hinh chiéu dung 1a hai cungl,2, va 7,8,
cua mot elip

mp(SAB) N tru = cung elip 2345, ¢6 hinh chiéu
dung 1a cung elip 253,455,

mp(SAC) N try = cung elip 567, ¢6 hinh chiéu
dung lIa cung ehp 5,657,

4, 1a tiép diém cua hinh chiéu ding cua giao
tuyén v6i v6i duong sinh bao hinh chiéu ding
cta tru va ciing 1a diém ranh giéi thay khuat &
hinh chiéu dimg cta giao.

Vay hinh chiéu ding cta giao tuyén 1a dudng
kin 1222324252627282D212

Xét thay khuat nhu hinh 12.3 v6i chi y nhing
diém thudc nira trudc try thi thiy ¢ hinh chiéu
ding: 1,2,3,4, thay, cac cung con lai khuit &
hinh chiéu ding

¢ Vidu4
V& giao cia mit non tron xoay dinh S v6i mat tru chiéu dimg
(Hinh 12.4)

Giai

Hai mit nén va try giao nhau nhau theo duong cong ghénh

bac bon, co:

Hinh chiéu dung cua giao tuyén 1a cung tron 1,2,

324,5,6, thudc duong tron hinh chiéu ding cua tru

Pé v& hinh chiéu bing cta giao tuyen ta ap dung bai toan
diém thudc mit non, bang cach gan cac diém vao cac
duong tron vi tuyén nam ngang cua noén (hodc gin vao

duong sinh cta non)

31, 3’ 1a céc ti€p diém cua hinh chiéu bang cua giao

—1 b H
A2 ’ 1, :;b
2 i = C,
1 1
| C
1 | 0, 1
) I 7
|
D N _Ad
S,
3
Hnh 12.3 1 1,
\
(C,
1B,

tuyén v6i duong sinh bao hinh chiéu bang cua try, ching
cling 1a c4c diém ranh gidi thay khuat ¢ hinh chiéu bang

cua giao.

Hinh 12.4

Hinh chiéu bang ciia giao tuyén 1a dudng cong phang bac bén khép kin: 1,213,415, 6,5,
4, 3’2’11, @bi ximg qua dudng thang B, (1a hinh chiéu suy bién ctia mit phang dbi xing

chung)

Xét thay khuat nhu hinh 12.4 v6i chi ¥ nhimng diém thudc nira trén cua try thi thay & hinh
chiéu bang: 3;2,1,2°,3’;- thay; con lai khuat ¢ hinh chi€u bang

GUVC - T4S. Nyuyin Di 84

Rbboa S pliam X thadt



Bic gidng HINFH HOA 2005
III. TRUONG HQP PAC BIET VE GIAO HAI MAT BAC HAI

Giao cta hai mit bac hai trong trudng hop téng quat 1a dudng cong ghénh bac bon. Trong cac
truong hop dic biét duong cong ghénh bac bén d6 c¢6 thé suy bién thanh :
_ Hai duong cong bac hai
Mot duong cong bac hai va hai duong thang (hay mot duong thiang kép)
Mot duong cong bac ba va mot duong thang
_ Bén duong thing ...
Sau day s& xét mot vai dinh 1y da chimg minh vé giao hai mat bac hai trong truong hop dic biét.

» Pinhly 1
Neu hai mat bdc hai da giao nhau theo mot dwong cong bdc hai thi chung con giao nhau theo
mot dwong cong bdc hai nita

¢ Vidu
Hay vé giao tuyén ctia mit nén v6i mat tru bac hai c6 chung duong chuan (C); (Hinh 12.5) - mit
phang doi xtng chung song song P S,

Giai

Hai mit noén va tru c6 chung nhau dudng chuan (C), nén theo
dinh ly 1 ching con giao nhau theo mot duong cong bac hai
nira. Vi mit phang (B) ddi ximg chung ciia hai mat nén va tru
song songP, nén mp (P) sé cat hai mat d6 theo cac dudng sinh
ma & hinh chiéu dimg 1a cac dudng sinh bién, cac dudng sinh
nay sé giao nhau tai cac diém thudc giao tuyén; hon nita mp
(B) song songP> nén hinh chiéu dtng cta cac duong cong bac
hai giao tuyén suy bién thanh cac doan thang di qua cac giao
diém cua cac duong sinh bién noi trén. Vi mit tru chi gi6i
han t¢i dudng chuin (C) nén dudng cong bac hai giao tuyén
thtr hai chi 1a cung elip123; (Hinh 12.5)

