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G161 thi€u

e Dynamic programming
_ gidi bai todn bang cdch két hdp cdc 151 gidi ctia cdc bai todn con.
— (6 day “programming” khong c6 nghia la 1ap trinh).
e So sanh dynamic programming va ‘“‘chia-va-tri”’ (divide-and-conquer)
_ Giai thuat chia-va-tri
« chia bai todn thanh cdc bai toan con doc lap,
. gidi chiing bing dé quy,
« k&t hop chiing dé€ c6 15i gidi cho bai todn ban dau.
— Giai thuat dynamic programming
« cac bai toan con khong déc 1ap vGi nhau: ching c6 chung cac
bai todn con nho hon.

. gidi mdi bai todn con chi mot 1an, va ghi nhé 15i gidi do trong
mdt bidng d€ truy cip khi can dén.
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Bai1 toan td1 uu
e Baitodn toi uu
, A , BN < * . .
— ¢6 thé cb nhicu 151 giai
— moi 151 giai c6 mot tri

e Tim 15i gidi c6 tri tdi vu (cuc ti€u hay cuc dai).
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Nguyén tic ctia dynamic programming
e MOt gidi thudt dynamic programming dugc xay dung qua bon budc:
1. Xdc dinh cau tric cia mot 151 gidi to1 uu.
2. Binh nghia dé quy cho gia tri cia mot 131 giai to1 wu.
3. Tinh gi4 tri cGa mot 15i gidi td1 vu tir duSi 1én (“bottom-up”).
4. Xay dung 10i gidi tdi uu tir cac thong tin da tinh.
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Nhan mot chudi ma tran
e Cho mot chudi ma trin (A, A,,..., A ).
e Xdicdinh tich AA, - A, dva trén giai thuat xdc dinh tich cia hai ma
tran.
e Biéu dién cdch tinh tich cia modt chudi ma tran bing cich “ddt gita
ngodc” (pa’renthesize) cic cdp ma tran s€ dugc nhan vdi nhau.
e Mot tich cia mot chudi ma trin 13 fully parenthesized n€u né 1a
— moétma trdn hodc la
_ tich cda hai tich cia chudi ma tran fully parenthesized khéic, va
dugc dat gitra ngoac.
Vi du: mot vai tich cda chudi ma tran dudc fully parenthesized
A
_ (AB)
_ ((AB)O).
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Chudi ma tran fully parenthesized

e Vidu: Cho mdt chudi ma trdn (A, A,, A;, A,). Tich A|A,A;A, c6 thé
dugc fully parenthesized theo dung 5 cach khic nhau:

(A1(Ax(A3A4)))
(A1((AA3)A4)
((A142)(A3A4)
((A1(ArA3))A4)
(((A1A2)A3)A,)
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Nhan hai ma trin

e Tich cua hai ma trin A va B véi
~ Ac6échiéulapxgqg
— Bc6chiéulagxr

la mOt ma tran C c6 chiéu la p x r.

MATRIX-MULTIPLY (A, B)
1 if columns[A] # rows|B]
2 then error “cic chiéu khong tuong thich”
else for i < 1 to rows[A]
do for j < 1 to columns[B]
do C[i,j] < O
for k < 1 to columns[A]
do C[i, j] « CIi, j] + A[i, k]-BIk, J]

0 ON DN B~ W

return C

e Thdi gian d€ tinh C ty 1& v6i sd phép nhian vd hudng thuc thi trong
dong 7,ticlap x g xr.
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/ /? /? Val Val ’;\I * Pal
Phi ton d€ nhin mot chudi ma tran

e Nhin xét: Phi tdn nhadn mot chudi ma trdn ty thudc vao cich dit
gilta ngodc (parenthesization).

e Vidu: Cho chudi ma trdn {A,, A,, A;) trong d6 cédc chi€u (dimension)
cua cac ma trdn la 10 x 100, 100 x 5, va 5 x 50
C6 ding 2 cdch d€ d6ng ngoidc hoan toan tich A AA;:
— Céch 1: (AA)A5)
 Tinh A;A,can 10 - 100 - 5 = 5000 phép nhian vd hudng
. K& d6 nhan A\A,v6iA;can 10 - 5 - 50 = 2500 phép nhan vo hudng
 Tong cong: 7500 phép nhan vo hudng
— Céach2: (A|(AAy))
. Tinh A,A;can 100 - 5 - 50 = 25000 phép nhin vd huéng
. K& d6 nhan A, v6iA,A;can 10 - 100 - 50 = 50000 phép nhin vd
huGng
. Tong cong: 75000 phép nhian vd hudng.
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Bai1 todn nhin chudi ma tran
e Cho chudi ma trin (A, A,,..., A ) g0m n ma tran, trong d6 chi€u clia
Alap,  xp,,v6ii=1,2,...,n.
e Baitoan: X4c dinh m0t dong ngodc hoan toan cho tich A;A,+-A, sao
cho s6 phép nhian v6 huéng 12 tdi thi€u.

e Gidi bai todn trén bing cich vét can?
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Pbém so cach dong ngoac

e Cho mot chudi gom nma trin{A,, A,, A;,..., A ).

e Nhén xét: tao ra mot cdch dong ngodc bing cdch tdch (split) gilra A,
VaA,,, ,v6ik=1,2,.,n~-1,taorahai chudi con A\A, - A, vd A,
-+ A, sau d6 d6ng ngodc mdi chudi con.

e Goi P(n) 12 s6 cdc cach dong ngoidc cho mdt chudi n ma trin
— néu n =1 thi chi ¢6 mdt cdch déng ngoic (khdong can diu ngoic
tudng minh). Vay P(1) = 1.
— néu n > 2 thi tr nhin xét trén ta cd

P(n) = nip(k)P(n —k)

Tuw d6 chirng minh dudc:
P(n)=Q(4" /n*'?)
e Vay dung phuong phdp vét can duyét qua tat cd cdc cdch dong
ngoic d€ tim mot déng ngoic tdi uu cAn thdi gian chay liy thira.

13.9.2004 Ch. 1: Dynamic Programming 10



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Budgc 1: Cau tric cia mot déng ngodc toi wu

e Budc 1 cia phuong phap dynamic programming la
_ x4c dinh tinh chit cdu triic con t67 uu
— dya vao d6 x4y dung 131 gidi t01 uu cho bai todn tir cdc 151 gidi
t01 wu cho cdc bai todn con.
0] day:
 GoiA; ;la matrdn co dugc tu tich A; A, - A;.
e Nhin xét: Mot déng ngodc toi uu bat ky ctia tich A;A;,,--A; tich n6
gita A, va A, v6iknaodo thdai<k<j:
(AiAi - AYAgyy - A
Nghia 1a dau tién ta tinh cdc ma trdn A, , va Agy. > Sau do ta nhin
chiing v6i nhau dé c6 tich cudi ciing A; ;. Do d6 phi ton d€ tinh tich
tir d6ng ngodc t6i vu 1a phi ton d€ tinh A, , , cong phi ton d€ tinh
Ay,1.j» cOng phi ton d€ nhan ching véi nhau.
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Budgc 1: Cau triic cua mot déng ngoac toi vu (ti€p)

e (CAiu tric con toi wu

_ Déng ngoic cia chudi con “tién t0” A;A,,, -+ A, ¢6 dudc tir dong
ngodc toi uu clia A; A, - A; phdi 12 mot déng ngodc tdi wu clia
A;A.,, -+ A, . (Ching minh bing phdn ching).
— Tuong tu, dong ngoéc,.cﬁa chudi con con 12‘1iAk‘+1Ak+2 -+ A; €0
dugc tir dong ngodc toi wu cua A; A, -+ A; phai 1a mdt dong
ngodc toi uu clia Ay, Ay, A, .
e DEé cho gon, s& néi “phi ton clla modt déng ngodc” thay vi néi “phi
ton d€ tinh tich tir mot déng ngoic”.
e XAy dung 15i gidi tOi vu

_ Chia bai toan thanh hai bai toan con

— Tim 131 gidi t6i vu cho mdi bai todn con
_ K&t hop cdc 181 gidi tim dugc & trén.

CAn tim vi tri thich hop (tri cia k) d€ tdch chudi ma trdn AjAi Al
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Z, * D . A
Budc 2: Giai dé quy

e Budc 2 cia phuong phap dynamic programming la
— dinh nghia dé quy phi ton (tri) cia mdt 15i gidi toi vu ty theo
cdc 101 gidi to1 vu cla cdc bai todn con.
e Baitodn con & ddy: Xdc dinh phi ton tdi thi€u cho mdt déng ngoic
ctia chudi ma trdn A;A;, -+ A; v6i 1 <i<j<n.
e Dinh nghia m[i, j] 12 s& phép nhan v6 hudng tdi thi€u dé€ tinh ma trdn
A; ; . Phdn bi€t hai trudng hgp:
— néui=jthiAA, A=A . Vay,véii=1,.,n,
mli, i] =0.
— néui<thitbudc 1tacé
mli, j] = mli, k] + mlk + 1, j]1 + p., pyp; -
Nhung tri cua k?
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Budgc 2: Giai dé quy (ti€p)
Tra 16i1:
Bing cdch duyét qua tat cd cdc tricua k, i <k <j— 1, ta tim dudc

mli, j1=min; ¢, ., {mli, k] + mlk + 1, j1 + p_ pp;}-

e D& ghilai cdch xay dung 15i gidi to6i vu ta dinh nghia s[i, j] 12 tri cda
k xdc dinh ndi tach chudi A A, | - A, dé c6 mot dong ngoic tdi wu.
Nghia 1a s[i, j] la mot tri k sao cho

mli, jl=mli, k] + m[k+ 1, j] + p,_  pip; .
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BudGc 3: Tinh cac chi phi t61 uvu

e Budc 3 clia phuong phdp dynamic programming 12 tinh chi phi tdi uu
bing mdt phuong phdp tir duSi 1én (bottom-up) va dung bang.
e Nhan xét:
_ C6 thé viét dudgc ngay mot gidi thuat dé quy (dva trén ham dé
quy da tim dugc) d€ tinh phi ton tdi wu m[1, n] cho tinh tich A,A,
-+ A . Nhung sau ndy ching ta s& thay 1 gidi thudt nay chay
trong thoi gian luy thua.
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Budc 3: Tinh cdc chi phi t61 wu (tiép)

e MatrdnA,cochiéulap, (xp,,v6ii=1,2,..,n.

e Inputla mot chudip =<py, pse..r P, >

e Gidi thuat trd vé hai bdng m[1..n, 1..n] va s[1..n, 1..1].

MATRIX-CHAIN-ORDER(p)

O ON N B W -

O

10
11
12
13

13.9.2004

n < length[p] — 1
fori< 1ton
do m[i, i] < O
for /< 2ton
dofori<1ton—-1[7+1
doj<—i+/-1
mli, j] = o
fork<itoj—1
do g < mli, k] + m[k + 1, j] TP PP
if g <mli, j]
then m[i, j] < ¢
sli,jl < k
return m and s

Ch. 1: Dynamic Programming
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Phan tich MATRIX-CHAIN-ORDER

e Thai gian chay cia MATRIX-CHAIN-ORDER la O(n?).
e Gidi thuit can bd nhé O(n?) cho cdc bidng m va .

13.9.2004 Ch. 1: Dynamic Programming
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13.9.2004

Chay MATRIX-CHAIN-ORDER 1€n moOt vi du

ma trdn chiéu
A, 30 x 35
35 x 15
15x 5
5x%x 10
10 x 20
20 x 25

Ch. 1: Dynamic Programming
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Budc 4: Xay dung mot 161 giai tdi uu

e Bding s[1..n, 1..n] trit mOt cach dong ngoic t0i vu do MATRIX-CHAIN-
ORDER tim ra.

e Thi tuc sau, MATRIX-CHAIN-MULTIPLY, trd vé tich ciia chudi ma
trdin A; ;khicho A=(A,,A,, A;,..,A,), bing s, va cdc chi s6 i va j.

MATRIX-CHAIN-MULTIPLY (A, s, i, J)

1 ifj>i

2 then X < MATRIX-CHAIN-MULTIPLY (A, s, i, s[i, j])

3 Y < MATRIX-CHAIN-MULTIPLY (A, s, s[i, j] + 1, j)
4 return MATRIX-MULTIPLY (X, Y)

5 else return A,

e Goi MATRIX-CHAIN-MULTIPLY(A, s, 1, n) d€ tinh tich cia chudi ma
tran A.

13.9.2004 Ch. 1: Dynamic Programming 19
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Cac yéu t6 dé 4p dung dynamic programming

e Hai y&u t6 dé 4p dung dudc phuong phdp dynamic programming vao
mot bai todn tdi vu
_ “CAu trdc con tdi vu”

— “Cac bai toan con trung nhau”.
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A N, * « 9 o A A
Mot 161 giai khong to1 vu

e Giai thuat khong ghi nhé 16i giai cia cac bai todn con.

RECURSIVE-MATRIX-CHAIN(p, i, j)

1 ifi=j

2 then return O

3 mli, j] < o

4 fork<—itoj—1

5 do g < RECURSIVE-MATRIX-CHAIN(p, i, k)

+ RECURSIVE-MATRIX-CHAIN(p, k + 1, j) + p;_; Py D,

6 if g <mli, J]
7 then m[i, j] < ¢
3 return m|i, j|
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Phan tich RECURSIVE-MATRIX-CHAIN

e Goi T(n) 1a thdi gian chay cua RECURSIVE-MATRIX-CHAIN(p, 1, n),
thi 7(n) phai thda (xem code)

(1) >1
T(n)21+§(T(k)+T(n—k)+l) forn>1.

Tuw d6 chitng minh dudc: T(n) = Q(2").
e Taisao RECURSIVE-MATRIX-CHAIN chay trong thGi gian €2(2") con
MATRIX-CHAIN-ORDER chi cin thdi gian da thitc? D6 1a vi
_ RECURSIVE-MATRIX-CHAIN 12 gidi thuat dé quy tif trén xudng
(top-down) va khong tin dung dudc tinh chit “cdc bai todn con
trung nhau” (overlapping subproblems).
— MATRIX-CHAIN-ORDER la giai thuit dynamic-programming tir
dudi 1&én (bottom-up), tdn dung dudc tinh chat “cdc bai todn con
trung nhau”.
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e (Cay dé€ quy cho RECURSIVE-MATRIX-CHAIN(p, 1, 4)

Cay dé quy

1.4
I1..1 2.4 1.2 3.4 1.3 4.4
2.2 3.4112..3 4.4 I1..1 2.2 3.3 4.4 1..1 2.3 1.2 3.3
3.3 4.4 (2.2 3.3 2.2 3.3 I1..1 2.2
13.9.2004 Ch. 1: Dynamic Programming 23
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Mot bi€n dang cia dynamic programming: memoization

e Memoization 1a phuong phap tin dung tinh chat “cdc bai todn con
trung nhau” dé€ cdi ti€n gidi thuit dé quy tir trén xudéng bing cich
— st dung mOt bdng chung ma mdi triéu goi cla gidi thuat dé quy
c6 thé truy cip dé
« ghi két qua sau khi gidi mot bai todn con mdi

. doc két qua ctia mot bai todn con da dudc gidi roi.

13.9.2004 Ch. 1: Dynamic Programming 24
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Memoize giai thudt RECURSIVE-MATRIX-CHAIN

e Memoize gidi thudt RECURSIVE-MATRIX-CHAIN bdng cdch st dung
bang m[1..n, 1..n].

e MEMOIZED-MATRIX-CHAIN ¢6 input 12 mot chudi p =< py, pis..., p, >

MEMOIZED-MATRIX-CHAIN(p)
1 n < length[p] — 1

2 fori< 1ton

3 doforj<«<iton

4 do m|i, j] < o

5 return LOOKUP-CHAIN(p, 1, n)

13.9.2004 Ch. 1: Dynamic Programming 25
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Memoization

e LOOKUP-CHAIN bao gi¥ ciing trd vé m[i, j]. Nhung n6 chi tinh m/[i, j]
khi ndo d6 12 1an goi dau tién vdi cdc tham sd i va j.

LOOKUP-CHAIN(p, i, j)

1 if m[i, j] <o
2 then return m|i, j]
3 ifi=j
4 then m[i, j] < 0O
5 elsefor k<« itoj—1
6 do g <— LOOKUP-CHAIN(p, i, k)
+ LOOKUP-CHAIN(p, k + 1, j) + p,_; P, P;
7 it g <mli, j]
8 then m|i, j] < ¢
9 return m|i, j|

13.9.2004 Ch. 1: Dynamic Programming
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Phan tich MEMOIZED-MATRIX-CHAIN

e MEMOIZED-MATRIX-CHAIN chay trong thdi gian O(n?).
e Nhin xét:
— MEMOIZED-MATRIX-CHAIN tdn dung dudc tinh chat “cdc bai todn
con trung nhau”,
— cOn RECURSIVE-MATRIX-CHAIN chay trong thGi gian €2(2") vi n6
ludn ludn gidi cdc bai todn con ma khong d€ y xem bai todn con
da dugc gidi roi hay chua.

13.9.2004 Ch. 1: Dynamic Programming 27
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Phan tam giac

e Da gidc

e Da gidc don (“simple”)

e Da giac loi

o Phdn tam gidc (triangulation)

13.9.2004 Ch. 1: Dynamic Programming 28
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, Y A ?
Cac khai ni€ém co ban

o Canh, dinh, bién cua mot da giac

e Ta bi€u dién mdt da gidc 16i P bing danh sich cdc dinh theo thit tu
ngudc chiéu kim dong ho: P ={v,, v{,..., v, )

o Cung (“chord”) cia mot da giac

o MOt phin tam gidc cua mdt da giac la mot tAp hgp cdac cung cua da
giac chia da gidc thanh cdc tam giac rd1 nhau.

13.9.2004 Ch. 1: Dynamic Programming
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Bai todn phin tam giac t01 vu

e Cho:
— Mot da gidc 10i P = (v, V{ ooy V1 )
_ Mot ham trong sé'w (“weight function”) dugce dinh nghia trén céc
tam gidc tao bdi canh va cung cua P.
e Baitodn: Tim mot phian tam gidc cho P sao cho tong cdc trong s6
cla cdc tam gidc trong phin tam gidc nay 12 nhd nhAit.
e Vidu mot ham trong so:

A * s A / * A N\ , .
w(mot tam gidc) = tong cac chi€u dai cua cac canh clia tam giic.

13.9.2004 Ch. 1: Dynamic Programming 30



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

Parse tree cda mot biéu thic

e Biéu thitc (expression)

— Vi du mot biéu thitc: tich cia mdt chudi ma tran da dudc déng
ngodc hoan toan ((A,(A,4;))(A,(AsA,))

e Parse tree.
— Vi du: parse tree ctia biéu thiic ((A;(A,A5))(A4(A5Ap))) 1

13.9.2004 Ch. 1: Dynamic Programming 31
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Parse tree cda mot biéu thic

e Dinh nghia: parse tree ciia mét biéu thitc 12 mot cAy ma
— Ld: c6 nhan 1a mot trong cac nguyén ti (“atomic element”, vi du:
A,) tao nén biéu thic.
— N&u gdc cua modt cAy con clia parse tree c6 cdy con bén trdi
tugng trung bi€u thitc E, va c6 ciy con bén phdi tugng trung bi€u
thic E, , thi cAy con nady tugng trung bi€u thitc (E,E)).

13.9.2004 Ch. 1: Dynamic Programming 32
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Tu phan tam giac sinh ra parse tree

e Vidu: Parse tree cho da gidc P =(vy, v{,..., Vg) Sau.

13.9.2004 Ch. 1: Dynamic Programming
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Tu parse tree sinh ra phan tam giac

e Cho parse tree bi€u dién bdi (((A,(A,A5))A,)(AsAL)). Phan tam gidc
tuong Ung:
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Tudng ung gitta parse tree va phan chia tam giac

e Tuong Ung gilra parse trees va cac phan chia tam giac la tuong Ung
mot-déi-mot:
_ M0bi phin tam gidc cila mot da gidc 10i c6 n+ Icanh tuong Gng
véi parse tree cho mot biéu thic gdm n nguyén ti.
— MObi parse tree c6 n 14 tuong ¢ng véi phan tam gidc cia mot da
gidc 16i ¢c6 n+ Icanh.
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Tuong Gng gitta déng ngodc hoan toan cua tich ciia n ma
trdn va phan chia tam giac

e Dobng ngoic hoan toan cua tich cua n ma tran tuong ng vSi phan
tam gidc clia mot da gidc 16i ¢6 n + 1dinh.
— Modi ma trAn A, trong tich A|A, - A _tuong Gng vGi canh v, v, clia
da gidc 16i.

— Cung vyy; , v6ii < j, tuong ung vl ma trdn A, ; ;.

13.9.2004 Ch. 1: Dynamic Programming 36
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Nhan chudi ma trin va phin tam gidc t6i uu

e Baitodn nhan chudi ma trin 12 mot trudng hop dic biét clia bai todn
phin tam gidc tOi uu.
— Tinh tich AA, -+ A thong qua mOt bai todn phin tam gidc toi uu:

. Dinh nghia mot da gidc 16i c6 n+ 1 dinh P =(v,, v,..., v,)

« N&u ma trin A, ¢6 dimension p, | x p,;, v6ii = 1, 2,..., n, dinh
nghia ham trong s6 w cho phin tam gidc la

w(Avvvi) = p;p;pi

« Mot phin tam gidc t0i wu cua P cho ta parse tree clia mot

dong ngodc tdi wu clia A\A, A .
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Nhan chudi ma trdn va phin tam gidc t0i uwu (ti€p)

e Ngudc lai 1a khong ding: bai todn phin tam gidc t6i wu khong 1a
trudng hop dic biét cia bai todn nhin chudi ma tran.

_ Mic du vay, c6 thé chinh lai MATRIX-CHAIN-ORDER dé€ gidi bai
toan phin tam gidc t0i vu cho mot da gidc ¢6 n + 1 dinh nhu sau

. Thay chudi p =< p,, p..., p,> clia cdc chi€u ctia ma trin
bang chudi (v,, v ,..., v, ) cia céc dinh.

« Thay cdc truy cap dén p bing cic truy cAp dén v va thay
dong 9 badi
9 do g < m[i, k] + mlk + 1, j] + w(Av,_ v v;)

 Khi giai thuat thuc thi xong, m[1, n] chifa trong sO clia mot
phin tam gidc tOi uu.

— Phin sau cho thay tai sao 1Aam dudc nhu vay.
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BudGc 1: Cau tric con cua mdt phan tam gidc tdi vu

e Cho 712 mdt phan tam gidc t0i wu cia mot da gidc P = (Vo s Viperos V)
, T chira tam giac Avyv,v, v61 knao do, | <k<n-1.

Vi

e Trong so clia T 1a tong clia c4c trong sd clia tam gidc Avyv,y, va céc
tam gidc chifa trong phan tam gidc cua hai da gidc con (v, vy,..., V)
vVa (Vs Viyps---» V- MOt da gidc con suy thodi c6 trong sd 14 0.

e Do d6 cac phan tam gidc (xdc dinh bGi T) clia cac da gidc con trén
ciing phdi 13 t61 wu. (Chitng minh bang phdn chitng.)
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Z, ) « 9 . A
Budc 2: Ld1 gia1 dé quy

e Dinh nghia [, j] 12 trong sO cia mot phan tam gidc i wu cua da
gidc (v;_1.V;,..., v). Nhur vay trong sd clia mdt phan tam gidc toi vu
cua da giac Pla 11, n].

e Xac dinh ¢[-,]
_ néu da gidc chi ¢6 2 dinh (da gidc suy thodi)
tli,i] =0 choi=1,...,n
— néu da gidc ¢6 it nhat 3 dinh, i <
tli,jl =i, k] + tlk+ 1, j] + w(Avi_lvkvj) .
Nhung tri cua k?
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Budc 2: Lai giai dé€ quy (ti€p)

Bing cdch duyét qua tat cd cdc tricua k, i <k <j— 1, tanhin
dudc
tli,i] =0, i=1,..,n

tli, jl=min ;. {e[i, K] + [k + 1, j] + w(Av,_vv)} néui<j.

e Ham dé quy nay tuong tw hAm dé quy m[-,-] cho s6 phép nhin vd
hudng t6i thi€u dé tinh A;A,, |- A; . Do d6 c6 thé chinh lai thd tuc
MATRIX-CHAIN-ORDER (nhu d3 né6i) d€ tinh trong sd clia mot phan
tam gidc tO1 vu.

e Vaiy thd tuc phin tam gidc tdi vu chay trong thdi gian O(n3) va cin
b6 nhG O(n?).

13.9.2004 Ch. 1: Dynamic Programming
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Bai todn chon hoat dong (activity-selection problem)

« Cho
— Mot tap cac hoat dong S ={1, 2,..., n}

— MOt tai nguyén chung ma tai moi thdi di€m né dudc dung bdi
nhiéu 1im 12 mot hoat dong

— Hoat dong i c6 thdi di€m bdt dau 1a s;va thdi di€m chdm dit 1a f;

— Néu hoat ddng i dugc chon thi i ti€n hanh trong thdi gian [s;, f;)

— Hai hoat dong i va j 1a tuong thich nhau (‘“compatible”) néu
[s;,f;) va [sj ,f,-) khong cham nhau.

o Baitodn chon hoat dong la tim mot tap cac hoat dong tuong thich
nhau ma c6 sd phan tif 16n nhat.

29.01.04 1
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Giai thuat greedy cho bai todn chon hoat dong

« Giai thuat
— Giasu: fi<f,<...<f,.

GREEDY-ACTIVITY-SELECTOR(S, f)

1 n < length[s]

2 A<« {1}

3 j<«1

4 fori<2ton

5 doifsl-Zfi

6 then A < A U {i}
7 Jj<«—1i

8 return A

29.01.04
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Correctness cua giai thuat greedy cho bai todn chon hoat ddng

« Dinhly  Gidi thudt GREEDY-ACTIVITY-SELECTOR tim dudc 131 gidi tdi uu
cho bai todn chon hoat dong.
« Chitng minh
— GoiS=1{1,2,...,n} 12 tAp hop cdc hoat ddng. C4c hoat dong dugc x&p
tht ty theo thdi di€m chdm digt. Do d6 hoat dong 1 c¢6 thdi di€m chim
ditt sém nhAa't.
— Ta chitng minh c6 15i gidi t6i vu bit dau bing hoat dong do chon lua
greedy, tirc 12 bit dau bing hoat dong 1:
e Gia sit A — S 1a 151 gidi 01 uu, ta x&p tht tw cdc hoat ddng trong A
theo thdi di€ém cham ditt. Gid sit k 12 hoat dong diu tién trong A.
e Néuk=1thitaxong. Néuk=1,taxétB=A—{k} U {1}. Vif,<f,,
nén B ciing 12 151 gidi toi vu.
— NE&u A 1a 151 giai t6i uu cho bai todn nguyén thiy S, thiA” =A — {1} 1a
131 gidi toi wu cho baitodn " = {i € S: s, > f}.

29.01.04 4
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Phan tich khau hao

e Goi T(n) 12 thi gian can thi€t d€ thuc thi mot chudi n thao tdc 1én
mot ciu tric dir liéu.

— Vidu: thuc thi mot chudi PUSH, POP, MULTIPOP 1én mdt stack.

e Phdn tich khdu hao (amortized analysis):

— Thdi gian thyc thi mot chudi cédc thao tdc dugce 14y trung binh
trén sd cdc thao tic da thuc thi,
T(n)/n,
duoc goi 12 phi ton khdu hao.

(Pay chi 12 mdt trong cdc dinh nghia cta phi ton khau hao, cidc dinh
nghia khdc s& dugc trinh bay trong cdc phan sau.)

12.9.2004 Ch. 2: Amortized Analysis
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S luge

e Ba phuong phip dé xdc dinh phi ton khau hao:
— g0p chung (the aggregate method)
— ké todn (the accounting method)
— thé ndng (the potential method)
e S& minh hoa cdc phuong phdp trén thong qua viéc phan tich cdc ciu
trac dir li€u:
— stack
— bo d€m nhi phan dai k bits
— bang dong.

12.9.2004 Ch. 2: Amortized Analysis
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Cau trac dur li€u stack

e (Cac thao tac 1én mdt stack S
— PUSH(S, x)
— POP(S)
— MULTIPOP(S, k)

MULTIPOP(S, k)

1 while not STACK-EMPTY(S) and k # 0
2 do PoP(S)

3 k<—k-—1

12.9.2004 Ch. 2: Amortized Analysis
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C4u tric dit liéu stack (ti€p)

e Minh hoa thao tic MULTIPOP

top — 23
33 MULTIPOP(S, 4)

4 ,;

45 MULTIPOP(S, 7)
4 top > 4 r;

78 78

12.9.2004 Ch. 2: Amortized Analysis
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B0 d€m nhi phin dai k bit

e B0 d€m nhi phan dai k-bit (k-bit binary counter)
— 1a mOt mang A[0..k — 1] cua cac bit
— ¢06 do dai, length[A], 1a k.

12.9.2004 Ch. 2: Amortized Analysis
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B d€m nhi phan dai k bit (ti€p)

e Ding bo dé€m dé trit mot s6 nhi phan x:
x=Alk—-1]-2k-1+ ... + A[0]-20
— INCREMENT: cOng 1 vao tri dang c6 trong bd dém (modulo 2¥)

INCREMENT(A)

o1 |1 ] 1| T—> |1]lo]olo

— Thu tuc INCREMENT

INCREMENT(A)

1 i«0

2 whilei<length[A]land Ali] =1
3 do A[i] < O

4 i< i+1

5 ifi<length[A]

6 then A[i] « 1

12.9.2004 Ch. 2: Amortized Analysis
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Phan tich mot stack

e Bai todn: xdc dinh thdi gian chay ctia mot chudi n thao tdc 1én mot
stack (ban dau stack 12 trong).
Giai bing phan tich “thd so™:
— Phi ton trong trudng hgp xau nhi't cia MULTIPOP 13 O(n). Vay

phi ton trong trudng hop xau nhit clia mot thao tdc bat ky 1én
stack 1a O(n).

_ Do d6 phi ton ciia mot chudi n thao tic 1a O(n?).
e Nhin xét: Chian O(n?) tim dudgc 1a qud tho.

e Tim chin trén tot hon!

— Dung phan tich khau hao.

12.9.2004 Ch. 2: Amortized Analysis
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Phuong phap gdp chung

e Dinh nghia: Trong phudng phap gdép chung (aggregate) cia phan tich
khau hao, ching ta gop chung thdi gian ma mot chudi n thao tdc cian
trong trudng hdp xau nhit (worst case) thanh T(n).

— Chi phi khdu hao (amortized cost) cia mdi thao tdc dudc dinh
nghia 12 chi phi trung binh cho mdi thao tdc, titc 12 T(n)/n.

