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CHUGONG 1.

CAC KHAI NIEM CG BAN VE PO THI.

1.1 PINH NGHIA & THIi DU.

1.1.1 PINH NGHIA.

1.1.1.1 D6 thi c6 dinh huéng.

Mo6tdothi G = G(X,U) dudc xdc dinh bdi

- Tép httu han X = {x1,X2,.., Xa} tap cdc dinh hay nut.

. Tap U = {uuy..uy} I XxX tap cdc cung (canh).

D0i v6i mot cung u = (xj, X)), xi 1a dinh di, x; 1a dinh dé€n (hay con goi 1a gbc va
dich). Cung u dit¥ x; va dén x;

Cung u dudc bi€u dién mdt cach hinh hoc nhu sau :

0 »(

Xj Xj
FIG.1.1. Cung u=(xj, xj)

Mot cung (x, xj) dudc goi 1a mot vong (Khuyén).

]

<_

Mot p-do thi 12 mot do thi trong d6 khong ¢6 qud p cung dudi dang (i,j) giita hai
dinh bat ky.
Thi du.

x1

0,
‘—
O uz

| S

@) > @)
X2 ur X3
FIG. 1.2. b6 thi x4c dinh bdi (X,U),
X = {X1,X2,X3, X4,x5}; U = {u1, uz u3, u4, us, ue, u7, usg}
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1.1.1.2 Do thi khong dinh huéng.

Khi khdo sdt mot vai tinh chat, sy dinh huéng cia cdc cung khong déng mdot vai
trd gi. Ta chi quan tim dén sy hién dién cla cdc cung giita hai dinh ma thoi
(khong can dinh ro thit tw). Mot cung khong dinh huéng dugce goi 1a canh. D6i vé6i
mot canh u = (x;,x;), ududc goila CANH TOI cia hai dinh x; va X;.

Thi du.

FIG. 1.3. D0 thi xdc dinh bdi (X,U),

X = {x1,Xx2,X3 X4,X5}; U = {uy,u2, u3 uy,us, ug, uy, ug})

d6 thi dugc goila da do thi néu cé nhiéu hon mot canh gitta hai dinh.

Mot d6 thi dude goi 1a don néu:

1.
2.

Khong phdi la da do thi ;
Khong ton tai mdt vong nao.

Hai canh u va v dudc goi 1a song song khi ching cluing 1a canh t6i ctia hai dinh
phan biét. Ky hiéu u | v.

Theo thi du trén, tacé u; | u,

Truong My Dung 2
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1.1.1.3Mét so dinh nghia co ban.
» ANH XA DA TRL

K/
%

xj dugc goila PINH SAU (SUCCESSEUR) clia x; néu (x i,Xj) T U
Téap cdc dinh sau ciia x; ky hiéula Gxi).

X; dugc goi 1a PINH TRUGC (PREDECESSEUR) ciia x néu
(x;;x)) 1 U; Tap cdc dinh trude cia x; ky hiéula G'(x)).

Anh xa Gdugc dinh nghia :v6i moi phan tif cda X, tuong ng v6i mot
tip conclia X dudc goila moét ANH XA PA TRL

D6i v6i mot 1-d6 thi, G c6 thé hoan toan xdc dinh bdi  (X,G), day 1a mot
ky hiéu co s8 thudng ding trong ciu tric dit liéu : DANH SACH KE.

THI DU. Trong do thi dugc dinh nghia § hinh v€& sau. X = {X,X2,X3,X4,X5};

A

= KE
o

o

0’0

L] BA

Y/
0’0

Ba

G(x1) = x2; Gx2) = {x3,x4} ; Gx3)={x4,X5} ; Gx4)={x 1} ; QX 35)={x4}.

x1 4
o <

l T /O X5
O » O
X2 X3

FIG. 1.4. P6 thi xdc dinh bdi (X.G)

Hai dinh dudc goi 1a ké néu chiing dudgc ndi bdi mot cung (canh).
Hai cung (canh) dudc goi la ké n€u ching c6 it nhat mot dinh chung.

C CUA PINH.
Nita bac ngoai clia dinh x;, ky hiéu d*(x;) 12 s6 cdc cung khdi dau tir
(hay dirati) x; . Tacé d(x;)=card (Gkx;)). (ky hiéu card(A) chi s&
phan tif cla tap A).

Nifa bac trong clia dinh x;, ky hiéu d(x;) 1a sd cdc cung két thiic tai
(hay di vao tir) xi . Ta c6 di(xi)=card(G"(xi)).

Bac cha dinh x;, d(x;)=d(x) + d'(x;). Bic clia mot dinh trong mot
d6 thi khong dinh hudng 12 téng sd cdc canh tdi clia né.

¢ clia mot dinh c6 vong dugc cong thém 2 cho mdi vong.

THIDU. [xem FIG. 1.4].

Truong My Dung
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d*(x4)=1 ; d(x4)=3; d(x 9=6. (Vi tai dinh x4 c6 mdt vong).
% Dinh c6 bidc =0 dugc goi la dinh ¢6 lap.

% Dinh c6 bac =1 dudc goi la dinh treo va cung (canh) téi cia né
dudc goi 1a canh treo.

<+ DPINH LY (cong thiic lién hé giita bic va sd canh).
1. Téng bic cdc dinh =2 x sd canh.
2. Xét do thi ¢6 dinh huéng G = (X, U). Ta c6
A d'(x)= & d(x) = card(U) (s6 cung).
CHUNG MINH. Truy chiing theo dinh.
< HE QUA. S& dinh bic 18 13 s8 chén.
CHUNG MINH.
& d(dinh bac 18) + & d(dinh bic chin) = 2 x s canh.
= PO THI BU.
G=(X, U) va 'G=X,"U). (xpxp) T U b (xpx) T "Uet(xix;))T U
P (xix)l "U.
"G dudc goi la do thi bu cia G.

* PO THI RIENG PHAN (B} PHAN).
G=X,U) va U, | U GF=X,Up) la motdo thiriéng phan ciia G ;

* POTHICON.
G=(X,U) va X, | X. G=(X,V) 1a mot do thi con cia G; trong dé
V la thu hep cia ham dic trung cia U trén  X,.

V={x /)T UCXex X}, " xil X Gxi)=Gxi)CX.
= PO THI CON RIENG PHAN. Téng hgp hai dinh nghia trén.

THI DU. Mang giao thong dudng bo cd nudc.
< Mang xe bus : do thi riéng phin.
% Mang giao thong dudng bo T.P. H6 Chi Minh: do thi con.
< Mang xe bus T.P. H6 Chi Minh: d6 thi con riéng phan.
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PO THI d6i xing ‘xixp) 1 UP (xix)1 U

= PO THI phén d6ixing: (x;x) T U b (xjx) 1 U.
= PO THI phanchidu :(xix) 1 U" x;1 U.
= PO THI bic cau cxix) 1 U xjxl U P xixo 1T U.

= PO THI daydad c(xi,xp) I U P (xj,xi) I U (c6 duy nhat mot canh
gitta hai dinh). M6t d6 thi dd c6 n dinh sé& c6 n(n-1)/2 canh. Ky hiéu K,

* CLIQUE :Tap céc dinh ctia mot do thi con day du.

= PO THI HAI PHAN (LUGNG PHAN) G=(X,U) néu :
1. X phin hoach thanh X; va Xo.
2. 0" (X],Xz)i U thi x; 1 X]y Xzi Xo.

Néu Card(Xi) =n, Card(X2) = m, ky hiéu Knm.

Thi du : P06 thi sau ludng phan, nhung khong day di.

E><j O\ / O\ /O
(@] O
K, Ks»
= PEU.La db thi ma moi dinh c6 ciing bic.
THIDU. /‘\
X2 [ S
O

s
X

X3

4

FIG. 1.5. D06 thi phdn chi€u , phdn ddi xing, bic cau va day du.
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1.1.2 THIDU.

» THIDU 1. DBudng di ng&n nhat.

Baito4an 1. Cho mdt do thi cé dinh huéng, G = (X,U), modt dinh gid
v:U® R va s,t lahaidinh phin biét cia X.

Bai toan dit ra. Tim dudng di ngdn nhit gitta s va t?
Loi gidi. Thuat gidi Dijkstra, Bellman-Ford (xem Chuong 3).
= THIDU 2 Caiy phd t6i thi€u.

Xét bai todn trén mot mang, ching han mang cung cip dién, nudc tir mot
nguon duy nhat.

Bai todn 2. Mot d6 thi khong dinh huéng G = (X,U), mot ham dinh gid trong
lugng v:U ® R" va hai dinh phianbiét s,tcia X.

Bai toan dit ra. Tim mot cdy phi véi trong lugng t6i thiéu ?

Li gidi : Thuat gidi Kruskal, Prim (xem Chudng 2).

Truong My Dung 6
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1.2 BIKUDIEN PO THL
C6 rat nhieu cidch d€ biéu dién d6 thi. Tuy nhién, cdc cdch bi€u dién nay khong
twong duong vdi nhau theo quan diém cila cdc thuit todn. Ngudi ta, phan biét mot vai

cdch biéu dién chinh, ching han biéu dién biing ma tran k&, ma trin t6i dinh — cung
(hay dinh — canh trong trudng hgp khong dinh huéng) va bing danh sich ké.

