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Chwong IlI- Tich phan béi (tiép)

No6i dung budi ba/nam
» Cac trng dung vét ly cua Tich phan boi hai
(Muc 20.3)
* Tinh dién tich mat cong (Muc 20.8)
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Tiét thir nhat

« (Cac thng dung vét ly cua Tich phan boi
hai (Muc 20.3)

1). Tinh khoi lwgng tam phang

2). M& men ddi v&i cac truc Ox, Oy...
3). Toa d6 khoi tdm clia tam phang
4). MO men quan tinh...
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1). Tinh khoi lwong tam phang

« Tam phang Dc(xy) co
khoi lwong riéng (ty
trong, mat do) phu
thudc vao tirng diém O = 5()(, y)
« Khdi lwong cla yéu to
dién tich dA Ia: 5(x,y)dA
. Céng thire tinh khoi
lwong cua tam phang M = ”5(X, y) dA
D
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Hinh 20.14 (trang 129)
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Trong hinh ve trén

- Ta coi x la khoang cach tw khoi lwong yéu
to: 8(x, y)dA dén trucy,

» yla khoang cach tw khoi lwong yéu to:
5(x, y)dA dén truc x

» Khi xét tac dung quay cua khoi lwong
quanh maot truc, ngwo’l ta dwa ra khai niem
mé men déi véi truc (bang tich gitra khoi
lwong va khoang cach tir n6 dén truc (con
goi la canh tay don))
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2).M06 men

« Khdi lwong cla yéu to
dién tich dA c6 mo

men déi véi truc x; y5(x, y) dA:; (X§(X, y) dA)
(truc y) .
M, :Hyé(x, y)dA
D

« Cong l,‘hé’c tinhmoé <
men doi vai truc x; V] , = ” x5(x, y) dA
D

truc y cla tam phang

.
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3). Toa dd khdi tdm cua tam phang

cua
tam phang D, vOi
ham khoi lwong riéng
(ty trong, mat do):

5=05(xY)

duwoc tinh theo cong
thire:

IV/2008 BG_ 9 TIl_PDA
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4). MO men quan tinh

M6 men quan tinh

cta tam phang D doi l, = ” y25(X, y)dA

voi truc x; (truc y) 0
(1, = [ X*5(x, y)dA)
D

M6 men quan tinh Io _ J‘J‘ (X2 n y2)5(x, y)dA
D

ctia tam phang D doi
voi goc O
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Tam phang dong chat

 Khoi lwong riéng 8(x, y) = p = hang so tai
v(x,y) eD

» Khi d6 cac cdng thirc trén sé don gian
hon...

 Cac ban cac Cong thtre tinh
khoi Iwo’ng mO men va mo men quan tinh
doi vai hai truc, doi voi goc O va cong
thtre cho toa do khoi tdm cla tam phang
dong chat

IV/2008 BG_9 TII_PDA
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Vidu 1

« Biét khoi lwong riéng theo M(x, y) 1a §(M) = xy.
Tinh khoi lwong, MG men va mO men quan tinh
doi vai truc x, doi véi goc O va xac dinh toa dd
khoi tdm cla hinh vudng OABC, biét A(a, 0); B(a,
a); C(0, a)

Khoi lwong

ad a a2 a.4
M :” xydA:nydydx =J'7xdx:Z(DVKL)
D 00 0

IV/2008 BG_9 TII_PDA 11



M®& men doi véi truc x, truc y

« M& men clia tam vudng OABC ddi véi truc y
M, = ” X(xy)dxdy
D

a.5

aa a ~2.,2
:szydydx=£a7)(dx=€

» Do tinh doi xirng, Mé men cua tam vuéng
OABC doi v&i truc x cling bang: a°/6
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Toa do khoi tam

cda tam vuéng i V] Za

OABC duoc tinh v y :
theo cong thurc: X = —

9:

M
M, 2a
L M
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MO men quan tinh

« ddi v&i truc Ox; truc Oy va doi vai goc O

L= ]| y*(xy)dxdy

D
e 2a'x a’
= | | xy’dydx = | —=dx=—=1
oo
2 2 a’
|, = || (X" + xy)axdy =1 +1,6 =—
; ij( y)0y)dxdy =1, +1, ==

IV/2008 BG_9 TII_PDA

14



Vidu 2

« Xac dinh toa dd khoi
tdm cua hinh tim
dong chat co bién:

r =a(1+cos0)

- HD. Do tinh doi xtrng,
khoi tdm cla hinh tim
sé nam trén truc x,
nghia la:

* Hinh 20.19, trang 135
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[P

y=0 x=2y :3;2ngA

7 a(1+cosb)

deA:ﬂrzcosédrdé’:Z_[ _[ r* cosdrd@
D D 0 0

37 3
2 st -5
3 4 6




Tiét th& hai

» Cac trng dung cua Tich phan boi hai
(On tap va néng cao)

1). Dién tich mat cong (Muc 20. 8)
2). Vi du irng dung

IV/2008 BG_9 TII_PDA
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1). Dién tich mat cong (Muc 20. 8)

« Xét mat cong coO phwong trinh z = f(x, y) xac
dinh trén mién hiru han D < (xy)

* Hinh chiéu vuéng géc cla phan mat cong kha
bé ,(vc'yi dién tich dS) xudng (xy) la mét hinh
phang trong D co dién tich dA = dxdy

« Theo dinh Iy vé dién tich hinh chiéu, ta co:

dS. cosy = dA

» v6i v la goc gitva phap tuyén tai mét diém trén
dS v&i chiéu dwong cua truc z
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Hinh 20.395, trang 158

\ Y
\
\ Yy
a cos y
BG_9 TII_PDA
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Hinh 20.36, trang 159
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Tinh dS

sy nk (-z,0-z,.0+1.1)
R ez

dsS = aA \/1 72 z2 dA
COS ¥

S = ”\/1+z +z dA = H\/1+z +z dxdy




3). Vidu 1

» Tinh DT nira mat cau ban
kKinh a bang TP boi hai
(Hinh 20.37, trang 160)

« HD. Xét ntra mat cau
trén:

. PAu tién hay tinh dS?

« Sau dé, xac dinh mién lay
TP béi hai (Nén tinh theo
hé toa do nao?)
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Tinh vi phan dién tich dS
7 =1Ja? - (x? +y?);

N
]
|
|

N
]

4S — 1'X+ydxd_ adxdy

\ Z° \/a — (X +Vy°)
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Dién tich nlra cau trén

_ _ dxay
S ijds aijJaz_(X%yz)

drdd I =
:ag\/;zr—rz :—%ldé’_([(az—rz) 2d(a” —r?)

= —a.27z.\/ a‘—r?

a 2
s =27a




Vidu 2

 Tinh DT phan mat « Hinh 20.38, trang 161
cong paraboloit
fron xoay: z = X2 + y?
nam trong mat cau:

X2+y?+2722=6

- HD. Timz, z,, Z

e Tinh dS

« Xac dinh mién lay TP - &zl
va xac dinh cac can :
TP

.|
FI

y*
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HD giai VD 2

* Z= X2+ yr 5z, = 2X; Z, = 2Y;

« dS =[1+ 4(x? + y?)]"2dxdy

« Giai phwong trinh: [x? + y?]?=6-(x? + y?)
dwoc: x2 + y?= 2 (loai gia tri: x2 + y?= - 3)

« Suy ra hinh chiéu trén (xy) cGia phan méat
parab...tron xoay la hinh tron: x2 + y>< 2

» Nén tinh TP trong HTD cuwc trén mién D,:
0<0<2r;0<r< V2
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Thwc hieén phep tinh
S =”\/1+4r2rdrd¢9:

T

4-§jd9j (1+4r?)2d (1+4r?)
0 0

1IV/2008 BG_9 TII_PDA
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2). Vi du rng dung
» Tinh khoi lwong va xac dinh toa do khoi
tam cua tam giac OAB biét A(a, 0) B( 0, a)
va O(0, 0). Cho khdi lwong riéng & = x2+ y?

M = ”(xz +y?)dxdy = _Tajx(xz + y?)dydx
D 0 O

— j X (a - X) (@ _BX)B —dx = %j (DVKL)
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M, = ([ ey+y)day = [ 6ey-+y ooy

a 5

I'XZ (a-x? (a—x)’ I

T T4 [ s
a - 2a
M, =[] 0¢xy)ddy = —x="



Noi dung BG-10-Tll-(Tuan the 10)

* Tich phan bdi ba va trng dung (Muc 20.5)

 C4c ban nén doc trwdc dé hiéu so lwoc
nhirng Yy chinh trong cac muc sé hoc

« Hét BG-9-Toan Il (Ngay 15/4/2008)

IV/2008 BG_9 TII_PDA

30



Chwong |- Khdng gian ba chiéu va
Ham nhiéu bién
 Thoi lwong: 6 budi
« NOi dung budi th& nhat:
_ Phép tinh véc to: Muc 17.3; 18.1; 18.2;18.3
(Tw doc)

— Giai tich cia ham véc to mot bién (Muc 17.4;
17.6)

— Duworng thang va mat phang-Muc 18.4 (Tu
doc)

— Mat tru, Mat tron xoay, Mat bac hai (Muc 18.5;
18.6)
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Tiét thir nhat

Giai tich Ham véc to' mét bién sé
(Muc 17.4, tr.551 va 17.6, trang 566)
1). Cac khai niém co ban
2). Nghién ctru ham véc to mét bién so theo
phwong phap toa do

3). Nghién ctru ham véc to mét bién so theo
dwdng dau toc. Ung dung cua Giai tich
vec to
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).Céc khai niém co ban vé Ham
vec to cua mot bién sb
» Véc to van toc, véc to gia toc clia mot chat

diém chuyén dong thworng thay déi phwong,
hwong hoac do dai theo thoi gian. Ta noi:

V =V (t);a=a(t)

» Nguoi ta c6 thé mo ta: Kim dong ho, canh quat,
dc‘),ng nwoce... chuyén dong bang nhirng vecto
bién ddi theo thdi gian t
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Pinh nghia ham véc to mot bién so

r=r(t)

« Néu &rng v&i mdi gid tri bién so (thwérng
la thoi gian) t e Tc R, ta co quy luat dé
xac dinh mot véc to r (vé ca phwong,
hwdong va do Ioon (mo6 dun)) thi ta noi co
mot ham véc to theo biénsd ttrén T
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Gidl han
» Xét ham véc to mot bien s6: | = r(t)

* Gi¢l han dwoc dinh nghta nhw sau:

limr(t)=a <

t—t,

{V5>035>O:O<\t—to\<5:> r(t)—a

ol
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Tinh lién tuc va Pao ham
« Ham véc to lién tuc tai t, néu

limr(t) =r(t,)

-1,

» Dao ham clia ham véc to tai mét diém:

dr(t)| _ - r(t)—re,) _ i Ar

dt ‘tzto ottt A0 At

Fl(to) —

11/2008 BG_1_TII_PDA 7



Y nghia co hoc cia PH cap |, cap |

« Twong tw nhw khi ta xét ham mét bién so:
—Dao ham cap mdt ciia mét ham véc to tai mét
diém cho ta véc to van téc, thé hién suat bién
doi theo bién s6 cua ham véc to tai diem do
—DPao ham cap hai cia mdt ham véc to tai mot
diém cho ta vec to gia toc, thé hién suat bién
doi theo bién s6 cua ham van toc tai diém do
« Sau day, ta sé xet cac cong thuwre tinh dao
ham ...
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Cong thre tinh dao ham cua tich

dr(t)

i(a?(t)) —a—

(a = const)

dra) dr, (t)

dt

—(f (t)r, (1) = 1, (t)- +1,(t)e

dr(t) I
~ r(t) + r(t)

dr (t)

E[E(t);i(t)]
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Cac cong thuc DH khac nhuw

« PH cltia mot tdng (hiéu) cac vt

« DH ham hop

 PH ctia ham vt cé phwong khdng dai...
twong tw nhu cac céng thirc da hoc doi vei BH
cua ham moét bién s6. Chang han:

dr du du dr
du dt dt du

r=rfu®)]-r'@)=
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2). Nghién ctru ham vec to theo
cac toa do trong KG

« Néu
r=r(t)=xt)i+ylt)j+z@t)k
e thi

r'=r't)=x't)i+y't)j+z'tk

11/2008 BG_1_TII_PDA
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Cac dao ham cap cao

r=r"t)=x"(t)i+y"t)j+z"(t)k

—(n) —>(n)

r 1) =x" )i+ y™ @) j+z" (k...

