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Loi noi dau

Pugc su phan cong giang day ciia Ban giam ddc Trung tdm giao duc va thyc hanh co ban,
b mo6n Toan — Tin cua chung toi thue hién bién soan bai giang vé céac moén hoc Toan cao cap Bl
va B2. Bai giang nay nham cung cap céc kién thirc co ban vé giai tich ¢6 dién can cho cac nganh
sinh hoc, nong lam, thd nhudng, khoa hoc moi truong, thuy san.... va mot ) nganh khoa hoc
cong ngh¢ khac.

Bai giang duoc bién soan theo dé cuong chi tiét ctia bd chuong trinh GIAO DUC HOC PAI
CUGCNG do B6 Gigo Duc ban hanh theo quyét dinh sé 3244/GD-DT ngay 12/09/1995 ctia Bo
trudng Bo Gido duc va dao tao .

Bai giang do t6 bo mon Toan — Tin ching t6i bién soan trude mét phuc vu cho dbi tuong 1a
1a sinh vién cac truong dé néu, theo chuong trinh cua du an 6 muc C trong Dai Hoc Hué.

Lan dau tién bién soan theo yéu cau d6i moi phuwong phép giang day, chic chin khong tranh
khoi thiéu sot, chung t6i rat mong dugc sy trao d6i, dong gop ¥ kién ciia cac dong nghiép dé hoan
thién bai giang theo dinh hudng vé mot bai giang chung mon hoc Toan cao cip Bl va B2.
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Chwong 1
Ham so va gi®i han ham so

§1. TAP HOP VA ANH XA

I. Tap hop - Cac phép toan
1. Tap hop

Tép hop la mot khai niém co ban cua toan hoc, khong c¢6 dinh nghia chung. Nguoi ta
thuong mo ta tap hop. Chang han, tip hop hoc sinh trong moéi 16p, tap hop céc sO tu nhién, cac
tap hop s6 vo ti, sd hitu ti, tip hop cac diém ciia mot doan thang, tip hop cac nghiém cua mot
phuong trinh ..

Nguoi ta ki hiéu tap hop bang céac chir in hoa: A, B, C...., X,Y..
‘ Phén tir ciia tap hop la vat (hay ddi twong nghién ctru) nﬁrr} trong tp hop. Ki hiéu cac phan
to bang cac chir thuong a, b, c,..., X, y... Khi cho tdp hop A, phan tir a thugc A duoc viet all A;
phan tir b khong thudc A dugc viét b0 A (hay b A).
Thi du:
1- Cho tap X= {1,2,3,4} thi 2 X ; 60 X
2- Goi X 1a tip cac nghiém cuia phuong trinh x>+ 3x —4=0
X={x/x*+3x-4=0}thi1l X;30 X
3- Cac tap hop sb thuong gap N:={0, 1,2, 3,.....} ; N":={1,2,3,4....}; Z; Q; R...
1.1. Cdach mo ta tap hop

Mudn mé ta tap hop ta phai lam du ré dé biét mot phan tir nao d6 coé thudc tap hop cia ta
hay khong. Thuong c6 2 cach:
1- Liét ké tat ca cac phan tir cia tap hop vao trong du {}
Thi du: A:= {x,y,z,t} Tap hop nay co6 4 ph'?ln trx,y, zt
ConghiaxU A, yU A, zU At A
Nhung ull A,v0 A
 Vige liét ké c6 thé triét dé hodic khong triét dé. Néu liét ké khong triét dé ta c6 thé ding
dau...
2- Néu céc tinh chat dic trung cia cac phan tir tao thanh tap hop
Thi du: K 1a tap hop cac sb chin duong
K:= {x/x0 N, x chia hét cho 2}
C6 nghia 40 K nhung 50 K

1.2. Tap con
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Cho hai tap A va B, néu mdi phan tir cia A déu 1 phan tir ciia B thi ta néi rang A 1a mot
tap con cua B va viét AU B; néu A 13 con cua B va B ¢ it nhat mot phan tr khong 13 phan tir ciia
A thi ta néi rang A 1a tap con thuc su cia B va viet AU B
Néu AU B taconndi A bao ham trong B ; B chira A ; A 1a b phan cua B.
Thidu: cho A = {x/x*+3x-4=0}
B = {-4,1,2,3} thi AB
C:= {41} thi AU C
1.3. Tdp bang nhau
Cho hai tap A va B, ta néi rang tap A bang tap B va viét A=B néu AL BvaBLU A
Thi du: cho A := {x/x*5x+6=0} va B:= {2,3}
ThiA=B
1.4. Tdp rong
Theo quan niém ‘Ehéng thudng thi mot tap hop can cé it nhat mot phan tir méi co nghT,a. Tuy
nhién trong toan hoc dé tién cho viéc 1ap luan nguoi ta dua thém vao khai niém tép rong viet 1a ¢
. N6 1a tap khong c6 phan tir nao va 1a tap con ctia bat ki tip hop A nao, ¢ U A
Thi du:
(xXCIR/xx+1=0) =] |
1.5. Biéu dién hinh hoc- Biéu dé Ven
9 Dé d& hinh dung mét s6 quan hé gilra cac tap hop ngudi ta dfmngiél} dién hinh hoc goi 1a
biéu d6 Ven .Xem tap hop la tp diém trong mot hinh vong phang. Moi diém trong vong la mot
phan tir trong tap hgp (H.1). Khi d6 quan hé AL__IB duoc biéu dién ¢ hinh H.2

S =D

2. Cdc phép todn vé tdp hop
2.1. Phép hop
Hop cua hai tap hop A va B 1a tap hop C tao boi cac phan tir thuoc A hodc thudc B
Kihiéu: C=A 0 B={x/x__]A hoicx_IB}
Biéu dién bang biéu d6 ven trén H.3

H.3



Mo rong cho nhiéu tap hop A, : 04 - ALCAL T A, . V=Ln

2.2. Phép giao
Giao ciia hai tip hop A va B 1a tap hop C tao bdi cac phan tir vira thude A vira thuoc B
Kihiéu: C=An B={x/x_ JAvax B}
Giao AN B biéu dién bang so dd ven trén H.4

&

H.4

Mo rong chonhiéu tap hop A, : N4 = A CIA L] A, ; V=L

PacbiétnéuC=An B= I:l ta noi réng A va B ro1 nhau.
2.3. Tinh chdt
Céc tinh chit sau ddi véi cac phép toan vé tap hop dugc suy tir dinh nghia:
Al B=BUA
AL IB=B[L_]A
AL JA= A
AL JA= A
AL IB)L_JC=A[_BL_IC)
AL_B)[L_IC=A[_JBL_IC)
AL JBLICO=AL B)L_AL_IC)
AL JBLICO=AL B)L_AL_IC)
Céc tinh chat trén déu duoc chimg minh bang dinh nghia. Ta chirg minh tinh chit dau tién.
x[JALCIBU xCJAhogcx_1BD x_Bhogex JA[ | x__IBC_A
[ AC B[ B A
x[IB[_JAD x_ Bhoicx__JA U x[_JAhoicx__B[ |x[_JAL B
[ BCIA[ JAL B
Vay AL_B =BL_JA
2.4. Hiéu cua hai tdp hop

Hiéu cua hai tdp hop A va B 1a tap hop C tao bai tit ca cac phéan tir vira thuc A ma khong
thuoc B
Kihiéu: C=AB:= {x/x_JAx0 B}
Hiéu A\B biéu dién bang so d6 ven trén H.5
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HE B H.6

NéuBU A thi A\B= B Goi la phan bu cta B trong A (H.6)
Kihiéu: A\B= B=C,B
2.5. Tich Bé cdc

Cho hai tp hop A va B khong rong , v6i moi al_JA va moi b_IB ta lap cap (a,b) goi 1a
mot cap sap xép tht ty voi phan tir ciia tAp A trudc va phan tir ciia tip B sau , tich Dé cac cua tap
AvatapBlatap C.

Ki hiéu: C= A x B va duoc doc 1a “A tich Pécac B” va bidu dién :
C=AxB:={(ab)\a__JAb[_B}
Thi du:
Cho A={a;,a,} B={by,b,,bs}
C=A x B = {(a1,by),(a1,b2),(a1,b3),(a2,b1),(a2,b2),(a2,b3) }
Mo rong tich Dé cac cho n tap hop A, ,V = ERE tap hop cac bd co thu tu (aj,a,,....,a,)
*trong doaV [_J AV
Kihiéu: Ajx Axx....x A,
NéuAV =AvVGiDV=1p

thiaV [ JAV va PEMAGHEA — A

IL. Anh xa

1. Dinh nghia
Anh xa tir tp E 61 tap F la mot quy ludt f lién hé gitta E va F sao cho voi phan tor x{__E
tao ra duy nhat mot phan tr yl__F

Kihi¢u: fE- F hay EO0/- F
Va goi E 1a tap nguon, F 1a tap dich

E

H.7

Phan tir yl__JF dugc tao ra tir phan tr xL__IE bdi quy luat f goi 1a anh ciia x va x goi 13 tao
anh (hay nghich anh) ctua y. Ta viét:
y =f(x)
hay x- y=f(x) hay x00/- y



f(x) doc 1a “f cia x” hay “f tai x”
_ Chuy rang mdi phan tir X' _JE c6 duy nhat mot anh y[__JF nhung mdi y__IF co thé c6
nhi€u tao anh hoac khéng c6 tao anh nao .
Tap tao bdi cac tao anh ciia tit ca cac phan tir xU_E goi 1a anh ctia E qua F va viét 1a f(E).
f(E):= {y / y=f(x), xL_E}
Taluon c6: f(E)[__1F
Thi du:
E 1a tap cac sinh vién trong mdt 16p hoc
F 1a tap tén goi.
Khi do6 c6 ’thé Xdy ra cac truong hop: mdi sinh vién c6 mot tén va cac tén d6 khac nhau
hodc 1a c6 mdt so sinh vién cung tén hoac ¢ nhirng tén ma khong c6 sinh vién nao dat ca.
2. Don dnh
Dinh nghia: Anh xa f: E[_F duoc goi la don anh néu voi x;# X, 13 hai phén tir cia E thi

f(x))# f(x2) (1-1)
Va f(x)=fx) [ x=x (1-1y
Thi du:

1. Anhxa f: R ~ R cho béi quy ludt x*=y ¢6 nghiém x=3/y 13 mot don anh.
2. Anh xa f: R~ R’ cho bdi quy luat x>=y c6 hai nghiém khac nhau .Vay anh xa
nay khong l1a don anh.
3. Toan anh
Dinh nghia: Anhxaf: E - F 12 mot toan 4nh néu f(E)=F vatagoiflaanh xat E Ién F.
Dé kiém tra f c6 phai 1a toan anh khong ta chi can kiém tra xem véi yU F bat ki 6 ton tai
nghich anh hay khong.
Thi du:
1. f: R~ R cho béi x’=y Anh xa ndy 1a mot toan anh .
2. f: R~ R cho béi x’=y Anh xa nay khong 13 toan anh .
3. f: R~ R'cho béi x’=y Anh xa ndy la mot toan anh .
4. Song anh
Dinh nghia: Anh xa f: E- F goi la mot song anh néu no vira don 4nh vira toan anh.
Thi du:
1.f:R- R cho boix’=y Anh xa nay la mot song anh .
2.f: R~ R’ cho bdi x>=y Anh xa nay khong 1a song 4nh .
5. Anh xa nguwoc ciia mét song dnh — Twong vmg 1-1

Xét 2 tp E va F va £ 1a mot song anh tir E 1én F. Vi f 14 song anh nén v&i phan tir y{_IF s&
ton tai duy nhat x[__|E trng v&i nd theo mot quy luat ndo d6 nén no ciing 1a mot anh xa.

Dinh nghia: Song anh f: E -~ F tao ra mot anh xa tr F t61 E. Anh xa nay goi la anh xa nguoc
cua 4anh xa f va ki hiéu 1a: f!



f:F- Evoi dc diem la:
néu f(x) =y thi f'(y)=x (x(_JE,y__IF)
néu f'(y)=x thi f(x)=y (y__JF,x__JE)
Theo dinh nghia f' cling 1a mot song 4nh .
Thi du:
Song anh f: R - R x4c dinh bsi y = x°
ROxO0/. y=x*[R
Co6 anh xa nguoc ' : R~ R xdc dinh boi X=§/;

ROyD . x=3/y[R

Song anh nay tao ra mot twuong ung 1-1 gitrta R va R

0 1 p
-1 ﬂxi_l'
f -1
f f
0 1 i
H.4

6. Hop (Tich cua 2 anh xa)
Cho 3 tap hop X,Y,Z vahai anhxafvag
f:XO-Y, gYD- Z x[_IX; f(x) = y[__1Y duy nhat
yL__ Y, g(y) = z[__1Z duy nhat
Nhu vay voéi mdi x___JX tao ra duy nhat Z__1Z .Theo dinh nghia quy luat nay 1 mot anh
xa. Ta viet g[f(x)] =z
XUxm 5 z=g[fx)][Z
Dinh nghia: Anh xa hop (tich) ciia hai 4nh xa f va g tir tap X ti tp Z (qua trung gian Y)
goi la hop cua fva g (hay tich cta fva g).

Ki hiéu: gof
Thiduy:
gof : X M - Z
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ChoX=Y=Z=R
XL RO - y=f(x)=x’0R
yL RO - z=g(y)=y-5L_R
Anh xa hop gof :RM - R xéc dinh nhu sau:
XL R - (goh)(x)=g[f(x)] =x*5__R
Chu y:
1/ Hop cuia hai don anh 1a mot don anh .
Hop cua hai toan anh 1a mot toan anh.
Hop cua hai song anh 1a mot song anh.
2/Néuf:ED - Flamotsong anh
Khi d6 ton tai f':F I -~ Evataco:
xXUED 5 (Floh)(x) = f'[f(x)]=f(y) =x
yOF@ - (fof)(y) = f[f'(y)] = f(x) =y
Co nghia la f'of va fof'1a cac anh xa dong nhét trong E va F
Ki hiéu: Ig=f'of ; Ig=fof’

7. Tdp hitu han — Tdp @ém dwoc — Tap khéng dém duoc

Thidu:
Xét cac tap hop:
A ={ab,cd} co4 phén tr
B = {x1,X2,X3,X4} c6 4 phén tir

M= {1,2,3,....,n} cc')nphén tu.
Nhing tap nay c6 sb hitu han cac phan tir
N'={1,2,3,....n,....}
X = {X1,X2,X35+ 0o Xpevve e }
R = {s6 thuc}
Nhirng tdp nay c6 vo sb cac phan t.
7.1. Luc lwong cua tdp hop

_ Tano6i hai tap E va F c6 cung luc lugng néu ton tai mot tuong ing 1-1 gitra ching. Hay
diéu ki¢n can va da de€ hai tap hop E va F cung luc luong la gitra chung ton tai mot song anh.
Thi du:
Xét cac tap A,B ¢6 4 phan tir nhu da duara .
Gitra A va b ¢6 tuong ung 1-1
a® X, be X,c* X3,de X4
Ta ndi 4 1a luc luong cua A va B.
7.2. Tdp hitu han ~Tép dém dwoc — Tdp khéng dém duoc

+ Tap M c6 n phén tir va cac tap cing luc luong v6i nd goi 1a tap hitu han
+ Tap N” ¢ vo s phan tir va cac tip cung luong voi nd goi 1 cac tap vo han dém duoc.
+ Cac tap c6 cung luc luong voi cac tap con ciia N* goi 1a céc tap dém duoc .



11

+Téap R c6 vo sb phan tir va cac tap cung luc luong véi nd goi 1a tdp vo han khong dém
dugc.

§2. HAM SO

I. Khai niém ham s - Céc dinh nghia
’1. Dinh nghia: Cho tap Qé thuc X, ta s€ goi mot anh xa f tur tap X vao tap s6 thuc R 1a mot ham
sO .Tép X dugc goi la mién xac dinh va tdp anh y= f(X) cta anh xa dugc goi la tap gia tri clia
ham so f.
Kihigu: x00/- y; X007 Y=1(X)
Hay y = f(x)
X :goila bién s6 doc 1ap.
y = f(x) goi 1a gia tri ctia ham s tai x
Mudn cho mét ham sb can phai :
— Cho mién x4c dinh X cta ham
— Cho anh xa f.
Thi du:
a,x[0 - +/x comién xic dinh R*va f1a phép lay can bac 2.
b, x [0 - 2x+ 3 c6 mién xac dinh 14 R va anh xa f 12 ham s6 bac nhat.Mién gia tri 1a R

2. Cac phwong phdp cho ham so

2.1. Phuong phdp gidi tich
La cach cho duéi dang phuong trinh trong d6 mot vé 1a y hodc f(x) 1a gia tri ciia ham tai x,
mot ve 1a cac bicu thure giai tich cua x. Thuong dugc ap dung trong nghién ctru 1i thuyeét .
Thi du:

y = -2x*+ 5x + 1 ham bac hai
y = E(x) ham phan nguyén ctia x
01 x>0
y=sign x = H 0 x=0
B-1 x<0
2.2. Phuong phdp ldp bang
_ Phuong phap 1ap bang thuong dugce str dung trong thuce té. Ta 1ap mot bang gém 2 hang va
nhiéu cot. Trong mot hang ghi cac gia tri cua bién doc 1ap, hang kia ghi cac gia tri cua ham theo
bién ddc 1ap d6. Moi mot ¢ot trng vai maot gia tri ciia bien ddc 1ap va gia tri cia ham tai bién do.

Thi du:
Do tdc d6 gio trong mot ngay voi mde thoi gian do 1a dau mdi gid .Ta c6 bang:
t(gio) 1 2 30 23 24
v(m/s) V1 V2 V3 | o V23 V24

2.3. Phuong phdp do thi
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Trong ki thuat cling nhu trong linh vuc khoa hoc co ban c6 nhiéu dai luong chung ta can
xac dinh thong qua cac cong cu do. Mac du ta khong biét duge quy luét chinh xac ciia ham nhung
gia tri cu thé cia ham theo bién ddc 1ap hoan toan xac dinh dugc thong qua do thi. Ching ta chi
viéc ké cac duong giong theo cac truc toa do dé xac dinh.