12.9.2004 Ch. 2: Amortized Analysis 9
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Phuong phap gdp chung: phan tich stack

e Phan tich mot chudi n thao tac 1én mdt stack S (ma khi bat dau thi
stack 12 tréng), chudi gdom cédc loai thao tdc
— PUSH(S, x)
— POP(S)
— MULTIPOP(S, k)
e Dung phuong phdp gop chung d€ xdc dinh chi phi khau hao clia mdi
thao tac
— MBOdi d6i tugng c6 thé dugc popped tdi da 14 mot 1an sau khi né

9

dugc pushed. S6 PUSH tdi da 12 n, vay sd 1an POP dudc goi, ké ci
t MULTIPOP, 1a n.

— Vay phi ton cda chudi n thao tdc PUSH, POP, viA MULTIPOP 13
O(n).
— Do d6 phi ton khau hao cia mdi thao tic 1a O(n)/n = O(1).

12.9.2004 Ch. 2: Amortized Analysis 10
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Phuong phdp gdp chung: phan tich b0 d€m nhi phin

e Phan tich mot chudi gdm 7 thao tdc INCREMENT 1én mot bd d€m nhi
phan c6 chiéu dai k bit
e Dung phuong phdp gop chung d€ xdc dinh chi phi khau hao clia mdi
thao tac.
— Nhan xét (gid sif tri ban dau ciia bdo dé€m 1a 0)
bit A[O] flips n lan
bit A[1] Ln/2]
bit A[2] /4]

Tong quAt:
bit A[i] flips [n/2i] 14n,i=0,..., 1gn]
bit A[i] khong flips néu i >|lg n].
— Tinh dugc tdng cha | n/2i]tiri=0 dénllgnlla <2n.

12.9.2004 Ch. 2: Amortized Analysis 11
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Phuong phdp gdp chung: phan tich b0 d€m nhi phin

e Dung phuong phdp gop chung d€ xdc dinh chi phi khau hao clia mdi
thao tdc (tiép)
— Vay thoi gian xAu nh4't cho mot chudi n thao tdc INCREMENT Ién
mot bd d€m (ma tri ban dau 12 0) 12 O(n).
= Thoi gian khdu hao cho mdi thao tdc 1a O(n)/n = O(1).
e Nhian xét: Phin tich tho so
— Khi moi bit cia bd d€m 1a 1, thao tic INCREMENT c6 thé can dén
thdi gian x4u nhat 1a O(k).
— Do d6 mdt chudi n thao tdc INCREMENT can thdi gian x4u nhat 12
n0(k) = O(nk).

12.9.2004 Ch. 2: Amortized Analysis 12
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Phuong phéap k€ todn

e Trong phudng phap ké todn cua phan tich khau hao, ching ta dinh
gid (charge) khac nhau cho cac thao tac khac nhau.
Ta c6 thé dinh gid cho mot thao tdc cao hon hay thadp hon phi ton
thuc su cua no.
— Dinh nghia: SO lugng ma ta dinh gid cho mdt thao tdc dudc goi 1a
phi ton khdu hao clia né.
— Dinh nghia chi phi trd trudc hay credit 1a chi phi khdu hao trir chi
phi thuc su.
« D€ cho chi phi khau hao tdng cdng 13 chin trén 1én chi phi
thuc sy tdng cong thi tai moi thdi di€m credit tong cdng phai
> 0.

« Nhung credit cho mot thao tdc c4 biét c6 thé <0 .

12.9.2004 Ch. 2: Amortized Analysis 13
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Phuong phdp k& todn: phan tich stack

e (Cic thao tac 1én mot stack
— PUSH(S, x)
— POP(S)
— MULTIPOP(S, k)  (POP k phan tif tir stack S)
e Dung phuong phdp ké todn d€ xdc dinh chi phi khau hao clia mdi
thao tdc 1én mot stack (ban dau stack 1a trong).
— Nhic lai: phi ton thuc su clia cdc thao tdc 1a
« PUSH 1
« POP 1
« MULTIPOP min(k, s), (s 12 s& phant¥ trong S khi dugc goi)

— Ta quy cho cdc thao tdc cdc phi ton khau hao nhu sau

« PUSH 2
. POP 0
« MULTIPOP 0 1a moOt hing s0.

12.9.2004 Ch. 2: Amortized Analysis 14
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Phuong phdp ké todn: phan tich stack (ti€p)

— Ta chitng té ring c6 thé trd cho mdt chudi thao tdc bat ky khi
tinh gi4 theo cdc phi ton khau hao. (Dung 1 déng d€ tugng trung
1 don vi phi ton.)
M5 hinh stack bing mdt chong dia.
. Gid st thao tdc 12 PUSH: trd 2 dong, trong d6
— dung 1 dong d€ trd cho phi tdn thuc su
— dung 1 dong con lai d€ trd trudc phi tdn cho POP sau nay
(néu c6). P& ddng nay trong dia dugc pushed vao chdng
dia.

. Gi4 st thao tdc 1a POP: khong can trd, ma

— dung 1 dong da dudc trd trudc khi trd cho PUSH. Pong
nay nim trong dia dudc popped khoi chong dia.

. Gia st thao tdc 1a MULTIPOP: khong can trd, ma
— dung 1 ddng da dudc trd trudc khi trd cho PUSH.

12.9.2004 Ch. 2: Amortized Analysis 15
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Phuong phdp ké todn: phan tich stack (ti€p)

e K&t luan: Cho mot chudi bat ky gdm n thao tic PUSH, POP, va
MULTIPOP, phi ton khau hao tdng cdng 1 mdt cin trén cho phi ton
thuc sy tdng cong.

— Vimdi thao tdc c¢6 phi ton khau hao 1a O(1) nén mdt cin trén cho
phi ton thuc sy tong cdng 13 O(n).

12.9.2004 Ch. 2: Amortized Analysis 16
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Phuong phdp k€ todn: phan tich mot bd dém nhi phan

e Phin tich mot chudi cdc thao tdc INCREMENT 1én mot bd dé€m nhi
phan dai k-bit ma tri ban dau 12 0.
e Dung phuong phdp k€& todn dé x4c dinh chi phi khau hao cia
INCREMENT
— Quy mot phi ton khau hao 12 2 dong dé set mot bit thanh 1.
. dung 1 dong dé€ trd phi ton thuc su

. dung 1 dong con lai d€ trd trudc cho phi ton dé reset bit nay
thanh 0 sau ndy (néu co).

12.9.2004 Ch. 2: Amortized Analysis 17



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

Phuong phdp k€ todn: phan tich mot bd dém nhi phan

e Xic dinh phi ton khau hao cda INCREMENT (tiép)
— Phi ton khau hao ctia INCREMENT:

. Phi ton cho resetting cdc bits trong vong lip while dugc trd
bing cdc dong da dudc tra trudce khi bit dudc set.
 Nhiéu nhat 14 1 bit dugc set.
— Vay phi tdn khau hao clia INCREMENT t3i da 12 2 dong.
e Viy chi phi khau hao cho n thao tdc INCREMENT la O(n).
— Vitdng so tién trd trudc khong bao gid Am (= sd cdc bit ¢6 tri 1a
1 trong bd d€m) nén chi phi khau hao tong cong 1a cin trén cho
chi phi thuc su tdng cong.

12.9.2004 Ch. 2: Amortized Analysis 18
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Phuong phdp thé ning

e Phin tich mot chudi cdc thao tic 1én mdt cau tric dit liéu.
— Cho mot cau tric dit liéu ma » thao tic thuc thi 1én d6. Ban dau
ciu tric dit liéu 1a D,
— Goi ¢; 1a chi phi thyc sy cua thao tac thit i, v6i i = 1,..., n.

— Goi D; 1a cau tric dit liéu ¢6 dugc sau khi 4p dung thao tdc thit i
1én cAu tric dit liéu D; ,,véii=1,..., n.

thao tac tho 1 thao tac th i

D, |—> | D, | -rC—>|D,_,| ——> | D,

12.9.2004 Ch. 2: Amortized Analysis 19
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Phuong phéap thé ning (ti€p)

e Dinh nghia mot ham s0
®:{D,,..,D,} —> R, véi Rla tdp hgp céc so thuc.
Ham ® dudc goi 1a (ham) thé ndng (potential function).
Tri ®(D,) dugc goi 1a thé ndng cta cau tric dit liéu D, , i = 0,...,n.
e Dinh nghia: phi tén khdu hao (amortized cost) cia thao tic thit i 12
cN=c;+DD,;) - DD,;_,) (*)

12.9.2004 Ch. 2: Amortized Analysis 20
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Phuong phéap thé ning (ti€p)

e Diéu kién cho th€ ning dé phi ton khau hao tdng cdng 13 cin trén
1én phi tdn thuc sy tdng cdng:
— Ta co tu (*)

3= 36+ @(D) - 0(D,)
i=1 i=1

= ici +®(D,)—DP(D,)

i=1
— Vay phi ton khau hao tdng cong 1 cin trén cla phi ton thuc sy
tong cong néu O(D, ) — D(D,) = 0. Vi khdng biét truSc n nén ta
c6 diéu kién sau
OD,;) - Dd(Dy) =20 cho moi i.

12.9.2004 Ch. 2: Amortized Analysis 21
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Phuong phdp thé ning: phin tich mot stack

e Phan tich mot chudi gdm # thao tdc 1én mot stack
— PUSH(S, x)
— POP(S)
— MULTIPOP(S, k).
e Ap dung phucng phdp th€ ning d€ xdc dinh chi phi khau hao cia
moi thao tac
— Dinh nghia: th€ ning ® cua mot stack 12 sd doi tugng trong
stack.

top — 23
33

4

45

4

78

stack c6 thé ning 1a 6

12.9.2004 Ch. 2: Amortized Analysis 22
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Phuong phép thé niang: phan tich mot stack (ti€p)

— Nhin xé€t:
. Khi bit dau thi stack trong nén ®(D,) = 0.
« O(D,) 20, viy O(D,) = D(D,) cho moi i.
Viy phi ton khiau hao tdng cdng 13 cin trén cda phi ton thuc su
tong cong.

e Ap dung phuong phdp th€ ning d€ xdc dinh chi phi khau hao cia
moi thao tac
— Gia st thao tac thit i 1én stack 1a PUSH
(stack c6 kich thuGc 1a s)
« Hiéu th€ 1a OD,)-DD,_pD=(s+1)—s
=1
. Vay phi tdn khiu hao clia PUSH
cN=c;+DD,;) - DD, _)
=1+1=2.

12.9.2004 Ch. 2: Amortized Analysis 23
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Phuong phdp thé ning: phin tich mot stack

e Ap dung phuong phdp thé ning d€ x4c dinh chi phi bu trir clia mdi
thao tdc (tiép)
— @Gia su thao tac tht i 1€n stack 1a MULTIPOP(S, k)
(stack c6 kich thuGc 1a s)

o Phi ton thuc su 12 &’ = min(k, )

. Hieuth€la  ®WD,)- DD, )=-Fk

. Vay phi tdn khau hao cia MULTIPOP 13

cN=c;+DD;) - DD;_,)

=k’ -k
=0.

12.9.2004 Ch. 2: Amortized Analysis 24
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Phuong phdp thé ning: phin tich mot stack

e Ap dung phuong phdp th€ ning d€ xdc dinh chi phi bu trir cda mdi
thao tdc (tiép)
— Phi t6n khau hao ctia PopP 12 0.
— Phi ton khau hao clia mdi thao tiac 1én stack 12 O(1).
e Vay phi ton khau hao tong cong cila mdt chudi n thao tic 1én stack
la O(n).
Di thdy 1a ®(D;) > ®(D,) cho moi i, vdy phi ton trong trudng hdp
x4u nhat clia n thao tdc 1a O(n).

12.9.2004 Ch. 2: Amortized Analysis 25
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Phuong phdp thé ning: phin tich bd d€m nhi phan dai k bits

e Phan tich mot chudi céc thao tdc 1én mot bd dé€m nhi phan dai k-bit.
e Dung phuong phdp thé ning dé€ xdc dinh chi phi khau hao clia mdi
thao tac

— Dinh nghia thé ndng ® ciia by dém sau thao tdc INCREMENT th( i
1a b;, s0 cdc bits bang 1 trong bo dé€m.

0 1 1 1

Thé ning 1a 3

12.9.2004 Ch. 2: Amortized Analysis 26
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Phuong phdp thé ning: phin tich bd d€m nhi phan dai k bits

e Dung phuong phdp thé ning d€ xdc dinh chi phi khau hao clia mdi
thao tdc (tiép)
— Tinh phi ton khiau hao cia mot thao tdc INCREMENT
. INCREMENT thtt i resets ¢, bits va sets nhi€u 1dm 1a 1 bit.
Vay phi ton thyc sy clia INCREMENT thit i nhi€u 1im 13 #,+ 1.

« Hiéu th€ 1a
O(D,)— OD,_,)=b,—b,_,, md b,<b._,—t,+ 1. Viy
O(D,) -~ DD, _)<1—1,.

« Phi ton khiu hao 1a
cN=c;,+DPD;)-OWD,_D<t+1+1-1=2.
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Phuong phdp thé ning: phin tich bd d€m nhi phan dai k bits

e Tricta bd dém bit dau bing 0, nén ®(Dy) = 0, do d6 D(D,) > O(D,y).
VAay chi phi khdu hao tdng cong 12 chin trén cho chi phi thuc su tong
cong.

=> Phi tdn trong trudng hop xau nhit cla n thao tic 13 O(n).
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Bang ddng

e Trong mot sd ng dung, ding mot “bang” dé trit cdc doi tugng ma
khong biét trudc bao nhi€u doi tugng sé& dudgc trit. Do d6
— khi bdng hién thdi khong cé dd chd cho cdc d6i tugng mdi, can
mdt bang méGi vé6i kich thude 16n hon.
— khi bdng hién thdi du nhiéu chd trdng do xod nhiéu d6i tugng,
can mdt bing méi véi kich thuéc nhd hon.
e (Cdc thao tic 1én mdt bang
— TABLE-INSERT: chén mot item vao bang
— TABLE-DELETE: x6a mot item khoi bang.
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Hé sb st dung cua mot bang

e Dinh nghia hé s6 sit dung (load factor) cia mot bang T (khong trong)
la o(7):
o(T) = s0 khe (slots) c6 chira dodi twgng trong bang chia cho sd
khe cua bang.
e Bai todn: Xdc dinh chién lugc ndi rong va thu nhé bang sao cho
— hé s0 st dung ctia bing cao
« dugc chian dudi bdi mot hing s6
— chi phi khdu hao cia TABLE-INSERT va TABLE-DELETE la O(1).
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Chién lugc md rong mot bang

e Chién lugc khi nao thi ndi rong mot bing dugc dién ta trong gidi
thuat sau.

TABLE-INSERT(7,, x)
1 if size[T] =0
then allocate table[T] with 1 slot
size[T] < 1
if num|T)] = size[T)
then allocate new-table with 2 - size[T] slots
insert all items in table[T] into new-table
free table[T]
table|T] < new-table
size[T] < 2 - size|T]
insert x into table[T]
num|[T| < num|T] + 1

—_O O 00 1 ON Ut & W N

o
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Chién lugc mS rdng mot bang (ti€p)

thuc thi TABLE-INSERT

A
'z N

Y

TABLE-INSERT : . .
g —> mm —>

> e

12.9.2004 Ch. 2: Amortized Analysis
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Phan tich mdt chudi TABLE-INSERT

e Gia su:
— Thai gian thuc thi cia TABLE-INSERT ti 1€ v&i thoi gian chén tirng
item (“chén sd ding”) vao bang & dong 6 va 10.
— Chi phi clia mot chén sd ding 1a 1.
e S& phan tich chi phi ctia mdt chudi gdm n INSERT 1én mdt bing ddng
dung 1an lugt cdc phuong phdp
— g0p chung
— k€ todn

— thé€ ning.
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Phan tich chudi TABLE-INSERT bang phucdng phdap gdp chung

e Dung phuong phdp gop chung dé xdc dinh chi phi khau hao cia
INSERT

— Chi phi ¢, cua thao tdc thd i
elainfui-1=2
« 1a 1 trong céac truGng hgp con lai.
— Chi phi cua n thao tic TABLE-INSERT
. 12 n+t8ng cdc 2 tit j = 0 d&n L1g
<n+2n=3n.
e Viy chi phi khau hao cta INSERT 1a 3n/n = 3.
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Phan tich chudi TABLE-INSERT bdng phudng phdp ké todn

e Dung phuong phdp ké todn d€ xdc dinh chi phi khau hao clia TABLE-
INSERT
— Chi phi khdu hao ctia TABLE-INSERT 12 3.

— Tra nhu sau:
. 1 dong dé trd cho chi phi thyc sy cho riéng né
. 1 ddng dé tr3 trudc cho chinh né mot khi né dudc di chuyén
lic bang néi rong
. 1 dong dé tr3 trudc cho mot item khdc trong bing ma khong
con tién tra truc (vi da di chuyén).
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Phan tich chudi TABLE-INSERT bang phucng phdp thé ning

e Dung phuong phdp thé ning d&€ phan tich modt chudi gdém 7 thao tic
INSERT I€n mot bang
— Dinh nghia th€ ning ® 1a

DO(T) = 2num|T] — size|T].

— Nhan xét
« Ngay sau khi n6i rong (dong 9 cia TABLE-INSERT thuc thi
xong)
e num|[T] = size[T] /2
e Od(7T)=0.
« Ngay trudc khi n61 rong num|[T] = size[T]
e O(T)=num|[T].

e ®(0)=0, d(T)>0. Vivay tong clia cic chi phi khau hao cia
n thao tdc TABLE-INSERT 12 mot chin trén 1én tdng clia cdc
chi phi thuc su.
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Phan tich chudi TABLE-INSERT bang phucng phdp thé ning

(ti€p)
— Xéc dinh chi phi khau hao ctia mdi thao tdc
o Gia st thao tic tht i khong gy ndi rong. Ta c6 size; = size; ;.
Chi phi khau hao cuia thao tdc 1a
chNi=c;+D,—D,_,

=1+ Qnum; — size;) — 2num,_, — size;_,)

= 1 + Qnum; — size;) — 2(num;— 1) — size;))

=3.
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Phan tich chudi TABLE-INSERT bang phucng phdp thé ning

— Xéc dinh chi phi khau hao cia mdi thao tdc (ti€p)
. Gia st thao tac thit i gdy néi rong. Ta c6
size;l 2 = size;
=num; — 1.
Chi phi khau hao cuia thao tdc 1a

chNi=c;+D,—D,_,
= num; + (2num; — size;) — 2num;_; — size;_;)
= num; +2num; —(2num; -2)) —(2(num,—1)—(num, —1))
= num; + 2 — (num; — 1)
=3.

12.9.2004 Ch. 2: Amortized Analysis
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Xo6a mdt item khoi bang
e Thém thao tic “Xoa modt item khoi bdng”: TABLE-DELETE.
— Heé s6 st dung ctia bing c6 thé trd nén qud nhd.
e Nhic lai dinh nghia cta hé s6 sit dung 12
o(T) = num|[T] / size[T].
e Ta mudn
— gitt hé s0 st dung cao, titc 12 né dudc chian dudi bing mot hing
$O.
— chi phi bu trir cia mot thao tdc 1én bdng dudc chin trén bing mot
hing s0.
e Gi4 st chi phi dudc do bing sd 1an chén hay xo4 item sd dang.
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Chién lugc ndi rong va thu nhd bang

e MOt chién ludc tv nhién cho ndi rong va thu nhd bang 1a
— Gap doi bang khi chén mot item vao mdt bang da day.
— Gidm ntra bang khi x6a mot item khoi mot bang chi day nira
bang.
e Phan tich
— Chién ludc trén bdo ddm o(T) > 1/2.

12.9.2004 Ch. 2: Amortized Analysis
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Chién lugc ndi rong va thu nhd bang

e Phan tich (tiép)
— Tuy nhién phi ton khau hao cdla mdi thao tdc cé thé rat 16n:
« Liy n c6 dang 2™

« Xét mot chudi n thao tic (112 mot insert va D 13 mdt delete)

I...1 (n/2 14n), k& d6 1a
IDDIIDDII... (n/?2]lan).

o Chudi n thao tic ndy c6 phi tdn 1 O(n?), do d6 phi ton khiu
hao clia mdi thao tic 12 O(n).
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Chién lugc ndi rdng va thu nhd bang (ti€p)

e (C4iti€n chién lugc trén bing cdch cho phép hé s sit dung c6 thé trd
nén nho hon 1/2:
— N&u a(T) = 1, thi thao tdc TABLE-INSERT s& gdp doi bang.
— N&u a(T) = 1/4, thi thao tdc TABLE-DELETE s& gidm nifa bang.
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Chién lugc thu nhéd mot bang (ti€p)

—>

o(T) = 1/4

thuc thi TABLE-DELETE

A
' N

A\ 4

bang mdi =
1/2 bang cii

12.9.2004 Ch. 2: Amortized Analysis
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Phuong phdp thé ning

e Dung phuong phdp thé ning d&€ phan tich modt chudi gdém 7 thao tic
TABLE-INSERT va TABLE-DELETE 1én mdt bang.
— Dinh nghia thé nang ® trén mot bdng 1a

O(T) = 2 num|[T] — size|T] néu o(7) > 1/2
= size[T] / 2 — num[T] néu o(7) < 1/2
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Phuong phéap thé ning (ti€p)

— Nhan xé€t:
« ®O(bdng trong) =0, va O(T) >0
« Néu hé s6 st dung 1a 1/2 thi ®(T) = 0.
« Néu hé s6 st dung 1a 1 thi ®(T) = num[T).
— Pa d€ trd phi ton mot khi c6 ndi rong bang do chén mot
item.
« Hé s0 st dung 12 1/4 thi ®(T) = num[T].
— Pi dé trd phi ton mot khi ¢6 thu nhd bdng do xod mdt
item.
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Phan tich mdt chudi cdc TABLE-INSERT va TABLE-DELETE

e Xadc dinh chi phi khdu hao ctia mdi thao tac
— Ne&u thao tdc thit i 1a TABLE-INSERT, ta phan biét cdc trudng hop:
.oy > 172
— theo Section 18.4.1, thi ¢*, nhi€u 1dm 1a 3.
« a,_;<1/2, ta phan biét 2 truGng hgp:
— truong hgp a,; < 1/2
chi=c;+ D, —D,_,
=0.
— truong hgp o, = 1/2
chi=c;+ D, —D,_,
=3.
— Vay chi phi khiau hao clia thao tdc TABLE-INSERT nhiéu 1im 1a 3.
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Phan tich mdt chudi cdc TABLE-INSERT va TABLE-DELETE

e Xic dinh chi phi khau hao cia mdi thao tic (ti€p)
— N&u thao tdc thi i 1a TABLE-DELETE, thi num,= num,_,— 1, ta
phan bi€t cac truéng hop:
« a,_; < 1/2. C6 hai trudng hgp con
— khodng gdy thu nho: size; = size, ,
chNi=c;+D,—D,_,
=2.
— gy thu nhod: ¢; = num,+ 1, size; / 2 = size, |/ 4 = num;+ 1
chNi=c;+D,—D,_,
=1.
« o, ;= 1/2. Baitap 18.4-3.

— Vay chi phi khiu hao ctia TABLE-DELETE dugc chin trén bdi mot
hing s0.
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Phan tich mdt chudi cdc TABLE-INSERT va TABLE-DELETE

(ti€p)

e K&t luin: Vi chi phi khau hao ctia mdi thao tdc TABLE-INSERT va
TABLE-DELETE dugc chan trén bdi mot hing s0, nén thdi gian chay
cho mot chudi bat ky gdm n thao tdc 1én mot bang dong 1a O(n).
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Cau truc dir liéu trong bd nhd ngoai

e B-ciy tong quit hod ciy tim ki€m nhi phan.
— “Hé s6 phan nhanh” (branching factor)
e B-ciyla cay tim ki€m can bing dudc thiét k& d€ 1am viéc hitu hiéu
trong b0 nhG ngoai (dia cing).
— B0 nhéG chinh (main memory)
— B0 nhG ngoai (secondary storage)
« Disk
— Track
— Page
e Thdi gian chay gom
— s0 cdc truy cip vao dia
— thoi gian CPU
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Truy cap dia

e MOt niit cia B-ciy thudng chi€ém nguyén cd mot disk page.
e Hé so phin nhdnh tiy thudc vao ti 1€ gitta kich thugc ctia khoa va
kich thuGc cua disk page.
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Cac thao tac 1én mot dia

e Cho x 12 mdt con tré dén mot doi tugng (vi du: mot nit cia mot B-
ciy). Poi tuong x ¢6 thé c6 nhiéu trudng
— NE&u x nim trong bd nhd chinh, truy cip cdc trudng cia x nhu
thudng 1€, vi du nhu key|[x], leaf [x],...
— N&u x con nim trén dia thi dung DISK-READ(x) dé doc né vao bd
nhd chinh.
— N&u x da thay ddi thi dung DISK-WRITE(x) d€ trif n6 vao dia.

e Cichlam viéc tiéu bi€u v6i mdt doi tugng x

x <— mot con trd dén mot doi tugng nao dé
DISK-READ(x)

cdc thao tdc truy cap/thay ddi cdc trudng cla x
DISK-WRITE(x)

cdc thao tdc khong thay doi mot trudng clia x

22.9.2004 Ch. 4: B-Trees 4
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H€ sO6 phdan nhanh

e Vidu mét B-cdy ma:
— mdi nat ¢6 1000 khda, tic 1a B-cAy c6 hé s6 phan nhdanh 1a 1001

root|T]
1000 khéa I nat
VI RN 1000 khoa
S
001 nhanh
1001 nut
/ /1010(1) \ /,1,0(\)0\\ . 1,0.09 N 1.001.000 khoéa
771 /IS AR
1001 / 1001 1001
1.002.001 nut
1000 1000 1000 1.002.001.000 khoéa
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DPinh nghia cia B-cay

e Mot B-ciy T1a mot cdy c6 gbc, ma gbc 1a root[T], c6 cdc tinh chat
sau

— MOi niit x c6 cdc trudng sau
« n[x], s0 luong khéa dang dugc chita trong nit x
. cic khoa: c6 n[x] khoa, duge x&p theo thit ty khong gidm, tic
la

key[x] < key,[x] < -+ < keyn[x][-x]

o leaf [x], co tri bool la
TRUE néu x 12 mot 14
FALSE néu x 1a mot nit trong

— MBOi nit trong x chita n[x] + 1 con trd ¢; [x], ¢, [x],..., €,y 41 [A]
dén cdc nit con cda nd.
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DPinh nghia cia B-cay

(ti€p)
MOo6 hinh modt nit cua B-cay

e
\L@ﬂ \ \L(’ﬁ v

c; [ x]
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DPinh nghia cia B-cay

(ti€p)
— N&u k;1a khoa trit trong cAy con ¢6 goc 1a ¢, [x] thi
ki< key[x] < ky < key,[x] < - <k, < key, o q[x] < ke

PR
\Leﬁx \g@ﬂx
x |- N W

c; [ x]
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DPinh nghia cia B-cay

(ti€p)
— TAatcd cdc 14 ¢6 cing mot do sdu, d6 1a chiéu cao h cla ciy
— C6 mot sd nguyén ¢ > 2 goi 1a bdc t6i thiéu cia ciy sao cho
« Moi nit khong phai 1a niit gdc phdi c6 it nhat r — 1 khda. Néu
ciy # & thi nit gdc phdi co it nhat mot khoa.
« MB0i niit ¢ thé chita t6i da 2¢ — 1 khéa. Mot nit 1a ddy néu né
chira dung 2¢ — 1 khoa.

22.9.2004 Ch. 4: B-Trees 9
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N ? A A
Chi€u cao cua mot B-cay

Dinh Iy

Né&u n > 1 thi moi B-cay T véi n khéa, chi€u cao h, va bic tdi thi€u ¢ > 2

yd

CO

h <log ,
Chitng minh

C6 t6i thi€u 2 niit & do sau 1, 2¢ nit & do sdu 2,..., va 2t "~ niit & do

A A A P A o N N
sau h. Vay so khoa to1 thi€u 1a

h
n>1+@-1)) 2t
i=1

" —1
=1+2(t—-1)——
( ) r—1
=2t" —1
+1
Dods t"<” , tit day suy ra dinh ly.
22.9.2004 Ch. 4: B-Trees
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/\/ / /\,' * /{7 A Pal
SO khoa td1 thi€u trong mot B-cay

e B-cidy sao cho moi nit déu cé ¢ — 1 khda, ngoai trit nit géc chi ¢
I khoa.
_ Vay s0 khoéa trong cdy 1a t8i thi€u cho moi ciy c6 bic tdi thi€u
12 £ va chiéu cao 12 .

1 khéa| dd sau 0, sO nit: 1

/\

1) Khda do sau 1, s0 nit: 2 t—1
// \\ do siu 2, sO nat: 2¢ /\
I — 1 l—l cee l—l
r—11-- A O T I | r—11-- r—1

do sau 3, sO nit: 2£2
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Cac thao tac 1én mot B-cay

e (C4c thao tac 1én mot B-cay:
— B-TREE-SEARCH
— B-TREE-CREATE
— B-TREE-INSERT
— B-TREE-DELETE
e Trong cac thu tuc trén ta quy uéc:
— GOc cua B-ciy ludn ludn nam trong bd nhd chinh.
— BAtky mot nit ma 12 mot tham s6 dudc truyén di trong mot thi
tuc thi déu da thyc thi thao tdc DISK-READ Ién nd.

22.9.2004 Ch. 4: B-Trees 12
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Tim trong mot B-cay

e Thd tuc d€ tim mot khéa trong mot B-ciy
— Input:
« mdt con trd chi dén nit gdc x ctia mot ciy con, va
« mot khéa k can tim trong ciy con.
— Output:
« néu k c6 trong cy thi trd vé mot cip (v, i) gom mot ndt y va
mot chi s0 i ma key, [y] =k

« néu k khong c6 trong ciy thi trd vé NIL.

22.9.2004 Ch. 4: B-Trees
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Tim trong mot B-cay

(ti€p)

B-TREE-SEARCH(x, k) X
<1
while i < n[x] and k > key, [x]
doi<i+1
if i <n[x] and k = key, [x]
then return (x, i)
if leaf [x]
then return NIL
else DISK-READ(c; [x])

O 0 1 ON Ut & W N —

22.9.2004 Ch. 4: B-Trees
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c; [ x]

return B-TREE-SEARCH(c;, [x], k)
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Tim trong mot B-cay

(ti€p)
e Cdcnit ma gidi thudt truy cidp tao nén mot dudng di tir gdc xudng
d€n nit cé chita khda (néu co).
Thoi gian CPU dé€ xt 1y mdi nit 13 O(7).
e Do do
— 0 disk pages ma B-TREE-SEARCH truy cip 1a O(h) = O(log, n),
v6i h 12 chi€u cao clia ciy, n 13 s6 khod ctia cAy.
— B-TREE-SEARCH can thdi gian CPU O(t h) = O(t log , n).