11/2008 BG_1_TII_PDA
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Nhw vay:

« Ta c6 thé xét s lién tuc cling nhw tinh
dao ham cac cap cua mot ham véc to
thédng qua cac ham toa d6 cua né

« Ta con cé thé xac dinh dd I&n, phuong
huwéng cua cac véc to dao ham va rng
dung cac phép tinh do trong co hoc

* Sau day ta xét mot vai rng dung cua Giai
tich véc to frong mat phang xy

11/2008 BG_1_TII_PDA
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Cac vi du
* Vidu 1. (Trang 607) Cho ham vec to’

r(t) = 4cos2t.i+3sin 2t. |

» Coi goc O la diém dau chung cho cac
VT, Xac dinh quy tich diém cudi (duong
dau toc). Tinh dao ham va tim thoi diém
tai d6 dao ham dat gia tri I&n nhat
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Hwdng dan

* Ta co: x(t) = 4cos2t; y(t) = 3sin2t,
duwong dau toc la mot ellip co phwong
trinh:

16 9
r'(t) = —-8sin 2t.i + 6cos2t.
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Nghién ctru thém vé VT Pao ham

r (t)| =/64sin’ 2t + 36 cos’ 2t = /36 + 28sin’ 2t

6Ccos 2t
‘F'(t)‘

GTLN |r'(t)| = 8 khi sin2t:i1<—>t:%+k% (ke Z)

GTBN [r'(t) = 6 khi sin2t:0<—>t=k% (k e Z)

8sin 2t

cos(r'(t),i) = — ‘ql ‘ .cos(r'(t), ) =

r'(t)

11/2008 BG_1_TII_PDA 16



3). Nghien ctru ham vec to theo
Pwong dau toc

* Duwa cac vec to xac dinh theo twng thoi
diém vé cung mét gdoc O(0; 0). Khi dd, cac
diém ngon cla véc to tao thanh mét
duong dau toc (cdn goi la toc do)

« V& hai véc to co goc O rng vai thoi diém t
vat + At, ta co thé biéu dién dwoc véc to
hiéu Ar sau d6 cho At—0 dé xac dinh
phwong cua véc to gi¢i han (VTdao ham)
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Véc to dao ham tiép xuc dwong
dau téc tai P (H.17-36)

11/2008 BG_1_TII_PDA
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PH vt c6 d6 dai khdng doi

» Gia s ham véc to chi bién dbi phwong
hwong theo t nhwng gilr nquyén do dai.
Khi d6, véc to dao ham tai moi diém ludn
cO phwong vuodng goc voi vec to do. That
vay:.

) -~ 2 - ~
r (t)=|r(t)] =const —» 2r(t)-r'(t)=0
o rt) Lr'(t)

[1/2008 BG_1_TII_PDA 19




Giai thich cach khac

« Xét ham veéc to don vi:

r(0) =cos@.i+sind.j

« Khido DHséla VT don vi vuong goc vi:

r'(@) =—sind.i+cosé.j
—1(0).r'(0)=0

11/2008 BG_1_TII_PDA
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Vi du 2- Chuyén ddng tron déu

« Xét moét chat diém M quay ngwoc chiéu kim
dong ho theo dwdng tron: x2+ y2= R2véi toc dd
v khéng déi. Tinh gia tdc cia chat diém va xac
dinh lwc gay nén chuyén déng nay

* Theo Hinh 17.39-1r.555, Ta co:

r=0M = (Rcos8)i+(Rcosd)j;

(/O\I\W:RH:M—)H:%)
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Hinh 17.39-Trang 555

BG_1_TII_PDA
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Tinh van toc

« VT van toc la;

dr dé ds dr

Ve —. 2= 22
dé dt Rdt dé
Vv : re ~
=E-[—Rsm6’-| Rcos&- j]

= v[—sin 0-i+ cos@-ﬂ

11/2008 BG_1_TII_PDA
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Tinh gia toc

. VT gia toc la:
a_d\7.d¢9_ ds dv
dé dt Rdt do@
VZ

—E-[cosé’-ﬁsiné’-ﬂ

11/2008 BG_1_TII_PDA
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Vay trong chuyén dong tron déu

» Van toc chéat diém cé phwong tiép tuyén
vOi quy dao (vudng goc voi ban kinh OM),
cd huwdng theo chiéu quay, cé dd 1én
khéng dbi 1a toc dd v

» Gia toc chat diém hwdng vé tdam O, cb dd
I&n bang v2/R

» Lwc gay nén chuyén déng nay chinh la /uc
huéng tdm, 6 dd Ion bang F = m. v3/R

[1/2008 BG_1_TII_PDA 25



Twong tyw ta co thé nghién clru

cac chuyén dong khac
« VT dao ham céap | cho ta van toc bién
thién cla ham vt tai thdi diém dwoc xét

VI dao ham Cap Il cho ta gia toc bién
thién (hay |a van toc bién thién cua DH
cap 1) cia ham vt tai thoi diém dwoc xét

« Cach dung toa dd dé hiéu va dé tinh

nhwng khong trirc quan bang cach dung
toc do (dwdrng dau toc)

11/2008 BG_1_TII_PDA
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Toa do tw nhien trén quy dao

* Trén quy dao cua dong diém, ta chon mot
diém goc PO, quy dinh mot ch/eu dwong va
mot don vi do dai (H.17.36)

* Khi do vi tri dong dlem P duwoc xac dinh
nhd mot s6 dai s s, ¢6 gia tri bang do dai
cung P, P, nguwoi ta goi s la foa do tw
nhién Cﬂa P trén quy dao dwoc xét

» Khi biét phwong trinh quy dao va toa do
(x; y) cha P ta co thé tinh dwoc TDTN s
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Piéu nguorc lai

khéng don gian trong moj trvong hop, nghia la,
khi co TDTN ta khéng thé xac dinh dé dang

(x; y) trong nhiéu trwdng hop

Tuy vay, TDTN co tinh triec quan hon, va nguo
ta van hay dung toa do nay trong co hoc thay
cho tham sé t (thoi gian)

Khi ding TBDTN phwong trinh chuyén dong cla

chat diém la: s = s(t); v(t) = () trong chuyén
déng thang thi gia toc a(t) = s”(t) = V()

[1/2008 BG_1_TII_PDA 28



Véc to tiép tuyén don vi

* Hinh 17.40 trang 556 Sl dR
As =
dr Ar =
= lim —=T;
ds As—o AS
dT
‘T‘ 1—LT
ds

[1/2008 BG_1_TII_PDA 29



Véc to van toc

e Ta co thé tinh nhuv sau:

dr dr ds

— = =v(t)-T
dt ds dt (1)

11/2008 BG_1_TII_PDA
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VT gia toc

_ 50T +v()-2 s (t)
ds
dT do
dé ds
_ dT
=s"(t)- T +v°(t)-k-—
(t) (t) 19

BG_1_TII_PDA

=s"(t)-T +V2(t)-
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Vay VTgia tdc gdm hai thanh phan

« Thanh phéan tiép tuyén:
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Va thanh phan th hai la

« Thanh phan phap tuyén (hwéng tam) voi k 1a
doé cong cua quy dao tai diem duoc xét (k =
1/p vOi p la ban kinh cong):

 —

a_ =kv’n

11/2008 BG_1_TII_PDA
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Khi hoc mdn Co hoc ly thuyét

cac ban sé gap lai cac cong thwce trén
« Khi d6 can nh& c¢éng thire tinh dé cong cla
(C): y = y(x) tai mot diem (X; y):

Y|
3

(==
£ 1+y?)
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Vay, véc to gia toc bang

— — d°s= V-
a1+a”:dt2T' N
Jo,

BG_1_TII_PDA
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Chuay

Gia toc phap lien quan den Jwec hwong tam ma
ta da hoc trong mon Vat ly. Lwc nay phuy thuoc
vao toc dé clia déng diém va dd cong cua quy
dao tai thoi diém duwoc xét

Trong chuyén dong. thang, do quy dao cé do
cong k = 0 tai moi diém, thanh phan gia toc phap
triet tieu

Trong chuyen déng tron déu, béan kinh cong
bang R tai moi diem, thanh phan gia toc tiép triét
tieu

Nghién clru van tdc va gia tdc theo cach nay
triec quan hon
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Tiét th& hai

Mat tru, Mat tron xoay,
Mat bac hai
1). Mat tru
2). Mat tron xoay (Muc 18.5, trang 41)
3). Mat bac hai (Muc 18.6, trang 46)

11/2008 BG_1_TII_PDA
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1).Phwong trinh dwong trong (xy)

» Ta da biét rang: Trong mat phang xy, mét
dwdng thwong duwoc biéu dién bang mot
phwong trinh F(x; y) = 0, vi du:

X2 2
F(x;y)=az | E)IZ 1=0;

F(X;y)=X"+Yy° +2ax+2by+c=0;

F(x;y)=ax+by+c=0...
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Phwong trinh mat trong khong gian

* Trong khong gign ba Chi‘é‘u Xyz, mot mat
thwérng dwoc biéu dién bang mot phwong
trinh F(x; y; z) = 0, vi du:

~(X;y;z)=ax+by+cz+d =0;

(X V) =X+ Y 427+ 2ax+2by+2cz+d =0;
2 2 2

X
F(X;y; z):¥+ gZ + E)/Z -1=0;

F(x;y;2)=x"+y*-25=0; ...
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Mat tru

* La mot mat tao boi mot duo’ng thang di
dong cO phuwong khong d’OI va luon twa
vao mot dwong cong phqng co dinh goi la
duwong chuan (Bwong thang di dong
khong song song hoac nam trong mat
phang chtra dwong chuan)

« Xem hinh vé 18.25 trang 41 (SGK-Giai
tich nhiéu bién so)

» MOi vi tri cia BT cho ta mot duong sinh
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Hinh 18.25 trang 41

Mat tru tdng quat
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Cac vi du vé mat tru

« Mat phang la moét mat tru véi dwdng chuan 1a
mot dwong thang

 Mat tru tron xoay c6 dwdng chuan |a mot
dwong tron va dwong sinh vudng goc voi mat
phang chtra dwong chuan

* Phwong trinh: 9 9 9
X“+y =R

biéu dién mot mat tru tron xoay. (Cac ban ty vé
hinh bidu dién)
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Hinh 18.26- Mat tru trong khong
gian 3 chiéu

P={x,», 2)
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Hinh 18.27-Mét tru elliptic (tr.42)
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Hinh 18.28-Mat tru parabdlic (tr.43)

7 = X5
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2). Mat tron xoay

« Mat tron xoay la mat sinh ra do mot
dwdng cong phang quay mot vong
quanh mot dwdng thang cd dinh nam
trong mat phang chra dwédrng cong dé

« Mat tru tron xoay, mat cau, mat non tron
xoay la cac mat tron xoay quen thudéc ma
ta da gap trong mén Hinh hoc so cap...
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Cach thiét 1ap PTr. Mat tron xoay

* Vi du: Cho dwong cong (C) < (yz) co phwong
trinh: f(y; z ) = 0 quay mo6t vong quanh truc z

« Khi do diém Q(O, Yy, Zy )€(C)(f(yq,2,)= 0) sé&
quay tron quanh truc z va tao thanh céac diém

P(x, vy, zy). Hinh vé 18.29 trang 43 cho ta hé
thire:

Yo = i\/X2 ™ y2
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Hinh v& 18.29 (tr.43)