3. Phép todn trén ham sé

3.1. Tong, hiéu, tich, thuong ciia 2 ham s6
Cho ham s6 f(x) xac dinh trén X, va g(x) xac dinh trén X,. Goi X=X, NX,

Khi d6 tong, hiéu, tich, thuong cua f(x), va g(x) duoc cho bdi cac quy luat f+g, f-g, f.g, é Xac

dinh trén tap X va:
(f+g)x) =1fx) + g(x)
(f-g)x) =1fx) - f(x)
(fe)(x) =1(x).g(x)
g(x) :% vaoig(x)? 0 0 xU X
3.2. Phép bang nhau
Hai ham f(x) va g(x) goi la bang nhau trén tap X néu f(x)=g(x) voi 0 xU X
Kihiéu: f=g
3.3. Phép lon hon (bé thua)
Ham f(x) goi 14 16n hon (bé thua) ham g(x) trén X néu f(x) > g(x) (f(x)<g(x)) voi 0 xU X
Kihi¢u: f>g (hay f<g)
4. D6 thi ham s6
Ta gia thiét rang c6 mot song anh 1 anh xa dong nhat gila tap s6 thye R voi cac diém trén
duong thang L. Nhu vay ta xem dudng thang nhu mot tryc s6 thuong ki hi¢u 1a x. Ta thuong xay
dung mot song anh tir tap tich Pé cac R x R vao mot mit phang P bang cach v& thém tryc s6 y

vudng goc truc sb x tai diém x = 0 . Cac don vi chon trén 2 truc s ndy c6 thé gidng hodc khac
nhau (thuong chon giéng nhau).

Truc Ox 1a truc hoanh va truc Oy la truc tung
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N T R B N B A

| 1 | 1 1
(=] on += L] [

H.10

Piém O la géc toa do . DAu cla céac gia tri trén truc s6 dugc biéu hién trén hinh vé .

Mat phfmg P voi céc truc toa d§ nhu vira xay dung dugc goi goi 1a mat phéng toa d§. Mot
diém M duoc xac dinh boi 2 gia tri toa dd cta nd 1a hoanh do va tung do bang cach nhu sau. Tir
M ké duong thing song song vdi Oy cat Ox tai gia tri x goi 1a hoanh do cuia M. Tir M ké dudng
thang song song voi Ox cit Oy tai gia tri y got la tung d6 cua M. Ki hiéu la M(x,y). Theo quy luat
ctiia ham s6 ta xac dinh duoc tap hop cac diém cua M(x,y) = M(x,f(x)) voi xU X. Puong cong ndi
cac diém M(x,y) goi 13 dd thi ciia ham s6 y = f(x) trong mat phing toa do Oxy da cho.

5. Cdc tinh chdt cia ham s6

5.1. Ham s6 don diéu — Ham s6 khéng don diéu

. Dinh nghia: Ham s6 f goi 1a don diéu ting (hoic don diéu giam) trén mién xac dinh nao d6
néu moi gia tri x;,x,0 X tir x,<x, suy ra f(x;) < f(x2) (hodc f(x,)2 f(x2)) (1-2)

Néu chi xay ra ddu bat ddng thirc f(x,) < f(x,) (hodc f(x,) > f(x,)) thi ta néi ring ham s ting
nghiém ngdt (hay gidm nghiém ngat) trén X.

Ham s6 f(x) dugc goi 1a don di€u tung khic trong m(f)t,mién nao dé néu ta co thé chia mién
d6 thanh mét so hiru han cac khoang (doan) sao cho ham s6 don di¢u trong moi khoang (doan)
do.

5.2. Ham s6 bi chdn va ham s6 khong bi chén

Dinh nghia: Ham sd f(x) bi chin trong tap X néu ton tai sé K > 0 sao cho:

/@) <K (1-3)
Néu tap X=(-© ,+© ) thi ta noi f(x) bi chin trén toan truc sb hay f(x) bi chan.
T (1-3)taco: -K< fx)< K (1-4)

Nhu vay néu v& do thi ham s6 f(x) ta thiy do thj d6 ndm giita giai duoc xac dinh boi hai
duong thang y =t K
Ham sb f(x) dugc goi 1a ham s6 bi chan trén (hay bi chan dudi ) trong X néu tdn tai mot sb
K tuy y sao cho:
f(x) € K (hayf(x) 2 K) (1-5)
Chu y:
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Ham s6 f co thé khong bi chan trong mdt khoang nao d6, nhung bi chan trén (hodc chan
duéi) trong khoang do.
Thi du:

. 1
Ham s6 : y=— khong bi chén trong (0,+ ® ) nhung bi chén dudi béi O.
X

Ham sd f ¢o thé bi chin trong moi doan [0 ,B ] U (a,b) nhung khong bi chin trong doan
(a,b).
5.3. Ham s6 chan — Ham s6 1é
Dinh nghia:
Tap dbi xtmg : Tap X dugc goi 1a tap ddi ximg d6i véi gbe toa dd néu xU X thi —xU X.
Thi du: doan [-a,a], khoang (-b,b), (-® ,+ )
Ham s6 f(x) xac dinh trén tap X d6i xtrng duoc goi 1a ham sb chin néu 0 xU X ta co:
f(x) = f(-x) (1-6)
Do thi ciia ham sb chin nhan truc Oy la truc ddi xung.

Ham s6 f(x) xac dinh trén tap X d6i xtrng duoc goi 1a ham sb 1¢ néu [ xU X ta co:
f(x) = f-(x) (1-7)
Do thi ciia ham sb 16 nhan géc toa d6 lam tam doi xung.
Cdc phép toan:
Dinh 1y:
a) Tong hodc hiéu cua hai ham sé chin ( hodc 1¢ ) 1a mot ham sé chin (hoic 18)
b) Tich cua hai ham sé chin hodc 1é 1a ham s chin.
¢) Tich ctia ham s6 chén véi ham s 1¢ 13 ham sb 1é.
5. Ham s6 tuan hodn
Dinh nghia:
Ham s6 f(x) dugc goi 1a ham s6 tuan hoan trén tap xac dinh X ctia n6 néu ton tai sd 1# 0 sao

cho:
f( +x ) =f(x) voix+l,x U X (1-8)
S6 duong T bé nhét trong cac s6 1 théa man (1-8) goi 13 chu ki ctia ham s6 tudn hoan f(x).
Ta co:
1=kT, kUN
Thi du:

1- f(x)={x} = x-[x] phan nguyén cia x
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44Y
2..
3 5 2 4 S T
_1..
_2..
_3..
H.11
Chu ki T=1.
2-D gohe 1 5h
- D(x)= 3 tap céc o hitu ti
(x) HO x0 0 (Q la tap céc so6 hiru ti)

Véirlasdhirutitacod: x+rlasé hitu ti néu x 1a s6 hitu ti
x+r 14 s6 v6 ti néu x 14 s6 vo ti.
Vay D (r + x) = D(x) néu r 14 hitu ti - D(x) tudn hoan véi cac sb r hitu ti.
Tir thi du ndy ta c6 nhan xét ham s6 tudn hoan c6 thé khong ¢ chu ki.
6. Ham sé hop
Cho ham sb x =9 (t) xac dinh trén tap T va X = ¢ (T)
y = f(x) xac dinh trén tap X va Y = f(X)
Néu véi tU T theo cach nao d6 ta xac dinh duoc y = f(x) thong qua x = =0 (t) thi ham so ung

theo quy luat nay s& xac dinh trén T va co tap gia tri 1a Y. Ta goi ham s6 méi nay 1a ham sb hop
cua cac ham fva

Kihiéu: F=fo? va F(t)=fof (t)=1? (t)] (1-9)
Thi du:
x =0 (t) = t-3t+1
y = f(x) =x*

F=fof =y 0 y=(£-3t+1)
Ta c6 thé mo rong cach dinh nghia trén cho hop cua nhiéu ham sb. Cho y=f(x), u=? (x), x= g(t)
Tacd: F=fo? og
7. Ham s6 nguoc

Cho ham s6 f1a mot song anh tir tap X vao tap Y. Khi d6 ing voi moi gia trj yl Y s€ xac
dinh duy nhat x X', phép tuong g nay xac dinh cho ta mot ham so, dugc goi 1a ham s6 nguoc
cua ham so f. Ki hiéu: f!

Ham s6 ' ¢o tap xac dinh [a Y .

Vi quy udc bién ciia cac ham s 14 x nén viét 1a f '(x) nhung hiéu ngam xU Y.
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Néu bié}u dién do thi cua ham sé f(x) va f'(x) trén cung mot h¢ truc Oxy thi dd thi cua
chung luén do6i xig véi nhau qua duong phan giac cua goc phan tir thir nhat .
Thi du:
y =2x-3

+3
Vax= Y

2

H.12

Ham sé f(x) va ham s6 nguoc f'(x) ciing tinh don diéu, tirc 1a cing ting nghiém ngit (hoic
cung giam nghiém ngat).

II. C4ac ham s6 co ban
1. Ham s6 liy thira: y=x° 0 UR

- Mién xéc dinh , phu thude @
Néu[ ]2 0,[ ]I N* mién xac dinh 1a R
Néu[ <0 ,[ 0 N mién xac dinh R\{0}.
Db thi ludn di qua (1,1) va (0,0) néu k>0 va khong di qua (0,0) néu[ >0

1
Vi |:|=; ,pl Z

Néu pl N, p chin. Mién xac dinh 1a R*
pU N, plé. Mién xac dinh la R
pl Z mién xac dinh ciing phu thudc p chin hay 1&
Véi[_]1a mot sd vo ti ta co quy wdc.



Néu [ POoxétD x20
Néu|[ <0 xét 0 x>0

ra

F=E

L

2. Ham s mii: y=a*  (a>0, a# 1)

-S6 a goi la co s6 cia ham s6 mil .

- Mién x4c dinh R — Mién gia tri R*

- Ham tang nghiém ngat v41 a>1 va gidm nghiém ngat voi 0<a<l

- P thi ctia ham sb mii y=a* ludn di qua diém (0,1) va luén nam phia trén truc Ox.
3. Ham s6 logarit: y=log.x a>0,a# 1

- Ham s6 y= log.x 12 ham s nguoc cta ham s6 mil y=a*

- Mién x4c dinh 12 R+ va mién gia tri la R.

- Ham s tang nghiém ngat véi a>1 giam nghiém ngit véi a<1 .

- D6 thi ham s6 ludn di qua diém (1,0) va luén nam phia bén phai cta tryc tung.

17



Céc tinh chat:
log,x.y = log .x + log .y
X

log .Y =log .x - log .y
log .x*=k. log .x

N= glozaV

log .c = log .b. log ic
log, c

log b

a

log vc =

4. Ham s6 lwong gidc:

- A B R o

H.14

y=sinX; y=cosX; y=tgx, y=cotgXx

Day 1a cac ham sb xac dinh trén dudng tron lugng giac .

y

B

C
T
i
/
0 P A «
H.15
Trén hinh v&: QP =cos x ; O_Q =sin x
AT=tgX; BC = cotg x

- Ham y = sinx ,y= cos x ¢6 mién xac dinh la Rva mién gia tri la [-1,1].

18
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\ m |
- Ham y = tg x ¢6 mién xac dinh 1a moi gia tri x# (2k+1)5 ,k U Z vamién gia tri [a R

- Ham y = cotg x c6 mién xac dinh 1a moi gi4 tri x# k,m k 0 Z va mién gié trj 1a R.
- Trén hinh v& 14 @6 thi ctia cac ham sé y= sin x , y= cos X , y=tg X ,y= cotg X

4y

i

H.16

w=cotg x

H.17
- Cac ham luong giac déu 1 cac ham tudn hoan .

Ham sé y = sin x , y= cos x ¢6 chu ki T=27
Ham s y =tg x , y= cotg x ¢6 chu ki T=T
5. Cdc ham lwong gidc nguoc:

Xét cac ham sb luong giac trong mién xac dinh cta nd va theo timg chu ki ta thay rang d6
la cac ham tang hodc gidm nghiém ngat trong mot khoang cu thé twong ting. Khi d6 no sé ton tai
cac ham so nguogc va dugc goi 1a cac ham lugng gidc nguoc.
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Cu thé:
a, Ham sb y = arcsin x
- Mién x4c dinh 1a khoang déng [-1,1] va mién gia tri [-

]

gidc ctia goc phan tu thi nhat.

2

o | =

L
2
ha

=

- Do thi cua n6 doi xtrng vé1 ham s6 y=sin x qua duong

=)

I’z

L

H.18

b, Ham s y = arccos x
- Mién x4c dinh 13 khoang dong [-1,1] va mién gié tri [0, ]
- La mot ham s6 giam nghiém ngit va dd thi ¢6 hinh dang nhu H.19
. m R . : n
-Visinx = COS(E -x) nén ta ¢o : arcsin X + arccos X :5

439

1 ¥=arCCos X

H.19

¢, Ham s6 y = arctg x
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- Mién xac dinh 1a R va mién gia tri [_E’E]

- La mot ham s6 ting va do thi c6 hinh dang nhu H.20

H.20
d, Ham s6 y = arccotg x
- Mién x4c dinh 1 R va mién gié tri [0,7 ]
- La mot ham sb giam va dd thi ¢6 hinh dang nhu H.21

H.21

m m
-Vitgx = cotg(a -X) nén ta co : arctg X + arccotg x 25

6. Cac ham so so cap:

Dinh nghia: Ham s6 so cap 1a ham so6 dugc tao thanh bdi mét s6 hiru han cac phép toan so
hoc (cong, trir, nhan , chia, ...) cac phép lay ham so hgp do6i voi cac ham so so cap co ban .
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Thi du:

m
y = sin 4x + cos (2x + Z)+3
y =3+ x*+9
y=13/x° -log(3x+7)+ 1

+ 41+ x* + sinx
y:
x- A1+ x°

Trong cac ham so cap , ta dac biét chu y dén hai loai ham so : cac da thirc va cac ham hiru
ti, vi khi tinh gid tri ctia cdc ham nay nguoi ta chi can thuc hién cac phép todn s6 hoc doi véi céac
bién.

§3. DAY SO VA GIOI HAN DAY SO

I. Pinh nghia day sé

Dinh nghia: Cho h;lm sb a xac dinh trén tap céc sb tu nhién N* 1’, 2,3,4.....,n.... Cac gi,é
tri trong umg cua ham so la a(1), a(2), a(3),....a(n).... Ta goi tap cac s6 a(1), a(2),....,a(n),... viet
theo thur tu da cho 1a mot day so. (goi tat 1a day).
Kihi¢u: ay, a,, as,...... a,... hoac {a,} (1-10)

- (n=1,2,3,....) goi 12 s6 hang hay phan tir cta day .
k - chi sb cta sd hang a,
Khi cho ddy ngudi ta cho sb hang téng quat a,,

Thi du:
n 1 2 3 n
Choday {an} ={——} ==, =, —eeeee, — ,.
0 day A =N T 503 4 n+ 1
{a,} = {n*} =149,.
Vé phuong dién hinh hoc day s ay, a, &, . la tép hop cac diém dang (n,a,) trong

mit phang toa do vi vy ta co thé xem cac diém dang (n an) 12 mot day sd.

II. Pinh nghia giéi han day sb
1. Dinh nghia: ‘S(A') a duoc goi 12 gii han cia day s6 {a,} néu véi mdisd € >0, 0 N =N(¢ ) sao
cho [0 n> N ta déu co:
|an - a|<£ (1-11)

Ki hiéu: }i_rglaﬁa hoaca, - akhin- ® (1-12)

Day {a,} c6 gidi han a hitu han goi 1a mot day hdi tu. Néu khong tdn tai gidi han thi day
{a,} goi la mdt day phan ki.
Thi du:

1. Chtng minh: {an}={%l \ c6 gioi han 1a 1.
n
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That vay, néu {a,} c6 gidi han 1a 1, theo dinh nghia véi¢é >0

Ta co: |a, - 1| <€ . Néu tim dugc N = N(€ ) sao cho 0 n>N ta c6 bat dang thirc trén ludn
thda man.
ntl 1 1
nel 1‘ Ll ol
n n ¢

org .,
Chon N= Ty thi ta ludn ¢6 : |a, - 1|<¢ hay

limg, — lim 2% 1_}

n- n- o
n

+ - n .
2. Chimg minh: {a,}={ D"y 6 gigi han bing 0.
n

Ta cc'):|1+ ¢ 1)n|< |1+ I :z<£

o [l
Chon N= E?E Vay voi n>N ta co reh <]
Hay lim (Z2C

3. Day s6 {(-1)"}1a phan ki.
Gia sir nguoc lai ddy da cho hoi ty, tic la 1M (-1)" =1 0 R va chon 0<¢ <1. Theo dinh
nghia 0N =N(__J) sao cho 0 n>Ntaco :‘(' n* - l‘ <[ k1
Mit khac ta thay ton tai vo s cac sén > N sao cho ‘(‘ D"+ l‘ >1 (n=2k). Diéu ndy mau

thuln voi gia thiét hoi tu ctia diy da cho. Vay day da cho phan ki.
4. Ddy s6 {a,} ={n} 1a phan ki

Gia su nguoc lai {a,}={n} hdi tu , tirc ’111m n=a
Chon[ _]=1khidé |n- a/<1v6i 0 n>N

Ta c6: n-a < 10 n < 1+a. Piéu ndy mau thudn vi a hitu han ma n- © . Vay diy
{a,}={n} phan ki.
2. Pinh li: Néu diy sb {a,} co gidi han thi giéi han d6 1 duy nhat.

Chirg minh:
Gias:| " a,=ava| ® ja,=b, a bl Rvéi[__ >0 0 N;, N, sao cho:
0 n>Nj|a, - d <]
n>N, |a, - b|<l:|
Pit N=max (N;,N;) Khi d6[ [n2 N ca hai bit dang thirc trén déu thda man. Ta co:
la- bl =la-u,+u,-b<|a-u,|tu,-b <2[]

Theo dinh nghia |a- 5] =0 taclaa=b.
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Vay gidi han ciia diy 1a duy nhat.

II1. Tinh chit giéi han cia day so
Céc tinh chét cua gidi han day s6 duoc thé hién qua cac dinh 1i.

Dinh 1i 1: Néu cac diy {a,} va {b,} hoi tu thi cac diy:

" |b,? 0) cling hoi tu va ta co :

a ’
{an+bn},{an-bn},{an.bn},{b—" } (néub,? 0 |nva
(1-13)

a,| ® ((aytby)=| ® fa,t| ® |bs
b,| " |(an-by) =] ® jan-| " by (1-14)
C,| ™ [(anba)=| * |as " |by (1-15)
lima,
d,| o (b—:)=’ﬁr;bn (1-16)
Chu y v6i gia thiét mot trong hai diy 1a hang , chang han a,= C ta co:
" (antby)=| * (C+by)=CH * |b, (1-13)’
i anby)=| ¥ [(C.by)=C.| ® |b, (1-15y’
D] % (a)=-| * A (1-17)
Dinh 1i 2: Néu diy {a,} hoi tu thi ddy {|a,|} ciing hdi tu va
TJod-fima, 19
Dinh 1i 3: Néu cac diy {a.}, {b.} hoi tu va a,< b, 0 n thi
o laa | " b (1-19)

alJk;| ® [bul_Jh

Pic biétnéua,[ |kvab,[ |hthi| &
(1-19)’

Dinh 1i 4: Néu diy {a,} hoi tu va
a,<b (hoic a,>b)[ >N

Dinh 1i 5: Néu cac diy {a,},{b.} hoi tu va

cling hoi ty va hdi ty vé cung mét gidi han .

