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BAI 1: GIOI THIEU VECTO & PHUONG PHAP GAUSS
GIAl HE PHUONG TRINH PAI SO TUYEN TiNH

GIOI THIEU MON HOC

Theo dong lich sir, mén Pai sb tuyén tinh khai dau véi viée giai va bién luan
cac hé phuong trinh bac nhat. Vé sau dé cd thé hiéu rd cau trdc cua tap nghiém
va diéu kién dé mot hé phuong trinh bac nhit c6 nghiém, nguoi ta xay dyng
nhitng khai niém triru tugng hon nhu khéng gian vecto va phép bién ddi tuyén
tinh.

Ngay nay DSTT duoc tng dung vao hang loat linh vuc khac nhau, tor Giai
tich tgi Hinh hoc, tir Co hoc, Vat Iy tgi Ky thuat... Vi thé, nd tré thanh mot mon
hoc co s& cho sinh vién cac chuyén nganh khoa hoc co ban va céng nghé trong
tat ca cac truong dali hoc.

1. GIOI THIEU VECTO

1.1. VECTO HINH HQC

1.1.1. Dinh nghia

Vecto hinh hoc 1a doan thang duoc dinh huéng

A 4

r
A

goc ngon

1.1.2. Cac phép todan vecto

Phép céng hai vecto: Tong v + w cta hai vecto v va w duoc xac dinh theo
Quy tic ba diém hoic Quy tic hinh binh hanh.

Phép nhén vecto véi mot vé hwéng: Tich cv cua vecto v vai s6 thyuc ¢ 1a
Mot vecto dugc xac dinh nhu sau:

1) Néu x > 0 thi xv cung hudng Vi v;
Néu x < 0 thi xv nguoc huéng véi v;
2) [xv] = [X]-|v].

¢ thuong dugc goi mot vé hwong.



Bai gid@ng toan 111 — ThS. Nguyén Ngan Giang — Email: giangnn@wru.edu.vn

Phép trir hai vecto: Hiéu hai vecto v va w dugc xac dinh boi
V-w:=Vv+(-w).

T6 hop tuyén tinh cia cac vecto Vi, Va,...,Vn 12 Mot vecto c6 dang
C1V1+CoVot...+CV, VI Cq, Co, ..., Ch € R.

Nhén xét
1) Khi vecto v = 0, tap tt ca c4c to hop cv lap day mot duong thang.

2) Khi nhitng vecto v va w khong cting phuong, tap tt ca cac té hop c;v
+ c,W lap ddy mot mat phang.

3) Khi ba vecto v4, V5, v3 khong dong phang, tap tat ca cac to hop ¢;vq +
c, V5 + c3v3 lap ddy khong gian.

Cha y: Tich vé hwéng cia hai vecto v va w 1a sb thuc
V-W = |v|-|w|cos e,
trong d6 ¢ la gbc gitra hai vecto v va w.

1.2 m BIEU DIEN VECTO HINH HOC DUOI DANG TOA PO

Viéc tinh mét té hop tuyén tinh cua nhiéu vecto hinh hoc néi chung 1a phuc
tap. Tuy nhién viéc nay duoc giai quyét rat don gian khi biéu thi cac vecto hinh
hoc dudi dang toa do.

Véi mdi vecto hinh hoc v trong mit phang toa dé Oxy luén luén ton tai duy
nhét hai s6 x va y sao cho v = xi + yj. Ta goi cap s6 (X, y) 1a toa dg cta v. Dé tién
lam viéc vé sau, cap sé nay con dugc viét ¢ dang

X
b/
Ta dong nhat v véi cap sb nay:

X
v "[y]
Véi mdi vecto v hinh hoc trong khdng gian Oxyz luén ludn ton tai duy nhat

ba s6 X, y va z sao cho

vV=Xxi+yj+zk..
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Ta goi bo ba s6 (x, V, 2) 14 tea dg cua v. Dé tién 1am viéc vé sau, bo ba sé nay

con dugc Viét & dang

Ta dong nhat v véi cap sb nay:

Gia su

RHEEH

va ¢ la mot vo hudng. Ta céd
N [x + x’] [Cx
VH+W = ,ev=[ |
y+y cy

VW = XX+ VY v = x2 + y2

Déi voi cac vecto hinh hoc trong khong gian ta ciing c6 nhitng diéu twong tu
trén.

1.3 ® MO RONG KHAI NIEM VECTO

T muc 1.2, ta ¢6 thé mo rong khai niém vecto mot cach ty nhién nhu sau:

Goi ddy gdm n s thuc

la mot vecto cét n - thanh phan. Ta con c6 thé viét nhu sau
(Xl, X2""’ Xn),
nhung khong dugc hiéu 1a vecto hang.

Tap cac vecto cot n - thanh phan duoc ki hiéu [a R"
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Trén tap R" ta dinh nghia céc phép toan, t6 hop, tich vo hudng, d6 dai cua
vecto twong ty nhu & muc 1.2. Hai vecto n - thanh phan duoc goi 1a vudng goc
néu tich vo hudng cua ching bang khéng.

Sau nay ta goi R" [a mot khong gian n-chiéu. Nhu vay, tap cic vecto hinh
hoc trén mat phang, hay khéng gian 2-chiéu Ia

X
2 _
R2={[,].xy €R}
Tap céc vecto hinh hoc trong khdng gian, hay khéng gian 3-chiéu 1a
X
R? = {[y],x,y,z € R}
Z

2. GIAl HE PHUONG TRINH TUYEN TiNH
2.1m PINH NGHIiA

Mot hé phuong trinh tuyén tinh m phuong trinh, n an (hé m x n) la mot hé
c6 dang
a1 x1 + ai2Xy + -+ ApnX, = bl

az1xq + ary Xy + -+ Arpy Xy = bz

Trong d6 c4c a;;, b; 1a cac sb thuc, x; 1a cac an.

ij
2.2. CAC DANG BIEU DIEN CUA HE PHUONG TRINH DSTT
2.2.1. Dang hang: La dang biéu dién trong dinh nghia 2.1

2.2.2. Dang phwong trinh véc to:

ayj b,
a .

G = 2] ,Jj=1,..,n;b = bz
amj bm

Khi d6 hé phuong trinh c6 thé viét dudi dang phuong trinh véc to

Ky hiéu

X161 + X3¢ + -+ x,¢, = b
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2.2.3. Dang ma tran:

Dinh nghia Bang s

a1 Qg A1n

a1 Ay Aon
A= :

a1 a2 v QAmn

Puoc goi la ma tran hé sé cua hé phuong trinh

X1

LA X2
Ky h|eu hi = (ail,aiz, ...,ain),x = .
xn

Ta dinh nghia phép nhan ma trdn m - n V&i véc to n toa do (két qua 1a véc to

m toa d0) nhu sau
h1 X
h2 X
Ax = x1¢1 + x50 + -+ x,¢,, = .
h,, - x

a1 X, + aA12Xy + -+ A1n Xy
az1xq + ary Xy + -+ ArpXp

Ap1X1 + AQpoXg + o+ Ay X
Khi d6 hé phuong trinh c6 thé viét dudi dang Ax = b
Vi du 1. Thuc hién phép nhan ma tran véi véc to theo hai cach

1 2 3 2
a. A=|2 3 1],x=[0]
3 1 2 3
1 2 0 -1 g
b. A=|2 3 -1 5],95: >
-3 1 2 0 3
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Vi du 2. Hay biéu dién cac hé sau dudi ba dang: hang, phuong trinh véc to va
phuong trinh ma tran

2x1+x3 =1
a. §xq4 —2x, +x3 =3
2Xq + x5 —x3 =4

1 0 1 1
2 —2 1 2
b. Xq 0 +x2' 3 +X3' 0 - 3
-1 1 1 4

2.3® PHUONG PHAP KHU GAUSS

2.3.1. Ma tran bac thang va tru

Quan sat cac ma tran sau va nhan xét

1 2 311 -2 1
0 -1 2] ) [0 0 5]
0 0 4110 0 4

1 _2 3 0 1 -2 1
0O 3 5

o 1 =2 =2,

0O O 4 4 0 0 4

] O 0 O

Nhgn xét: Néu ké mot duong chéo tir phan tir hang 1 cot 1 thi tat ca cac phan
tir dudi dudng chéo déu bang 0.

Nhitng ma tran nhu trén duoc goi 1a ma tran hinh thang va nhiing phan to
khac 0 dau tién trong mot hang goi 1a tru

2.3.2. Ma tran me ronq

Dinh nghia. D6i voi hé Ax=b, ta goi ma tran [A|b] 1a ma tran m& rong cua hé
Vi du. Xac dinh ma tran mo rong cua hé

x—y+3z=1
2x + 3y = -2
y—5z=1
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2.3.3. Hé danqg bdc thang va cach qgidi

Dinh nghia. Hé dang bac thang 1a hé phuong trinh tuyén tinh c6 ma tran mo
rong dang bac thang. An c6 hé sé 1a tru dugc goi 12 bién tru. Nhitng 4an con lai
duoc goi 12 bién ty do.

Vi du. Trong cac hé sau hé nao la hé bac thang, xac dinh bién tru va bién tu
do ¢ cac hé bac thang

x—y+3z=1
a.{2x+3y =-2
y—5z=1
x—y+3z=1
b.y —y+3z=2
5z=1
x—y+2z+t=11
cy 2y+3z—t=-1
—5z+3t=3

Mot trueong hop dac biét caa hé bac thang la hé tam giac

ai1x1 + ai2Xy + -+ Ain Xp = bl
arr Xy + .- +a2nxn = bz

O X = by
Trong do a; # 0.
Céch giai hé dang tam giac: Str dung phép thé nguoc tir dudi 18n.
R0 rang hé tam giac c6 nghiém duy nhét.

x—y+3z=1 , .
Vidu. Hé{ —y +3z =2 c6nghiém duy nhit (=1,-:,7)
5z=1

Cach giai hé bac thang:

Chuyén tat ca céc hang tir chira bién tu do sang vé phai va coi céc bién ty do
nhu cac tham s, hé bac thang tré thanh hé tam giac
Vi du. Xét hé

{1x—y+32+t=1
—1y+3z—t=2

Chuyén hé vé
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{1x—y= 1-3z—-t
—1ly=2-3z+t
Khi d6 coi z, t nhu cac tham s thuc tly ¥, ta  ¢6 nghiém cua hé c6 dang
(-1—-2t,-2+3z—t,z1t)
2.3.4. Gidi hé phwong trinh bat ky

Pé giai hé phuong trinh tuyén tinh tong quat bat ky, ta st dung phuong phap
khtr Gauss. Tu tuong cua phuong phap khir Gauss 1a chuyén hé bat ky vé hé bac
thang bang cach sir dung cac phép bién d6i hang, cu thé Ia:

- Dbi chd hai hang cua hé

- L4y mot phuong trinh cong (trir) v6i boi ciia mot phuong trinh khac
trong hé

- Nhan ca hai vé ctia mot phuong trinh véi mot s6 khac 0.

Chu y: Trong qué trinh thuc hién néu xuat hién phuong trinh dang 0 = 0 thi
ta loai khoi hé, con néu xuat hién dang 0 = b thi hé vo nghiém.

Vi du. Cho hé phuong trinh sau:

ax+y+z=3
{x+ay+z=a
x+y+taz=a
a. Giai h¢ véia=3
b.Tim a dé hé vé nghiém
Gidi.
3 1 1 3 31 1 3 31 1 3
a.[Alb]=1]1 3 1 3(—-|0 8 2 6|—>|0 8 2 6
1 1 3 3 0 2 8 6 0 0 30 18
Tur day ta co
(ty.2) = 333

a 1 1 3
a. [Alb]=[1 a ]—>[O a -1 a-1 a2—3‘
1 1 a a a—l a’?—-1 a*-3
a 1 3
_>[o a® —1 a—1 a2—3‘
0 0 a(a—1(a+2) a(a®-3)
Hé v6 nghiém khi va chi khia = 1 hoaca = -2
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Chu y. Ta str dung tru trong cot j dé khir cac s6 ciing cot j nam bén duéi va

’
-4 (11

khir theo quy tac
Vi du. Giai hé

tir trén xudng dwéi, tir trai qua phai”

2x+y—2z=1

{x+y—3z=—1
x+2y+z=3

11 -3 -1 1 1 -3 -1 1 1 -3 -1
[A|b]=[2 1 -2 1]—>[0 ~1 4 3]—»[0 -1 4 3

1 2 1 3 0O 1 4 4 o 0 8 7

NHUNG Y CHINH TRONG
BAI GIANG TUAN 1

1. M6 rong khéi niém vecto trong R™
2. Ba céach biéu dién mot hé phuong trinh dai s6 tuyén tinh.

3. Phuong phéap khir Gauss
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BAI 2: MA TRAN

Trong muc nay ta dinh nghia nhitng phép toan sé hoc véi ma tran va xét mot
sb tinh chat dai s6 cua chlng. Ma tran 1a mot trong nhirng cdng cu manh nhat
trong todn hoc. Dé sir dung ma tran ¢ hiéu qua, ta phai thanh thao sé hoc ma
tran.

1. KHAI NIEM MA TRAN

1.1. Dinh nghia
a. Mét bdng sé gom m - n so thue duoc xép thanh m hang va n cét duroc

goi la mgt ma tran mxn:

aqr Qg A1n
a1 Ay Aon
a1 a2 v QAmn

Dung nhéiing chiz cdi A, B, C,...dé dat tén cho ma trdn.
a; la phan tir nam ¢ hang i va cét j.

(ail, ao, ..., ain) Ié. hé.ng thaz i

alj

ayj )
;] la cat ther |

amj

Déi khi ta viét tat ma trdn trén la (ay).
b. Ma trdn nxn dwoc goi la ma trgn vudng cd’p n.

Céac phan tir aii (i = 1, ..., n) ldp nén dwong chéo cua no.

aix Q12 - Qqp
A a . a
c. Ma trgn tam giac trén ?2 . ?"
0 0 .. ay
ai 0 0

. ., .. |a a w 0
Ma tran tam gidc dwol. ?1 :22 _ .

a1 a,» Ann
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ai 0 0
A N p azs 0
d. Ma trd@n dwong chéo | . L
0 0 .. a,,
1 - 0
e.Matrgndonvil =|: =~
0 - 1

f. Ma tran-khong O 1a ma trdn c6 tat cd cac phdn tir bang 0.
g. Noi A = (a;) va B = () bang nhau néu a;=bj; véi méi cap i va j.
2. CAC PHEP TOAN MA TRAN

2.1. Phép nhan ma tran véi mét so

2.1.1.Dinh nghia Néu A = (a;) 1a ma trgn mxn va c 1a mét s, thi

caqq caqy Caqn

cax cayy cayy,
cA=1| . : . .

Cam1 CQy2 . Cmn

Ma trdn doi cia A 1a ma tran (-1)A, ky hiéu 1a -A.

Vidu 1
1 2 2 4
2[3 4H6 8‘
0 O 0 O

2.1.2. Nhdan xét Nhan mot vecto cua R" véi mot vo hudng chinh la nhéan

mot ma tran nx1 véi mot sb.

2.2. Phép cong ma tran

2.2.1. Dinh nghia Néu A = (a;) va B = (by) 1a hai ma tran mxn, thi

aiq + bll aiy + blZ aAin + bln
A+ B=|% Tb21 az j‘bzz A2n TbZn
am1 + bml a2 + me e Amn + bmn
Vidu 2
1 2 2 2 3 4
3 4|+|4 4|=|7 8
0 O 9 9 9 9
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2.2.2. Nhdn xét Cong hai vecto cta R" chinh la cong hai ma tran nx1.

X1 V1 X1+
x:2 + )’:2 _ | *2 + V2
xn yn xn + .VTL

2.3. Phép nhan ma tran

2.3.1. Dinh nghia Gid sir A la ma tranm xn, B la matrgnn X p. Khi dé

ma trgn tich C = AB la m¢gt ma trgn m X p dwoc tinh bgi
Trong do bj la cot thir j cua matran B (j=1,..,p)

Vidu 3
3 —2 31 [=2
2 1 3 ~1 -1
AB=[ 2 4 |=]al2| 4l 4 =[
4 1 el|f T o 20 —22
_ —14 1 -3
BA=[B [_42 B[ﬂ B[g]]= 12 6 30]
' 14 -2 —15
2.3.2. Cha V.

1) Ma tran € = AB c6 phan tir hang i cot j 1a
c;j = (hang i cia A) - (cgt j ciia B)

Vidu 4
3 4 Lo :
a=|7 >].B=|4 s5]thiknongthé nhan A véi B
1 2
3 6
1 2 5 8
BA=|4 5 i ;L]= 17 26]
3 6 15 24

2) Hai ma tran vudng c6 thé nhan véi nhau khi va chi khi chiing cé cuing

3) NGi chung AB = BA
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4) AB = O khong suy ra A=0 hoac B=0O.
Vidu5
2 [0 37 _ [0 57.. _[0 O
A_[O O],B_[O 1]th|AB—[O O]vaBA_[O 0

2.4. Nhirng tinh chét ctaa phép todn ma tran

Pinh ly 2.2.1 Vi nhitng ma tran bat ky A, B, C va nhitng s6 thuc bat ky x, y

ta ¢6 cac dang thic sau

1. A+B=B+A 8.1A=A

2. A+B+C)=(A+B)+C 9. A(BC) = (AB)C

3. A+0=A 10. AB+C)=AB + AC
4. A+(-A)=0 11. (A+B)C =AC + BC
5 X(A+B)=xA+xB 12. A=A IA=A

6. (x +y)A=xA+YyA 13.A0O=0,0A=0

7. (Xy)A = X(yA)

3. MA TRAN NGHICH PAO

3.1. Pinh nghia Ma trdn vuéng A dwoc goi 1 ma tran kha nghich néu ton

tai ma trgn B sao cho AB = BA = |. Ta goi B la ma tr@n nghich ddo cua A.

Néu A kha nghich thi ma tran nghich dao cia né 1a duy nhat. Diéu nay cho
phép ta ky hiéu ma tran nghich dao cua A 13 A™.

Vidu 6

a=[2 JJesat=[2% 7]

Tong quat
[a b
c

d] kha nghich néu va chi néu ad - bc = 0. (tai sao?) Khi ay

-1 1 —
[Z Z] = ad — be [—dc ab]'
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Pinhly 2.3.1 Néu A va B 1a hai ma tran nxn kha nghich, ¢ 1a sé khac 0,

thi
1. (AB)' =B?A"
2. cA)t=c'A?
Chuy
1) Khi A kha nghich, Ax = b ¢6 nghiém duy nhit 1a x = A™b.
2) Gia str ton tai x khac vecto-khdng sao cho Ax = 0. Khi ay A khdng kha
nghich.

3.2. Tim A" bing phwong phap Gauss-Jordan
Tu twdng cua phuong phap Gauss-Jordan la st dung c&c phép toan hang trén
ma tran [A 1], bao gom

I. Héi ché hai hang cia ma trdn.
1. Ld’y mét hang cua ma tran trie di boi cua mot hang khac trong ma trdan.
111. Nhan mét hang ciia ma trdn véi mét so khac 0.

dé bién doi ma tran [A 1] thanh ma tran [I B], khi d6 B = A™!

