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Loi nguoi dich

Nhitng ndm gén ddy cong tdc nghién citu bién phuc vu hoat
dong xdy dung va khai thdc cdc cong trinh bién & nude ta bat ddu
hinh thanh va ngay cang phdt trién. Viéc qudn ly, khai thdc hiéu
qud cdc cong trinh xdy dung va ky thudt trén bién thuong doi hoi
chuyén gia hiéu biét vé cdc qud trinh bién, trong dé chuyén déng
séng va tuong tdc gitta séng vdi cong trinh la mot yéu t6’ quan trong
bdac nhdt. O cdc truong dai hoc ctia nudc ta dan dan da xdy dung
thém nhitng b6 mon va chuyén nganh dao tao tuong ng nham muc
tiéu cung cdp cdc chuyén gia phuc vu trong linh vuc kinh té nay.

Sdch "Péng luc hoc tng dung vé song mdt dai duong’ cua
Chiang Mei la moét cuén sdach dau tién trong loat sdch chuyén khdo
néng cao vé Ky thudt bién cua Khoa Ky thudt xdy dung, Hoc vién
Céng nghé Massachusets (My). Tdc gid cuén sdch la mot chuyén gia
lon trong linh vuc nghién citu nay.

Bién dich cuén sdch, ching toi nham muc dich cung cdp cho
cdc nha khoa hoc nghién ciu bién & nudc ta mot tai liéu hé thong,
ky luong vé nhitng kién thiic co ban va hién dai nhdt lién quan téi
dong luc hoc, su dién bién cua song dai duong khi né lan truyén
vao ddi ven bo va tuong tdc vdi ddi bo, cdc cong trinh bién va cdng.

Sdch dudc bé cuc theo kiéu duc két cdc bai gidng cta tde gid,
viéc thiét lap cdc bai todn va gidi duoc dién gidi hé thong vdi mot
dung lugng vdt ly va todn hoc thich hop cho ca nhitng sinh vién va
hoc vién sau dai hoc. Chiing téi hy vong rang sdch ciing sé ¢6 gid tri
nhu mot tai liéu gidng day, tham khdo cho gido vién va tai liéu hoc
tdp cho nguai hoc.

Nguyén bdan sdch gom 13 chuong. Mbi chuong dé cip tdi mot
nhém vin dé lién quan tdi mét khia canh st dung va khai thdc cdc

cong trinh bién va cé ddc diém phuong phdp ludn va phuong phdp
nghién citu, phwong phdp trinh bay riéng. Do khuén khé lon cia
sdch, chiing toi cdu tao lai thanh hai quyén: quyén 1 va quyén 2 dé
tién xudt ban. Trong quyén 1 gém 6 chuong ddu cia cuén sdch.
Quyén 1 md dau bang chuong 1 va chuong 2 toéng quan nhiing kién
thite co ban vé chuyén déng ctia chdt long khong nén mdt do khong
déi lam co sé nghién ciu chuyén dong séng mdt dai duong. Chuong
3 gidi thiéu cdc phuong phdp ctia quang hinh hoc dé khdo sdt su
khic xa cdc song khi chung lan truyén vao ddi ven bo — mét hién
tuong quan trong quyét dinh ddac diém, hanh vi, dién bién cia cdc
séng va truong séng, hinh thanh nén nhiéu ddc diém déng hoc va
phan b6 ndng luong séng ¢ ddi ven bo cé6 nhitng ng dung thiét
thuc. Chuong 4 khdi qudt ly thuyét dién bién cua séng bién dé nho
trén nén ddy bién thién ddng ké, nét ddc trung ciia ddi ven bo va
bat ddu khdo sdt nhitng hiéu ing lién quan. Tiép theo, cdc chuong
5 va 6 lan luot gidi thiéu nhitng két qua nghién citu cdc hiéu tng
d6i vdi cdc hinh thdi va cdu tao cdng, dé chdn song khdc nhau nhu
la nhitng thi du ddu tién tng dung ly thuyét tuyén tinh.

Nhitng chuong con lai cua sdch dé cdp tdi cdc nhom vdn dé
khdc cua dong luc hoc song mat dai duong lién quan tdi hién tuong
tdn xa va nhiéu xa, phdn tdn, mdat mdt ndng luong va ly thuyét
séng phi tuyén, chiing toi sé bé cuc vao quyén 2.

Do kién thicc c6 han cua nhitng nguoi bién dich va néi dung
réng lon ciua sdch, chdc chdn trong khi truyén dat sang tiéng Viét
c6 nhitng sai sot va chua chinh xdc vé khdi niém, thudt ngw, tén goi
hién tuong... Ching toi mong duogc cdc chuyén gia gép y cu thé dé
hoan thién bdn dich trong nhiing lan xudt ban sau.

Tap thé bién dich



LGI MG PAU

Trong 20 nim qua nhan loai ngay cang tich lu§ thém cac kién thic vé
dong luc cdc séng mit dai duong. Do nhu cadu thuén tuy khoa hoc, nganh
nghién cttu dia vat Iy da thu duge nhiing thanh tyu nhat dinh. Mot loat nhitng
ti€én bo da dat duoc do s6 luong céc du 4n 16n vé xay dung cang ngoai khoi va
doc bd bién ngay cang tang. Vi mot du 4n 16n thi khong nhitng can du bdo
than trong vé diéu kién séng gan noi thi cong cong trinh, ma con can c6
nhitng tin cay vé tic dong clia song 1én cong trinh va cia ban than cong trinh
lén moi trudng xung quanh. DE c6 nhitng hiéu biét khoa hoc, k¥ thuat tdng
quét vé song dai duong, cdc chuong trinh nghién ctu va dao tao da hinh
thanh & nhiéu trudng dai hoc va trong céc nganh khac nhau trén thé gidi.

Cuoén sich nay didc két nhitng bai giang cta Chiang C. Mei tai cic khod
hoc gém hai hoc ky tai MIT cho sinh vién sau dai hoc vé k¥ thuat xay dung
va hai duong hoc. Muc dich ctia sdch 1a trinh bay cédc cht dé chon loc mang
tinh ly thuyét vé dong luc hoc cdc séng mat dai duong, bao gém nhitng
nguyén 1y co ban va viéc 4p dung nhitng nguyén 1y dé6 vao ky thuat déi bo va
ngoai khoi. Sich chli yéu dé cap dén ly thuyét tuyén tinh, 1y thuyét nay da
duoc xay dung phuc vu nhitng nghién citu ly thuyét. Ly thuyét tuyén tinh phi
nhét duge gidi thiéu tir chuong 1 dén chuong 5 va tdi dé cap & chuong 7. Hiéu
ting ma sat do nhét gay ra truc ti€p hoac gidn ti€p dugc trinh bay & chuong 6,
8 va 9. Hiéu ting dac biét ctia séng do trén bai bién duogc xét trong chuong 10.
Chuong 9 va chuong 10 tap trung nghién citu cac hiéu ung phi tuyén thit cép.
Hy vong tai liéu nay s& c6 ich va thic ddy su hop tdc giita cdc nha nghién citu
6 nhiéu linh vuc khac nhau.

Vi trong linh vuc khoa hoc nay c6 su dong gép rat 16n cta cac nha toan
hoc, nén viéc stt dung céc phép phan tich todn hoc c6 thé con xa la véi mot s6
doc gia 1a mot diéu khong tranh khoi. Vi vay, trong sdch gianh nhiéu phan dé
giai thich hodc mo ta theo ngon ngit thong dung vé nhiing phép phan tich
thuong khong duge trinh bay trong céc khod hoc vé tinh todn nang cao. Phép

khai trién c4c két qua dugc trinh bay chi tiét dé gidm b6t khé khan cho nhitng
ngudi con dang theo hoc céc kién thitc co ban. Trong sdch nay ciing dua ra
mot s6 bai tap bd sung, ban doc nén coi nhu 12 phan tu nghién ctu ctia minh.

Nghién citu séng néi chung, séng trén nuGe ndi riéng, luon doi hdi su
két hop chéo giita cdc nganh khoa hoc va k¥ thuat khac nhau nhu vat 1y, todn
hoc, hai duong hoc, ky thuat dién va cac chuyén nganh khac. Cuén sach nay
12 mot nd luc ddng ké phan 4nh su két hop d6 va hy vong sé thic ddy céc nha
khoa hoc va ky su tap trung tai nang clia minh vao nghién cttu nhitng tiém an
thach thuc ctia dai duong trong tuong lai.

Mot s6 linh vuc khac khong thudc kinh nghiém ctia tac gia hoac da dugc
dé cap trong cdc sach khéc s& khong trinh bay trong sach nay. Phillips (1977)
va LeBlond va Mysak (1978) di nghién cttu nhitng co ch€ phat sinh séng gi6
va céc tuong tdc cong hudng. V& mo ta thong ké do6i véi séng bién ngiu
nhién thi phan thdo luan chi tiét mot cdch can ban nhat ban doc c6 thé tim
thdy trong cdc xuat ban pham clia Price va Bishop (1974). Co hoc théng ké
séng bién c6 thé xem trong cdc cuén siach cta Phillips (1977) va West
(1981). Nhitng tién bd nhanh chéng trong viéc khao sat séng do doc 16n, chu
yéu do M. S. Longuet-Higgins nghién citu, da thu hit sy quan tm cua céc k¥
sur va cdc nha hai duong hoc; cac bai viét clia 6ng va cdc cong su theo cht dé
nay c6 thé néi khong ai sdnh bang vé tinh rd rang va ti mi. Nhitng séng phat
sinh do cdc vat thé di chuyén thuoc loai thity dong Iuc hoc cdc séng tau, ban
doc c6 thé thdy trong cdc chuyén luan cta Stoker (1957), Wehausen va
Laitone (1960), Newman (1977) va nhitng 4n ban trudc day ctia Hoi nghi
thuy dong luc hang hai. Su phan tach phat sinh do séng xung quanh cic vat
thé nho 1a cot 16i ctia viec du bdo luc tdc dong 1én cong trinh ngoai khoi; day
chinh 12 mot chli dé ma thuc nghiém déng vai tro quyét dinh va né da duoc
trinh bay rat ti mi trong cu6n sdch xuét ban gan day ctua Sarpkaya va Issacson
(1981). Céc s6ng bao ciing khong dugc trinh bay trong cudn sich nay.



Trong sich chita dung nhiéu dién gidi todn hoc, tuy dugc trinh bay cdn
than, nhung khong tranh khoi mot s6 sai s6t. RAt mong céac doc gia gép y dé
hoan thién.



Trong sich chita dung nhiéu dién gidi todn hoc, tuy dugc trinh bay cdn
than, nhung khong tranh khoi mot s6 sai s6t. RAt mong céac doc gia gép y dé

hoan thién.

Chuong 1 - GIGI THIEU

Trong dai duong c6 nhiéu kiéu séng giy bdi nhiing nhan to
vat 1y khac nhau. Giéng nhu trong bai toan co ban vé mot hé
dan hoi, tat ca cac séng phai lién quan téi mot loai luc phuc héi
nao d6. Vi vay, dé thuén tién, nén sé bd phéan loai cac séng dai
duong tuy theo luc phuc hoi nhu trong bang 1.1.

Séng gié va séng lung phat sinh bdi bao tai ché hoéc béo &
xa 12 loai séng ma con nguodi thuong gip nhiéu nhat. Loai it géip
hon, nhung véi hau qua do6i khi rat néng né, dé la séng than,
séng nay dugc xép vao loai cac dao dong chu ky dai, gdy béi
dong d4t hodc trugt dat manh dudi nude. Séng ciing c6 thé sinh
ra do hoat dong ctia con ngudi (nhu chuyén dong tau, né min...)
va nhiing séng nay ciing c6 dai chu ky réong. Vi cac séng nay
thuong hién dién trén méit nuée va luc phuc hoi chu yéu la
trong luc, nén ching dudgc goi 1a séng méit trong lyc. Mot thuat
ngii ngén hon - séng mdt, thuong dudc dung trong trudng hop
khong ké t6i cAc song mit mao dan.

Trong hai duong hoc ¢6 mot loai séng quan trong 12 séng noi
trong luc, xay ra tai cdc ném nhiét - d6 1a 16p nude phia dudi
mat bién véi cudng d6 phan tdng mat d6 manh. Chuyén dong
séng cua cac séng nay thuong khong 16 ra trén mat nudc, ngoai
trit mot s6 d4u hiéu biéu hién gian tiép cua ching. Nhiing séng
nay gép phan vao qua trinh xao tron va anh hudéng dén do nhét

r61 cua hai luu. Séng nuéec dang do bao 1a hau qua tic thi caa
thoi tiét dia phuong va c6 thé lam tén hai ning né téi sinh
mang ciing nhu cua cai con ngudi khi né tran ngap ving ven
bién.

Thuc ra, mot s6 luc phuc héi c¢6 thé cung ton tai, do d6 viéc
phan ra cac séng khac nhau trong bang 1.1 khong phai 1a luén
chinh xac.

Cuén séch nay chi dé cap t6i nhiing loai chuyén déng séng
v6i qui m6 thoi gian sao cho su nén, stic cing bé mat va su quay
cua Trai D4t it quan trong. Ngoai ra, ciing gia thiét ring su
phan tang thing dtng trong 16p nudc nghién ctu da nho. Nhu
vay, ta chi quan tAm dén séng mat trong luc, tiic séng gib, séng
lting va séng than. Vé cac loai séng khac liét ké & bang 1.1 c6
thé tim doc trong nhiing chuyén luan cta Hill (1962), LeBlond
va Mysak (1978).

Béng 1.1 Loai sbng, co ché vat ly va ving hoat dong

Loai s6bng Co ché vat ly Chu ky dac trung  Vung hoat dong
S6ng am Tinh nén 102-10"%giay Trong long dai duong
Séng mao dan Siic cang bé mit <107 giay Mat phan cach nuéc
Séng gibva  Trong luc 1 - 25 giay — khéng khi
sbng lung
Séng than Trong luc 10 phat — 2 gio
S6ng noi Trong luc va phan tang 2 phat— 10 gid  LSp dot bi€n mat o

mat do

Séng nuéc Trong luc va luc quay Trai 1 — 10 giG Gan dudng bo

dang do bdo Dat

Thuy triéu Trong luc va luc quay Trai 12 — 24 gio

bat
So6ng hanh tinh Trong luc, luc quay Trai  O(100 ngay) Toan bé I16p nuéc dai
D4t va bién thién vi do dia dudng

ly hoac d6 sau dai duong




Trong chuong nay, trude hét sé tdng quan cac phuong trinh
cd ban cta chuyén déng chat 16ng va moét s6 1y luan chung vé
ch&t 16ng khong nhét va chuyén dong khong xody. Sau dé rit ra
cac phuong trinh tuyén tinh hoa déi véi séng bién dd nhd vo
han. Sau khi dua ra nhiing nhan xét khai quat vé cac séng lan
truyén, ta sé khao sat nhiing tinh chat ctia séng tién diéu hoa
don trén nén do sau khong d6i. O day sé budc dAu phan tich vé&
toc do nhém séng theo hai géc dé dong hoc va dong luc hoc.

1.1 TONG QUAN NHUNG KET LUAN CO BAN VE CHAT
LONG KHONG NEN VA MAT DO KHONG DOI

1.1.1 Cdc phuong trinh mé ta

Trong nhiéu bai toan vé séng trong luc, trong quy mé thoi
gian va khong gian ta quan tam, thi su bién thién mat do nuée
1a khong dang ké. Céac dinh luat bao toan cé ban dude moé ta
ding din bang cic phuong trinh Navier-Stokes:

do61 vé6i khoi lugng:

Vou=0, (1.1)
d61 véi dong lugng:
9 P )
—+u-V|{iu=-V|—+gz |+ W*u, (1.2)
ot P

trong d6 u(x,) 1a vecto van toc (u,v,w), P(x,y) l1a ap suat, p 1a
mat do, g la gia toc trong trucng, v 1a d6 nhét dong hoc khong
d6i va x = (x, y,z) véi truc z huéng thang ding lén trén.
Mot trong nhiing suy dién quan trong tu cac phuong trinh
nay la vectd xoay Q(x,?) xac dinh bang
Q=Vxu, (1.3)
noé bang hai 1an téc d6 xoay dia phuong. Tac dung toan ti xoay

lén phuong trinh (1.2) va st dung phuong trinh (1.1), ta c6

(§+u~VJQ:Q~Vu+VVZQ. (1.4)
t
Vé mit vat 1y, phuong trinh trén cé nghia: theo sau chat
16ng chuyén dong, toc do bién thién cta xoay la do su dan ra va
xo0dn ctia cac dudng xoay va khuéch tan nhét (xem Batchelor,
1967). Trong nuéc, v nhd (= 102 cm?s), thanh phan cudi cung
cta phuong trinh (1.4) c6 thé bd qua, ngoai trit trong cac ving
c6 gradient van téc 16n va xoay manh. Phép x4p xi sau day ding
v6i gdn nhu moi chat 16ng:
(i+u-VjQ=Q~Vu. (1.5)
ot
Mot 16p bai toan rit quan trong la nhiing bai toan trong d6
Q=0 va dugc goi la dong khong xody. Lay tich vé hudng ctua
phuong trinh (1.5) va Q, ta dugc

0 Q’
(Ew-vj?:g)z[eg -(eq - Vu)],

G day, e, la vecto don vi doc theo Q. Vi gradient van téc htiu

han trong moi tinh huéng vat ly thuc, nén tri s6 cuc dai cua
e,-(e,-Vu) phai c6 gia tri hitu han, thi du bang M /2. Do 16n

Q’(x,7) theo sau mot phan ti chit 1ong khéng thé 16n hon
Q (x,0)e”". Do d6, néu khong c6 mdt xody nao tai thoi diém
t =0, thi dong sé mai git nguyén la dong khéng xoay.
Déi v6i chuyén dong khong xody, khong nhét, van téc u ¢
thé bidu dién qua gradient ciia ham thé van téc v6 huéng @
u=Vo. (1.6)
Su bao toan khoi lugng doi héi thé van téc phai thoa man
phuong trinh Laplace



V0 =0. (1.7)
Néu thé van téc dude biét, thi c6 thé tim dude trudng ap
sudt ti phuong trinh dong lugng (1.2). St dung déng nhat thic

vecto

2
u-Vquu?—ux(qu)

va tinh khéng xoay, ta c6 thé viét lai phuong trinh (1.2) véi

v=0 nhu sau
v{aﬂ+l|vq>|2} - —V[£+ gz] .
ot 2 Yo,

4p dung tich phan theo cac bién khong gian, ta dudc
—£=gz+aa£+§| VCI>|2+C(t), (1.8)
p t

trong d6 C(¢) 1a mét ham tuy y phu thudc vao ¢ va thuong bi
loai b6 nho viéc dinh nghia lai ® ma khong anh hudng gi dén
truong van téc. Phuong trinh (1.8) dugdc goi 12 phuong trinh
Bernoulli. S6 hang thi nhat, gz & vé& phai ctia phuong trinh
(1.8) chinh 1a phan ap suat thuy tinh, cac s6 hang khac 14 phan
4p suit thuy dong luc trong ap suit toan phan P.

1.1.2 Cdc diéu kién bién cho dong khong xody va khong
nhdot
C6 hai kiéu bién dang quan tdm: mit phan cach nudc —
khong khi, con dude goi 1a mdt tw do, va mat tiép xic ran khong
xuyén. Doc theo hai bién nay, chat long dugec xem nhu chi
chuyén dong theo phuong ti€p tuyén véi méit. Gid st phuong
trinh ttc thoi cua bién 1a
Fx,)=z-{(x,y,t)=0, (1.9)
trong d6 { 14 d6 cao tinh t z=0 va gid st van téc cua mot
diém hinh hoc x trén mat tu do dang di chuyén 1a q. Sau mot

khoang thdi gian ngin df, mét tu do dude mo ta nhu sau
F(x+qdtt+dt)=0=F(x, t)+[aa—lj+q-VF} dt +O(dt)* .

Két hgp v6i phuong trinh (1.9), suy ra
oF +q-VF=0
ot
v6i moi df nhd. Gia thiét chat 1ong chi chuyén déng doc theo
miét bién doi hoi phai c6 u-VF =q-VF, diéu nay c6 nghia ring
oF

hay, mot cach tuong duong:
% 0 swar_oo
ot oOx ox dydy oz
Ngudi ta goi phuong trinh (1.10) hay (1.11) 1a diéu kién bién
dong hoc. Trong truong hgp dic biét, khi bién 1a mét tuong cling
bat dong S, thi 9{/dt=0 va phuong trinh (1.10) tré thanh
0o
==
Tai day bién B, 6 do sau h(x,y), phuong trinh (1.9) trd
thanh z+ A(x,y) =0 va phuong trinh (1.12) c6 thé viét lai thanh
ap_ 0 a0
0z ox dx dy dy
Trén mét phan cach nudc — khong khi, ca hai dai lugng

tai z=C. (1.11)

0 tai S, . (1.12)

tai B,. (1.13)

va @ déu chua biét, do d6 can phai c6 thém mot diéu kién bién
doéng luc hoc lién quan dén cac luc tac dong.

D61 v6i hau hét cac van dé trong cuén sach nay thi buée
séng 1a da 16n dé stic cang bé mat khong dang ké; ap suét ngay
dusi mit tu do phai bing ap suét khi quyén P, & phia trén. Ap



dung phuong trinh (1.8) cho mat tu do, ta cé
_§:g§+ai)+§| vo [ tai  z=(. (1.14)
p ot
Hai diéu kién (1.11) va (1.14) c6 thé két hop thanh mot didu
kién d6i v6i ham @ bang cach 14y dao ham toan phan cua
phuong trinh (1.14):

2

St dung phuong trinh (1.11) va déng thc
yo® _91 .
or Jt2
ti phuong trinh (1.15) ta c6
D P {aztb o0 Ju? 1 }
n— =0 s z

—+g—+ +—u-Vu’
Dt p ot dz dt 2

Ngoai ra, néu P, = const, diéu kién trén sé tré thanh

D 0P 0 1
?+g¥+§(u)2+§u~Vu2=0, z=(, (1.17)

day thuc su 1a mot diéu kién d6i véi @ . Thay rang ching nhiing
cac thanh phan phi tuyén da xuat hién trong cac diéu kién bién
nay, ma vi tri cia mat tu do ciing 14 mot dai lugng chua biét. Do
d6, khé c6 thé c6 mot 1y thuyét giai tich chinh xac ddi véi cac bai
toan vé séng trén nuéc.

=C. (1.16)

Khi chuyén dong cia khong khi bén trén 1a dang ké, thi ap
sufit khi quyén khong thé luén luén dudge mé ta trude; chuyén
dong ctia khong khi va nuée thudng gin lién véi nhau. That
vay, su trao d6i déng nang va ning luong gitta khong khi va
bién chinh 1a diém trong tAm cta ly thuyét phat sinh séng mat
do gi6. Tuy nhién, ta sé& chi gi6i han nghién ctu nhiing ving
tuong d6i cuc bd, noi khong cé tac dong truc tiép cta gié. Khi dé

6 thé khong tinh dén 16p khong khi do mat do tuong d6i ctua né
kha nhd, nhung van dap tng dude nhiéu muc dich cia ching ta.

1.2 PHEP XAP Xi TUYEN TiNH HOA DOI VGl SONG BIEN
PO NHO

Gia thiét rdng nhiing qui md vat 1y cu thé caa chuyén dong
c6 thé duge bist trude. Thi du, gia st

7\‘/271: xayazah
o’ t
dac trung cho 2.1
p ic trung ¢ 2.1)
Ao\ /27 (o}

trong d6 A, ®, va 4 tudn tu la cac gia tri tiéu biéu cta bude
séng, tan s6 va bién do dao dong cua mait tu do. Ta da gan quy
md cia ® bang Awh/2n, do d6 téc dd c6 quy md 1a Aw & gan
mat tu do. Bay gio ta dua ra cac bién phi thi nguyén va ky hiéu
ching nhu sau:

® AOAD’/ 21

X, y,z,h _ MX, Y, 2 Ky 21 ©.2)
t {lm
g AT

Né&u thé cac bién phi thi nguyén nay vao cic phuong trinh
(1.7), (1.11), (1.12) va (1.14), ta nhan dugc cac phuong trinh phi
thi nguyén sau day:

9  9* 0
V’2d>’=£a oAt +j<1>'=0, —-h'<z'<el’ (2.3)
X )y z
%‘I’, —0, =k 2.4)
n



8@} N BCI), 82;, N BCD, az, _ BCD, tai 2/ =el’ 2.5)
ot ox” ox” a9y’ dy oz
ob" (2mg .\ € ., ,, , 2nP,
2, +Ewveonr=p = T 2.6
ot’ (coQ?» ¢ ] 2 V'e) “ pAw*A (2.6)

trong d6 €=2n4/A=2nx bién do / budc séng = d6 déc séng. Vi
da gia thiét rdng cic quy mo phan anh ding vat ly cua qua
trinh, nén tat ca cac bién phi thi nguyén phai c6 bac 1a don vi;
su quan trong ctia mdi s6 hang & trén chi can xét theo hé sd
dting trudc s6 hang dé.

Bay gio ta xét cac séng c6 bién dd nho véi nghia d6 doc séng
nhd: £<<1. Céc diéu kién bién tai mat tu do c6 thé don gian hoa
n(f)’u dé ¥ ring méat tu do chua biét chi cach biét véi mat phing
nidm ngang z’ =0 mot lugng cé bac O(e). Vi vay, ta c6 thé khai
trién @’ va cac dao ham ctia né thanh chudi Taylor:

’ N2 2 o’
re = v L)+ S L o)
v6i f| c6énghiala f(x,,0,7)... Néu 14y dén s hang bac mot, cac

0+g§, O+

diéu kién trén mat tu do x4p xi bang

% _ g,
5;’ 2 2=0.
7@ ’ ’
+ =-P
o A ¢ ‘

Chi con cac thanh phan tuyén tinh dugc giti lai trong céc
diéu kién bién nay va cac diu kién d6 tng véi mat phing da
biét z'=0. Cung véi cac phuong trinh (2.3) va (2.4) bai toan xap
xi da dugc tuyén tinh hoa hoan toan. Trd lai cic bién vat ly, ta
co

Vo =0, -h<z<0 (2.7)

9o o= 2.8)
on

9¢ _ 9 (2.9)
af aZ ’ z = O

L0 P

§+g§__p (210)

Ngoai ra cac phuong trinh (2.9) va (2.10) c6 thé két hop lai

dé c6
’® 9D 1 0P,
—_ + —_———_—

—= =0 2.11
w2 o C @11

Phuong trinh nay cting c6 thé nhan duge bing cach tuyén tinh
hoa phuong trinh (1.16).

C6 thé lién hé ap sudt toan phan trong long chit 1ong véi @
bang cach tuyén tinh hoa phuong trinh Bernoulli

P=—pgz+ p trong d6 p =—paa;qt)= ap suat dong luc.  (2.12)

Nhiing diéu kién nay phai dude bd sung bdi cac diéu kién
ban dau va cac diéu kién bién bén trong chat 16ng va & vo cuing
néu cé.

Phai luu ¥ moét 1an niia vé gia thiét khong nhét trong khi
thuc hién phép x4p x1 tuyén tinh. Gan bién ciing, ly thuyét thé
cho phép dong trugt trén huéng tiép tuyén, nhung trén thuc té&
thi t4t ca cac thanh phan van téc phai triét tidu. O day phai 6
mét 16p bién moéng dé 14 tron su chuyén d6i tit khong dén mot
gia tri httu han. Nhu vay

0 0 0

. . aw
xN xT xT

G day x,, x,va x; lam thanh mot hé truc toa do truc giao cuc

bo, v6i x, vudng gbc véi bé mat ran, con x, va x, thi song song



v6i n6. Tu phuong trinh dong lugng da tuyén tinh hoa suy ra
rang van téc tiép tuyén u, & trong l6p bién thod man biéu thic
du, du, 1

=v -—V
a o p P

Véi chu ky séng c6 tri s6 bang quy mo thoi gian, d6 day cia
16p bién & phai c6 bac la

2 1/2
5 ~ (_VJ
w

D61 vé6i nude, v =0,01 cm?/s; khi thit nghiém mé hinh chu
ky déc trung 1a 1 gidy nén & ~ 0,056 cm, d6 day nay kha nhd so
v6i bude song thong thuong. Trong dai duong, thudng thi séng
Iting chu ky ¢ 10 gidy; 6~0,17 cm. Nhung 16p bién gan day
bién thuc thudng la 16p bién réi d6i véi hau hét cac chu ky séng.
Nhu sé phén tich sau day, gia tri thuc nghiém tiéu biéu cta do
nhét roi bang khoang 100v; vay d6 diy cta 16p bién réi d6i véi
chu ky séng 10 gidy c6 bac < O(10) cm, né van hoan toan 1a nho.
Nhu vay, vung 16p bién chi 14 mot phan nhd bé ctua ca khoi chat
long véi kich thude tuong duong bude séng, va anh hudng téng
thé lén chuyén dong séng 1a rat nhoé khi qua khoang cach mot
vai lan buéce séng hay qua mot thoi khoang bang mot vai chu ky
song.

1.3 NHONG NHAN XET CO BAN VE SONG LAN TRUYEN
Xét mot dang dic biét cia mét tu do
{(x,y,t) =Re e ™™ " = Acos (k- x— 1), (3.1)
trong d6 i la don vi do (-1)"? va
k=(k,k,), X=(x,)). (3.2)

Dé tién bién d6i toan hoc, ngudi ta thudng st dung dang
ham mi, va dé ngén gon d&du Re (phan thuc) sé duge bd di, tic

N

la
C(x,y,1) = A, (3.3)

duge dung dé thay cho phuong trinh (3.1). Bidu thtic nay mo ta
nhiing loai bé mit tu do nao?

D61 v6i ngusi quan sat ding yén, { sé dao dong theo thoi
gian v6i chu ky T=2n/w gitia hai cyc tri 4 va —-4. Néu ta
chup anh ba chiéu tai thoi diém xac dinh ¢ véi C 1a toa d6
thdng ding va (x,y) 1a cac toa d6 ngang, su bién thién cta
trén mat phang (x,y) sé mo td mot dia hinh tuin hoan. Trong
mat phéng y=const, ta thdy { bién thién tuidn hoan theo
huéng x gitia 4 va —A4 véi chu ky khong gian 2rn/k, . Tuong tu,
trong mat phang x = const, { bién thién tuin hoan theo huéng
y gilia 4 va —A4 v6i chu ky khong gian 2n/k,. Vay doc huéng
x s0 dinh séng trén mot don vi do dai 1a k, /2%, con doc hubng
y, 86 dinh séng la k, / 2m.

Ta dinh nghia ham pha S nhu sau

Sx,y,t)y=kx+ky-ot=k-x—-ot. (3.4)

P6i v6i mot thoi diém xac dinh, phuong trinh

S(x,y,t)=const=S, md ta mot dudng thing véi vects phap

tuyén la
k. k
(b2, wansis ¢ VETTIT = ], 09

Doc theo duong thing nay, dé cao mit nudc bing nhau &
moi noi. Thi du, cidc muc nube sé cao nhat (cac dinh séng) khi
S, =2nm va thap nhat (cac chin séng) khi S, =(2n+1)n. Khi S,
tang mot lugng 27, thi do cao méat nuée duge lap lai. Cac dudng
¢6 S, khac nhau song song v6i nhau néu &, va k, 1a cic hing
s6. Chuing ta goi cac dudng nay la cac duong pha. Néu chup anh
va cit mdt mat cit ngang doc theo huéng cia e, , trac dién cla

8



{ sé la dudng hinh sin v6i bude séng A =2n/k . Hodc ta c6 thé
néi rang s6 séng trén moét don vi d6 dai doc huéng k 1a k/2mw.
Do d6 k dudge goi la sé séng va k dudc goi 1a vecto s6 song véi
cac thanh phan k, va k,. Li do cuc dai 4 so véi gia tri trung
binh z = 0dudc goi 1a bién dé.

Gia st ta di theo mot dudng pha cu thé §=5,. Khi thoi
gian ¢ tién trién, vi tri cia dudng pha nay cing thay déi. Vay
thi téc d6 dich chuyén cta dudng pha nay bing bao nhiéu? R
rang, néu ngudi quan sat di chuyén véi cung van téc dx/dr, thi
sé thay duong pha bat dong, c¢6 nghia la

dS=VS-dx+%—fdt=O.

T phuong trinh (3.4) suy ra

k=VS=e,|Vs|, (3.6a)
oS

—0=— 3.6b
> (3.6b)

va
dx -9dS/0t ®

ek.E:W:;EC. 3.7

Nhu vay, téc d6 ma ducng pha tién di trong huéng vudng
goéc véi né bang w/k dudc goi la tée do pha C. Cac phuong
trinh (3.6a) va (3.6b) ¢ thé coi 1a cac dinh nghia cia @ va k:
tan so 1a tdc do bién thién pha theo thoi gian va sd séng la toc
do6 bién thién pha theo khong gian.

1.4 SONG TIEN TREN VUNG NUGC PO SAU KHONG BOI

D6i v6i chuyén déng diéu hoa don tan s6 ®, su tuyén tinh
cua bai toan cho phép ching ta tach nhan ti phu thudc thoi
gian e ra nhu sau:

C(x,y,0) =m(x,»)
CI)(x,y,Z,t) =¢(X,J/az) e—imt
u(x,y,z,t) > u(x,y,z) .
P(x,y,2,t) +pgz = p(x,y,2)

(4.1)

Chu ¥ rang cing mot ky hiéu u dude st dung dé biéu dién
van téc chat 16ng va biéu dién nhén ti phu thudc khong gian
cua né. Cac phuong trinh tuyén tinh hoa tiu (2.7) dén (2.10) c6
thé dan téi

V=0, -h<z<0, (4.2)
@=0, z=—h, (4.3)
on
% +ion =0 (4.4)
9z z=0,
. _ — D,
gn—iond = (4.5)
p
trong d6 phuong trinh (4.4) va (4.5) c6 thé két hgp lai thanh
ga—q)—mzq):ﬁpa, z=0. (4.6)
oz p

Chon nghiém hai chiéu biéu dién mét séng tién khéong chiu
tac dong truc tiép ciia khi quyén, tic p, =0 va

n=Ae" . 4.7)
Dé dang nhan thay rang ham thé thoa man cac phuong trinh
(4.2) va (4.3) sé bang
O =Bchk(z+h)e™.
D& thoa méan cac diéu kién bién tai mit véi p, =0, ta cin c6
gt 1
® chkh




va
o = gk th kh, (4.8)
do d6
_ﬁ chk(z+h) ok
® ch kh )

Nhu vay, véi mot tan sd cho trude o séng tién phai cd6 mot s6 séng

o= (4.9

riéng xac dinh theo phuong trinh (4.8). Trong dang phi th nguyén
la

0)\/Z =khthkh .
g

Su bién thién ctia tan s§ phi thi nguyén o(h/g)"'? va s6
séng phi tht nguyén kh dudc biéu dién trén hinh 4.1. Dac biét
cac bibu thiic x4p xi t6i han bing

W= k@ kh<<1,
® =~ \/g_h kh>>1.

Vi kh=2mh/\ c6 thé xem nhu 1a ti s6 gitia @6 sdu va budc séng,
nén nguoi ta dung cac thuat ngit song dai va séng nudec nong
khi kh<<1 va cac thuat ngi séng ngdn va séng nwde sdu khi
kh>>1. Véi mot do sdu £ c6 dinh, cac séng ngan hon sé cb cac

(4.10)

tan s6 cao hon. Trong viing nuéc néng, cac séng véi mot tan s6
c6 dinh sé c6 buéc séng ngin hon & do sdu nhd hon vi
k = o/(gh)'"?.

Téc d6 pha C cho theo cong thiic

c=2= & thun (4.11)
K \k

duge vé duéi dang phi thi nguyén trén hinh 4.1. D61 véi cac
séng dai va ngin cac biéu thic t6i han 1a

C=\gh kh << 1,

(4.12)
C=.glk kh >>1.

Nhin chung, véi cing dd sau, cac séng dai hon cé téc d6 nhanh
hon. Trong chuong 2 sé cho thdy rang moét nhiéu dong xuit phat
c6 thé xem nhu téng Fourier ciia cac nhidu déng tudn hoan véi
cac bude séng bién thién trong mot dai phd lién tuc. Dan dan véi
thoi gian, cac séng dai hon sé vugt 1én trén so véi cac séng ngin
hon. Trong khi cac nhidu déng cung truyén di, thi cac séng dai
nhét va cac séng ngin nhit ngay cang cach xa nhau hon, con
cac séng loai trung gian thi 6 gitia khoang d6. Hién tuong cac
séng tan s6 khac nhau di chuyén véi cac van téc khac nhau goi
14 su tan man (dispersion). R6 rang rang, néu ty s6 gitia ® va k
d6i v6i mét séng hinh sin 14 mot biéu thic tuong quan phi tuyén
thi méi truong truyén séng la méi truong tdn man. Do do,
phuong trinh (4.8) hay dang tuong duong cua né — phuong trinh
(4.11), dudc goi 1a quan hé tan man (dispersion relation).

T phuong trinh Bernoulli tuyén tinh hoa, ap suat dong
(khong ¢6 —pgz ) bang

o chk(z+h) ,. _chk(z+h)
£ _ =g ok o gn= T T T 4.13
o T E T ¢ T (4.13)

Trudng van toc sé 1a
_ghd chk(z+h) 4,

) 4.14
0] ch kh ( )
V=0 (4.15)
__igk4 sh k(z+h) o (4.16)
® ch kh

Do1 véi vang nude rat sau, kh>>1:

((I)au’ v, W, p)z(_ga g_ka ’_ﬂ’ pgj Aekzeﬂa' (417)
O o ®
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va d6i1 véi ving nuéc rat néong, kh<<1:
(0, u, v, w, P)=(—£, g_k’O’ 0, PgJ Ae™ . (4.18)
o o

Mot s6 dac diém néi bat cla ving nude nong dang duge ghi
nhd la: (1) khong con su phu thude vao z; (2) toc d6 thing ding
c6 thé bd qua; (3) ap sudt dong bing pgl va ap sudt toan phan
P=pg({—z) 1a 4p sudt thuy tinh theo do sau dudi mit tu do.

10 T T L Y =

o wv'hig

<4

a8

$

oF
oA 43
wgh o
04 - 2
0.3 | wvhia
o2} 41
o1 b

a I L
a 1 2 3 4 5 -]

=

Hinh 4.1 Budng cong tdn man clia séng tién
Cudi ciing, tit muc 1.2 ta da biét rang khi quy mo khoéng
gian bing 1/k thi diéu kién dé tuyén tinh hoa 1a kd4<<1. Ta
hay kiém tra gia thiét tuyén tinh hoa mét 1an nita bing cach so
sanh thanh phan phi tuyén véi thanh phan tuyén tinh, ca hai
thanh phin nay déu dugc udc lugng tai mat tu do z=0. V6i kh
bat ky, tit (4.11) va (4.14) ta cé

(uau/axj (ukj (uj kA » .
~|—| ~|—| =—— v61 mol kh.
oul/at )__, o)., C).., thkn )

Cha y1a kh<<1, ti s6 trén tré thanh 4/4. Vi vay, trong ving

nuéc nong thi 1y thuyét tuyén tinh thuc su 14 mot phép xap xi rat
han ché.

1.5 VAN TOC NHOM SONG

Mot trong s6 cac khai niém quan trong nhat vé cac séng tan
man 14 van téc nhém séng. C6 hai quan diém dé hiéu rd vé ¥
nghia ctua khai niém do.

1.5.1 Quan diém déng hoc

Gia st c6 mdt nhém cac séng dang hinh sin véi cac bude
séng bién d6i lién tuc trong mét khoang hep gan k=k,. Li do

cta mét tu do c6 thé bidu dién bang

C _ J-ko+Ak A(k) ei[kx—m(k)t]dk, i_k <<1 R (51)

ko —Ak
0

trong d6 A(k) 1a phd s6 séng véi @ va k thod man quan hé tan

man
w=awk). (5.2)

Bing cach khai trién Taylor, ta viét

0=0lk, +(k-k))]=ok,)+(k-k,) (%) +O0(k —k,)”.

Néu ky hiéu:
k -k, do dm
—=, o,=0k,), — | =|—] =C,, 5.3
ky 5 =alk) (dkl (dklo ‘ 59

d61 v6i A(k) du tron va cho phép xap xi tho, ta co:

C= Ak,) ¢ [ Lexp [ik&(x — C 0 hod

—Ak kg

A

sinAk(x—C,t)
— "¢

(x C Z) i(kgx—wot) — Z ei(k(]-"_wot) , (5.4)
8

=2 A(k,)

11



trong d6
sinAk (x—C,1)

A =2 A(k,) =-Ch

(5.5)

Do nhén ti exp[i(k,x — )] trong phuong trinh (5.4), { c6
thé xem nhu mot chudi séng dang sin x4c dinh véi bién do A
bién thién cham. Pudng bao xac dinh bang A c6 dang ciia nhém
song duge biéu dién trén hinh 5.1, né di chuyén véi téc do C,.

Do d6, C, dudc goi la vdn téc nhém. Vi c6 bién thién bién do,

khoang cach gitia hai nit k& can ctia dudng bao xap xi bang
nt/Ak va 1én hon nhiéu so véi budc séng ctia cic séng hgp phan
2n/k,.

a=-Cgp

Hinh 5.1 Nhém clia cac séng c6 dai tn sé hep

Véi chc séng trén nén d6 sdu khéng ddi, 18y vi phan quan hé
tan man (4.8), ta c6

¢ -do_Lof ) O ) g
¢ dk 2k sh 2kh 2 sh 2kh
V61 ving nuée sau kh>>1:
1 1g1/2
C ~—C=—|= 5.7
teetf9) o

va v6i ving nubc néng kh<<l1:
C,~C=(gh)". (5.8)

Do van téc pha 16n hon van téc nhém d61 véi cac do sau
théng thuong, cac dinh séng ca thé sé di chuyén tit sau cung lén
hang dau ctia nhém.

Trong muc 2.4 sé ching té bang mot cach téng quat hon
réng C,la toc do truyén ctia mot dusng bao bat ky bién thién

cham va phuong trinh (5.5) chi 14 mot truong hgp riéng.

1.5.2 Quan diém déng luc: Dong ndng luong

Truée hét ta tinh nang lugng trung binh ctia mot chudi séng
tién dong nhat cho moét don vi dién tich mét tu do. Néu ky hiéu
gia tri trung binh trong toan chu ky bang ddu gach ngang trén
dau cac dai lugng, ta c6 ddng nang cho toan cot chit 1ong bang

¢ 0
K.E.= % [ e d = % [UReue™f +[Rewxre ™| | d=, (5.9)

6 day vé6i d6 chinh xac bac hai O(k4)” can trén cta tich phan dugc
thay bing z=0, con u c6 thé thay bing x4p xi bdi bac nhat — cac
phuong trinh (4.14) va (4.16). Chd y riang déi v6i hai ham dang sin
bat ky

a=Rede™ va  b=ReBe™,
thi cong thiic sau day la dung:

E:%j;dz ab=1Re (4B*)=1Re (4*B), (5.10)

trong d6 ()" chi lién hgp phiic. Viéc chiing minh cong thic nay
gianh cho ban doc nhu la mo6t bai tap. Vi cac phuong trinh
(4.14), (4.16) va (5.10), phuong trinh (5.9) tré thanh

12



2
P gk|A| 1 7 2 2
KE =—| ——| —— |[ch®k(z+ h) +sh*k(z + h)]dz =
4[ . Chzkhjh[c (z-+h)+sh’)k(z +h)dz

2
p(gkl4) sh2kh 1 |
=£ = ~pgl4l’, 5.11
4[ o ) 2k 4P 61D
& day khi bién d6i da st dung céng thiic
kh
[ch’ d& =+ (sh 2kh + 2kh) (5.12)
0

va quan hé tan man. Mit khac, thé ning trong cot chat 1ong do
chuyén dong séng bang

: 1 — 1
P.E.= [pgz dz :§pg§2 = pg|4 (5.13)
! 4

vi pg dz 1a trong lugng cta mét 16p méng ndm ngang c6 dd cao

trén muc trung binh 1a z . Ning lugng toan phan bang

E=K.E.+P.E.=%pg|A|2. (5.14)

Luu ¥ rang dong nang va thé nang bang nhau; tinh chat
nay dudc goi l1a sw phdn déu ndang luong. Bay gio xét mot mat
cat ding d6 rong don vi doc theo dinh séng. Téc d6 dong nang
lugng (rate of energy flux) qua mat cit nay bing toc d6 trung
binh cta cong do 4p suat dong thuc hién (rate of work), tiic:

Téc d6 dong niang lugng = Téc do cong ciia ap sudt =

0
-pfo®,, (5.15)

—h

n

S
= [ p(x.0) u(x.0) dz

biéu thic nay c6 thé tinh duge va ta ¢ két qua la:
Téc d6 dong ning luong

1 1w 2kh
= Lo | 1914 2K N e 5.16
g P& {21(( sh2khﬂ ‘ (5.16)

Nhu vay van téc nhém cé ¥ nghia dong luc, d6 1a téc d6 van
chuyén ning lugng séng. Ngugce lai, van téc pha chi thuin tuy 1a
mot dai lugng dong hoc va khong phai ldc nao ciing lién quan
t6i su van chuyén mot thuc thé déng luc.

Véi tu cach mot ting dung truc tiép diéu via trinh bay, ta
xét mot mang nuéc dd rong don vi vdi cac séng dang sin tao ra &
mot ddu. Khi may tao séng bat dau hoat dong, sé c6 nhiéu chu
ky séng dudc tao ra, dudng bao sé déng nhat 6 moi noi ngoai tri
ving gan front séng, giong nhu trén hinh 5.2. Vi dong nang
lugng ti may tao séng di vao tu bén trai (ta1 x=0) la EC,, nén
toc do kéo dai cua vung séng phai la C,. Nhu vay front séng

truyén di v6i van téc nhom. Chi tiét vé su tién trién front séng
sé xét trong muc 2.4.

[ ¥4

Coat
W2t

i, -, r -
)] 1‘3&‘-’ 3

i

L]

\
{4 N

0 " x-Cat

Hinh 5.2 Front dudng bao clia mét chudi séng dang sin

Bai tap 5.1

Xét mot hé ch4t 1ong gom hai 16p phia trén mot nén day
ngang. Phan ch4t long nhe hon 6 phia trén c6 mat do p, chat
16ng ning hon 6 phia duéi c6 mat do p’. Ly mat tu dotai z=0,
méit phan cach tai z=-k, day tai z=-4". Chting minh rang
song tién dang sin phai thod mén tuong quan tan man:



2
[(”—k] [p’cth kh cth k(W — h) + p}—
g

2
- “)—kp’{cth kh cth k(K — )} +p’ - p =0.
g

Hay khao sat hai hai tuong ting v6i hai nghiém ®’ va o

d61 véi cing mot gia tri & .
Chéng han, khi 4’ ~ e héy chting minh ring

o =gk va m§=gki<w2

pcthkh+p
va t1 s6 bién do tai mit phan cach so véi mét tu do 1a
ot va _ /p o
p—pP

tuan tu d6i véi hai thi nhat va hai thi hai. Vé téc d6 nhém nhu
13 ham ctia k cho mbi hai.

Bai tap 5.2: Cdc song mao dan

Stic cang bé mit tai mat tu do sinh ra mot hiéu ap suit
gitia ap sudt khi quyén P, & phia trén va ap suit nuée P & dudi.
Hiéu nay dudc xac dinh theo cong thiic Laplace (xem Landau va
Lifshitz, 1959, tr. 237):

P-P=-T(, +(,) tai z=0,

6 day vé phai ti 1& v6i do cong bé mét va T 1a hé s6 stic cing bé
mét. D61 v6i mét phan cach nuée — khong khi & 20°C, T =74
dyn/cm trong hé CGS. Hay thiét lap cac diéu kién bién tai mait
tu do va nghién ctiu mot séng tién phéng trén nén nudc sau:
@ o ekzei(kx*wl) .

Chiing minh réng

va chiing t6 ring téc d6 pha c6 mot cuc tri C, thoa méan biéu thiic

c 1(n o) 1(k, Kk
— = | — | = ,
c: 2ln, A) 20k k

trong d6
2 T 1/2
A, = R 21{—] .
gp

Cac gia tri s6 cua A, va C, d6i véi nuée va khong khi

m

bang bao nhiéu?
Nhan xét vé su bién thién o, C va C, theo & hoac A.

Chuong 2 - SU TRUYEN CUA CAC SONG NGAN TRONG
BIEN MG PO SAU KHONG POI

Nhiing nhiéu dong gay bdi cac xung dong hiiu han vé thoi
gian nhu dong d4t, trugt d4t, cAc vu né..., sinh ra cac séng xung.
Do qué trinh phan tan, cic séng nay truyén trong nudc phitc
tap hon nhiéu so véi cac loai séng khéc trong tu nhién. Dé dé
hiéu vé cac hé qua vat ly clia qua trinh phan tan séng, trong
chuong nay, ta s& xem xét cAc md hinh don gidn vé co ché
ngudn phat sinh, d6 sau dai duong sao cho c6 thé phan tich duge
chi tiét. Trong cac muc 2.1 va 2.2, ta s& nghién ctu bai toan goi
12 bai toan Cauchy — Poisson vé cac séng do mét s loai ngudn
c6 tinh chdt xung gay ra va dic biét tap trung phan tich dién
bién séng 6 mién xa ngudn. Trong cac muc 2.3 va 2.4 sé xem xét
vé vai trd cua su phan tan do6i véi qua trinh diéu bién yéu cac
nhém séng.
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2.1 CAC BAI TOAN XUNG HAI CHIEU

Xét dai duong d6 sdu khong d6i, khong c6 cac bién ciing.
Gia st cac xung dong trén mat tu do va tai d?éy khong phu
thudc y. Bai toan dugc thanh lap trong méat phang x—z. Vay,
thé van téc ®(x,z,7) phai thod man phuong trinh:

’® 9D
Vio=—F1+—=0. 1.1
ox* a7’ (1.1
Trén méit ty do sé c6 cac diéu kién sau:
K_2® .o (1.22)
ot oz
a£+g§:__Pa(x’t), z=0, (1.2b)
ot p

6 day P(x,t) 1a ham dugc cho trudc. Gia st nén day dugc xac
dinh theo phuong trinh z=-h+ H(x,t). Néu chuyén dong cua
nén day dugc xac dinh, ti tinh lién tuc caa thanh phan van téc
vudng goc, ta co:
0 _on o0 on
dz ot ox ox
Trong khuén khé bai toan tuyén tinh, ta gia thiét rang cac
bién d6 cha H, 0H/dtva 0H/dx 1a nhd dé c6 thé bé qua cac
thanh phan bac hai, do dé:
a;q)za—HEW(x,t), zz=-h. (1.4)
0z t
Tiép sau phai dua ra cac diéu kién ban dau. P& xem nhiing
dii liéu ban dau gi 1a can thiét 6 day, ta van dung phuong phap
bién ddi Laplace:

z=—h+H(x,t). (1.3)

f(s)= j e f(dt (1.5a)
0

1 .
f()= o l e f(s)ds (1.5b)

& day T 1a mét duong thing ding ndm phia phai cla cac ky di
cia f(s) trong mit phing phtc s. Cac bién d6i cua phuong
trinh (1.1) va (1.4) cho:

V®(x,z,5)=0, —h<z<0, (1.6)
aip:v?(x,s), z=—h. (1.7)
0z
T cac bién ddi Laplace cta cac diéu kién (1.2a, b), ta c6
((x.0)+ 5T (x,s) = I2E0S) (1.8)
oz
—D(x,0,0) + 5B(x,0,5) + g¥(x,5) = — 1285 (1.9)

va ¢6 thé két hop thanh
D s — P
a_+s_q):_sa
oz g pg

—{(x,0)+ 2 ®(x,0,0), z=0. (1.10)
g

Tu phuong trinh trén, ré rang ching ta chi can biét trudec
cac dii liéu ban dau @(x,0,0) va {(x,0) tai mat tu do ma khong
can & bat ky chd nao khac, bdi vi cac dao ham thdi gian chi xuat
hién trong cac diéu kién mat tu do. Finkelstein (1953) da xét ky
hon vé mét toan hoc d6i véi van dé duy nhat gia tri ban dau cua
bai toan loai nay.

¥ nghia vat 1y ciia ®(x,0,0) 1a gi? Gia thiét rang, trudc thoi
diém ¢ =0, t4t ca 1a yén tinh, nhung tai =0 médt xung ap suit
P (x,t) =13 (t) tac dong lén méat tu do. Tich phén phuong trinh
Bernoulli tit 1 =0— dén ¢ =0+, ta dugc

0+ 0+
®(x,0,0+) - (x,0,0-) + [ gL dt = 1 [8(t) at = 1
0- Po- P
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Vi ®(x,0,0-) =0 va { phai htiu han, ta c6 ®(x,0,0+)=1/p.
Vay, gia tri ban dau cia ® dién ta vé mat vat Iy mot ap suat
xung tac dong 1én mait tu do & thoi diém hoi sém hon = 0+.

Céc phuong trinh (1.6), (1.7), va (1.10) bay gié xac mot bai
toan gia tri bién, vé hinh thtic tuong tu nhu 1a bai toan trudng
hop séng don diéu hoa. V6i ¢ hitu han bat ky, ta chic riang sé
khoéng c6 chuyén dong tai khoang cach rat xa ké tit ngudn nhiéu
dong ban dau, tic ®(x,/)—>0 khi |-, diéu nay c6 nghia
® — 0 khi |x| — 0. Do viing xét khong lién quan dén mot vat
thé hitu han nao, nén bai toan c6 thé dudc giai bang cach ap
dung phép bién déi Fourier ham mi theo x nhu sau:

Fk) = Te‘”” fodx,  f(x)= ;—n ]ie”“f(k)dk. (1.11)

Phép bién d6i Fourier — Laplace d6i v6i ® thod man:

27 ~

d?—k25=0, —h<z<0, (1.12)

dz

=~ 9

@ S S =Fks),  z=0, (1.13)

z g
@y =, (1.14)
A

trong d6
Flk,s) == 7 40y + L&k, 0,0). (1.15)

pg g

Nghiém téng quat ctia phuong trinh (1.12) 1a
®=Achk(z+h) +Bshk(z+h).

Cac hé s6 4 va B dudgc xac dinh tit cac diéu kién bién (1.13)
va (1.14) véi két qua nhu sau:

- 1 o
6=M gF chk(z+h) +K(s2 shkz—gkchkz)|. (1.16)
s+ gk th kh k
R6 rang cac phan thém thd nhat va thd hai trong dau
ngodc vudng tuan tu biéu bién cac nhiéu déng trén méit va trén
day. Né&u thuc hién cac phép bién déi ngude Fourier va Laplace,
ta co

1 T ikx 1 st:
(I)(x,z,t)zz—n:[d e ﬁ1dse D (k,z,s) (1.17)

Dé thu dude d6 cao mit tu do, ta st dung phuong trinh
(1.2b)

(o= T 1904 =
pg g ot
_h,1 [ake™ | 8 i S Bk 0.5). (1.18)
pg 2m-, 2 g

trong doé %du’(jc cho bang phuong trinh (1.16). Nhiém vu bay
gi6 1a tach lay théng tin tu cac phuong trinh (1.17) va (1.18).
Hai truong hgp déc biét sé duge xét trong cac muc dudi day.
2.1.1 Nhiéu déng ngan do mét li dé ban ddu & mdt tw do
Gia st
P(x,0) = (x,)=®(x00)=0 va {(x0)=(,()#0, (1.19)
do d6
W =0, F=-T,k). (1.20)
Phuong trinh (1.18) cho d6 cao ciia mét tu do

1 7 = se’'ds
=— |dk e C (k
¢ WL c0<)ls2

__seads (1.21)
+ gk th kh

Tich phan s c6 thé dude xac dinh dé dang. Biéu thic duéi
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dau tich phan c6 hai can thuc tai
s=tiw véi  o=(gk thkh)"*. (1.22)

D61 véi <0 ta dua ra mot duong vién ban nguyét khép kin
nim é nia phia phai ctia mat phdng s nhu trén hinh 1.1. Vi
nhan t6 nhan e' trong ham duéi dau tich phan dong nhat triét
tiéu khi s — oo, tich phan duong doc theo ntia dudng ban nguyét
16n bing khong theo b6 dé Jordan. Theo 1y thuyét thing du cta
Cauchy, tich phan s bing 0, ttc khong c6 nhiing diém ki di
trong ntia dudng tron dé. Vay, hién nhién

£=0, £<0. (1.23)

Dé1 véi ¢>0, ta chon niia duong tron phia trai. Ciing theo
b6 dé Jordan, tich phan dudng doc theo nitia dudng tron triét
tiéu, chi dé lai phan du cho hai cuc tai +io.

=coswt, t>0.

1 J~ se'ds 1 J- se’ds
27y sS+ @ 2Ty (s+io) (s —iw)

Thé vao phuong trinh (1.21), ta dugc
{(x,1) = L [ dke™ cos ot T, (k) - (1.24)
21 2,
R6 rang rang, cosw¢ 1a ham chin theo k. Néi chung, ta c6

thé tach {,(x) thanh phan chdn va phan 1é theo x: { va ..
Theo dinh nghia ctia phép bién d6i Fourier thi

Co (k) = 2[ dx cos kG (x) — 2i [ desin kg (x) = T (k) + G (k)
0 0
trong 6 ¢ 1a thuc va chin theo &, {7 14 4o va 18 theok .

Dé don gian, dat {, 1a chin theo x. Phuong trinh (1.24) c6
thé dugc viét lai

C(x,t) = ljdkzg cos kx cos ot =
T 0

-1 ke Tdki; [eiten 4 gtren], (1.25)
2 3

S6 hang thi nhat va thi hai trong ddu ngoic vudéng tuan tu
bidu dién cAc séng truyén vé phia phai va phia trai.

g

b= F=i

o]

Hinh 1.1 Céc dudng lay tich phan diing cho phép bién déi ddo Laplace

D& hiéu ré hon vé ban chit vat 1y, ta cAn thuc hién nhiing
phép x4p xi. Tai thoi gian ¢ 16n, ta c6 thé st dung phuong phap
pha 6n dinh (method of stationary phase) cta Kelvin. § tudng
cua phuong phap nay nhu sau:

Xét tich phan

b
1(t) =jfe”gdk, (1.26)

trong d6 /' va g la cac ham lién tuc theo k. Khi ¢ 16n, pha g
cua phan c6é dang hinh sin dao déng nhanh khi & bién thién.
Néu vé do thi ham duéi dau tich phan theo &, thi cé rat it ving
thuc phia duéi dudng cong bi loai bd, ngoai trit mot diém tai d6
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pha diing, diém d6 1a
g'(k)=0, k=ky (1.27)

Tai 1an can cta diém ding nay, nhan ti dao dong cta ham
dudi ddu tich phan cta phuong trinh (1.26) c6 thé duge viét
thanh

e exp{it[gk) - gky)]}

Phan thuc cta exp{ifg(k)—g(k,)]} bién thién cham, nhu
trén hinh 1.2, trong khi d6 phan ao tit tit cAt ngang truc & tai
k = k,. Vivay ta c6 thé thdy, viing 1an can nay sé déng gép dang
ké vao tich phan.

Re exp |itigik]-glka) I}
‘ glki- glkeg)

o/ -

Hinh 1.2 Phan thyc cta exp { i fg(k) — g(k,)] }

Néu ta x&p xi g(k) bang hai s6 hang dau cta khai trién

Taylor
gh) = (k) + (k— kg (k).
thi tich phan c6 thé duge viét thanh
[=e™ % f(k,) Tdk exp Bi(k —k,) tg”(ko)} :

trong d6, cac giéi han (a,b) da dudc x4p xi bang (—eo,0). S
dung biéu thtc

oo 1/2
2 T )
J‘eill‘k dk = ( \] eilﬂ'/4 ,
t

)

cudi cung ta co

1/2
E itg (ko) iil[/4, 1.28

trong d6 ddu * dugc 14y néu g"(k,)>0, g"(k,)<0. Néu phan
tich cong phu hon, ta c6 thé thiy ring sai s6 c¢6 bac O@F™).
Ngoai ra, néu khong c6 diém diung trong khoang (a,b), tich
phan sé& c6 bac 16n nhat bang O(™). Diéu nay va cac théng tin
khac c¢6 thé thdy trong Stoker (1957) hay Carrier, Krook, va
Pearson (1966).

Tré lai phuong trinh (1.25), ching ta cAn mot s6 tinh chat
nhat dinh cta dudng cong phan tan, nhu dugc vé trén hinh 1.3.
Xét x > 0. V6i tich phan thda nhat

s =k" o,
ttt hinh 1.3b c¢6 thé thay c6 mét diém diing tai
f = (k) = C,(k,) néu §< (gh)"2. (1.29)

Trong cung khoang (0,e)cta k, khong c6 diém ding d6i
v6i tich phén tha hai. Tt phuodng trinh (1.28) suy ra

(= Co O)L k) J COS[kox—w(ko)HﬂJrO(fl),

< (gh)"2t, (1.30)
trong d6 ®’(k) <0 (xem hinh 1.3c) va
C=o0@™), x> (gh)"’t.

BAy gi¢ ta phan tich nhiing tinh chat vat ly ma phuong
18



trinh (1.30) dién ta. Mot ngudi quan sat di chuyén véi tc do xac
dinh x/¢ cham hon (gh)"?, nhin thdy mot chudi séng hinh sin
véi s6 séng k, [va tan s6 w(k,)], van téc nhém caa cac séng nay
bing x/t. Bién dd cta chudi séng giam véi bac O ™*'?). Véi x/t
16n, tit hinh 1.3a ta thdy k, nho, do d6, mdt nguoi quan sat di
chuyén nhanh hon sé nhin thay cac séng dai hon va véi bién do
16n hon, vi ( w’(ko)‘ )'? nho hon. Hinh dang chinh x4c caa {,(x)

c6 anh hudng téi {,(k) va bién d6 clia cdc song phan tan. Thi
du, néu
Sb
X)=———,
S n(x* +b)
day 12 mot mo nude do1 xting, dién tich S va do rong dac trung
b, ta tim dudgc:

Co(ky = Eeky=Se

izl
k
-
—|a
/gh o 5}
3
w d
ix Hinh 1.3 Céc thay déi cla
o, 0 va @ theo k

e

Néu do rong b 16n, thi Z; sé khong dang ké, ngoai trir véi
k, nho hodc véi truong hop cac song dan dau dai. Khi b téng,
bién do cua mot gia tri xac dinh &, giam di.

Néu két hgp cac quan sat ctia nhiéu quan sat vién trong
cung mot thoi gian ¢, ta thu duge anh chup ctia mét tu do (xem
hinh 1.4). Théy rang, tai + khéng d6i, cAc séng dai sé dan dau,
con cac séng ngin theo sau. Bay gio ta xét quang canh tai mét
thoi diém muén hon, 7, > . Bay gid ca hai quan sat vién ciing
di chuyén vé phia phai. Nhung khoang cach khong gian da tang
lén. Ching han, gia st & =&, sao cho giiia ho k,® =~ const . Do
rong tong cong cta chudi séng don véi k, @ bay gid gidn ra cing
véi su tang ¢, diéu nay c6 nghia ring cac dinh séng dudc tao
thanh trong qua trinh lan truyén.

t xﬂxel / t=5,

T Hinh 1.4 Biéu dién khong
gian - thdi gian clia cac
sbng phan tan gilra hai

quan sét vién di chuyén

—= X

Dé di theo mét dinh séng cu thé tai téc do pha ctia né, mot
ngudi quan sat phai di chuyén véi mot téc do bién ddi, vi &, va
C(k,) khong giti nguyén 1a hang s8 khi dinh séng di chuyén vao
mét khu vic méi. Tuy nhién, néu mét ngusi di chuyén véi téc do
bing toc d6 nhém ctia cac séng véi bubec bang 2n/k, , thi anh ta
chi nhin thdy cac séng hinh sin ¢6 cing budc séng, ching dudi
kip anh ta ti phia sau va vugt 1én trudc, vi van téc pha cta
chtng 16n hon van téc nhém.

Mot canh tugng tuong tu ciing dién ra véi nhiing nhiéu
dong lan truyén sang phia trai.
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2.1.2 Su truyén ndng luong, van téc nhom

Xét mot nhidu déng di chuyén sang phai duy nhit. Phuong
trinh (1.30) ddng cho thdi gian ¢ 16n va biu dién mot séng tién
v6i bién do

Azcg(ko)( 2 J (1.32)
2n | 1] &'(k,) |

giam cham theo /2.

Mat d6 néang lugng cua séng tién nay x4p xi bang

~ 1/2| 2
g4’ _1 2_ gp|Co(ky) | 2m
Ez = — = — =
Py Peldl 2| 2m [t|(o"(k0)|J
~ 2
o (k
_ pg‘ COE 0) (1.33)
ame| o' (k,) |

Tai ¢ cho trude bat ky, cAc séng ndm gitta hai quan sat vién di
chuyén véi véi toc 46 C,, = C,(k,) va C,, =C,(k,), tic giia hai

tia séng

x
— 3 2
=C,, va - C,

~ |=

trong biéu d6 khéng — thsi gian. Nang lugng séng téng cong
gitia chung sé 1a
2

w g | k)

jdez — L dx. (1.34)
X1 X1 4nt| ® (kO) |
Vi x=a'(k,)¢ d61v6i ¢ c6 dinh va ©’(k,) <0, ta co
dx ” ”
=0 (ky)dky =—| (k) | dk, . (1.35)

Bay gio, v6i x, >x,,k, <k, (xem cac hinh 1.3a, b), phuong

trinh (1.34) trd thanh

~ 2
Xo ko C’e(k)
| Edx = [L"——Ldk, = const (1.36)
5 e 4

12 hing s6 theo thdi gian. Do d6, nang lugng téng coéng cta cac
séng gitia hai ngudi quan sat di chuyén véi cac van tdc nhém dia
phuong, dudc bao toan. Cach ly giai nay, theo Jeffreys va
Jeffreys (1953), tiép tuc lam ting thém y nghia ctia van téc
nhém nhu da ban luan trong chuong 1.

Whitham (1965) da chi ra ridng két qua tiém can do pha
diing dé6i v6i x va ¢ 16n phit hgp véi mot 1y thuyét dude goi 1a 1y
thuyét quang hinh hoc. Tt phuong trinh (1.29), néu 1ay vi phan
theo x va theo ¢, ta dudc

1=(hks va 0=a(h)ki+a,

do dé
ST N (1.37)
1’ (k) ' (k)
Tw d6 suy ra
9k + w’a—k =0,
ot ox
6 thé duge viét lai dudi dang
9k 90 _y (1.38)
ot ox
Vi
dk = a—kdl + a—ka'x
ot ox

tit phuong trinh (1.37) ta thdy rang doc theo dudng cong
dx/dt=C, =, dk=0; do d6 k giti khong d6i. Ngoai ra, néu

nhan phuong trinh (1.33) v6i o va 14y vi phan theo ¢ va x, ta
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c6 ngay

2(5) +i(cy Ej _0. (1.39)
dlo) Ix\ fo

C4a hai phuong trinh (1.38) va (1.39) 1a két qua co ban cua
phép x4p xi quang hinh va dudc coi 14 hop 1& phé bién cho cac
chudi séng tua diéu hoa bién thién cham nhu sé dugc trinh bay
ky trong chuong 3.

2.1.3 Cdc séng dén ddu trong mot xung nhiéu dong

Céac séng nhanh nhdt tng véi k =0va di chuyén véi toc do
gan bang (gh)"?. Tai lan can front séng, g'(k)=x/t—(gh)"* nhd
va pha thi gan nhu la ding. Hon niia, o’(k)=—(gh)"*h’k ciing
rat nho va phép x4p xi cua phuong trinh (1.30) khong hdp 1y.
Can c6 mot xap xi tot hon (Kajiura, 1963).

Do k =0, ta khai trién ham pha d8i v6i & nhu sau:

g(k)=k§—03(k)5 kGJ—(gh)”2 (k—k—;h +...]=

:k|:§—(gh)l/2:|+%h2k3 +.. (1.40)

Gan véi séong dan dau, x/7—(gh)"?c6 thé bing khéng;
chiing ta phai gitt s6 hang ti 1é v6i &°. Mot 1an niia, chi c6 tich
phan thi nhat trong phuong trinh (1.25) c6 gia tri, vi thé

¢ =dekz§(k) cos (kx —wt)+ O(lJ =~
21 0 t
= LNE [ _ 1/2 (gh)tht 3
= 5 (O cos {k[x (gh)"*1]+ {—6 } k } dk

& day ta da lgi dung tinh chat £ 1a s6 thuc. Néu tién hanh

thay cac bién

o 2le=(end]
(gh)l/Z h2t

thi tich phan trén tré thanh

CRON P )
2n((gh) “ht)"" 3

klx - (ghyt] = za,

<
%

va c6 thé duge bidu didn theo ham Airy caa Z:

1% o’
Ai(Z)s;jdoccos Za+= |- (1.41)
0

Vay, ta co

2 v 1=, . 2 " 1/2
Q{W} ECO(O)AZ{{W} [~ (gh) t]}- (1.42)

Ai(Z) 12 mot ham dao ddéng véi Z <0 va suy giam theo ham mii
v6i Z>0.Su dao dong ctia n6 duge thé hién trén hinh 1.5.

Biic tranh vat 1y 12 nhu sau: V6i mot gia tri ¢ ¢6 dinh, thi Z
ti 1&é thuan véi gia tri x—(gh)"*t— khoang cach tinh ti front
séng x = (gh)"*t. Tai mdt thoi diém x4c dinh, bién do s& nhd 6
phia trude front va diém cao nhat ¢ mot khoang cach nao phia
sau front. V& phia sau, thi bién d6 va do dai séng suy giam. Vi
Z tilé véi 17, cac anh séng tai nhiing thoi diém khac nhau c6
cung dang, ngoai trit viéc ti 1é khong gian ti 1é v6i nhan ti ¢''°,
c6 nghia rang cing moét dang séng kéo gidn ra theo thdi gian.
Trong qué trinh tién trién, bién do giam theo +'*, trong khi céc
2 Nhu vay, phan
dau séng lau hon phan con lai ciia chudi séng. Chi ¥ rang bién

séng con lai trong chudi séng giam theo ¢~

d6 ctia cac séng dan dau ti 1é véi ¢(0), dai lugng nay bing tong
dién tich li 6 ban dau ¢ (x).
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(\./\.K\./L\k
AVAVE v

= =&
- -8

Hinh 1.5 Séng dan dau do mét mé nudc hodc ranh nuéc d6i xdng trén mat gay

ra. Tung do la C((gh)l/Zth/2)1/?’[&‘;(0)]‘1 , Xem phuong trinh (1.42)

2.1.4 Song than gdy boi dao déng nén ddy

Séng than (tsunami) 1a cac séng nude sinh ra do dong dat.
Néu biét 1i d6 ciia day bién trong ving déng dat, thi van dé séng
trén méit nuée tré thanh mot bai toan déng luc hoc thuin tuy.
Dang tiéc, rat khé do dac truc ti€p gan tran tdm dong dat, va
ngudi ta thudng huéng téi st dung cac s6 liéu ghi séng bién
trong mét ving réong xung quanh tran tAm dé phan doan thé vé
ban chét cia chuyén dong kién tao. Vi vay, c¢6 rat nhiéu coéng
trinh nghién ctu ly thuyét vé séng nude do cac chuyén dong nén
day khac nhau giy ra.

Trong s6 rat nhiéu dic tinh ctia séng than ghi nhan dugc &
ving gan bg, ¢ hai dic tinh thuong hay dudc nhan thay nhat,
nhung khong phai bao git ciing vay (Shepard, 1963). Pic diém
tht nhat la: séng than thudng di kém sau moét hién tugng rit
nude & bai bién. Pic diém tha hai: séng dau tién cta séng than

c6 thé khong phai 1a séng 16n nhat. Trong muc nay, ta sé xét
mé6t mé hinh 1y tudng c6 thé phan anh duge nhiing dic diém
nay mot cach dinh tinh.
Ta sé gia thiét ring khong cé nhiéu dong trén mét tu do
€(x,0)=®(x,0)=P,(x,0,£)=0. (1.43)
Trén day bién z=-h, 1i 46 ctia nén d4t H(x,¢) cho trudc.
Vay 1a, W =0H /9t d&udc biét va nghiém chuyén d6i rut ra ti
theo phuong trinh (1.16)

~

W  s*shhkz—gkchkz

o= = (1.44)
kchikh  s°+ gk thkh
Li d6 cia mét tu do 1a
oo ikx — st
¢ 1 de 1 sWe ’ (1.45)

o o JAS S 2
2n <, chikh2in] s*+o
trong d6 = (gk th kh)"?. Ta gi6i han thém ring chuyén dong
cia nén dat 1a dot ngodt va két thic ngay sau mot khoang thoi
gian v cung nho:
H(x,0-)=0 nhung H(x,04+)=H,(x).
Van toc ctia chuyén dong cta dat c6 thé dude dién ta bing
mot ham o
oD
- = W(xat) = Ho(x) 8(t) )
0z
vi thé V% =H o (k). Tich phén theo s c6 thé ngay lap ttc cho

C — i dk HO (k) l [ ei(kx+0)t) + ei(kx—(nt)]. (146)

21 chkh 2
Ham H,(x) cb thé dudgc coi 1a tong ctia hai ham 1é va chn
theo x, tuan tula H(x), H:(x). Mot cach tuyén tinh, hai phan
nay c6 thé duge xét tach biét va sau d6, cac két qua cua ching
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dugc cong lai. D& dang chi ra rang, phan chdn H‘(x) cb cac tac
dong rat giong véi thi du ta da xét trude day vé su dich chuyén
doi xting ban dau ctia mat tu do, nét khac duy nhat 14 nhan ti
(ch kh)™, né lam triét tiéu su anh hudng ctia cac séong ngan. Do
d6, sau day ta chi quan tdm dén thanh phan 1é.
Ta dua ra dai lugng
Hox) =98 (1.47)
dx

sao cho H:(k)=ik B(k). Do HZ(k) 1é, nén B phai la 8 thuc va
chan theo k ; do d6

17 e™
(= n:[odk

~ 1 ) )
- k B k - 1wt + —i0f —
2 chn KB (€ +e™)

LA
2ndx *, chkh

_1d
2T dx

E(k) % (eimt + e—io)t) —

eikx

ch kh

Re [ dk E(k)%(ei‘”’ ey, (1.48)

V6i ¢ 16n va xa cac séng dan diu, cic tich phan c6 thé xui ly
bing phuong phap pha dimg nhu truée day, va c6 thé nhan
duge nhiéu dic diém dinh tinh tuong tu nhu trudc day, mot
diém khac quan trong 1la {~¢*'® khi x/¢ = const. Gia st ta chi
xét viing 1an can cac séng dan dau truyén vé phia x >0. Mot
lan niia, tich phan thi hai lai théng tri va phan déng gép quan
trong la ttt 1dn can k=0. Do d6

o i(ke=or) _ o . .
Re | dk < B(k)=ReB(0) [dk ™™ =
0 ch kh 0

= Re B(0) [ dkexp Hk[x —(gh)"*t]+ %(gh)whzkst}j =

N 2 1/3 - 2 1/3 "

nhu da ban luan trude day. LAy vi phan theo x, ta c6

E(O) 2 1/31 ) Lug, ) . i
Q 2 |:(gh)1/2h2t:| dxAl{|:(gh)1/2h2t:| [)C (gh) t]}—

_E(O) 2 28 ; LNS i .
e [(gh)“h%} Al{[(gh)“%} b~ (e f]}, (1.49)

trong d6

In

A’ (2) E%Ai (Z)

Cac séng dan dau suy yéu theo thoi gian ¢>’® nhanh hon
nhiéu so véi truong hgp tdng hay gidm thuan tuy khi {~¢""?.
Két qua nay la do chuyén d6ng cta dat 12 mét nta ducng, mét
ntia Am da lam gidm anh hudng hiéu dung. Ham Ai'(Z) dién

bién nhu trén hinh 1.6. Chd ¥ ring

B(0)= [ B(x)dx= [dx [HJ(x)dx' == [xH;(x) dx.