2= = ba b

Dinh li 6: Néu day {

a, = a < b (hoac a>b) thi UN sao cho

im
,

= & by,vanéual e b, thidiy {c,}

fin

=0 thi day {a,} cling hdi tu va

an

' hoi tuval =

al‘l

§4. GIOI HAN HAM SO
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I. Cac dinh nghia
1. Pinh nghia gi6i han hiam s6 tai mét diém
Xét ham sd f xac dinh trén tap X U R, xo 1a mot diém gi6i han cua X.
Dinh nghia 1: S6 1 duge goi la gidi han cia ham s6 f khi x dan dén x,, néu véi mdi ¢ >0, 0
§ =0 (__1)>0, sao cho |/(x) - {|<__Jvéi moi xU X ma |x - x,|<d .

Kihiéu: M f(x)=1 Hay f(x)~ 1khix~ x (1-21)
Thi du:

1, im 3x+1)=4
That vay |3x+ 1)- 4 = 3(x- D <]
Ta chi can chon D:% Khi d6 véi moi x:|x- 1| < |:|=% thi [(3x+ 1)- 4 <]

. 2—
2, lim X =~ 39=6,x¢ 3

> x4 3

Taco:khix B, x_ B
x*-9
x-3

-6 =|(xt3)-6 = |x-3

Mubn | f(x) - I|< ¢ ta chi cAn chon § =¢ Khi do :
o<[x-3 < H |

2. Gioi han mét phia
Dinh nghia 2: Ta goi s6 1 1 gi6i han trai cua ham sb f khi x » x, (nghia 13 x » x, nhung
ludn luén x<x,), néu voi mdi [0, O] |(__J)>0 sao cho: [f(x)- {|< ¢ vai [x- x| |0 x0
X

lim -1 = f(x,-0) (1-22)

Khi xo =0 thay cho 0-0 ta viét -0
Thi du: Xét ham dau:

0+ 1 x>0
[

S(x)=Sign x =[...0 x=0
H- 1 x<0

R& rang }}mO S(x)= -1
Dinh nghia 3: Ta s& goi s6 1 & gidi han phai ctia ham sd fkhi x [_|x, +0 (nghia la x{__x,
nhung [udn luén x>x,) néu véi mdi[ >0, [ (D)>O sao cho:

- 1< e véi |x- x|<{ Jox0X
Kihigw: 1M fx) =1=f(x, + 0) (1-23)

Khi x,=0 thay cho 0 + 0 ta viét +0
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3. Gidi han ¢ vo tan va gioi han vo tan

Gia str ham s6 f xac dinh trong mot tap s6 thue X khong bi chan, x, 1a diém gidi han cua X.
Dinh nghia 4: Ta goi s 11a gidi han ciia ham s6 fkhi x| H® néuvsimdi[ >0 ton tai
sO M >0 I6n tuy ¥ sao cho :

[f-d<e | véi moi xL__IX thda man x>M

Kihigu: M f(x)=1 hay f(x)[_J1khix[__}H ] (1-24)

: ]
Thi dy: 1im =0

Xo tw x2+1

1 1
4 1 < Jthi x2+1>x2>£—

, 1
That vay véi[_ >0 dé | —-0

|x +1 ‘:x
Dat M=\ﬁ ta luon c6 | . SHERENSY
£ X

Dinh nghia 5: Ta goi s611a gi6di han cua ham s6 fkhi x[__-® néu véi mdi[ >0 tdn tai s6
M > 0 16n tuy ¥ sao cho:

-0

e -d<e | véi moi xL_|X thda man x<-M
Kihigu: 1M f(x) =1 hay f(x)[__1khix_{_] (1-25)

Dinh nghia 6: Néu v&i mdi sé duong A O] ](A) sao cho f(x) >A v&i moi x [_IX thda man
lx= x,|<{__J(A) thi xem nhu quy udc ta n6i ring ham sb f c6 gioi han +_1khi x[__xo

Kihigu: 1M f(x)=+"] (1-26)
. 1
fdy - lim =
Thi dy : 170 - 1) H ]

1 1
Tacod: (x-1)’<— néu 0<jx - l<—=
(ety< néu o<y - ll< o]
Dinh nghia 7: Néu véi mdi s§ duong A O] |(A) sao cho f(x)<-A v&i moi x [_IX théa man
lx- x| J(A) thi xem nhu quy udc ta n6i ring ham sb £ c6 gioi han L1 khi x[_Jx,
Kihigu: 1M f(x) = ] (1-27)

Chi y: ¢ day khi x ]+ [ Ita ciing c6 thé viét :

i fx)=+H_] , M fix) = +]

i lfy= L1, M fix) = ] (1-28)

I Tinh chit va phép to4n ciia giéi han ham sb

1. Tinh chat cua gici han ham so

Cho ham s f(x) duoc xac dinh trong tap XU R va a 1a diém gi6i han ctua X. Tinh chit ctua
gi61 han ham s6 dugc thé hién qua cac dinh 1i sau:
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Dinh Iy 1: Néu }Ciﬁn} f(x)=1 va néu A <1< B thi ton tai mot khoang J chtra diém a sao cho
| k[ Iin Xvax[ _lataco: A<f(x)<B
Dic biét néu 1> 0 (hodc 1 < 0) thi ton tai khoang J sao cho f(x)>0 ( hoic f(x)<0 ) véi moi x [
avax_In X

Dinh Iy 2: Néu M fx)=Ivanéu 0 <fx)<f thid < 1< B

Pic biétnéu|  [f(x)=1vafix)>0thil2 0
fx)<0thil[__]0

Dinh Iy 3: Néu |  (f(x)=1va| = |g(x) =1" va 1> 1 thi ton tai mot khoang J chtra diém a
saocho[ [ Jn Xvax l:la ta c¢6 f(x) > g(x)
Dinh i 4: Cho hai ham s f va g cing xac dinh trén tap X va f(x)> g(x) [ K[ IX. Néu
bifx)=1val " lgx)=1thil2 I’

Dinh 1y 5: Cho 3 ham s6 f,g,h ciing xac dinh trén tap X va g(x) < f(x) <h(x)
Néu| ® lg(x)=| = h(x)=1thi| " ff(x)=l

Dinh Iy 6: Néu| " [fi(x)=1thi| * ||/ (x)| =[] (1-30)

2. Cdc phép todn
Cho cac ham f(x),g(x) cung xac dinh trén tap XU R Gia thiét rang cac ham sb nay co gioi
han httu han tai Q 1a di€m giéi han cia X. Khi d6 chung théa man dinh li sau:

Pinh i 7:
LI " [fx)rgx)]=] " [f(x)+]| " |g(x) (1-31)
2,0 " f(x)-gx)] =" f(x)-]| " lgx) (1-32)
30 " [fx).ex)]=| " f(x).] " lgx) (1-33)
- f(x) 111’1’1 f(x) . -
4, [ 2(x) 1= £14Halg(x) néu| * g(x)[__0 (1-34)

Nhén xét: Pinh 1i trén van ding cho trudng hop khi cac ham sé f(x), g(x) c¢o gidi han bang vo
cung.
3. V6 cung bé —Vé cung Ion — So sanh cdc vo cung bé

3.1. Khdi niém vo cung bé — Vo cung lon

Dinh nghia 8: Ham s f(x) x4c dinh trong khoéang (a,b) dugc goi la mot dai lugng vo cung
bé trong qua trinh x| [([__][ J[a,b]) néu £1r£1 f(x)=0
(1-35)

Nhan xét : Dinh nghia ndy ciing diing cho qua trinh x|t [ ]4p dung cho cac khoang (a,+ [ |
) hay (L_Ja)
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Dinh nghia 9: Ham $6 f(x) xac dinh trong khoang (a,b) duogc goi la dai lugng vo cung lon
khi x (][ J[a,b]) néu v&i mdi sé M>0 16n tuy ¥ cho trude, O] >0 sao cho véi moi x
[ (a,b) théa man |x- ¢ |<| |tadéuco:

S| M (1-36)

Nhén xét :

+ Néu lim f(x) =+"Thay| * |f(x) =-_]thi f(x) 1 dai luong v6 cing 16n khi x| |

+ Dinh nghia trén cling ding khi x|+ [|

3.2. Tinh chdt va phép todn

Tinh chat va phép toan doi voi cac dai lugng vo cung lon va dai lugng v6 cung bé dugce
phat biéu bang cac ménh dé nhu sau:

1. Tong cta hai dai luong vo cuing bé 1a mot vo cliing bé (xét trong ciing mdt qua trinh)

2. Tich cua mot dai lwong vo cung bé voi mot dai lugng bi chan 1a mdt vo cung bé.

3. Pidu kién can va du dé | * |f(x)=A 1a luon viét f(x)= AH_ |(x) trong d6 [ |(x) 1a vo
cung bé khix[_Ja

4. Tich cua hai dai lugng v6 cung 16n 1a mgt vo cung lon

5. Téng cia mdt vo cung 16n voi mat dai lugng bi chan 1 mét vo cung 16n.

6. Nghich ddo ctia mdt vo cung bé [ |(x) (__I(x) [__]0)la mot vo cung 16n va nguge lai
nghich ddo mot vo cung 16n va la mdt vo cung bé .
Nhéan xét :

T ménh dé 6 ta co thé pghién cﬁg mot trong hai dai lugng vo cung 16n hodc vo cung bé, tur
do6 suy ra cho dai lugng kia bang cach lay nghich dao dai lugng nghién ctru .

3.3. Phdn loai cdc vé cung bé

Chung ta xét cac vo cung bé D,l:l,y ,... trong ciing mot qué trinh khi x| Ja (hodc x|
t )

Dinh nghia 10:

, a ,
1. Néu ﬁ_ la mot vo cung bé (hoac ngugc lai néu f— la mot vo cung 16n) thi ta noi |:| la
mot vo cung bé bac cao hon so voi vo cung bé [ ] (hay [ 1a v6 cung bé bac thap hon so véi

LD
Kihiéu:[ |=o( ) (doc 1a 6 nho ciia[ )

. a
2. Néu f— (hayﬂ— ) ¢6 gi6i han khac 0 , tic 1a D=A|:|O thi tanoi [ 1| |1a hai dai
lugng vo cung bé cung bac
Kihiéu: [ |=0( Jhay[_]=0( ) (doclaolon)
3. Néu dic biét| jZI thitanéi[ v ]l hai vo cung bé twong duong. Ki hi¢u[ ]

| Jhay[ [*[]

(1-37)
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; / J A o . ~ AN r A 5 A 3t O .
Chu y: Chung ta c6 thé st dung dinh nghia v6 cung bé tuong duong dé khir dang vo dinh 0 khi

tim gid1 han thuong cua hai vo cung bé D
That vaynéu g 1 g |

Khi @6 —ﬁ—.ﬁz.a—vi f
B o «a

Nén \’im L= l‘lm

. s 1
Thi du: Biétrang 1+ x-1[_] Exvé sin2x[_|2x khix[__]0

‘m”‘m
Il
—
<
Q)A
5
S | ey
Il
[E—

(1-38)

< =

1
11m Vit x-1 _ qim Ex:l
sin 2x x*oz_x 4

D¢ so sanh cac vo cung bé cling nhu phan loai ching, ta chon mot trong cac vo cung bé lam
chuan va goi la vo cung bé co ban. Khi doé ta cé the biéu dieén cac vo cung bé con lai qua vo cung
bé co ban .

Gia sa[__] 1a vo cting bé co ban thi cac vo cliing bé khac co dangc[ [, c[_R, kL _R".

Dinh nghia 11: Néu vo cing bé| | cing bac voi ¢ [ tirc 1
P (1-39)

ak

Thi ta néi I:l 13 v6 cung bé bac k so véi[__]va c[_*1a phan chinh cta v cung bé D
Thidu:
[ =, |:|= 1 —cosx khix[ 0
Cho[__|1a vo cung bé co ban
X

2.sin’ =
1- cosx B

|
—_
=
=
\S)

Khi do Lim

) 1
Nén phan chinh cua D(x) =1-cosx la 5 x?

§5. SU LIEN TUC CUA HAM SO

I. Cac dinh nghia
Dinh nghla 12: Cho ham s6 y=f(x) xac dinh trong khoang (a,b) va diém xo[_J(a,b). Ham s
d6 dugc goi 1a mot ham sb lién tuc tai diém xonéu:
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lim fx) = f(xo) (1-40)

Kihiéu: A y=f(x)-f(xo) sb giaham sb
Ax=X-X s6 gia d6i sb
Néu f(x) lién tuc tai x, thi :
Jm[y=0hay Im[ly=0
(1-41)
Thi du: Xét tinh lién tuc ctia ham sb tai xo= 0
Hx sm ! x% 0

f(x)=L
QOXO

1 : 1 .
vi sin— bi chdn bdi 1 nén !Cm(} x.sin— = 0 = f(0). Vay f(x) lién tuc tai diém x,= 0.
X X

Dinh nghia 13: Cho ham s f(x) xdc dinh trén doan [a,b]. Ham s6 f(x) duoc goi 1 lién tuc
trai tai diém b (hay lién tuc phai tai diém a) néu:

lim f(x) = f(b-0) = f(b) (1-42)
Jim f(x) = f(a+0) = f(a) (1-43)

Ham s6 lién tyuc trai hay phai tai diém x, dugc goi 13 ham s6 lién tuc mot phia tai diém do.
Thi du: Xét tinh lién tuc mot phia ciia ham:
0 x? x21

M0 ey xeq WX

Taco 1M fix)= 1M x>= | = (1) nén ham s6 lién tuc phai tai xo= 1

Iim fix) = 1im 3x+1 =4[ Jf(1) nén ham sb khong lién tuc trai tai xo=1

Dinh 1y 8: Diéu kién can va du dé ham s6 f(x) lién tuc tai diém x, 1a n6 phai lién tuc phai va
lién tuc trai tai diém do.

Dinh nghia 14: Ham $6 f(x) duogc goi 1a lién tuc trén doan [a,b] néu no lién tuc trong
khoang (a,b) lién tuc trai tai diém b va lién tuc phai tai diém a.

Dinh nghia 15: Cho ham sé f(x) xéac dinh trong khoang (a,b). Ham sb nay duogc goi 1a ham
gian doan tai diém x, [__J[a,b] néu n6 khong lién tuc (hay n6 khong lién tuc mot phia) tai diém
do.

Nguoi ta chia gian doan cua ham s thanh hai loai:

a, Gian doan loai I: 13 gian doan tai diém x, nhung ton tai f(x+0) va f(xe-0).
Dic biét néu f(xo+0) = f(x,-0) [__If(xo) thi ham f(x) duoc goi 1a gian doan khir dugc tai diém x,.
b, Gian doan loai II : 1a cac gidn doan con lai cta f(x) khong thudc gidn doan loai 1.
Hsin X 170

Thidu: 1. Cho ham f(x)=0
a 0 x=0
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sin x

Tacé: lim Z0% - lim Z0Y _ 70 = f0)

X X
Vay ham sb gian doan loai I khir dugc. Néu thay f(0) = 1 thi ham trd thanh lién tuc tai x = 0.

01 x>0

. 0
2. Cho ham dau signx =00 x=0
H-l x<0

Ta co: thg f(x)=1[_If(0)
Iim fx)=-1"_f(0)

Ham s gian doan loai I tai x,=0
1

— x%0
3. Cho ham f(x)=[ x2
x=0
g0
1
Ta co lim =+ [ 0=f0)

Vay ham s6 gian doan loai II tai x,=0

II. Cac phép to4n va tinh chit clia ham lién tuc
1. Phép todn
Céc phép toan cua ham s6 lién tuc tai mot diém x, dugc thé hién thong qua cac dinh li sau:
Dinh 1y 9: Téng hiéu, tich, thuong (ham mau sé khac khong tai xo) 1a nhitng ham sd lién tuc
tai Xo.
~ Dinh Iy 10: Néu ham s6 f(x) lién tuc tai diém x, va ham s6 g(y) lién tuc tai yo=f(x) thi ham
s0 hop gof lién tuc tai .
2. Tinh chdt
Dinh Iy 11: Néu ham s6 f(x) lién tuc tai diém a va f(a) >0 (hay f(a)<0) thi ton tai mot lan
can cua di€ém a, sao cho v61 moi x thudc 1an can doé thi f(x)>0 (hay f(x)<0)
Dinh 1y 12: (Pinh Iy Wayestrat thir nhit)
Néu ham sb f(x) lién tuc trén doan [a,b] thi n6 bi chin trén doan do6 .
Dinh 1y 13: (Pinh ly Wayestrat thir hai)
Néu ham sb f(x) lién tuc trén doan [a,b] thi né dat gia tri 16n nhat va bé nhat trén doan do.

III. Cac dinh Iy vé ham lién tuc

Dinh 1y 14: (Pinh Iy Bonxano — cosi thir nhét)

Néu ham sé f(x) lién tuc trén doan [a,b] va néu f(b).f(a)<0 thi co it nhit mot diém clU [a,b]
sao cho f(¢)=0.

Chung minh:
Vi f(a).f(b)<0 nén f(a) trai dau f(b) ta gia thiét f(a)>0 va f(b)<0.
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at b

Budc 1 : Chia doan [a,b] thanh 2 phan bing nhau bsi diém chia

. ath +b
Néu f(aT) —0thic= 22 va dinh 1y duoc chimg minh.

, +h a o
Néuf(aT)I:IOtt'rcf( “Ph<0hoae ] 4L >0

Ta chon doan [a;,b;] sao cho trén doan nay f(a;).f(b;) < 0 véi a;,b; 1a diém ( %b ) va mot

trong 2 diém a hoic b.
. . . +b
Budce 2: Ap dung cach 1am nhu bude 1 doi véi doan [a;,b;] néu f(a'—z')ZO ta xac dinh
duoc ¢ va dinh 1y dugc chiing minh .
a,t
2
Bing cach tién hanh nhu vay ta lap duoc diy con doan [a,,b,] v6i f(a,).f(b,)<0

Vi lim (p,—a, )= 0 nén lim o =lim p —¢ ¢ 0 [ab]

n-

, b ,
Neéu f( LYo ta thuc hién chon doan [a,,b,] dé f(a,).f(b,)<0

Ta luén c6 iircr}o f(x) khac dau x!ircl?o f(x) nhung vi f(x) lién tuc trén [a,b] nén lién tuc tai c.
Vay f(c)=0. Dinh ly dugc chimg minh.