22.9.2004 Ch. 4: B-Trees 15
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Tao mot B-cay trong

e Thd tuc d€ tao mot nit gdc trong

— Goi thi tuc ALLOCATE-NODE dé chi€ém mdt disk page 1Am mot
nut mai.

B-TREE-CREATE(T)

1 X <— ALLOCATE-NODE()
2 leaf [x] <~ TRUE

3 nlx] <« 0

4 DISK-WRITE(x)

5 root[T] < x

— B-TREE-CREATE can O(1) thdi gian CPU va O(1) disk operations.

22.9.2004 Ch. 4: B-Trees 16
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Chen mot khdéa vao mot B-cay

e Khi mdt nit y 12 day (n[y] = 2t — 1), dinh nghia khda giita (median
key) cua y 1a khéa key, [y].

e Ta sé& chén khéa vao mot 14 cla cay. PE trdnh trudng hgp chén khéa
vao mot 14 da day, ta can mot thao tic tdch (split) mot nit day y.
Thao tac nay

— t4ch ndt day y quanh nit gifta cia n6é thanh hai nit, mdi nit c6
t — 1 khoa

— di chuyén nit gifta 1&én ndt cha cia y (phdi 1 nidt khong day) vao
mot vi tri thich hgp.

e Dé chén khéa ma chi caAn mdt lugt di tir nit gdc dén mot 14, ta sé&
tdch moi nit day ma ta gip trén dudng di tir gdc dén niit 14.

— Phdi ddm bdo dudc ring khi tich mdt nit day y thi nit cha cia
n6 phdi la khong day.

22.9.2004 Ch. 4: B-Trees 17
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Vi du tdch mot ndt day

e Bictdi thiéu r =4. Vay sd khéa tdi da cilia mot nit 1a 7.

e T4chnit day y 1a con cda nit khong day x.

X \L‘eﬂ \ \d’ﬁ \ \@Qﬁ N Qﬁ Vv \(jﬁ \
N W - -N/S\W---
y = ¢;[x] | y = ¢;[x] 2= Cjqlx]
P Q R S T U V P Q R T U V
T, T, T, T, Ts T, T, T, T, T, T, T, T, T, T, T,
22.9.2004 Ch. 4: B-Trees 18
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Tach mot ndat cua mot B-cay

e Thu tuc B-TREE-SPLIT-CHILD
— Input: mot nit trong khong day x, mot chi s6 i ma nit y = ¢, [x] 1a
mot nit day

— Thi tyc tdch y thanh hai ndt va chinh x d€ cho x c¢6 thém mot niit
con.

RS

B-TREE-SPLIT-CHILD(x, i, y) X \@ \/\@x

1 7 <— ALLOCATE-NODE()
leaf [z] < leaf [y] Ny W
nlzl]«t—-1
forj< 1tor—1

do key; [z] < key; ., [y] y=ald |
if not leaf [y] P Q RS T UV

then forj < 1 to¢
do of [7] < cjﬂ[y]

nlyl<t—-1

O 0 1 O Ut & W I

22.9.2004 Ch. 4: B-Trees 19
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Tach mot ndat cua mot B-cay

(ti€p)

22.9.2004

10
11
12
13
14
15
16
17
18
19

for j < n[x] + 1 downto i + 1
do Cj 41 [x] « of [x]
Cip1 X <=2
for j < n[x] downto i
do keyj o [x] « keyj [x]
key; [x] < key, [y]
nlx] < n[x]+1
DISK-WRITE(y)
DISK-WRITE(z)
DISK-WRITE(x)

Ch. 4: B-Trees
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Tach mot ndat cua mot B-cay

(ti€p)

e B-TREE-SPLIT-CHILD cin
— O(?) thai gian CPU (cac dong 4-5 va 7-8)
— O(1) disk operations (cac dong 17-19).

22.9.2004 Ch. 4: B-Trees
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Chen moét khda vao trong mot B-cay

e Thd tuc B-TREE-INSERT dé chén mdt khéa k vio mdt B-cay T.
— Thu tuc goi B-TREE-SPLIT-CHILD dé ddm b3o khi goi d& quy thi
s& khong bao gid xudng mot nit da day.

B-TREE-INSERT(T, k)

1

S O 0 JdJ N D K W IN

U

22.9.2004

r < root|T ]
if n[r]=2t-1
then s < ALLOCATE-NODE()
root|T] < s
leaf [s] < FALSE
n[s] <« 0
cils] < r
B-TREE-SPLIT-CHILD(s, 1, r)
B-TREE-INSERT-NONFULLC(S, k)
else B-TREE-INSERT-NONFULL(r, k)

Ch. 4: B-Trees 22
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Tach mot nut gbc day

e Vidu: tich mot nit goc day clia mot B-cAy ma bic tdi thi€u 13 £ = 4.
e Nt gdc mdi la s. Nut goc cii r dudc tach thanh hai nit con cua s.

e Chi€u cao clia mot B-cay ting thém 1 mdi khi ndt goc dudc tach.

root[T']
\S
H
Z AN
root[T ] |:>
r r

A D F H L N P A D F L N P
T, T, T, T, T, T, T, T, T, T, T, T, T. T, T, T,

22.9.2004 Ch. 4: B-Trees 23
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Chen mo6t khoa vao mot nut khong day

e Thi tuc d€ chén mdt khéa vao mot niit khong day

B-TREE-INSERT-NONFULL(x, k)

1 [ < nlx]

2 if leaf [x]

3 then while i > 1 and & < key; [x]

4 do key;, [x] < key,[x] & \\qm\
5 [<—i1—1 X \&ﬂ& \dﬁ'\x

6 key,, [x] <k

7 nx] < nx] + 1 N W-

8 DISK-WRITE(x) ntt 14

22.9.2004 Ch. 4: B-Trees 24
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Chen mo6t khoa vao mot nut khong day

(ti€p)

X

N, W..
9 else while i > 1 and k < key; [x]

10 . .dOl(—l—l y=ci[x]
11 [<—i+1 Y
12 DISK-READ(¢; [x]) PQRST
13 if n[c;[x]]=2t-1
14 then B-TREE-SPLIT-CHILD(x, i, c; [x])
15 if k > key, [x]
16 theni<«<i+1
17 B-TREE-INSERT-NONFULL(c, [x], k)

22.9.2004 Ch. 4: B-Trees
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Phan tich chen mdt khoa vao trong mdt B-ciy

e Thi tuc B-TREE-INSERT can

— s0 truy cap dia 12 O(h) vi s6 1an goi DISK-READ va DISK-WRITE
gilta cac goi B-TREE-INSERT-NONFULL la O(1).

— thoi gian CPU 1a O(t h) = O(t log , n)

22.9.2004 Ch. 4: B-Trees
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Vi du cho céac truéng hgp khi chen mot khdéa vao mdt B-cay

e Cho mot B-ciy véi bac toi thi€u ¢ = 3

e Cay lic dau

ST

A CDE J K N

e D3 chén B vao

A B CDE J K N

22.9.2004 Ch. 4: B-Trees 27
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Vi du cho céac truéng hgp khi chen mot khdéa vao mdt B-cay

(ti€p)
Chen Q vao cay
G M P X |
[ o~
A B C D E J K N O R S TUYV Y Z
G M P TX _
[ N\
A B C D E J K N O R S UuvVv Y Z
ba chen Q vao cay:
G M P T X _
[ N\
A B C D E J K N O QO R S UuvVv Y Z
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Vi du cho céac truéng hgp khi chen mot khdéa vao mdt B-cay

(ti€p)
e Chen L vao ciy G MPTX
| RN _
7 N
A B C D E J K N O QO R S uyv Y 7Z
| P
/ \
/G\M\ T\X\
A B C D E J K N O QO R S uyv Y 7Z
« DPa chen L vao ciy: b
1/— ~\\
G M _ T X |
A B C D E J K L N O O R S uyv Y 7Z
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Vi du cho céac truéng hgp khi chen mot khdéa vao mdt B-cay

(ti€p)
e Chen F vao cay /,P\\
G M | T X |
A B C D E J K L N O QO R S UuvVv Y Z
| P_
/ \
. C, G M CT.X .
A B D E J K L N O QO R S UuvVv Y Z
« DPa chen F vao cay: [ p
/ \\
L C, G M | T X

] N /N T~
U

A B D E F||J KL N O QO R S
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/ A / P . A A
X0a mot khoa kho1 mot B-cay

Thi tuc B-TREE-DELETE(x, k) d€ x6a khéa k khdi cAy con c6 gdc tai
x bdo ddm riang khi B-TREE-DELETE dugc goi dé quy 1én x thi

_ s0 khéa trong x phdi > ¢ (bac tdi thi€u cla cay).
Do d6 ddi khi mot khéa duge di chuyén (tir mot nit thich hdp khic)
vao mot nit trude khi dé& quy xudng nut dé.

22.9.2004 Ch. 4: B-Trees 31
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/ A / P . A A
X0a mot khoa kho1 mot B-cay

B-TREE-DELETE(x, k)

1. N&u khéa k c6 trong nit x va x 1a mot nit 14 thi x6a k khdi x.

2. Né&u khéa k ¢6 trong nit x va x 1a mot nit trong thi
a. N€u nit con y 8 trudc k co it nhat ¢ khda thi tim khéa trude
(predecessor) k’ ctia k trong ciy con c6 gbc tai y. X6a k’ bing ciach
goi dé quy B-TREE-DELETE(y, k’), thay k bing k’ trong x.

X /k

/
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/ A / P . A A
X0a mot khoa kho1 mot B-cay

B-TREE-DELETE(x, k)

1. ..

2. Né&u khéa k ¢6 trong nit x va x 1a mot nit trong thi
a. ...

b. Tuong tu, n€u nit con z & sau k c6 it nhat ¢ khoa thi tim khoda sau
(successor) k’ cua k trong ciy con cé gdc tai z. X6a k’ bang cdch goi
dé quy B-TREE-DELETE(z , k’), thay k bing k’ trong x.

X | koo

N

z | K
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/ A / P . A A
X0a mot khoa kho1 mot B-cay

B-TREE-DELETE(x, k)

1. ..

2. Né&u khéa k ¢6 trong nit x va x 1a mot nit trong thi
a. ...
b. ...
c. N&u khong, cd y 1an z déu chi ¢6 ¢ — 1 khda, hdp nhi't k va nguyén
cd z vao y, thanh ra x mat k va con trd dén z , va bay gid y chita 2t —
1 khéa. Gidi phéng (free) z va goi dé quy B-TREE-DELETE(y, k) dé
x0a k khoi cay ¢6 goc y.
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/ A / P . A A
X0a mot khoa kho1 mot B-cay

(ti€p)
y | kK kU z

22.9.2004 Ch. 4: B-Trees
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/ A / P . A A
X0a mot khoa kho1 mot B-cay

B-TREE-DELETE(x, k)

1. ..

2. ...

3. N€u khéa k khong c6 trong niit trong x thi xdc dinh gdc ¢,[x] clia cay
con chita k, n€u k ¢6 trong ciy. N€u ¢, [x] chi ¢6 7 — 1 khoa, thuc thi
buSc 3a hay 3b néu cin d€ ddm b3o ring ta s& xudng dé€n mot nit
chita it nhat # khéa. Xong rdi goi B-TREE-DELETE 1€n niit con thich
hgp cua x.
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/ A / P . A A
X0a mot khoa kho1 mot B-cay

(ti€p)

3. ...
a. N€u ¢, [x] chi ¢6 t — 1 khéa, nhung lai ¢6 mot ndt anh em Vi it
nhat ¢ khéa, thi cho ¢, [x] thém mdt khda bang cdch dem mot khoa
tlf x xudéng ¢, [x], dem mot khéa tlr nit anh em ngay bén trdi hay
ngay bén phai cua ¢, [x] 1én x, va dem con tro tuong Gng tir nut
anh em vao c; [x] .

X /m

W

22.9.2004 Ch. 4: B-Trees 37



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
/ A / P . A A
X0a mot khoa kho1 mot B-cay

(ti€p)

> ¢, [x]
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Xo6a mot khdéa khoi mdt B-cay
(ti€p)

3. ...
a. ...
b. N&u ¢, [x] vd moi nit anh em ctia n6 chi ¢6 ¢ — 1 khéa, thi hgp
nhat c; [x] va mot nit anh em bing cdch dem mot khéa tir x xudng
nit mdéi tao, khéa nay s€ la khéa gitra ctua nut.

[\

h
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(ti€p)

Xo6a mot khdéa khoi mdt B-cay

22.9.2004

Ch. 4: B-Trees

40




Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
/ A / P . A A
X0a mot khoa kho1 mot B-cay

(ti€p)
Tha tuc B-TREE-DELETE can
_ s0 truy cdp l1én dia 12 O(h) vi ¢6 O(1) 1an goi DISK-READ va

DISK-WRITE giita cidc goi dé quy cua thu tuc.
— thoi gian CPU cua thu tuc la O(t h) = O(t log , n).

22.9.2004 Ch. 4: B-Trees
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Vi du cho cac truéng hgp khi x6a mot khdéa khoi mot B-cay

e Cho mot B-ciy c6 bac tdi thiéu t =3

e Cay lic dau, x6a F khoi cay

/ Va \X\
] N~ AR N
U

A B D E F||J KL N O QO R S

« F da dudc x6a: trudng hop 1

L P_|

/\

G M , T X
U

JKL||NO||QORS

/

A B D
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Vi du cho cac truéng hgp khi x6a mot khdéa khoi mot B-cay

e Xo6a M Kkhdi cay: trudng hgp 2a

L P_

. C, G M | , T X
A B D E J K L N O O R S Uv Y Z
| P_
/ \
L C, G M | T X |
7 N T /N T~
A B D E J K N O O R S Uv Y Z
« M da dugc xda:
| P_
/ \
. C G L | , T X
7N T /N T~
A B D E J K N O O R S Uv Y Z
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Vi du cho cac truéng hgp khi x6a mot khdéa khoi mot B-cay

e Xoba G khoi cay: trudng hgp 2c
| P_|

/\

. C, G L. T X
AB| |DE JK||NO ORS||lUV||YZ

/\

C, L. T X |
/ | \ / \\
A B D E G J K N O O R S UV Y Z

« G da dugc xda: [ p_|
/ \

 C L , T X
/ | \ / \\
A B D E J K N O O R S UV Y Z
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Vi du cho cac truéng hgp khi x6a mot khdéa khoi mot B-cay

e Xoba D khoi cay: trudng hgp 3b

| P_
/ \
| C L T X
/ | \ / \\
A B D E J K N O O R S UV Y 7Z
 C L,V T_X .
0 ] T~
A B D E J K N O O R S UV Y 7Z
« D da dudc x0a:
| C L, P_T_X
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Vi du cho cac truéng hgp khi x6a mot khdéa khoi mot B-cay

e Xoba B khoi cay: trudng hop 3a

 C L, P _T_XJ

[ =

A B E J K N O O R S uyv Y 7
| E L, P_T_X/

Y ] =

A B C J K N O O R S Uv Y 7

« B d3 dudc x6a khoi cay:

| E L, P_T_X.

Y ] T~

A C J K N O O R S Uv Y Z
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Céc heap hgp nhat dudc

= Heap nhi phan
s MOt heap hop nhdt duoc (mergeable heap) 12 mot cau tric dit liéu hd
trg ndm thao tdc sau (goi 1a cdc thao tdc heap hgp nhdt dugc).
— MAKE-HEAP() tao va trd vé mot heap trong.
— INSERT(H, x) chén nit x, ma trudng key cda né di dudc di€n, vao
heap H .
— MINIMUM(H) trd vé mot con trd chi dén niit trong heap H ma khoa
ctia n6 12 nho nhat.
— EXTRACT-MIN(H) tich ra nit c6 khéa nhd nhat khdi H, va trd vé
mot con trd chi dén nit do.
— UNION(H,, H,) tao va trd vé mot heap méi chita t4t ca cdc nit clia
cac heaps H, va H,. Cac heaps H, va H, s& bi huy bdi thao tac
nay.

2.10.2004 Chuong 5: Heap nhi thic
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Thai gian chay cua cdc thao tdc 1én heaps hgp nhat dudc

= 713 sO nit cda heap

Thu tuc heap heap

nhi phan nhi thuc

(worst-case) (worst-case)
MAKE-HEAP O(1) O(1)
INSERT O(gn) O(lg n)
MINIMUM O(1) O(lg n)
EXTRACT-MIN O(gn) O(gn)

CUNION O(n) O(gn))

DECREASE-KEY O(gn) O(gn)
DELETE O(gn) O(gn)

2.10.2004

Chuong 5: Heap nhi thic

heap
Fibonacci
(khau hao)

O(1)
O(1)
O(1)
O(lg n)
O(1)
O(1)
O(lg n)
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Heap nhi thic

= Heap nhi thac
HO trg thém céc thao tic
— DECREASE-KEY(H, x, k) gan vao nut x trong heap H tri méi k cuia
khéa, k nhé hon hay bang tri hién thdi ctia khoa.
— DELETE(H, x) x6a nut x khoi heap H.
m Nhan xét:
— Heap nhi thitc khong hd trg thao tdc SEARCH hitu hiéu.

— Do d6, cdc thao tic DECREASE-KEY va DELETE can mdt con trd
dén nit can dudc xi 1y.

2.10.2004 Chuong 5: Heap nhi thic
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Dinh nghia cay nhi thic

m Cay nhi thitc B, v61 k=0, 1, 2,... 1a mQt cay co tht ty dugc dinh nghia
de quy:
— Cay nhi thic B, gom mot nit duy nhAt.
— Cay nhi thic B, gdm hai cAy nhi thic B, | dudc lién két v6i nhau
theo mot cdch nhat dinh:

« Nut gdc cua cdy nay la con bén trdi nhat ca nut gdc clia ciy
kia.

O

B,

2.10.2004 Chuong 5: Heap nhi thic 4
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Dinh nghia cay nhi thic

2.10.2004 Chuong 5: Heap nhi thic
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DPic tinh cua cay nhi thitc

= Lemma (Pic tinh cia mdt ciy nhi thiic)
Cay nhi thiic B, c6 céc tinh chit sau:
1. c6 2% nit,
2. chiéu cao clia cay 1a &,
, s k p C aA A e e
3. ¢6 dung (J nittaidd sduivéii=0,1,...., k
4. bac cta nut gdc clia cdy 1a k, n6 16n hon bic ctia moi nit khéc;

ngoai ra n€u cédc con cua nit gdc dudc ddnh so tir trai sang phdi bing
k—1,k—2,..,0, thi nit con i 1a gdc cla ciy con B, .

K K
i) ilk—i)

2.10.2004 Chuong 5: Heap nhi thic
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DPic tinh cua cay nhi thitc

Chitng minh

Dung quy nap theo k.

Budc ¢o ban: dé dang thdy cdc tinh chdt 1a ding cho B,

Budc quy nap: gia st lemma la ding cho B, _, .

1. Cay nhi thiéc B, gdm hai B, _, nén B, ¢6 2k~ 1 + 2k=1 = 2k nji.

2. Do cdch lién két hai cay nhi thitc B, _, véi nhau d€ tao nén B, nén
do sdu toi da cda nit trong B, bing do siu tdi da cla niit trong B, _
cong thém I, tacla: (k—1)+ 1=~k

2.10.2004 Chuong 5: Heap nhi thic
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DPic tinh cua cay nhi thitc

Chitng minh (ti€p)

3. Goi D(k, i) 1a sO céc niit tai d0 sdu i cda cdy nhi thic B, .

b0 sdui-1

D(k,i)=D(k -1,i)+ D(k —1,i —1)
k—l) (k—l)
= +
i i—1
[k
RV

2.10.2004 Chuong 5: Heap nhi thic
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DPic tinh cua cay nhi thitc

Chitng minh (ti€p)
4. St dung hinh sau.

2.10.2004 Chuong 5: Heap nhi thic
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DPic tinh cua cay nhi thitc

= Hé luan

Bac t0i da ciia mot nit bat ky trong mot ciy nhi thitc ¢6 n nit 12 1g n.

2.10.2004 Chuong 5: Heap nhi thic
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Pinh nghia heap nhi thic

= Pinh nghia
MOt heap nhi thitc H 1a mot tAp cdc ciy nhi thitc thda cac tinh chdt
heap nhi thitc sau
1. Moi cay nhi thitc trong H 12 heap-ordered: moi nit déu c¢6 khoa
16n hon hay bing khéa ctia nit cha cta no.
2. Vi moi s6 nguyén k > 0 cho truéc thi c6 nhi€u nhit mot cAy nhi
thitc trong H ma gbc cta no ¢6 bac 1a k.

2.10.2004 Chuong 5: Heap nhi thic 11
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Tinh chit ctia heap nhi thitc

= Tinh chat

1. Goc cua mot cay trong mdt heap nhi thitc chita khéa nhd nhat

trong cay.
2. Mot heap nhi thic H v6i n nit gdm nhiéu 1im 1a [1g nl] + 1 cay nhi
thice.
Chitng minh

1. Hién nhién.
2. n c6 biéu dién nhj phan duy nhat, bi€u dién nay cin |lgn] + 1

bits, c6 dang (b lgn > b lgn) —1 s+ b,) sao cho

ngnJ | 3 2 1 0
n= Y b2 10=|1]{0[1]0
i=0

Cung vGi dinh nghia 2, ta thd'y cdy nhi thitc B, xuit hién trong H
néu va chi néu b, = 1.

2.10.2004 Chuong 5: Heap nhi thic 12
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Bi€u dién heap nhi thiic

(a) head[H]

®  headiH]—>{ZT=

degree —
child = N
bl
“bén trdi la con, e
bén phdi la anh em” T

2.10.2004 Chuong 5: Heap nhi thic
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Bi€u dién heap nhi thiic

Qui tdc trit cho mdi cay nhi thifc trong mot heap nhi thic:
— bi€u dién theo ki€u “Bén trdi la con, bén phdi la anh em” (left-
child, right-sibling representation)
= Mbi nit x c6 mot trudng sau:
— key[x]: trit khéa cua nut.
= Mbi nit x c6 cdc con trd sau:
— plx]: tr& con tré d€n nit cha cla x.
— child[x]: con trd d&n con bén trdi nhat cla x.
« Néu x khong c6 con thi child[x] = NIL
— sibling[x]: con trd d€n anh em cla x 3 ngay bén phdi x.

« Néu x 12 con bén phai nhit clia cha cia né thi sibling[x] = NIL.

2.10.2004 Chuong 5: Heap nhi thic
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Bi€u dién heap nhi thitc (ti€p)

= Ngoai ra mOi nut x con cé mot truéGng sau
— degree[x]: bic clia x (= sO cdc con cua x)

» Cdc gdc clia cdc cAy nhi thic trong mot heap nhi thifc dugc td chic
thanh mot danh sach lién két, goi 1a danh sdch cdc géc cua heap nhi
thice.

— Khi duyét danh sdch cdc gdc cia mdt heap nhi thitc thi cdc bac
clia cdc goc theo thit ty ting dan.
— Né&u x 1a mot goc thi sibling[x] chi d€n gdc k€& dén trong danh sdch
cac goc.
» D€ truy cip mot heap nhi thic H

— head[H]: con trd chi d€n gbc dau tién trong danh sdch cdc gdc cla
H.

« head[H] = NIL néu H khong c6 phan t nao.

2.10.2004 Chuong 5: Heap nhi thic 15
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Tao mdt heap nhi thuce

» Thi tuc d€ tao mot heap nhi thirc méi:
MAKE-BINOMIAL-HEAP
— chi€m chd cho va trd vé mot ddi tuong H v6i head[H] = NIL.
— ¢0 thdi gian chay l1a O(1).

2.10.2004 Chuong 5: Heap nhi thic
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» Thi tuc d€ tim khéa nhd nhat trong mot heap nhi thic H c6 n nit:

Tim khéa nhd nhat

BINOMIAL-HEAP-MINIMUM

— trd vé mot con tré dén nit c6 khéa nhd nhAit.

BINOMIAL-HEAP-MINIMUM(H)

1
2
3
4
5
6
7
8
9

y <— NIL
X < head[H]
Min <— oo
while x # NIL
do if key[x] < min
then min < key|[x]
VX
x < sibling[x]
return y

— Thai gian chay clia thii tuc 12 O(lg n) vi can kiém tra nhiéu 1dm 1

L1g nl+ 1 niit goc.

2.10.2004

Chuong 5: Heap nhi thic
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Li€n két hai cay nhi thic
» Thi tuc d€ lién két hai cay nhi thifc:
BINOMIAL-LINK
— lién k€t cAy nhi thiic B, _; ¢6 gdc tai ndt y vao cdy nhi thic B, |

c6 gdc tai niit z d€ tao ra ciy nhi thitc B, . Nit z trd nén goc cla
mot cay B, .

BINOMIAL-LINK(y, 7)

1 plyl <z

2 sibling[y] < child|z]

3 child[z] <y

4 degree|z] < degree[z] + 1

— Thoi gian chay cua tha tuc 1a O(1).

2.10.2004 Chuong 5: Heap nhi thic
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Hoa nhip hai heap nhi thac

= Thi tuc d€ hoa nhiap (merge) danh sdch cdc goc clia heap nhi thitc H,
va danh sdch cdc goc ctia heap nhi thic H, :
BINOMIAL-HEAP-MERGE(H |, H, )

— hda nhdp cdc danh sich cdc gdc ciia H, va H, thainh mot danh sach
cdc goc duy nhat ma cdc bac c6 thi ty ting dan.

— néu cdc danh sdch cdc goc cia H, va H, c6 tong cong 1a m gdc, thi
thdi gian chay cua thua tuc la O(m).

2.10.2004 Chuong 5: Heap nhi thic 19
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Hdp hai heap nhi thice

» Thi tuc d€ hdp hai heap nhi thic:
BINOMIAL-HEAP-UNION
— hop nh4't hai heap nhi thitc H, va H, va tra v€ heap két qua.

BINOMIAL-HEAP-UNION(H, , H,)
1 H < MAKE-BINOMIAL-HEAP()
2 head[H] <— BINOMIAL-HEAP-MERGE(H, , H,)
3 trd lai cdc d6i tugng H, va H, nhung gilt lai cdc danh sdch ma
ching chi vao
if head|H] = NIL
then return 4
prev-x < NIL
x < head[H]
next-x < sibling[x]

03 N U A

2.10.2004 Chuong 5: Heap nhi thic
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V Trudng hop 1 va 2
V Trudng hop 1 va 2

V Trudng hgp 3
V Trudng hgp 3
V Trudng hop 4
V Trudng hop 4
V Trudng hop 4
V Trudng hop 4
V Trudng hop 4

Hdp hai heap nhi thice
(ti€p)
9 while next-x # NIL
10 do if (degree[x] # degree[next-x] hay
(sibling[next-x] # NIL
va degree[sibling[next-x|| = degree|x])
11 then prev-x < x
12 X < next-x
13 else if key[x] < key [next-x]
14 then sibling[x] < sibling[next-x]
15 BINOMIAL-LINK(next-x, x)
16 else if prev-x = NIL
17 then head|H] < next-x
18 else sibling[prev-x| <— next-x
19 BINOMIAL-LINK(x, next-x)
20 X < next-x
21 next-x < sibling[x]
22 return H

2.10.2004 Chuong 5: Heap nhi thic
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Vi du thuc thi BINOMIAL-HEAP-UNION

(a) head|H )

(b) head[H]

2.10.2004 Chuong 5: Heap nhi thic 22
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Vi du thyc thi BINOMIAL-HEAP-UNION (ti€p)

(d) head|H]

(e) head[H]

(f) head|H]

2.10.2004 Chuong 5: Heap nhi thic
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Cac trudng hgp xay ra trong BINOMIAL-HEAP-UNION

prev-x X next-x  sibling[next-x]
@ @B O——>@ >
.................. Eil‘
B, B,
prev -X o next -x  sibling[next- x]
b)) - ® @ ..
‘ ‘ IETPTPPETTRRCND | 1D
B, B, B,
prev-x x next-x  sibling|next-x]
© OO @ >
‘ ................... in
B B B

k k !
key[x] < key[next-x]

prev-x ;2 next-x  sibling[next-x]
(d) - @ ® © @ s i
Case 4I
YT TIT T : Jas-
B B B

k k I
key[x] > key[next-x]

2.10.2004 Chuong 5: Heap nhi thic
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Phan tich BINOMIAL-HEAP-UNION

= Thai gian chay cia BINOMIAL-HEAP-UNION 1a O(Ig n), v6i n 12 sO nit
tong cong trong cic heaps H, va H, . D6 1a vi

— Goin, 1a s6 nit cia H,, va n, 12 sO nit cia H, ,tacén=n, +n, .

— Do d6 H, chita t8i da | 1g n, ]+ 1 ndt g6c, va H, chita t5i da |1g n, |
+ 1 nit gdc. Vay BINOMIAL-HEAP-MERGE chay trong thdi gian
O(lg n).

— H chita t6i da |1g n, ]+ 1g n,] + 2 = O(lg n) nit ngay sau khi thuc
thi xong BINOMIAL-HEAP-MERGE. Do d6 vong lip while lip toi da
LIg n, )+ L1g n,]+ 2 14n, mdi 1dn lap t6n O(1) thdi gian.
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Chen mot nat

» Thi tuc d€ chén mot nit vio mdt heap nhi thifc:
BINOMIAL-HEAP-INSERT

— chén mot nidt x vao mot heap nhi thirc H, gid st da danh chd cho x
va khéa cla x, key[x], dd dugc dién vao.

BINOMIAL-HEAP-INSERT(H, X)

~N O\ U W

H’ < MAKE-BINOMIAL-HEAP()

plx] < NIL

child[x] < NIL

sibling[x] <— NIL

degree[x] < 0O

head|H’] < x

H < BINOMIAL-HEAP-UNION(H, H’)

— Thoi gian chay cua tha tuc 1a O(lg n).

2.10.2004
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Tach ra nut c6 khda nho nhat

» Thi tuc d€ tdch ra nit c6 khéa nhd nhit khdi heap nhi thifc:
BINOMIAL-HEAP-EXTRACT-MIN

— dem niit ¢6 khéa nhd nha't khdi heap nhi thifc H va trd vé mot con
trd chi dén nit dudc tach ra.