BG_1_TII_PDA

48



Suy ra, phwong trinh mat tron xoay

~

sé |a:

f(i\/x2+y2,z):0

« C6 thé bd dau can nh& cac phép bién dbi
twong duong

» Vi du 3: Viét phwong trinh mat tron xoay tao
b&i dwdng thang z = 3y trong (yz) quay mot
vong quanh truc z? (Xem trang 44)
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Hwéng dan gidi VD 3 (trang 44)

. Xuat phat tr f(y, z) = 3y — z = 0 1a phwong trinh
dwdng thang da cho trong (yz)

« Lap luan nhuw trén sé co phwong trinh mat tron
xoay phai tim:

f(i\/x2+y2,z):ir3\/x2+y2—z:O

 Twong dwong voi:

2 =9(X° +y°)
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3). bwong va Mat bac hai

» Tw doc muc 15.6 dé hiéu ré thém veé
dwong bac hai

* Trong (xy) phwong trinh

f(x,y) =Ax?+Bxy + Cy?+Dx+Ey+F =0
v&i cac hé so A,B,...,F cho trwdce (A, B, C
khdng dong thoi triét tiéu) biéu dién mot
dwdng conic (E,H,P) hodc suy bién thanh
cap dwong thang, mét diém hay tap réng
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Mat bac hal

» Trong KG ba chiéu (xyz) phwong trinh

f(x,y, z) = Ax? + By?+ Cz? +
+ Dxy + Eyz + Fzx +
+Gx+Hy+1z+J=0

v&i cac hé sO AB,...,J cho trudc (A, B, C
khéng dong thoi triét tieu) sé biéu dién
mc:)t mat bac hai hoac moét vai hinh suy
bién khac...
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6 dang mat bac hai hay gap

Ngoai cac mat bac hai nhw mat tru E, tru
H, tru P... con co:

Ellipsoit

Hypecbdldit mét tang

lypecbdldit hai tang

Mat non elliptic

Paraboloit elliptic

Paraboloit hypecbdlic (Xem trang 46)...
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Nguyén tac chung dé vé MBH

» Chu y tinh doi xibng qua tam, qua truc,
qua mat phang (néu co)

» Chu y t&i cac diéu kién xac dinh cho x, v, z

- Giao tuyén cla 6 loai MBH ké trén (néu
cO) vO&i cac mat phang song song v&i cac
mp toa do la cac dwong conic, hay xac
dinh trwwdc cac giao tuyén nay

- Nén xac dinh giao tuyén kin (E hay dwong
tron) trwoc, giao tuyén khong kin sau...
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VD-1 trang 47 vé mat Ellipsoit

* Phuwong trinh:

X2 y2 ZZ ?5
sttt =1
a~ b® ¢ _
(a,b,c >0) '
11/2008 BG_1_TIl_PDA
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VD-2- Hypecboloit mét tang

* Phuwong trinh:

X2 | y2 Z2
a2 b® c? =1
(a,b,c > 0)
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VVD-3-tr.48- Hypecboloit hai tang

* Phuwong trinh:

x> y> 7’ "

| =1
a’ b® ¢’ LT 740

(a,b,c > 0)




VD-4-1tr.49- Mat non elliptic

* Phuwong trinh:

2 yz ;2
32 | 02 2 =0
(a,b,c>0)
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VD-5-tr.50- Mat Parabdloit elliptic

* Phuwong trinh:

Z =ax’ +by?
(a,b> 0)
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VD-6- Mat Parabdloit hypecbolic

* Phuwong trinh:

Z =—ax’ +by’
(a,b> 0)
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Vi du va Bai tap lé

 Nh¢ doc ky cac vi du, tw lam cac BT sO 1é
(trwée khi tham khao phan Hudng dan)
cua cac muc: 17-4; 17-6; 18-5; 18-6

« Nghién ctru thém vé mat ké, mat ké hai
lan trong cac bai tap 23, 24, 25 trang 51
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BG-2-Tll-(Tuan th hai)

« Hé toa do tru, Hé toa dé cau (Muc 18-7)
 Chuwong 19- Cac muc 19-1; 19-2; 19-4

« C4c ban nén doc trwdc dé hiéu so lwoc
cac y chinh trong cac muc sé hoc

. Hé&t BG-1-Toan Il (Ngay 14/2/2008)
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Giai tich nhiéu bién sb

Bai giang 3-Toan Il (Khoa 49)
Phé Blic Anh
Trwdng Dai hoc Thuy loi
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Chuong I- Khéng gian ba chiéu va
Ham nhiéu bién (tiép)

No6i dung budi th&r ba/sau
« Mat phang tiép xuc voi médt cong (Muc
19.3)
» B0 tic thém vé: Dao ham va vi phan ham
nhiéu bién
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Tiét thir nhat

Ma&t phang tiép xuc voi mat cong (Muc 19.3)

1). Vi du mé dau ,
2). Thiét lap phwong trinh tiép dien (MPTX)
3). Cac vi du
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1). Vi du mé dau

« Xét mat cong z = 4 — x? — y? va hai mat
phangx=1;y =1

» Giao tuyén cia mat cong va hai mat
phang nay la cac duwong parabon cung di
qua diem Py(1,1,2)

+ Hai tiép tuyén tai P, clia hai dwong
parabon noi trén nam trong mot

v&i mat cong tai P,,.
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Hinh vé minh hoa
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Nhan xét mot cach triee quan

» Mat phang ch(ra hai tiép tuyén nai trén sé chira
tat ca cac tiép tuyén khdc (cua cac duwong
cong nam trén mat) tai (1,1,2)

» Mét phang tiep xtc khad gan véi mét cong tal
diem (1,1,2) (Tiep dién)

« M&t cong bat ky chwra chac cé tiép dién tai
moi diém (Tai moéi diém (khac dinh) trén mat
nén cé mét MPTX, chira dwdng sinh qua diém
do, nhwng tai dinh nén thi khdng co tiép dién)
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2).Thiét lap phwong trinh tiép dién

e z-2=Ax-1)+B(y—1)
 Trén mat phang y = 1, ta cé:
z—2=A(x-1) (PTr dwdng thang)

« Chirng to A 1a hé sb goc cia dwdrng thang
nay—A =z (1,1,2) = -2

 Twong tw, B = z(1,1,2)=-2
—>z-2=-2x-1)-2(y-1)
>2x+2y+z-6=0
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Tong quat

» Phuong trinh tiep dién clia mét cong: z = z(x, y)
tai diém Py(X, , Yo, Zo) 1a:

Z—25 =Z,(Xg: Yo )(X—Xp) +
Z, (X, Yo)(Y = ¥o)
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3). Cac vi dy

 Vidu 1. Tim mat phang tiép xuc v&i méat
cong

z=f(X,y)=2xy’ —5x°

tai diém (3, 2, 3).

« HD. Diém da cho c6 nam trén mat cong
hay khéng?

» Tinh f, vaf, tai diém nay, sau do thé vao
phwo’ng trlnh tiép dién
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Vidu 2

+ Viét phwong trinh mat phang tiép xdc voi
mat cau

X°+y°+12°=14

tai diém (1, 2, —3)
« HD. Biém da cho thudc nira cau dwdi, cé

phwong trinh |a:
Z = —\/14—x2 —y?
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Tinh cac hé so

f = L f(L2)=
J14—x2 = y?
y
f, = f (1,2) =
L 14— X -y

1 2
Z+3=—(X-1D)+—=(y-2
S+ (y-2)

111/2008 BG_3_TII_PDA
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Cach dung PH ham an

X°+Vy +z°=14 >

ZXJFZZ@:04>@:—5

OX OX Z
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(tiép tuc)

X°+y +2° =14 >

2y+22@:0 >az:—l;
oy oy Z
Z —1;2 _Z > PTrMPTX

xT 37T T3
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) 4
AN

Két luan

« MPTX cua ntra cau dwdi tai (1,2,-3) co
phwong trinh: x + 2y -3z -14 =0

» Céc ban c6 thé‘ nhan duoc phwong trinh
tiep dien mat cau bang phwong phap phan
doi toa do

* Hay tw chirng minh cong thic phan doi
toa do cho tiép dien mat cau va mat ellip-
XOit
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Hinh vé minh hoa
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Vidu 3

. Viét phwo’ng trinh tiép dién cua mat non
z2 = a(x2+ y?) tai moét diém cho trwdce

(xo,yo, Z,) (khac v&i dinh nén)

. Dung ham an hoac tinh truwc tlep sé cO:

z, va z fal diém da cho, thay vao PT sé
CO:

Z—1, _a—O(x x)+a ~(y—1Y,)
ZO O
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(Bién doi tiép)

A Zo(z — Zo) — axo(x— Xo)"'aYO(y_ YO)

© 2,z =a(X X+ Y, Y)

. Cac MPTX déu c6 mot diem

chung(?)
« Phap tuyén cia MP

X tai diem

(Xg, Yo, Zo) CO phwong trinh tham so 1a:
X=Xyt axpt; y =y, +ayt; z=2,-azt
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Lam cac bai tap lé (Trang 74,75)

« ChuyBT 18 chinh la vi du 3 vwra duoc xet

« Hay tw viét phwong trinh mot mat nén cu
thé va phwong trinh tiép dién cda né tai
mot diém. Viét phwong trinh tham sé cua
phap tuyén mat ndn tai diém nay

« Baitap 17, 19, 20 cing c6 dang nhuw BT
18
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Tiét th& hai

Dao ham va vi phan ham nhiéu bién
(BO sung cac vi du)
1). Pwong mure va Mat murC
2).Tinh gi&i han ham 2,3 bién
3). Xét tinh lién tuc
4). Ung dung clia dao ham riéng
5). B& dé co ban. Tinh vi phan va rng dung

111/2008 BG_3_TII_PDA
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1). Pwong mwre va Mat muc

» Biéu dién ham d& cho bang mét s6 dudng
muc (BT Ié tr 15 dén 23, trang 62)

« BT 15. z = x?+ 2y? (Parab0loit Eliptic)
Cac dwong muc co phuwong trinh:
z=c20;x2+2y?=c. D6 la cac ellip nam
trong cac mat phang nam ngang co tam
doi xtrng nam trén truc z
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Hinh vé cac dwong muwc
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Mat mirc cGia ham 3 bién

e f(X, Y, z) = X2+ y2-72 |3 tAp hop cac diém
trong khdng gian théa man phwong trinh:
X2+ y2-72 = ¢

 Mat muc chera (0,0,0) (¢ = 0) la mat non:
X2+ y2-72 = ()

 Mat muc chwa (0,a,a) (¢ = 0) cing la mat
noén: x4+ y%-z2 =0

« Mat mirc chira (a,a,a) (c = a® ) la mat:

X2+ y2-72 = g2 (Hypecboloit mét tang)
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M&t murc (tiép)

 Mat mwc chwa (0,1,2) (c =-3 ) la mat:

x2+ y2-z2 = -3.(Hypecboloit hai tang)

« Vi du nay cho ta thay diéu gi?

» Gia tri c tai ttrng mat murc sé tang h{,—zy
giam theo quy luat nao? Suy nght vé cau
hoi nay tir cac vi du don gian véi ham

u=ax+by+czhoécu=xf+y2+zzvé
sau hay, ta sé co6 cau tra |&i tong quat

111/2008 BG_3_TII_PDA
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2). Gi®i han ham hai bién

2 2
. X" — . X
lim — y2 =7?, lim y =7?,
(x.y)>(0.0) X* 4y ()00 3 [xy +9
. Sin(Xx . . 1
lim (xy) =7; lim  (xX*+y°)sih——="7
(x.y)>(0.0) Xy (X,y) (0 ,0) X° +y
lim sin[ln X" +y° ]:?
(x,¥)—(0,0) ( y°)
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VD khac vé gi®i han

» Chirng t6 rang c6 thé cho (x, y)—(0, 0)
theo mot cach nao do dé ham z = x/(y-x)
tién dén bat ki gia tri k = 0 nao cho trwéc

* Thwe vay, choy = mx voi m=0 va m #1.
Dé thay la ham z —1/(m -1), cho gié tri
nay bang k # 0 ta sé tim dwgc m. Chang
han néu k = 3 thi m = 4/3;

k=2 thim = 3/2...