[A 1] AY.
2 5 1
Vidu 7. Tim ma trgn nghich dao cuamatrinA=11 0 2
1 3 4
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2 5 110 0 102 0 1 0
[4l1] =1 02 0 10| -|13 4001
13 4 00 1 2 5110 0
10 2 0 1 0 10 2 0 1 0
—»(0 3 2 0 -1 1)—»(0 3 2 0 -1 1>
05 =3 1 -2 0 0 0 19 -3 1 5
10 2 0 1 0
—><0 57 0 6 —21 9)
0 0 19 -3 1 5
9 0 0 6 17 -10
—»(0 57 0 6 -21 9 >
0 0 19 -3 1 5
T 10
19 19 19
e o 2 7 3
19 19 19
0o g 3 1 5 1/
19 19 19
Vay
6 17 10
19 19 19
a1t | 2 7 3
19 19 19
3 1 5 4/
19 19 19

Chu y. Pé bién d@éi [A 1] — [I A'] ta dung dudng chéo chinh chia ma tran
A thanh 2 phan, sir dung tru dé khtr, phan dudi dudng chéo khir “Tir trén xudng
dudi, tir trdi sang phai”, phan trén duong chéo khir “Tir dudi 1én trén, tir phai
sang trai ”

4. MA TRAN CHUYEN VI

4.1. Pinh nghia Cho A 1a ma trgn mxn. Ma tr@n chuyén vi cia A, ky hiéu
la AT, 1a ma trdn c6 cot thir j 1a hang thiz j cia A (j =1, ..., m).
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Vi du
1 0
va=[} 2 Yma-lz o
3 4
4.2. Nhdn xét

Néu A la ma tran mxn, thi A" 1a ma tran nxm va (A"); = Aji.
Tinh chat 2.4.1

1. (AN =A

2. (cA)" = cA’

3.(A+B) =AT+B'

4. (AB)" = B'AT

5. (A-l)T - (AT)-l

4.3. Dinh nghia Ma trdn A dwot goi 1a ma trdn doi xing néu A= A.

Vidu Hai matran sau la ma tran d6i xang
1 21 .11 O
2 5] Va[o 1o]

A 1a ma tran nxn ddi xting < a; = a; Vivaj e {1, ..., n}.

NHUNG Y CHINH TRONG BAI GIANG TUAN 2

1. Khai niém ma tran.

2. C4c phép toan ma tran va tinh chit.

3. Ma tran nghich ddo. Phuong phap Gauss-Jordan dé tim ma tran nghich
dao.

4. Ma tran chuyén vi.
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BAI 3: PINH THUC
Tim mét tiéu chuan thuan tién @é biét khi nao mét ma tran vudng kha

nghich.
Xétmatran A = [a b].
: c d
Khi ndo thi ma tran A kha nghich? Ta thay

[—dc _ab][ccl Z:[adabc adgbc]:(ad_bc)[(l) (1)

Vay néu ad - bc = 0, thi A kha nghich va

_ 1 d -b
Al:ad—bc[—c a]

ad - bc 1a dinh thic cép 2 (ctia ma tran A).

Ta muén mé rong khai niém dinh thic cho ma tran nxn bat ky dé tim

duoc tiéu chuan kha nghich cho ma tran nxn.

1. PINH NGHIA VA CONG THU'C TiNH PINH THUC

1.1. Pinh_nghia: Dinh thic cuia mot ma tran vubng A cap n x n 1a mot sb

thue dai dién cho ma tran A, ki hiéu Ia det A hoic |A4|. Binh thic cho ta biét ma

tran A c6 kha nghich khéng, cu thé Ia:
detA # 0 = A kha nghich
det A = 0 = A khOng kha nghich

1.2. COnq thire tinh dinh thac

1.2.1. Pinh thic cip 2

Dinh thirc cua ma tran vuéng cap hai A = [Ccl Z] la
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_la b|_
detA = |c d|—ad bc

Vi du. Tinh cac dinh thac sau

1 2 |1 1| sina cosa| 1 0|
1 37 -1 -1l ’l—=cosa sinal '10 1

1.2.2. Pinh thirc cap 3

ayr Az 413
binh thic cua ma tran vudng capba A = |d21 Q2 azs3| la
aszi1 dzz Aass
aqr aqz Qg3
detd =|az1 Az azs

aszi1 dzz 0ass

= 011022033 T Q12023031 + A13021A32 — A31022413 — A3203011

—az3dz10412
Quy tic Sarrus: Viét thém hai cot 1, 2 vao bén phai ma tran
a1 42 a3 aq1 Qg
Q1 Az Q3 dz1 QA

31 dzz 4azz dzp 0asp

Nhﬁ'ng Sé hang a110ayp7033 + aip093031 + aq307103 tlIO’ng l:l'ng Vol “dU'é’ng
chéo di XU6ng’,, Cbn nhﬁfng Sé hang —a31072013 — A320923011 — Q330210417

tuong trng voi “duong chéo di lén”.

1.2.3. Pinh thitc cap n

Dinh nghia Gid sir A 1a ma trdn nxn ¢ cac phan ti 1a aij. Bo di hang i va
Cot j ciia A, diroc ma trdn (n-1)x(n-1), ky hiéu 1a My;. Ta goi s6 (-1)"IdetM;; 1a
phan phu dai sé ciia aj;, ky hiéu la Cj;.

Vi du 3 Cho A la ma tran 3x3. Phan phu dai sb cua ay, 1a

a1 dzz
C =—11+2| |=—a Q22 + Ao daq.
12 =(=1) az;  ds3 21033 23031
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Cong thirc Phan phu dai s6 Cho A Ia ma tran nxn véi n > 2. Ta c6:

detA = a;Ciy + @;,Ci> + ... + ainCin  (Khai trién dinh thitc theo hang i),
detA = a3Cyj+ a5Cpj + ... + 8,Crj  (Khai trién dinh thirc theo cét j).
Nhitng cong thie ndy con dugc goi la Khai trién Laplace theo hang hay cot.
Vi du 5 Tinh dinh thic

0O 1 2
D=1 0 3
3 -3 4

Gigi Khai trién theo hang 1, ta c6
_ |11 3 1 0_ _ oy
p=—|3 Jl+2]; S=-4+9+2-3)=-1

Chay Khi sir dung Cong thic phan phu dai s6, ta nén khai trién dinh thic
theo hang (hay cot) ¢ nhiéu 0 nhat.

2. CAC TINH CHAT CUA DPINH THUC
Tinh chat 3.1.1 detl = 1.

Vidu

det1=|(1) (1) =11-00=1

Tinh chdt3.1.2  Dinh thic d6i ddu khi dbi chd hai cot hoic hai hang.
Vidu

|a b=_|cd
c d a b

Tinh chdt3.1.3  Dinh thuc 13 ham tuyén tinh d6i véi mot cot (hang) khi cd

dinh nhirng cot (hang) con lai.

Vidu
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o T B e BT I

Chu y. V&i ma tran vudng A cip n X n thi det(tA) = t™ det A
(tai sao?)
Tinh chat 3.1.4 Néu hai cot cua A gidng nhau, thi detA = 0. (tai sa0?)

Tinhchat3.1.5  detA khong doi khi trir mot cot (hang) cia A di mot boi

cua cot (hang) khac cua A. (tai sao?)

Tinh chat 3.1.6 Ma tran vudng c6 cot (hang) toan 0 thi dinh thuc cia nd

bang 0. (tai sao?)

Tinh chdt3.1.7  Néu A Ia ma tran tam giac thi detA = tich cac phan tir trén

duong chéo. (tai sao?)
Tinh chit 3.1.8 Ma tran A kha nghich khi va chi khi detA = 0.

Tinh chat 3.1.9 Néu A va B 1a hai ma tran vuéng cung cap, thi det(AB)=
detAdetB.

Cha y. Néu A kha nghich thi

detA™! =
© det A4

Tinh chit 3.1.10 detA'= detA.
Chu y. Tur tinh chat 5 va tinh chat 7 ta c6 thém mét cach tinh dinh thic 1a:

Bién doi ma tran A bang cach st dung phép bién doi hang trir mot hang cua A di

mot boi cua hang khéc cua A dé dua vé ma tran tam giéc roi sir dung tinh chat 7.

Vidu8 Tinh dinh thac

1 0 2
D=|0 1 3
-3 3 4
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Gldl
1 0 2 1 0 2 1 0 2
D=0 1 3(=|0 1 3|=]|0 1 3[=1.
-3 3 4 0 3 10 0 0 1

3. MOT SO UNG DUNG CUA DPINH THUC

3.1. Giai hé phwong trinh tuyén tinh

Pinh Ii 3.3.1 (Quy tic Cramer) Gia st Ax = b [a hé nxn. Néu detA= 0, thi
Ax = b ¢6 nghiém duy nhat
detB; detB, detB,
T detd ™ T detAd’ ™ T detA’
Trong d6 ma tran Bj nhan duoc tur A khi thay vecto b vao cét thir j cua no.

Vidu 1l Giai hé¢ phuong trinh

X1+x2+X3=1

—2x1 + X =0
—4‘X1 +X3 = 0.
Gidi
1 1 1
detA=7,detB;=(0 1 0|=1,

0 0 1

1 1 1 1 1 1

deth =|-2 0 0= 2,detB3 =|-2 1 0|=4.
-4 0 1 —4 0 O

Theo Quy tic Cramer

3.2. Cong thirc tim A*

Dinh nghia_Gid sir A 1a ma trgn nxn c6 cac phan ti 1a a;. Cj; 1a phan phy

dai s6 cua a;. Ma tr@n phan phu dai sé cia A 1a
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Cy Cpp .. Cqy
o c?1 c?z - c?n_
Cyi Cpp o Cpp
Pinh Ii 3.3.2 Néu A kha nghich thi
A" = C'/detA.

Vidu 2 Tim ma tran nghich dao cua

0 1 3
1 0 1
2 1 0

A=

Gigi Khai trién Laplace theo hang 1, ta c6 |A| = 5,

0 1 1 1
Cyp = (=D 1 ol = —1,Cyp = (1) |2 ol = 2,C13

_ (3|1 0] _
1 3 0 3
Cop = (—1)**! 1 o= 3,Cpp = (—1)%2 5 O| = —6,(y3

0 1
=) =2

_ 13+ |1 3| _ _ 13420 3| _ _ (13430 1
C3; = (1) |0 1 =1,03, = (-1) |1 1|—3;C33—( 1) 1 0
= —1.
Theo dinh ly trén
(-1 3 1
A‘l—g 2 -6 3|
1 2 -1

NHUNG Y CHINH TRONG BAI GIANG TUAN 3
1. Pinh nghia dinh thirc cap n.
2. CA4c tinh chit co ban ciia dinh thiic.
3. Cong thirc phan phu dai so.
4. Ung dung ciia dinh thic
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BAI 4: KHONG GIAN VEC TO VA KHONG GIAN CON

MO DAU. Xét tap céc sb thuc R va tap hop tt ca cac ma tran vudng cap hai
Mat (R, 2) vé&i phép cong va phép nhan thong thuong. Ta thiy véi ca hai tap hop

trén cac tinh chat sau déu dung
V1. u+v =v+u VuvtrongV (lugt giao hoan)

V2.u+(V+w)=(u+Vv)+w Y u,v,wtrong V (ludt két hop)
V3.3 phantir 0 trongVsao chov+0=v Vv eV

V4. Béi véi mbivtrongV 3 (-v) e Vsaochov + (-v) =0
V5.1lv=v VveV

V6. (ab)v=a(bv) V a, b eRva Vv eV (lugtkét hop)
V7.a(u+v)=au+av YacRva Vv u,veV (lugtphan phéi phdi)
V8. (a+b)v=av+bvVva beRva VveV (lujtphan phdi tréi)

Ngoai hai tap hop trén, con nhiéu tap hop khac ciing théa man cac tinh chat
trén voi phép cong va phép nhan v hudng dinh nghia phu hop. Vi ly do dy, da
xudt hign mgt Iy thuyét chung cho cac hé théng toan hoc chtra phép cong va
phép nhan vai vo hudng ma dugc &p dung cho nhiéu bo mdn caa toan hoc. Do 1a

Ly thuyét khéng gian vecto.

1. KHONG GIAN VECTO

1.1. Pinh nghia M¢ét khong gian vecto V trén R 1a mét tdp hop khong réng
c6 hai phep toan:

* Phép céng vecto cho twong g méi cap phan ti u, v thuge V véi duy nhat
mét phan tir thuge V, dwoc ky hiéu 12 u +v. Phép céng ndy théa man cdc diéu
kién V1 dén V4,

* Phép nhan Vvéi vé hweng cho tuwong irng mai sé thuc ¢ va phan ti v thuge
V véi duy nhdt mét phan tir thuge V, dwoc ky hiéu 1a cv. Phép nhan nay thda
mdn cdc diéu kién V5 dén V8.
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Céc phan ti cua V duoc goi 1a nhitng vecto ma khong nhat thiét 13 vecto hinh
hoc.
Goi phan tir 0 1a vecto-khdng, goi -v 14 vecto ddi cua vecto V.
Phép cong mot vecto vai vecto dbi ciia mot vecto duoc goi 1a phép tri:
u-v:=u+(-v).
Mot thanh phan quan trong cta dinh nghia 1a "tinh chdr déng" cua hai phép
toan
P1. NéuveV va a la méot sd thyc thi aveV.
P2. Néu v va u thuoc V, thiv + ueV.
Vidul. ChoV={(x,1)|xeR}
vai phép cong va phép nhan vaéi vo hudng quen thudce.
(3,1)va(51) € V,nhung (3, 1)+ (5, 1)=(8, 2)g V.
Phép toan + khéng phai Ia phép toan trén V do khong tuan theo tinh chat B2.
Vi vay V khdng phai 1a khong gian vecto.
Vi du vé mét sé khong gian vecto thuc
1) R%,R3.
2) R™

3) Tap hop M(mxn, R) tit ca nhitng ma tran ¢& mxn véi cac phan tir thuc.

Cha y. Tinh chat V3 thuong dugc sir dung dé kiém tra mot tap hop véi cac
phép todn trén d6 khong phai 1a khong gian véc to

Vi du 2. Ching minh {[;2 _1a],a € R} voi phép cong va nhan vo hudng

thong thuong khong phai 1a mot khong gian véc to.

2. KHONG GIAN CON

2.1. Pinh nghia Néu W 1a mét tdp con khéng rong cia khéng gian vecto
thuc V va W théa mdn cdc diéu kién sau:

(hcve W Vv eWvavY vé huong c
(i)v+tueW VvvaueW

thi W diroc goi la mgt khéng gian con cua V.
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Ve

Chay

1. Tat ca cdce phép todn trén W déu la trén V nén W ciing théa man 8 tinh
chat trong dinh nghia khong gian vec to. Vi thé W ciing la khong gian vec to. Vi
vy, muon chimg minh 1 tdp hop la 1 khéng gian véc to, ta cé thé chitng minh né
la khéng gian con ciia mét khéng gian véc to da biét.

2. Moi khéng gian con M cia V déu phdi chira véc to khéng cia V.

3. Céc diéu kién (i) va (ii) noi 1én rang W déng dbi v6i hai phép toan. Co
thé gop hai diéu kién ndy lai thanh mét diéu kién:
YV vvau eW, x vay la cac vo huéng bat ky, thi xv + yu eW.,

Vidu 3 Cho W = {(x1, X2)| %> = 2x;}cR%

Néu (a, 2a), (b, 2b) € W va x, y 1a hai v6 huéng tiy y, thi

X(a, 2a) + y(b, 2b) = (xa, x2a) + (yb, y2b) = (xa+yb, 2(xa+yb))
ciing € W. Do d6 W la mét khong gian con cua R?

Vidu 4 ChoW ={(x, 1) | x 1a s thuc bat ky}.

W < R? nhung W khong déng ddi véi phép cong cua R?, nén W khong phai
la khong gian con cua R

Vidu 5 Theo dinh nghia, tap tat ca c4c ma tran tam giac trén c& nxn, tap tat
C4 C4C ma tran tam giac dudi ¢ nxn, tap tat ca cac ma tran dudng chéo ¢& nxn la
nhitng khdng gian con cta khong gian vecto M(nxn, R).

2.2. Béon khong gian con chi véu lién quan dén mét ma tran

2.2.1.KHONG GIAN COT

Dinh nghia Cho A la ma trgn mxn, co cdc vecto cét ¢j (j = 1,..., n). Ta goi
tap hop tdt ca nhiing t6 hop tuyén tinh cia cac vecto cét ¢; (j = 1,..., n)

C(A) ={ X1C1+ XaC2 + -+ + XnCn| Xj R }
la khéng gian cét cia A.

Trong Chuong 1 ta da dinh nghia phép nhan mot ma tran A = (&;;) 6 cd mxn
V&I Mot vecto X = (X, X2, ... , Xn)
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ai1x1 + ai2Xy + -+ A1n Xy,

az1xq + ary Xy + -+ ArpXp

Ax = =x1¢1 + -+ x,Cp

An1X1 + ApaXy + o+ Apn X
Vi vdy, ta ciing c¢6 thé hiéu C(A) nhu tap hop tat ca nhiing vecto c6 dang Ax
Vvéi x eR".
Nhdn xét Tim nghiém ciia Ax = b chinh 1a biéu thi b nhw mgt té hop tuyén
tinh ciia cdc vecto ¢t ciia A. Ax = b ¢6 nghiém khi va chi khi b thuoc C(A). Khi

b thuoc C(A), n6 1a mot td hop tuyén tinh cua cac vecto cot cua A. Nhitng hé sé
trong mot td hop cho ta mot nghiém x cua Ax = b.

Vidu 6 Xac dinh C(A) voi

2 4 1

A=[1 2 2

C(A) = {x; ﬂ + x, [g] + x5 B] ,X1,X2,X3 € R}

_ 2 1
= {(x1 + 2x3) [1] + X3 [2] ,X1,X2,X3 € R}
Vay C(A) la R?
Vi du 7 Tim diéu kién cta ¢ dé b thuoc C(A) véi

1 0 1 1
1 2 3‘,b=[2‘

1 0 ¢ 1

A=

Y&u ciu dé bai twong duong “tim ¢ dé phuong trinh Ax=b c6 nghiém”
Xét ma tran mé rong
1 0 1 1 1 0 1 1
[Alb] =1 2 3 2[{-|0 2 2 1
1 0 ¢ 1 0 0 c—1 0
Vay voic = 1thib € C(A)
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Pinh Iy 4.2.1 Néu A 1a ma tran mxn, thi C(A) 1a mét khdng gian con cia R™.

Chirng minh

Néu v, u eC(A), thi 3 x vay eR"sao cho v = Ax, u = Ay.
Vaitvas eR, thi

tv + su = tAX + sAy = A(tx +sy),

nén tv + su thuoc C(A). Do @6 C(A) la mot khoéng gian con.

Vidu 8 Hay mo ta cac khong gian cot (1a nhitng khong gian con cua R?) cua
_1 o 1 2 _n 2 3
A_[o 1] B_[z 4] C_[o 0 4
_ [*17 _ 1 07.
C(A) = {[xz] = X [O] + x, [1] : X1, X7 € R}
Do d6 C(A) = R%
C(B) gém tit ca cac vecto co dang
_ 1 21 _ 17.
C(B) ={x [2] + X7 [4] = (x1 + 2x3) [2] 1 X1, X € R}
Do d6 C(B) 1a duong thang véi vecto chi phuong (1, 2).
_ [ 2 31 _ 1 3]
C(C) = {x1 [O] + X [O] + X3 [4] = (x1 + 2x2) [O] +X3 [4] 1 X1,X2,X3 € R}

Do d6 C(C) = R%
2.2.2. KHONG GIAN NGHIEM

Dinh nghia Tdp nghiém cua Ax= 0 duoc goi la khong gian nghiém caa A
va duwoc ky hiéu la N(A).