1.2.1 Biéu dién bing cdch si dung cidc Bang.
1.2.1.1.  Ma tran ke.

Xét mot 1 - do thi ¢6 n dinh. Ma trdn ké 12 mot ma tran (n x n) c6 n hang tuong dng
vdi cdc dinh khéi ddu va n cot tuong dng vdi cdc dinh két thic, duge dinh nghia nhu

sau :
xij = 1 (True) néucé motcung (canh) ndix; va X
= 0 (False) ngudc lai.
THI DU. X2
@)
Uo U Uy
O ) @)
X1 us X3

FIG.1.6. 1. Db thi.

Ma tran ké ctia do thi nay nhu sau :

X1 X2 x3 = két thic
x1 0 1 1
X2 1 0 1
X3 0 0 0
khdi dau

Truong My Dung 7
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1.2.1.2. Ma tran téi dinh - cung (dinh - canh).

B3

* Dong «  dinh.
Cot « cung (canh).

®
L4

Cho d6 thi G = (X, U). Mot ma trin téi A = [aijj] dugc dinh nghia nhu sau :
Né&u canhu = (x;, Xj) 1 U thitrén cotu, a, = 1, a, =-1,ngudclaithico gid tri0.

THI DU. D& véi 1. D6 thi § hinh FIG .1.6. ta c6:

U1 (15} us Uy
x1 1 -1 1 0
X2 -1 1 0 1
X3 0 0 -1 -1

CHU Y : T8ng cdc dong bing khong (mot cung c6 dinh gbc va mot dinh két thic).
Tat cd cdc ma trAn con vudng déu c6 dinh thirc bing 1, -1 hay 0.

C6 mot cach khac cho ma trdn téi nhu sau :
Cho d6 thi G = (X, U). Motma trin t6i A = [aj;] dudc dinh nghia nhu sau :
au = 1 néu u=(xi,xj) 1 U
= 0 ngudgc lai.

THI DU. B6i v6i 1. D6 thi & hinh FIG .1.6. ta c6:

ug u? us3 u4
xl 1 0 1 0
X2 0 1 0 1
X3 0 0 0 0

CHU Y : Téng cdc dong bing sd cdc cung tdi.
1.2.2 Biéu dién bing cich sif dung cic con tré.

Lai ich ctia cdch bi€u dién bing con tré hay Danh sach ké (nhd vao d4nh xa da triG) 1a
gidm thi€u chd trong bd nhd.

THI DU. P&i v6i 1.d6 thi cia hinh FIG.1.6. ta c6:

X3

X1 —> x2 —> x3 \
X2 > X1 > x; \
>

Truong My Dung 8
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1.3 PHEP DUYET Db THI. (Parcours de graphes).

Nhiéu bai todn trén do thi cin khdo sdt sy vét kiét cdc dinh va cdc cung
(canh) cda do thi. C6 2 cdch duyét do thi: phép duyét theo chiéu sau (Parcours
en profondeur) va phép duyét theo chiéu réng (Parcours en largeur).
1.3.1. DUYET THEO CHIEU SAU.

NGUYEN LY :

Khdi tir mot dinh, di theo cdc cung (canh) xa nhit c6 thé. Tré lai dinh sau

clia canh xa nhat, ti€p tuc duyét nhu truéc, cho dén dinh cudi cling.

Thi du. Ta cé Cfé thi theo hinh vé sau :

l><l\/\

» O «—O

56 S3 S izt

o)

Sg
FIG. 1.7.

Phép duyét theo chiéu sau thuc hién trén do thi & hinh FIG.1.7 nhu sau :
» Khdi tir dinh s,. Pinh dau tién dudc duyét 1a s,

= Khdi tit dinh s;. Pinh dugc duyét 1a s,. Pinh sau cda s;1a se.

= Khdi tir dinh s¢. Pinh sau cta s; 12 ss.

= Khdi tir dinh s;s. Pinh sau cda s, 1a s-.

= Khdi tr dinh s7.

= Khadi tir dinh s,. Binh dugc duyét 1a s,.

=  Khdi tir dinh sg.

» K&t thic vi tit cd cdc dinh da dugc duyét.

Truong My Dung 9
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Ky hiéu :

s[k], k:1..n latap dinh c6 n phan t, dudc ddnh s6 thit ty tir 1 dén n.
Markl[k], k : 1..n 12 ham nguyén :

= 1 néu dinh da dugc duyét (c6 nghia da dugc danh dau),
= 0 ngudc lai.

Ma tran k& a, dudc dinh nghia nhu sau :

ali,jl = 1,néu(i,j) 12 mdt cung (canh ) ctia d6 thi G.

= 0 ngudc lai.

Dang dé qui

Chudng trinh chinh :
For (inti =1;i£ n;i++) Mark[i]=0 ;
For (inti =1;1i£ n;i++) if( Mark[i] == 0) then DFS(Q) ;

Thi tuc dé qui: Duyét theo chiéu sau bat dau tir dinh k.
Thi tuc DFS(intk) ;

{
Mark[k] =1
// Duyét cdc dinh trong ma trin ké cta dinh k
For (intj=I1;j £ n ;j++)

if (Mark[j] == 0 && a[k][j]l==1) DFS(j) ;
} End DFS

Do phic tap cla gidi thuat :Do6 thi c6 n dinh va m cung(canh).
= Trudng hop luu trit d6 thi dudi dang ma trdinké  : O(n?).
Trudng hop luu trit do thi dudi dang danh sach ké : O(max(n,p) ).

Truong My Dung 10
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1.6.2. DUYET THEO CHIEU RONG.
NGUYENLY :
» Khdéi tir mot dinh s bat ky, ta duyét tit cd nhitng dinh sau clia S,tap
G'(s) trong trudng hgp do thi ¢6 dinh huéng (tdp G(s) :tap tit cd cdc dinh

ke ctia s trong trudng hgp do thi khong dinh huéng) .
* Saudé xétvi G'(s) (hay G(s)) va dp dung lai cach duyét giéng nhu s.

Thi du 1. Ta c6 do thi theo hinh vé FIG 1.7. Duyét theo chiéu rong nhu sau :

Sl 88
1 f
S3 L S50 o S™o S4f
S2 O Sg O

Duyét theo chiéu rong nhu sau :

/.
/
A
7

o 8

o0

Truong My Dung 11
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1.4 TINHLIEN THONG CUA PO THL
1.4.1. DAy chuyén - Chu trinh.
Mot ddy chuyén trong mot do thi khong c¢6 dinh hudng 1a mot diy lién ti€p cdc canh, sao

cho mdi mot canh ¢6 mot dinh chung vé6i canh ti€p theo. Mot chu trinh 12 mot day
chuyén ma c¢6 it nhat mot canh ¢6 dinh khéi dau va dinh két thic tring nhau.

Thi du.

x1 Ue

X4
@)
7\
uy u, Uj Uy
u

O O

X9 Ujg X3
FIG.1.8. <us,up,ueu7> la mdt day chuyén, <uguzug>la mot chu trinh.

14.2. DPuong — Mach.

Pudng va mach 1a khdi niém diy chuyén va chu trinh trong trudng hgp do thi c6 dinh
hudng.

THI DU.

FIG.1.9. <usuzus,us> la mot dudng, <uguz,ue>1a mot mach.

Tap con cdc dinh lién két cia mot dudng duge goi la BAO CHUYEN.

Truong My Dung 12



Simpo PDF Merge and Split Unregistered Version - http://www.sinfWs-¢gfihai niém o bin vé Do thi.

Thudt ngir HANH TRINH (PARCOURS) d€ chi nhém lai cdc dudng, cdc day chuyén,
cac mach va cdc chu trinh. Mét hanh trinh dugc goi la :

o SO CAP : Né&u T4t cd cdc dinh hgp thanh déu phan biét.

%  DON : N&u tat cd cdc canh déu phan biét.

<  HAMILTON : Pi qua ding mot Ian d6i véi mdi dinh cda do thi.
o EULER : DPi qua ding mot [an tai mdi canh clia do thi.

o TIEN HAMILTON: i qua it nhat mot [an d8i véi mdi dinh ciia do thi.

o TIEN EULER (CHINOIS) : Bi qua it nhAt mdt [an tai mdi canh cta do thi.

14.3. Tinh lién thong .

Mot d6 thi khong dinh huéng dugc goi 1a LIEN THONG (CONNEXE) néu vdi moi cip
dinh déu c¢6 dudng ndi.

THANH PHAN LIEN THONG 1a m6t db thi con lién thong t6i dai.

THIDU:
O > 0
X3 X4 X5
FIG.1.10. D6 thi c6 hai thanh phan lién thong.
PINHLY 1

Mot d6 thil1a lién thong néu va chi né€u né ¢6 mdt thanh phin lién thong.
Ching minh. Hién nhién.

PINHLY 2.
Mot do thi c6 ding hai dinh bac 18 thi phdi c6 mot dudng ndi hai dinh nay.

Truong My Dung 13
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Chiéng minh. Chitng minh bing phdn ching.
144. Lién thong manbh.
Mot do thi c6 dinh hudng dudgc goi la lién thong manh né€u véi moi cip dinh phan biét
c6 mot dudng ndi ching.
Mot thanh phin lién thong manh (CFC) 1a do thi con t6i dai lién thong manh.

PINH LY
Mot d6 thila lién thong néu va chi né€u né c6 mot thanh phan lién thong manh.

Ching minh. Hién nhién.