Dinh li 15: (Pinh 1y Bonxand — cosi thir hai)

Néu ham s6 f(c) lién tuc trén doan [a,b] va f(a)=A , f(b)=B thi ham s d6 s& nhan moi gia tri
trung gian gitra A va B.

Hé qua: Néu ham s f(x) lién tuc trén doan [a,b] thi né nhan moi gia trj trung gian gitra gia tri nho
nhat m va gia tri I16n nhat M cua né trén doan do.

Chi y: Néu chi gia thiét ham s6 f(x) lién tuc trén khoang (a,b) thi cac dinh 1y tir 13 dén 15 s&
khong con dung nira.

. 1
Thi du: Ham s6 f(x)=— lién tuc trong khoang (0,1) nhung khong bi chén trén khoang do.
X

Dinh Iy 16: Mbi ham so cap don gian lién tyuc tai moi di€ém thudc mién xéc dinh cia no.
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Chuong 2
Pao ham va vi phan
§1. PAO HAM

I. Hai bai toan din dén dao ham
1.Bai toan thir nhét: Vén tdc tirc thoi cua chuyén dong thang

Xét chat diém chuyén dong thing theo quy lut cho bai biéu thirc:
S =S(t) (2-1)
S - quing dudng di duoc cua chit diém trong quéng thoi gian t
t - thoi gian
Ta can x4c dinh van tdc v caa chat diém
a)Néu chét diém chuyén dong déu thi:
V= S(tz) B S(tl) (2-2)
t,-
b)Néu chat diém chuyén dong khong déu thi cong thirc (2-2) chi cho chung ta van tdc trung
binh ctia cht diém trong khoang thoi gian [t,,t,]. VAy mudn biéu thi van tdc cta chat diém tai
thoi diém t ta can:
1-Dinh nghia van téc tirc thoi tai thoi diém t ciia chuyén dong thing
2-Tinh vén téc tirc thoi do
Ta nhén thy ring néu khoang thoi gian t — t, cang bé thi:
_S()- S(t,)
e -t (2-3)
Chp ta biéu thirc cang c}}inh x4c vé van tdc tai diém t,. Do dé vén tdc tire thoi cua chuyén
dong thang S = S(t) tai thoi diém t, dugc xem la gi61 han

. S(t) - S(t,) _
lim——=~=

t- ty t- to to (2'4)
Kihiéu: Af=S(t) - S(t,) = AS
M=t—t,
Cong thirc (2-4) duoc viét lai:
. As
iy @-5)

2.Bai todn thir hai: Ti khéi dia phuong ciia thanh khong dong chét
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Xét thanh thang AB c6 thiét dién khong doi. Ti khi trung binh ciia thanh 1a i s6 d gitta khéi
lugng va chicu dai cua thanh.
a)Néu thanh dong chat thi d 1 hang so.
b)Néu thanh khong dong chat thi d 1a mot ham s6 theo toa d6 cta truc thanh. Nhu vay dé xéac
dinh duogc ti khoi dia phuong chiing ta can:
1-Dinh nghia ti khdi dia phuong theo toa do truc thanh
2-Xac dinh gia tri cua ti khdi do
Cu thé: chon truc thanh 1a truc toa do xx’. Ijéy mot dau mut (chfmg hqn mut A) lérp géc 0.
Khi d6 chi€u dai AB =1 1a duong. Xem cac diém cua thanh trén mét thiét dién la giong nhau
(thuc t€ c6 su sai khac), khi d6 moi diém trén thanh s€ hoan toan xac dinh bdi hoanh d6 cua diém
d6. Goi m 12 khéi lugng ctia doan thanh OM (OM = x) thi m = m(x) = f(x).
Xét ti khoi trung binh ctia mdt mau thanh dai (x — x,) xac dinh boi:
£(x)- f(x,)
T x-x, (2-6)
Néu chiéy dai mau cang bé thi (2-6) cho ta d6 chinh xac cang cao ciia sy phan bd vat chit
xung quanh di€m x,. Ta c6 dinh nghia:

- . f(x)- f(x,) L SR
Ta xem gidi han £1n3? 1a ti khoi dia phuong cia thanh thang tiét dién déu AB
tai diém x, (2-7)
Kihiéu Af=f(x)—f(x,)
AX = x- X,

Cong thirc (2-7) duoc viét lai:
lim A—f = lim — (2-8)

3 Két luan: bé xac dinh van tc tic thoi v, cua chuyén dong thing deu hay ti kh01 dia phuong
cua thanh dong tiét dién déu, ta deu dan dén bai toan tim gidi han cua ti sé giita s6 gia cua ham s6
va sb gia d6i s6 khi sb gia ddi s6 tién dén khong

Tt hai bai toan trén ta dan dén khai niém dao ham cua ham so.

II. Pinh nghia dao ham ciia ham mét bién s6
Gia sty = f(x) 1a ham s,(*) xéac dinh trong khoang (a,b) va x,0(a,b) tiy . Véi sd gia Ax sao
cho x, + Ax [ (a,b) ta lap ti s
A f(x,+D0x)- f(x,)
Ax Ax

(2-9)

o C . . . Af . ) , ]
N¢éu ton tai gidi han hiru han Allm0 Ix = A thi s6 A dugc goi la dao ham ctia ham s6 f(x) tai
X X

diém x = x,,

f(x, +Ax)-f . Af
Kihiéu f(x,)=A=lim (X, *+ 8%) (X°)= lim —
Ax- 0 Ax Ax- 0A x

R rang khi x, thay doi, gia trj cia £(x,) cling thay dbi tirc dao ham £ ctia ham sé f(x) ciing
la mot ham so.

(2-10)
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Goi f’- dao ham cua ham sb f
f’(x,) - gia tri dao ham cia ham s6 ftai diém x,
Kihi¢u £(X,) = [f(X)] |x=x0 = £ (X)|xo (2-11)

I11. Y nghia hinh hoc ciia dao ham
1.Dinh nghia tiép tuyén ciia duong cong (C)

Trong mit phang toa do Oxy cho dudng
cong (C).
Ly diém c6 dinh MO(C), M(x,y) va diém
M, chay trén (C).
Dung cat tuyén MM,. Khi M; chay trén
(C) MM, s€ quay xung quanh diém M.
Vi tri gi6i han cua cat guyé'n MM, khi M,
tien dén M doc theo (C) la tiép tuyén cua duong
cong (C) tai M. Ki hiéu MT f(x)

f(x)+Ax

| H.22 |
2Y nghia hinh hoc cuia dao ham C X

~ Gia su duong cong (C) la d6 thi cia ham sb y = f(x). Gia thiét ham sd f(x) c)é)+§;o ham tai
diém x.
M, c6 toa do la (x + Ax, f(x + Ax)).
¢ - goc gitta cat tuyén MM, véi chiéu duong Ox.
o - gbc gitra tiép tuyén MT véi chidu duong Ox.
Theo dinh nghia tiép tuyén ta co:
o= Jm hay = fim
_MH_ f(x+A4x)-f(x)_Af
T MH (xtA0x)-x T Ax
Hay tgo = N}lrlr\ld1 % = I}{llﬁhl/[% (2-13)
Theo dinh nghia vé phai ctia (2-13) chinh 1a dao ham £(x). V& trai cua (2-13) 1a hé s goc
cua tiép tuyén MT cua duong cong (C) tai M.

Taco tgd (2-12)

Véy dao ham cua ham s0 f(x) tai x c6 gia tri bang hé sb goc cua tiép tuyén ciia duong cong y
=1(x) tai diém do.
Pay chinh la y nghia hinh hoc cua dao ham.

IV. Cac quy tic co ban dé tinh dao ham
Ta c6 thé thyc hién lay dao ham cia mot 16p kha rong cac ham sé bang cach két hop viée
thiét 1ap cac quy tac co ban lay dao ham tong quat vdi viée tim dao ham cua céc so riéng biét.
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Dinh 1y 1: Cho ham sb f va g xac dinh trong khoang (a,b) va c6 dao ham tai diém x,0(a,b),

. . f

khi @6 f + g, kf (v6i k 1a s6 thuc bat ki) f.g va gi—g (g(x) # 0 véi Ux U (a,b)) cling c6 dao ham tai
diém x, va ta co:

1-(f £ 2)"(xo) = F'(X0) £ 2(X) (2-14)

2-(k.f)’(xo) = k.f(X,) (2-15)

3-(£.2)"(Xo) = £"(X0)-8(Xo) *+ £(X0).g"(Xo) (2-16)

f' i - f g'
iy, P - ) () o)
g g (x,)

Chirmg minh:

g, R0 (F2g)x,) | FOx, + WE g(x, + ) [F(x,)E g(x,)

-Ta cé: o e "
R ) - £ )] £ [etx, + ) - g (RO + ) - FOx)], g(x, * ) - g(x,)
h h ) h
Chuyén qua gi6i han ta nhan dugc két qua (2-14)

Thi du:

1.Tinh dao ham cta ham sb hing y = ¢
Ay=0 Ux - y'(x) =0

2.Tinh dao ham ctia ham ddng nhat y = x

N2
DoAy=Ax nén —=1 [0 (x)’=1
Ax

3.Tinh dao ham cua ham liy thtra y=x", n O N*
Cho s6 gia Ax. Khi d6:

n(n- 2)

% XA+ ..+ AX"

Ay = (x + Ax)" - x"= nx"'Ax +

by _ nx"' + n(n- 2)
Ax 2!
Chuyén qua gi6i han khi Ax — 0 ta nhan dugc

X"2AX + ...+ Ax™!

(x")” =n.x""
4.Pinh nghia cac dao ham mdt phia
*Gia sir ham sd f(x) xac dinh v6i moi x,<x < b
f(x, + h)- f(x,)
h

Néu ton tai hllr% thi ta n6i rang ham so f c6 dao ham bén phai tai diém
Xo.
Kihiéu f(+x,) hay f’(x,10)
*Gia sir ham sd f(x) xac dinh v6i moi a < x < x,
f(x, + h)- f(x,)
h

Néu ton tai hllrn0 thi ta noi rang f c6 dao ham bén trai tai diém x..

Kihiéu f(—x,) hay £’(x,—0)
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*Ham sb f(x) néu c6 dao ham tai diém x, thi n6 ¢6 cic dao ham bén trai va dao ham bén
phai tai diém x,. Pi¢u khang dinh nguoc lai 1a khong han dung.

Thi du: ham s6 y = x| c6 dao ham trai tai (x*)y= —1 va (x")¢e)= 1. N6 khong c6 dao ham tai x,
=0.

*Céac dao ham bén trai va bén phai diém x,, goi chung la cdc dao ham mdt phia.

kf(x, + h)- kf(x,) | f(x,*+h)- f(x,)"°

2-Tacé . - - kf(x,)
i Tacs (PR (FRx) | (5, * h)glx, + )= F(x,)(x,)
-1a Co h = h
LGt g+ )= () (o + )+ F(x,)(x, + 0= F(x,)e(x,)
h
e, + 1) fixo).g(xo )N P hﬁ_ 8(x,)

qua gidi han ta nhan dugce (2-16)

4-Dé chtg minh ta chi can xét truong hop khi f(x) = 1
T exth)-ex,)

gx,th) egx,)  gx,)ex,+h)

1 __g(x,)
Egﬁ(x") g(x,)

Ta co chia cho h va qua gi6i han ta co:

. 1 .
Thuc hién tiép theo cho ham Ef Dg E(XO) ket hop voi 3 ta nhan duoc (2-17).

Dinh 1y 2: (Pao ham ciia ham s6 hop)
Néu ham y = f(x) ¢6 dao ham tai x = x, va z = g(y) x4c dinh trong khoang chira diém y,=f(x,)
c6 dao ham tai y =y, thi ham hop z = g.f(x) c6 dao ham tai diém x, va ta co:
z’(Xo) = ' (Yo)f"(Xo) (2-18)
Chtng minh: Theo dinh nghia dao ham ta cé:
Y = Yo = f(x) = f(Xo) = (x = x)[f(Xo) + €(X)]
trong d6 €(x) - 0khix - X,
va g(y) = g(¥o) = (¥ ~ ¥o)lg'(yo) + &(y)]
trong d6 &(y) - Okhiy - y,
Nén z(x) = z(xo) = g[f(x)] — g[f(x,)] = &(y) — &(yo) = (v = ¥o)[&’(¥0) + &(y)]
= (x = x)['(x0) + EX)[&°(¥o) + &(y)]
Khi x - X, thi &(x) — 0, theo tinh lién tuc ctia f(x) tai X, ta cling céy — y, va do d6 &(y) - 0.
z(x) - z(X,)
X- X

o

Do doé: = [F(x0) + e(X)][g’(x0) + O(y)]

Chuyén qua gidi han ta nhan dugc (2-18).
Dinh 1y 3: (Pao ham ciia ham s6 nguoc)
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Gia str ham sb y = f(x) lién tuc va ting nghiém ngit trong khoang (a,b) va gia thiét rang x=¢
(y) 1a ham nguoc xac dinh trong 14n can cta diém y =y, = f(X,) (xo 0 (a,b)). Khi d6 néu ham s y
= f(x) c6 dao ham tai x = x, va £'(x,) # 0 thi ham s6 x = §(y) c6 dao ham tai y =y, va ta co:

0'(y,) = f( 3 (2-19)
Chiing minh:
Theo dinh nghia dao ham ta xét ti s6 %
Ta co: O(y) = X, §(yo) = X0, y = f(X), yo = f(X,) nén:
P-0) . x-x, 1
Y- Y, f(x)- f(x,) - fx,)

X~ X,

Vi y-y,#0,x —x,#0 va gia thiét ton tai £(x,), chuyén qua gi6i han ta nhan dugc (2-19).

V. Su lién hé giira dao ham va tinh lién tuc
Néu ham s6 f(x) c6 dao ham hitu han tai x, thi né lién tuc tai X,
That vay vi f ¢c6 dao ham tai x, nén Af = [f(X,) + A(x)]Ax v6i a(x) - 0 khi x - X,. Hon
nira khi x - X, Af — 0. Tuc la f lién tuc tai X,.
Diéu khéng dinh nguoc lai khong hén ding.
Thi du: Xét ham f(x) = |x|
Ham nay lién tuc tai x = 0, nhung khong ton tai f* tai x = 0.

VI. Pao ham cip cao

Cho ham s6 f(x) xac dinh, lién tuc trong khoang (a,b). Gia st f(x) c6 dao ham tai [xU(a,b),
khi d6 dao ham f* ciing 12 mot ham sé xac dinh va lién tyc trong khoang (a, b). Néu ham s6 £(x)
c¢6 dao ham tai x, [ (a,b) thi ta goi dao ham d6 1a dao ham cap hai cia ham s6 f tai diém x,,

Kihiéu f’(x,).
Tiép tuc theo cach suy dién nhu vy ta c6 thé dinh nghia dao ham cép n.

Dinh nghia dao ham cép cao:

Cho ham sé f(x) xac dinh trong lfhoéng (a,b) va f(x) duogc goi ’12‘1 c6 dao hélpl cap n tai x,[]
(a,b) néu ham s6 f c6 dao ham dén cép (n—1) trong (a,b) va ham s6 dao ham cap (n—1) c6 dao
ham tai di€m x,,
Ki higu f7(x,) = [f* ()] o
VIL Pao ham cic ham so cip

1.Dao ham ctia ham s6 logarit va ham s mii

Xét ham s6 logarit y =1log.x voia>0, a#l va x,>0

1 +h)-1 +h
Ta co: 08X, * )" log, X, l-logaEXO H: llogaEH LH
X h X

h h

o (4]



39

e ,
= L.X" Jdog H1+ L L.logaHH X°H - i.loga e khih-0
x, h X, X, i h X,
1
Vay (log.x)’ =— .log.e (2-21)
X
Dic biét néu a=¢ cong thirc (1-21) duoc viét lai
1
(Inx)’=— (2-21y
X

Néu x < 0 thi log,(=x) luén xac dinh. Thyc hién lay dao ham ctia ham sé hop ta ciing nhan
duoc céac cong thirc (1-21), (1-21)’.

Xét ham s6 mil x = a%, 1 ham s6 nguogc cua y = log.x. Theo quy tic ldy dao ham ctia ham s6
ngugc ta co:

1 1 a’’ o
@), = 1 T 7 =a’log, a
( Oga X) Xo 710ga e Oga S
XO

Vay (a')lyo = a”Ina
Xem bién 12 x ta co: (a¥)’ =a*. Ina (2-22)
Dac bi¢t khi a = e ta nhan dugc cong thirc don gian hon:

(e¥)’=e* (2-22y

2.Dao ham cua ham sd lity thira
Xét ham sd Ity thira y = x% o - s6 thuc xéac dinh véi x >0
Ta biéu dién ham y dué6i dang y = ™™ va thyc hién 14y dao ham ctia ham sb nay theo quy tic
dao ham ctia ham so6 hop.