Vay, néu miét dat sut xuéng 6 phia phai va nang lén 6 phia
trai, thi §(0)>O va front séng truyén vé phia phai dugc dan
d4u bang su ha thdp mat nude (d6 14 nguyén nhan rat nuée 6
bai bién). Cac dinh séng tiép sau d6 sé c6 bién do tang. 0 phia
trai, x <0, front séng c6 pha ngugc lai vé huéng va dude dan dau
bing mot dinh séng. Nhung néu nén dat sut theo huéng ngudc
lai, ttic ha thap 6 bén trai va nang lén ¢ bén phai, thi front séng
truyén vé phia phai sé dugc dan dau bang su dang nudc.

Kajiura da chi ra ring, néu gii lai s6 hang gk®h® trong biéu
thiic ctia @ (k) sé duy tri su phan tan & bac thap nhat, va c6 thé

23



nhan dudc cung cac két qua tuong tu — cac phuong trinh (1.42)
va (1.49), bang cach van dung phép x4p xi séng dai ngay tir dau
dau, diéu nay hién nhién 14 hop 1y cho mién xa ngudn. Trong
chuong 11 sé cho thiy riang phép xdp xi nhu vay sé duge thuc
hién bang cac phuong trinh Boussinesq tuyén tinh hoa, 6 dang
mot chiéu, né tuong duong véi

935::gh{9f§+.hza4CJ. (1.50)

or’ o’ 3 o’
Cac nha khoa hoc nhu Kajiura (1963) va Momoi (1964a, b;

1965a, b) da khao sat miém lan can ngudn séng than.

Ailz)
i

Hinh 1.6 Séng dan dau do nén d4t chao nghiéng b4t déi xiing

2/3

¢[B )] ((gh)"*n*12)*'* , xem phuong trinh (1.49)

Bai tdp 2.1:
Hay chi ra rang néu giai chinh x4c phuong trinh (1.50) véi
cac diéu kién ban dau:

¢(x, 0)=C,(0) 8(x), ¢,(x,0)=0,

thi két qua cho ra 1a phuong trinh (1.42).

Bai tap 2.2: Bai toan Cauchy-Poisson vdi song trong luc
mao déan

Xét mat tu do véi tinh chat mao din (xem bai tap 5.2, muc
5.1). Hay giai bai toan vé su phan ing ciia mit tu do hai chiéu
trong truong hop xay ra dang nudc cuc bo ban dau:
{(x,0)=(b/m)(x* +b*)™". Rit ra két qua tiém can cho truong hop
t 16n va x/t c6 dinh va mo ta btc tranh vat ly. Hay khao sat
truong hop riéng khi diém dung 1a diém 0 ciia w’(k).

Bai tdp 2.3: Song trén dong chay

Xét song day khong d6i # va téc d6 dong chay dong nhat U .
Hay phat biéu bai todn gia tri bién va gia tri ban dau tuyén
tinh hoa déi véi thé vi @ ctia dong nhiéu xac dinh bdi téc do
toan phan =Ui+ V®, ® =d(x, z,1), trong d6 x, z,¢ quy chiéu theo
nhiing toa d6 c6 dinh trong khong gian. Khao sat anh hudng ctua
U lén tuong quan tan mat w=w(k; U) doi véi séng tién.

Néu tai =0, mot ap sudt xung cuc bo P = P, 8(x)8(¢) tac
déng ti bén ngoai 1én mit tu do, hay tim dang tiém céan cua
{(x,t) v6i ¢ 16n va x bao gdbm ca front séng. Néu y nghia vat ly

va cac hiéu ting cua U .

2.2 SU PHAN HOI BA CHIEU NGAN HAN BOI VOI CAC
XUNG TU DAY

Néu ngudn nhiéu dong dudc giéi han trong mot viing ngang
hitu han, cac séng sé truyén di trong tit ca cac huéng va chuyén
dong chat 1ong sé 1a chuyén dong ba chiéu. Chuing ta sé chi
minh hoa trudng hop séng than gay bdi chuyén dong dot ngot
cta nén day bién (Kajiura, 1963).
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Phuong trinh mé ta d6i véi thé van téc @ (x,y,z,t) la
phuong trinh Laplace ba chiéu. Khéng c6 xung luc tac dong trén
mat bién tai moi thoi gian. Trén day, chuyén dong ctia nén dat
14 chuyén d6ng hai chiéu:

oD

—=W(x,y,t), z=-h, 2.1)
0z

trong d6 W chi c6 gia tri khac khong trong mot ving hitu han.
Ngoai ra
®,VO -0 khi r=(x*+y")"" 5 (2.2)
Bai toan gia tri bién va gia tri ban dau c6 thé giai bing bién
d6i Laplace theo ¢ va phép bién déi Fourier hai chiéu theo x va
theo y. 0 déy, phuong phap cong ngudn té ra hoan toan hop 1y.
Xét mot nhiéu dong xung tap trung tai goc x=y =0, z=—h tai
thoi gian ¢ = 0+. Ky hiéu phan hoi thé bang G (x,y,z,t), khi d6
thay vi phuong trinh (2.1) ta ¢6 phuong trinh:
aa—G =08(x) d(y) o(¢ — 0+), z=—h. 2.3)
Iz
Né6i cach khac, hAm G ciing thod min nhiing diéu kién nhu
ham thé @, d6 la:

VG =0, (2.4)

G,+gG. =0, z=0, (2.5)

G=G, =0, t=0, z=0, (2.6)
G,VG -0, 7 —> oo, ¢t htiu han. 2.7

Néu tim dude ham G (x, y,z,7), thi ham ® c6 thé duge biéu dién
ngay bang

D(x,y,2,t) = [dt [d¥ [dyW (x,y, DG(x—¥,y=¥,z,t=1). (2.8)
0 —o0 —oo

Vé mit vat 1y, phuong trinh (2.8) dién ta téng cua cac

ngudén xung thanh phan cé cudng do tai =", y=)', z=—h,
t=1 1a W,y nDd’d/dt. O day ta dua ra mot nhan xét dé c6
thé st dung sau nay, ring cac ham bién ddi Laplace ®, W, va
G quan hé véi nhau theo 1y thuyét x&p cudén nhu sau:

D(x,y,2,5) = | [axXdyW (¥, )G (x =X,y = ¥,z,5).  (2.9)

Ham G (x,y,z,¢) dudc xem 1a dé x4y dung, vi ngudn diém c6
tinh chat d6i xung qua truc. Ta dinh nghia §(r) béng
o(r
8() () =
2rn
v6éi ¥ rang cac tich phan mét clia ca hai phia 1a bang nhau, tic
la
o Trdrd(r) °
do|———==1=| | dxdyd(x) ().
! ! - | fw lyo(x) O(y)

Phuong trinh (2.3) c¢6 thé dudc viét lai thanh
96 _ L 50 8(:-04): (2.10)
0z 2w

va bay gio bai toan G khong chiia 0.
Do su ddi xting truc, c6 thé van dung phép bién d6i Hankel,
dung ham Bessel J,(kr) v6i tu cach la ham trong lugng. Dinh

nghia phép bién d6i Hankel (xem Sneddon, 1951) nhu sau:
fky=[r (k) f(r) dr, (2.11a)
0
khi d6, thi phép bién d6i ngudc sé 1a
S = [k Jy(kr) f k) dk . (2.11b)
0

Ta di dinh nghia phép bién d6i hén hgp Laplace—Hankel
cia G béi G
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oo

G =[edt[rJ,(kr) G dr.
0 0

Trong hé truc toa do cuc

2
li ra—G +a—§:0, —h<z<0, 0<r<e. (2.12)
ar 0z

Néu ap dung phép bién d6i Hankel cho thanh phan tht nhAat,
14y tich phan ting phan, st dung cac diéu kién bién tai » =0 va
oo, va lam cho phuong trinh vi phan thod méan J,, ta c6 thé chi

ror

ra rang

Nhu vay, dang bién d6i Laplace—Hankel caa phuong trinh
(2.12) 1a

d?: = -~
_G-kG =0. (2.13)
dz
Dang bién ddi ctia diéu kién mét tu do 1a
. 2 .
G +2G=0, (2.14)
8

va bién ddi ctia diéu kién bién day 1a
G.= .
2n
Nghiém cta phuong trinh (2.13) v6i cac diéu kién bién
(2.14) va (2.15) 1a

(2.15)

= 1 1 *shkz - h
G=1_ 2s sh kz — gk ch kz (2.16)
21 s° + o k ch kh

v6i o® = gk th kh . Dao ngudc phép bién d6i Hankel, ta c6

(_}(r,z,s):J.kJo(kr)GL(k,z,s)dk, r=( 402, (2.17)
0

Néu diém nhiéu déng khong ndm tai gbc ma tai diém »’,
thi chting ta phai thay thé€ | » | bang | r—#| do d6

G| =],z 9)= [k Jy(K|r ) G(k.z,5) dk , (2.18)
0
trong dé
x =rcoso, y =rsin0,
x'=r'cos®, 3y =r'sin@, (2.19)

|”_r,|5[(x—x')2+(y—y')2 ]1/2=[r2+r’2—2rr’cos(9—e’)]1/2.

Khi phuong trinh (2.18) dugc thay thé vao phuong trinh
(2.9) thi

)G (k,z,5)dk .

o 2n oo
E(r,e,z,s)=jr’d r’jde’ W(r',e’,s)jkjo(k|r —
0 0 0

(2.20)
Tiép theo, c¢6 thé nhan duge th€ ® bing bién ddi ngude
Laplace.
Phép bién d6i Laplace doi vé6i li do mat tu do 1a

- Nl 1 T ’ /" , ’ o
=——® =—|\rdr|dow(,0,s) X
- g 211! ! 0
< 1 K
x| kJ,(k|r—+ dk . 2.21
£ o(k] )chkh s* + o’ &2

Bay gio ta s& mot s6 trudng hop dic biét.

2.2.1 Séng thin hai chiéu do dich chuyén xung nén ddy
Trong trudng hgp dic biét, day dich chuyén dang xung
W(r,0,t)=g(r,0) 8(¢t — 0+) (2.22)
bién d6i Laplace 1a W = (r,0). Bién déi ngudc ctia phép bién
d6i Laplace d6i v6i phuong trinh (2.21) ¢6 ngay 1a
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Tkt (k| r—
ch kh

=—jrd jdego( e)j |cosmtdk (2.23)

Tién trinh tiép theo c6 thé dugc thuc hién bang cach biéu
dién J, (k| r—r | ) thanh mot chubi véi theo dinh 1y cong da biét

(Watson, 1958, pp. 358-359)
Tk [+ =27 cos (8- 0)]"*)=

= isnjn (kr) J, (kr'ycosn (6 —0) (2.24)

trong d6 €, la ky hiéu dJacobi (g, =1,
phuong trinh (2.24) vao phuong trinh (2.23) va ky hiéu:

= 0 (Wek
ijr’dr’jde’go(r’,e’) 7 (| €S| <17 K (2.25)
2my 0 sin n0 W (k)
ta co
COS(O[
0,/ e [kJ (k
L6 =3 j (k) — =
X(W<cosn®+ W' sinn®)dk . (2.26)

Vé nguyén tic, néu cho truéc ham ¢ (r,0), ta c6 thé 14y tich
phan trong phudng trinh (2.25) va nhan duge W, (k) va W, (k),
va nghiém cudi cung c6 thé thu duge bing cach thuc phan s va
18y tong.

Dé c6 mot s6 y niém vé phuong dién vat 1y, ta xét hai thi
du don gian sau day:

1) Dich chuyén nén d6i xting qua truc:

P (r,0)=W,(r) (2.27)

Do tinh truyc giao cta {cosn0} va {sinn6}, suy ra

Wy = [rW, () Jo ') dr =W, (k), n=0
0

e,=2,n=1,2,3,.). Thé

We=0, W =0 n=0

n

Do d6, ta c6

cos Mt
¢ (r,0,7) ij(kr) N W, (k) dk

_er (ke )W(r)drjkf(kr)cosl‘fh’ dk, (2.28)

bidu thic nay c6 thé suy ra truc tiép tit phép bién d6i Hankel
v6i J,(kr), khong c6 ngudn d6i véi ham ngudén G .

2) Dich chuyén bt d6i xting theo truc y:
@ (r,0) = W, (r)cos (2.29)

Dé& dang chi ra rang
]-w ’ ’ g 2
we =§er1J1 (k'ydr',  W=0 tdtcan#l,
0

W:=0  tdtcad n.
Tich phan nay chinh 1a phép bién d6i Hankel caa W, v6i J, nhu
la ham trong lugng. Vi ¢, =2, ta c6

cos ‘”ht dk [ ¥ W) Jy(k ¥y dr(2.30)
0

c(rez)_cosejk,f(k)

Két qua trén ctung c6 thé thu duge truc tiép bing bién ddi
Hankel v6i ham trong lugng J,.

N6i chung, ngudi ta c6 thé cAn rat nhiéu sé hang trong
chudi ctia phuong trinh (2.26) d& mé phdng mét nhidu dong téng
quat hon.

Bay gig, ta sé chi khao sat su dién bién tiém can trudng hop
nén day dich chuyén xung bat déi xtng véi r va ¢ lén, con
truong hgp déi xting gianh lam bai tap. Néu viét

27



A
oo

W o
F(k)=kch}€h va Wl(k)z.([rJl(kr)Wl(r)dr

va st dung dong nhat thiic

1 21 . )
J, (kr) :2_1t Idw exp[— i(y — krsin \u)]z
0

= l_l-d\u cos(y — krsiny) (2.31)
o

déng nhét thic nay c6 thé ching minh bang phép khai trién
séng ting phan, phu luc 4.A, phuong trinh (A.5), ta c6 thé viét
lai phuong trinh (2.30) thanh

5(r.8,1) =cosb Relj dWI dkF (k) cos(y — krsiny)e ™ =
n 0 0

=coseRei><
27

xjdw{ei\uj.dkF(k)eikrsinwi(x)t + ei\uj.dkF(k)eikrsin\yimt} ) (2.82)
0 0

0

Bay gio ta xét tich phan kép thd nhat 6 trén

I, = [dye™ [ dkF (ke 0ol (2.33)
0 0

Ham pha phu thudc vao hai bién, & va v , va mot diém pha
ding c6 thé dugc tim thdy trong khoang k >0,0 <y <7 bing
cach déng thoi cho bang khéng cic dao ham riéng theo k va v .
Trong cic cong trinh cta Papoulis (1968) da tdng quan diy du
vé cac phuong phap pha diing trudng hop nhiéu chiéu hon. Bay
gio ta chon mot cach kha dé hiéu: trudc hét giti ¢6 dinh vy, va
tim phan bd ctia pha diing doc theo k&, sau d6 lip lai qua trinh
cho . Nhu vay, v6i ¢ 16n, r/¢t va siny c8 dinh, ta c6 thé ap
dung phuong phap pha dung

a(k) = k§sin\u — k), (2.342)
g'<k>=§smw—co'<k>, (2.34b)
g =-w'(k)>0, (2.34¢)

C6 mot diém diing tai d6 g’(k) =0 vi siny >0 trong khoang
0 <y < . Gia tri gin ding cho tich phan theo &k 1a
2 1/2
T r T
— | F(k)expsit| k—siny — (k) |+i—¢,
[t|03”(k)|] (k) p{ { sy ( )} 4}
trong d6 diém ding k& phu thudc vao y théng qua phuong trinh
(2.34Db).
Bang cach phan tich tuong tu, ta thay tich phan con lai

trong phuong trinh (2.32) khong c¢6 diém diing va c6 bac O(1/%).
Tich phan I, trd thanh

1/2
T . o1 . ) 1
I — d ez(—w+1\:/4) F k ezt[k(r/t)smw—w(k)] + 0(_) . 235
: !w {—4 w”<k>|} (k) -] (2:35)
Tich phan y c6 thé dude x&p xi mot 14n niia bing phuong

phap pha ding dé6i véi ¢ 16n va r/t c6 dinh. Ham pha va hai
dao ham dau tién ctia né bang

S (y)=k"siny - o(k), (2.362)
t
4 kicosw+ﬁ{£sinw—m'(k)}, (2.36Db)
ay t dy| ¢
2 2
d {:—kisinw+5coswﬁ+ d ’;[ﬁsinw—m’(k)] (2.36¢)
dy t t dy  dy” |t

Bing viéc st dung phuong trinh (2.34b), diém pha dung rd
rang 1a tai diéem y=mn/2. Két hgp két qua nay vao cac phuong
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trinh (2.36b) va (2.36¢), ta dugc

%—m’(k0)=0, (2.37)
d6i v6i diém diing duge ky hiéu 1a &, , va
2
dé =k, <0, (2.38)
dw y=mn/2 4

Phuong trinh (1.28) c¢6 thé dude 4p dung vao phuong trinh
(2.35), két qua 1a

9 1/2 9 1/2 1
I =—in|——— | F(k,) oot 4o (—j :
t"(ky )| Tk t

Tich phan kép thG hai trong phuong trinh (2.32) khong c6
diém ding trong khoang k =[0, ], vi vy né c6 bac O(1/7).

Cuéi cung, li d6 tong cong la

1/2
C(r,G,t)zcosGRe_—l%—n X
2 | 1 &'(ky)|

1/2
2 ei[korfu)(ko)f]_'_o l =
k¥ !

1/2
1 2n
=—cosO|———| X
2 t|"(ky)|

j sin [kor—m(ko)t]+0(1j. (2.39)

t

xF(kO)[

x F(k,) (nl?

o

Két qua trén day ciing c6 thé thu dudc bing cach ap dung
cong thic tiém can caa J,(kr) v6i kr 16n,

1/2
Jl(kr)z(%j cos(kr—%tj,
TKr

va sau d6 ap dung phuong phap pha ding mét l1an. Tuy nhién,
tinh hop 1y ctia gia thiét k» 16n khi k& bién thién trong khoang
tit 0 dén e cAn dude khang dinh, con ¢ day ta da chon con dudng
di than trong hon.

Cac dac diém vat 1y vé su phan tan gAn nhu hoan toan
tuong tu nhu trong trudng hop mot chiéu va ta khong can phai
khao sat k§ hon. C6 diéu phai nhan thiy ring téc do suy giam
bién do sé khac, vi v6i r/t = const thi

11 9 1/2 9 1/2 .
CNg;COSeF(ko)|:| (D”(ko)|:| (kO(V/I)J sin (kor_mot)’ (2'40)

trong do, k, phu thudc vao r/¢ theo phuong trinh (2.38). Nhu
vay, cac séng ca thé & gn v6i r/r=const suy giam véi toc do
bac O (1/t) do phan bd tod tron cua cac séng hai chiéu. Ban
chat bat d6i xting ctia ngudn dugc truyén mot cach chinh xac
cho cac séng lan truyén bdi nhan ti cos0; séng sé& 16n nhat doc
theo huéng x, 8=0 va khéng dang ké doc theo truc bat dsi
xting 0=m/2, 3n/2.

Pé thu dugc két qua rd rang hon, cin thiét phai mé ta ham
W.(r). Thi du, ngudi ta c6 thé gia thiét ring

é(az—rz)”z, r<a,
W (r)=1“ (2.41)
0, r>a.

T céng thic cua Erdelyi (1954, I1, tr.24, No. 25) ta ¢6 thé
suy ra rang:

. 172
0,0 = 4 e, G a® =) dr = ﬁ[gj %Jf[%"j.
0

Do d6
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1/2
Fl=—" = Z] A9 o K] (2.42)
ch kh 2 ch kh 2

diéu nay cho thiy anh hudng kich thuéc A cta vung chia
ngudn. Thong qua ham Bessel, F(k) dao dong theo ka, diéu nay
biéu thi su giao thoa clia cac séng tit cac phan khac nhau caa
nguon.

2.2.2 Cdc séng dan ddu trong séng than hai chiéu

Ta tiép tuc xem xét thi du khong déi xting véi ham W, cu
thé cho bsi phuong trinh (2.41). Trong viing cta cac séng dan
diu kh<<1, nhung véi r dua 1én, thi séng dan dau phai c6 buée
song hiitu han nao d6 sao cho

kr>>1.

Chung ta c6 thé hoac biéu dién ham J, (k) nhu la mot tich
phan, phuong trinh (2.31), va thuc hién x4p xi pha dung d6i véi
y trong tich phén, hoac 14y x4p xi tiém can cho J,(kr) v6i kr
16n. Ca hai cach déu cho két qua la

1

- 1/2
C ~ COSGRCIdkF(k) (%j E[ei/cr—imt—iSTr/zx + e—ikr—imt+i3n/4] (243)
0

D61 v6i cac song diAn dAu kr<<1, chi ham thG nh&t dudi
d&u tich phan c6 ¥ nghia, ta khai trién

372
(x)z(gh)”z(k— = j

F(k)zAa[Ej ("_j _Aa [Ejkz.
2) L4) 162

Suy ra rang

C:cosﬁAa3 1
2 16 ?

Re e—i3n/4J‘d k k3/2 x
0

xexp(i{k[r—(gh)”%hw}} (2.44)

Tich phan nay khong thé dudc biéu dién theo cac ham da
biét. Truée hét ta viét lai né nhu sau

R 5o [ 3/2 . r g v (kh)3 g "
! =h ! d (kh)(kh) exp{z{khl:z—(zj t}rT(ﬂ ZH

(2.45)
va lap cac bién méi (Kajiura, 1963, p. 549):

3 1/2 ve V8
g \h h 6

Tich phan cua phuong trinh (2.45) tré thanh

-5/6

1/2 -
— g t 4 5(112 +u6)
B [—j = j du2u’e™” (2.46)
h) 6| 9

vGl
_rlh=(g/h)"t
[(g/n)e/6]"

Phuong trinh (2.46) c6 thé viét lai thanh

vz T L
_opoe|[ &) L ~ due' ")
K 6| 4

Nho d6, phuong trinh (2.44) trd thanh

cos® Aa’ V2 o
(=20 ISk g L %
212 16 12 h 6

d?‘ < 9 6
x ——Re(1 + )| due’™ ?™ 2.48
e ( )! (2.48)

(2.47)




Hinh 2.1 T, =T, va T,, nhula cac ham clia p . (theo Kajiura, 1963)

Vé6i p=0, néu ngudi quan sat 6 tai r=(gh)"*t, thi tich
phan trong phuong trinh (2.46) c6 thé duge xac dinh bing cach
dat u® =1

T ) T . 5) .
J‘du u4elu6 — Jd’[ T—I/Gel‘r — F [_jeISN/IZ
0 0 6

Doi véi p tong quat, ta thuc hién theo Kajiura va dinh
nghia

T(p)=Re (1+i) [du e ™", (2.49)
0

khi d6
s T
o (250)
16(2},) h5/2<(g/h)1/2t/6)

Cac bién d6i cua T, -T,,va T, dugc vé trén hinh 2.1. Vi

€ =cos0

hé sd cia T, trong phuong trinh (2.48) ti 1& véi

- -1/2 - 5/6
L I r_4/3,
t t

nén ta c6 thé két luan ring & gin front séng r/¢ = (gh)"’? bién do

4/3 hoiic p473

séng giam theo ¢ . Néu a <0, mat dat thut xuéng é
phia phai, —n/2<0<n/2, va nang lén 6 phia trai. Déi véi
nguoi quan sat d phia phai, thi thay cac séng dan dau sé 1a mot
bung séng thap va tiép sau la mot dinh séng cao, tuong tu nhu

truong hop hai chiéu.

2.3 SU LAN TRUYEN CUA MOT CHUM SONG PHAN TAN

Bay gid, ching ta nghién ctu su tién trién ctia mot nhém
séng diéu bién cham dé hiéu thém vé su phan tan séng. Xét mot
nhiéu dong di chuyén vé phia phai. Nhidu dong nay c6 thé mé
ta bang tong cac séng hinh sin véi bude séng lién tuc:

¢(x,f)=Re T R(k) & B0 g (3.1)

Séng nay c6 thé do moét may tao séng dit tai x~—oo trong
mét mang dai, tai thoi gian #~—co. Phd bién d6 i(k) dudc xac

dinh theo nhiéu dong ban dau (xem muc 2.1). Ta xét truong
hop o (k) téng quat, con séng trén nude chi 1a mét trusng hop

cu thé. Ta xét mot chum séng trong trudng hop dic biét cb
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duong bao dang Gauss:
{(x,0) = Re 4,e'*o e /4" (3.2)

Phé bién d6 c6 thé thu dugde bang bién d6i ngude Fourier:

xk) = 1 IC(x,O)e"'“dx =
2n 7.
2

2nJ‘ —[x/26+z(k ko)ol? - (k—ko)zczdx. (3.3)

it u=x/26+i(k—k,) o, ta thu duge
A= i2(5 g H0e? Je'”zdu ,
2n T
trong d6, dudng vién T 1a mét duong thing tit —oeo +i(k —k,)o dén
oo +i(k—k,) 0 trong mét phing phtc u. Vi ¢ 1a ham giai tich
trong dai nam gitta T’ va truc u thuc, theo dinh ly Cauchy, dudng
vién c6 thé duge thay thé bang truc thuc. St dung két qua c6 sin

oo

[edu=n", (3.4)
ta co,
A,
R(k) = lg ko (3.5)
Vay, hinh dang séng tai thoi diém ¢ bat ky sé 1a
A .
£ =Re ?,f j o (hoko)” % sithe-an) g (3.6)

Ta xét dién bién cua tich phan trén day khi ok,rat 16n, tic

duong bao goc la rit phing, hay phd bién d6 rit nhon & gin
diém k = k,. Ham duéi d4u tich phin suy giam nhanh ngay sau

diém k =k,, vi thé ta c6 thé xdp xi w(k) bing mot it s6 hang
khai trién Taylor:

a)(k)=a)0+(k—ko)a)6+%(k—k0)2w(')’+
6day w,=wk,), w,=da'(k,) ... Pat u=k—ky, taco

é/ Re20— A()O- l(kox—a)ot) je—(azﬂ'wﬁt/2)u2+i(x—a)f)t)udu (3 7)
1/2 ° °

Hoan thanh cac phép binh phuong va st dung phuong trinh
(3.4) ta thu dudc:

i(kgx—wyt) _(x_w’t)z
¢ =Re4, ——— 75 ©Xp ioa)"t (3.8)
1+l(00tj| 40_2{1+ 0 }
20 20-

R6 rang dudng bao dich chuyén véi téc d6 nhom C, =wy;
gi tri cuc dai ctia né dat tai diém x=C .t va giam theo V% dsi

véi t 16n. Do dai cia dudng bao dude xac dinh bang

W't 1/2
2 (1+i—°j
2 o

ting theo ¢'/? d6i véi ¢ 16n. Do d6 toan bo nhém séng sé phing
di trong qua trinh lan truyén.

So v6i phuong trinh (5.4) trong chuong 1, thi phuong trinh
(3.8) 1a mot x4p xi kha hon. Ta coi phuong trinh (3.8) nhu la cac
séng dang sin diéu bién cham, ning luong chita dung trong toan
b6 nhém séng duge xap xi bang:



2

exp{— (x—aft) /40'2{1 + lwo[}
20
X PERTE =
[1+ 0} ‘
20
'ty
exps— (x—ajt)* /20 {1+(2° j }
2 o
- 28 de 172 =
4 7 e
[1+( 0 j J
20

_pgAg T —u? pg 0
== \/50'_‘[06 du= 2 Jro. (3.9)

Niang lugng téng trong séng ban diu theo phuong trinh
(3.2) 1a

%gAg £ e12 gy = \/_ P g (3.10)

Nhu vay, ning lugng séng duge bao toan.

C6 thé nhan th4y rang trong khi 6™ xac dinh téc d6 cham
ciia qué trinh diéu bién duong bao, thi d6 cong ctia dudng cong
phan tan o lai lién quan dén o7?. Dé ching minh rang diéu
nay khéng phai 14 ngau nhién, ta khao sat thi du co ban hai
chudi séng lan truyén trén nudc cé cac bude séng hoi khac nhau
k., =k+dk va k_=k—dk v61 dk/k<<1:

¢ = A dexplitk, x—w,0)|+explitk_x-w_n)]}, (3.11)

trong @6 o, = w(k,), a=1,2.Khai trién @ dén O (dk)*, ta co:

o, = {mi o'dk +%0)”(dk)2 + } , (3.12)

k

do d6
=24, cos [dk(x - Cgt)] exp{i(kx - {0) + %(,)"(dk)Z}J} . (3.13)

Trén qui mdé khong gian va thoi gian O (dk)™, duong bao
duge diéu bién va di chuyén véi toc do C,; tuy nhién, trén qui
mb thdi gian O(dk)?, thi pha, cu thé 1a tin s8, thay d6i. Trong
thi du nay da gia dinh ring cdc qui md thsi gian
O(1), O(dk)™, O(dk)?, ... c6 tinh chat bac thang.

Cuodi cting, véi mot phd bién do bat ky c6 dinh tai k, (phd
Gauss (3.5) 1a mot truong hgp dic biét), phuong trinh (3.1) ¢6
thé dugc x&p xi bang

C(x,0) = Refd(x,1) oo} (3.14)

trong d6

Ax,1)= Tdk?&(k) explil(k — k) )x = [(k = k)00, + L (k - k) }]} (3.15)

R6 rang rang 4 thoa mén phuong trinh vi phan sau:
04 ,04 i ,0°4
— oy — =y —
ot ox 2 ~ ox
Mét phuong trinh don gian nhu trén hién nhién sé rat dé
phan tich (xem muc tiép sau). P& chuén bi cé sé cho viéc md
rong sang cac bai toan phi tuyén thuong khé xac dinh nghiém
chinh xac, ta sé xay dung lai phuong trinh (3.16) bang mot
phuong phap khac, truc tiép xuit phat ti cac phuong trinh mo
ta, chti khong tit nghiém tich phan.

(3.16)

2.4 CHUOI SONG BIEN BOI CHAM. PHEP PHAN TiCH DA
Quy MmO

Ta hay két hop cac quy mo6 khac nhau nhu da dé xuit 6 cudi
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muc 2.3. bang cach dua ra cac bién bién d6i cham:
2
X, = Jx, x, =u’x, ..
t, =, t, =W, ..

trong d6 u<<1 x4c dinh ti s6 gitia hai qui mé thdi gian, va sau

(4.1)

d6 xti 1y cac bién nay trong phan tich nhiéu véi tu cach 1a nhiing
bién dbc lap. Tha tuc nay cb thé té ra 1a cai gi d6 nhéan tao d6i
v6i mot ngudi chua quen, nhung da chiing minh duge rang né
phu hgp v6i cac phuong phap khac trong cac bai toan truée day
va 12 mot céng cu manh d6i véi loai bai toan phi tuyén yéu. Dé
tim hiéu mét cach hé théng, hay tham khao Cole (1968) va
Nayfeh (1973).
Gia thiét rang
D(x, z, 1) =D(x, X;, Xy, Z3 1, 1), Ly 220,
C.:(xa t) = C(xa xla x27"-; t, tl: tz, )
Cac dao ham theo x va ¢ phai dugc thay bing
0 0 0 s O

— > —+tU— U —+.., 4.3
ox  ox Haxl " ox, “4-3)

(4.2)

do d6

2 2 2 2 2
a—zea—2+2u J +u 8_2+2 J +... (4.4)
ox ox oxox, ox; 0xox,

Thay thé tuong tu do1 v6i cac dao ham thoi gian, con céc
dao ham theo z gii nguyén. Biy gic ta gi6i han xét cac song
dang sin bién thién cham va gid st mét chudi nhidu nhu sau:

® = (y, +uy, +1u0y, +. (4.5)
trong dé
Y, =W, (X, Xyues 238, Ly ), 0=0,1,2,.. (4.6)

Thé phuong trinh (4.4) dén (4.6) vao phuong trinh Laplace
va tach theo cac luy thiwra cua i, ta duge:

2
ow): —ky, +2 Yo_o (4.72)
dz
2
ow'): -k, + J Y- oik Wy (4.7b)
oz ox,
2 2
OWd): —ky, +2 2~ 24k v, 9 Yo 4 2k No | (470
oz ox, X, ox,
Mot cach tuong tu, diéu kién bién mat tu do sé cho:
P}
oW°): g% — @y, =0 (4.82)
ow: gty =20 (4.8b)
oz ot

oy oy, (9, . oy
oW?): o2 _ iy, =2t — 0 _ 9jgy X0 4.8
M): g 5, OV =2io o, [ o [0 a, (4.8¢)

Tai day, ta c6

v, _ v, — oV, =0, z=—h. (4.9a,b,c)
oz oz oz

Ro rang riang, nghiém cho y, xac dinh bdi phuong trinh
(4.7a), (4.8a) va (4.9a) rat don gian:

v, =—%%, A= A(x,, Xyt tyy)  (4.10)
v6l o = gk th kh. Bién do A nhu vay la chua dudc xac dinh. Con
w, dugc xac dinh bdi bai toan gia tri bién bat déng nhat (4.7b),
(4.8b) va (4.9b). Vi bai toan gi tri bién dong nhat c6 y, nhu la
mot nghiém khong tdm thudng, nén bai toan bat dong nhat
phai thod man mot diéu kién kha gidi theo dinh 1y Green ap
dung cho y, va y,:



0 82\" a2w
_J.hdz{\yo(aTzl - kZle - Wl(aTzo - kz\%j} =

dy, oy, |
- - . 4.11
{wo 3, Vi, L (4.11)

Néu cac phuong trinh (4.7a,b) dude dua vao vé trai va cac
phuong trinh (4.8a, b) va (4.9a, b) dudc dua vao vé phai, thi theo
dinh 1y trén, ta cé:

0
—a—A{gk ! J‘chzk(z+h)dz}=a—A.
—h

ax,| ® ch?kh o,
T phuong trinh (5.12), chuong 1, suy ra rang
M, ey, (4.12)
ot, ox,

Dé dang thdy rang nghiém s& 1a A4 (x, —C,t), ¢6 nghia rang

duong bao truyén véi téc d6 nhém, khong thay d6i hinh dang.
Két qua chung nay bao quat ca phuong trinh (5.5), chuong 1,
nhu mét trudng hop cu thé. Ngoai ra, né ciing ap dung déi véi
front ctia chudi séng bién d6i dan dén 6n dinh, nhu ta da biét
trong muc 1.5.2.

Ta hay diing lai mot chit, xét mot @ing dung truc tiép cua két
qua trén day. Khi cac nhiéu dang sin phat sinh trong mét ving
cuc bo, ta thay diéu kién bién tai vd ciing trong bai toan vé trang
thai 6n dinh té ra khong r6 vé phuong dién toan hoc. Thi du, yéu
cAu rang nhiéu phai hitu han (truong hop mot chiéu), hoac triét
tiéu (truong hop hai, hodc ba chiéu) tai vo cing sé& khéng bao
dam su duy nhat nghiém; can st dung mét diéu kién bién tot.
Trong khuon khé nghiém ngat cta bai toan trang thai 6n dinh,
diéu kién nay thuong phat biéu nhu sau: “Mét nhidu hinh sin
phét sinh cuc bo phai lan ra dén vé cing”. Phat biéu quan trong
nay dugc goi 1a diéu kién phat xa (radiation condition). Con hiéu

chinh nhu th& nao dé, tham chi cho mot trudng hgp cu thé, thi
duong nhién 14 can thiét.

Alty)

Ao

Hinh 4.1 Bién thién ctia A(1)

Ta hay xét trang théai én dinh nhu 14 gi6i han cta bai toan
gia tri ban dau khi ¢ — o . Cu thé, xét cac séng mét chiéu trong
mién x >0 do mdt may séng hinh sin tao ra tai vi tri x=0. Gia
st bién do ctia sé6ng hinh sin gin x =0 bién thién cham tu 0 tai
t~—oo dén 4, khong ddi tai ¢ ~+e theo mot quy luat nao dé
A(t):Z(tl) (xem hinh 4.1). Ta sé tim nghiém tai moi x; >0
bing phuong trinh (4.10) véi A (x,0)=A4(t, —x,/C,). Thuc t&,
bién do séng sé triét tiéu tai x; da 16n v6i moi ¢ hitu han; do d6
A(x,ty= A(=x,/C,) 1 0 khi x, T 4. Ti hinh (4.1), diéu nay chi
thoa man khi C, >0.Vi C, va k cung diu, ta phaic6 k>0, tit
phuong trinh (4.5) suy ra rang e truyén sang phai, tic
lan ra phia ngoai.

Vé nguyén tic, diéu kién phat xa c6 thé suy ra tit bai toan
gia tri ban dau, khong can gia dinh vé mot su bat dau cham.
Song nhu vay phai phan tich kha dai (xem Stoker, 1948, 1957).

Su duy tri cia dang trong phuong trinh (4.12) chi ding vé6i
qui mé O (™), tic 1, theo x, va ¢,. Ta sé xét bac tiép theo dé
theo doi su bién thién trén khoang khong gian hoic thoi gian
O (1) dai hon, tic theo x, va t,.



Truée hét, ching t6i gianh cho ddc giad chiing minh rang
nghiém bat déng nhat ctia vy, 1a

__89sh0 M o b tizin) (4.13)

Y ok ch kh ox,

nghiém nay thod man cic diéu kién bién theo phuong trinh
(4.12). Nghiém déng nhat bi loai bd, vi né dudc xem nhu da bao
ham trong v,. Thé phuong trinh (4.10) va (4.13) vao vé&€ phai
cua cac phuong trinh (4.7c) va (4.8c¢), ta ducc
2 . 2 : 2
IV oy, 2180 A0ShO  igfod o 04 1chO )y
® ox; chkh o ox; ox, )ch kh

0z*

2 C? 2
No O _2hshkh (G |04, 504 2=0 (4.14b)
)z g chkh ° o )dx; o,
% =0, z=—h. (4.14c¢)

oz

Pé nhan duge phuong trinh (4.14b) ta da st dung phuong

trinh (4.12). Bay gio, van dé chtng minh tinh kha giai c¢6 thé

dudgc 1ap lai: sau nhiing bién d6i dai s6 kha dai nhiing dé thuc

hién, ta c6 mot két qua don gidn bat ngd nhu sau:
04 c 04 i ,0°4

—+C, —=
a, fox, 2 o

(4.15)

trong d6
29 C C?
m”=d(20=—g(1—2khthkh)——g+£(2khcth2kh—1)=
dk*  k o 2k
=& I 9 kh T =T+ (kh)’ A -T?) +4(kh)’ T*(1 - T*)},
4wk o

trong d6 , dé ngén gon da dung ky hiéu 7 =th kh .

Hai quy mo (4.12) va (4.15) c¢6 thé két hop lai va tham s&
nho u c6 thé bo qua dé co:

04 04 i ,0°4
A ca_1L 2
o0  “ox 2 ox
Phuong trinh nay quy dinh su diéu bién cham cta dudng
bao va giéng hét nhu phuong trinh (3.16).

Néu xét trong hé toa d6 di chuyén véi téc @6 C » tuc dich

(4.16)

chuyén véi nhém
S=x-C,t,
thi phuong trinh (4.16) tré thanh phuong trinh Schriidinger
trong cd hoc lugng tu,
a4_iof 34
o 2 &
Phuong trinh nay chi chita mot toa dé6 khong gian va, do do,
dé xui 1y hon so véi bai toan gia tri bién chta cd x va z. Ta sé

(4.17)

ap dung né cho mot thi du méi dudi day.

Tién trién cua front chudi séng dang sin

Xem xét mot nhiéu dang sin sinh ra tit moét may tao séng da
dudge bat & mot thoi gian trude va sau d6 gitt 6n dinh. Két cuc 1a
tai moét vi tri xac dinh sé hinh thanh chuyén dong dang sin én
dinh. Bay gio ta sé khao sat su phat trién cua front séng. Van
dé nay lan dau tién duge Wu (1957) nghién cttu cho trusng hop
ap suét tai mot diém d6t ngdt bit dau dao déng vao thoi diém
t=0 trén mét nudc do sau vé han va cé tinh t6i stic cing bé
mit. VAn dé tuong tu, nhung khong tinh stic cing bé mit, sau
dé da duge Miles (1962) nghién ctu. Front séng ngin giy bdi
mot t&m phing thing ding lin trén mit thoang ciing da dugc
Mei (1966a) khao sat. Cach tiép can cta tat ca cac tac gia nay 1a
xudt phat tt nghiém chinh x4c va sau d6 tim x4p xi tiém can
cua ham tich phan véi x va ¢ 16n.

Ta hay su dung phuong trinh (4.17) 4p dung cho front
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séng khi né dua cach xa ngudn nhiéu. Chon nghiém thoa méan
cac diéu kién bién
A—0 khi §&— o, (4.18a)
A4y, Kkhi &—> o, (4.18b)

c6 nghia ring: dudng bao thay d6i ti hing s6 bing A, phia sau
front song dén bang 0 phia dau cta front séng. Khéng c6 han
ché& nao d61 véi kh.

Bai toan gia tri bién dinh nghia bang cac phuong trinh
(4.17) va (4.18a, b) c6 thé duge giai bing phuong phap tuong tu
giéng nhu trong ly thuyét 16p bién hay truyén nhiét. Vi phuong
trinh (4.17) gi6bng phuong trinh truyén nhiét, ching ta chap
nhin mo6t nghiém tuong tu dang

A=4,1(v), Y= —t%. (4.19)
Tu phuong trinh (4.17) rit ra:
fr- =0, (4.20)
| o]
v6i cac diéu kién bién
f -1, Y~ oo (4.21a)
f—0, Y ~ —oo (4.21Db)

Phuong trinh (4.20) c¢6 thé dugc tich phan dé cho

f= cjexp[ Jdu

biéu thic nay thod man phuong trinh (4.12b). D& thod méan
phuong trinh (4.21a), ta can

o0 .9
1:CIexp[ﬁJdu.

[ dr="e™" (4.22)
0

nén ta c6
C _ zn/4(2 |0) |) 1/2
va nghiém la

A —11\:/4 ?
A_= (2 |0)| Jd exp[2| J (4.23)

0

Két qua trén c6 thé dude biéu dién dudi mot dang khac

0

—oo

1 . :
:§+ /4(2 |m| fduexp(2| J (4.24)

sau khi da st dung phuong trinh (4.22). Dua ra u*/|o’| =m’, ta
sé nhan dudc:

i:l+e J'efm 20 =
AO 2 21/2 :
—in/4 1+ B 2 2
:ZT{ ‘2H +jdv[cos%+isin%ﬂ, (4.25)
0
trong dé
B=-¢ (gae) . (4.26)
Vi
B TEVZ
CP) = j cos = dv (4.272)
0
va



B TEVZ
S(B) = jsin7dv (4.27b)

14 cac tich phan cosin va sin cua Fresnel, phuong trinh (4.25) cé
thé viét thanh

A e—in/4 1 | 1
W W{[E + C(B)} + 1[5 + S(B)} : (4.28)

Hinh 4.2 So séanh gitra ly thuyét (Miles 1962) va thuc
nghiém. Bién d6 dugc do tai vi tri cach may tao séng
160 foot. Tan s6 1a 5,25 rad/s (Longuet-Higgins,1964)

b6 16n |A/A0| dugc xac dinh bang
4 11 1 i
- :F{[EJF C(B)} +{§+S(B)} } (4.29)

0

Binh nhém
%=Cq
H'( Cac dinh séing

V%
ﬁ .
S

Lansi
Fel 1
h—i‘-—-—

Hinh 4.3 &nh hudng cla t&c dd nhém 1én téc do pha trong
vling nuéc sdu C, = C/2; khoang thoi gian gitia hai lan

lién ti€p cac dinh séng trung véi dinh dudng bao bang 2T

va dudc vé trén hinh (4.2). Rat thu vi 1a phuong trinh (4.29)
ciing mé ta su bién d6i & phia bén kia cta bién khuét trong bai
toan nhidu xa ma sau nay ta sé khao. Dé di téi vi tri cia ngudi
quan sat tai x c6 dinh cach may tao séng, thi dudng bao truée
hét 16n don diéu dén 4,/2 khi 1 =x/C,, sau d6 dat dén giéi han
én dinh A, theo cach thic dao dong. Vung trung chuyén trai dai
ra v6i thoi gian theo ¢''?. Longuet—Higgins (1974) da thuc hién
mét s6 thi nghiém khing dinh 1y thuyét nay vé mit dinh tinh.
C6 mét s6 bat phit hop vé dinh lugng, chéc 1a do cac hiéu tng
phi tuyén. Chang han, véi trusng hop bién dé dua 16n, thi céc
dinh séng dd tai dinh cao nhat ctia dudng bao. Vi téc do duong
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bao trong nudec sdu biang mot nta téc d6 dinh séng, nén khoang
thoi gian hai dinh séng ké tiép di qua dinh dudng bao sé 1a hai
1an chu ky séng (xem hinh 4.3). Né&u céc séng tai dinh du 16n dé
dd, ta thdy khoang thdi gian gitta hai séng d6 bang 27 . Hién
tugng nay c6 thé quan sat thdy trong séng bac dau (Donelan,
Longuet—Higgins va Turner, 1972).



bao trong nudec sdu biang mot nta téc d6 dinh séng, nén khoang
thoi gian hai dinh séng ké tiép di qua dinh dudng bao sé 1a hai
1an chu ky séng (xem hinh 4.3). Né&u céc séng tai dinh du 16n dé
dd, ta thdy khoang thdi gian gitta hai séng d6 bang 27 . Hién
tugng nay c6 thé quan sat thdy trong séng bac dau (Donelan,
Longuet—Higgins va Turner, 1972).

Chuong 3 - KHUC XA DO SU BIEN BOI CHAM CUA PO
SAU HOAC CUA DONG CHAY

Khi mot chudi cac séng don phing lan truyén vao mot ving
d6 sau bién d6i cham, s6 séng cé thé thay déi theo d6 sau theo
nhu phuong trinh (4.8), chuong 1, két qua 1a lam thay déi dan
dan téc do pha. Nhin chung, khoang cach giiia cac dudng déng
pha va bién d6 cta cac dinh séng hoic chan séng sé bién doi tu
noi nay dén noi khac. Nhiing bién d6i tuong tu ciing c6 thé xay
ra khi cac séng lan truyén vao mot ving c6 nén dong chiy véi
cudng do thay d6i theo phuong ngang. Nhiing hién tugng nay,
cht yéu lién quan dén su thay d6i téc 6 pha, da rat quen thudc
trong quang hoc va 4m hoc va dudc goi la khtc xa. Trong
chuong nay, ching t6i sé phat trién mét phép x&p xi goi 1a ly
thuyét tia (hay ly thuyét quang hinh hoc) vé céac hiéu ting cua do
sau bién d6i (cAc muc 3.1 va 3.4) va cta dong chay bién ddi (cac
muc 3.6 va 3.7) d6i véi su lan truyén cta cac séng bién do nho.
Céc phuong trinh tién trién sé duge rat ra bing mot phuong
phap dudgc goi 12 WKB, mét dang dac biét cua phuong phap da
quy mo (multiple-scales method). Thuong thi trong cac bai toan
thuc t€&, cac phuong trinh nay duge giai bang phucng phap so,

con 6 day, thong qua mot sd thi du giai tich, ching t6i muén
lam sang t6 mot s6 khia canh vat 1y ti nhiing phuong trinh nay.
Trong phan nay, cling chi trong phan lién quan dén hiéu tng do
sau bién d6i, ching toi sé dé cap ngin gon dén mot s6 giai phap
cuc bo can thiét khi phép xap xi tia gap khé khan. Khi xt 1y s6
tri v6i dia hinh tu nhién, kh6 khan nay c6 thé khic phuc triét
dé hon bing cach tinh dé&n sy nhidu xa trong mot phuong trinh
dugce goi 1a phuong trinh dé nghiéng nho (mild-slope equation),
ma chung t61 sé rut ra trong muc 3.5. Nhiing khia canh khac,
chuyén hon vé toan hoc, khéng dé cap & day, doc gia c6 thé tim
xem trong cac cong trinh hoan hao cia Meyer (1979a) vé do sau
bién ddi va ctia Peregrine (1976) vé dong chay bién ddi.

3.1 PHEP XAP Xi QUANG HINH CHO CAC SONG TIEN
TREN NEN DAY BIEN DOI DEU

Ta gia st ring budc séng dién hinh nhd hon nhiéu so véi
qui mo bién d6i d6 sdu phuong ngang. C6 thé dua ra mot tham
s6 nho nhu sau:

M:O(Z_Zj«l' (1.1)

Dé cho tdng quat, ta ciing chdp nhan su diéu bién thdi gian
cham. Theo Keller (1958), ta dua ra cac toa d6 cham:

X=Wx, y=py, (t=ut (1.2)

Céac phuong trinh mo ta tuyén tinh hoa tré thanh
W@, +@ )+o. =0, —h(%7)<z<0, (1.3)
W +gb =0, z=0, (1.4)
O, = (@.h +D k) z=-h(EF). (1.5)

Buéec mau choét tha hai cia phuong phap WKB 1a dua ra
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phép khai trién sau day véi gia thiét cac séng l1a séng tién:
@ =[0, +(=it) 0, + (=in) 0, +..] ", (1.6)
trong d6
0, =0 (%.5.2.0) véi j=0,1,2,.. vA S=SE3.7).

Co s6 kinh nghiém cho gia thiét nay 1a khi bién d6 séng
bién thién theo cac toa doé cham Xx,y,7, thi pha bién thién theo

cac toa @6 nhanh (x, y,7)u™". Lay vi phan truc tiép, ta c6
HZCD;; = _(_iH)Zq);; =
=—{S2(0, +(=1W)0, + (-i)* ¢, +..) +
+ (=[S (0, + (=)o, +..)+
+28. (0, + (=)o, +..)]+
+(=i)* (O, +..) } €,
Vo- {[V% +(iTo, +.. )+ NTS[¢0 + (i, + ...]}e"”“ ,
w?VVo=—(-ipn)’V.Vo=
=~ {720, + V20, +..J+

+ [V(po +(—-in)\Vo, +]IVTS+

"'LM[v : ¢OVS + (—iM)V . ((1)175) + ]+
—1i

— \2
+(’VTSJ [0 + (~it)y +..] JeS'".

Ta dinh nghia:
k=VS, (1.72)
o=-5., (1.7b)

t

nhiing dai lugng nay tuan tu dai dién cho vecto s6 séng dia

phuong va tdn s6. Thé& cac phuong trinh (1.7a,b) vao cac
phuong trinh (1.3)—(1.5) va tach biét cac bac dai lugng, ta thu
dudc tai bac O(-in°):

0,.. —k*0, =0, —h<z<0, (1.8)
0o, _(D_Zq)o =Y z=0, (1.9)
g
0,. =0, z=—h; (1.10)
va tai bac O(—ip):

0. —k*¢,=k-Vo, +V-(k¢,), —-h<z<0, (1.11)
0, _(’)_Zq)l :_M’ z=0, (1.12)

g g
0,.=0,k-Vh, z=-h. (1.13)

Céac phuong trinh (1.8)—(1.10) va (1.11)—(1.13) xac dinh hai
bai toan gia tri bién dudc md ta bang cac phuong trinh vi phan
thuong. Nghiém cta hé cac phuong trinh (1.8)—(1.10) 1a:
vii

o° =gk th kh (1.15)

Nhu vay, o(x, y,t) va k(x,y,t) c6 quan hé véi do sau dia
phuong (X, y) thong qua quan hé tan mat, néu nhu # 1a hang
s6. Con bién do A4 (x, y, ) thi van la tuy y.

DPé thu dugc diéu kién vé 4, ta xem xét tinh kha giai cta 4,
bang cach ap dung cong thic Green [phuong trinh (4.11),
chuong 2] v6i ¢, va ¢,. St dung tit ca cac diéu kién (1.8)—(1.10)
va (1.11)=(1.13), ta dugc

40



Jdz 03106 - Vo,) + V- (o, )]=

. —
_,k-Vh

:_é{q);[a)q)m +(00,);] 1 o,

St dung quy tic Leibniz

D[ fdz={D f dz+(Da)({).., —(Db)[).., (1.16)
b b
Lo o e1s 000 o0 N PRI
trong d6 D c6 thé 1a —, — hodc la — ; tich phén ¢ vé trai va
dt  dx dy

thanh phan cubi cta v& phai c6 thé két hop lai, cho két qua
V-szk|¢0|2+li_[m|¢o|?‘] =0.
Zh g ot =0

St dung cac phuong trinh (1.14) va (1.15), va cac dinh
nghia cia £ va C, [phuong trinh (5.14) va (5.6), chuong 1), dé

V-(ﬁc,)+i(£]=0. (1.17)
o ¢) Jd\lw

Trong cd hoc ¢6 dién vé ngudn dao dong, mét ti s6 tuong tu
gitia nang lugng va tan s duge goi 1a tdec dong (action) va dong
thoi 1a bat bién ham khi cac tinh chat ciia ngudén dao dong thay
d6i cham. Vay E/o la tdc dong song (wave action) va phuong

dang thay rang

trinh (1.17) mo6 t4 sy bdo toan cua né trong khi né dude van
chuyén di véi toc d6 nhom.

Mot cach so luge, ham pha ctia cic séng nudc bién ddi
cham dugc mé6 ta bang phuong trinh (1.15), véi £ va @ duge
cho bing phuong trinh (1.7). Nhu vay S dugc xac dinh bang
mot phuong trinh vi phan bac moét phi tuyén; phuong trinh
dang nay trong quang hoc dudgc goi la phuong trinh eikonal.
Mot khi da tim dudc pha, thi bién d6 sé dugc giai ti phuong

trinh tac dong séng (1.7).
Luu ¥ rang, dinh nghia (1.7) c6 nghia la

Vxk=0, (1.18)
a—lf+Vco=0. (1.19)
ot
Dang mot chiéu ctia phuong trinh (1.19)
9k 99y (1.20)
Jt dx

rat dé ly gidi ¥ nghia vat 1y. Theo dinh nghia, & 14 s6 cac duong
dong pha trén mot khoang cach don vi, ttc mdt dé cia cdc
dwong dong pha. Ciing theo dinh nghia, o 1a s6 cAc dudng déng
pha di qua mot vi tri c6 dinh, ttc théng luong cua cdc duong
dong pha (flux of equal phase lines). Gita hai diém x va
X¥+dx, so duong déng pha thuc c6 (net rate of out-flux of phase
lines) bang (a%f)d X, trong khi d6 toc do giam cua cac duong
pha trong khéi dang xét bang —(a%t—)d)_c . Ro rang, phuong
trinh (1.20) chinh 12 luat bao toan dinh séng.

Trong mot s6 muc tiép sau day, ching ta sé tap trung vao
cac song dang sin thuc su va nghién cttu mot s6 thi du tuong tu
nhu trong quang hoc (Luneberg, 1964). Do viéc suy dién ra céc
phuong trinh x4p xi da dugc thuc hién, nén khéng can thiét
phai phan biét cac bién cham véi cac bién vat 1y. T4t ca cac gach
ngang trén dau cac bién bay gio sé dudc loai bd.

Bai tap 1.1:

Mot dai duong phan hai 16p v6i mat @6 p va p’, c6 day bién
d6i cham z=—-h(x, y). Mat phan cach tai z=0, mit tu do trung
binh nam tai z=#4". Hay thuc hién phép xap xi rigid-lid va
phan tich mot chudi séng ndi, tién bang phucng phap xap xi
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WKB. Chting minh rang tai bac dan dau Ou°), nang lugng
E=1Apg A® v6i Ap=p—p’, trong khi quan hé tan mat va tdc

dd nhém tudn tu bang:

W = Apgk
p’cth kb’ +pcthkh’
2
C, :£[1+ ® (p’h" csh®kh’ + ph csh2kh)]
2 gAp

Tu diéu kién kha giai tai O(u), hiy ching minh rang
phuong trinh (1.17) 1a diang.

3.2 LY THUYET TIA CHO CAC SONG DANG SIN, NGUYEN
LY FERMAT

Néu cac séng 6n dinh, 0/97=0, thi phuong trinh (1.19) ¢6
nghia 12 w=const. Bai toan 6 day lién quan dén cac séng dang
sin thuan tuy theo thoi gian. Tt phuong trinh (1.17), su thay
d6i bién d6 duge dién ta bang phuong trinh

V(EC,)=0. 2.1)

Tudng tugng mit phidng x—y duge 18p diy cac vects s6
song k thay d6i ca do 16n va huéng qua ting vi tri. Xuat phat
tit mét diém cho trude, ta vé mot dudng cong ti€p tuyén véi cac
vectd k dia phuong tai mdi diém doc theo dudng cong. Pudng
cong nhu vay dudc goi la tia séng va né ludbn vudng goéc véi cac
duong dinh séng ho#c cac duong pha dia phuong S =const. T
nhiing diém bit ddu khac nhau c6 thé vé dudc cic tia séng khac
nhau. Hai tia canh nhau lam thanh mot kénh tia (ray channel).
Xem xét mot doan ctiia kénh tia, ching c6 do rong tai hai dau 1a
do, va do (hinh 2.1). Tich phan phuong trinh (2.1) doc theo
duong khép kin tao bdi cic bién cua doan kénh tia dang xét.
Theo dinh 1y phan ky ciia Gauss va thuc t&€1a C, tiép tuyén véi

tia song, thay rang, cac dong nang lugng qua hai dau ctia doan
kénh tia 1a nhu nhau

EC do =(EC,do), = const. (2.2)
Do d6, bién thién cua bién d6 doc theo tia séng tuan theo luat:
1/2
C
i: ( g)O dGO (2.3)
A4, C, do

trong d6 ty s6 do/dc, duge goila nhén td tach tia.

Hinh 2.1 So d6 doan kénh tia va cac dudng dang sau
Van dé bay gio 1a tim ra cac tia, hay cac dudng truc giao cua
ching, tic chinh 1a cac duong pha S(x,y)=const. Khi cac tia
duge dinh vi va bién do séng tai tram 0da biét, thi bién do tai
b4t ky diém nao doc theo tia ciing c6 thé xac dinh dudc.
Binh phuong phuong trinh (1.7a), ta thu dugec mot phuong
trinh vi phan phi tuyén dé1 véi S':

2 2
VS| =k*  hay (a_sj 5] ok, (2.4)
ox dy
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vé phai ctia phuong trinh sé biét dugdc ti quan hé tan mat.
Phuong trinh (2.4) goi 1a phuong trinh eikonal, phuong phap
chung nh4t dé giai phuong trinh nay 1a phuong phap cac dudng
dic trung. Duéi day, ching toi sé giéi thiéu mot cach tiép can
don gian hon.
Gid st y(x) dai dién mot tia cu thé; d6 nghiéng ctia né sé la
05 sas
Cdx oy ox

T phuong trinh (2.4) suy ra:
k ky’ aS
142 )Py Y99
( ) as/ax (1+y/2 )1/2 ay
Dao ham cta phuong trinh thi hai 6 trén cho ta:
d ky’ 0°S 9°S , ( 9°S aS 09°S9S) /oS
o 2 + 7V = Sot 2 5. |/ 3.~
dx(1+y’2) dyox dy 0ydx dx 0y~ dy)/ odx

— li 2 875: a_k 72\ 1/2
—[2ay(VS) }/ax (ayj(Hy )

d ky’ , dk .

Phuong trinh (2.5) 1a mét phuong trinh vi phan thuong, phi
tuyén déi véi tia y(x). Khi diém ban dau da biét, thi duong di

hay

cua tia c6 thé tim bing cach giai s6 tri.
Trude khi phan tich cac thi du cu thé, ta can thiét lap su

phu hgp gitia phuong trinh (2.5) va nguyén ly Fermat néi tiéng,
néi raing: “Néu P, va P, 1a hai diém trén mot tia va

P
L= j kds (2.6)
Ry

12 mot tich phan doc theo mot dusng dan cu thé néi P, va P,
thi L 14 mot cuc tri néu va chi néu duong dan dé trung véi tia”.
TU phuong phap cta phép tinh bién phan (xem Hildebrand,
1964, tr. 355), thay rang phiém ham
P
L=[Flx ),y ®)]dx 2.7)
P

sé cuc tri khi va chi khi F thoa man phuong trinh Euler sau

day:
F F
A [9F)_9F (2.8)
dx\dy oy
Néu ta dat
A
L=[k(+y?)" dx
)
va xac dinh
F=k(1+y™?)"?,
thi phuong trinh (2.5) chinh xac la phuong trinh Euler cho
nguyén ly Fermat.
Bay gic ta thay phuong trinh eikonal va nguyén ly Fermat
12 hai cach dién ta ctia cing mot su vat. Ta sé xét mot s§ truong
hop thé hién ré ting dung ctia hinh hoc tia. That ra, tit ca céc

truong hdp déu cé6 ban sao cua minh trong quang hoc
(Luneberg, 1964).

3.3 CAC DPUONG DANG SAU THANG VA SONG SONG
3.3.1 Hinh dang cdc tia

Gia st tdt ca duong ddng siu song song véi truc y va do dé
h=h(x) va k=k(x). Phuong trinh Euler (2.5) sé cho:



4 __ kY

— == -0, 3.1
dx(1+y'2)1/2 3.1)
c6 nghia la
ky’
— =K =const. 3.2
(1+y/2)1/2 ( )
Vi
J Y _ina, (3.3)

1+y*H" ds

trong d6 a la géc gitia tia séng va chiéu duong truc x, dé dang
th4y phuong trinh (3.2) gidng nhu luat Snell néi tiéng:
sinot_sin o,

ksinao=K =k, sino,, ha
0 0 Y ¢ C,

, (3.4)

& day, k, va o, tham chiéu dén mét diém biét trude (x,, v,)
trén tia séng. Giaira )’ ti phuong trinh (3.2), ta c6

dy +K

— = 3.5

dx (kZ _KZ) 1/2 ( )

Két qua trén cing c6 thé thu duge mot cach don gian hon.
Thuc vay, phuong trinh (3.4) chinh 14 hé qua cua phuong trinh
(1.18) v6i 9/dy =0, trong khi phuong trinh (3.5) nhan duge tu
dinh nghia hinh hoc moét tia:
dy _ksino

dx kcoso

Phuong trinh cua tia sau khi tich phén sé la:

(3.6)

1/2 °

‘—.x

-k ]
R6 rang riang, mot tia chi ton tai khi k% > K?.

Mt khéce, do duong pha séng la truc giao véi cac tia, do
nghiéng ctia n6 phai la:

ﬂ:ii(kz —K%)V2,
dx K

Phuong trinh cua dudng pha do d6 1a

$Ky=_[dx(k2 - K*)"? + const .

Mot két qua tot d& nhan dude tit cac phuong trinh (3.5) va
(3.6) cung v6i viée khong ¢ gi6i han nao cho k(x). Cac trudng

hop sau day cho ta nhiing y tudng vé su da dang c6 thé xay ra.

Truong hop 1: Séng phdng tién dén mot ddi dat hay mot bai
bién

Mot séng phéng téi tit phia trai, x~—e. Cac tia téi song
song va tién dén mot luéng dat tai x=x,<0 véi géc ¢,. Vi
k,sino,, =K <k & moi ndi, gia tri can bac hai (k> —K*)"? luén
luén 1a s6 thuc, va do dy/dx>0, nén phai 18y dau duong trong
cac phuong trinh (3.5) va (3.6). Khi # giam, thi & téng va
dy/dx giam; vay, khi tia séng vugt qua dai dat, trude tién né
dan dan tién t6i vudng goéc véi cac dudng ding sau. Sau khi dinh
vugt qua, tia séng khong con thing géc nita. Cac duong dan tia
dugc phéac hoa trén hinh 3.1.

Mot truong hop téi han, khi dinh cta dai dat nho cao hon
muc nude trung binh, thi & hai phia caa dai d&t 1a bai bién. Xét
mot tia v6i k =k, tal x=x, di t6i tu phia trai véi goéc té1 o,. Tia
tién dén cac dudng ding siu va cudi cung lao vudng géc vao
dudng bd vi k Toeo néu 210.

Su lua chon £ dué6i day theo Pocinki (1950) 1a m6t m6 hinh
déc biét d6i v6i mét bai bién bét dau tai x=a va két thic tai
duong b6 x=5b.
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k _1-alb

—= , a<x<b.
ky, 1-x/b
Thé vao phuong trinh (3.5), ta dudc
dy _ (1-x/b)[sino,) /(1 —a/lb)] —
dr {1-[sinoy)/Q-a/b) A -x/b)} "
Dat
sin 0., X y
= , :1——’ ==,
P=1ay STl N7

khi d6 phuong trinh vi phén tia tré thanh
- B&d 1
(1 _ B[3222§)1/2 :Bd(l -pe’ )1/2

va rat dé tich phan, cho ta:

dn=

& +m-n,)’ =i2

B
hay
(x=b) +(y-y.)" = ([.)_za)Q
sin” o,

Nhu vay, cac tia séng la mot ho cac cung tron cé tdm tai
x=b va y=y,. Tham s6 y, lién hé véi toa do y, tai d6 tia séong
cit duong ding siu tai x=a. Bing cach dit x=a va y=y,
trong cong thic cudi cung, ta tim dudc

y, =y, —(b—a)ctga,.

kix)
rd . ko
I PR — |
I K 1
1 1
Ko X x

Hinh 3.1 Tia séng vugt
Y qua mot dai dat ngam: a)
| Thay d&i cia k(x): b) Tia

|
: /:/' song t6i véi K <k, =k,
Xo

'|' X (b)
(Xa. Yo ] X

Truong hop 2: Bay séng trén mét dai ddt
Néu k,, > K =k,sino, >k, (hinh 3.2a), thi cac tia song chi
c6 thé ton tai trong viing b<x<a, tai d6 k>K . Gia st tia dé
xuadt phat tu x, véi géc o,, O<o,<n/2. Td x, dén a,
dy/dx>0 va y dudc cho bang phuong trinh (3.6) véi ddu duong.
Tia séng tiép can diém x=a va y =y, , 6 day
T Kdx
Ya=Yo T j(kz _K%)'®

X0
V6i truong hgp day kha thoai, & c6 thé duge khai trién
thanh chudi Taylor tai lan cAn x=a:

min

K2 =K2+(x—a)k?), + néu (k2), = (k2

. *0, 3.7

tich phan nay la htu han. Tuy nhién, d6 nghiéng dy/dx la vo
han; do d6 duong x=a la dudng bao cua tit ca cic tia séng va
duge goi 1a mot dudng tu tia. Do su cit ngang cta céac tia lan
can, phuong trinh bién thién bién d6 (2.3) khong con hiéu luc.
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Trong muc 3.3.3 sé trinh bay vé mot cach xu ly tinh t& hon déi
v6i viing 14n can diém tu tia. Phia sau diém (a, y,), dy/dx<0;
tia séng quay ngugc lai va dugc dién ta bang phuong trinh (3.6)
v6i dgdu 4m cho dén khi né dat t6i duong x=5, d6 1a mot diém
tu tia khac bao tit ca cac tia. Vay la tia séng uén di, uén lai
gitta hai diém tu tia trong khi) tién theo huéng chiéu duong cua
truc y (hinh 3.2b). Khong thé c6 cac séng diéu hoa don nao véi
K nhu trén nam ngoai khoang b<x<a. Hién tugng nay dudc
goi 1a by séng.

e K

(a)

(b)

Hinh 3.2 Bay séng trén mot dai dat: a) thay d6i clia & khi séng vugt qua dai dat;
b) mét tia bi bay v6i k> K >k .

Nguyén nhan bén ngoai lam cho cac séng bi bay cé thé 1a do
cac luc khi quyén tac dong 1én mét tu do (khi ap hoic gi6). Véi
nhiing gia tri cao cua K (> k_ ) s& khong c6 mdt séng don diéu

hoa nao & ngoai dai dat. Theo cd ché tuyén tinh, thi khéng thé
kich hoat séng dai dat bing mot séng don diéu hoa tit bat ky
phia nao cta dai dat.

Truong hop 3: Mdng ngam

V6i moét mang néi hai phia c¢6 do sau bang nhau, k(x)thay
d6i nhu trén hinh 3.3a. N&u mot séng t6i c6 K =k, sino, =
K, <k
sau dé roi xa truc mang va vugt qua mang vé phia bén phai nhu
trén hinh 3.3b. Tuy nhién, néu K =K, 14 da 16n, thi khong tia
nao c6 thé tén tai trong ving k<K va dudng x=x,, noi

2 ~ A 2, . N A A - 2
no6 sé doi huéng, lic dau uén cong vé phia truc mang,

min ?

k(x,)=K, 1a mot diém tu tia. Tia séng khi d6 d6 phai quay lai

phia ma né xuat phat. V6i k, >k, c6 dinh, mot gia tri da 16n
cia K c6 thé dat duge néu géc t6i o, kha gin véi n/2. Tia téi
khi d6 tao mot géc nhon cuc nhé véi cac dudng ding sdu; hién
tugng nay goi la luét t61. Tai gia tri t61 han k,sino, =k tia

min ?

t6i tré thanh suyt soat song song véi cac dudng déng sau.

3.3.2 Su bién thién bién do

Trong truong hdp don gian nay, 0/dy=0 va phuong trinh
(2.1) ¢6 thé dugc tich phan va ta dudc

EC, coso, :%pgAZCg cos o, =const . (3.8)

Gia st chi s6 (), chi cac gia tri tai do sdu tham chiéu #,,
khi d6 ty s6 bién do sé la:
1/2

4 _{(Cg)o cosoco} _{kcosoco (1+ 2kh /sh 2kh)

A, k,coso. 1+ 2kh/sh 2kh

0} . (3.9)

o C, cosa
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K.min ’ I
K1

Hinh 3.3 Cac tia séng trén mot mang ngdm

N

Trong ving nudc rat néng, coso>1, C, =C=(gh)'"* va

Ai; =(c, cosa)!”* (gh) ™", (3.10)
vay bién d6 tang khi d6 sau giam. Sy phu thudc mi 1/4 thuong
duge goi 1a dinh luat Green. Két hop véi bubc séng giam,
[k=w(gh) "'*], do doc séng sé tang khi dd sdu giam theo luat
kAo h'* . V6i @6 sau di nho, gia thiét séng bién d6 nho 14 co s6
cua ly thuyét séng tuyén tinh khéng phu hop niia va cac hiéu
tng phi tuyén trd nén quan trong. V6i mét bai bién c6 do
nghiéng day khong déi, gia thiét (dh/dx)kh™" <<1 dic trung
trong phuong phap WKB ciing d6 v6 hoan toan. Trong nhiing
diéu kién cu thé sé ban & chuong 10, cac séng tién c6 thé dd &
ving nudc rat néng. V6i séng téi d6 bo vudng géc vao bai bién
phing, nhiing thi nghiém cta Eagleson (1956) da khing dinh

phuong trinh (3.9) ding dén dai séng d6 dau tién.

3.3.3 Ldan cdn duong tu tia
Su thidu x6t ctia phép x4p x1 tia c6 thé dé dang khéc phuc 6

lan can duong tu tia. Dudi géc dd cac bién cham da dinh nghia
trong phuong trinh (1.2), ta dit truc y trung duong tu tia, cac

tia t61 va phan xa 6 phi trai cia duong nay. Khi d6 6 1an can
diém x =0, ta c6 thé x4p xi

k*=K?—yx v6i y>0, (3.11)
dam bao dk/dx khong bi triét tiéu tai x=0. Suy ra

k, =(-yX)"? va jklda?z—gyl/z(—)?)3/2, (3.12)
trong d6 k, 1a thanh phan theo truc x cta k.
Theo phép xap x1 tia (3.9), ta c6

C k 1/2 1/2
A=AO[ - 1} [cﬁJ -y =1(—yn) . (3.13)
0

g

x=0

Mat tu do ¢ phia trai cia duong tu tia la

1/2 1/2
n=1t(—y%)""*e* " exp —iy z(_)—c):&/z + Rexp iy 2(_)—6)3/2
u 3 n 3
(3.14)

trong d6 s6 hang thii nh4it trong ddu ngoic nhon la séng téi va
s6 hang thii hai 1a séng phan xa véi bién do phiic R chua biét.

Tu két qua trén cho thiy bién d6 ting khong giéi han khi
¥—0. Do d6, mot Iy cuc bé hoan thién thém cho vung gin
duong tu tia phai duy tri dao ham bac cao nhat cta bién do theo
X . Th& biéu thiic

o 18X chk(z+h) eXp(z’K}_z _@J
® ch kh U u

(3.15)
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vao phuong trinh (1.3) va giii lai cAc thanh phan chu dao va cac
dao ham bac cao nhit theo x, ta duge
WX_ +(k*-K*)X=0. (3.16)
Bay gid thi (k> —K?) sé d61 d4u tai ¥ =0, nhan d&u duong
khi x<0, 4&m khi x >0. Nghiém sé la dao déng khi x <0 va don
diéu khi ¥>0. Piém X =0 trong phudng trinh toan ly dudc goi 1a
mét diém ngoat. Tinh t6i phuong trinh (3.11), tit phuong trinh
(3.16), ta co
WX_ —-y¥xX=0. (3.17)
Day 1a mot phép x4p xi tot trong ving x = O(u)*'?, c6 nghia
1a x=0(@u™""?). Véi bién méi

o=v"xu?"?, (3.18)
phuong trinh (3.17) tré thanh phuong trinh Airy
X,,—-0X=0 (3.19)
c6 nghiém téng quat 1a
X =aAi(o)+bBi(0). (3.20)

Ham Airy A4i da dude vé trong hinh 1.5, chuong 2. Ta cling
biét ring, v6i |o| 16n

Ai(c) ~ PYRIE o' exp(—%cm} G~ oo (3.21a)
o
~ nl%(—(s)”4 sin{%(—cfu +§} O ~—o0 (3.21b)
va
Bi(c) ~ e o' exp(%cm} O~ oo (3.22a)
~ 11/2 ¢ COSE(—G)S’2 +ﬂ, G~ —oo (3.22Db)
T

Néu khong c6 nhiing duong tu tia khéac hoéc cac bién cling
khac trong viing x =0(u)*’* >0, thi nghiém Bi(c) phai dugc loai
bo; vay

n=adi(c)e " . (3.23)

Heé s6 a va bién @6 R ctia séng phan xa phai dudc tim béang
cach xing hgp phuong trinh (3.23) v6i (3.14) v61 —o>>1. Véi
phuong trinh (3.21b) ta viét phuong trinh (3.23) thanh

1/3 -1/4
. a )
n= 9! (_ ].LZ/S x] X

12 /" 1/2 .
X\ exp 27 0"+ | —exp LS| & R (e

(3.24)
cho truong hgp 6~-—. Phuong trinh (3.14) va phuong trinh
(3.24) bay gio can dudc xtng hop, do dé:

a=-2r"%ie™ ' t(yn)'°, (3.252)

R=-€""". (3.25b)

Véi mot séng t6i cho truée tai x =Xx,, T da biét. Hé s6 o co6
thé tim dudc ngay. That thd vi 1a bién d6 16n nhat bay gis 1a
htiu han va xuat hién phia trudc duong tu tia. Séng phan xa cé
cung bién d6 nhu séng t6i, nhung khac pha ir.

D61 v6i mot ranh ngdm c6 thé c6 hai dudng tu tia song song.
Néu khoang cach gitia ching khong qua 16n, thi hiéu tng du
caa Ai(o) tit dudng tu tia phia trai c6 thé xAm nhap sang dudng
tu tia phia phai, tao ra séng thAm qua. Viéc xti ly tuong tu véi
duong tu tia bén phai cling st dung ca 4i va Bi. Mot truong
hop khac, néu dk*/dx=0, con d*k*/dx*>#0 sé phtic tap hon
nhiéu, nhung vé nguyén tic vAn cé thé phan tich dudc bing
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cach bién thé phuong trinh (3.11).

3.4 CAC DUGNG DANG SAU DANG CUNG TRON

Lép bai toan nay lan dau tién dugc Arthur (1946) nghién
ctiu d61 véi truong hdp séng trén nudc; nhiing thi du tuong
duong cting thay trong quang hoc (Luneberg, 1964).