111/2008 BG_3_TII_PDA
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3). Xet tinh lién tuc

 Tim tap cdc diéem gian doan cia mbi ham 2
bién sau day:

1 .

L= TR

sin® zx +sin® zry
1

/ =
(X°+y* =D(x* —y* 1)

[11/2008 BG_3_TII_PDA
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Xét tinh lién tuc ham 3 bién
» Tim tdp cdc diém gian doan cla moi ham 3
bién sau day:
U = L U = L '
X°+y° -z X4y -7°-1
1
X°+y°—z°+1

U=
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4). Ung dung cua PHR

« a) Mat cong: z = x?/(y?-3) giao v&i mat
phang x = 3 theo mot dwdng cong. Viét
phwong trinh tiép tuyén cla giao tuyén
nay tai diémcoy = 2

 HD. Giao tuyén co phwong trinh:

z = 9/(y*-3); x = 3.
Hé s6 goc z, = -18 /(y?-3)?; bang (-18) tai
y=2-5z2-9=-18(y—-2); x=3 —>...(?)
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(tiép)

* b) Chirng té rang mdi ham sb u(x,t) sau
day: u = (x + at)’; u = (x — at)®;

u = sin(x + at)®; u = ex3, .théa man
phuwong trinh truyén nhiét: a2 u,= u.

« HD. Tinh cac PHR rdi thay vao PT. Cé thé
mo réng nghiém phwong trinh cho cac
ham sb6 u = u(xzat) v&i u 1a ham bat ki co
PHR cap hai theo x va theo t hay khéng?
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5).Tinh vi phan toan phan

« Cho z = x2 + 3xy — y2.Tinh dz tai diém
(2, 3) v&i Ax = 0,05; Ay = -0,04. So sanh
dz va Az

e dz = (2x+3y) AX + (3X — 2y) Ay

Tai (2,3) dz=0,65
Az =2(2,05; 2,96) — z(2, 3) = 0,6449
» Vay dz =~ Az nhwng tinh dz dé hon
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Céng thirc gan dung

* Z(X+AX; y + Ay) = z(X; y) + dz
. Ap dung dé tinh gan dung:

A=1/9.(1,95)% +(8,1)?;

B =sin89° +cos61°
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HD tinh gan dung A

» Chon ham hai bién z(x, y)

7 =,J9.x% + Y

« Chon diémx=2;y =8 — Ax va Ay

* Tinh vi phan dz tai (x, y)

» Tinh gia tri xap xi cua z(2-0,5; 8+0,1)

« Cac ban tuw tinh va so sanh v&i cach tinh
khac...
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HD tinh gan dung B

» Chon ham hai bién z(x, y) = sinx + cosy
 Chon diém x = n/2; y = n/3 — Ax va Ay
* Tinh vi phan dz tai (x, y)

« Tinh gia tri xap xi clia z(x+AXx, y+Ay)

 Cac ban tu tinh va so sanh v&i cach tinh
khac...
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Noi dung BG-4-TlI-(Tuan th tw)

* Trirong vo hwong, BDao ham theo huong,
Véc to gradien (Muc 19.5)

 Quy tac day chuyén, Pao ham dudi dau
tich phan (Muc 19.6)

« C4c ban nén doc trwdc dé hiéu so lwoc
cac y chinh trong cac muc sé hoc

» Hét BG-3-Toan Il (Ngay 6/3/2008)
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Giai tich nhiéu bién sb

Bai giang 5-Toan Il (Khoa 49)
Phé Blic Anh
Trwdng Dai hoc Thuy loi

111/2008 BG_5_TII_PDA



Chuong I- Khéng gian ba chiéu va
Ham nhiéu bién (tiép)

No&i dung budi th&r nam/sau
 Cuc tri (Cuc dai va Cuec tiéu) ctia ham
nhiéu bién (Muc 19.7 )
« Curec tri 6 diéu kién cia ham nhiéu bién.
Phuwong phap Nhén tor Lagrange
(Muc19.8)
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Tiét thir nhat

*  Cuc trj tw do ctia ham nhiéu bién (Cuc
dai, cuc tiéu, GTLN. GTBN) (Muc 19.7)

1). Cac dinh nghia ve cwc tri
2). Diéu kién can va Bbiéu kién du cua cuwc tri
3). Cac vi du
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1). Cwec tri cua ham f(x, y)

 Curec tiéu (twong doi) « Cuwc dai (twong doi)
* f(x,y) 2f(xp yo) V(xy) * f(x, y¥) <f(xp ¥o) V(X,y)
thuoc lan can diém thuoc lan can diém
(Xo, Vo) (Piém trong TXD) (Xo, Vo) (Piém trong TXD)
* f(x, y) =1f(xp Yo) < * f(x, y) =1f(xp Yo) <
(XJ y) E(XOJ ya) (X, y) E(XOJ yO)
« Tai cdc diém khdc trong + Tai cdc diém khédc trong
lan can thi: lan can thi:
f(X, y) > f(XOJ YO) f(X, y) < f(XOJ yﬂ)
* f(xgp Yo)=Tcr (GTCT) * f(xg ¥Yo)=Tfcp (GTCD)
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Hinh 19.13 (trang 92)
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Gia tri bé nhat, Gia tri I&6n nhat

° f(X, y) 2f(?(01 yO) V(le) ° f(X, _V) —<f(X01 yO) V(X,y)

thugc mién dworc xét thuéc mién dworc xét
* fx, y)=Hx, Yo xayra . f(x, y)=Fx, y,) xay ra
tai it nhat moét diém tai it nhat mét diém

.« Diém cuc tleu tuyét doi . pjém cwe dai tuyét doéi
khéng nhét thiét phai Ia khéng nhét thiét phai la

diém trong cda TXD. diém trong cta TXD

+ DCTTD c6théladiém . pcPTD c6 thé Ia diém
bién, co the tao nén mot  pjan, c6 thé tao nén mét
mién lién tuc mién lién tuc '

f(xo, ¥o)= fan (GTBN)

(X ¥o) = fuy (GTLN)
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2).Diéu kién can cua cuec tri

 Nh& lai dinh ly Phéc ma vé PK can cula
cwe tri ham mét bién: y = f(x)

» Néu ham y = f(x) dat cuwc tritai x = x, va
c6 dao ham f(x,) tai diém nay thi f'(x,) =
0

» Y nghia hinh hoc: Tiép tuyén cia BTHS
tai diém cuwc tri nam ngang (song song
hoac trung va&i truc hoanh)
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V&i ham 2 bién: f(x, y)

. Neu ham z = f(x y) dat cwc dai hoac cuc
tleu tai (xo, ¥o) va co cac DHR: f, vaf, tai
diém nay, thi

of o
& (X0, Yo0) — O’a_y (X0, Yo0)

> grad f (x,,y,) =0

=0
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Suy ra

« Cuwec tri cla ham hai bién (néu c6) chi co
thé dat tai cac diém téi han cha no

» Piém t&i han bao gdm céac diém dirng
(Tai dé cac PHR triét tiéu) va cac diém tai
do cd it nhat mot PHR khéng xéac dinh

« Trong gido trinh nay, ta chi xét cac diém
t&i han 1a diém dirng
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Quy tac tim Diém dirng

» Piem dirng (X, Yo) clia ham f(x, y) c6 toa do la
nghiém cua hé:

fﬂ_
ox
of

111/2008 BG_5_TII_PDA 10



Piéu kién da cua cuc tri

* V&i ham mot bién y = f(x), PK: f(x,) = 0
chwa da dé két luan la ham co cuec tri tai
X,. DK du dé ham y = f(x) c6 cuwc tri 1a gi?

f'(x,) = 0 va f'(x) doi dau qua x,.
Khinaoco CT? (CD)?
F'(Xo) = 0 va f(xg) # 0 (f"(xp) > O
thi x,la BCT twong doi; 7(x,) < 0 thi x,la
PCD twong doi

111/2008 BG_5_TII_PDA 11



V.

[11/2008

V&i ham hai bién f(x, y)

Co cac DHR lién tuc dén cap 2 trong
mot 1an can diém dirng (X, Vo)

Tinh A =f; B=f; C=f, tai diém nay

XX Xy

Tinh biétsoD=AC-B2=f_. fy = Ty’

Cac trwdng hop xay ra nhw sau:
D>0 va A>0« DTH la diém cuwe tiéu
D>0 va A<Q<«> DTH la diém cuwec dai

D<0 < BTH la diém yén nguwa, tai dé khéng co
cuwc tri
D = 0 &Nghi van(?). Phai ding cdch khac

BG_5_TII_PDA 12



3).Vi du1, trang 92

» Tim cac kich thwéc cua mét hinh hop chiy
nhat, co thé tich V= 4 cho trwéc sao cho
tdng dién tich xung quanh va mét day cua
no dat gia tri bé nhat?

Goi ba kich thwoc cua hop la x, y, z (z
la chiéu cao; x,y,z déu dwong).

 Ta co: dién tich

S = xy+2yz+2xz — GTBN

* Doxyz=4nén S =xy + 8/x + 8ly

111/2008 BG_5_TII_PDA 13



Vi du 1 (tiép) (trang 93)

* Giaihé §5,=0;S,=0sécox=y=2;
z=1. Ta c6 mot diém dirng (2, 2, 1)
« Xét diéu kién du: D>0: A>0 c6 BCT

« Chua y: Khi c6 duy nhat mot cuwc tri, cuc
tri nay sé vira la twong doi, vira 1a tuyét
doi

* KL: HGQp co day la hinh vudng, canh bang
2, chleu cao hop la 1(BVBD) thoa man
yéu cau bai todn

111/2008 BG_5_TII_PDA 14



Vidu 2 (trang 93)

» Tim va phan loai cac diém t&i han clua

ham z =3x%+2xy+y?+10x+2y+1
Tim TXD va cac PHR: z,, z,.

 Tim dwoc mot diém téi han (cling 1a diém
dirng): (2, 1)

» TinhcacPHR cap2: A=6;B=2;C =
2—D = AC — B2 = 8>0; A(C)>0—Ham c6
cwe tiéu (clng 1a GTBN): z(-2,1)=- 6

111/2008 BG_5_TII_PDA
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Tiét th& hai

 Curc tri co diéu kién va Phuong phép nhén
ter Lagrange (Muc 19.8)

1). Bai todn tim Cuwc tri co diéu kién

2). Phwong phap nhan tir Lagrange
3). Cac vi du va bai tap

[11/2008 BG_5_TII_PDA 16
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Hinh vé minh hoa
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1). Bai toan tim cuwc tri c6 DK
» Tim cwec tri cla ham hai bién z = f(x, y)
thda man diéu kién g(x, y) =0
Z = X% + y? (a) v&i BK: x+y = 1 (b)
» Nhan thay (a) biéu dién mot mét tron xoay
con (b) bieu dién mét mat phang song
song voi truc z

» Hai mat nay cat nhau theo mét dwong
cong—(Co thé dung (b)de duwa z vé 1 bién)

111/2008 BG_5_TII_PDA 18
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Hinh vé minh hoa co zg,

[~

BG_5 TIl_PDA
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VOl bal toan trén

« Trong (xy), xét cac dwdng mrc: x° + y? =¢
= r? la cac duwdng tron c6 ban kinh r tang
dan tlr 0 dén + o va duwdng thang (b)

 Nhan thay khir = V2/2, dwdng mure tiép
xUc véi duwdng thang: x +y = 1

» Tai tiép diém (1/2, 1/2), hai phap tuyén
cla dwdng mire va clia dwdrng thang
cung phwong (vt gradf = Agradg)

[11/2008 BG_5_TII_PDA 20



Hinh vé chirng to: zg, = z(P)=1/2
1

gradf = k. gradg

e

|

111/2008 BG_5_TII_PDA
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Tong quat hon

* DK g(X, y) = 0 dwoc minh hoa b&i moét
dwong cong trong (xy)

 z = f(x, y) biéu dién mot mat cong trong
khOng gian v&i cac dwong murc trong
(xy) duoc vé trén hinh 19.16 trang 98

* (Trén hinh c6 4 dwong mwrc rng vO'i cac
gia tri ¢, tang dan)—f(x,y) dat max tai
dau?