1 a
Tacé: y’(x) =e*™ (alnx)’ = a.—.e"™ =aq. X axe! (1-23)
X X

DPac biét khi o O N' ta trd lai cong thire:
(x")” = nx"! (1-24)
Cong thire (1-23) van ding trong truomg hop x < 0 va x* c6 nghia.
Khi @6 ta viét y=(-1)%(-x)" x<0
vi (—x)>0 nén ap dung (2-23) ta co:
y’ = (D" a(-x)*" = ax*"

3.Dao ham cua cac ham lugng gidc va cac ham lugng gidc ngugc

a)y = sinx
Ax Ax  sin—
. Ax . Ax A

Xét: Ay  sin(x+ Ax)-sinx _ 2sin(x + 2 )sin 7 = A—Z.COS(X + TX)

N = X

Ax Ax Ax —

2

Chuyén qua gidi han (sinx)’ = cosx (1-25)

b)y = cosx
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, - 2sin(x + A—X)sinAX . sin7 : Ax
Xét: by _cos(x+ Ax)- cosx _ 2 = - T.sm(x+ 7)
Ax Ax Ax —
2
Chuyén qua gidi han (cosx)’ = —sinx (1-26)
c)y = tgx
Taviét: y= tgx = SInx
COSX
sin(x + Ax)  sinx
Ay tg(x+Ax)- tgx _ cos(xt+ Ax) cosx
Ax Ax ) Ax
_sin(x+ Ax).cosx- cos(x+ Ax).sinx _ sinAx 1
) Ax.cosx.cos(x+ Ax) © Ax cosx. cos(xt A x)
Chuyén qua gidi han (tgx)’ = 3 (1-27)
cos” X
d)y = cotgx
Thuc hién tuong tu nhu cach 1am ddi v6i tinh dao ham cua tgx ta co
(cotgx)’ = - (1-28)

sin® x
. - . - T m
e)y = arcsinx voix =sinx, — < y< —
2 2

Theo quy tac lay dao ham cua ham s6 nguoc

(arcsinx)'=

(sin y)' cosy

- T
Viy [ (T’E)Hén CoSy = \/1- sin’y = J1-x° , do do:

1
NER'S

f)Tuong tu ta nhan dugc cong thirc tinh dao ham cua cac ham lugng giac nguoc con lai

(arcsin x)':

(arccosx)': !
1- x?
(arctgx)': ! >
I+x
(arccotgx)': +_x2

g)Pao ham cac ham Hypecbollic
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1 . 1 .
(shx) = (e - €)'z (" - )= ehx (2:33)
*Tuwong tu ta nhan duogc cong thirc tinh dao ham cua:
(chx)’ = shx (2-34)
§2. VI PHAN

I. Pinh nghia vi phan
Cho ham sb y = f(x) ¢6 dao ham tai diém x 0 (a,b)

, A
Titc tn tai y° = f(x) = lim >
Ax- OAX
A f(xtAx)-f
Lap oY= y= TOPROZT0 )2 g (a) (2-35)
Ax Ax

vol a(Ax) 1a vo cung bé khi Ax — 0. Do d6 a.Ax 1a vo cung bé bac cao hon so véi Ax. Tu (2—
35) ta nhan duoc:

Ay = f(x+Ax) — f(x) = £(x).Ax + a.Ax = £(x).Ax + O(Ax) (2-36)
Vi f°(x) tai mdi x nhan gia tri béng s6 va khong phu thudc Ax, nén f(x).Ax 1a mot dai luong ti 1¢
v6i Ax. Ta c6 Nhan xét:

*Néu y = f(x) c6 dao ham tai diém x thi tai do s6 gia Ay c6 thé bieu dién dudi dang (1-36),
tirc né dugc phan tich thanh tong cua mot dai lugng ti 1€ voi Ax va mot vo cung bé bac cao so voi
Ax (Khi Ax — 0).

*Pao lai néu s gia Ay tai diém x ctia ham sb y = f(x) c6 thé biéu dién dudi dang

Ay = f(x + Ax) — f(x) = A.Ax + O(Ax) (2-37)
O day A khong phu thudc Ax, thi ham ) y =1(x) c6 dao ham tai x.
Tu (1-37) ta co: 2—)}: = A+ 0O() véiO(1) - 0khiAx -0
Vayra y’ =f(x)=A
Nhu vay diéu kién can va du dé ham s6 y = f(x) c6 thé phﬁp tich s6 gia Ay ctia né thanh tong
dang (2-36) la f(x) phai c6 dao ham f’(x) tai x. SO hang thtr nhat " (x).Ax dugc goi 1a vi phan cua
ham s0 y = f(x) va dugc ki hiéu la dy.

dy = (x).Ax (2-38)
Xét ham dong nhét y = x. Do y’(x) = 1 nén:
dy = dx = Ax.

~ Ta quy u6c dx = Ax (vi phén cua bién sd x ddng nhit vai sb gia), nén cong thirc (2-38) duoc
viét lai:
dy = £(x).dx (2-39)
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Ham s6 f(x) ¢6 vi phan tai x, duoc goi 13 ham kha vi tai diém do6
II. Ung dung vi phin dé tinh gan ding
Nhan xét: Theo biéu dién (1-37) Ay = £ (x)Ax + O(Ax).

Khi Ax kha bé ta thiy (x)Ax xap xi sd gia Ay clia ham.

Néu f(x) 2 0 thi f(x)Ax la phan chinh tuyén tinh cta §6 gia Ay. Nhu vdy néu biét dugc gia
tri cua ham tai diém X, nao do ta c6 thé tinh dugc gié, tri gél} dﬁpg cua ham trong lan c@n diém
nay voi do chinh xéc tuy y tuy thudc vao viéc chqn sO gia doi1 sO Ax. Gia tri gan dung xap xi vi
phan cua ham tai x, cong véi gia tri cua ham tai di€ém do6 (f(x,) #0). Ta c6 cong thuc:

f(x) = f(x0) + £(X,).Ax (2-40)
Thi du:
1.Tinh gia tri gin dng cta 3/28
Ta xét ham f(x) = 3/x vax, =27, Ax=1
Ap dung cong thirc (2-40) , ta c6:

f(28)= /28 = £(27)+ £'(27).1= 3+ 115, 1.8 wnr Blaarh
39 27 27 0 0
2.Tinh gia tri gan ding cua sin46°
s T
Ta xétham y =sinx va x,=45°= —, A=—
4 180

Ap dung cong thirc (2-40), ta co:

sin46° = sin45° + sin45°.L =
180

£+£ m £(1+ T[)_\/E(H+180)
2 2°180° 2 180 360

II1. Tinh bt bién ciia dang biéu thirc vi phan

Gia sty = f(x) va x = §(t) 1a cac ham s kha vi tai x, va tai t,, vOi x, = P(t,) va gia sir rang ta
thiét 1ap duoc ham hop y = f$(t)]. Khi dé ta co:

dy = df = (f(¢(t)))’.dt = £(x).x’(t).dt = (x).dx

Ta nhan thiy du x 1a bién doc I14p hay x 1a ham kha vi ctia mot bién doc 1ap khéc thi dang vi

phan cap 1 cua n6 van khong thay do6i. Pay chinh 1a tinh bat bién dang cua biéu thuc vi phan.

IV. Vi phan cap cao
Gia sir ham s6 y = f(x) kha V’i trong (e},b). Viphan dy = f(x)dx dugc goi la ,Vi phan cép 1
cua ham y = f(x) tai x U (a,b). Néu ham s6 dao hémq f (X)v cling c6 dao ham tai x, lay vi phén,cﬁa
ham dy = f’(x)dx trong d6 xem dx = Ax 1a khong doi. Biéu thirc nhan dugc, goi la vi phan cap 2
cta ham s0 y = f(x) tai x, ki hiéu d*f = d?.
d&*f = d’y = d[dy] = d[f(x)dx] = £(x)dx*
dy? = £ (x)dx (2-41)
_ Tuong ty chung ta thiét 1ap duoc cong thirc cua cac vi phan cp 3, 4,..., n ciia ham sd f(x).
Bi€u thirc tong quat dugc cho dudi dang:
d"y = fV(x).dx" (2-42)
Thi dy: Xéthamsd y=f(x)=8x"+3x>+5x +2
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dy = (32x’ + 6x + 5)dx
d’y = (96x* + 6)dx*

Chuong 3
Tich phan khéng xac dinh

§1. PINH NGHIA VA TiNH CHAT

I. Pinh nghia nguyén ham ciia ham s6
Dinh nghia 1: Ta néi rang ham so F(x) la mot nguyén ham cua ham sd f(x) trong mot
khoang nao d6 (hiru han hodc v6 han), néu tai mdi diém khoang nay

dF(x
- ) (-1)
dx
Thi du:
1. F(x) = sinx 1a nguyén ham cua f(x) = cosx.
X
2. F(x)= v1- x> languyén ham cta ham s6 f(X) = - === véi-1 <x <1
F(X) 1-x guy m
Nguoi ta con goi nguyén ham ctia mot ham s 1a tich phan khong xac dinh cua ham sb do, ki
hiéu I f(x)dx .
d(F(x)+ C) _ dF(x) _

Mat kha = f 3-2
at khac i i (x) (3-2)
nén F(x) +C v6i CO R 1 hang s6 tiy y ciing 1a mot nguyén ham cua ham sb f(x). Nén ta co:

I f(x)dx = F(x)+ C (3-3)

Néu noi F(x) 1a tich phan khong x4c dinh ctia ham f(x) thi phai hiéu d6 1a tich phan dugc lay
trén mién ma ham so xac dinh.

II. Céc tinh chit ciia tich phan khong xac dinh
Gia su trong khoang (a,b) cac ham F(x) va @(x) 1a nguyén ham cua cac ham f(x) va ¢(x). Khi
do:
Cac ham [f(x) £ ¢(x)] cling c6 nguyén ham va

I[f(x)i b (x)]dx = [fedx £ [§(x)dx = Fx) £ 9(x)+ C (3-4)
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Véi s6 k O R, k.f(x) cling c6 nguyén ham va
I k.f(x)dx = k.I f(x)dx = kF(x)+ C (3-5)

II1. Cac cong thirc co ban cia tich phan khong xac dinh
1.J' dx=xt+C

x"'+C véin#-1

2.

3.

4.

o

*dx = —a +C voia>0,a#1

4

6.[sinxdx = - cosx+ C

7. [cosxdx = sinx+ C

= arcsinx + C= - arccosx+ C

8.

J*
I
J
Ie"dx— e*+C
J
I
NE

V1- x?

9.] 1:1);2 = arctgx+ C= -arccotgx + C

D¢ ldy tich phan cta ham f(x) ta s& phan tich f(x) thanh biéu thirc 1a t6 hop cia cac ham co
ban ma cac ham do6 cong thuc lay tich phan da dugc biét. Khi do dua vao céc tinh chat cua tich
phan khong xéc dinh ta hoan toan lay dugc tich phan cua ham f(x) da cho.

§2. CAC PHUONG PHAP LAY TiCH PHAN
KHONG XAC PINH

D¢ 14y tich phan ciia ham f(x) ta phai bién ddi f(x) sao cho biéu thirc dudi dau tich phan &
dang m¢i s€ thuc hién duoc viée lay tich phan thong qua cac cong thic lay tich phan cua cac ham
co ban. Ta c6 hai phuong phép co ban lay tich phan khong xéc dinh sau:

I. Phwong phap thé
Gia sir trong khoang (a,b) ta co: I f(x)dx = F(x)+ C (3-6)

x = ¢(t) lién tuc cung voi dao ham cip mot ciia nd trong doan [o,B] va a < ¢(t) < b OtO [a,B].
Khi d6 ham F dugc xem 1a ham hop F(¢(t)) xac dinh trén [a,3]. Ta co:

dF(f; )= pp )9 °(1) (3-7)
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Vi F’(x) = f(x) nén viét lai (3-7) dF(¢ (t)) = £(0 (£)).0'(t)

Hay jf(¢ ()" (dt = Flp (1) (3-8)

So sanh (3-6) va (3-8) ta thiy rang c6 thé viéc lay tich phan theo (3-8) la thyc hién dugc. Sau
khi liy duoc tich phén theo t, tré vé bién cii x ta c6 dugc biéu thirc tich phan khong xac dinh F(x)
can tinh.

Nhu vy thuc chat caa phép ddi bién sb 1a ta bién ddi biéu thirc dudi dau tich phan f(x)dx
theo bién mai theo phép thé x = ¢(t), dx = ¢’(t)dt va thyc hién tich phén theo t

[ fGodx = [£(6 (1) '(t)dt

Thi du:
LTinh [(a+bx)"dx  n#l, b#0

, dt
Thé atbx=t [0 bdx=dt O dX:?

[T

n ' 1 n 1 n+l 1 ntl
+ = — = —— + —(at +
J'(a bx)" dx bJ't dt 1t C 1(a bx) C

1 1
b'n b'n
Khi n=-1 ta co:

dx t1.dt 1
Ja+bx bI___

dx
2.Tinh [

2
a- X

Thé x = Vat,dx = vadt

dx . Aadt dt x . X
= = = arcsintt C = arcsin—=1+ C
J‘\/a-xz I\/a-at2 ‘[\/1-‘[2 Va
Néu trao ddi vai tro ctia x va t trong cong thirc (3-8) ta nhan dugc:

[£O (D9 (x)dx = [f(t)dt= F(t)+ C (3-9)
bay la dang chung ta thuong hay gap.

In |t|+ C:—1n|a+ bx|+ C

a>0vaa>x>

Thi du:

2x+ 1
1. Tinhfx4dx

X2+ x+1

D& thay d(x> + x +1) = 2x + 1)dx
Thé xXX+x+1=t
+
J’de J'dt 1n|t|+ C= ln‘x + Xt l‘
x*+ xt1 t
2.Tinh [ (a+ bx*)"xdx  b#0, n#-I

. 1
Thé a+bx*=t, xdx=—dt
2b
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t X
J(a+ bxz)xdxzift dt= =L gyl L L(a+ b*)"+
2b 2b n+1 2b n+1
3.Tinh dx
.Tin
'[ x*+a
Thé Vx*+a+x=tl H x +1de:dt
Vvat x?
+
xrvarx vaxdx dt o _dx _dt
Jat x? atx? ot
dx v dt X 2
I 2 :IT:1n|t|+ CZIH‘X"' vat x |+ C (3-10)
X"+t a

4.Tinh I sin” x cos xdx

dsinx = cosxdx. Thé sinx=t

X

1 . 1 . .
J'sm x cosxdx = Itdt——t"1+C: sin”'x+ C

n+l nt+l
xdx
5.TinhIW n#l
Thé x*+1=t
X 1 1
J‘?L:t_'[gz— 1 DL1+ C=- 0 n_1+C
+D" 20T 2m-n 2n-1) [x?+ 1)

II. Phwong phap tich phén tirng phan
Gia sir cac ham u(x) va v(x) lién tuc va c6 dao ham trong khodng (a,b). Khi d6 u(x).v(v) cling
lién tuc va c6 dao ham trong khoang do. Ta co6:
d[u(x).v(x)] = du(x).v(x) + u(x).dv(x)

Id[u(x).v(x)] = j[u(x)dv(x) + v(x)du(x)]
u(x).v(x) = I u(x)dv(x)+ I v(x)du(x)
Ta suy ra: I u(x)dv(x) = u(x).v(x) - J v(x)du(x) (3-11)
[ vx)du(x) = u(x).v(x) - [u(x)dv(x) (3-12)
Céc cong thirc (3-10),(3-11) cho phép ching ta chuyén viéc tinh [ u(x)dv(x) vé viéc tinh
I v(x)du(x) (hay nguoc lai) ma ddi véi tich phan sau ta thuc hién viéc 14y tich phan mot cach dé
dang hon. Pic biét nhing tich phan dang I x*In™ xdx | j x e™dx I x* sin bxdx I x* cosbxdx

thudng dung quy tic nay.
Thi du:

1.Tinh [ xe"dx
batu(x) =x U du(x)=dx
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dv(x)=e'dx U v(x)=¢"

Jxexdx = xe* - J'e"dx - xe¥-e*+C
2JthI1nXdX

1
batu(x) =Inx 0 du(x)= —dx
X
dv(x) =dx O v(x)=x
J'lnxdx: x.lnx-IdX: xlnx-x+C (3-13)
Tir cac vi du ta bd sung cac cong thiic (3-10), (3-13) vao bang cac cong thirc tich phan co ban.

§3. CAC CONG THUC TRUY HOI

Trong qua trinh 13y tich phén ta thudng hay gip mot s6 dang ham dué6i ddu tich phan 1 luy
thtra bac n cua mot ham nao d6 véi n U N. Ta dua ra mot so cac cong thire truy hoi sau:

1,In=Isin“xdx nz0

cosxsin"'x n-1

I = + I, (3-14)
n n
2.1 = Icos“ xdx nz0
: n-1 _
I - sinxcos" X . n IIn_2 (3-15)
n n
d
3.1, = I ): n#l
cos" X
[ - sin X L - 2I 316
" (n-1)cos"'x n-1"7 (3-16)
dx
In: T 5 \n =
4. I (x2 . l)n nzl
X 2n- 3
L = el I 3-17
(2n-2)(x*+ 1" 2n-2"" 3-17)

Viéc chimg minh cac cong thue (3-14), (3-15), (3-16), (3-17) dugc thyc hién bang phuong
phap tich phan tirng phan. Sau day ta s¢é chirng minh cac cong thuc (3-14) va (3-17).

oXét I, = J’sinn xdx
Ta cé: sin” x = sin" > x.sin” x = sin x“'2(1 - cos’ x)
[ = Isin“ xdx = Isin“'2 x(1- cos’ x)dx =1, - J'sin“‘2 cos” xdx

Tinh [sin™ ?x cos” xdx = I cosx sin" ? xdsin x

bat u=cosx 0 du= —sinxdx
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. ) 1 . .
dv= sin"?xdsinx I vz —sin""'x

n-1
. 1 . 1 . in"!
Vay J'Sln“ ?x cos? xdx = ——cosx.sin" 1x+I sin” xdx = SOSXsSIm X, ! I
i n-1 n-1 n-1 n-1"
Thé vao biéu thire I, ta duoc:
s n-1
L=l - COS X sin X+ 1 I
n-1 n-1
s on-1 - .
9o =-SOSXSIT X, 07l i3y phai chimg minh.
n n
dx
‘X’t In = n
« e
e h oh i’ - 1 1 du- 2nxdx
Thuc hién tic an tun an vl U - n - nt
L C p g phan v (Xz . 1) (Xz s 1) 1
dv=dx 0 v=x
2
L= X g mxdx Xy 2nf—dX - 2nf—dX -
(x2 + 1) (x2 + 1) (x2 + 1) (x2 t 1) (x2 t 1) (x2 + 1)

ﬁ+ 2nl_ - 2l

x“+1

11 - X . 2n-1I
n+1 21’1()(2 ' l)n on

Trong cong thic trén néu thay n boi n—1 ta nhan dugc

0 I=

n

I - X . 2n-3I
" lan- )kt 2n-2h

Diéu phai chimg minh

§4. TICH PHAN CAC HAM HU'U TI

S _ Plx)
Xét ham hiruti  R(x) Q(X)

O day P(x),Q(x) 1a cac da thic bac m, n.
Néu m >n, R(x) goi 1a mot ham phan thirc khong thuc su
m <n, R(x) goi la mot ham phan thurc thyc suy.
Béng phép chia da thirc ta luon dua R(x) vé dang tong ctia mot da thirc véi mot ham phan thic
thuc su.