1.5 PO THI EULER.

1.5.1. Bai todn 7 chi€c cau.

7

Pay 12 tinh hudng c6 that § Konigsberg (nudc Piic), ¢ hai viing bi ngiin cdch bdi mot
dong song va c6 hai cli lao § gitia song, 7 chi€c ciu ndi nhitng viing ndy véi nhau nhu
minh hoa trong hinh vé trén. Ngudi dan trong vung thdch d6 nhau 1a thd tim cdch
xudt pht tir mot ving di dao qua mdi chi€c cau ding mot [an va tré vé ndi xuit phat.
Niam 1736, nha todn hoc Euler d3 mo hinh héa bai todn naybiing mot do thi vo huéng
véi mdi dinh tng v6i mot viing, mdi canh ng v6i mdt chi€c ciu. Bai téan dugc phat
bi€u lai cho d6 thi trong hinh v& bén dudi, hay tim mot dudng di trong do thi di qua
mot [an trong tit ci cdc canh va sau d6 tré vé dinh xuat phat. Viéc gidi bai todn dua
dén cdc dinh 1y EULER.

N

FIG. 1.11. Bai toa 7 chiéc cau.

Truong My Dung 14
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1.5.2. Dinh nghia.

Do thi khong dinh hudng (c6 dinh huéng) EULER 1a d6 thi khong dinh huéng
(c6 dinh hudéng) c6 chita mdt mach (chu trinh) EULER.

Thi du.

AN

BQO F

O
C E
O/

D

FIG. 1.12. <ABEDCEFCBFA.> la mach EULER.

D6 thi sau diy khong c6 mach EULER, nhung ¢6 cdc dudng EULER.

A
o\

BO F

cC E

FIG. 1.13. <EBACBDCED> la m¢t dudng EULER.

1.5.3. Pinhly EULER.

* Dinhly 1. M6t do thi khong dinh huéng, lién thong 13 d6 thi EULER néu va chi néu
moi dinh ctia G c6 bac chin.

* Dinhly 2. Cho G= (X,U) 1a mot do thi ¢6 dinh hudéng, lién thong manh. Khi dé G 1a

do thi Euler né€u va chinéu ta c6 :
d*(x) = d (x) v6i moidinh x.

Truong My Dung 15
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= Pinh 1§ 3. Cho G=(X,U) 1a m6t do thi khong dinh hudng, lién thong. Khi d6 G ¢6
dudng Euler n€u va chi néu G ¢6 ding 2 dinh c6 bac 18.

A
O\
BQO F
CCE/ E
O
D
FIG.1.14. B0 thi khong dinh huéng c¢6 moi dinh ¢6 bac chidn nén
Ja db thi EULER

Thi du.

A
o\

BQO F

cC E

FIG. 1.15. D0 thi c6 2 dinh bac 1& nén khong phai 1a d6 thi Euler,
thda dinh 1y 3 nén do thi sé c6 mdt dudng Euler.

Truong My Dung 16
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1.6 PO THI HAMILTON.

Khdi niém dudng di Hamilton dugc xuat phat tit bai todn « XuAt phdt tir mot dinh clia
khdi thdp nhi dién déu, hiy di doc theo cdc canh cia khdi d6 sao cho di qua diing mot
[an tit cd cdc dinh cla do thi ». Bai todn ndy dudc nha Todn hoc Hamilton dua vao
ndm 1859.

1.6.1. Dinh nghia.

b6 thi HAMILTON 1a do thi c¢6 chita mdt chu trinh HAMILTON.

1.6.2. Tinh chat.

* Dinhly 1. D6 thi ddy dd 1a d6 thi Hamilton. Véin1é 3 3 thi K, c6 (n—1)/2 chu
trinh Hamilton d6i mdt khdong c6 canh chung.
Chitng minh. Hién nhién.

* Pinhly 2. Gid st G 1a do thi don khong c6 dinh huéng ¢6 n dinh, véi n3 3.
N€u v6i moi cidp dinh x, z saocho z khongla dinh ké clia x , tacé:
d(x)+d(z) 2 n
Thi G 132 mot d6 thi Hamilton.
Ching minh. Bai tap.

* DPinhly 3. Gid st G 1a d6 thi don khong c6 dinh huéng c¢6 n dinh, v6i n3 3.
Né&u véi moi dinh ¢6 bac 2 n/2 thi G 1a mdt d6 thi Hamilton.
Ching minh. Suy tir dinh 1y 2.

* Pinhly4.Gi 4 st G 1a do thi don khong ¢ dinh huéng c6 ndinh va m canh.
Néum 3 (n%=3n +6)/2 thi GIla modtdo thi Hamilton.
Ching minh. Ap dung dinh 1y 2.
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CHUGNG 2.

CAU TRUC CAY.

2.1 PINH NGHIA & THI DU.

2.1.1 CAY.
CAy 12 mot do thi khong dinh huéng, lién thong va khong c6 chu trinh.

THI DU.

o\, o
o7 o

@)

FIG. 2.1. Ciy.

* Chiéu dai clia dudng ndi hai dinh lai véi nhau dudc goi 1a khodng c4ch giita hai dinh.

TINH CHAT.
» Giita hai dinh bat ky clia mot cAy sé& c¢6 duy nhat mdt diy chuyén ndi chiing lai v6i
nhau.

* Mot ciy n dinh s& c6 n —1 canh. Cong thém vao cdy mdt canh giita hai dinh bat ky s&
tao nén mdt chu trinh duy nhat.

2.1.2 RUNG.

La mot d6 thi khong dinh huéng va khdng c6 chu trinh (Khdng lién thong manh) Mbi
thanh phan lién thong clia mot rirng 13 mot cay.
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2.1.3 CAUTRUC CAY (CAY CO GOO).
LA mot dd thi c6 dinh huéng sao cho mdi dinh déu c6 mdt dinh trude trir mdt phan ti duy
nhit khong c6 , dugc goi1a GOC. Vi moi dinh x thi c6 duy nhit mot dudng tit goc di
dén x.

Xét mot dinh x ctia mot cdy Tcé goclar:

= Mot dinh y bit k¥ niim trén dudng hudng tir gdc d€n x, dude goi 1a cdc PINH
TRUGC (ANCETRE ) ciia x, vi x dugc 12 PINH SAU (DESCENDANT) ciia y.

* N&u (x,y)la motcanhcia T, ta goi x1a CHA clia y va yla CON cda x. Hai dinh
cling cha dugc goi 12 ANH EM. Mot dinh khéng c6 con dugc goi 1a LA. Nhitng dinh
khong 12 LA dugc goi 12 PINH TRONG.

* Chiéu dai cia dudng tir goc d&€n dinh dugc goi 1a do sdu ctia dinh d6.

* Mifc (Niveau) ciia mot dinh trong T 1a khodng cdch tir goc dén x.

> Mic cda niit g&c =0.
o Mic cda niit khdc gdc = Mifc clia cAy con nhd nhat chita né + 1.

* Chiéu cao hay do sau (Hauteur, profondeur) ctia cAy 1a gi4 tri I6n nhit clia midc cia
cac dinh trong ciy.

* N&u mdi dinh trong ciy c6 tdi da hai con, thi ta goi d6 12 cAy nhi phan.

0,
°n

* Bic cua nit & bac cia cay (Degrée).
Bac clia nit1a s cdy con clia nit d6.
% Baic clia cAy 1a bac 16n nhit clia cdc nit clia cAdy. Néu ciy c6 bac 1a n, ta goi la
cdy n-canh.
THI DU . Cay 3 —canh c6 gdc,véi 8 dinh va c6 do cao 1a 4.

/?< Mtc 0.
d(4)=2 @ @ @ d(3)=0 -----Mc 1.
/ N d(2)=0

............. a5)=2 (5 ) (0) M 2.

d(9)=0

|
d(6)=0 \>J e @d(7) =1 Miic 3.
s

FIG.2.2. Cay cé6 goc.
2.1.4. THIDU.
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*  Doi khi ta c6 thé biéu dién mot quan hé bao ham thifc clia nhiéu tip hgp bing mot

cu tric cay.
Thi du. Bao ham cia cic tap hdp sau c6 thé biéu dién thanh ciu tric cAy nhu sau :

B,C,D c A. A
E.F, G, H c B. / ‘
M, N c D. C
I c E / | \\
J.K c F. M N E F G H
L c H ¥ F X L’
= Mot Bi€n cé cau triic c6 thé bi€u dién du6i dang ciy.
SINH VIEN
e T
CAOPANG  DPAIHOC HO TEN /SIN<
NGAY NOI
N T N TP Q
= Biéu thic s& hoc. Biéu thic +—_
X = (x=(2*y) +H((x+(y+2)) *z) - *
¢6 thé biéu dién thanh hinh cdy X /\/*\ l+\ z
nhu sau : 2 y N T+
AR
y VA
= Vong loai trong m6t cudc thi dau béng ban.
% Vongl.J da/u VO'% T, F dau/vdl M, L dau véi P. _— J —~
s Vong2.J dauvéi M, L dau véi Ph - J ~_ /Ph ~_
% Vong3.] dau Ph. J M L Ph

% Cudi ciing J thing. /| /| A

J T F M P L
= Cautrong ngon ngit ty nhién (hay trong ngén ngi 1ap trinh)

Ferme ~
D6i v6i cau « Le Pilote ferme la porte » /Pilote porte
C6 thé bi€u dién dudi dang Le la—"
* Ty dién cé thé t§ chifc theo hinh cay. o

Ching han ty dién gdm cic tir ART, T ou
ARTICLE, ASTISTE, COU, COUR,
COUTEAU, COUVE, COUVENT, * 1 * R TEAU VE

COUVER c¢6 thé bi€u dién theo VAN | N
R

hinh vé sau. Ky tu «*» chi chdm dit CLE STE * ¥ % NT
mot tr. Chi y, thit tvt ALPHABET ‘
theo thit ty tir phai sang tréi. * * * Ok
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2.2 TINH CHAT CO BAN.