111/2008 BG_5_TII_PDA 22



Hinh 19.16 trg 98 chi ro BDCD P,

Jfge.
L
.é
. C 4
C 3
]
€1
gx,y)=0

111/2008 BG_5_TII_PDA
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pé tim diém P,, ta co hé

grad f = Agradg <> grad(f —1g) =0
oL_ot o9,

OX  OX OX

oL_a —Za—g:O; (L="f-19)
oy oy oy

oL

—=—0g(x,y)=0
B g(x,y)

111/2008 BG_5_TII_PDA
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2). Phrong phap Nhan to
Lagrange
» Thiét lap Ham Lagrange:
L(x, y, &) = f(x, y) - 2g(X, y)
» Giai hé phwong trinh (L) dé tim cac diém
drng cua ham Lagrange (Trong hé nay ta

da coi g(X, y) = -0L/oX va xet BT cuwe fri tw
do cua ham ba bién)

» Két luan ve cyec tri co diéu kién( twong doi
hoac tuyét doi)

[11/2008 BG_5_TII_PDA 25



Twong tw cho ham ba bién

* f(X,y, z) vOiI g(x, y, z) =0
» Thiét lap Ham Lagrange:
L(X, YV, z, L) =1(X, Y, 2) - Ag(X, VY, Z)
+ Gidi hé 4 phwong trinh (L) dé tim cac
diem dwng cua ham Lagrange
» Két luan vé cuc tri co diéu kién( twong
doi hoac tuyét doi)

111/2008 BG_5_TII_PDA 26
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Cu thé |a phai giai hé
grad f = Agradg <> grad(f —1g) =0

<9

oL_of ;08
OX  OX OX
%_ﬂ_ﬂag =0;
oy oy oy
G_L_ﬂ_/lég =0;
07 07 0Z
oL
—=-0(x,y,2)=0

LOA

BG_5 TIl_PDA

(L=1-49)
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Khi co hai diéu kién
g(x, vy, z)=0vah(x,y, z) =0
« Thiét lap Ham (L) v&i
L(X, Y, £, 7\“1 M) = f(X, Y Z) B }\‘g(x’ Y Z)
-uh(x, y, z)
» Giai hé 5 phwong trinh (L) dé tim cac
diém dirng clia ham Lagrange
« Két luan vé cuc tri co diéu kién( twong
doi hoac tuyét doi)

111/2008 BG_5_TII_PDA
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Cu thé |a phai giai hé

grad f = Agradg + ugradh <> grad(f — Ag — xh) =0

oL of _og  oh

OX

oL of

OX OX OX
g oh

PN

oL

04

111/2008

=——A——-u—=0
oy oy oy 0oy

oL_of o9 oh

(L=f-40)

—h(x,y,z) =0

oL 0Z 0z H Oz
oL
—-0(X,y,2)=0,—=
Ou
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3). Cac vi dy

 Tim kich thuw&c cua mot hinh chir nhat, ndi
tiép trong nlra hinh tron, ban kinh a sao
cho dién tich clia n6 I&n nhat

- (D3 giai bai nay trong phan Toéan I...)

Yé&u cau bai toan dan dén tim x, y
dwong thda man diéu kién: x2 + y2 = a2
sao cho ham A = 2xy dat GTLN

« Khi do: Ham L = 2xy - A(x? + y? - a?)
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Hinh 19.15 (trang 97)

BG_5 TIl_PDA
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Hwéng dan gidi Vi du 1(tiép)

« Ham Lagrange: L = 2xy - A(x? + y? —a?)

« Viét hé 3 phwong trinh (L)

« TU hai phwong trinh dau, rutra: y = Ax va
X = AY.

» Thé vao phwong trinh th ba, sé cé:

MXZ + y?)=a? > A = t1

« V&iL=-1,tacoy=-x (loaido x, y déu

dwong). V&i A=1 5x =y = av2/2 5KL
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Vidu 2 (trang 101)

» Tim diém P nam trén mat phang: x + 2y +
3z = 6 sao cho khoang cach P t&i gbc toa
dé dat GTBN

« HD. L = x?+y?+z%2 - A(x + 2y + 3z - 6)

» C&c ban tw viét hé 4 phwong trinh (L)

» Giai duwoc: L =6/7— P(3/7, 6/7, 9/7)

» (Vi sao biét khodng cach OP la cuc tiéu va
cung la GTBN 7?)
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Vi du 3 (trang 101)

» Tim diém P nam trén giao tuyén hai mét
phang: x+y+z=1; 3x + 2y + z = 6 sao cho
khoang cach twr P t&i goc toa dé dat GTBN

« HD. L = x?+y?+z?2-A(x +y + z -1)

-u(3Xx + 2y + z - 6)

 C4c ban ty viét hé 5 phwong trinh (L)

o Gididuwoc: u=4; »=-22/3

— P(7/3, 1/3, -5/3)
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N&i dung BG-6-TlI-(Tuan th( sau)

. Phuvng trinh Laplace, Phurong trinh
truyén nhiét, Phuong trinh truyén séng
(Muc 19.8)

« Ham &n va dao ham ham an (Muc 19.9)

 C4c ban nén doc trwdc dé hiéu so lwoc
nhirng Yy chinh trong cac muc sé hoc

. Hét BG-5-Toan Il (Ngay 21/3/2008)

11/2008 BG_5 TIl_PDA
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Giai tich nhiéu bién sb

Bai giang 6-Toan Il (Khoa 49)
Phé Blic Anh
Trwdng Dai hoc Thuy loi
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Chuong |- Khéng gian ba chiéu va
Ham nhiéu bién (tiép)

No&i dung budi thir sau/sau

 Phuwong trinh Laplace, Phurong trinh
truyén nhiét, Phurong trinh truyén soéng
(Muc 19.8)

« Ham &n va Dao ham ham &n (Muc 19.9)
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Tiét thir nhat

. Phuvng trinh Laplace, Phurong trinh
truyén nhiét, Phuong trinh truyén séng
(Muc 19.8)

1). Vé ba phwong trinh néu trén
2). Vidu va Bai tap
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Phwong trinh Dao ham riéng

 Phwong trinh vi  Phwong trinh Dao
phan thwong ham riéng
e F(X, y(X), y'(X),... « F(X,v, z, w(x, Yy, 2),
___’y(n) (x)) =0 Wxs Wy, Wy, nyZ"')=O
* Vidu * Vidu
2xy + Yy’ = 6X yow/ox+4(x-y).0%w/ox%=0

(3xy — 4)dx+(x2-y2)dy =  O°W/Ox*+ 3?w/oy==0...
0....

111/2008 BG_6_TII_PDA 4



1). Phwong trinh Laplace

* Phwong trinh Laplace: Aw =V?w= 0

o'w  O'w  O'w
2 + 2 + 2 = 0
OX oy oz

» Hodc trong KG hai chiéu: Aw =V2w = 0

ow O'w
k. + 3 =
cx® oy

111/2008 BG_6_TII_PDA
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Phwong trinh truyén nhiét

 Trong KG ba chiéu:

&w &w dw) ow
o 4 + 4 + 4 = —
ox° oy oz ot

» Trong KG mét chiéu
, W ow
T a

cl
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Phwong trinh truyén séng

 Trong KG ba chiéu:

(w w a'w o'W
i . -+ . . - — -
ox- oy Oz ot

» Trong KG mét chiéu

, O'w d'w
5 ——

ox® ot

o
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2).Vi du va Bai tap

» A).Chirng t6 rang ham 3 bién sau thda
man phwong trinh Laplace:

1

_.\/(x—xl)z +(y—yl)z+(z—zl)2
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HD giai Bai tap A)

c Datr= (x-x) +(y-n) +(z-7)

» Tinh dao ham cua w = 1/r (r>0)

OW 1 X=X = X=X

ox 12 3
o’'w 1 3(x-x) or 1 3(x—x)°
OX* r’ r OX r re
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Twong tw, ta tinh duoc:

(O%w __i+3(x—x1)2_
ox:  rd s
<82W__i+3(y_y1)2.
@2_ 3 5 ’
V r r
82W__i+3(2—21)2_
A & >
2 2 2
:>AW:8V2V+8V2V+8V2V:O
OX oy 07

BG_6_TIl_PDA
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B). Viét phwong trinh Laplace trong
hé toa do cuwc

* Gia str ta c6 ham w = f(x, y) théa man PT
Laplace trong KG hai chieu: w,, + w,, =0
 Dung hé toa do curce, ta tinh cac PHR cap 1:

(Chu y: x =rcos0; y = rsing)

o _ COS 9.@+ siné’.@ =C0SO.W,  +SIN.wW _;
or OX oy y

= _rsine.%Jr I COS H.@ =—IsSIn6.w, +r cos6.w
00 X oy y

111/2008 BG_6_TII_PDA 11



(tinh tiép PHR hai lan theo r)

O°W 0

=W, :a[cosé’.wx +sing.w, |
:cosHaWX+sin6' 4
or or

=cos 6| cosOw,, +sinw,, |

+sin@| cosO.w,, +sinOw,, |

. 2 - -2
=C0s” O.w,, +2sIn6.cosd.w, +sin“o.w,

111/2008 BG_6_TII_PDA 12



(tinh tiép PHR hai lan theo 6)

2
0 i 0 | -rsind.w, +r.cos6w, |
00 06
=—r| cosO.w, +sind.w, |
oW
—rsin glﬁwx +rcosf.—
06
=—rw, —rsing| -rsind.w,, +rcosow,, |
+1.c0s0| —rsindw,, +rcosd.w,, |
=—rw, +r*[sin’ O.w,, —2sin 6.cosO.w,, +cos’ O.w, |
o'w 1 ow 1 o°'w o°w o°w
= = = =0

. + . — +
or> r or r* 06° ox* oy’

[11/2008 BG_6_TII_PDA 13



C).Giai Phwong trinh truyén nhiét
mot chiéu, dang: ,Pw O
ox® ot

cl

* HD. Hay tim nghiém w(x, t) cua PT duoi
dang tach bien:
w(Xx, t) = G(x).H(t)
voi G va H la hai ham co6 BHR lién tuc dén
cap can thiét

111/2008 BG_6_TII_PDA 14



(HD tiép C)

* Nhw vay: w,, = G"(x).H(t); w, = G(x).H'(t)

« PT dwa vé dang phéan li bién s6:

. a’G"H = GH'-»a*G”/G = H'/H

» Do vé phai la ham cla t, trong khi vé trai 1
ham cua x, ta c6 hai vé déu la mét hang
sO A — a’G’=AGva H =AH. Giai cac PT
vi phan thwong nay sé co G(x) va H(t)

« Chang han néu A = -1, ta sé co:

[11/2008 BG_6_TII_PDA 15



Nghiém cua 2 phwong trinh

« a’G”(x)= -G(x) la cac ham:
G(x) = C,sinax + C,cosax

v&i C.va C, |a hai hang so tuy y

« H'(t) = -H(t)«<>dH/H = dt (Tich phan hai vé
theo t) — InlHI = -t + C, hay la H(t) = k.e*.

« Vay nghiém cta PT truyén nhiét v&i A = -1
la: w = k.el. (C,sinax + C,cosax)

» Cac hang s6 C,, C, va k dwoc XD theo DK

[11/2008 BG_6_TII_PDA 16




Phwong trinh truyén séng

mot chiéu cé dang:
, O'w d'w
Iﬂ- g = g
 Hay chirng té rang cac ham w cé dang:
w = F(x + at) + G(x — at)
voi F va G la hai ham co BHR lien tuc dén
cap hai (a la hang s6) déu nghiém dung
PT( Xem lai BT 30, trang 70 va BG-3-TlI)

111/2008 BG_6_TII_PDA 17




Tiét tha hai
« Ham an va Bao ham ham éan (Muc 19.9)
1). Cac dinh ly vé ham an

2). Tinh dao ham ham an
3). Cac vi du va bai tap

111/2008 BG_6_TII_PDA
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1). Cac dinh ly vé ham an

 Ta dalam quen v&i ham an va dao ham ham an
trong phan Toan |
« Chang han hé thirc: x2+ y2 = 1 chira cac ham
an: y = +V(1-x?)
 PDao ham dy/dx =y'(x) = -x/y (y#0)
* Hai cau hoi dat ra la:
+ Khi nao ton tai ham an y = y(x) trong hé thirc
F(x, y) = ¢ (Hang sd)
+ Khi ¢6 ham an y = y(x), tinh y’(x) nhw thé nao?