P{x . .
Xét R(x) = ﬁ la phan thire thuc su thi ta luon c6 thé phan tich n6 thanh tong cua céc

phan thirc co ban véi cac tich phan cua cac phan thiic co ban c6 cac dang sau:
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I.Jx_adx 2IWdX
Mx+ N Mx + N
S o e

Voi A,M,N,a,p,qUR; k,nON"
va  4q-p*>0
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Ta chi ra rang céac tich phan ctia cic phan thiic co ban déu 1y dugc tich phan. Cac tich phén (1),

(2) 1a hai dang quen thudc véi:

I A dx = AJ' dx —A1n|x a|+C
X-a X-a
A dx A 1
——dx = A. = - 0 +C
I M i e © D

Céc tich phan (3), (4) dugc tinh voi phép thé:
1
X+t —p=t ; dx=dt
2P :

2
dit a>0, a’=q- %

Khi do:

x>+ pxtq=ti+a’

Mx+ N=Mt+ (N - %Mp)
Tich phan (3) c6 dang:

1
Mt+HN-—MpH M, 2tdt
+ t - —
Mx+ N dx= tDz+ f Ddt 2It2+a
a

+HN MDI

t*+a’

—_—

.[X2+px+q

= Mln(t2 + a2)+ lalrctg£+ C
2 2 a

v J, Mx+ N dszln(x2+px+q)+2N_Mparctg 2x+ p + C
RIS Jiar " oo
Tich phan (4) c¢6 dang:
1
Mt+HN-—MpH M. 2tdt H
Mx+ N ! 0 2 0,.°— +IN- — Mp
I(X2+px+q)ndX-I (t2+a2)n dt 2‘[('[ +a) Djt +a’

Ta ly tich phan cua tich phan thir nhét bang cach doi bién.
u=t’+a’; du = 2tdt

(3-19)
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2tdt du_ 11

I(t2+a2)n:'[u n—lu“'1JrC

Tich phan thtr hai dugc ldy dua vao cong thirc truy hoi (3-17) sau khi rat a® ra ngoai va thé
t
—=u
a

Thuec hién tré vé bién x, chung ta nhan dugc biéu thirc cudi cing cia tich phan (4) can tinh.
Ta két luan rang moi ham hiru ti déu c6 thé thuc hién ldy tich phan cua chung.

§5. TICH PHAN MOT SO HAM VO Ti DANG PON GIAN
Vo1 ham dai s6 1a cac ham vo ti dudi dang don gian, la chira luy thira s6 mil phan cua bién
doi lap cua mot nhi thire hay mét phan thirc, bang cac phep the thich hop ta ciing ¢6 thé thuc hién
lay dugc tich phan cua ching. Cac phép thé do la:

t+b .
x=z";axt+ b= z"; E'lX i b = z". V6i p — MSCNN cua cac s6 mil phan
a'x
Thi du:
1.V6i phép thé x = z°
dx dx

a)Tinh | A | [+ X7

p=6. Thé x=2°% dx =6t’dz

dx 2 6z°dz zdz <
T = 60[ 2% = 62- Garctgz+ C 2 ¢ ¢/x -
Nroais i 2 ™ O = 07 Sareten? € 64~ gareigtix + ©
Jx x /A
b)Tinh dx = dx
) J'1+‘{/; J‘l+x%
p=4. Thé x=2z% dx =47'dz
B 5 5 4 3 2
J‘idX:4IZdZ:4 z_z .,z .z ., - 4lnfz+ 1|+ C
1+ 4/x 1+ z 5 4 3 2

Daile - L Lo - L s 4k amlix )
05 4~ 3 2 0
2.V&i phép thé ax + b= z°
dx dx
Tinh I x\/m ) jx(x+ 1)%

p=2; x+1=2% dx=2zdz

V4 - + -
_[ dx =ZJ 2(1z:1nz 1|+C:1n\/X11+C
xJx+1 Jdz27-1 z+ 1| Jx+1+1
, +b
3.V6i phép thé ——- = 27

a'x+b'



51

o1 fiex . 1o xp”
TlnhI;D " X—J’;DE . - dx
1+ _ 2zdz
p:29 X_ Zz, dX- (22_1)2

I 1+x, *? z’

Chuong 4
Tich phan xac dinh

§1. PINH NGHIA

I. Bai toan dién tich hinh thang cong
Gia st ham sd y = f(x) xac dinh trong khoang [a,b], chia [a,b] thanh mot sé hitu han n cac
doan c6 chiéu dai tuong ung la Ax,, Ax,,..., AX,.

Trén mdi doan Ax; ta chon tiy y cac
didm & (i= Ln ).
" & ( 7 ) YA T
Thiét 1ap tong _ T L]
A=Y e @ I
F ]
V& mit hinh hoc téng A la té)ng dién % | | | i |
tich cta cac hinh chr nhat ¢6 mot canh la s | Hinn
f(¢.) va canh kia1a Ax, EEEEEEE N
i ¢ i I Ll ! e —
0 ayb ™ x
H.23

O day duogc hiéu Ax; vira 1a 6 dai vira 1a ki hiéu chinh doan d6. Cach chia [a,b] thanh n doan
con Ax; dugc goi 1a mdt phép phan hoach & cua doan [a,b].

Kihiéu [3|= maxAx,

Do cac doan Ax; 1a chon tily ¥ nén véi mdi s6 n cho trude ta ludn chon duge phep phan
hoach {8,}. Day phan hoach {8,} dwoc goi 1a diy phan hoach chuan néu:
8,20 (4-2)

lim
n- o

Ung voi mdi &, ta thiét 1ap tong A, twong tmg. Véi diy phan hoach {8,} ta nhan dugc diy
tong {A,}. O day ta co vo sb cac diy tong {A,} ung véi {3,}, ty theo viéc ta chon cac diém & O
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Axi. Néu vé6i {8,} 1a ddy phan hoach chuan va viéc chon hop Iy & O Ax; 13 c6 thé nhan duoc gia
tri ctia tong tmg A, x4p xi voi dién tich cua hinh thang cong S = {x =a, x =b, y=0, y = f(x)}.

Viéc tinh chinh xé4c dién tich hinh thang cong S dan dén viéc tim giéi han cta diy tong {A.,}.
V& mit hinh hoc giéi han nay ludn ton tai.

I1. Pinh nghia ham kha tich — Tich phin xac dinh

Néu mot ham s6 f(x) c6 tinh chit 1a v6i mbi ddy phan hoach chuan {8,}, diy téng tuong Gmg
{A.} hoi tu (khong phu thudc viéc chon céac diém &), thi ta noi ré“mg ham f(x) kha tich trong
khoang dong [a,b]. Khi d6 moi ddy tong {A,} Gng voi diy phan hoach chuin {8,} déu co cing
mat gidi han.

Dinh nghia 1:  Gioi han chung cua cac day tong {A,} ung v6i diy phan hoach chuan {3,
goi la tich phan xac dinh cua ham so f(x) trong khoang dong [a,b].
b

Kihigu [f(x)dx (4-3)

Ham sd y = f(x) lién tuc trong khoang déng [a,b] s& kha tich trén doan d6. Dién tich ctia mién

D gi6i han bai duong cong lién tuc y = f(x), truc toa dd Ox va cac dudng thang x=a, x=b chinh Ia
b
gi4 tri cta tich phan xac dinhj f(x)dx . N6i cach khac dinh nghia dién tich mién D nhu 1a gia tri
b

cua tich phﬁnJ' f(x)dx .
Trong biéu thirc tich phan xac dinh thay cho bién ddc 1ap x ta co thé biéu dién qua cac bién
s0 bat ki khac. Ttrc la:
b b b

[f0dx = [ (1)t = [f(@)dz .. (4-4)

a a a

I11. Cc thi du

1. Tich phdn xac dinh cua ham v = ¢

Ham hang y = ¢ kha tich trong moi khoang déng [a,b]. Ldy mot phan hoach & tiy ¥ doan
[a,b] g0m cac doan Ax;. Chon & O A tuy y.Taco f(i§)=c &,
Téng A=Y f§.)JAx, = § cAx, =cy Ax, = c(b- a)
EATY Jedxre]
b b

Viy If(x)dx = chx = c.(b- a) (4-5)

a a

Day chinh 1a dién tich cta hinh chit nhat dugc gisi han boi duong thang y = ¢, song song véi
Ox, truc Ox va cac duong thangx =a, x=b
2. Tich phdn xdc dinh cia ham dong nhdt v = x

Ham y = x kha tich trong moi khoang [a,b]. Lay phan hoach & doan [a,b] gdm cac doan Ax;
duoc xac dinh boi cac diém chiaa=a, <a;<a,<...<a,=b.
AXi = a; — Ai-1 (1 = 1, 2,..., n).
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Lay diém & 0 Ax;tuy y. Ta c6 f(&) =&

Lap tél’lg: A= Z f(Ei)AXi = Z EiAXi (4'6)
1=1 1=1

ata;,
2

Gia st x; 1a trung diém cta doan Ax;, tirc X, =
Ta viét lai (4-6) duéi dang méi:
A=) xbhx; ¢ (El B Xi)A X; (4-7)
LY

Xét s6 hang thir nhét cua tong A

n

n n 2 2
a.+ a.. a. - a.
ZXiAXi:z 1 ll(ai_ai-l):z—l =
2
1=1 = =

1=1 1=1 2
_a; ai+a§ af+ +az_ai_l_b2-a2
2 2 2 2 2 2 2

Xét s6 hang thir hai ctia tong A

‘zﬂ (El - Xi)AXi

S Zl € - xifbx; < Z1|Ei_ x; ]

. Ax.
Chu y v6i x; 1a trung diém doan Ax; va §; [ Ax; tuy y ta ludn co: |E - Xi| < Tl

Zn (Ei_ Xi)AXi

171

Vay R=

T T
< E|6|Zl AXI» = E|6|(b a)

Néu chon mét diy phan hoach chuan {3,} bat ki ta udn co:

. 1
O day R, ¢ 5|b- allp,
Chuyén qua gidi han IlllmRn =0 v 1111m6n =0
2 _ .2 2 _ .2
Tée limA, = >3 4 imR, = 22
b 2 2
b°-a
A d =
ng IX X )

a

Day chinh 1a di¢n tich cta hinh thang dugc gidi han boi duong y = x, truc Ox va cac duong
thang x =a, x =b.

§2. MOT VAI TINH CHAT CUA TiCH PHAN XAC PINH

Tinh chat cta tich phan xé4c dinh duoc thé hién qua cac dinh 1y sau:
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Dinh 1y 1: Tdéng cua hai ham s6 f(x) va ¢(x) kha tich trong khoang déng [a,b] 1a mot ham
kha tich trén doan d6 va:

a

[IEGO+ 4 (odx = [ Fedx+ [ § (x)dx (4-9)

Chtrng minh: Véi phan hoach  bat ki, ta 1ap céc tong:
A=Y (e
L

A'= Zn ¢(21)Axi voi & 0 Ax;

A+A"Zf Ax+2¢ AX-Z[f £)lax,

Néu {0,} 1a mdt day phan hoach chuén, khi do:
lim(A + A )= limAn+ limA
Theo gia thiét f(x) va ¢(x) kha tich trén cac gidi han & vé phai 1a ton tai. Piéu d6 c6 nghia la
gidi han cta vé trai (4-10) 1a ton tai. Tac ham sb f(x) + ¢(x) kha tich trong [a,b] va:

b b b
J’[f(x) + 0 (x)]dx = [£x)dx + [ 6 (x)dx
Pay chinh 14 diéu can phai ching minh.
Dinh 1y 2: Tich cia mot hing sé k véi mot ham sb f(x) kha tich trong khoang dong [a,b]
cling 1a mot ham kha tich trong khoang nay va:

[ k£ (x)dx = k £(x)dx 4-11)

1

Thidy: Tinh L= J(bx+ c)dx

0

1 1 1 1
Taco: 1= bedx+jcdx= b.J'xdx+J'cdx: b,ﬂ+ c(1- 0) = lb+ c
0 2 2

0 0 0

Dinh 1y 3: Néu ham s f(x) dong nhat bang 0 hau khap noi trén khoang dong [a,b] trir mot
b

s6 hiru han diém thi: I f(x)dx = 0

Ching minh: Gia sir k Ia s diém ma tai d6 ham f(x) # 0, va M = max[f(x)| | x 0 [a,b]. Khi d6
véi moi phan hoach dta c6: |A|< 2k M5

Nhu vay néu {3,} 1a mot day phan hoach chuan, khi d6 diy tong {A,} twong tng voi né ludn
co:
A, |< 2kM]S |

Vi =0 pep IImA =0
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b
Hay j f(x)dx = 0. Diéu can ching minh.

a

Dinh Iy 4: Néu cac ham sb f(x) va ¢(x) chi khac nhau tai mot s6 hiru han diém trén khoang
dong [a,b] va gia thiét mot trong cac ham s6 nay kha tich thi ta khang dinh ring ham s6 kia ciing
kha tich va hon ntra

b

I f(x)dx = f(b (x)dx

a

Ching minh:  Xét ham f(x) — ¢(x), ta thdy rang no bang khong hau khap noi trén khoang dong
[a,b], trr m&t s6 hitu han diém. Theo dinh 1y 3:

jlf(x)- b (x)]dx = 0 (4-12)

Gia sir rang §(x) 1a ham kha tich. Vi f(x) = [f(x) — d(x)] + §(x). Nhu vy ta co thé xem f(x)
1a téng ctia hai ham sb kha tich trén khoang déng [a,b] nén f(x) ciing 1a mot ham kha tich trén
khoang do6. Do (4-12) nén:

[ £(x)dx = I[f(x)— b (x)]dx + [ ()dx = [ ¢ (0)dx

Day la diéu can phai ching minh.
Dinh 1y 5: Néu ham sb f(x) kha tich trong khoang déng [a,b], a <b. Néu f(x) =0 Ox O [a,b]

b
thi If(x)dx 20

Do céc tong A déu dwong nén giéi han duong.
Dinh ly 6: Néu cac ham f(x) va g(x) kha tich trén khoang dong [a,b] va néu f(x) < g(x), Ox

Ufa,b] thi J'f(X)dX jg(X)dX.

Ta chung minh dinh 1y nay dua vao dinh ly 5 khi xét:
g(x) —f(x) 20 Ux U [a,b]

Nén I[g(x)- f(x)]dx 2 0

b b

0 I g(x)dx - j f(x)dx 2 0. Do vay I f(x)dx < I g(x)dx

a a a

Dinh 1y 7: Néu ham sb f(x) kha tich trén khoang déng [a,b] thi ham |f(x)| ciing kha tich trén
doan do va:

f f(x)dx

b
< £ (x)|dx (4-13)
Ap dung ddi véi téng A ta co:

- z f(E.)Ax,|< Z € x,

11
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nén ta nhan duoc (4-13).
Dinh Iy 8: Ham s6 f(x) kha tich trén khoang dong [a,b] va néu m, M 1a céc tri nhd nhat va
16m nhat cua f(x) trén [a,b] thi:
b
m(b- a) < I f(x)dx < M(b- a) (4-14)

a

Chimg minh: Lay phéan hoach 8, lap tong: A = 2 fE€)Ax,
1=1
Ta ¢o: mix, <) f@€,)Ax, <) MAx,
LN L

Hay m(b- a)< zﬂ fE,)hx, < M(b- a)

b
Do f(x) kha tichnén m(b- a)< J f(x)dx < M(b- a). Diéu can ching minh.

Chia ca 2 vé cta (4-14) cho (b—a) ta c6:
1 b
f(x)dx < -
b_aj (x)dx <M (4-15)

a

m<

1 b
bat I = EI f(x)dx . Ta goi [ 1a gi4 tri trung binh cta tich phan x4c dinh va ciing chinh

la gia tri trung binh cdu ham f(x) trén doan [a, b].

§3. PIEU KIEN KHA TiCH CUA HAM LIEN TUC

Xét ham s6 f(x) xac dinh, lién tuc trén [a, b] v6i & 1a phép phan hoach bat ki doan [a, b].
Goi m;, M; 1a cac gia tri bé nhat va 16n nhat cta f(x) trén Ax,, ta lap cac tong:

=Y Mpx, (4-16)
1=1

s=) mbx, (4-17)

1

O day S, s duoc goi 1a cac tong Dacbu treé va dudi ciia ham f(x) img v6i phan hoach & cua
[a, b].

Ta luon co6: s<A<S (4-18)

Véi {8,} 1a ddy phan hoach chuin thi doi v6i ham f(x) lién tuc trén [a, b], nguoi ta da
chung minh dugc rang:

Hm(S, - s,)= 0 (4-19)
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Néu ta tang s6 diém chia cua phan hoach 6 thi v&i phép phan hoach méi & ta ludn co tong
trén s& giam va tong dudi s& tang 1én va vi vay tong trén ciia mot phan hoach bét ki ludn 16n hon
tong dudi cia mot phan hoach bat ki khac. Tt 13 v6i hai phan hoach &, & ta c6:

s < S (4-20)
Dinh 1y 9: Néu hai ham s6 f(x) lién tuc trén [a,b] thi f(x) kha tich trén [a, b]
Chung minh: Theo gia thiét f(x) lién tuc trén [a, b] nén no lién tuc déu trén d6. Nghia 14 véi €0,
[B=03(¢) >0 sao cho

€
X1, X2 i [a, b] ) ’Xl - Xz‘ < o thi ‘f(Xl) - f(X2)| < E
Vi & tim duoc ta thiét 1ap phan hoach [a, b]. Khi do:

S—-s= 2 (M; - m;)Ax; . Nhung do cic Ax <&
1=1

nén M- n¢<
b-a

- £
Ticla [S=s|< ) - hx, =g,
=1

Vay f(x) kha tich trén [a, b].

Dinh 1y 10: Néu ham f(x) bi chan va chi c6 mot s6 hitu han diém gian doan trén [a, b] thi
f(x) kha tich trén [a, b].
Chung minh: Gia sir rang f(x) chi gian doan tai mot diém x, O [a, b]. V&i s6 & > 0 ta tach [a,b]
thanh 2 phén:‘m(f)t phérll la 1an can (X, — €, X, + €) va phan con lai. Trén phan con lai f(x) 1én tuc
nén lién tyc déu. Vi s6 € > 0 néu trén [b = 8(¢) > 0 va ta xem. Ta luén xem 8 < & ma khong co gi
mau thuan, khi d6 vdi phan hoach 6 cac diém chia ludn roi vao 2 truong hop:

— Nam hoan toan ngoai lan can (x, — €, X, + €). Ki hiu la 1’

— C6 mot s6 diém nam trong 1an can d6. Ki hi¢u la i”.

Goi W 1a bién d6 16n nhat cua cac gia tri cta f(x) trén [a, b]. Khi d6 M; — n; £ W voi moi
khoang chia Ax;.