BINOMIAL-HEAP-EXTRACT-MIN(H)

1  tim trong danh sdch cdc gdc ctia H gdc x c6 khéa nhd nhat,
va dem x ra khoi danh sdch cdc gdc ctia H

2 H’ < MAKE-BINOMIAL-HEAP()

3 dao ngudc thi ty cia cdac con cua x trong danh sach lién
k&t clia ching, va gin vao head[H’] con trd chi dén dau
cua danh sach c6 dugc

4 H < BINOMIAL-HEAP-UNION(H, H’)

5 returnx
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Tach ra nut c6 khda nho nhat

(ti€p)
— Thoi gian chay cda tha tuc 12 O(lg n) vi néu H c6 n nit thi mdi
dong tir 1 d€n 4 thyc thi trong thdi gian O(Ig n).

2.10.2004 Chuong 5: Heap nhi thic
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Vi du thuc thi BINOMIAL-HEAP-EXTRACT-MIN

(a) head[H] @ @
@ @B
@
(b) head[H] —>(37) (10)
@ )

(c) head|H]

ERE)

1) ,

d) head[H) (23 (12)
(37) (8)
@ P

2.10.2004 Chuong 5: Heap nhi thic
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Giam khoa
» Thi tuc d€ gidm khéa clia mot nit trong mdt heap nhi thitc thinh mot
tri mai:
BINOMIAL-HEAP-DECREASE-KEY

— giam khéa cua mot nit x trong mdt heap nhi thitc H thanh mot tri
mdi k.

2.10.2004 Chuong 5: Heap nhi thic 30
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Giam khoéa
— Tinh chit heap-ordered cia cAy chita x phdi dugc duy tri!
BINOMIAL-HEAP-DECREASE-KEY(H, x, k)
1 if k> key[x]
2 then error “khéa mdéi 16n hon khéa hién thoi™
3 keylx] <« k
4 yx
5 z<phyl
6 while z # NIL va key[y] < key|z]
7 do trao key|y] <> key|z]
8 V Né€u y va z ¢6 thong tin phu thi cling trdo ching
9 V2
10 7 < ply]

— Thdi gian chay cta thi tuc 12 O(lg n): vi x c6 do siu t6i da 1a g
n] nén vong 1ip while (dong 6-10) lip t6i da L1g n]1an.

2.10.2004 Chuong 5: Heap nhi thic

31



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

Vi du thuc thi BINOMIAL-HEAP-DECREASE-KEY

(@) head[H]

(b) head|H]

(¢) head[H]

2.10.2004 Chuong 5: Heap nhi thic
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Xo6a mot khoa

s Thi tuc d€ x6a khéa clia mot nit x:
BINOMIAL-HEAP-DELETE

— x6a khéa cia mot nit x khoi heap nhi thitc H.

BINOMIAL-HEAP-DELETE(H, X)
1 BINOMIAL-HEAP-DECREASE-KEY(H, x, —0)
2 BINOMIAL-HEAP-EXTRACT-MIN(H)

— Thoi gian chay cua tha tuc 1a O(lg n).

2.10.2004
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Fibonacci heap

= Ung dung cta Fibonacci heap
— Gidi thuat Prim dé xdc dinh mot cdy khung nhd nhat trong mot dd
thi c6 trong s0.
— Gidi thuat Dijkstra dé tim mdt dudng di ngidn nhat trong do thi ¢
huéng va c6 trong sO6 duong.

7.10.2004 Chuong 6: Fibonacci Heaps
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Cau trac cia Fibonacci heap

= Pinh nghia
e Mot Fibonacci heap 12 mot tip cdc cAy ma mdi cAy déu 12 heap-
ordered.
— Cay trong Fibonacci heap khong can thi€t phdi 1a cay nhi thifc.
— Cay trong Fibonacci heap 1a c6 gdc nhung khong c6 tha ty
(unordered).

7.10.2004 Chuong 6: Fibonacci Heaps
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Cau tric cua Fibonacci heap (ti€p)

» Hién thuyc Fibonacci heap trong bd nhd:
MObi niit x c6 cdc trudng
— p[x]: con trd dén nit cha cia no.
— child[x]: con trd d€n mdt con ndo d6 trong cdc con cla no.

. Céc con cta x dudc lién k&t v4i nhau trong mot danh siach vong
lién két kép (circular, doubly linked list), goi 12 danh sdch cdc
con cua Xx.

« MJi con y trong danh sdch céc con clia x c6 c4c con trd
— left[y], right[y] chi d&€n cdc anh em bén trdi va bén phdi cla
y.
N€u y 12 con duy nhat cla x thi left[y] = right[y] = y.

7.10.2004 Chuong 6: Fibonacci Heaps 3
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Cau trac cia Fibonacci heap

(ti€p)
Cac truong khac trong nut x
— degree[x]: sO cdc con chita trong danh sdch cdc con clia nit x
— mark[x]: co tri bool 1a TRUE hay FALSE,
chi ring x c6 mat mot con hay khong ké tir 1an cudi ma x dugc 1am
thanh con cua mot nut khac.
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Cau trac cia Fibonacci heap

(ti€p)
» Néu H 1a Fibonacci heap

— Truy cAp H bing con trd min[H] d€n nit gdc ctia cdy chira khod

nhod nhat goi 1a niit nhé nhdt cta H.
« Néu H 1a trong thi min[H] = NIL.

— Tat ca cac nit gdc cla cac ciy trong H dudc lién k€t véi nhau bdi
cdc con trd left va right cua chiing thanh mot sach lién két kép
vong goi 1a danh sdch cdc goc cia H.

— n[H]: s0 cdc nit hién c6 trong H.
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Cau tric cua Fibonacci heap: vi du

min [H]

@ @

danh sach

mot danh sach
cac con T
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Ham thé nang

» Ding phuong phdp thé€ ning d€ phan tich hiéu suit cla cdc thao tic
1€n cac Fibonacci heap.

m Cho mot Fibonacci heap H
— goi s0 cdc cay cua Fibonacci heap H 1a #(H)
— goi s0 cdc nit x duge danh dau (mark[x] = TRUE) 1a m(H).
e Ham thé ndng cia H dudc dinh nghia nhu sau
— | ©(H) =1(H) + 2 m(H)

— thé€ ning clia mot tip cdc Fibonacci heap 12 tdng clia cdc thé ning
clia cdc Fibonacci heap thanh phan.
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Ham thé ning (ti€p)
s Khi bdt ddu ham thé€ ning c¢6 tri 12 0, sau d6 ham thé ning c6 tri > 0.

Do d6 chi phi khau hao tong cong 12 mot cin trén cla chi phi thuc sy
tong cdng cho diy cdc thao téc.
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Bic to1 da

= Goi D(n) 12 cin trén cho bac 16n nhat ctia mot nit bat ky trong mot
Fibonacci heap c6 n nut.

m S€ chirng minh: D(n) = O(1g n).
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Céc thao tdc 1én heap hdp nhit dudc

= N€u chi diing cdc thao tdc 1én heap hgp nhat dugc:
— MAKE-HEAP
— INSERT
— MINIMUM
— EXTRACT-MIN
— UNION
« thi mdi Fibonacci heap 12 mot tip cdc ciy nhi thic “khdng thit ty .

7.10.2004 Chuong 6: Fibonacci Heaps
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Cay nhi thic khong thi ty

m MOt cdy nhi thitc khong thit tiy (unordered binomial tree) dudc dinh
nghia d¢ quy nhu sau

— Cay nhi thic khong thd ty U, gdm mot niit duy nhat.

— Mot cay nhi thic khong thit ty U, dugc tao bdi hai cdy nhi thifc
khong thit tu U, _, bing cdch 18y gbc cla cdy nay lam con (vi tri
trong danh siach cdc con 12 tuy y) cia gbc cla ciy kia.

m Lemma 19.1 dung cho cdc cay nhi thirc cling dung cho cac cay nhi
thic khong tht tu, nhung vdi thay ddi sau cho tinh chat 4:
4’. Poi v6i cAy nhi thic khong thi ty U, , nit goc ¢6 bac 1a k, tri k 16n
hon bac cia moi nit bat ky khdc. Cdc con cua gbc 1a gbc clia cic cAy
con U,, U, ,..., U, _ trong mot thit tw nao do.

7.10.2004 Chuong 6: Fibonacci Heaps 11
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Tao mot Fibonacci heap mdi

» Thi tuc d€ tao mot Fibonacci heap trong:
e MAKE-FIB-HEAP
— caAp phdt va trd vé ddi tugng Fibonacci heap H, vdi
n[H] =0,
min|H] = NIL
= Phan tich thi tuc MAKE-FIB-HEAP
— Chi phi thuc su la O(1)
— Thé ning cta Fibonacci heap rong 12
O(H) = (H) + 2 m(H)
=0.
— Vay chi phi khau hao 1a O(1).

7.10.2004 Chuong 6: Fibonacci Heaps
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Chen moét nut vao Fibonacct heap

» Thi tuc d€ chén mot nit vio mdt Fibonacci heap:
FIB-HEAP-INSERT

— chen nit x (ma key[x] da dudc gan tr1) vao Fibonacci heap H

1

O O 00 3O B W

U

FIB-HEAP-INSERT(H, x)

degree[x] < 0
plx] < NIL
child[x] < NIL
left [x] < x
right [x] < x
mark [x] < FALSE
ndi danh sdch cdc goc chita x vao danh sdch cdc gbc cia H
if min[H] = NIL or key[x] < key [min[H]]
then min[H] < x

n|H] <« n[H] + 1

7.10.2004
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Vi du chen mot nut vao Fibonacci heap

o (ti€p)

7.10.2004 Chuong 6: Fibonacci Heaps
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Chen moét nut vao Fibonacci heap (ti€p)

= Phan tich tha tuc FIB-HEAP-INSERT:
Phi t6n khau hao 12 O(1) vi
— Goi H 1a Fibonacci heap dau vao, va H’ 1a Fibonacci heap két
qua.
—Taco:t(H)=tH) + 1,
m(H") = m(H).
Vay hiéu thé ®(H’) — ®(H) bang
((t(H) + 1) + 2m(H)) — (((H) + 2m(H)) = 1.
— Phi ton khau hao bing
phi ton thyc sy + hiéu thé = 0(1) + 1
= 0(1).

7.10.2004 Chuong 6: Fibonacci Heaps
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s ? A
Tim nat nho nhat

= Con tré min[H] chi d&€n nit nhd nhit ctia Fibonacci heap H.

= Phian tich:
— Phi t&n thuc su 1a O(1)
— Hiéu thé& 12 0 vi thé ning clia H khong thay doi
— Vay phi ton khau hao 13 O(1) (= phi ton thuc su).

7.10.2004 Chuong 6: Fibonacci Heaps
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Hop nhat hai Fibonacci heap

» Thi tuc d€ hdp nhit hai Fibonacci heap:
FIB-HEAP-UNION
— hgp nhit cdc Fibonacci heap H, va H,

— trd vé H, Fibonacci heap két qui

FIB-HEAP-UNION(H |, H,)

H < MAKE-FIB-HEAP()

min[H] < min[H]

ndi danh sdch cdc gdc ciia H, vGi danh sach cdc goc ciia H

if (min[H,] = NIL) or (min[H,] # NIL and min[H,] < min[H,])
then min[H] < min[H,]

nlH] < n[H,] + n[H,]

gidi phong (free) cdc doi twong H, va H,

return H

0~ ON U B~ W

7.10.2004 Chuong 6: Fibonacci Heaps
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Hop nhat hai Fibonacci heap

* (ti€p)
m Vidu: gia st min[H,] < min[H,]

min|H 1] min[H,]

CVVDC

FIB-HEAP-UNION[H |, H,]

min|H]

A -

>

1T ) — A >
—
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Hop nhat hai Fibonacci heap (ti€p)

= Phan tich tha tuc FIB-HEAP-UNION:
Phi ton khau hao dudc tinh tir
— phi ton thuc sy 1a O(1)
— hiéu thé 1a
O(H) — (P(H)) + D(H,))
= (1(H) + 2m(H)) — ((1(H)) + 2m(H))) + (1(H,) + 2m(H,)))
—0, Vi #(H)=(H,)+ 1(H,) va
m(H) =m(H,) + m(H,)
— Vay phi tdn khiu hao = phi tdn thuc sy + hiéu thé
- 0(1)

7.10.2004 Chuong 6: Fibonacci Heaps
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Tach ra nit nhd nhat

s Thd tuc d€ tdch ra nit nhd nhat:
FIB-HEAP-EXTRACT-MIN
— tach nit nhd nhat khoi Fibonacci heap H

1

0N Lt & W

O

11
12

FIB-HEAP-EXTRACT-MIN(H)

7 <« min[H]
if 7 # NIL
then for mdi con x cla z
do thém x vao danh sich cic gbc cua H
plx] < NIL
dem z ra khéi danh sdch cdc goc cua H
if 7 = right[z]
then min[H] < NIL
else min[H| < right|z]
CONSOLIDATE(H)
n[H] < n[H] -1

return 7

7.10.2004
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? A b
Cung cO (consolidate)

 Thu tuc phu: ciing ¢’ danh sdch cdc gdc ciia mot Fibonacci heap H
— lién k&t moi cdp gdc ¢6 cung bac thanh mot gdc mbi cho dén khi
moi gdc c6 bac khdc nhau.

CONSOLIDATE(H )
1 fori<OtoDn[H])
2 do A[i ] « NIL
3 for mdi nit w trong danh sich cdc goc cia H
4 dox<«<w
5 d < degree[x |
6 while A[d ] # NIL
7 doy <« Ald ]
8 if key[x | > key[y |
9 then triox <y
10 FIB-HEAP-LINK(H, y, x)
11 Ald ] <« NIL
12 d—d+1
13 Ald] < x

7.10.2004 Chuong 6: Fibonacci Heaps
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o (ti€p)

14
15
16
17
18
19

Cung cd (consolidate)

min|H | < NIL
fori < O0to D(n[H])
do if A[i ] # NIL
then thém A[i ] vdo danh sich cdc gdc cua H
if min[H | = NIL or key[A[i ]] < key[min[H ]]
then min[H | < Ali |

7.10.2004
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Li€én két ha1 gbc c6 cung bac

— Thu tuc CONSOLIDATE lién két cdc gdc ¢6 cuing bAc mai cho dén
khi moi gbc c6 dugc sau dé déu c6é bac khic nhau.
. Dung thi tuc FIB-HEAP-LINK(H, y, x) dé€ tach goc y khdi danh
sdch goc cua H, sau d6 lién k€t gdc y vao gdc x, gdc x va gdc y
cO cung bac.

FIB-HEAP-LINK(H, y, x)

1 dem y ra khoi danh sdch cdc gdc ciia H
2 lam y thanh con cla x, ting degree|[x]

3  mark[y] < FALSE

7.10.2004 Chuong 6: Fibonacci Heaps 23
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Thuc th1 FIB-HEAP-EXTRACT-MIN: vi du
: min [H]
'

@

0123 4

- OPO®
@@@w @

(h)
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Thyc thi FIB-HEAP-EXTRACT-MIN: vi du (tiép)

7.10.2004 Chuong 6: Fibonacci Heaps
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Chi phi thuc su ciia FIB-HEAP-EXTRACT-MIN

m Goi H la Fibonacci heap ngay trude khi goi FIB-HEAP-EXTRACT-MIN,
s6 nut cia H 1a n.
— Chi phi thuc sy bao gdom:
« O(D(n)): vi c6 nhiéu 1dm 13 D(n) con cda nit nhd nhat can dugc
xu 1y bai:
— FIB-HEAP-EXTRACT-MIN
— cac dong 1-2 va 14-19 cua CONSOLIDATE
« O(D(n) + t(H)): vi khi goi CONSOLIDATE chiéu dai clia danh
sach goc nhi€u 1im 12 D(n) + #(H) — 1, ma thdi gian chay vong
1ip for dong 3-13 nhiéu 1dm 1a i 1& v§i chi€u dai clia danh
sdch gbc nay.
— Vay chi phi thuc su cia FIB-HEAP-EXTRACT-MIN 1a O(D(n) + t(H)).
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Chi phi khiu hao ctia FIB-HEAP-EXTRACT-MIN

» Goi H’ 1a Fibonacci heap sau khi goi FIB-HEAP-EXTRACT-MIN 1€n H.
— Nhic lai: ham th€ ning cua H dugc dinh nghia 1a
. O(H)=t(H) + 2 m(H)
— Biét:
chi phi khau hao = chi phi thuc su + ®(H’) — O(H)

. D3 tinh: phi ton thuc sy ciia FIB-HEAP-EXTRACT-MIN 13 O(D(n)
+ t(H)).

« Sau khi goi FIB-HEAP-EXTRACT-MIN 1én H, s0 gdc (hay sO ciy)
cia H’ nhi€u 1im 12 D(n) + 1, va khong c6 nit nao dudc ddnh
dau. Vay

e OH’)=(Dm)+ 1) +2 m(H).
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Chi phi khiu hao ctia FIB-HEAP-EXTRACT-MIN

* (ti€p)
— Do d6 chi phi khau hao ctia FIB-HEAP-EXTRACT-MIN 1
* O(D(n) +t(H)) + ((D(n) + 1) + 2 m(H)) — («(H) + 2 m(H))

. =0(D(n)) + O((H)) — t(H)
——
dén tir thé ning

- =0(D(n)),
* Vi cé thé scale up don vi clia th€ ning d€ khdng ché hiing sd 4n
trong O(t(H)).

o (Vidu: v6i O(t(H)) = 99¢(H) + 77 thi c6 thé chon 1 don vi thé niang
=78)
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Giam khda cua mdt nut

» Thd tuc dé€ gidm khéa cla mdt nit:
FIB-HEAP-DECREASE-KEY

— giam khda cia nut x trong Fibonacci heap H thanh tri m&i k nho

hon tri cii cua khoéa.

7.10.2004

FIB-HEAP-DECREASE-KEY(H, x, k)

1
2
3
4
5
6
7
8
9

if k> key[x]

then error “khdéa mdi 16n hon khéa hi€én thoi”
key[x] « k
y < plx]
if y # NIL and key[x] < key[y]

then CUT(H, x, y)

CASCADING-CUT(H, y)

if key[x] < key[min[H]]

then min[H] < x

Chuong 6: Fibonacci Heaps
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Giam khéa cia mot nit (ti€p)

» Thi tuc phu dé cit lién két giffa x va y, cha clia nd, sau d6 1am x
thanh mot goc.

CUT(H, x, y)

1 dem x ra khoi danh sach cdac con cua y, giam degree[y]
2 thém x vao danh sdch cdc gbc cia H

3 p[x] < NIL

4  mark|x] < FALSE

7.10.2004 Chuong 6: Fibonacci Heaps
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Giam khéa cia mot nit (ti€p)

» Thi tuc phu d€ x& 1y cha cla nit bi cit dua trén trudng mark[x].

CASCADING-CUT(H, y)

Iz« phy]

2 if z #NIL

3 then if mark|[y] = FALSE

then mark[y] < TRUE

else CUT(H, y, 2)
CASCADING-CUT(H, 2)

N D B~

7.10.2004 Chuong 6: Fibonacci Heaps

31



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Giam khod cua mot nuat: vi du

min\t [H]

T (a)  Heap ban di
© 3 (308 Gd---- a eap banl da
” oL (b)  Gidm khéa 46 thanh 15

(c)-(e) Giam khoa 35 thanh 5
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Chi phi thuc sy ciia FIB-HEAP-DECREASE-KEY

» Goi1 H la Fibonacci heap ngay trude khi goi FIB-HEAP-DECREASE-KEY,
sO nit cua H 1a n.
— Chi phi thuc sy ctia FIB-HEAP-DECREASE-KEY bao gdom:
« O(1): dong 1-5 va 8-9,
. thoi gian thuc thi cac cascading cuts. Gia st CASCADING-CUT
dugc goi dé quy c 1an. Thai gian thuc thi CASCADING-CUT I
O(1) khong ké cdc goi dé quy.

A 5 P
4 / 7
4 / /
/ / /7
Vi Vs 7
7 /7 Va
7 / /7
7 7 /
/ 4 /7
/ / /
/ / V4
/ / /7
4
%
So So S
~ N ~
~ ~ ~
~ ~ ~
~ ~ ~
\\ \\ N
A Al s
clan
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Chi phi thuc sy ciia FIB-HEAP-DECREASE-KEY

* (ti€p)
— VAy phi tdn thyc sy cia FIB-HEAP-DECREASE-KEY 12 O(c).

7.10.2004 Chuong 6: Fibonacci Heaps
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Chi phi khau hao ctia FIB-HEAP-DECREASE-KEY

m Goi H’ 1a Fibonacci heap sau khi goi FIB-HEAP-DECREASE-KEY 1é€n H.
— Nhic lai: ham th€ ning cua H dugc dinh nghia 1a
O(H) = (H) + 2 m(H)
— chi phi khau hao = chi phi thuc su + ®(H’) — O(H)
« D3 tinh: chi phi thuc sy ciia FIB-HEAP-DECREASE-KEY la O(c).
« Sau khi goi FIB-HEAP-DECREASE-KEY 1€n H, thi H’ c6 t(H) + ¢
cay.

- OH’) = O(H) < (((H) + ¢) + 2(m(H) — ¢ + 2) = («(H) + 2 m(H))

<4-c. \/\;

s6 1an goi CUT bing s6 1an goi CASCADING-CUT = ¢, ma

—mdi lan thuc thi cuUT thi 1 nit trd thanh cay

—mdi lan thuc thi CASCADING-CUT ngoai trif 1an cudi clia goi dé
quy thi 1 nit dudc unmarked va 1an cudi clia goi dé quy
CASCADING-CUT c6 thé marks 1 nit.
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Chi phi khau hao ctia FIB-HEAP-DECREASE-KEY

* (ti€p)
— Do d6 chi phi khdu hao ctia FIB-HEAP- DECREASE-KEY 12
O(c)+4—c=0(),

a—/
dén tir th€ ndng

/

* Vi cé thé scale up don vi clia th€ ning d€ khdng ché hiing sd 4n
trong O(c).
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X0a mot nut

s Thd tuc d€ x6a mot niit:
FIB-HEAP-DELETE

— Xéa mot mit x khoi mot Fibonacci heap H.

FIB-HEAP-DELETE(H, x)
1 FIB-HEAP-DECREASE-KEY(H, x, —0)
2  FIB-HEAP -EXTRACT-MIN(H)

7.10.2004 Chuong 6: Fibonacci Heaps
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Chan trén I€n bac 16n nhat

Y1 Y2 o Yk

e Lemma (sach: Lemma 21.1)
Cho x 12 mot nit bat ky trong mot Fibonacci heap, va gid st degree[x]
= k. Goi yy, ¥5,..., ¥ 12 cdc con cla x dugc x€p theo thit ty lic ching
dudc lién k€t vao x, tir lic sém nhat dén lic tré nhat. Thi degree[y,] =
0 va degreely;]2i—-2v61i=2,3,..., k.
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Chan trén I€n bac 16n nhat

(ti€p)
Chitng minh
— RO rang 1a degreely,] = 0.
i>2:
— Khi y, dugc lién két vao x thi y,, v, ,..., y;

;1 1a trong tp cdc con cua
x nén khi d6 degree[x] > i — 1.

« Nuty, dugc lién k&t vao x chi khi ndo degree[x] = degreely; |,
vay khi d0 degreely; ] cing =i — 1.
— K& tir khi d6 d&€n nay, niit y, mat nhi€u 1im 12 mot con, vi néu nd
mat hai con thi n6 da bi ciat khdi x. Vay
degreely; 1 =2 (i—-1)—-1
>i—2.
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Chan trén 1én bac 16n nhat (tiép)

* Dinh nghia
 VGik=0,1,2,..dinh nghia F, 12 s Fibonacci thit k:

r

0 néu k =0,
F, =<1 néu k=1,
F, (+F,_, n€uk>2.

 Lemma (sach: Lemma 21.2, bai tap)

V6i moi sO nguyén k >0,

k
Fk+2:1+ZE' .
=0

Lemma (Bai tip 2.2-8)

VGi moi s6 nguyén k> 0,tacd F,,,> ¢*, trong d6 ¢= (1 N5) /12,
sé vang.
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Chan trén 1én bac 16n nhat (tiép)

e Lemma (sdch: Lemma 21.3)

Cho x 12 mot nit bat ky trong mot Fibonacci heap, va cho k =
degree[x). Thi size(x) > F,_,> ¢*, trong d6 ¢= (1 V8) / 2.
Chitng minh
— Goi s, 1a tri nhd nhA't c6 thé dugc cla size(z) trén moi nit z ma
degree[z] = k.
— Roranglas,=1,s,=2,5,=3.
— Ta c0 s, < size(x)
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Chan trén I€n bac 16n nhat

Chitng minh (ti€p)

size(x) = s,

= size(x™)

k
=2+ stegree[yi]
i=2

— vi s, 1a tdng don di€u theo k, nén tr degreely;] =2 i — 2 (Lemma
211) ta co Sdegree[yi] > Si—2 . Vﬁy

k
S 22+ ZSi—2
i=2

7.10.2004 Chuong 6: Fibonacci Heaps
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Chan trén I€n bac 16n nhat

Chitng minh (ti€p)
— dung quy nap theo k dé ching minh ring s, > F, , , , v6i k > 0:
« BuGc cdban: v6i k=0va k=1 1a r6 rang.
« BuGc quy nap:
— Gid thi€t quy nap: k>2va s; > F,,,v6ii=0,1,....,k— 1. Tu
trén ta co

k
S =2+ Zsl._z

=2

k
2+ F,

=2

k

1+ ) F;

i=0
= (Lemma 21.2)
— vay: size(x) 25, 2 F,  ,>2 .

vV
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Chan trén 1én bac 16n nhat (tiép)

o Hé luan

Bac 16n nhat D(n) ctia nit bat ky trong mot Fibonacci heap ¢6 n nit 1a
O(lg n).

Chitng minh
Dung Lemma 21.3.
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Cac thao tac Ién ciu trac dit li€u cac tdp r61 nhau

s Cau tric dit liéu cdc tdp roi nhau dudc dinh nghia bdi
— Mot tap S cua cdc tdp dong rdi nhau, S = {S,, S, ,..., S;}
. Mdi tap S, dugc tugng trung bdi modt phan tif dai dién 1a mot
phan tf ndo d6 cla né.
— CAc thao tac
« MAKE-SET(x): tao mot tip mdi chi gdm x. Vi cdc tip 12 roi
nhau nén x khong dudc dang nim trong mot tap khdc.
« UNION(x, y): tao tdp hdi cia cdc tdp dong S, va Sy 1an lugt chira
xvay, vii diéu kién 1a S, va Sy la rd1 nhau.
« FIND-SET(x): trd vé mdt con trd chi d&€n phan ti dai dién cla
tap chira x.
= P& cho gon, s& dung “cdc tAp rdi nhau” dé goi “ciu tric dir liéu céc
tap r&1 nhau”.

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho 2
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Cac thao tac 1€n cac tap ro1 nhau (ti€p)

= Phan tich thdi gian chay clia cdc thao tic s& dua trén hai tham so sau
— n, sO cdc thao tic MAKE-SET
— m, sO tdng cong cic thao tdic MAKE-SET, UNION, va FIND-SET.
= Nhin xét:
— Sau n — 1 1an goi UNION 1én céc tdp rdi nhau thi con lai ding mot
tap.

— m 2= n.

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
céc tap rdi nhau
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MOt ing dung ctia cac tip rdi nhau

» Xdc dinh c4c thanh phan lién thong ctia mdt do thi vo huéng

— Thii tuc CONNECTED-COMPONENTS x4c¢ dinh cdc thanh phan lién
thong cia mot do thi vo huéng.

VIG] 1a tap cdc dinh clia do thi G, E[G] 14 tip c4c canh clia G.

CONNECTED-COMPONENTS(G)
1 for mdi dinh v € V[G]
2 do MAKE-SET(v)
3 for mdi canh (u, v) € E[G]
4 do if FIND-SET(u) # FIND-SET(v)
5 then UNION(u, v)
27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
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Mot ing dung ctia cac tip rdi nhau (tié’p)

— Thu tuc SAME-COMPONENT xac dinh hai dinh cé cing mdt thanh
phan lién thong hay khong.

SAME-COMPONENT(u, V)
1 if FIND-SET(u) = FIND-SET(v)

2 then return TRUE
3 else return FALSE
27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
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» Vi du: mot do thi v6i 4 thanh phan lién thong

27.10.2004

Edge processed

Collection of disjoint sets

Thao tac 1€n cac tap rG1 nhau

initial sets

(b,d)
(e,8)
(a,c)
(h,i)
(a,b)
(e.f)
(b,c)

{a) {b}  {c} {d}
{a} {bd} {c}

{a} {bd} {c}
{a,c} {b,d}

{a,c} {b,d}
{a,b,c,d)

{a.b,c.d}

{a,b,cd}

(b)

Chuong 7: Cé4c cau tric dit liéu cho

céc tap rdi nhau

{e}

{e]
{e.g}
{e.g}
{eg}
{e.g}
{e.fig}
{e,f.g]

{1
i)
()
{f}
g
()

{g}
{g}

{7}
{7}
{h)
{h}
{hi]}
{hii})
{hi}
{h,i}

{7}
{1}
{7}
(i)

Ul
Ul
()
{7}
U}
()
U}
(U}
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N o X , A N, °* N , ° A A
Bi€u di€n cac tap r61 nhau dung danh sach lién két

» Bi€u dién cédc tip rdi nhau ding danh sich lién két (linked-list
representation of disjoint sets):
— Biéu dién mdi tap bing mot danh sich lién két. Trong mdi danh
sdch lién két
. Ddi tuong ding dau dugc dung lam phan tir dai dién cia tap.
. Moi ddi tuong trong danh sdch lién két chita
— phan tif cia tip
— con tré chi d&€n ddi tugng chita phan tir k€ ti€p
— con tré chi d&€n phan ti dai dién cla tap.
« Con trd head chi dén dai dién clia tap. Con trd tail chi d&€n phan
tf cudi trong danh sdch.

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho 7
céc tap rdi nhau
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o N « X A > s, * A A
Bi€u di€n tdp bang danh sach li€n két

= Vidu

Yy W_J | l
- o - T . ol

head >l c > h’“‘ " > e > b
tail
YYY | [
head S8 > g >
G e S
tail
(a)
27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
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Bi€u dién tip bing danh sich lién két (ti€p)

m Hién thuc cac thao tac
— Hién thuc MAKE-SET(x): tao mdt danh sdch lién két chi gdom ddi
tugng x.
— Hién thuc FIND-SET(x): trd vé con tré dén dai dién cla tip chia x.
— Hién thuc UNION(x, y):
. gin danh sdch clia x vao dudi cta danh sdch ctia y

« cAp nhat cdc con trd clia cdc doi tugng trong danh sich cii clia x
~ ~ ~ . * A A ~ N A , ~
dé ching chi dén dai di€n cua tap, tic 1a dau ctia danh sach ci
cua y.