Pinh Iy 4.2.2 Néu A 12 ma tran mxn, thi N(A) 12 mét khdng gian con cua R".

Chirng minh

V vvau eN(A), vai moi vo huéng a va b, thi
A(av + bu) = aAv + bAu = a0+b0 = 0,

nén av + bu ciing thuéc N(A).Do d6 N(A) la mot khéng gian con cta R™
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Vi du 9 Hay md ta khéng gian nghiém cua

1 2
A=l Jo=f} He-fo o

N(A) = {x € R*: Ax = 0}

X1+2X'2=0

Ax=0®{3x1+6x2=0

S x1+2x, =0

Vay N(A) = {x = x, [_12] %, € R}

N(B) = {x € R*: Bx = 0}

X1+2X'2=0

3x1+4x2=0®x1=x2=0

Bx=0=>{

vay N(B) = ([J])

N(C) = {x € R%:Cx = 0}

X1+2X'2=0
Ax=0<:>{2x1+4x2=0<:>x1+2x2=0
3x1+6x2=0

Vay N(C) = {x = x, [_12],x2 € R}

Vi du 10 Xét phuong trinh x + 2y + 3z = 0 x4c dinh mot mat phang di qua
gdc toa do. Mat phang nay 1a khdng gian con cua R®. P6 chinh 1a N(A) véi A =
[1 2 3].

2.2.3. KHONG GIAN HANG VA KHONG GIAN NGHIEM TRAI

Dinh _nghia Cho A 1a ma trdn thuec. Ta goi tdp hop C(A) 1a khong gian
hang cia A, N(AT) 1a khdng gian nghiém bén trai cia A.

Nhan xét
1) Néu A la ma tran thuc mxn, c6 cac vecto hang 14 hy, ..., hy, thi

C(AT) = { yahi+yshot-+ynhy | yj eR }
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hay C(AT) gém tit ca nhitng vecto c6 dang A’y véiy eR"™.

2) N(AT) 1a tap nghiém cua A’y = 0. Chuyén vi hai vé cua phwong trinh nay ta
cd y'A = 0" (Vecto y nam phia bén trai A, nén N(AT) duoc goi la khdng gian
nghiém bén trai cua A).

Pinh 1y 4.2.3 Néu A 1a ma tran mxn, thi C(A") 12 mot khéng gian con cua R"
va N(A") 1a mot khdng gian con cua R™.

NHUNG Y CHINH TRONG BAI GIANG TUAN 4

1. Dinh nghia khong gian vecto thuc.
2. Dinh nghia khong gian con.
3. Bén khdng gian con chii yéu ciia mot ma tran A: C(A), N(A),
C(A"), N(A"). Méi quan hé giita su c6 nghiém cia Ax = b va khong  gian
C(A).
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BAI 5: HANG CUA MA TRAN VA NGHIEM PAY PU CUA
Ax=0, Ax=Db
1. HANG CUA MA TRAN

Hé phuong trinh Ax=0 c6 thé thu gon vé mdt hé phuong trinh tuyén tinh

tuong duong ma c6 sd phuong trinh it hon.
Chang han

{x1—3x2=0 N
le—6xZ=O

VAN DE: Ax=0 c6 thé thu gon vé it nhat bao nhiéu phwong trinh?

x1—3x2=0

Trong tuan 1 ta c6 thé dua ma tran A vé ma tran U cd dang bac thang nho
nhiing phép toan hang sau day:

(i) Péi ché 2 hang nao do.

(i) Thay hang bgi hiéu ciia hang dy véi béi cia hang khac.

Ngoai ra, dé don gian hoa céc tinh toan, d6i khi ta con dung thém phép toan
hang sau

(iii) Nhan mét hang véi mét sé khac khong.

1.1. Pinh nghia Cho mét ma trgn A. Dung nhing phép toan hang ta bién

déi A vé ma trdn bdc thang U. Sé tat ca cac tru trong U dwoc goi 1a hang cua
A, ky hiéu 12 r(A).

Vidul
1 1 2 3 1 1 2 3 1 1 2 3
A=12 2 8 10‘%[0044—>U=0044l,
3 3 10 13 0 0 4 4 0 0 0 O
nénr(A) = 2.
Chuy

1) r(A) = 0 khi va chi khi A = O.

2) Néu A [a ma tran mxn thi r(A) < min{m, n}.

Nhédn xét

1) Néu A la ma tran nxn thi r(A) = n < detA = 0.

2) Néu ma tran A 1a ma tran con ctia ma tran B thi r(A) < r(B).
3) r(A) = r(A")
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1.2. Thu gon hé thuan nhit

Dinh nghia Mgt hang (cot) cua A duwot goi la mot hang tru (cét tru, twong

1Ng), NéU sau cdc phép todn hing d@é dwa A vé ma tran bdc thang né chiza mét

tru.
Vidu 2
1 1 2 3 1 1 2 3
A=12 2 8 10|-=U=]0 0 4 4|
3 3 10 13 0O 0 0 O

= hang 1 va hang 2 la hai hang try, c6t 1 va cot 3 la hai cot tru.
Dinh 1y Néu r(A) = r, thi Ax = 0 twong duong v4iBx = 0, trong d6 B gom tét

ca cac hang tru cua A .

Vidu 3 Cho hé
X1 +x, +2x3+3x4,=0
2x1 + 2x; +8x3 + 10x4 = 0
3xy +3x, +10x3 + 13x, = 0.

Do cac hang 1 va 2 sau nhitng phép toan hang chaa tru la 1 va 4 nén theo
binh ly 2 hé nay twong duong vai hé

x1+x2+2x3+3x4=0
2x1 + 2x5 + 8x3 + 10x4 = 0.
2. CAU TRUC NGHIEM CUA Ax =0

O day ta s& thiy rang moi nghiém cua Ax = 0 déu biéu dién (dudi dang to
hop tuyén tinh) theo mot s6 nghiém nao dé, goi la cac nghiém ddc biét.

Péi v6i hé thuan nhat Ax = 0, trong qua trinh dua ma tran ma rong [A 0] vé
ma tran bac thang ta thay rang cot cudi ludn ludn 14 0 nén ta chi can 1am viéc voi
A.

Vi du 4 Giai he

X1 + x3 + 2x3+ 3x4,= 0

2x1 + 2x, + 8x3+10x4, = 0
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3x; + 3x, +10x3 +13x, = 0.

1 1 2 3 1 1 2 3 1 1 2 3
2 2 8 10‘%[0 0 4 4‘—>[0 0 4 4‘
3 3 10 13 0 0 4 4
nén h¢ tuong duong voi

X1+ x3 + 2x3 + 3x4 =0

4x3 + 4x,4 = 0.
Bién tru 1a x; va X, bién tu do 1a X, va X,.
X1 + 2x3 = —x; — 3xy
4x; = —4xy.

Cho x, Va X4 gia tri thuc bat ky ta tim gia tri ctia X, va X3
X3 = —X4,X1 = —Xp — X4.

—=Moi nghiém cua hé cé dang

Nhan xét

Trong Ax = 0, sb bién tru = r(A), sé bién tu do = (sé cot ciia A) - r(A).

2.1. Pinh nghia Khi giai Ax = 0, cho mét bién tir do bang 1, va cho cac bién

tir do con lai bang 0, ta diroc mét nghiém goi mét nghiém ddc biét.
Trong vi du trén, X, va x, 1a cac bién tu do.
-1
Cho x; = 1, x4 = 0, thu dugc nghiém dac biét s; = I (1)
0

Cho x, = 0, x4 = 1, thu dugc nghiém dac biét
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-1
0
-1
1

s2 =

MJ3i nghiém cta hé c6 thé tach nhu sau
—xz — Xy -1
0
—x4 T X4l _y
=Nghiém bat ky cua Ax = 0 1a t6 hop tuyén tinh cta s; va s:

X = X981 + XaSo.

2.2. Dinh nghia Néu s,,..., s, 1a tat ca cac nghiém dac biét cia Ax = 0, goi

C1Sp+---+CyS,

V6i €y, ..., C 1& nhitng sé thuc bdt kp, 1a nghiém day di hay nghiém téong
quat cua Ax = 0.

Nghiém téng quat ctia hé trong vi du trén 13 X = X,51 + X4S».

2.3.Pinh Iy Cho Ax=01a hé n 4n

* Néu r(A) = n, thi hé c6 nghiém duy nhat (N(A) = {0}).

* Néu r(A) < n, thi hé c6 tit ca n - r(A) nghiém dic biét sy,..., Spr(ay VA N(A)
gom tat ca nhitng t6 hop tuyén tinh caa sy,...,Sh.r). (Truong hop nay hé c6 vo sb
nghiém phu thudc n - r(A) bién tu do).

Hé qud

Néu Ax = 0 ¢6 s6 phuong trinh nhé hon s6 an thi nd c6 vo sé nghiém.

3. CAU TRUC NGHIEM CUA Ax =b

O day ta s& thdy rang moi nghiém cua Ax = b déu Ia tong cua mot nghiém

nao do6 ctia N va nghiém day du cia Ax = 0.

3.1. Nghiém riéng

3.1.1. Pinh nghia_ M¢t nghiém ndo do cua AX= b duwoc goi la mgt nghiém

riéng, ky higu la x,

3.1.2. Cach tim mégt nghiém riéng

Dung phép khir ¢é dwa [A b] vé dang bac thang [U c].
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Trong hé Ux = ¢, ta gan 0 cho nhitng bién tu do rdi giai ra cac bién try, s& tim
dugc mot nghiém riéng.
Vidub

X1+ Xo+ 2X3+3x4=1
2X1 + 2Xo + 8X3 +10x,=6
3X1 + 3%y + 10x3 +13x, =7.

Gidi Thuc hién phep khir trén ma tran

1 1 2 3|1 1 1 2 3|1
[Ab] =12 2 8 10[6|—=[Uc]l=[0 0 4 4|4
3 3 10 1317 0O 0 0 Ol0

Gan 0 cho x; va x4, ta nhan dugc x; = -1 va x3 = 1. Vay mét nghiém riéng la
Xp = ('1, 0, 1, 0).
3.2.Nghiém day dii

3.2.1. Binh ly Gia sit AX = b c6 nghiém riéng la x,. Khi ay, tap nghiém cua
Ax =D la {x =X, + Xn| Xn eN(A)}.

Chirng minh

V&1 X = Xy + Xn, d0 AX = AXp + AXp = b + 0 =Db, nén x = X, + X, la nghi¢m cua
Ax =Dh.

Nguoc lai, néu x 1a mot nghiém cia Ax = b, ta dit X, = X - Xp. DO AX, = AX -
Ax,=b-b=0,nén x,eN(A).

Dinh 1y nay la co s& cho dinh nghia sau day.

3.2.2. Dinh nghia Néu X, la nghiém riéng cia Ax = b, X, la nghiém day di

cia Ax = 0, ta goi X = X, + X, 12 nghigm ddy di hay nghi¢m téng quat cia Ax
=h.
Vidu6 Hé

X1+ Xo+2X3+ 3x4=1
2X1 + 2Xo + 8x3+ 10X, =6
3X1 + 3X, +10X3+13x4= 7

c6 nghiém ddy di 1A X = X, + Xy = Xp + X1 + XS
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-1 -1 -1
0 1 0
= 1 +x2 0 +X4 1
0 0 1

NHUNG Y CHINH TRONG BAI GIANG TUAN 5
1. Hang cua ma tran va cach tim.
2. Cau tric nghiém cua hé Ax = 0. Bién luan hé Ax = 0.

3. CAu tric nghiém cua hé Ax = b. Bién luan hé Ax = b.
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BAI 6: SUDOQC LAP, CO SO VA SO CHIEU

MO PAU Mot khong gian vecto co vo sd cac vecto va viéc nghién cau mot
tap hop gdom v sé phan tir khdng hé don gian. Cau hoi dat ra Ia: liéu c6 thé co
mot nhdm gom n phan tir trong mot khong gian vects V “dai dién” cho V dé
viéc nghién cttu V duogc chuyén thanh nghién ciu trén nhdm n vecto trén V duoc
khong?

1. SUDOC LAP, CO SO VA SO CHIEU

1.1. Pinh nghia_ Cho vy, ..., v, la nhitng vecto trong khong gian vecto'V.

Mgt tong 6 dang x, vy + - + x,v,, trong dé x4,...,x, ld cdc vé hwéng durgc
goi 1a mét té hop tuyén tinh cia vy, ..., v,. Tdp hop tdt cd nhiing té hop tuyén
tinh cua v4,..., v, duoc ky hiéu la Span(v,...,v,)

pinh 1y 6.1.1. Néu vy,..., v, la nhiing vecto trong khong gian vecto V, thi
Span(vy,...,v,) la mot khdng gian con cta V.

Ta noi Span(vy,...,v,) la khéng gian con cua V sinh bgi (hoac cang baoi)
Vi,..., V.

C6 thé tinh co xay ra Span(vy,...,v,) = V, khi dy ta néi rang cac vecto vy,
... ,Vp sinh ra V (hoac cang V) hay {v, ... ,vo} 1a mét tap sinh cua V.

1.2. Pinh_nghia  Ta noi rang tdp {v,,...,v,} 1a mét tap sinh cia khdng

gian V, néu va chi néu méi vecto trong V c6 thé biéu dién dwoc ¢ dang mét to
hop tuyén tinh cia vy, ... v,.

Vi du 1 Tap tit ca cac vecto cot cia ma tran A 1a tap sinh cua C(A). Tap tat
ca cac vecto hang ctia ma tran A 1a tap sinh cua €(AT). Tap tat ca nhitng nghiém
dac biét cia Ax = 0 latap sinh cua N(A).

Vi du 2 Nitng tap nao sau day la tap sinh ctia R??

@flol e {15 © (G

X ,
Gidgi_ Cho [y] 1a vecto bat ky trong R%. Do

[yl =xlol+ ] [] == [ol + > [3] + ;]
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nén mai tap vecto trong (a) va (b) déu 1a mot tap sinh cua R2.
X [ﬂ +y [:ﬂ = B]v@ nghiém, nén B] khéng phai 1a té hop tuyén tinh cua
17 11 171 -1 A e 1N A o -
[1] ) [_1]. Suy ra, [1] ) [_1] khong phai la tap sinh ctia R-.

Vidu 3 {1,x,x2,...,x™ } 1a mot tap sinh cua khdng gian P,, vi mot da

thuc € P,, ¢ dang

apl + a;x + a;x? + - + a,x"

o oo o[y ollo 1l
la mot tap sinh cia M(2x2, R).

1.3. Sw doc lap tuyén tinh

Trong Vi du 2 ta thiy mdi tip vecto ¢ (a) va (b) déu I tap sinh cua R?,
nhung tap vecto ¢ (a) la maot tap con thuc su cua tap vecto ¢ (b), nén mot vecto
trong tap o (b) la thira. Vi vay, mét cau hoi tu nhién dugce dat ra: khi nao mot tap
sinh caa khong gian vecto V khong thira mot vecto nao (tic 1a néu bo di bat cir
Mot vecto nao cua tap sinh nay thi duoc tap vecto méi khdong phai la tap sinh cua
V). Ta s& cd cau tra loi voi khai niém dgc 1dp tuyén tinh.

1.3.1. Dinh nghia

1) Ta néi cdc vecto vy,Vy, ..., V, Cia khong gian vecto V déc 1dp tuyén tinh,
néu x;v; + xv, + - + x,v, = 0kéotheox; = x, =...= x, = 0.

2) Ta néi cdc vecto vy, Vs, ..., v, Cia khéng gian vectoV phu thudc tuyén
tinh, néu chiing khéng déc 1ap tuyén tinh. Piéu ndy cé nghia la ton tai it nhat

mot vo huong X; khac khdng sao cho Xivy + XaVp + -+ + XpVp = 0.

1 2 3
3 10 13

phu thudc tuyén tinh vi

Vidu 5 Cac vecto
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l.vi+1Lv,+(—Dv; =0.
Tuy nhién {v,,v,} doc lap tuyén tinh. That vay, gia st
X1V + XoVy = 0,

Khi ay ta c6 hé thuan nhat

X1+ 2% =0
2X1 + 8X2 =0
3X1 + 10X2 =0

Hé nay cé nghiém duy nhit 13 x; = x, = 0, nén vy, v, doc 1ap tuyén tinh.
Vidu 6 Trong M(2x2, R), cac vecto

10]01]00]00]

O olto oll1 olto 1

doc 1ap tuyén tinh, vi

anly ol*auly oftanly gl+e=ly =[5 ol
hay
[an anl=lo ol
kéo theo a1 =ap = a = ax =0.

Pinh Iy 6.1.2. Cac vecto Vi, ... ,Vn cia R™ doc 1ap tuyén tinh khi va chi

khi hang ctia ma tran [vy, ... ,vs] bang n.

Chang minh Ky hiéu A = [vy,...,v,]. Xét hé¢ Ax = 0. Day vy, ... ,v, doc

lap tuyén tinh khi va chi khi Ax = 0 c6 nghiém duy nhat. Diéu nay trong duong
voir(4) = n.

1.3.2. Nhdn xét Pinh Iy nay cung cap cho ta mot phuong tién hitu hiéu

dé kiém tra su doc lap tuyén tinh hay phu thudc tuyén tinh cua day vecto va, ...
Vi trong R™ Trudc hét tinh hang cia ma tran A = [vy, ... \Va]. Néu r(A) = n thi
day nay doc lap tuyén tinh. Néu r(A) = n, thi ddy nay phu thudc tuyén tinh.

Vi du 7 Xéc dinh cac vecto sau ddy c6 phu thudc tuyén tinh hay khdng

1 2 3
v = [2];”2 = [8 ];173 = [10]
3 10 13



Bai gid@ng toan 111 — ThS. Nguyén Ngan Giang — Email: giangnn@wru.edu.vn

1 2 3 1 2 3
[v, vy, 3] = [ ‘ [O 4 4‘ - [0 4 4‘
3 10 13 0 4 4 0 0 O
nén r[vy, vo,v3] = 2 < 3. Suy ra vy, Vy, V3 phu thudc tuyén tinh.
Hé qua 6.1.3. Néu n > m thi moi ddy gém n vecto trong R™ phu thugc
tuyén tinh.
Chitng minh Ky hiéu A = [vy, ... ,vq]. Xét h¢ Ax = 0. Vi day vecto vy, ... ,Vy
trong R™ thi A =[vy, ... ,vy] 1a ma tran mxn nén r(A) < min{m, n}=m<n. Theo
Dinh Iy 2 suy ra vy, ... ,V, phu thudc tuyén tinh.

1.4. Co sé cia mot khong gian vecto

O trén ta da biét rang mot tap sinh cua khdng gian V 1a khéng thira mot vecto
nao khi va chi khi n6 doc 1ap tuyén tinh. Didu ndy 1a nén tang cho dinh nghia sau
day.