3.4.1 Hinh dang cdc tia
Trong hé toa do cuc (r,0), d6 sadu nude, va do d6, do 16n cua
vécto s6 séng, chi phu thudc vao r, ttic h=h(r), k=k(r). Mudn
c6 phuong trinh Euler cho tia, ta xuit phat ti nguyén ly
Fermat va cuc tri hoa tich phan
L :Ik(r)(1+r29'2)1/2dr, (4.1)

G day 0'=d60/dr . Do d6, phuong trinh Euler sé 12

d a 1/2
—— k(1 2972 =0,
dr{ae,[w ] }

hay
kr*e”
——————=const=x 4.2
(1+r29’2)1/2 ( )
doc theo mét tia, trong d6 x1a hing s dic trung cho tia doé.
Giai véi dn 1a 0, ta dudc
do__ *|x]
dr r(k*r* —x*)"?’

(4.3)

Phuong trinh vi phan nay c6 thé tich phan mot cach théng
thuong cho ta
dr
r(k2r2 _ KZ) 1/2

e—eozi|1<|j

o

(4.4)

trong d6 , va ©, tham chidu dén diém da biét ma tia séng da di

qua.

Do 16n cta hing s6 x 1a bao nhiéu? Theo hinh (4.1), phuong
trinh (4.2) c6 thé viét lai nhu sau:

tia

p
— a pr=dl
"“*-6 # PQ=rdf
/ Hinh 4.1 Bay tron véi cac dudng
\\ dang sau dang cung tron

do 7/
// 7 héhn

rd® k0 krsina (4.5)

K=k
Tt rdeny " ds

v6i o 1a goéc gitia tia va vecto (ban kinh) phap tuyén véi duong
ding siu tai diém ma tia cit duong ddng sdu. Néu tai diém
r,,0, goc téila au=0,, thi

K=k,r, sino, (4.6)

Vay hang s6 x dugc xac dinh bang vi tri va huéng ban dau tia
séng.

Tuong phan véi trudng hop cac dudng ding sdu thing va song
song, r xudt hién 6 phia phai ctia cong thtic Snell (4.5) nhu mot
nhan t6 thém vao. P& hiéu r6 su khac biét nay, ta khao sat mot
cach don gian trudng hop day c6 d6 sau bién d6i tiing nac d6i xing
toa tia, tiic

k=k, =const, r_ i=1,2,3.

0 day cac chi s6 1, 2, 3 chi cac vung cht khong phai 1a cac thanh
phén cta vectd. Xét mot tia di qua cac viing 1, 2 va 3 (xem hinh
4.2). Tia nay & vung i rdi khoi diém gian doan tai r=r_, dudi
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mot goc o, , va téitai r=r véigoc o, la mot doan théng trong

khoang nay. Ap dung luat Snell tai méi néi r = r,, ta dudgc

k;sine| =k,sine, . (4.7)
Phai chd ¥ rang 1a o, # o) ; thuc t& tit hinh 4.2 ¢6 thé thay ring
. CD r,AB ., AB rA®
sing, =——=-2—,  sino,=——= ,
AC  AC AC  AC
vi vay
rsino, =r,sinc . (4.8)

Két hop phuong trinh (4.8) v6i phuong trinh (4.7), ta c6
k,r, sino, (=k,r, sina, ) =k,r, sina), .

R6 rang, 1ap luan tuong tu c6 thé md réng cho cac vong tiép
theo, vi thé k,r, sina =const, day chinh 12 dang gian doan cua
phuong trinh (4.5). Nhu vay, su xuat hién cua » 1a do su uén
cong cua cac dudng ding sau.

Ad

]

Hinh 4.2 DBay dang cung tron ting nac

Tt phuong trinh (4.4), rd rang cac tia chi tén tai trong cac
viing ma k*r* > x*. Ban kinh t6i han tai d6 bang

kr? =i, 7 =" (4.9)
sé dudc ky hiéu bang r. va tuong ting véi 0 1a 6. véi
| K |dr

r(k2r2 _K,2)1/2 .

6.6, =%|

0

Tu phuong trinh (4.3), dr/d6=0 tai (r.,0.); tia nay hoac la

gan nhat hoic 1a xa nhat so véi goc. Viéc chon dau trong cong

thiic trén day c6 thé duge thuc hién bing cidch xem xét ddu caa
dr/d® nhu sé minh hoa trong cac thi du duéi day.

(4.10)

Ta sé rat ra phuong trinh cho cac dudng hing s6 pha. Ky
hiéu tia bang r= £(8) va duong hing s6 pha biang r=g(0), st

dung mot thuc té 1a hai duong nay truc giao, ta dudgc
Vlr - 1©)]-VIr- g(0)]=0,
hay

f/(()) — il(k2r2 _K,2)1/2
K
phuong trinh vi phan cho mot dudng pha sé 1la
dr rx

Phuong trinh nay c6 thé dudc tich phén cho ta
Keijﬂ(erz —k%)"% =const. (4.12)
r
B4y gio ta khao sat mot vai kidu cua k dé lam sang td ¥
nghia vat ly.
Truong hop 1: 0<kr <o va kr don diéu theo r
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Trong vung nudc rat néng, k~h"'*; tacé kr -0 khi r -0
ngay khi r27'* = 0. Mot bai can dang cung tron ciing thudc
dang nay. Gia st diém P,(r,,0,) 1a diém ban dau. Khi d6

|Ir(k2 2 1/2 ’ (4'13)
6 day dau am duge chon vi dr/d0<0. Phuong trinh nay hgp 1é
dén tan diém P., tai ddy r=r. 12 nhd nhit. Phia ngoai diém nay
tia dudge cho bang biéu thic
0.- [ Idr
P e e

(4.14)

6 day dau duong dugc chon. Vi tia déi xting qua vecto ban kinh
0=0,, ta c6 thé sat nhap ca hai nhanh cuaa tia vao mot phuong
trinh

" | K |d r
J.r (k2 2 1/2

.

(4.15)

Hinh dang cua tia dudc vé trén hinh 4.3.

Gia st c6 mot song t6i phang di tit x~—oc vé phia mot ving
nudc nong dang cung tron. Phia ngoai r=r,, day dugc gia thiét
nidm ngang, tc k=k, v6i r>r,. Cac tia t6i lic dau song song
véi truc x. Trong s6 cac tia nay, nhiing tia nao lic ddu nam
ngoai ria |y|<#, sé khong cét dudng tron =, va tién tiép tuc,
khong bi chéch huéng. Ta xét moét tia ban ddu nam trong
khoang —r, <y<0 di vao vung nong v6i mot géc o, vdi vecto
ban kinh; trudc tién né séng udn cong vé tam va sau do, khi dat
dugc gia tri nhd nhat ~ lai xa dan tam. Vi tia séng phai d6i
xting qua véctd ban kinh nhoé nhit 6=0,, nén gbc gitia tia di ra
v6i véctd ban kinh tai diém thoat ra phai bing n—o, (xem hinh
4.3). Gia sti géc tong cong ma tia da bi léech huéng 1a B. R6 rang

B=n—0a,+6,,
trong d6 6, — huéng tai diém, noi tia séng thoat khéi ving
nong:
T |K|dr

r(kZ 2 1/2 *
l:l1 z
M

b)

Hinh 4.3 Vng nudc ndng ngdm: a) dia hinh;

b) bié€n thién kr theo r; ¢) hanh vi cla tia

Mot cach tuong tu, cac tia di vao viing nudc néng tit khoang
0<y<r, lic ddu s& udn cong vé phia tAm viing nong, sau d6 xa

dan khéi tAm cta vung néng. Nhu vay, d phia sau ctia viung
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néng, cac tia tit hai phia d6i dién cta truc x sé cit nhau va céc
séng tién lién quan t6i cac tia nay sé giao thoa. Thi du, tai diém
b4t ky trén phan ducng truc x bién do tong cong tang gdp dbi vi
cac tia don d6i xtng. Tai mot diém khong ndm trén truc x, cac
tia cit nhau c6 thé giao thoa theo kiéu triét tiéu hay kiéu cong
thém tuy thudc vao cac pha song.

Xét cac tia ti cing mot phia cua truc x, thi du —7, <y <0.
Do khéng chénh huéng va B=0 déi véi hai gia tri cuc tri cia
o,: T (thdng géc di vao) va n/2 (song song di vao), va do >0
ddi véi cac gia tri trung gian ctia o,, nén phai ¢c6 mot cuc dai
duong ctia B. Tuong tu, mot tia tién vao nia phia trén ctia ving
néng phai c¢6 mot cuc dai am cua B. Suy ra, mot chum tia ti
cing mét phia cta truc x phai cit nhau va cét cac tia ti phia
bén kia cua truc x. Mot dudng tu quang tua mii nhon sé sinh
ra 4 phia sau cia viing ndng va ta phai xay dung mot giai phap
cuc bd phiic tap hon so véi trong muc 3.3.3 dé nhan dudc bién do
htiu han.

Truong hop 2: kr lic ddu gidm dén mét gid tri cuc tiéu, sau
do tang lén

Day 1a truong hop cac dao tron véi duong bo tai r=5b (xem
hinh 4.4). Gia stt 24 0 khi »—510, khi d6 tit quan hé tan mat
kd ' va ke Thh™"2.

Tai gia tri r 16n, kr —k,r. T4t ca cac tia t6i cAt vong tron
ngoal r=a cb | K'| nho hon k,a. Nhiing tia da gin véi truc dao
sé thod man x* < (kr)2. , thanh thi ching tién t6i bo mot cach

binh thudng. Tuy nhién, nhiing tia xa truc dao hon sé thoa man
(kr)?, <x* <(k,a)® va sé bi ddo khude tu, khong tiép can dugc
bs. Tia t6i han 1a tia c6 géc o, =0, trong do |sin 0c§| =
k). kot

min

min

Truong hop 3: By song trén ranh ddat hinh xuyén

Néu d6 sdu bién d6i nhu trén hinh 4.5a, thi mot cuc dai dia
phucng ctia kr c6 thé dat tai mot » hiiu han nao d6. Mot tia
xudt phat tai r,,6,, véi géc nghiéng «, <z, lic ddu dugc cho

bang
" |K|dr
Ir(kz 2 1/2
0
F 4
a} P— ﬂ_f-
1 kr l r=b |
|
k) l | 1Kl
I
E IrELi.'. r
c)
il =k r) min
1K1 <= LkrY min

Hinh 4.4 Dao tron. a) dia hinh; b) bién thién kr theo r; c) hanh vi tia
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sao cho dr/d®>0 cho dén tan r=r,,0=0]. Sau d6 tia nay quay
tré lai » 16n hon véi

j'. - | K|d r
1r(k2 2 1/2 ’
va tién theo chiéu kim déng hé, dap don gitia hai dudng tron tu
tia r=r, va r=r,. Cac lap luan truéc day cho thay rang, tia
séng d6i xiing qua vectd ban kinh 6=0] va 0, va v.v... Rd rang
rang hinh dang cta tia lap lai sau méi khoang:

dr

R 2|zc|j

l" kZ 2 K.2)1/2

<)

Hinh 4.5 Céac séng bi bay trén mét rang dat hinh xuyén. a) dia hinh; b) bién thién
kr theo r; c)hanh vitia

Ngoai ra, néu A8 1a mot boi s6 hitu ti cia 2w, thi tia sé quay
lai diém géc ctia né va tao thanh mot dudng cong khép kin. Nhu
vay, diéu kién

AB _n

=—, mn=123,..
2 m

xac dinh “cac gia tri riéng” ciia dao dong tu do bi bay trén rénh
da't. Cac séng ngin hoic cac séng khi tugng truc tiép c6 thé kich
hoat cAc mdt nay, tao moi nguy hiém tiém tang cho cic cong
trinh bién dudc xay dung trén ranh dat.

3.4.2 Bién déi bién dé
Xét nhan t6 phan tach tia d6i véi mot séng phing tién dén
mot vung tron khic xa c6 r<r,. Dat cac tia t61 song song véi
chiéu Am cua truc x. Tu hinh (4.3) nhan thdy réng
0, =n+B,
v6i B, =n—o,. Tu phuong trinh (4.4) rit ra
" | K |dr

6:n+BOJ_rj

. r(k2r2 _K2)1/2 ’ (4'16)

trong d6

| K |=k0r0 |sin 0c0| =k0r0|sinB0|
va mét tia tan xa dudce dic trung bing diém di vao r,,0, hoac
B, cua nd.

Xét hai tia canh nhau véi cac géc t61 hoi khac nhau moét
chat 1a B, va B, +dp,. Tt hinh 4.6, ta c¢6 tai dudng tron r<r,

bét ky

9B,

vi d0 dugc do doc theo duong tron ban kinh . Tai vong tron

do = ABcosP = rdfcosp = rcosP dp, [ o0 J
r=const
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ban dau r=r,, dd=dB, va
dc, = A,B, cosP, =r,dB, cosB,
Nhu vay nhan t6 phan tach la
do _ rcosp ( 00 j
do, r,cosf, B, o

9 1/2
. . K ,
Vi krsinf3 =k =const va cosB=[1—(—J J , ta co

kr

1/2
do K ? 39 -1
=1 =
dGO r|: [krj :| (aBO Jreanst <r0 COSBO)

trong d6 96/dB, c6 thé thu dugc tit phuong trinh (4.16).

o
.-l,f'-"

Hinh 4.6 Hanh vi cla tia séng tién t6i cac dudng ddng sau tron

(4.17)

Thi du mdau: Mét ddo tron (Pocinki, 1950)
Lay

krzkoaln(a/b), b<r<a,
In (r/b) (4.18)

=k,r, a<r,

sao cho duong bo trung véi r=»b va chan dao trung véi r=a.

Su bién thién thé hién trén hinh (4.7a). O gan bd r=», do sau

nho, h~kZ>~r*In*r/b va dh/dr~0 khi r — b. Vay bai bién rat

phang. R rang ring trong trudng hop nay tit ca cac tia di vao
chan dao thuc su cit dudng bd véi mot géc vudng.

Véi k chon nhu vay, phuong trinh tia dé dang tinh phan:
In(r/b)d[In(r/b)] k,alsin o, |

J[ka *1n(a/b)— (kya)’ sin® o, In* (/)] (419

1/2 7

0 day d4u + (-) 1a chon cho céac tia di vao viing nudc ndng & goc
phan tu thi hai (thi ba). Néu dat
In(a/b) r

, =ln—, 4.20
sin 3, P nb (4.20)

D=

ta viét lai va tich phan phuong trinh (4.19):

In(r/ b) d 1/2 1/2
£(0-9,)= | p—pz)w{ anZj —(kazij .

In(a/b) (Dz —-p

hay tuong duong véi

1/2
In>={D*- i(e—eo)—(DQ —anEJ
b b

Chia hai vé& cho In(a/b), cudi cung ta c6

9 1/2
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9 1/2
In(r/b) [ 0-8,
(r/b) _ |+ et .0, =m+B,.
In(a/b) {cosec Py { (/) &P o =T+

(4.22)
bidu thiic nay dugde vé trén hinh 4.7¢ (theo Pocinki).

kr

| o/b

(5)

(a)

Hinh 4.7 Dao tron (Pocinki): (a) day; (b) kr theo r; (c) hinh tia séng; (d) hinh
Vvé cuc cla (dao /do)"? taibs r=b
Gia st (r,,0,) la diém ma tia phia ngoai ciing di vao viing
nuéc néng & géc phan tu thi ba (B, =im, tic 6, =3m) cét
duong bo. Vi sinf, =1 va ctgB, =0, ti phuong trinh (4.21), ta c6
0, - 3m_ .
2 b
Vi o, > 3% nén da chon dau cong. Tuong tu, tia ngoai cung
di vao vung nuéc nong & géc phan tu tha hai (B, =-1m, tic
0, =1m) cit dudng bo tai diém r=5b va

0, = T ml.
2 b

Néu In(a/b)<m/2, thi c6 mdt phan duong bd trong khoang
~[n/2-1n(a/b)]<0<n/2~1In(a/b) bi che khudt khdi cic séng
t61, khoang nay dudc goi 1a bé khuat (Arthur, 1946).

Néu In(a/b)>m/2, thi cac tia tit phia nay cta truc sé cit cac
tia tuong ting & phia kia tai phan khuat caa dao. Bién do két qua
¢6 thé tinh bang cach cong séng va tinh toan chinh xac cac pha.
Tai gia tri In(a/b)=n/2 hay (a/b)=4.81, thi cac tia ngoai cung

tl ca hai phia ctia truc sé géip bs tai 6 =0; va bo khuit séng sé
bién mat.

Dé tim nhan t§ phan tach, ta lai xét cac tia di vao ti géc
phan tu thd ba. Lay vi phan phuong trinh (4.21) phu hgp véi
phuong trinh (4.17), ta dugc

1/2 -1/2
J (DZ —In? 1] =Da—D[D2 —In? 1) ,
9B, b %, b

® _,_ pob (D2 —lnzﬁ)_m —(DZ —11121)_1/2 .
B, B, b b

Bay gio tu dinh nghia d61 véi D ta thay
oD
B,

Sau mot s6 phép toan dai s6, ta dude

0 _J  In@/b),  cosB, (4.23)
B, sin” B, (1—R2 sin” B, )1/2

vi thé

=—cosf, 1n%sin’2 B, -

trong d6
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In(r/b)
In(a/b)’
Do d6 nhan t6 phan tach 1a
ds _ rcosp 00 rll—(k,a)?sin® B, /(kr)?|"* (20
do, acosP, df, acosf, aB,
v6i 08/dB, dudc xac dinh theo phuong trinh (4.23). Can bac hai

cua phuong trinh (4.24) duge phac hoa véi »=5b trén hinh 4.7d.

R

J (4.24)

Cach tiép can trong cac muc 3.3 va 3.4 1a cach tiép can ban
nghich dao, trong d6 gia dinh mot s6 dang thich hop caa k£ va
bién thién ctia dd sau phai dudc tim ti quan hé tan mat. Nhu
vay, v6i nhiing tan s6 khac nhau, cing mot & sé tuong tng véi
mét s6 do sdu. Bai toan cu thé hon vé dién ta ® va A(x) thudng
phai giai bing cic phuong phap s6. Véi cac duong ding siu
théng ho#c tron thi d6 khong phai 1a moét nhiém vu khé. Véi
truong hop cac dudng ding sau téng quat, cac phuong phap s6
da dudc cac tac gia nhu Skovgaard, Jonsson, va Bertelsen
(1976) phat trién; cac tac gia con tinh thém ca nhiing hiéu tng
cua ma sat day.

Trén mot dia hinh téng quat, c6 thé c6 nhidu kiéu tu tia.
Mic du mot giai phap cuc bo hay mot phép xap xi ding cho toan
ving hoan toan cé thé thuc hién dude vé nguyén tic (Ludwig,
1966), song trong thuc t& xay dung mot chuong trinh tinh téi
tan xa thi rat nang nhoc. Trong muc tiép theo, sé& rat ra mot
phuong trinh gin didng cho trudng hgp do sdu day bién doi
cham, nhung khong c6 gid dinh vé cac tia nhu trong phuong
trinh (1.6). Vi phuong trinh méi nay cé thé gidi mot cach hiu
hiéu bing cac phuong phap s hién dai, 1y thuyét phiic tap vé tu
tia c6 thé bi khéng con hiéu luc d6i véi trusng hop dia hinh téng
quat va 6 day ta sé khong tiép tuc xem xét niia.

3.5 PHUONG TRINH GAN PUNG KET HOP KHUC XA VA
TAN XA TREN NEN DAY BIEN DOI CHAM — PHUONG TRINH
PO NGHIENG NHO

Uu diém cta phép x4p xi tia 1a gian ude bai toan ba chiéu
thanh cac bai toan mot chiéu doc theo cac doan tia. Song, § gan
diém tu tia, phai dua ra gia thiét bd sung vé nhiing bién thién
ngang hudng tia. Vay 1a it nhat bai toan ciing tré thanh bai
toan hai chiéu cuc b trén méit phing ngang. Ngoai ra, con cé
nhiing tinh hudng lam cho bai toan thuc su 1a bai toan hai
chiéu, thi du bai toan vé su can trd cia cot tru ding doi véi cac
séng t6i trén nén day bién bién ddi cham. Nhitng hiéu tng hai
chiéu nay lién quan dén nhiéu xa, sé dugc trinh bay k§ hon ¢
cudl sach nay. Vi vay, chiing t6i mudn c6 dugc mot mo6 hinh xap
xi c6 tinh t6i su bién thién cham cta nén day va cho phép cac
truong séong bién thién phuong ngang nhanh do nhiéu xa.

Trong trudng hop dé sdu khong d6i, thé van téc c6 thé viét
nhu sau

o=-"8N¢ (5.1)
()]
trong d6
ch k(z + h) ;
_chiklz+n) = ok thkh. 5.2
f L 0 =g (5.2)

T phuong trinh Laplace, c6 thé tim duge n(x,y) thod man
phuong trinh Helmholz hai chiéu

VNn+k’n=0; (5.3)

phuong trinh nay mé ta su nhiéu xa. Sé hdp 1y néu cho rang, véi

d6 sau bién d6i cham, cac phuong trinh (5.1) va (5.2) vAn ap

dung dugc v6i k va h tham chiéu dén céc gia tri dia phuong cta

ching. Dua trén y tudng nay, Berkhoff (1972) da rdt ra mot
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phucng trinh thich hdp cho n(x,y). Schonfeld (1972), Jonsson
va Brink-Kjaer (1973), Smith va Sprinks (1975), Lozano va
Meyer (1976) ciing cong bé mot s6 cach khac dan téi cung két
qué. O day, chiing t6i sé trinh bay nhiing 1ap luan theo Smith
va Sprinks.

Céac phuong trinh chinh x4c d6i véi ¢ c6 thé viét nhu sau:

°0 oo 0 0
V=0, -h<z<0, V=2, 62| 5.4
A : [ax ayj (5-42)
9 _o ¢ 0, z=0, (5.4b)
0z
%:—Vh.vq)’ z=—-h, (5.4¢)
Jz

trong khi f thod man cac phuong trinh (1.8)—(1.10). Néu coi

phuong trinh (5.4a) nhu mo6t phucng trinh vi phan thuong theo
z va ap dung cong thic Green d6i véi ¢ va f , st dung cac

phuong trinh (5.4a)—(5.4c) va (1.8)—(1.10), ta nhan dugc
[0 £+ £ V20)dz=—(f Vh-V9).,. (5.5)

BAay gi6 st dung cac phuong trinh (5.1) va (5.2) va chu y cac
bidu thic

V¢=—’§(f Vn+ng—];th,

. 2
V%Z‘E(f V2n+2aan'Vh+na f(Vh)z +”alvzh]’
()]

oh oh? oh
thi phuong trinh (5.5) ¢6 thé viét thanh

2

j{f Vin+2f fvn Vh+nha

—h

h(Vh) +nhgiV h+k*nf> }

f

=-Vh-Vnsf* |, —-n(Vh)’ fa (5.6)

“h
Theo quy téc Leibniz, hai s6 hang dau & vé& trai phuong trinh
(5.6) c6 thé két hgp véi s6 hang tht nhit & v& phai va ta dudge:
2 jvndz+jk ndz=

—h

j‘nfafV hdz.

:_fa_h

n(Vh)* -

Vi Vi/kh=0(u)<<1 va Vn/in=0(1), moi s6 hang 6 vé phai
cta phuong trinh (5.6) ¢6 bac O(u?) so véi vé trai va ta cé thé bd
qua.

Néu lay tich phan va st dung phuong trinh (5.12), chuong
1, cudi cung ta nhan dudc:

V. (V) + 0’ =0, 5.7)
trong dé
b= ghthﬂl(u 2kh j:cc (5.8a)
i 2\ shokn)
c
c=1[1+ 2k jz—g (5.8b)
2\ Tohomn) T

Smith va Sprinks (1975) da tiép tuc danh gia cai goi la cde
hai bé (xem muc 7.4.1) dai dién cho cac hiéu tng dia phuong, cé
bac O(?) va do d6 c6 thé bd qua (xem phén 7.4.1). Ho chi ra
rang trong khi phuong trinh (5.7) ding véi sai s6 O(u?), thi
nghiém c6 thé chi ding t6i bac O() do sai s6 tich lu§ vé pha
séng c6 thé dat O(n) sau quing dudsng c6 bac O(1/p).

Trong trudng hop dic biét hang s6 k4 tuy ¥, phuong trinh
(5.7) gian hoa thanh phuong trinh Helmholtz (5.3). Mat khéc,
v6i d6 sdu nhdé nhung bién d6i kh<<1, phuong trinh (5.7) dudc
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gian hoa thanh
2

V- (hvn)+2n=0; (5.9)
g

trong chuong 4 sé cho thay ring phuong trinh nay sé ding cho
ca truong hop tham chi néu Vi/kh=0(1). Do d6, phuong trinh
(5.7) cho mdt nodi suy d61 véi toan khoang ctiia bude ting trong
truong hop do nghiéng day bién nhd, va ngay nay phuong trinh
nay dudc biét dén véi tén goi phuong trinh do nghiéng nhé
(Jonsson va Skovgaard, 1979).

Béng phép bién ddi don gian

n=»b""%¢, (5.10)
phuong trinh (5.7) ¢6 thé viét lai
VE+K€E=0, (5.11)

trong d6

o’c Vb |Vb|2
- + .
b 2b 4b*
Phuong trinh (5.11) phé bién trong &m hoc méi trudng bat
déng nhat, véi kla chi sé khic xa. Trong vat 1y ¢d dién c6 nhiéu
phuong phap giai tich gn ding dé giai véi nhiing 16p gia tri cu
thé ctia x. Vi cac bai toan ky thuét bs bién thi thudng ap dung
cac phuong phap s6. Trong chuong 4, sé trinh bay mot trong céc
phuong phap giai d6 v6i phuong trinh (5.9);con Houston (1981)
da tién hanh mét s6 cai bién cin thiét dé giai cac phuong trinh
(5.7) hodc (5.11).

K’ (x,y) = (5.12)

3.6 XAP Xi QUANG HINH DOl VOI KHUC XA DO DONG
CHAY VA b0 SAU BIEN BOI CHAM

Ngoai su bién thién ctia d6 siu, su ton tai cua dong chay

trong dai duong cting dnh hudng dén qui trinh lan truyén
séng. Mot trong nhiing van dé quan tam trong thuc tién 1a dong
chay triéu gin ctia song hodc d ctia vao cua cac cang. Trong ky
triéu lén, dong chay va séng cé ciing huéng, két qua 1a 1am ting
buéc séng dai va gidm do6 cao séng. Trai lai, trong ky triéu
xudng cac séng bi ngin lai va doc hon do truyén ngugde huéng
dong chay, khoang séng d6 mé rong ra (xem anh may bay cua
vinh Humboldt, California, Johnson, 1947). Néu c6 cac dai dat
ngam & ludng vao cang, thi hiéu tng két hgp nuéec nong va dong
chay trén dai d4t c6 thé tao thanh dao déng dang ké trén mat
nude va do d6 gy hiém hoa d6i v6i hang hai. R4t nhiéu ludng
vao cang 6 bd Bic Thai Binh Duong ctia nuée My thudc loai khé
di lai d6i véi loai ngu thuyén nhé trong pha triéu xudng vé mua
dong (Issacs, 1948). Thoi gian tot nhat cho thuyén qua lai 1a vao
doan cudi caa pha triéu lén, khi d6 nuéc sdu nhat va toc do dong
chay nho nhat.

Trong muc nay, ching to6i sé& xay dung co s6 ly thuyét két
hop 4nh hudng ctia dong chay va do siu lén cic séng bién do
nhé. Déc biét, sé tap trung chu y vao cac dong chay manh co
tac dong 1én séng, nhung khong bi Anh hudng cua séng. Ta cling
gia su, giong nhu trong tu nhién thuong xay ra, rang thoi gian
va khoang cach dic trung dong chay 16n hon nhiéu lan so véi
thoi gian va khoang cach d#c trung ctia séng. Mot 1y thuyét cé
hé thong vé 16p bai toan nay lan diu tién duge Longuet—Higgins
va Stewart (1961), Whitham (1962) dé xuit, con Bretherton va
Garrett (1969), Phillips (1977) thi phét trién md réng rat nhiéu.
Duéi day sé dan lap nhiing phuong trinh co ban theo mot cach
khéc, qua tht tuc hinh thiic cua phuong phap KWB & muc 3.2.

Trong muc nay, dé mé ta d6 16n cua mot dai lugng, ta ludn
can c@ vao buéc song diac trung 2mn/k va chu ky song 2n/w
(nhiing dac trung nay lién quan véi nhau theo quan hé tan
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mat). Ta sé gia thiét ring d6 sdu 4 bién d6i cham trong toa do6
ngang x, (i=1,2), con dong chay bién déi cham theo ca x; va ¢.
Cac qui mo do dai va thoi gian ky hiéu la L va T sao cho:

(©T) ~ (kL) ~% —O(W) <<1. 6.1)
Khi cac thanh phan van téc theo phuong ngang ctia dong chay
manh U, c6 bac 1a O(gh)"?, va cac van toc séng nhd u, va w cb
bac 1a O|(kA)(gh)""?], 48 ngén gon ta goi la U,, & c6 bac O(1), va
u, va w c6 bac O(k4). Tuong ty, cac todn tu d/d¢t va d/dx,
(i=1, 2) sé c¢6 bac O(u) khi tac dong 1én mot dai lugng lién quan
dén dong chay va c6 bac 1a O(1) khi tac dong 1én mot dai lugng

lién quan dén séng, thi du

U JU. Jh
9 T 9 om);
a0 ax ax T OW
I OW Ok
dx, dx,
con
d
2 -oa
3. (1)

khi tac dong 1én tat ca cac dai luong.
Truée hét xét dong chay U=(U,, W), khong c6 séng. Néu bo

qua qué trinh tiéu tan, thi cac phuong trinh mé ta sé la

UL LIy, 6.2)
dx; 0z
U, +U U, +Wan =—18—P, i=1,2, (6.3)

ot ' ox, 0z  pox

Wy, W W _ 1P 6.4)
ot dx; dz poz

Dua vao phuong trinh (6.1) va tinh lién tuc, thi téc do thing
dtng ctua dong chay sé nho, W =0O(u). T phuong trinh (6.4) suy

ra rang ap sudt sé tua thuy tinh:
P=pg(L-2)+0W*), (6.5)
6 day - li do mit tu do gAy bdi dong chay. Tai mat tu do va tai

day, cac diéu kién bién dong hoc la:

9 . aC 7
W=—+U. —, = 1), 6.6
o ox, z=0(x,,1) (6.6)
oh
WZ—Uja—xj, Z:—h(Xi). (67)
Bay gio ta vécto xoay sé c6 cac thanh phan ngang nhu sau:
Ql=a—W—a&, 2=aU1 —a—W. (6.8)
dx, 0z dz  Jdx,
S6 hang oW /dx; 6 trén c6 bacla O(u*); néu
Q, <OoW?), (6.9)
thi U, khong phu thudc vao z dén bacla Ou*), tic
U, 2
—0@W?). (6.10)
0z

Gia st ta su dung phuong trinh (6.9). Tuy nhién, hay nhé rang
thanh xoay thang ding chi duge phép c6 bac O(u). V6i phuong
trinh (6.10), cac phuong trinh déng lugng phuong ngang cé thé
dugc xap xi bang

W, . 10T

i i

il B ou?U,). 6.11
97 9%, pax,.+ ) (6.11)

Tich phan phuong trinh lién tuc theo phuong thdng ding tir
z=—h dén z={ va st dung cac phuong trinh (6.6), (6.7), ta dugc
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3C
o 8 [U.(C+h)]= (6.12)
Cac phuong trinh (6.5), (6.11) va (6.12) tao thanh ly thuyét
Airy vé cac séng dai bién do hitu han, sé dugdc ban k§ hon trong
chuong 11. Con v6i muyc dich hién tai U, va { sé gia dinh 1a da
biét. Ta chi cdn chiing minh ring li 6 mit tu do { c6 bac 1a
O(h). Trudng hgp dic biét dong chay 6n dinh 9/97=0, phuong
trinh (6.11) c6 thé dugc viét lai

u 0 0 (UU . zj
! ax‘/ 2

diéu nay c6 nghia rang
= UU,
{=———"+const (6.13)
2
doc theo duong dong.

Tiép theo, xét cac dao dong séng dién ra trén nén dong
chay. Cac thanh phan van téc (u,,w) va ap sudt p cua truong
séng nho hon nhiing thanh phan tuong ting trong dong chay
theo nhan ti O(k4) . Tinh lién tuc doi héi phai cé:

ou, aw

=0. 6.14
ax az ( )

Cac phuong trinh dong luong c6 thé dude tuyén tinh hoa bing
viéc loai bd O(k4)*. Tiép theo, ta loai bd cac s6 hang tuyén tinh
hoa bac O(u’k4) hodc nho hon, ttic 1a woU, /dz, u,0W /dx,, va
thu dudgc

du, du, au U, 1dp

+u by i Lor (6.15)
ot /axA E)Z " ox, p ox,

CALNORCU L LYY (6.16)

ot dx; E)z "oz p oz

Cac s6 hang con lai chtta O(k4) va O(ukd4) . Néu 18y vi phan cac
phuong trinh (6.15) va (6.16), sau dé cong cac két qua lai, loai
bd mot 1an niia cac s6 hang bac O(u’kA4), ta cé
°p 8 p _2p du, U, Bw ow
ox,0x, az dx, dx, 82 dz

(6.17)

Phuong trinh (6.17) dudc coi nhu 1a phuong trinh mé ta ap suat p.
Tai day bién, trudng séng ctiing khong cé téc do phap tuyén

w=—u, —, z=—h(x,). (6.18)

Tu diéu kién nay, ngudi ta muén rat ra mot diéu kién bién doi
v6i ap sudt p.Lay vi phan phuong trinh (6.18) theo x, va chi y
rang w va u, da dugc uéc lugng tai z=—h(x,), ta nhan dugc
0

aw_aha_w u, 8h+0( k)

Jdx, dx, dz ax, ; 0x,
V6i két qua nay, sau khi da st dung cac phuong trinh (6.7),
(6.15) va (6.18), phuong trinh (6.16) c6 thé viét lai thanh

ou, U,
19p _ du, dh J{U BY, +WJaw [ du I ;

paz o ax, | ‘ox,  Jaz ‘ox, ox,  ox
oh | du, Ju,
= LU, 2| Outkd) =
o, [af faij+ (D
_9h10p TP L OukA). (6.19)
ax,. p dx,

Trén mat tu do, diéu kién bién dong hoc chinh x4c phat biéu
réng:

i(E+Z;)+(U.+u.)i(Z+§):W+w tai z=C+C.
ot o dx,
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ap dung tuyén tinh hoa va st dung phuong trinh (6.6), ta dudc

E+U.£+u.£:w+§a—w tai z=C. (6.20)
Jt ' dx, ' ax, 0z

biéu kién bién dong luc hoc: ap suit tong khong thay do6i khi né
cung chét 1ong chuyén dong doc theo mét tu do

%p+(U +u ) +(W+ )
ai+(U +u) J +(W+w)—:|pg(C—z) 0, z=(+¢.

Vé6i su trg gitp ciia phuong trinh (6.6), phuong trinh trén cé thé
dugc tuyén tinh hoa thanh

op dp op a9p. ow ) -
U W= —-w—=0——|=0(k4)", =G.
ERREE T az“’( Tax, WL JTOM 2=t

(6.21)
D& biéu dién diéu kién bién chi d6i véi ap sudt p, ta sé 14y vi
phan phuong trinh (6.21) va st dung cac phuong trinh (6.16),
(6.20). Mot 1an niia ta thay ring

iW(xl,C t)= {iW(x], ,t)+ 9¢ 9 Y oz —W(x;,z, t)} (6.22a)

ox, 0 .
va
iW(x,.,i,t) J —W(x,,z, z)+aC J —W(x,,z,t)| . (6.22b)
ot ot t 0z oz

Nhu vay, trén bé mat tu do ta duge diéu kién bién nhu sau:

2
[i+U.iJ +2W — J (ap+U. J ]— 9¢ 9p +gap:0,

or ' ox, oz\ 9t '9x,) "ox,ox, ° oz

z=C (6.23)

trong do6 cac dao ham theo ¢ va x; dudc thuc hién trude khi dat z = C.
Bay gio ta dua ra cac bién chAm X, =pux, va f=ut, sao cho
U,=U,(x,.0), {=C0(x.7), va h=h(x), va gia st cac khai trién
WKB la:
p(x.,z,t)=[p, + (=iW)p, +...]e""*, (6.24a)
w,(x,,z,0) =[u, +(=iwu, +..Je"", (6.24D)

trong dé
p0=p0()_ci,2,lr), U, =u0[()_cl.,z,t_),

o (6.25)
S=S(x.,f) va..

Khi cac phuong trinh (6.24a) va (6.24b) dudc thé vao cac phuong
trinh (6.17), (6.19) va (6.23), ta thu dugc mét loat cac phuong
trinh nhiéu dong. Néu lay dén bac dai lugng O(u°), ta c6

2
9Py _jrp =0, —h<z<T, (6.26)
dz
0 2 =
al’o -0 p, =0, z=C, (6.27)
z g
9 _o Ly (6.28)
Jdz
trong d6
c=0-Uk, (6.29)
vG1
kiEa—f, 0)5—8—5, kk, =k*.
ox, ot

Ta sé tuan tu goi ® 12 tan s6 tuyét d6i va o 1a tAn s6 noi tai.
T cac dinh nghia nay, 6 rang rang
ok, dw
—+—= 0 y (630)
Jat  dx,
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diéu nay c6 nghia cac dinh séng dude bao toan va
ox, Ox,

(6.31)

tic 1a k khoéng quay. Nghiém cta ciac phuong trinh (6.26)—
(6.28) 1a
4ch k(z+h)

= — 6.32
Po ch i ( )
trong d6 A= A(x,,7), h =C+h la d6 sau trung binh téng cong va
o =gk thkh . (6.33)
Tu phuong trinh déng lugng phuong ngang (6.15) c6 thé thay
k.
, ==L (6.34)
-
Ky hiéu toc @6 nhém lién quan dén dong chay bang
_Jo| _Llofy, 2k (6.35)
¢ dk|; 2k sh 2kh
va
c, =C, 7’

Tai giai doan nay, c6 thé suy ra hai két qua hiu dung vé dong
hoc ctia séng. LAy vi phan phuong trinh (6.29) theo thdi gian va
st dung cac phuong trinh (6.30) va (6.31), ta dudc

o E)U,. . 99] oh

—+ U, C —= - —.
UGS =R 5 T onl o

- (6.36)

Khi dong chay 6n dinh, tdn s& tuyét d6i @ khéng thay d6i déi véi
ngudi quan sat di chuyén véi téc do nhém tuyét d6i U +C .- Cach
khéac, ngudi ta ciing c6 thé xuit phat tit phuong trinh (6.30), sau
khi st dung tinh khéong quay ctaa k (ti phuong trinh 6.31) dé

nhan dugc
oU, dJo| dh

OYi 99 o 6.37
9%, 9|, 0%, (637

ok, ok
—+U, +C, )——=—
dt U, +C,) ox
Vé nguyén téc, phuong trinh (6.37) c6 thé giai bang s6 cho cac
tia séng tiép tuyén véi vécto k cuc bd tai moi noi.
Bay gi¢ ta phan tich vé bién thién bién d6 séng A(x,,f).
Muén dat dugc diéu d6, thi bac dai lugng ctia bai toan phai bang
o)

9*p 0 ap U, U,
?zl—kzpl :a_ij(kjpo)-’-kj a)_cj) +2p{k/u0[ a_)?l_-i-k’luo" a? ,
—h<z<(, (6.38)
Jp, 2 dp dp, 0
- = 2U -——(k,;
85, G p = (wpo at { o%, at( iPo) |+

+U,-U{ai_(k,-po)+k,- ap‘)}{a(]f wu, 2 Jk,-po -
X

%, | | af =’ ox,
[8C+U oC ](a) U

J

k.)aﬂ_ ackpo, z=C, (6.39)

ot ox 9z ox,
va
aplzk.a—hp z=-h (6.40)
dz / a)_c/ 0 ' )

Trong phudng trinh (6.39), cac dao ham cua p, theo 7 va X,
dugc thyc hién truée khi dat z={(x,,7). St dung phuong trinh
(6.22), ta c6 thé thu gon vé& phai cta phuong trinh (3.39) thanh

ap op, 9
_((Dpo) ()] ato 2U{wa_)—cj_§(k1p°)}+
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J 3p , o,
UU,.|—(k k, =2 k,—+kU,—|-gk,p

9L
J Oa—

trong d6 p, bay gid xac dinh tai z={ truée khi cdc dao ham
dugc thuc hién theo 7 va X,. Ap dung cong thiic Green cho Do
va p,, va sau khi sip xép lai mét chit, ta thu duge

J [Ej+i[(U +C, )E}+—B—G+(U +C, )—}

or ox i
C kk. C
+2E 8U g 121 + _g_l 8:" =0 (641)
c %, | C &k c 2)"

v6i E =1pgA®. Nhu trong chuong 10 s& thao luan ky hon, dai lugng

s —p|Sekk (G 1) (6.42)
= — L £, )
v C k2 c 27

12 moét thanh phan cta tenxo tGng suit séng lién quan dén cac
dong dong ning trung binh trong mot chudi séng dang sin.
Phuong trinh (6.41) ¢6 thé viét lai thanh

{aat(E}%[(U Lc,) }}

+ —2 a—6+(U +C, ) 2Si.a—lf"
o’ | dt X, | o "ox,

Bang cach 14y dao ham phuong trinh (6.33) va st dung cac
phuong trinh (6.36), (6.37), (6.12), ¢6 thé chiing minh ring
(Bretherton va Grarrett, 1968) cac dai lugng trong cip d4u ngoic
tht hai trong phuong trinh (6.43) déng nhat triét tiéu, do d6

o0(E 0
at( j+a—x[(U +C,) } (6.44)

0. (6.43)

Tac dong séng duge dinh nghia véi tAn s6 noi tai o mot 1an nita

dudc bao toan! St dung chinh déng nhat thic d6, chd ¥ ring
S;=8,,taco thé viét lai phuong trinh (6.43)

Ji»

a—EJF—_[(U +C, )E]+ S, [al_j a—[fszo. (6.45)
o | ox 2”1 9%, T ox,

Két qua nay lan dau tién do Longuet—Higgins va Stewart
(1961) rut ra va vé y nghia vat 1y c6 nghia réng cong do tng
suét séng thuc hién dé phat sinh dong chay c6 xu thé lam giam
nang lugng song.

Nhu trong muc 3.1, tham s6 bac dai lugng pu c6 thé bod di
trong cac két qua cudi ciing va cac toa do gdc duge giii nguyeén.

Phuong trinh (6.44) 1a khéi diém dé tiép tuc phan tich. Vé
nguyén tic, ngusi ta tinh dudc k trudc tién; khi d6 phuong
trinh (6.44) dudc tich phan doc theo dudng cong tia séng dé thu
dugc bién dd ciia séng. Nham muc dich nay, trong thuc tién c6
mot s6 phuong phap s6 (xem Dingemans, 1978). Trong muc tiép
theo, ching ta sé chi xét mot vai thi du giai tich.

Luat bao toan tac dong séng 1a mot két qua rat téng quat
ding dén trong nhiéu tinh hudng thuc lién quan v6i méi trudng
thay d6i cham. Thuc t&€ phuong trinh (6.44) dugc Bretherton va
Garrett (1969) rut ra cho cac hé dong luc téng quat khong tiéu
hao ning lugng, bing cach ap dung cac khai trién WKB.

_ 3.7 CAC HIEU UNG VAT LY CUA DONG CHAY DON GIAN
ON DING LEN SONG
Khi dong chay va séng déu 6n dinh, 9/9¢=0, tit cAc phuong
trinh (6.29) va (6.30) ta c6
o=const=c+U-k. (7.1)
Gia st y = y(x) 1a phuong trinh cia mot tia séng. V6i phuong
trinh (7.1), phuong trinh (2.5) c6 thé dude giai bang s6 véi chua ¥
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l1a
U-k=(U, +U,»)k(1+y,) 2. (7.2)
C6 thé nhan duge bién do séng tit phuong trinh

v-[wwgﬂ:o. (7.3)

R& rang, ngoai cac tia theo k, can phai xay dung cac duong
cong ma 6 moi noi ching tiép tuyén véi téc do nhém séng dia
phuong U+C, .

¥ nghia cta phuong trinh (7.1) sé thé hién r6 qua thi du don
gian nhat vé truong hop dong chay déng nhat.

3.7.1 Dong chdy déng nhét trén nén do sdu khong doi

Néu ap dung phép bién d6i Galile:

x'=x-Ut, (7.4)
mot séng tién trong mién yén tinh c6 thé duge viét
ei(kxfoot) _ ei[(k<(x'+Ut)f(nt)] _ ei[k»x'—(m—k»U)t]' (7.5)

Vay trong mién di chuyén, tan sé hitu hiéu sé bang
c=0-k-U=w-Ukcoso (7.6)
trong d6 o— gbc gitia k va U. Ta thdy ngay rdng o< o néu
lof <> /2 ; két qua nay la hiéu ting Doppler noi tiéng.
Huéng hé truc toa d6 sao cho k=(k,0) v61 k>0. Phuong
trinh (6.33) c6 thé dugc viét lai
©— kU cos o= 6(k) =+(gk th kh)"'?. (7.7)
i Quan hé tan mét nay cé thé dugc giai bing @b hoa tit giao
diém cua duong thang y=w-kUcosa va dudng cong y=x6(k)
nhu trén hinh 7.1. Khi oo=+n/2, dong chay khong anh hudng
1én séng (xem diém E).

Qb

c /Uma<0

Ucos x=0

w ———

\ Ucos a>0
\

Hinh 7.1 Nghiém ctia phugong trinh (7.7)

V6i Ucoso>0, c6 hai nghiém tuong Gng véi cac diém A4 va
B. So vé6i truong hop khong c6 dong chay (diém E), cac séng
tiéu bidu tai 4 duge kéo dai, téc @6 pha noi va téc do nhém caa
chiung tang lén. Diéu ngudgc lai ding cho cac séng hién dién tai
B. Déc biét, toc do pha noi va téc d6 nhém am, nhung ca hai
déu nho hon Ucosa vé @6 16n. Do d6, cac dinh séng va ning
lugng séng bi cuén di bsi dong chay nhanh.

Véi Ucosa <0, dong chay c6 mot thanh phan ngude huéng
séng. N&u —U coso.>(gh)''?, thi khéng c6 séng véi bat ky bude
séng nao. V6i gia tri cia —U coso. nhd hon, ¢6 mot ngudng dé chi
c6 mot nghiém tén tai cho bat ky gia tri nao cho trudc cla o.
Tai ngudng nay, téc d6 van chuyén nang lugng thuc triét tiéu,

C, +Ucoso=0. (7.8)

Nhu vay, mic du cac dinh séng truyén ngude dong (c/k>0),
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nhung ning luong van giti nguyén tai ché theo khong gian.
Véi gia tri —U coso. nho hon niia, ¢6 hai nghiém ton tai. Cac
séng hién dién tai diém C thod man

o
—>C, >-Ucoso,
k 4

do d6, ca cac dinh séng va ning luong séng di chuyén ngudc
dong. Cac song hién dién tai D thoa man

g>—Ucosoc>C .
k g

Bay gio niang lugng séng bi cudn xudi dong trong khi cac dinh
séng di chuyén ngugde dong. Dang séng nay tén tai dude 1a do do
cong hiiu han ctia dudng cong o, ttic do su tan mat.

3.7.2 Séng cdt xién dong chdy trén nén do sGu khong doi
Gia st dong chay theo huéng duong cua truc y,
U,=0, U,=V(x)>0. (7.9)
Gia tri lién quan { c6 thé 14y bang khéng. Vi 9/9y=0, theo
phuong trinh (6.31) k, =ksino=const. Hudng cua tia séng xéc
dinh tir biéu thic
k=20 k2], (7.10)
trong d6
w—V(x)k, = (gk th kh)"'?. (7.11)
Phuong trinh cua tia tuong tu phuong trinh (3.6)

j dx ky (7.12)

xok() k)l/z'

Gia st ring V tang tt 0 v6i x<0 dén dinh diém tai x=0
va gidm dén 0 v6i x>0 nhu trén hinh 7.2. Ta xét cac séng dau
tién truyén cung véi dong chay, ttc k, >0. Su bién thién cua

k(x) biéu dién béi phuong trinh (7.11) dudc thé hién mét cach
dinh tinh trén cac hinh 7.2a va 7.2b. Néu 0<k, <k, thi tia
séng c6 thé xuyén qua dong chay (xem hinh 7.2a). Tuy nhién,
néu 0<k, . <k, thi cin bac hai trong phuong trinh 7.12 1a thuc
chi v6i x<x,. Cac tia t6i ti phia ngoai phai udn cong ngugc trg
lai sau khi gép dudng tu tia tai x=x,, tai d6 k, =0. Cac dang
hinh hoc nay gidng cac truong hdp séng lan trén ranh ngam 4
muc 2.3. Néu céc séng truyén ngugc huéng dong chay do, k, <0,
thi bién thién cta k(x) dudc cthé hién trén hinh 7.2c phu hop véi
biéu thiic

W+ V| k,|=(gk thikh)'"®. (7.13)
Bay gid cac tia c6 thé chi ton tai bél} trong dong chay khi
ky <k, <k c6 nghia 1a cac tia c6 thé bi bay 6 gan tam cua

dong chay. Tinh huéng nay tuong tu dai dat ngam 6 muc 2.3.

max ?

Tu phuong trinh tac dong séng (7.3), bién thién bién do
séng c6 thé tim theo

kEC, kEC,
= =const.
k(w=Vky) | k(w—Vk,)

Suy ra

A_2_ C,ocos0, -k, (7.14)
4; C,cosa w—Vpk, '

Trong trudng hgp dic biét, d6 sau 16n, kh>>1, c¢6 thé thu
duge cac két qua tuong minh hon. Ching han, phuong trinh
(7.11) cho

o-Vk, =(gk)"*. (7.15)
Néu don gian hoa hon nitia, cho ¥ =0, phuong trinh (7.14) trd
thanh
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A_Z_ cosoco[l—(V/CO)SiIlOLo]2
A4 f-sinta, /-0 /Cy)sine |}

(7.16)

Hinh 7.3 thé hién ti s6 bién d¢ déi véi cac gia tri khac nhau
cua goc t6i o, va cudng do dong chay V/C,.

Doc duong tu tia, ¢ =%7/2 trong phuong trinh (7.14) va
bién do khong thé du bao chinh xac bang phép xap xi tia. C6 thé
cai thién tinh hinh nay theo kiéu d&a trinh bay & muc 2.3.3.
McKee (1974), Peregrine va Smith (1975) da xu ly ti mi cac dang
tu tia khac nhau trong dong chay duéi 4nh sang 1y thuyét tuyén
tinh. Smith (1976) d4 dua thém thanh phin phi tuyén dé giai
quyét truong hgp séng bién do kha 16n. Nhiing khio sat 1y thuyét
tinh t& nham giai thich nhiing con séng khong 16 trong dong chay
Agulhas da ting dudc mo ta rat sinh dong trong phan mé dé bai
bao ciia Smith:

Trong thoi ky kénh Suez dong cita, moét s6 lon tdu bién, ddc
biét cdc tau chd dau, da thong bdo hay bi hu hong do cdc con séng
lon ¢ phdn khoi bo bién dong nam Phi Chdau (Mallory, 1974). Hai
tau lon ddc biét rui ro la “World Glory”, bi gay lam déi va ddm
thdng 6 ndm 1968, va “Neptune Sapphire”, bi cat ditt mdt 60 m &
bé phdn miii vao thdng 8 nam 1973. Ching ta chi c¢é thé phdng
dodn gdn toi cho cdc con song khong 16 dé gidi thich nhiing vu viéc
tdu bién bi mdt hit ¢ ngoai khoi viing bién nay. Trén duong trd vé
tw vinh Ba Tu, cdc tau chd dau thuong loi dung dong hdi luu
Agulhas. Va thé la tdt cd 11 vu nan do thuyén trudng Mallory
(1974) ghi nhdn, ngoai tri c6 mét vu, déu dinh vdi chuyén du
ngoan trén dong chdy. Bang cdch xem lai cdc ban dé thoi tiét,
Mallory chi ra rang khi cdc vu nan xdy ra, thi la lic dong bién
nguodc huong vdi truong song gioé ngu tri.

Théng bao ciia Smith gdi ¥ rang tinh hudéng mé ta trén hinh

7.2c c6 1& da dién ra that.

L ¥ix)
I 111),
p e b=k
by __l__"‘:’{_—jh
- X

(a)

Hinh 7.2 a) 0<k, <k, : cac tia truyén qua dong chdy sau khi l&ch
huéng, b) k, >k, >k, : cac tia bj dong chay uén cong ngugc trd lai,

C) ky <0 va kg <| k2| <k, : cac tia bi bay trong dong chay
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L Wix)
ﬂ} -
4 kixy
—_————t— — ko
=T =——:
i
k) ":‘ -
I LY
|
|
|
c) - X

(b}

Hinh 7.2 (tiép)

3.7.3 Song va dong chdy cung tuyén tinh

Gia st rang ca séng va dong chay ciing song song véi truc x

va toc do dong chay bién d6i theo x:

U =U(), U,=0,

Loai dong chay nay phai kém véi thanh phén toc d6 thing
dtng dé thoa man tinh lién tuc, phuong trinh (6.2), dudc goi 1a
nuéc troi (hay nude chim). Lai gia st @ = const, ttic

k=(k,0).

o=kU+0c=k,U, +0,=const,

trong d6 chi s6 0 biéu thi gia tri tai mot diém tham chiéu. Néu
dinh nghia C va C, - cac van toc pha tng véi chat 1ong chuyén

dong, bang

C? = 22__
k k

a)

b)

c)

2
thih, C2=|20| =& thi h,
kO kO
Wix}
— X
kix)
_/f(_-__ ol
— — __._,._[ = =_ Ik
zaT R - x
I by |
l L
| |
|
I
: I
' — " X
|
| |
|
|
1 ]
| !
(<)
Hinh 7.2 (ti€p)

(7.19)
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o= 16"

o
=
T TT T T T

ol Lo o b v 1oty Ly by bl
0 02 04 06 08 10 12 14 18 18 20
vic,

Hinh 7.3 Bién d6 séng va toéc do dong chay véi cac goc t6i khac nhau
thi tu phuong trinh (7.18), ta c6
UL Yy, (7.20)
kO CO CO CO
Mat khac, tit phuong trinh (7.19) c6
, _
k
C _k thih (7.21)
C2  k thk,h,
12 mot phuong trinh khong tuéng minh d61 véi k/k, theo C/C,.
Céac phuong trinh (7.20) va (7.21) c6 thé két hgp lai thanh
C* _(U/C,+CIC,) thkh
C: (U,/C,+1) thkh,
Giai C/C, mot cach hinh thiic tit phuong trinh (7.22) bang cach
gia st & bing hang s0, ta dugc

1/2
ot hifirar Y|, (7.23)
C, or c,

(7.22)

trong d6

r=|14 Yo |thhehy (7.24)
C, ) thih

R6 rang ton tai mot van téc dong chay t6i han, tai dé6 khong thé
¢6 can béac hai trong phuong trinh (7.23), tic

v=-So (7.25a)
4T
diéu nay c6 nghia la
c_1 (7.25b)
C, 2T
va
U= —% . (7.250)

Khi -U 16n hon C/2, thi C/C, 1a s6 phtic va su lan truyén
déng huéng khong thé ton tai.

Xét gi6i han cta d6 sau kh, k,h, >>1, va U, =0. Phuong
trinh (7.23) gian u6c thanh

i:%[1+[1+4£] ] (7.26)

0 0

Vay, dong chay theo huéng séng (U >0) lam ting van toc pha
va lam ting buéc séng. Miat khac, dong chay ngudc huéng
(U<0) lam giam t6c d6 pha va giam buéc séng. Téc do t6i han
bing U=-C/2=-C, /4.

Véi d6 sau tuy y, Jonsson, Skovgaard, va Wang (1970) da
tinh buéc séng cho mot dai rong téc dd dong va do sau. Hinh 7.4
biéu dién mot s6 két qua thi du do Brevik va Aas (1980) tinh; cac
tac gia nay ciing da tién hanh mét s6 thi nghiém khing dinh 1y
thuyét nay.

Vé bién d6 thi phuong trinh (7.3) cho
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E
(C, +U)g=const

do d6
2 C,,+U
%:iM' (7.27)
4y o, C,+U

Phuong trinh nay tré thanh khéng xac dinh khi U=-C, . Déi véi
nudc sdu, C, — C/2, ¢ — g/C; phuong trinh (7.27) c6 thé viét
thanh

A* _C, Cy/2+U, _C,  5+U,/C,

42 C C/2+U C lc/c,+U/C,’

St dung (7.26), c6 thé loai C/C, va duge

kh >>1. (7.28)

2 14.U,./C —
A_2: : y : 1/2 1 1/2 |° kh >>1
A2 U/IC,+1[l+1@+4U/C)"?| L+1a+4U/C,)"?|

(7.29)
b T T T T T T T T ]
sl kehs50 1 05+
14 | -
N 1.2} =
o
10
08} 4
[+ 7.3 -
Q4 |- -
0 " I L . 1 R I L 1 L
-04 -Q2 0 02 Q4 04 08
U/Co

Hinh 7.4 Thay déi buéc soéng do dong chay tuyén tinh
(theo Brevik va Aas, 1980)

Lai thay rang, khi dat t6i tdc do téi han U=-C/2=-C, /4,
thi bién do séng tré thanh v6 dinh. Phan doan nay thuong dugc
st dung dé giai thich su d6 v3 séng va 1a y tudng vé cai goi 1a dé
chan thuy luc. Thuc t&, phép xap xi tia khéng con hiéu luc &
day. Trong cong trinh cta Peregrine (1976) c6 thé thdy mét ly
thuyét tuyén tinh tinh t& hon tinh dén su phan xa & gan téc do
t6i han. Tuy nhién, cac hiéu tng phi tuyén, c6 thé ciing quan
trong va da dugce Crapper (1972) khdo sat kha ti mi.

Cac két qua s cho 4/ 4, c6 thé thu duge dé dang ddi véi gia
tri kh tuy § bing cach tinh d6 cao mit nudc trung binh tir
phuong trinh (6.13), sau d6 gidi phuong trinh (7.22) d6i véi k.
Cudi cting, phuong trinh (7.27) cho 4/ 4, . Hinh 7.5 thé hién mot
s6 két qua thi du véi U, =0 do Brevik va Aas (1980) tinh; cac
tac gia cting da thuc hién mot sé thi nghiém theo huéng tng ho
ly thuyét nay. Jonsson, Skovgaard va Wang (1970) ciing c6
nhiing tinh toan tuong tu va ti mi hon.

30 ————

25 -

20 -\05 \1 \ koho=50 -

>|>
o
I
1

]

Hinh 7.5 Bién thién bién do do dong chay tuyén tinh
(theo Brevik va Aas, 1980)

69



Nham muc dich tinh toan véi cac trudng hop thuc té&: bién
thién d6 sau va dong chay la tuy y, Booij (1981) da st dung ly
thuyét Lagrange dé khai quat hoa phuong trinh (5.7). Ca khic
xa va tan xa déu dudc dua vao. Song, viéc tinh toan thuc té cé
thé kha tén kém va nén tién hanh x4p xi hoa tiép.



Nham muc dich tinh toan véi cac trudng hop thuc té&: bién
thién d6 sau va dong chay la tuy y, Booij (1981) da st dung ly
thuyét Lagrange dé khai quat hoa phuong trinh (5.7). Ca khic
xa va tan xa déu dudc dua vao. Song, viéc tinh toan thuc té cé
thé kha tén kém va nén tién hanh x4p xi hoa tiép.

CHUONG 4 - SONG DAI BIEN PO NHO VO HAN
TREN NEN DAY BIEN DOI DANG KE

Khi séng lan truyén vao ving c6 do su bién thién dang ké
trong khoang buéc séng, hién tugng phan tan xuit tién, trong
d6 su phan xa trd thé hién ré. Ly thuyét tia don bd qua su phan
xa sé& khong phu hop niia. Truée khi ban luan vé su phan tan
cac séng tan mat, ta khao sat cac bai toan tuong tu déi véi cac
song dai trén vung nuéc nong truong hop qua trinh phan tan
duge xem 1a khéng quan trong. Pé don gian vé phuong dién
toan hoc, ta chll yéu dé cap t6i trudng hgp d6 sau bién d6i khong
lién tuc. Mot hién tugng thd vi khi xét do sau bién d6i 1a hién
tugng bay séng, tiic cac séng bi giti lai § mot viung nao dé cua
bién. Chu dé nay da thao luan déi véi cac séng ngén & chuong 3.
Cac bai toan vé biy séng dai 6 nhiing bai bién thoai, nhiing
ving thém luc dia va cac diy ndi ngdm dai duong sé dugc xét &
day bang mot s6 md hinh don gian nhu 14 mién hinh chit nhat
va do6 nghiéng bai déng nhat, v.v... Ngoai ra, § day cling sé
nghién cttu mét s6 khia canh vé ma tran phén tan. Vi chi c6 thé
gidi dugc bang giai tich theo phuong phap dai s6 cho mot s6 it i

truong hop bién thién do sau lién tuc, nén cac phuong phap gan
ding, hay phuong phap s6, sé rat can thiét va sé dugc xem xét &
cudl ciia chuong nay.

4.1 XAY DUNG LY THUYET SONG DAI TUYEN TiNH HOA

4.1.1 Cdc phuong trinh mé ta

Trong muc 1.4 ta da thdy ring, véi cAc song nhé vo han trén
nén siu khoéng d6i, thi chuyén déng ciia nude trong séng dai cha
yéu dién ra trong phuong ngang, ttc su bién d6i trong thing
dtng yéu va ap sudt 1a thuy tinh. Nhan xét nay da duge khéng
dinh lai trong muc 3.6 khi rat ra cac phuong trinh phi tuyén
cho cac dong chay qui mo6 16n, tiic chinh 14 cac séng dai bién do
hitu han. Vay chuyén dong séng dai 1a chuyén dong gan ddng
hai chiéu.

Tuyén tinh hoa cic phuong trinh (6.11) va (6.12), chuong 3,
d61 véi cac séng bién do nho vo han

§<<1 (1.1)

va d6i cac ky hiéu tit Uthanh u, td ¢ thanh {, ta c6 phuong
trinh bao toan khoéi lugng

%+V-(hu)=0, (1.2)
va phuong trinh bao toan déng lugng
aa_l; - VL. (1.3)
ap sudt téng 1a 4p sudt thuy tinh
P=pg(l-2). (1.4)

Loai u tu phuong trinh (1.2) va phuong trinh (1.3), ta dudgc
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0°C
or?
Pay 1a mét phuong trinh dao ham riéng dang hyperbolic véi cac
hé s6 bién ddi.

gV - (hV0) = (1.5)

Néu cac séng c6 dang sin theo thdi gian véi tan s6 goc o, ta
c6 thé tach riéng cic phan phu thudc khéng gian va thoi gian
thanh

E=n(x,y)e™,
u(x, y,t) > u(x, y)e ™. (1.6)
Tu cac phuong trinh (1.2) va (1.3), cac nhan t6 khong gian lién
quan véi

ion=V - (hu), (1.7)
u=—"8yy (1.8)
®
va
0)2
V-(hVn)+—n=0. (1.9
8

Véi @6 sau khéng ddi (h=const), phuong trinh (1.5) trd
thanh phuong trinh séng c¢6 dién:

2
V“’C:é%, (1.10)
trong khi phuong trinh (1.9) tré thanh phuong trinh Helmholtz:
®
V2n+k2ﬂ=0, k:W. (1.11)

Néu bién bén 1a tuong thing dtng, thi diéu kién bién phai
la dong ning lugng phap tuyén bang khéng. T phuong trinh
(1.8) rit ra

9% =0 hoac o =0,
dan don
c6 nghia ring d6 cao mit tu do c6 thé 1a cuc dai hoic cuc tiéu.
Né&u bién 1a mot bai bién nghiéng tuong déi va néu séng khong
qué déc dén miic c6 thé d6 (xem muc 10.5), thi phuong trinh
(1.12) c6 thé bién d6i thanh

(1.12)

lim, , /u-n=0 hodc limhﬁohg—C:O. (1.13)
n

Mat khac, diéu kién bién doc theo dé chén séng 16m chdém
ho#c doc theo mot bai bién thoai cé séng d6 thi khé cé thé xéc
dinh, vi sy tiéu tan nang lugng trén cac bién nay la moét qua
trinh phi tuyén khé mé ta bang toan hoc.

Cubi cung, phai xac dinh mot diéu kién bién thich hop tai
v0 cuc.

Dé dién dat luan ching luan 1y trén, ta tién hanh dan lap
cac phuong trinh (1.1) va (1.4) mot cach chinh thic hon, bang
cach van dung ly thuyét tuyén tinh hoa tdng quat cho trudng
hop séng dai. Nhiing lap luan 6 day thuin theo Friedrichs
(1948) ddi véi cac séng dai phi tuyén va mot phan nhu trong
muc 3.1. Ta sé quy chuén t&t ca cac bién theo cic qui md da biét
trude dya trén cac cédn ct vat 1y:

W) =k(ry), =2, W=l
hO h()
‘ 2 (1.14)
t,zk h 1/2 , /:_’ ¢:__ h 1/2 ,
lkcgn) ), ¢ ” L (e

Y2k . Viée quy chuédn d6i véi r va @ tuén theo

phuong trinh (2.2), chuong 1. Cac phuong trinh phi thi nguyén
qua sé ding nhu cac phuong trinh (1.3)—(1.5) ¢ chuong 3, néu ta
thay tat ca cac ddu gach trén bang d&u '. Dé cho ngén gon, tit
day trd di ta sé bo cac dau phay trén trong cac phuong trinh.

trong d6 o~ (gh,)
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Gia st ta c6 chudi

v=09, +H2¢2 +H4¢4 +.. (1.15)
Tai bac Ou’)ta co
2
aq’;:o, _h<z<0, (1.16)
dz
9 _o L—0,_n, 1.17)
0z
sao cho ¢, =d,(x,y,t). Tai bac O*) ta co6
2
%j; =-V?*0,, —-h<z<O0, (1.18)
aq)z azq)()
99, __ 90 4. 1.19
0z o (1.19)
%:—Vh-vq)o, z=-h, (1.20)
dz

ap dung cong thic Green (phuong trinh 4.11, chuong 2) véi ¢,
va ¢, s& cho diéu kién kha giai véi ¢,
90,
or*
Né&u cac bién tu nhién dugc khéi phuc va phuong trinh
Bernoulli tuyén tinh hoa gl =®, dugc st dung, thi phuong
trinh (1.21) dan dén phuong trinh (1.5).

V- (hV,) =

(1.21)

4.1.2 Cdc séng tua mét chiéu trong kénh dai tiét dién ngang
bién thién cham

D61 v6i mot kénh dai, tiét dién ngang hinh chii nhat, chiéu
rong kénh nhé hon nhiéu so véi quy mé dai phuong doc, thi bién
thién theo phuong ngang nhé hon nhiéu so véi bién thién theo
chiéu doc. Xét theo kinh nghiém ta thay diéu nay 1a ding, vi cac
diéu kién bién dong phap tuyén bing khong tai cac bs cia kénh

hep c6 nghia ring su bién d6i phuong ngang ctia { c6 thé bo
qua & moi noi. Chuyén déng c6 thé mé ta bing phuong trinh
mot chiéu; cach thiét 1ap luan 1y sé trinh bay dudéi day.

Gia st x la truc doc va y 1a truc ngang, b(x) 1la do rong va
h(x,y) 12 @6 sdu. Gia st y=a,(x) va a,(x) la cac bg, khi d6

b=a,—a,, diéntich A= [hdy. (1.22)
Tich phan phuong trinh lién tuc (1.2) ti bé nay dén bg kia va loi
dung cong thiic Leibniz, ta cé
ag ac a ag aa y=ag
—dy+— |hudy+|hlv-—u— =0.
Jl a7 Bx;'; way { (V ! axﬂwl
Cac s6 hang tich phan triét tiéu doc theo ca hai bo, do d6
Jt b odx
Khi bé qua nhiing bién thién phuong ngang cua { va u, thi

(1.23)

phuong trinh dong luong dang gan ding sé 1a

ou 18
—=—g—, 1.24
o Sox (1.24)
Két hop cac phuong trinh (1.23) va (1.24), ta cé
2
i(A%]—ﬁﬁw. (1.25)
ox\ dx) got’
Véi cac séng dang sin {=ne™’, phuong trinh mo ta sé 1a
2
i[Aa—“]Jr‘” br=0: (1.26)
ox\ dx g

day 1a mét kiéu phuong trinh loai Sturm-Liouville quen biét.
Phai nhan manh rang ti gid tré di budc séong va kich thudc doc
cua kénh duge xem nhu cuing béc.
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Baitap 1.1:
St dung phuong phap Friedrich dé rut ra phuong trinh
(1.25) bang phép phan tich nhiéu.

4.1.3 Nhan xét thém vé diéu kién phdt xa

Theo muc 2.4, véi cac bai toan séng dang sin 6n dinh, thi
phai dit diéu kién bién phat xa: cac séng gay bdi nhiing nhiéu
dia phuong dudc lan ra ngoai. Mot cach tiép can tuong duong
khéac: d6 1a xudt phat ti bai toan gia tri ban dau va xem trang
thai én dinh 1a trang thai giéi han khi 7 — e . Mot cach lua chon
khéc: d6 1a duy tri theo cach dan lap véi trang thai 6n dinh,
nhung yéu cAu mot su tiéu gidm nho nhd, su tiéu giam nay cé
thé 1a thuc hay 1a nhéan tao, va sau dé doi héi nghiém diéu hoa
don phai triét tiéu ¢ vd cung. Khi su tiéu giam dudc phép giam
di 6 cuoi, thi két qua cudi cung sé thod man diéu kién phat xa.
Tinh nhan tao cta tiéu giam nhan tao la y tudng cua Rayleigh.

Trong nudc ndng, ngudi ta c6 thé tudng tugng ma sat day la
ngudn tiéu giam tu nhién. Gia st luc ma sat duge dién ta bang
2¢u, £— mot hé s6 duong gia tri bé. Phuong trinh dong ludng sé

nhu sau
M Ve -2, (1.27)
ot
phuong trinh nay c6 thé két hop véi phuong trinh lién tuc (1.2) cho
0l 9%C
V.ghVn-2e =2=—2 1.28
ghvn-2e—2=—3 (1.28)
P61 v6i chuyén dong diéu hoa don, phuong trinh (1.28) trd thanh
V-ghVn+ (o +2icom=0, (1.29)

hay c6 thé viét lai thanh
V.ghVn+(o+ig)’n=0 (1.30)

v6i € nhd. Diéu kién bién tai vé cung 12 n phai c¢6 han. Vay

trang thai 6n dinh cudi cung sé 14 giéi han ctia nghiém tai €1 0.

Thay vi cach tiép can vat 1y hodc gia vat ly V@Eo dua ra sy tiéu
giam, con dudng toan hoc tuong duong la phat biéu rang n thoa
man

V-ghVn+w”®n=0, (1.31)

6 day @’ 1a sb phiic véi phan ao nho, duong.

D& thdy y nghia cia “tiéu gidm” hay s phtic o, ta xét qua
trinh phan tan mot chiéu gan mot vat can. Trong cac ving do
sdu h khong d6i, séng phan tan bing

ik"x‘ —ik"x‘

e hodc e
0 day
k'=k+ie(gh)™?, (1.32)

k=o(gh)™"*. Mudn nghiém giéi han khi |x|— e, phai loai b6
¢ Trong gi6i han ctia €10, nhiéu trd thanh

NS~ kx| e (1.33)
diéu nay c6 nghia 1a cac séng di ra. Nhu vay gia tri phiic o’ chi
diéu kién phat xa. D& dang kiém tra dugc ring diéu kién phat
xa c6 thé dién ta nhu sau

[ix ikjns -0, |kx|—>eo. (1.34)
dx
Trong su phan tan hai chiéu gay ra do cic vat can, nghiém

trong vang bién d6 sdu khong déi c6 thé xay dung bing téng cla
cac s6 hang duéi day:

H"(kr)| |[sinn®
H®(kr)| |cosn®"

Do bién thién bat déi xiing cia cac ham Hankel



H,(zl)(k,}") ) i 1/2 (., m am
{Hf)(k'r)} [nkrj exp{il[kr 4 ZH’ (1.35)

H® phai dugc loai bd khi k" phtic v6i phan thuc duong. Tai gidi

han €l 0, nghiém tdng quat cta cac séng phan tan co thé viét

nhu sau:
n® = (a, cosn®+B, sinn®)H " (kr) . (1.36)
n=0
V6i kr>>1, n° bién thién nhu
2 1/2
S w o cosnb+B sinnd)e 2| 2 i /4 _
n* =[3 (@, cosno+B, sinnd) e ][W] ;
2 1/2
= A(0) (_J gllr=m/4 : (137)
Tthr

day lai 12 mot séng di ra. Vi vay, phuong trinh (1.37) 1a diéu
kién phat xa cho sy phan tan hai chiéu gay bdi cac vat can hiiu
han. Mot cach khac, diéu kién nay c6 thé biéu dién ta bang

(kr)”z(ai—ikJnS -0, kr>>1. (1.38)
r

Ta phai nhdn manh ngay rang phuong trinh (1.38) manh hon
nhiéu so véi yéu cau n° 1 0 tai vo cung.

Nhiing nhan xét trén day goi ra mot thu tuc quy tic gian dé
x4y dung cac nghiém bién thién thoi gian ti cac nghiém diéu
hoa don. Néu nhiéu bét dau sinh ra tai mot thoi diém hiu han,
thi { -0 khi t - —. V6i qua trinh tiéu giam, ta cling ky vong
rdng {—0 khi ¢—+e. Vay c6 thé van dung phép bién déi

Fourier
=[x e™dr. (1.39)
2w 2

Bién d6i ctia phuong trinh (1.28) chinh 14 phuong trinh (1.29) va

bai toan gia tri bién ding 1a bai toan vé nhiéu diéu hoa tiéu
gidm m(x,®’). Do d6, nhiéu bién thién c6 thé nhan dudc bang

phép bién d6i ngugc:

((x,0)= Tn(x, o)e ™ do, (1.40)

day la tdng cong tuyén tinh cta cic nghiém diéu hoa don bi tiéu
giam. Vi o' = o+ ie, phuong trinh (1.40) c6 thé viét lai thanh

(e n=e [ o)e ™ do=

= e j N(x, e doy . (1.41)

Nghiém khéng nhét don gidn 1a gi6i han cia £J 0, néu quan
niém rang tich phan Fourier trong phuong trinh (1.41) thuc
hién doc theo mot dudng 6 bén trén mot chit so véi truc thuc x
trong mit phing phiic @ . Bay gi6 vi muc dich cudi cing da dat
dugc, ta c6 thé quén di tinh nhan tao cia su tiéu giam va don
gian néi rang {(x,7) 1a tich phan Fourier ctia nghiém diéu hoa

don thoa man diéu kién phat xa
C(x, )= j N(x, ®) e ™ dw, (1.42)

trong d6 duong 14y tich phan phai é phia trén truc thuc @ mot chut.

Cac y tudng trong phu muc nay cé thé khai quat hoéa cho
truong hop ba chiéu véi kh tuy §.

4.2 DO SAU GIAN POAN - SONG TOI VUONG GOC

4.2.1. Nghiém

Xét dai duong don gidn do siu bién thién gidn doan: tai
x=0, h=h, tai x<0 va h=h, tai x>0, h,, h, — cac hang s6. Hai
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séng t6i tan s6 o dén tit x~zeo. T mdi chudi séng d6, c6 mdt
phan nang lugng dugce truyén qua chd gian doan d6 sau va mot
phan bi phan xa trd lai, tao thanh cac séng phan tan truyén ra
xa tif chd gian doan nay. Van dé 1a phai tim cac séng truyén qua
va cic séng phan xa.