Ta co: S—s= Z (Mi - mi)AXi = Z (Mi' - mi’)AXi' + Z (Mi" - mi")AXi"
=1 1 1
O day Y (M- mbx, <8) X < gb-a)

o mu)Ax, < bXi < gew
y M Wx, sw) bx

0 S —s<¢[(b—a) +4w]=¢".
Chtng t6 rang f(x) kha tich trén [a, b].

§4. SU PHAN CHIA KHOANG LAY TiCH PHAN
_CAN LAY TiCH PHAN
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I. S phén chia khoing lay tich phian
Dinh Iy 11: Néu a <b < ¢ va néu ham s f(x) kha tich trong khoang [a, c] thi

J f(x)dx + f f(x)dx = f f(x)dx (4-21)

Chtng minh: Léap ddy phan hoach chudn {8,} cta [a, ¢] sao cho b 1a mot diém chia cua bat ki
phan hoach &, nao. Ki hiéu A, 1a diy tong twong tng cta {8,}. Ki hiéu Ax; 13 cac doan chia thudc
[a, b], Ax;~ 1a doan chia thudc [b, c] va & O Axy, & 0 Ax;

A“:Z f( i')AXi'+Z f(¢ . )Ax,

bat Ay = Z fEIAX, 5 Ap= Z £ )b,
Do f(x) kha tich trén [a, ¢]. Va do {3,} 13 phan hoach chuan nén A, va A,- déu c6 gidi han

hiru han khi n — oo. Ttrc 12 f(x) kha tich trén [a, b], [b, c].
Ta nhan dugc (4-21).

IL. Cén lay tich phan
Dinh nghia 2: Gia sir ham f(x) kha tich trong [a, b], a <b, khi do ta dat

b

J f(x)dx = -J f(x)dx (4-23)
a b
Hé qua: J f(x)dx=0 (4-24)
Dinh Iy 12: Néu a, b, ¢ 1a cac ham s bt ki thi f(x) kha tich trén moi doan 1ap boi a, b, ¢ thi
b c c
I f(x)dx + J f(x)dx = I f(x)dx (4-25)
a b a

Chirng minh:
1. Néu a <b < ¢ thi (4-25) suy ra tir (4-21)
2. Néu a< ¢ < b khi @6 theo (4-21) ta c6:

b b

f f(x)dx + I f(x)dx = J' f(x)dx
O jj f(x)dx - f f(x)dx = jj f(x)dx
J' f(x)dx + f f(x)dx = Jf f(x)dx . Piéu phai chirng minh.

Nhéan xét: 1. Néu a=b hodc a = ¢ hodc b = ¢ thi dinh ly la hién nhién.
2. Cong thirc (4-25) c6 thé viét lai dudi dang
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f f(x)dx + f f(x)dx + f f(x)dx= 0 (4-26)

b

Dinh nghia 3: Cac s6 a, b trong biéu thirc tich phan I f(x)dx duoc goi la cac can cua tich

a
phan xé4c dinh. N6 khong phu thudc vao gia tri dai s6 ma chi phu thudc vao vi tri. Néu vi tri nam
phia trén ta goi la can trén, vi tri ndm phia dudi goi la can dudi.

§5. HAM SO GIOI HAN TREN_ GIOI HAN DUOI CUA
TiCH PHAN XAC PINH

Dé dua ra cach tinh tich phan xac dinh khi biét duoc nguyén ham cua tich phan khong xac
dinh cua nd ching ta xay dung cac ham s6 cia gidi han trén va dudi cua tich phan xéc dinh nhu
sau.

Dinh nghia 3: Néu ham s6 f(x) kha tich trén [a, b] va véi x, o O [a, b] bat ki ta lap ham:

X

F(x) = I f(t)dt — goi 1a ham cua gi6i han trén
va Qx) = I f(t)dt — goi 1a ham cua gidi han dudi cta tich phan xac dinh ctia ham f(x)
O day @x)=-F(x) (4-27)

Céc ham F(x), ((x) phu thudc vao viéc chon diém o O [a, b].
Chung minh: Xét diém x, O [a, b] va v6i A du bé dé x, + A 0 [a, b]
Ta co:

Xoth Xo Xoth

F(x,+A) ~F(x)= [f(0dt- [f(Odt= [f(t)dt (4-28)

[} o X

Vi f(x) kha tich trén [a, b] nén f(x) bi chan trén do. Ta suy ra [f(x)| <L [x U [a, b].

Xot A Xoth Xot A
Vay [F(x, +N) = F(xo)| = | [f(0dt < [IT®)]dt < [Ldt=p ]

R& rang khi A — 0 Ta ¢6 F(x, + A) — F(x,). Titc ham F(x) lién tyc tai x,. Piéu niy thoa
man [Jx, [ [a, b] nén F(x) lién tuc trén [a, b].

§6. TICH PHAN XAC PINH VA NGUYEN HAM
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Dinh 1y 14: Néu ham sé f(x) kha tich trén [a, b] véi a, x O [a, b] ta ludn c6 dao ham cua

ham s F(x) = [ f(t)dt ton tai va bang gia tri ciia ham f(x) tai mdi diém ma ham nay lién tyc.
Chtrg minh:
Gia st f(x) lién tuc tai x,[[a, b]. V&1 &> 0, [N =n(¢) sao cho [x [ [a, b] ma [x — X,|<n thi
[f(x) — f(x0)| <& (4-29)

Xt FGo= [ 1O, aOfa,b]

a

Tacs: F(9) - ()= [ F(Ddt- [ Fdt= [ fot (4:30)

[} a X

F(x) - F(x |
(x) - Fx,) J’ f(t)dt = f(c) 1a gia tri trung binh ctia ham

X0

X~ X, X - X,

Voit U [x, x]tacod: [t—t| < |x =X, <N, vivay f(t) cling thoa man (4-29), tuc f(c) thdoa
man (4-29). Vay

f(x,) — €< %i(xo) <f(x,) + €
SRR S TP
Co nghia lim F®)- Px,) = f(x) (4-31)

XX X - X,

Theo gia thiét f(x) lién tyc tai x,, nén f(x) hitu han. Vé trai (4-31) theo dinh nghia 1 dao
ham cua F(x) tai x,. Di€u phai chung minh
Taco: F'(x)=1(x) (4-32)

tai nhitng diém x ma f(x) lién tuc. Suy ra cac dinh 1y sau:
DBinh Iy 15: Ham s6 f(x) lién tyc trén [a, b] co nguyén ham trong khoang niy va nguyén
ham d6 c6 biéu dien
F(x) = J' f(t)dt+ C (4-33)
Dinh 1y 16: Néu F(x) 1a mot nguyén ham ctia ham s6 f(x) lién tuc trén [a, b] thi véi x,a0
[a,b] ta co:
[ £(Hdt=F(x) - F(ar) (4-34)
Chung minh: Theo gia thiét F(x) = I f(t)dt 1a mot nguyén ham nén n6 c6 biéu dién (4-33)

a
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F(x) = J f(t)dt+ C

a

Néu dit x = o ta nhan dugc F(0) = I f(t)ydt+ C=C

a

Suyra F(x)= f f(t)dt + F(a)

a

Hay J f(t)dt = F(x) - F(0 ). Diéu phai chimg minh.
Nhan xét: Néu trong (4-34) dit x =b, o = a ta nhan dugc:
b

[ £(x)dx = F(b) - F(a) (4-35)

DPay la cong thirc Niuton—Lépnit cho phép ta tinh tich phan xac dinh qua nguyén ham F(x)
cua tich phan khong xéc dinh cta no.
Ta c6 thé viét don gian hon:

[ f(x)dx = Fx)[ (4-36)

§7. BIEN POI TiCH PHAN XAC PINH

I. D6i bién trong tich phan xac dinh

b

Xét tich phan j f(x)dx (4-31)
Str dung phép thé x = (1) (4-32)
dx = d[¢(t)] = “’( ) 0dt = ¢>(t)dt

f(x) = £ [$(t)]
a=0¢(a); b=9¢(P)

b b
Khido [ F(dx= [ 1o (0] (0t (4-32)

Chi y: Khi s dung phép bién ddi bién sb ta hodc 1a doi can, hodc 1a tich phan khong xac
dinh theo bién moi, tiép d6 tré vé bién ban du va tinh theo cac cén da cho.

Thi du 1: Tinh Jx\/1+ x*dx
0

bat Ji+x? =t; xX*=4t7-1



Taco x=0; t=1

x=1; t=\/§

d tdt
X:
t*-1
Lo R s 221
JX 1+ x“dx= It dt= —| =
; ) 3 3
In(l+
Thi du 2: Tinhf d+ )
o1+ x?
dt
bat x=tgt; dx= >
cos t
Taco x=0;t=0
x=1; t= n/4
m
ln(l+ X) n/4 \/Ecos(z- t)
J'— J’ln(l+ tgt)dt = J'ln—dt
o 1+ x . cost
n/4 T n/4
= Iln\/EdH J'lncos(—- t)dt - Ilncostdt
0 0 4 0
n/4 m n/4
Chu y: Ilncos(—- t)dt = Jlncostdt
0 4 0
'In(1+ x) . " P
Vay J—de—Jln\/_dt Lin 2t| = n2
0
T oxsinx
Thi du 3: Tinh J'—zdx
$ 1+ cos” x

Lz I8 1!
Ta tach mién lay tich phan thanh 2 khoang [0, 5] , [5 T ]
X sin X d "2 xsinx X } X sin X d

J(;1+ cos” x

I 2 2
) 1+ cos™ x 7plt cos” x

Bién ddi tich phan tht hai bang cach dit x =1—t; dx = —dt

X sin x m- t)sin(m - t V3(n - t)sint
SN gD _ st
aalt cos” x /21+cos (m-1) y 1+ cos™t
n n/2 2o n/2
Vidt Lai J X sin X I X sin X I sin X _[ X sin X
' 1+ cos® x 1+ cos’ x 1+ cos’ x ) 1+ cos’ x

"2 T sin X dcosx 2 Tl
I :—J—2=-nlncosx| = —
) 1+ cos” x $ 1+ cos” x 0 4

62
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IL. Phwong phip tich phan tirng phan

Gia st f(x), ¢(x) lién tuc cung cac dao ham cua n6 trén [a, b] va F(x) = f(x).$(x)

Khido F’(x)=£(x).0(x) + f(x).0’(x) (4-33)
M3t khéc j F'(x)dx = F(x)[ (4-34)
Tich phan hai vé 14-33) ta co:
fF' (x)dx = f[f’(x)¢ (x) + £(08 ' (x)]dx
_ J £ (x)§ (x)dx + j F(x)p ' (x)dx (4-35)

Tu (4-34), (4-35) ta rat ra:

J ' () (x)dx = F(x)f (x) |b - j f(x)p ' (x)dx (4-36)
Va J f(x)9 " (x)dx = £(x)f (x) |: - I f'(x)9 (x)dx (4-37)
Thi du 1: Tinh } X cos xdx

0

bat f(x)=x, ¢’(x)=cosx. O ¢(x)=sinx
J' X cos xdx = xsinan) - J'sinxdx = J'dcosx = cosX 2 =-2
0
1
Thi du 2: Tinh [ x*(1- x) dx

0

Pit f(X):Xz, ¢,(X):(1_X)3; 0 ¢(X): - (1 '4X)4
Vay Ixz(l- x)*dx = - X (: %) |

0

0

1 o4 1
1+2IX(1 x) 4dX: Jx(l-x)4dx
0

bit f'(x) = %X’ »x)=(1-x)*% O 6 (x)=- (1- x)°

5
12 3 1, 4 1 st 1, 5
Tacd: [x (- x)dx=—[x(1-x)"dx=-—x(1-x + —[(1-x)"dx
aeo: [x3(1-)"dx= S x(1- ) RN AT I(US
11 P |
= - — —X i —
106( )|° 60

§8. UNG DUNG CUA PHEP TiNH TIiCH PHAN
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I. Tinh dién tich mién phing

Gia st trong mit phang Oxy ta cho cic
duong cong y, = f(x), y> = g(x). Goi D 1a mién
phang gidi han boi cac duong cong y, = f(x),
y> = g(x), x =a, x =b. Ta x4c dinh dién tich
Sp ctia mién D dya vao tich phan xac dinh

Taco: Sp=S,-S,

H.24

Trong d6 S, = dién tich hinh thang cong gidi han bdi y, =1(x), y=0, x=a, x=b
S, =dién tich hinh thang cong gi41 han bo1 y, =g(x), y=0, x=a, x=b
b

Toe  Sp=[f(x)dx - [g(x)dx = [[f(x)- g(x)]dx (4-38)

a a a

Trong trudng hop tong quat ta co:
b

Sp= [1f(x)- g(x)|dx (4-39)

Chu y: Dé tinh dién tich mién phang gidi han boi mét s6 hitu han cac dudng cong ta can qua cic
bién.

1. Xac dinh giao diém cta cac dudng cong

2. X4c dinh dién tich mién phang gidi han boi cac dudng cong

3. Tinh tich phan x4c dinh theo cdc mién phang chi ra
Thi dy: Tinh dién tich mién phing giéi han boi
cac dudng cong y° = 2px va x° = 2py

Hai dudng cong cit nhau tai x=0, x=2p,
y=0, y=2p. Theo hinh v¢ ta co:

2
Sp = Iozp(,/2px - ;(—p)dx

2 'S
:(5\/%-?42 - 6_p)‘(2’p =4 p*

H.25

II. Tinh thé tich
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Xét vat thé V trong hé Oxyz nhu cho trén
hinh v&. Ta xem thé tich V 1a tong cta cac tru

c6 day 1a S(x;) va chiéu cao 1a Ax; nao diy.
Nhu vay no c6 dang 1a mot tong tich phan. Vay
cong thirc tinh tong thé tich la:

V= I: S(x)dx (4-40)

J

H.26

Trong truong hop vat 1a khéi tron xoay do mot hinh phang 14 hinh thang cong {y=f(x), x=a,
x=b}cho trong mat phang Oxy va quay quanh truc Ox. Khi d6 S(x) chinh 1a hinh tron ban kinh
f(x).

Viy: V= IbS(X)dx J T£2(x)dx = T[I £2 (x)dx (4-41)
IT1. Tinh d¢ dai cung

Gia sir trong mit phang toa do Oxy ta xét

duodng cong s cho dudi dang tham so: DO )
X = t D = + (ti+)
_¢()D (4-42) A Mty
y= 0 (D0

vé6it O [a, B] va s(t) khong ty cit.
Pé tinh chiéu dai cuastrto=0a dént, =
ta thuc hién nhu sau:

H. 27
Trén s(t) ta lay diém Mi(t; ) v6i I = 1, n. Ta thiét 1ap cac day cung M. + M,,, valap téng:

ZIMM Oday M t M \/(XHI - i (Y1+l Yi)z
Mat khac Xpy ™ X, =0 '(ti)(tm - t)= 0 '(ti)Ati
Yir = Yi= U '(t')(tm -t)=U '(ti)Ati
Vay EMM Z\/¢ () + 4 2(tHAt, (4-43)

(4-41) c6 dang ctia mot tong tich phan. Khi A7, 0 ta nhan duoc gidi han ciia n6 chinh 1a chiéu
dai cta cung s(t).

B
i RO O (4-44)

a

Nhan xét:
1/ Trong truong hop duong cong cho dudi dang

X=X
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y =1(x)
b
a - I 1+ f? (x)dx (4-45)
2/ Néu duong cong s(t) dugc cho boi phuong trinh tham s trong khong gian:
x= ¢(t)
y=w(®
z=X(1)
B
thi =[N0 7 (d (4-46)

Thi dy: Téng d6 dai cia mot cung Xycloit cho boi phuong trinh
x = a(t-sint)
y = acost ,tU [0, 2m]
co:  x (t)= a(l- cost)
y'(t)= -asint

2N 2N 2N

2N
= J' \/a2(1 - cost)’ + a’sin’ tdt = J' a~J(2- 2cost)dt = J’2sm—dt— -4a I dcos%

0 0 0 0

t
= -acos — ‘3” = 8a
2

§9. TICH PHAN SUY RONG

I. Tich phén suy rong loai I (Khoang ldy tich phan vo han)
Dinh nghia: Cho ham sé f(x) kha tich trén moi doan hitu han [a,b], b>a. Néu:

1. hmI J (x)dx hitu han thi ta goi gidi han nay 1a tich phan suy rong loai 1.
2. Khéng t6n tao gidi han trén ta néi tich phan di cho phan ki.

Nhan xét: Pinh nghia dugc md rong cho cén & -co va khoang (-c0, +00).

, oh [ fim - X 1y
Thi dy 1: Tinh [, =5 = Jim [ms = lim |1 =lim[- . 5]

TMduz:Tmhﬂl;?z::E%I:;?zzjqux+4gzfganz—mp+2phm

Tich phan da cho phan ki.

II. Tich phan suy rong loai II (ham dat gia tri & vo cung)
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binh nghia: Cho ham ) f(x) dat gia tri vo cung tai mot s6 hitu han diém O [a, b]. Ta phan

[a, b] thanh hitu han cac khoang con va néu trén cac khoang con do: }H? { f(x)dx ton tai hiru

han thi ta n6i tong gidi han d6 1a tich phan suy rong loai hai ctia ham f(x) trén [a, b ].
Néu c6 it nhat mot gii han khong ton tai hodc bang vo cung thi tich phan cua f(x) 13 phan
ki.
2

Thi du: Tinh I dx

(1- %)

2 2 dx [ N T
Ta co: I dx = ~0= lim —| + lim —
) (1- x) X (l-x) (I-X) 0 x-1ol-x10 x-1r0]- x
~ lim - q-- _
x- 1A% - 1 X'lH

ITI. Cac dinh ly so sanh

Dinh 1y 1: Cho f(x), g(x) kha tich trén moi doan [a, b] hitu han va b 16n tuy y va 0<f(x)<
g(x) x=a
Khi d6: néu Ig(X)dX hoi tu suy ra If(X)dX hoi tu
néu I f(x)dx phan ki thi J' g(x)dx phan ki

Dinh Iy 12: Gia su f(x), g(x) 1a hai ham khong am, kha tich trén moi doan [a, b] hitu han, b

f(x) _
" g(x)

16n tiy y. Khi d6 néu ton tai hm = kK (0 <k <+o0) thi cac tich phan suy rong J f(x)dx va

a
0

[ g(x)dx s& cung tinh chit hoi tu hodc phan ki.

a



Chuong 5
Chuédi so

§1. CAC KHAI NIEM CO BAN VA CAC TINH CHAT
PON GIAN

I. Cac khai niém don gidn

Trude day xét day so vdi tong cia mdt so hiru han céac so hang.