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho 9
céc tap rdi nhau
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Bi€u dién tip bing danh sich lién két (ti€p)

= Vidu

> %@ '

.
33
(a)
e o o T g dis i
- o i e o e 2 wR R
i . ‘_és*--ii"w g > . on > o B
— f > ,-_9}_2% > %é@@ > h > e -
- - ” = . waw . . i
(b)
27.10.2004 Chudng 7: Cdc cau tric dit liéu cho
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Thao tac UNION khong dung heuristic

= Vi du mdt chudi gdm 2n — 1 thao tdc 1én n ddi tugng ma can O(n?)

thsi gian.
Thao tac

MAKE-SET(x, )
MAKE-SET(x, )

MAKE-SET(x,, )
UNION(x, , x, )
UNION(x, , x3)
UNION(x5 , x4)

UNION(x,,_, Xx,,)

27.10.2004

S6 cac do1 tudgng dudc caAp nhat

1
1
1
1
2
3
n—1

Chuong 7: Cé4c cau tric dit liéu cho
céc tap rdi nhau
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° * /? ol A
Heuristic d€ ting tdc cua UNION

= Nhin xét: Khi hgp hai danh sich trong UNION, moi con trd (chi dén
dai dién mdi) cda cdc phan tif trong danh sidch dudc gin vao dudi cla
danh sach kia phai dugc cap nhit.

Gia st mdi danh siach c6 chita thém chiéu dai cda nd.
» Heuristic hgp theo trong so” (weighted-union heuristic): khi hgp hai
danh sach

— gin danh sdch ngdn hon vao dudi cua danh siach dai hon (n€u céc
danh sdch dai nhu nhau thi c¢6 thé gin tuy y).

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho 12
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Heuristic hgp theo trong so

= Vidu

1 - L . &._%}:
—— e g chiéu dai=4
YYY .
b il
7| e chidu dai = 3
g; %;' e
()
. wtaée-. Lt i et s
- > h > e > b “—’ g I
(b)
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Bi€u dién tip bing danh sdch lién két: thdi gian chay

= Dinh ly (Theorem 22.1)

Biing cdach dung bi€u dién danh sdch lién két cho cdc tip rdi nhau va
heuristic hgp theo trong s6 (weighted-union heuristic), mot diy gdm
c6 m thao tdc MAKE-SET, UNION, va FIND-SET, trong d6 c6 n thao tac
14 MAKE-SET, ton O(m + n 1g n) thdi gian.

Chitng minh
— MOi MAKE-SET chay trong thdi gian O(1)
— MOdi FIND-SET chay trong thdi gian O(1)
— Xdac dinh thoi gian chay cua cac thao tac UNION:

. Thdi gian chay cla cdc thao tic UNION la thdi gian tong cong
14y trén moi phan tif cda moi 1an cip nhat con trd chi dén phan
t&r dai dién clia tAp chira phan tit do.

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho 14
céc tap rdi nhau
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Bi€u dién tip bing danh sdch lién két: thdi gian chay

Chitng minh (ti€p theo)

Xét doi tugng x bat ky trong mot tAp bat ky cla cdc tAp rdi
nhau. Mdi 1an con tré chi d€n phan t dai dién cla tip chia x
dugc cap nhat, thi x phdi da ndm trong tip nhd hon
—
— Lan 1 cAp nhat con trd cla x: tAp két quad phdi c6 it nha't 2 phan td
— Lan 2 cip nhat con trd cla x: tAp két quad phdi c6 it nha't 4 phan td
— LAan k cap nhat con trd clia x: tip k&t qua phdi c6 it nhat 2% phan ti.
Vi tip c6 nhi€u 1dm 12 n phan t& nén 2¢ < n. Vay s6 1an cip
nhit con tré clia x nhiéu lim 12 k <lg n.
Vi x 12 phan t bat ky nén thdi gian tong cdng dé cap nhit cic
con trd clia moi phan tir 13 O(n Ig n).

— Thdi gian chay tong cong cla diy m thao tdc 1a: O(m) + O(n 1g n)
=0(m+nlgn).

27.10.2004

Chuong 7: Cé4c cau tric dit liéu cho 15
céc tap rdi nhau
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Bi€u dién cdc tip rdi nhau bing rirng
» Bi€u dién cdc tap rdi nhau bing ring (disjoint-set forest)
— Bi€u dién mdi tip bing mot ciy ¢ goc:
« MJi niit clia cAy chita mot phan t clia tip
ngoai ra
« MOi niit chita mot con trd chi dén cha ctia nd

« Goc ciia mdi cAy chira dai dién ctia tap va 1a cha cda chinh né.

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho 16
céc tap rdi nhau
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o N « X s, A ) Y N e AN
Bi€u di€én cac tdp r61 nhau bang rung (ti€p)

= Vidu
— Hai ciy sau bi€u dién cdc tip {b, c, e, h} va {d,f, g}.
— cva f lan lugdt 1a phan tf dai dién cla cdc tap {b, c, e, h} va {d, T,
g}

(a)

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
céc tap rdi nhau
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o A o X s A N, * Y N , ,
Bi€u di€n cac tdp r61 nhau bang rung: cac thao tac

» Cdc thao tic 1&én cdc tip rdi nhau khi bi€u dién bing rirng

— Hién thuc MAKE-SET: tao mdt cay chi c6 mot nut.

— Hién thuc FIND-SET biing cdch dudi theo cdc con trd chi d€n nit
cha cho dé€n khi tim dudc nit gdc clia ciy.

. Cdc nit duge ghé qua khi goi FIND-SET tao thanh duwong ddn
(find path).

— Hién thyc UNION: 1am cho con trd cta gbc ciy nay chi dén goc

cua cdy kia.

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho 18
céc tap rdi nhau
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N e X », A N, ® Y N
Bi€u di€n cac tap r61 nhau bang rung

= Vidu
— Hinh (b) 12 k&t qua ctia UNION(e, g).

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
céc tap rdi nhau
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Bi€u di€én tap bang cay

» Dung hai heuristics d€ gidm thdi gian chay clia cdc diy cdc thao tdc
1én céc tAp rdi nhau khi hién thyc bing rirng:
— Heuristic hop theo thit hang (union by rank) khi thuc thi UNION:

« duy tri cho mdi nit mot rank. Rank 13 cin trén cho d6 cao (*)
cua nut. Moi nit dudc khdi tao véi rank = 0.

. khi hgp theo thit hang hai cay, nit gdc cé rank nhd hon dugc
lam thanh con cta nit ¢6 rank 16n hon.

— Heuristic nén duong ddan (path compression).

(*) Pé cao cia mot niit trong mot cdy 1a sd cdc canh nim trén dudng di don
dai nhat tir nit d&n mot nit 14.

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho 20
céc tap rdi nhau
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Heuristic hgp theo th hang

= Vidu: (s6 bén canh mdi ddi tugng 13 rank ctia nd.)

0 @ : UNION

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
céc tap rdi nhau
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Heuristic nén dudng dan

— Heuristic nén duong dan (path compression). Chay qua hai giai
doan khi thuc thi FIND-SET:

. giai doan chay 1én d€ tim gdc clia ciy,
. giai doan chay xudng d€ cip nhit cdc nit trén dudng dan dé
ching chi truc ti€p dén goc.

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
céc tap rdi nhau
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Heuristic nén dudng din (ti€p)

= Minh hoa heuristic nén dudng din do thao tdc FIND-SET
— C4c hinh tam gidc tugng trung cdc ciy con ¢6 gdc tai cdc nit trong
hinh (a). Mdi nit ¢ con trd chi dén ndt cha cda nd.
— Hinh (b): sau khi thuc thi FIND-SET(a)

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho 23
céc tap rdi nhau
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Céc heuristic hgp theo th hang va nén dudng dan

= Cac thu tuc hién thuc cac heuristics hgp theo thtt hang va nén dudng
din: MAKE-SET, UNION, va FIND-SET

— Cha cua nit x 1a p[x].

MAKE-SET(x)
I plx]<«x
2 rank[x] < O

UNION(x, y)
1 LINK(FIND-SET(x), FIND-SET(y))

LINK(x, y)

1 if rank[x] > rank[y]

2 then p[y] < x

3 else p[x] <y

4 if rank[x] = rank[y]

5 then rank[y] < rank[y] + 1

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
céc tap rdi nhau



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

Céc heuristics hgp theo th hang va nén dudng din (ti€p)

FIND-SET(x)

I if x = p[x]

2 then p[x] <~ FIND-SET(p[x])
3 return p[x]

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
céc tap rdi nhau
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Anh hudng cua cac heuristics 1€n thdi gian chay

» Thoi gian chay clia mot ddy cdc thao tdc gdm m MAKE-SET, UNION,
va FIND-SET, trong d6 c6 n thao tic MAKE-SET:

— Né&u chi dung heuristic hgp theo thit hang

e O(mlgn)
— N&u chi diing heuristic nén dudng dan, v6i f 13 s6 thao tdc FIND-
SET

« O(flog ,s/yn) néufzn
« O(n+flgn) néu f<n
— Né&u dung ci hai heuristics hdp theo thit hang va nén dudng din
e O(m a(m, n))
— oum, n)la ham dao cia ham Ackermann

— trong moi ng dung thuc t&, oum, n) < 4.
= (Khong chitng minh cdc chan da liét ké & trén.)

27.10.2004 Chuong 7: Cdc ciu tric dit liéu cho
céc tap rdi nhau
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Bi€u dién cdc dd thi
» Hai cdch bi€u dién mdt dd thi G = (V, E):
— Biéu dién danh sdch ké (adjacency list)
« ming Adj gdm |V| danh sdch, 1 danh sdch cho mdi dinh trong V.
« Yu € V, Adj[u] chia tdt cd cdc dinh v (hoic cdc con trd dén
ching) sao cho (4, v) € E.
— Nhin xét
. Bi€u dién danh siach ké can O(V + E) memory. (P& don gidn,
ky hi€u V va E thay vi|V| va |E|.)

7.11.2004 Ch. 8: Elementary Graph Algorithms 2
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o R . X s A .
Bi€u dién cac do thi

(ti€p)

— Biéu dién ma trdn ké (adjacency matrix)
« Panhso dinh 1, 2,..., |V
« A = @) matrin V] x|V
{ a;=1 néu(i,j) ek

0 trong cac trudng hgp con lai.

— Nhén xét
o Bi€u dién ma trin ké cin O(V 2) memory.
« DO thi thua (sparse), |[E| <K/|2: nén dung danh sdch ké .

. d0 thi diic (dense), |E | ~ |V|2: nén dung ma trdn ké .

7.11.2004 Ch. 8: Elementary Graph Algorithms
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Bi€u di€n mot do th1 vd hudng

0
0

,_

== | S
- e

—_ O = = Ok

th B W o =
Dn—-(:)._-—lf‘_n

[0 I S S

(a) (b) (c)

Mot db thi vo hugng ~ _  Bi€udien — —  Bieudien
bang mot danh sdch ké  bang mdt ma trin ké

7.11.2004 Ch. 8: Elementary Graph Algorithms 4
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N o X A A o , 2,
Bi€u dién mo6t do thi c6 hudng

1 23 456
1| 2] Pals 1o 10100
2 B 210 00 010
3| 6| 5[/ 3]0 00 0 1 1
4| =2/ 40 1.0 0 0 0
5 [ -la 1] 5/0 001 00
6| ~6]|/ 6/0 0 0 0 0 1
(a) (b) (©)

Mot db thi c6 hudng Bicu dien bing

7.11.2004 Ch. 8: Elementary Graph Algorithms
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mot danh siach ké ma tran ké
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Tim ki€m theo chi€u rong

Tim kiém theo chiéu réong (breadth-first-search, BFS)
s Mot dd thi G = (V, E)

— molt dinh nguon s

— bi€u dién bing danh sich ké
m Mbidinhu e V
— color[u]: WHITE, GREY, BLACK
— m[u]: con trd chi dén dinh cha me (predecessor hay parent) cua u
néu co.
— d[u]: khodng cdch tir s dén u ma giadi thuat tinh dudc.
m first-in first-out queue Q
— head| Q]
— thao tdc ENQUEUE(Q, v)
— thao tdc DEQUEUE(Q).

7.11.2004 Ch. 8: Elementary Graph Algorithms
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Tim ki€m theo chi€u rong

(ti€p)

BFS(G, s)
1 for each vertex u € V[G] — {s}
2 do color|[u] < WHITE
3 d[u] < o
4 m[u] < NIL
5 color[s] < GRAY
6 d[s]< 0
7 m[s] < NIL

7.11.2004 Ch. 8: Elementary Graph Algorithms
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(ti€p)

7.11.2004

Tim ki€m theo chi€u rong

8 O« {s}

9 while Q#J
10 do u < head|Q]
11 for each v € Adjlu]
12 do if color[v] = WHITE
13 then color|v] < GRAY
14 dlv] < dlu] + 1
15 n[v] < u
16 ENQUEUE(Q, v)
17 DEQUEUE(Q)
18 color[u] < BLACK

Ch. 8: Elementary Graph Algorithms
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Thao tdc cia BFS 1én mot do thi vd huéng -- Vi du

r s t u
(—0) (o))
(a) Q Ls
(o) (o —w
v W x Yy
r s  t u
@@
(b) O |(w]|r
() (o 11
v ~w X Yy
r s t u
9@
(» @ O 122
v ~w X Yy

7.11.2004 Ch. 8: Elementary Graph Algorithms
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Thao tdc ctia BFS 1én mot do thi vd huéng -- Vi du (ti€p)

r S t u
O 0 O
(d) . O |t|x]|v
@ @ O 2 2
% w X y
r S t u
O 0 6 ¢
(e) O |x|v|u
@ @ O 2
% w X y
r S t u
O O
(t) QO v y
Q © 3 3
% w X y

7.11.2004 Ch. 8: Elementary Graph Algorithms
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Thao tdc ctia BFS 1én mot do thi vd huéng -- Vi du (ti€p)

r s t u
O 0
(g) O [uly
QQ 33
v ~w X Yy
r s t u
eogg
(h) O |y
© O 3
v —~w X Yy
r s t  u
.o@zz
(1) 0O @
© 0
v —~—w x Yy

7.11.2004 Ch. 8: Elementary Graph Algorithms 11
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Phan tich BFS

= Thoi gian chay cia BFS 1a O(V + E) vi
— modi dinh ctia do thi dudc son tring ding mot 1an, do do

.« mdi dinh dudc enqueued nhi€u 1im 12 mot 1an (mau dinh —
xdm) va dequeued nhi€u 1im 12 mot 1an (mau dinh — den).
Mbi thao tdc enqueue hay dequeue ton O(1) thdi gian nén céc
thao tdc 1én queue tdn O(V) thdi gian.

« Danh sich ké ctia mdi dinh dudc duyét chi khi dinh duogc
dequeued nén né dugc duyét nhiéu Iim 12 mot 1an. Vi chiéu
dai tong cdng cla cdc danh sich ké 1a O(E) nén thdi gian dé
duyét cdc danh sich ké 1a O(E).

7.11.2004 Ch. 8: Elementary Graph Algorithms

12
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Pudng di ngdn nhit

Dinh nghia

s Khodng cdch duong di ngdn nhdt 8(s, v) (shortest path distance) tif s
dénv

— 12 s canh t6i thi€u 14y trong moi dudng di tir s d&én v, néu ¢
dudng di tir s dén v.
— 12 oo n€u khong c6 dudng di tir s d€n v.
s MOt duong di ngdn nhdt (shortest path) tit s dén v 1a mot dudng di i s
dén v c6 chiéu daila 3(s, v).

7.11.2004 Ch. 8: Elementary Graph Algorithms 13
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Pudng di ngdn nhit

Lemma 23.1
« G=(V,E)1a mdtdo thi hitu huéng hay vd hudng,
. moOtdinh s € Vbatky
—> d61 v3i mOt canh batky (u, v) € E, ta c6 3(s, v) < 8(s, u) + 1.

Chitng minh

u

khi u d€n dudc tur s
S
1%

— Né&u u dén dudc tir s thi v cling dén dudc tir s. Pudng di tir s dén v
g0m mot dudng di ngdn nhat tir s d€n u va canh (u,v) c6 chiéu dai
la d(s, u) + 1. Di nhién 1a d(s, v) < 0(s, u) + 1.

— N&u u khong dén dudc tir s thi 8(s, u) = oo, vay bat dang thifc cling
ding trong trudng hgp nay.

7.11.2004 Ch. 8: Elementary Graph Algorithms 14
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Pudng di ngdn nhit

Lemma 23.2
« G =(V, E)1a mot dod thi hitu huéng hay vo6 huéng.
« Chay BFS 1én G tit mdt dinh nguon s.
= khi BFS xong, c6 d[v] = 8(s, v) tai moi dinh v.
Chitng minh
& “Inductive hypothesis”: v6i moi v € V, sau mdi 1an mot dinh nao
d6 dugc dua vao queue thi d[v] > d(s, v).
— “Basis”: sau khi s dugc dua vao Q. Ki€m tra & 13 ding.

— “Inductive step”: xét mot dinh tring v dugc tim thay khi thim
do tr mot dinh u. Twr & cb d[u] = d(s, u).

e dlvl=d[u] + 1, dong 14
. >0(s, u)+ 1
. > 0(s, v), Lemma 23.1

. Sau dé v dugc dua vao Q va d[v] khong thay doi nita. Vay &
dugc duy tri.

7.11.2004 Ch. 8: Elementary Graph Algorithms 15
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Pudng di ngdn nhit

Lemma 23.3
. chay BFS 1én mot d6 thi G = (V, E)
. trong khi thyc thi BFS, queue Q chita cac dinh (v, v, ,..., v,), VGi
y,1a dau va v, 1a dudicia Q.
—
e d[v,]1<d[v,]+1,
e dlv;1<dv, . 1,v61i=1,2,...,r—1.

= Vidu

2

L0 @

X|v
O O 2 2
w X y

o
¥

7.11.2004 Ch. 8: Elementary Graph Algorithms 16
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Pudng di ngdn nhit

Chitng minh
« “Induction 1&n s6 cdc thao tdc 1én queue”

& “Inductive hypothesis”: (xem Lemma) sau mdi thao tdc 1é€n
queue.

. /, . /(7 \ Ve
— “Basis”: queue chi chita s. Ki€m tra Lemma la ding.

7.11.2004 Ch. 8: Elementary Graph Algorithms

17
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Pudng di ngdn nhit

Chiing minh (tiép theo)
— “Inductive step”

o Sau khi dequeue mot dinh bat ky. Kiém tra Lemma 13 ding
dung inductive hypothesis:

— dequeue v, , dau mdi cia queue 1a v,
_dv]<dv]+1<dv,] +1
— cdc bat diang thic con lai khong bi 4nh hudng tdi.
« Sau khi enqueue mot dinh bat ky. Kiém tra Lemma 13 ding
dung inductive hypothesis
— enqueue v, nd thanh v, , | trong queue
— xem code thdy: canh (u, v) dang dugc thim do véi u = v,
v, 12 dau cia queue, tir d6
dlv, 1 =d[v] =dlu] + 1 =d[v{] + 1,
div,]<dv]+ 1 =d[u] +1=d[v] =d[v, ]
cdc bat ding thifc con lai khong bi 4nh hudng téi.

7.11.2004 Ch. 8: Elementary Graph Algorithms 18
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Pudng di ngdn nhit

Dinh ly 23.4 Tinh diing ddn (correctness) ciia BFS
« G=(V,E)1a mdtdod thi hitu huéng hay vo hudng
. chay BFS Ién G tir mot dinh ngudn s
—> trong khi BFS chay
« BFS tim ra moi dinh cda G tGi dudc tur s
« khi BFS xong, d[v] =06(s,v) chomoiv € V

. d61 v6i moi dinh v # s t6i dugc tir s, mot trong cac dudng di ngin
nhat tr s d€n v 12 dudng di ngin nhat tr s d€n n[v] theo sau la
canh (n[v], v).

Chitng minh
. Trudng hop dinh v khong dé€n dudc tir s:
(a) d[v] = (s, v) = o (Lemma 23.2)
(b) Dong 14 chi dudc thuc thi khi v c6 d[v] < o, do d6 néu khong
dén dudc v tir s thi d[v] = oo va v s& khong dudc tim thiy.

7.11.2004 Ch. 8: Elementary Graph Algorithms 19
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Pudng di ngdn nhit

Chiing minh (ti€p)
» Trudng hgp dinh v d€n dudc tir s: dinh nghia V, = {v € V: 8(s, v) = k}
— “Induction on k”.
« “Inductive hypothesis”: v61 moiv € V, , trong khi thuc thi BFS
thi c6 ding mot thdi di€m ma
— v dudc son xam
— d[v] dugc gan tri k
— Néu v # s thi n[v] dugc gdntriuvéiu € V,_,
— v dudc dua vao queue Q.
. “Basis”: k=0, ki€m tra 1a ding
« “Inductive step”
— Xétv e V, batky, k> 1.
— C6 u € V,_,sao cho: u la head cua queue va (u, v) dugc
thim do.
= Phan con lai: ...

7.11.2004 Ch. 8: Elementary Graph Algorithms 20
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Cay theo chiéu rong

s Cho mdt dd thi G = (V, E) va mdt dinh ngudn s.
= Sau khi thyc thi BFS 1én G, ding trudng © trong mdi dinh dé dinh
nghia mot “cay theo chiéu rong”:
— Do thi cdc dinh cha me (predecessor subgraph) clia G 13 d0 thi
G.=(V_,E_ ) VvGi
e V.={veV:nr[v]#NIL} U {s}
e E ={(nlv],v):veV_ —{s}}

Dinh nghia: G, 1a mot cdy theo chiéu rong néu

— V_gbm cdc dinh trong V d€n dudc tir s , va
— ¢6 mOt dudng di don duy nhat tir s dén v cho moi v € V,_, diy ciing
1a dudng di ngdn nhat tir s dén v trong G.
= Nhin xét:

— M0t cay theo chi€u rong 1a mot cay.

— Céac canh trong E_ dudc goi 1a cac canh cdy (tree edges).

7.11.2004 Ch. 8: Elementary Graph Algorithms 21
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Cay tim ki€ém theo chi€u rOng

Lemma 23.5
Khi BFS chay trén do thi vdo huéng hay hitu huéng G = (V, E) thi n6
s& xay dung ©t sao cho G_1a cay theo chi€u rong.

Chiing minh

. V_gbm cic dinh trong V dé€n dudc tir s: d6 1a vi trong dong 15 clia
BFS, gdn n[v] = u néu (u, v) € E va 8(s, v) < oo, titc 12 v dén dudc
tur s.

. C6 dudng don duy nhdt tir s d€n v cho moiv € V_, ddy ciing la
duong di ngdn nhit tir s dén v trong G: d6 1a vi G 1a mot cAy nén
tOn tai dudng di don duy nhét trong G, tif s d€n mdi dinh v trong
V_.Theo dinh 1y 23.4 dudng di don duy nh4t nay l1a dudng di ngin
nhat tir s dén v.

7.11.2004 Ch. 8: Elementary Graph Algorithms 22
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Tim ki€m theo chi€éu sidu

Tim kiém theo chiéu sdu (depth-first-search, DFS)
s Cho mot doé thi G =(V, E)
= Sau khi thyc thi DFS 1én G, diing trudng 7 trong mdi dinh dé dinh
nghia mot “cay theo chi€u sau”:
— Do thi cdc dinh cha me (predecessor subgraph) do tim ki€m theo
chi€u sdula G, =(V, E_) v6i
« E ={(n[v],v):v eV van[v]#NIL}
— Predecessor subgraph do tim ki€m theo chiéu siu tao nén mot
ring theo chiéu sdu, gdm nhi€u cdy theo chiéu sdu.

— Céac canh trong E_ dudc goi la cac canh cay.

7.11.2004 Ch. 8: Elementary Graph Algorithms 23
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Tim ki€m theo chi€éu sidu

» Trong khi tim ki€m, cdc dinh dudc td mau dé chi ra trang thdi clia n6
— khé&i dau: mau tring
— duoc tim ra (discovered): mau Xxam
— hoan tdt, xong (finished): mau den
— MOdi dinh v dudc ghi gid (timestamp), c6 hai timestamps
« d[v]: (discovered) dinh v dudc tim ra, son v xam
« f[v]: (finished) hoan tat viéc thim do tir dinh v, son v den.

7.11.2004 Ch. 8: Elementary Graph Algorithms 24
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Tim ki€m theo chi€éu sidu

= Mot do6 thi G = (V, E) vo huéng hay cé huéng

— bi€u dién dung danh sdch ké

— bién toan cuc time: ding cho timestamp
s MiueV

— color[u]: WHITE, GREY, BLACK

— d[u]: thsi di€m dinh u dugc tim ra

— flu]: thdi diém hoan tat thim do tir dinh u

— 7wt[u]: con tré chi d€n cha me cla u.

7.11.2004 Ch. 8: Elementary Graph Algorithms

25



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Tim ki€m theo chi€éu sidu

DFS(G)

1 for each vertex u € V[G]

2 do color[u] < WHITE

3 mt[u] <~ NIL

4  time <0

5 for each vertex u € V[G]

6 do if color[u] = WHITE DFS-VISIT(u)

7 then DFS-VISIT(u) color[u] <~ GRAY

dlu] < time < time + 1
for each v € Adjlu]
do if color[v] = WHITE
then n[v] <« u
DFS-VISIT(v)
color[u] <~ BLACK
flu] < time < time + 1

0 JON DN K W
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Thao tdc ctia DFS 1&én d6 thi -- Vi du

L SN
L o L

7.11.2004 Ch. 8: Elementary Graph Algorithms 27



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

Thao tdc cia DFS 1&én do thi -- Vi du (tiép theo)

ﬁD @ ? l©
B .~
€ Qo
Y Z X y Z
(e) ®
D @ C}D o
é D o O
Y Z y Z
(2) (h)
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Thao tdc cia DFS 1&én do thi -- Vi du (tiép theo)

u % u %
F B,

w w

i F! B,/
i ,’,, i ,/,,
X y Z X y Z
(1) J)
u % w u 1% w
F i B,,,// F i B ,,’, C,,,,/
{0 L L
X Yy Z X y Z

(k) M
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Thao tdc cia DFS 1&én do thi -- Vi du (tiép theo)

@ @ @ @

¢' @ @ @ @ ‘
(m) (n)
@ @ @ @ @

/ /

/ /
e

1 |
1 I
1 I
1 I
1 I
1 |
l / |
v v -
N
\
1
1
4
~__-7

(0) (p)
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Phan tich DFS

= Thoi gian chay cua DFS 1a O(V + E) vi

— Céc vong lip trong DFS can ©(V) thdi gian, chua ké thdi gian thuc
thi cdc 1an goi DFS-VISIT.

— DFS-VISIT dugc goi ding mot 1an cho mdi dinh v (vi ngay khi d6
mau dinh v — xam).

« Thuc thi DFS-VISIT(v): danh siach ké ctia v dugc duyét.
VAay thdi gian d€ duyét ti't cd cdc danh sdch ké 1a O(E).
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Pac tinh cua tim kiém theo chi€u siu

Dinh ly 23.6 Dinh ly ddu ngodc, Parenthesis theorem
Trong moi tim ki€m theo chi€u sdu ciia mot do thi hitu huéng hay vo
huéng G = (V, E), ddi v6i moi cip dinh u va v, chi mot trong ba di€u
sau la dung

« cac khoang [d[u], f[u]] va [d[v], f[v]] 1a r6i nhau,

« khodng [d[u], f [u]] hoan toan nim trong khodng [d[v], f[v]], va u
12 mot hiu dué cla v trong ciy theo chiéu siu,

« khodng [d[v], f[v]] hoan toan ndm trong khodng [d[u], f [u]], va v
12 mot hiu dué cla u trong ciy theo chi€u siu.

Chitng minh
« Truong hop dlu] < d[v]: xét hai trudng hgp con

e d[v] <f[u]. Pinh v dugc tim ra trong khi u con 1a xam, vy v 1a mot
hau dué cua u. Hon nita vi v dudc tim ra sau u, nén mot khi moi
canh tir v dugc thim do xong thi v hoan tat, trudc khi viéc tim
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Pac tinh cua tim kiém theo chi€u siu

Chitng minh (tiép)
ki€m quay vé u va hoan tit u, do d6 f[v] <f[u]. TOng két:

d[u] < d[v] <f[v] <f[u], téc 1a khodng [d[v], f[v]] hoan toan nim
trong khoang [d[u], f [u]].

o flu] <d[v]. Hon nita, vi d[u] < f[u] va d[v] <f[v] nén dlu]
<flu] <d[v] <f[v], tic la cac khoang [d[ul], f [u]] va [d[v], f[v]] 1a
rd1 nhau.

Trudng hop d[v] < d[u]. Tuong tu.
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Pac tinh cua tim kiém theo chi€u siu

Dinh ly 23.8 Dinh ly white-path
Cho mot dd thi vo huéng hay c6 huéng G = (V, E).
* Trong rirng theo chiéu siu cia G, dinh v 12 mot hau dué cta dinh u

e < vao thdi diém d[u] khi DFS tim ra u, dinh v cé thé dén dudc tir
u theo mot dudng di chi gdm cdc dinh mau tring.

« Chiing minh
.« = :Gid st v1a mOt hdu dué cua dinh u. Goi w 12 mot dinh bat ky

nim trén dudng di tif u d€n v trong cAy theo chiéu siu, thi w 12 mot
hau dué cua u. Vay d[u] < d[w], do d6 w 1a tring vao lic d[u].

« < :(sketch) dlu] <d[v]<f[v]<fIu].
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Pac tinh cua tim kiém theo chi€u siu

m Phin loai cdc canh cua G=(V, E)
— Cac canh cdy (tree edge): 1a cac canh trong G, .

— Céc canh lui (back edge): 1a c4c canh (u, v) ndi u d&€n mot nit td
tién (ancestor) v trong mot depth-first tree.

— Céc canh rién (forward edge): 1a cdc canh, khong phdi 1a cdc canh
cdy, (4, v) ndi mot dinh u d€n mot hau dué (descendant) v trong
mot depth-first tree.

— Céc canh xuyén (cross edge): 1a tdt cd cdc canh con lai.
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Pac tinh cua tim kiém theo chi€u siu

Dinh I 23.9

Trong tim ki€m theo chi€u sdu ciia mot do thi vd huéng G, mdi canh
cia G hodc la mot canh cay hodc la mdt back edge.

Chitng minh
« Xét mot canh bat ky (u,v) cia G. Gia st d[u] < d[v].

« v phdi dudc hoan tit truc u vi v nim trong danh sich cdc dinh ké
cua u.

« Hai trudng hop:

— Canh (u,v) dudc thim do 1an dau theo huéng tir u dén v: (u,v) 12
canh cdy.