[11/2008 BG_6_TII_PDA 19



Pinh Iy 1 vé sw ton tai cia ham an

* ham F(x, y) co dao ham rieng F,, F, lien
tuc tai moi diém thudc lan can (x,, Y,)

* F(Xo, Yo) = ¢ (hang s0); F,(Xo, ¥o) # 0

e ton tai MOt ham an y = f(x) kha vi (c6 dao
ham) trén mot khoang | chira x,, sao cho
Yo = f(Xo) va F[x, f(x)] = c

111/2008 BG_6_TII_PDA
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Theo dinh ly nay

« Hé thirc: x2+ y2 = 25 (C) c6 chlra ham an:
y = f(x) do F(x, y) = x2+ y? thda mén cac
gia thiét da néu

» Dieu kién F, = 0 chinhlay =0

o dy/dx =y'(X) = -xly

* Tinhy'(3); y'(-4); y'(+5)

* Tinh cac HSG tiep tuyén dwong tron (C)
tai cac diem (3, +4), (-4, £3), (£5,0). Vé
hinh minh hoa ...
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Vidu 1 (trang113)

» Hé thire F(x, y) = x2y> - 2xy + 1 = 0 thoa
man cac gia thiét cua dinh ly trén tai (1,1)

» (F c6 cac BHR lién tuc tai moi diém (x, y);
biém (1,1) thda man F(1, 1) =0 va

F,(1,1) = 0)

» Suy ra, ton tai ham an y = f(x) kha vi trén
mot tap | nao do chwa diem 1, hon nira ta
con co: f(1) =1 va F(x, f(x))=0

» Tinh y’(x) va y'(1) nhw thé nao?
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2).Tinh Dao ham ham an

¢« F(X,y)=x2y°-2xy+1=0

- Cach 1. Dao ham hai vé theo x, coi y 1a ham
cua x, ta co:

2Xy° - 2y + (5x2y4-2x)y’ = 0y’ = ? (PK?) -»y’(1)

=7 oF _(8F)‘ LOF dy
. Cdch 2. Suytr ox  ‘ax T oy dx
oF
>y =2 (F, 20
5

111/2008 BG_6_TII_PDA
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Pinh ly 2 vé sw ton tai cia ham an

* ham F(X, y, z) co cac dao ham rieng lién
tuc tai moi diem thudc lan can (x,, Y, ,Z)

* F(Xo, ¥o,2Zp) =C (hang s0); F, (X0, ¥0.,20) # 0

« ton tai ham an z = f(x,y) kha vi (c6 dao
ham lién tuc) trén mét mién D chiva diém

(Xg, Yo ) S@0 cho:
ZO = f (XO’ yO,) va F[Xay’ f(X,y)] =
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Tinh DH ham an (VD 2, trg.114)

¢ F(X,y, z) =x%z+tyz> + 2xy* =13 va (1, 2, -1)
Pao ham hai vé theo x, coi z 13
ham cua x va y (con y la hang sb),ta co:
2XZ +2y3 + (x2 + 5yz*)z, = 0>z, = ? (DK?)
—z.(1,2) =
E)ao ham hai vé theo y, coi z |13
ham cla x va y (con x la hang so),ta co:

Z°> +6xy? + (x2 + 8yz*)z, = 0>z, = ? (DK?)
—z,(1,2) =
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Cdch hai deé tinh z, va z,

a_F_(a_F) JOF a_
ox  ox VM o ox
a_F_(a_F) JOFa_
oy oy ™oz oy
oF oF
57 (—) y2=HS g7 (—) X,z=HS
> v Y F20

111/2008 BG_6_TII_PDA
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Tim cwee tri ham an

» Vi du. Cho dwdng cong: x3+y° = 3xy (C)
(x, y > 0) tao nén mot /a Dé-cac. Tim toa
d6 dieém cao nhat trén (C)

» HD. Hé thrc (C) c6 chiya ham an y= y(x)

 Tinh BH ham an: y'=(y —x2)/(y2 — x) (y%#x)

 Diém cao nhat (rng v&i tung d0 y dat cuc
dai (cing la GTLN), nghtalataidoy =0

« Giai hé: y = x?; x3+y3 = 3xy—>(x =28y =
4173) thda man bK
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Pé cwong 6n tap -TII

1). Quy dao, Van toc, Gia toc
2). Mat try, Mat tron xoay, Mat bac hai. Vé
hinh va thlet lap phwo’ng trinh cua chung

3). Toa do tru, Toa do cau. Mat cong trong
cac hé toa do tru va cau

4). Ham 2, 3 bién: MXD, Tinh lién tuc,
Pwong mue, Mat muc

5). Dao ham riéng va Vi phdn cua Ham
nhiéu bién
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(tiép)

6). Puwrng thang tiep xuc, Mat phang tiep
xuc voi mat cong tai mot diem

7). Dao ham ham hop (Quy tac day chuyén)

8). PDao ham theo hwdng va vec to gradien

9). Cwee tri va cuc tri cd diéu kién ctia ham
nhiéu bién

10). PT Laplace, PT truyén nhiét va PT
truyén song

11). DH ham an, Cwc tri ham an
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Noi dung BG-7-Tll-(Tuan thr bay)

« Chwong Il. Tich phan bdi (gom 5 Bai
giang)
« BG 7: Tinh thé tich bang tich phan Iap
(Muc 20.1)
Tich phan boi hai (Muc 20.2; 20.3)
« Cac ban nén doc trwdc dé hiéu so lwoc
nhirng Yy chinh trong cac muc sé hoc

. Hét BG-6-Toan Il (Ngay 27/3/2008)

11/2008 BG_6_TIl_PDA
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Giai tich nhiéu bién sb

Bai giang 7-Toan Il (Khoa 49)
Phé Blic Anh
Trwdng Dai hoc Thuy loi

IV/2008 BG_7_TII_PDA



Chwong ll- Tich phan boi

No6i dung budi mdt/nam
o Tinh thé tich bang tich phan Iap
(Muc 20.1)

* [ich phan bdi hai
(Muc 20.2)

IV/2008 BG_7_TII_PDA



Tiét thir nhat

« Tinh thé tich bang tich phan Iap
(Muc 20.1)

1). Céc vi du mé dau
2). Tinh thé tich bang Tich phan lap
3). Cac vi du vé tinh thé tich va dién tich

I\V/2008 BG_7_TIl_PDA



1). Cac vi du mé& dau
« Ta da hoc cong thire tinh thé tich:

V :?A(x)dx

* Khi da tinh dwoc dién tich thiét dién A(x)
thi chi can tich phan tir a dén b, sé nhan
dwoc V

« Dé tinh A(x), nhiéu khi ta phai dung tich
phan

IV/2008 BG_7_TII_PDA 4



Vidu 1

e Tinh thé tich ti dién  Hinh 20.3 (Trang 117)
gi&i han bdi ba mat
phang toa d6 va mat
phang: x +y +z =1

* Dung cong thuec:

1
V = j A(x)dx
. Trong do: A( )la DT
tam giac vuong can...

IVV/2008 BG_7_TII_PDA 5



Tinh A(x) bang tich phan

A(X) = T 2dy = T (1-x—y)dy

yx_ (1=x)° \ ey

2
=(y—xy—y7) V=0

IV/2008 BG_7 TIl_PDA



Vidu 2

« Tinh thé tich ciia mdt 1ang tru cong, day 1a mot
hinh chi nhat (D): 0< x < 2; 1<y < 2, cac mét
bén thang dung, phia trén la mat cong:

z = f(x, y) > 0 trén mién (D)
 Khidb

V = _T A(x)dx; A(x) = i f(x,y)dy

IV/2008 BG_7_TIl_PDA



Tinh A(x) trong VD2

2

A) = [2dy =] 1 (x.y)dy

1

V = ijf(x y)dy dx =

:ﬁ f (X, y)dydx / K/

1IV/2008 BG_7_TII_PDA




2). Tinh V bang Tich phan lap

« Nhuw vay thé tich /ang tru cong da cho sé |a:

V :j jf(x, y)dy dx:H f (x, y)dydx

» Tich phan trén dwoc goi la Tich phan lap
« Choz=1f(x,y)=xy? tasécoV=14/3 (BVTT)
(Cac em tuw kiém tra két qua)

IV/2008 BG_7_TII_PDA



Tong quat

« Thé tich ctia mét hinh
fru cong (H. 20.1,
trang116) duwoc tinh
theo cong thurc:

_Y2(X)

V:T j f(x,y)dy

- Y1 (X)

IV/2008 BG_7_TII_PDA



Khi cat hinh tru cong & hinh 20.1

b&i mot mat phang vuéng goc vai Oy, ta
cO cong thurc:

_Xz()’)

V:i j f(x,y)dx |dy

X (Y)

IV/2008 BG_7_TII_PDA



Chu y viéc xac dinh can I3y TP

« Xem hinh 20.2 (trang 117)

IVV/2008

y =720 P 0 RO
O | Q\-‘_

x10)<x<x(),c Ly <d
YLy Syax),asx<b
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3).Vidu 2, trang 118

« Xac dinh mién lay  Hinh 20.4
tich phan D c (xy)
d6i véi TP 13p sau "

I\V/2008 BG_7_TII_PDA 13



Vi du 3 (trang 118)

+ Tinh TP I5p: + Hinh 20.5
1 X g

j J 2 ydyadx |

0 x?

I\V/2008 BG_7_TIl_PDA




Hail cach tinh

(TP theo y trwéc)
1 X 1
j j 2 ydydx = j (y?[%,)dx
0 x? 0
1
= j(x2 — x*)dx _2
O 15

IV/2008 BG_7_TII_PDA
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Hai céch tinh (tiép)

(TP theo x trwwdec)

Jy 1
2 ydxdy = I(Zy X

Ot—-;H

(2y? -2y° )dy =2

!
i 2

IV/2008 BG_7_TII_PDA
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Tinh DT hinh phang bang TP 1ap

« Xem lai hinh 20.2 (trang 117)

IVV/2008

Y
i ) SxLx), ey =d
b H
o= X]U’:'
Gy
il e
. oo ¥ = _\:2 ¥
; ‘____:\_b'/
______ Y F
BG_ 7 TII_PDA
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Cong thire tinh dién tich

 Chon ham f(x, y) = 1, dién tich hinh phang sé
tinh dwgc nho hai cong thire:

b ¥, (X) b

V= | dydx (= |[y,(0)-y,(0]dx)
a y1(x) a
d X (Y) d

V=] | ddy (=][x(y)-x(y)dy)
¢ % (y) C

IV/2008 BG_7_TII_PDA 18



Vi du: Dién tich mién D,

« gi&i han bdi: y = x?; * Hinh 20.5
y = X bang:

1 y=x 1 J’”g*

j J' dydx:j(x—xz)dx 1+
0 y=x 0

1 X=\y 1 ”_ J
| | dxdy=[(/y-y)dx |

0 x=y 0

1
=~ (DVDT) 5

19



Vi du: Dién tich mién D,

« gi®i han bdi: -1<x<2; + Hinh 20.4
X2 <y <4,

Vi

dedx j(4 x2)dx

_1X

=(4x—%)‘21 —9(DVDT)

I\V/2008 BG_7_TII_PDA 20



Tiét th& hai

* Tich phan boi hai
(Muc 20.2)

1). Binh nghia TP bdi hai (TP hai l&p, Tich
phan kep)
2). TP boi hai va TP lap

3). Cac vi du

IV/2008 BG_7_TII_PDA
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1). Binh nghia TP bdi hai

» Xét ham hai bién f(x, y) xdc dinh va bi
chan trén mién phang hiru han Dc (xy)