2.2.1 PINHLY 1.

Cho

el

6.

G 1a motcay biac n> 1. Céc tinh chd't sau day tuong duong vdi nhau :

G lién thong va khong c6 chu trinh.

G lién thdéng va ¢c6 n -1 canh.

G khdng c6 chu trinh va ¢c6 n -1 canh.

G khdng c6 chu trinh va néu thém vao mot canh giita hai dinh khong ké sé
tao mot chu trinh duy nhat gita ching.

G lién thong t5i thi€u(co nghia 13 néu x6a di mot canh ba't ky thi G khong con
lién thong nira)

Moi ciip dinh ¢6 duy nhit diy chuyén ndi ching.

CHUNG MINH. Bai tap.

2.2.2 PINHLY 2.

Mot dd thi G = (X,U) 12 mdt dd thi c6 chita mot dd thi riéng phadn néu va chi néu
G lién thong.

CHUNG MINH. Bai tap.

2.2.3 PINHLY 3.

Moi CAu tric cdy 1a mot cay.

CHUNG MINH. Bai tap.

Truong M§ Dung 21



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.coffong 2- Cu tric Cay.

2.3 CAY NHI PHAN.

2.3.1. PINH NGHIA (THEO BE QUI).
Mot cay nhi phan B hodcla & hodc c6 dang :
B=<0,B,, B;> trong d6 :
O : gbc,
B;: ciy con trdi va
B, : cdy con phai.

2.3.2. BIEU DIEN CAY NHI PHAN.

THI DU.
/ @\

®  ©
0
°e

% SUDUNG BANG. C6 thé dinh nghia ki€u dit liéu nhu sau :
Type Arbtab = Array [1..n] of Record v:t;

G : integer ;
D :integer ;
End ;
Vi thi du & trén, ta 6 :
Trai Phai

1
2 d 0 8
3 a 5 6
4 e 0 9
5 b 2 0
6 ¢ 4 0
7
8 f 0 0
9 g 0 0
10

% SUDUNG CON TRO. C6 thé dinh nghia kiu dit liéu nhu sau :
Type Pt = “nut;

nut = Record
G :Pt;
Val:t;
D :Pt;
End ;
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2.3.3. DUYET MQT CAY NHI PHAN.
C6 3 c4dch duyét mot cay nhi phan (phu thudc theo goc).
1. THU TU TRUGC (PREFIXE).
= Xuly gdc.
= Duyé€tcay con tréi.
* Duyét cay con phai.
2. THU TU GIUA (INFIXE).
= Duyét cdy con trai.
* Xily gdc.
= Duyét cay con phai.
3. THU TU SAU (POSTFIXE).
= Duyét cay con trai.

* Duyét cay con phai.
= Xuly gdc.

THI DU. Theo cdy & thidu trén, ta cé :

* Truéc: abdfceg
» Gita :dfbaegec
= Sau :fdbgeca

2.4 CAY PHU.

2.4.1. DINH NGHIA.

Cho mdt dd thi vo huéng G. Mdtcidy H goila ciy phii cda G néu H 1a cay riéng
phianclda G chita moi dinh cia G.

24.2. DINHLY.

D6 thi G ¢6 cay phd n€u va chi né€u G lién thong.
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2.4.3. GIAITHUAT TIM CAY PHU.

Xét mot do thi G.
GIAI THUAT.

®= Budc 1. Chontuy y motdinh cia G ditvao H.

" Budc 2. Néu moi dinh clia G déu niim trong H thi dirng.

" Butfc 3. Néu khong, tim mot dinh cia G khong nim trong H ma né c6 thé ndi
né v6i mot dinh cta H bing mot canh. Thém dinh va canh nay vao H. Quay
vé budc 2.

THI DU . Cho db thi G theo hinh vé sau :

X3 X2
X1
X6
X4 X5
FIG. 2.3.

s Khéitr x;. T=O.

% Bu6c 1. Chonxy, T={(x1,x2)}.

s BuGc 2. Chon x;, T = {(X1,X2), (X2,X3)}.

< Budc 3. Chon x4, T= {(X1,X2), (X2,X3), (X3,X4)}.

« Budc 4. Chon xs, T = {(X1,X2), (X2,X3), (X3,X4), (X4,X5)}.

% Budc 5. Chonxg, T = {(X1,X2), (X2,X3), (X3,X4), (X4,X5), (X5.X6)}

Ké&tqud : T la cay phiiciaG.

2.4.4. PINH LY.
Coi mot cdy phi H ctia G.
Thém vao H modt canh cia G (khong thudc H), ta dugc mot chu trinh trong H.
Hily mot canh bt ky trén chu trinh nay ra khéi H, ta nhdn dugc mot cdy phlii méi
cia G.
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2.4.5. GIAI THUAT KIEM TRA TINH LIEN THONG.
Xét mot d6 thi khong dinh huéng G.
Ap dung gidi thudt trén vao G. Khi gidi thut dirng.
* Né&u H chita moi dinhclia G thi G liénthong va H 12 mdtcay phi clia G.
* N&u H khdng chita moi dinh cia G thi G khong lién thong va H 1a mot cay
pht cia mot thanh phan lién thong clia G.

THI DU 1. Trusng hop db thi G 6 hinh FIG. 2.3. thi ta c6 G lién thong.

THI DU 2. Cho db thi G theo hinh vé sau :

X3 X2
(] o
X1
X6
X4 X5

< Khéitr x;. T=C.
« Budc 1. Chon x3, T ={(x1,x3)}.
o5 BuGc 2. Chon x4, T= {(X1,Xx3), (X3,X4) }.

Thuit todn dirng. T 12 cAy phi clia mot thanh phan lién thong cia G ma thdi.

2.4.6. GIAI THUAT TIM THANH PHAN LIEN THONG THEO CACH
DUYE T THEO CHIEU SAU.

Do thii tuc duyét theo chiéu siu PROF(s) cho phép thim tit c& cdc dinh thudc cling
mot thinh phan lién thong v6i dinh s, nén sd thanh phan lién thong cla dd thi chinh
bing s& 1an goi dén thii tuc nay. Van dé con lai 14 cdch ghi nhin c4c dinh trong tirng
thanh phan lién thong biing cdch cdi ti€n thi tuc chiéu theo chiéu sau PROF(s) nhu
sau :

THU TUC DFS(int k) ;
//Duyét theo chiéu sau bit diu tir dinh k
{
Mark[k] = socomp;
For (inti=1;i <n ;i++)
if (a[i][k]==1 && (Mark]i]= =0) DFS(@);
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THU TUC CONNEXE ;

{
// Khéi tao s6 liéu ban diu cho Mark (cdc dinh dd duyét rdi) va socomp (s6
thanh phan lién thong
For (int j=1;j<n jj++) { Mark[j] =0 ; Socomp =0 ;}
//Goi thii tuc d€ x4c dinh cdc thanh phin lién thong
For (int i= 1 ;i<n ;i++)
If Mark [i] ==0
{
Socomp = Socomp +1 ;
DFS(@) ;
}
//In k&t qua
}
THI DU.
Sg S1 S2 S3
O O
(@) O
S7 S6 S4 S5

DS

g Khdi tir s; . Goi DFS(1) , ta ¢6 Tap ddnh dau {si, s2, e, $7, Sg}.
» i=3 Goi DFS(3) , ta c¢6 Tap ddnh dau {s;, s4, s5}.

DS

<> K&t qua. C6 2 thanh phin lién thong.

Ci= {si1, s2, S, 57, S3}-
C; = {s3, 54, 85}.
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2.5

CAY PHU TOI THIE U.

BAITOAN 1. Cho mét dd thi lién thong G = (X,U), vi,v6i moi canh u lién két véi
mot con s 1(u) ma ta goila chiéu dai (trong lugng). VAn dé dit ra 1a tim mot cdy
riéng phin H=(X,V) ctlia G sao cho tdng chiéu dai Zl(u) 12 nhd nhat.

THI DU. Bai todn nay thudng gip trong vién thong va trong nhiéu trudng hgp khdc.
Ching han, bai todn dit ra cho ching ta 13 Tim dudng diy cdp ngin nhit d€ nGi n
thanh phd lai v6i nhau ? Céc thanh phd dugc biu dién 1a dinh ctia mot dd thi va
1( (x,y) 1a khodng cdch giita thAnh phd x va y. Mang day cdp ndi bit budc phai
lien thong. O day, van dé 1a tim cAy riéng phin ¢ tdng chiéu dai nhé nhat ndi tat
ca cac dinh ?

BO PE. Néu G=(X,U) 1a motdd thi diy di va néu tit ci cdc chidu dai I(u)
tuong ng clia cac canh déu phan biét thi khi 4y, Bai todn 1 c6 mdt 15i gidi duy nhat

X, V). Tap V={v,va,...,vp.1} nhdn dudc theo cach sau day :

* Chon v; lacanhcé chiéu dai nhd nhat.

] v, 12 canh c6 chién dai nhd nhdtsaocho vy # vi vd V, = {v},v»} khong
chita chu trinh.
. v3 12 canhnhd nhat saocho v3# vy # vi vd Vs3={v;,vo,v3} khong

chtra chu trinh.
= Ct thé, tiép tuc.
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2.5.1. THUAT TOAN PRIM.
Ky hi¢u :

¢ A = Matrinké bi€udién d6 thi, c6 trong lugng, dugc dinh nghia nhu sau :
A=[a] = (1(i,j) = chi€u daicla canh cung dng u=(i,j) € U
oc u=(>,j) ¢ U
0, i=j
¢ M = Tapdinh chua ddnh diu (c6 s6 phan ti 13 no).
¢ Pr(p) = Binh trude dinh p.
¢ d = Tapchiéu daicta Ciy phii c6 chié&u dai ngin nhat.