— Canh (u,v) dudc thim do 1an dau theo huéng tir v d€n u: (u,v) 12
back edge vi dinh u con 12 xdm (x hoan tat sau v).
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Cac tinh chat cua tim ki€ém theo chi€u siu
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Ung dung ctia DFS: sip thit tu td pd

s Cho mdt do thi c6 hudng khéng c6 chu trinh (directed acyclic graph,
hay dag) G = (V, E). MOt sdp thit ty top6 cua dag G 1a mot sip x€p
tuy€n tinh cla tat cd cdc dinh cia G sao cho

— néu G chita mot canh (u, v) thi u xudt hién truc v trong sip x&p.
= Nhin xét
Né&u mdt d6 thi ¢6 hudng c6 chu trinh thi khong sip thit tu t6 pd cho
no dudgc.
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Sép thit tu t6 po
m Chométdag G =(V, E).

TOPOLOGICAL-SORT(G)

1  goi DFS(G) dé€ tinh thdi di€m hoan tit £ [v] cho moi dinh v

2 mbi khi mot dinh hoan tat, chén né vao phia trudc mdt danh sich
lién két

3 return danh sidch lién két cdc dinh

Thai gian chay cia TOPOLOGICAL-SORT 1a ®(V + E).
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Sdp thit tv t6 pod -- Vi du
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DPic tinh cda siap thit tu td pd

Lemma 23.10
Mot do thi c6 huéng G 1a khong ¢ chu trinh (acyclic)
<> mot tim ki€m theo chiéu sdu clia G khong cho ra back edge.

Chitng minh
=

M
V <

Gia st tim ki€m theo chi€u siu ctia G cho ra back edge (u, v), v6i v 1a
mot td tién clia u. C6 dudng di P trong rirng theo chiéu siu tir v dén u.
Nhu vay P va back edge (u, v) tao ra mot chu trinh.

u

< : Bai tap!
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DPic tinh cda siap thit tu td pd

Pinh Ij 23.11

TOPOLOGICAL-SORT(G) tim dugc mot sip thit ty tdpd clia mdt do thi
cO0 hudng khong chira chu trinh G.

Chitng minh
« Chay DFS 1én dag G = (V, E) dé€ x4c dinh thdi di€m hoan tit clia
cac dinh.

« Can chitng t8: véi moi cip u, v € V khdc nhau, n€u c6 modt canh
trong G tf u d€n v thi f[v] < f [u].
Xét mot canh bat ky (u, v) dugc thim do bdi DFS(G). Khi d6 v
khong 12 x4m (vi néu nhu vay thi v 12 td tién cla u, va do d6 (u, v)
12 back edge, mau thuin! ding Lemma 23.10). Vay v 12 tring
hodc den:

— néu tring: v trd thanh con chdu cta u, do d6 f[v] < f [u]
— néu den: di nhién 1a f[v] <f [u].
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Cay khung nhd nhat

= Cho
— mot do thi lién thdong, vd huéng G = (V, E)
— mOt ham trong so
w:E—>R
= Tim mot tdp con khdng chita chu trinh T < E ndi tit cd cdc dinh sao
cho tong cdc trong so
w(T) = Z(u, WeT w(u, v)
12 nhd nhat.

— Tap T'1a mot ciy, va dugc goi 1a mot cdy khung nhd nhdat.

» Baitodn tim cdy khung nhd nhdt: bai todn tim 7.
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Cay khung nhd nhat (ti€p)
= Gidi bai todn tim cdy khung nhd nhat
— Giai thuat cua Kruskal

— Giai thuat cua Prim.
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Cay khung nhd nhat: vi du

10

« Tip cdc canh xdm 12 mot cay khung nhd nhat

. Trong s6 tdng cong cla cay la 37.

. Cay la khong duy nhat: n€u thay canh (b, ¢) bing canh (a, h)
s€ dudc mot cAy khung khéc ciing c6 trong so 1a 37.
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Canh an toan

s Cho mot dd thi lién thong, vo huéng G = (V, E ) va mdt ham trong s6
w : E — R. Tim mOt cdy khung nhd nhat cho G!

= Gidi bai todn bing mot chién luge greedy: nudi mot cdy khung 16n
dan bing cdch thém vao cdy tirng canh mot.

= Dinh nghia canh an toan

N€u A 1a mot tdp con ciia mot cdy khung nhd nhit nao do, n€u (u, v)
12 mot canh ctia G sao cho tAip A U {(u, v)} van con 12 mot tAp con
cta mot cdy khung nhd nhat ndo d6, thi (u, v) 12 mot canh an toan cho
A.

13.11.2004 Ch. 9: Cay khung nho nhat 5
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Mot gidi thuat tdng quit (generic)

= Mot gidi thuat tong quat (generic) d€ tim mot cAy khung nhd nhat
— Input: mot do thi lién thong, vd huéng G
mOt ham trong sO w trén cdc canh cia G

— Qutput: Mot cAy khung nhd nhat cho G.

GENERIC-MST(G, w)

1 A

2 while A khong 12 mot cdy khung nhd nhat
3 do tim canh (u, v) an toan cho A

4 A<—AU{(u,v)}

5 return A
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Phép cit

Céac khai ni€ém quan trong

s MOt phép cdt (S, V—S) ciia G = (V, E)1a mdt phin chia (partition)
cua V.
Vidu: S={a, b, d, e} trong do thi sau.

= Mot canh (u, v) € E xuyén qua (cross) mot phép cit (S, V- S) néu
moOt dinh cua né ndm trong S va dinh kia nim trong V — S.
Vi du: canh (b, ¢).

10
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Canh nhe (light edge)

Cédc khéi niém quan trong (ti€p)

= MOt phép cit bdo toan tAp cdc canh A (respects A) n€u khong c6é canh
nao cia A xuyén qua phép cit.

= Mot canh 12 moOt canh nhe vugt qua phép cit néu trong so ctia no 1a
nhd nha't trong moi trong so clia cdc canh xuyén qua phép cit. Vi du:
canh (c, d).

10

13.11.2004 Ch. 9: Cay khung nho nhat 8



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Nhin ra mdt canh an toan

Dinh I 24.1
Cho
« G=(V,E)la motdo thi lién thong, vdo huéng

w 12 mot ham trong s0 trén E

A 1a mot tap con cia mdt cAy khung nhd nhat cho G
(S, V—2S) 12 mot phép ciat bat ky ciia G bdo toan A
(u, v) la mot canh nhe vugt qua (S, V- S5)

= canh (u, v) 1a an toan cho A.

Chitng minh

13.11.2004 Ch. 9: Cay khung nho nhat
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Nhin ra mdt canh an toan

(ti€p)
. S:tAp cdc dinh den, V — S: tp cdc dinh tring

Cédc canh cia mdt cAy khung nhd nhdt T dudc vé ra trong hinh, con
cac canh cua G thi khong

A: tap cdc canh xam

Canh (&, v) 1a canh nhe xuyén qua phép cit (S, V- 2S5).
p 1a dudng di duy nhat tf u d€n v trong 7. o

13.11.2004 Ch. 9: Cay khung nho nhat 10
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Nhin ra mdt canh an toan

(ti€p)
. Dinh nghia cAy khung 7" =T — (x, y) U (u, v)
T’ 1a cidy khung nhd nhat vi
w(T”) = w(T) —w(x, y) + w(u, v)
<w(T), Vi w(u,v) <w(x,y)

e (u,v)la antoanchoAviAvu (u,v)c T’ . .
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Nhan ra moOt canh an toan (ti€p)

He lugn 24.2
Cho

« G=(V,E)lamdtdo thilién thong, vdo hudng véi mot ham trong
sO w trén E

« Ala mot tap con cia E sao cho A nim trong mot cdy khung nhd
nhat cho G

. C=(V,, E-)1a mot thanh phan lién thong (cdy) trong riing G, =
(V, A).
Thi,
néu (u, v) 1a mot canh nhe ndi C véi mdt thanh phan khdc trong G,
= (u, v) la an toan cho A.

Chitng minh

Phép cit (V., V—V,)bédo toan A, do d6 (u, v) 1a mot canh nhe d6i
vGi phép cidt nay.

13.11.2004 Ch. 9: Cay khung nho nhat



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

Giai thuat cua Kruskal

m Giai thuat cua Kruskal

— dya trén gidi thuadt GENERIC-MST, ma A ban dau 12 mot rirng ma
mdi ciy chi chita mot dinh clia G.

MST-KRUSKAL(G, w)
A
for mdi dinh v € V[G]

do MAKE-SET(v)
x€&p cédc canh e E theo thit tv trong sO w khong gidm
for mdi canh (u, v) € E, theo tht tu trong sd khong gidm

do if FIND-SET(u) # FIND-SET(v)

then A < AU {(u,v)}
UNION(u, v)

O 0 1 ON Ut & W N —

return A

= mdi tAp roi nhau chita cdc dinh cila mot ciy trong ritng hién thdi.
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Thuc thi giai thuat cua Kruskal

Cédc canh dudc xé&p theo tht ty trong s6 khong gidm:

2121414677889 |1011]14

10
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Thuyc thi gidi thuat cda Kruskal (ti€p)

13.11.2004 Ch. 9: Cay khung nho nhat 15
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Thuc thi gidi thuat cia Kruskal (tiép)
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Thuc thi gidi thuat cia Kruskal (tiép)

g
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Thuc thi gidi thuat cia Kruskal (tiép)
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Phan tich giai thuat cua Kruskal

= Ding cdu tric dit liéu cdc tAp rdi nhau (disjoint sets), chuong 22, véi
cac heuristics
— Hdgp theo tht hang (union-by-rank)
— Nén dudng dan (path-compression).
= Nhin xét (can dén khi ddnh gid thdi gian chay)
— Gidi thuat goi |[V|14n MAKE-SET va goi t8ng cong O(E) 1an cic
thao tic MAKE-SET, UNION, FIND-SET.
— Vi G lién thong nén |[E| > |V] - 1.

13.11.2004 Ch. 9: Cay khung nho nhat
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Phan tich gidi thuat ctia Kruskal (ti€p)

» Thdi gian chay clia MST-KRUSKAL gdm
— Khéi dong: O(V)
— Sdp x&€p G dong 4: O(E 1g E)
— Dong 5-8: O(E o(E, V)) (xem nhin xét),
=O0EIgE)violE, V)=0(gE).
. Vay thdi gian chay cuia MST-KRUSKAL 1a O(E 1g E).

13.11.2004 Ch. 9: Cay khung nho nhat
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Giai thuat cua Prim
m Giai thuat cua Prim
— dua trén gidi thudt GENERIC-MST, & day A 12 mot cAy duy nhat
. trong khi thuc thi giai thuat
A={(v,n[v]):veV-{r} -0}
o khi giai thuat xong, Q = J, nén
A={(v,wn[v]):ve V-{r}}

13.11.2004 Ch. 9: Cay khung nho nhat
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Giai thuat cua Prim (ti€p)

MST-PRIM(G, w, 1) r: gbc clia cAy khung nhd

1 0« Y[G] nhat sé trd vé
2 for moi dinh u € Q Q : priority queue ma khoa
3 do key[u] < la trudng key
4 key[r] < 0 n[v] : dinh cha me cua v.
5 n[r] <~ NIL
6 while O = &
7 do u « EXTRACT-MIN(Q)
8 for mdi dinh v € Adj[u]
9 doif v € O va w(u, v) < key[v]
10 then nt[v] < u
11 key[v] < w(u, v)

m T4p V — Q chita cic dinh ctua cdy dang dudgc nudi 16n.
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Thuc thi giai thuat cua Prim

Sau khi khdi ddng:
(cdc sO bén mdi dinh 12 tri cia key cia dinh)

10
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Thyc thi gidi thudt cia Prim (ti€p)

Cdc dinh con trong Q mau tring, cac dinh da dudc duwa ra khdi QO mau den

Sau lan lip 1: (a)
4 9
o0
8 10
Sau lan lip 2: (b)
4 9
o0
8 10

8 o0 o0
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Thyc thi gidi thudt cia Prim (ti€p)

Sau lan lap 3: (c)

7
Sau 1in Lip 4: ) @ L4
4 2
11 4 14
7 6
8
h &/
7 1 6 2 4

13.11.2004 Ch. 9: Cay khung nho nhat
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Thyc thi gidi thudt cia Prim (ti€p)

Sau lan lip 5:
8 7
© @ C (d
4
11 14
8
h
1 % 2
Sau lan lip 7:
8 7
© @ C (d
4
11 14
8
1 2
13.11.2004

Sau lan lip 6:

O @
4

11

Sau lan lip 8:

h) @

4

11

Ch. 9: Cay khung nho nhat

2

7

Q

\¢

10

10
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Thyc thi gidi thudt cia Prim (ti€p)

Saulanlip9: (i) Q : o ! e

4 2 9

11 4 14
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Phan tich giai thuat cua Prim

= Thai gian chay cia MST-PRIM tily thudc vao cach hién thuc priority
queue Q
— Trudng hop hién thuc Q 1a binary heap

 Khdi tao trong dong 1-4 dung BUILD-HEAP t6n O(V) thdi gian

. Vong while dugc lip | V| 14n, mdi EXTRACT-MIN t6n O(lg V)
thdi gian. Nhu vy cdc 1an goi EXTRACT-MIN t6n tit cd O(V lg
V) thai gian.

— Vong for dugc 1ip O(E) lan, trong vong 1ip nay dong 11
(dung HEAPIFY) ton O(lg V) thdi gian.

. Vay thdi gian chay tong cong cia MST-PRIM1a O(V1g V + E Ig

V)=O0FEIgV).
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Phan tich giai thudt cua Prim (ti€p)

— Truong hgp hién thuc Q la Fibonacci heap
« Khdi tao trong dong 1- 4 dung MAKE-FIB-HEAP va FIB-HEAP-
INSERT ton O(V) amortized time
« MOdi FIB-HEAP-EXTRACT-MIN t6n O(lg V) amortized time

« Mbi thao tdc FIB-HEAP-DECREASE-KEY can dé hién thuc dong
11 tdn O(1) amortized time

. Vay thdi gian chay tong cong cia MST-PRIM 12 O(E + Vg V).
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Cé4c dudng di ngin nhat tf mot dinh ngudn
» Baitodn cdc duong di ngdn nhdt: mot sO thuat ngir.

Cho mot dd thi c6 trong s6, ¢6 huéng G = (V, E), v6i mdt ham trong
sOw:E—>R

— Trong sé ciia mot dudng di p = (vy, Vir.rrr Vi )
* w(p) = Zi: LaWis 15 V)
— Trong so ciia duong di ngdn nhdt (shortest path weight) tf u d€n v

S(u, v) = {

— Puong di ngdn nhdt tr u d€n v 12 bat ky dudng di p ndo tir u dén v
sao cho w(p) = o(u, v).

min{w(p) : u L-v} n&u c6 dudng di tf u d&n v
00 cac trudng hop khac

! 1%

20.11.2004
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Céc dudng di ngdn nhat tf mot dinh nguodn (ti€p)

» Bai todn cdc duong di ngdn nhdt tiv mét nguon duy nhdt (Single-
source shortest-paths problem):
— Cho d6 thi G = (V, E) va mot dinh nguon s € V.

— Tim dudng di ngdn nhat tir s 3&n moi dinh v € V.

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Canh ¢0 trong sO Am

. e A A , A A
= Gia thi€t: Trong sO ctiia canh c6 thé Am

— Chu trinh ¢6 thé ¢6 trong s6 Am

— N&u ton tai mot chu trinh ¢6 trong s Am dén dudc (reachable) tir s
thi trong s6 cta dudng di ngidn nhat khong dudc dinh nghia: khong
dudng di ndo tir s d&€n mot dinh niim trén chu trinh c6 thé 13 dudng
di ngdn nhat.

sO trong moi dinh 12 trong s& dudng di ngidn nhat
tr dinh nguon s.

20.11.2004 Ch. 10: Single-Source Shortest Paths 4



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Canh ¢6 trong s6 Am (ti€p)

— N&u ton tai mot chu trinh ¢6 trong sd Am trén mot dudng di tir s
dén v, ta dinh nghia 8(s, v) = —0 .

— Trong vi du sau, cdc dinh £, i, j khong d€n dugc tir s nén c6 trong
s0 dudng di ngdn nhit 12 oo (chit khong 1a —oo mic du ching nim
trén mot chu trinh ¢6 trong s Am).

20.11.2004 Ch. 10: Single-Source Shortest Paths
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N o« X » N . 1 ~
Bi€u di€én cac dudng di ngan nhat

s PothiG=(V,E)

— V&i moi dinh v, dinh cha (predecessor) ctia v 1a mdt dinh khac hay
la NIL.

Duy tri nt[v], con trd d€n dinh cha. Dung n d€ suy ra dudng di ngin
nhat tir s dén v.

— D6 thicon G_= V., E, ) (predecessor subgraph)
e V. ={veV:n[v]#NIL} U {s}
e E_={(nlvl,v)eE:veV_—{s}}

mt[v] v

O O

20.11.2004 Ch. 10: Single-Source Shortest Paths 6
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Bi€u dién cdc dudng di ngin nhat (ti€p)

s Cho G =(V, E) 1a mdt do thi c6 hudng, c6 trong so;
G khong chita chu trinh trong s6 Am dén dudc tit dinh ngudn s € V.

Cdy cdc duong di ngdn nhdt véi géc tai s 1a do thi ¢6 huéng G” = (V’,
E’),v61 V' cVva E < Esaocho

1. V’ 1a tAp cdc dinh dén dugc (reachable) tir s trong G

2. G’ 1a ciy ¢ gdc véi goc 1a s

3. V6imoi v € V’, dudng di don duy nhat tir s d€n v 12 dudng di ngdn
nhat tr s d€n v trong G .

20.11.2004 Ch. 10: Single-Source Shortest Paths 7
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Cay cac dudng di ngan nhat c6 goc tai dinh ngudn s

Vi du: trong (b) va (c) 12 hai cAy cdc dudng di ngin nhit cé gbc tai dinh
nguodn s cia do thi trong (a)

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Cau tric cia dudng di ngan nhat

s Lemma 25.1 (Puong di con ciia duong di ngdn nhdt ciing la duong
di ngdn nhat)

Cho
— D0 thi ¢6 trong s6, c6 huéng G = (V, E) v6i ham trong sd
w:E—>R

— p={v{,Vy,..., ) dudng di ngdn nhat tir v, d€n v,
— Véimoii,jmal<i<j<k, goiplj= (Vis Vi senns vj) la dudng di
con (subpath) ctia p tir v; dénv; .
—
p; 1a mot dudng di ngan nhat tir v; dén v; .

20.11.2004 Ch. 10: Single-Source Shortest Paths
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C4u tric cua dudng di ngdn nhat (ti€p)

Chitng minh
Phan chitng.

20.11.2004 Ch. 10: Single-Source Shortest Paths
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C4u tric cua dudng di ngdn nhat (ti€p)

m He¢ ludgn 25.2

Cho
— D0 thi ¢6 trong s6, c6 huéng G = (V, E) v6i ham trong sd
w:E—>R
— p1a dudng di ngin nhat tir s d€n v, va cé thé dudc phan thanh
sLu—v.
—

Trong s6 ciia dudng di ngan nhat tr s d€n v 12
O(s, v) = 0(s, u) + w(u, v).

20.11.2004 Ch. 10: Single-Source Shortest Paths
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C4u tric cua dudng di ngdn nhat (ti€p)

Chitng minh
y
»’
u
S

20.11.2004 Ch. 10: Single-Source Shortest Paths
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C4u tric cua dudng di ngdn nhat (ti€p)

m Lemma 25.3

Cho
— D0 thi ¢6 trong s6, c6 huéng G = (V, E) v6i ham trong sd
w:E—>R

— Dinh nguon s
—
V61 moi canh (4, v) € E, ta c6 o(s, v) <0(s, u) + w(u, v).

20.11.2004 Ch. 10: Single-Source Shortest Paths
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K§¥ thuit néi long
= K¥ thuit ndi long (relaxation)

— Duy tri cho mdi dinh v mot thudc tinh d[v] dung 1am chén trén cho
trong sO ctia mot dudng di ngdn nhat tir s dén v.

— bién d[v] dudc goi 12 udc luong duong di ngdn nhdt (shortest path
estimate)

— Khéi d@dng cdc udc luong dudng di ngdn nhat va cic predecessors
bing thd tuc sau

INITIALIZE-SINGLE-SOURCE(G, §)

1 for each vertex v € V|G]
2 do d[v] « ©

3 nt[v] <~ NIL

4 ds]<0

20.11.2004 Ch. 10: Single-Source Shortest Paths 14
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Ky thuat ngi 16ng (ti€p)

» Thuc thi ngi 16ng 1én mdt canh (u, v): kiém tra xem mot dudng di dén
v thong qua canh (u, v) c6 ngan hon mot dudng di d€n v da tim dudc
hién thsi hay khong. N€u ngidn hon thi cap nhat d[v] va n[v].

RELAX(u, v, w)

1 ifdv]>du] + w(u,v)

2 then d[v] « d[u] + w(u, v)
3 ni[v] < u

20.11.2004 Ch. 10: Single-Source Shortest Paths 15
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Thuc thi ndi 10ng 1én mot canh

u V u V
2 2
ﬂRELAX(u, vV, W) ﬂ RELAX(u, v, w)
u V u V
2 2
(a) (b)
Tri cua d[v] giam sau khi Tri clia d[v] khong thay ddi sau khi
201 RELAX(u, v, w) 201 RELAX(u, v, w)

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Ky thuat ngi 16ng (ti€p)

= Cac giai thudt trong chuong nay goi INITIALIZE-SINGLE-SOURCE va
sau d6 goi RELAX mot s6 1an dé néi 16ng cdc canh.
— N6i 16ng 13 cdch duy nhit dugc ding dé thay d6i cdc u6c lugng
dudng di ngian nhat va cic predecessors.
— Céc gidi thuat khiac nhau & thit ty va sd 1an goi RELAX 1én cdc
canh.

20.11.2004 Ch. 10: Single-Source Shortest Paths
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C4c tinh chat cua ky thudt ndi 10ng

m Lemma 25.4

Cho
— Do thi ¢6 trong s6, c6 huéng G = (V, E), v6i ham trong sd
w:E—>R
— Canh (u,v) € E.
=

Ngay sau khi goi RELAX(u, v, w) ta ¢co
dlv] <d[u] + w(u, v) .

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Céc tinh chit ciia ky thuit néi 18ng (ti€p)

m Lemma 25.5

Cho
— Db thi ¢6 trong s0, c6 huéng G = (V, E), v6i ham trong sO
w:E—>R

— Dinh nguon s.
— G dugc khdi dong bdi INITIALIZE-SINGLE-SOURCE(G, s).
=
— V6imoiv e V, d[v] > 3(s, v), bAt bi€n nay dudc duy tri doi véi moi
day cac budc néi 1ong 1€n cac canh cua G
— Mot khi d[v] dat dén cin dudi 8(s, v) ciia n6 thi nd sé khdong bao
gi0 thay doi.

20.11.2004 Ch. 10: Single-Source Shortest Paths 19
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Céc tinh chit ciia ky thuit néi 18ng (ti€p)

m He ludn 25.6

Cho
— Db thi ¢6 trong s0, c6 huéng G = (V, E), v6i ham trong sO
w:E—>R

— Dinh nguon s
— Khong ¢6 dudng di tir s 3&n mot dinh v € V.
=
Sau khi G dugc khGi ddng bGi INITIALIZE-SINGLE-SOURCE(G, s), ta ¢6
— dang thic d[v] = 8(s, v)
— dang thifc ndy dugc duy tri thanh bat bi€n d6i véi moi diy cdc
budc ndi 1ong 1€n cac canh cua G.

20.11.2004 Ch. 10: Single-Source Shortest Paths 20
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Céc tinh chit ciia ky thuit néi 18ng (ti€p)

» P& chiing minh tinh ding din cda cdc gidi thudt im dudng di ngdn
nha't (gidi thuat Dijkstra va gidi thuat Bellman-Ford) ta cAin Lemma

sau.
m Lemma 25.7
Cho
— D4 thi ¢6 trong sO va c6 huéng G = (V, E), v6i ham trong so
w:E—>R

— Mot dinh ngudn s, va s ~u —> v 12 mot dudng di ngin nhat trong
G v6i cac dinhnao dd u, v e V.

— G dugc khdi dong bdi INITIALIZE-SINGLE-SOURCE(G, s) va sau do
mot chudi cdc budc néi 10ng trong d6 cé goi RELAX(u, v, w) dudc
thuc thi 1én cac canh cua G.

—
N€u d[u] = 8(s, u) truc khi goi RELAX(u, v, w), thi sau khi goi ludn
ludn cé d[v] = d(s, v).

20.11.2004 Ch. 10: Single-Source Shortest Paths 21
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Cay cdc dudng di ngin nhat

m Lemma 25.8

Cho
— Db thi ¢6 trong sO va c6 huéng G = (V, E), v6i ham trong so
w:E—>R

— DPinh nguon s € V
— G khong chita chu trinh ¢6 trong s6 4m dén dudc tir s
—
Sau khi khéi dong G bdi INITIALIZE-SINGLE-SOURCE(G, s), ta ¢0
— Do thi G, 1a cdy ¢6 gbc s
— Moi chudi cdc budc ndi 16ng 1én cdc canh cia G duy tri tinh chat
trén thinh mot bat bién.

20.11.2004 Ch. 10: Single-Source Shortest Paths 22
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Cay cdc dudng di ngdn nhit (ti€p)

m Lemma 25.9

Cho
— Db thi ¢6 trong sO va c6 huéng G = (V, E), v6i ham trong so
w:E—>R

— DPinh nguon s € V

— G khong chita chu trinh ¢6 trong s6 4m dén dudc tir s.
Khdi dong G bing INITIALIZE-SINGLE-SOURCE(G, s) va thuc thi chudi
bat ky cdc budc ndi 16ng 1én cdc canh cia G sao cho d[v] = 8(s, v) v6i
moi dinh v € V.
—

Do thi G, 12 mdt ciy cdc dudng di ngdn nhat c6 goc tai s.

20.11.2004 Ch. 10: Single-Source Shortest Paths 23
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Giai thuat cua Dijkstra

» D6 thi G = (V, E) c6 huéng, c6 trong sd vbi
— Ham trong s0 w : E — R ma w(u, v) >0 cho moi canh (u, v) € E

— Dinh nguon s.
= Giai thudt cua Dijkstra:

— Dung mot priority queue Q véi khoéa la cac tri df |

DIKSTRA(G, w, s)

1 INITIALIZE-SINGLE-SOURCE(G, $)
2 S«

3 0« V[G]

4 while Q = J

5 do u < EXTRACT-MIN(Q)

6 S« Su{u}

7 for each vertex v € Adj[u]
3 do RELAX(u, v, w)

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Phan tich giai thuat cua Dijkstra

= Thoi gian chay phu thudc vao hién thyc cia priority queue Q:
— Linear array

« Mdi EXTRACT-MIN tdn O(V) thdi gian, vay tit cd cdc EXTRACT-
MIN ton O(V ?)

 TAtca cdclan goi RELAX ton O(E) thdi gian
Thoi gian chay tong cdng: O(V2+ E) = O(V ?).

20.11.2004 Ch. 10: Single-Source Shortest Paths 25
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Phin tich gidi thuat ctia Dijkstra (ti€p)

= Thoi gian chay phu thudc vao hién thyc cia priority queue Q:
— Binary heap
« Tao heap ton O(V) thdi gian.

« Mdi EXTRACT-MIN tdn O(lg V) thdi gian, vay tat ca cdc
EXTRACT-MIN t6n O(V 1g V)

o TAtcd cdclan goi RELAX tdn O(E lg V) thdi gian, vi mdi
DECREASE-KEY d€ hién thuc RELAX ton O(lg V) thdi gian

Thoi gian chay tong cdng: O(V + E) 1g V).

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Phan tich giai thuat cua Dijkstra

(ti€p)
— Fibonacci heap
. Tao heap v6i | V| phan ti t6n O(V) thi gian.

« Mbi EXTRACT-MIN t6n O(lg V) phi ton bu trir, vay tit cd cdc
EXTRACT-MIN tdn O(V g V) thdi gian

 TAtca cdclan goi RELAX t6n O(E) thdi gian, vi mdi DECREASE-
KEY d€ hién thuc RELAX t&n O(1) phi ton b trir

Thoi gian chay tdng cdong: O(V1g V + E).

20.11.2004 Ch. 10: Single-Source Shortest Paths 27
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Thuc thi giai thuat cua Dijkstra

Pinh mau den la dinh trong S
Pinh mau xdm 12 dinh dugc dem vao S trong lan lip t6i

Ngay trudc khi vao vong 1dp while: Vong while: ngay sau lan lip 1

20.11.2004 Ch. 10: Single-Source Shortest Paths 28
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Thuyc thi gidi thudt cia Dijkstra (tiép)

Vong while: ngay sau 1an lip 2 Vong while: ngay sau 1an lip 3
u v
1
8 > 14
10 s

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Thuyc thi gidi thudt cia Dijkstra (tiép)

Vong while: ngay sau lan lip 4 Vong while: ngay sau lan lip 5

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Tinh ding dan cua giai thuit cua Dijkstra

s Dinh Iy 25.10 (Tinh ding ddn ciia gidi thudt ciia Dijkstra)
Thuc thi gidi thuit cia Dijkstra 1én do thi G = (V, E) c6 trong s6 va ¢6
huéng vii
— ham trong s6 w : E — R khong 4m

— dinh nguon s.
—
Khi giai thudt thuc thi xong,
dlu] =0(s,u) chomoidinhu e V.

Chitng minh

S€ chitng minh: Vu € V, d[u] = 6(s, u) khi u dugc dua vao tip S va sau
d6 dang thic luon dugce duy tri.
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Tinh ding dan cua giai thuit cua Dijkstra

Chiing minh (ti€p)
Chitng minh biang phdn ching.
(*) Goi u 1a dinh dau tién sao cho d[u] # (s, u) khi u dudc dua vao
tap S.
— Phdi c6 mot dudng di tir s dé€n u. Vi n€u khong thi 8(s, u) = «, do
do d[u] = o, do d6 d[u] = o6(s, u) duing Hé ludn 25.6, mau thuan!
— Do d6 ¢6 dudng di ngdn nhdtp tr s dénu, vis e Svau e V- S.
Goi y 1a dinh dau tién trén p sao choy € V- S. Pit x = n[y].

20.11.2004 Ch. 10: Single-Source Shortest Paths 32
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Tinh ding dan cua giai thuit cua Dijkstra

Chiing minh (ti€p)
— Chung td d[y] = (s, y) khi u dugc dua vao tip S: theo (*) ta phai
cO d[x] = d(s, x) khi x dudc dua vao S. Khi d6 canh (x, y) dudc ndi
16ng nén d[y] = 8(s, y) dung Lemma 25.7.