Séng trén hai phia cia x=0 thoa man

a9
—+—(hu)=0 2.1
Ep + ax( u) 2.1
va
ou 18
—+g—2=0, 2.2
YREEE @2)

trong d6 {=(,,C,), u=(u,,u,), vd h=(h,,h,) tudn tu tai x<0
va x>0. Bay gio ta phai tim cac diéu kién tuong hop tai x=0.
Dé 1ap luan chu dao hon, bay gio ta gia st cac phuong trinh
(2.1) va (2.2) 1a ding ngay ca khi qua diém gian doan do sau va
c6 thé tich phan dugdc theo x tit x=0- dén x=0+. Vi khoang
14y tich phan 14 v6 cung bé va 9{/d¢ va Jdu/d¢1a hiiu han, nén
cac s6 hang dau ctua cac phuong trinh (2.1) va (2.2) khéng déng
gbp vao két qua, do dé

lim h,u, =lim hyu,,

x—0- x—0+ (23)
lim¢, =lim¢,,
x—0- x—=0+ (24)

Nhiing diéu kién nay (Lamb, 1932) lién hé { va dong ukh qua
diém gian doan do sau.

D6i véi chuyén dong diéu hoa don, ta st dung phuong trinh
(1.9) sao cho cac thia s6 khong gian thoa méan phuong trinh

d*
—nm +k2 :0’ m:l’ 2’ (25)
mnm

dx®

vii
o
k =———. 2.6
"o(gh,)'” -
Thita s6 khong gian ctia van toc duge cho bing
igdn,
__ 8 M 2.7
m 0) dx ( )
Céac diéu kién tuong hgp tai diém néi 1a
n, =My, (2.8a)
an an
h—L=h z 2.8b
1 ax 2 ax ( )

D& két thic viée thiét 1ap cong thic, ta phai b sung thém
diéu kién phat xa: nhidu gay ra bdi séng t6i chi c6 thé di ra
ngoai. Vay néu chi c6 mot séng t6i ti phia trai (hodc tit phia
phai), thi cac séng 6 phia phai (trai) phai la séng chi chay sang
phai (hoidc sang trai). Mot cach téng quat hon, ta gia st rang c6

cic séng t6i dén tif ca hai phia cta vo cung 4 e™* va Be 2",
Nghiém téng quat sé c6 dang sau:

n,=A4e"™ +Be™  v6il x<0 (2.9)
va

N, =B +4.e"" véi x>0. (2.10)

Cac bién d6 cha nhiing séng t6i 4. va B, 1a biét trudc va cac
bién d cta cAc séng phan tan 4, va B_ sé phai tim thay. Ap
dung cac diéu kién xtng hop (2.8a) va (2.8b), ta thu duge
A, +B, =4 +B_,
kh (A —B )=kyh,(-B, +4,)
tit cac biéu thiic nay c6 thé giai ra
_ (kyhy —k,hy)A_+ 2k, h, B,

_= ; 2.11)
kohy + kyh,
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2k h A —(khy —kyhy)B,

4, 2.12)
ki h, +kyh,
Céac két qua c6 thé viet gon hon dudi dang ma tran nhu sau
{as}=[sKa'} (2.13)
vl
A A
Al =1 T A =4 4, 2.14
W= ey @19
va
2k, h —(kyh, —k,h
[S]:(klhl_k2h2)_l 171 ( 171 2 2) —
ko —kh,  2kh,
T, R
{ : 2] (2.15)
Rl T2

Ma tran [S] dudc goi 14 ma tran phén tan.
Dé hiéu ¥ nghia ctia 7,,7,, R, va R,, hay gia st séng chi téi
tl phia trai, sao cho 4_#0 va B, =0. Ré rang rang
A 2k h,

— ==, (2.16a)
A kb, +kyh,
ile ZM_ (2.164)
A kh, +kyh,

Nhu vay, T, va R, c6 thé duge dinh nghia tuin tu 1a hé s6
truyén qua va hé s6 phan xa khi séng t6i xuat phat phia h=#,.
T, va R, dugc dinh nghia tuong tu cho séng dén ti phia 4,. Do
kb =oh /g)"?, taco
_ 2(h1)1/2 _ 2
1 (hl)l/Z +(h2)1/2 1+(h2/h1)1/2 ’
R = (h1)1/2 _(h2)1/2 _ 1_(h2 /hl)l/z
1 1/2 172 1/2 °
()" +(hy) 1+ (hy /hy)

(2.17a)

(2.17b)

Bién thién ctia 7, va R, theo ti s6 d sau thé hién trén hinh 2.1.
Chud ¥y rang pha cta séng phan xa khong thay d6i khi séng téi
dén tir phia sdu hon, nhung né léch pha bang n khi séng téi
dén tir phia néng hon. Viéc chitng minh réng ning lugng do cac
séng phan tan (phan xa va truyén qua) truyén tai bang ning
lugng do séng téi chuyén tai sé gianh cho ban doc nhu 1a mot
bai tap. D61 véi viing thém rat néng, A, /h, <<1, thi

h 1/2 h 1/2
T, =2[1 —[h—z] J R, =1—2(h—2J : (2.18)
1 1

1
0 \ ' L (hy/ hy)%

Hinh 2.1 Céc hé s6 truyén qua T, va phan xa R, ving
dd sau gian doan, hudng séng téi vudng géc
Hé s6 phan xa R, =1, thanh thi tong cac séng téi va séng
phan xa trén thuc t& lam thanh mot séng ding véi mét diém
bung c6 bién d6 24’ tai x=0. Phai nhan xét ring cac hiéu tng

phi tuyén ti trude dén gis bi bd qua, ¢ day né c¢6 thé trd nén rat
quan trong d61 véi truong hgp 4, di nhd. Mic du bién d6 séng

truyén qua ting lén hai 1an so véi bién d6 séng téi do gidm do sau
h,, nhung chi c6 mot phan ning lugng rat nhd xuyén qua duge vi

toc do dong nang lugng 1a 7;°C, o< (h,)""?. Trong trudng hgp dic
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biét, h,/h, >>1 hé s6 phan xa R, =-1, ttic hé théng séng téng
cong trong phan x<0 ciing 14 mot séng ding nhung véi diém nut
tai x=0.

Bai tap 2.1

Xét mot thém c6 do sdu h, trong vung x<x, noéi véi dai
duong c6 do sau 16n hon h, trong viing x> x,. Tai viing chuyén
tiép x, <x<x,, d0 sidu dugc cho bang h=ax®, v6i h =ax?,
h, =ax; va x,—x, >h, hodc h,. Gia st mot chudi séng chu ky
dai la séng t6i truc dién ti phia dai duong. Hay chiing minh
ring cac hé sd phan tan la

_ib
_HI/ZA
va
O (2 1/2
R—ish élnl exp[ 2i (0" / ga) ],
2 u A
trong @6
m2 1/2 ¥
b=(1—4—J , u=-1,
8ga Xo
va

9 1/2
A= 2{‘”—) sh (ElnlJ +ibch (Elnl)
ga 2 u 2 u

Vé cac két qua va khao sat cac hiéu dng cia ®’/ga va
(Kajiura, 1961).

4.2.2 Hiéu chinh cdc diéu kién tuong hop tai diém néi

Mic du cac diéu kién tuong hop phuong trinh (2.8a) va

(2.8b) 1a hop ly vé méit linh nghiém, ching da dugc rit ra trén
co s6 cac phuong trinh (2.1) va (2.2), ma cac phuong trinh nay

chi ¢6 hiéu luc khi cac chuyén dong thdng ding khéng dang ké
so v6i chuyén d6ng ngang va khi 9/9xnhd. Tuy nhién, nhiing
gia thiét nay sé khong con ding & 1an can diém bac thém. Vay
Iy thuyét ctia ta 6 muc 4.2.1 ¢6 con ding hay khong? Cau hdi
nay 1a cht dé bai bao cua Bartholomeuz (1958), 6ng da xuat
phat ti bai toan véi kk tuy ¥ va chiing minh chét ché réang cac
két qua ctia muc trude 1a giéi han tiém can chinh xac cla
k,h, — 0. Lap luan caa 6ng rat dai va gdbm mot s6 phép toan rat
phtic tap. Duéi day, ching toi sé giéi thiéu mot cach dan giai
don gian hon théong qua phuong phap tiém can tuong hop,
phuong phap nay 1 mot phién ban day du hon ciua phép xap xi
16p bién 6 muc 3.3.3 va da dugc Ogilvie (1960), Tuck (1975) va
mot s6 nha khoa hoc khéc st dung rat hiéu nghiém trong nhiéu
bai toan vé séng dai.

Trudc tién, ta chia mién tu nhién thanh ving gin va ving
xa theo qui mé ngu tri 6 mdi viing. Thi du, qui mé d6 dai & phia
séng t6i & cach xa diém noi 1a buée séng 1/k, , vy phuong trinh

M, =A™ +Re ™M) (2.19)
mo ta chinh x4c cac séng. Ving nay c6 bac dai lugng O(k;") la
mot viing xa. Dudi mét cla ngudi quan sat & viung xa thi mién
1an can diém d6 sdu gian doan nhé dén miic chi mot s6 it cac s6
hang khai trién Taylor phuong trinh (2.19) da du dé x&p xi mét
tu do ¢ d6; vay

N, =A[1+ R+ (- R)ik,x]+O(k,x)> kx—0. (2.20)

V61 mot ngusi quan sat tuong ty khac & phia truyén qua cua
viing xa thi séng dudc mo ta bang phuong trinh
n, = ATe'*", (2.21)
phuong trinh nay cé xu thé trd thanh
N, = AT(L +i k,x) + O(k,x)* (2.22)
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trong vung lan can cua gian doan do sau. D61 véi ving nude
noéng, phuong trinh Bernoulli cho

0=—5nq,
(0]
do @6
0 > € A+ R) +(1-Ryik,x], kx—0, (2.23)
o
0% — E AT + ik, ), kyx —0. (2.24)
()

BAy gid mién lan can diém gian doan ciu thanh mét viung
gin c6 chuyén dong hai chiéu va kich thuée dac trung 1a 6 sau
dia phuong 4 (h, hodc h,). Phuong trinh chuyén déng va diéu

N . a o3 R ., N
kién bién tai diém gian doan) la

%0  9°0
+ =0, 2.25
ax* 9z’ ( )
CLI (2.26)
on
Mic du diéu kién bién tuyén tinh hoa chinh x4c tai mat tu do 1a
0
99 _ @ 4, (2.27)
dz g
hai s6 hang trén day c6 tuong quan ti 1é 1a
2 2
O0/E _of O _opzn?y.
(99/0z) g
Do d6 diéu kién (2.27) 1a mot x&p x1
¢.=0 (2.28)

véi sai s6 (kh)?. V& vat 1y, phuong trinh (2.28) Am chi rang ngudi
quan sat é ving gan da khong chu y dén cac séng kich thuée dai
va nhin th4y, tai moi thdoi diém, mét dong chay di qua mot kénh
no6i véi diém gidn doan nhu trén hinh 2.2. Nghiém hinh thic

ctia bai toan dong chay thé don gian hoa nay, vé nguyén tic, cé
thé nhan dugc bang cach vé ban d5 déng dang hay nhiing
phuong tién khac.

Cho dén gio, cac nghiém viing gan va vung xa chtia cac hé
s6 chua duge xac dinh. Buéc tiép theo ctia phuong phap tiém
can tuong hop doi hoi cic nghiém nay dudc néi tron trén céc
ving trung gian, ¢ rat gin véi diém néi theo ngudi quan sat &
ving xa nhung & rit xa diém néi theo ngudi quan sat & vung
gan; néi cach khac

0™ |ujer =05 sy +OURR)” (2.29)

Truée khi thuc hién tuong hdp, ta viét ra biéu thic x4p xi
ving xa ¢ 84%;

08 =C-DUh, +Ux, A
1
(2.30)
hy X
=C+DUh, +U —x, — ~+oo
h2 hZ

déc biét chi ¥ réng, cac hing s6 cong tai x~+ o khac nhau mot
lugng 2DU h, ; thuc t&, D lién quan dén hang s6 chua biét U . Do
tinh lién tuc, tai x bat ky ta c6
0 0
oL d oh
Uh =|—dz=—|bdz——0¢(x,—h),
' 1[, ox ox ;[q) dx W )

biéu thic nay, sau khi 18y tich phan tit x, dén x, v6i —x, /h, va
x,/hy, >>1, sé cho

[Jiq)dz}xz SUR(x, —x,) + fg—zq) (v—h)dx 2.31)

Vi phuong trinh (2.30) ap dung tai x, va x,, vé& trai cua phuong
trinh (2.31) c6 thé viét lai
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Cthy —h)+DUh,(h; + hy)+Uh,(x, —x,),
trong khi vé& phai cia phuong trinh (2.31) 1a

Uy (x, =x,) + Clhy =)+ [ g—h[(b(x,—h)—C]dx.
= ax

Theé cac bidu thiic nay vao phuong trinh (2.31), ta dugc

1 [ LY e e
h +hy, %= dx Uh,

(2.32)

Vi ¢-C phai co bacla Uh,, D 12 mot s phi thit nguyén c6 bac
don vi va chi phu thudc vao hinh hoc ctia vung gan. Gia tri
tudng minh cia D c6 thé thu dude cho trudng hgp mién gian
doan d6 sau hinh chii nhat nhu ¢ muc 4.2.3.

L}
T hy Uh] / h2

Hinh 2.2 Vung gan clia moét

¥
\\\\\§>

thém gian doan d6 sau

Gia st rang ving gan va do d6 D dudc biét trude theo C va
U, ta di thuc hién so sanh cac phuong trinh (2.23) va (2.24) v6i
phuong trinh (2.30). Bang cach cho bing nhau cac hé s6 ciia cac
s6 hang chtia cing luy thita cia x, ta dugc:

c-unp=-"21a1p),
(O]

U=—"840_Ryik,,
(O]

g A
C+UhD=-"52T,
®
W
vt _8Ar

2

Céc phuong trinh nay c6 thé giai déi véi R,T,U va C; cac két

qua la:
1—s+2iD
R=_ L= st 2Dkh (2.33)
1+s—2iDk, h,
r=— 2% (2.34)
1+ s — 2Dk, h,
hu="8yp 2 (2.35)
® 1+s— 2Dk, h,
va
c=lgd_2smiDiihy (2.36)
® 1+s—2iDk,h,
trong d6
k. h
s=— (2.37)
k2h2

Vi D 1a s6 thuc va c6 bac don vi (xem phuong trinh (2.32)), né
chi tac déng dén pha ctia R,7,U va C, nhung c6 thé dudc bd
qua do d6 16n cta ching, v6i sai s6 bac O(kh)*. Két luan nay
phu hgp v61 Bartholomeuz (1958) va da duge Tuck (1976) rit ra
theo cach nay. Nhu vay, nhiing doi héi don gian cua phuong
trinh (2.8) da duge dap dng.

4.2.3 Viung gan trong mién gidn doan hinh ch@ nhat

N6i chung, ving gan caa phan chuyén tiép tho phai duge
giai bang s6 nhu bai toan kinh dién vé dong thé én dinh. Péi véi
moét mién gidn doan hinh chi nhat, nghiém c6 thé nhan dude
bing phuong phap giai tich nhd 1y thuyét cac ham phtc (xem
Milne-Thomson, 1967). Ta dua ra bién phtic z=x+ jy va thé
van téc phtc W(z) v6i ¢(x,y)=Re, W(z). Chi y ring don vi do
dugc ky hiéu bang ; nhdm phan biét v6i don vi i duge dung dé

1/2

chi bién thién thoi gian. Méc ducd i va j 1a (-1)"?, nhung mdi
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mot dai lugng phai dudc coi 1a s6 thuc so véi dai luong kia khi
ching cung xu4t hién. Ching han, thé€ van téc thuc duge trinh
dién bang
®(x,y,t) =Re,Re, W(z)e™" =

=Re, e Re (0 + jy) =

=Re, e 0=Re, ™ (0, +iy,) =

= ¢, cos®t + ¢, sin Wt,
6 day ¢, va ¢, la thuc theoca i va ;.

Puong vat 1y trong mat z c¢6 thé dude vé vao ntia phia trén
cua mit { nhu trén hinh 2.3, theo céng thtc cua Schwarz—

Christoffel
dz _ K

—_—— 2.38
P14 c-1 1/2 ( )
g (e
R6 ring ring, th& phtic W = ¢+ jy 14 mot ngudn luc Uh, tai goc
cua mit
Uh
W =—L1In{+const. (2.39)

DPé 4n dinh K va ¢? ta chd ¥ ring van téc phic 14
aw _aw sdz _Uh (L-c*)"
dz d{ d{ nK | (-1 '

Vi{~c 6gin A, dW/dz=Uh,/nK=Uh, /h,; do d6

K=l
T
Gan B, {~0 va dW/dz=Uh,c/nK=U ; do d6
h
c=—=%.
hl

14
Bekdit L bt tv 2 0 VAL

«-h
B.- Y 1 C ®
3 D ¥=‘hi

!
Ve }IIII/IFIIA

1 c? ®
A B B C D A
C
1 ¢ @

1 "
FITIT 7 I 77777777

Hinh 2.3 Phéac hoa dudng vat ly trong méat z trong nda trén cla mat

Dé tich phan phuong trinh (2.38), ta dua ra mot mit ¢ bing
phuong trinh

r=cf
€= ERE (2.404a)
hay
t:(c_chl/Q, (2.40b)
-1

biéu thic nay sip dit nla trén mat { vao cung phan tu thu
nh4t cia ¢ nhu trén hinh 2.3. Lay dao ham loga phuong trinh
(2.40) va két hgp véi phuong trinh (2.38), ta c6 thé tich phan z
theo ¢, v6i két qua 1a

P RN el N e (2.41)
T\c t+c t+1

trong d6 hing s6 jh, dugc chon sao cho cac hinh anh cta diém

C xuit hién trong ca mét z va ¢.
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Bay gié dit phuong trinh (2.40a) vao trong phuong trinh
(2.39), ta c6

2 2
W=U—hllnt2 ¢ .
V4 =1

(2.42)

DP&i véi mot ¢ cho trude trong géc phan tu thi nhat, ta c6 thé
tim z tu phuong trinh (2.41) va W tuong tng tu phuong trinh
(2.42). Bay gio viéc giai nghiém & viing gan hoan thanh.

Cac phép xap x1 tiém can & cac lan can cua 4 va B 1a can
thiét. Gia st ¢ tiép can diém B ti phia trai, 1 —c—0, khi d6

h _
z—jh, E—Z{lln(t—c)—lanC—lnc 1},
TT|c c c+1

va

w=h [ln(t—c)+ln 220 }
T c’ -1

Sau khi loai In(t—c¢) ta cé

c—1 2c
+1In
c+1 c?—1]

WzUz+U—hl[jn+ln2c+ln (2.43)
T

Gia st ¢ tiép can 4 tu phia phai, khi d6

TT|c c+1

z+ jh, ’:‘h—z[l(lnc_l +jn]—1n(t—1)+ln2

va

W= ine? 1)+ jr-n2—In(t-1).
T

Loai In(1-1¢), ta dugc

W5%+U—hl{ln(1—cz)—2ln2+jﬂ:—llnc_1] (2.44)
h, i c c+1

Bay gio ta c6 thé trit cac hdng s6 thém cta cic phuong trinh
(2.43) va (2.44) @€ c6

2
op=t{ &l et o2 | (2.45)

b
T c c—1 -1

day 1a phuong trinh do Tuck (1976) nhan duge va né khing
dinh uéc lugng bac D 6 muc 4.2.2.

4.3 PO SAU GIAN DOAN - SONG TGl XIEN

Xét mot chudi séng phing di t6i dusi mot géc 6, so véi
duong gian doan dd sau (hinh 3.1). Gia st truc y trung véi
duong gian doan va truc x vudng goc véi truc y. Cac d6 sau 6
hai phiala %, x<0 va h,, x>0, mot cach téng quat h #h,.

Gia st cac séng di t6i tit phia x — —oo

n, = Ae'“ saocho of +p* =k’. (3.1)

Vecto s6 séng ctia séng t6i nghiéng mot goc

0, =tg'(B/a,) 3.2)

so véi truc x. Cac nghiém c6 thé c¢6 dang nhu sau:
N, =A@ +Re™M)e™, o+ pP=k>, x<O0, (3.3)
M, = ATe' 2+, o+ pr=ki, x>0, (3.4)

sao cho 6 phia trai c6 mot séng phan xa huéng sang trai va ¢

phia phai c6 mot séng truyén qua huéng sang phai. Cac hé s&

phan xa va truyén qua R va T phai dudc xac dinh bang cach

lam tuong hgp d6 cao mit nudc va dong khéi luong tai diém

x=0. Thé cac phuong trinh (3.3) va (3.4) vao cac phuong trinh
(2.8a) va (2.8Db), ta dugc

1+R=T, (3.5a)

h, (io, — Rio, ) = hyiol,T . (3.5b)

Cac nghiém cho R va T vé hinh thiic giéng nhu trudng hop

séng t6i vudng goéc néu ta thay th& & va k, bang o, va o,
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trong cac phuong trinh (2.16) va (2.17), tic la
20,k

r=——"211 (3.6a)
ol + oLh,

RSl — ol (3.6b)
ol + oLh,

Ta can chid ¥ t6i mot sd tinh chat cia nghiém. Huéng séng
t6i va séng truyén qua bang:

B
telzﬁ, 37
T - G0
va
B
tg8, = 55 - 3.8
T e - ©9

Vé6i h >h,, k <k,, thi 6,>0,.
Néu phia truyén qua néng hon, thi vecto s6 séng cua séng
truyén qua sé huéng gan tring véi truc x hon so véi vects séng
t6i. Mat khac, néu i, <h,, phia séng t6i néong hon, thi 0, <0, va
cac song truyén qua sé quay ra xa khoi truc x. Két qua nay
chinh 12 hién tugng khic xa da ban luan 6 chuong 2 d61 véi
truong hop d6 sau bién thién cham va cac séng truyén qua duge
goi 1a séng khic xa. V6i mot tan s6 c6 dinh, k, va k, sé c6 dinh
theo A, va h,. Néu ta tang B vé phia k, (ttic ting goc t6i), thi sé
c6 mot gial doan sao cho k,=f Vi k,<k,. Tai giai doan nay,
0, =7/2 va sbéng truyén qua truyén doc theo diém gian doan

(o, =0) . Goc t6i t6i han bang
k k,

0,), =tg' Z=tg'——2
( 1)cr g (Xl g (k12 _k22)1/2

3.9)
Vi o, =0, hé s6 phan xa R=1; nhu vay 1a c6 phan xa toan phan.
Séng truyén qua cé ciac dinh song song véi truc x véi bién do

nhu nhau doc theo cac dinh séng.

Hinh 3.1 Hudng clia cac vecto sbng tai duong gian doan
Diéu gi s& xay ra khi B tidng niia? o, =k -B*)"* sé trd
thanh 4o, va tgd, mat y nghia. Ta quay lai nghiém nguyén ban
vaviétlai o, =iy,, v, = (B> —k2)'"? sao cho vy, 1a thuc va duong:
N, =a,Te e (3.10)
Nghiém t6ng quat thuc su chtia ¢ va ¢ ™*; ta chi 14y ¢ cho
nghiém bién tai x ~. Nhu vay:
2000

Ir=—, (3.11a)
o,y + iy,
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alhl - i'Yzhz

R= .
oy + iy hy

(3.11b)

R0 rang rang, |R|=1, su phan xa 14 toan phan. Véi cac phuong
trinh (3.11), nghiém c6 thé chuén ho4 lai thanh

n, = Acos(a,x + 8)e®”, (3.12)
o h —Yox iy
nz :Ame v eﬁ' . (313)
11 27%2
vl §— goc pha
thz—Yzhz )
alhl

Ta phai gidi thich nghiém v6i mét y nghia méi. Tai phia sau
hon, x>0, séng truyén qua truyén doc theo truc y, bién do ctua
né cuc dai tai x=0 va giam dan theo ham mii. Géc B cang lén

thi bién d6 cang giam nhanh.

4.4 SU PHAN TAN G THEM HOAC MANG PO RONG HUU
HAN

Xét day bién c6 do sdu bién thién kiéu bac nhu trén hinh
4.1. T4 x~—c truyén dén mot séng t6i bién do don vi duéi mot
goc xién. Ta xét xem kich thuéc hitu han ctia bac do sau sé co6
nhiing hiéu tng gi?

f hy
,111!111 f//!/j h:l
hl ; A
. 477777!77777
s
77'L77777$ x=a

x
[}
[+]

Hinh 4.1. Séng dat ngam

Nghiém téng quat trén méi mién phing c6 thé viét nhu sau:

n, = o (eiotl(era) + Rfe—ial(ﬁa))’ x<-a, (4.1)
n, =e™ (4e*" + Be ), -a<x<a, (4.2)
N, =Te®e =, x>a, (4.3)
Ta c6 thé dinh nghia
R=Re™>™¢ (4.4)
14 hé s6 phan xa, va
T =T (M1+0a) (4.5)

13 hé s6 truyén qua. Cac hé s6 4, B , R* va T’ phai tim bang
cach tuong hop n va hon/dx tai hai bén ducng gian doan.

Tai x=-a, ta c

1+ R =Ae ™™ + Be™* (4.6)
va
o (1= R') = 0L,hy (Ae ™ — Be™), (4.7)
trong khi tuong hgp tai x=a, ta co
Ae* + Be ™ =T, (4.8)
va
Oyhy (A€ — Be™ )= a,h,T" . (4.9)

Bay gio viéc con lai 1a giai dong thdoi cac phuong trinh (4.6)—
(4.9). Cac tinh toan c6 thé duge don gian hoa néu dung cac ky
hiéu méi sau day:

S
* avh\/
Cac phuong trinh (4.6)—(4.9) tré thanh
Ae™™" + B =1+ R, (4.11)

Ae 2 — Be'**" = s1,(1-R)), (4.12)

v6i wv=1,23 (khongldyténg)  (4.10)
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Ae'™* + Be " =T’ (4.13)
Ae™** —Be ™ =g, T . (4.14)
Tit cac phuong trinh (4.13) va (4.14) ta c6 thé bidu dién 4
va B theo T’ hoac T:
A=%T'eiia2“(1+s3z), (4.15)
B=1T"e¢"™"(1-s,,). (4.16)
Kht 4 va B tit cAc phuong trinh (4.11) va (4.12), ta c6 thé
giai phuong trinh cho R" va T”:
e[ (1= 5,) (1 + 539) + (1 + 5)(1 = 537)e”* |
A

R =

, (4.17)

T’=%, (4.18)

trong d6
A=(1+5,)1+55)e " —(1—s5,,)(1—55)e* . (4.19)
Cuéi cing, 4 va B c6 thé nhan dude tit phuong trinh (4.15)
va phuong trinh (4.16) nhé phuong trinh (4.18).

Dé tim hiéu ¥ nghia vat 1y, ta khao sat mot trudng hop dic
biét: d6 sdu & ca hai phia clia diém gian doan bang nhau, A =5, .
Bay gié ta ¢6 o, =a, ,do d6

) a2\
S1g = S50 = il =s5= ﬂ 0)2 8t [32 . (4.20)
0Ly /1, hy \ @/ gh, =B

Chi ¥y rang s >1 néu viing trung tAm 14 mién thém va s<1 néu
12 mot vung triing. Céac hé s6 truyén qua va phan xa la:

’ 4S
I = oo (4.21)
(L+5) e ™ —(1-s)e
_ o2 —2i0ga __ 2i0ga
oo e c ) (4.22)

- (1 +S)Ze—2ia2a _(1_S)621‘0c2u °

Ning lugng clia cac séng truyén qua va phan xa ti 1é véi

et

45* 1
= 45* +(1-5%)?sin’ 200 . (4.23
[(1—s2)2 sin22(x2aj[ S+t sin 20! (428)

Dé dang chiing minh dudgc |R|2 +|T|2 =1, c6 nghia rang ning
lugng ctia cac séng phan tan ciing bang ning lugng cla cac séng
t6i. Mot ddc tinh vat 1y quan trong la |R|2 va |T|2 bién thién
tuan hoan véi 20,a . Déc biét, véi 20,a=nm,1n=0,1,2,3..., nghia

1, 4a/A,=0,1,2,3..., trong d6 A, = 2n/0,, thi |R[ =0, va [1] =1

thanh thu trudng hop nay séng truyén qua hoan toan va thém
goi 1a trong sudt d6i véi séng téi séng t6i. Truyén qua cuc tiéu
va phan xa cuc dai xay ra khi sin*20,a=1, hay

20,a=(n—-3)m, n=1,23..

c6 nghia la

da_135
A, 2727277
Cac gia tri tuong tng la:
. 2 45®
min | T| =, (4.24)
1+s%)
252
maX|R|2 =%; (4.25)
1+s7)

nhiing gia tri nay phu thudc vao s’ nhu trén hinh 4.2a. Phu
thudc cta |7| va |R| vao 20,a la phu thudc kiéu dao déng (hinh
4.2Db).

Séng trén thém thu dude bang cach thé phuong trinh (4.21)
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vao cac phuong trinh (4.15) va (4.16) v6i s,, =54, =5, tlc la

A=1T'1+5)e™, B=1T'(1-s5)e™ (4.26)
va sau d6 thé vao phuong trinh (4.2). Bé qua cac buéc trung
gian, ta c6 két qua cudi cung:

2]+ 5)e® 0 4 (1 = 5)e 0|

. . 4.27
2 (1 + S)2 e*l(xza _ (1 _ S)Zelotza ( )
do d6 binh phuong ctia dudng bao 1a
2 2 _ 2 2 _
| 2|2 _ 4s [cos Oy (X —a)+ s sin” 0, (x a)]. (4.28)

45 +(1-s*)*sin” 201,a

wis v i?
aj
bl
Togo
Hinh4.2.Dactinhcla || va [R|”: @)anhhungdo s = ot, h, / o, h, bignthién; b)anh

hung do 20.,a biénthién

Mit tu do trong khoang —a<x<a la téng ctia hai chudi
séng lan theo hai huéng ngugec nhau dan t6i giao thoa va hinh
than mot séng ding khong gian c6 bién do thay déi doc truc x.
Riéng tairia x=a
2 45”
= 45® + (1 —s*)*sin® 200,a

|n2 xX=a (4.29)

cho nén giao thoa lam gidm séng, ttc |1]|2 nho nhat khi
20,0 = (n—21)m, va lam téng séng, tic |n|2 16n nhat khi 20,a =nx.
Vi chat 1ong tai x=« hoat ddong nhu 14 mot cai pit tong d61 véi
chuyén dong trong viing x>a, nén bién d6 ciia né quy dinh bién
do ctia séng truyén qua.

Cac dic tinh giao thoa rit ra don thuan tu phan tich toan
hoc nhu trén ciing c¢6 thé duge giai thich vé mit vat 1y. Khi mot
séng dap vao ria tai x =—a, mot phan séng truyén qua vio ving
—a<x<a va mot phan phan xa. Khi dat t6i ria tai x=a, séng
truyén ciing ciing chiu trinh phan tan, thanh thi mot phan
séng truyén qua t6i ving x>a va mot phan phan xa vé phia ria
x=0. Qua trinh qua va phan xa lui va tién lap di 1lap lai vo
cling tan doi véi tat ca séng cta chudi séng diéu hoa. Séng téng
cong di vé phia trai trong khodng x<-a la téng cta cic séng
phan xa ti x=—a va tat ca cac séng truyén qua tit —a<x<a dén
x<-a, trong khi d6 cac séng tong cong di vé phia phai trong
phan x>a 13 téng cla tit ca cac séng truyén qua ti —a<x<a
dén x>a. By gio néu 4a 1a mot boi s6 tich phan cuia bube séng
A,, mdi lan dinh séng dién hinh hoan thanh mét vong khi héi,
phan xa ti x=a dén x=-a va quay lai t6i x=a, thi pha ctia n6
bi thay d6i hai 1an ©. Thanh thi tat ca cac dinh séng nao dén téi
x=gq cung mot thdi diém sau mét sé 1an thuc hién cac vong khi
hoi..., -2,-1,0,1,2,... sé c¢6 cung pha; ching giao thoa véi nhau
theo kiéu lam tang séng va hé qua 1a bién do tng tai x=a lén
hon. Mit kha, néu 4a boi 1é ctia niia buée séng A, /2, thi sau
mét vong kht héi moét dinh séng dién hinh sé nguge vé pha so
v6i cac dinh séng khac cham hay vugdt truée mot s6 1€ 1an cac
vong kht héi. Su giao thoa sé theo kiéu lam yéu séng, dan dén
bién do thuc nho nhat tai x=a.

Ngoai ra, néu 1ay dao ham |n2|2 theo x, ta thay a|n2|2 / Ox oc
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sin20,,(x—a), thanh thi cuong do |T]2|2 dat cuc tri tai
20, (x—a)=nm, tc x—a=1%nk,. Tu phuong trinh (4.28) suy ra
cac gia tri cuc tri bang:

45*

Extr|n,|” = néu n= chin
[nl 4s% +(1—-s%)?sin? 20,4

va
4s®
2 2N\2 ;.2
45"+ (1 —-s")"sin” 200,a

Extr|n,|" = néu n=18.
Trong ca hai trudng hgp cac gia tri cuc tri 1a 16n nhat khi 20,4
la cac s6 nguyén lan cua n. Nhu vay, cac dinh cta T theo 20.,a
trung v6i dinh thich tng trong ving —a<x<a.

Cubi cung, ta xét giéi han khi o,al0. N&u khai trién
Taylor phuong trinh (4.23) sé rut ra

T =1~ ad=s) S) =22 (0,a)® +O(0,a)
S

1 2N\2
IR =075 (6,00 +O(0,a)"
h)
Vay mot barie hep hon nhiéu so véi buée séng thi thudc loai
trong sudt do1 véi cac séng téi. That ra thi cac hiéu tng chat
16ng thuc thuong giy ra su tach dong chay, va do d6, su tan
mat, va lam thay déi két luan trén day mot cach dang ké.

4.5 SU TRUYEN QUA VA PHAN XA G VUNG PO SAU
BIEN POI CHAM

C6 mét s6 dang dia hinh day cu thé (bién thién tuyén tinh,
parabol); v6i ching c6 thé nhan duge nghiém giai tich (Kajiura,
1961). Viéc phan tich toan hoc dé nhan dudc két qua trong
truong hgp nay khong cé gi khé khin. Véi cac loai nén day véi

d6 sdu bién d6i cham, ta c6 thé rit ra nghiém khé téng quat
nhung & dang gan ding va c6 ¥ nghia vé mét vat 1y.

Déi véi loai nén day ma quy mo bién d6i d6 sau cta né lén
hon nhiéu so v6i buéc séng, thi hién nhién 1a nén xuét phat ti
phép gan dung WKB kinh dién. Gia st bién thién d¢ sau 1a mot
chiéu, ttc & = h(x), ti phuong trinh (1.26), phuong trinh chuyén
dong la

d dan
h— |+ o’ 0. 5.1
dx(g dx] n= 5.1)

Xét mot séng truyén theo chiéu duong truc x:
n=A(X)e" ", (5.2)
0 day ¥ = ux, v6i u— mot tham s6 nho dic trung d6 nghiéng day.

Nhu trong muc 2.1, ta ky hiéu

1dS dS
k(x)=—22 =" 5.3
x) W dx dx (5-3)

Thé cac dao ham ctia 1 vao phuong trinh (5.1), ta dudc

(—ghk® + ® )A+u{gZ—IkA+gh[ kZA +ihd(—]€_fﬂ}}+

X dXx

2
o g )
dx dx dx
T bac O(u’) quan hé tan mat sé nhu sau
2
O i, (5.4)
8

trong khi tit O(u), sau mot vai phép toan don gian, ta c6
d 2
—(khA")=0
e (khA™)

do d6
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(khA®) = const = E? = (khd®).__ . (5.5)
Theo E,, nghiém bac dan dau sé 1a
E, E PF
n:WeS/M ZWexp{Ejk(x)dx}, (5.6)

G day E. tilé thuan v6i dong ning lugng cua séng t6i ti x ~—o.

Ta c6 thé gia thiét cac séng di chuyén theo ca hai huéng sao
cho nghiém t6ng quat 1a

n (EoeiS/p. +FEJe_iS/u),

G day F; tilé v6i niang lugng séng téi tit phia phai,
F? = (khd?)

Nghiém (5.6) hodc (5.7) déu khong tinh téi su phan xa.
Bremmer (1951) va cac tac gia khac da c6 nhiing bs khuyét
thém cho cach phan tich trén diy véi truong hdp phan xa yéu
va trong tinh huéng vat 1y khac; va Ogawa va Yoshida (1959)
da tng dung cho cac séng nuéec nong. Muén biét téng quan rat
day du vé van dé nay hay xem Kajiura (1961) hoac Wait (1962).
O day, ta sé stt dung cach lap luan cta ho.

B4t d4u tit cac phuong trinh khéi lugng va dong luogng, dé
tién lgi ta dinh nghia uh=0Q, do d6

dQ

on = 22| 5.8

fon = — - (5.8)

i00=gh®M (5.9)
dx

Tt phuong trinh (5.7) luu lugng d6i véi bac dan dau cho bang
iwQ = ig(kh)'*(E e — F,e™™"), (5.10)

b6 qua s6 hang bac O(u). Bay gig, ta 1am theo Bremmer va thé

E,, F, trong cac phuong trinh (5.7) va (5.10) bing hai ham &4n E

va F, tic
1 , _
= (E"" + Fe™™M), 5.11
n (kh)l/Z ( ) ( )
inQ=ig(kh)"*(Ee*™ — Fe™"); (5.12)

bay gié nhiing biéu thiic nay dude coi nhu 1a cac nghiém chinh

xac cua cac phuong trinh (5.8) va (5.9). Trong khi thé ta dugc

mot cap phuong trinh moé tad £ va F:
AE yoy _dF o ___ W dh)"”

dx dx (kh)"?  dx (Ee™ —Fe™),

AE s _AE sy _ MK d(kh)'"”
dx dx k)2 &%
Cac dao ham dE/dx va dF /dx c6 thé duge giai ra
dE _ p  d(i)"” Fo 2
dx (kh)'? dx ’
dF _ u  dkh)'” F oS
dx  (kh)'?  dx

(Ee®" + Fe™™M).

(5.13a)

, (5.13b)

cac phuong trinh nay cting la nhiing phuong trinh chinh xac.
Bay gid ta dua ra cac khai trién nhiéu:
E=E,+uE +WE, +..,
F=F,+uF, +WF, +..,
Thé truc ti€p biéu thic ctia E va F ta dudgc
dE, dF,
dx dx
dE d

a4l —ln(kh)1/2 Fe—QiS/p
dx |dx " ’

)
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an+1 — |:i_ln(kh)l/2:|En e2iS/p. ,
dx dx
céc biéu thic trén c6 thé tich phan cho két qua:
E, = const, F, =const, (5.14a)
i g ~2iS/p
E, = ﬂFln(kh)”ﬂFne dx, (5.14b)
Yldx
. 2iS /.
[ d 1/2
=] Ik Ee dx. (5.14c)
et X

Cac giéi han duéi cua tich phan duge chon sao cho
E (=)=0, F(=)=0, n=123,..
Tu gio tré di tham s6 pu c6 thé dit bing don vi va x khoi phuc
thanh x. Bai toan da giai xong.
Gia st mét truong hop cu thé, 14y F,=0 sao cho séng téi
lan tu trai sang phai. Khi dé6

E=E,+UE +WE, +WE, +.., x~+oo (5.15)
sé biéu dién séng truyén qua, trong khi
F=uF, +WF,+.., x~- (5.16)
biéu dién séng phan xa. Pén bac O(u) hé s6 phan xa la
F r: d .
R =|-=L| =-|dx|—In(kh)"|e™™", 5.17
l (Eo lzm —J; Lz’x () G17

Céc tich phan c6 thé thuc hién bing mot phép cdu phuong mot
khi céc gia tri cia ® va h(x) dudc mo ta truéde.

Dé thay ¥ nghia vat 1y, ta gia stt ring /# hoi khac mét hing &,
h=h1+q(x)] q¢<<1, (5.18)
khi d6

0)2

_:k2h0(1+q) 5
g

va
® . q
k=—2  _(Q+q) =k |1-2
iy T =0
sao cho
q
kh = ko, [1 +§j.
Khai trién loga, ta c6
A nny? =199
dx 4dx
va
[kdx=rx.
0
Vay, v6i cac nhiéu nhd, phan xa xap xi biang
11dg
R =—|—Fe"dx. 5.19
el bors (5.19)

oo

Ta sé xét mot s6 truong hop cu thé khi d6 sau thay d6i ti mot
gia tri hdng s6 nay sang mét gia tri khac. Néu d6 sau bién d6i
khoéng lién tuc mot lugng Ah,, tic

g=AH(x), H(x)= ham Hevisai (5.20)
trong d6 d<<1, tacod

R =—1A (5.21)

12 hdng s6. Két qua & trén ciing c6 thé rat ra nhu 1a gii han cta
phuong trinh (2.17) méc du tinh gian doan thi khéng con tuong
thich véi gia thiét rang d6 sau bién ddi cham nia.

Néu do siu bién d6i mot lugng A mot cach tuyén tinh tix
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x=—1L dén x=+3L, thi

A
= —|x, 5.22
q (ij (5.22)
do do
LIZ  2ikgx .
R1=—é J- e dx:_ésmkoL; (5.23)
4.9, L 4 kL

R, dao dong theo k,L ; duong bao s& nhé dan khi k,L — .
Cudi ciing, néu su chuyén ti€p d6 sdu vé cung tron va cé thé

mo ta bang mot ham sai s6 theo x, thi
d A 7)(2 /LZ

—q= 5.24
dx 1 n’L ( )
c6 dang Gauss, do do
A T “(x/)V2  2ikox A —k272
R, =_4n1/2L Ie ()= g2k dxzzze o (5.25)

Chu y ring véi truong hop nay R, gidam theo ham mi theo
(kL)

Cac thi du trén day khac nhau ro rét vé téc do giam theo
k,L ; dia hinh tron hon s& giam nhanh hon theo k,L tdng. Diéu
nay c6 thé chiing minh mot cach tdng quat hon tit phuong trinh
(5.17) (Felsen va Marcuvitz, 1973). Gia st 4, do d6 ca k, chi
khac hing s8 trong khoang x, <x<x, véi x,—x,=L. Ta viét
phuong trinh (5.17) thanh

X9 . d
R, =—je“51n(kh)“2dx.

Néu dh/dx hitu han tai cac diém dau x=x,x,, con d*h/dx* thi

khong, ta c6 thé tich phan tiing phin mot 1an dé duge

R =- emi iln(kh)”2 +
2ik | dx

+ Jgdx e i{i [i In(kh)''? }}
5 dx | 2ik | dx

Tu s6 hang tich phan trong phuong trinh trén, rdé rang la
R, =0O(k,L)™", diéu nay phu hgp v6i phuong trinh (5.23). Néu
d’h/dx* hitu han tai cac diu, con d°h/dx® thi khong, thi tich
phan cudi 6 trén c6 thé dude tich phan ting phan mét 1an niia
dé cho mot s6 hang c6 bac O(k,L). Téng quat hon, néu d"h/ dx"
hiiu han tai ca hai dau, thi R, =O(k,L)"". Néu dia hinh v6 cling
tron, tlc x, — - va x, — o, thi R, suy giam nhanh hon bat ky
luy thita s6 nao caa kL, .

Két qua néi rang su phan xa phu thuéc manh d¢ 1a tron tai
hai diém ggi tinh t0 mo toan hoc, vi theo quan diém vat 1y thi
mot dic tinh dia phuong nhu thé liéu c6 tac dung anh hudng
manh khong. That vay, phuong trinh (5.25) am chi rang hé so
phan xa 1a rat nho dé6i véi dia hinh tron v6 han. Trong mot bai
bao véi nhiéu phép toan phtc tap, Meyer (1979b), khéng su
dung phép xap xi WKB, da cho thay hé s6 phan xa lai c6 dang
exp[—a(k,L)"'*] cho ca hai trudng hgp dia hinh luéng (mé ta bang
ham Gauss) va thém (dang mit cit tidp tuyén hyperbolic). O
day ching t6i sé khong xét tiép van dé nay. Ban doc quan tam
c6 thé xem chi tiét trong bai bao ciia Meyer va trong tai liéu
tham kh3o.

4.6 SONG BI BAY TREN LUONG PAT DOC

Muc 4.3 da cho thiy nhiing séng dang sin nhét dinh c6 thé
ton tai 6 mot diém gian doan d6 sdu, nhung khéng thé truyén
dude ti nuéc néng ra ving nube sau. Ta sé& nghién ctu diéu gi
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sé xay ra trén mot mién thém véi hai ria tai khoang cach hiiu
han 24 . Cé thé thay rang ton tai nhiing tan s6 riéng tGing véi cac
hai bi biy trén thém. Nhiing hai nay tuong tu nhu cai goi la
“cac trang thai bao” trong cd hoc lugng ti va Love Waves trong
ban khong gian co gian phan 16p. Thuc su 1a néu vay muon cac
phuong phéap cta cd luong ti (thi du, Bohn, 1951), ta c6 thé
phan tich cac séng dai bi bay (Snodgrass, Munk, va Miller,
1962; Longuet—Higgins, 1967).
Xét mot ludng dat c¢6 hinh dang nhu hinh 4.1 v6i &= h, trén
sudn —a < x < a; nghiém téng quat la
M, = (Be™" + Ce™™")e™ (6.1)
trong d6 o, =(k; —p*)"*. Ta chi quan tAm dén nghiém nao dam
bao giam dén khong tai vo cting 6 ca hai phia ctia luéng dat; do d6
M, =A4e" e x<—a, (6.2)
va
Ny =De " x>a (6.3)
trong @6 vy, = (B* — k)"*. Gia thiét riang
k,>B>k  hay PB(gh)'’>w>pB(gh)'* (6.4)

Cac hé s6 4,B,C va D van la nhiing hé s6 bat ky. Tinh lién
tuc cia n va hon/ox tai x==+a cho ta bon diéu kién:

A= Be " + Ce2 | (6.5)
Y, b A=io,h,(Be ™ — Ce'™*"), (6.6)
D = Be™*" + Ce ™2 | (6.7)
Y, D = ia,hy(Be > — Ce™™*"). (6.6)

DPé tim nghiém khéng tAm thudng thi dinh thic hé s6 cta hé
cac phuong trinh (6.5)—(6.8) phai bang khong:
(il — i062h2)2 et — G i(x2h2)262iaza =0 (6.9)

Phuong trinh nay c6 thé sip xép lai dé duge
29,0, h,

tg20,a = . (6.10)
T (@)’ = (1)
bat
h
B igs, 6.11)
(X‘Q hZ
khi d6 phuong trinh (6.10) tré thanh
2tgd
tg2o,a=—"=>——=1tg20,
8400 =TT tg?d &
tu do co
O =4nm+0l,a. (6.12)
Lay tang hai vé& phuong trinh (6.12), ta c6
tgsz Y1h1 :[ tgaza } (l’l = (:hén} , (613)
o,h, —cosoya n=le
hay
h (B> -k [ tg(ki—BH)"*a n= chan
hy (ki —B*)"* | =cos(kZ —B*)"*a) n=1é '
Vi
2 2
=2 o =2 kg
gh, gh, h

phuong trinh (6.13) c¢6 thé dugc biéu dién chi qua &,

B B =y )] _( tg (ki —B*)%a J (n= chénj

h,  (k2—BHY* | =cos(k—Pp*)"%a n=1&

(6.14)
Bang phép thay cac bién
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E=a(k; —B")" =oua, (6.15)

i 1/2 i 1/2
a 2__2k2 =k2a2 1__2_2
(-t |- 2] -2

va do d6 phuong trinh (6.14) tré thanh

ta dugc

% {ctgé} (n= fhén], (6.16)
& -9 (-tgg)  (n=1&
Vol
2 _ 72 2 _ﬁ :M _E
&2 =kZa (1 hlJ o (1 hlj. (6.17)

Vé6i o va dang hinh hoc cho trude, thi &, 1a cd dinh; £ dugc
giai ra ti phuong trinh (6.16), va sd song riéng o, rut ra tu
phuong trinh (6.15). Ta xét riéng ré cac truong hop » 1é va chan.

n 1é: Cac gia tri riéng c6 thé tim bing phuong phap dé thi
va noé tuong tng véi cac giao diém cliia dudng cong y, = tgf véi
dudng cong
e

hy (€2 -8
(hinh 6.1a). Puong cong y,(§) 1a ham 1é theo &, di qua goc toa
do va tién dén +e khi & tién dén +&,.

Yo =

Tut cing hinh vé d6, thay ré rang nghiém sé & chd cac cap
diém £&, va ta chi cAn xét +§,. V61 1n<&, <2n thi ¢6 mot hai
voi im<§ <m. Véi 2m< <3Im, c6 hai hai & va & vdéi
3in<§, <2rn. N6i chung, néu (n-Hm<&, <(n+i)m, thi c6 » hai
€,,Es . &, (n 18) v6i nghiém tht m nam trong khoang

(m-3)mn<§, <mm.

Hinh 6.1. Nghiém d6 thi cla cac gia tri riéng: a) n1é, b) n chan

Nhu vay, c6 mot hai méi bi bay méi 1an &, tang mot lugng
bing 7, c6 thé nhan dude bing cach ting wa hoic giam do sdu
thém h, véi h,/h, c6 dinh.

n chdn: Ta cAn khao sat cac giao diém caa y, =cos& véi

Ve :h_zL :
(SISO

Céac diém cit biéu dién trén hinh 6.1b. Véi 0 <&, <7, ¢6 mot
hai bay, +&, v6i 0<& <im; v6i m<& <2n c6 hai hai 1§, va
*,, vOi n<&, <Im. N6i chung, v6i (n+1)n>&, >nn thi co n+1
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hai: §,&,,....&,, .

Tém lai, cac nghiém &, tao thanh mot chudi &, <&, <&, <...;
cac s séng riéng tuong ting cling tao thanh mét day tang dan
0, <0, <Oy <....

Vay hinh dang mét tu do ctia cac hai nay nhu thé nao? Tu
cac phuong trinh (6.5) va (6.6), ta c6

Ez_emza Y. hy +icyh, _ P tgd+i _
C Y. hy — o, tgd—i

_ eZi(xza C086 - isnls _ 2i(oga—3d) __ einﬂ:

<= (6.18)
c0sd +isin &

D4u bang cubi cung dudc suy ra tit phuong trinh (6.12). Véi
n chan, B =C; tl cac phuong trinh (6.5) va (6.7), 4=D, vali do
ti1é véi cosa,x, xem cac phuong trinh (6.1)—(6.3). Do @6 n chan
tuong tng véi mot hai chdn. Tuong tu, v6i n 1&, B=-C va
A=-D; 1i @6 ti1& v6i sino,x va 1é theo x. Mot s6 hai dau tién
dugc phac hoa trén hinh 6.2.

Céac hai chin c¢6 thé xem nhu 1a cac hai bay trén thém luc dia
li tudng hoa véi @6 rong a va dudng bd tai x=0. Nham mo
phdng gan ding thém California, Miles (1972) da 14y /, =600 m,
h, =3600m va &, =219n, v6l a=70km, sé tuong Ung véi

T=2rn/m =27,78 phut =%><104s. Ba hai bay 1a tai &, =n/2,

€,=1,45mn va §,=215n, do d6 2mn/a, =280 km, 2rn/0, =96km va
2n/a, =65 km, nhiing gia tri nay rdt quan trong dé gy cong
hudng dao dong goi 1a dao dong Helmholtz trong cang — day 1a
chu dé sé thao luan trong chuong ti€p sau. Véi ciing nhiing gia tri
cia  va B, khong c6 nghiém nao tuong ting véi gia tri ao v, ;
khéng thé c6 su lan truyén séng theo huéng x. Tt d6 suy ra ring
cac song t6i dang sin khéng thé kich hoat nhiing séng bay trén
mot ludng dat hay mot thém dai vo han c6 do rong hiiu han theo

1y thuyét tuyén tinh hoa. Tuy nhién, su kich hoat lai c6 thé xay
ra bdi cac séng cuc ngan, tng luc gié trén ludng (hoéc thém) do dai
htiu han. Hon niia, phai tinh téi nhiing co ché kich hoat phi tuyén.

i

Hinh 6.2. Cac hai by trén mot —= N
lubng dat E nel 3

A

7

n-2
kescarid s s

Bai tap 6.1: Cdc song bi bay trén dong chay dang tia

Trong chuong 3, su hién dién ctia dong chay bién thién da
dude xem giong nhu 1a do sau bién d6i anh hudng dén cic séng.
Hay khao sat cac séng dai nuéc nong trén dong chay manh
U=0, V=V(x), trén bién d6 sdu bién d6i z=—-h(x). Chitng minh

rang cac phuong trinh nhiéu dong séng sé 1a

98 Ly 98 ouh L ov_o (6.19)
Jt dy 0x dy

Ju Ju 14

ou you I ave, 6.20
o Vg, Ty T evs (6.20)

trong d6 dong thanh dting bing khéng.
Gia st
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[C(X, Y, t)] — (i(x)] e By—on , (62 1)

u(x, y,1)) \u(x)
va chiing t6 rang

(hTY + Oflng i’{(‘”‘gﬁw] —Bzh} {=0. (6.22)

Nhu vy, néu V(x)>0 trong khoang hitu han |x<a va triét tiéu
6 ngoai khoang, va néu B<0 (cac séng truyén ngudc dong chay),
thi nhiing séng nao thod man diéu kién
© g @BV (6.23)
gh gh
sé bi bay trong dong chay.

Vé6i trudng hop cu thé s =const véi moi x, V =const néu
|x{<a va V=0 néu |x>a, hay nghién ciu cac gia tri riéng B
cua cac séong bi bay, dong thdi phan tich van dé tan mat khi
B*<w*/gh.

4.7 MOT s DAC PIEM CHUNG CUA CAC BAI TOAN MOT
CHIEU - CAC HAI BAY VA MA TRAN TAN MAT

4.7.1 Nhdn xét dinh tinh vé cdc séng bay

Ta xét su ton tai ciia cac hai bay trong trudng hgp dia hinh
mot chiéu lién tuc h=h(x) vé mét dinh tinh. Thay thé
¢ = X(x)expli(By — wr)] vao trong phuong trinh (1.5), ta dude

(hX") + ((”—2— Bzh]X =0. (7.1)
g

C6 thé nghién ctu nhiing dic diém dinh tinh trong cai goi la
miét phing pha cia X va Y, trong d6 Y duge dinh nghia bing

Y=hX’ hay X'= %Y. (7.2)
Phuong trinh (7.2) c6 thé duge viét lai
2
Y'+[(D——Bzhj)(=0. (7.3)
g

Chia (7.3) cho (7.2) dudgc
dy _—(o*/g-p*mXx
X 1/ h)Y

; (7.4)

day 1a phuong trinh bac nhat theo X va Y véi x nhu la tham
s0. Trong mat phing pha nghiém cta phuong trinh (7.4) dugc
biéu dién bang mot qui dao. Gia st h(x) tién dén mot hang hiiu

han tai vo cung, ttc

h(x)—>h., |-,
va gia thiét thém rang
(DZ
B*h, < — < B’h, (7.5)
g
sao cho c6 hai diém (x,, x,) tai dé

2
C _Bh(x), [=1,2
g

(xem hinh 7.1). Trong 1y thuyét phuong trinh vi phan, hai diém
nay duge goi 1a cac diém uén, trén hai phia d6i 1ap caa cac diém
nay nghiém sé c6 hanh vi khac nhau. Trong khoang x>x, va

x<x,,thita s6 i(w*/g—p*h) 4m, va nghiém X(x) bién thién don
diéu theo x. Dac biét, véi x 16n

2 2
h[ﬁ% —“’—j BN hw[Bzhw —“’—] =i H>>0.
g g

do d6 X =« ¢ . Trong mat phng pha diém nghiém (X,Y) tién
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t6i goc toa do khi x — Feo doc cic dudng thang Y =+Hr'?X , d6
14 céc tich phan dang gi6i han cua phuong trinh (7.4). Trong
khoang x, <x<x,, hé s6 h(w*/g—p’h) duong va nghiém X(x)
vé tong quat sé dao dong theo x. Qui dao trong mit phing pha
c¢6 thé luon vong quanh géc toa dd va cit cac truc X va Y. Mot
s6 nghiém c6 thé c6 duge vé trén hinh 7.2 cho ¢ mit phing pha
va mat phing tu nhién. Nhu vay, méit ndi séng chi ton tai trong
khoang (x,,x,) va giam theo ham ma & ngoai khoang; d6 chinh
14 cac dic trung cua cac séng bay. Néu o’/ g >B*4_, sé khong cé
mét ving bién thién don diéu nao va toan bo chat 1ong c6 thé cé
chuyén dong dang séng; cic séng khéng bi by niia. Néu
o’/ g < B’h, , khong 6 dau c6 séng diéu hoa.

£%h

Hinh 7.1. Thay d6i ctia B>k theo x trén mot séng dat ngdm

4.7.2 Ma tran tan madt [S(a)]
Xét song t6i xién goc trén luong dat ngdm véi A(x) —» h_ khi
|x| — oo, Ta viét lai phuong trinh (7.1)

, 2
(ax’) +( 0;! —Bzan =0 V61 a(x) =hi, (7.6a)
gn., o

hay, vi o*/gh_ =o” +p?,

(ax”) +]o? +p*a-a))x =0, (7.6b)

day 1a phuong trinh Sturm — Liouville. Bang bién d6i X =a7'/%€,
phuong trinh (7.6b) trd thanh phuong trinh khéng phu thudc
vao thai gian Schrodinger trong co hoc ludng ti:

& +r-vwlg=o0,

trong d6
7\‘2_[32 _Uzh’l 2+Bz+gﬁ_lh_/_h_”
’ 4 h 2h h
Y X
~
~ / X —/l-\ x
d ™~ |
Y
“\g /E X JA

Hinh 7.2. Cac qui dao nghiém trong mat phing pha (bén trai) va mat tu do tuong (ing
(bén phai) cho mét s6 hai bay dau tién. Cac dudng gach néi trong cac mat phing pha

laY= iHhi/Zx. Cac mii tén doc theo cac dudng cong chi huéng tang cla x

R4t nhiéu tinh chat chung cac phuong trinh Schrodinger da
quen thudc trong ly thuyét phan tan luong ti. Ta sé chi thao
luan mot vai tinh chit trong s6 d6 lién quan téi phuong trinh
(7.6). Dé nghién ctiu k§j hon nén tham khao Roseau (1952) va
Sitenko (1971).
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Xét bai toan tan mat tong quat cé6 dién bién tiém can nhu sau:

X~A4e™+Be™, x~-—o, (7.7a)

~A.e™ +B.e"™, x~+oo. (7.7b)

Vay 4 va B, tuan tu Gng véi cac séng tdi tir phia trai va

phia phai; 4, vA B_ tuan tu Ging vdi cac séng phan tan huéng vé
phia phai va phia trai.

Ta cling dinh nghia f,(x,0) 14 nghiém cua bai toan phan

tan sang trai:

1 o R
xX,0)~—e* +—e", x~—oo, 7.8a
fiu00 e 4 (7.8)
va f,(x,) la nghiém cta bai toan phan tan sang phai:
fo(x,0) ~e™,  x~—co (7.9a)
~ie"'°“ +£e"°“, X~ oo, (7.9b)
2 2

Trong c6 hoc lugng ti £, va f, duge goi la cac ham Jost. Bay gic
cac ham f, va f, la nhiing nghiém doc 1ap tuyén tinh vi cac
toan ti Wronksian cua ching

2io

W(fl’fz)zflle_fzfl,z_T (U x~—c0)
=—2T’% (bRt x~ oo )

noéi chung khéng triét tiéu. Phuong trinh trén ngu y la

I =1,, (7.10)
ttc cac hé s6 truyén qua bén phai va bén trai bang nhau ngay
ca khi h(x) khong d6i xting. Ngoai ra, vi khéng phu thudc tuyén
tinh gita f, va f, ta c6 thé biéu dién X trong phuong trinh

(7.7) bang t6 hop tuyén tinh
X=Cf, +Df,. (7.11)

So sanh céc gia tri tiém can cua cac phuong trinh (7.11) va (7.7),
ta co

R 1
C+=2=4, =D—=B,.

4

T, T,
A, va B_ c6 thé giai ra bang cach khtt C va D:
A =T.A +R,B,, B =RA +T,B,

va két qua nay c6 thé biéu dién dusi dang ma tran:

(Zj = [S(;J (7.12a)

I, R,
[s]= { R T } (7.12Db)

vii

Nhu truée day, [S] 1a ma tran tan mat hay ma tran S - la téng
quat hoa cua cac phuong trinh (2.13) va (2.15) cho dang do sau
cu thé.
4.7.3 Cdc hai bay nhu la nhitng cuc do cua [S()]
Trong két qua do6i véi thém hinh chii nhat, giad su ta thay
Y, =—ic, sao cho diéu kién gia tri riéng (6.9) tré thanh
(1+s)?e " —(1-5)%e* =0 V6 s= Oy
a2h2
Néu xét téi cAc phuong trinh (4.21) va (4.22), phuong trinh trén
tuong duong véi su triét tiéu cadc mau sé cia R va T trong bai
toan phan tan, tdc cac hai bay sé @ing véi cac cuc ao duong ctua
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R va T trong mit phéng phtic o. Vay hai bai toan khac nhau
c6 thé két néi lai vé toan hoc hay khong, d6 1a van dé dang to
mo. Bay gio ta dua ra ly thuyét cho dd sau tuy y i(x) v6i h— e

khi |h| — oo,
Cac nghiém Jost f,(x,a) va f,(x,~o) ddc 1ap tuyén tinh vi

toan ti Wronskian cua ching

W[,fl (x> 0(‘)91{1 (.X',—OC)] = ﬂ (x’ a),fll(xs_(x) - ﬂ(x,—a),ﬂ (x» OC) =—2i0
khong triét tiéu sau khi st dung cac gia tri tiém can tai x ~ +oo .
Nghiém tuy § thi du nhu f,(x,o) c6 thé biéu dién bang mét t6
hgp tuyén tinh ctia f,(x,o) va f,(x,—c). Xét dién bién tai x~ oo,

dé dang thay rang

Amw:%ﬁmw+%ﬁmﬂx

hay
T, f,(x,0) =R, f, (x,00) + f,(x,—0t) . (7.13)
Pao ham cac phuong trinh trén theo x, ta cé
T, [ (x,a) = R, f{(x,00) + f(x,—0x). (7.14)

Ta giai 7, va R, ti cdc phuong trinh (7.13) va (7.14):
2ia
W(0), f(x )}
__WihG-e), filx o))
WS (x, 00, fo(x, 00}

Néu c6 cac cuc déi v6i T,, thi chiing phai ting véi cac gia tri

2

2

khong cua:

Wifi(x,a), fo(x,0)}=0.
Gia st cac cuc duge ky hiéu 1a o, . Thii nhat, ching cting phai la
cidc cuc cua R,, do d6 cua [S(o)]. Tha hai, tai cac cuc nay

1/T,=0 va R,/T,= htiu han, thanh thu £, c6 dang tiém can

f‘z . e—ioc,,x7 )C~—°°,
~ (&J et X ~oo, (7.15)
T, o

Gia st rang cac cuc nay phitc véi cac phan o duong sao cho f,
giam theo ham mi t6i khong khi |x| — e, titc
o,=90,+iy,, v,>0.
T phuong trinh (7.6) dé dang rit ra
[a(XX" - X" X' = 2i(Imo®)| X| . (7.16)
Bay néu cho X = f,, tich phan hai v& cia (7.16) tif — dén e va

st dung tinh bién thién kiéu ham mi tai |x| — oo, ta dudc
imoz} [|f;[ ax=0,

tic:
Imo?=0 hay §,=0 (7.17)
Vay, cac cuc 40 hoan toan va cac hai bay gidm don diéu tai x 16n.
V6i mot gia tri riéng nhu o, =iy,, ham riéng X c6 thé 1ay
bang thuc. Nhan phuong trinh (7.6a) v6i X va tich phan tiung
phén, ta c6

o oo 2
faxyax+ | (Bza —“’—J X%dx=0.
2 gh

Vi B2a—w*/gh.) —> B -0’/gh.)>0 khi x—+e, ddng thic trén
c6 nghia rang (B*a—?/gh_) <0 cho mot khoang x nao dé; néi
cach khac X tam thuong bang 0. Diéu kién ton tai cia cac hai
bay (7.5) mot 1an nita duge khang dinh.
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4.7.4 Cdc tinh chdt cua [S(o)] vdi o thuc

Tré lai phuong trinh (7.7) v6i bai toan tan mat, bay gic ta
khao sat mot so tinh chat khac ciia ma tran §. Xét o thuc, ti
cac phuong trinh (7.6) va lién hop phtic caa né, c6 thé chi ra ring

a(XX” - X"X')=const . (7.18)

Cho bang nhau cac gia tri tiém can cta vé trai tai x~—o va
x~+oo, ta dudc
2

“+|B[=|A] +|B[, (7.19)

4,

B+

biéu thiic nay néi ring ning lugng cia cic séng t6i bing ning
lugng ctiia cic séng di ra. Néu tinh téi phuong trinh (7.12a),
phuong trinh (7.19) c6 thé viét thanh

Al +|B[ ={A+,B_}{2:}={A_,B+}[S]T[S*]{;:}, (7.19)
trong d6 [S]” — ma tran chuyén vi caa [S]. Suy ra
1 0
ST[S1=1= , 7.20
[ST[S] [O 1} (7.20)

dugce goi 1a tinh chit don vi cia ma tran S. Theo dinh nghia cta
[S], phuong trinh (7.20) c6 nghia rang

S
ti ddy nhan duge ba quan hé doc lap:
" +|R| =1, (7.222)
1) +|R,[ =1, (7.22b)
T,R,+RT, =0. (7.22¢)

Cac phuong trinh (7.22a) va (7.22¢) mét 14n niia biéu dién
su bao toan ning lugng. Theo phuong trinh (7.10), phuong trinh

(7.22¢) c6 nghia rang
|R,|=|Ry|. (7.23)
T cac phuong trinh (7.7), bién thién tiém can cta lién hop
phtic cua X la:
X' ~Ae™ +Be™, x~—oo, (7.244a)
~Ae™™ +Be™, x~+oo, (7.24b)
So sanh véi cac phuong trinh (7.7), rd rang 1la 4", B’, 4., B, ¢6
thé dugc thé tudn tu cho B ,4,B., 4., do d6 phuong trinh
(7.12a) c6 thé dugc viét lai

B| .. |B
A .29
B| .. |B
o) 25

Mat khac, ta viét lai nghiém X — cac phuong trinh (7.7) nhu
sau

hay

X~Be ™™ 4 4709 x~—oo, (7.262a)

B+ 4,7, x~+oo, (7.26b)

né duge xem nhu 14 bai toan véi ® duge thay biang (-w), va o
dudc thay bang —o . Bay gio B va 4, la cac séng téiva 4 va B,
14 cac séng di ra. Bing cach tuong tu déi véi phuong trinh (7.12)

ta co
Bl ...  .[B
(st s

Khi so sanh cac phuong trinh (7.25b) va (7.27), ta di dén két luan
[S"(0)]=[S(-0)]. (7.28)
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Tém lai, phuong trinh (7.18) 1a hé qua cta cong thiic Green,
da dan dén nhiing théng tin quan trong vé cic truong phia xa.
Cach tiép can nay sé dugc khai thac thém trong chuong 7.

Bai tdp 7.1

Xét mot kénh c¢6 mét cit ngang bién ddi chi trong mot phan
hitu han ctia x va c6 d6 rong, do sdu hang sb tai vd cung:
(b,h) = (b, ) khi x~-oo, vA — (b,,hy) khi x—+w. LAy (R,T))
va (R,,T,) 1a cac hé s6 tan mat trai va phai. Chiing minh ring

kA (1=|R|)=kA|T|, trongds A =bh VA A, =bh,

(7.29a)
%z Zj; (7.29b)
va
[R[=[R,], (7.30a)
InT,|=1-|R,[. (7.30Db)

4.8 CAC SONG RIA TREN NEN DO DOC KHONG POI

Nhu 14 mét trudng hop cu thé cta d6 sdu bién déi lién tuc,
ta xét mot bai bién thing dai véi @6 nghiéng khong ddi (Eckart,
1951). Pat duong bo trung binh trung véi truc y va vang nude

nam trong mién x > 0. Pay dugc mé ta bang
z=—h=-sx, x>0,s=const. (8.1)
Vi cac hé s6 14 hing s6 theo truc y va ¢, ta thi tim nghiém
dudi dang:
{=n(x)e P, (8.2)
Phuong trinh (1.9) cho

2
xn"+n’+[(s’)—g—[32xJn=0. (8.3)

St dung phép chuyén d6i

E=28x, M=e"f (&), (8.4)
phuong trinh (8.3) dugc viét lai thanh
” , o 1,
&' +(1-9)f +{2I3Sg —E}f—O, (8.5)

phuong trinh nay thudc 16p cac phuong trinh hypergeometric
(xem thém vé phuong trinh Kummer, trong (Abramowitz va
Stegum, 1972)). Trudng hop téng quat sé c6 hai nghiém, mét
trong s6 d6 1a nghiém don tai dudng bo &=0 va phai loai bo.
Cac nghiém khong tdm thuong lam cho n hiiu han tai £=0 va
bing khong khi & — « tdn tai khi @ tng v6i nhiing gia tri roi

rac sau:
2
L (8.6)
2Bsg 2
Céac ham riéng lién quan ti 1& véi cac da thic Laguerre
_ (_)” n _n_Z n-1 n2(n - 1)2 n-2 _
T
2 2 2
_nn 1;'(” e S B (8.7)

thi du, L,=1,L,=1-§L,=1-25+1E ... Mot s6 it hai dau tién
duge vé& trén hinh 8.1, hai bac cang cao thi cang gidm nhanh
hon theo huéng ra khai. Vi cac ham riéng nay tng véi cac hai
nao chi phu hop véi viing gan bd, nén chiing dugc goi 1a cac séng
ria (edge waves). Cac ham riéng nay truc giao theo nghia sau
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oo

[etL,L,d=3,, . (8.8)
0
V6i m=n phuong trinh (8.8) sé néi lén rang mdi hai c6 mot
nang lugng htiu han.

Cac song ria dude quan taAm trong hai duong hoc viing bg vi
ching c6 bién d6 16n nhat, do d6 gy nuéc dang manh nhat d bo.
Ngudi ta ciing cho réng cac séng nay la nguyén nhan gay ra céac
dong chay gian doan trong vang ven bd khi d6 nhao cac séng
ngin hon. Stokes (1847) da phat hién cac séng ria nhu vay véi
cac bai bién c6 géc nghiéng 16n, con Ursell (1952) phat hién phé
diy du gém ca phan gian doan va lién tuc cac séng ria.

10
Noﬂﬁx)o'ﬁ‘ n=0
0l
1.0
0 Fh\----
1.0

L(2Bx)ePx n=2 Hinh 8.1 Tréc dién ciia mot
[ o~ ,
0 - s6 hai séng ria
10
la(?ﬁx‘l‘ﬁx n=13
0 P ST -
10
L2 ﬂx)o‘l&“ n=4

) B 0

Trong tu nhién tén tai mot sd co ché phat sinh cac séng ria.
0 qui md 16n (bude séng dién hinh 200 hai 1y, chu ky 6 gid, bién
d6 3 foot) séng ria c6 thé gy bdi tng luc gié truc ti€p 1én mait
nudc. Munk, Snodgrass, Carrier (1956) va Greenspan (1958) da
nghién ctiu hiéu tng bién thién khi 4p khi béo di chuyén song

song bo; két qua cta ho thich hgp véi séng bao. Séng ria qui md
nho hon c¢6 thé duge kich hoat bdi mét co ché cong hudng phi
tuyén cac hai thanh phan (Guza va Bowen, 1976; Minzoni va
Whitham, 1977), vdn dé nay sé xét § chuong 7. Séng ria qui mo
viia, chu ky 1-5 phut, c6 thé ciing do nhém céc séng ling ngin
kich hoat thong qua co ché phi tuyén va sé dudc xét 6 chuong 12.

4.9 CAC PUGNG DANG SAU DANG CUNG TRON

4.9.1 Nhung nét chung

Dang phtic tap hon so véi cic dudng ddng siu thing va
song song 1a loai dia hinh véi cac dudng ddng sdu tron dong
tdm. Trong hé toa d0 cuc (r,0), #=h(r); phuong trinh séng dai

trd thanh

hon o
V2 + —— 4 — :0’ 9.1
n h dr ghn ©-D
vl
> 19 1 9
ve=2 429,19 2
ar2+rar+r2 00’ ©-2)
Xét
N=R(r)e'" (9.3)
v6i n— nguyén, sao cho R thod man
’ 2 2
R"+[l+h—)R’+(m——n—2]R=O. (9.4)
r h gh r
hay
2 2
(h rR')'+(w——¥J FR=0. 9.4")
g r

Bay gio dién bién ctia R sé la dang ham mi hay dang dao dong
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thuy thudc

o’ > i dang dao déng
2

(9.5)

g’ < 7 dang ham mii
Xét mot dao ngam véi d6 sdu k  ting don diéu
0<h(0)<h(r)< h(e). V61 n c6 dinh, 4/r* dién bién nhu trén

hinh 9.1. Nghiém 1a dao dong & phia ngoai dudng tron t6i han
r=r, v6i

o’ *h
?z("r_z} r=n. 9.6)

So sanh véi dia hinh mot chiéu, thita s6 1/ thay d6i han tinh
hinh va khéng con hién tugng bay séng hoan chinh niia.

h/r?

wi/gn?

Hinh 9.1 Bién thién %/ r2 theo r Véi

dao ngam

r

Xét dao v6i bo tai »=a, sao cho i(r)=0 khi O<r<a va ting
don diéu khi r>a. Khi d6, n*h/r* bién thién nhu trén hinh 9.2.
Véi o’/ gn®* <max (h/r*), mat tu do sé c6 dang dao dong 6 gan bo
a<r<r, co6 dang giam theo hAm mt trong viung r, <r<r, va lai
c6 dang dao déng 6 phia ngoai (r>r,). Do d6, day nghiéng ctua
dao c6 vai trdo nhu mot vat chdn d6 day hitu han dé bay cac séng
c6 tan s6 du thap, hodc cac séng tin s6 o c6 dinh, nhung » dua
l6n. V6i n 16n, vat chan té ra day hon va hiéu qua hon trong
viéc bay ning lugng, tic it ro ri nang lugng hon. Nhiing hién

tugng nay c6 hé qua quan trong do6i véi su cong hudng cua cac
séng bay trén cac miii dat ngam khi cic séng t6i ti phia ngoai.

h/r? &

wign?

Hinh 9.2 Bién thién h/r> theo r
véi d4o cb ban kinh dudng bo a

-

3 r

Longuet-Higgins (1967) da xét mot thi du cu thé vé mét
thanh tao dang chan dé tron do sau bién thién gian doan
h=h, O<r<a

—h, r>a v6i %<1 ©.7)

2

nhu trén hinh 9.3a. Bién thién cta h//* thé hién trén hinh
9.3b. V6i o du thap, hodc n du cao, thi cing ¢c6 mot viing hinh
vong r, <r<a bén trén chan dé& ton tai dang dao dong. Vung
vong c6 dao dong nay bao quanh mot nhan trung tAm cé chuyén
dong don diéu (0<r<r) va bi tdch khoi vung bién dao dong
(r>r,) b6l mot barier a<r<r,. Néu h /h, rat nho, thi barier s&
cao, bay séng sé rat hiéu qui, nhung van chua hoan hao, va su
cong hudng cta cac hai cao hon d gan ria phia trén chan dé cé6
thé rat manh liét.