¢ Mark = Tap dinh da danh ddu (dd xét rdi), dinh nghia nhu sau :
Mark[i]= ¢ 1, né€u dinh da xét roi,
0, ngugc lai.

NGUYEN LY THUAT TOAN.
1.Khdi tao : Xuat phdt tir dinh 1. T = &,

M ={2,..n}
Pr =[1,1,...1]
d =a[l,j], j=1..n (DOng ddu clia ma trinké A)

Mark =11,0...0]

2. G mdi budc lip, chon dinh ddnh d&u 1a dinh c¢6 do dai ngdn nhat.
 k=Argming c v d[x].
< Mark[k]=1.
« Capnhatlai d[i], Pr[i] véi ie M\{k} theo cOng thic:
e d[i] = alki]lnéu d[i] >alk.i].
o Pr[i]l= k.
s Thay M := M\{k}.

Néu M = &. Dirng. N&u khodng , quay lai 2.

Do phic tap : O(m log n).
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THI DU. Ta c6 Ma tranké A, biu dién Db thi § FIG. 2.3., nhu sau :

1 2 3 4 5 6

1 0o 2 3 11 5 8

2 2 0 1 10 00 9
A = 3 3 1 0 6 12 o0
4 11 10 6 0 4 0

5 5 o 12 4 0 7

6 8 9 0 0 7 0

Céc budc cta thuat todn thyc hién nhu sau :

» Géinban daucho: M, d, Pr:
M={ 23, 4,5,6)
d =[0, 2, 3,11,5, 8]
Pr=11, 1,1, 1,1,1]

= Budc 1. Chondinh s,. CapnhdtM,d, Pr:
M={ ,3, 4,5, 6}
d =[0, 2, 1, 10,5, 8]
Pr=11, 1,2 2,1,1]

= Budc 2. Chondinh s3. CapnhidtM,d, Pr:
M={ ,, 4,5, 6}
=[0, 2, 1, 6,5, 8]
Pr=11, 1,2, 3,1,1]
= Buéc 3. Chon dinh ss. CapnhiatM,d, Pr:
M={ , , 4, , 6}
=10, 2, 1, 4,5, 7]
Pr=11, 1,2, 5,1,5]
» Buéc 4. Chondinh s,. CapnhiatM,d, Pr:

M: ’ H 9 ’ 6}
d=[0, 2, 1,4 5 7]
Pr=[1, 1,2, 5, 1,5]

Ta c6 K&t quéa nhu sau :

] Cay Phi ¢6 do dai ngdn nhat theo cdc Budc lip :

T= (x1, X2), (X2,X3), ), (X1,X5) , ), (X5,X4), (X5,X6)} va c6 do dail(T) =19
. Cay Phi c¢6 dd dai ngin nhi't doc két qud theod va Pr :

T= (X1, X2), (X2,X3), ), (X5,X4), (X1,X5), ), (Xs5,X6)} va 6 d0 dai (T) =19
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W

SN

6 Py 8

X4 X5
Cay ban dau

eg—l—e

4

X1

Canh thém vao thit 2

o [ ]
2/
X1 o
N
° 4 °
X4 X5
Canh thém vao thi 4

X2@

:

1 ® X1
: Cay khéi dau

Canh thém vao thit 1

X3 1 X2
@ /0
)
X1 \
5
X5 ®
Canh thém vao thu 3
1
X3. [ ] X2
2/
o @ X¢
X1
5 7
° 4 °
X4 X5
Canh thém vao thit 5.

FIG. 2.3. Tim Cay phii c6 do dai ngdn nhit theo PRIM (s=1).
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252. THUAT TOAN KRUSKAL (1956).
Cho @6 thi G = (X, U) 12 dd thi lién thong khong dinh huéng, c6 trong lugng. Gid
St da sdp x&p cdc canh clia dd thi theo thit tu khdng gidm theo chiéu dai.

Y tudng cha thudt toin KRUSKAL & mdi budc lip, ta bd sung vao tdp canh clia ciy
phi H =(X, T) sao cho khong tao thanh chu trinh.

Thuat todn dirng khi ti't ¢4 cdc dinh cda d6 thi déu dudc ndi, nghia 1a s6 canh ciia H
bing n— 1. Pay la thuat todn « hdu in », theo nghia la & mdi budc, ta chon mot 15i
gidi t6i wu dia phuong va mong mudn 13i gidi t6i uu dia phuong nay 1a t6i wu todn
cuc.

Cay nhan dudc 1a duy nhit néu tit cd cdc canh c6 chiéu dai khdc nhau.
Do phic tap : O(m log m).

THU TUC KRUSKAL ;
Begin
T:={J};
While Card(T) < (n-1) and (U= &) Do Begin
Chon u 1a canh c¢6 d6 dai nhd nhat trong U ;

U := U\{u};

If (T U {u}) khong chia chu trinh) then T :=Tu {u} ;
End ;
If (Card(T) < n-1) Then D6 thi khong lién thong.

End ;
THI DU 1. Xem hinh FIG. 2.3. Ta 6 :
U={(X2, X3),(X1,X2),(X1,X3),(X4,X5),(X1,X5),(X3,X4), (X5,X6),(X1,X6),(X2,X6),(X2,X4),(X1,X4),(X3,X5) }
LU)={ 1, 2, 3, 4, 5 6 1, 8, o, 10, 11, 12)
Céc budc cta thuit todn thyc hién nhu sau :
= Budcl. T={(xx3)}
L(T)y={ 1}

] Buéc 2. T={(xa, X3),(X1,X2)},
Lm={ 1, 2 }

. Budc 3. T= {(x2, X3),(X1,X2), ),(X4,X5) },

L(T)={ 1, 2, 4 }
g Budc 4. T= {(X2, X3),(X1,X2), ),(X4,X5) ,(X1,X5)},
L(T)={ 1, 2, 4, 5 }

. Budc 5. T= {(x2, X3), (X1,X2), ),(X4,X5) ,(X1,X5) , (X5,X6) }
K&t thic vi Card(T) = 5 = 6 (dinh) —1. Tdng chiéu dai nhd nhat = 19.

Chd y. Trong thi du nay, ta tim lai cAy phl gidng nhu trong thuit todn PRIM. Nhung,
trong trudng hgp tong quit, ta c6 thé tim thAy mot ciy phli khdc nhung c6 ciing tdng
trong lugng.
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X2, X3 @

N
2 X,

1 6 ) ®x;
LN lzv
7
o
4 X

| S
X4 4 X5 X4 5

X1, @ X2, X3 X1,X2, X3, @ X4, X5
5 8 ° X6 5 7
/ .
X4, X5 X6

FIG. 2.4. Tim cay phi c6 chiéu dai ngdn nha't theo thuit toin KRUSKAL.
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CHUONG 3.

BAI TOAN TiM PUGNG PI NGAN
NHAT.

Nhitng bai todn tim dudng di trong cdc do thi (dic biét 1a tim dudng di ngin nhat)
dugc ké 1a mot trong nhitng bai todn kinh dién, c¢d trong ly thuyét do thi va c6 nhiéu tng
dung nhat.

3.1. PINH NGHIA.

Cho G =(X,U) la mot do thi cé dinh gid; twong dng v6i mdi cung u=(i, j), c6
mot chiéu dai (hay trong lugng) 1(u) hay 1.

Bai todn tim dudng di ngdnnhit gitta i va j 1a im mot dudng p(,j) tr i
dén j saocho:

W = Y lw

12 ngén nhat.

Dién gidi 1(u): Chi chi van chuyén, Chi phi xdy dung, thdi gian can thiét @€ di
khip....

CHU Y. Baitoan tim dudng di ngn nhat tuong tw v6i bai todn tim dudng di dai nhat.

Nhitng thuit todn khdc nhau theo nhitng tinh chit sau day :

. Iuw) =2 0, Vuel.

. I(u) bing nhau < I(u) = 1, V u € U.(Bai todn dudng di ngdn nhit theo s6
cung)

. G khong c6 chu trinh.

. G va I(u) batky.
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Va loai bai todn sau dugc xét :
¢ Tim dudng di ngidn nhat tf mdt dinh dén cdc dinh con lai,

¢ Tim dudng di ngdn nhat gitta cdc cidp dinh.

3.2. NGUYENLY TOI UU.
Nguyén 1y t6i vu phdt biéu theo sy kién 12 tip dudng di con cia tip dudng di ngin
nhat I1a nhitng dudng ngdn nhat.

2 A

BO DE.
Xét ddthi G= (X,U) va mdot hamtronglugng 1: XxX — R, Cho
C = « Xy, X2,..Xx » 12 dudng di ngdn nhat tr x; dé€n x, va véimoi (i,j) sao
cho 1<i<j<k, Cho Cj = «Xi, Xis1,Xj» la dudng conclia C tr x; d&€n x;.
Khi 4y C;j 12 mot dudng ngdn nhattd x; dén x;.

Nguyén ly ctia nhitng thuit todn tim dudng di ngin nhat :

¢ Mot khoéng cdch d(i) tuong tng véi dinh x;.

¢ O cudi thuat todn, khodng cdch nay bi€u dién chieu dai ng&n nhat tir gdc d€n dinh

dang xét.