» Chia mién D thanh n mién con khéng dam
Ién nhau (cac diém chung (néu cd) déu
nam trén bién cac mién con). Ki hiéu AA,
la mién con tht k va cling 1a DT cla né

- Chon trong mién th&r k mot diem M, tay y
« Lap tong TP: <
PIONT IR £ (M)A,
k=1

IV/2008 BG_7_TII_PDA 22



Hinh 20.6 (trang 122)

R——/[} : i "*.-,‘* A]'_F,__."kzrea = Ad,
o " i _|:

R s N
|
o

=

- |_ - C E R e e mp——— L R L TP R, S R ]
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Cho “dwdrng kinh” A, I&n nhat

cla cac mién con tién dén 0. Néu gidi han cla
tdng TP ndi trén ton tai, khédng phu thudc cach
chia mién D, khdng phu thudc cach chon diém
M, thi ta noi ham f(x, y) trén D va:

max A4, —0

lim Z f (M, )AA :jj f(x,y)dA

IV/2008 BG_7_TII_PDA 24



Y nghia hinh hoc ctia TP bdi hai

« V&i f(x, y) > 0 trén toan mién D (hiru han)

» f(x, y) lién tuc trén D, TP bdi hai cua f(x, y)
trén D co gia tri bang thé tich cia mét
hinh tru cong co day la D, gi&i han phla
trén b&i mat cong z = f(x. y) giGi han xung
quanh b&i mat tru (nhan bién cua D la
dwdng chuan, dwdng sinh cé phwong Oz)

» Dac biét, khi f(x, y)=0 TPBGI 2 lpang 0; khi
f(x, y)=1, TPBGOI 2 cho ta DT mieén D

I\V/2008 BG_7_TII_PDA 25



IVV/2008

Hinh 20.7 (trang 123)

MOre Naturdl 10 spedK UL LIS VUILLLL UL d ouvisu.

BG_7_TII_PDA
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Chuay

« Khi ham f(x, y) kha tich trén mién D, nghia la
TP boi hai xac dinh (khong phu thudc vao
cach chia D, cach chon M,) ta cé thé chia D
bang mét mang lwéi cdc dudong thang song
song voi Ox va Oy

« Khi do, ta c6 thé viét dA = dxdy va TP béi hai:

| :” f (X, y)dxdy

IV/2008 BG_7_TII_PDA
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Chu vy (tiép)

Néu
 mién D hiru han, gi&i han b&i mét s6
hiru han dwong cong tron tirng manh

(MG manh déu cé tiép tuyén bién thién
lieén tuc)

* ham f(x, y) lién tuc trén D
thi

TP béi hai cua ham f(x y) trén mién D
ton tai va cho ta mot gid tri xac dinh

IV/2008 BG_7_TII_PDA
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2). Tich phan boi hai va TP lap

« Xét hai loai mién phang D:
D gi&¢i han boi:
a<x<b;y,(x)<y<y,(Xx)
(Mién don gian c6 hai canh thang dirng)
D gi¢i han boi
C <y <d;Xx4(y) <X < X(y)
(Mién don gidn c6 hai canh nam ngang)

IV/2008 BG_7_TII_PDA 29



« Hinh 20.8 (trg.124)

S —————

-w\.‘?_— e B e A e s

IV/2008

Mién D loai | va loai Il

I
|
|
|
I
I
N -
h X

« Hinh 20.9 (trg.125)

e

Q‘_\_“_‘;F_Q [
i
I
I
I
|
I

-

Il

o

<
/\_-*

iw-'*::rﬁ*\-ﬂ-“ﬁm"r-ﬁﬂ'%‘:ﬁ‘ﬁ#ﬁr T T i T T A e

I
I
|
I
I
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X
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V@i hai mién loai | va loai

» Ta c6 thé tinh TP bdi hai bang cac tich
phan lap
j j f (x, y)dxdy

D

_Y2(X)
j f(x,y)dy [dx

| Y1 (%)

[ %, (y)
J f(xy)dx dy

| % (Y)

o'—-.Q g_)!—;cr
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V&i cac mién D khac

» Ta sé& chia D thanh mét sO hiru han cac
mién loai | va loai I, sau d6 van dung tinh
chat cong tinh cia TP dé tinh trén tng
mién con roi cong lai

» Chu y tim cdch lap thich hop dé tinh TP
bdi hai mét cach don gian nhat

. Mug“'m lam thanh thao can phai luyén tap
nhiéu

IV/2008 BG_7_TII_PDA
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3). Vidu 1 (trang 124)

 Tinh TPB2 theo hai * Hinh 20.10 (trang
cach khac nhau 125)

IV/2008 BG_7_TII_PDA
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Chu y xac dinh dung cac can TP

» Hai cach tinh cho cung mét két qua:

y=v/x

12

I 2 Xydxdy _j (X°Y)

X=y*

1
1
_ 2 3 _
dx_j(x x)dx_—12

X

1

Y, dy = j(y -y )ix =

|
|

IV/2008 BG_7_TII_PDA 34



Vidu 2 (trang 125)

* Tinh TPB2 * Hinh 20.11

| =”(1+ 2x)dA

Oy 2.
D:<X_y’
X—y=2

IV/2008 BG_7_TII_PDA




Chu y chon thw tw tinh TP

« Néu TP theo x trwée roi theo y, ta co:

2 X=Yy+2
_[ j (1+2x)dxdy = j(x+x )| dy
—1 x=y?
189
= | (6+5y—y*)dy=—=
jl( y=yhdy ="

IVV/2008 BG_7_TII_PDA 36



Néu doi th tw l1ay TP

» Két qua van thé, nhung viéc tinh toan phirc tap
hon rat nhieu (TP theo y truworc)

1 y=+x 4 y=+x
| | @+2xqdydx+| [ @+2x)dydx
0 y=—vXx 1 y=x-2

= _1[2\/;(1+ 2x)dx+}(\/§— X+2)(1+2x)dx =...

I\V/2008 BG_7_TII_PDA 37



Trwong hop khéng thé dbi the tw

« Xeéetvidu3 (trang126) < Hinh 20.12 (Trang
« Tinh TP 126)

1 2
_[ j 4ex2dxdy
02

y
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Tai sao khong tinh dwocTP theo x
trwéc?
 Tinh TP theo y trwéc co dwoc khdng? Tai sao?
« Chu y khi ddi tht tw 1ay TP, can dbi can

X

1 2 2 Y75
j j 4ex2dxdy: j j 4ex2dydx
02y 0 y=0

2 4
, =€ -1

2
2 2
:_[erX dx = e”*
0

1IV/2008 BG_7_TII_PDA 39



N&i dung BG-8-TII-(Tuan th( tdm)

« D&i bién trong Tich phan bdi hai (Muc
20.9)

* TP boi hai trong hé toa do cuc (Muc 20.4)

» Cac trng dung cua Tich phéan béi hai

(Muc 20.3)

« Cac ban nén doc truwd'c dé hiéu so luvoc
nhirng y chinh trong cac muc sé hoc

« Hét BG-7-Toan Il (Ngay 2/4/2008)

I\V/2008 BG_7_TII_PDA 40



Giai tich nhiéu bién sb

Bai giang 8-Toan Il (Khoa 49)
Phé Blic Anh
Trwdng Dai hoc Thuy loi

IV/2008 BG_8_TII_PDA



Chwong ll- Tich phan boi

No&i dung budi hai/nam
* [ich phan boi hai trong toa do cuc
(Muc 20.4)

« D&i bién trong Tich phan bdi hai
(Muc 20.9)

IV/2008 BG_8_TII_PDA



Tiét thir nhat

 Tich phan bdi hai trong toa do cuc
(Muc 20.4)

1). Yéu t6 dién tich trong hé toa do cuwc
2). Tinh Tich phan bdi hai trong toa d6 cuwc
3). Cac vi dy

I\V/2008 BG_8 TIl_PDA



1). Yéu t6 DT trong hé toa dd cuc

» Trong hé toa dd vudng goc, ta da tinh yéu
td dién tich: dA = dx.dy

« (Dwa trén cach chia mién lay TP bdi hai
bang mot lwdi cac hinh chir nhat, xem lai
hinh 20.6, trang 122)

* Trong hé toa d0 cwc, cac dquong r = héng

sO, 0 = hang sb sé chia mién lay

hai theo mot cach khac

1V/2008
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Hai cach chia mién phang R

« Hé toa db cuc

ong goc

n

« HE TD vu

BG_8_TII_PDA
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Yéu to dién tich trong TD cuc

* Hinh 20.17, trang 133

IVV/2008

(b)
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(tiep)
« dA =rdrd0
* Tich phan bdi hai trong hé toa do cwc duwgc tinh

nhw sau (Rl la anh clia mién phang R trong
phép doi bién):

” f (X, y)dxdy:” f(rcos@,rsin@)rdrd@
R R,

IV/2008 BG_8 TII_PDA 7



2). Tinh TP boi hai trong toa do cuc

» Thay x b&i rcosb, thay y boi rsin6 trong
ham f(x, y) dwdi dau TP

* Thay dA = dxdy b&i rdrd6

» Xé&c dinh cén cua mién anh R, trong
phép doi bién tw (X, y)—(r, 0)

« Tinh tich phan |ap trén mién anh

H f(x,y)dA= frzj rcosé’ rsmH rdrd @

0([’1

1IV/2008 BG_8_TII_PDA 8



Hinh 20.18, trang 134

r=r ()

IVV/2008 BG_8_TII_PDA



3).Vi du 1

* Tinh DT hinh tim gioi
han bé&i:r = a(1+ coso0)

T a(l+cosd)
S:ZI do j rdr

0 0

— azj{1+2003¢9+1+cosze}
0

S=—rxa

, trang 134

* Hinh 20.19, trang 135

IVV/2008 BG_8_TII_PDA 10



Vidu 2, trang 135

 Tinh TT hinh cau ban
Kinh R

V :8H sz:SﬁL\/a2 —rrdrd@
00

_4

a 1
j(az ~r?)2d(a®-r?)do
0

> 4
(a —r )2 :: gde—gﬂ'a

4%
3

* Hinh 20.20, trang 135

IV/2008 BG_8_TII_PDA 11



Vi du 3, trang 136

« Tinh TP suy réng loai I:  + Dé thay la ta khéng thé

+00 ,
| = je‘x dx
0

IVV/2008

tim dwoc mot nguyén
ham cla ham mét bién
da cho (méac du biét rd 1a
c6 ton tai NH trén (0, + «)

« Vithé khéng thé tinh
TPSR trén bang Gioi
han

« Tuy nhién ta lai c6 thé
tinh dwoc 12 nho tich
phan boi hai

BG_8_TII_PDA 12



Tinh TPSR |

|° = (T e ¥ dxj . (T eV dyj = T[T e(xzwz)dy]dx
0 0 0\0

T

T

= _f j e ) dlydx = j j e rdrdé’zjdé’Terz rdr==
R R 0 0

4
Jz
> =—
2



Vidu4

* Tinh dién tich caa mot  Hinh vé:
canh hoa héng trong -
hinh hoa hdng 4 canh
gi¢i han b&i dwdng cong:

e r=2c0s20

e Xac dinh can cho ntra
canh hoa:

e 0<r<2co0s20

e 0<0< /4

IV/2008 BG_8_TII_PDA 14



Tinh dién tich mot canh hoa

i
2C0S26

S =2jjrdrd9=2jd9 j rdr
0 0

72'

c0s’ 20d 6 = 2_[(1+ cos460)do = E

— 4] c

1IV/2008 BG_8_TII_PDA 15



Vidud

« Tinh dién tich cla mién  « Hinh vé:

phang nam trong dwéng
tron r = a va ngoai
dwong hinh tim
 r=a(1+ cos0)
e Xac dinh can ntra hinh
 a(1+cosO)<r<a 5
e W2<0<Tm

IV/2008 BG_8_TII_PDA
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Tinh DT mién t6 mau dé

S = ZT dé _a[ rdr
2 a(1+cosd)
2

2 C0S O 1+C0520 dé

2

— —a2

B (8—r)a’
4

IV/2008 BG_8_TII_PDA
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Tiét th& hai

« D&i bién trong Tich phan bdi hai
(Muc 20.9)

1). Phép dbi bién tong quat va Binh thirc
Jacobi (Jacobian)
2). Cong thtre doi bién cho TP béi hai

3). Cac vi du

I\V/2008 BG_8 TIl_PDA
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1). Phép ddi bién TQ va DT Jacobi

« Xét phép dodi bién (x, y)—(u, v) v&i:
X = X(Uu, v); ¥ = y(u, v) la hai ham co cac
PHR lién tuc theo cac bién u, v
X=2U—3v;y=3u-—2v..