Hinh 12.5

> PDinhly 2 ' / ‘
Néu hai mat bdc hai tiép xuc nhau tai hai diém va hai mat phang tiép xuc chung tai hai diém do
khong trung nhau thi chung giao nhau theo hai dwong cong bdc hai di qua hai diém tiép xuc do

UNG DUNG PINH LY 2

1) Huwéng thiét dién Monjo

Hudng thiét dién Monjo 1a huéng mit phang cit mat bac hai cho giao tuyén 14 elip c6 mot hinh
chiéu 1a duong tron

* Vidu
Cho mat non bac hai c6 mat phang d6i xtng song song P, (Hinh 12.6). Hay v& huéng cac mat
phang cdt mdt non cho giao tuyen 14 elip c6 hinh chiéu bang la duong tron

Giai
- V& mat try tron xoay chiéu bang c¢é hinh chiéu bang 1a dudng tron tiép xuc véi hai duong
sinh bao ctia nén tai hai diém T,;va T,
- D@ thay hai mit nén va tru tiép xtic nhau tai hai diém T,T’ nén theo dinh Iy 2; hai mat nén va
tru giao nhau theo hai duong cong béc hai di qua hai diém T, T’
- Vi mat phang B d6i xtimg chung ciia nén va tru song
song P, nén hinh chiéu dumg cta hai dudng cong béc
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hai giao tuyén s& suy bién thanh hai doan thing1,2,
va 3,4, di qua T,=T’; hinh chiéu bang cia hai
duong cong giao tuyén nay la dudng tron tring véi
dudng tron hinh chiéu béng cua try; (Hinh 12.6)

- Cac mat phang chleu dimg 1,2, va 3242 la cac
hudng mat phang cit non cho giao tuyén 1a elip co
hinh chiéu bang la dudng tron

» Chuy

Ngudi ta tng dung hudng thiét dién Monjo dé xac dinh

day ctia mat non, mat tru c6 mét hinh chiéu 1a duong

tron; khi non, try d6 c6 mit phing dbi xting song song S
mot mit phang hinh chiéu

2) Hudng thiét dién tron Hnh 12.6

Huéng thiét dién tron 13 huéng mat phing, cit mit bac hai cho giao tuyén 1a duong tron

% Vidu
Cho mat non bac hai c6 duong chuén 14 elip dugc xac dinh bang cip truc AB, CD; (Hinh 12.7).
Hay vé& hudng cac mit phang cit mit non cho giao tuyén 1a dudng tron

Giai

Vé mat cu tam O thudc truc nén va tiép xuc vo1 nén tai hai diém T, T’ ¢6 hinh chiéu ding 1a
duong tron bao tiép xuc voi hai duong sinh bao hinh chiéu dimg cta non tai hai diém T, va T’,.
Theo dinh 1y 2; hai mit nén va cau giao nhau theo hai dudng cong béc hai di qua hai diém T,T’;
hai duong cong bac hai nay thuge cau nén né 14 hai duong tron. Vi mit phang p ddi xung chung
cua non va cau song song song Ps nén hinh chiéu canh cua hai dudng tron giao tuyén do sé suy
bién thanh hai doan thangl 323va 3345 di qua T5=T’3; (Hinh 12.7)

Céac mit phang chiéu canh 1523va 3345 chinh 1a cac huéng mit phing ct non cho giao tuyén
la duodng tron

Hinh 12.7

> Dinhly3
Néu hai mdt bdc hai cing néi tiép hay ngoai tiép véi mot mdt bdc hai khac thi ching sé giao
nhau theo hai dwong cong béc hai di qua hai giao diém cia hai dwong tiép xiic

% Vidu
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Hay V€ giao tuyen cua hai mat tron xoay nén va try cung ngoai tlep
cau, c6 mat phang ddi xing chung song song P,; (Hinh 12.8) S,