1.4.1. Dinh nghia Tdp vecto {V1, Va, ..., Vn}duroC goi la mét co so' cua khéng

gian vecto' V néu no6 c6 hai tinh chat:
1. {vy, Vo, ..., Vo} latdp sinh cua V.
2. V1, Va, ..., Vi d6C ldp tuyén tinh.
Vidu 8

1) {e4, €, ..., ey} (cac vecto cot cua ma tran | ¢& nxn) la mot co sé cua R,
duoc goi 12 co' sé chinh tdc.

2) {1, x, X%, ..., X"} 1a mot co s& cua khdng gian P,, duoc goi 1a co sé chinh
tac.

Chay Z = {0} khong c6 co s& vi 0 phu thude tuyén tinh.

o= []ve= Ll =[]

khéng phai 1a mét co s¢ caa R? (do cung phu thudc tuyén tinh).

Vidu 9 HEé vecto
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1.4.2. Ung dung ciia co s¢ Néu {vi, ..., vo} 13 co so cua khéng gian V, thi

mdi u € V duogc biéu dién mot cach duy nhat ¢ dang td hop tuyén tinh caa vy, ...
Vi U= XqVp + ot XoVp

Khang dinh nay cho phép thay thé mdi vecto u € V boi vecto (Xi, ... , Xn) €
R" (sa0 cho U = XyV; + -+ XuVp). Trong Hinh hoc so cap cach 1am nay duoc goi la
Phuong phap toa d, cho phép phién dich mét bai toan hinh hoc sang mot bai
toan dai s6 ma co thé d& giai quyét hon.

1.5. Sé chiéu ciia mét khéng gian vecto

Pinh 1y 6.1.4 Néu {v1, ..., Vo} V& {W1, Wy, ... , Wp} 13 hai co s6 cua

khong gian V thi m = n.

1.5.1. Pinh nghia Cho V 1a mét khéng gian vecto. Néu V ¢d mét co sé gom

n vecto, ta néi rang V ¢6 sé chiéu bang n. Quy wéc khdng gian Z = {0}c6 sé
chiéu bang 0.

Vi du 10 S6 chiéu cua R" bang n. S6 chiéu cua khdng gian P, biang n + 1. Sb
chidu cia M(mxn, R) bang mxn.

1.5.2. ¥ nghia ciia 6 chiéu

1) Ta thira nhan khang dinh: Néu W,, W, 1a hai khéng gian con cua khdng
gian V va W, c W, thi chiéu cia W, < chiéu cua W,. Dau bing xay ra khi va
chi khi W, = W,.

Nhu vay, s6 chiéu 1a mot chi sé do "d6 16n™ cua mot khdng gian con.

2) Ta thira nhan khang dinh: Néu khéng gian V ¢6 s chiéu bang n, thi V ¢c6
nhiéu nhat 1a n vecto doc 1ap tuyén tinh va ¥ duoc sinh it nhat bai n vecto.

Nhu vay sé chiéu Ia "chin trén" cho s vecto doc lap tuyén tinh va Ia
"chin dudi " cho sé vecto cua mét tap sinh caa khong gian.

Dinh Iy 6.1.5. Néu V 1a mot khong gian vecto ¢ s6 chiéu n > 0, thi mot

tap con gom n vecto bat ky cta V 1a co so cia V khi va chi khi cac vecto cia tap
con nay doc lap tuyén tinh.
Hé qud 6.1.6. Tap vecto {Vi, ..., V) 1a co s& cta R" khi va chi khi r([v, ...

Vn]) = n (hay det[vy, ... ,vy] = 0).
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Chitng minh  R"cd sé chiéu bang n, nén {vi, ..., vo} 1a co so caa R" khi va

chi khi vy, ..., v, doc 1ap tuyén tinh. Nhung theo Dinh Iy 4.6.1 vy, ..., v, doc lap
tuyén tinh khi va chi khi r([vy, ... ,va]) = n.
Vidu 11

{B],[g]} 14 co s6 cua R? do |; §|¢o_
2. CO SO VA SO CHIEU CUA BON KHONG GIAN CON CHU

YEU LIEN QUAN PEN MOT MA TRAN
2.1. Dinh IV co ban ciia Pai s6 tuyén tinh (Phan 1)

Cho A a ma tran mxn ¢6 hang bang r. Khi dé ta co:
e Séchidu cua C(A), C(A) cung bang r.
e  Sbchiéucua N(A) bangn -r.

e  Sbchiéucua N(A") bangm - .

2.2. Chl V: Céch tim co sé ciia bon khdng gian con ctia mgt ma tran A
. Tap tat ca cac cot tru cua A 1a mot co s caa C(A).

. Tap tat ca cac hang tru cua A la mot co so cia C(A").

) Tap tat ca cac nghiém dic biét cua Ax = 0 1a mot co s cua N(A).

e  Tap tat ca cac nghiém dic biét cua ATx = 0 1a mot co so cua N(AT).

Vi du 12 Tim co sé va sb chiéu cua 4 khong gian con chu yéu lién quan dén

1 3 0 5
A=1|2 6 1 16|
5 15 0 25
Gldl
1 3 0 5 1 3 0 5
A=12 6 1 16/-U==|[0 0 1 6
5 15 0 25 0 0 0 O

A c0 cac cot tru la cot 1 va cot 3, A ¢6 cac hang tru la hang 1 va hang 2, con
r(A) = 2.

C(A) c6: Co sé 1a (1, 2, 5) va (0, 1, 0) (hai cot tru). S6 chiéu 1a 2.

C(A") co: Cosdla (1, 3,0, 5) va (2, 6, 1, 16) (hai hang tru). S6 chiéu la 2.
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N(A) c6: Co so la (-3, 1, 0, 0) va (-5, 0, -6, 1) (hai nghiém dac biét cua Ax =
0). S6 chiéu 1a 2.
N(A") co: Co s 1a (-5, 0, 1) (nghiém dic biét cia ATy = 0). Sb chiéu 1a 1.

NHUNG Y CHINH TRONG BAI GIANG TUAN 6

1. Tap sinh cua mot khong gian vecto.

2. Khéi niém doc 1ap tuyén tinh, phu thudc tuyén tinh. Phuong phap
kiém tra su doc 1ap tuyén tinh hay phu thudc tuyén tinh cia mot day vecto trong
R".

3. Co s6 va sd chiéu cua mot khong gian vecto.

4. Pinh 1y co ban cta Pai s6 tuyén tinh (Phan 1) vé chiéu cua bon khong

gian con chu yéu lién quan dén mot ma tran.
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BAI 7: GIA TRI RIENG VA VECTO RIENG

MO DAU. Ta biét viéc nhan hai ma tran A,,x, - B,x, 12 viéc thuc hién
m X p phép nhan v6 hudng hai vecto. Nhu vay, véi mot ma tran vuong A, «x,
néu ta mudn tinh A* thi ta can thuc hién (k — 1)n? phép nhan vé hudng hai
vecto va khi k dua 1on thi viéc tinh toan tro nén rat phic tap. Hon nita, dé tinh A™
ta bat bugc phai tinh A™~1. Cau hoi dat ra 1a: ¢6 cach nao tinh A™ don gian hon
va khéng can tinh A™~1 khong?

1. VECTO RIENG VA GIA TRI RIENG

1.1. Dinh nghia Cho A la mgt ma trdn nxn,

Khi ¢6 vo hudng A va vecto v # 0 sao cho
Av = \v

thi A diroc goi la mgt gid tri riéng cua A, vecto v drocC goi la mét vecto riéng
cua A ung Vvoi A.

1.2. Phwong phap tim Qi tri riéng va vecto riéng

DPinh ly 7.1.1. Cho A la mot ma tran nxn.

(i) A la gia tri riéng cua A < A la nghiém cua det(A-tl) = 0 (tuc la
det(A-Al) = 0).

(ii) v 1a mét vecto riéng cua A tng Vvai gia tri riéng A < v la nghiém
khéng tim thuong cua hé (A-A)x = 0.

Dinh_nghia det(A — Al) duoc goi la da thuc dac trung; phuong trinh
det(A — AI) = 0 duoc goi la phuong trinh ddc trung cta ma tran A.

1.3. Cac bwoc tim gia tri riéng va vecto riéng cia ma tran A:

Bwéc 1 Tinh da thie dac trung det(A-tl).
Bwéc 2 Giai phuong trinh dic trung det(A-tl) = 0 dé tim céc gia tri riéng.

Buwéc 3 Gia st A 1a mot gia tri riéng. Giai hé (A — Al)x = 0, tim tit ca cac
nghiém dic biét cua hé thi cac nghiém dic biét d6 1a tat ca cac vecto riéng doc
lap tuyén tinh twong (ng véi gié tri riéng A.
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Vi du 1 Tim gia tri riéng, vecto riéng ciia A = g ‘3*]
T - R A NN
Gigi Tinh|A—aIl=|"7" | _/1| —(5-D)3B—-1) -8

=2 —-81+7.

A-A=0e A=1,1=7

+V6i A = 1: hé phuong trinh (4 — 1.1)x = ;} ;L] [2] - [8]

S xX ==X DX = [_x;l] =X _11] =51 = [_11]

+V6i A = 7: hé phuong trinh (A — 1.x = _22 —44] [2] B [8]
S x, =2x2=>x=[2xx22]=x2 ﬂ=>$2 = ﬂ

cha y

1) A c6 mot gid tri riéng = 0 < detA = 0.

2) Ung véi mot gid tri riéng c6 vo sb vecto riéng khac nhau.
3) Mot vecto riéng chi tng véi duy nhat mot gia tri riéng.

That vay, gia sir ma tran A c6 vecto riéng v ddng thoi (ng véi gia tri riéng 4
va A, Tk Av=A;vvaAv =,V = (44 —A,)v=0.

Dov=0,nén A4; — A, = 0, hay 4; = 4,).

Cho da thuc f(X) = by + byx + bx® + - + bypx™. V&i ma tran vudng A bét ky, ta
xac dinh ma tran f(A) = bl + byA + bA% + - + b, A",

Pinh 1y 7.1.2 Cho Acd nxnva f(x) = bg + byx + bpx® + -+ + byx™. Gia sir v
la mot vecto riéng cua A tng Véi gia tri riéng A.

(i) Néu A kha nghich thi v 1a mét vecto riéng cua A™ tng Véi gid tri
rieng 1.

(ii) v 1a mot vecto riéng cua ma tran f(A) tng vai gid tri riéng f(4).

Vidu Néumatran A c6 mot gia tri riéng Ia A thi ma tran A% + 24 c6 mot
gia tri riéng twong ung la A2 + 24.
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Nhédn xét DBinh ly nay cho phép ta tim gié tri riéng cua mot ma tran phiac
tap f(A) thdng qua ma tran A dé viéc tinh toan dugc don gian hon.

Dinh 1y 7.1.3. Néu A = (&) la ma tran nxn c6 n gia tri riéng A4, Ay, ... , An, thi
Mt A+ o+ Ap=ap +apt-+an
(ag1 + . + - + an goi 14 vét cua A va ky hiéu 1a tr(A))
AAg--An = detA.
Vi du 2 Cho ma tran
A= [g g .
Tinh dinh thirc ciia A”°** +2010 A + 20091,
Gidi
AcOhaigidtririeng: 4, = 1vad, =7

= A2011 1 20104 + 2009/ c6 hai gia tri riéng 1a2; = 4020 va 4, =
72011 +2010.7 + 2009

= det(A2°11 + 20104 + 20091) = A, - A,
= 4020(7%%1! +2010.7 4+ 2009)

2. CHEO HOA MOT MA TRAN

Xét van dé phan tich ma tran A ¢& nxn thanh tich ¢ dang SAS™, trong d6 A
la mot ma tran duong chéo.

Ta quan tim dén van dé nay bai vi khi A = SAS™ thi rat d tinh lity thira cua
né véi cap bat ky.

2.1. Dinh nghia Mgt ma tran vudng A dwoc n6i 1a chéo héa dwoc néu ton
tai ma trgn S kha nghich va ma trén dwong chéo A sao cho S™AS = A.

Dinh ly 7.2.1. Mot ma tran A ¢d nxn chéo héa duoc khi va chi khi A cé n
vecto riéng doc 1ap tuyén tinh.

Vi du 3 Xét xem ma tran sau c6 chéo hoa dugc khdng

-1

A=H |
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Gidi_ det(A - t1) = nén A c6 2 gia tri riéng [a A, = A, = 0.

He (A-0Dx =0 la
X1-X=0
X1-Xo =0.

Hé nay c6 nghiém tong quat 1a t(1, 1) véi teR, nén hai vecto riéng bat ky cua
A déu cung phuong. Suy ra chung phu thudc tuyén tinh. Do d6 A khdng chéo
hoa duoc.

Dinh 1y 7.2.2 Néu vy, ... Vi 1a cac vecto riéng ung véi nhitng gié tri riéng do6i
mot khac nhau A4, ..., A ctia ma tran A (¢ nxn) thi vy, ... ,vi doc 1ap tuyén tinh.

Hé qud 7.2.3 Néu A 1a ma tran nxn cé n gié tri riéng d6i mot khac nhau A4,
..., A, thi A chéo hoa duoc.

No6i 16 hon, néu S = [vy Vs ... V] V6i vj la vecto riéng ting voi gia tri riéng A; (j
=1, ..., n), thi S kha nghich va S*AS = diag(A1, ..., An).

Vidud Xétmatran A = [% ;] c6 chéo hoa dugc khong?

Gigi Ma tran suy bién A c6 hai gia tri rieng 1; = 0,1, = 3 va hai vecto
riéng twong ung x; = (1,—1),x, = (1,2). Tacé S = [_11 ;] >S5 1=
1 2 —17 4 -1 _ [0 O
3[1 1]nenS AS—[O 3

2.2. Chuy

1) Néu S la ma tran kha nghich sao cho ST1AS = A =diag (14, ... , Ay), thi
vecto cot j cua S 1a vecto riéng ctia A tng voi gia tri riéng A;. Goi S la ma trgn
vecto riéng, A la matrgn gia tri riéng caa A.

2) Ma tran vecto riéng S khong duy nhat.

3) Néu A 1a ma tran nxn cd n gié tri riéng nhung khéng doi mot khac nhau,
thi A ¢6 thé chéo hoa dugc hay khéng tly thusc vao né cd n vecto riéng doc lap
tuyén tinh hay khéng.

Vidu5 Matran
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chi c6 hai gia tri riéng nhung c6 ba vecto riéng doc 1ap tuyén tinh nén A chéo
hoa duoc

4) Néu S™'AS = A, thi A=SAS™.

2.3. Ung_dung cia gi4 tri riéng va vecto vao tinh liy thira cia mét ma
an

—

r

|

Néu S*AS = A= STA"S =A™ = A" = SA"S™.
, , ka2 _[2 5
Vidu6 Tinh A va—[4 1

Gigi. |A— Al| =

|2—/1 5
4 1-2

[A—A|=0o A =61, =—3

|=/12—3/1—18.

m=6=U-6Dx=0s[" > [edy=s

=>x1=[i].
/11=—3=>(A+3/1)x=0(:)[_45 i|8]=}y=—z
=>x1=[_11].

s=[2 L]=st=5[, Lla=[0 Ofnenar=saks

NHUNG Y CHINH TRONG
BAI GIANG TUAN 7

1. Dinh nghia gia tri riéng va vecto riéng.

2. Phuong phap tim gié tri riéng va vecto riéng.

3. Binh nghia ma tran chéo hda dwoc, ma tran vecto riéng, ma tran gia tri
riéng.

4. Nhirng diéu kién dé mot ma tran chéo hoa duoc.
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BAI 8: TINH TRUC GIAO

MO PAU Trong hinh hoc so cp, tich vo hudéng (trong R?, R?) 1a mot phép
tinh quan trong. Nho né ma c6 thé thiét 1ap cong thic tinh gdc gitta cac duong
thang va mat phang, cdng thic tinh khoang cach, diéu kién vudng goc ... Ta tim
cach mé rong khai niém nay trong R™ bang cach dinh nghia:

Chov = (xq1,xp, ., ) s W = (V1, V2, o0 Yn)

1. Tichvo huongv-w = x1y; + x3y, + -+ X, ¥
2. Do daivecto |[v]| = Yxf + x5 + - + xi - )
1. TINH TRUC GIAO CUA BON KHONG GIAN CHU YEU LIEN

QOUAN DEN MOT MA TRAN

1.1. Phan bu truc giao

1.1.1. Dinh nghia

(@) Khi v-w = 0 ta noi vecto Vv truc giao Voi vecto W.

(b) Gia sir V va W la céc khong gian con cua R". Ta noi V truc giao véi W

néu moi vecto' v trong V truc giao véi moi vecto w trong W.
Vidul
1) Vecto 0 € R"truc giao v4i moi vecto trong R".
2) v=(2,-3, 1) vaw = (1, 1, 1) truc giao trong R® boi vi
vw=21-31+11=0.

3)
1 3 4 ! 0 1+3-4=0
Ax=[5 5 7] _11 Z[O] chocactlchvohuong5+2_7=()

Do d6 x = (1, 1, -1) truc giao vdi cac hang caa A.

Vidu 2
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1) Cho V = {(x, 0, 0)xeR} va W = {(0, y, 0)xeR} la hai khéng gian con cua
R3. Néu v thuoc V va w thuoc W , thi vaw = x-0 + 0-y + 0-0 = 0,nén V tryc giao
voi W,

2) Cho {e4, e,, es}1a co sé chinh tic cua R®. V = Span(ey, ;) va W = Span(es).
Néu v thuoc V va w thudc W , thi v = X181 + X265 = (X1, Xz, 0) VA W = yae3 = (0, 0,

y3),nén v.w = X;-0 + -0 + 0-y3 = 0. Do d6 V truc giao véi W.

~

1.1.2. Pinh nghia Cho V la khong gian con cua R". Tdp tdt cd cdc vecto

trong R" ma tryec giao Vdi moi vecto trong V duwoc goi 12 phan bul triec giao cua
V, va ky hiéu 1a V*.

V' ={u € R"| u-w = 0 véi moi weV}.

Dinh Iy 8.1.1 (Pinh Iy co ban ciia Pai sé tuyén tinh (Phan 2))
Néu A 13 ma tran thuc mxn, thi N(A) = C(A")" va N(A") = C(A)*

1.2. T hop nhirng co sé tir cac khéng gian con

Pinh 1y 8.1.2 NéuV la mot khdng gian con caa R, thi

(s6 chiéu cua V) + (sé chiéu cua V') = n.

Ngoai ra, néu {vi, ..., v} 1a mot co s cua V va {Ve1, ..., Vn} 12 Mot co sé cua

V4 thi {vy, ..., Vi, Vist, -, Yo} 12 Mot co so caa R™
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Hé qud 8.1.3 Néu A Ia ma tran thyc mxn, thi véi mdi v eR", ton tai duy

nhat x, € C(AT) va 3! x, eN(A) sao cho v = x, + X,.
Vidu 3 Chomatran

10 10

A_[o 1 0 1F

Hay phéan tich vecto v= I \ e R* thanh x, + X,.

B WN -

Gidi Cac hang tru hy = (1, 0, 1, 0) va h, = (0, 1, 0, 1) lap nén co s¢ cua
khéng gian hang C(A").

Céac nghiém dac biét s; = (1, 0, -1, 0) va s, =(0, 1, 0, -1) lap nén co s& cua
khong gian nghi¢m N(A).