3.3. CACDANG CUA BAI TOAN: TU MOT PINH PEN CAC PINH
CON LAL

Bai todn ndy con dudc goi 1a bai todn tim dudng di ngdn nhat tir gdc duy nhat. Nhiéu
bai todn khéc ciing c6 thé diing thuit todn nay dé€ gidi :

. Pudng di ngdn nhat dén dich duy nhat.

. Pudng di ngdn nhat tir cip dinh cho truéc.
. Pudng di ngdn nhdt cho moi cip dinh (thuat todn gdc duy nhit tif mdi dinh).
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3.3.1. THUAT TOAN DIJKSTRA-MOORE (1959).
Gia thi€t 1a cdc canh (cung) (I(u) = 0). Gid st G c6 n dinh ddnh so th ty tir 1 t6i n.
Bai todn ditra la im dudng di ngdn nhat tir dinh 1 d€n cdc dinh con lai trong do thi.

Ky hiéu :
¢ ny = sO phan tk chua chon;
¢ A = Matrinké bi€u dién do thi, c6 trong lugng, dugc dinh nghia nhu sau :
A =[ay] =( I(i,j) = chiéu dai cda canh cung @ng u=(i,j) € U
oc u=(i,j) ¢ U
0, i
¢ Pr(p) = dinh truéc dinh p theo dudng di ngdn nhat tr goc dén dinh p.
¢ d = khodng cich ngin nhat tir gdc dén cdc dinh con lai trong do thi.

Qui udc oo cho cdc dinh khong c6é dudng di tir gdc dén né.
¢ Mark = Tap dinh da d4dnh dau (da xét roi), dinh nghia nhu sau :
Mark[i] = (1, néu dinh da xét roi,
0, ngudc lai.

NGUYEN LY THUAT TOAN.
1. Khéi tao : Xuat phdttirdinh 1; ngp=n—-1:

Pr =[1,1,..1]

d =a[l,j], j=1..n (Dong d4u cla ma trin k& A)

Mark =1[1,0..0]
2. O mdi bude 1ap, chon dinh ddnh d&u la dinh c6 d6 dai ngdn nhat trong nhitng dinh
chua ddnh dau, nghia 1a chon dinh Kk sao cho :
d[k] = Min {d[i] : Mark[i]=0 } ;
Mark[k]=1.
Cap nhat lai d[j], Pr[j] v6i nhitng dinh j chua ddnh ddu (Mark[j]=0) theo
cong thuc:
o d[jl = d[k] + alkj]néu d[j] >d[k] +a[k.jl.
e Pr[jl= k
Néu t4t cd moi dinh dd dugc chon, nghia 1a no= 0. Ding. N&u khong , quay lai 2.

7
.0

*,

5

S

2
‘0

L)

THU TUC DIJKSTRA — MOORE ;
% //Gid st di nhAp ma tran chiéu dai 1 theo dang ma trin ké A
% //Gén ban dau cho d, Pr, Mark, n,.
For (int j=1;j<n;j++) {d[jl =a(l,j);pr[jl=1; Mark[j] = 0;}
Mark[1] =1 ;ng=n-1;
& WHILE (np>0)
{d[k] = Min {d[j] : Mark[j]=0 } ;
// Cap nhdtlai ng,d va Pr, Mark
Mark[k] =1 ;ngp=ng-1;
For (int j=1;j<n;j++) if (Mark [j] = 0) && (d[k]+ a[k,j] < d[j])
{ d[jl = d[k] +a[k,j] ; pr[jl=k}
}
Do phic tap : O(n?) hay O(mlogn)
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THI DU. Ma trin ké A :

N 2
b><i\

FIG.3.1. Do th; c6 dinh hu’dng, c6 trong lugng.

p—

0

A=

Mg ] R OO~
8 8 © 88 8 8 +
R © W N & O W
©S = K88 8 8 8 &

(o) I B LY S I S R

oC
4
oC
0
1

* Gé4n Ban dau. Cho Mark, d, Pr:
Mark =[1, 0,0, 0, 0, 0]
d =[0, 10, 3, o, 6, oc]
Pr =1, 1,1, 1,1,1]
= Budc 1. Chon dinh s;. Céapnhat Mark,d, Pr:
Mark =[1, 0,1, 0, 0,0]
d =10, 7,3, «, 5, o]
Pr =[1, 3, 1, 1,3, 1]
= Budc 2 . Dinh hién thdila s;. Chon dinh ss. Cap nhat Mark, d, Pr:
Mark =[1, 0,1, 0, 1, 0]
d =[0, 5,3, «, 5,6]
Pr =[1, 5 1, 1,3,5]
= Budc 3. Pinh hién thdi la ss . Chon dinh s,. Cap nhat Mark, d, Pr:
Mark =[1, 1,1, 0, 1, 0]
d [0, 5,3, o, 5, 6]
Pr =[1, 5, 1, 1,3,5]
= Budc 4. Pinh hién thdi la s, . Chon dinh se¢. Cap nhat Mark, d, Pr:
Mark =[1, 1,1, 0, 1, 1]
d =[0, 5,3, «, 5,6]
Pr =[1, 5, 1, 1,3, 5]
Thuat todn két thic vi dinh s4, ta ¢6 d[s4] = Min {d[j] : Mark[j]= 0}= d[s4] = oc.
T thuit todn , ta ¢6 két qud sau :

d =0, 5,3, «, 5,6]
Pr =1, 5, 1, 1,3, 5]
* Dudng di ngdn nhattlr s;dén sy : s;—>s3—>s5 —>s; vadodai la 5
* Dudng di ngdn nhattr s; dén s3 : s —> 3 vadodai 1a 3
* DPudng di ngdn nhat tir s; d€nss : s; —>s3 —> 5 vadodai 1a5
* DPudng di ngdn nhattr s; dénsg : s; — S5 —> Sg va do dai 12 6
* Khong c6 dudng di ngdn nhat tir dinh s; dé€n s4 (d[s4] = o), vi khdng c6 dudng no

tr s; dén  sa.
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GHI CHU.

Gia thi€t « Ham trong lugng khong 4m » 13 bit budc. Ching han, sit dung thuit todn
Dijktra-Moore cho do thi & hinh FIG.3.2, din dén két qua sai néu ta chon goc 1a
dinh s;. That viy, dau tién, ta chon dinh s2. (s; — ) trong khi d6, dudng di ngdn
nhat 1a dudng di tirdinh s; dén s, qua s;.

FIG. 3.2.D0 thi c6 dinh huéng, c6 trong lugng bat ky.
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3.3.2. THUAT TOAN BELLMAN-FORD (1958-1962)

Sy hién dién cta diu bat ky cda trong lugng (hay chiéu dai ) cho phép, ching han,
c6 thé cdi ti€n chi phi hay 1¢i nhuan. Thuit toin DIJKSTRA-MOORE khéng cho
phép xét téi nhitng canh (cung) c6 trong lugng khong am, vi trong trudng hdp mot
canh dugc d4anh diu, thi ta khong thé thay ddi gi cho nhitng budc lip ti€p theo. Thuat
todn DIJKSTRA-MOORE con dugc goi 1a gdn nhan ¢ dinh .

DPé gidi quyét cho trudng hgp do thi c6 trong lugng bat ky, ta mot xét thuat todn cho
phép mot danh dau chi duge xdc dinh hoan toan khi thuat todn két thic. Mot kiéu
thuat todn nhu vay dugc goi 1a diéu chinh nhan.

Thuit toin BELLMAN-FORD chi c6 gi4 tri cho cdc do thi khong c6 chu trinh, ¢
trong lugng bat ky.

Ky hiéu :
¢ Tap dinh dugc ddnh s& thd ty tr 1 ..n.
¢ Pr(p) = dinh tru6c dinh p theo dudng di ngdn nhit tir gdoc dén dinh p.

¢ d = khodng cdch ngin nhit tir goc dén cdc dinh con lai trong do thi.
¢ Mark = Tap dinh da ddnh ddu (da xét roi), dinh nghia nhu sau :
Mark[i] = (1, néu dinh di xét roi,
0, ngudgc lai.

Khodng cdch ngdn nhit tir goc dé€n mot dinh v chi dugc tinh khi tat cd cdc phan
ti trudc clia v (T (v)) da dudc ddnh dau roi. Mot dinh bat ky, khi chua ddnh
d4u, thi khodng cdch tir goc dén dinh d6 chua biét (chua tinh).

NGUYEN LY THUAT TOAN

1.  Ga4n céc gia tri ban dau.
< Chon dinh s; I1am gdc.
< Mark=[1,0..0];d[1] =0;Pr[l]=1.

2. O mdi budc Lip :
< Chon dinh k chua ddnh ddu sao cho tit ca dinh trudc cda k da d4dnh diu
ro6i, nghiala: Mark[k] =0 va V je I (k): Mark[jl=0
% Cipnhat Mark : Mark(k] =1 ;
% Tinh d[k] = min { d[i] + a[i, k]:i € T "(k)}, va Pr[k] 1a chi s& dat min.

PO PHUC TAP : O(nm). O(n®) Cho cdc db thi dy, i.e., nhitng do thi ma m = n2.
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THI DU.
Gan ban dau : Mark, d, Pr :

% ) '04 Mark =[1,0,0,0,0, 0},

/ d[1] =0;

1 5 >\5 Pr[l]=1
1 1 06 r Q)={1,35I" 3)={1};I" (4)={2,3,6}

2 " (5)={3} ;T7(6)={2,5}
e »0 -1
3 4 5

FIG.3.1. D0 thi ¢6 dinh huéng, c6 trong lugng bat ky, khong c6 chu trinh, goc dinh 1.