« Pinh th&rc cap hai sau day dwo’c goi la
hay la Jacobian cho phép ddi bién

(X, y)=>(u, v)

1IV/2008 BG_8_TII_PDA 19



binh thirc Jacobi

x  ox
ou ov| O(XY)

oy oy  o(u, V)
ou oV




ou
OX
oV
OX

Pao lai

_ ou,v)
o(x,y)

(X, y)

- o(u,v)



Tinh Jacobian

« Ban hay viét BT Jacobi cho phép ddi bién tu
TP vudng goc sang T cuc

OX
o(x,y) _|or
o(r,0) |oy
or

1V/2008

OX
06| |cosé
oy Isin®@
06

BG_8 TIl_PDA
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2). Coéng thirc doi bien cho TP bdi
hal

* Thay x boi x(u, v), thay y boi y(u, v)
trong ham f(x, y) dwoi dau TP

» Thay dxdy béil|J|dudv

» X&c dinh can cta mién anh R, cla R
trong phép doéi bién tw (x, y)—(u, v)

» Tinh tich phan I3p trén mién anh R,.

IV/2008 BG_8_TII_PDA
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3). Vidu 1

* Tinh TP bai hai

I::[j(y——x)dxdy

y=X+Ly=x-3
D < X 7.
N

IV/2008 BG_8_TII_PDA
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Dung cach doi bién (x,y)—(u, V)

e Daty—x=u;y+x/3=v

« Tacox=3(v-u)4;y=(u+3v)4

e (X, y)/(u, v) = -3/4 (C6 thé hiéu la:
dxdy = 3dudv/4; dudv = 4dxdy/3)

”u —%dudv_ judujdv_
719

38

IVV/2008 BG_8_TII_PDA 25



Vidu 2

« Tinh dién tich hinh phang D:

X2 =2y;x2 =2

IVV/2008

. 3

BG_8 TIl_PDA
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HD giai Vi du 2

« Patyd x=u; xély=v

e TacO1<u<5/2;1/3<v<?2

* Dinh thirc Jacobi o(u,v)/o(x,y) = -3

* Nghia la dudv = 3dxdy «<>dxdy = dudv/3
« Dién tich can tim Ia;

ij dxdy = g %dudv: :1)) (2 1)(2—%) =§ (DVDT)

IV/2008 BG_8_TII_PDA 27



Noi dung BG-9-TlI-(Tuan th chin)

« Cac trng dung vét ly cuaTich phan boi hai
(Muc 20.3)

 C4c ban nén doc trwdc dé hiéu so lwoc
nhirng Yy chinh trong cac muc sé hoc

« Hét BG-8-Toan Il (Ngay 5/4/2008)

IVV/2008 BG_8_TII_PDA 28



Giai tich nhiéu bién sb

Bai giang 9-Toan Il (Khoa 49)
Phé Blic Anh
Trwdng Dai hoc Thuy loi

IV/2008 BG_9 TII_PDA



Chwong IlI- Tich phan béi (tiép)

No6i dung budi ba/nam
» Cac trng dung vét ly cua Tich phan boi hai
(Muc 20.3)
* Tinh dién tich mat cong (Muc 20.8)
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Tiét thir nhat

« (Cac thng dung vét ly cua Tich phan boi
hai (Muc 20.3)

1). Tinh khoi lwgng tam phang

2). M& men ddi v&i cac truc Ox, Oy...
3). Toa d6 khoi tdm clia tam phang
4). MO men quan tinh...
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1). Tinh khoi lwong tam phang

« Tam phang Dc(xy) co
khoi lwong riéng (ty
trong, mat do) phu
thudc vao tirng diém O = 5()(, y)
« Khdi lwong cla yéu to
dién tich dA Ia: 5(x,y)dA
. Céng thire tinh khoi
lwong cua tam phang M = ”5(X, y) dA
D
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Hinh 20.14 (trang 129)
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Trong hinh ve trén

- Ta coi x la khoang cach tw khoi lwong yéu
to: 8(x, y)dA dén trucy,

» yla khoang cach tw khoi lwong yéu to:
5(x, y)dA dén truc x

» Khi xét tac dung quay cua khoi lwong
quanh maot truc, ngwo’l ta dwa ra khai niem
mé men déi véi truc (bang tich gitra khoi
lwong va khoang cach tir n6 dén truc (con
goi la canh tay don))
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2).M06 men

« Khdi lwong cla yéu to
dién tich dA c6 mo

men déi véi truc x; y5(x, y) dA:; (X§(X, y) dA)
(truc y) .
M, :Hyé(x, y)dA
D

« Cong l,‘hé’c tinhmoé <
men doi vai truc x; V] , = ” x5(x, y) dA
D

truc y cla tam phang

.
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3). Toa dd khdi tdm cua tam phang

cua
tam phang D, vOi
ham khoi lwong riéng
(ty trong, mat do):

5=05(xY)

duwoc tinh theo cong
thire:
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4). MO men quan tinh

M6 men quan tinh

cta tam phang D doi l, = ” y25(X, y)dA

voi truc x; (truc y) 0
(1, = [ X*5(x, y)dA)
D

M6 men quan tinh Io _ J‘J‘ (X2 n y2)5(x, y)dA
D

ctia tam phang D doi
voi goc O
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Tam phang dong chat

 Khoi lwong riéng 8(x, y) = p = hang so tai
v(x,y) eD

» Khi d6 cac cdng thirc trén sé don gian
hon...

 Cac ban cac Cong thtre tinh
khoi Iwo’ng mO men va mo men quan tinh
doi vai hai truc, doi voi goc O va cong
thtre cho toa do khoi tdm cla tam phang
dong chat

IV/2008 BG_9 TII_PDA
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Vidu 1

« Biét khoi lwong riéng theo M(x, y) 1a §(M) = xy.
Tinh khoi lwong, MG men va mO men quan tinh
doi vai truc x, doi véi goc O va xac dinh toa dd
khoi tdm cla hinh vudng OABC, biét A(a, 0); B(a,
a); C(0, a)

Khoi lwong

ad a a2 a.4
M :” xydA:nydydx =J'7xdx:Z(DVKL)
D 00 0
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M®& men doi véi truc x, truc y

« M& men clia tam vudng OABC ddi véi truc y
M, = ” X(xy)dxdy
D

a.5

aa a ~2.,2
:szydydx=£a7)(dx=€

» Do tinh doi xirng, Mé men cua tam vuéng
OABC doi v&i truc x cling bang: a°/6
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Toa do khoi tam

cda tam vuéng i V] Za

OABC duoc tinh v y :
theo cong thurc: X = —

9:

M
M, 2a
L M
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MO men quan tinh

« ddi v&i truc Ox; truc Oy va doi vai goc O

L= ]| y*(xy)dxdy

D
e 2a'x a’
= | | xy’dydx = | —=dx=—=1
oo
2 2 a’
|, = || (X" + xy)axdy =1 +1,6 =—
; ij( y)0y)dxdy =1, +1, ==
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Vidu 2

« Xac dinh toa dd khoi
tdm cua hinh tim
dong chat co bién:

r =a(1+cos0)

- HD. Do tinh doi xtrng,
khoi tdm cla hinh tim
sé nam trén truc x,
nghia la:

* Hinh 20.19, trang 135
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[P

y=0 x=2y :3;2ngA

7 a(1+cosb)

deA:ﬂrzcosédrdé’:Z_[ _[ r* cosdrd@
D D 0 0

37 3
2 st -5
3 4 6




Tiét th& hai

» Cac trng dung cua Tich phan boi hai
(On tap va néng cao)

1). Dién tich mat cong (Muc 20. 8)
2). Vi du irng dung

IV/2008 BG_9 TII_PDA
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1). Dién tich mat cong (Muc 20. 8)

« Xét mat cong coO phwong trinh z = f(x, y) xac
dinh trén mién hiru han D < (xy)

* Hinh chiéu vuéng géc cla phan mat cong kha
bé ,(vc'yi dién tich dS) xudng (xy) la mét hinh
phang trong D co dién tich dA = dxdy

« Theo dinh Iy vé dién tich hinh chiéu, ta co:

dS. cosy = dA

» v6i v la goc gitva phap tuyén tai mét diém trén
dS v&i chiéu dwong cua truc z

IVV/2008 BG_9 TII_PDA 18



IVV/2008

Hinh 20.395, trang 158

\ Y
\
\ Yy
a cos y
BG_9 TII_PDA
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Hinh 20.36, trang 159
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Tinh dS

sy nk (-z,0-z,.0+1.1)
R ez

dsS = aA \/1 72 z2 dA
COS ¥

S = ”\/1+z +z dA = H\/1+z +z dxdy




3). Vidu 1

» Tinh DT nira mat cau ban
kKinh a bang TP boi hai
(Hinh 20.37, trang 160)

« HD. Xét ntra mat cau
trén:

. PAu tién hay tinh dS?

« Sau dé, xac dinh mién lay
TP béi hai (Nén tinh theo
hé toa do nao?)
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Tinh vi phan dién tich dS
7 =1Ja? - (x? +y?);

N
]
|
|

N
]

4S — 1'X+ydxd_ adxdy

\ Z° \/a — (X +Vy°)
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Dién tich nlra cau trén

_ _ dxay
S ijds aijJaz_(X%yz)

drdd I =
:ag\/;zr—rz :—%ldé’_([(az—rz) 2d(a” —r?)

= —a.27z.\/ a‘—r?

a 2
s =27a




Vidu 2

 Tinh DT phan mat « Hinh 20.38, trang 161
cong paraboloit
fron xoay: z = X2 + y?
nam trong mat cau:

X2+y?+2722=6

- HD. Timz, z,, Z

e Tinh dS

« Xac dinh mién lay TP - &zl
va xac dinh cac can :
TP

.|
FI

y*
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HD giai VD 2

* Z= X2+ yr 5z, = 2X; Z, = 2Y;

« dS =[1+ 4(x? + y?)]"2dxdy

« Giai phwong trinh: [x? + y?]?=6-(x? + y?)
dwoc: x2 + y?= 2 (loai gia tri: x2 + y?= - 3)

« Suy ra hinh chiéu trén (xy) cGia phan méat
parab...tron xoay la hinh tron: x2 + y>< 2

» Nén tinh TP trong HTD cuwc trén mién D,:
0<0<2r;0<r< V2
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Thwc hieén phep tinh
S =”\/1+4r2rdrd¢9:

T

4-§jd9j (1+4r?)2d (1+4r?)
0 0
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2). Vi du rng dung
» Tinh khoi lwong va xac dinh toa do khoi
tam cua tam giac OAB biét A(a, 0) B( 0, a)
va O(0, 0). Cho khdi lwong riéng & = x2+ y?

M = ”(xz +y?)dxdy = _Tajx(xz + y?)dydx
D 0 O

— j X (a - X) (@ _BX)B —dx = %j (DVKL)
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M, = ([ ey+y)day = [ 6ey-+y ooy

a 5

I'XZ (a-x? (a—x)’ I

T T4 [ s
a - 2a
M, =[] 0¢xy)ddy = —x="



Noi dung BG-10-Tll-(Tuan the 10)

* Tich phan bdi ba va trng dung (Muc 20.5)

 C4c ban nén doc trwdc dé hiéu so lwoc
nhirng Yy chinh trong cac muc sé hoc

« Hét BG-9-Toan Il (Ngay 15/4/2008)
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