{hy, hy, 51,5, } 13 co so cua R

Vecto bat ky v = (1, 2, 3, 4)eR*c6 thé biéu didn qua hy, hy, 1, S, nhu sau

Il

Lay
1 0 1 0
X, =2 (1) +3 (1) Vax, = —1 _01 1 (1)
0 1 0 1

2. CO SO TRUC CHUAN VA PHUONG PHAP TRUC GIAO HOA
GRAM-SCHMIDT
2.1. Dinh nghia

(@) Tdp vecto {v1, Va, ... , i} cia R" duroc goi 14 tdp truc giao néu cdc vecto
cua tdp doi mot truc giao, tic la vi-v; = 0 khi i # .
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(b) Tdp vecto {v1, Vs, ... , i} cua R" dwoc goi | tdp triec chudn néu né 1a mat
tdp truec giao va mai vecto cua tdp déu cé dé dai bang 1, tirc 14

{Okhii;ﬁj

Yi% = 11 khii = j

J

() Mét co sé cua R" dong thoi 1a mét tap truc giao dwoc goi 1a mét co' sé
truc giao. Mgt co sé ciia R" dong thoi 1a mét tdp truc chudn diroc goi 1a mét co
sé truec chudn.

Vidul

{1, 1,1), (2,1, -3), (4, -5, 1)} 1a mot tap truc giao trong R.

Co s6 chinh tic {ey, e,, ..., e,} cua R" [a mot co sé truc chuan.

Chay Khi cho mét tap truc giao {vy, Va, ... , i} gdm céac vecto khac 0, ta c6

thé tao ra mot tap truc chuan {us, Uy, ..., u} khi dat

w=—uv (=1,..,k).
ol

2.2. Phwong phap truc giao héa Gram-Schmidt

Gia sur V 1a mot khong gian con cua khong gian R" va {vi, v,, ..., Vin} 1a mot
co so cua V. Phuong phap truc giao héa Gram - Schmidt nham xay dung mot co
s¢ truc giao {uy, Uy, ..., Up}caa V tir co so trén.

Trudc hét, datu; = v;.
Gia sir da xay dung duogc tap truc giao {uy, ... , Ui1}, ta tim tiép u; dudi dang
Ui = ajrUs + ajpUy + -+ + ajjqUj1 +Vj,

trong d0 aiy, ... , aji1 la cac sb thuc duoc xac dinh tiri - 1 didu kién ui-uj=0(j
=1,..,i1).

Qua trinh nay tiép dién cho téi i = n. C6 thé chiang minh {uy, Uy, ... , U} 12
Mot co s& truc giao cua V .

Khi chia mdi u; cho d6 dai cua no, ta thu dugc mot co s& truc chuan caa V
Vidu2 ChocosocuaR®Ia
{vi=(1,-1,0),v,=(2,0,-2),vs=(3, -3, 3)}.

Xay dung co sé truc chuan cua R,
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Gigi Ta dat uy =vi= (1, -1, 0). Tim u, dudi dang

Uy = AUy + Va.
Up-U; =0, nén 0 = aUp-U;g + Vo-Up. Suy ra
az = -(vo-uq)/(ug-ug) =-2/2 = -1.
Vay u, =-u; +v, = (1, 1, -2).
Tim uz dudi dang
Uz = az U + asUz + Vs.
Us-u; = 0 va uz-u, = 0, nén
0 =azUs-U; +agUyUs + Va-Uy
0 = azUs-Uy + azUo-Uy + Va-Us
H¢ nay tuwong duong véi hé
0=2a3 +6
0 =6as, - 6.
Gial hé duoc: as; = -3, as, = 1. Vay
us=-3u; +u; +vs=(1, 1, 1).
Do dai cua ug, Uy, Us: V2,6, /3.
Chia mdi u; cho d6 dai cua no duoc mot co sé truc chuan:
1

—11,q1 = —= yq3 = —F=
0 V6 -2 V3 1

Truwong hop dac biét  Khin = 3, tir tap {vy, vy, v3} € V ta 6 tap truc giao
{q1,q3,q3} cua V xac dinh bang cong thic:

_1
ql_\/z

I =v_q1Tvzq . _ . _divs Vs
PR i M T e g

qz
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2.3. Ma tran truc giao

2.3.1. Dinh nghia Mgt ma tran thuc Q cé nxn dwot goi la ma trdn truc giao
néu cdc vecto cét cua Q ldp thanh mét tdp truc chudn

Vidu 3

cosa sin a

. ] la mdt ma tran truc giao.
—sina cosa

Ma tran | hién nhién 1a mét ma tran tryc giao.

Dinh 1y 8.2.1 Néu Q 1a ma tran tryc giao nxn, thi

1. Céc cot cua Q Iap thanh mét co sé truc chuan cua R”.
2.0'Q=1
q QT — Q-l
4. (Qv)-(Qw) = v-w
5. {|Qv]l = vl
NHUNG Y CHINH TRONG BAI GIANG TUAN 8

1. Hai vecto truc giao. Hai khong gian con tryc giao.

2. Phan bu tryc giao ciia mot khong gian con. Pinh 1y co ban cia DSTT
(Phan 2). T6 hop nhimg co so tir cac khong gian con.

3. Co so truc giao, co sd truc chuan. Phuong phap truc giao hda Gram-
Schmidt

4. Ma tran truc giao.
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BAI 9: PHEP BIEN POI TUYEN TINH

1. KHAI NIEM PHEP BIEN POI TUYEN TINH

Anh xg f tir tap X vao tap Y l1a mot quy tic dit twong tng mdi phan tir xeX
v6i duy nhat mot phan try = f(x)eY.

Ta da gap nhitng anh xa dac biét:

* Trong Hinh hoc so cap: phép chiéu, phép quay, phép ddi xirng truc va phép
d6i xirng tam, phép vi tu.

* Trong Giai tich: phép lay dao ham, phép Iy tich phan xac dinh.
Nhitng anh xa nay déu c6 mot tinh chit chung, d6 1a tinh tuyén tinh.

1.1. Pinh nghia Mgt &nh xg T tir khong gian vecto V vao khéng gian vecto
W duwoc goi 1& mét phép bién déi tuyén tinh néu véi moi v, weV va véi moi vo
hwong X:

(@) T(v+w)=T(\) +T(w) (b) T(xv)=XT(v).
Chay Hai diéu kién (a) va (b) twong duong voi mot diéu kién (goi 1a tinh
tuyén tinh):
(€) T(xv +yw) =xT(v) +yT(w)
vai moi v, weV va véi moi vo hudng x va y.

Tinh chdt9.1.1 NéuT:V — W la phép bién doi tuyén tinh , thi

(1) T(Ov) = Ow
(i) T(-v) = -T(v) ddi véi moi veV.

(iii) Néu v, ..., v, 12 nhitng phan tar coa V va Xy, ..., X lacac  vo

huadng, thi

T(XwV1 + XoVp + -+ + XnVin) = X1 T(V1) + X2 T(Vo) + -+ + Xn T(Vi).
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1.2. Nhirng vi du vé cac phép bién déi tuyén tinh

1.2.1. Vi du vé nhitrng phép bién déi trén R?

1) Cho T 1a &nh xa x4c dinh bai T(v) = 3v véi moi veR2

T(xv + yw) = 3(xv + yw) = x(3v) + y(3w) = XT(v) + yT(w)
= T la phép bién doi tuyén tinh.
Ta c6 thé xem T nhu phép dén vecto 3 1an.

¥
T(v)=3v

0

2) Xét anh xa T xac dinh bai T(V) = x.e1 Véi moi v = (X1, X,)eR? Nhu vy

T(v) = (X1, 0). Néuw = (y1, y»), thi

T(xv +yw) = (X1 + yy1)er = X(x1€1) + Y(y1e1) = XT(v) + yT(w)
= T la mot phép bién di tuyén tinh.

Ta c6 thé xem T nhu phép chiéu Ién tryc OX.

X T(v) = x,e,



Bai gid@ng toan 111 — ThS. Nguyén Ngan Giang — Email: giangnn@wru.edu.vn
3) Cho T 12 anh xa xéc dinh bai T(v) = (X1, -X2) YV = (X1, Xo)eR%. Tur

XX1 +Vyq

Tow + yw) = [_(XXZ +yy2)

X1 Y1
=X _xz] +y _yz] = xT(v) + yT(w)

= T la mot phép bién d6i tuyén tinh.

Ta c6 thé xem T nhu phép iy d6i ximg cac vecto qua truc OX.

v= (xl’ xz)

T(v) = (x1, —X;)
4) Anh xa T xéac dinh boi T(v) = (X, X1) 12 tuyén tinh, do

TGw + yw) = [—iijz++y};}1’2)
=x[ ]+ 7] = 2w +yTw)

Ta c6 thé xem T nhu phép quay mdi vecto trong R mét géc 90° theo hudng

nguoc chiéu kim dong hd.

TW) = (=2, %) {Y

90°

>/V= (xlgxz)

5) Xét anh xa T xac dinh boi
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T(W) = |lvll = (xf + x5)'/?

VGi Moi v = (X4, Xo)eR% Vi

1
T(xv) = (x*x% +x%x3)2 = |x|T(v)

nén xT(v) = T(xv) khix <0 vav = 0. Do d6, T khdng phai l1a mot phép bién
doi tuyén tinh,

1.2.2. Vi du v& nhirng phép bién déi tir R" vao R™

6) Anh xa T : R? > R x4c dinh bai

T(V) = X1 + X VGi Moi v = (X, X2)eR%
la mot phép bién d6i tuyén tinh do

TOV +yw) = (XX + yy1) + (XX2 + YY2)

= X(X1 + Xg) + Y(y1 + y2) = XT(v) +yT(w).
7) Anh xa T : R? > R® x4c dinh bai
T(V) = (X, X1, X1 + X2) VGi Moi v = (Xq, X2)eR?.
la mot phép bién d6i tuyén tinh do
T(Xv) = (XX2, XX1, XX1 + XX) = XT(V)
va
TV +W) = (X2 + Y2, X1+ Y1, X1 + Y1+ X2 +Y2)
= (Xa, Xu, X1+ X2) *+ (Y2, Y1, Y1 + ¥2) = T(v) + T(w)

Chu y ring néu ta cho ma tran

A=

0 1
1 0

1 1
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thi dbi voi mdi v = (xq, X,) eR?

X2
X1
X1 + X2

Av = = T(v)

NG6i chung, néu A 1a mot ma tran mxn, ta c6 thé dinh nghia mot phép bién doi

T tr R" vao R™ nhu sau
T(v) = Av
d6i voi mdi veR".
Anh xa T 14 tuyén tinh do
T(xv + yw) = A(xv + yw) = XAv + yAw = XT(v) + yT(w).

Nhu vay ta ¢ thé xem mdi ma tran A ¢& mxn nhu mét &nh xa tuyén tinh tur

R" vao R™.

1.2.3. Vi du vé nhiing phép bién déi tir \V vao W

8) Néu V la mot khong gian vecto, thi anh xa I[] x4c [{ah boi | (v) = v dbi véi
moi veV, dugc goi la anh xa dong nhat. 1 1a phép bién dbi tuyén tinh tir V vao

chinh no
I (xv +yw) =xv +yw =xI (V) +yl (w).

9) Anh xa T tir C[a, b] (khong gian vecto gdm tat ca nhirng ham lién tuc trén

[a, b]) vao R*x4c dinh bai
b
() = [ f@a.

Néu fva g e C[a, b], thi

b
TGS +yg) = j (f + yg) (t)dt
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b b
=x [ f@dc+y [ g@ae =310 +y7(9),

Vi vay, T l1a mot phép bién d6i tuyén tinh.

10) Cho D 1a &nh xa tir C'[a, b] (khong gian vecto gdm tat ca nhirng ham c6

dao ham lién tuc trén [a, b])vao C[a, b] :D(f) = f*
D 1a mot phép bién dbi tuyén tinh do
D(xf +yg) = xf' +yg' = xD(f) + yD(g).

1.3. Anh va Hat nhan

1.3.1. Pinh nghia Cho T :V — W la mét phép bién doi tuyén tinh. Anh cua
Tlatip {T(v) |veV}.

Hat nhan cua T 1a tdp {veV | T(v) = Ow}

Pinh 1y 9.1.2 NéuT:V — W [a mot phép bién do6i tuyén tinh, thi

(i) Hat nhéan cua T la mot khdng gian con cua V.
(ii) Anh cua T 1a mot khdng gian con caa W.

(iii) (s6 chiéu cua hat nhan cua T) + (s chiéu cuaanhcua T) =6

chiéu cua V.

1.3.2. Nhan xét Cho T: R™ — R" ¢c6 Tv = Av thi:

Anhcua T = C(A)
Nhancua T = N(A)

Vi du 11 Cho T : R?* = R? x4c dinh boi

T(v) = [361] Voiv = [;C;]
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Mot vecto v thudc nhan cua T < X; = 0. Nhu vay hat nhancua T la
{0, x2) | x2 eR}.
Do T(v) = x.e; nén anh cua T 1a khong gian con cta R? sinh bai e;.

2. MA TRAN CUA PHEP BIEN POI TUYEN TINH

2.1. Trudng hop phép bién dodi tuyén tinh T : R" > R™.

Ta s& chira ton tai ma tran A ¢& mxn sao cho T(v) = Av
Pbi voij=1, ..., n ta xac dinh vecto

a;= T(g) e R"
Cho

A=[a;a; ... a]

Véi vecto bat ky
V= (X1, X2, ... , Xn) € R"
thi
V = X181 + Xo€) + -+ + Xp€y
nén

T(V) = X1 T(e1) + X T(€2) + -+ + XnT(€n)
= X181 + Xp@p + -+ + Xpdy, = AV (Xem 1.2)

A dugc goi 1a ma tr@n chinh tdc cua T.
Vi du 1 Cho phép bién ddi tuyén tinh T : R® - R? xac dinh boi

x+x

T(v) = [x1 VoLV = [le

Dé tim ma tran chinh tic cua T phai xac dinh T(ey), T(e,), T(es).
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T(er) = T((1, 0, 0))= [}
T(e2) = T((0, 1, 0)) = | }]

T(es) = T((0, 0, 1)) = ]

=

— Ma tran chinh tic

a=lp 1l

Pé kiém tra két qua, hdy tinh

[1 1 0] [xl + xz
0 1 1 Xy + xs '

Vidu 2 Cho T : R? - R? la phép bién ddi tuyén tinh ma quay mdi vecto mot
goc @theo hudng nguoc chiéu kim dong hé.

3

0, 1)
(—sin@, cos f) & AV

(cos @, sinf)

7 X -
0 ,0) 0] X

Trong hinh v& e; dugc chuyén thanh vecto (cosd, sind), e, dugc chuyén

thanh vecto (-siné, cosé). Ma tran chinh tac

_ [cos 0@ —sind
sin@ cos@

Néu v 1a mot vecto trong R, thi dé quay v nguoc chiéu kim ddng hd mét géc
@ chi can nhan véi A.



Bai gid@ng toan 111 — ThS. Nguyén Ngan Giang — Email: giangnn@wru.edu.vn

2.2. Truwong hep tong quat khi T : V — W 1a mét phép bién dbi tuyén
tinh, trong dé V va W 13 hai khong gian c6 chiéu twong ng l1a m van.

Ta ciing c6 thé ding ma tran dé biéu dién T. Trudc hét ta ¢ dinh nghia sau:

Dinh nghia. Trong khdng gian R™ cho mét co s¢ 1a S = {vy, ..., v, }. Néu mot
vecto v € R™ biéu dién qua td hop cac vecto co s6 v = x vy + - . +x, v, thi
v = (X1, ..., %,)s 9oi la toa d6 cua v trong co s& S.

] .o ! _[-1 N A _ I3
Vidu 3 Chocosé S = {vl = [2 , Uy = [ 3 ]} Tim toa d0 vecto v = [5]
(@) trongcosocuaS
(b)  trong co sd tu nhién E = {e; = (1,0),e, = (0,1)}

i 2 fr . 31 _ 1 -1 x1 =4
Gidgi (@) Giast: v = x1v; + x50, © [5] = X1 [2] + x; [_3] = {xz —1

nénv = (4,1)g

el 31_. 1 01 _ (1 =3 4
(b) Giasu: v = yié1 + Yo€y & [5] =M [O] +yZ [1] = {yz —5 nen
V= (3;5)E
Dinh 1V 9.2.1 NEuE = {vy, Vo, ..., Vo} VA F = {wy, Wy, ... , Wy} lan luot 13 co

s& cua nhitng khong gian vecto V va W , thi tng vi mdi phép bién doi tuyén
tinh T : V — W c6 mot ma tran A sao cho

[T(V)]r = A[V]e dbi v6i mbiveV.

A la matran cua T theo cac co s E va F, cO cot tha j la
a=[T(vWIr j=1,2,...,n
Tur dinh ly ndy ta c6 quy tic tim ma tran A nhu sau:

Buéc 1. Tim anh cua tung vecto co s¢ T(v;),j = 1,..,n cua khong gian
nguon.

Budc 2. Tim toa d§ cua cac vecto nay trong co sd cua khong gian dich.
Vidu 4 Cho T : R®* - R? la phép bién dbi tuyén tinh xac dinh bai
T(V) = Xgwy + (X2 + X3)Wo

d6i v&i mdi v = (Xq, Xy, X3)€R?, trong d6

w =[3] vawe =[]
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Hay tim ma tran A cua T theo cac co s {es, €,, es} va {w, wo}.
Gidi
T(e1) = 1wy + 0w,
T(ep) = 0wy + 1w,
T(e3) = 0wy + 1w,
Cot j cua A la toa do cua T(ej) theo co s& {wy, Wo}. Nhu vay

a=[t 09

0 1 1
Vidu 5 Cho T : R? - R? la phép bién dbi tuyén tinh xac dinh bai
T(xwy + ywp) = (X + y)wy + 2yw,

trong d6 {Wi, Wo} 13 co s& & Vi du 3. Hay tim ma tran A biéu dién T theo co
s& {wy, Wy}

Gidi
T(ey) = 1wy + 0w,
T(ey) = 1wy + 2w,
Nhu vay
4=y
Vi du 6 Cho phép bién di tuyén tinh D : P, — P4, xac dinh bai
D(p) =p' (dao ham cua p).

Cho {x%, x, 1} va {x, 1} 1a co sé cua P, va P twong tng. Hay tim mot ma

tran biéu dién D.
Gidi

D(x%) = 2x + 01
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D(x) =0x + 1-1
D(1) =0x +0-1
Nhu vay ma tran cua D theo céac co sé {X% x, 1} va {x, 1} 14

2 00

Az[o 1 0

Néu p(x) = ax? + bx + ¢, thi toa do cua p theo co s {X% x, 1} 1a (a, b, c). bé

tim toa do cua vecto D(p) trong co s& {X, 1}, ta chi can nhan
2 0 0 ol — [24]
0 1 0 c b I
Nhu vay, D(ax? + bx + ¢) = 2ax + b.

NHUNG Y CHINH TRONG
BAI GIANG TUAN 9

1. Khai niém phép bién d6i tuyén tinh.
2. Anh va hat nhan ctia mot phép bién doi tuyén tinh.

3. Ma tran biéu dién mot phép bién doi tuyén tinh.
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BAI 10: MA TRAN CHUYEN CO CO

MO PAU. Trong mot khong gian vecto co thé chon duoc nhiéu tap vecto
lam co so. Ma tran cia phép bién dbi tuyén tinh phu thudc vao co so cua 2
khéng gian ngudn va dich. Do dé viéc tim méi quan hé gitra cac co sé gilp cho
xac dinh quan hé cac ma tran cua cung mot phép bién di tuyén tinh.