— Viy trudc u trén dudng di ngidn nhat tr s d€n u va moi trong so
déu duong nén (s, y) < 8(s, u).
d[y] = (s, y)
< O(s, u)
< d[u] dung Lemma 25.5.
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Tinh ding dan cua giai thuit cua Dijkstra

Chiing minh (ti€p)
— Khi u dugc chon bdi EXTRACT-MIN thi y cling con trong Q nén d[u]
< d[y], do d6 bat ding thic :

dly] = 8(s, y) = 8(s, u) = d[u], tir d6 d[u] = 8(s, u), mau thuin véi
(*)!

— Dung Lemma 25.5 dé chitng minh phan con lai.
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Tinh ding din cda gidi thuit cia Dijkstra (ti€p)

m Heé lugan 25.11

Thuc thi gidi thuit cia Dijkstra 1én do thi G = (V, E) c6 trong s6 va ¢6
huéng vii
— ham trong s6 w : E — R khong 4m

— dinh nguon s.
—

Khi gidi thuat thuc thi xong thi do thi G, 12 cAy cdc dudng di ngin
nhat c6 goc tai s.
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Giai thuat cua Bellman-Ford

s Cho G=(V, E)1a dé thi c6 trong sd, c6 huéng
— Ham trongsO w: E —> R

— Pinh nguon s.

BELLMAN-FORD(G, w, $)

1 INITIALIZE-SINGLE-SOURCE(G, §)

2 fori<«1tol|V[G]|—1

3 do for each edge (u, v) € E[G]
4 do RELAX(u, v, w)

5 for each edge (u, v) € E[G]

6 do if d[v] > d[u] + w(u, v)

7 then return FALSE

8 return TRUE

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Phan tich giai thuat cua Bellman-Ford

m Thoi gian chay:
— Khdi tao: ®(V) thdi gian
— |V| =1 lugt, mdi lugt O(E) thdi gian
— vong ldp for dong 5-7: O(E) ths1 gian
Thoi gian chay tdng cdng: O(V E)

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Thuc thi giai thuat Bellman-Ford

Trong modi ludt, thit tv relax cdc canh 1a:
(u, v) (u, x) (u,y) v, u) (x,v) (x,y) v, v) (y,2) (2, u) (z, x)

Canh (u, v) dudc son xdm néu n[v] = u

Neay trudc lugt dau: Ngay sau lugt dau:

20.11.2004 Ch. 10: Single-Source Shortest Paths 38



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

Thuyc thi gidi thuit Bellman-Ford (tiép)

Ngay sau lugt 2:

20.11.2004 Ch. 10: Single-Source Shortest Paths
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Tinh ding dan cua giai thuat Bellman-Ford

m Lemma 25.12

Cho
— Db thi ¢6 trong sO va c6 huéng G = (V, E), v6i ham trong so
w:E—>R

— Dinh nguon s
— G khong chifa cdc chu trinh c6 trong s 4m c6 thé dén dugc tir s.
—

Khi giai thuat BELLMAN-FORD thuc thi xong thi d[v] = 8(s,v) cho moi
dinh v d€n dudc ti s.
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Tinh ding din cta gidi thuit Bellman-Ford (tiép)

Chitng minh
Goi v 1a mot dinh dén dugc tir s. Goi p = <v, ,..., v, > 12 moOt dudng di
ngidn nhat to s dénv. Vipla dudng didonnén k< |V |- 1.
S€& chirng minh: d[v; | = (s, v;) sau lugt ndi 1dng thit i, v6i i = 0,....k, va
dang thitc dudc duy tri sau dé.
Dung quy nap:
— Coban: d[vy ] =09(s,vy) =0 (Vivy=5)
— Gid thi€t quy nap: d[v,_,]=238(s, v;_,) sau lugt nGi 16ng thit i — 1.
— Buéc quy nap: Canh (v;_,, v,) dugc ndi 10ng trong lugt thit i nén
d[v; ] =0(s, v;) sau lugt i va tai moi thoi di€m sau do, theo Lemma
25.7.

PEYIlak<|V|-1vacé| V|- 1ludgtndildng.
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Tinh ding din cta gidi thuit Bellman-Ford (tiép)

m He¢ ludgn 25.13

Cho
— Db thi ¢6 trong sO va c6 huéng G = (V, E), v6i ham trong so
w:E—>R

— Dinh nguon s
—
V6i moi dinh v € V, tOn tai dudng di tir s d€n v néu va chi néu
BELLMAN-FORD hoan tat v6i d[v] < c khi né thuc thi trén G.
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Tinh ding dan cua giai thuit ciia Bellman-Ford (ti€p)

s Dinh Iy 25.14 (Tinh diing ddn ciia gidi thudt ctia Bellman-Ford)
Thuc thi BELLMAN-FORD 1én dd thi G = (V, E) c6 trong s6 va c6
huéng vii

— ham trongso w: E > R
— dinh nguon s
—
(i) NEéu G khong chia chu trinh c6 trong s6 Am dén dudc tir s, thi
(1) gidi thuat trd vé TRUE.
(2) d[v] =8(s,v) cho moidinhv e V
(3) @6 thi G, 1a ciy cdc dudng di ngdn nhit c6 goc tai s.
(ii)) Néu G chita mot chu trinh ¢6 trong s6 4m dén dudc tir s, thi gidi
thuat trd vé FALSE.
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Tinh ding dan cua giai thuit ciia Bellman-Ford (ti€p)

Chitng minh
(i) Gid st G khong chia chu trinh c6 trong s6 Am dén dudc ti s.
— Néu v dén dugc tir s thi Lemma 25.12 chitng minh (2).
N€u v khong d€n dudc tir s thi c6 (2) tit HE luan 25.6
— Lemma 25.9 cung v6i (2) chirng minh (3).
— Khi gidi thudt hoan tit, ta ¢6 v6i moi canh (u, v):
d[v] = 0(s,v) < O(s,u) + w(u, v)(tr Lemma 25.3)
=d[u] + w(u, v),
vay cdc test dong 6 khién gidi thuit trd vé TRUE, chitng minh (1).
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Tinh ding dan cta giai thuat cua Bellman-Ford

Chiing minh (ti€p)
(i) Gid st G chita mot chu trinh ¢6 trong s6 4Am dén dudc tir s 1a

Cc=Vy,.--»V; ) VO Vvy= v

Vo Vi Vi-1
Vay 2w, v) <0 (%)
Chitng minh (ii) bing phdn ching: Vi
. Gid st Bellman-Ford trd vé TRUE, thi (dong 5-8)
div,1<dv,_1+wl,_,v;), véii=1,....k

Tu trén, 18y tong,
2 =14 dV; 1< 2 =1k dlvio 1+ 2 i=1.4WWi_1, V) #

. Vi
2 xdlvil=2 2, 4dlv, ], va
dlv;] < (Hé luan 25.13), nén cling véi # ta c6

0<2. ._, ;wv,_,,v;), mauthuin vdi (*)!
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/ A/ 3
Tinh chat cua doan thang

» Dinh nghia
— Mot t6 hop 16i ciia hai diém khic nhau p, = (x;,y,) va p, = (x,,y,) 1a
mot di€m p,= (x;,y;) sao cho
=0 x;+ (1 —a)x,
p=ay +(-a)y,
0<ac<l
— Poan thdng p,p, 12 tip moi t6 hdp 16i cia p, va p,, ky hiéu dt p,p,
— Céc diém ddu miit ctia doan thang p,p,1a p, vap,

— Poan thing cé hudng p,p,1a doan thing p,p, dugc dinh huéng tir
pidén p,, ky hig¢u p;~p,.

25.9.2004 Chuong 11: Giao di€m clia hai doan 2
thing
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Tich chéo

» Dinh nghia Tich chéo cua hai vectors p, = (x;,y,) va p, = (x,,y,) l1a
X, X
pIszzdet( 1 2]
N N

= X1 V2 — NN
m Nhan xét

— N&u p, x p, > 0 thi vectd p, nim theo chiéu kim dong ho tir vectd

A e ) p
p, doi vai (0, 0) ( ng<
P1

— N€&u p, x p, < 0 thi vectd p, nim ngugc chiéu kim dong ho tir vecto

p, d61 véi (0, 0) o

1%}
— Né&u p, x p,=0thi O, p, va p,thing hang.

25.9.2004 Chuong 11: Giao di€m clia hai doan 3
thing
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Tich chéo (ti€p)

P2

P1

(0,0)

><V

y

vectd nim ngudc chi€u

kim dong ho tit p

(0,0)

>

|p,x p,| 1a dién tich cia hinh binh hanh

25.9.2004

Chuong 11: Giao di€m clia hai doan

A
>

X

vectd nam theo chiéu
kim dong ho tit p
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Tich chéo (ti€p)

m Nhan xét
Cho hai doan thiang c6 huéng p,~p, vd p,~p, . Dung phép tinh ti€n ma
vectd tinh tién 1a — p, , ta thay
— Né&u (p,— py) x (p,— py) > 0 thi p,~p, nidm theo chi¢u kim dong ho
W py~p;
— N&u (p,— py) x (p,— py) < 0 thi p,~p, ndm ngudc chiéu kim dong
ho it py~p, .

p2 A A p2
ngudc chi€u P P theo chiéu
kim dong ho kim dong ho
Po Po
25.9.2004 Chuong 11: Giao di€m clia hai doan 5

thing
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P . . 2 D < A
Xac dinh hai doan thang c6 cat nhau khong

» Bai todan
Cho hai doan thing p,p,va psp,. Hdi: Hai doan thing c6 cdt nhau
khong?

Hai cdch gidi quyét

» Céch gidi 1: gidi hé thong phuong trinh bic nhit d€ tim toa do cla
di€ém cit (néu c6). Cch gidi nay can diing phép chia nén khong chinh
xdc khi t s6 gan bing 0.

s C4ch gidi 2: khong cian diung phép chia (xem slide t6i).

25.9.2004 Chuong 11: Giao di€m clia hai doan 6
thing
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X4c dinh hai doan thiang c6 cit nhau khong (ti€p)

— Dinh nghia: M6t doan thing p,p, ndm hai bén (“straddle”) mot
dudng thing né€u p, va p, nim & hai bén khic nhau clia dudng
thing. (Trudng hgp bién: p, hay p, nim trén dudng thing.)

L
L P>
P
P P>
dt p,p, ndm hai bén
dudng thang L
L \

dt p,p, khdong nam hai bén

> < 2
P'l\, dudng thang L

Py )

25.9.2004 Chuong 11: Giao di€m clia hai doan
thing
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X4c dinh hai doan thiang c6 cit nhau khong (ti€p)

— Dinh ly: Hai doan thing cit nhau néu va chi né€u mot trong cic
di€u kién sau (hoic ci hai) 1a ding.

« 1. Mdi doan thing nim hai bén dudng thing chita doan thing

kia.
« 2. Mot diém dau mit (di€m cudi) cda doan thing ndy nim trén
doan thing kia.
b Poan thing a nim hai bén dudng
thang chifa b, va doan thing b nim
a hai bén dudng thing chia a
25.9.2004 Chuong 11: Giao di€m clia hai doan 8

thing
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X4c dinh hai doan thiang c6 cit nhau khong (ti€p)

Dung tich chéo d€ xdc dinh mot doan thing c6 nim hai bén mot dudng

thang hay khong.
25
D3 Céc tich chéo (p;—p,) x (p%—pl)
P4 va (py,—py) x (p,—py) co dau

khdc nhau, do d6 dt p; p, ndm hai

(pr—p)) % (p,—p) <0 Dén dudng thing chia dtp, p, (v

P ngugc lai)
: (Ps—p) X (Py—pp >0

] Pa Cic tich chéo (ps— p;) x (Pr=p))
’ D Vé/ (Ps—p1) X (p,—py) c6 cung
2 diu, do d6 dt p; p, khong ndm hai
bén dudng thing chita dt p, p, (va
p (P3—p) X (P,—p) <0 ngugc la1)
1
Ps—p) X (P,—py) <0
25.9.2004 Chuong 11: Giao di€m clia hai doan

thing
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X4c dinh hai doan thiang c6 cit nhau khong (ti€p)

P3
P4
P1
P4
P3
P2
P1
25.9.2004

P2

>

(P3—p) X (P,—pp <0
(Ps—p) X (Py—pp=0

(Ps—p) X (Py—pp=0
(P3—p) X (Py—pp=0

\ P1

Chuong 11: Giao di€m clia hai doan
thing

P3

P2

P4

10
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X4c dinh hai doan thiang c6 cit nhau khong (ti€p)

— Thii tuc d€ ki€m tra hai doan thiang p,p, va pp, c6 cit nhau khdng

(ma gid). Thd tuc trd vé TRUE néu hai doan thang cit nhau va trd

v€ FALSE néu ching khong cit nhau.

1

b B W

6

SEGMENTS-INTERSECT(p |, Py, P35 P4)

d, <= DIRECTION(p5, P4, P1)

d, <= DIRECTION(p5, P4, P>)

dy <= DIRECTION(p,, p,, P3)

d, <= DIRECTION(p,, Py, P4)

if (d,>0andd, <0)or(d, <0andd,>0)) and
((dy>0and d, <0)or (d;<0and d, > 0))
then return TRUE

(xem tiép slide tGi)

25.9.2004

Chuong 11: Giao di€m clia hai doan
thing

11
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X4c dinh hai doan thiang c6 cit nhau khong (ti€p)

(ti€p)

10
11
12
13
14
15

elseif d, = 0 and ON-SEGMENT(p5, p4, ;)
then return TRUE

elseif d, = 0 and ON-SEGMENT(p5, p4, P,)
then return TRUE

elseif d; = 0 and ON-SEGMENT(p |, p,, p3)
then return TRUE

elseif d, = 0 and ON-SEGMENT(p,, p,, P4)
then return TRUE

else return FALSE

25.9.2004

Chuong 11: Giao di€m clia hai doan
thing

12
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X4c dinh hai doan thiang c6 cit nhau khong (ti€p)

Thu tuc ON-SEGMENT
Input: p;, p;, p;, ma p, thang hang v6i doan p:p;
Output: TRUE néu p; nam trén doan p, p;

FALSE néu p, nam ngoai doan p; p;

DIRECTION(p; , p; , ;)

I  return (p,—p,) % (P;—p;)

ON-SEGMENT(p; , p; , P;)

I if min(x; , x;) <x, <max(x; , x; ) and min(y; , y; ) <y, <max(y;, y;)

2 then return TRUE
3 else return FALSE
25.9.2004 Chuong 11: Giao di€m clia hai doan

thiang

13
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, . , u 2 N 1 A
35.2 Xac dinh ¢6 cap doan thang nao cat nhau khong

Bai todn: Cho tip cdc doan thiang trong mit phing. X4c dinh c6 cip
doan thing nao cit nhau hay khong.

» P& don gidn, gid su:
— Khong c6 doan thing ndo 13 thing ding

— Khong c6 ba doan thing ndo cit nhau tai mot di€m chung.

13.11.2004 Chuong 35: Hinh hoc tinh todn
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Giai thuat tho so

» Gidi thuat tho so: Kiém tra xem mdi cip doan thing c6 cit nhau hay
khong. Thai gian chay 12 ®(n?), v6i n 12 sd cdc doan thang.

13.11.2004 Chuong 35: Hinh hoc tinh todn
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Ky thuat quét

m Giai thudt hitu hi€u dung ky thudr quét (sweeping):
Dung mot duong thang thing ditng quét tir trai sang phdi va xem xét
cdc thay doi clia phin giao clia duong thdng quét v6i cac doan thang.
— DPuong thdng quét (sweep line)
. Pudng thing quét thing ding, vi tri hién thdi 13 toa do x

13.11.2004 Chuong 35: Hinh hoc tinh todn
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Tht ty cdc doan thing

. Dinh nghia mot thit ty hoan toan trén cidc doan thing cit bdi
dudng thing quét.
— Hai doan thing s, va s, khong cit nhau 1a ¢ thé so sdnh
duogc tai x néu dudng thing quét tai vi tri x cit cd hai doan
thang d6.

/
S, S~

IS

— Néu s, va 5,12 c6 thé so sdnh dugc tai x va giao di€m cia s,
v4i dudng thing quét & cao hon giao di€ém cia s, v4i cling
dudng thing quét do, thi ta néi s, & trén s, , ky hiéu s, >, s,

13.11.2004 Chuong 35: Hinh hoc tinh todn 5
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Thi ty cdc doan thing (ti€p)

// d
‘/ b| | —
~
c \
\\
r I u vV Z w
(a) (b)
a>c a>b b>,c e>, f nhung f> e
b> ¢ Moi duong thang quét ma di qua vung
Ay xdm déu c6 cdc doan thing e va &
t

lién ti€p nhau trong quan hé thi tu cla
Poan thang d khdng so sdnh dudc vii nd
cdc doan thang khdc trong hinh (a).

13.11.2004 Chuong 35: Hinh hoc tinh todn 6
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Cac cau truc dit i€u trong ky thuat quét

— Pudng thang quét
. Khi di chuyén dudng thing quét, gidi thut trit va duy tri cdc
thong tin sau
— Tinh trang ciia duong thing quét (sweep-line status): cho
biét thit ty gifta cdc doi tuong (doan thang) bi cit bdi dudng
thang quét v4i nhau
— Lich ciia cdc bién c6 (event-point schedule): diy cdc toa do
x, sAp t trai sang phdi, x4ac dinh cdc vi tri dirng cia dudng
thaing quét.

13.11.2004 Chuong 35: Hinh hoc tinh todn
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Cac thao tac 1én sweep-line status

= Chi ti€t gidi thuat hitu hiéu dung ky thuat quét
— Pudng thang quét
. Khi di chuyén dudng thing quét, gidi thut trit va duy tri cic
thong tin sau
— Tinh trang ciia duong thdng quét (sweep-line status): Céc
thao tac Ién T:

o INSERT(7, 5): chén doan thiang s vao T

« DELETE(T, s): x04 doan thing s khdi T
« ABOVE(T, s): trd vé doan thiang & ngay trén s trong T

9

« BELOW(T, s): trd vé doan thiang & ngay dudi s trong T.

13.11.2004 Chuong 35: Hinh hoc tinh todn
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Event-point schedule

— Lich ciia cdc bién c6 (event-point schedule): diy cdc toa do
x, sAp t trai sang phdi, x4ac dinh cdc vi tri dirng cia dudng
thing quét.

« Mbi diém dau miit cia cdc doan thing (cla tip input S)
12 mot diém bién cé (event point), 13 di€m ma th tu T
thay déi.

« Lich cta cdc bi€n ¢6 1a tinh va dugc xay dung bang cdch
sip x&p cdc diém dau mit clia cdc doan thing theo thd
tu tir trdi qua phai.

13.11.2004 Chuong 35: Hinh hoc tinh todn 9
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Xac dinh ¢6 cdp doan thang nao cat nhau khong

ANY-SEGMENTS-INTERSECT(S)
1 T«
2 Sdp cdc diém ddu mit clia cdc doan thing trong S theo

tha tu tir trai sang phai, breaking ties...
3 for moi di€m p trong danh sich sip x&p clia cdc di€ém diu mit
4 do if p 13 diém diu mit bén trdi clia doan thing s
5 then INSERT(T, s)
6 if (ABOVE(T, s) ton tai va cit s)

hay (BELOW(T, s) tOn tai va cit s)

7 then return TRUE

8 if p 12 diém dau mit bén phdi ciia doan thang s

9 then if cd hai ABOVE(T, s) va BELOW(T, s) déu ton tai
va ABOVE(T, s) cit BELOW(T, s)

10 then return TRUE

11 DELETE(7, s)

12 return FALSE

13.11.2004 Chuong 35: Hinh hoc tinh todn

10
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Thuc thi ANY-SEGMENTS-INTERSECT

thai gian

>

11

Chuong 35: Hinh hoc tinh todn

13.11.2004
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Breaking ties

» N&u khi sip x&p cdc di€m dau mit clia cdc doan thang trong S tir tri
sang phdi ma c6 nhiéu di€m c6 cling toa do x thi breaking ties nhu
sau

— Céc diém dau mut bén trdi dugc x&p trudc cdc di€m dau mit bén
phai.

\4

p dugc x&p trude g khi sdp x&p cdc di€m dau mit
G dong 2 ciia ANY-SEGMENTS-INTERSECT

13.11.2004 Chuong 35: Hinh hoc tinh todn 12
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Tinh ding din

s Theorem 35.1 (Tinh ding ddn)

Gidi thudt ANY-SEGMENTS-INTERSECT chay trén tip S trd vé TRUE néu
va chi néu c6 cit nhau gitra cdc doan thang.

n Chitng minh
“=”: xem ma ta thiy ANY-SEGMENTS-INTERSECT tra vé TRUE chi khi

nao né tim thdy hai doan thing cit nhau.

“4=”: S& chitng minh ring néu tdn tai hai doan thing cit nhau thi
ANY-SEGMENTS-INTERSECT trd vé TRUE.

13.11.2004 Chuong 35: Hinh hoc tinh todn 13
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Tinh ding din (ti€p)

Gid st ton tai mot giao diém.

Goi p 1 giao di€m bén trdi nhat, goi a va b 1a cdc doan thing cit
nhau tai p.

Ton tai dudng quét z ma tai d6 a va b trd nén lién ti€p nhau trong thit
ty toan phan.

Ton tai di€ém dau miit ¢ ma 12 event point dé€ cho a va b trd nén lién
ti€p nhau trong thi tu toan phan.

C6 2 trudng hgp: A) giai thuat xur 1y g va B) giai thuat khong xir 1y ¢.

13.11.2004 Chuong 35: Hinh hoc tinh todn 14
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Tinh dang dan (ti€p)
A)

Trudng hdp 1: doan thing a hay b dudc chén vao T, va doan thiang kia
& trén hay duGi n6. Cdc dong 4-7 tim thdy trudng hgp nay.

13.11.2004 Chuong 35: Hinh hoc tinh todn 15
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Tinh ding din (ti€p)

Trudng hdp 2: cdc doan thing a va b dang trong 7, va mot doan thing
& gitta chiing dudc x6a. Cac dong 8-11 tim thiy trudng hdp nay.

Trong c4 hai trudng hdp, gidi thuit tim thdy p va trd vé TRUE.

B)

N€u g khong dudc gidi thuat xit 1y, thi ¢6 nghia 1a gidi thuit da quay
vé trude khi xi¥ 1y xong tit cd cdc event points. VAy gidi thudt d tim
thdy mot giao diém va trd vé TRUE.

13.11.2004 Chuong 35: Hinh hoc tinh todn 16
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Phan tich ANY-SEGMENTS-INTERSECT

n Thoi gian chay
— Gi4 st tap doan thing S gdm cé n doan thang. Dung ciu tric dif
liéu thich hgp (vi du: dua trén cdy nhi phan cin bing) d€ hién thuc
T sao cho cdc thao tdc 1én T déu ton O(Ig n) thdi gian.

— Thdi gian chay cla gidi thuAt ANY-SEGMENTS-INTERSECT g0m
« Dong 1: O(1) thoi gian
« DOng 2: O(n lg n) thd1 gian
« Vong lap for: O(n Ig n) thdi gian
VAay thdi gian chay tong cong cla gidi thuit 1a O lg n).

13.11.2004 Chuong 35: Hinh hoc tinh todn 17
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35.4 Tim bao 16i

s Ty doc.

13.11.2004 Chuong 35: Hinh hoc tinh todn
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35.4 Tim cdp di€m gan nhau nhat

s Ty doc.
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NP-Day bu
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Vai khai niém cd ban

= Baitodn
— céc tham sO
— céc tinh chat ma 15i gidi can phdi thda min
m  MOot thuc thé (instance) cia bai todn 12 bai todn ma cdc tham s6 cé
tri cu thé.

13.11.2004 Ch. 12: NP-Completeness
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Hinh thi'c hdéa khai ni€m bai1 toan

m  Vidu: bai toain SHORTEST-PATH la
— “khong hinh thitc”: bai todn tim dudng di ngdn nhit gitta hai dinh
cho truéc trong mot do thi vdo huéng, khong cé trong s6 G = (V,
— “hinh thuc”:

« Mot thuc thé cla bai todn 13 mdt cip ba gdm mot dd thi cuy
th€ va hai dinh cu thé.

« Mot 101 gidi 12 mot ddy cdc dinh clia do thi .

. Bai toin SHORTEST-PATH 14 quan hé két hgp mdi thuc thé
g0m mot do thi va hai dinh v§i mot dudng di ngidn nha't (néu
c6) trong do6 thi ndi hai dinh:

SHORTEST-PATH c I x §

13.11.2004 Ch. 12: NP-Completeness 3
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Bai toan truu tugng

»  Dinh nghia: mot bai todn truu tugng Q 1a mot quan hé nhi phan trén
mot tip I, dudc goi 12 tap cdc thuc thé (instances) clia bai todn, va
mot tadp S, duge goi la tap cac loi gidi cia bai toan:

QclxS

13.11.2004 Ch. 12: NP-Completeness
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Bai toan quyét dinh

m Mot bai todn quyét dinh Q 12 mot bai todn tritu twdng ma quan hé nhi
phian O 1a mot ham tir / dén S = {0, 1}, 0 tuong ¢ng vSi “no”, 1 twong
ng véi “yes”.

= Vidu: bai todn quyét dinh PATH 1a

Cho mot dd thi G = (V, E), hai dinh u, v € V, vd mdt s6 nguyén
duong k.
biti=(G, u, v, k), mot thyc thé clia bai todn quyét dinh PATH,
— PATH() = 1 (yes) néu tOn tai mot dudng di gitta u va v c6 chi€u
dai<k
— PATH() = 0 (no) trong cic trudng hgp khac.

13.11.2004 Ch. 12: NP-Completeness 5
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Bai todn toi vu
s Mot bai todn t67 wu 13 mot bai todn trong d6 ta can xdc dinh tri 16n
nhat hay tri nhd nhit clia mot dai ludng.
» D&i tuong cia ly thuyét NP-day dd 12 cdc bai todn quyét dinh, nén
ta phdi ép (recast) ciac bai todn tOi wu thanh cdc bai todn quyét dinh.
Vi du: ta da ép bai todn t6i vu dudng di ngdn nhit thanh bai todn

quyét dinh PATH bing cdch 1am chin k thanh mot tham sO cda bai
toan.

13.11.2004 Ch. 12: NP-Completeness
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Ma hoa (encodings)

= P& mdt chuong trinh mdy tinh gidi mdt bai todn tritu tudng thi cic
thuc thé cla bai todn can dudc bi€u dién sao cho chuong trinh mady
tinh ¢6 thé doc va “hi€u” ching dudc.

» Ta mi héa (encode) cdc thuc thé clia mot bai todn triru tugng dé€ mot
chuong trinh mdy tinh c6 thé doc ching dugc.
— Vidu:Mahod taipN={0, 1, 2, 3th¥hh.tdp¢dcchudi {0, 1,
10, 11, 100Trong jma hoa nay, e(17) = 10001.
— M3 héa mot doi tuong da hdp (chudi, tp, do thi,...) bing cdch
két hop cdc ma héa cda cdc thanh phan clia né.

13.11.2004 Ch. 12: NP-Completeness 7
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M3 hod (ti€p)

s Mot bai todn cu thé' 13 mot bai todn ma tip cdc thuc thé clia n 1a
tap cdc chudi nhi phan.

s Mot gidi thudt gidi mot bai todn cu thé trong thdi gian O(T(n) )néu,
khi dua né mot thuc thé i c6 dd dain=|i|, thi n6 sé& cho ra 15i gidi
trong thai gian O(T(n) )

s Mot bai todn cu thé 13 6 thé gidi duoc trong thoi gian da thitc néu
tOn tai mot gidi thuat gidi nd trong thdi gian O(n¥) véi mot hing so k
nao do.

13.11.2004 Ch. 12: NP-Completeness
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Lép P

= Dinh nghia: Ldp P (complexity class P) 12 tAp cdc bai todn quyét
dinh cu thé cé thé gidi dudc trong thdi gian da thifc.

13.11.2004 Ch. 12: NP-Completeness
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Bai todn tritu tuong va bai todn cu thé

» Ta diung ma hod d€ 4nh xa cdc bai todn triru tugng dén cdc bai todn
cu thé.

— Cho mt bai todn quyét dinh triru tugng Q, Q d4nh xa mot tp cdc
thuc thé 1 dén {0, 1}, ta ¢6 thé dung mdt ma héa e : I — {0, 1}*
dé sinh ra mot bai todn quyét dinh cu thé tuong tng, ky hiéu
e(Q).

M3 héa e phdi thda diéu kién
« Néu Q(i) € {0, 1} 1a 151 gidi cho i € I, thi 15i gidi cho thuc
thé e(i) € {0, 1}* cla bai todn quyét dinh cu thé e(Q) ciing 12
(). 0
[ — {0, 1}

| e(0)
(0,1}°

13.11.2004 Ch. 12: NP-Completeness 10
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Cac ma hoa

s Mothamf: {0, 1}* — {0, 1}*1a c6 thé tinh duogc trong thoi gian da
thizc néu tOn tai mot gidi thudt thdi gian da thic A sao cho, véi moi
input x € {0, 1}*, A cho ra output 1a f(x).

s Cho /12 mot tip cdc thuc thé clla mdt bai todn, ta néi ring hai ma
hod e, va e, 12 ¢6 lién quan da thitc n&u ton tai hai hAm c6 thé tinh
dudc trong thdi gian da thuc f;, va f,;sao cho v6imoii € [ta co

f12(e1(@)) = ey(i) va fr,(e, (i) = e (i).

13.11.2004 Ch. 12: NP-Completeness 11
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Li€n quan gitta cac ma hoa

n Lemma 36.1

. Cho Q12 mdt bai todn quy€t dinh triru tugng trén mot tAp cdc thuc
th€ I, va cho e, va e, 1a cdc ma hod trén I ¢6 lién quan da thic

- =

- ¢,/(0)ePoe Q) eP.

s Theo Lemma trén, “dd phic tap” cua mdt bai todn triru tugng ma
cdc thuc thé clia né6 dugc ma héa trong cd s6 2 hay 3 thi nhu nhau.

= Yéu cau: s€ chi dung cdc ma héa ma li€n quan da thic véi “ma hda
~
chuan”.

13.11.2004 Ch. 12: NP-Completeness 12
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M3 héa chuin (standard encoding)

s Mad héa chudn
4nh xa cdc thuc thé vao cdc “chudi cé ciu tric” trén tip cic ky tu
Y={0,1,-,L1G).}
Cdc chudi cé cdu triic (structured string) duge dinh nghia dé quy. 0]
day chi trinh bay vai vi du
— S6 nguyén 13 dugc bi€u dién bdi chudi c6 ciu tric 1101.
— S6 nguyén —13 dudgc bi€u dién bdi chudi c6 ciu tric —1101.
— Chudi [1101] 12 mdt chudi cé ciu tric ¢6 thé dung 1am “tén” (vi
du, cho mdt phan tif cia mot tAp, mot dinh trong mot do thi,...)