Co ché bay nang lugng nay cé y nghia thuc tién trong k§y
thuat ving khoi, ndi cac diéu kién dia chat c¢6 thé quyét dinh vi
tri x4y dung cong trinh trén mai dat. Méi nguy hiém tiém 4n
von c6 cua vi tri nhu vay khong phai bao gio cac nha thiét ké
cling biét rd. Trong chuyén khdo sat thap Texas trén Brown
Bank, ngoai khoi bo déng nuéc My, nhéom diéu tra da thay séng
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trong con bio Noreaster lay dong cac tru thép va duong 6ng lén
xudng c¢d 100 bd va c6 nguy co lam sap cong trinh. Nhiing cot
tru nay c6 stic ning cd vai tdn mdi chiée, duge dit dé bao vé
chan dé& cac duong 6ng. Hién tuong nay cho thdy mot minh
chiing vé co ché cong hudng da ban luan & day (Meyer, 1970).

Hinh 9.3 Chan dé& tron ngdm: a) hinh vé;
b) bién thién 4 /r* theo r

Trong muc sau, ta md ta chi tiét hon thi du cia Longuet—
Higgins, 6 day nghiém gidi tich tuong d6i don gian. Véi cac dang
dia hinh tron tron khac, phép xdp xi WKB c6 thé hgp 1y. Tuy
nhién, d6i v6i dang dia hinh hai chiéu tdng quat hon niia thi
khong thé tranh khéi st dung phuong phap s6.

4.9.2 Sy tdn mdt cdc séng tdi phang bdi chan dé tron

Xét mot chan dé tron nhu trén hinh 9.3. Dinh ctia chan dé
tai @6 sdu z=—h,. Gia st viing nuéc lan can cé d6 sau khoéng ddi
h . Véi cac song diéu hoa don tdn s6 o, s6 séng sé bang
k,=w/(gh,)"* tai viung bén trén chin d& r<a va bang
k, =o/(gh)"* 6 xung quanh chan d€ r>a. Gid st cac séng t6i

lan dén ti phia x~—c véi bién do don vi sao cho

n =e"". (9.8)
Trong vung r>a, phai c6 cac séng bi phat xa (tdn méat) truyén
di t6i » ~oo. Do d6 néu

n, =+, (9.9)
thi n* phai thoa man phuong trinh sau trong hé toa d6 cuc

10( an®) 1"
Vit kit = —|r—— |+ = +kin* =0, 9.10

n 1 rar(r or ] r’ 00” 1M ( )
va phai 1a séng di ra khi r - . Bén trén chan dé, 1i do thoa
man phuong trinh

19 ( an 1 9°n

Tai ria ctia chdn d&€ r=« phai tuong hgp vé ap suat va thong
lugng:

n; =Mz, (9.12)
an &n r=a.
h, _arl =y, a: : (9.13)

Bang cach tach cac bién, dé dang chiing minh ring nghiém
tong quat ctia cac phuong trinh (9.10) va (9.11) phai chtta cac t6
hop tuyén tinh ctia caAc ham Bessel, ttic

Mg~ COS ne[Jn (k1r): Yn (k1r)] )
M, ~cosnb[J, (k,r), Y, (k,r)].

Trong phu luc 4.A sé ching td ring séng téi c6 thé khai
trién thanh chudi séng khong gian, mbi séng c6 phu thude géc
theo cosnB, n=0,1,2,...:

e =" =>"¢ (i) cosnbJ,(kr) (9.14)
0

trong d6 e — cac ky hiéu Jacobi xac dinh bang e, =1,¢ =2,
n=1,2, ..
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Ta gia dinh nghiém sau cho n:

n, =Y €,(0)" cosnblJ, (k,r) +B,H" (k,r)], r>a, (9.15)
0

Ny = iﬁn (i)' cosn®[4,J,(k;r)], r<a, (9.16)
0

trong d6 4, va B, phai x4c dinh. Trong phucng trinh (9.16) chi
¢6 cac J, dugc giii lai dé bao ddm hitu han tai »=0. Trong
phuong trinh (9.15), chi ¢6 cac H'" duge giti lai sao cho cac soéng
phén tan di ra. Vi H®” khong bao gié dugc st dung 6 day, ta sé
b6 chi s6 trén 6 cac ham Hankel va viét mot cach don gian
H, (k,r)=H'" (k,r). 9.17)
Cac hé s6 4, va B, phai chon sao cho cac diéu kién tuong hgp
tal » = a— cac phuong trinh (9.12) va (9.13) thoa man; vay
A,J,(kya)=J,(k,a)+ B,H,(ka),
k,h, A J (k,a) = kh[J, (k,a)+ B,H  (k,a)],
trong d6 cac ddu phay chi cac dao ham theo d6i sd.
Vi cac ky hiéu

1/2
szkzhz — h_2 zﬁ , v=kyua (9.18)
klhl hl k2

cac nghiém cho 4, va B, sé la:

4, = LLEHE) =Sy H, (%) =20 g 10
A, TISVA,
va
PREAGZACI R AGEACDY (9.19b)
An
trong d6
A, ==J,(WH. (sv)+sJ (V)H, (sv). (9.19¢)

Trén day ta da st dung dong nhat thiic Wronskian

J,QH (&) - J,(O)H, Q) =n—§, (9.20)
ta c6 thé kiém chtng bing cach viét phuong trinh Bessel dudi
dang Sturm-Liouville va st dung dién bién tiém can cta J, va
H,. Khi cac phuong trinh (9.19a)—(9.19¢) dudc thé vao phuong
trinh (9.15) va phuong trinh (9.16), nghiém cho n dudc hoan

toan xac dinh.

1000 ——T— T T3
100 E 3
10 E
[Anl -
N
1.0 % c g
- , ]
- c .
o1 E 0 3
= 3 3
X 1 N
i hithy=5 ]
1 | L 1 | I |
0,010 0 20
awighy-"?

Hinh 9.4 D6 thi clia A, cho trudng hgp 4, /h, =1/6 va
n=0,2,4 vd 6 cho thdy bién @ céng hudng nhu mot

ham cla tan s6 séng téi (theo Longuet-Higgins, 1967)
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Cac phan héi dao dong trén chan d& dugc Longuet —
Higgins (1967) tinh toan (hinh 9.4). Luu y rang véi hai bac thap
nhat n =0, ti 1& khuéch dai cong hudng gan bang 8, trong khi
tang n dan dén cac dinh cong hudng rd hon va cao hon. Tat
nhién, su co hep cta dinh c6 nghia 14 hai tuong ting khé duge
kich hoat ngoai trtt chudi séng téi chinh xac khép tan. Néu
chinh tan t6t, thi séng t6i yéu nhung dai theo thdi gian c6 thé
gay phan hdi 16n. Dac tinh nay c6 thé thdy trudc trén hinh 9.3, &
d6 n 16n dan dén mot barie ngoai diay hon, 1am ning lugng cac
séng t61 khé ma vao duge. Mét khac, mot khi ndng lugng séng bi
bay trong barie ngoai, thi né khé c6 thé thoat duge. Nhiing dic
diém nay con c6 nhiing nét khac biét khac niia néu ta xét su
kich hoat cic séng ngin bdi cac séng t6i c6 thoi gian ton tai
ngin, diéu sé dudc ban trong chucng 5 vé cac bai toan cong
hudng trong cang. Khi mot s6 thiuta s6 khuéch dai cé tri s6 16n,
thi ta tinh t6i cac hiéu ing phi tuyén va hoic hiéu (ing ma sat &
gan cic dinh céng hudng, néu séng téi thudce loai 6n dinh.

4.10 DON SONG TOI TREN CAU TRUC DIA HINH NHO —
XAP Xi PARABOLIC

Truée khi xét phuong phap sb téng quat, ta trinh bay phép
phan tich gan ding cho trudng hdp dao nhoé hay cho mot chan
dé€, séng t6i huéng doc theo truc doc ctua dia hinh. Méi dau
phuong phap nay xuit hién trong ky thuat dién tiu, sau d6 phat
trién ti€p trong 4m hoc (xem t6ng quan trong Tappert, 1977).
Su ap dung 6 day dua theo cong trinh cia Mei va Tuck (1980),
va danh gia phé phan cua Bigg (1982). y tudng tucng tu cling da
ap dung vé6i song nuée sau (Haren va Mei, 1981) va cac song phi
tuyén yéu (Yue va Mei, 1980).

Trudc hét, xét mot ddo véi cac mat bién thing ding nim
trong viing bién noéng d6 sadu khong d6i 4. Do dai ddo L dudge

gid thiét 16n hon nhiéu so v6i mot ntia bé ngang B va bude séng
t6i 2n/k , cu thé la:

€=u<<1 kL=wL(gh)™?>>1. (10.1)

V6i truong hdp dén séng t6i trén vat can nho, séng téi co
thé gan gii nguyén hudéng truyén tiép véi bién do bi diéu bién
nhe trong ca hai phuong ngang, tiic

n(x, ») = A(x, y)e™ (10.2)
trong d6 4 bién thién cham theo x va y.Thé& (10.2) vao phuong
trinh (1.11), ta duge

2ikA, + A, + A4, =0. (10.3)
Bay gi6 kich thude dai caa 4 doc x 1a L, 2ikA /A, =O(kL), ti
d6 A_ c6 bac quan trong thit hai. Pé nhan nghiém khéng tam
thudng, ta giit lai 4_; qui mo dai doc y khi d6 bing O[L(kL)™2].
Gia st ta dua ra céc kich thuée dai phia ngoai nhu sau:

w2

X=%, Y = y/u'’L), (10.4)

va biéu dién
n=A(X,Y)e™™ " (10.5)
VOl kL = Kp™ va K=0(1); gan ding dan diu ctua phuong trinh
(10.3) s€ la
%KA, + 4,, =0 (10.6)
v6i sai s6 tuong d6i la Ou“). DAy goi la xap xi parabolic va
mién duge dinh nghia bing biéu thic (10.4) s& goi 14 mién
parabolic. Tuong tu véi phuong trinh truyén nhiét, hién nhién
c6 cac diéu kién bién va ban dau sau:
A=1 x=0, |y|<°O (10.7)



A-1 x>0, [y Te (10.8)
trong dé bién d6 séng téi da dudc 14y bing don vi. Diéu kién
phat xa thong thuong la thich hgp cho mién tai d6 O(x,y)=L,
tuy nhién mién nay ndm ngoai mién parabolic.

Gia st mién déi xing qua truc x, ta chi cAn quan tAm phia
y>0. Khi d6 diéu kién khong thong luong trén bo tuong dao doi hoi

a—nzd—Wa—n tai y=W(x). (10.9)
dy dx dx
bat
W(x)=Bb(x), 0<b<l (10.10)
va st dung phuong trinh (10.5), ta c6 theo cac bién chuén hoa:
3—? =iKp'""?p' 4, tai Y=p""?b(x) (10.11)

v6i sai s6 tuong doi bac O(u®). V6i a = 2, ca hai vé cua phuong
trinh (10.11) dugc caAn bang
04

a—yziKb’A tai Y =b(x). (10.12)

Bai toan gi tri bién, gia tri ban dadu nhu dinh nghia bing
cac phuong trinh (10.6), (10.7), (10.8) va (10.12) né1i chung cé
thé giai bing cac phuong phap s8 cho su din nhiét mét chidu
theo truc Y. 0 day X déng vai tro thoi gian va tinh toan tién
hanh theo X qua cac buéc roi rac 16n hon nhiéu so véi buée
séng, do d6 sé kinh t& hon so véi gidi sd truc tiép véi phuong
trinh Helmholtz. Véi truong hgp dic biét mdt ntia mién
parabolic, b=,/X, bai toan gin ding c6 thé dugc giai nhanh
bang phuong phap tuong tu nhu trong muc 2.4; két qua la:

_ K (VX e k2 K = ez B
A_1+?(L e dgj[e +?J.le d&| . (10.13)

Nhu vay, bién do doc theo dao giii nguyén khéng d6i. Néu
khong gia thiét dao nhd, thi mién tru parabolic c6 thé duge giai
chinh xac theo cac toa d6 parabolic (xem Jones, 1964, tr. 467).
Bay gio ta trd lai bai toan véi chan dé c6 dinh ngap é d sau

hy<h. Gia st nua bé ngang B nhd hon nhiéu so véi p*'?
(o< 2); chan dé€ giong nhu moét vét mong d61 véi ngudi quan sat
6 phia ngoai trong mién parabolic, gdy ra mot dong 04/9Y =
V(X) doc X v6i V#0 d6i véi 0<X<1 va V=0 d61 v6i X >1.
Bai toan nay gidng nhu bai toan truyén nhiét trong mot thanh
ban ban vo han c6 bién thién dong nhiét dudc cho ¢ mot dau.
Nghiém chinh téc la

1+ 11/2 IX d gV(gl)/z exp iKY? ’
2(nK)"" 0 (X =) 2(X-9)

Gan chan d&, cac bién bén trong thich hgp 1a

AX,Y)=1- 0<X<1.(10.14)

x=2 yv=2. (10.15)

Gia st nghiém bén trong c6 dang
N=AX,Y)e™ ", (10.16)
khi d6 & phia ngoai chan dé, nghiém nay phai thod mén phuong
trinh (1.11), ta dudc
04 ,0%°4

2’4
— + U2 K—+
e H ax M oxe

B0 cac s6 hang bac O(u*™*), ta c6

=0, Y>bX). (10.17)

A=B+C(Y -b). (10.18)

Phia trén chan dé, phuong trinh Helmholtz c6 cung dang nhu
phuong trinh (1.11), nhung k? phai dudc thay bang k2 = o’/ gh, .

Thé phuong trinh (10.16) vao, khi d6 ta c6
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2
37/21 + Kz[hi -~ 1}12“““/1 =0(U*“4). (10.19)
0

Nghiém, dé1 xiing qua truc X, la

1/2
A:Zcos[K(hi—lj uz‘l‘“?}, 0<Y<b, (10.20)

0
trong d6 A(X)— bién d6 doc truc. Néu yéu ciu cac nghiém bén
trong (10.18) va (10.20) phai lién tuc va c6 thong lugng vudng
gbc cAn bing tai Y =b, ta dude biéu thic véi bac dai lugng dan
dau 1a

12
B= ZCOS[LLI‘"K[IZi - lJ b] , (10.21)
0

va
h 1/2 h 1/2
—hAp"K| ——1| sin|p' K| —-1| b|=hC. (10.22)
hO hO

Bay gi¢ ta thuc hién tucng hdp phép x4p xi trong cua phuong
trinh (10.14) cho Y nho,

1+i J~X dev (&)
2(nK)2 0 (X — &)

AX,Y)=1- +VY 4., Y>>1. (10.23)

v6l phép x4p xi bén ctua phuong trinh (10.20) cho gia tri 16n
Y >>1,

A=B+CY, (10.24)
ta dugc
~ 1+i x deV(E)
B=lt oo [ X5 (10.25)
va
C=ru2, (10.26)

Tu cac phuong trinh (10.21), (10.22), (10.25) va (10.26)
B,C va A c6 thé duge khii dé c6 két qua

L+i o dEr@®
=1+ Z(XV(X), 10.27
2(TEK)1/2 .[o (X—E_,)l/?‘ X (x) ( )
trong d6
Z(X)= e ote| uok| L1 1/Qb . (10.28)
hoK(h/hy—1)"* ho

Ta doi hdi ring Z = O(1) dé lam cho t4t ca s6 hang trong phuong
trinh (10.27) c6 cung bac dai lugng, vay

o=2/3 va izu’m, (10.29)

0
ttic, chAn d€ phai nong hon nhiéu so véi nén day xung quanh.

Théng luong ¥ c¢6 thé giai bang s6 tit phuong trinh tich
phan (xem Mei va Tuck, 1980); sau d6 c6 thé tinh bién @6 4 doc
truc ctia chan dé.

Bigg (1982) da danh gia ly thuyét nay so véi cac nghiém s
cla phuong trinh Helmholtz ddy da. Ong nhic nhé ring chi c6
thé stt dung phuong trinh (10.27) khi phuong trinh (10.29) thoa
méan va 4,7 khong dudc bién d6i nhanh trén chan d&. Bang s6
cho thdy, khi K tang t6i gia tri dé

h 1/2
ctg {ul‘“l{h— - 1] b, ] =0,
0

thi ¥ vA 4 trd thanh vo gi6i han tai vi tri ma chan dé€ rong
nhat. M#c du diéu nay gia dinh c¢6 cong hudng phia trén chan
dé, nhung cac két qua rat sai. Vi nhiing 1y do d6, mot s6 thi
nghiém s6 ma Mei va Tuck (1980) thong bao 1a khong chap
nhan duge. Ching t6i thé hién trén hinh 10.1 bién d6 doc tuyén
trung tAm doc mot chan dé parabolic, véi khodng ctia cac tham
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s6 sao cho phuong trinh (10.27) ding. Bién d6 séng phia ngoai
chan dé tuan theo phuong trinh (10.14) va bi loai bd.

35

T I I T ] I I 1 T

(LR —

0.0 1 1 L 1 | 1 I ] 1
0.0 a1 0.2 0.3 0.4 0.5 0.4 0.7 0.8 0.9 10

x/L

Hinh 10.1 Bién thién bién do séng doc tuyén trung tdm clia mot chan dé dén
séng. Hai phia ctia chan dé la cap parabol y/L =+ux(L —x)/ L’ . Cac s6 canh

-1/2

mbi dudng cong chi gia tri kL = wL(gh)~ '~ cla song t6i, w=0,05,h/h, =9

Phép x4p xi parabolic da dudc ap dung cho cic séng ngin
lan truyén trén nén day bién d6i cham. Thi du, Radder (1979)
da khao sat mot bai néng dang tron, bé qua su uén cong cua cac
tia séng. Nhiéu xa xung quanh cac tia séng cong duge Liu va
Mei (1976a) nghién ctu ¢ phia bién khuit do dau cua mot dé
chin séng dai gy nén (xem muc 10.7). Lozano va Liu (1980) da
mé réng hon nita dé ap dung cho trudng hdp tia c6 d6 cong cuc
bo va ving 1an can tiéu diém. Booij (1981) da xt 1y hiéu tng két
hgp ctia dong chay va do sau bién thién. Vi phép xap xi nay lam
tang toc cac tinh toan s6 tri, nén né dang dugc phat trién tiép dé
phuc vu cac bai toan thuc tién.

4.11 PHUONG PHAP SO DUA TREN CAC PHAN TU HOU
HAN

4.11.1 Gidi thiéu

Dia hinh ving ven bd bién thudng hiém khi don gian. Dé du
bao phan tng cua thuy vuc d6i véi cac kich hoat séng, cAn mot
phuong phap c6 kha nang xt 1y hinh dang va do sau thuy vuc
bat ky. Phuong phap phan tt hitu han dic biét thich hop cho
yéu cAu d6 vi kich thuée va hinh dang cta cic phan ti c6 thé tu
do thay déi dé roi rac hoa mot mién khong déu. Sau khi dat
dugc thanh cong ngoan muc trong ¢ hoc cong trinh, phuong
phap nay da dugc mé rong cho nhiéu bai toan vé séng nudc.
Trong khi van tiép tuc dugc cai tién thém, phuong phap nay da
c6 nhiéu tng dung thuc tién trong céng tac thiét k& va k& hoach
ho4. Do d6, chuing t6i gianh muc nay dé mo ta nhiing diéu trong
yéu cua phuong phap trong boi cdnh né ap dung vao séng dai,
nh&n manh nhiing nét dic thu riéng c6 doé1 véi cac bai toan loai
nay. V& nhiing cd sé chuin muc cia ly thuyét phan tt hitu han,
doc gia c6 thé tham khao nhiéu tai liéu rat dat, thi du
Zienkiewicz (1971), Tong va Rossettos (1976).

Trinh tu chung ctia phuong phap phan ti hitu han véi bai
toan gia tri bién tuyén tinh gom cac budc sau:

1) Biéu dién bai toan gia tri bién nhu 1a mot nguyén 1y bién
phén, trong d6 mot phi€m ham cu thé 14 6n dinh.

2) Phan gid mién thanh nhiing phan ti héiu han (nhu cac
tam giac, cac ti giac..., véi cac bai toan hai chiéu).

3) Chon cac ham néi suy dé x4p xi nghiém bén trong céc
phan ti hitu han (tuyén tinh, bac hai...). Cac ham néi suy nay
gom cac hé so chua biét.

4) Véi mdi phan tu, thuc hién phép vi phan va tich phan
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can thiét tng v6i phiém ham. D61 véi cac bai toan tuyén tinh
phiém ham c6 bac hai va c6 thé biéu dién nhu mét dang song
tuyén theo nhiing hé s6 chua biét.

5) Tap hop cac dang song tuyén co sd sao cho phiém ham
toan thé dudc biéu dién nhu 1a mot dang song tuyén toan cuc.

6) Cuc tri hoa phiém ham theo tiing hé s6 chua biét va
nhan dugec mot tap phuong trinh dai s6 tuyén tinh véi cac hé sé.

7) Giai cic phuong trinh tim cac hé sé.

8) Tinh toan cac dai lugng quan tam.

Cac nguyén ly bién phan khong phai luén dé dang xac dinh,
va khong phai ton tai cho tit ca cac bai toan vat ly. Mot cach
ti€p can téng quat va truc tiép hon goi 1a phép thiét 1lap tap mo
Galerkin, sé dudc dé cap trong chuong 7, khi xét cac bai toan
hai va ba chiéu c6 sy bién thién théng dtng. V6i nhiing bai toan
ta quan tam, thi c¢6 thé ching minh ring cach phat biéu bién
phan tuong duong véi cach phat bidu tap md. Ca hai cach phéat
biéu déu lién quan téi cac dao ham bac thap hon bac thé hién
trong phuong trinh sai phan géc; do d6, ching cho phép st dung
mot 16p ham ndi suy kha vi y&éu hon (do d6, tong quat hon).

Thong thudng cac bai toan trong c¢d hoc cong trinh lién quan
t6i mién do rong hiiu han (dang tdm, dang khung, chi tiét may,
than may bay ), trong khi cac bai toan co hoc chat 16ng thi gin
v6i mién v6 han vé 1y thuyét. T4t nhién, ngudi ta van c6 thé cd
ging st dung bién ngoai 16n nhung hitu han, trén d6 ap dung
diéu kién bién tai vo cuc. Sau khi c6 dugc nghiém sé cho ving
hiiu han, thi sé dua ra bién méi va xa hon va cac tinh toan lai
l14p lai. Trinh tu nay dudc tiép tuc cho dén khi nao viéc mé rong
thém chi cung c&p nhiing hiéu chinh khéng dang ké cho
nghiém. D61 véi cac bai toan séng, bién bén ngoai can phai cach
phan tinh toan mét khoang it nh4t 1a vai 1an bude séng dé co

thé dat d6 chinh x4c nao d6, trong khi dé bén trong tiing budc
séng can phai c¢6 du sd cac diém luéi dé dat do phan giai kha.
Vay, dé nghién cttu mot dai réng cac bude séng, ta cAn st dung
hoac cac luéi khac nhau cho mdi dai hep budc séng, hodc mot
viung toan cuc duy nhat, nhung du 16n do séng dai nhat quy
dinh, véi buée 1uéi rat chi tiét do séng ngan nhit quy dinh. R6
rang ca hai lua chon déu khéng kinh té&, va nguoi ta da dé xuat
nhiéu giai phap nhan tao, nhu phép 1a gidm thiéu nhan tao.

DPé nghién ctiu nhiéu xa giy bdi mot hon dao, noi nén day cé
d6 sdu khéng ddi, ngoai trit 6 1an can dao, Beckhoff (1972) da
chia chat 16ng thanh hai ving bing mot dudng tron bao quang
dao, nhung ndm trong mién do sdu khéng d6i. Chi mién trong
dudng tron dudc rdi rac hoa thanh cac phan ti hitu han, trong
khi nghiém ¢ mién ngoai dugc biéu dién bing phan bd lién tuc
cua ngudn doc dudng tron. Nghiém ngudn 1a nghiém giai tich va
thoa man chinh xac phuong trinh mé ta va diéu kién bién tai vo
cting. Song cuong do nguén doc theo dudng tron 1a 4n, va phai
dugc giai cing v6i mién trong dudng tron bing cach duy tri tinh
lién tuc cua ap sudt va van toc phap tuyén qua dudng tron.
Nhiéu kiéu ham néi suy duge st dung trong nhiéu ving khac
nhau; do d6 phuong phap nay cé thé goi 1a phwong phdp phan
ti lai. Theo Tong, Pian va Lasry (1973), phan tt cung véi mot
ham noi suy giai tich goi 14 siéu phan tu.

Ta van c6 thé c6 nhiéu tu do trong cach thic duy tri tinh
lién tuc cua ap sudt va téc do phap tuyén gitia cac phan tu hiiu
han va siéu phan td. Téi vwu nhat 14 phong doan hai diéu kién
tuong hop nhu 14 cac diéu kién bién tu nhién trong nguyén ly
bién phan sao cho ching dudc tu dong thoa man trong thu tuc
s0. Cach tiép can bién phan nay dugc st dung rat thanh cong
v6i cac bai toan phat xa va phan tan hai chiéu (Chen va Mei
1974a, b; Bai va Yeung, 1974), cac bai toan séng tau hai chiéu
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(Mei va Chen, 1976), cac bai toan phan tan ba chiéu (Yue, Chen
va Mei, 1976, 1978), cling nhu cho cac bai toan séng lién quan
dén su tuong tac véi cong trinh (Mei, Foda va Tong, 1979). Thu
tuc cia Chen va Mei sé trinh bay duéi day.

4.11.2 Nguyén ly bién phan

Gia st dia hinh phitic tap, nhu cac cong trinh 16n, duong bo
cong, d6 sdu bién ddi... ndm phia trong mot dudng khép kin
C (hinh 11.1). Phia ngoai dudng C, d6 sdu la hing s6 va mién
chat 16ng duge ky hiéu bing Q. Séng phéng téi trén huéng 6, :

0= A0 = 43 6 7 (kr)cosn(®0-6,).  (11.1)
n=0

Trong ving Q, séng phan tan ky hiéu bang 7°*, phai thoa
méan phuong trinh Helmholtz va diéu kién phat xa va c6 thé
biéu dién chinh xac bang khai trién Fourier—Bessel:

N =o H,(kr)+ i H ,(kr)(o,, cosn®+B, sinnd),  (11.2)
pu
trong d6 H, 1a cac ham Hankel loai mot. Cac hé s6 khai trién
o, n=0,1,2,.. va B,,n=1,2,3,... la nhiing hé s6 phai tim. Li do
téng cong trong Q sé dude ky hiéu bang (=M’ +1°). Vung Q
1a vung siéu phan tu.

Gia su ving chat 16ng phia trong C ky hiéu bang Q va li
do tuong ting bang n. Khi d6, n phai thoa man phuong trinh
(1.9) trong Q va phuong trinh (1.13) trén B. Cit ngang qua C
ap suat va van toc phap tuyén phai lién tuc:

an _odn "

=7, —= rén C. 11.3
n=n 3 (11.3)

Bay gio ta chting minh rang tinh diing ctia phiém ham

Jm=| Lé[h(vmz - %nﬂdfl +

=S N aﬁ =S a’n’
+L h[(%n -1 )Z—én g}ds (11.4)

trong d6 n° =m-n', tuong duong véi bai toan gia tri bién xac
dinh n trong Q va 7° trong Q. D& ching minh su tuong
duong, ta thuc hién bién phan thi nhit ctia J:

1 o
&]:”QE{hVn -Von —;nén}d/l +

+ [ nGon o) 2y @ o) 20y M
c on n

on 0

Bang tich phan ting phan va dinh ly Gauss, s6 hang thu
nhat trén day c6 thé duge viét thanh

JJ, 7V Vénda=[[ [V (h8nVn) —nV - (hVm)]da =
==J[,nv: (hVn)dA+jch8ng—:ds +thsng_:ds_

Vin' dabiét, on’ =0 va
M =6 va &’ =an.

Rut ra

o&J =—” Sn[V -(hVn) +w—2n}dA +
¢ g

T s s\20M
+Lh[(%6n ~n) S+ (T n?) ST

_on'
~157 -

an i, _
+8n£}ds+£3h8n£ds—

n
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_ . o
= jjgsn{v (hVn) + . n}zm

Jdn 0 dn
1 om® _,o0M an
—| hldIN——-m"—|d. hon—-ds . 11.5
+2C {né)n n dn S+IB nan y ( )

Tich phan canh tich phan cuéi cung trong phuong trinh trén
béng

h _s0n° _,087m°
I(C)=§IC[8nS a‘L _7 az }zs.
Bay gio ap dung cong thiic Green cho 1* va &M° véi mién Q. Vi
ca °va ° thoa man chinh xac phuong trinh Helmholtz, nén
tich phan / & trén khong thay d6i néu thay C bing dudng tron
C. c6 ban kinh rat 16n. Doc theo C_, cd ®°va oM° thod méan
diéu kién phat xa (1.38); do d6
1(C.)=0, tacla I(C)=0.
Vé6i I dugc loai bd khéi phuong trinh (11.5), r6 rang rang néu cac
phuong trinh (1.9), (1.13b), (11.3a) va (11.3b) dudc thoa man bdi 1,
thi
8J=0. (11.6)

Ngudc lai, néu 8/ =0, thi n phai thod min cac phuong trinh
(1.9) trong Q, khi phuong trinh Euler, phuong trinh (1.13b)
trén B va cac phuong trinh (11.3a) va (11.3b) trén C nhu la cac
diéu kién bién tu nhién. Vay su tuong duong dude chiing minh.

Phiém ham dung lién quan dén cac tich phan trong va trén
cac bién cia Q va c6 thé dude st dung 1am co sé dé nhan duge
nghiém x4p xi trong Q. Phuong phap phan ti hiiu han chi 1a
mot trong s6 cac kha ning x4p xi.

4.11.3 Xaép xi phan t@ hitu han
Ta rdi rac hoa cac tich phan trong phuong trinh (11.4) bang
cach chia ving nuéc trong Q thanh mot mang luéi cac phan ti
héiu han, kich thudc ctia cAc phan ti phai nhd hon nhiéu so véi
buéc séng dién hinh va qui mé bién d8i dia hinh dia phuong. Vi
cac tich phan trong phuong trinh (11.4) chi chta cac dao ham
bac nhat ca 7, nén chi can doi héi tinh lién tuc cia n trong
mién phan td hiu han. Dé don gian, ta chon cac phéan ti dang
tam giac, trong mdéi phan ti, n dudc xap xi bang cac ham noi
suy tuyén tinh
3
W'y = 2N =V i} (11.7)
i=1 X

3x1

trong d6 cac chi s6 trén e biéu dién cac dai lugng lién quan véi
mot phan ti. Dau { } ky hiéu mot véc to cot va chi s6 trén T chi
phép chuyén vi; do dé { )" 1a mot vectd dong. Céc tich s& viét
duéi chan chi cac kich thuéc cia ma tran, thi du 1 x 3 c¢6 nghia
1a ma tran c¢6 1 hang va 3 cot. Mot cach tuong minh hon thi

Y =lengng), (11.8a)
e = (e, vg, ), (11.8b)
trong dé
Nf(x,y)=w, i=1,2,3, (11.9a)
2N
ay=XV5 = X3V, b=y —yi o =x3-x, (11.9b)

A = dién tich cia phan tl e =

) 1w »n
=3 1 x5yl (11.9¢)
1 x5 »

Cac hé s6 khac a,,,b,, va c,, c6 thé nhan dugc bing phép hoan
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vi trong ldc x, y, va hé s6 n° tuan tu biéu thi cac toa d6 x,y va
gia tri cia M° tai ndt ;. Gia st do sau bén trong mot phan ti

duge x4p xi bang mot mét phing
3
e (xy) =Y Nhe ={NY el (11.10)
i=1 1x3 3x1

h{ la d6 sau nuée tai nat i. Khi phép tich phan dugc thuc hién
cho tich phéan dién tich, ta dugc

L=, z{hwn)

trong d6 ma tran c6 dinh phan ti [Kf] c6 cac thanh phan

1”—@;“ Ng?)]: ?)xjd d ——jj NiNtdxdy. (11.12)

(,GQ Ix3  3x3 3x1

}M— St kel ariy

Khi phuong trinh (11.9) dudc thé vao phuong trinh (11.12), cac
tich phéan trén tam giac e c6 thé ude lugng tudng minh nhu sau

“.e N{Nidxdy=¢A, i=j

(11.13a)
=3N, i#]j
ON; ON; 1
J‘J‘ ax Tx Ldxdy :E(bibj-kcicj), (11.13b)
ax 8 12A€

Ma tran phan ti cd dinh [Kf ] 12 mot ma tran do6i xting. Bay gic
tap hop tat ca cac li do tai ntit phan ti va dinh nghia véc to 1i do
tong cong tai nit {n} véi E phén ti, trong d6 £ 1a téng s6 cac
nit trong va trén cac bién cia mién Q. Khi lam nhu vay, cac
diém nit phan ti phai duge danh chi s6 lai dé 1am sao ciing mot
nit c6 thé thudc vé mot s6 phan ti ndm ké nhau. Cac ma tran
phén ti ¢§ dinh phai dude tap hop lai dé tao ra ma tran c6 dinh

téng cong [K,]. Cudi cung, I, duge viét lai
=3 ()" [x,] In}- (11.14)

IXE EXE EX1
Vi [K ¢ ] d6i xting doi véi tat ca cac phan ti, nén (K, ] ciing d6i xting.
Tich phan dudng trong phuong trinh (11.4) c6 thé viét nhu sau:

—s __sy[0M _9n’) ,_s9n
Je h{@“ B )[a—NaJ 1 an}“—

[ pams O om* LU
=J mnt S —ds= [ h-n)Sds = [ h-n)Tds =

—jchna” ds...I, (11.15)

;om’
+jc ' =,

on’'
1
+J.C hn WdS]G

Dé don gidn, C dugc gia thiét 1a dudng tron ban kinh R.
Nhim cac muc dich tinh toan, ta cit bd Cac chudi (11.1) va
(11.2) tu s6 hang sau m. V6i phuong trinh (11.2), tich phan
dudng I, c6 thé uée lugng giai tich bing cach st dung tinh truc

giao cua cac ham sin va cosin:

I,=ZkRh [20c§H0H5 + D (o + Bi)HnHQ}

n=1

trong dé
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H =H"(kR), H = { d HY (k )}
d(kr) r-R
va R la ban kinh cta C. Chd ¥ réng 4 6 trén va phia ngoai
dudng C da dugc gia st 1a hing s6. Ta dinh nghia véc to cdt

{u}

IxM
vay thi
{M}T 2{0(0, 0(1: Bla (12, BQ’ i (X"”’ B’"}

IxM
v6i M =2m+1, va [K,] 1a ma tran duong chéo
[K,|=nk Rhdiag{2H/H,, HH,,H H,, ..., H’ H

MxM

Ht’nHm}'

Tich phan 7, bay gic dugc viét thanh
=3 {n} &, ] {u}. (11.16)

IxM M><M Mx1
Véi cac tich phan 7, va I,, dé thuan tién ta dinh nghia tap
hop con {i} ctia {n} ndm trén C (xem hinh 11.2)

{ﬁ}T :{ﬁn ﬁz: sees ﬁp}-

IxP

X4p xi tich phan duong trén C bang tdng cac tich phan doc theo
cac phAn ti doan thing 1,0 M Ags o A, M, M bang cac phép
noi suy tuyén tinh cia né va n° béang gia tri cia né tai tam mdi
phan tl cung doan trén C, cu thé 14, tai 6=0, (xem hinh 11.2),
ta dugc

——-khZL M, +7, ){%H +ZH (o, cosn®, +B, sinn, )}

trong d6 L 1a do dai cua doan phén tit ;. Tich phan nay c6 thé
viét duéi dang ma tran

L={n} [K,{u} (11.17)

IxP  PxM Mx1

trong d6 [K,] 14 mot ma tran PxM day du

[K3]=_ﬁx

PxM 2
2H[L, ... H (cosn®, +cosnb,)L,  H. (sinnB, +sinnb,)L, ...
2H,L, ... H (cosn®, +cosnb,)L,  H,(sinnb, +sinnb,)L, ...
X

2H[L, ... H (cosn®, , +cosnb,)L, H. (sinn®, , +sinnd,)L, ...

(11.18)
trong d6 n=1,2,...m
Mot cach tuong ty, ta nhan duge tich phan 7, :
P
I, ==2khY Llicos(®, -8,)|exp [ikR cos(®, - 6,)]
j=1
-, +n)=-{0,}' {n} (11.19)

trong dé

.Y =3in{(g, —4,)L,. (g, + 42) Lo (@5 — 4, Ly},
q,=icos(®, —0,)exp|ikRcos(®, -0,)]  j=1,2,..,P
Cudi ciing, tich phan I, c6 thé udc lugng bing giai tich, két
qua la

I =—{0.} {n} (11.20)

IxM Mx1
trong d6
(0. Y =2rnRkn{J H),....i"J H' cosmb,,i"J, H', sinm, }.

IxM
I, 1a mot hang da biét va bi loai bd khi cuc tri hoa, do d6 I,
khong can quan tam.
Bay gid ta tong két phi€m ham

J=g{nV &K b+ {u K b+ {a ) (&, Hu -
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{0V {na}t-{o.} {u}. (11.21) Loai {u} sé cho mét phuong trinh ma tran déi véi {n}

ViJ dfing, nén phéi ¢ cac déng thtc [K] {ﬂ}— [[K1]_ [K3][K2]_1 [Ks]r]{n }: {Q4}+ [K3][K2]_1{Q5}
9 o j=12..E, (11.23)
an; Ma tran két qua [K] 12 mot ma tran doéi xting; chi cAn mot ntia
va cac phan ti cia n6 dude luu trong may tinh.
0J

0, j=L2.,M,

an,

nhiing ddng thic nay din dén mot tap cac phuong trinh dai s6
tuyén tinh: s |- -

[Kln}t+ [k Hul={o.) [k Hul+l&T{nl={o} (11.22)

Déing mgc ban d&u (ba)

030 | l | l | I |
o 40 B 120 -] 200 240 80 30

Thai gian ban d&0 (phot

Hinh 11.3 K&t qua tinh cac séng ngan t6i, tran dong dat
nam 1964 & Alaska (theo Houston, 1978)

Bang nhiing 1y 1é linh nghiém va nhiing thi nghiém sg,
trong d6 tién hanh so sanh két qua cia mot s6 truong hgp tinh
véi cac nghiém giai tich, ngudi ta da tim ra nhiing quy téc thuc
nghiém sau day dé xac dinh kich thuéc phan tu:

1) Kich thuéc phan tii tai moi noi phai nhé hon 10% buéc séng

to1.

Hinh 11.2 Céc phan t& dién hinh bén trong va trén bién 2) Tal lan can cla cac chd uén cong manh, nén su dung cuc
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b6 nhiing phan ti nhé hon ban kinh cong, néu khéng thi c6 thé
gy ra céc sai s6 dia phuong tai do.

S6 lugng cac hé s6 M cin trong siéu phan ti dé dang xac
dinh bang phép thi va sai s6; né thudng ting d6i véi cac séng
ngin hon.

NAYAVAYAV v
S A AVATAVAYA

<§E’AVAVAvAVAVAVAVA‘W‘ <L

AVAVAVAVAVAVAVAVAVAVAVA!
JAXK VAV SN
A S5 VAVAVAVAV, VAV

[SIRORBNORLS
ISVAVANIUA S

D AVAVAVAVAVAYY:

> VAVAVAVAVAVAY::
Y AVAVAVAVAVAVAVAY

| =
201\
N 0

S

1»«

A, £

A SOAVAVAVAVAVAVAVAVAVS 755
S

vy S

Hinh 11.4 LuSi phan t& hiiu han quanh quan dao Hawaii (Houston, 1978)

Dé t6i thiéu hoa dai rong cua [K], s6 hiéu cac nat nén duge
chon truéc tién doc theo moét vong tron, sau dé doc theo vong
tron tiép theo vé phia bén trong va bén ngoai C . Khi diéu nay
dugec hoan thanh, thi mot ntia dai rong thudng gan bing s6
diém nuat trén C va khong phu thude vao s cac hé s6 chudi

trong siéu phan tti. Do tinh déi xting va dai hep cua ma tran,
cach gidi s6 phuong trinh dai s6 sé dic biét hiéu qua. R rang
rang, vong tron C cang nhé thi do rong cia dai cang nhd, va
khoi lugng tinh toan thudng gidm, tham chi ngay ca khi cac hé
ta doi hoi s6 hé so trong siéu phan ti nhiéu hon.

Céan nhan th4y rang dudng vién C khong nhat thiét phai la
vong tron; véi mot vién c6 hinh dang bat ky, thi phai thuc hién
tich phan s6 do6i véi tich phan duong doc theo C va ma tran
[K,] 1a ddy di.

Duc tram |!'j";
141 hE_l.'I:‘.I. !.rl I

ﬁl‘:tdl-li*-:'alﬁ'—ﬂ-—uu.p.ub‘-l-wﬂ-
T

Thii gian Greemnwich: gid wéhe luong

Hinh 11.5 Két qua tinh (dudng gach ndi) va sb liéu do séng than (lién nét) tai
Kahului, Maui, tran dong d&t nam 1964 & Alaska (Houston, 1976)
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Houston (1978) thuc hién moét dng dung thd vi phuong
phap phan ti lai dé nghién ctu su phan tGng & gAn quan dao
Hawaii d61 v6i séng tsunami phat sinh trong tran dong dat &
Chile nam 1960 va ¢ Alaska ndm 1964. Dua trén phuong trinh
séng dai hai chiéu tuyén tinh, c6 tinh t6i do cong mat Trai Dat,
Houston da st dung cac dit liéu ban dau, dude uée lugng céin ci
vao s6 litu vé do dich chuyén thudng xuyén cua dat giy va da
tinh dudc cac séng dén do sdu 5000m gan quan dao. Sé lidu lich
st vé séng tinh duge (hinh 11.3) mang phan tich Fourier thanh
18 hai diéu hoa véi cac chu ky tir 14,5 phit dén 260 phut. Cac
dao dong nay dudc st dung véi tu cach cac séng téi. Ludi phan
tt hitu han thé hién trén hinh 11.4, gdm khoang 2500 nit, tiing
dao déng phan tng duge tinh toan va sau dé téng hop lai theo
phuong trinh (2.56) dé tao nhan dugc phan tng xung tai ba
tram séng: Kahului (Maui), Honolulu (Oahu) va Hilo (Hawaii).
Ly thuyét va s6 liéu ghi rat phu hop. Hinh 11.5 1a mot thi du so
sanh dong dat Alaska v6i mot dit gay dai 500 hai ly. Vé lap
luan 1y thuyét dam bao phuong trinh nuéc noéng tuyén tinh
thich hop dé mé ta cic séng tsunami trong dai duong sé xét &
chuong 11. Dang tinh toan nay hitiu ich d61 véi cong tac hoach
dinh bao hiém ngap lut séng than va c¢6 thé tng dung dé tang
han b4o va d6 chinh x4c cia hé théng canh bao séng than.

PHU LUC 4.A: KHAI TRIEN KHONG GIAN DOI VOI SONG
PHANG

2 - A~ P X . R z N _
Xét tich s6 cua cac chudi khai trién Taylor e*'* va e/

1zt || 1 z Y\
2=1/0/2 _ ,at/2 —z/2 _ —| = |- . Al
¢ © {Zon'[Qj M;)m'[ 2t) } (A1

Thuc hién phép nhan va nhém cic hé s6 ctia s6 hang 1", ta dugc

oo n n+2 n+4
s L [ GID @D G2)
=, n! (n+1)!  2l(n+2)!

n+2r
+... +(-1’&
rl(n+r)!

Chubdi trong dau méc trén chinh 12 ham Bessel bac n, J,(z); do dé

e 1D2 i "J (2). (A.2)

n=—oo

Néu thay

vao phuong trinh (A.2) thi
eizcose — i ein(9+n/2)Jn (Z) . (A3)

—oo

Bay gio ta két hop cac cidp s6 hang cing c6 n nhung nguge dau
va st dung déng thic

J_(2)=(-1)"J,(2).
Phuong trinh (A.3) c6 thé viét thanh mot dang khac:

e =g, cosnb(i)'J,(2), (A.4)
0
0 day da su dung cac ky hiéu Jacobi.

V6i mot séng phing, dit z=kr trong phuong trinh (A.4), ta
dudgc

eikx zeikrcose — Zen Cosnel-an(kr) . (A'5)
0
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CHUONG 5 - DAO PONG CANG DO TAC DPONG SONG
DAI

5.1 GIGI THIEU

Cang la mét viing nudc ntia kin théng véi bién qua mot
hodc mot sd ctia. Cac cang binh thuong dudc xay dung doc bo
bién, noi phan nudc khudt ciia cang 1a cic viing 16m tu nhién
hodc dudc tao ra bdi cac dé chin séng nhé tit b ra phia bién
(hinh 1.1a—1.1c). Cang nhéan tao c6 thé cach biét xa dat lién, vi
du cang ngoai khoi cho cic tram phat dién 6 Dai Tay Duong do
Cong ty dién khi cong cong New Jersey mdt thoi da xay dung.
Cang nay bao quanh hai nha may dién hat nhan ndi bang hai
dé chin séng khéng 16 (hinh 1.1d). Ngoai ra con mot s6 cang
nidm trén dao nhé ngoai khai, nhiing cang nay cé thé gan hoic
xa dat lién, nhu hinh 1.1e.

Mic du cac dao déng trong cang c6 thé do rat nhiéu ngoai luc
gay nén, nhung nguyén nhan dugc nghién ctu nhiéu nhat 1a cac
séng séng than (tsunami), chu ky tit vai phat dén mét gio va co6
xudt xd ti cac tran dong dat xa. Néu téng thoi gian dién ra séng
than du dai, thi dao dong trong cang c6 thé tiép dién nhiéu ngay,
lam dtt day neo, héng dém bao vé tu, gAy nguy hiém khi neo,
boc dé hang hoidc ra vao cang... Nhiéu khi cac tau sip cap cang
phai neo lai bén ngoai, dgi dén khi ngiing dao dong, gy tram ché
rat ton kém.

Dé hiéu s6 bd vé co ché vat 1y cua nhiing dao déng nay, ta
xét mot cang c6 ctia doc theo duong bd dai va thdng. Cac séng
t61 bé mot phan phan xa va mét phan bi hap thu 6 bs bién. Tuy
nhién, mdt phan nhé bi nhiéu xa qua ctia vao cang va bi phan

xa mot 1an niia tai cac bién bén trong cang. Mot phan ning
lugng séng phan xa thoat ra khéi cang va lai phat xa ra bién,
trong khi mot phan ning ludng luu lai bén trong cang. Néu
chudi séng kéo dai va tan s6 séng t6i gin bang tan s6 séng ding
trong thuy vuc kin, thi su cdng hudng trong cang sé xuit hién,
vay mét séng téi tuong d6i yéu co thé gy nén phan tng kha 16n

trong cang.

Hinh 1.1 Su da dang clia c4u hinh cang

Bién d6 cong hudng 16n nhit c6 thé bi giéi han béi mét sé co
ché sau day:

1) Suy giam phat xa do ning lugng thoat ra bién qua cta.

2) Mat mat do ma sat gan bién va ctia cang.

3) M4t mat do séng dd trén cac bai néng.

4) Hiéu tng van chuyén ning lugng bién do hiiu han sang
cac hai tan cao hon.

Trong s6 nhiing co ché& nay, su suy giam phat xa 1a dé hiéu
nhat vé mit 1y thuyét va da duge xui 1y 1an dau tién trong mot
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bai bao ciia Miles va Munk (1961) dé61 véi mot hai cang hinh chii
nhat. Mat mat do ma sat xay ra & bién cang va gan dinh dé
chan séng tai ctia cang; lugng méit mat nay khé uéc lugng va
bién thién nhiéu tuy tinh chat ctia bién. Mudn uéc lugng tin cay
thi cAn dén nhiing théng tin thuc nghiém khé c6 thé thu duge
bing m6 hinh béi 1y do cac hiéu tng ti 1é kich thuée. Séng d6 1a
hién tugng chu yéu lién quan véi séng gié d trén nhiing bai
thoai va cho dén nay thi khong theo mot ly thuyét nao. Rat
may, d6i véi cac song rat dai nhu séng than thi hién tugng séng
d6 thuong 1a khong quan trong.

O chuong nay, ta sé bd qua cic mit mat do ma sat va do
séng dd, chi xét cac hiéu ting suy giam phat xa. Sau phan dit
van dé, ta sé thdo luan riéng ré ba yéu té cua bai toan cang:
séng diing trong vinh, khai niém suy gidm phat xa va nhiéu xa
d khe. Tiép niia, doi véi cac séng dau vao hinh sin va d6 sau
khong d6i, ta s& nghién ctiu bai toan diy du gdém bién va cac
cang v6i hinh dang don gian khac nhau. Sé xét cic séng ngin
d6i v6i mot vinh hep. O cudi chuong phuong phap phan tii-ghép
téng quat & muc 4.11 sé dudc cai bién ap dung cho cac cang d6
sdu va hinh dang bat ky.

5.2 Thiét 1ap cac bai toan dao déng cang

Dé don gian, ta gia thiét nhu sau vé chuyén déng chit 10ng:
chat 1ong khong nhét, dong chay khong xoay, bién d6 séng nho
vo han, buéc séng rat dai so v6i do sdu va cac dudng bién bén cé
tinh phan xa hoan toan va thing ding. Cac phuong trinh da rut
ra ¢ muc 4.1 c¢6 thé 4p dung duge. D& tién dung, ta sé nhic lai
dudi day. Déi véi dao dong ngén, 1i @6 thoa méan phuong trinh

2
gV (hvo:ng @.1)

v6i diéu kién khong cé thong lugng

ag _
hs2=0 (2.2)

tai cac vach bén. D6i véi chuyén dong diéu hoa don, bién d6
khong gian 1 cua li @6 mat tu do sé thoa man phuong trinh

2

V. v+ 2 n=0 (2.3)
g
va chiu diéu kién khong théng lugng
LI (2.4)
on

tai cAc vach bén. D6i v6i d6 sdu khéng d6i, phuong trinh (2.1)
rat gon thanh phuong trinh séng c6 dién, trong khi phuong
trinh (2.3) thanh phuong trinh Helmholtz

Vn+k°n=0, (2.5)
trong d6 w=(gh) "’k .

Diéu kién phat xa d6i véi chuyén déng hinh sin c¢6 thé viét
ra mot cach tuong minh néu dia hinh & phia xa cang c6 tinh don
gian. Xét mot cang ndm trén dudng bs bién phan xa hoan toan.
Gia st Q la ving gom cang va toan bd mién lan can, va Q la
phan con lai ctia bién ndi c6 % =const va dudng bd bién B thing
(xem hinh 2.1). Séng t6i phéng c6 thé dién ta bing

N’ = Aexp[ik (xcos®, + ysin®,)], (2.6)
trong d6 4,k va huéng 0, cho trudc. Hé thong séng hoan chinh
trong dai duong Q c6 thé dude chia thanh

n=n’"+n"+n’ 2.7)
trong d6 n' chi séng phan xa do bd bién thing khong tinh dén
dia hinh dia phuong gin cang, n° chi séng phan tan do tac dong
cua dia hinh dia phuong va bi lan toa do tac dong don ddy tai
ctia cang. Gia st truc y trang véi doan bo thing B ; séng phan
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xa la
n" = dexp[ik (~xcos0, + ysin@,)] (2.8)
do d6 trén B c6
i(n’ +1")=0. (2.9)
ox

Khi d6 séng phat xa/ phan tan sé khong thé c6 thong lugng
phap tuyén doc theo bs bién thing:

iT‘|S =0 trén B. (2.10)

ox
Hon niia, n° phai huéng ra ngoai tai nhiing khoang cach

16n
1/2 a . N

(kr) (a——zkjn 50,  hr—seo. (2.11)

r

7l

N

(=]
7N\
=3
[
=

=3

Hinh 2.1 So @b dinh nghia

Trong trudng hop cang khoi cach xa bd moét khoang bang
nhiéu 14n bude séng, ngudi ta c¢6 thé don thuin bd qua séng
phan xa n” trong phuong trinh (2.7). D61 v6i cac dia hinh bo
bién loai khac, hodc d6 sdu 6 ving Q khong phai hng s6, thi
viéc dién ta tuong minh ' va ' 1a mot van dé khé khan.

Khi d6 sau khong d6i 6 moi ndi trong Q va Q va tit ca cac
bién déu thang ding, thi thé van téc ba chiéu d6i véi ki tuy § 6
thé dién ta bing phuong trinh

_ign chk(z +h)
X, y,2)= .
o(x,y,2) i
T muc 3.5, ta da biét rang n ciing thoda man phuong trinh

Helmholtz tri viéc @ va k lién quan véi nhau bang phuong
trinh ©* =gkthkh. Do cac vach thing dtng, nén vects phap
tuyén ndm trong mit phing ngang, va diéu kién bién la
on/on =0 tai vach bén. Nhu vay, cac bai toan gia tri bién doi véi
cac séng ngin va séng dai vé hinh thtc 1a mot. Su dong dang
toan hoc nay cho phép ngudi ta thuc hién cac thi nghiém cang 6
ving nudc sau dé c6 thé dé dang tranh cac hiéu tng phi tuyén.

5.3 CAC HAI TU NHIEN TRONG VINH KiN HINH DANG
DON GIAN VA DO SAU KHONG DOI

Trude hét nén ban vé nhiing tinh chit dién hinh cla cac séng
dtng trong vinh kin. D& don gian, ta gia thiét do sau khong d6i.
Bai toan gia tri bién déi véi n bay gic c6 thé coi 1a bai toan thuc,
duge xac dinh bang cac phuong trinh thuan nhat (2.5) va (2.4), va
c6 cac nghiém khong tAm thudng chi khi & bang cac gia tri riéng
nhat dinh. Cac gia tri tuong ting cia @ duge goi 1a cic tan so6 tu
nhién (hay tan so riéng) va cac gia tri tuong tng ciia n 1a cac hai
dao dong tu nhién (hay hai riéng). Dudi day sé xét hai thi du don
gian.

5.3.1 Thuy vuc hinh chit nhdt

Gia st cac bién bén cua 1a x=0,a4 va y=0,b. Cac nghiém

riéng ciia phuong trinh (2.5) dugc tim bang cach tach cac bién
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n=4,, cos T cos MY , 3.1)
a b

v6l n,m=0,1,2,3 ... Cac gia tri riéng tuong tng la

nm ? mT '
e of() () ] 52

Cac chu ky tu nhién la

T, =2n/w,,, (3.3)
trong d6 ®,, lién hé véi k,, bang mdi quan hé tdn man
(Dfm = ghkfm * (3'4)

Néu a>b, thi hai thap nhat (n=1, m=0) c6 tan sd thap
nhat va chu ky dai nhét, né dugde goi 14 hai co ban. Chuyén dong
tuong tng la chuyén déng mot chiéu.

Néu ty s6 gitia hai phia 1a mot s6 hitu ti, tic a=pL,
b=gqL ( p,q la nhiing s6 nguyén)

thi sé& c6 hon mot tap hop (n,m) tuong Ging véi cuing mot tan s6
riéng. Tinh huéng nay goi 1a su suy thoai.

L ¥ L3 |

.7 7 1} W
--=7 /1 k \
-’/

Hinh 3.1 Cac dudng déng mirc

mit tu do clGa hai tu nhién
cos (Tx / a) cos (my / b) trong thly

vuc hinh chir nhat

Ta sé minh hoa cdu tric khong gian cua hai (n,m)=(1,1),

tuc

Ny =4, COSECOSE.
a b

Tai cac bién x=0,a va y=0,b bién d6 bang cuc dai. Mat
khac, bién d6 sé bang khong doc theo cac dudng nit x=a/2
ho#c y=b/2, nhiing dudng nay chia thiy vuc thanh bén hinh
chit nhat. Tai mét thoi diém nh&t dinh hai hinh chi@ nhat ké
nhau sé d6i nhau vé pha. Vay néu hai ving ndm cao trén muc
nudc trung binh thi hai viing kia sé ndm th&p duéi va ngudc lai.
Trén hinh 3.1 biéu dién cac dudng déng miic.

Do1 vé6i cac hai (n,m) cao hon, mét tu do cling bi chia béi »
tuyén nut doc x/a=1m2x,..,(n—L)n va dong thoi m tuyén nit

doc y/b=1imim, .., (m-Lm.

5.3.2 Thuy vuc hinh tron

Gia st ban kinh cua thuy vuc 12 a; ta sé chon toa dd cuc
(,0) sao cho diém gdc ndm § gitta. Phuong trinh Helmholtz c6
thé dude viét dudi dang phuong trinh (9.10) trong chuong 4. Tai
vach, »=a thanh phan van toc phap tuyén theo ban kinh triét
tiéu. Do do6

an
0. 3.5
. (3.5)

Bang cach tach bién, nghiém cta phuong trinh Helmholtz
la
n=J, (kr) (A, cosm®+ B, sin m0) (3.6)
trong d6 4, va B, la cac hang s6 tuy y. D& thoa man diéu kién
bién, ta can c6

J, (k)| ,_,=J, (ka)=0. (3.7)

Bay gid J,(z) 1a ham dao ddéng ctia z c6 mot s6 lugng vo

han gia tri khong. Ky hiéu s6 khong thi » cua J, bang ; :

118



J. (j,.)=0,ta co cac gia tri riéng:

k :]mn

, n=123,.., m=123,.. (3.8)

a
Cac nghiém riéng tuong tng hay cac hai tu nhién la
nmn :']m(kmnr) (Amn COSme“l‘an Sinme)' (3'9)

Bang 3.1 Cacgiatricia j/ saocho J, (j,,)=0

m

0 1 2 3 4 5

0| 1,84118 | 3,05424 | 4,20119 | 5,31755 | 6,41562
3,83171 | 5,33144 | 6,70713 | 8,01524 | 9,28240 | 10,51986
7,01559 | 8,53632 | 9,96947 | 11,34592 | 12,18190 | 13,98719

A W N P

10,17346 | 11,70600 | 13,17037 | 14,58525 | 15,96411 | 17,31284

Dé minh hoa ciu tric ctia mét hai cu thé, ta sé xét sy bién
thién ciia mat ty do d6i véi n,, =J, (k,,r)cosm® v6i n,m c6 dinh.
R6 rang rang cosm®@=1 khi m0=0,2x, 4x,...2mn va bang -1 khi
mO=m,3n, 5m,...(2m—1)n. Vi vy, 6=0,n/m, 21/ m,3n/m... 1a cac
tuyén bung (antinode), tai d6 1i do cua mit 1a 16n nhat trén
duong tron ban kinh r cho truée. Miat khéc,
0=m/2m,3n/2m,5n/m ... 14 cAc tuyén nut, tai d6 li d6 bang 0. Déi
v6i mot 6cd dinh, dudng cong J, (k,,r) cit tuyén khong ding
n—1 lan trong khoang r<a, do dé c6 n—1 vong nut; hién tugng
nay 1a hé qua caa dinh 1y dao déng Sturm téng quat trong ly
thuyét cac phuong trinh vi phan thuong. Cac phan mait tu do
nam trén va dudi bé muc trung binh dudc minh hoa trén hinh
3.2. Céc gia tri cia cac diém khong nay c6 trong Abramowitz va
Stegun (1972) va dugc liét ké trong bang 3.1. Theo thi tu ting
dan, cac chi s8 (n, m) cta cac diém khéng 1a (0,1), (1, 1), (2, 1), (0,

2), (3, 1), (4, 1), (1, 2), ... D& bao toan khéi lugng, thi hai (0, 0)
khéng thé ton tai trong thiy vuc kin hoan toan.

Smem
“"--.i_'."_\ I

Hinh 3.2 Cac dudng déng mirc clia hai hai tu nhién
J, (kyyr)cos® va J, (ke r)cos20 trong vinh tron

5.4 KHAI NIEM SUY GIAM PHAT XA: MOT Vi DU VE MO
HINH

Mot thude tinh quan trong cia nhidu xa séng méi trudng vo
han 14 nhiing dao dong bat ngudn tit mot ving hiiu han cling sé
bi suy giam ngay ca khi mdi trudng la bao toan. Su suy gidm
nay la do néng ludng dudgc cac séng mang di ra téi vd cung va
dude goi 1a hién tugng suy gidm phdt xa. P& c6 dude mot s§ khai
niém vé hién tugng nay, ta xét mot vi du md hinh cé tinh chat
gido hoc thuan tuy caa Carrier (1970), mé hinh nay c6 dic diém
vat 1y dién hinh cta mét hé théng dao dong két hop véi céc séng
lan truyén.

Xét mot kénh ban voé han v6i @6 sdu 4 va chiéu rong b
(hinh 4.1). Tai x=0 c6 mot cong v6i khéi lugng M c6 thé trugt
doc kénh khéng bi ma sat. Cong khéi lugng M dudc trg gitp
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bing mot 160 xo c6 d6 dan héi K. Pé don gian ta gia st ring
khong c¢6 ro ri tai x=0, ta sé tim 1i @6 Xe™ cta cong khi c6
mot séng nudc néng téi véi bién d6 A4 va tdn s6 o ti phia

X~ oo,
4z
i X
p——————
A0 = A, Hinh 4.1 Hé 16 so vat ning
y h chéng lai cac séng nuéc
#

r
PP P PR PP 777777 7P r

Mit nudc c6 thé biéu dién bing
C:ne—(»t — A (e—ikx + R eikx)e—iu)t — A [e—i/fx + eikx + (R _ 1) eikx] e—imt . (4.1)
Trong ngodc vudng cudi 6 phuong trinh trén, s6 hang tha
hai dai dién cho séng phan xa khi céng ¢é dinh va s6 hang thi
ba 1a séng phat xa do chuyén déng cam tng caa cong.

Phuong trinh chuyén déng cta cong la

~ Mo’ X =-KX — pbh, (4.2)
trong d6 p la ap suét thuy dong luc trén mot dién tich don vi
tal x=0:
p=pgn=pg4d(1+R). (4.3)
Céac phuong trinh (4.2) va (4.3) ¢6 thé két hgp thanh
A(1+R)=—K;g—];/l}:’)zX. (4.4)

Tai diém x=0, van téc chit 1ong u(0)=(-ig/®)n,(0) phai
bing van tdc clia cong —iwX , vay
u(0) = —iox =4 14 Ry (4.5)

)

Dé dang rut ra nghiém tit cAc phuong trinh (4.4) va (4.5)

X pgbh - pgbh (4.6)
A - K + Mo® +io(gh)''* (pbh)

I\

2
“ K+ Mo? +i (Ql){]pbh

Bién d6 soéng phat xa la
h 1/2 X
R-1=-2i0| — —.
g 24
Phuong trinh (4.6) c¢6 thé so sanh véi hé théng vat 16 xo
giam séc thong dung. Ngoai tri ti 16 khong d6i, mau s6 trong

phuong trinh (4.6) c6 thé dude goi 1a mot tré khang. Phan 4o (ty
18 v61 pbh) cua tré khang déng vai tro lam suy giam. Dé xem xét

van dé nay ta xét mot hé thong khong chiu luc. Dao dong tu do
khéng tdm thudng c6 thé van duge dién ta bing phuong trinh
(4.6) v6i 4=0 néu ta doi héi mau s6 triét tiéu, nghia la

_K + Mo +io(gh)!* (pbh) =0, (4.7)
day 1a diéu kién gia tri riéng véi cac nghiém phiic cua o:

9 1/2
(gh)'"* pbh i (gh)""* pbh
w:i{wg{ ) 2Mp B gsz ’

trong d6 ®,=K/M . Chén nghiém vao nhan ti thséi gian
exp(—imt) , ta thady dao dong gidm theo ham mii véi toc do ti 1é
v6i
1/2
(gh) “pbh (4.8)
2M
Dé xem xét ngudn goc vat 1y ctia hién tugng suy gidm nay,
ta sé tinh téc do ctia cong do séng phat xa thuc hién, 14y trung
binh trong mét chu ky
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Erad Z%Re [pradu*]x=0bh
=1phRepgA(R —1) (-iwX)"

=%p°’73|X|2 = Lpbh (0 (gh) 2 )| X"

sau khi da st dung phuong trinh (4.5) va o=(gh)"*k . Dai lugng
xac dinh duong nay ro rang chi lién quan véi s6 hang suy giam
sao cho sy suy giam la do téc do cong dugc ciac séng phat xa
phat tan vao chat 1ong. Do d6, ta xem thanh phan ao trong
phuong trinh (4.6) nhu 1a thanh phan suy giadm phat xa.

Phan tng (4.6) con c6 thé duge viét nhu 14 ham caa o:

. -1
iz(pgbhj K- K +zkpbh . (4.9)
24 | M Mgh M
hay 1a ham cua k:
) -1
iz(_ P_bj je K tkobh ] (4.10)
24 | M Meh M
Trén mat phing k phic ¢6 hai cyc dit tai
+k +ik (4.11)
vl
bhz M 1z K 1/2 1
K=k |1 (p—J ZE k= s(—j ., (4.12)
M ) 4Kh (gh) M) (gh
va
é:-%w. (4.13)
Phuong trinh (4.10) khi d6 tré thanh
%:(pﬁb] =K —if)y (k+F — i) " (4.14)

Khi su suy giam nho, hai cuc chi ndm phia duéi truc thuc

mot chit. Trong bai toan vat Iy, ® va k& déu la hai s& thuc
duong; cuc duy nhat ¢6 y nghia vat 1y 1a & +ik. Tai lan can né,
|X | 16n va phuong trinh (4.14) c6 thé dude x4p xi bang

i: % i _N_’A -1
ZA_KMJWF}U( kK —if)*. (4.15)

Cuc dai cua |X /2A|2 bang

ES

2A max

dat dudc & 1an can k=k . Khi k —k =+k, gia tri binh phuong cta
phan tng sé gidm xudng bang mot nlia cta gia tri dinh, do d6 &
la thuée do do rong cua dudng cong phan tng (|X /2A|2 theo k).

2

= (kh)™* = (ko)™

Giéng nhu trong 1y thuyét dong dién, ta c6 thé dinh nghia nhan
tt chat lugng Q bang

1/2
_k_pon —] (ah)'"?. (4.16)
Khi yéu t6 suy giam phat xa kgidm, thi Q giam; do rong
dinh ctia dudng cong phan tng gidm, do d6 dang dudng cong
nhon hon. Nhu da thay tu phuong trinh (4.8), tich Qw clng
tuong ling véi toc dd suy giam cua cac dao dong tu do.

5.5 HIEN TUONG NHIEU XA G KHE HEP

Ctia cang thudng 1a mot ctia mé doc theo mot dé chin séng
dai va manh nao d6. Su truyén séng qua clia cang rd rang rat
dang quan tAm. D& don gidn hoa phan tich, ta gia thiét dé chin
séng manh, thng dtng va c6 tinh phan xa hoan toan, va do sdu
khong d8i sao cho bai toan giéng nhu bai toan tuong tu vé Am
thanh.

Theo hinh 5.1, ta xét séng téi thing géc tit phia x>0. Tai
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phia séng t6i, x>0, toan bo hé thong séng bao gébm séng tdi,
séng phan xa tit vach cting va cac nhiéu déng do chuyén dong
chat 1éng doc theo khe hong. O phia truyén séng, x<0, chi ¢6
cac nhidu déng do chuyén dong doc theo khe. Khe hoat dong
nhu mot cai piston trong vach ngan va phat xa séng ra ngoai vo
cung ti ca hai phia.

Bai toan gia tri bién c6 thé giai cho do rong tuy y cta khe
héng bing phuong phap phuong trinh tich phan, ta sé ap dung
phuong phap khai trién tiém can xtng hdp, phuong phap nay
d#c biét thuén tién d6i v6i nhiing khe hdng c¢6 do rong nho hon
nhiéu so véi buée séng (Buchwald, 1971).

Vé mit truc giac, khai niém vé phuong phap nay da dudc
giai thich & muc 4.2.2. Mot cach ngin gon, khi cac phan khac
nhau cta ving vat 1y dude quy dinh bang cac kich thuéc khac
nhau, ta sé x4p xi cic phuong trinh va cic diéu kién bién tuan
theo cac kich thuéc dia phuong va tim cac nghiém thich hgp 6
cac vung riéng biét nay. Nghiém & trong mot viang thuong
khong thod man diéu kién bién 6 vung khac, din dén mot su
khong xac dinh. Bang cach yéu cAu ching phu hop 6 mot sd
vung trung gian, hién tugng khéng xic dinh sé bi xo4 bo va ta
tim dugc nghiém theo trat tu mong muén.

Viing gan

ria= 01} Ving xa
)\" ~1\\ kr=0(1)
L%
‘\_‘_-_' '__'_.-’

Vung xa

kr= 0(1)

Hinh 5.1 Khe hep giira hai dé chan séng

Dinh nghia viung xa (far field) 1a vung & cach xa khe mot
vai budc song
kr=0(Q) (ving xa). (5.1)
R6 rang, 1/k 1a kich thudc hop ly va tat ca cac s6 hang trong
phuong trinh Helmholtz quan trong nhu nhau. Tai khoang cach
rit xa ti khe hong, cac séng phat xa phai thod mén phuong
trinh Helmholtz va diéu kién phat xa. Tuy nhién, dé1 véi ngudi
quan sat & ving xa, thi khe hdng 1a mét viing rat nhé & 1an can
cua gbc. Séng phat xa c6 thé duge dién ta bing cich cong chdng
cic nghiém don tai goc toa d6 va khong gay ra thong lugng doc
theo truc y:
- ©Q”

n 2g

H(()I’(kr)+%H{D(kr)sin9+..., x><0. (5.2
g

Cac nghiém t6ng céng cho ving xa & ca hai phia ctia khe héng

1a
N, =24coskx+n%, x>0, va n_=n%,  x<O0. (5.3)

Tu s6 hang thi nhit trong chudi cua phuong trinh (5.2),
thong lugng di ra ti ntia vong tron c6 ban kinh nhé quanh géc
toa do bang, d6i v6i xhodc 16n hon khong, hodc nhé hon khong
x><0:

. +
thong lugng = lim - | 7€ 22~ iHé“(kr):Qi.
r—0 w 2g |or

Do d6 s6 hang dau cia phuong trinh (5.2) biéu dién ngudn
¢6 thong lugng OF di vao ntia mit phdng (x><0). Cac s6 hang
tiép theo 1a cuc ddi, cuc bon...

Gan diém néi, kich thuée d6 dai 1a do réng khe; do do,
ching ta c6 thé dinh nghia viing gan (near field) noi

7

—=0(Q1). (5.4)
a
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Trong ving nay

do d6 dong chay dudec mo ta chii yéu béng phuong trinh Laplace
Vin=0

v6i sai s6 tuong doi c6 bac O(ka)®. Diéu kién khéng c6 thong
lugng can phai dude thoa man tai cac vach ciing. Diéu kién phat
xa sé khong con thich ting niia va cin loai bd. Bay gid phuong
trinh (5.5) va diéu kién khong thong luong sé xac dinh mot bai
toan dong thé thong thuong véi mot tham sé duy nhat 1a thoi
gian. Vi n 1a ham diéu hoa, nén 1 c6 thé coi 1a phan thuc cta
ham gidi tich W ctaa bién phtic z=x+ jy, nghia la

n=Re, W(2), (5.6)

trong d6 Re; la phan thuc theo j, véi i dudc xem 14 mot so thuec.
Giai cac phuong trinh (5.5) va (2.4) sé& quy vé tim mot ham W (z)
giai tich trong mit phéng z véi

Im, W(z)=const trén cac tuong cing. (5.7

D61 v6i nhiing thiy vic hinh dang don gian, nghiém chu
yéu sé dudc tim mot cach dé nhat biang phuong phap anh xa
thich hop. Trong vi du nay, ta sé dung phép bién ddi Joukovski
trong 1y thuyét canh may bay

z:-f?"(w%j (.8)

dé anh xa mat phéng z bén ngoai hai dé chin séng 1én nlia mit
phing trén cta t (xem hinh 5.2). Cu thé, anh cta vach cling
ABD 1a thuc 4m trén truc T va anh cia 4'B'D' 1a thuc duong
trén truc t. P& thoa man diéu kién Im, W =0 trén A'B'D' va
Im, W =const trén 4BD, ta chdp nhan nghiém

W(Ez)=C+MInt+Ct+C,t> +..++C_ 1" ++C_,1° +... (5.9)
trong d6 cac hé 6 1a thuc déi véi j nhung c6 thé 1a phic d6i véi
i. Cac hé s6 0 va p* trong phuong trinh (5.2) cling nhu C, M
va C,, C_, ... s& tim dugc khi ghép viing gan va vung xa.

Chung ta tht cho réng trong mot viing trung gian to ra la
gin diém goc theo ngudi quan sat viing xa (k- <<1) nhung trong
khi d6 lai 14 xa ngudi quan sat vung gan (r/a >>), cac nghiém
ving xa va ving gan c6 thé duge ghép lai. D6i véi kr<<1, khai
trién bén trong ctia ving xa 1a

n+=2A+%(—L+llnY§r} 0;“ =sin@+..0(kr)> Inkr, x>0
g T g

(5.10)
T\_Z"‘% —L+llnykr on 1 sin®+..0(kr)> Inkr, x<O
g 2 n 2 2g r
(5.11)
trong d6 Iny 1& hing s6 Euler = 0,5772157... Pé x&p xi nghiém
viing gan d6i v6i r/a>>1, ta cAn phan biét hai phia x<0 va
x>0. Trén phia x>0, vang |z|/a>>1 tuong Gng véi [1>>1

trong mét phéng t sao cho

2?{1 O(CZJ_T (5.12)

tit phuong trinh (5.8). N&u thé biéu thiic nay vao phuong trinh
(5.6), thi khai trién bén ngoai ciia vung gan m sé nhan dudc

bang

2 2
n=Re, W=Re, (C+M1n ]Z+C( ]Zj+ +C_ ( a J+j
a a 2jz



=C+Mln2—Cl[2—y]+...+Cl(zi]sin6+... (5.13)
r

a a
6 phia x<0, vang |z|/a>>1 tuong tng véi gbc trong mit
phing t. Do d6, tit phuong trinh (5.8)

r:z—jz{uo[;j } (5.14)

R . R ~ N N N N
va khai trién bén ngoai cia vung gan 1a

n=Re, W=~ Re‘j[C +MIn——+ CI(L_J +.4+C (Ej + J

2jz 2jz a
2 . 2
=C—Mln—r—Cl(ijsme—i-...—c_l(—y]—i-... (5.15)
a 2r a
iy
DA Im 7
z=x+jy 7- mét phéng
joi B x A B D|D B A
- o - : zr—Re T
-ja | B -1 1
vy WY

Hinh 5.2 anh xa viing gan t mat phang z I&n nlia trén cla mat phang t
Bay gid ta cho bing nhau cac phuong trinh (5.10) va (5.13)
dé xting hgp 1, . Tl cac hé s6 ctia cac s6 hang gidng nhau, ta tim
duge mét s6 biéu thic dai s6:

(const): 2A+%[—i+llnﬁ}=C+Mln2 (5.16 a)
g 2 n 2 a

anry: 22—y (5.16 b)
ng
(»: C =0 (5.16 ¢)
+1
[lsin Gj: C,= o (5.16 d)
r ga

Xtng hgp m_ bang cach cho bang nhau cac phuong trinh
(5.11) va (5.15), ta c6:

(const): %[—i+llnﬁ}=C—Mlnz (5.17 a)
g 2 n 2 a
(nr): 92 __py (5.17 b)
ng

(»: C,=0 (5.17 ¢)
-1

(lsin 9): C = or (5.17 d)
r ga
Nhan thay ngay rang

C,=C, =0, (5.18 a)

uw=pn =0. (5.18 b)

C6 thé chi ra ring cac cuc bac cao hon gan bang 0 do d6 chi c6
yéu t6 ngudn tai bac dan dau 1a quan trong. Vay C,, n=+2, +3...
cling bing 0 va dé dat d6 chinh xac hién tai khong cAn phai c6 cac
luy thtta khac khéng ctia t trong nghiém bén trong. Thuc t€ nay
sé& duge st dung tiép trong cac phan tich sau ma khoéng can kiém
tra niia.