1. Ma tran cua anh xa dong nhat va Phép chuyén co sé

Nhdc lai: Khi V 1a mot khong gian vecto, 4nh xa |
I (v) = v ddi véi moiveV,
duoc goi 1a &nh xa dong nhat. Ma tran cua | nhu thé nao?
Gia st V ¢6 co s6 E = {vy, Vs, ..., v} trong khdng gian nguon,
va co s& F = {wy, Wy, ..., Wy} trong khong gian dich.
a=[0wWle =vile (j=1,2,..,n)
thil cO matran A =[a; a; ... an] theo cac co s6 Eva F
Vidu 1 Cho haico so cua R? [a
E={e;, e} va F={w;=(3,7),w, =(2, 5)}.
Timmatrancual : R —» R?
a) theo cac co so E va F.
b) theo cac co so F va E.
Gidi

a) (1,00=5@3,7)-7(2,5va(0,1)=-2(3,7) +3(2,5), nén [e1]r = (5, -7),
[e2]F = (-2, 3). Nhu vay ma tran cua | [ 13/

A
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b) w; = 3(1, 0) + 7(0, 1) va w, = 2(1, 0) + 5(0, 1), nén [wy]e = (3, 7) = wy,

[wo]e = (2, 5) = w,. Nhu vay ma tran cia I[] 12

3 2

7 5] = [wy Wy].

Chay

1) Néu R" c6 hai co s6 E = {eq, ey, ..., e} (co s& chinh tic) va F = {wq, o, ...

, Wy}, thi ma tran cua ciia 4nh xa dong nhat theo co s& F va E 1a [wy W ... wy].

2) Néu E trang F, thi ma tran cua | theo co s& E va F 1a ma tran don vi ¢&

nxn.

Gia st khdng gian V ¢6 hai co s¢ E va F. Goi A 1a ma tran caa anh xa déng
nhat | :V — V theo cé4c co s& E va F. Cho vecto v thudc V c6 toa do theo co s&

E va F lan luot [a [V]g va [V]e. Theo Dinh ly 7.2.1

[VIF = AlV]e

DPay chinh la cong thic lién hé toa d§ ctia cung mot vecto v theo hai co s6 E
va F. Vi vay A con duoc goi la ma trgn chuyén co sé tir F sang E.

ChG y Ma tran chuyén co sé A tir F sang E 1a ma tran kha nghich va A™ 1a

ma tran chuyén co so tir E sang F

Vidu 2 Cho hai co sé cua R? 1A E = {er, e} va F ={w, = (3, 7), W, = (2, 5)}.

Biét veR? c6 toa do theo co s& F 14 (1, -1). Tim toa do cua v theo co s6 E.
Theo Vi du 6b), ma tran chuyén co s tir E sang F 13
3 2]
7 5

Do cong thic lién hé toa do, ta cd toa do cua v theo co sé E bang

Ve = ; é] [—11] = B]
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2. Ma tran caa phép bién déi tuyén tinh hop

Cho céc phép bién ddi tuyéntinh S : U - V, T: V — W. Ta x4c dinh anh xa
U vao W, bing cach thyc hién liéntiép Sva T
T(S(u)).
Ky hiéu anh xa nay 1a TS. N6 1a phép bién d6i tuyén tinh.
TS dugc goi 1a phép bién dai tuyén tinh hep cua S vai T.
Vi du 3 Cac phép bién ddi tuyén tinh S : R* > R®, T : R* - R* cho boi
S((X1, X2)) = (X1-X2, X1-X2, 2X1)

T((X1,X2, X3)) = X1 + X2 - X3.

Taco
(TS) (X1, X2)) = T(S((X1, X2)))
= T((X1-X2, X1-X2, 2X1)) = X1-Xo + X1-Xp - 2X1 = - 2Xo.
Cau hgi : Ma tran cua TS lién hé voi ma tran cua T va S nhu thé nao?

Dinh Iy Cho H, E, F lan Iuot 1a co sé cua cac khong gian vecto U, V, W.
Gia st A 1a ma tran cua phép bién doi tuyén tinh S : U — V theo cac co so H va
E, B 1a ma tran caia phép bién doi tuyén tinh T : V — W theo cac co sé E va F.
Ta c6 ma tran cua TS theo cac co sé H va F la BA.

Vidu 4 Céc phép bién ddi tuyén tinh S : R > R®, T : R®*— R* cho béi
S((X1, X2)) = (X1=X2, X1-X2, 2X1)  T((X1,X2, X3)) = X1 + X2 - Xs.

Tim ma tran chinh tic cua TS.

lal

)

Cach 1: Taco
(TS) (X1, X2)) = - 2%, =[0 — 2] [jcc;]

nén ma tran chinh tic caa TS 1a [0 -2].



Bai gid@ng toan 111 — ThS. Nguyén Ngan Giang — Email: giangnn@wru.edu.vn

Céch 2:

1 -1 X
S((Xl, X2)) = (Xl_XZ’ X1-X2, 2X1) :[1 _1“ [xz]
2 0

X1
T((X1,X2, X3)) = X1 + X2 - X3 =[1 1 -1] [le
X3

nén ma tran chinh tic cua S va T tuong @ng 1a

1 -1
A=[1 —1‘ va B=[11 -1
2 0

Ma tran chinh tic caa TS A BA=[0 -2].

Dinh nghia Phép bién doi tuyén tinh T : V — W duroc goi 1a phép bién doi
tuyén tinh khda nghich néu ton tai mét phép bién d@oi tuyén tinh L : W — V thsa
diéu kign

(TL)(W) =wva (LT)(v) =v vai moiw eW va vgi moiv V.

(Tic 12 TL va LT 1a nhitng anh xa dong nhat). Ta goi L 1& phép bién dai
nghich ddo cua T, ky hiéu 1a T™.

Cau hgi : Khi ndo T kha nghich? Néu T kha nghich, thi ma tran cua T va ma
tran cua T lién hé véi nhau thé nao?

Hé qud Cho E, F lan luot 1a co s& cua cac khong gian vecto V, W. Gia sir A

la ma tran cua phép bién di tuyén tinh T : V — W theo céac co s6 E va F.
Khi ay, T kha nghich néu va chi néu A kha nghich.
Ngoai ra T : W — V ¢ ma tran theo cac co sé F VA E [a A™.

3. Cac ma tran dong dang

Khi T :V — V 1a mot phép bién ddi tuyén tinh va V 1a khong gian vecto
n- chiéu, ma tran biéu di&n T s& phu thudc vao co s& duoc chon cua V. Néu co sé
thay d6i thi ma tran biéu dién T ciing thay doi. Mi quan hé gitra cac ma tran nay

thé nao?
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Dinh Iy Cho E va F 1a hai co s¢ cua khong gian vecto VvaT:V —> V la

phép bién ddi tuyén tinh. Cho M 1a ma tran chuyén co sé tir E sang F. Néu A la
ma tran cua T theo co s& E va B la ma tran cua T theo co s& F, thi

B=M'AM.
Vidu 10 Cho phép bién d6i tuyén tinh T : R? - R? xac dinh bai

T(V) = (21, X1 + X2).
VGi Moi v = (X3,Xz). Tim ma tran cua T theo co so
F={w;=(1,1),w,=(1,1)}.

Gidgi_Ma tran chinh tic cua T (chinh & ma tran theo co s& chinh tic E = {e,
e2}) la

_[2 0
A=| |
Ma tran chuyén co s tir E sang F 13
_ 1 -1
M = [w; wy] —[1 1 ]
Nhu vay, ma tran cua T theo co s F la
1 _ir1 132 o -1y3_12 -1
MEAM =214 1”1 1”1 1]_[0 1]
Dinh nghia Cho A va B 13 hai ma trdn nxn. B dwoc goi 1a dong dang véi A
néu ton tai ma trédn kha nghich M sao cho
B=M'AM

Chay

1) Néu B dong dang vai A, thi A= MBM™ = (M) *BM™ 1a d¢6ng dang voi B.

Vi vay ta c6 thé n6i A va B Ia cac ma tran dong dang.

2) Mot phép bién ddi tuyén tinh tir khong gian vecto V vao chinh n6 c6 cac

ma tran theo nhiing co s& khac nhau déng dang.
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3) Néu A va B la c4c ma tran dong dang, thi da thire dic trung ctia chling

trung nhau.That vay
det(B - t) = det(M™AM - t(M™1M))
= det(M (A - thM) = det(A - tI).

Nhu vay, hai ma tran dong dang thi céc gia tri riéng (ké ca boi) tring nhau.

NHUNG Y CHINH TRONG
BAI GIANG TUAN 10

1. Ma tran cua anh xa dong nhat. Ma tran chuyén co so.

2. Ma tran cua phép bién doi tuyén tinh hop. Ma tran cua phép bién doi
tuyén tinh nghich dao.

3. Mdi quan hé giita c4c ma tran cua cing mot phép bién doi tuyén tinh ti

Mot khong gian vecto vao chinh no.



Bai gid@ng toan 111 — ThS. Nguyén Ngan Giang — Email: giangnn@wru.edu.vn

BAI 11: PHEP CHIEU VA PHUONG PHAP BINH PHUONG
TOI THIEU
MO DAU

Trong chuong nay ta tim hiéu mot trong nhitng ky thuat dé xay dung cong
thire tir cac s6 liéu thuc nghiém.

Gia st ta lam mot day thi nghiém, va hy vong dau ra y gan nhu 1a mot ham
tuyén tinh di voi dau vao t, tac 13 mot ham co dang

y =C + Dt.

Vi dy nhu: Trong mot sé khoang thoi gian, ta do khoang cach dén mot vé
tinh dang trén duong téi sao Hoa. Trong truong hop nay t la thoi gian, y la
khoang cach, va trir khi dong co hoat dong hozc lec hap dan 1a manh, vé tinh c6
thé di chuyén véi van téc v gan nhu khong doi: y = yo + vt = C+Dt

Gia str trong mot day thi nghiém ta thu dugc m két qua y tai m gia tri t khac
nhau

(tz; ya), (&3 y2), - - s (tm; Yim)-
Lam thé nao dé tinh C va D tir nhiing két qua nay?

Néu quan hé nay dung 1a tuyén tinh, va khdng c6 sai s khi thi nghiém, thi
khong c6 gi dang lam; hai phép do cua y tai nhitng gia tri khac nhau cua t sé du
dé xac dinh duong thing y = C + Dt va toan bo nhitng két qua do khac s& nam
trén dudng nay. Nhung néu c6 sai $6, va nhitng diém do thém chéch khoi dudng
thang, thi hé phuong trinh 2 4n sau ddy v nghiém

C+Dti=y;
C+Dt=vy,
C + Dtn = Ym
Ky hiéu
o B4
A= 1 t:2 -matranhé sb, x = [g] _vecto dn, b = YZ

1 t Yn
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ta viét gon hé trén & dang Ax = b.
Phwong phdp binh phwong t6i thiéu, con goi 12 phwong phdp binh phwong
nhé nhat, 1a mot ky thuat dé tim mot nghiém gan ding cho mot hé phuong trinh

tuyén tinh khong c6 nghiém dung.

Y tuéng chinh ciia phuong phap 1a mé rong khai niém nghiém cua Ax = b dé

phuong trinh nay luén c6 nghiém.

Cu thé: Do C(A) (khong gian con caa R™) gom tat ca nhiing vecto c¢6 dang
AX, nén Ax = b vo nghiém < b ¢C(A). Trong C(A) ta chon vecto p sao cho p
gan b nhit, tac 1a ||b - p|| nho nhat. Khi d6 x = % sao cho p = A% dugc goi la

nghiém binh phwong téi thiéu cua Ax = b.

Néu Ax = b ¢6 nghiém thong thuong thi b eC(A), nén p = A% thuoc C(A) ma
gan b nhat chinh 13 b = £ tring véi nghiém thong thuong. Nhu vay nghiém binh

phuong t6i thiéu 12 mé rong cua nghiém thong thuong.

1. PHEP CHIEU

Bay gid ta mo rong khai niém phép chiéu trong hinh hoc so cip. Thay cho
duong thang hay mit phing di qua gbc toa do cua R ta xét khong gian cot
C(A), la khéng gian con cua R™.

1.1. Dinh nghia Cho A la ma trdn thuc c6 mxn, b la vecto trong R™. Hinh
chiéu cua b trén khdng gian cét C(A) la vecto p thugc C(A) sao cho b - p truc
giao vai moi vecto thuoc C(A)

1.2. Cach tim hinh chiéu

GiasauAcocotjla a(j=1,..,n).
C(A) ={ xqa1 + Xoa2+ -+ + Xpan | X; R }
= mdi vecto y eC(A) c6 dangy = Xia1 + Xo8, + - + Xnan.

b - p truc giao véi moiy eC(A) < a; '(b-p)=0 (j=1,..., n).

<A'(b-p)=0 (1)
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Mat khac p thuoc C(A), nén p c6 dang p = AX. Pt (1) twong duong
A'(b-A%)=0
Ta viét lai phuong trinh ndy & dang quen thudc
ATAz= A'b (2)
(2) duoc goi 14 phwong trinh chuan tic.
1.3. Phwong phap xac dinh hinh chiéu nhw sau:

Giai phuong trinh chudn tic (2) dé xac dinhx. Hinh chiéu cua b trén khdng
gian C(A) lap = Ax.

Vidu 1 Cho

A=

1 O 6
1 1| va b=]0]|.
1 2 0

Tim hinh chiéu p cua b trén C(A).

Gidi
L | i B O WA FR | H
1 2 0
Phuong trinh chuan tic ATAZ = A'b 1a

s allal= G

Giai phuong trinh nay ta dugc

x_[] [3]

[

Hinh chiéu Ia

p=Ax =
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C6 ba cau hoi duge dit ra ddi vai ma tran thuc A c& mxn va vecto b trong R™:
1) Hinh chiéu p cua b trén C(A) c6 lubn ludn ton tai?
2) Néu ton tai hinh chiéu thi nd c6 duy nhat khéng?

3) b6 dai cua b - p so védi do dai cua b -y vai y thude C(AN{p} thé

nao?
DPinh 1y sau day tra loi ca ba cau hoi nay.

Pinh Iy 11.1.1 Cho A 1a ma tran thuc c¢& mxn. Béi v&i mdi beR™ 3!hinh

chiéu p cua b trén C(A). Ngoai ra

b -yl >lb - pl
d6i voi bat ky y thuoc C(A)\{p}.

Binh luan T/c caa hinh chiéu p nhu trong hinh hoc so cap: b - p truc giao
vGi moi vecto ciia C(A). Bat ding thic ||b - y|| > ||b - p|| ndi 1én ring p 1a vecto
thuoc khong gian C(A) ma gan b nhat.

Chay Vip lubn ton tai va p = A%, nén £ ludn ton tai. N6i chung thi £ khéng
duy nhit, mic du p = A% 1a duy nhat.

Vidu 2 Cho

1 -1 6
A=|1 -—-1|vab=]0|.

1 -1 0
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Tim £ va tim hinh chiéu p cua b trén C(A).
T — 3 -3 x ATy 6

aTa=|7, Jlwedn=[2]

Phuong trinh chuan tic ATAZ = A'b la
3 -31[x1]_76
[—3 3 ”@] - [—6]'

NG c6 nghiém tong quét £= (t, t - 2) (£ khong duy nhat).

Hinh chiéu I1a

p:Ax:

Lol

1 -1 2
Sau day la diéu kién dé  1a duy nhat,

Dinh Iy 11.1.2 Néu A Ia ma tran thuc ¢ mxn, c6 hang bang n, thi A"A kha

nghich va phuong trinh chuan tic
A'Az = ATb

cd nghiém duy nhat (2= (A'A)"Ab).

1.4. Pinh nghia Cho A 1a ma trdn thuc cé mxn, ¢ hang bang n. Ma trén

P = A(ATA)*AT duroc goi 1a ma tr@n chiéu
Nhédn xét

P chinh 1 ma tran chinh tic caa mot phép bién doi tuyén tinh tr R™ vao R™,
cho twong ung mdi vecto beR™ v&i hinh chiéu p = Pb caa no trén C(A). Phép

bién dbi tuyén tinh nay chinh 1a phép chiéu (vudng gac) 1én C(A).
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Vi du 3 Cho

1 0 6
A=|1 1|vab=|0]|.

1 2 0

Tim ma tran chiéu P. Tir d6 tinh p va so sanh véi Vi du 1.

o Yeuran =25 )

6l-3 3
1 0
1y5 —3111 1 1
_ T A\=1T — L
P = A(ATA) 1A 116[_3 3][012]
1 2
1[5 2—1]
=—l2 2 21|
6]_1

| =

2 5
5 2 —11[6 5
p=Pb= [2 2 2”0]=[2].
-1 2 s51llo -1

2. UNG DUNG CUA PHEP CHIEU

Két qua 1a p nhu & Vi du 1.

2.1.M¢ rong khai niém nghiém cia phwong trinh Ax = b

Ax = b c6 thé vd nghiém. Bay gio dua vao phép chiéu ta di mé réng khai

niém nghiém cua AX =D dé né luén ¢ nghiém.
Véi mdi vecto AX, ||b - Ax||= khoang cach tir b t&i Ax.
Vi hinh chiéu p = A% caa b trén C(A), theo dinh Iy 11.1.1

Ib - Ax|| > [|b - p] = [lb - Ax]| V Ax e C(A)\{p},

nén ||b - Ax|| dat min tai x = X.
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Dinh nghia Cho A 1a ma trdn thuc cé mxn, beR™. Nghiém binh phwong t6i
thiéu cia Ax = b 1a £ sao cho

|Ib — A%|| = min ||b — Ax||

Vé6i mdi vecto Ax thugc C(A), goi e = b - AX 1a vecto sai sé. Khi d6 nghiém
zlam cho |le]| nhé nhat. Nghiém binh phuong téi thiéu £ ludn ton tai (nhung co
thé khdng duy nhat) va tim duoc bang cach giai phwong trinh chudn tic A'A% =
A'b.

2.2. Chon dwong khép nhat vai mot

tap diém dir liéu trén mit phiang

Gia str bang thyc nghiém thu duoc tap hop gom cac diém (t, vi) (i =1, 2, ...,
n), goi la tap diém dit liéu. Bé tim mdi quan hé ham giita t va y ta thudng chon
mot ham sé f(t) thuoc 16p ham sé quen thude, nhu 16p ham da thuc. Trén mat
phing toa do, do thi cua f(t) 1a mot duong cong cd thé khong di qua tat ca cac
diém dir liéu, tic 1a ndi chung f(t) ~ yi. Do léch gitra f(t;) va y;la f(t) - yi. DS thi
cia ham sé f(t) thuoc I6p ham sé da chon sao cho 3™, (£ (t;) — y;)? bé nhat
duoc goi 1a dwong khép nhadt véi tdp diém di ligu . Ta tng dung phuong phap
binh phuong tdi thiéu dé lya chon mot duong khép nhat.

Vidu 5
Cho dir liéu
0 3 6
T
1 4 5
Y

Hay tim dudng thang khap nhat.

Gidi Buong phai tim ¢6 phuong trinh dang y = C + Dt. Ta xac dinh C va D
bang céch giai hé phuong trinh

C+D0=1
C+D3=4

C+D6=5
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Hé nay khong c6 nghiém thong thuong, nén ta di tim nghiém binh phuong tdi
thiéu.