Cho diy {a,}, a;la céc sd

a.

1

Lap tong n s6 hang dau  A,-T! =a;+a,+... +a,
Ta lap day mai  {Av}: A, ..., Ak

i limA | , N
Dinh nghia: Néu day {A,} c6 gidi han A = n-= thi ta noi A 1a tong cia chuoi so6

14

va viét:

A=a+...+ta,+..=

0
) &
n=1

14

)

1

68

an

Néu A 1a m6t s6 hiru han chudi dugc goi 1a hoi tu, chudi khong hoi tu dugc goi 1a phan ki.

A, - goi la tong riéng cta chuoi so.
a, - goi la s hang tong quat.
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Nhéan xét: + Su hoi tu ctia chudi c6 thé qui vé su ton tai cua gidi han cua day téng riéng.
+ Nguoc lai sy tdn tai gidi han cua day cling c6 thé quy vé su hoi tu ctia chudi.
Cho day xj, ..., Xy ... ton tai gidi han
Lap chudi x; + (X2 = X1) + ... + (Xo = Xpm1) + ...
O day tong riéng chinh 1a cac s6 hang cua day.

II. Céc tinh chéit don gian
Ap dung tiéu chuén cosi cho sy hdi tu cta ddy An ta suy ra
1. Piéu kién hoi tu ciia chudi sé

Piéu kién can va du dé chudi sb (A) héi tu 1a: voi s6 £ > 0 tim duoc sb tu nhién N sao cho
On>NvaOsdnguyénptaco: [An, A, [0 ]a, t..ta, [t

Dicbiétnéup=10 |a,|<e D Héqua
Hé qua: Piéu kién can dé chudi sd (A) hoi tu 1a: (khong 1a diéu kién di)

lima_ =0
n- ©
2. 86 dw va cdc tinh chit:
- Z an+k
Goi chuoi: ant+l +ant2 +...= F! )

nhan dugc tir chudi (A) bang cach bo di n sé hang dau 1a sé du cia (A).
Cac chudi (A) va (8) cung hdi tu hodc phan ki.
Néu khi chiing hoi tu thi tong cta (8) ki hiéu 1a R,:
R,=1lim) a, =Ilm(A,., -A)=A-A,

m- © m-

z]
O day A - Tong ciia chudi
A, - Tong riéng ctia n s6 hang

Khido: ImR_ =1lim(A- A )=0

3. Cdc phép tinh trén chudi sé hoi tu
+ Néu (A) hoi ty thi chudi sb

z ca,=ca tca,t..tca, t..
n=1 (CA)

cling hoi ty va c6 tong 1a C.A

+ Néu hai chudi sé (A), (B) hoi tu va A, B ¢6 tong twong timg 12 thi chudi (A + B):

z (@, tb,)=(a,+b)t(a,+by)+t..+(a,+b)+..

n=1
cling hoi tu va co téng lAaA+B
Vidul: Chudisb la cip sé nhan
ataq+tag’+..+aq"+.. voiq#l



70

Sza-aq“: Dq“-l
! 1-q q-1
a x
*Khilg<1 S=limS, = -q — chudi hi tu
*Khilg>1 a,=a.q" khong tién t&i khong — chudi phan ki
Vidu2: (U) Z ST L,
idu
& \/_ NN

1
unZE — 0 (n—> o)

Nhune An= 1+ -+ 4 LN han ki khi
ung n= T T .T- —>oopan 1 1N —
n n

§2. DAU HIEU HOI TU CUA CHUOI DUONG

Dinh nghia: O day ta chi xet chudi vOi cac s6 hang déu khong 4m (an > 0). Khi d6 An la
day s6 don diéu tang. Chuoi nhu vay 1a chudi duong.
I. Piéu kién hdi tu

Dinh 1y: Piéu kién can va du dé chudi duong (A) hoi ty 1a ddy téng riéng bi chin trén.

A,<L [n

Néu nguoc lai thi ddy A, — oo va chudi phan ki.

Vidu: Xét su hoi tu cta chudi diéu hoa
1 1 1

R R R ek
=1 2 n
, 1 1 1 1 1
Taco: —+ L >n—=—
n ntl 2n-1 2n 2
Néu xét tran chudi ta gdp cac sd hang theo timg nhém gdém 2* s6 hang
1 1 1 1 1 1 1 1
—t =, =t =t =t = ==
2 3 4 5 6 7 8 15

, .. 5 1 S . . X: 1
ta c6 tong moi nhom déu > 5 [J day tong riéng khong bi chan trén — chudi phan ki.

I1. Cac dinh ly so sanh

Dinh 1y 1: Cho hai chudi s6 duong (A), (B), néu ké tir s6 hang ndo d6 (n > N) ma a, <b,
thi:
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+ Tu (B) hoi tu suy ra (A) hoi tu
+ Tu (A) phan ki suy ra (B) phéan ki.
Dinh 1y 2: Cho hai chudi s6 duong (A), (B)

. . a,
Neéu c6 gidi han Illlmb—= k (0 <k < ) thi:

+ Tu sy hdi tu (B) va k <oo suy ra hoi tu cua (A).
+ Tu sy phan ki (B) va k> 0 suy ra (A) phan ki
Dinh 1y 3: Cho hai chudi duong (A), (B)

, ” , 2 a’n+ nt 1
Néu k& tir mot sé hang nao d6 (ching han n > N) a—l < b—l thi

+ Tu (B) hoi tu suy ra (A) héi tu

+ Tu (A) phan ki suy ra (B) phan ki.
Tt céc dinh ly trén ta suy ra re‘“mg:q dé chirng minh sy hoi tu cia mot chudi sb nao do6 ta thuong so
sdnh nd véi mot chuoi “mau”. Chang han xét chuoi Riman:

| 1 1 1
— =l — —t = (S > 0)
& n’ 2% 3 n
. s =1
+V6i S = 1. Ta c6 n6 la chudi diéu hoa ) — phanki.
n=1
+V6iS<1
- 11 x. .
R& rang — > — nén chudi cling phéan ki.
n® n
+VoiS>1 chudi héi tu. (Chimg minh bang d4u hiéu tich phan).
Vidul: Xétchudi:
i 1 N 1 o
n:lm hoi tu vi \/m o s> 1 hoi tu (Pinh 1y 1).
1 1
lim—:—=1 5i i ;
Hay 0" % nml+n hoi ty (Dinh 1y 2)
idu?2: >
Vidu2: ) oo >0

1
Véinkhdlon: (Inn)<n — > P Phan ki

(Inn)”

III. Cac diu hiéu hdi tu (Cosi — Dalimbe — Rap (Raab))
Str dung chudi mau (A):
Chudi hoi tu 2 qQ"=q+q’t..tq"+.. 0<q<l
n=1

0

Chudi phan ki 2 1"=1+1+ .41+ ..

n=1



1. Ddu hiéu Cosi
Dinhly: Goi C,=3fa,
—Néu v6in kha 1én C, < q<1 thi chudi (A)hoi tu
— Néu ké tir mot luc nao d6 C,>1 thi chudi (A) phan ki. (So sanh C, véi q)
HE qua:
Giasy limC,=C
Néu C < 1 chudi héi tu
Néu C > 1 chudi phan ki.
C =1 chua c6 két luan gi.
2. Ddu hiéu Daldmbe

an+1

Dinh ly: Goi D, =

—Néu v6in kha 1én D, < q < 1 thi chudi hoi tu.
— Néu ké tir mot luc nao d6 D, > 1 thi chudi phan ki.
Hé qua: Giasuco imD, =D
Khi dé6:
—Néu D < 1 chudi héi tu
—Néu D > 1 chudi phan ki
Khong c6 két luan gi khi C = 1
3. Ddu hiéu Rap (So sanh véi chudi Riman)

a

a +
DBinhly: Goi R, = nﬁl - H
Khi do:
— Néu voin dalén R,>n> 1 chudi s hi tu
— Néu ké tir mot luc nao d6 R, < 1 chudi phan ki.
Hé qua: limR, =R
—Néu R > 1 chudi héi tu
—Néu R < 1 chudi phén ki
— Néu R =1 chua c6 két luan gi.
4. Ddu hiéu tich phén

72
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[

Cho chudi duong Z a, trong do cac sb

=1
hang 1ap thanh mét day gidm
A28 >a,> ... >3, > ... >0)
Xét ham f(x) gidm trén [ 1, +o0)
Cé a,= f(n)
Tong riéng
e A, =art..ta la dién :tich hinh bac thang o‘

ngoai ti€p hinh thang cong lap béi f(x)

*Ani —a; = a+ a; + ... + ay l1a dién tich
hinh bac thang ndi ti€ép hinh thang cong.
Nén:
ntl
A2 If(x)dxz A, - a,
1

0

Dinh Iy: Cho chudi duong 2 a, co6 cac so hang giam dan, f(x) ham sé lién tuc giam trén
n=1
[1,400) va f(n) = a,. Khi d6 chudi (A) ddong thoi hoi tu hay phan ki véi tich phan suy rong
J' f(x)dx.
1

Néu A - Téng cua chudi I 13 gia tri cia tich phan. Ta co:
ISA<I+ a)

0

~ S| R ds
Tr6 lai xét: Chudi Riman ) —- dong hoi tu hay phan ki voi I—s
n1 1 X

[

Tro lai: z oo
n=2

dx

phankivi | = In(inx)[,  phan ki
2

Xinx

§3. SUHOI TU CUA CHUOI BAT K.

I. S hi tu tuyét doi
Pua vé chudi

0

Y la,[=la;[+.4la, [+ (1AD

n=1
Ta co: [Anip = Au| = |ans1 oo + Qnip| < ann] oo T [Qnp]
Dinh 1y: Néu chudi (JA]) hoi tu — (A) hoi tu
Diéu nguoc lai khong han dang.
_ Dinh nghia: Néu chudi (JA]) hoi tu thi ta noi chudi (A) hoi tu tuyét doi. Tréi lai néu chi co
chuoi (A) hoi tu (chudi (JA]) khong hoi tu) thi ta noi chudi (A) ban hdi tu
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IL. Sw hdi tu ciia chudi dan dau. DAu hiéu Laibnit
Chudi dan ddu: Chudi Laibnit 1a chudi c6 s6 hang luan phién doi dau, tic c6 dang:

y D"'C =C,-C,+ C,..t -D)'C, + ...
n=1

Trong d6 C,>0 [n
Dinh 1y Laibnit:
Néu cac s6 hang ciia chudi (L) giam vé gia tri tuyét d6i

Tac1d Co <G, va HMC, = 0 thi chudi d6 hoi tu

Vi du: Zl ¢ lz = 1- %+ % Lt (D! %+ ... hoi ty.
§4. CHUOI HAM
I. Dinh nghia
* Xét chudi z u (x)zu,(x)t u,(x)+...tu, (x)+ .. (5-1)

n=1
Trong do6 cac sO hang u,(x) déu la cdc ham so xéac dinh trén tap X. Ta goi chuoi da cho la
chuoi ham
0

* Vi x = X, chudi ham (5-1) tré thanh chudi sd Z u, (x,)

n=1

Néu chudi s6 nay hdi tu thi x, goi la diém hoi tu caa chudi ham

Néu chudi s6 nay phan ki thi x, goi 1a diém phén ki ctia chudi ham
* Tap hop tat ca cac diém hoi tu cta chudi ham goi la tap hoi tu
* Téng ctia chudi ham s6 12 mot ham s6 xéc dinh trong tap hdi tu cua no.

Vidu 1: Cho chudi ham
l+x+x*+.. +x"+..

Chudi nay hoi tu v6i [x| < 1. Tap hoitula (-1, 1)

Téng  S(x)= —— = lim " Yn - jjy 12X o ]
I-x nmne 1-X nme J-x  1-Xx
. ©  sinnx
Vidu2: Xétchudiham ) ———
Ein”+x
. |sinnx| 1
Do [sinnx|<1 [ 3 ><— xOR
n-+x n
| N .
Do ) —5 hoitu O chudida cho hoi tu tuyét doi.
m1

* Chuoi ham so0 hoi tu déu
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Gia st chudi ham s Z u, (x) hoi tu trén tdp X va c6 tong 12 ham S(x). Goi S,(x) 1a tong
n=1

riéng thir n cua chudi ham da cho thi llmsn (x)= S(X), Tc la véi Oe>0, N = N(e,x) sao cho
[In>N tacd |Si(x)—-S(x)|<e
Truong hop N =N(e) va khong phu thue x U X ta noi rang chudi ham sb hoi tu déu trén tap X
deén S(x)
Viétlai Og>0, N =N(e). Saocho On>N
[Su(x) —S(x)|<e [OxOX
* Tiéu chuan hoi tu déu (Tiéu chudn Cosi)

Chudi ham s Z u, (x) hoi tu déu trén tap X khi va chi khi Oe >0 N sao cho Op>g>N
n=1

taco: [Sp(x) —S¢(x)|<e xUOX

I1. Chuéi liiy thira
* Pinh nghia: Chudi liiy thira 14 chudi ham s6 c6 dang

Z a x"=a,taxta,x +..+tax"+.. (5-2)
n=0
Khi khao sat chudi ham s6 diéu co ban 1a xac dinh tap hoi tu ctia no.
* Dinh Iy ABen: Néu chudi liiy thira ) a,X" hoi tutai x=x,#0 thi n6 hdi tu tuyét ddi
n=0

tai Ux voi [x] < [Xo|
Hé qua: Néu chudi lity thira z a,X" phan ki tai x = x, thi n6 phan ki tai Ox: [x|> [x].
n=0
* Ban kinh hoi tu: RO rang Z a,x" ludn hoi tu tai x = 0. Ttr dinh Iy ABen suy ra [R (0<
n=0

R<+0) sao cho ;:hu(:)i Ity thtra héi tu tuyét ddi trong cac khoang (-, R) va (R, +). Tai x=+R
chudi ham c6 thé hoi tu hodc phan ki. SO0 R dugc goi 1a ban kinh héi tu. Khoang (—R, R) dugc goi
la khoang hoi tu cua chuoi.

Dinh ly: Cho chudi Iy thira Z a ,x" . Néu

n=0
lim 201 - - limn _
m =0 hoac limyja, [=p
n- o an n-

x |
Thi béan kinh héi cta chuoi la p_ (néu p=0thi R=+c0 va p=+oo thi R=0).
Chiing minh:

n+l

, .o a
Néu lim
n- o g

1
=P, 0<p<+oo thivdi moix, |X|<p_ ta co:

n
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n+l

. . . . 1

T P Sy o s NP |

e aan - w‘ an p
nén chudi hoi theo diu hiéu Dalambe

, 1
Néu |x| > p— thi
ntl
an+ x 1
: |> p—>1
a,x" p

n+1

nén theo déu hiéu Dalanbe chudi bat ki. Khi p=co thi hién nhién R=0 va khi p=0, hm

l’l

=0 nén chudi hoi tu vdi 0 x tirc R=+oo.

Ban kinh hoi tu ctia chudi 1a p_

. , 1
Ta co6 khi llm A/ a,,| = P, st dung tiéu chuan hdi tu Cosi ta hoan toan chung minh dugc /J_ la

ban kinh hoi tu cia chuoi.
L] n

Thidu 1: Chudi x—'

o M-

= — 0khin — oo, nén ban kinh hoi tu 1a R=+co, tirc chudi hoi tu véi 0 x

UR

Thi du 2: Chuéiz n"x"

n=1

Tacé 4/la,| = ¥n" = n — o, nén R=0, tirc chudi chi hdi tu tai mot diém duy nhét x=0

I11. Chudi Taylo va iing dung
Xét ham s f(x) c¢6 ban kinh hoi tu R. Ham f(x) duoc goi 1a khai trién thanh chudi luy thira

trén khoang (-R, R) néu c6 chudi luy thira z a,x" sao cho f(x)= Z a,x" v4i 0 xU (-R, R)

* Pinh 1y: Néu f(x) khai trién dugc thanh chudi luy thira trén khoang (-R, R) thi f(x) ¢6 dao
ham moi cap trén (-R, R) va /' (0) = Kla, voiKUN
Vi chudi luy thira 1a da thire bac n, nén n6 ¢6 dao ham moi cip cho dén n+1. Nén dinh 1y trén la
hién nhién
* Véi ham f(x) c6 dao ham moi cap trén khoang (-R, R), khi d6 ta c6 chudi ham:

f(”)( )

S(x) = 2 =—2x" goi la khai trién Taylo ctia ham trong l4n can diém 0
n=0

Néu xét trong 1an can diém a U (-R, R) ta c6 khai trién Taylo ctia ham f(x) 1a:
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S(x)—i / (n)(a)(x a)"

& day S(x) duoc goi 1a chudi Taylo tai 14n can diém a U (-R, R)
Nhan xét:
1. f(0)=S(0)
2. S(x) khong hoi tu bat cir diém x#0 nao
3. S(x) # f(x) trong moi lan can cia diém x=0

1
Thi du: Xétham f(x)= . 4 (x)

S

Trong do: ¢ (x)=[¢ " néux # 0
[0
néux=o
Taco: ¢ (0)= 0 v6i KU N
L e 10(0)= Kuo:
= Kl————nén f'(0)= K+ 0= K!
01- x[ (1- x)
Khai trién Taylo:
A () B
S(x)=) —/—=x"=) x"= —; |x[<1
® ;0 n! ;0 l'x,||

RO rang S(x) # f(x) vai 0 xU (-1, 1)\ {0}.
Dinh 1y: Néu ton tai s6 duong C sao cho ‘f(") (x)‘ < C,v6i 0 nld N; xU (-R, R) thi ta ¢o:

S0 (0)
F(x)= Z
* Ung dung cua chudi Taylo
1. Ta str dung chudi Taylo dé tinh gia tri gan dung cua ham trong 1an c4n diém al (-R, R)
khi biét gia tri cua ham tai a.
2. Sir dung chudi Taylo dé xap xi ham bang cic dai luong v6 cliing bé tuong duong ding

. 0
de khu cac dang vo dinh 0 trong qua trinh tim gidi han.

xsinx- sin’ x
4

Thi du: Tim gidi han linol

X
, .. xsinx- sin®x sinx x- sinx
Tacod lim——————= lim —
x- 0 X x- 0 X X
) 1 x3 xS 2n+1
Chiy: sinx=—x- —+ —+ ..+ (-1
1! 35! 2n+ 1)!
. . 2 .
. Xxsinx- sin” x . X~ pX- - sinx 1 1
im=——" = "= sinx = £ 3 p=lim ==
x- 0 X lim . 3 =0 x 6 6
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