Giai I
Goi (v), (w) 1a lan luot 1 hai duong tron tiép xtic TAT M
ctia mit cdu véi mit nén va mit try Ly [ il
Ve T,T = (V) M (w). Vi mp (B) ddi xtmg chung cta F ' v a,=b,
noén, try, cau song song P, nén (v3), (®,) suy bién A TN 2-—{5(
thanh hai doan thang va To=T," = (v2) N (my) ' ’ Y 5
Theo dinh Iy 3 thi hai mat nén, tru giao nhau theo ~ —7\ 7 A1 | ;)
hai duong cong bac hai di qua hai giao diém T, T’ o | st
ctia hai dudng tiép xuc (v) va (o) 3,y I (Cy)
Vi mp (B) // P> nén hai duong cong bac hai giao
tuyen c¢6 hinh chiéu dung suy bién thanh hai doan
thang 1,2,va 324, di qua To=T,’
51, 5’1, 61, 6’ ] la cac tiép diém cta hinh chiéu béng
clia giao tuyén véi hai dudng sinh bao hinh chiéu
bang clia try va dong thoi ciing la cac diém ranh giGi
thiy khuét & hinh chiéu bang cta giao B
Hinh chiéu bang cua giao tuyén 1a hai Elip lan lugt ~
nhén cdp 1,24, 5;5°; va 3,44, 6,6°; lam hai cdp truc,
hai elipnay di qua Ty va T,
Xét thdy khuat nhu (hinh 12.8)

III. MOT VAI Vi DU GIAI SAN Hinh 12.8

¢ Vidul
Hay vé& giao tuyén cua tru tron xoay chiéu bang véi lang tru xién (abc); (Hinh 12.9)

Giai

Vitry L P, nén ta biét duoc hinh chiéu bang cta giao tuyén 1a cung tron: 1,3,5; thudc duong

tron hinh chiéu bang suy bién cua try

Giao tuyén 1a duong gap khuc kin gém tap hop cac diém giy va cac cung elip thudc cac canh

va cac mat cia da dién, dugc x4c dinh nhu sau:

+ mp(a,b) Nty = Cung elip 12345, c6 hinh chiéu dang 1a cung elip 1,2,3,4,57; trong do 2,,4,
1a cac tiép diém cua hinh chiéu ding cua giao voi hai duong sinh bién ¢ hinh chiéu dung cua
try, dong thoi ciing 13 hai diém ranh gidi thiy khut ¢ hinh chiéu dtng cua giao tuyén

+ mp(a,c) N try = hai cung elip 567 va 910 1, c6 hinh chiéu dtng 1a hai cung 5,6,7, va 9,101,
cua mot elip. Vi mp(a,c) khuét ¢ hinh chleu dung nén hai cung 5,6,7, va 9,10,1, khuét; trong
d6: 10,, 6, 1a cac tiép diém cta hinh chiéu dting cua giao voi hai duong sinh bao hinh chiéu
ding cua tru

+ mp(b,c) N tru = Cung elip 789, c6 hinh chiéu dung 1a cung elip 78,9, thiy & hinh chiéu
ding

_ Hinh chiéu dtng cua giao tuyén 1a dudng kin 1,2,3,4,5,6,7,829,10,1, gdm céc cung elip ndi
lién nhau bdi cac diém giy .

Xét thdy khuat nhu (Hinh 12.9)
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S,
|
1,=1'=a, |4 avia
| 5,
|
2.=2' = ;
2Z4 =) } 3, %)
B) T
b, Y C
Hinh 12.9 Hinh 12.10

% Vidu2
Hay v& giao tuyén ctia ndn tron xoay véi lang tru (abc) chiéu ding ; (Hinh 12.10)