Ky hiéu
10 1
A=1 3‘, x=[g], b=H.
1 6 5

ta co phuong trinh chuan tac

Taz — AT 3 9711C71_7110
ATAZ =ATh hay |7 45”1)]_[42]

P28 A A \ IR 4 2
Giai hé nay duoc nghiém binh phuong toi thieu x = (5,5).

Nhu vay duong khop nhat 1a

y=C+Dt

lel? =di +d; +dj

Vidu 6

Cho dir liéu

N
w

t 0 1
y 3 2 4 4

Hay tim dudng parabol khép nhét.

Gigi Parabol phai tim c¢6 phuong trinh dang y = C + Dt + Et%. Ta xac dinh C,
D va E bing céch giai hé phuong trinh
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C+DO0+E0=3
C+D1+E1=2
C+D2+E4=4
C+D3+E9=4

Hé nay khong c6 nghiém thong thuong, nén ta di tim nghiém binh phuong tdi
thiéu.

Ky hiéu

T

4= 2 4'x=g’b=4'

1 3 9 4
ta co phuong trinh chuan tic

4 6 14]1[C 13
ATAx=A"b hay |6 14 36||D|=|22].

14 36 98llE 54

Giai hé nay duoc nghiém binh phuong t6i thiéu £ = (2.75,—0.25,0.25)
Nhu vdy dudng khép nhat la
y = 2.75 - 0.25t + 0.25t%,
NHUNG Y CHINH TRONG
BAI GIANG TUAN 11
1. Hinh chiéu p. Phuong trinh chuan tac.

2. Diéu kién dé phuong trinh chuan tic c6 nghiém duy nhat. Ma tran cua
phép chiéu.
3. Khai niém nghiém binh phuong tdi thiéu X cua Ax = b va cach tim.

4. Céch chon duong khép nhat véi tap diém dir liéu trén mat phang.
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BAI 12: BAl TOAN QUY HOACH TUYEN TINH

Tur thoi ¢d dai, khi thuc hién cac cong viéc cua minh, loai ngudi dd ludn
hudng téi cach 1am tét nhat trong cac cach lam cé thé duoc (tim phuong an toi
wu trong cac phuong an). Khi toan hoc phét trién, nguoi ta ¢ mé hinh hoa toan
hoc céc viéc can 1am, nghia 1a biéu thi cac muc tiéu can dat dugc, cac yéu cau
hay cac diéu kién can thoa man bang ngdn ngir toan hoc dé tim 1oi giai ti wu
cho nd. Tir d6 hinh thanh nén cac bai toan tbi wu.

1. BAl TOAN QUY HOACH TUYEN TINH
1.1.Mét 6 vi du thuc té din dén bai toan QHTT

Bai toan bé tri may trong san xuat

Mot phin xudng co hai may My, M, san xuat hai loai san pham 1 va 1. Mot
tan san pham loai | 1di 2 triéu dong, mot tan san pham loai 11 14i 1.6 triéu déng.
Mudn san xuat 1 tan san pham loai | phai ding may M; trong 3 gio va may M,
trong 1 gid. Mudn san xuat 1 tin san pham loai |1 phai ding may M; trong 1 gio
va may M, trong 1 gio. Mot may khong thé dung dé san xuat dong thoi hai loai
san pham. May M; 1am viéc khdng qué 6 gio trong mot ngay, may M, mot ngay
chi 1am viéc khdng qué 4 gio. Hay dat ké hoach san xuit sao cho tong sé tién I
cao nhat.

Lap md hinh toan Goi x; 1a s6 tan san pham loai i san xuat trong mot ngay.
S6 gior 1am viéc/ngay cua My 13 3x; + X, va M 13 Xq + X,.
S6 tién 14 mdi ngay 1a 2x; + 1.6x, (triéu dong).
Ta phai tim x = (X, X») sao cho
f(x) = 2x; + 1.6X, — max
va thoa man céac diéu kién

3X1 +x2S6
X1 +x2S4
X1, %2 =0

Bai toan vé ché d¢ dinh duéng

Ngudi ta can mot luong chit dinh dudng A, B, C do cac thic an a, B, v, &
cung cap. Ham luong chat dinh dudng c6 trong 1 don vi thitc dn cho nhu sau
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A B C
a:20 5 05
p:15 8 O
y: 5 2 2
6:10 25 O

Nhu cau dinh dudng: chit A khéng dudi 250g, chit B khéng dudi 170g, chat
C khéng vuot qua 30g. Gia mua mot don vi thie an a, B, v, d twong tng la 2,
2.5, 0.8, 1.5 nghin d/g. Hay 1ap mot thuc don sao cho bita 4n c6 gia thanh ré nhat
ma van dap tng duoc yéu cau vé dinh dudng.

Lap md hinh toan Goi khdi lugng thirc an o, B, y, 8 can mua tuong tng 1a
Xl; X2’ X3’ X4'

Tong ham lwong A trong bita an = 20x3+ 15X, + 5X3+ 10Xs.
Tong ham lwong B trong bita an = 5x;+ 8%, + 2X3+ 25Xa.
Tong ham lwong C trong bira an = 0.5X;+ 2Xa.
Gia thanh bita an = 2x;+ 2.5x, + 0.8x3 + 1.5x,.
Ta phai tim X = (X1, X2, X3, X4) Sa0 cho

f(x) = 2x3+ 2.5%, + 0.8x3 + 1.5x4 — min
va thoa man céac diéu kién

20x; + 15x, + 5x3 + 10x4 = 250
5x1 + 8x, + 2x3 + 25x4 = 170
0.5x; + 2x3 < 30
X1,%X2,%X3,X4 =0

Bai todn van tai

Biét s6 lwong hang co trong kho A; 1a a; (i = 1, 2), yéu cau cua cira hang B; la
b (j = 1, 2), cudc phi van chuyén mot don vi hang tir A; dén B; twong ting 1a c;;.
Lap ké hoach van chuyén hang sao cho cac ctra hang déu nhan da hang va tong
cudc phi van chuyén 1a nho nhat.

Lap mo hinh toan

Goi x| = s6 lugng hang van chuyén tir A; dén cira hang B;
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Goi x"j = s6 lugng hang van chuyén tir A, dén cira hang B;
Tong luong hang chuyén tir A; dén hai cira hang = X1 + X'5.
Tong lwong hang chuyén tir A, dén hai cira hang = x"; + X'.
Tong luong hang B; nhan duoc tir hai kho = X'y + X"y.
Téng lugng hang B, nhan dugc tir hai kho = X', + x'.
Tong cudc phi phai tra = Cy3X's + C1oX'2 + CarX™1 + CooX™.
Ta phai tim vecto X = (X'y, X'p, X"'1, X''2) sao cho
f(X) = C1aX'1 + CraX'2 + Co1X™1 + C2X"2 = Min

va thoa man cac diéu kién

X1+xh<a

X"+ x"H<a

X'1+Xx"1=by

X', + X", = b,

X'1, X'9, X1, X" > 0.

1.2.Bai toan Quy hoach tuyén tinh dang tong quat

Bai toan QHTT dang téng quat
Tim vecto X = (X1, Xo, ... , Xy) €R" sao cho
f(x) = X1 ¢;x; — min (max)

Vvé6i cac diéu kién
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Ky hiéu D 1 tap tit ca cac vecto X thoa man hé bat phuong trinh trén, thi day
chinh la bai toan tim min (max) caa ham f(x) trén D.

Vecto x* €D sao cho f(x) dat min (max) duoc goi 1a mot phwong dn téi wu,
hay la mot nghiém cua bai toan nay.

Chuy Baitoan QHTT c6 thé c6 mot nghiém duy nhat, vé nghiém hoic cé
v s6 nghiém.

Ta goli
a) f(x) Ia ham muc tiéu.
b)

;Lzl aijxj = bi (l =1, ...,T')
Yi—1a;% < b; (i =7+ 1,..,5)lah¢ rang bugc.

2?21 aijX; = b, (i=s,..,m)

x=200G=1,..,h)
c) {x <0 =h,.., k) ladiéu kién tdt yéu.
xi ER(G=k,..,n)

Thay rang
1) f(x*) = min{f(x) |xeD} & —f(x*) =max{—f(x)|xeD}

2) Yic1aijx; = by © Yi_1(—a;)x; < b

3) Z}Q=1 A X < b & 2}7:1 a;jx; +y= b;y=0
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8 ¥ jayx; = b; © ¥F_ja;x; —y =b;y =0 (y-bién chénh Igch)
5) Néu bién x; khdng bi rang bugc vé dau, thi co thé thay thé
xp =y—1zV6iy>0vaz=>0.

Tir cac nhan xét trén = bat ky mot bai toan QHTT nao ciing c6 thé dua vé
dang sau day, duoc goi 1a dang chinh tdc

n

fx) = Z c;x; — min
i=1

n

Zaijxj =b(i=1...m

trong d6 tat ca cac b; > 0.
Ky hiéuc = (c1,¢p,..., ) X = (X1, X2,..., X)),
b= (bibs....bn) A = (ay)
c6 thé viét biéu thirc dudi dang ma tran
f(x) = c-x —> min

(Vs

Vi du Dua bai toan sau ddy vé dang chinh tac
f(x) = -3x; - 2X, — max

X1 +x2 =>4
X1 — Xy > 1.
xX1;%2 =0

Ta dua thém vao hai bién chénh Iéch xs, Xa.

Ta dugc dang chinh tic nhu sau

g(x) = -f(x) = 3xy + 2x; —> min
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X1+ 2x) —x3 =4
—x1+x2 +X4 =1.
xX1;%2 =0
2. PHUONG PHAP PON HINH
Xét bai todn QHTT chinh tic:

f(x) = c-x = min

(V5o

véic, x eR", beR™, A la ma tran mxn.
Thudt todan don hinh (simplex method):

Xuat phat tir mot phuong an cuc bién vo. Kiém tra xem vo ¢6 phai 1a phuong
an t61 wu. Néu vo chua phai 1a phuwong an t6i wu thi tim cach cai tién no dé duoc
mot phuong an cuc bién khac 1a vy tot hon Vo theo nghia f(v1) < f(vo). Qué trinh
nay lap lai nhiéu lan cho dén khi tim thiy phuong 4n cuc bién tdi wu x*.

Hudng giai quyét:
1. Céch tim mot phuong an cyuc bién xuat phat vo.

2. Lam thé nao dé biét mot phuong an cuc bién di cho 13 tdi vu hay chura, tic
la can tim duoc "dau hiéu toi wu".

3. Lam thé nao dé tor mot phuong an cyc bién chua t61 uu tim dugc mot
phuong an cuc bién méi tét hon no.

a. Truwong hop A c6 mgt ma tran con la ma tran hoan vi P co mxm: Cé
thé chon phuong an cuc bién xuat phat vo nhu sau: Ta chon bién ma céc hé sb
nam trong P 1am bién try, bién ma hé sé nim ngoai P [am bién tu do. Gan 0 cho
cac bién tu do roi giai ra cac bién tru ta duoc vo. RO rang nhirng gia tri vira tim
cuia cac bién tru quét hét nhirng thanh phan cua hé sé ty do b.

Ky hieuJ = (&, f,...,7) laday sb chi s6 ciia cac bién tru ma x, = by, Xg = by,
ooy X, = by Ky higu ¢' = (Cy, Cp, -, C,)E R™ Vi Cq, Cp, ..., C, lan luot 12 hé s6 cua
Xots Xy ooy Yo

f(vO) = CcC'X = C"b,llj = C,'aj_cj(j = 1,___""_)_

DAu hiéu ti wu "Néu 4 <0 Vij=1,..,n,thivgla phuong an t6i wu". Vi vay,
goi 4 <0 (j =1, ..., n) la sé kiém tra.
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Pé thuan tién cho tinh toan theo thuat toan don hinh, ngudi ta sap sép céac sd
lig¢u thanh mot bang goi la bang don hinh nhu dudi day

c' b X1 Xp X, | Ti s6
Bién tru
C1 C Cn
Xa Ca by ai ain din
Xy Cy bm dma1 am?2 Amn
f(x) A A, An

Néu vo chua phai 12 tdi vy, ta di xay dung phuong an cuc bién v, tét hon bang

cach xay dung bang don hinh méi sau ddy: Chon chi s6 s sa0 cho As = max{As,

) Ad}.

Trén hang tht i cua cot ti sb ta s& dién b; /a;; néu a;; > 0.

Chon chi s6 r sao cho b, /a, 1a s6 bé nhat trong cot ti so.

a,, duoc goi la tru. Thay x; baoi X, ¢, boi Cs.

Chia hang r ctia ma tran [b A] cho tru, sau d6 cong vao cac hang con lai cua
[b A] bdi cua hang thir r méi nay sao cho cot thir s cua A tré thanh vec to e .

Ta tinh f(x) va cac sb kiém tra mai bang cach cong vao hang cii (f(X), Ay, ...

Ay) boi cua hang thir r mai sao cho A bi khir di. Néu tat ca cac sé kiém tra méi
déu khong duong, thi v; 13 phuong an t6i wu. Con néu v, chua phai 1a phuong an
t6i vu ta 13p lai tha tuc vira rdi dé 1ap bang don hinh tha ba .... Ta ¢t lap lai tha
tuc nhu thé nay cho dén khi tat ca cac s6 kiém tra déu khong dwong thi dung.

Khi 4y phuong an cudi cing 1a tdi uu.
Vidu 1 f(X) = X4 - Xs = min

X1 +x4—2x5=1
Xy — 2X4 + x5 = 2
X3+ 3x4 +x5 =3
x =20,j=1,..,5
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Bang 1
Bientru| c' X1 Xo X3 X4 xs | Tiso
0 0 0 1 -1
X1 0 1 1 0 0 1 -2
Xo 0 2 0 1 0 -2 le 2/1
X3 0 3 0 0 1 3 1 3/1
=] 0 | 0 | 0 | -1 | 1
0
Bang 2
Bién c' b X1 Xp X3 X4 xs | TisoO
tru
0 0 0 1 -1
X1 0 5 1 2 0 -3 0
X5 -1 2 0 1 0 -2 1
X3 0 1 0 -1 1 Se 0 1/5
fx)=-| 0 1 0 1 0
2
Bang 3
Bién tru c' b X1 Xp X3 X4 X5 Tiso
0 0 0 1 -1
X1 0 28/5 1 7/5 3/5 0 0
X5 -1 12/5 0 3/5 2/5 0 1
X4 1 1/5 0 -1/5 1/5 1 0
fx)= | 0 475 5 | 0| 0
-11/5

Céc sb diéu kién déu khong duong, nén ta co phuong an toi wu x* = (28/5; 0;
0; 1/5; 11/5) va minf(x) = -11/5.



Bai gid@ng toan 111 — ThS. Nguyén Ngan Giang — Email: giangnn@wru.edu.vn

Chay Néu cé mot sb kiém tra A, mang dau duong, nhung cot thir k cua ma
tran hé sé cua hé rang budc gdm toan nhitng sé khéng duong, thi bai toan vo
nghiém (Khi 4y ham muc tiéu giam vé han).

b. Trwong hop A khéng chira ma tran con la ma tran hoan vi P ¢ mxm:

Ta thém mot s6 bién dé tao ra bai toan méi c6 dang nhu & truong hop a.
(Phuong phap nay duogc goi la Phwong phap M vé cung lon).

Vi du 2 Giai bai toan quy hoach tuyén tinh sau:
f(x) = 3x; + 2x, —> min

X1 +2x, —x3 =4
—X1+x2+X4=1
5 =20(@G=14)

Ta thém bién y (goi la bién gid) dé dua vé bai toan

gx,y) = 3x; + 2x, + My—>min

X1 +2x),—x3+y=4
—X1+x2+X4=1
x 2 0(=T8);y=0

O day M la mot hang sé duong rat lon.

Bang 1
Bién c' B X1 Xo X3 X4 y | Tiso
tru
3 2 0 0 M
y M 4 1 2 -1 0 1 2
X4 0 1 -1 le 0 1 0 1
agx)y) | M-3 | 2M -2 -M 0 0
=4M
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Bang 2
Bién | c' B X1 Xo X3 X4 y Tiso
tru
3 2 0 0 M
y | M 2 3e 0 -1 -2 1 2/3
Xo 2 1 -1 1 0 1 0
gx,y)= | 3M-5 0 -M | 2-2M 0
2+ 2M
Bang 3
Bién | c' B X1 | Xo X3 X4 y Tiso
tru
3 2 0 0 M
X1 3 2/3 1 0O | -1/3 | -2/3 1/3
Xo 2 5/3 0 0 | -1/3 1/3 1/3
ag(x,y) = 0 O | -5/3 | -4/3 |5/3-M
16/3

’ Céc sb diéu kién déu khong duong, nén trong bai todn mdi ta c6 phuong an
to1 uu
(x*,y) = (2/3; 5/3; 0; 0; 0) va min g(x,y) = 16/3.
Trong phuong an nay y = 0, nén bai toan ban dau co6 phuong an tbi wu
x* = (2/3; 5/3; 0; 0) va min f(x) = 16/3.

Chay Néu & bang don hinh cudi ciing bién gia nhan gié tri khac 0, ta két
luan ham muc tiéu khdng cé gia tri Ién nho nhat.

NHUNG Y CHINH TRONG
BAI GIANG TUAN 12

1. Baitoan QHTT téng quét. Bai toan QHTT chinh tac.

2. Phuong an t6i wvu. Thuét toan don hinh
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BAI 13: CAC PHUONG PHAP LAP GIAl GAN PUNG HE PHUONG
TRINH PAI SO TUYEN TIiNH

Giai hé phuong trinh DSTT ¢& nxn: phuong phap khir Gauss va quy tac
Cramer.

Khi hé c6 nghiém, 2 cach giai nay cho nghiém dung sau mot s6 hitu han budc
(vai gia thiét khong co sai s6 1am tron).

Hai cach giai nay thuong chi &p dung cho hé co kich thudc nho.

Giai hé ¢& 16n, nhu hé 30x30, theo quy tic Cramer trén chiéc may tinh c6 téc
do6 tinh 20 nghin ti phép tinh/gidy mat 378080 ti ndm. Ngoai ra, két qua nhan

dugc c6 thé sai léch so voi nghiém dung rat nhiéu do nhitng sai sé xuat hién qué
nhiéu khi may tinh 1am tron.

Ngay ca phuong phap khir Gauss, mac di c6 sé phép tinh it hon quy tic
Cramer rat nhiéu, ciing khong hiéu qua trong trudng hop hé ¢& 16n hoac ma tran
hé s6 ¢ nhiéu sb 0.

Ta nghién ctru mot s6 phuong phéap hiéu qua hon dé giai hé phuong trinh
DPSTT ¢& nxn. Do 1a cac phuong phap giai gan dung voi do chinh xac tay .

1. NHUNG KIEN THUC CHUAN BI

Tat ca cAc phuong phap giai gan dung hé DSTT sé& trinh bay déu ¢ chung
mot dic diém 1a xay dung diy vecto hoi tu téi nghiém dung.

1.1. Giéi han cia day vecto
Cho day vecto p) = (xl(k),xék), ...x,(lk)) ERY:k=1,2,3..

xl(k) (k) xr(lk)

Khi k — oo néu — ay, Xy > Ay, .. — a, thi

v = (@1, &y, .. a,) duoc goi 1a gisi han cua day {v®} hay ta ndi {v™®} hoi tu
tol v.
1 2k+5 )

Vidul Xét déy v("") = (m, k_+1'

k — oo thi v® — v = (0,1, 2).