Bay gid chi con bén 4n: 0, M va C c6 thé duge giai va cho
két qua la:

_oQ 00 A4 , (5.19 a)
g g —li+(1/min(yka/4)
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Moy 090 00 (5.19 b)
ng ng
C=4. (5.19¢)

Két hgp hai phuong trinh (5.19 a) véi (5.2), cudi cung ta c6
il AH (kr)

" e . 5.20
N =TT ) In (ka4 (5.20)
Khai trién phuong trinh Hankel d6i v6i & 16n, ta c6
2 1/2
nf ZiA SO[_] eikr—in/4 (5.21)
h Thr
trong d6
. -1
pz(l Jﬁlnﬂ] . (5.22)
e 4

Ham —Inz tién dén vo cung rat cham khi z gidm. Vi du,
-Inz=20, 46, 6,9,... khi z=10",10%10" v.wv.. Vi vay,
—In (Yka/4) thuc su khong 16n trong khoang bién thién thuc té
ctia ka, va | @| nhé dan cham khi ke gidm nhu bang duéi day:

ka ‘ 1 0.1 001 0,001
| o] ‘ 0,8890  0,4506  0,2786  0,1995

6 mtc do x4p xi hién tai, viing gan bi chi phéi béi mot hang s6
va mét dai lugng ti 18 v6i Inr . V& mét vat 1y, hing s6 thé hién su
nang lén va ha xuéng déu dan cua mat tu do, con dai lugng sau chi
rang khe hong hoat dong nhu 14 mdt ngudn phat sinh séng t6i mot
phia va nhu 12 mét diém hé&p thu séng c6 cung bién do d6i véi phia
kia.

DE két luan, ta luu ¥ ring véi ka tuy §, bai toan nhibu xa cé
thé giai bing mét s§ phuong phap x4p xi dua trén phuong phap
cac phuong trinh tich phan. Khi ka tang, bién d0 séong phat xa
@ sé phu thudc phtic tap hon vao 6. Nhu sau nay sé thay, su

cong hudng dang ké ¢ trong cang sé xuét hién khi budc séng it
nh4t 12 cung cd véi kich thude cang, ma kich thuée cang thuong
16n hon nhiéu so v6i d6 rong ctia cang. Vi vay chung ta sé khong
thao luan thém vé bai toan khe héng.

5.6 PHAN TAN DO MOT KENH HOAC VINH HEP DAI

5.6.1 Nghiém téng qudt
Ta xét mot kénh hep d6 rong 2a thong véi bién. Hinh dang
kénh mo ta trén hinh 6.1. D61 véi cac séng dai, ka<<1, ving xa
trong kénh chi c6 thé 12 mot chiéu va tré thanh trudng hgp dic
biét ctia muc 4.1.2. Vi vay, nghiém téng quat clia viing xa trong
kénh l1a
N, = Be™ + De™, x<0 (6.1)
v6i khai trién bén trong
N, = (B + D) + ik (=B + D)x + ... O(kx)* vl [kd<<1.  (6.2)
Giong nhu trude, nghiém viung xa trong dai duong 1a

Ny =24 cos kx + (;)—QH(‘)D (kr) (6.3)
g

v6i khai trién bén trong
o z2Acoskx+w—Q[1 +&1ny—k’j +OUr), kr<<l. (8.4)
2g T 2
Bai toan viung gan la bai toan dong chay thé qua mot viing
ctia sdng c6 dang vudng canh (xem hinh 6.2). Bing phép bién

d61 Schwarz-Christoffel, ving vat 1y trong mat phing phitc :z
(z=x+ jy) c6 thé 4nh xa 1én nta trén cua mit t theo

2a .2 1/2 T
=—1|—j(t" -1 +In— 6.5
z P { ]( ) n(TZ _1)1/2 +j:| ( )
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(Kober, 1957, tr. 155) véi cac anh biéu dién trén hinh 6.2. Dsi
v6i gia tri don, cin bac hai (t° -1)"* dugc xac dinh trong mit
phéng 1 v6i mot nhanh cit doc truc thuc -1 <Ret<1, v nhanh
dugc lya chon sao cho (1 -1)"* -1 khi |f > . Ham logarit

Int dugc xac dinh véi mét cat doc phan duong cta truc thuc.

b4

WVing xa
Lo kx=01(1)
Ying gin ‘-\\
zal | Ving xa x=0(1) { 0—— x
l A i

L ﬂf

Hinh 6.1 Dang mét vinh hep

Xap x1 viing gin phai 1a gidi tich trong t nhu trudc day
n=Re;, W(1)=Re (M InT+C) (6.6)
v6i M va C la s6 thuc theo ;. Khai trién phia ngoai cAn phai
dugc tinh bang cach tach riéng hai phia x><0. Trén phia dai
duong, x>0, |z|/a 16n tuong tng véi |t| 16n (xem hinh 6.2).

Béng cach khai trién vé& phai ciia phuong trinh (6.5), ta c6

Z=2—a{—j‘c+0[lﬂ, —jI=E{1+O[£)2:l, x>0. (6.7
i T 2a z

Thé (6.7) vao (6.6), ta duge khai trién ngoai ctia ving gin

nzRe, ML= +Cc=Mm+c, x>0, 6.8)
i 2a 2a

ALy I!m'r

ia
B plp B  Rer

Hinh 6.2 anh xa vung gan tir mét z t6i nira trén cia mat ©

0 phia kénh, x<O0,
phuong trinh (6.5):

z/a| 16n tuong ting véi | t| nho. Vi ti

mz

ZZ=1+InTt-In2j+0(1)°
2a
=lne—r'+0(1:)2 hay rzz—Je“”z”, Z>>1,
2] e a
ta co
1nrsE—lni, (6.9)
2a 2j

sai s6 & nho theo ham mit khi x/a — —. Khai trién ngoai cua
nghiém viing gan, do dé, sé bang
n=mM_mmé+c, x<o. (6.10)
2a 2

Xting hgp cac nghiém trong va ngoai trén phia kénh x<0
cho

B+D=C—M1n§, (6.11 a)
ik(-B+Dy="" (6.11 b)
2a
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Tuong tu, két hogp hai phuong trinh (6.4) va (6.8) ta c6 két
qua trén phia dai duong la

94+ 20(1+ 2 Y o mm =, (6.11 ¢)
2g T 2 2a

00 _y (6.11 d)
ng

Nhu vay dén nay ta c6 bén phuong trinh dai s6 cho nam 4n
s0: B,D,C,M va Q; Vv6i A cho trudc. Can c6 mot diéu kién niia,
né6 phu thudc vao diéu kién rang budc tai dau xa cua kénh.
Nhiing kha ning sau day dang quan tam vé mit vat ly:

1) Séng phan tan vao kénh dai vo6 han, khong c6 phan xa &
dau xa cta kénh. Vi chi ¢6 thé c6 cac song di vé bén trai, D=0,
vi thé& nghiém cta kénh la

N, =Be™. (6.12)

2) Séng t6i tit dAu xa cta kénh va truyén ra bién. Trong
trucéng hop nay, D cho trude va 4=0.

3) Séng phan tan vao vinh dai c6 chiéu dai L, dduxa x=-L
c6 tinh phan xa cao. O day ta doi héi

an—c =0, x=-L.
ox
Nghiém ngoai tuong tGng la
N, =Ecosk(x+1L), (6.13)
do dé
B=1Ee™, (6.14 a)
D=1Ee™. (6.14 b)

Khai trién trong tuong tng la
N, = E [cos kL + (sin kL)kx]+ O(kx)? . (6.15)

Bay gid ta c6 thé giai cac bai toan dai s6 dé tinh cic hé s&
chua biét cho ting truong hop. Vi du, v6i bai toan tht nhat
(s6ng phan tan vao kénh dai), ta dugc

(1)_Q= 2Aka (6.16)
2¢ |1+ ka+ (2ika/m)In (2vka/me)|’ ’
—24 (6.17)

B= .
[1+ ka + (2ika / T) In (2Yka / 7 e)]

Mot 1an nita C chi lién quan dén viing gin va sé khong dugc ghi
nhan. Phuong trinh (6.16) dua ra cudng d6 ciia ngudn phat séng
quay tré lai dai duong v6 han va phuong trinh (6.17) cho bién do
cua séng truyén qua.

Bai tap 6.1
Tim nghiém cho bai toan 2: séng truyén tit kénh ra bién va
thao luan két qua.

5.6.2 Vinh hep mo

Truong hop mot vinh hep d6 dai hitu han, ttc bai toan 3 &
trén, sé minh hoa nhiéu tinh chit chung cia su cdng hudng
trong cang. Vi vay & day ta sé phan tich chi tiét. Miles va Munk
(1961) 1an dau tién da phan tich day dua bai toan nay. Xap xi
ctia vinh cua ho hoi khac so v6i phép tiém can xting hgp (theo
Unluata va Mei, 1973).

Két hop cac phuong trinh (6.14 a) va (6.14 b) véi cac phuong
trinh (6.11 a)—(6.11 d), ta dugc phan ting m, cua vinh va luu
lugng O qua cua:

N, = 24cosk(x+L) . ’ (6.18)
cos kL + (2ka / ™) sin kL In (2Yka / me) — ika sin kL
00 _ 2 Aikasin kL (6.19)

2g ~ coskL + (2ka / W) sin kL In (2Yka / me) — ika sin kL’
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trong d6 m, tng véi chuyén dong séng tit viing xa ra khéi clia
vinh mét khoang 16n hon 2« rat nhiéu nhung nhé hon buéc
séng ciing rat nhiéu. Véi cudng d6 séng dtng 24, ta c6 thé dinh
ra mot hé sé khuéch dai:

o= — . (6.20)
cos kL + (2ka / m) sin kL In (2Yka / me) — ika sin kL
sao cho
N, =24gpcosk(x+1L). (6.21)

D6 thi cua || * phu thudc vao kL, v6i ka 1a tham s6, duge goi
14 duong cong phan ting (response curuve).

Vi ka <<1, dudng cong phan ting c6 mdt dinh gan cac gia tri
0 cua coskL, c6 nghia la

coskL=0, kL=k,L=n+3Hm, n=0,1,2,..
Vi cac dai luong c¢6 bac O(ka) trong phucng trinh (6.20) nhd, nén
cac dinh cong hudng hoi di doi khoi cac gia tri tho nay. Ta sé c6
phép xap xi tot hon néu cho
k=k, +A

va khai trién d6i véi A nho:
coskL =-LAsink,L +O(A*),  sinkL=sink, L+ O(A*).

Tai lan can ctia dinh cong hudng th » hé s6 khuéch dai
bing

1

—sink, L[LA—(2k,a/m)In (2Yk,a/ me) + ik, a)
_ 1
Tk -F )L+ ik,a]

n

Y

(6.22)

vii

~ 2

i = k”[1 +331nﬂ] (6.23)
L Tle

phuong trinh nay c¢6 thé so sanh véi phuong trinh (4.15) nhu 1a

mot thi du mAu. RG rang, dinh xay ra tai k =k, va khoang di rdi

cua dinh bang

~ k 2vk
k —k ):Eﬁln r,a
T L

n n

<0. (6.24)
Te

Xung quanh dinh, binh phuong hé sé khuéch dai l1a
| |= —— ; (6.25)

trong khi gia tri dinh 1a
1 1

- (6.26)
"™ ka (n+y)mall

| @

Vay 1a d6 cao ctia cic dinh cong hudng tiép sau sé giam theo s6
hiéu hai 7.
Déi v6i hai n, @6 thi cia g theo kL x4p xi do6l xting qua
dinh. Tai nhiing gia tri
(k—k,)L=%k,a,
thi gia tri |go|2 giam mot ntia. Vay k,a la thuée do ctua ca do

cao dinh cting nhu mot ntia dd rong ctia duong cong cong hudng.
Tréc dién séng tuong dng trong vinh ti 16 mot cach tho véi

ol e D21

Dic biét, v6i hai thap nhat n=0, chiéu dai cha vinh bang
khoang mot phan tu budc séng, thanh thi ctia cang rat gan véi
diém nat diu tién. Ta hay so sdnh hai vinh cung d6 dai L,
nhung khéac d6 rong. Cang hep hon sé ¢6 do di dsi (k, —k,)L nho
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va dinh cong hudéng sé nhon va cao hon. Khi ka — 0, do suy
giam phat xa sé giam dan dén 0 va dd cao dinh sé trd thanh vo
han. Vi d6 rong ctia dinh cong hudng trén do thi phan tng ciing
giam theo a, nén séng t6i phai diéu chinh tan s6 mét cach chinh
xéc vé tan s6 dinh dé cong hudng véi cang. Néu su diéu tan hoi
sai, su phan tng sé giam rat nhiéu. Pic diém phan tng cong
hudng tang khi hep dan ctia cang khong phai ldc nao ciing phu
hop véi thuc tién va day chinh 14 mot van dé trong cai ma Miles
va Munk nam 1961 goi 1a diéu nghich ly vé cang. Nghich 1y nay
sé khong con néu ta tinh t6i ma sat tai ctia cang va/hodc su phi
tuyén; hai vAn dé nay sé dudc xét trong cic chuong sau.

Tu phuong trinh (6.19), luu lugng trén mot don vi 0 sau tai
cia cang O — chinh 12 bién d6 cua cac séng phat xa, ciing dat
cuc dai tai dinh cong hudng. Gia tri cuc dai cia Q nhan dugc
bang cach cho triét tiéu phan thuc ciia mau s6, vay:

4A4g

max|Q|=w—,

trong d6 o, =k, (gh)"'*. V6i hai cao hon, luu lugng cong hudng sé
nho hon.
Chu ¥y ring tai dinh tht », mét tu do c6 diém nut biéu 16 rd
tai x=17, vi thé&
cosl;n(l-i-L) =0

hay
(k, +A) (1+L)=(n +%jn,

hay
A 2a., 2k, a

=— 2 =202 M% 0,

I
L k nt L Te

n

né giam theo a/L va n. Nhu vay, d6 dai hitu hiéu ctia vinh 16n

hon d6 dai L thuc. Viéc tang d6 dai vinh nhu vay c6 thé dudc coi
nhu 12 hién tugng quan tinh b8 sung ciia nudc bién & gin cia
cang.

Két qua gidi tich ctia phuong trinh (6.20) sé& 14 chinh xac
khi ndo ka con nhd. D61 véi mot truong hop dic biét dudge xt 1y
bang cac phan ti hitu han va sé dugc mé ta sau trén hinh 10.3,
thi 1y thuyét nay thod min vé dinh lugng chi d6i v6i hai bac
thap nhat (mot phan tu buéc séng).

Bai tap 6.2

Hay khao sat anh hudng 14n nhau caa hai kénh thing, hep,
d6 dai htiu han va ctia thong vudng goéc véi cuing mot doan bo
bién thing. Xét géc téi tuy §. (Mei va Foda, nam 1979 da giai
quyét bai toan tuong tu vé méit toan hoc cho séng dan hoi téi
trén cac mai huéng ra bién).

Bai tap 6.3

Hay nghién ctiu dao déng trong mot kénh hinh ban nguyét
v6i @6 rong hep bang 2a, ca hai dau kénh cung thong ra mot
doan bo bién thang. Xét géc téi tuy ¥ (Mei va Foda, 1979).

Bai tap 6.4: M6 hinh hod tdc dong cong huong cang (Roger
va Mei, 1977)

Trong céac thi nghiém vé cang, bién bi giéi han bdi kich
thuée hitu han ctia bé thi nghiém. Trong trudng hop dién hinh
la may tao séng dit ¢ mot khoang hitu han L' cach bs. Bang
phuong phap anh hay chi ra ring hiéu tng clla may tao séng
dat tai x=L" c6 thé duge tinh dén mét cach x4p xi bing cach
cho nghiém vung xa trong bién bing

N=24cos kx + ‘;’—Q {Hé”(kr) 3 [HO G| r—2nLre )+ H (k| r+ 2nL’eX|]}
g n=1
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trong khoang 0<x< L’ va kL’#mn. GAn ctia cang, kr<<1, hiéu
chinh do L’ hiiu han bang
e=22 ST HE @nkL') .
g n=1
Dé6i v6i kL 16n, cac ham Hankel c6 thé duge thay thé bing
cac x4p xi tiém can sao cho
1/2 o inZ
eEm—Q(EJ e_m/4 26—1/2’ Z =2kL".
g T n=1 (nZ)

V6i Z=2kL">>1 chubi c6 thé dugc x&p xi bang mot tich
phéan theo cach sau:

S rm =Y fmmn (vi An=1)
= i f(6Z)ZAc véi % -G

= T f(6Z)Zds .

Biéu dién tich phan d6 nhu mét tich phan Fresnel va chi ra
ring e ~O(kL')™'?, tit @6 néu ra tiéu chuén cta ban vé viéc xac
dinh d6 16n cAn thiét cta bé séng dé mo phdng dude mot dai
duong vo han.

5.7 Cang hinh chit nhat vdi ctta hep

Ngoai nhiing thudc tinh vat ly da dudc néu ¢ muc 5.6, mot
cang c6 cac kich thuéc theo hai huéng ngang tuong ducng nhau
sé c6 mot kiéu dao dong mdéi trong dé mit tu do trong cang dong
thoi nang 1én va ha xuéng. Hién tuong nay rat quen thudc trong
am hoc va c6 thé mo ta bing mot phép phan tich don gian. Xét
mot thuy vic dién tich mit S thong ra dai duong vo han qua
mét kénh c6 d6 dai L, d6 rong a, L duge gia thiét 1a du dai dé
d6 dai thuy doéng luc bé sung c6 thé bd qua (hinh 7.1). Gia st

bién d6 mat tu do tai 4 bang { va van tdc trong kénh bang U .
Su lién tuc doi hoi

%Sz—Uah.
ot

Khi cong hudng xuat hién trong thuy vuc, { rit nho tai cla
song B; gradien ap sudt gitia 4 va B x4p xi bang
A _p,—prs _pgl

Ax L L
Phuong trinh dong lugng ctia nudc trong kénh 1a
WU _gt
ot L

Két hop cac phuong trinh khéi lugng va déng lugng bing
cach khu U, ta duge
2%¢
ot?

né giéng véi mot hé 10 so — vat ning va hai tu nhién véi tan sd

tu nhién
1/2
0= gha .
SL

S

a
+gh—C=0,
g LC

Hinh 7.1 Sa dé thly vuc théng
véi dai duong qua kénh hep

S6 séng dic trung tuong ting dang khéng thi nguyén la
kS'? =(a/L)"* va rat nho. Hai dao ddng nay goi la hai

Helmholtz trong 4m hoc va la dang bom (pumping mode) trong
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van liéu ky thuat cang. R6 rang, su tén tai hai Helmholtz lién
quan véi dién tich hiu han ctia cang. Vi vinh hep trong muc 5.6
tuong ting véi dao déng c¢6 mot 10 xo nhung khong cé vat néing
nén khong c¢6 dang Helmholtz.

Bay gid ta chuyén sang phan tich chi tiét mot vi du cu thé
vé cang hinh chii nhat. Vi du nay dugc Miles va Munk 14n dau
tién nghién ctiu nam 1961 va duge Garrett kiém tra ndm 1970.
Ta st dung céac tiém can xtng hop do Unluata va Mei dé xuat
niam 1973. Gia su cic canh cua cang la B va L nhu hinh 7.2.
Ctia cang 1a khe qua mét dé chidn séng méng, thing cing tuyén
v6i bo bién. Gia st do rong cta khe rit nhd so véi bude séng
ka<<1.

DE don gian, ta gia thit rng séng t6i 1a thing géc, nghiém
bén ngoai cho dai duong mot lan niia dude tinh bing phuong
trinh (6.3):

u =2ACOS/CX—£QO|:éHéI)(kF)i|, rP=x"+y?, (7.1)
8

& day hé toa do c6 diém goc ndm tai giita ctia. Dé thuan tién, ta
nhéc lai khai trién bén trong ctaa n,

n =2A+i9QO(_—’+llnﬁ]+i3Q0 Inr+O0(rinkr). (7.2)
g 2 m 2 gn

Nghiém bén trong gin ctia cang 1a dong chady thé qua khe
hé va c¢6 khai trién bén ngoai gdm hai s6 hang sau (xem cac
phuong trinh 5.13 va 5.15):

1 :
T]E=C$MIHE+M[+ nr] x>0 (73&)
2 —Inr x<0 (x, >0) (7.3
b)

D& mé ta phan bén trong cang, sé thuan tién hon néu diung
mot hé toa do khac (x,, y,) v6i goc tring véi mot géc ciia vinh sao

cho
X ==X, y=yi—y1, r12:x12+(y1_yi)2- (7.4)

Diém giiia ctia ctia cang tai y, =y, (xem hinh 7.2).

¥
A
4
i uj_
-
r 1 ¥
Hinh 7.2 Cang hinh chii nhat B E iR |
nam sau bd bién thdng LE 0-—t=x
:‘lf FIF I T FF FFFF 77 Hé’n
I L .
3
A
B 4

5.7.1 Gidi bang cdc phuong phdp khai trién tiém cén xing
hop

Ta hiéu trong cang sé st dung hé toa do (x,,¥,). Tuy nhién,
dé cho ngén gon, ta bo cac chi s6 dudi (),.

D61 v6i bac dan dau, nghiém phia ngoai cua cang 1la mot
viing do nguén dao dong cta luc véi d6 16n O, chua biét tai
diém x=0, y=)'. Gid st G(x, ;') 1a nghiém tuong Gng véi

VIG + kG =0, (7.5 a)
9 0, 0<x<L, y=0.B, (7.5 b)
dy
Gy, =1L (7.5 ¢)
ox

=0(y—-y"), x=0, O<y<B. (7.5 d)

Vi G biéu dién nghiém cho nguén diém c6 luu lugng don vi,
suy ra



i ,
Ny :EQHG(xay;y) (7.6)
12 nghiém bén ngoai can tim 6 trong thuy vuc cdng. Ham G 1a
mot dang ham Green; nghiém ctia né dugc dan lap trong phu
luc 5.A. Ta chi dua ra két qua nhu sau:

G(x, y; y'>=ioxn MY, 7,01, (7.7)
trong d6
X, (=28 0= D) (7.82)
K BsinK L
Y, ()= cos(%j : (7.8 b)

1/2

K, {kz _[%J 2} , (7.8 ¢)

va e, 1a ky hiéu Jacobi. Tuy nhién, khai trién bén trong can

mot s6 bude nita. Chudi cia G hoi tu cham vi né diing do
T
K, ~i| 2
B
d61 véi n 16n va

e, cosKn(x—L)__ZCh[nn(x—L)/B]_O 1
K, BsinK, L nmsh(nnl/ B) ’

3
z_le—nm/B + O(igj
nt n

n
S6 hang tht » triét tiéu chi nhanh nhu 1/x . Phuong phap
thong thudng dé ddy nhanh qué trinh hoi tu 1a 14y tong t4t ca
chudi bao gom phép xap xi bac din dau cia ting s6 hang:

~ . 2 —nmx '
G=) -——e™"Y,(nY,0". (7.9)
nm
1

Chubi con lai

Xo () YL, 00+ i(){ +n2—ne'"m3j Yy, (»Y,0" (7.10)

n=1
khi d6 sé hoi tu nhanh hon nhiéu (¢6 1/7°) (xem Kantorovich va
Krylov, 1964, tr. 79 dé hiéu thém vé phuong phap nay). Phép
18y téng & day c6 thé thuc hién dugde va dude trinh bay chi tiét
trong Phu luc 5.B; chiing t6i chi dua ra cic két qua sau:

~ 1 -z, | ? _z|?
G:—ln‘l—e \ ‘1—@ o, (7.11)
21

trong d6

Z.v=%[x+j<y—y'>], Z.;=%[x+j<y+y'>]. (7.12)

Luu ¥ rdng Z la khoang cach phtic duge chuéin hoa tit diém
ving (x,y) dén ngudn (0,y'), va Z' la khoang cach phiic dugc
chuén hoa tit (x,y) dén anh qua guong ctia ngudn tai (0,—y").

Rét gin clia, r/B<<1,taco | Z |<<1. Vi

, 2y
z. =7, +2 Y

s s

l1-e” =Z[1+0(2)],

l-e =1-e¥")[1+02,)], (7.13)
nén suy ra
2
e =] o5
B B
|2 ny'(mr ? r
‘l—e_z“' =4sin2—[—j 1+0(—) . (7.14)
B B B
Thé nhiing céng thiic nay vao phuong trinh (7.11), ta c6
G= lln(% sin n_y] + O(L) , (7.15)
B B B B
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day la phuong trinh dang logarit ky di khi » —0. Day 1a két
qua mong dgi vi »=0 1a diém ngudn. T phuong trinh (7.15),
thong lugng qua hinh ban nguyét nhd vé cing lan can diém
nguén & phia x>0 bing don vi. Do d6, G biéu dién phan ky di
cua ham Green, va chudi du trong phuong trinh (7.10) phai la
déu tai diém ngudn r=0. Khai trién trong ciia G sé la

G(x,y;y") = nln(%si ngj-kF (7.16)

trong d6 F 1a gia tri cta chudi du tai diém ngudn
—-24

= . (7.17)
[1+ ka + (2ika / T) In(2vka / Te)|
Cuéi cung, khai trién trong ctia nghiém bén ngoai la
2Acosk(x+1L) (7.18)

B cos kL + (2ka / W) sin kL In(2Yka / me) — ik sin kL

Bay gid ta c6 thé tién hanh phép xtng hgp. 0 phia dai
duong, cac s6 hang khong d6i va cac dai lugng Inr trong phuong
trinh (7.2) va (7.3 a) can phai ghép riéng biét; ta dugc hai phuong
trinh sau:

C—Mln£=2A+i2Q0(_—l+llny—kj, (7.19)
2 g2 "n 2
va
=199 (7.20)
g T

Tuong tu, khi ghép cac phuong trinh (7.3 b) va (7.18) 6 phia
cang x<0 (x, >0), ta c6

C+Mlngzz—QH{;ln[z—;sm%jJrF}, (7.21)

=198 (7.22)
g T

Bén phuong trinh dai s6 (7.19)—(7.22) c6 thé giai d& dang
do6i véi cac 4n s6 C,0,,0,,M . Két qua thay ngay la 0, =-0,,,
diéu nay c6 thé doan trudc trén co sé su lién tuc. Két qua quan
trong nhat la

. . -1
Lo =219 _ —2/{_—’ o 1} : (7.23)
g g 2
trong d6

=t 45 . (7.24)

b (kaa sm(ny'/B))

Cudi cung, nghiém vung xa trong cang la
-24

—— X, (0NY,07Y, 7.25
Ny =5 o IZ LY, Y, 01, (7.25)

nghiém nay c6 thé st dung dé tinh toan bing s6 phan tng cla
cang tai hau hét cac diém, ngoai trti moét ving nhd bac O(a)

tinh ti clia cang.

5.7.2 Phé céng hudng va su phdn tng déi vdi cdc hai khong

thuéc hai Helmholtz
Pé lam rd ban chit vat 1y cta cac két qua sé trinh bay dudéi
day, ta caAn kiém tra cac cong thic (7.23) va (7.25).

Khi s6 séng t6i & gan biang mot trong cac hai tu nhién cta
mot vinh kin, &, =[(nn/B)* + (mn/L)*]"?, thi c6 thé xay ra hién
tugng cong hudng. O 1an can &, dat

k=k +A, (7.26)

va gia thiét rang



A<<1 . (7.27)

nm

Tu phuong trinh (7.8 ¢) ta c6

K L= L{(kn C+A) - (%j }

k I*A
=mrn+—"""—  n=0,12,.,m=123,.. (7.28a)
mTt

1/2

hoac

= L(2k,,A)"* m=0, n=1,2,3,... (7.28 b)

Chi y rang trong ca hai phuong trinh (7.28a) hoic (7.28b)
sin K, L déu gan bang 0. Trong chudi cia G hay cua F, s6 hang
thi n 16n hon rat nhiéu so véi tat ca cac s6 hang con lai. S6
hang chinh trong chudi F la

e cosK, L nmy' ¢ € € nny'

=K BsinK B cos” By =x o o cos’ By

(7.29)

khi c6 it nhat mot chi s6 » hoéc m khéng bang 0, trong khi dé
G dudc x4p xi bang

)

¢ cos(mn/L)(x~L) Y,(»)
A COS MM Y. (y'")

X, Y, (Y, ()=

Phuong trinh (7.25) cho phan tng cang bang
- 24 c cos(mn/L)(x—L) Y, (y)

: . (7.30)
—-i/2+c/A=-1I(k,,) A COS mT Y, (")

n

Ny

trong d6
Ik, =10, (7.31)
la gia tri 16n dang logarit déi véi k,,a nho. Diéu quan trong 1a

phai chi ra réng khi A=0, ttc k=4 , vé phai cia phuong trinh

nm?

(7.30) tiép can dén gia tri khong 16n
cos (mn/L)(x—L) Y,(»)

—-24 .
cosmm ¥,())

Do vay, hai cong hudng khong trung véi hai tu nhién ctia vinh
kin. Yéu t6 khuéch dai @ cho hai (n,m) c6 thé dugc xac dinh

bang phuong trinh

n_H:pcos(mﬂ:/L)(x—L) Y (v) ’ (7.32 a)
24 cosmm Y, (")
trong d6
o= c/l (7.32 b)

A—c/T+LiA/T"

Phuong trinh (7.32 b) ¢6 cing dang nhu phuodng trinh (4.15)
déi véi vi du mAu. Vi vay, s6 hang iA/21 c6 lién quan dén su suy
giam phat xa, né phu thudc vao do di dich tan s A. Xét binh
phuong cta yéu t6 khuéch dai
(c/I)?

: 7.33
A—c/I)* +A /417 (7.33)

" =
(
Cuc tiéu ctia mau xay ra tai

NP
Py 41°

Nhu vay, s6 séng cong hudng hoi 16n hon gia tri tu nhién
Ky

nm

n

<
I

k =k +§. (7.34)

Hiéu chinh ¢/7 giam khi d6 rong cua ctia cang thu hep. Gia
tri dinh |@|° cta (7.33) 1a

2

=472, (7.35)

o

max



C6 thé d& dang thdy ring khi

A=zf+ €
1 21*°

thi gia tri phan tng binh phuong giam xudng con bang mot niia
gl tri tai dinh. Vi vay, ¢/2I* thuc chat 1a mot niia d6 rong cua
dinh cong hudng trén do6 thi caa |g<)|2 theo k. Theo dinh nghia
cua I, su suy giam do6 rong ctia sé dan dén tang 7, do d6 ting
¢|” va giam d6 rong dinh cong hudng. Mic dit thu hep d¢ rong
clia cang sé lam gidm thay d6 tinh chinh cong hudng, nhung
néu diéu tan t6t thi phan tng dinh van rd nét. Co ché nay lién
quan véi su suy giam phat xa tuong ting v6i sé hang iA/I trong
phuong trinh (7.32). Ti 1& v6i ¢/21? tai diém cong hudng, su suy
giam phat xa sé giam manh khi ¢ gidm. Vi vay, ning lugng
thoat ra khoi cang khé hon nhiéu va su khuéch dai cuong do sé
lén hon. Két qua nay lai mot 1an niia mau thuin véi kinh
nghiém ctia nha thiét, nha ké thudng muén thu hep ctia cang dé
bao vé cang t6t hon va day chinh 14 diém nghich 1y cang. Luu ¥
rang dinh cong hudng cang nhon thi dién tich duéi dudng cong
x4p xi bang

2 C
max 212

-2c, (7.36)

15

dién tich nay khong phu thudc vao do rong clia cang va giam
khi hai cong hudng cao hon (n hodc m téng) (Garrett, 1970).
Néu céc séng t6i 1a qua trinh ngiu nhién ding véi phé 1a S, (k),
c¢6 thé chiing minh ring binh phuong trung binh ctia phan tng
trong cang ti1é véi

[8,0)| oty | i

nhu trong trudng hgp cac dao dong don. Dinh cong hudng tai
k ~ sé gbép vao tich phan trén day mot lugng xap xi bang tich

nm

cua S,(k,,) va dién tich cia dudng cong |go|2 phia duéi dinh.
Vay phuong trinh (7.36) c¢6 nghia réng phan ting binh phuong
trung binh 14 khéng d6i khi thu hep ctia cang. Pay 1a mét diém
niia cua nghich ly cang.
Két hop hai phuong trinh (7.29) va (7.23), luu lugng trén
mot don vi d6 sdu gan dinh cong hudng qua ctia cang sé 1a
00, _ —24 . (7.37)
g —i/2+c/A-1

Luu y rang khi d6 rong ctia cang « méat di, k=£k,, va

0, =0, thanh thu 4p suit sé truyén qua cta con khoi lugng thi
khong. Tai diém céng hudng, dai lugng ©wQ, /g don gian bing
44 ; van téc dong chay trung binh tuong ting qua ctia U, bang

U, |=| L | =284 _gdh (7.38)
¢ 20|, O, a na

trong d6 ®,, 14 tan s8 cong hudng =(gh)'*k,, va T,, la chu ky
tuong tng. Nhu mét thi du bang s6 ta cho ¢ =200m, 4=0,2m,
va I =10phuat, thi

nm

|UE|:6m/s.

Néu bé day ctia dé chin séng la 10m, thi s6 Reynolds cuc b
cuc dai 1a 6x107. Vi dong chady dao dong, s6 Reynolds tiic thoi
sé thay d6i tit 0 dén 0(10%). Trén thuc t& sé c6 hién tugng tiéu

hao nang lugng dang ké do dong cudén xody phia sau va roi.
Phuong trinh (7.38) cling cho thdy rang |U E|t§7 1& nghich véi do

rong a cua cua, diéu nay cho thay véi cac ctia hep hon thi cac
hiéu ting ch4t 16ng thuc sé quan trong hon. Chuong 6 sé trinh
bay tiép vé hién tugng tiéu hao ning lugng tai ctia cang.
5.7.3 Hai Helmholtz
Nhiing phan tich truéec day (cu thé 1a phuong trinh (7.28))
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khong nghién ctu truéng hgp n=m=0 dan dén k, =0. Vi X,
va Y, 1a cac hing s6, nén mit tu do nang 1én va ha xuéng déng
déu trong toan vinh, va do d6 tuong ting véi hai Helmholtz hay
hai bom. Tt phuong trinh (7.8 ¢) ta cé

A=k va K, =k=A (7.39)
thay cho phuong trinh (7.28). Cac s6 hang dau trong chudi F va
G c6 lién quan dén s6 hang n=0, va phan ting cang la

—24 1

—i/2+1/k*BL-1 k®BL~

(7.40)

N

Ny

S6 séng cong hudng k,, x&p xi bing cin cla phuong trinh siéu
viét
1

k*BL

do / phu thudc vao k. Khi a gidm, / ting din dén k gidm di.
Yéu t6 khuéch dai binh phuong sé bang
»  (1/k*BL)*

ol = L4y (/k*BL-1)*"

—1=0 hay kZBL:%, k=k,,, (7.41)

(7.42)

Gia tri dinh cta (7.42) sé x4p xi bang 4/° khi thoa méan
phuong trinh (7.41). Ta tinh dugc ntia d6 rong ctia dinh bang
cach dat

1 —1=il hay k=/: =il%
4 (BLI®)

7.43
k*BL 2 h ( )

Khi a giam, @’ ting va dd rong cha dinh giam di. Tuy
nhién, dién tich duéi dinh dudng cong |go|2 theo k, s& tilé thuan

e

VOl

1 47’ 1Y"”
Z(BL[S)”:(EJ ’ (749

biéu thiic nay sé ting, du tang rat it, khi ¢ gidm. Nghich ly

cang sé thé hién yéu hon déi véi hai Helmholtz, néu cho rang
mat mat ma sat sé quan trong hon tai ctia cdng. Van dé nay sé
thao luan chi tiét trong chuong 6.

5.7.4 Cdc két qud va thuc nghiém sé

Phan {ing cua cang hinh vuéng da dugc Unluata va Mei
(1973) tinh toan theo phuong trinh (7.25) cho mot dai rong cac
s6 séng; nhiing két qua nay phu hop véi nhiing két qua Miles
dua ra nam 1971 bang mot phép phan tich xap xi khac. Hai gia
tri d0 rong ctia khac nhau da dudc xét, xem hinh 7.3. Hiéu ting
giam a phu hop véi cac phan tich trong cic muc 5.7.2 va 5.7.3.

ﬂ&lz- h
Eid :

EL{- kF)

Hinh 7.3 Phan Gng binh phuong trung binh ¢ va cudng do
dong chuédn hoa |(0)/g) 0, /2A)| tai clra cang.
2a/B=3x10" (duong lién nét); 2a/B=0585x10"
(duong gach ndi). ¢ dugc dinh nghfa trong phuong trinh (9.5)

Cac ly thuyét giai tich x4p xi cho cang hinh tron da dugc
Miles va Lee dua ra 1971. Ngoai ra, Lee da tién hanh nhiing thi
nghiém rat phu hop véi ly thuyét tuyén tinh. Chi c6 mot khac
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biét dang ké xuét hién d6i véi cac dinh cong hudng tdn thap
nh4t, § gan d6 c6 16 ma sat quan trong, xem hinh 7.4. C6 thé chi
ra rang cac thi nghiém ctia Lee tién hanh & ving nudc rat sau,
kh>>1 va phép so sanh véi ly thuyét séng dai dua trén tinh
dong dang d6i véi cac thuyét tuyén tinh véi do sdu khong d6i va
cac vach ding. Tuy nhién, trong phong thi nghiém, tinh phi
tuyén 1a khong thé tranh khéi & cac ving nude néng va cic su
khéac biét gifia cac thi nghiém nuéc néong va 1y thuyét séng dai
tuyén tinh chic han 1a kha 1én.

5.7.5 Cdc hiéu ung cua kénh vao htu han

D61 v6i mot cang c6 mot thuy vic don, Carrier, Shaw va
Miyata (1971) da phat hién réng do dai hitu han ctia kénh vao,
hay bé day hitu han cta mét dé chén séng tai ctia vao, c6 ciing
hiéu Ging vé mit dinh tinh nhu mot ctia hep. Két luan nay ciing
c6 thé chiing minh bing cic phép tiém can xtng hgp. Déi véi
mot kénh néi, do rong 2d cung bac dai ludng nhu d6 rong 2a,
nghiém ving gan cé thé dugc tinh bang phép bién d6i Schwarz—
Christoffel. Nam 1944 Davey da dua ra cac két qua 6 dang cac
tich phan eliptic va duge Guiney, Noye va Tuck (1972) ap dung
cho su truyén séng nuéc sdu qua mot khe hep. Unluata va Mei
(1973, khi xét dao dong cang) va Tuck (1975, khi khao sat su
truyén séng qua cic 16 héng nho) da cho biét ring tat ca cac két
qua nghién ctiu cho mét khe hé hep c6 thé ap dung giai thich cho
mot khe hong gitia tudng dy néu dua ra do rong hitu hiéu a,
thay cho dé rong thuc t&. Do rong hiiu hiéu a, dugc cho duéi
dang tham s6 (thong qua v) bang cac méi lién hé sau:

ae =2pV1/2, i:—ﬁ(K'v'2—2K'—2E')’ (745)
a a 2

trong d6
p=QE-v?K)",

v/:(l_v2)1/2’
E=E®W)
K=K(v)

E'=E(), K'=K(O).

}: tich phan eliptic hoan chinh loai {h

Hé =& khuéch dai

Hé ed khudch dai

Hinh 7.4 Dudng cong phan (ng tai »=0,70b0, 6=45", cang tron ban

kinh =0,75 bd. Cac dudng lién nét va gach néi tuang (ng v6i hai ly thuyét

khac nhau; e: theo thi nghiém. (a) md 60°; (b) m& 10° (theo Lee, 1971)



(Chu ¥ rang cac ky hiéu E va K 14 cac qui udc dung trong tai liéu
vé céc tich phan eliptic, chtt khéng c6 nghia 1a cac ky hiéu chi dai
lugng).

agla

L w1 . dfa

Hinh 7.5 Ti s6 a,/a gilta do rong hiu hiéu va dd rong thuc cla kénh noi
nhu 1& ham sé cla ti s6 d6 day va dé rong d / a . Phuong trinh (7.45): dudng
lién nét; phuong trinh (7.46): dudng gach néi (Mei va Unluata, 1978)

Chi tiét @& dAn lap cac phuong trinh (7.45) kha phtc tap va
c6 trong tai lidu ctia Unluata va Mei (1973). Chiing ta chi dién
ta mot cach don gidn 1a a,/a giam don diéu theo d/a. Phép

xap xi tuong minh hon cho cic phuong trinh (7.45) dung cho

d/a l6n la
e o §exp[— (E + lﬂ , (7.46)
a = 2a

n6é rat chinh xac d61 véi d/a>0,5. Thuc t&€ tham chi dé1 véi
d/a=0, phuong trinh (7.46) vAn cho mot két qua kha tét:
a,/a= 0,937 (xem hinh 7.5).

5.8 TAC DUNG CUA DE CHAN SONG NHO RA BIEN

Puong bo & gin ctia cang thudng khong phai 1a dudng thing
do dia hinh tu nhién hoic do dé chin séng huéng ra bién. D6 1a
hinh thai thuong thiy & cac cang nhd tai cac bo nong. Vé
phuong dién vat 1y, dé nhé ra bién lam thay déi cac séng phan
tan khi ctia cang déng; do d6, nhan t6 cudng biic tai ctia sé khac
v6i truong hop dudng bo thing. Bic tranh phat xa ciing khac vi
bay gio clia cang thuong giong nhu mot chiéc loa phéng thanh
nho ra bién tit mét vach chén. Hinh dang nhé ra va vi tri caa
ctia cang da trd thanh mot yéu t6 méi can dudc xem xét khi
thiét k& va van hanh cang.

Hinh 8.1 C&ng dang tron véi dé chdn séng nhé ra bién

Pé minh hoa anh hudng cta viéc nhé ra bién, ta theo
phuong phap ciia Mei va Petroni (1973) va xét mot cang hinh
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tron v6i mot ntia dién tich ndm sau bo bién thing. Pé chin séng
12 mot cung hinh ban nguyét v6i ctia mé tai =0, . Ctia cang doi

dién vé6i géc 28 (xem hinh 8.1).

5.8.1 Biéu dién nghiém

Xét nghiém & bén ngoai cang. Ta nghién ctiu bd bién thing
trude, sau d6 1la dé chin séng hinh ban nguyét va cudi cing la
ctia cang. L&y goc t6ila 8, nhu hinh 8.1.

Bd bién phan xa hoan phin doc theo truc y sinh ra séng
phan xa 1’ cung véi séng t6i n’ . Tong cac séng la

n +n’ :A[efikrcos(eﬂal) +e[krcos(6+6,)]

=AY e, ()" cosm(0+6,) +(i)" cosm(® -0, (kr)

= 2AZ €, (cosm?ncos m8, cosm0 + isin %TC sinm0, sin mO)JW (kr),

m=0,1,2,... (8.1)

Dé dang chiing minh ring khéng cé van téc vudng géc trén
truc y, nghiala

10/, ., T
19 (vin)=0,  0=2%. 8.2
rae(“ n") . (8.2)

Su ton tai ctia mét xy lanh tron thé rdn ndm tai géc toa do
sé tao ra cac séng phin tan phat xa ra ngoai v6 cuc. Do do,
ching ta cin b8 sung vao phuong trinh (8.1) cic s hang ty 1&
cos m0

vél H, (kr)[ . J, trong d6 H, la cac ham Hankel loai mot.
sin m0

Céc hé s6 can dudgc lua chon sao cho téng ' +m’ va 1’ phan tan

thod man phuong trinh
on’
or

=0, r=a, (8.3)

trong dé
n’=n"+n"+n’ (8.4)
14 nghiém cho bai toan nhiéu xa d6i v6i ban dao hinh tron
trén mot bo bién thing. Két qua la

n°(r,0)=4> 2, (cosm?ncos mO, cosmO + isinm?n sin m0, sin mGJ

J! (ka)
H,, (ka)

trong d6 ()’ ky hiéu phép vi phan theo d6i s6. Chd ¥ ring diéu
kién bién trén dudng bd van dudc thoa man. Nghiém trén c6 thé
duge vi nhu 14 hai séng phéng di dén déi xtng ti hai phia d6i
dién ctia truc y va bi phan tan béi mét tru hinh tron trong bién
md. Phan tuong tu Am thanh d6i véi mot séng t6i da duge bist
ro (Morse va Feshbach, 1953, Tap 2, tr. 1387).

D& hoan thién trudng séng & bén ngoai cang, ta cin tiép tuc
diéu chinh d6i véi tac dong piston tai ctia cang. Li d6 tuong tGng
¢6 thé cho mot cach hinh thtic nhu sau

H_ (k)

RN 7 (4 cosmO+ B sinmb), R>a, 8.6
n ;kaH;(ka)( . . ) (8.6)

trong d6 4, va B, la cac dai lugng can tim.

X {Jm (k) — 222 H (e )} r>a (8.5)

Tém lai, trudng séng tong cong bén ngoai cang la
n, =n°’ +n*, r=a, |6|<§n. (8.7)
Li do trong cang m, phai thoa man phuong trinh
Helmholtz sao cho nghiém hinh thtc la

,0)= Z /;]] ((k )) (C, cosm®+ D, sinm#), (8.8)

trong &6 C, va D, van la cAc 4n chua biét.



5.8.2 Dan tdi phuong trinh tich phéan
Cac hé so chua biét nhu A,,, B,,, C,, va D,, can phai c6 dinh
sao cho dd cao ciia bé méit séng (néi cach khac 1a ap suat) va do
déc cia bé mét theo hudng thing géc (ttc 1a van téc thing goc)
14 lién tuc tai moi diém cua ctia cang
Mo =Ny > (8.9

M My, |6-6,]<5. (8.10)
or or

Gia st @6 doc cia bé méit theo huéng phat xa tai clia cang la
F(8)

am, oy,
Il I ¥ S 20 8.11
5 5 C)) (8.11)

chi khac 0 khi di qua ctia [-6,

(8.11) vao phuong trinh (8.8) va st dung ly thuyét chudi
Fourier, ta c¢6 thé biéu dién cac hé s6 C,, va D,, nhu sau

<8. Ap dung phuong trinh

€
C =—n 0") cos m0’do’, 8.12 a
Sl WACH (8.12 a)

Sm ’ . ’ ’
D, =2—an £(0")sin me’de’, (8.12b)

trong d6 M 1a ctia cang.

Bay gic ta ap dung phuong trinh (8.11) vao phuong trinh
(8.7). Cin than trong d6i v6i 4, va B, vi cac diéu kién
on,/00=0 doi v6i 0=1n/2 va r>a khong dugc vi pham. Viung
vat 1y bén ngoai cang nam vé phia phai cia x=0 (nghia la
6| <m/2). Tuy nhién, & xa phia ngoai cang, bai toan tuong tu
nhu mot cang hinh tron ngoai khoi véi hai ctia d6i xiing qua
truc y, bi tAn cong boi hai séng t6i d61 xiing tai cac goc 0, va
n—0,. Diéu kién bién tuong ting khi d6 la

R
Mo M _ 1@, 0<6<2m  rea, (8.13a)
or or

trong d6
F(®)=F(n-9). (8.13b)
Vé6i diéu kién nay, diéu kién khong théong luong trén bo
(truc y) dugc ddm bao bang tinh d6i xiing.
ap dung phuong trinh (8.13) vao phuong trinh (8.6) cho

toan bd khoang 0<6<2r va st dung dic tinh déi xiing cta
F(0), phuong trinh (8.13), ta dudc cac hé s6 Fourier nhu sau:

A =8 cos? m?“ [ dO'F(©)cosmd, (8.14a)
I

B, = in? ’"7“ [ do'F(8')sinme’ . (8.14b)
I

Do dé, 4, =0 dbivéi m 18 va B, =0 d6ivéi m chin.

Theo d6 déc bé mat F(8), ti cAc phuong trinh (8.6) va (8.7), ta

cod
e H_(kr) mm
=N’ +a) = —2 " | cos’ —cosmO| duF(u)cosmu
Mo =N Z n kaH;(ka)[ 2 IM ®)
. o MT . .
+ sin ?smmOIMduF(u)smmu} r>a (8.15)
va ti phuong trinh (8.8) c6
e J (kr)
=aqy ——"——|cosmB| duF(u)cosmu
T ;27: kaJ;(ka)[ J duF @)
+ sianIM duF (u) sin mul, r<a. (8.16)

Cuéi cung, diéu kién (8.9) duge st dung dé xtng hop li 6 bé
mét cho tdt ca cac diém tai clia cang r=a, | 0— 60| <38, dan dén
mot phuong trinh tich phan cho F(6):
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jM duF(u)K(e|u)=1n°(a, 0), |6-6,|<3, (7.17a)
a

trong d6 nhan K bang

J (k
K(O|u) =K (u]6) = Z%%(cosme cos mut + sin mO'sin mu)
w 21 ka J ), (ka
e H.(ka)

_Zl

o T ka H (ka)
X (cos2 %ncos m0 cos mu + sin” m?nsin m0sin muj . (8.17b)

Ta nhan thay dic tinh quan trong 14 phan ti nay déi xing
qua giao diém cta u va 6.

Péng thiic Wronskian (9.20) trong chuong 4 ¢6 thé dude st
dung dé viét lai v& phai ctia phuong trinh (8.17 a) thanh
A 20 2¢,

1
“n"(a,0) == 3 =L
a a ‘5 nka H, (ka)

mmn .. mT .
X cos7cosm6,cosm6+zs1n7smm9,smme ,

|6-6,]<3. (8.18)
Diém mé&u chét cta bai toan 1a giai F(0) tit phucng trinh
(8.17) cho moi 6 trong khoang |6-6,[<8. Diéu d6 c6 thé thuc
hién nhd mét s thu tuc tinh toan, phan 16n déu quy vé mot tap
hgp cac phuong trinh dai s6 hitu han. Mot cach khac, bang cach
tinh lai phuong trinh tich phan nhu mét nguyén ly bién thién,
ngudi ta c6 thé thu duge mot biéu thic gdn ding don gian
nhung t61 vu, c¢6 do6 chinh x4c s to6t nhat cho cac ctia hep, nhu
trudng hgp Miles va Munk (1961) da lam véi bai toan bo bién
théng. Cach tiép can nay sé duge dung dudi day.

5.8.3 XGp xi nghiém bang phuong phdp bién thién

C6 thé thdy ring giai phuong trinh tich phéan (8.17) tudng
{ing v6i viéc tim ra cuc tri cua cac dang ham sau (phép chiing
minh dugc trinh bay 6 Phu luc 5.C)

J[F(0)]= % [ [F®)K(6lu) dbdu — % [ n°(a,0)F(®)d0. (8.19)

Mic dit nguyén ly bién thién nay cé thé dugde st dung nhu
12 co s6 cua phép xap x1 phan ti hiiu han, ta 4p dung phép tiép
can sb it hon va gia thiét F c6 mot dang nhat dinh véi mot
tham s6 nhan f,, ¢6 nghia la

F(©)=f,/(6) (8.20)
vl f(0) cho trudce; khi do

J:% [ [ fOK®Ouw)f ) dedu—% [ M°(a.0)1(0)d6. (8.21)

D61 v6i J diung, f, cAn phai dugc lya chon sao cho
dJ/df,=0;do do

_ (W) n"(a,6)/(8)d

B ' 8.22
", T @K @] o (8.22

Mot Iua chon hop 1y cho £(0) 1a
f=%[52 ~(6-6,)*]"" (8.23)

noé c6 do chinh x4c tai cac dinh va dic biét thich hgp cho ctia hep

(<< dd dai séng). Vé mat truc giac, trong viung lan can cua cta

hep, s6 hang k’n c6 thé dugc loai bd khéi phuong trinh

Helmholtz va phuong trinh (8.23) ¢6 thé sé 1a mot phép x4p xi

tuong do6i chinh xac. D61 véi clia rong, phuong trinh (8.23)

khoéng di phu hgp va ta sé phai ap dung cac phuong phap khac.
Péng thic

141



l 0045 [82 - 60)2 ]—1/2 (cos meJd@ _ (C?S meojjo (md) (8.24)

T -3 sin mO sinm,

lam thay d6i ti s6 cia phuong trinh (8.22) thanh

41 A 2% 2 J,(md)
AN=2[ n°(a.0)/@®)d0=2 n’o
a aJ‘Mn (a.6).7() a Zm:nka H' (ka)

x(cos%ncosme, cosmO, + isinm?nsin m@, sin mGOJ . (8.25)

Vi 1’ 1a ap sudt song tai clia cang khi déng ctia, N 1a gia
tri trung binh ti trong cta ap suét luc. Ta nhan thay rang trong
truong hgp dac biét, c6 su dao cho nhau gitta 6, va 8,, ¢6 nghia
la N d8i xting qua giao diém ctia 6, va 0,. Hon nita, miu s6
cua phuong trinh (8.22) 1a

_ e, J, (ka)J;(md)
D= [ /(0)K(6]u)f(0)dbdu = Y on kal (k)

g, H, (ka)J; (md)

-y on kel (k) (1+ cosmmcos2m0,). (8.26)

Chubi dau tién trong phuong trinh (8.26) ciing xuat hién
trong trudng hop bd bién thing nhung chudi thi hai thi khac.
Thé cac phuong trinh (8.20) va (8.23) vao phuong trinh (8.16),
va su dung cac phuong trinh (8.22) va (8.24) — (8.26), chung ta
thu dugc phan tng cang la

n, =A%;Z—;%Jm (kr)ycos[m (0—0,)].  (8.27)

Cac phép tinh toan s6 cin thiét chi don thuin lién quan dén
phép 14y téng ctia chudi.

Co ché& ban chit cia m, gin véi cac dang tu nhién c6 thé dugc
khao sat giai tich nhu trong cac chuong trudc, va c6 thé tim
théy trong cac tai liéu cua Mei va Petroni (1973).

5 T T I 1]
IN|
4_
o .|
8 (0 0% 07, —d5°
(]
&
2
g 2
o ]
"4
/NS K
| N AN
L . Y ]
/'/ S S s s
e et
i 1 1
0 1 2 3 4
ka

Hinh 8.2 Su kich thich tai clra cang khi c6 d6 md 28 =10° . C4c s trong
ngoéac don la toa do (6,,0,) tinh b&ng d6 (theo Mei va Petroni, 1973)

5.8.4 Cdc két qua sé

Yé&u t6 kich thich N tai cta cang dudc biéu thi nhu 1a mét
ham cta ka cho mot s6 gia tri cua goc t6i 0, va vi tri cia 0,
xem hinh 8.2. Ngudc lai v6i bd bién thing, thudc tinh quan
trong nhat 14 @6 dao dong doi véi ka, do qua trinh nhiéu xa phtic
tap. V61 ka va 0, cho truéc dac trung cho séng té6i, ta c6 thé

dinh hudng ctia cang 6, sao cho ap luc 1a nho.
Ta dinh nghia
i, _Neg, JO(mS,)Jm (ka) (8.28)
D 2 kaJ, (ka)
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1A hé s6 khuéch dai cho cac hai véi su phu thudc goc
cosm(@®-0,). Gan gia tri khong cta J/(ka), nghia la
kazj', s=12.,4, lalén va dang séng ding (m,s) dudc cong
hudng. Td muc 5.3, mot sd gia tri ban dau caa ;/, 12 0 (0, 1),
1,84118 (1, 1), 3,05424 (2, 1), 3,83170 (0, 2), 4,20119 (3, 1),
5,33144 (1, 2)..., trong d6 cac s6 trong ngodc 1a cap chi s6 (m, s).
Ta nhan thdy ring dang (0, 1) tuong tng v6i dang Helmholtz.

Do c6 yé&u t& suy giam phat xa, nén ta c6 D 1a s6 phiic. Tan sd

dinh hoi bi dich chuyén va 4 1a hitu han tai diém céng hudng.
Hinh 8.3 14 d6 thi dién hinh déi vé6i

0F |on an
9 L
g || Ao | A
7| :
!
4 i 02 1
[Aml i 20
H i 1

Hinh 8.3 Hé s6 khuéch dai d6i véi hai m véi 286 =10°, 6, =0°, 8, =0°
(theo Mei & Petroni, 1973)

Dé6i vé6i bat ky tap hgp cho trude cua ka, a, 6, va §, 1i do
cia mat tu do tai diém (r,0) trong cang c6 thé duge tinh khi
tinh dugc hé s6 khuéch dai 4,. Phuong phap udc lugng dao
dong binh phuong trung binh, 14y trung binh tiing phan qua
téng dién tich cta vinh 1a rit c6 ich va dude coi 14 mét phuong
phap thuan tién dé tinh phan tng téng thé. T phuong trinh
(8.27), ta c6 binh phlidng trung binh la

_2_ a ~ | |
|T|H| - | zkz ZJ (k) _[ZJ (Z)dz

5 Z | | Z(m +2n+1)J2 ., (ka) (8.29)

(ka) g, J.(ka)i=

Tich phén cudi cung duge tinh nhd su trg gidp ctia mot ding
thiic trong tai liéu cia Abrramowitx va Stegun (1972, tr. 484).

Do61 v6i khodng sau day cua cac tham s6: d6 dai séng ,
O<ka<5; gbc mé moOt nlia ciia clia cang, d=5"; vi tri cua cia
0, =0°,45°; va hudng cua séng t6i, 6, =0°, £45°, thi cin bac
hai binh phuong trung binh cta phéan tng cang (n,| ) duge
biéu thi trong cac hinh 8.4a — 8.4e.

Vé mat dinh tinh, ciac dudng cong phan tng tréng gidng
nhu nhau trong tit ca cac trudng hgp véi cac dinh xuat hién tai
cac vi tri du doan. Tuy nhién, cac d6 cao cua cac dinh khac nhau
vé mét lugng déi véi cac gia tri khac nhau cua 6, va o, .

Thi du, ta xét dang cong hudng (2, 1) gan ka=3,1. Cac do
cao cua dinh giam theo bac (6,=45°, 0,=0), (8,=45",
0, =-45%), (6,=0,6, =0) va (8,=45",08, =45); luc cudng biic
N tai ctla cling c¢6 cung bac nhu dudgc chi ra trén hinh 8.3. Do
d6, néu do dai séng thiét k& gan véi mot dang nguy hiém thi
viée x4c dinh vi tri hop 1y cho ctia cang c6 thé sé giam bét cac
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yéu t6 nguyén nhan va su phan ting. al | n - ] N '
Ta nhan thay riang dang Helmholtz it bi Anh hudng bdi 6, o} ] ol (0
va 0,; c6 nghia la phu hgp véi hinh 8.2 trong d6 N =2khi ka ol . |
nho. 8t 0.2) s o 1
T b L L] di 7 .
nt - ¥ e o)
ol | @8 —_— * an 1 st
at ) W @ |
ol 4 af =0 0.9 B
mn ] r ]
B o 2 2
" 1
4l i o 1 2 3 . : :
) C) o 1 ] 3 ] s
i () 02 N o
f & 1 18) -
_s b= -
df I 1 ol .9
| ol [P j
ar i ? L ? \nl
’ -
F) 8
s - .
1+ s 7f 1 7t -
ALl
'l b mm v’%‘r
0 [ 2 3 T 1
ka 4
fa) 3
2
Hinh 8.4 Phan (ing cang trung binh d6i v6i 25=10°. (a) 6, =0°, 1t
0,=0"; (b) 6,=0", 6,=-45"; (c) ,=45", 0,=0"; (d) o

60 :450, 612450;(9) 60 :450, 61:45O

Hinh 8.4 (ti€p)
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So sanh cac hinh 8.4b (d61 v6i 0,=0,0, =-45°) va 8.4c
(6, =45°,0, =0), ta nhan thay rang cac dang c6 m=0,2, cu thé
(0, 1), (0, 2) va (2, 1), c6 cung dd cao dinh. Hién tugng nay xay ra
vi N déi xting d6i véi giao diém ctia 6, va 0, (phuong trinh
(8.25)), trong khi d6 D doc lap véi 6, (xem phuong trinh (8.26))
va c6 cung gi4 tri d61 v6i hai tap hgp cia 6,va m.

Cac phan tng dia phuong c6 thé dugde tinh theo phuong
trinh (8.27) va ching ta sé& khong trinh bay tiép & day.

5.9 CANG CO HAI THUY VUC THONG NHAU

Mait rong téng céng clia mot s6 cang gom hai thay vuc 16n
noé1 v6i nhau qua mot ctia hep. Cang Long Beach 6 California 1a
mot vi du. Cang nay c6 mot s6 thudc tinh méi do c6 thém bac tu
do. Lee va Raichlen (1972) da tién hanh cac thi nghiém bang
phuong phap s6 va trong phong thi nghiém cho hai thiy vuc
hinh tron c6 dién tich nhu nhau va c6 cic tdm cing nim trén
duong thing vudng géc véi bo bién. Két qua da cho thay luén
xuat hién mot cip dinh cong hudng khac véi cadng c6 mot thuy
vuc. Mei va Unluata (1978) da tién hanh cac nghién ciu tiép
theo cho cac ctia hep c6 st dung cac phép tiém can xting hdp
nhu da giéi thiéu tai muc 5.7. Mac du don gian nhung cac phan
tich kha dai va ching toi chi tom tit cac két qua uée tinh cho
hai thuy vuc hinh chii nhat ¢6 dién tich nhu nhau. Hinh dang
cac thuy vyc duge trinh bay trén hinh 9.1, trong d6 cac dd rong
cua ctia vao cang va dudng néi hai thuy vyc dude ky hiéu tuan
tula 2a, va 2a,.

Tuong Gng v6i hai ty nhién k,, cua vinh kin v6i n va
mkhong cung bang khong, c6 hai dinh céng hudng l;,fm va I?n'm

vii

~ 1 1 1 1]
kD =k, +ci=+—=x||=| +| = , 9.1)
1 21 1 21
k=ky
trong dé
TR ©.2)
va
=i 2B 9.3q)
T Tyka;
, 1. 4B*
2

Phan biét gitia hai dinh 1a

k* -k =2 Kl) + (ij } . (9.4)
I 21

Khi hodc a, hodc a, ting lén thi hoac I hodc I’ gidm di,

nhu thé cac dinh dich chuyén mot phan thém nia. Tuong tng véi
k,, , cing ¢6 hai hai Helmholtz véi sy phu thudc vao cac ctia mé

tuong tu.
Néu ta dinh nghia ¢, nhu la hé s6 khuéch dai binh phuong
trung binh cua thuy vuc ngoai
1 L B
Gi[ =— dx_[d |nH 7
2BL 1% a4

| 2

(9.5)

va dinh nghia ¢%' tuong tu cho thiy vuc trong, c6 thé chi ra

i e A N
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trong d6 B=1/1" tiang theo sy giam di cia cua vao cang (2a,)
hay theo sy tdng lén ctia ctia n6i hai thiy vyc (2a,). Do B ndm

trong khoang 0 va o, nén cac sip xép thi tu sau day la ding

~ - ~ - ~ + ~ +
(GZ.) >(Gf,) >(GZ) >(Gf,,) : 9.7
4
1
#]
7
A
7
F 4
#
E B/2 By3 I
A
B 2 2d, — za.l— -l
f T T
y
47
1 y Hinh 9.1 Cang c6 hai thly vuc
y
#
y

D61 véi gia tri B rat 16n thi cac ti s6 ctia cac binh phuong
trung binh trong phuong trinh (9.6) tién dén mot; cac phan dng
vinh dd1 vé6i ca hai dinh 14 biang nhau. Tuy nhién d6i v6i B nho
thi cac ti s6 nay tré thanh nhé nhu 2B ; cac phan ting ngudc cua
cang do d6 tang d6i véi ca hai hai k* . Dic biét né c6 nghia la
thily vuc phia trong trdé nén kém dudc bao vé do1 véi hai thap
k. Ro rang, day 12 mot nghich 1y cang lién quan dén cac cip
vinh trong ly thuyét khong nhét.

D61 véi cdp hai Helmholtz tuong Ging véi k,,, méi quan hé
th@ bac va su phu thudc vao B mot cach dinh tinh 1a tuong tu.
Hon nita hai thay vuc c6 pha léch pha véi k;, nhung cung pha

voi kg .

sl
of }
a) Lo#
Fi 3 ! 4 5 & i FA | ]
kB kagB k2B
&
o °f
) o
A :

Hinh 9.2 Céc can béac hai clia cac phan (ing binh phuong trung binh clia hai thay
vuc dién tich nhu nhau: Vinh phia ngoai: duding cong lién nét; vinh phia trong: dudng
gach ndi. 2a, /B=3x10".(a) a, =a,, d, =d, =0; (b) a, =4a,, d, =d, =0;
(c) a; =a,, d; =0, d, =2a, (theo Meiva Unluata, 1976, J. Eng. Math.)

Cac két qua s6 dua trén ly thuyét tiém can xting hop dugc
trinh bay trén hinh 9.2 cho hai vinh hinh vuéng ¢6 cuing dién
tich. Do rong ctia vao cang dudc c6 dinh 14 2a,/B=3x107".
Trong hinh 9.2 a 14y a, =a, va cic dé chin séng c6 do day bang
khong. Trong khoang tinh toan 0<kB <8, cac hai tu nhién phan
biét cua mot vinh H hay H la: k,B=mn=31415,
koyB =k, B=21=62833, k, B=/6m="17,0248, ching tuong ting
v6i cac cip thi hai, thi ba, thi tu cia cac dinh, cip tha nhat 1a

146



cac hai Helmholtz. R6 rang thi bac ctua ba cip thi nhat ctaa cac
dinh tuan theo phuong trinh (9.7). Th bac cia cip cudi ciing cia
cac dinh chi phit hgp mot phan véi phuong trinh (9.7) bdi vi tham
6 ka khong con nhé niia (>0,107).

Trong hinh 9.2b ctia néi hai thiy vuc dugde thay déi thanh
a,=4a,; @ day ctia cac dé chin séng van la khong. Ta hay
khéo sat ba cidp thap nhat caa cac dinh. So sanh véi hinh 9.2a
thay su phan biét gitia cip k* thuc t& ting lén, va d6i véi hai
tuong tu, su khac nhau gitia su phan ing vinh giam di, theo
phuong trinh (9.7). Chud ¥ réng d6i véi cip cac dinh tha tu va
cao nh4t luat thi tu theo phuong trinh (9.7) khong c6 gia tri
niia, khi d6 ka, >0,426.

Trong hinh 9.2¢ giti lai @, = a, nhung ting do day cua cac
dé chin séng tit khéng dén d, =2a,, cac dé nay chia hai thay
viyc. Theo cac két qua trong muc 5.7.5 thi d6 rong hitu hiéu a,,
sé bi gidm di. So sanh véi hinh 9.2a thi cédp cac dinh cao nhat
bay gid tuan theo luat thi bac do (ka,,) bi gidm xuéng thanh
~0,027. Tuy nhién, su phan biét gitia cac cip cac dinh tai k*
gidm di, trong khi d6 d61 v6i hai tuong tu (k* hay k) su khac
biét gitia cac phan ing cong hudng cta cac thuy vuc dudc ting
1én.

Céac déc tinh nay phu hop véi cac két qua thi nghiém va
thuc nghiém s6 do Lee va Raichlen (1972) thuc hién.

5.10 Mot phuong phap sé cho cac cang hinh dang phiic
tap

Déi véi cac cang d6 sdu khéng d6i nhung c6 hinh dang bat
ky, Hwang va Tuck (1970) va Lee (1970) da thuc hién phuong
phap cac phuong trinh tich phan va thu dugc cac nghiém sb.
Viéc mé rong cic phuong trinh tich phan cho d¢ sau bién déi la

khéa phtc tap va tén kém (Lautenbacher, 1970); Mattioli, 1978).
Phuong phap phan ti ghép (HEM) dudc thio luan trong muc
4.11 c6 thé duge stia d8i dé ap dung cho dudng bd va cac cang cb
dac trung dic biét khac va né dic biét pha hgp véi cac cang do
sau bién d6i.

Pudng bo giy ra séng phan xa va lam thay d6i cac séng
phan tan. P& don gian, ta gia st tit ca cac gb ghé cta dia hinh
nim trong mét dudng ddng sdu C va bd bién 6 ngoai dudng nay
1a thdng va trung véi truc x nhu trén hinh 10.1. Trong phan ti
dic biet Q phia ngoai C, d6 sau dudc gia st 1a hang s6. Bay
gi6 séng tong cong trong Q phai bao gdbm mot séng t6i va mot
séng phan xa do bd bién thing giy ra va séng phan tan. Nhu
vay

n=n'+n’
trong dé
N’ =M L MO0 Z93 e (1) ] (kr)cosn®, cosn®, (10.1)

n=0

n® =Y o,H,(kr)cosnd sao cho 1on_ 0, 6=0,m. (10.2)
= r 00

Phiém ham dung (11.4) trong chuong 4 van dugdc st dung
cing véi cac bidu dién ciia ' va n° & diy. Qui trinh tinh toan
dudc giti nguyén.

Hinh 10.2 trinh bay luéi phan tt hitu han cho mét vinh hinh
chit nhat. Vinh nay da dugc nghién citu bing céc phép tiém can
xiing hop trong muc 5.6.2. Phan tng tai phia ddu dat lién cua vinh
duoc trinh bay trén hinh 10.3 dé so sdnh véi cdc thi nghiém thuc
hién trong vung nudc kha sau. Su khac nhau & gan dinh thap nhat
cho thdy su quan trong cia mat mat do ma sat tai cua vao.
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Hinh 10.1 Cang véi bd bién théng
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Hinh 10.2 Lui cac phan t& hitu han
cho mot vinh hinh chit nhat

Néu c6 moét dé chan séng moéng, van tdc & gan dau dé rat 16n
sao cho cac gradient dia phuong 16n. Sé la khong hgp ly khi
tang sO luong cac phan ti hitu han xung quanh dau dé nay do
cac ham noi suy thong thuong khéng thé thé hién diém ky di
mét cach ding ddn. Tuy nhién, ¥ tudng phan ti ghép c6 thé lai
duge 4p dung bang cach chén thém mot phan ti dic biét Q’
tam dat tai dau dé (xem hinh 10.4). Trong phan ti Q’, nghiém

gidi tich 1’ dugc st dung do d6 dién bién cua ky di dugc tinh
dén mot cach chinh xac. Phiém ham cta phuong trinh (11.4)
trong chuong 4 phai dudc stia d6i bing cach thém vao tich phan
sau:

on’
—_ 1L
[o G- -ds, (10.3)
trong d6 C’ 1a bién cua Q’, va n 1a véc to don vi phap tuyén cta
C’ chi ra khéi Q. Cac diéu kién xting hop ciia n va on/on dudc

dam bao nhu 1a cac diéu kién bién tu nhién.

e I I L] 1

8

kL

Hinh 10.3 Hé sé khuéch dai |n|/2A tai dau phia trong cta vinh

md hinh chir nhat, dudng cong lién nét: nghiém cla phuong trinh
tich phan (Lee, 1969); xxx: nghiém theo phuong phap phan ti
ghép; oo : theo thi nghiém clia Lee (1969); e o o : theo thi nghiém
cua Ippen va Goda (1963). Trong ca hai thi nghiém cac tham sé la:
2a=238in; L=12,25inva 2=10,13 in (theo Mei va Chen, 1975)
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5.11 PHAN UNG CANG POI VGI SONG TGI NGAN

Trong muc 4.1.3 ta d& chi ra ring sy phan tGng séng ngin
trong nudc noéng c6 thé thu dude bang phép tich phan Fourier
ciia cidc phan ting don diéu hoa. Bay gio ta sé ap dung thu tuc
nay cho phan tng séng ngin trong cang. Ta sé st dung cach
phan tich ctia Carrier (1970) (xem chi tiét md hinh co ban trong
muc 5.4).

Gia st séng téi ngan dudc mo ta bang:

¢! (x,0) = waAO ()e kot (11.1)

trong d6 A,(-) = 4,(®) cho gia tri thuc {’. Hé séng t6i va séng
phan xa do dudng bo thing tai x=0 phai la

¢+l = TdmzAO (0)(cos kx)e ™" . (11.2)

)

Phan ting cta cang c6 thé dugdc viét 1a

Gy =2 [dody (@e Ny (x,,0), (11.3)

trong d6 m, la phan tng tan s& d6i v6i mdt chudi séng t6i co
bién do6 don vi. Dudng 14y tich phan nén 14y hoi cao hon phia
trén truc thuc sao cho {,, =0 khi r — —. Mic du1 tat ca cac két
qua truée day la doi véi cac gia tri thuc duong cua o va k, cac
két qua d6i v6i o thuc Am cling c6 thé dudc suy ra theo trude
day bing cach thay déi ddu caa i, nghia la
Ny (%-0) =Ny (x,0). (11.4)
Trudc hét chu ¥ ring, dé thu dude phan tng ngén theo phép
chong chat Fourier thi v& nguyén 1y caAn phai biét n, (x, y,®) cho
toan bd cac tAn s6 —eo < m< oo . Pidu dé doi héi mot nghiém bang
s6 khong bi han ché d6i véi ctia vao hep. May thay, séng than di

vao thuong 1a cac séng chu ky dai va phan ting cang chi 1a dang
ké d6i v6i mot vai hai th&p nhat; sai s6 trong dai tan cao khong
dang ké. Do d6 ta c6 quyén hy vong rang ly thuyét séng dai gin
dung & cac muc trude c6 thé dung dudec ma khong phat sinh sai
s6 16n.
Xét mot chiim séng ngin véi tAn s6 mang o, va dudng bao
Gauss bién d6i cham, do d6 tai x=0 cé
¢ +¢" =4Be™®" coswyt, x=0, (11.5)
trong d6
Do o1, (11.6)
Q

Dinh ctia dudng bao dap vao bo tai r=0. Ta dé dang tim
dudgc phd bién db la:

B 1 o-0y) o+, )
AO(O\)):W%{CXP[—( 29()} ]+exp[—( 290] ]}.

Tan dung phuong trinh (11.4), ta rdt ra rang

B 1 < ®— W, ’ —iat
Z;H:—Tc —ReJ._m exp| — 20 Ny (x, e ™ do

hay mot cach tuong duong la

B 1 (= k—ky | y
Cu =i EReJ_m{exp[—Wo} }HH(x,k)e Rk, (11.7)
trong do6
(k. ko, K)=(0,0,Q)(gh)"?  t=(gh)"*t. (11.8)

Phuong trinh (11.6) c6 nghia la

£<<1, (11.9)
kO
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vi thé€ phan quan trong ctia pho 1a hep.

Dé don gian, 6 day ta chi xét vinh chii nhat trong muc 5.5.2,
nhung viéc phan tich thi hoan toan tuong tu déi véi cac cang
khac néu c6 ciac nghiém giai tich (xem Carrier, 1970; Risser,
1976). Ta chu ¥ t6i diém x=-L, tic phan cudi vinh & phia dat
lién:

B - (k—ky)® .
CH=mReImgo(k)exp{—ﬁ—lkt}dk, (11.10)
trong d6
-1
o= [cos kL + %sin kL1In 2yka _ ika sin kL} (11.11)
T e

12 hé s6 khuéch dai tit phuong trinh (6.20). Tich phan c6 thé udc
lugng bang s6. Tuy nhién, nghién ctéu giai tich d6i véi thi du
don gidn nay 6 day la rat b6 ich vé méit vat 1y cling nhu viéce chi
dan giai s6. Trude tién, g@(k) c6 mot diém ré nhanh dang loga
tai k=0. Do duong tich phan hdi ndm trén truc thuc &, nén
diém cit nhanh phai ndm phia duéi dudng tich phan nay va cé
thé duge chon nhu trén hinh 11.1. Ta c6 thé kiém tra, d6i véi s§
thuc Am o thi c6 thé thay thé i bdng —i trong phuong trinh
(6.20) va két qua la

-1
(o) = [cos kL + 25 in k10 2 4 ikasin ka} ,
T e

k=w(gh)™"'? <0. (11.12)

Phuong trinh (11.12) ciing c¢6 thé nhan dude t phuong

trinh (6.20) bang cach thay k bang ke™ (khong phai bang

ke™™). Su lua chon pha cu thé nay phu hop véi vi tri cua diém
cit nhanh.