BuGe 1. Chon dinh3 vi I"(3)={1} . Cip nhat Mark[3], Tinh d[3] va Pr[3] :
Mark[3] = 1; d[3] =-2; Pr[3]=1;

» Bude 2. O bude lip nay, ta c¢6 thé chon dinh 5 (hay dinh 2).
Cap nhat Mark[5], Tinh d[5] va Pr[5] :
Mark[5] = 1; d[5] = 2; Pr[5]=3;

= Budc 3. Chon dinh 2. Cap nhat Mark[2], Tinh d[2] va Pr[2] :
Mark[2] = 1; d[2] =-1; Pr[2]=3;

= Budc 4. Chon dinh 6. Cip nhat Mark[6], Tinh d[6] va Pr[6] :
Mark[6] = 1; d[6] = 1; Pr[6]= 5

= Budc 5. Chon dinh 4. Cip nhat Mark[4], Tinh d[4] va Pr[4] :
Mark[4] = 1; d[4] =-4; Pr[4]= 6

Thuit todn két thic vi tit cd cdc dinh da dudc chon roi.

Tir thuat todn , ta ¢6 két qud sau :

d =10, -1,-2,-4,2, 1]

Pr =11, 3, 1, 6,3,5]
* Dudng di ngdn nhattlr s; dén sy : S >3 > ) vado dai 1a -1
* DPudng di ngdn nhat tir s; dén s3 : s; —> s3 va do dai 1a -2
* DPudng di ngdn nhat tlr s; dén s4 : s; —> 83 —>S5—>5¢—>s4 vadodai 1a -4
* Dudng di ngdn nhat tir s; d€nss : s; —> 83 —> 5 vadodai la 2
* DPudng di ngdn nhat tr s; d€nsg : S| —>S3—> S5 —> Sg vadodai 1a 1
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34. GIUA TAT CA CAC CAP PINH: THUAT TOAN FLOYD (1962).

Ta sé& tinh mot ma trin khodng cdch n x n. Né&u tit ca chiéu dai khong am (1(u)>0) ta ¢6
thé 4p dung n [an thuat todn Dijktra-Moore cho mdi dinh i. . N&u d6 thi ¢6 chita chiéu
dai am (I(u) < 0) ta c6 thé 4p dung n [An thuit todn Bellman-Ford cho mdidinh i. Thuat
todn Floyd c6 cdch ti€p can khdc c6 1gi cho trudng hdp ma tran day.

Ky hiéu :
% A :ma trin trong ludng, dugc gén gid tri ban ddu nhu sau :

0 néu i=j
Ali,jl= 71G,j) néu (,j) € U
o0  ngugc lai.

% P :ma trin cdc dinh truc, dudc gan gid tri ban ddu nhu sau :
P[i,j] = i, trong d6 P[i,j]1a dinh tru6c clia dinh j trén dudng di tir goci dén j

Khi két thic thuit todn, ta c6 :
P[i,j] = dinh tru6c clia j trén dudng di ngin nhattir gdc i dén dinh j, v6i chiéu
dai tuong tng la A[i,j].
THU TUC FLOYD(L, P)
For (k =1; k<n ; k++)
For (i =1;i<n;i++)
For (j =1 ;)< n;j++)

If (alik] + alkj] < alij])
{alijl:=alik] + alk;j] ; plijl:=plk,j]:}

Po phic tap : O(n®).
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2

THI DU.

ac ma trin A, P.

ho ¢

[au :

ban d

Gan

an

2.2 2 2

Py =

4 4 4

4

Cac budc lap :

k =1.

2 2 2 2

P, =

2.2 2 2

P, =

k=3

0 2 2 3

Py =

0 2 2 3

P, =
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Céch nhan biét duong di ngin nhat.

P& nhan dugc dudng di ngdn nhattr s; dén s;, ta st dung dong thi i cta ma tran
P. Chéng han, ta mudn nhin dudc dudng di ngin nhit p:ss; —> s, ta tham khdo
ma trAn P nhu sau: P[4,3]=2:s, 1a dinh truGc ctia s;3; P[4,2]=1: s; 1a dinh trudc
cia s,; P[4,1]=4 :s41a dinh truGe ctia s

Cudi cing, k€t qua 1a p=s4 —> s| —> so—> s3.

Mot trong ing dung cda Thuit todin FLOYD la tim dudng di gitia hai dinh. Thuat
todn nay dugc WARSHALL phit trién cting nim (1962), va thuit todn thudng mang
tén FLOYD-WARSHALL ».

Ky hiéu :
< A = ma trin ké clia d0 thi, dudc gdn gid tri ban dAu nhu sau :

1 néu (i,j) € U
Ali,jl =7 0 ngugc lai.
<P = ma trin cdc dinh truSc, dudc gdn gia tri ban ddu nhu sau :

0 néu ali,j] =0,
Pli,j] = 1 ngudc lai.

Khi két thic thuit todn :
P[i,j] = dinh trudc clia j trén dudngdi tir dinh i dén dinh j (nghia la a[i,j]=1).

THU TUC FLOYD-WARSHAL(A, P)
For (k =1 ;k<n ; k++)
For (i =1 ;i<n ;i++)
For G =1;j<n;j++)
If (a[ij]l == 0)
{ a[i,j] = a[i,k] *a[k,j] ; pli,j] =plk,j] }

P phidc tap : O(n?).
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CHUONG 4.

PO THI PHANG & BAI TOAN
TO MAU.

4.1. DINH NGHIA VE PO THI PHANG.

Po thi phing 12 mot do thi c6 thé biéu dién trén mot mit phing (hay trén hinh
cau) sao cho hai cung (hay hai canh) khong cit nhau.

Ghi chd. Hai canh c6 chung mdt dinh dudc goi 1a khong cit nhau.

@) O /O\
SN
O O
Cét nhau Khong cit nhau .

Thi du. P6 thi G, 12 do thi phing vd G, , G; 1a cdc biéu dién phing cia G;.
i AN
Q O O, O\ \/O
O

\

Q. O

bo thi G, Biéu dién G,, G3 cuaG;.
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Cho G 1la do thi phing. Mot miit (FACE) cda G 1a mdt mién, gii han bdi cic
canh, khong c6 dinh 14n canh & bén trong. Trong cdc mit nay ludén ludn c6 mot
va chi m6t mit vo han. Puong bién (CONTOUR) cia mot mit r 1a chu trinh
hgp thanh tr cdc canh bién cia r. Hai mat r va s dugc goi la KE
(ADJACENTES) néu dudng bién cda ching c6 chung it nhdt mot canh. Hai mit
khong c6 chung mot dinh nao thi s& khong ké.

THI DU.

<> Mot ban do dia du 12 mot do thi phing (véi dieu kién 1a khong c6 ddo).
Do thi ndy dic biét mdi dinh ¢6 bidc > 3. Mit h la mit vo han, nhitng
mgtconlai a,b,c,d, e, f, g la nhitng mat hitu han.

FIG. 4.1. PO THI PHANG.

®

> Bai toan ba lang va ba nha mdy. Ta c6 3 lang a, b, ¢, ma ta mudn
dit dudng ndi véi 3 nha mdy : mot nha mdy cung cap nuc d, mot nha
mdy cung cAp ga e, mdt nha mdy cung cip dién f. Vande ditrala,ta
c6 thé dit trén mot mit phing sao cho cic dudng din khdng giao nhau
ngoai cdc dinh cyc bién ? P6 thi bi€u dién 3 lang va 3 nha mdy cho phép
dinh nghia mot 16p céc do thi khong phing.

a b C
@) @) @)
[ ] [ | [ |
d € f

FIG 4.2. PO THI KHONG PHANG LOAI 1 : K3 .
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4.2

4.2..1.

CONG THUC EULER, HE QUA & THIDU.

CONG THUC EULER.

Cho mot do thi phiang lién thong c6 n dinh, m canh va f mit, tacé

n-m + f =2

Chitng minh. Truy ching trén s6 canh :

7
0’0

R/
°

m=1.Tacdé n=2dinhva f=1 midt. Tacé n-m+f=2-1+1 =2

Viy cong thitc EULER dtng cho trudng hgp m = 1.

Gia sit cong thitc EULER diing cho trudng hgp do thi G.; ¢6 m; — 1 canh.
Ta s& chiing minh cong thiic EULER ciing diing cho trudng hgp do thi c6 m;
canh.

Goi canh u = (x,y) 12 canh vé& thém vao G, dé c6 G;.

Hién nhién 1a c6 it nhat mot dinh thudc Gi; va u=(x,y) thudc mdt mit K
cia Gij;. Gidst x € Gji.C6 2 trudng hgp xdy ra :

1. y e K. Dodé tacé: X
fi = fi—l + 1.
nj= 1nj
m; = mj.g +1
Tacod: y
n -m; + fi =n - (mi,l + 1) + (fi—l + 1)
=n - mg + fiy = 2

Viay cong thitc EULER dudng.

2. y ¢ K. Tacod:
fi = fi, .
nj= ng; +1
m; = mj.; +1
Taco:
n -m; + fi = (Ili + 1) - (mi_l +1) + fi—l
= n - mj; + fi»l = 2
Viy cong thiic EULER dtng.

Vay cong thitc EULER ding v6i moi m.
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4.2.2. Hé qua.

Trong mot d6 thi don gidn phing, lién thong bat ky ¢6 n dinh, m canh (m > 2)
va fmit. Khi 4y, ta ¢6 :

32 < m < 3n-6. (1)

Chitng minh.

Mbi miit bi bao it nhat 3 canh, mdi canh thudc 2 miit.