Giai
Vi lang tru (abc) L P, nén ta biét duoc hinh chiéu dung cua giao tuyén 1a duong gip khuc:
5,1, 2,3, thudc hinh chiéu dtimg suy bién cua lang try
+ mp(a,b) N ndn = hai doan duong sinh 12 val’2’ thiy & hinh chiéu dimg va hinh chiéu bang
+ mp(b,c) N nén = cung tron 232°, ¢6 hinh chiéu bang 1a cung tron 21312°1. Vi mp(b,c)
khudt & hinh chiéu bang nén cung tron 21312°1 khuét
+ mp(a,c) N nén = cung elip 1454°1°, ¢6 hinh chiéu bang 14 cung elip 1141514111 nhan S1
lam mot tiéu diém
Hinh chiéu br:ing cua giao tuyén la duong gép khtc kin 11213:2°:1114°15:411;4
Vimp B dbi xtmg chung ctia nén va ling tru song song P, nén hinh chiéu bang cia giao tuyén
d6i xting qua dudng thing (B;)
Xét thdy khuat nhu (hinh 12.10)

¢ Vidu3
Hay vé& giao tuyén ctia mit cau tim O v&i mit tru chiéu dtng ; (Hinh 12.11)

Giai

Mit tru va cau giao nhau theo duong cong ghénh bac 4

Vitru L P, nén ta biét duoc hinh chiéu dting cua giao tuyén la cung tron: 1,2,3,4,5; thudc
duong tron hinh chiéu dimg suy bién cia tru

Hinh chiéu bang ciia giao dugc vé béng cach gin vao duong tron vi tuyén nam ngang cta
cau; ta nhan dugc hinh chiéu bang cia giao tuyen la duong cong phang bac 4 kin
112,3:4,5:14°13°12°11;. Trong d6: 2, 2°; 1a cac tlep diém cua hinh chiéu bang cua giao voi
duong sinh bao hinh chiéu bang cua tru

Vi mp B d6i xtmg chung ciia cau va try song song P, nén hinh chiéu bang ctia giao tuyén d6i
xtng qua duong thiang (B1)
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_ Xét thay khuét cta hinh nhu (hinh 12.11)

% Vidu4
Hay vé& giao tuyén ctia mit nén v6i mat tru chiéu dimg ; (Hinh 12.12)

Giai
_ Mat tru va nén giao nhau theo duong cong ghénh bac 4
Vi tru L P, nén ta biét dugc hinh chiéu ding cta giao tuyén 1a cung tron: 1,253,425,6275
thuoc duong tron hinh chiéu dtng suy bién cua try

S,

[\O]
[}
[l
S}
[}
=
|
|
|
1

| L

Hinh 12.11 Hinh 12.12

Hinh chiéu bang cua giao duoc vé bang cach gan vao duong sinh cua nén; ta nhan dugc hinh
chiéu bang cua giao tuyén la duong cong phing bic 4 kin: 1,2°,3°14151617,6°157141312111.
Trong do: 2y, 2/, 61, 6’y la cac tiép dlem cta hinh chiéu bang cua giao véi duong sinh bao
hinh chiéu bang cia nén ; 5, 5°; 1a céc tiép diém cua hinh chiéu bang ctia giao v6i duong sinh
bao hinh chiéu bang cua tru

Vimp B dbi xtmg chung ciia nén va try song song P, nén hinh chiéu bang cua giao tuyén dbi
ximg qua dudng thang (B)).

Xét thay khuét cua giao nhu (hinh 12.12)

*

% Vidu5
Hay v& giao tuyén ctia nira mit xuyén cé truc t L P, véi lang tru (abc) chiéu bang;
(Hinh 12.13)
Giai
_ Hinh chiéu bang cia giao tuyén 1a doan 8,10, va duong gap khuc 4,2,7, thudc tam giac hinh
chiéu bang suy bién cia lang tru (abc)
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Pé v& hinh chiéu dimg cia giao tuyén ta gin cac diém thudc cac dudng tron cua xuyén nam
trong mit phing vudéng goc truc t. K&t qua nhan dugc hinh chiéu dimg cua giao tuyén 1a hai
dufmg hé 12223242526272 va 82921021 12 (hai du(‘rng hévi o dﬁy chi xét ntra xuyén)

Xét thay khuat ctia hinh nhu hinh 12.13 véi cha ¥ nhimg diém ndm ntra trude cua xuyén dugc
théy trén hinh chiéu ding, cu thé cung 3,4,5;va 9,10,11, théy; cac cung con lai khuét trén
hinh chiéu dimg .

Hinh 12.13
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