I k

{ﬂuﬂng ciia tich phén Fourier

R Re k

Bidm cit 4

Hinh 11.1 Mat phéng phdc déi véi tich phan Fourier

Tiép theo, ta chd ¥ rang hé s6 khuéch dai c6 cac cuc trong

phan nta duéi cia mat phing phtc k tai

[oosk vk <0,
trong d6 k, tuong tGng véi hai cong hudng thi n va k, tuong
ling véi toc do suy giam phat xa.

Tich phén trong phuong trinh (11.10) c¢6 thé duge phan tich
bing phuong phap tiém cdn suon déc (asymptotic method of
steepest descent). C6 rat nhiéu tai liéu toan hoc ting dung (thi du
cac tai liéu cta Carrier, Krook, va Pearson, 1966) trinh bay tong
quat van dé nay, 6 day ta chi trinh bay nhiing van dé can thiét.
Xét ham pha ciia ham mii trong phuong trinh (11.10)

(k —ko)®
4K*
nhu 14 mot ham giai tich cta k. Dat k=a+iB, khi d6 cac duong

dong miic cia Reg va Img dudc biéu dién bing

g(k)=- — ikt (11.13)

Reg=const: (a—ky)? —(B+2K*1)* =const (11.14a)
Img=const: (ot—ky)?(B+2K21)* =const (11.14Db)
c6 dang hyperbol; cac dudng déng miic cua Reg dudc vé trén

hinh 11.2 d61 véi 1< 0 va trén hinh 11.3 d61 véi t>0. TAm cua
cac duong hyperbol 1a diém S & d6 c6

k=ky —2iK*t =k, — 2iKQt . (11.15)
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So véi diém S, dia thé cta exp(Reg) ha xudng ¢ hai phia
dong, ty va ting 1én 6 hai phia nam va béc; diém S do d6 duge
goi 1a diém yén ngua’. Do g la giai tich, nén cac duong dong
mitc cua Img 13 truc giao v6i Reg=const va la cac duong ma
doc theo né exp(Reg) thay déi nhanh nhat; ching ta goi cac
duong nay la suon déc. Muc tiéu 1a bién cac duong goc thanh
cac dudng sudn déc sao cho tich phan chi c6 gia tri dang ké trén
mot doan ngén cua dudng.

Truéc khi dinh tién vao ctia cang, 1<0, diém yén ngua nim
trong cung phan tu th@ nhat. Puong chii nhat déng kin dugc
dua vao trong hinh 11.2 v6i mot duong ngang 7, di ti vung
trang (valley) phia tdy qua yén ngua va di vao viung trang phia
déng. Tich phan doc theo hai quing dudng thing diung tai
Rek — oo triét tiéu do ham mii trong tich phan. Theo dinh 1y
Cauchy thi 7,=1,. Doc theo duong I,, Img=0 va Reg ha
xudng riat nhanh trén ca hai phia cia S; I, 12 mot dudng sucn
déc. R6 rang déng gép quan trong nhat 1a tit viing 1an can cta
ban than diém S, & d6 tdc d6 thay ddi cia Reg bing khong. Doc
theo 1, 14y

c=k—k, +2iK>1, (11.16)
khi d6

_ B a—K*—ikyt [*° 62
CH_Kn1/2 Re{ 0 Lodcexp __4K2

Do c6 hé s6 Gauss exp(-K*t®) chuing ta chi cin tap trung

k:k0—2iK21+0} - (AL.17)

quan tAm vao Kt=0(1). Vi K/k,<<1 nén s6 hang dan dau
trong phuong trinh (11.7) 1a

" Trong trudng hgp téng quat nhit, diém yén ngua dugec xdc dinh bing
dg/dz=0.

¢ =B Rele Kk (k )r do exp| — o’
Ll TE Pko)] doexp =

2B Refo(ky)e P e | 1 1<0. (11.18)

Nhu vay, truée khi dinh ctia dudng bao t6i thi cang phan
tng thu dong véi cing mot tan s6 mang va dudng bao tuong tu
nhu séng téi.

Phuong trinh (11.18) dung khi diém yén ngua & mét khoang
cach 16n hon O(K) tinh ti cuc cua g@(k). Bay gio, tat ca cac cuc
cua (k) tuong ting véi cac cong hudng va c6 cac phan do am,
k,<0. Néu hai cong hudng thip nhit c6 —k, >O(K) tic 1a khi
khoang thoi gian ctia chiim séng t6i 16n hon nhiéu so véi qui md
thoi gian ctua suy giam phat xa, thi phuong trinh (11.18) dung
cho t61 khi =0, khi d6 dinh cua dusong bao cac séng téi dap vao
bd bién. Néu dudng bao dai vo han thi dinh cta dudng bao téi bo
bién 14 tiém can theo thoi gian. N&u séng téi c6 dang sin, phan
tng & trang thai 6n dinh c6 thé thu duge bang cach cho Q -0,
trong khi git ¢ 1a htiu han trong phuong trinh (11.18).

Imk <0
] i Ve
N o
v ;
1i Y . F r
Buang ha hap ddc hdt | 4 Y N g //." !
S50
S — — S —
Thung Iang Jf / - \ ‘,\ 4 Thung Idng
- ¥ ., ]
Budng cu} y "Ijl \\\1\ 1
—————— .i.; . g 2 Re k
e / B '\
] / ®

Hinh 11.2 Bia hinh gan diém yén ngua véi ©< 0 (trudc khi xung dap vao bd). Ti
& thdng dling dugc phéng dai, — 2K 2t << k,, K /ky <<1
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Sau khi dinh cta chum séng téi dap vao bo, t tré thanh
duong va diém yén ngua S di chuyén téi géc phan tu thia tu.
Truong hop tha vi nhat 1a khi

ko =ky, (11.19)
nghia 14 séng t6i c6 tan sd gidng nhu mot trong nhitng hai cong
hudng thap nhat N. Déi v6i K1<O(1) chim séng van phu hgp,
c6 mot khoang thoi gian khi § nam ngay phia trén cuc thi N,
nghia 1a 2K%t<—k, . P& dich chuyén dudng tich phan téi duong
ngang di qua S, ta phai tinh t6i cac déng gép ti nhanh bi cit va
tit cAc cuc ndm & phia trén diém S va tuong tng véi cac hai c6
tan s6 thap hon tian s6 séng téi. Xem hinh 11.3, ching ta phan
tach nhanh bi cit sao cho né di theo dudng suon déc. Theo dinh
ly Cauchy thi

Cu =Cu(l)+8yy)+ CH(IS)_%RGZTU‘Z thang du,

(11.20)
trong d6 {,(I,) dai dién cho phuong trinh (11.10) véi 7, la
duong 14y tich phan. Doc theo 7, va I; (ching la cac duong
suon doc), 1an can ctia k=0 déng gép chinh cho tich phan. Do c6
hé s6 nhd exp(—ks /4K?), cac tich phan tuong tng {,(l,) va
€, (I3) la khong quan trong.

Phan du d6i véi hai n c6 thé thu dude bang cach trudc tién
st dung phuong trinh (6.22), phuong trinh nay ding cho viung
gan cuc
80 = (_1)n+1 1

_ (11.21)
(k -k, )L+ik,a

-—L 1w =Bl (129
D)"™'L k—(k, +ik,) L

trong d6 En dugc cho bang phuong trinh (6.23). Phan du sé 1a

. v N2
B -2m  _jc i (k, — ko +ik, )
WTe e exXp| — 2 s (1123)
Kr D" L 4K
né6 ciing 1a dang nhé e mii d61 v6i moi n# N .
Im k
T=0
N Bidng cd
NP
RN Ay Re k
® N S A
) LN Cue / P
I3 NN ‘\_‘ - / e
| \ Y 4 \ S, ;” ;) Buing mai
-2 . :_ J — —:- h
e Thung Idng j.f ! Rl : Y | Thung ldng
/ Lo
F 1) "\
f; .

Hinh 11.3 Bia hinh gan diém yén ngua v6i ©> 0 (sau khi xung dap vao bd) cac
nhanh cét I, va I, di theo dudng sudn déc. N tham chiéu t6i cuc cong hudng
Bay gio ching ta di khao sat s6 hang {,(/,). Do diém S

kha gin véi cuc ky +ik, nén ta can thuc hién thém mot s6 viéc.
Lai st dung phuong trinh (11.22), tit phuong trinh (11.10) ta
dudc
exp[—(k —ko)* / 4k* - ikt]

[k =k, + k)1 L

B
CH(I]_): Knl/z I{CJ‘I1

sau khi st dung phuong trinh (11.16) va phuong trinh (11.19),
né6 c6 thé duge vist thanh



-K%*® -ik 62 /4K?
B et T e e 7O do

Culy)= (11.24)

Re —.
Kr''? OYL Tt o—i@K t+ky)
Tich phan & trén c6 thé duge tinh toan mot cach chinh xac
(theo Carrier, 1970), chi tiét dugc trinh bay trong phan phu luc
5.D. Trong truong hop dic biét véi 2K,t+k, <0 thi diém S van
nam trén cuc, va cé

B —ime | : 2K2t+k
Cu(ly)= 75 Re e MV IR Tl ] yepf | S TN L
Kn ML 2K

(11.25)
Khi thoi gian tang 1én niia thi 2K,t+4, 1a duong, tich phan
doc theo 1; trd thanh

me k| 4 : 2K2t+k
Culy)= Bl/z e T eV Rt ] _epf | 22 TN
Kn "L 2K

(11.26)
(xem phu luc 5.D). Bay gio ta phai cong thém thanh phan du ti cuc
N:
e —2iBTCl/2 il:N'rel:tN’Cel:r%,/lle , (11.27)
(_)N+1 KL
theo phuong trinh (11.23). Két qua két hgp lai ciing dugc trinh
bay bang phuong trinh (11.25). R6 rang ring vinh bi kich hoat &
tan s6 cia hai N va suy gidm theo thdoi gian suy giam phat xa
A -1
ky| . Bién do cuc dai trong vinh ting theo khoang thdi gian

o<

ctia nhom séng téi tang (giam K ). P6i véi nhém séng ngin hon
(K 16n hon), gia tri cuc dai khong chi nhé hon ma con xu4t hién
sém hon.

20 [ e ]
FA RN
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10 + / A .
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/II ‘L\‘\..
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g)

Hinh 11.4 Céc phan (ing ngan déi véi séng dinh don: (a) xung dai, (b) xung
ngan. Dudng cong lién nét: song t6i; dudng dit nét: phan (ing clia cang (theo

Carrier & Shaw, 1970), Tsunamis in the Pacific Ocean)

Phan tich trén c6 thé dudc md réng cho céc vinh clia cang
dang hai chiéu thuc su. Hai Helmholtz c6 tam s6 cong hudng va
toc d6 suy giam th&p nh4t, né c6 thé bi kich hoat bing mét xung
don véi tan s6 mang x4ap xi khéng w=0. Carrier va Shaw (1970)
da tich phéan s6 phan tng diéu hoa dé thu duge phan tng gin
trong mot cang chii nhat c6 B=600bo, L=100bo, h =21bo. Déi
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v6i mot xung rat dai (khoang tac dong khoang 6,4 lan chu ky
cta hai Helmholtz), ho da thdy rang phan tng la thu dong nhu
tI‘il;lh bay trén hinh 11.4a. Ly do 1a phd Fourier ctia mot xung
phang 1a rat nhon véi k, =0 va K rit nho; phan thing du tu
cuc Helmholtz 14 rdt nhd. Tuy nhién déi v6i mét xung cuc ngén
thi hai Helmholtz bi kich hoat nhu trén hinh 11.44. Su kich
hoat nay xudt hién bdi vi phé Fourier ciia mot xung t6i ngén la
rat rong (K 16n) vi thé dia hinh 6 gan yén ngua 1a mém mai, va
phan thing du tit cuc Helmholtz 1a dang ké. Cudi cung, hinh
11.5 trinh bay phan tng ctia hai Helmholtz bi kich hoat do mot
g6l song téi. Su 16n dan lén dén cong hudng do6i véi 1 <0 va su
doi trd lai va su suy yéu doi véi >0 vé mit dinh tinh phu hgp
v6i cac két qua gidi tich ciia mot vinh hep.

et e
=]

Hinh 11.5 Phéan (ing ngan d8i véi mot géi séng t6i (theo Carrier & Shaw, 1970,
Tsunamis in the Pacific Ocean)

Doi véi cap vinh hinh vudng, cac nghién ciiu s6 va giai tich
da dudgc Risser thuc hién ndm 1976. Trén hinh 11.6 trinh bay
mot két qua thi du ctia Risser cho hé théng cang da dugc vé
trong hinh 9.1a v6i #=20m va B =L =1000 m. TAn s6 mang ctua

chum séng dudc gia thiét 14 kB =3,289 né tuong tng véi dinh
thap nhat tha ba (kg B hay k;,B). Theo thuat ngii vat 1y thi chu
ky séng t6i T, =136 s. D61 v6i mot chum séng c¢6 khoang ton tai
=307, ciac dudng bao cia cac phan ting tai cac diém P va QO
dugc danh ddu trén ban d6 16ng ghép va dude trinh bay trén hinh
11.6. That thu vi 1a ¢6 su dao dong trao d6i niang lugng gitia hai
vinh ctia cang va su phan tng cta vinh phia trong c6 thé hdi cao
hon vinh phia ngoai.

PHU LUC 5.A: HAM NGUON POl VOI VINH HINH CHU
NHAT

Trong muc phu luc nay, ching ta xay dung lai ham nguén
G(x,y;y") thoa man phuong trinh Helmholtz

(VZ+k*)G=0, (A1)
va cac diéu kién bién
a—G=0 tai y=0,B, O<x<L, (A.2)
ay
ng{ 0 x=L (A.3)
ox S(y—-y") x=0 (A.4)

Nhu vay, G Dbiéu dién moét ngudn trén tudng tai
x=0, y=y".

Ta gia st nghiém c6 dang

G=2Xn(x)cos@, (A.5)
n=0 B
va chd ¥ rang né thoa mén diéu kién théng lugng bang
khong (A.2). Thé phuong trinh (A.5) vao phuong trinh (A.1), ta
co

155



d2
(d—2+K3JXn=0, (A'6)
X
trong d6
2
K2 =k* —(%j . (A7)

Nghiém cta phuong trinh (A.6) thoa man phuong trinh
(A.3) don gian la
X,=A4,cosK,(x—L). (A.8)
Pé xac dinh cac hé s6 chua biét A, trong phuong trinh
(A.8), trudc tién ta thé& phuong trinh (A.8) vao phuong trinh
(A.5) va st dung diéu kién (A.4), ta co:
> 4,K, sinKnLcos?zéxy—y'). (A.9)
n=0
Tht hai, ta nhan cd hai v& cua phuong trinh (A.9) véi
cos(nmy/B) va tich phan theo y tit 0 dén B. Theo méi quan hé

truc giao

B fs iy Bd
I cosnycosmydyz e
0 B B €

trong d6
€, =1, e =2, n=1,2,3,..., (A.10)

thi cac hé s6 tim dudc la

L= E.” cos| 221, (A.11)
BK,sinK,L

Cubi cung, ham nguon sé 1a

- €, nmy  nmy’

G(x, y; =) ————cosK,(x—L)cos——cos——.
(277 Z(:)BK,, sink, L ( ) B B

(A.12)

PHU LUC 5.B: TONG CUA CHUOI G

Chudi dé 14y téng 1a

G=YG,, (B.1)
n=1
trong d6
G, =X,()Y,»Y,0", (B.2)
va
v o_ 2 —nnx/ B
X, =——e , (B.3)
nm
Y, —cos 2 (B.4)
B
Ta dat
™ T ’ nyO
=—, =—, == B.5
g 3 n=- n=— (B.5)

va st dung déng thiic luong giac ta dé y 1a
Y, (1Y, ()= cos m cos m’
:%{[e—jnm—n') + e—jn(nm')]_,_ *}’ (B.6)
trong d6 (*) ky hiéu lién hiép phitic cua cac sd hang phia truédc

trong dau méc. Thé cac phuong trinh (B.6) va (B.3) vao trong
phuong trinh (B.2), ta c6

- 1 e*”Zs efnZ;
G,=—— + | (B.7)
21 n n

Z,=E+jm-m"), Z;=&+jm+n). (B.8)

Thé phuong trinh (B.7) vao phuong trinh (B.1) thu dudgc

bon chudi vo han, mbi chudi c6 thé duge 14y téng dudi dang gan
dung theo cong thiic sau (theo Collin, 1960, trang 579):

trong d6
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YE=mm-e™), (B.9)
n=1 n
va thu duge két qua
5=i(~;n =2L{[ln (1-e¢%)+In (1_e—Z§ )]+ *}, (B.10)
n=1 T
hay
G=gmfi-e e[}, (B.11)
2n

PHU LUC 5.C: CHUNG MINH NGUYEN LY BIEN THIEN

Ham J dudc dinh nghia la

J :%jM j F(0)K(0

0')F(6')dode — - [ FOM°©)d0 (C.1)
a
trong d6 F(0) 1a nghiém cua phuong trinh tich phan

jM F(0")K (6

e’)de’zlno(e), 6 nam trong M, (C.2)
a

v6i nhan dé1 xting

K(6|0")=K(®

0). (C.3)
Ta sé chting minh rang phuong trinh (C.2) tuong duong véi

su triét tiéu ctia bién thién tha nhat caa J, ttc
&J=0. (C4)

Diat mot nghiém xap xi 1a F, né khac nghiém ding F mot
lugng la &F , tic

F=F+%F. (C.5)
Nhu vay, gia tri gan ding cua J 1a

T _ 1 ’ ’ ’ ]- 0
J_E ij(F+5F)K(F + 8F")dodo _ZJM (F +8F)n°do

:% jM j [FF’+ F'(8F) + F(8F")|Kdode’
- le (F +8F)M°d0 + O(8F)?
a

_ 1 ” ’ ’ 1 0 2
=J+ 5 jM j (F'SF + FOF")Kdode' — - jM 8FN°de + O(3F)? (C.6)

trong d6 ky hiéu rut gon dudc st dung 1a F’= F(0") . Bién thién
thi nhat cha J 1a

-7 _ 1 ” ’ , 1 0
& =7 —J_Eij(FSF + FOF")Kd9do —;jM 8’de. (C.7)
Do tinh d61 xting cua K (xem phuong trinh (C.3)) nén
j jF’SFKdede’ = j jFSF’Kdede’, (C.8)
M M

do &6

&J = jM dOF jM de’{F(e’)K(e e’)—%no(e’)] (C.9)

Nhu vay phuong trinh tich phan (C.2) bao ham phuong
trinh (C.4). Ngudc lai, néu phuong trinh (C.4) ding cho gia tri
nho bat ky 8F , thi phuong trinh (C.2) phai dung.

PHU LUC 5.D: UGC LUONG TiCH PHAN

Carrier (1970) da dua ra két qua sau:

—62/4K?

J= J':QdGZT = —(sgn y)ime” /4K’ {1 - erf[%}] , D.1)

né c6 thé duge khai trién bang cach 14y tich phan dudng (theo
Risser, 1976). Trudc hét xét y>0 va dua ra z=c+iy. Tu do ta

co
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ety dz (z% - 2iyz—7%)
J=] ., e {— W : (D.2)

Cuc bay gié nam tai géc ciia mat z trong khi d6 dudng 14y
tich phan niam & trén truc z thuc. Theo dinh ly Cauchy, duong
18y tich phan c6 thé dugde thay bing truc z thuc nghia 14 ¢ trén
goc.

Bay gio ta tach tich phan thanh hai phan: mot tich phan
gia tri goc J,:

J, — oV /4K* f Az —(-2iys)/4K> , (D.3)

oz

va mot tich phan doc theo chd tach:
Py 9 =0 dgeie 2 P
J,=e" " lim J = e’ 4K D.4)
e—0 oun Sele

Ky hiéu tich phan gia tri géc trong (D.3) bang F

F=f T dz Po2iyn Ak
T Z

; (D.5)

ta tim

i

oF i 0o 2. 2 oo e a2 2 .2 2
_ I dze (z°-2iyz)/ 4K J. dze (e—-iy)" /4K e Y /4K

Ay 2K? 2K?

Khi y=0, ham bi tich trong phuong trinh (D.5) 1a 1é theo z;
nhu thé F(y=0)=0. Ta c6 thé tich phan phuong trinh (D.6) dé

2

CcO

. 1/2
_in Y 24K . 2 v/2K _ 2 . Y
F_T.[oe v d’y-znnl/2 .[0 e ® dG—zTcerf[%]. D.7)

Cong J, va J, laitacé

J=J, +J8=—ineY2/4K2{1—erf(L)] (D.8)
2K

Néu <0, ta viét y=-y|, diéu nay c6 nghia la thay thé i

bing —i trong ham bi tich cia phuong trinh (D.1), ttc thay d6i
dau.

Chuong 6 - CAC HIEU UNG TON THAT cOT NUGC TAI
EO HEP DOI VGI SU PHAN TAN SONG DALI: LY THUYET
THUY LUC

Trong 1y thuyét 1y tudng vé séng phan tan trong chat 1ong
khong nhét, ngudi ta thudng gia thiét chit 1éng chuyén déng
song song véi bién cling cla tudng hay caa vat thé. Tuy nhién,
trén thuc t& gradient 4p sudt nguge va do nhét c6 thé 1am cham
chuyén dong gin noi dong uén lugn dot ngodt, bude dong chay bi
phan tach va tao ra cic xoay nudc c6 do xody cao, gy mat ning
lugng dang ké. Khuynh huéng tu nhién nay gidng nhu céc t4m
1u6i 16 trén tuong nha hap thu ning luong Am. Jarlan (1965) da
dua y tudng nay vao k§ thuat ving bo va sang ché thiét ké dé
chan séng véi tdm dang luéi khoét 16 gdn phia trude tudng ctng.
Su tiéu tan dudc tang cudng do cac tia nude chui qua cac 16 khi
muc nuée bé mat ¢ hai phia khac nhau. Cac dé chan séng dang
tuong tu da dude xay dung tai cac cang Baie Comeau va cang
Chandler 6 Quebec, Canada va cang Roscoff 6 Phap (Richey va
Sollitt, 1969). Mot thi du méi hon va &n tugng hon 1a bé chia
dau Ekofisk 6 Bic Hai: né dudc bao boc béi moét mot dé chin
séng dang luéi 16 vong tron dudng kinh xap xi 90 m trén ving
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Chudng 6 - CAC HIEU UNG TON THAT COT NUGC TAI
EO HEP POI VGI SU PHAN TAN SONG DAI: LY THUYET
THUY LUC

Trong ly thuyét 1y tudng vé séng phan tan trong chit long
khéng nhét, ngudi ta thudng gia thiét chit 1ong chuyén dong
song song véi bién cling cta tudng hay caa vat thé. Tuy nhién,
trén thuc t& gradient ap sudt ngudc va do nhét c¢6 thé 1am cham
chuyén déng gin noi dong uén lugn dét ngodt, budc dong chay bi
phan tach va tao ra cac xoay nudc c6 do xody cao, gy mit ning
luong dang ké. Khuynh huéng tu nhién nay giéng nhu cac tdm
luéi 16 trén tudng nha hap thu ning lugng Am. Jarlan (1965) da
dua y tudng nay vao ky thuat ving bo va sang ché thiét k& dé
chin séng véi t&m dang ludi khoét 15 gin phia truée tudng cing.
Su tiéu tan dudc tang cudng do cac tia nude chui qua cac 16 khi
muc nuée bé mat ¢ hai phia khac nhau. Cac dé chén séng dang
tuong tu da dugc xay dung tai cac cang Baie Comeau va cang
Chandler 6 Quebec, Canada va cang Roscoff 6 Phap (Richey va
Sollitt, 1969). Mot thi du mdi hon va &n tuong hon 1a bé chua
dau Ekofisk & Bic Hai: n6 dudc bao boc bdi mot mét dé chin
séng dang luéi 16 vong tron dudng kinh xap xi 90 m trén ving
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bién sdu 70 m (Gerwick va Hognestad, 1973). 0 cang Osaka
Nhat ban (Hayashi, Kano va Shirai, 1966) c6 mot dé chén séng
gom mot day 6ng tron dudng kinh 2 m dit cach nhau 0,5 cm da
dugc st dung.

Trong tat ca cac thiét ké& nay, su phan tach dong do su co
hep va dan ra dot ngot 1a dic tinh vat 1y co ban. Su phan tach
dong xung quanh moét hinh tru nhé 12 moét chti dé quan trong
d61 véi cac cong trinh ngoai khoi va nguoi ta da nghién ciiu thuc
nghiém nhiéu véi cac cot tru don doc c6 bién chu vi tron hay sic
canh (thi dy, xem Sarpkaya va Issacson, 1981). Tt cac thuc
nghiém thay rang s6 Strouhal U/wa (hay tuong duong la s6
Keulegan—Carpenter UT/a trong cong trinh dau tién cua G. H.
Keulegan va L. H. Carpenter, 1956 vé cac dong dao dong) la
mot tham s6 quan trong, 6 diy U 1a bién d6 van téc va a la
kich thuéc ctia vat. Theo Graham (1980), c¢6 it nhat 14 hai ché do
phan biét trong khoang 2<UT/a<100. V6i UT/a>20 (con sb
nay phu thudc vao thiét dién ngang cta tru), thi vét ré nude giéi
han gém mot s6 cic x04y sé tod rong xudng phia xubi dong ké ti
diém phan dong. Khi UT/a ting thi vét ré nude s& dai ra va
cang giong v6i tinh huéng dong 6n dinh cua dudng xoay
Karman. Tuy nhién, v6i UT/a<20 thi cac xoay tan ra khoi cac
diém phan dong cta tru; tiing xoay mot bi cudn trd lai béi dong
chay ngudc dén phia bén kia caa tru dé lién két thanh cdp véi
mot xody ké tiép véi dau nguge lai. Cdp xody nay sau dé cudn
trél khéi vat thé véi mot goc 16n (~45°) so véi dong t6i. Cong
thic tén that do ma sat ti 1é v6i binh phuong van téc dia
phuong (xem phuong trinh (1.17) dué6i day) chi ding véi cac gia
tri UT/a 16n. Dang tiéc, ta chua c6 mot chi tiéu tuong tu ap
dung cho cac khe hay cac 16 hd. Vi s6 Keulegan—Carpenter c6

thé 1a lon hon ~ trong trudng hdp cac kich thudc cta dé chén
séng va chu ky séng théng thudng, nén céng thic tén that binh
phuong it ra cting gitp ta c6 uéc lugng thé mot khi chua ¢
thém cac dit liéu thuc nghiém. Véi cac bai toan phén tan mot
chiéu, mét 1y thuyét ban kinh nghiém kiéu d6 da duge dé xudng
boi Hayashi, Kano va Shirai (1966), Terrett, Osorio va Lean
(1968)... Sau nay ly luan ctaa ho da duge Mei, Liu va Ippen
(1974) hoan thién thém va dudgc trinh bay dué6i day.

6.1 SU PHAN TAN MOT CHIEU BOI BE CHAN SONG
DANG SE RANH HOAC DANG LUGI LO

6.1.1 Cdc phuong trinh moé ta
Ta giéi han nghién ctiu v6i cic song bién do nhoé trén nuée
noéng. Vi téc d6 dia phuong & 1an can diém thu hep dot ngot co
thé 16n, ta nén ké dén su phi tuyén va bit dau bing cac phuong
trinh Airy — cac phuong trinh (5.11) va (5.12) da th4iy trong

chuong 3:
S
52+ V-C+hu=0, (L1
Ju
E+u-Vu=—gV§. (1.2)

Xét mot biic cAn moéng véi hai cot thdng ding rong 25 .
Khoang cach tAm téi tAm gitia hai cot 14 2¢ . Tinh chat tuan hoan
cho phép ta xét mot kénh véi cac tuong bién bén trung véi hai
dudng xuyén tam cua hai cot dting ké can nhu trén hinh 1.1. Gia

" Véi séng than truyén qua mét dé chén soéng, ta c6 thé 18y U =1m/s,
T=360s va a=dd diy dé chin séng =10 m, vy UT/a =360 . V6i séng
gi6 tdn céng vao mot dé chin séng dang 1uéi 16 ta c6 thé 14y tée do qua
16 U=3m/s, T=10s, a=0,5m, khi dé UT/a=60.
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thiét do sdu h khong d6i. Séng t6i dai, bién do thap va truyén téi
théng goéc. Vay phai thoa méan cac phuong trinh:
98 ,0u _

1.3
ot dx ’ (1.3)
du AL

du, 98 . 1.4
YR (1.4)

hai phuong trinh nay 12 giéi han cua cac phuong trinh (1.1) va
(1.2) khi A/h<<1.Mbt cach tudng minh hon, séng t6i c6 thé viét
nhu sau:

¢! Z%A[ei(kx—mt) +e—i(kx—mt)]’ (1.5)
W =8ker (1.6)
)

O day da gia dinh séng t6i khong chi 1a séng dai so véi do
sdu ma tham chi dai hon so v6i d0 rong kénh, do d6 ka<<1.

Can ct trén hinh 1.1, goi viing cach ving thit mot doan
O(k™) la vitng xa. Vi ka <<1 nén dong chay la mot chiéu va mo
ta bang cac phuong trinh (1.3) va (1.4) 6 ca hai phia cta bic
can. Nghiém cua chiing phai dugc lién két lai tai biic cdn nho
vao nhiing diéu kién ghép nhat dinh tuy thudc ving gan — ttic
lan can O(a) quanh biic can.

6.1.2 Cdc diéu kién ghép va ving gan

Véi vung théit da hep va bién d6 vira phai, dong bi chia ra &
phia sau biic chin. Mét tia nuée hinh thanh, né mé roéng ra va
dung phai cac tia xudt phat tit cac cot chin bén canh dé tao
thanh hai dai xoay. O xa hon v& phia xuéi, dong lai trd nén gan
nhu dong mét chiéu. Ta ky hiéu gidi han ngoai cia vung gan la
x_ va x, nhu trén hinh 1.1. Tinh huéng sé& ngugc lai néu dong

0 N
doi1 chiéu.

Wing xa Ving adn Wing xa
-—5" S.
7 kx=00 *x=0ta) kx=0(1)
D _ F____ _ o
I S - I B T
: | :
[ )
W e B[S
| ] i
A 2N b
K- Xe Xy

Hinh 1.1 Vung gan va vlng xa
Trong ving gan phiic tap ndy, phuong trinh lién tuc (1.1) c6
thé dudc don gian hoa. Tham chi ngay khi khong c6 khe hay 15
héng, bién do séng t6i da c6 thé bing 24, do d6 ta c6 thé b qua
€ so v61 h. Hon hita gitia x_ va x, kich thuéc ngang la a,
{=0(4), t=0(0") va u=0((A4/h)(gh)*'*); suy ra

9 V- (hu)<O(ka)<<1.

ot
Phuong trinh lién tuc (1.1) tré thanh
V-uz0. (1.7)

Bén ngoai vung xody rdi, ta 4p dung phuong trinh chuyén
dong khong nhét. Vi van toc qua céc cot chin c6 thé 16n, ta gii
lai s6 hang d61 luu quan tinh, tic toan bd phuong trinh (1.2),
phuong trinh nay ding 6 bén ngoai dai xoay.

Bay gid ta ap dung quan diém thuy luc bing cach khao sat
céc tri s6 trung binh thiét dién ngang giia x_ va x, . Sau khi tich
phan phuong trinh (1.7), thiy rang

u_ S=u,S,=u+S, (1.8)
& day S la tong dién tich kénh, S. la dién tich tai doan thdt
tinh mach va c6 quan hé véi dién tich bién mé rong S, bing

mot hé s6 thoat nudc thuc nghiém c:
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S, =cSy; (1.9
u, 12 van téc trung binh tai doan thdt tinh mach.

Bén ngoai ving xody, dé nhit quan véi phuong trinh (1.2)
ta xem u la khéng xoay, tic u=V®d. Khi d6 phuong trinh
Becnoulli ¢6 dang

0P u?

¥+7+gC=const. (1.10)

Ap dung phuong trinh (1.1) cho doan gitia x_ va x,, tdc tai
doan thdt tinh mach (xem hinh 1.1), ta dudc

%(dx—@)ﬁ@?—u?>+g<cc—c_)=o, (1.11)

trong d6 gia thiét rang & ca hai tram su bién thién ngang huéng
¢6 thé bo qua.

Phia xu6i dong cia btc chén, ta ap dung su bao toan doéng
lugng chung cho thé tich EBCF trén hinh 1.1. Trong vung chia
dong cta bic chén ctng van téc trung binh chat 1ong c¢6 thé bd
qua va d6 cao mat tu do, do d6 ap sudt dong, thuc chat déng
nhat theo y, va bang so véi trong ving tia nuéc xiét. Nhu vay,

ap Iuc doc theo EF 1a pg{.S. Su can bang téng dong lugng doi
hoi

ot
mﬁ@c—CJ+p@3$—W3ﬂ=p5;f&mdx, (1.12)

v6i S, 1a dién tich thiét dién ngang ctia vung tia xiét. Tru
phuong trinh (1.11) cho phuong trinh (1.12) va st dung (1.8), ta
dudgc

2 X X
1 (S 19| c (S,
(C_—CJr)—gqu(E—l] +E$Ll:udx+;.‘u(?jdx

trong d6 tich phan th@ nhat suy ra tu dinh nghia ®. Néu ta

, (1.13)

dua ra hé s6 ton that f:

2
f=(i—1J , (1.14)
cS,
va dodai L
Lu, =Tu dx+xfu Ss dx , (1.15)
X_ X S
thi phuong trinh (1.13) ¢6 thé duge viét thanh
P L L TSN (1.16)
2g g ot

Néu d61 s6 duge lip lai cho u, <0, mot ddu Am sé xuit hién
phia trudc s6 hang tht nhat ¢ vé& phai phuong trinh (1.16). Tinh
dén ca hai huéng ctia dong, ta c6

€. -C, =éu+|u+ +§88Lt+

Khi cac hé s6 f va L dudc xac dinh (bang thuc nghiém) thi
cac phuong trinh (1.8) va (1.17) cung cap cac diéu kién bién cho
cac nghiém ving xa trén hai phia ctia vat chidn. Do kich thude

(1.17)

dai ctia viing xa 1la O(k™"), mot cach xap xi, cac diéu kién ghép
¢6 thé duge ap dung cho cac nghiém ving xa bing cach cho
x—=0.

Né&u c6 mot tudng cling tai x =/, nhu trong truong hgp mot
dé chan véi tuong dang luéi 16, ta phai thém diéu kién bién
d(,/0x=0 tai x=/. Né&u ving md rong téi x — +eo, thi cac song
phan tan phai di ra tit x=0 (diéu kién phat xa). Trén thuc té,
do rong ctia dé / thuodng cé bac O (10m) va ngéin hon so véi bude
séng thiét ké&. St dung phuong trinh (1.9) va phuong trinh
(1.17) cho tudng luéi 16 1a hoan toan khong dude phép vé goc dd
1y thuyét.
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Hién nhién, c¢6 thé quy nap mét cong thiic cho luc tac dong
l1én tuong ciing. Xét chat 1ong trong 4BCD va & bén ngoai vat va
dai ré nuéc ctia né. Hiéu ting thuc cia phan bé ap suit trén mait
phia thugng luu cta vat va trong dai ré nuéc ciia né la tao ra
mot luc —F chéng lai chit 16ng trong thé tich dang xét. Nhu
vay tl can bang dong luong

0 X,
S[pg(C_ - +p@? —uz)]—F=p%!J‘dxuS+ IdxuSJ],
X_ 0
ti cac phuong trinh (1.8), (1.15) va (1.17) suy ra

F=S{pg(C_—C+)—pLa§t+}=%pfSu+|u+| (1.18)

6.1.3 Cdc hé s6' fva L

DPugc biét ring trong cac dong én dinh qua cac 16 ¢6 ria sic,
thi hé s6 thoat nudc ¢ (cting nhu f) chu yéu phu thudc vao
hinh dang 16, néu s6 Reynolds du 16n sao cho su chia dong biéu
hién rat r6. Déi vé6i 16 c6 canh sic, cong thitc thuc nghiém la

S 3
c=0,6+0,4 [?Oj . (1.19)

Déi véi cac canh diy va thuén tron thi hé sé thoat nuée ¢
x4p xi 1. Theo coéng thiic nay, ¢ bién thién trong khoang 0,6 va
1. Khi ludng chit 1ong chéyq qua giam toc thi tan sd xoay giam
di. Nhu vay, f va c thay doi theo van téc va gia toc ttic thoi, va
do do, theo s6 Reynolds va s6 Strouhal. Vi khong c6 dii liéu thuc
nghiém téng hop vé f va ¢ cho loai dong dao dong nay cho nén
trong van liéu k§ thuat thuong st dung cac gia tri cua trudng
hop 6n dinh. Mt khac, d6 dai L 1a khé uée luong nhat. Trong
ldc Hayashi (1966) hoan toan bo qua L, thi Terrett (1968) da
chon mét gia tri hing s6 dé tién hanh thuc nghiém. Néu khéong

c6 su phan dong, thi bai toan gia tri bién sé tuyén tinh; do dai
tuong tng, ky hiéu bang L, ¢ diy, c6 thé dugc tinh bing ly
thuyét hai chiéu. Thuc t&€ 1a v6i cac séng dai, L, c6 quan hé véi
cac hé s6 truyén qua 7 va phan xa R nhu sip chi ra duéi day.
O viing xa, noi dong chay 12 mot chiduy, thi li d6 ctia mit tu do
xac dinh béang cac phuong trinh:

C7 = Ael'(/\')f*OJt) ) x < 0 ) (1'20)
(., =ATe™ ", x>0. (1.21)
Ubc lugng (_tai x_, ¢, tai x, valuuy |k, kx, <<1 taco
(. -, =AQ+R-T)e™, (1.22)
Tai x, trudng van tdc  phia phai bing
u, =g—k§+ sg—kATe”"’”. (1.23)
o ®

V6i phuong trinh (1.23), phuong trinh (1.22) ¢6 thé dude
viét thanh dang

C__C+:[T—(1+R)}lau=Lo 8u’ (1.24)
ikT goaot g ot
6 day L, xac dinh bang
T-(1+R)
L =|——~21. 1.25
° [ ikT } (1.25)

Sau khi nhan véi pgS, ta c6 thé 1y giai phuong trinh (1.24) nhu
12 dinh luat tha hai cia Newton d61 v6i khéi lugng pSL, chiu
mot luc thuc pgS(C_—C(,); anh hudng cta 16 tuong duong véi
viéc thém mot khéi lugng pSL, tai thiét dién x=0. Cac hé s6
truyén qua va phan xa cin phai dudc xac dinh bing 1y thuyét
hai chiéu tai cac vi tri cu thé. Cac séng dai bién d6 nhd bay gis
giong hét nhu cac séng Am; nhiing két qua phan tich cho mot s6
16 Am thanh (khe trong tdm hinh chii nhat, 16 hinh tron trong
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mot dudng Ong tron...) ciing c6 thé dude 4p dung trong trudng
hdp nay. Thi du nhu d61 v6i mdt khe hep hai chiéu, ta cé:
L, mh

1.1 nh
—=—In—|tg—+ctg— |, ka<<l1 1.26
2a Tcn2(g4a g4a) . ( )

(Morse va Ingard, 1968). Thay rang véi séng dai thi L, phu
thuoc vao & trong phép xap xi trén. Ching t6i gianh phan dan
lap cong thiic nay lam mot bai tap vé phép tiém can ghép.
Trong cac gidi han 16n va nho caa cac khe, ta c6

L, 1. 2a 1,258 b

L z=ZIn——==In—"—, —<<1,
20 ©m nb m TS, a
2
ﬂ~£(“_bj : b 1. (1.27)
2a 8\ a a

Tham chi déi véi S/S, rat 16n, In(S/S,) thuc t&€ van c6 bac la
O(1); tisd
L, du,
gC or

rat nhé ddi véi cac séng dai. Do d6, { ={, va chd thét khong c6

=0(kL, ) (1.28)

tac dung. Két qua nay cé lién quan dén 1ap luan trong muc 5.5,
6 d6 noéi rang cac hé sd truyén qua gan bang 1 trong thuyét
khong xoay, trit khi §/S, 1a mot s6 rat 16n.

Néu c6 su phan dong, thi ro rang 12 khé van dung L vé
mat ly ludn. So v6i dong khong bi phén tach, thi sy phédn dong
da lam giam d6 cong cta cac luong chay cuc bo quanh khe hep.
Gia toc dia phuong, nguyén nhan giy ra phan ing thuy dong
luc va do d6, khéi lugng biéu kién, ciing bi giam di. Néi cach
khac, ta c6 thé ky vong L, khong nhét 1a gi6i han trén cta L.
Bay gid ta hay so sanh s6 hang quan tinh véi s6 hang ton that
ma sat trong phuong trinh (1.17):

a:(L/g)(8u+/8t)=0[ kL jza(zlmuza]_
(f/2g)u,|u,]| Lraln Lfdlh

Thay L, trong phuong trinh (1.26) cho L, ta thay ti s6 trén
chi quan trong d6i véi cac séng tuong d6i ngén. Khi ti 1& dién
tich S/S, ting, L/2a~In(S/S,) va f~(S/S,)*, do d6 ti s6 trén
gidm di nhanh chéng theo
(4/m)kaln(2/7)(S/S,)

f(4rh)(S1S,)?

(1.29)

Nhu vay, déi véi cac 16 hodc khe nhé su mat mat do ma sat
chiém uu thé d6i véi cac bién do séng nhé. LAY mot thi du bang
s0, gia thiét rang A=1m, h=10m, T =2n/0=10s, k=w/(gh)"'?
=0,06/m va c=1. P6i v6i dé chin séng dang luéi 16 caa bé
chtia dau 6 Bac Hai thi S/S, = 2véi dudng kinh 16 gin bing 1m.
Ta c6 thé 14y uée lugng a=1m va »=0,5m 1a cac d6 rong tuong
ting ctia kénh va 16. Doi véi dé chin song Osaka, cac gia tri xap
xi1a a=1m, h=25mm va S/S,=40. Dj dai cta 16 dugc tinh
theo phuong trinh (1.26) va ti s6 o dudc tinh theo phuong trinh
(1.29) (xem bang 1.1). Nhan thay rang doi v6i cac séng gi6 thi o
rdt nho va no6 con giam di d61 véi cac séng co bién dd 16n hon
hodc séng dai hon, hodc ca hai. Do vay trong tinh toan thuc té
thuong c6 rat nhiéu cac truong hop trong d6 dai lugng quan tinh
bi b6 qua.

Béang 1.1 Tis6 o theo phuong trinh (1.29)

b S L 1 74
a(m b (m) — hoic —~ — S 1A o
a S 2a 2 h
1 0,5 0,5 0,22 1 00,5 0,1332
1 0,025 0,025 2,32 1,521 76 0,0018




Bai tdp 1.1: St dung phuong phdp dé thi va tiém cdn ghép
dé kiém ching phuong trinh (1.26).

6.1.4 Phép tuyén tinh hod tuong duong
S6 hang ma sat binh phuong trong phuong trinh (1.17) lam
cho toan bd bai toan tréd nén phi tuyén va dau vao 1a mot séng
don diéu hoa sé gay ra phan ting gdm nhiéu hai diéu hoa. Néu
nhu phan tng 1a su ngu tri bdi hai thd nhat 6 dau vao, thi dan
sau nay chung ta sé théy, c6 thé ap dung cai goi 1a phép tuyén
tinh hoa tucng ducng. Gia st s6 hang ma sat dugc biéu dién
du6i moét dang tuyén tinh c,u, tic 1a
¢ -C.=cu, (1.30)
8 day c, chi hé s6 ma sat tuong duong. Ta sé chon ¢, lam sao dé

sai s6 binh phuong trung binh

e=Lu|u|—ceu (1.31)
2g
cuc tiéu. Ly trung binh qua mét chu ky, binh phucng trung binh sé
bing
— 2 —
e?‘z(iu u|J —iceu?‘|u|+ce2u2 . (1.32)
2¢g g

Cuc tiéu xudt hién khi 92/ dc, =0, phuong trinh nay cho phép
x4c dinh ¢, t6t nhat

2
ce=§%”J;L (1.33)

Hé s6 ma sat tuong duong bay gio phu thudc vao u va la chua
biét khi nghiém chua dudc giai ra. Cach khac, phuong trinh
(1.33) ¢6 thé thu dugde bing cach yéu cAu ring luc ma sat phi
tuyén va ma sat tuyén tinh tuong duong cung cho ciing mot tén

that nang lugng trong moét chu ky. Xap xi u bang mot hai don,
tic
uz%(UOef’m’ +U3e7’m’)=|U0|cos(0(t+r), (1.34)

v6i 1 1a pha ctia U,, tic U, =|U,le™", ta c6

u-2=£27]‘/wdt|U |2cos20)(t+T)=|U |2LTG’GCOS2G=1|U |z
o 5 0 0 27’50 2 ’
u2|u|=LTdGCOSZG|COSG|'|U |3=i|U |3
2m 0 3n' °
Suy ra
_S 8
ce_Zg 3n U0| (135

phu thudc vao bién d6 chuyén dong.

6.1.5 Nghiém xdp xi va nghiém chinh xdc

Truée tién ta rit ra nghiém x4p xi bang st dung phuong
trinh (1.30) thay cho phuong trinh (1.17). Nghiém c6 thé duge
viét duéi dang sau:

L = de® [e+ikx _I_Re—ikx],

e A x<0 (1.36)
_g_kAeft(x)t [eﬂkx _ Re—th]’
®
C+ :ATe_imHikx,
x>0. (1.37)

u+ zg_kATe—i(Dt+ikx’

®

St dung tinh lién tuc cta van toc (1.8), ta dudc

oY, U, (1.38)
gk 4 (A/h)gh)™’
R=1—T=1—£%%f. (1.39)
g
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Ap dung diéu kién ton that cot nude (1.30), ta ¢6

a=|%1+ 2y,
2 gk
va néu tinh t6i phuong trinh (1.35) sé tré thanh
4=2u+ 2Ly v, (1.40)
gk 3n g

Cac pha cta U, va 4, bing nhau va c6 thé 14y bing khong,
nghia la U, =| U, | Phuong trinh (1.40) la phuong trinh béc hai
d6i v6i U, va c6 thé giai ra:
12
Uy =T = iy * R
v6i B=(4/3m)(f4/h) (Hayashi va nnk., 1966).
V6i cac séng bién d6 nho hay véi khe mé rong, B nhé hon

(1.41)

rat nhiéu so véi don vi. Khai trién Taylor cia vé& phai phuong
trinh (1.41) cho ta

U, =%(gh)”z[1—éﬁ+0(ﬁz)]-

Nhu vay
_J 8 (A 1/2J[ 14 fA]
=L S Ayt 2 A 1.42
€= og sl n & 231 h (1.42)
T=(1-3B), =3B.

D61 vé6i cac khe mé hep, S,/S <<1, thi f 16n theo phuong

trinh (1.14); phuong trinh (1.41) c6 thé duge x&p xi d6i véi gia
tri B 16n bang

1/2 1/2 1/2
_Amz( 2] Z[3F ~[(3m) " So 12
Uy = P (gh) (BJ [2f gAj _( 2) S (gA)M?. (1.43)

Hinh 1.2 So séanh gilia ly thuyét (dudng lién nét), cac phuang trinh
(1.14) va (1.41), vGi cac thuc nghiém cla Hayashi et al. (1966).
Céc thi nghiém dugc thuc hién véi nhiéu gia tri b/a: e: 0,055;
0,075; ~:0,091; 0:0,141; m:0,182. a) T; b) R (Ozsoy, 1977)

Gi6i han & trén c6 thé duge suy dién mot cach truc tiép hon
nhu duéi day. Bang viéc gia dinh rang su phan xa gan nhu toan
phin va sé c6 mot séng diing véi bién d6 24 6 phia x<0. Su
chénh léch cuc dai clia mat tu do & hai phia bing 24, né tao
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nén toc do chdy (2g4)'’* qua 16 nhé theo dinh luat Torricelli. Téc

do thoat nuée, dude xac dinh bang cach 18y trung binh trén tong
dién tich cua S, khi d6 bang U, =(2g4)"*S,/S, diéu nay tng

véi ¢=2/(3m)'*=0,65 trong phuong trinh (1.43), khoang ly
thuyét cia ¢ 1a 0.6<c<1.

Cudi cung, hé s6 truyén qua tuong tng la:

T;(gj :(3—”ij :(3_7:&)” Sy (1.44)
B 2 14 24) S

Cac hé s6 phan tan T va R dugc vé trén cac hinh 1.2a va 1.2b.

Ozsoy (1977) da so sanh cac thuc nghiém cua Hayashi
(1966) v6i ly thuyét trong phan nay cho truong hgp dé chin
séng c6 dng xép xit nhau. Véi f cho theo phuong trinh (1.14),
Ozsoy da thay rang su phu hgp ctia cac hé s6 phan xa va truyén
qua 1a kha t6t (xem hinh 1.2a va 1.2b). Ozsoy ciing da thuc hién
cac thi nghiém d6i véi cac khe dting trong mét vat chin mong
(b/a=0,052, 0,103, 0,162, 0,441 va d/2h<0,133 trong d6 d =
do day, 2b = d6 rong khe, va 24 =0,87 m). Hé s6 thuc nghiém f
c6 su phan tan kha 16n dé6i véi mot gia tri ¢d dinh ctia b/a (hinh
1.3) da goi ¥y cho ta ring cdc tham s khac, thi du nhu s6
Strouhal c¢6 thé 1a rit quan trong. Ban doc c6 thé xem thém
nhiing théng tin dang quan tiAm trong tai liéu cua Ozsoy.

Bai toan hién tai véi diéu kién bién phi tuyén (1.17) va
khong c6 thanh phan (L/g)(@u/df) da dudec Mei, Liu va Ippen
(1974) giai mét cach chinh xac. Ta sé dién giai 6 day dé chi ra
rang mic du cac dao déng diéu hoa bac 1é cao hon ton tai, dao
dong diéu hoa co s6 van chiém uu thé trong thuc tién va phuong
phap xap x1 tuyén tinh tuong duong 14 hoan toan chinh xéc.

Do diéu kién bién phi tuyén, ta biéu dién nghiém:

C =G+ DA™, (1.45)
. ;k o x<O0,

u_=u, —;%Ame e (1.46)

g, = %;Bme"m"“‘“) : (1.47)
ok & o x>0.

u, =%;Bme e (1.48)

Bang cach trung binh hoa theo thdi gian cac diéu kién mo
ta, c6 thé chtng minh ring { sé bang khong néu u duge gia
thiét bang khong tai mot dau. Nhu vay, khong c6 hai bac khong
trong cac chudi é trén. Doi véi moi hai ta doi hdi phai cé:

A, =4, B, =B,, (1.49)
vi vay tat ca cac dai lugng vat 1y 1a thuc.
Bang viéc ghép van toc tuan theo phuong trinh (1.8), suy ra
B,=-4 m#1,

" (1.50)
B =4 +4 m=1.
Vi
('0 gk —imt 0) gk —imt
=— +=—> 4 =—1|2u; — -=—> 4
g gk[”f 20)2 m® ] gk{ Uy (”1 20)2 m€ H
(O]
ZE(Z“I —u,)
tai x=0- va
(O}
C+:§”+

tai x=0+, tu phuong trinh (1.17) suy ra v6i L =0 thi

iu+|u+|+2ﬂu+ =2£u, =2Acoswt .
2g gk gk
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Hinh 1.3 Hé s ma sat nhu la ham cla b/a (theo Ozsoy, 1977)
R6 rang u, va u, la cung d&u, nghia 1a u, va u,(0,7) 1a ludn

dong pha. Khi d6 phuong trinh trén cho

é| u+|2+z_‘;(°| u,|=24| cosor |. (1.51)
Theo bién khéng tht nguyén W dudge dinh nghia 1a

(0, t)=Ag—0];W=%(gh)”2W(t), (1.52)

nghiém ctia phuong trinh (1.51) biang
1+ 2p

cos o)t|)1/2 -1

5 ;

(1.53)

trong d6

_JA_3n
B =95 "3 B. (1.54)

Khi W dugc biéu dién biing mot chudi Fourier
W= %Z T ¢ o (1.55)

thi hé s6 Fourier phai bing

Tm _ 1 2 imt
> "o IO dte sgn(cos'c)| W(r)|.
Cac két qua la
T, =0, m=2,4,6,..., cic s6 chin (1.56)
1\ (m+3)/2 ’
1T, _2| =D —M”’EB) , m=1,3,5,...,cac s 1é (1.57)
| Pm p
trong d6
M, B =" drcosmi(1+2p cos )" (1.58)

c6 thé duge biéu dién dudi dang cac tich phén elliptic nhung d&
dang 14y dugc tich phan bing phuong phap s6.
Két hgp cac phuong trinh (1.46), (1.50), (1.52) va (1.55), ta dugc
B = AT, (1.59)
do d6 7, 1a hé s6 truyén qua ctia hai thi m . Hé s6 phan xa ctua
hai thtt m bing
R =1-T, R =-T (1.60)
vll A, = AR,,.
Bang 1.2 cho th4y cic hai thi nhat va thi ba duge tinh theo
1y thuyét chinh x4c va hai thi nhat bang phép xap xi tuyén tinh
ho4 tuong duong cho 1<B<5. Su nhd bé cuia hai thi ba va su

hiéu qua cua 1y thuyét xap xi 1a thuc té.
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Bang 1.2 Cac hé s6 truyén qua la ham cla B’ = f4/2h, T, : haithd m

T. T.
B 1 3
Chinh xac Xap xi Chinh xac
0,0 1 1 0
0,1 0,9601 0,9608 -0,0052
0,2 0,9271 0,9290 -0,0120
0,3 0,8978 0,8975 -0,0169
0,4 0,8719 0,8712 -0,0207
0,5 0,8486 0,8476 -0,0238
0,6 0,8276 0,8262 -0,0264
0,7 0,8084 0,8067 -0,0285
0,8 0,7907 0,7888 -0,0304
0,9 0,7744 0,7722 -0,0319
1,0 0,7593 0,7569 -0,0332
2,0 0,6498 0,6459 -0,0400
3,0 0,5813 0,5766 -0,0418
4,0 0,5326 0,5275 -0,0421
50 0,4954 0,4902 -0,0418
Bai tap 1.2

Xét mot dé chian séng dang xép thiing gébm hai tudng song
song tai x=0 va x=/. Tuong tai x=0 d61 mit v6i cac séng téi
truc dién va duge khoét 16 véi ti s6 dién tich 1a S,/S. St dung
cong thiic ma sat tuyén tinh tuong duong (1.30) dé tim hé s&
phan xa. Hay ban luan vé anh huéng cta /.

6.2 ANH HUGNG CUA TON THAT CUA LEN CAC DAO
DONG CUA CANG

Trong chuong 5 anh hudng cua chat 1ong thuc bi bé qua, su
cong hudng trong cang dudc ting 1én khi dd rong ctia vao giam.
Tuy nhién, cac thi nghiém cta Lee (1971) chi khéng dinh xu thé
nay xay ra do6i véi cic clia vao tuong d61 rong va chiing minh
riang su thu hep dd rong clia ctia vao rét cudc lam suy giam su

phan tng tai dinh phé. Diéu trai ngude nay 1a vi su tén thét do
ma sat & ctia vao 1a dang ké. Thuc vay, cac k§ su Nhat Ban da
st dung ma sat mot cach thanh cong dé lam gidm anh hudng
cta séng than trong vinh Ofunato bang cach thu hep ctia vao
v6i hai dé chin séng ngang. Trong nghién ctu thuc hién cho du
an Ofunato, Ito (1970) va Horikawa va Nishimura (1970) bang
thuc nghiém da th4y rang ma sat ctia vao thuc t& da loai bo hai
séng phan tu trong vinh dai. Ho ciing da phat trién mot mé
hinh 1y thuyét bao ham ca cong thic tén that thuy luc (1.17)
khong c6 thanh phan quan tinh, nghia 1a
¢ - =L uu|. @.1)
2g
Trong khi ta cAn nhiéu théng tin thuc nghiém hon niia cho
cac bai toan hai chiéu lién quan dén su thit hep, thi céng thic
don gian (2.1) v6i mét hing s uée luong f to ra c6 thé dung
duge dé du bao khai quat vé cong hudng. Dua trén cung nhiing
gia thiét d6, Unluata va Mei (1975) khao sat bang giai tich bai
toan cang don gian hinh chii nhat v6i mot ctia vao ¢ gitia, con
Miles va Lee (1975) da nghién ciu v6i hai Helmholtz trong cang
hinh dang téng quat. Ly thuyét ctia Unluata va Mei dugc don
gian hoa bang viéc bd qua tit ca cac hai bac cao sé dudc trinh
bay dudi day.
6.2.1 Bai toan gia tri bién
Dé tién giai bang giai tich, ta xét cang hinh chii nhat véi
mot clia vao 6 gitia nhu trén hinh 7.2, chuong 5.
Trong phan dai duong x>0, ta tach cac séng phat xa khoi
céc song t6i thing géc va cac séng phan xa:
M, =24coskx+n*. (2.2)
Séng phat xa n* thoa man phuong trinh
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vV +k*n® =0, (2.3)

p) R
N =0, |y|>a (2.4)
ox )
ok i tal x=0
i0
21 ="TU(®y),
3 =g U lyl<a (2.5)

va phai déi st nhu cic séng di ra tai vo cung.
Téc do qua ctia cang duge ky hiéu bang U(y)=|U(y)|e ™" véi
1 la pha cta U . Trong cang x <0, bién d6 dich chuyén n, dugc

mo ta bang

vn, +k*n, =0, (2.6)
Iy =0, x=-L, |y|<B 2.7
dx
My =0, y=+lB -L<x<0 (2.8)
a 2
y
Ny B
—=0, — .
. a<|y|<3 ) (2.9)
im e
=EU(y), |y|<a (2.10)

Cac phuong trinh (2.9) va (2.10) ngu y tinh lién tuc ctia van téc
phap tuyén qua ctia cang. Ngoai ra, ta cé tai x=0,

y|<a:

8 f
-Nn, =c,U, =—-"|U|. 2.11
Ny —Mo =¢, c, 3n2g| | ( )

Nghiém c6 thé duge viét lai duéi dang chudn tic nhu mét su
chong chit cia cAc ngudn séng:

N, =] UGG, (x,y

n, =] UGG, (xy

trong dé cac ham ngudn 1a

V)dy'+2Acoskx, (2.12)

May', (2.13)

G, =L HO (), (2.14)
g 2

G, = _io| cos k(.x +1) 49 =, COS Kn.(x +1) cos 2nmy cos 2nmy' ’
g | kBsinkL = K,BsinK,L B B

(2.15)

véi K =[k?—(2nn/B)*]"*. Cac phuong trinh (2.14) va (2.15) la

thiét yéu tuong tu nhu cac phuong trinh (7.1) va (7.7), trong
chuong 5, ngoai trit d61 v6i nhan t6 —iw/g. Thé cac phuong

trinh (2.12) va (2.13) vao phuong trinh (2.11), ta duge

[ MO UGy —24=c U0 = |ulu = ol e
(2.16)
M]3 = Gy (0, 7]y) =Gy (0, y[y). (2.17)

Phuong trinh (2.16) 1a mét tich phan phi tuyén c6 thé dugc giai
bang s6 cho U(y). Do viéc khong xac dinh chic chan f, ching
ta nén thuc hién véi viéc uée lugng téng thé bing gia st ring
U 1a hang s6 theo y d6i véi |y|<a va c§'lam thod man phuong

trinh (2.16) chi vé trung binh, nghia la

UJ. IM(y|y')dydy‘—4aA=aii|U|Qe_i°” (2.18)
e g 3n
Dé1 v6i khe nho trong chat 16ng hoan hao, U(y) dudc x4p xi tot

bing (const)(a? — y?)™'2

sy phan chia dong, tuy nhién U(y)
khéng con khéc biét tai cac diém dau. Véi ly 16 nay va dé don
gian toan hoc, ta chdp nhan mot phan bo dong nhit caa téc do
dong. Khéng can néi ciing hiéu rang phép x4p xi nay khong dua
ra dugc truong dong chay U chinh x4c 6 miic chi tiét va mtic do
sai s6 khéng dé& xac dinh dudc. Vi da biét trudc ring su phan
{ing cua cang truong hop ctia vao hep c6 lién quan véi thong
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lugng toan phan di qua ctia, nén sai s6 téng chung chic sé
khéng xay ra néu ta st dung phép xap xi nay. Véi
2a°m
g
va S=4/3n, phuong trinh (2.18) c¢6 thé dudc sip xép lai nhu

sau:
_(Ls|u|]+(is|u|j0=% S eplcior),  (2.20)
0a 0a

h (ka)*
trong d6 da st dung biéu thic ©®=gkh. L&y binh phuong
phuong trinh trén, ta dugc

D=-| TM dy dy' (2.19)

2
W +2ReD)W® +|D|*W? - 4B2 =0, (2.21)
(ka)
trong @6 Re D la phan thuc caa D,
W=ﬁ|U| va B= Mg 24 (2.22)
wa 2h 3mh

Phuong trinh (2.21) 14 mot phuong trinh bac bén déi véi W, va
¢6 thé dudc giai bing s6. Sau d6 pha ot suy ra tit phuong trinh
(2.20) va nghiém cho U dudgc hoan thanh. Cuéi cung, gia tri cua
U dugc thé vao phuong trinh (2.13) cho ta su phan ting cua
cang.

6.2.2 Su phan ing cuc bé va binh phuong trung binh trong
cang

T cic phuong trinh (2.13) va (2.16), su phan {ng tai mot
diém (x, y) trong cang bang

(4/a) [Gy x|y dy
Ny (x,y)= — . (2.23)
(1/4a®)[ [M(y|y)dydy—(fS/2ga)|U|

—a

Vi tich phan
f ' = cosK,(x+L) si
1 J'Gde. __» cosk(x +L) + 22 cos n'(x ) sin no. cos 2nmy ,
2a -, g | kbsinkL “~ K,BsinK,L no B
(2.24)
trong do
27a

== 2.25
B (2.25)

12 phan tng déi v6i mot piston dao dong cé toc dd déng nhat
1/2a tai ctia vao (do d6, luu lugng téng don vi trén don vi d6
sdu), nén nhan t6 duy tri

0= 24 (2.26)

(1/4a®)[ [ M dy dy-fS|U|/2ga

—a

trong phuong trinh (2.23) dién ta bién d6 cua luu lugng qua ctia
vao.

Ta sé dua ra su phan tng binh phuong trung binh quy
chuén nhu sau:

0 B/2 2
oIl ot [ ay|De| -
2 BL i 219 24 @.27
1 Q/2A| J_d BJ/’2 1 ]J-d . 2 .
Py - y
2 -L -B/2 a—a "

Sau khi u6c lugng tat ca cac tich phan, ngudi ta nhan dude
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2

2_1 F (2.28)

4

0 ©
24 ¢

1 ( sin 2kL)
F= . 11+ +
(kBsin kL) 2kL

2

i inK, L

49 (smn.(x/noc 1+Sln oL (2.29)
—\K,BsinK,B 2K, L

trong d6

R4t nhiéu khia canh khac nhau cta cac cong thic téng quat
nay sé duge khao sat kiém tra trong phan dudi day.

6.2.3 Cdc phép xdp xi cho ctta vao hep

C6 thé thdy bing truc giac, hiéu tng ton thit cot nude 1a
quan trong nhat doi véi cac ctia vao hep va gan cac dinh cong
hudng. Do d6 ta tiép tuc xem xét va giéi han véi truong hop
ka<<1.

Bang mét ky thuat thong thudng nham tang cudng su hoi
tu caa cac chudi, ¢ thé chi ra ring

t Lo i -
i I{Mdydy:—g(—§+F—1j+0(k a*1nka), (2.30)
trong d6
Fe COtkL+2i cotKﬂL+ 1 (smnocj, ©.31)
kB n=1 KnB 2nTE no
va
2
1= 1 ™9 10163, (2.32)
4B

v6i Iny=0,5772157 =hing s6 Euler. Cac chi tiét vé khai trién
dugc trinh bay trong phu luc 6.A. Luu lugng x4p xi trén don vi
do sau la

24 W=fS|U|, (2.33)

QE—(iw/g)[—%i(l+W)+F—]J’ am

biéu thiic nay c6 thé két hop véi phuong trinh (2.28) cho x4p xi
¢ va v6i phuong trinh (2.23) cho x4p xi 1,,. K&t qua giéng nhu

phuong trinh (7.23) trong chuong 5.

Hiéu ting t6n that ¢t nuée tham gia vao 1y thuyét mét cach
tuong minh chi thong qua nhan tad W=7 S|U |/ am trong luu
luong ctia vao O (phuong trinh (2.33)). Trong truong hgp khong
c6 ma sat (f =0), cac tinh chat cong hudng trong cang da dugc
nghién ctiu trong chuong 5. Dic biét, s6 hang —é trong ngoéc
ctua phuong trinh (2.33) (véi W =0) tuong ting v6i suy yéu phat
xa. RO rang, s6 hang (—%i] (1+W) tuong ting véi téng cta suy
yéu phat xa va suy yéu ma sat tai ctia vao. Déi véi ctia vao hep
va f=W =0, suy gidm phat xa yéu do d6 su cong hudng xuat
hién gan véi cac hai tu nhién ctia vinh kin hoan toan, nghia 1a

9 2 1/2
k=k =|[Mm) L [2m , m=0,1,2,3,..; n=0,1,2,3, ...
L B

(2.34)
Bay gig, khi W # 0nhung

W <0Q) (2.35)
mat mat do ma sat, va nhu thé suy giam t6ng coéng cling yéu;
cac dinh cong hudng van gan véi k,, va cac ving 1an c4n cua cac
dinh cong hudng c6 thé duge khao sat theo cach ciia phan 5.7.
Dé ngén gon, cac dinh ma khi chinh né 1a c6 lap sé dude nghién

ctu trong phan sau.
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6.2.4 Su suy giam nhe do biic xa va ma sdt
Gan v6i hai tu nhién k =k _, ti phuong trinh (2.33), c6 do
16n ctia O bang

mn 2

24(w/g)™"
0= —. (2.36)
| La+wy +(F-17]

Do F 16n déi v6i k=k,, va I 1a16n theo loga d61 véi gia tri

nho ka® /B, cac cyc dai cia |Q| xuét hién mot cach xap xi khi

F-1=0, (2.37)
v6i diéu kién 1a W <O(1). Gia st (7)) chi cac dai lugng dudc uée
lugng tai cac dinh cong hudng. Dic biét, cac nghiém thuc cua
phuong trinh (2.37) sé duge dinh rd bang k:m, . Vi F va I khong
phu thudéc vao f nén cac vi tri cua nhiing dinh cdéng hudng
khong bi anh hudng manh bdi tén that ma sat. Luu lugng cuc
dai tuong ting bing

~ [44(0/g)""?
= —= . 2.38
o[ 29
Vi
~ 44
= - 2.39
9l )... @39
dol véi £ =0 nén ti s6 suy giam d61 véi luu lugng dinh tai clia vao
béng
0
N‘ | - Wl) (2.40)
‘Q‘fzo (,0=(:)mn

Nhin vao phuong trinh (2.28), phuong trinh (2.40) ciing 1a ti s6
suy giam doi v6i phan ting binh phuong trung binh tai cong
hudng vi F va cac s6 séng cong hudng gan nhu khong phu

thuéc vao f .

Can phai tim gia tri W tai diém cong hudng. Tu phuong
trinh (2.30) va phuong trinh (2.19) suy ra riang d6i véi ctia vao
hep va tai cong hudng:

2 2

9 a
2a “’D:—HMdydy'z“—“’ hay D=~1. (2.41)
: g

g

Vi

wt=0 (2.42)
rut ra tit phucng trinh (2.20) va W c6 thé dugdc giai ra tir
phuong trinh (2.21):

1/2
Wzmzl -1+ 16p , (2.43)
wa 2 (ka)® :

trong d6 P=2/4/3nh (phuong trinh (2.22)). Luu ¥ ring diéu
kién nguyén ban (2.35) c6 nghia la

16p
Ty <0(1). (2.44)

Sau khi phuong trinh (2.43) dugc thé vao phuong trinh (2.40),

nhAn ti suy giam tim dudc bang

g 0 2
1+(1+16B/(ka)?)

1/2J . (2.45)
ke=km

trong d6 gia tri cua Jmn €6 thé dugc uée lugng bang cac s6 séng
tu nhién cta vinh kin khi » va m khong cung ldc bing khong
(non-Helmholtz mode). D61 v6i hai Helmholtz, 1?00 ¢6 thé duge
uéc lugng bang gia tri khong nhét.

T phuong trinh (2.45) ta c6 thé két luan rang su suy giam
cac dinh cong hudng do su ton that tai ctia vao sé xay ra manh
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nhat khi 16[3/(;(1)2 tang, tic khi: 1) f 16n hon, 2) bién &0 16n
hon, 3) séng dai hon hoac cac hai cong hudng thap hon hodc 4)
ctia vao hep hon. Nhiing suy xét trong viéc thiét k& dé chin
séng Ofunato 14 mot bang chiing. Cac muc (1) va (4) ciing phu
hop v6i quan sat thuc t& cia Lee ndm 1971 d6i véi cang dang
tron.

Vé phan tham s6 16B/(Ea)2, c6 thé chi ra ring hé sé ton
that f c6 thé phu thudc vao s6 Strauhal va s6 Reynolds va hinh
dang cac dau ctia dé chin séng tai ctia vao. Ito (1970) cho rang
cic gia tri thuc nghiém f =15 cho két qua hop ly déi véi dé
chin séng than tai Ofunato. Pé tham khao thém hay chd ¥ ring
khi 4=05m, h=10m va f dugc 14y bang 1 thi p=10". Bay
gi0 ta xét mot vinh hinh vuéng véi B=L. Mot s6 s6 it hai tu
nhién bac thap nhat cta vinh déng kin 1a:

kol=m, kyL=kyoL=2n va k;,L=5"%m.

Véi ctia vao hep va 2a/B=3x107%, hé s6 suy giam va tham
s6 16 B/ (ka)? dugc trinh bay trong bang 2.1 d6i véi cac gia tri B
khong 16n hon 107%. Cac gia tri dude danh dau bang + trai véi
gia thiét 1a 16 B/ (ka)> <O(1) va hé sb suy giam dudc tinh toan

khong dang tin ciay vé mét dinh lugng. Do d6, cAn mot phép xap
xi khac.

6.2.5 Suy giam lon do ma sdt

Bang 2.1 cho thay gia tri cia 16B/(ka)? c6 thé rat 16n déi
v6i hai cong hudng bac thdp nhat hay d61 véi clia vao hep. Tu
phuong trinh (2.21) gia tri caa W = f S|U |/c0a ciing 16n va c6 thé
dugce xap x1 theo cac bac dai lugng dan dau la

(4[3)1/2

: 2.46
» (2.46)

hay

s (2.47)

Chi ¥ ring theo dinh luat Torricelli co sd van téc U ti 1é thuan

1/2
2g4
|U|E(—J .

véi (2g4)Y?. Luu lugng tuong ting trén moét don vi do sdu qua cta

vao la

0| zza(@j : (2.48)

fS

va giam di theo d6 rong 2¢ cua ctia vao. Két hgp két qua nay
v6i phuong trinh (2.28) c¢6 thé két luan rdng tdn thit cot nude
da 16n sé loai bo phan ting nghich cua cang, nghia 1a phan tng
clia cang cudi cung giam di theo do rong cta ctia vao.

Béng 2.1 Yé&u t6 suy gidm theo phuong trinh (2.45)

m, n (0,0) (1,0) (2,0), (0,1) 1,1
kB 0,55 b4 21 \/gn
~ 2a EB ) -2 -2 -2
ka = — 0,825x1072  4,71x10 9,42x1072 10,53x10

B

p=10" 2350 © 72,10 18,0 14,430

p=10"" 23,50 0,721° 0,18 " 1,44

16p p=10" 23,5 0,721 0,18 0,144
(ka)* =10 2,35 0,0721 0,018 0,0144
B=10"2 0,04 ° 0,209 ° 0,373 ° 0,406 °

p=10"" 0,122° 0,517 0,748 0,781

o p=10"" 0,336 ° 0,865 0,959 0,966
[ B=10" 0,707 0,983 0,996 0,996

* Theo Mei, Liu va Ippen (1974). Tc. Waterway, Port, Coastal and
Ocean Division



Theo bang 2.1, gia thiét suy giam nhé do ma sat W <0 (1)
khong phu hgp véi hai Helmholtz va ta cAn nhan nghiém chinh

xac
Qw2
5 & 7
kLi-kE)
[~}
5 & I
kLi-kE)

Hinh 2.1 Phan (ng binh phuong trung binh & va cudng dé théng lugng chuén
hoa |Qw/2g4| clia dao déng diéu hoa co ban nhu 14 ham clia kL (= kB) . Do

rong clfa vao chudn hoa 2a/B=3x107. B=0: dudng lién nét; B=104:

dudng gach ndi, B =10": dudng cham gach (Unluala va Mei, 1975)

6.2.6 Cdc két qud s6 doéi voi W téng qudt

Vi phan thuc ctia D ti 1é v6i d6 suy giam toan phan, cac hé

s0 cua W*, w?va wW? trong phuong trinh (2.21) 1a nhiing sé

duong; chi c6 thé tén tai mot nghiém duong, thuc. Sau khi giai
duge W bang s6, phan ting binh phuong trung binh déi véi dao
dong diéu hoa co ban dugc tinh ti phuong trinh (2.28) ma
khong gia thiét ka <<1. Théng lugng phap tuyén va phan ting
binh phuong trung binh dudc vé trén hinh 2.1 cho dai 0<kL <8
va B=1072, 107 va 0. D& so sanh, thuyét khong nhét du tinh
phan tng nghich ctia cang cling duge trinh bay. Trén cic hinh
2.2 va hinh 2.3, cac ti s6 bién d6 d6i v6i hai Helmholtz

(m=n=0) vachohai m=1, n=0 dugc vé nhu la cic ham ctua do

rong chuén hoa cta ctia vao 2a/B. Mot 1an nita sy phan tng
cang giam theo 2a/B d61 véi gia tri c6 dinh cta B.