Ba canh xdc dinh t8i da 2 mit. Vay s6 mit tdi da 1a 2m/3.

Tacé f< 2m/3. Dung cong thitc EULER suy ra bat ding thic (1).

4.2.3. Heé qua.

Trong tit c4 cdc do thi phing don gidn, c6 it nhat mot dinh ¢ bac < 5.

Chitng minh.
Gi4 st moi dinh c¢6 bic > 6. Khi 4y 2m > 6n = m > 3n > 3n— 6. Miu thuin.

4.2.4. THIDU.
Dung cong thiic EULER, ta sé& ching minh 13 tit cd do thi diy dd 5 dinh Ks Ia
khong phing.

G )

FIG 4.3. PO THI KHONG PHANG LOAI 2 : Ks.
Chitng minh.
Tacésodinh n=5, S6canh m= n(n-1)/2 =10.
Né&u Ks phéng, 4p dung hé qui 3.2.2 tacé:
10=m £3n-6 =3x5-6 =09.
Mau thuin. Viy Ks khong phing.

Truong M§ Dung 46



Simpo PDF Merge and Split Unregistered Version - http:/AANP S opdi gy Bai todn To mau,

Nhan xét.

< DO thi nhitng lang va nhitng nha mdy (Loai 1: Ks3) va do thi day dd 5
dinh (loai 2 :Ks) cho phép dinh nghia tit c4 nhitng do thi ma khong phing.

X3 Ks, K3,3 Cfll’lg la d\é thl Cféu

% DO thi Ks khong phing véi sd dinh nhd nhat, do thi Kz 1a do thi khong phing
c6 s& canh nhd nhat, va cd hai 1 do thi khong phing don gidn nhat.

43. BAT PANG THUC CANH- PINH.
4.3.1. THI DU.
Ta xét bai todn xdc dinh xem do thi G cho tru6c c¢6 phing khong ?

o
2

*

THI DU 1. Cho do thi K, Ky phing.

< THIDU 2. Cho db thi G sau:

a b c d
O @) @) @)
| |
h g f €
G phing vi ta c6 thé vé& lai nhu sau :
g b f
N
a ¢
O
h d e
< THIDU 3. Do thi sau diy khong phing.
a b c
O Q Q
| | |
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1 2 3
4.3.2. BAT PANG THUC CANH - PINH.

Cho G 1a mot do thi phing lién thong c6 n dinh, m canh va dudng bién cia
cdc mitcé s6canh g>3. Khidy, tacé:

m < (n-2) g/ (g-2).
Chiing minh.

Gid st ma trin ké canh- mit c6 dang :

fi fa . f; fr
mj
mp
A = .
my mij
ms
trong do6 :
m;= 1 néu my la canh bién cia f;,
0 ngudgc lai.

Xét hang thtt 1, ta c6 :

> m; < 2 (vi m;la canh bién clia nhi€u nht 2 mit)
Suy ra Z 2 m;j < 2m (1)
Xét cot thit j,tacd:

> m; > g (vi mit f; c6itnhdt g canh bién)

Suy ra D my =>gf 2)

Theo cong thitc EULER, ta c6 :
n-m + f =2 3)

Theo (2),(1),tacé:

gf = g2 + m - n) < 2m
(2 + m - n) < 2m/g
= m(1-2/g) <n-2
= m <(n-2) g/(g-2)
BDT da chitng minh xong.
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4.4.

4.4.1.

4.4.2.

4.4.3.

4.5.

<  THIDU.

Nhd Bat ding thic trén, ta sé chiing minh dudc ring do thi 3 lang va 3 nha mdy
K33, xem hinh FIG. 4.2. khong phing.

That vay, nhan xét ring moi chu trinh trong K33 c6 s6 canh it nhat 1a 4. Vay
néu Kj; phing moi mit phdi c6 sd canh it nhit 1a 4.

Theo Bt ding thic trén, ta c6: 9 = m < (6-2) 4/(4-2) = 8. Mau thuin.

Vay K33 khong phéng.

PHEP PONG DANG.

PINH NGHIA.

Hai d6 thi dugc goi 1a dong dang vdi nhau néu do thi nay c6 dugc bing
c4ch bién d6i do thi kia theo cdch thém dinh bac 2 hoic bd di dinh bac 2.

THIDU. a —b — a c b — a

— b

Thém Bét
Pinh ¢ biac2 vao ab Pinh ¢ bic 2 khdi acb.

PE.

O

B

Gid sit H 1a do thi con ctia G. Khi 4y :
< N&u G phing thi H phing.
< N&u H khong phéng thi G ciing khdng phing.

PE.

O

B

Moi d6 thi 13 phing néu dong dang ciia né 1a phéng.

PINH LY KURATOWSKI.

b6 thi G Ia phing néu va chi n€u G khong chita mot do thi con dong cau véi
Ks cling nhu vé6i K 5,
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4.6.

4.6.1.

4.6.2.

®
L4

0,
°

BAI TOAN TO MAU PO THI

PINH NGHIA.

Phép t6 mau mot do thi 12 phép gdn mau cho céc dinh clia do thi sao cho hai dinh
ké nhau c¢6 mau khdc nhau.

Mot cédch hinh thitc ¢6 thé dinh nghia phép t6 mau nhu sau :

Phép td maula motdnhxa y: X — N saochoV (x,y) € X, yXx)# 7 (y).

THI DU.

n .

FIG 4.4.
S6 mau (phan biét) it nhit cin thi€t d€ t6 mau cdc dinh clia d6 thi G  dugc
goi1a Sictd (CHROMATIQUE) va ky hidula v (G).

Motdothi G v(G)<k duge goila k-sic té.
Chén trén clia sic td dugc chobdi d + 1 v6i d bic 16n nhat cida dinh.

y(G) < d+1
CAC UNG DUNG.

XEP LICH THL

Gid si ta khdo st viéc thi vAn ddp clia mot ky thi. C6 nhitng rang budc sau :
. Mot thay , mot ldc chi c6 thé hdi thi mot em.

. MOt thi sinh thi véi mot thay vao mot thdi gian di dinh trudc.

Su phan bd thi sinh thi véi thdy nao da dugc an dinh trudc. (Thay P; thi sinh
Ej) .

THI DU. (P}, E)), (P1, Ey), (P1, E3), (P2, Ey), (P2, Ey),
BAN PO PIA DU.

Mot bai todn hét sic 1y thd 13 t6 mau cdc ban dd sao cho hai viing khdc nhau
khéng cung mot mau.
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4.6.3.

4.6.4.

4.6.5.

THUAT TOAN TO MAU.
DULIEU : Pbthi G=(X, U).

KET QUA : Motphépto mau y:X — N.

BEGIN.
Cho 1 = Xj, X2, ...X, 12 mot phép ddnh s6 thit ty cdc dinh cla G.
Cho C ={1,2,..,k} tap cic mau.

FOR i=1 To n Do
¥(x;) =Min{k € C:V dinh y ké x,, y(y) #k}

END.

PINH LY.
Néu G c6 chita mot do thi con déng hinh vé6i K, thi vy (G) >m.

CHUNG MINH. Hién nhién.

PINH LY 5 MAU (KEMPE-HEAWOOD).

Moi do thi phdng déu c6 5-sic to.
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4.6.6.

R/
0'0

BAI TOAN 4 MAU.

GIA THIET BAI TOAN 4 MAU.

Trén mot ban do bat ky, ta néi né dudc td mau néu mdi mién clia bin do dugc to
mdt mau x4c dinh sao cho 2 mién ké nhau (chung mdt phian bién) phdi dudc td
bing hai mau khdc nhau. VAn dé dit ra 13 cin ding ti thi€u bao nhiéu mau dé
t0 dugc mot ban do bat ky. Van dé nay dugc dit ra tr nim 1852 do gido su De
Morgan dit ra : « Moi bdn do déu c6 thé td biing 4 mau sao cho hai nuéc nim ké
nhau phéi dugc t6 bing hai mau khdc nhau ». Sau d6 c6 rat nhiéu c6 ging clia
cdc nha todn hoc dé gidi bai todn nay nhung déu khong di d&€n két qua cudi cling.
Cho dén nim 1976, mot nhém cédc nha todn hoc (K. Appel, W. Haken, J.Koch)
da xay dung mot 15i gidi dua trén két qua do mdy tinh IBM cung cip da khing
dinh dugc gia thi€t 4 mau 1a ding.

LIEN QUAN GIUA BAI TOAN 4 MAU & SAC TO PO THI PHANG.

Cho mot do thi phiing G lién thong, khdng c6 dinh c6 1ap. Ta x4y dung mot do

thi d6i ngiu clda né goila G* nhu sau :

= Mobidinh x cda G* tuong Gng ding v6i mot mit s cia G.

= Mgdicanh u cta G* ndi 2 dinh cta G* tudng dng véi 2 ving k& nhau
va cit canh chung cta hai ving dé.

G* dugc xdy dung nhu trén 1a mot do thi phdng, va ciing khdng c6 dinh co 1ap.

Chi y : Boingiucia G* 1a G.

HE QUA.

Trong tit ci cdc ban do dia dw, c6 it nhat mot mit c6 dudng bién cé sO
canh < 5.

Chitng minh.

Chuyén bén do dia du thanh do thi d6i ngiu. Gid thiét trd thanh « c6 it nhat mot
dinh c6 bic 5 < ». 4p dung Hé qué 4.2.3. suy ra két ludn ctia hé qua trén.

PINH LY 4 MAU.
Moi d6 thi phing c6 sictd 7 (G) < 4.
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