13.11.2004 Ch. 12: NP-Completeness 13
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M3 héa chuin (ti€p)

— Tap {a, b, c, d} c6 thé dugc bi€u dién bdi chudi c6 cau tric

({01, [1], [10], [11])
— Do thi
O——CO-

2, A o R - X . X e 2, ~ ,
c6 thé dudc bi€u di€n bdi chudi ¢6 cau tric

(([01, [11, 110D, (101, [1D), ([11, [101)))

~—

-
tap cac dinh tdp cdc canh

» M3 héa chuin clia mot doi tugng D dude ky hiéu 13 <D>.

13.11.2004 Ch. 12: NP-Completeness
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Mot khung ngdbn nglt hinh thic

m MOt bdang chit cdi £ 1a mot tdp hitu han cac ky hiéu.

s Mot ngdn ngit L trén X 1a mot tap cdc chudi tao bdi cdc ky hiéu tir 2.

Vi du: néu £ = {0, 1}, thi L= {10, 11, 101, 111, 1011,...} 12 ngon
ngif clia cdc bi€u dién nhi phan cla cdc sd nguyén td.

Chudi rong dudc ky hiéu 12 €, ngdn ngit rong duge ky hicu la & .

= Ngo6n ngit cia tat cd cdc chudi trén T dugc ky hiéu 1a X* .

Vidu: néu X = {0, 1}, thi *={¢, 0, 1, 00, 01, 10, 11, 000,...} 1a
tap tat cd cdc chudi nhi phan.

Mdi ngdn ngit L trén ¥ déu 12 mot tAp con clia X*.

Hop va giao clia cdc ngdn ngit dugce dinh nghia gidéng nhu trong
ly thuyét tip hop

Phénbicia LIAL =3~ L.

13.11.2004 Ch. 12: NP-Completeness 15
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Bai toan quyét dinh va ngdn ngit tuong tng

= Dong nhit mdt bai todn quyét dinh véi mdt ngdn ngi:
— Tap cdc thuc thé cho bat k¥ bai todn quyét dinh O ndo 1a tip Z*.
Vi Q 12 hoan toan dudc dic trung bdi tip cla tit cd cdc thuc thé
nao clia né ma I5i gidila 1 (yes), nén c6 thé xem Q nhu 1a mot
ngdn nglt L trén X = {0, 1}, vGi1

L={xeX:0x)=1}

13.11.2004 Ch. 12: NP-Completeness 16
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Bai todn quyét dinh va ngdn ngit tusng ng (ti€p)

— Vidu: bai todn quyét dinh PATH 1a ngdn ngit
{G,u,v, k) : G=(V,E)la mdt dd thi vd hudng,
u,vev,
k> 0132 mdt sd nguyén, va ton tai mot

dudng di gitta u va v trong G ma chiéu dai < k}

Ta viét:
PATH = {(G, u, v, k) : G=(V, E) 12 mot do thi vd hudng,

u,v eV,
k> 012 mdt s& nguyén, va ton tai mot

dudng di gitta u va v trong G ma chiéu dai
<k)

13.11.2004 Ch. 12: NP-Completeness 17
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Ngon ngit va giai thuit
s Mot gidi thuat A chdp nhdn (accept) mot chudi x € {0, 1}* néu, véi
input la x, A outputs A(x) = 1.
s Mot gidi thuat A tiv chdi (reject) mot chudi x € {0, 1}* néu A(x) = 0.
s Ngobn ngit dugc chdp nhdn bdi mot gidi thuat A 12 tAp cdc chudi L =
(xe {0.1)": A) =1}.
s MOt ngdn ngit L dugc quyét dinh béi mot gidi thuit A néu
— moi chudi nhi phan trong L dugc chdp nhin bdi A va
— moi chudi nhi phan khong trong L dugc tir chdi bdi A.

13.11.2004 Ch. 12: NP-Completeness
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Chap nhan va quyét dinh ngdn ngl trong thdi gian da thitc

m MOt ngdn ngit L diroc chdp nhdn trong thoi gian da thitc bdi mot gidi
thuat A néu

. 1.n6 dudc chap nhian bdi A va né€u

. 2.c¢6 mdt hiing s0 k sao cho v8i moi chudi x € L c6 @6 dain thi A
chidp nhan x trong thdi gian O(n%).

s MOt ngdn ngit L duoc quyét dinh trong thoi gian da thitc bdi mot gidi
thuat A n€u c6 mot hing sd k sao cho véi moi chudi x € {0, 1}* c6
chiéu dai n thi A quyé&t dinh chinh x4c x ¢ trong L hay khdng trong
thdi gian O(nk).

13.11.2004 Ch. 12: NP-Completeness 19
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Lép P

= Mot dinh nghia khac cua 16p P:
. P={Lc{0,1}*:tOn tai mot gidi thuat A quyét dinh L trong thdi
gian da thuc}

n Dinhly 36.2
- P={L: L dugc chidp nhin bdi mot gidi thudt chay trong thdi gian da
thic}

13.11.2004 Ch. 12: NP-Completeness 20
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Chirng thuc trong thai gian da thuc

Bai toan chu trinh Hamilton

s MOt chu trinh hamilton cia modt dd thi vo huéng G = (V, E) 1a mot
chu trinh don chita mdi dinh trong V ding mdt lan.

s MO0t do thi dudc goi 12 hamilton n€u né chita mdt chu trinh hamilton,
va dudc goi la khong hamilton trong cac trudng hgp khic.

m  Bai todn chu trinh Hamilton 13 “P6 thi G ¢ mdt chu trinh hamilton
khong?” Bai todn nay dudi dang mot ngdbn ngit hinh thuec:
- HAM-CYCLE = {{G) : G 12 mdt do thi hamilton}.

13.11.2004 Ch. 12: NP-Completeness 21
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Ching thuc trong thdi gian da thic (ti€p)

» Lam thé€ ndo dé mot gidi thuiat quyét dinh dudc ngdn ngit HAM-
CYCLE?

— Cho mdt thuc thé <G> clia bai todn, a possible decision
algorithm liét ké tat cd cdc giao hodn cua cdc dinh cua G va
ki€m tra mdi giao hodn cé 12 mot chu trinh hamilton hay khong.

— Thdi gian chay cta giai thuat trén?

« Gid sit ma héa mdt do thi bing ma tran ké cla né, thi s6 céc
dinh ctia n6 1a m = Q(\ n), v6i n = |<G>|1a chiéu dai cia ma
héa cua G.

« C6 m! giao hoan cia cac dinh nén thdi gian chay la

Q(m!) = QN n!) = 9(2@)
Giai thuat khong chay trong thdi gian da thic.

13.11.2004 Ch. 12: NP-Completeness 22
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Ki€m tra trong thdi gian da thifc

Bai toan chu trinh Hamilton (ti€p)
= Xét mot bai todn don gian hon: cho mot dudng di (mdt danh sach cac
dinh) trong mot @b thi G = (V, E), ki€m tra xem nd c¢6 phdi 1a mot
chu trinh hamilton hay khong.
— @Giai thuat:
o ki€m tra cdc dinh trén dudng di da cho c6 phdi 1a mdot giao
hodn cua cadc dinh cia V hay khong.
o ki€m tra cdc canh trén dudng di cé thuc sy 13 cdc canh cda E
va tao nén mot chu trinh hay khong.
— Thoi gian chay: O(n?).

13.11.2004 Ch. 12: NP-Completeness 23
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Giai thuat chirng thuc

m  Ta dinh nghia mdt gidi thudt chitng thuc (verification algorithm) la
mot gidi thudt A ¢4 hai doi sO (two-argument algorithm), trong do
mot doi s6 12 mot chudi input thong thudng x va doi so kia 12 mot
chudi nhi phan y, y dugc goi 12 mot chitng thu (certificate).

s Ngon ngit dugc chitng thue b&di mot giai thuat chitng thuc A 1a

- L={xe{0,1}*:tdntaiy e {0, 1}*sao cho A(x,y) =}1

— Vi du: Trong bai toan chu trinh hamilton, chitng thu la danh sach
cua cac dinh trong chu trinh hamilton.

13.11.2004 Ch. 12: NP-Completeness 24
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LSp NP

Léop NP (NP: “nondeterministic polynomial time™) 1a 16p cdc ngbn

ngit c6 thé dugc chitng thuc bdi mot gidi thuit thdi gian da thic.

Chinh x4c hon:

Cho mot ngbn ngir L.

Ngon ngit L thudc vé NP

R

To6n tai mot gidi thuat thdi gian da thic hai d6i sd A cling v6i mot

hing s ¢ sao cho

L={x e {0, 1}*:ton tai mdt chitng thu y véi do dai |y | = O(|x |) sao
choA(x,y) =1}1

Ta n6i ring gidi thuldt A chitng thuc ngdn ngit L trong thoi gian da

thiic.

13.11.2004 Ch. 12: NP-Completeness 25
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LSp NP

— Vidu: HAM-CYCLE € NP.

13.11.2004 Ch. 12: NP-Completeness
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Tinh c6 thé rit gon dudc (reducibility)

s Lam thé€ nao d€ so sdnh “d6 khé” cia cic bai toadn?
= Vidu
— Bai todn Q: Gidi phuong trinh bAc nhatax + b =0
— Baitodn Q’: Gidi phuong trinh bic hai px*+ gx+r=0
= Gidi phuong trinh bic nhdt ax + b = 0 bing cdch gidi phuong trinh
bac hai: Ox2 + ax+ b =0.
Ta noi:
Bai todn Q “c6 thé rit gon dugc” vé bai todn Q’ bing cidch biéu dién
phudng trinh bac nhat dudi dang: Ox2 + gx + r=0..
- Q1la “khong kh6 hon” Q.
» Diéu kién: thdi gian d€ rdt gon bai todn “khdng dugc 14u hon” thdi
gian dé€ gidi chinh bai todn do.

13.11.2004 Ch. 12: NP-Completeness 27
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Tinh c6 thé rit gon dudgc (tiép)

s MOt ngdn ngit L, 12 ¢d thé rit gon duoc trong thoi gian da thiic ve
mdt ngdn ngit L,, ky hiéu L, <p L,, néu ton tai mdt ham c6 thé tinh
dugc trong thoi gian da thic f: {0, 1}* — {0, 1}* sao cho v6i moi x €
{0, 137,

e xelLiofix)el,.

— Ta goi ham f 1a ham rut gon (reduction function).

13.11.2004 Ch. 12: NP-Completeness 28
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Tinh c6 thé rit gon dudgc (tiép)

= Nhin xét: Vx € {0,1}", trd 181 “x € L,?” bing cdch trd 15i “f(x)

L,?

— khifix) e L, thix € L,
— khif(x) ¢ L,thix ¢ L,

{0,1}7

| >e {0,1}*

* fx)

13.11.2004
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Tinh c6 thé rit gon dudgc (tiép)

— Mot giai thuat thoi gian da thitc F tinh f dudc goi 1a mot gidi
thudt rut gon (reduction algorithm).

13.11.2004 Ch. 12: NP-Completeness
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Rut gon trong thd1 gian da thuc

m Lemma 36.3

-« L,L,c{0,1}"1a cacngdbn nglt saochoL,<prL,
- =

- NéulL,ePthiL, eP.

13.11.2004 Ch. 12: NP-Completeness
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NP-day du

= Mot ngdn ngit L < {0, 1}* 12 NP-day dii (NP-complete) néu
- 1.Le NP
« 2.L’<pL v6imoiL’ e NP.

= Mot ngdn ngit L < {0, 1}* 12 NP-khé (NP-hard) néu tinh chdt2 &
trén dudc thda (trong khi tinh ch4t 1 khong nhat thi€t phdi dugc
thda.)

“Moi bai todn trong NP déu khong khé hon bai todn L”
s Ta dinh nghia NPC 14 16p cdc ngdn ngit NP-day du.
“NPC la 16p cac bai todn kho nhat trong NP”

13.11.2004 Ch. 12: NP-Completeness 32
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NP-day du (tiép)

= Dinhly 36.4
— N&u c6 bat k¥ mot bai todn NP-ddy di ndo cé thé gidi dugc
trong thdi gian da thuc, thi P = NP.
. Tudng duong nhu thé:
— N&u c6 bat k¥ mot bai todn nao trong NP 13 khong thé gidi dugc
trong thdi gian da thic, thi khong c6 bai toin NP-day da nao la
giai dugc trong thdi gian da thic.

13.11.2004 Ch. 12: NP-Completeness 33
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Bai toan thoa man mach

= Cong logic

o T ) D

Cong NOT Cong AND Cong OR

= Mach t6 hgp bool

Xy
Xy

n—>0
Xy

13.11.2004 Ch. 12: NP-Completeness
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Bai todn thda man mach (ti€p)

= Tinh chit thda mian mach

— MOt cdch gdn tri bool (truth assignment) cho mdt mach td hop
bool 1a mdt tap cac tri input bool

— Mot mach td hop bool véi chi mot output 12 c6 thé thod man
duoc (satisfiable) néu né c6 mot cdch gdn théa man (satisfying
assignment), ttfc 12 mot cach gdn tri bool khi€n cho output cia
mach la 1.

%
-

13.11.2004 Ch. 12: NP-Completeness 35
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Bai todn thda man mach (ti€p)

Bai todn théa man mach 13 “Cho mot mach t6 hdp bool tao bdi cic
cong AND, OR, va NOT, né6 c6 thé thda min dudc khong?”

.  CIRCUIT-SAT = { {C) : C 12 mdt mach td hgp bool c6 thé thda min
ducc} .

m Lemma 36.5

. Bai todn thda man mach thudc vé 16p NP.

m Lemma 36.6

« Baitoan thoa man mach la NP-khé.

m Theorem 36.7

. Baitodn thda man mach 12 NP-day du.
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C4ch chitng minh NP-day du

m Lemma 36.8

- N&u L 1a mOt ngdn ngit sao cho L’ <p Lvdi mot L’ € NPC, thi L 1a
NP-khé. Thém vao dé, néu L € NP, thi L € NPC.

13.11.2004 Ch. 12: NP-Completeness
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Bii toan théa min bi€u thic bool

Biéu thitc bool
P =((x; > xy) Va((—=x; € X3) VX)) A—Xy
— MOt cdch gdn tri bool (truth assignment) cho mot bi€u thifc bool
¢ 1a mot tAp cdc tri cho cdc bi€n cua ¢ .
— MOt cdch gdn thod man (satisfying assignment) 1a mot cdch gan
tri bool khi€n cho bi€u thic bool cé tri 1a 1.
— Mot bi€u thic bool ¢ mdt cdch gdn thda min goi 13 mdt biéu
thic cé thé théa man duoc.
Bai todn théa man biéu thitc bool
SAT = {{¢) : ¢1a bi€u thic bool c6 thé thda min dudc).
Theorem 36.9
Bai todn thda min bi€u thic bool 12 NP-diy dd.
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Bai todn thda min bi€u thitc bool dang 3-CNF

»  Biéu thitc bool dang 3-CNF (3-conjunctive normal form)

« P=(x; VX VX)) AV X VX)) A (=X VX VX))

» Bai todn théa mdn biéu thitc bool dang 3-CNF

- 3-CNF-SAT = {{¢) : ¢1a bi€u thitc bool dang 3-CNF c6 thé thda
man dugc}.

m Theorem 36.9

. Bai todn théa midn biéu thic bool dang 3-CNF 12 NP-day dd.

13.11.2004 Ch. 12: NP-Completeness
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Bai todn clique

m  C4c dinh nghia
— MOt cligue ciia mot do thi vo huéng G = (V, E) 1a mot do thi con
day dud cia G.

—  Kich thuéc ciia mot clique 1a s6 dinh ma né chita.
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Bai todn clique (ti€p)

Bai todn clique 1 bai todn t0i vu tim clique c6 kich thuéc 16n nhat
ciia mot do thi.

= Baitodn quyét dinh tudng ng v§i bai todn clique 1a

. CLIQUE = { (G, k) : G 12 mot do thi ¢6 mdt clique c6 kich thudc k}.

m Theorem 36.11
. Bai todn clique 1a NP-day du.

13.11.2004 Ch. 12: NP-Completeness
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Bai toan che phu dinh
m Cdac khai niém co ban
— MOt che phii dinh (vertex cover) cia mot do thi vo huéng G = (V,

E)1a mot tAp con V' < Vsao cho néu (i, v) € Ethiu € V’ hodc v
e V’ (hodc ca hai).

—  Kich thudc ciia mot che pha dinh 12 s6 dinh trong d6.
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Bai todn che phu dinh (tiép)

Bai todn che phii dinh 1a tim mdt che phu dinh c6 kich thudc nho
nhat trong mot do thi cho trudc.

= Baitodn quy€t dinh tuong ng dudi dang mot ngdn ngir 12

-  VERTEX-COVER = { (G, k) : @0 thi G c6 mot che phii dinh c6 kich
thuGc k}.

m Theorem 36.12
. Bai todn che phu dinh 1a NP-day du.
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N\ ° / /? Pal
Bai toan tong cua tip con

m  Cho mot tip hitu han S < N va mot #ri dich t € N.
»  Bai todn téng ciia tdp con 12 hdi c6 tOn tai mot tip con S’ S sao
cho tong cdc phan t& cia nd bing ¢ hay khong.
— Vidu:v615={1,3,57,11,13},var=12 thi tap con S’ = {1,
11} 1a mot 161 giai.
» Baitodn tong cla tip con dudi dang mdt ngdn ngit:
- SUBSET-SUM = { (S, t) : tOn tai mdt tip con S’ S sao cho
. =2 .58 }.

m Theorem 36.13

. Baitodn tdng clia tip con 1a NP-day da.
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Baitoan chu trinh Hamilton

s  Baitodn chu trinh Hamilton

- HAM-CYCLE = {(G) : G 1a mdt d6 thi hamilton}
m Theorem 36.14

. Bai todn chu trinh hamilton 13 NP-day dd.
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Bai todn ngudi ban hang rong

s Cac khdi niém cd ban
— Cho mot do thi day di G. Mbi canh (i, j) ndi hai dinh i va j clia G
c6 moOt chi phi 12 mot s6 nguyén c(i, j)
— Ta dinh nghia mdt fua (tour) 1a mot chu trinh hamilton ctia G, chi
phi clia tua 13 tong cla cdc chi phi cda mdi canh cla tua.
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Bai todn ngudi ban hang rong (ti€p)

m  Bai todn nguoi bdan hang rong (TSP, travelling-salesperson problem)

13 tim mot tua co chi phi nhd nhAit.
= Ngon ngit hinh thife cho bai todn quyét dinh tuong dng 1a
. TSP={{(G,c, k): G=(V,E)la motdo thi day du,
e claAmothAimsd VxV—>Z,
e kelZ,va

e G c6 mot tua vai chi phi <k}

s Theorem 36.15 Bai todn ngudi bdn hang rong 12 NP-day du.
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P = NP?

Bai todn m& quan trong nhat trong khoa hoc mdy tinh ly thuyét.

13.11.2004 Ch. 12: NP-Completeness
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Gi&i Thuit Xap Xi

Chapter 37
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Ti€p cAn mdt bai todn NP-day du

« N&u mot bai todn 1a NP-day di thi khong chic ring ta s& tim dugc
mot gidi thudt thdi gian da thitc d€ gidi n6 mdt c4ch chinh xdc.

. Tiép cAn mot bai todn NP-day du
1) Néu cdc input ¢6 kich thudc nhd thi mot gidi thuit chay trong thdi
gian s6 mil van c6 thé thod min yéu ciu
2) Thay vi tim cdc 13i gidi tdi vu, ¢6 thé tim c4c 15i gidi gan tdi wu
trong thGi gian da thic.

21.5.2004 Chuong 37
Approximation Algorithms
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Giai thuat x4p xi

« Mot gidi thudt xdp xi 12 mot gidi thudt trd vé 15i gidi gan toi vu.
« Gid st: chi phi cua 131 gidi > 0. Goi C* 1a chi phi ctia 131 gidi to1 wu.
Mot gidi thudt xap xi cho moOt bai todn tdi vu dudc goi 1a ¢6 t s6 xdp
xi p(n) (approximation ratio, ratio bound) néu v4i moi input c6 kich
thuGc n thi chi phi ctia 131 gidi do gidi thuat xap xi tim dudc sé thod
e max(C/C*, C*/C) < p(n)

21.5.2004 Chuong 37 3
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Giai thuat x4p xi

. Chi phi cta 151 gidi do gidi thuat x4p xi tim dudc thda, vdi ti sO xap
xip(n),
 max(C/C*, C*/C) < p(n)
— Baitodn t6i da: 0 < C < C*, vay
max(C/C*, C*/C) €*/C < p(n)
Chi phi ctia 151 gidi t6i uu < p(n) 1an chi phi cda 15i gidi gan
ding.
— Bai todn tdi thi€u: 0 < C*< C, vay
max(C/C*, C*/C) €/C*< p(n)
Chi phi ctia 151 gidi gan ding < p(n) 1an chi phi cta 13i gidi tdi
uu.
« Mot gidi thudt xap xi ¢6 ti s6 xap xi p(n) dudc goi 1a moOt gidi thuat
p(n)-xdp xi.

21.5.2004 Chuong 37
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Bai toan che phu dinh

Nhic lai

« MOt che phii dinh (vertex cover) clia mdt do thi vd huéng G = (V, E)
1a moOt tdp con V' < Vsaochonéu (u,v) e Ethiu e V' hayve V’
(hodc ca hai € V).

()

Kich thudc ciia mot che phii dinh 12 s6 phan ti cla né.
« Baitodn che phii dinh 1a tim mdt che phu dinh c6 kich thuéc nho
nhat trong mot do thi vé huéng di cho.
Bai todn ndy 13 dang bai todn t6i vu clia ngdn ngit NP-day du
VERTEX-COVER = {{G, k) : d6 thi G c6 mdt che phud dinh c6 kich
thuGc k} .

21.5.2004 Chuong 37
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Mot giai thudt xap xi cho bai todan che phu dinh

APPROX-VERTEX-COVER(G)
1 C« O
2 E'< E[G]
3 whileE'#O
4 do xét (1, v) 1a moOt canh bat ky cua E’
5 C«—CuU{u,v}
6 tdch khoi E’ tit cd cdc canh lién thudc tai u hay v
7  return C
21.5.2004 Chuong 37
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Thuc thi APPROX-VERTEX-COVER

21.5.2004 Chuong 37 7
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Phan tich APPROX-VERTEX-COVER

Nhan xét: Thdi gian chay cuia APPROX-VERTEX-COVER la O(E).

Pinh Ij 37.1
APPROX-VERTEX-COVER 12 mot gidi thudt 2-x4p xi trong thdi gian da
thuc.

21.5.2004 Chuong 37 8
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Bai todn ngudi ban hang rong v4i bat dang thifc tam gidc

« Cho mot do thi day dd vo huéng G = (V, E) cing véi mot ham chi phi
¢ : E — Z*. Tim mot chu trinh hamilton (mot tour) clia G véi phi tdn
nhd nhAt.

. Diéu kién: Him chi phi ¢: E — Z* thda min bdt ddng thiic tam gidc

c(u,w)<c(u,v)+clv,w), Vu,v,w e V.

APPROX-TSP-TOUR(G, c)

1 chon mot dinh r € V[G] 1am mot dinh “gdc”
2 nudi I6n mot cdy khung nhd nhat T cho G tiy
gdc r dung gidi thudt MST-PRIM(G, c, r)

3 goi L 1a danh sich cdc dinh dugc thim viéng
bdi phép duyét cay theo ki€u tién thi tu
4  return chu trinh hamilton H viéng cic dinh

theo thtt tu L

21.5.2004 Chuong 37 9
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Thuc th1 APPROX-TSP-TOUR 1én mdt vi du

o

@

21.5.2004

(a)

(b)
Cay khung nhd nhat T tinh bédi MST-
PRIM, dinh a 1a dinh gdc.

Chuong 37 10
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Thuc thi APPROX-TSP-TOUR 1én mdt vi du (ti€p)

(c) (d)
Duyét cAdy T bit dau tir a. Thit ty cdc dinh Tua H c6 dudc tir két qua duyét ciy
khi duyét ki€u hoan toanla: a, b, c, b, h, b, theo ki€u tién thi tv ma APPROX-
a,d,e,f, e, g e d, a. Tht tu cic dinh khi TSP-TOUR tim dudgc. Chi phi cua

duyét ki€u tién thit ty 1a: a, b, ¢, h, d, e, f, g. tua H 1a khoang chirng 19,074.

21.5.2004 Chuong 37 11
Approximation Algorithms
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Thuc thi APPROX-TSP-TOUR 1én mdt vi du (ti€p)

(e)
Tua t6i vu H*, c6 chi phi 1a 14,715.

21.5.2004 Chuong 37
Approximation Algorithms
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Bai todn ngudi ban hang rong v4i bat dang thifc tam gidc

Dinh ly 37.2

APPROX-TSP-TOUR 12 mot gidi thudt 2-xap xi thdi gian da thdc cho
bai todn ngudi ban hang rong vdi bat ding thic tam gidc.

Chitng minh

Cho A c E, dinh nghia c(A) = Zc(u,v)

(u,v)ed

« Goi H* 1a mOt tua tO1 wu, goi H 13 tua ma APPROX-TSP-TOUR tim
dudc

« Can chitng minh: c(H) < 2c(H*)

e (*) Tacéc(T)<c(H* - e)<c(H*) vinéu xod di bat cif canh e ndo
cua H* thi dugc mot cdy khung, ma T laila cdy khung nhd nhat.

21.5.2004 Chuong 37 13
Approximation Algorithms
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Bai todn ngudi ban hang rong v4i bat dang thifc tam gidc

Chitng minh (ti€p)

e c(W)= 2(T),v6i Wla két qud mot duyét hoan toan cay T tir dinh r,
vi mdi canh ctia T dugc di qua hai lan.

. (W) < 2c(H") it trén va vi (%),

« Nhung W khong phdi 1a tua vi mdi dinh dugc thim hai lan, do d6
“tranh thim moi dinh 1an thd hai” (= duyét ciy theo ki€u tién thi ty)
dé c6 dudc tua H, chi phi khong ting vi bat ding thic tam gidc, do
doé

c(H) < c(W) < 2c(HY)

21.5.2004 Chuong 37 14
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Bai todn ngudi ban hang rong tong quat

Dinh I5 37.3
Né&u P # NP va p > 1, thi khong ton tai gidi thuat x4p xi thdi gian da
thic véi ti s6 xap xi p cho bai todn ngudi ban hang rong tong quit.

Chitng minh
Chitng minh biang phdn ching.

« Gid st c6 mdt s6 nguyén p > 1 va mot gidi thuit p-xap xi thdi gian
da thitc A cho bai todn ngudi ban hang rong tdng quat.
Hu6ng chifng minh: Sé diing A d€ gidi bai todn chu trinh Hamilton
HAM-CYCLE trong thdi gian da thic. Vi HAM-CYCLE la NP-day
di va theo gid thi€t P = NP nén A khong chay trong thdi gian da
thitc, mau thuan!

21.5.2004 Chuong 37
Approximation Algorithms
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Bai todn ngudi ban hang rong tong quat

Chitng minh (ti€p)
. Goi G =(V, E) 12 mdt thuc thé (instance) clia bai todn chu trinh

hamilton.

TU G dinh nghia do thi G’ = (V, E’) 1a @6 thi day dd trén V, v6i hAm
chi phi

c(u,v)=1 néu (u,v) € E

=p|lV] + 1 trong cac trudng hgp khéac.
Céac bi€u dién clda G’ va ¢ c6 thé tinh dugc tir mdt bi€u dién clia G
trong thGi gian da thic theo |V| va |E] .

21.5.2004 Chuong 37 16
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Bai todn ngudi ban hang rong tong quat

Chitng minh (ti€p)
« Goi H*1a tua t61 wu cia G’, goi H 1a tua ma A tim dudc, ta c6
c(H ) < p:c(H"). Phan bié€t hai trudng hgp:
— Trudng hgp c(H ) > pV|
plVI<c(H) L p-c(H) = |V| < c(H?)
Vay H* phdi chia it nhdt mot canh ¢ E. Suy ra G khong c6 chu
trinh hamilton.
— Trudng hop ¢(H ) < p|V]
c(H) < p|V|+1 =hi phi ctia mOt canh batky ¢ E. Do d6 H chi
chita canh ctia G, tir @6 suy ra H 1a mot chu trinh hamilton ctia G.
« VAay ta cé thé dung gidi thuat A d€ gidi bai todn chu trinh hamilton
trong thdi gian da thic. Mau thuin vdi gid thi€t P = NP!

21.5.2004 Chuong 37 17
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Bai toan che phu tap

« Mot thyc thé (X, ¥) cla bai todn che phii tdp gdm mot tap hitu han X
va mOt ho # cdc tdp con ctia X sao cho

x=Js.

SeF
Mot tdp con C < F dudc goi 1a che phit X néu X = U A\
SeC

 Bai todn che phu tap 1a tim mot tdp con C < ¥, v6i | C|1a nhd nhat,
sao cho C che phu X.

21.5.2004 Chuong 37 18
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Dang quyét dinh cta bai todn che phu tip

. Dang bai todn quyét dinh cho bai todn che phu tap 1a tim mot che
phu sao cho kich thuGc cia n6é <k, v6i k 12 moOt tham s6 ciia mot thuc
thé cda bai todn quyét dinh.

« Baitodn quyét dinh cho bai todn che phi tip 1a NP-day du.

21.5.2004 Chuong 37 19
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Mot gidi thudt xap xi cho bai todn che phu tip

. M0t gidi thudt xap xi cho bai todn che phd tip

— dung phuong phap greedy.

GREEDY-SET-COVER(X, ¥)
1 U<«X
2 C« U
3 whileU#O
4 do chon mot S € Fsao cho|S N U |la16n nhat
5 U«—U-S
6 C« Cu {5}
7  return C
21.5.2004 Chuong 37

Approximation Algorithms

20



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

Phan tich GREEDY-SET-COVER
Goi s6 diéu hoa tht d1a H, :

S|
H, :Z—.
i=11
Tinh chat: H, <Ind + 1.

Pinh Iy 37.4
GREEDY-SET-COVER 12 mot gidi thudt p(n)-xap xi thdi gian da thic,
vO1 p(n) = Hmax{|S|: S e F}).

Nhéan xét: max{|S|:Se F} <|X|

Heé ludn 37.5
GREEDY-SET-COVER 12 mdt giai thudt (In] X | + 1)-xap xi thdi gian da
thuc.

21.5.2004 Chuong 37 21
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