1.2. Chuan ciia vecto' va chuin cia ma tran
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Dinh nghia chudn: Cho mot khong gian vecto V. Vi mdi phan tir v € V ta

xac dinh mot sb thuc ky hiéu 1a ||v|| va goi 1a chuan cua v néu nd théa méan 3
diéu kién
i||lv]| = 0,vv
i.||cv|| < [c|. |lvll; Yc € R
i ||lv + w| < |lv|l + llw]|; Vv,w €V
1)  Véi dinh nghia chuan nhu vay, c6 thé xay dung dugc nhiéu chuan khac
nhau trén mot khong gian.
Vi du: Véi khong gian R™ gdm céc vecto v = (vy, vy, ... v,) € R™ ta c6 thé
xay dung ra cac chuan:

Ivily = w1l + [vz| + - + vy

Ivll, = |vi+vs+ -+ v?
1+

Ivllee = max{lvyl, |v2], .. |vn 1}
2)  Tuy c6 thé xay dung duoc nhiéu chuan khac nhau nhung tir nay vé sau
ta chi xét chuan vo han véi vecto va ma tran duoc dinh nghia nhu sau:

) Chudn vo han ciia vecto: V&1 v = (vq, V5, ... v,) € R", ta dinh nghia

chuan vo han
IVl = max{|vql, [v2], ... v, [}
Déi vai chuan nay ta cé tiéu chuan hoi tu
BPinh 1y 13.1 {v®} hoi tu t&i v néu va chi néu |v¥ - v|.,—0 khi k —.

) Chudn vo _haen ciia_ma tran: Cho ma tran thuc B, ,, ta dinh nghia

chuan vo han

n n n
1Bl = max ] lbus |, [by |, e Y Iy |
j=1 j=1 j=1
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0 —0.06 —0.02
B =[-0.03 0 0.05
—0.01 0.02 0

cd ||B|l= max{0.08; 0.08; 0.03} = 0.08.

2. PHUONG PHAP LAP DPON

2.1. Noi dung phwong phap lip don

Cho hé Ax = b ¢& nxn. C6 nhiéu cach dé dua hé ny vé dang
X = Bx + ¢ tuong duong.
Viduy, tich A=S-T, trong d6 S kha nghich, thi
AX=b& Sx=Tx +h.

it B=S"T, g=S"b, tacé hé x = Bx + g.
Xay dung day vecto {v®}, nhu sau:
Cho truge v rdi tinh v® theo cong thirc

vV =By +g (k=0,1,...). (1)

(1) 1a cong thazc tinh lap, k > 1 1a sé lan lap.
Phuong phép tinh {v} thé nay 1a phwrong phap lip don.
Néu {v%} hoi tu thi ta n6i phuwong phdp lip don hi tu.

Gia st {v} — v. L4y gi6i han & hai vé cua vV =By + g
ta cé
v=DBv+g,

= v la nghiém cta x = Bx + g, tuc ciing 1a nghiém ctua Ax = b.

V6i £ > 0 cho truée, néu k du lon ta ludn cé
IV® - v, < e.

Khi d6 ta n6i v 1a nghigm xdp xi ciza nghiém diing véi dp chinh xac e.
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Trong thuc hanh, ta bat budc phai dirng tinh todn & budc thi k nao d6 va xem
v 12 nghiém gan dung.
Vi du 1 Hé phuong trinh
4x, + 0.24x, - 0.08x3 = 8
0.09x; + 3x2-0.15x3=9
0.04x; - 0.08x, + 4x3 = 20
tuong duong
X1 = -0.06x, + 0.02%3 + 2
X = -0.03x; + 0.05x3 + 3
X3 =-0.01x; +0.02x, +5

—O 06 0.02 2
xz O 03 0.05 3
—0.01 0. 02 0 x3 5
c6 dang x = Bx + g, voi
0 —0.06 0.02 2
B=[-003 0 005 va g=]3]|
—0.01 0.02 0 5

Vi v = (Xl(k+1)’ X2(k+1)’ X3(k+1))’ v = (Xl(k)’ Xz(k)’ X3(k))

cong thac tinh lap v =Bv¥ + g =

x4 = -0.06%,% + 0.02x,0 + 2

% = -0.03%,® + 0.05x;% + 3

¥ = -0.01x% + 0.02x,% + 5
Khoi dau 1ay v = (2, 3, 5) = v = (%Y, %P, x3P) voi

1Y = -0.06(3) + 0.02(5) + 2 = 1.92
% =-0.03(2) + 0.05(5) + 3=3.19
%Y =-0.01(2) + 0.02(3) +5=15.04

= v = (1.92, 3.19, 5.04)
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Nhdn xét: Ta thdy vai viéc xay dung nghiém xap xi nhu trén, ta cin quan
tAm tgi cac van dé sau:

° Nghiém Xép xi c6 dan hoi tu téi nghi¢m ding khong?

o Neéu hoi tu thi sai so khi dirng ¢ budc thir k 1a bao nhiéu?

D¢ tra loi hai cau hoi nay, ta c6 dinh ly sau:

2.2. Sw hoi tu ciia phwong phap lip don va danh gia sai s6 ciia nghiém
Xap xi

Phuong phap ldp don ap dung cho x = Bx + g véi B = (bjj)nxn

BPinh 1y 13.2 Néu ||B||..<1, thi v&i moi V@ eR" cho trudc day {v¥} xac dinh
baoi
v =By + g (k=0,1,..).
déu hoi tu toi nghiém duy nhat v ciia x = Bx + g. Hon nita, c¢6 danh gia sai s6

VY - Vil < Bl V& - VO (2)

;|
1-|181],,
Nhédn xét
1) Véi diéu kién cta dinh 1y, va véi v va e > 0 chon trudce, s6 1an lap k dé
nghiém xap xi dat d6 chinh xac ¢ (tic 1 [V - v|,, < €), x4c dinh tir bAt phwong
trinh

1B1[¢

T IV - VO, <e.
2) Sai s trong qué trinh tinh toan khong anh huong dén két qua cudi cing
(Phuong phap 1ap don c6 kha nang tu sura sai).
Vi du 2 Quay lai Vidu 1. ||B|l. = 0.08 < 1, nén phuong phap lap don hdi tu.
Panh gia sai s6 cua v so voi nghiém ding v :
v - v@ =(-0.08, 0.19, 0.04)

IV - Vil < I1BIs v VO, =

1
R

1
1-0.08

1
1-0.08

0.08° max{0.08; 0.19; 0.04} = 0.08° 0.19 ~ 10™.

Do chinh x4c gan 10, nén kha 1a cao.



Bai gid@ng toan 111 — ThS. Nguyén Ngan Giang — Email: giangnn@wru.edu.vn

2.3.Phwong phap Jacobi

Néu trong hé Ax = b ma tran A cd tat ca céc phan tir trén duong chéo khéc 0,
tichA=S-T

aq 0 —aq . —QAqp
S = @22 r=|"% 9 o T
l annJ —Ap1  TApz e 0
thi AX=b < Sx=Tx + b.
Pitg=S'b,vaB=S'T = x=Bx+g.
r 1
ai
1 0 —aqy . —QAqp
B = S-IT = tpy —‘?21 0 —0:12n
1 —0anq —0apuo 0
ann
a A1, -
0 _ Az o n
ai ai
a a
I
= azy az»
Uy
——= —a,/a, - 0
ann

Phuong phép lap don tién hanh theo cong thuc v = BV¥ + g

duoc goi la phwong phadp Jacobi.

Phuong phéap Jacobi s& hoi tu, néu A = (aj))nxn 1a ma trd@n dwong chéo tréi,
taiclavi=1,..,n,

|aii| > [aia] + [aig] + -+ [@iial+ @ i+t +|ain]
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3. PHUONG PHAP SEIDEL

3.1.Noi dung phuong phap Seidel

Quay lai Vidu 1 ¢ 13.2. Trong phuong phap lap don
VD = (5, (D K 5 ®4DY tinh qua v = (9, .M, %39 nhe
X% = 0.06x,% + 0.02x5" + 2
% =-0.03x,% + 0.05x,% + 3
X" = 0.016% + 0.02x,% +5
Cai tién: Khi tinh x,*V sir dung ngay x,*** vira tinh dwoc
X% = -0.03x, %Y + 0.05x,% + 3
Khi tinh x3*"? st dung ngay ;" x,**? vira tinh duoc.
xs* = 0.00,% Y + 0.02,%P +5
Cu thé:
tinh v = (Xl(k+1)’ X2(k+1)’ X3(k+1)) qua vk = (Xl(k)’ Xz(k)’ X3(k))
theo cac cbng thac
X% = 0.06x,% + 0.02x5" + 2
X% = -0.03x, %Y + 0.05x59 + 3
x3* = -0.01,% P + 0.02,% +5

V6i v = (2, 3, 5), ta tinh dugc VY = (%Y, x,.®, x3Y) v6i
x1M = -0.06(3) + 0.02(5) + 2 = 1.92
M = -0.03(1.92) + 0.05(5) + 3 = 3.1924
xa = -0.01(1.92) + 0.02(3.1924) + 5 = 5.044648

= v® = (1.92, 3.1924, 5.044648)
Cach 1am nay duoc goi 12 phwong phdp Seidel (mot bién dang cia phuong

phap lap don). Y chinh cua phuong phap Seidel Ia cac thanh phan vira tinh duoc

cua v dugc st dung ngay dé tinh thanh phn tiép theo cua no.
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U'u diém ciia phwong phap Seidel:
* Tiét kiem dwoc bg nhé trong may tinh
* N6i chung pp Seidel hgi tu nhanh hon pp lap don.

3.2.Sw héi tu ciia phuwong phap Seidel va danh gia sai sé ciia nghiém xap

Xi
Phuong phap Seidel ap dung cho phuong trinh X = BX + g V&i B = (Djj)nxn
Binh 1y 10.3 Néu ||B]|., <1, thi v&i moi vV eR" phuong phép Seidel déu hoi
tu t&i nghiém duy nhét v ciia x = Bx + g. Hon nita c6 danh gia sai s6

IV - V| < |IV(1) VOl (3)

trong d6 4 = max;<, 1f” Vi & = |bia+ -+biials £ = il -+[bin].

3.3.Phwong phap Gauss - Seidel

Cho hé Ax = b véi A ¢ tat ca cac phan tir trén duong chéo khéc 0. Gidng nhu
phuong phap Jacobi, ta dwa né vé phwong trinh X = Bx + ¢g. Phuong phap Seidel
ap dung cho phuong trinh x = Bx + g duoc goi la phwong phdp Gauss - Seidel.

Néu A 13 ma tran dudng chéo troi, thi ||B|l.. < 1. Vi vay, theo Dinh ly 10.3
phuong phap Gauss-Seidel hoi tu véi moi VO eR",

Vi du 2 Xeét hé phuong trinh trong Vidu 1. Ta c0 ||B||.. = 0.08 < 1=

phuong phap Gauss - Seidel hoi tu.

Panh gia sai s6 cua v® 0 voi nghiém dung v theo (3):

vl - v@ = (-0.08; 0.1924; 0.044648)
IV - v, = max{0.08; 0.1924; 0.044648} = 0.1924
p£r=0.08, o =0; £=0.05 »=0.03; f3=0, s=0.03

4 =Max; <<, % = max{0.08; 0.0515463; 0} = 0.08

IV - Vil < 4 ||v(1) v, = 0.08° 0.1924 ~ 10™.

1-0.08

Do chinh xé4c gan 10, nén kha 1a cao.
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NHUNG Y CHINH TRONG
BAI GIANG TUAN 13

1. Noi dung ctia phuong phap 1ap don. Sy hdi tu cua phuong
phap lip don va danh gia sai sb ctia nghiém xap xi. Phuong
phap Jacobi.

2. Noi dung ctua phuong phap Seidel. Sy hoi tu ctia phuong
phap Seidel va danh gia sai s6 cia nghiém xap xi. Phuong

phap Gauss - Seidel.
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BAI 14: SO PHUC
1. Pinh nghia

Sé phirc 1a mot biéu thiee dang z = a + bi, véia, b eR va i? = -1.
i duoc goi la don vi do.

a 1a phan theec cia z, ky hiéu 1a Re(z).

b 14 phan do cia z, ky hiéu 1a Im(z).

C Ia tap hop tat ca nhitng s6 phuc.

2.Cac phép toan trén trudng sé phikc

a. Hai s6 phtrc biang nhau:
a+tbi=c+di(a,b,c,deR)y<a=cvab=d.

Chay Khéc vai tap sé thuc, trén C ta khong xét cac quan hé <, <, >, >.

b. Cac phép toan

Cho a, b, ¢, d € R.Ta dinh nghia trén C hai phép toan

Phépcong (@+bi)+(c+di)=(a+c)+(b+d)i

Phép nhan (a + bi)(c + di) = (ac - bd) + (ad + bc)i

Trén C hai phép toan nay c6 nhiing tinh chat twong ty nhu tinh chat cua phép
cong va phép nhan trén R:

* Giao hoan, két hop, phan phéi.
* 0 + 0i dong vai trd "sd khdng" trong C.
* (-¢) + (-d)i 1a s6 dbi cua c + di, viét gon 1a -c - di.

* 1 + 0i dong vai tro "sb mot" trong C.

1 . . —d .
* 4 + + N C PP . 5 5 +
Néu ¢ + di= 0 +0i, thi > + ——31i langhich dao cua c + di

Phép trir (a + bi) - (c + di) = (a + bi) + (-c - di) = (a - ¢) + (b - d)i.

Phép chia Néu ¢ + di = 0 + 0i, thi

a + bi ( c N —d _)_ac+bd+bc—ad_
Z+d? cZ+d?) T cZ+dZ T crvart
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Dinh 1y co ban caa dai s6: "Moi da thirc bgc n > 0 véi hé sé phite déu c6 n
nghiém phec”,

Vi mot s6 thuc ciing 14 mot s6 phuc, nén tir dinh 1y nay suy ra: Moi da thtic bac n
> 0 voi hé s6 thuc déu c6 n nghiém phuc.

Vi du 1 Giai phuong trinh x* + x + 1 = 0.

Giai A =-3 va cin bac 2 cua -3 [a++/3i. Theo cong thic ldy nghiém cua phuong
trinh bac 2, ta c6 2 nghiém

—1—-+3i —-1++3i
2 2

3.Biéu dién hinh hec ciia s phiic

Trén mat phang cho mét hé truc toa do Bé cac vudng goc Oxy. Mdi sb phuc a +
bi dwoc biéu didn trén mat phing nay béi diém M(a, b) (hay vecto OM= (a, b)).

Truc &o
A

(Phén doclaz) bl—————m—m—— =g+ bi

= P Truc thuc

(Phan thuc cla z)

Ox la truc thuc, Oy la truc do, (Oxy) 1a mat phang phiic.

Néu a + bi duoc biéu dién bai vecto OM= (a, b), thi ta goi OM |a médun cua z,
ky hiéu la |z|. Ta cé

|z| =+ a? + b?
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Néu b =0, thi z = a 1a mot sé thyc va |z] = |a| nén dinh nghia vé modun 1a mé
rong cua dinh nghia vé tri tuyét dbi.
4.Lién hop phirc
Pinh nghia Sé phic lién hep cuaz = a + bi (a, b € R) 1a a - bi va duoc ky hiéu
boi Zz
Nhan xét

1) Sé phuc lién hop cua Z lai 12 z (tac 12 Z = 2). Vi thé, connéizva Z 1a hai sé
phac lién hep véi nhau (goi tit 12 hai sé phac lién hep).

2) Hai sb phuc lién hop khi va chi khi cac diém biéu dién cta chung ddi xung
véi nhau qua truc Ox.

Ay

\ A3

Pinh Iy 1 i vai céc sb bat ky z; va z,
@z1+z, =2t 2,
Ozi=z,=731 — 7,

(€) 7125 = 712,

(d) z1/z, = 71/ 7,
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Pinh Iy 2 Néu mot phuong trinh dai s6 véi hé s6 thuc ¢ nghiém a C thi nd
cling c6 nghiém a
5.Dang lwong giac ciia sé6 phirc. Cong thirc DeMoivre

Gia st z=a+ bi(a, b € R) 1a mot sé phuc khac 0. Ta biéu dién z bai diém M(a,
b). Ky hiéu r = |z] va @14 s6 do ctia mot goc lugng giac tia dau Ox, tia cudi OM. Ta
c6 a=rcosd va b =rsind nénz = a + bi cd thé viét duoc & dang

z =r(cos@ +isind)

bay la mot dang lwong giac cua z.

|}

a,b)

?

b=rsing

6

’

a = rcosé

0 duoc goi 1a acgumen cua z, ky hiéu 8= argz. Néu @1 mot acgumen cua z thi
moi acgumen cua z ¢ dang 0+ k27, keZ. Acgumen cta s6 phtc z = 0 khong duoc
dinh nghia.

Vidu3
Biéu dién z = 1 + v/3i & dang luong giéc.

Gidir = |z| = V1 + 3= 2. Tir 1 = 2cos@va /3 = 2siné, ta chon ra 6= 7/3. Nhu
vay mot dang lugng gidc cua z la

i s
zZ = 2(cos§+ ising)
Cho z; = ry(cos@,+ isind;) va z, = ry(cosé+ ising)

thi 212, = riro[cos(G+ &) + isin( G+ )]
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Ay

\ A

Néu z, # 0, thi chimg minh twong tu trén ta c6

Z T
L = Lcos(8; — 6,) + isin(8; — 6,)]
Z; 1

Cong thizc DeMoivre
[r(cos® + isind)]" = r(cosné +isinnd) VneZ
6.Khai cin cac so phirc

Néu n 13 mot sé nguyén duong, va z 1a s6 phuc tly y, thi s6 phic w bat ky sao
cho W" = z dugc goi la mot can bdc n cria z.

z ¢6 can bac 1 duy nhit 1a z. 0 ¢6 can bac n duy nhit 14 0. Con néi chung thi viéc
tim cac can bac n cua s6 phirc 1 kho khin. Tuy nhién néu z ¢ dang lugng giac
r(cosé + isind) = 0,thi ta co6 cong thirc tinh can bac n cua z nhu sau:

, 0 kim 0 kim
\r[cos (— + —) + i sin (— + —)] k=012.n-1
n n n n

Trong nhitng nghién ctru chi tiét hon vé s6 phic, lity thira phtic cta e di duge dinh
nghia va chirng minh rang

cosd+ isind=¢'’  (Cong thirc Euler)

Theo cdng thirc ndy dang lugng gidc z = r(cosé + isiné) cé thé viét gon thanh z = re'’.
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Chay : Ly thuyét PSTT ta da nghién ciru tir tudn 1 dén gio déu xét trén tap
hop so thuc. Ly thuyét nay hau hét van ding khi thay tap hop sé thuc béi tap
hop s6 phikc.

NHUNG Y CHINH TRONG
BAI GIANG TUAN 14

1. Pinh nghia sé phtic. Tap sé phtic C va cac phép toan.

2. Dang luong giac cta s6 phic. Cong thicc DeMoivre. Cong thic Euler,
3. Khai cin sb phuc.

4. Xap xi ham s6 boi da thie lugng giac.

5. Phép bién doi Fourier roi rac. Y tuéng cua phép bién d6i Fourier nhanh
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