+] T T T T T T T | —

Hinh 2.2 Sy khuéch dai cong hudng trung binh & cla
hai co ban déi véi hai Helmholtz (Unluala va Mei, 1975)

PHU LUC 6.A: CAC PHEP XAP Xi TicCH PHAN POI VO
ka<<1
Tich phén quan tim la

=3, -3,.

el [[6,005)-6,00
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(A.1)
Tw phuidng trinh (2.14) rit ra

So=7 V)d yd y'= lw(—iﬁHé“(’fly—y'l)dydy'
g\ 2)’
1/
=2 j 1 [(2ka) )&-¢|ldedg, A.2)
2g
sau phép bién d6i y=24f, y'=24&". N&u xdp xi HS" ddi v6i ka
nhd, ta cé
1/2 .
Sp=o- | [1 +&ln(yka|§—§'|)}d§d§'+0(ka2)ln(ka), (A.3)
28 ) n

6 day Iny=0,5772157 =hang s6 Euler. Nhu vay

-1/2

3 :2{(1+2lnykaj+—. 1j’2ln|§ g |d§d§:| (A.9)
2g T

{1 + 2i (ln Yka — EH +0 [(ka)2 In ka], (A.5)
2g 2

e

trong d6 dong nhat thiic duéi day da duge st dung:
1/2

j j1n|g—§'|dgda':—g. (A.6)

-1/2

Tu phuong trinh (2.15) suy ra

Su =$JJGH(05y,y')dy’=

1 @ tgK, L 2 2nmy'
__io 1 dey ctgkL ZZC g MY o5 2|
g 4a” o s B B
' = ctgK L (si ?
__ o ctgkL +2ZC gK L (sinno , (A7)
g| kB = K,B no

Vol o =2ma/B. Xét cac chudi 6 trén. Do cac kich thude ctia cang da

dudc gia su tucng ducng vdi kich thude do dai song t6i nén chung ta
phai c6

2ma
o=—<<1.
B

Hinh 2.3 Bién do cong hudng 7 clia dao dong diéu hoa co ban
tai géc x=-B, y=0,5B d&i v6i hai thir nhat k,B=n (hay
M < cos(n(x + L)/ L) (Unluala va Mei, 1975)

D61 véi n 16n, s6 hang thta » trong chudi cudi cung ctia phuong
trinh (A.7) tiép can dén

ctgK, L ( sinna 2_)_ 1 (sinno 2_
K,B no, 2nm\ no )’

chudi dudc ky hiéu bang T c6 thé dugc viét lai

Z:_lil(smnaJ 2z(ctlg(KBnL+ 1 j[sinn(xy. “s

TS n — 2nm no

Chubi thit hai trén v& phai & trén hdi tu rat nhanh; téng ctia né
v6i s6 hang con lai trong phuong trinh (A.1) duge ky hiéu la F:
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= (ctgK,L i ?
Fe ctgkL +2Z ctgkK, 4 1 sin noL . (A.9)
kB =\ K,B 2nm no

Chubi tht nhat ¢ v& phai cta phuong trinh (A.8) c6 thé duge xap
xi 14y téng trong dang gAn nh4t. Bing cach sip xép lai dudi day,

o ls(sinna) 1 &1
FE__Z_[ j 227'5(12 EI:—S(COSZHOC—I),

T n\ no n

theo Collin (1960, tr. 579) c6 thé thay ring

oo

2 -
cosnz z 3 4 1
=—Inz——z"+0E )+ ) —,
2 n3 2 4 ( ) 2’13

Do dé
1 [ 3
F ZH[TIH2G—Z(2(X)Z +0((X)4:|
1

=—(1n20c—§) [ +0@?)]
I 2

Thay vao phuong trinh (A.8) va két hop véi cac phuong trinh
(A.7) va (A.9), ta dugc

1 ¢ ,
3 jMdydy =
. o F+l(1n@—§j+0[(ka)2 nka)-L 4+ L tnyka -3
g . B 2 2 2
io| i Tka®y 2
=———{d——+F+|In +In16 -3 |+ O(ka)” In(ka) ;.
g 2 4B

(A.10)
Vi In16 -3=-0,2274 va ka’/B<<1, ngoic vudng la Am va sé
dugc ky hiéu bang

2y
1=—{1n(“k“ ]+ln16—3}. (A.11)
4B

Tém lai tich phan trong phuong trinh (A.1) bang
1
4a®

o

”M(y| y)dydy'= —-"’[—é# F- IJ +0(k*a® Inka). (A.12)
o g

TAI LIEU THAM KHAO

Abbot M. B. (1979). Computational Hydraulics, Pitman, New York.

Ablowitz, M. J. and A. C. Newell (1973). The decay of the continuous spectrum
for solutions of the Korteweg-deVries equation. J. Math. Phys. 14: 1277-
1284.

Ablowitz M. J., D. J. Kaup, A. C. Newell and H. Segur (1974). The inverse
scattering transform - Fourier analysis for nonlinear problems. Studies Appl.
Math. LI11 4: 249-336.

Ablowitz M. J. and H. Segur (1981). Solitons and the Inverse Scattering
Transform, Society Industrial and Applied Mathematics, Philadelphia.

Abramowitz M. and I. A. Stegun (1972). Handbook of Mathematical Functions,
Dover, New York.

Adams N. K. (1941). The Physics and Chemistry of Surfaces, Oxford University
Press, London.

Aranha J. A., C. C. Mei and D. K. P. Yue (1979). Some properties of a hybrid
element method for water waves. Int. J. Num. Methods Eng. 14: 1627-1641.

Armstrong J. A., N. Bloembergen, J. Ducuing and P. S. Pershan (1962).

Interactions between light waves in a nothnear dielectric. Phys. Rev. 127:

176



1918-1939.
Arthur R. S. (1946). Refraction of water waves by islands and shoals with

circular bottom contours. Trans. Am. Geophys. Union 27: 168-177.

Arthur R. S. (1962). A note on the dynamics of rip currents. J. Geophys. Res. 67:
2777-2779.

Atkin R. J. and R. E. Craine (1976). Continuum theory of mixture: applications.
J. Inst. Math. Appl. 17: 153-207.

Bagnold R. A. (1946). Sand movement by waves: some small scale experiments
with sand of very low density. J. Inst. Civil Eng. 27: 457.

Bai K. J. and R. Yeung (1974). Numerical solutions of free-surface and flow
problems. Proc.10th Symp. Naval Hydrodyn. Office of Naval Research, 609-
641.

Bartholomeuz E. F. (1958). The reflection of long waves at a step. Proc.
Cambridge Philos. Soc. 54: 106-118.

Batchelor G. K. (1967). An Introduction to Fluid Dynamics. Cambridge
University Press, London.

Battjes J. A. (1972). Set up due to irregular waves. Proc. 13th Conf. Coastal Eng.
ASCE 2: 1993-2004.

Battjes J. A. (1974a). Computation of set-up long shore currents, run-up and
overtopping due to wind generated waves. Communications on Hydraulics,
Dept. of Civil Engineering, Delft University of Technology Report 74-2.

Battjes J. A. (1974b). Surf similarity. Proc. 14th Conf. Coastal Eng. ASCE 466-
480.

Battjes J. A. (1975). Modeling of turbulence in the surf zone. Proc. Symp.
Modeling Techniques ASCE. 1050-1061.

Benjamin T. B. (1967). Instability of periodic wave trains in nonlinear dispersive
systems. Proc. R. Soc. Lond. A 299: 59-75.

Benjamin T. B. and J. E. Feir (1967). The disintegration of wave trains on deep
water. J. Fluid Mech. 27: 417-430.

Benjamin T. B. and M. J. Lighthill (1954). On cnoidal waves and bores. Proc. R.
Soc. Lond. A 244: 448-460.

Benney D. J. (1962). Nonlinear gravity wave interactions. J. Fluid Mech. 14:
574-584.

Benney D. J. (1966). Long nonlinear waves in fluid flows. J. Math. Phys. 45: 52-
63.

Benney D. J. and J. C. Luke (1964). On the interactions of permanent waves of
finite amplitude. J. Math. Phys. 43: 309-313.

Benney D. J. and A. C. Newell (1967). The propagation of nonlinear wave
envelopes. J. Math. Phys. 46: 133-139.

Benney D. J. and G. J. Roskes (1969). Wave instabilities. Studies Appl. Math 48:
377-385.

Berger U. and S. Kohlhase (1976). Mach reflection as a diffraction problem.
Proc. 15th Conf. Coastal Eng. ASCE 1: 796-814.

Berkhoff J. C. W. (1972). Computation of combined refraction-diffraction. Proc.
13th Conf. Coastal Eng. ASCE 1: 471-490.

Bessho M. (1965). On the wave-free distribution in the oscillation problem of the
ship. J. Zosen Kiokai 117: 127-138.

Bessho M. (1967). On the two-dimensional theory of the rolling motion of ships.
Mem. Defense Acad. Yokoyuka 7: 105-125.

Bigg G. R. (1982). Diffraction and trapping of waves by cavities and slender
bodies. Ph. D. thesis, Depart. of Applied Mathematics, University of
Adelaide, Australia.

Biot M. A. (1941). General theory of three-dimensional consolidation. J. Appl.
Phys. 12: 155-164.

Biot M. A. (1956). Theory of propagation of elastic waves in a fluid saturated
porous solid I. Low frequency range. II. High frequency range. J. Acoust.
Soc. Am. 28: 168-191.

Boczar-Karakiewicz B. (1972). Transformation of wave profile in shallow water

177



- a Fourier analysis. Arch. Hydrolechniki 19: 197-210.
Bohm D. (1951). Quantum Theory. Prentice-Hall, Englewood Cliffs, N. J.
Bolt B. A. (1978). Earthquakes - A Primer, Freeman, San Francisco.

Booij N. (1981). Gravity waves on water with non-uniform depth and current.
Communications on Hydraulics, Dept. of Civil Engineering, Delft University
of Technology, Report No. 81-1.

Boussinesq J. (1877). Essai sur la thDorie des eaux courantes. MPm. Pres. Acad.
Sci. Paris. (Ser. 2) 23: 1-680.

Boussinesq J. (1878). Complement a une BPtude intitulPe: "Essai sur la theorie
des eaux courante" et a un memoire "Sur l'influence des frottments sur leo
mouvements regulier des fluids."J. Math. Pures Appl. 4: 335.

Bowen A. J. (1969). The generation of longshore currents on a plane beach. J.
Marine Res. 27: 206-214.

Bowen A. J. (1969). Rip currents, 1. Theoretical investigations. J. Geophys. Res.
74: 5467-5478.

Bowen A. J. (1972). Edge waves and the littoral environment. Proc. 13th Conf.
Coastal Eng. ASCE 1313-1320.

Bowen A. J. and R. T. Guza (1978). Edge waves and surf beat. J. Geophys. Res.
83: 1913-1920.

Bowen A. J. and D. L. Inman (1969). Rip currents. II. Laboratory and field
observations. J. Geophys. Res. 74: 5479-5490.

Bowen A. L., D. L. Inman and V. P. Simrnons (1968). Wave set-down and set-
up. J. Geophys. Res. 73: 2569-2577.

Braddock R. D., P. Van den Driessche and G. W. Peady (1973). Tsunami-
generation. J. Fluid Mech. 59: 817-828.

Brermmer H. (1951). The WKB approximation as the first term of a geometric
optical series. Comm. Pure Appl. Math. 4: 105-115.

Bretherton F. P. (1964). Resonant interaction between waves. J. Fluid Mech. 20:
457-480.

Bretherton F. P. and C. J. R. Garrett (1968). Wave trains in inhomogeneous
moving media. Proc. R. Soc. Lond. A 302: 529-554.

Brevik 1. and B. Aas (1980). Flume experiments on waves and currents, I.
Rippled bed. Coastal Eng. 3: 149-177.

Bryant P. J. (1976). Periodic waves in shallow water. J. Fluid Mech. 59: 625-
644.

Buchwald V. T. (1971). The diffraction of tides by a narrow channel. J. Fluid
Mech. 46: 501-51 1.

Budal K. (1977). Theory of absorption of wave power by a system of interacting
bodies. J. Ship Res. 21: 248-253.

Budal K. and J. Falnes (1975). A resonant point absorber of ocean wave power.
Nature 256: 478-479; 257: 626-627.

Budal K., J. Falnes, A. Kyllingstad and G. Oltedal (1979). Experiments with
point absorbers. Proc. 1st Symp. Wave Energy Utilization. Chalmers Institute
of Technology, Sweden, 253-282.

Byatt-Smith J. G. B., (1970). An exact integral equation for steady surface
waves. Proc. R. Soc.Lond. A 315: 405-418.

Byatt-Smith J. G. B. and M. S. Longuet-Higgins (1976). On the speed and
profile of steep solitary waves. Proc. R. Soc. Lond. A 350: 175-189.

Carrier G. F. (1966). Gravity waves on water of variable depth. J. Fluid Mech.
24: 641-659.

Carrier G. F. (1970). The dynamics of tsunamis. Mathematical Problems in the
Geophysical Sciences. L Geophysical Fluid Dynamics, American
Mathematical Society, Providence, R. 1., 157-181.

Carrier G. F. and H. P. Greenspan (1957). Water waves of finite amplitude on a
sloping beach. J. Fluid Mech. 4: 97-109.

Carrier G. F., M. Krook and C. E. Pearson (1966). Functions of a Complex
Variable - Theory and Technique. McGraw-Hill, New York.

Carrier G. F. and R. P. Shaw (1969). Tsunamis in the Pacific Ocean, edited by

178



W. M. Adams, Fast West Center Press, Honolulu, 377-398.
Carrier G. F., R. P. Shaw and M. Miyata (1971). The response of narrow

mouthed harbors in a straight coastline to periodic incident waves. J. Appi.
Mech. 38 E-2: 335-344.

Carter T. G., P. L. F. Liu and C. C. Mei (1973). Mass transport by waves and
offshore sand bedforms. J. Waterways, Harbours Coastal Eng. Div. ASCE
99: 165-184.

Case K. M. and W. C. Parkinson (1957). Damping of surface waves in an
incompressible liquid. J. Fluid Mech. 2: 172-184.

Chao Y. Y. (1971). An asymptotic evaluation of the wave field near a smooth
caustic. J. GeopAys. Res. 76: 7401-7408.

Chao Y. Y. and W. J. Pierson Jr. (1972). Experimental studies of the refraction
of uniform wave trains and transient wave groups near a straight caustic. J.

Geophys. Res. 77: 4545-4554.

Charkrabarti S. K. (1972). Nonlinear wave forces on vertical cylinders. J.
Hydraul. Div. ASCE 98:1895-19009.

Charkrabarti S. K. (1978). Comments on second order wave effects on large
diameter vertical cylinder. J. Ship Res. 22: 266-268.

Charkrabarti S. K. and W. A. Tam (1975). Interaction of waves with a large
vertical cylinder. J. Ship Res. 19: 23-33.

Chen T. G. (1961). Experimental studies on the solitary wave reflection along a
straight sloped wall at oblique angle of incidence. U.S. Beach Erosion Board
Tech. Mem. 124.

Chen H. S. and C. C. Mei (1974a). Oscillations and wave forces in an offshore
harbor. Parsons Lab., Massachusetts Institute of Technology, Report 190.

Chen H. S. and C. C. Mei (1974b). Oscillations and wave forces in a man-made
harbor in the open sea. Proc. 10th Symp. Naval Hydrodyn., Office of Naval
Research, 573-594.

Chu V. C. and C. C. Mei (1970). On slowly varying stokes waves. J. Fluid Mech.

41: 873-887.

Chu V. C. and C. C. Mei (1971). The nonlinear evolution of stokes waves in
deep water. J. Fluid Mech. 47: 337-352.

Cokelet E. D. (1977). Steep gravity waves in water of arbitrary uniform depth.
Philos. Trans. R. Soc. Lond. A 286: 183-230.

Cole J. D. (1968). Perturbation Methods in Applied Mathematics, Blaisdell,
Waltham, Mass.

Collin R. E. (1960). Field Theory of Guided Waves, MeGraw-Hill, New York.
Courant R. and K. O. Friedrichs (1949). Supersonic Flow and Shock Waves.

Interscience, New York.

Courant R. and D. Hilbert (1962). Methods of Mathematical Physics. II
Interscience, New York.

Crapper G. D. (1972). Nonlinear gravity waves on steady non-uniform currents.
J. Fluid Mech. 52: 713-724.

Crapper G. D. (1979). Energy and momentum integrals for progressive capillary-
gravity waves. J. Fluid Mech. 94: 13-24.

Crawford D. R., B. M. Lake, P. G. Saffman and H. C. Yuen (1981). Stability of
weakly nonlinear wave in two or three dimensions. J. Fluid Mech. 105: 177-
191.

Cummins W. E. (1962). The inpulse response functions and ship motion.
Schiffstechnik 9: 101-109.

Dailey J. W. and S. C. Stephan, Jr. (1952). The solitary wave - its celerity,
profile, internal velocities and amplitude attenuation in a horizontal smooth
channel. Proc. 3rd Conf. Coastal Eng. ASCE, 13-30.

Dalrymple R. A. (1975). A mechanism for rip current generation on open coast.
J. Geophys. Res. 80: 3485-3487.

Davey A. (1972). The propagation of a weak nonlinear wave. J. Fluid Mech. 53:
769-78 1.

Davey A. and K. Stewartson (1974). On three-dimensional packets of surface

179



waves. Proc. R. Soc. London. A 338: 101-110.

Davey N. (1944). The field between equal semi-infinite rectangular electrodes on
magnetic pole-pieces. Philos. Mag. 35: 819-8M.

Dean R. G. (1965). Stream function representation of nonlinear ocean waves. J.
Geophy. Res. 70: 4561-4572.

Dean W. R. (1945). On the reflection of surface waves by a submerged plane
barrier. Proc. Cambridge Philos. Soc. 41: 231-238.

De Best A. and E. W. Bijker (1971). Scouring of a sand bed in front of a vertical
breakwater. Communications on Hydraulics, Dept. of Civil Engineering,
Delft University of Technology, Report 71-1.

Deresiewiez H. (1960). The effect of boundaries on wave propagation in a
liquid-filled porous solid. I. Reflection of plane work at a free plane boundary
(non-dissipative case). Bull. Seis. Soc. Am. 50: 599-607.

Deresiewiez H. (1961). The effect of boundaries on wave propagation in a
liquid-filled porous liquid. II. Love waves in a porous layer. Bull. Seis. Soc.
Am. 51: 51-59.

Deresiewiez H. (1962a). The effect of boundaries on wave propagation in a
liquid-filled porous solid. II. Reflection of plane waves at a full plane
boundary (general case). Bull. Seis. Soc. Am. 52: 595-625.

Deresiewiez H. (1962b). The effect of boundaries on wave propagation in a
liquid-filled porous solid. IV. Surface waves in a half space. Bull. Seis. Soc.
Am. 52: 627-638.

Dingemans M. (1978). Refraction and diffraction of irregular waves, a literature
survey. Delft Hydraulics Laboratory Report, W301, Part 1.

Djordjevic V. D. and L. G. Redekopp (1978). On the development of packets of
surface gravity wave moving over an uneven bottom. J. Appl. Math. Phys.
29: 950-962.

Donelan M., M. S. Longuet-Higgins and J. S. Turner (1972). Periodicity in
Whitecaps. Nature 239: 449-451.

Dore B. D. (1969). The decay of oscillations of a non-homogeneous fluid within
a container. Proc. Cambridge Philos. Soc. 65: 301-307.

Dore B. D. (1976). Double boundary layers in standing surface waves. Pure
Appi. Geophys. 114: 629-637.

Dore B. D. (1977). On mass transport velocity due to progressive waves. Q. J.
Mech. Appl. Math. 30: 157-173.

Dore B. D. (1978). Some effects of the air-water interface on gravity waves.
Geophys. Astrophs. Fluid Dynamics 10: 215-230.

Dysthe K. B. (1979). Note on a modification to the nonlinear Schrodinger
equation for application to deep water waves. Proc. R. Soc. Lond. A 369:
105-114.

Eagleson P. S. (1956). Properties of shoaling waves by theory and experiment.
Trans. Am. Geophys. Union 37: 565-572.

Eagleson P. S. (1965). Theoretical study of longshore currents on a plane beach.
Hydraulics Lab., Massachusetts Institute of Technology, Technical Report
82.

Eckart C. (1951). Surface waves in water of variable depth. Marine Physical Lab.
of Scripps Inst. Ocean. Wave Report 100-99.

Erdelyi A. (ed) (1954). Tables of Integral Transform. 1. Bateman Manuscript
Project, McGraw-Hill, New York.

Euvrard D., A. Jami, M. Lenoir and D. Martin (1981). Recent progress towards
an optimum coupling of finite elements and singularity distribution. Proc. 3rd

Intl. Sym . Num. Ship Hydrodyn. Paris.

Evans D. V. (1976). A theory for wave power absorption by oscillating bodies. J.
Fluid Mech. 77: 1-25.

Evans D. V. (1978). The oscillating water column wave-energy device. J. Inst.
Math. Appl. 22: 423-433.

Evans D. V. (1979). Some theoretical aspects of three-dimensional wave energy

absorbers. Proc. Ist. Symp. on Wave Energy Utilization, Chalmers Institute

180



of Technology, Sweden, 77-113.

Evans D. V. (1981). Power from water waves. Ann. Rev. Fluid Mech. 13: 157-
187.

Evans D. V., D. C. Jeffrey, S. H. Salter and J. R. M. Taylor (1979). Submerged
cylinder wave energy device: Theory and experiment. Appl. Ocean Res. 1: 3-
12.

Falnes J. (1980). Radiation impedance matrix and optimum power absorption for

interacting oscillations in surface waves. Appl. Ocean Res. 2: 75-80.

Falnes J. and K. Budal (1978). Wave power conversion by point absorbers.
Norwegian Maritime Res. 6: 211.

Faltinsen O. M. and A. E. Loken (1979). Slow drift oscillations of a ship in
irregular waves. Appl. Ocean Res. 1: 21-31.

Feir J. E. (1967). Some results from wave pulse experiments. Discussion of M.
S. Lighthill: Some special cases treated by the Whitham theory Proc. R. Soc.
London A 299: 54-58.

Felsen L. B. and N. Marcuvitz (1973). Radiation and Scattering of Waves,
Prentice-Hall, Englewood Cliffs, N. J.

Fenton J. (1972). A nineth-order solution for the solitary wave. J. Fluid Mech.
53:257-271.

Fenton J. (1979). A higher-order cnoidal wave theory. J. Fluid Mech. 94: 129-
161.

Finkelslein A. (1953). The initial value problem for transient water waves,

Dissertation, New York University.

Foda M. A. (1980). I. Dynamics of fluid-filled porous media. II. Excitation of
surf beats in the ocean. Sc.D. Thesis, Dept. of Civil Engineering,

Massachusetts Institute of Technology.

Foda M. A. and C. C. Mei (1981). Nonlinear excitation of long trapped waves by
a group of short swells. J. Fluid Mech. 111: 319-345.

Fornberg B. and G. B. Whitham (1978). A numerical and theoretical study of

certain nonlinear wave phenomena. Philos. Trans. R. Soc. Lond. 289: 373-
404.

Frank W. (1967). Oscillation of cylinders in or below the free surface of deep
fluids. Naval Ship Research and Development Center Report 2375.

Frank W. (1967). The heaving damping coefficients of bulbous cylinders
partially immersed in deep water. J. Ship Res.11: 151- 153.

French M. J. (1979). The search for low cost wave energy and the flexible bag
device. Proc. 1st. Symp. Wave Energy Utilization, Chalmers Institute of
Technology, Sweden. 364-377.

Friedrichs K. O. (1948a). On the derivation of the shallow water theory. Comm.
Pure Appl. Math. 1: 81-85.

Friedrichs K. O. (1948b) Water waves on a shallow sloping beach. Commun.
Pure Appl. Math. 1: 109-134.

Gallagher B. (1971). Generation of surf beat by non-linear wave interactions. J.
Fluid Mech. 49: 1-20.

Galvin C. J., Jr. (1968). Breaker type classification on three laboratory beaches.
J. Geophys Res. 73: 3651-3659.

Galvin C. J. and P. S. Eaglesen (1965). Experimental study of longshore currents
on a plane beach. U.S. Army Coastal Engineering Research Center Technical
Memorandum 10.

Garabedian P. R. (1964). Partial Differential Equations, MeGraw-Hill, New
York.

Gardner C. S., J. M. Greene, M. D. Kruskal and R. M. Miura (1967). Method for
solving the Korteweg - deVries equation. Phys. Rev. Lett. 19: 1095-1096.

Gardner C. S., J. M. Greene, M. D. Kruskal and R. M. Miura (1974). Korteweg -
deVries equation and generalizations, VI: Methods for exact solution.
Commun. Pure Appl. Math. 27: 97-133.

Garrett C. J. C. (1970). Bottomless harbours. J. Fluid Mech. 43: 432-449.

Geerstma J. and D. C. Smit (1961). Some aspects of elastic wave propagation in

181



fluid saturated porous solids. Geophysics 26: 169- 1 8 1.

Gelfand I. M. and B. M. Levitan (1955). On the determination of a differential
equation from its spectral function. Am. Math. Soc. Transl. 1: 253-304.

Gerwick, B. C., Jr. and E. Hognestad (1973). Concrete oil storage tank placed on
North Sea floor. Civil Eng. ASCE 43: 81-85.

Goda Y. (1967). Travelling secondary wave in channels. Port and Harbour
Research Institute, Ministry of Transport, Japan. Report 13: 32.

Goldstein H. (1950). Classical Mechanics. Addison-Wesley, Reading, Mass.

Gradshteyn 1. S. and I. A. Ryzhik (1965). Tables of Integrals Series and
Products. Acadenfic, New York.

Graham J. M. R. (1980). The forces on sharp edged cylinders in oscillatory flow
at low Keulegan-Carpenter numbers. J. Fluid Mech. 97: 331-346.

Grant W. D. (1977). Bottom friction under waves in the presence of a weak
current: Its relation to coastal sediment transport, Sc. D. Thesis, Dept. of
Civil Engineering, Massachusetts Institute of Technology.

Grant W. D. and O. S. Madsen (1979a). Bottom friction under waves in the
presence of a weak current. Tech. Mem. ERL-MESA, National Oceanic and
Atmospheric Administration.

Grant W. D. and O. S. Madsen (1979b). Combined wave and current interaction
with rough bottom. J. Geophys. Res. 84: 1797-1808.

Grant W. D. and O. S. Madsen (1982). Movable bed roughness in unsteady
oscillatory flow. J. Geophy. Res. 87: 469-481.

Greenspan H. P. (1956). The generation of edge waves by moving pressure
distributions. J. Fluid Mech. 1: 574-590.

Greenspan H. P. (1958). On the breaking of water waves of finite amplitude on a
sloping beach. J. Fluid Mech. 4: 330-334.
Greenspan H. P. (1968). The Theory of Rotating Fluids, Cambridge University

Press, London.

Guincy D. C., B. J. Noye and E. O. Tuck (1972). Transmission of waves through

small apertures. J. Fluid Mech. 55: 149-167.

Guza R. T. and A. J. Bowen (1976). Finite amplitude Stokes edge waves. J.
Marine Res. 34: 269-293.

Guza R. T. and D. C. Chapman (1979). Experimental study of the instabilities of
waves obliquely incident on a beach. J. Fluid Mech. 95: 199-208.

Guza R. T. and R. E. Davis (1974). Excitation of edge waves by waves incident
on a beach. J. Geophys. Res. 79: 1285-1291.

Guza R. T. and D. L. Inman (1975). Edge waves and beach cusps. J. Geophys.
Res. 80: 2997-3012.

Guza R. T. and E. B. Thomton (1982). Swash oscillations on a beach. J.
Geophys. Res. 87: 483-491.

Hagen G. E. (1975). Wave-driven generator. U. S. Pat. 4,077,213.

Hammack J. L. and H. Segur (1978). Modelling criteria for long water waves. J.
Fluid Mech. 84: 359-373.

Hanaoka T. (1959). On the reverse flow theorem concerning wave-making
theory. Proc. 9th Japan Nat'l Congr. Appl. Mech. 223-226.

Haren P. and C. C. Mei (1980). Rafts for absorbing wave power. Proc. 13th
Symp. Naval Hydrodyn. The Ship Building Research Institute, Japan, 877-
886.

Haren P. and C. C. Mei (1981). Head-sea diffraction by a slender raft with
application to wave-power absorption. J. Fluid Mech., 104: 505-526.

Hashimoto H. and H. Ono (1972). Nonlinear modulation of gravity waves. J.
Phys. Soc. Japan 33: 805-811.

Haskind M. D. (1944). The oscillation of a body immersed in a heavy fluid.
Prikl. Mat. Mekh. 8: 287-300.

Haskind M. D. (1957). The exciting forces and wetting of ships in waves (in
Russian). Izv. Akad. Nauk SSSR Otd. Tekh. Nauk, 7: 65-79. English version
available as David Taylor Model Basin Translation No. 307.

Hasselmann K. et al. (1973). Measurements of wind-wave growth and swell

182



decay during the joint north sea wave project (JONSWAP). Deutschen
Hydrographischen Zeitschrit. Reihe A8: 7-95.

Hayashi T., T. Kano and M. Shirai (1966). Hydraulic research on the closely
spaced pile breakwater. Proc. 10th Conf. Coastal Eng., Santa Barbara
Specialty Conf. ASCE 873-884.

Herbich J. B., H. D. Murphy and B. Van Weele (1965). Scour of flat sand
beaches due to wave action in front of sea walls. Coastal Eng., Santa Barbara
Specially Conf. ASCE. 705-726.

Hesegawa A. and F. D. Tappert (1973). Transmission of stationary nonlinear
optical pulses in dispersive dielectric fibers. Appl. Phys. Lett. 23: 142-172.
Hibberd S. and D. H. Peregrine (1979). Surf and run-up on a beach: a uniform

bore. J. Fluid Mech. 95: 323-345.

Hildebrand F. B. (1962). A dvanced Calculus for Applications, Prentice-Hall,
Englewood Cliffs, N. J.

Hill M. N. (1962). The Sea, Vol. 1. Physical Oceanography. Interscience, New
York.

Ho D. V. and R. E. Meyer (1962). Climb of a bore on a beach, Part 1. Uniform
beach slope. J. Fluid Mech. 14: 305-318.

Holman R. A. and A. J. Bowen (1982). Bars, bumps and holes: Models for the
generation of complex beach topography.

Horikawa K. and H. Nishimura (1970). On the function of tsunami breakwaters.
Coastal Eng. Jap. 13: 103-122.

Horikawa K. and A. Watanabe (1968). Laboratory study on oscillatory boundary
layer flow. Proc. 12th Conf. Coastal Eng. 1: 467-486.

Houston J. R. (1976). Long beach harbor: numerical analysis of harbor
oscillations. U. S. Army Engineering Waterways Experiment Station,
Vicksburg, MS, Report 1, Misc. Paper H-76-20.

Houston J. R. (1978). Interaction of tsunaniis with the Hawaiian Islands

calculated by a finite element numerical model. J. Phys. Ocean. 8: 93-102.

Houston J. R. (1981). Combined refraction and diffraction of short waves using
the finite element method. Appl. Ocean Res. 3: 163-170.

Huang N. E. (1978). On surface drift currents in the ocean. J. Fluid Mech. 91:
191-208.

Hunt J. N. (1952). Viscous damping of waves over an inclined bed in a channel
of finite width. Houille Blanche 7: 836-842.

Hunt J. N. and B. Johns (1963). Current induced by tides and gravity waves.
Tellus 15: 343-351.

Hunt J. N. and R. E. Baddour (1981). The diffraction of nonlinear progressive
waves by a vertical cylinder. Q. J. Mech. Appi. Math. 34: 69-87.

Huntley D. A., R. T. Guza and E. B. Thornton (1981). Field observations of surf
beat. 1. Progressive edge waves. J. Geophys. Res. 86: 6451-6466.

Huthnance J. M. (1981). On mass transports generated by tides and long waves.
J. Fluid Mech. 102: 367-387.

Hwang L. S. and Y. K. Lee (eds.) (1980). Tsunamis. Proceedings of the National
Science Foundation Work Shop, Tetra Tech Inc., Pasadena, Calif.

Hwang L. S. and E. O. Tuck (1970). On the oscillation of harbours of arbitrary
shape. J. Fluid Mech. 42: 447-464.

Ingard K. U. (1970). Nonlinear distortion of sound transmitted through an
orifice. J. A coust. Soc. Am. 48: 32-33.

Ingard K. U. and H. Ising (1967). Acoustic nonhnearity in an orifice. J. Acouse.
Soc. Am. 42: 6-17.

Inman D. L. (1957). Wave generated ripples in nearshore sands, Beach Erosion
Board U.S. Corps of Engineers Technical Memo 100.

Inman D. L., R. J. Tait and C. E. Nordstrom (1971). l@'fixing in the surf force. J.
Geophys Res.76: 3493-3514.

Ippen A. T. and Y. Goda (1963). Wave induced oscillations in harbors. The
solution for a rectangular harbor connected to the open-sea. Hydrodynamics

Lab., Dept. of Civil Engineering, Massachusetts Institute of Technology

183



Report 59.

Ippen A. T. and C. R. Kulin (1957). The effect of boundary resistance on solitary
waves. Houille Blanche 12: 401-408.

Ippen A. T. and M. M. Mitchell (1957). The damping of the solitary waves from
boundary shear measurement. Hydrodynamics Lab., Dept. of Civil
Engineering, Massachusetts Institute of Technology Report 23.

Irribarren C. R. and C. Nogales (1949). Protection des Ports II.. Comm. 4, 17th
Int. Navig. Congr., Lisbon 31-80.

Issacs J. D. (1948). Discussion of "Refraction of surface waves by current" J. W.
Johnson. Trans. Am. Geophys. Union 29: 739-742.

Issaeson M. St. Q. (1976). The viscous damping of enoidal waves. J. Fluid
Mech. 75: 449-457.

Issaeson M. St. Q. (1977). Nonlinear wave forces on large offshore structures. G.
Waterways Port Coastal and Ocean Eng. A SCE 101: 166-170.

Ito Y. (1970). Head loss at tsunami breakwater opening. Proc. 12th Conf. Coastal
Eng. ASCE 2123-2131.

James 1. D. (1974a). Nonlinear waves in the near shore region: Shoaling and set-
up. Estuary Coastal Marine Sci. 2: 207-234.

James 1. D. (1974b). A nonlinear theory of longshore currents. Estuary Coastal
Marine Sci. 2: 235-250.

Jansson K. G., J. K. Lunde and T. Rindby (eds.) (1979). Proc. 1 st Symp. Wave
Energ Utilization, Chalmers Institute of Technology, Sweden.

Jarlan C. E. (1965). The application of acoustical theory to the reflective
properties of coastal engineering structure. Q. Bull. National Res. Council
Canada 1: 23-63.

Jawson M. A. and G. T. Symm (1977). Integral Equation Methods in Potential
Theory and Elastostaties, Academic, New York.

Jeffreys H. (1929). On the transport of sediments by streams. Proc. Cambridge
Philos. Soc. 25: 272-277.

Jeffreys H. and B. S. Jeffreys (1953). Methods of Mathematical Physics, 3rd. ed.,
Cambridge University Press, London.

John F. (1949). On the motions of floating bodies 1. Comm. Pure Appi. Math. 2:
13-57.

John F. (1950). On the motions of floating bodies. II. Comm. Pure Appl. Math.
3:45-101.

Johns B. (1968). A boundary layer method for the determination of the viscous
damping of small amplitude gravity waves. Q. J. Mech. Appl. Math. 21: 93-
103.

Johns B. (1970). On the mass transport induced by oscillatory flow in a turbulent
boundary layer. J. Fluid Mech. 43: 177-185.

Johnson D. W. (1919). Shore Processes and Shoreline Development, Hafner,
New York.

Johnson J. W. (1947). The refraction of surface waves by currents. Trans. Am.
Geophys. Union. 28: 867-874.

Johnson R. S. (1972). Some numerical solutions of a variable-coefficient
Korteweg - deVries equation (with applications to soliton wave development
on a shelf). J. Fluid Mech. 54: 81-91.

Johnson R. S. (1973). On the development of a solitary wave over an uneven
bottom. Proc. Cambridge Philos. Soc. 73: 183-203.

Jolas P. (1960). Passage de la houle sur un scuil. Houille Blanche IS: 148-152.
Jones D. S. (1964). The Theory of Electromaglism, Pergamon, London.

Jonsson I. G. (1966). Wave boundary layers and friction factors. Proc. 10th
Conf. Coastal Eng. ASCE 127-148.

Jonsson I. G. and O. Brink-Kjaer (1973). A comparison between two reduced
wave equations for gradually varying depth. Inst. Hydrodyn. Hydraul. Eng.,
Tech. Univ. Denmark Progr. Rep. 31: 13-18.

Jonsson I. G. and N. A. Carlsen (1976). Experimental and theoretical
investigations in an oscillatory turbulent boundary layer. J. Hydraul. Ree. 14:

184



45-60.

Jonsson I. G. and O. Skovgaard (1979). A mild slope equation and its application
to tsunami calculations. Marine Geodesy 2: 41-58.

Jonsson I. G., O. Skovgaard and O. Brink-Kjaer (1976). Diffraction and
refraction calculations for waves incident on an island. J. Marine Res. 34:
469-496.

Jonsson 1. G., O. Skovgaard and T. S. Jacobsen (1974). Computation of
longshore currents. Proc. 14th Conf. on Coastal Eng. ASCE 699-714.

Jonsson L. G., O. Skovgaard and J. O. Wang (1970). Interactions between waves
and currents. Proc. 12th Conf. Coastal Eng. 1: 486-501.

Kajiura K. (1961). On the partial reflection of water waves passing over a bottom
of variable depth. Proc. Tsunami Meetings 10th Pacific Science Congress.
IUGG Monograph 24: 206-234.

Kajiura K. (1963). Tle leading wave of a tsunami. Bull. Earthquake Res. Inst.
University of Tokyo 41: 525-571.

Kajiura K. (1964). On the bottom friction in an oscillatory current. Bull.
Earthquake Res. Inst. Univ. Tokyo 42: 147-174.

Kajiura K. (1968). A model of the bottom boundary layer in water waves. Bull.
Earthquake Res. Inst. Univ. Tokyo 46. 75-123.

Kakutani T. (1971). Effect of an uneven bottom on gravity waves. J. Phys. Soc.
Jap. 30: 272-276.

Kamphuis J. W. (1975). Friction factor under oscillatory waves. .
Waterways.Harbors Coastal Eng. ASCE 101: 135-144.

Kaneko A. and H. Honji (1979). Double structures of steady streaming in the
oscillatory flow over a wavy wall. J. Fluid Mech. 93: 727-736.

Kantorovich L. V. and V. 1. Krylov (1964). Approximate Methods in Higher
Analysis. Noordhoff, Groningen.

Karpman V. I. (1973). Nonlinear Waves in Dispersive Media, Pergamon, New
York.

Kehnemuyi M. and R. C. Nichols (1973). The Atlantic generating station.
Nuclear Eng. Institute 18: 477.

Keller J. B. (1958). Surface waves on water on non-uniform depth. J. Fluid
Mech. 4: 607-614.

Keller J. B. (1961). Tsunamis ... Water Waves Produced by Earthquakes, edited
by D. C. Cox, Proc. Tsunami Meetings 10th Pacific Science Congress, [IUGG
Monograph 24: 154-166.

Keller H. B., D. A. Levine and G. B. Whithain (1960). Motion of a bore over a
sloping beach. J. Fluid mech. 7: 302.

Keulegan G. H. (1948). Gradual damping of solitary waves. J. Res. Natl. Bur.
Stand. 40: 487-498.

Keulegan O. H. (1959). Energy dissipation in standing waves in rectangular
basins. J. Fluid Mech. 6: 33-50.

Keulegan G. H. and L. H. Carpenter (1956). Forces on cylinders and plates in an
oscillating fluid. National Bureau of Standards Report 4821.

King C. A. M. (1959). Beaches and Coasts. Arnold, London.

King R. and R. Smith (1978). Excitation of low frequency trapped waves. Proc.
16th Coastal Eng. ASCE 1: 449-466.

Kjeldsen S. P. and G. B. Olsen (1971). Breaking Waves. Film by Technical
University of Denmark, Lynby, Denmark.

Ko K. and H. H. Kuehl (1978). Korteweg-de Vries soliton in a slowly varying
medium. Phys. Rev. Lett. 40: 233-236.

Kober H. (1957). Dictionary of Conformal Representations, Dover, New York.

Komar P. D. (1971). Near shore circulation and the formation of giant cusps.
Geol. Soc. Am. Bull. 82: 2643-2650.

Komar P. D. and M. K. Gaughan (1972). Airy wave theory and breaker height
prediction. Proc. 13th Int. Conf. Coastal Eng. 405-418.

Korteweg D. J. and G. de Vries (1895). On the change of form of long waves

advancing in a rectangular canal and on a new type of long stationary waves.

185



Philos. Mag. 39: 422-443.

Kreisel G. (1949). Surface Waves. Q. Appl. Math. 7: 21-24.

Kuehl H. H. (1976). Nonlinear effects on mode-converted low-hybrid waves.
Phys. Fluid. 19: 1972-1974.

Kyozuka Y. and K. Yoshida (1981). On wave-free floating-body in heaving
oscillations. Appi. Ocean Res. 3: 183-194.

Lake B. M. and H. C. Yuen (1977). A note on some nonlinear water wave
experiments and comparison of data with theory. J. Fluid Mech. 83: 75-81.
Lake B. M. and H. C. Yuen (1978). A new model for nonlinear wind waves Part

1. Physical model and experimental evidence. J. Fluid Mech. 88: 33-62.

Lake B. M., H. C. Yuen, H. Rungaldier and 1. N. E. Ferguson, Jr. (1977).
Nonlinear deep water waves: Theory and experiment Part II. Evolution of a
continuous wave train. J. Fluid Mech. 83: 49-74.

Lamb G. L., Jr. (1980). Elements of Soliton Theory, Wiley-Interscience, New
York.

Lamb H. (1932). Hydrodynamics. Dover, New York.

Lamoure J. and C. C. Mei (1977). Effects of horizontally two-dimensional
bodies on the mass transport near the sea bottom. J. Fluid Mech. 83: 415-43
1.

Landau L. D. and E. M. Lifshitz (1958). Quantum mechanics (Non-relativistic
theory). Addison-Wesley, Reading, Mass.

Landau L. D. and E. M. Lifshitz (1959). Fluid Mechanics. Pergamon, New York.

Lau J. and A. Barcilon (1972). Harmonic generation of shallow water wave over
topography. J. Phys. ocean 2: 405-410.

Lau J. and B. Travis (1973). Slow varying Stokes waves and submarine long-
shore bars. J. Geophy. Res. 78: 4489-4498.

Lautenbacher C. C. (1970). Gravity wave refraction by islands. J. Fluid Mech.
41: 655-672.

Lax P. D. (1968). Integrals of nonlinear equations of evolution and solitary
waves. Comm. Pure Appl. Math. 21: 467-490.

LeBlond P. H. and L. A. Mysak (1978). Waves in the Ocean, Elsevier,
Amsterdam.

LeBlond P. H. and C. L. Tang (1974). On energy coupling between waves and
rip currents. J. Geophys. Res. 79: 811-816.

Lebreton J. C. and A. Marganae (1968). Calcul des mouvements d'un navire ou
d'une platforms amarrts dans la houle. Houille Blanche 23: 379-390.

Lee C. M. (1968). The second order theory of heaving cylinders in a free surface.
J. Ship Res. 12: 313-317.

Lee J. J. (1971). Wave-induced oscillation in harbors of arbitrary geometry. J.
Fluid Mech. 45: 375-394.

Lee J. J. and F. Raichlen (1972). Oscillations in harbor with connection basins. J.
Waterways, Harbors Coastal Eng. Div. ASCE 98: 311-332.

Lenoir M. and A. Jami (1978). A variational formulation for exterior problems in

linear hydrodynamics. Comp. Methods Appi. Mech. 16: 341-359.

Lepelletier T. G. (1980). Tsunamis-Harbor oscillations induced by nonlinear
transient long waves. Report No. KH-R-41. Keek Laboratory, California
Institute of Technology.

Lesser M. B. and D. G. Creighton (1975). Physical acoustics and the method of
matched asymptotic expansions, edited by W. P. Mason and R. N. Thurston
Phys. Acoust. 11: 69-149.

Li H. (1954). Stability of oscillatory laminar flow along a wall. U.S. Army
Beach Erosion Board. Tech. Memo. 47.

Lighthill M. J. (1949). The diffraction of blast 1. Proc. R. Soc. Lond. A 198:
454-470.

Lighthill M. J. (1967). Some special cases by the Whitham theory. Prot. R. Soc.
Lond. A 299: 28-53.

Lighthill M. J. (1978). Waves in Fluids, Cambridge University Press, London.

186



Lighthill M. J. (1979a). Two-dimensional analysis related to wave energy
extraction by submerged resonant ducts. J. Fluid Mech. 91: 253-317.

Lighthill M. J. (1979b). Waves and hydrodynamic loading. Proc. 2nd. Int. Conf.
Behavior of Offshore Structures. 1: 1-40.

Lin C. C. and A. Clark, Jr. (1959). On the theory of shallow water waves. Tsing
Hua J. of Chinese Studies, Special 1: 54-62.

Liu A. K. and S. H. Davis (1977). Viscous attenuation of mean drift in water
waves. J. Fluid Mech. 81: 63-84.

Liu P. L. F. (1973). Damping of water waves over porous bed. J. Hydraul. Div.
ASCE 99: 2263-2271.

Liu P. L. F. (1978). Integral equation solutions to nonlinear free surface flows.
Proceedings of the Conference on Finite Elements in Water Resources.
Imperial College, London, 487-498.

Liu P. L. F. and R. A. Dalrymple (1977). Bottom friction stresses and longshore
currents due to waves with large scales of incidence. J. Marine Res. 36: 357-

475.

Liu P. L. F. and G. P. Lennon (1978). Finite element modeling of near shore
currents. J. Waterways, Port, Coastal Ocean Div. ASCE 104: 175-189.

Liu P. L. F., C. J. Lozano and N. Pantazarus (1979). An asymptotic theory of
combined wave refraction and diffraction. Appl. Ocean Res. 1: 137-146.

LiuP. L. F. and C. C. Mei (1974). Effects of a breakwater on near-shore currents
due to breaking waves. Parsons Lab., Dept. of Civil engineering,
Massachusetts Institute of Technology Report 192.

Liu P. L. F. and C. C. Mei (1976a, b). Water motion on a beach in the presence

of a breakwater 1. waves 2. mean currents. J. Geophys. Res.-Oceans Atmos.
81:3079-3084; 3085-3094.

Long R. B. (1973). Scattering of surface waves by bottom irregularities. J.
Geophys. Res. 78: 7861-7870.

Longuet-Higgins M. S. (1953). Mass transport in water waves. Philos. Trans. R.

Soc. 345: 535-581.

Longuet-Higgins M. S. (1958). The mechanics of the boundary layer near the
bottom in a progressive wave. Proc. 6th Conf. Coastal Eng. 184-193.

Longuet-Higgins M. S. (1960). Mass transport in the boundary layer at a free
oscillating surface. J. Fluid Mech. 8: 293-305.

Longuet-Higgins M. S. (1967). On the trapping of wave energy round islands. J.
Fluid Mech. 29: 781-821.

Longuet- Higgins M. S. (1970a, b). Longshore currents generated by obliquely
incident sea waves, 1 and 2. J. Geophys. Res. 75: 6778-6789; 6790-6801.

Longuet-Higgins M. S. (1970c). Steady currents induced by oscillations round
islands. J. Fluid Mech. 42: 701-720.

Longuet-Higgins M. S. (1974a). Breaking waves in deep or shallow water. Proc.
10th Symp. Naval Hydrodyn., Office of Naval Research, 597-605.

Longuet-Higgins M. S. (1974b). On mass, momentum, energy and circulation of
a solitary wave. Proc. R. Soc. Lond. A 337: 1-13.

Longuet-Higgins M. S. (1975). Integral properties of periodic gravity waves of
finite amplitudes. Proc. R. Soc. Lond. 342: 157-174.

Longuet-Higgins M. S. (1977a). The mean forces exerted by waves on floating
or submerged bodies, with applications to sand bars and wave power
machines. Proc. R. Soc. Lond. A 352: 463-480.

Longuet-Higgins M. S. (1977b). On the nonlinear transformation of wave trains
in shallow water. Arch. Hydrotek. 24.

Longuet-Higgins M. S. (1978a). The instability of gravity of finite amplitude in
deep water I. Superharmonics. Proc. R. Soc. Lond. A 360: 471-488.

Longuet-Higgins M. S. (1978b). The instabilities of steep gravity waves of finite
amplitude in deep water II. Subharmonics. Proc. R. Soc. Lond. A 360: 489-
505.

Longuet-Higgins M. S. (1981). Oscillating flow over sand ripples. J. Fluid Mech.
107: 1-35.

187



Longuet-Higgins M. S. and E. D. Cokelet (1976). The Deformation of steep
surface waves on water I. A numerical method of computation. Proc. R. Soc.
Lond. A 350: 1-26.

Longuet-ffiggins M. S. and E. D. Cokelet (1978) The deformation of steep
surface waves on water II. Growth of normal mode instabilities. Proc. R. Soc.
Lond. A 364: 1-28.

Longuet-Higgins M. S. and J. Fenton (1974). Mass, Momentum, Energy and
Circulation of a Solitary Wave, II, Proc. R. Soc. Lond. A 340: 471-493.

Longuet-Higgins M. S. and M. J. H. Fox (1977). Theory of the almost highest
wave: The inner solution. J. Fluid Mech. 80: 721-742.

Longuet-Higgins M. S. and M. J. H. Fox (1978). Theory of the almost highest
wave 1l: Matching and analytic extension. J. Fluid Mech. 85: 769-786.

Longuet-Higgins M. S. and R. W. Stewart (1960). Changes in form of short
gravity waves on long waves and tidal currents. J. Fluid Mech. 8: 565-583.

Longuet-Higgins M. S. and R. W. Stewart (1961). The changes in amplitudes of
short gravity waves on steady non-uniform currents. J. Fluid Afech. 10: 529-
549.

Longuet-Higgins M. S. and R. W. Stewart (1962). Radiation stresses and mass
transport in gravity waves with applications to surf-beats. J. Fluid Mech. 13:
481-504.

Longuet-Higgins M. S. and R. W. Stewart (1964). Radiation stresses in water
waves; a physical discussion with applications. Deep-Sea Res. 11: 529-562.

Longuet-Higgins M. S. and J. S. Turner (1973). A model of flow separation at a
free surface. J. Fluid Mech. 57: 129-148.

Longuet-Higgins M. S. and J. S. Turner ( 1974). An entrainment plume model of
a spilling breaker. J. Fluid Mech. 63: 1-20.

Lozano C. J. and P. L. F. Liu (1980). Refraction-diffraction model for linear
surface water waves. J. Fluid Mech. 101: 705-720.

Lozano C. J. and R. E. Meyer (1976). Leakage and response of waves trapped

round islands. Phys. Fluids 19: 1075-1088.

Ludwig D. (1966). Uniform asymptotic expansions at a caustic. Comm. Pure
APpl. Math. 19: 215-250.

Luneberg R. K. (1964). Mathematical Theory of Optics, University of California
Press, Los Angeles.

Madsen O. S. (1978a). Mass transport in deep-water waves. J. Phys. Ocean 8:
1009- 1015.

Madsen O. S. (1978b). Wave induced pore pressures and effective stresses in a

porous sea bed. Geotechnique 28: 377-393.

Madsen O. S. and W. D. Grant (1976). Sediment transport in the coastal zone.
Parsons Lab., Dept. of Civil Engineering, Massachusetts Institute of
Technology Report 208.

Madsen O. S. and W. D. Grant (1977). Quantitative description of sediment
transport by waves. Proc. ]5th Conf. Coastal Eng. 1093-1112.

Madsen O. S. and C. C. Mei (1969). The transformation of a solitary wave over
an uneven bottom. J. Fluid Mech. 39: 781-791.

Madsen O. S., C. C. Mei and R. P. Savage (1970). The evolution of time-
periodic waves of finite amplitude. J. Fluid Mech. 44: 195-208.

Maeda H., H. Tanaka and T. Kinoshita (1980). Theoretical and experimental
study of wave power absorption. Proc. ]4th Symp. Naval Hydrodyn., The
Ship Building Res. Inst. Japan 857-876.

Mallory J. K. (1974). Abnormal waves on the south cast coast of South Africa.

University of Capetown Libraries, Cape Town.

Martin D. U. and H. C. Yuen (1980). Quasi recurring energy leakage in the two
space dimensional nonlinear Schrbdinger equations. Phys. Fluids 23: 1269-
1271.

Maruo H. (1960). The drift of a body floating on waves. J. Ship Res. 4: 1-10.

Maskell S. J. and F. Ursell (1970). The transient motion of a floating body. J.
Fluid Mech. 44: 203-313.

188



Masuda M. (1979). Experimental full scale result of wave power machine
KAIMEI Proc. Ist. Symp. Wave Energy Utilization, Chaimers Institute of
Technology, Sweden 349-363.

Mattioli F. (1978). Wave-induced oscillations in harbors of variable depth.
Computers and Fluids 6: 161-172.

McCamy R. C. and R. A. Fuchs (1954). Wave forces on a pile: a diffraction
theory. Tech. Memo. No. 69, U.S. Army Board, U.S. Army Corp. of Eng.
McCormick M. E. (1981). Ocean Wave Energy Conversion, Wiley-Interscience,

New York, 233 pp

McKee W. D. (1974). Waves on a shearing current: a uniformly valid asymptotic
solution. Proc. Cambridge Philos. Soc. 75: 295-301.

McKee W. D. (1974). Waves on a shear current: a uniformly valid asymptotic
solution. Proc. Cambridge Philos. Soc. 75: 295-361.

McLean J. W., Y. C. Ma, D. U. Martin, P. G. Saffman, and H. C. Yucn (1981).
A new type of three-dimensional instability of finite amplitude gravity
waves. Phys. Rev. Lert. 46: 817-820.

Mehlum E. and J. Stamnes (1979). Power production based on focusing of ocean

swells. Proc. Ist Wave Energy Utilization, Chaimers Institute of Technology,
Sweden. 29-35.

Mei C. C. (1966a). Radiation and scattering of transient gravity waves by
vertical plates. Q. J. Mech. Appi. Math. 19: 417-440.

Mei C. C. (1966b). On the propagation of periodic water waves over beaches of
small slope. Technical Note 12, Hydrodynamics Laboratory, Massachussetts
Institute of Technology.

Mei C. C. (1973). A note on the averaged momentum balance in two-
dimensional water waves, J. Marine Res. 31: 97-104.

Mei C. C. (1976). Power extraction from water waves. J. Ship Res. 20: 63-66.

Mei C. C. (1978). Numerical methods in water wave diffraction and radiation.
Annual Rev. Fluid Mech., 10: 393-416.

Mei C. C. and D. Angelides (1976). Longshore currents around a conical island.
Coastal Eng. 1: 31-42.

Mei C. C. and H. S. Chen (1975). Hybrid element method for water waves,
Symposium on Modeling Techniques, 2nd Annual Symposimn of the
Waterways Harbors and Coastal Engineering Division American Society of

Civil Engineers, Vol. 1, pp. 63-81.

Mei C. C. and H. S. Chen (1976). A hybrid element method for steady linearized
free surface flows. Inst. J. Num. Math. Eng. 10: 1153-1175.

Mei C. C. and M. A. Foda (1979). An analytical theory of resonant scattering of
SH waves by thin overground structures. Earthquake Eng. Structure
Dynamics 7: 335-353.

Mei C. C. and M. A. Foda (1981a). Wave induced responses in a fluid filled
poro-clastic solid with a free surface - a boundary layer theory. Geophy. J. R.
Astr. Soc. 66: 597-637.

Mei C. C. and M. A. Foda (1981b). Wave induced stresses around a pipe laid on
a poro-elastic sea-bed, Geotechnique. 31: 509-517.

Mei C. C. and M. A. Foda (1982). Boundary layer theory of waves in a poro-
clastic sea bed, Soil Mechanics-Transient and Cyclic Loads, G. N. Pande and
O. C. Zienkiewiez (eds.) 17-35, Wiley, New York.

Mei C. C., M. A. Foda, and P. Tong (1979). Exact and hybrid-element solutions
for the vibration of a thin elastic structure seated on the sea bottom. Appl.
Ocean Res. 1: 79-88.

Mei C. C. and B. LeMehaute (1966). Note on the equations of long waves over
an uneven bottom. J. Geophys. Res. 71: 393-400.

Mei C. C. and P. L. F. Liu (1973). The damping of surface gravity waves in a
bounded liquid. J. Fluid Mech. 59: 239-256.

Mei C. C. and P. L. F. Liu (1977). Effects of topography on the circulation in
and near the surf zone-linear theory. atuary Coastal Marine Sci. 5: 25-37.

Mei C. C., P. L. F. Liu and T. G. Carter (1972). Mass transport in water waves.

189



Parsons Lab., Massachusetts Institute of Technology Report 146: 287.
Mei C. C, P. L. F. Liu and A. T. Ippen (1974). Quadratic head loss and

scattering of long waves. J. Waterway Harbors Coastal Eng. Div. Proc. A
SCE 100, 217-239.

Mei C. C. and R. P. Petroni (1973). Waves in a harbor with protruding
breakwaters. J. Waterways Harbors Coastal Eng. Proc. A SCE 99, 209-229.

Mei C. C. and E. O. Tuck (1980). Forward scattering by thin bodies. STAM J.
Appi. Math. 39:178-191.

Mei C. C. and U. Unluata (1972). Harmonic generation in shallow water waves.
Waves on Beaches, edited by R. E. Meyer, Academic, New York, 181 -202.

Mei C. C. and U. Unluata (1978). Resonant scattering by a harbor with two
coupled basins. J. Eng. Math. 10: 333-353.

Melville W. K. (1980). On the mach reflexion of a solitary wave. 98: 285-297.

Melville W. K. (1982). The instability and breaking of deep-water waves. J.
Fluid Mech. 115, 165-185.

Meyer R. (1955). SymbPtrie du coefficient (complexe) de transmission de houles

A travers un obstacle quelconque. Houille Blanche 10: 139-140.

Meyer R. E. (1970). Resonance of unbounded water bodies. Mathematical
Problenu in Geophysical Sciences. I, Geophysical Fluid Dynamics, American
Mathematical Society, Providence, R.I. 189-227.

Meyer R. E. (1979a). Theory of water-wave refraction. Adv. Appl. Mech. 19:
53-141.

Meyer R. E. (1979b). Surface-wave reflection by underwater ridges. J. Physical
Ocean. 9: 150-157.

Meyer R. E. and A. D. Taylor (1972). Run-up on beaches. Waves on Beaches,
edited by R. E, Meyer, Academic, New York, 357-412.
Miche R. (1944). Mouvements ondulatoires de la mer en profondeur constante

ou dDcroissante form limte de la houle lors de son dDferiement. Application
aux digues maritimes. Ann. Pontes Chaussees 114: 25-78, 131-164, 270-292,

369-406.

Miche R. (1951). Le pouvoir reflechissant des ouvrages maritime exposDs |
l'action de la houle. Ann. Ponts Chaussies 121: 285-319.

Miles J. W. (1957). On the generation of surface waves by shear flows. J. Fluid
Mech. 3: 185-204.

Miles J. W. (1962). Transient gravity wave response to an oscillating pressure. J.
Fluid Mech. 13: 145-150.

Miles J. W. (1967). Surface-wave damping in closed basins. Proc. Soc. Lond. A
297: 459-475.

Miles J. W. (1971). Resonant response of harbors: An equivalent circuit analysis.
J. Fluid. Mech. 41: 241-265.

Miles J. W. (1972). Wave propagation across the continental shelf. J. Fluid
Mech. 54: 63-80.

Miles J. W. (1974). Harbor sciching. Annual Rev. Fluid Mech. 6: 17-35.

Miles J. W. (1976). Damping of weakly nonenear shallow water waves. J. Fluid
Mech. 76: 251-257.

Miles J. W. (1977). Diffraction of solitary waves. J. Appl. Math. Phy. 28: 889-
902.

Miles J. W. (1979). On the Korteweg - deVries equation for a gradually varying
channel. J. Fluid Mech. 91: 181-190.

Miles J. W. (1980). Solitary waves. Annual Rev. Fluid Mech. 12: 11-44.

Miles J. W. and Y. K. Lee (1975). Helraholtz resonance of harbors. J. Fluid
Mech. 67: 445-464.

Miles J. W. and W. Munk (1961). Harbor paradox. J. Waterways Harbors Div.
Proc. ASCE 87: 111-130.

Miline-Thomson M. N. (1967). Theoretical Hydrodynamics, 5th ed. Macmillan.
New York, 630 pp.

Miloh T. (1980). Irregularities in solutions of nonlinear wave diffraction problem

190



by vertical cylinder. J. Waterways, Port Coastal Ocean Eng. Div Proc. A
SCE: 106: 279-284.

Minzoni A. A. (1976). Nonlinear edge waves and shallow water theory. J. Fluid
Mech. 79:369-374.

Minzoni A. A. and G. B. Whitham (1977). On the excitation of edge wave on
beaches. J. Fluid Mech. 79: 273-287.

Miura R. M. (1974). The Korteweg - deVries equation: a model equation for
nonlinear dispersive waves Nonlinear waves, edited by S. Lcibovich and A.
R. Scabass, Cornell University Press, Ithaea, New York, 212-234.

Miura R. M. (1976). The Korteweg - deVries equation-a survey of results. SIAM
Rev. IS: 412-459.

Molin B. (1979). Second order diffraction loads upon three-dimensional bodies.
Appi. Ocean Res. 1: 197-202.

Mollo-Christensen E. and A. Ramamonjiariosa (1978). Modeling the presence of
wave groups in a random wave field. J. Geophys. Res. 83: 4117-4122.

Momoi T. Tsunami in the vicinity of a wave origin (I-IV Bull. Earthquake Res.
Inst. Univ. Tokyo I: (1964a). 42: 133-146; II: (1964b). 42: 369-381; III:
(1965). 43: 53-93; IV: (1965b). 43: 755-772.

Monin A. S. and A. M. Yaglom (1971). Statistical Fluid Mechanics. M.L.T.
Press, Cambridge, 769 pp.

Moore D. (1970). The mass transport velocity induced by the free oscillation of a
single frequency. Geophys. Fluid Dynamics 1: 237-247.

Moraes C. de C. (1970). Experiments of wave reflection on impermeable slopes.
Proc. 12th Conf. on Coastal Eng. ASCE 509-521.

Morse P. M. and H. Feshbach (1953). Methods of Theoretical Physics I and 1,
MeGraw-Hill, New York.

Morse P. M. and K. U. Ingard. (1968). Theoretical Acoustics, McGraw-Hill,
New York.

Munk W. H. (1949a). The solitary wave and its application to surf problems. N.

Y. Acad. Sci. 1: 376-424.

Munk W. H. (1949b). Surf beats. Trans. Am. Geophys. Union 30: 849-854.

Munk W. H., F. E. Snodgrass and G. F. Carrier (1956). Edge waves on the
continental shelf. Science 123: 127-132.

Munk W. H. and M. Wimbush (1969). A rule of thumb for wave breaking over
sloping beaches. Oceano. 9: 56-59.

Murty T. S. (1977). Seismic Sea WavesITsunamis, Bulletin 198, Fisheries and
Environment, Ottawa, Canada.

Mushkelishvilli N. 1. (1954). Some Basic Problems of the Mathematical Theory
of Elasticity. Noordhoff, Leyden, The Netherlands.

Mynett A. E. and C. C. Mei (1982). Wave-induced stresses in a poro-elastic sea
bed beneath a rectangular caisson. Geotechnique 32, No. 3: 235-247.

Mynett A. E., D. D. Serman, and C. C. Mei (1979). Characteristics of Salter's
cam for extracting energy from ocean waves. Appi. Ocean Res. 1: 13-20.

Naheer E. (1978). The damping of solitary waves. Int. J. Hydraul. Res. 16: 235-
249.

Nayfeh A. H. (1973). Perturbation Methods. Wiley, New York.

Newman J. N. (1960). The exciting forces on fixed bodies in waves. J. Ship Res.
6: 10-17.

Newman J. N. (1965). Propagation of water waves past long two-dimensional
obstacles. J. Fluid Mech. 23: 23-29.

Newman J. N. (1967). The drift force and moment on ships in waves. J. Ship.
Res. 11: 51-60.

Newman J. N. (1974). Second-order, slowly-vuying forces on vessels in irregular
waves. Proc. Int. Symp. on the Dynamics of Marine Vehicles and Structures

in Waves, Univ. College, London.

Newman J. N. (1975). Interaction of waves with two dimensional obstacles: a
relation between the radiation and scattering problems. J. Fluid Mech. 71:
273-282.

191



Newman J. N. (1976). The interaction of stationary vessels with regular waves.
Proc. 11th Symp. Naval Hydrodyn., Office of Naval Research 491-502.

Newman J. N. (1979). Absorption of wave energy by elongated bodies. Appi.
Ocean Res. 1: 189-196.

Nielsen A. H. (1962). Diffraction of periodic waves along a vertical breakwater
for small angles of incidence. University of California-Berkeley IER
Technical Report HEL 1-2.

Noda E. K. (1972). Rip currents. Proc. 13th Conf. Coastal Eng. 653-668.

Noda E. K. (1974). Wave-induced nearshore circulation. J. Geophys. Res. 79:
4097-4106.

Noda H. (1968). A study on mass transport in boundary layers in standing
waves. Proc. 11th Conf. Coastal Eng. ASCE 227-235.

Ogawa K. and K. Yoshida (1959). A practical method for a determination of
long gravitational waves. Records Oceangraphic Works Jap 5: 38-50.

Ogilvie T. F. (1960). Propagation of waves over an obstacle in water of finite
depth, University of Califomia-Berkeley, Inst. Eng. Res. Report 82-14.

Ogilvie T. F. (1963). First and second order forces on a cylinder submerged

under the free surface. J. Fluid, Mech. 16: 451-472.

Ogilvie T. F. (1964). Recent progress toward the understanding and prediction of
ship motions. Proc. 5th Symp. Naval Hydrodyn. Office of Naval Research 3-
97.

Ono H. (1972). Wave propagation in an inhornogencous anharmonic lattice, J.
Phys. Soc. Jap. 32: 332-336.
Ono H. (1974). Nonlinear wave modulation in inhomogencous media. J. Phys.

Soc. Japan 37: 1668-1672.

Ostendorf D. W. and O. S. Madsen (1979). An analysis of longshore current and
associated sediment transport in the surf zone, Parsons Laboratory, Dept.
Civil Engineering, Massachusetts Institute of Technology Report 241.

Ostrovsky L. A. and E. N. Pelinovskiy (1970). Wave transformation on the

surface of a fluid of variable depth. A tmos. Oceanic Phys. 6: 552-555.

Ott E. and R. N. Sudan (1970). Damping of solitary waves. Phys. Fluids 13:
1432.

Ozhan E. and H. Shi-igai (1977). On the development of solitary waves on a
horizontal bed with friction. Coastal Eng. 1: 167-184.

Ozsoy E. (1977). Dissipation and wave scattering by narrow openings. Coastal
and Occang. Engineering Lab. University of Florida UFL/ COEL/TR-037.

Pande G. N. and O. C. Zienkiewiez (eds). (1982). Soils Mechanics: Cyclic and
Transient loading Wiley, New York.

Papanikolaou A. and H. Nowacki (1981). Second-order theory of oscillating
cylinders in a regular steep wave. Proc. ]3th Symp. on Naval Hydrodyn.,
Office of Naval Research. 303-333.

Papoulis A. (1968). Systenu and Transfortm with Applications in Optics,
MeGraw-Hill, New York.

Peregrine D. H. (1967). Long waves on a beach. J. Fluid Mech. 27: 815-827.

Peregrine D. H. (1976). Interaction of water waves and currents. Adv. Appl.
Mech. 16: 10-117.

Peregrine D. H. and R. Smith (1975). Stationary gravity waves on non-uniform
free streams. Math. Proc. Cambridge Philos. Soc., 77: 415-438.

Perroud P. H. (1957). The solitary wave reflection along a straight vertical wall
at oblique incidence. University of Califomia-Berkeley IRE Technical Report
99-3.

Phillips O. M. (1957). On the generation of waves by turbulent wind. J. Fluid
Mech. 2: 415-417.

Phillips O. M. (1960). On the dynamics of unsteady gravity waves of finite
amplitude Part I. J. Fluid Mech. 9: 193-217.

Phillips O. M. (1977). Dynamics of the Upper Ocean, 2nd ed. Cambridge

University Press, London.

Pierson W. J., Jr. (1962). Perturbation analysis of the Navier- Stokes equations in

192



Lagrangian form with selected linear solutions. J. Geophys. Res. 67: 3151-
3160.

Pleass C. M. (1978). The use of wave powered system for desalinization-a new
opportunity. Proc. Symp. Wave Tidal Enery. 1, Paper D1-1, BHRA.

Pocinki L. S. (1950). The application of confonnal transformations to ocean
wave refraction problems. Trans. Am. Geophys. Union 31: 856-860.

Prevost J. H. (1980). Mechanics of continuous porous media. J. Eng. Sci. IS:
787-800.

Price W. G. and R. E. D. Bishop, (1972). Probabilistic Theory of Ship Dynamics,
Wiley, New. York.

Putnam J. A. (1949). Loss of wave energy due to percolation in a permeable sea
bottom. Trans. Am. Geophys. Union 30: 349-356.

Putnam J. A., W. H. Munk and M. A. Traylor (1949). The prediction of
longshore currents. Trans. Am. Geophys Union 30: 337-345.

Raats P. A. C. (1968). Forces acting upon the solid phase of a porous medium. J.
Appi. Math. Phys. 19: 606-613.

Radder A. C. (1979). On the parabolic equation method for water wave
propagation. J. Fluid Mech. 95: 159~176.

Raman H., G. V. Prabhakara Rao and P. Venkatanarasalah (1975). Diffraction of

nonlinear waves by a circular cylinder. Acia Mechanica 23: 145- 1 58.

Raman H. and P. Venkatanarasalah (1976). Forces due to nonlinear waves on
vertical cylinders. J. Waterways Harbor, Coastal Engineering Div. ASCE
102: 301-316.

Rayleigh L. (1883). On the circulation of air observed in Kundt's tubes, and
some allied acoustical problems. Philos, Trans. R. Soc. London 175: 1-21.
Rayleigh L. and J. W. Strutt (1897). On the passage of waves through aperatures

in plane screens, and allied problems. Philos. Mag. 43: 259-272.

Riabounchinsky D. (1932). Sur L'anologue hydraulique des mouvements dun

fluid compressible. Institut do France Academic des Sciences. Compies

Rendus. 195: 998.

Richart F. E., Jr., J. R. Hall, Jr. and R. D. Woods (1969). Vibration of Soils and
Foundations, Prentice-Hall, Englewood Cliffs, N.J.

Richey E. P. and C. K. Sollitt (1969). Attenuation of deep water waves by a
porous-walled breakwater. Dept. of Civil Engineering University of
Washington, Scattle, Technical Report 25.

Rienecker M. M. and J. D. Fenton (1981). A Fourier approximation for steady
water waves. J. Fluid Mech. 104: 119-137.

Riley N. (1967). Oscillatory viscous flows: review and extension. J. Inst. Math.
Appl. 3: 419-434.

Risser J. F. (1976). Transient Response in Harbors, Master of Science Thesis.

Dept. of Civil Engineering, Massachusetts Institute of Technology.

Rockliff N. (1978). Finite amplitude effects in free and forced edge waves. Math.
Proc. Cambridge Philos. Soc. 83: 463-479.

Rogers S. R. and C. C. Mei (1978). Nonlinear resonant excitation of a long and
narrow bay. J. Fluid Mech. 88: 161 - 180.

Roseau M. (1952). Contribution a la theoric des ondes liquides do gravite on
profondeur variable. Pub. Sci. Tech. Due MinistPre do 1'Air, 275.

Roseau M. (1976). Asymptotic Wave Theory, North-Holland, Amsterdam.

Roskes G. (1969). Wave Envelopes and Nonlinear Waves, Ph.D. Thesis, Dept.
of Mathematics, Massachusetts Institute of Technology.

Russell J. S. (1838). Report of the Committee on Waves. Rep. Meet. Br Assoc.
Adu. Sci. 7th. Liverpool, 1837, John Murray, London, 417-496.

Russell J. S. (1845). Report on waves. Rep. Meet. Brit. Assoc. Adv. Sci. 14th
York, 1844, John Murray, London, 311-390.

Russell R. C. H. and J. D. C. Osorio (1957). An experiment investion of drift
profiles in a dosed channel. Proc. 6th Conf. Coastal Eng. ASCE 171-193.

Salter S. (1974). Wave power, Nature 249: 720-724.



Salter S. H. (1979). Recent progress on ducks. Proc. 1st Symp. Wave Energy
Utilization, Chalmers Institute of Technology, Sweden. 36-76.

Sarpkaya T. and M. St. Q. Issacson (1981). Mechanics of Wave Forces on
Offshore Structures, Van Nostrand Reinold, New York.

Satsuma J. and N. Yajima (1974). Initial value problems of One-dimensional
self-modulation of nonlinear waves in dispersive media. Suppl. Progr. Theor.
Phys. 55, 284-306.

Sauvage de Saint Mare, M. G., and M. G. Vincent (1955). Transport littoral
formation de fleches et de tombolos. Proc. of 5th Conf. Coastal Eng. ASCE
296-328.

Schlichting H. (1968). Boundary Layer Theory, 6th ed, MeGraw-Fhil, New
York.

Schonfeld J. C. (1972) Propagation of Two Dimensional Short Waves. Delft
University of Technology Manuscript (in Dutch).

Schwartz L. W. (1974). Computer extension and analytic continuation of Stokes'
expansion for gravity waves. J. Fluid Mech. 62: 553-578.

Schwartz L. W. and J. D., Fenton, (1982). Strongly nonlinear waves. Ann. Rev.
Fluid Mech. 14: 39-60.

Scott A. C., F. Y. F. Chu and D. W. MeLaughfin (1973). The soliton: a new
concept in applied science. Proc. IEEE 61: 1443-1483.

Seed H. B. and K. L. Lee (1966). Liquefaction of saturated sands during cyclic
loading. J. Soil Mech. Found. Div. A SCE 92: 105-134.

Seed H. B. (1968). The Fourth Terzag)fi Lecture: Landsides during earthquakes
due to liquefac- tion. J. Soil Mech. Found. Div. A SCE 94: 1053-1122.

Segur H. (1973). The Korteweg - deVries equation and water waves. Solution of
the equation: Part I. J. Fluid Mech. 59: 721-736.

Serman D. D. (1978). Theory of Salter's wave energy device in random sea.

Master of Science Thesis, Dept. of Civil Engineering, Massachusetts Institute

of Technology.

Seto H. and Y. Yamamoto (1975). Finite element analysis of surface wave
problems by a method of surperposition. Proc. Inst. Int. Conf. Num. Ship
Hydrod. David Taylor Naval Ship Res. and Devel. Center, 49-70.

Shen M. C. and R. E. Meyer (1963a). Climb of a bore on a beach-Part II.
Nonuniform beach slope. J. Fluid Mech. 16: Part I, 108-112.

Shen M. C. and R. E. Meyer (1963b). Climb of a bore on a beach-Part III. Run-
up. J. Fluid Mech. 16: Part I, 113-125.

Shepard F. P. (1963). Submarine Geology, 2nd ed., Harper and Row, New York.

Shepard F. P. and H. R. Wanless (1973). Our Changing Coastlines, MeGraw-
Hill, New York.

Shimano T. M. Hom-ma and K. Horikawa (1958). Effect of a jetty on nearshore
currents. Coastal Eng. Japan 1: 45-58.

Simon M. J. (1981). Wave energy extractions by submerged cylindrical resonant
duct. J. Fluid Mech. 104: 159-181.

Sitenko A. G. (1971). Lectures in Scattering Theory. Pergamon, New York.
Skovgaard O., I. G. Jonsson, and J. A. Bertelsen (1976). Computation of wave

heights due to refraction and friction. J. of Waterways Harbors and Coastal
Eng. Div. ASCE. 102: 100-105.

Sleath J. F. A. (1970). Velocity measurements close to the bed in. a wave tank. J.
Fluid Mech. 42: Part I, 111- 123.

Smith J. D. and S. R. McLean (1977). Spatially averaged flow over a wavy
surface. J. Geophy. Res. 82: 1732-1746.

Smith R. (1976). Giant waves. J. Fluid Mech. 77: 417-43 1.

Smith R. and T. Sprinks (1975). Scattering of surface waves by a conical island.
J. Fluid Mech. 72: 373-384.

Sneddon I. N. (1951). Fourier Transforpm, McGraw-thll, New York.

Snodgrass F. E., W. H. Munk and G. R. Miller (1962). Long period waves over
California's continental borderland, part I. background spectra. J. Marine Res.
20: 3-30.

194



Sonu C. J. (1972). Field observation of nearshore circulation and meandering
currents. J. Geophys. Res. 77: 3232-3247.

Srokosz M. A. (1979). Some theoretical aspects of wave power absorption. Ph.D.
Thesis, Dept. of Appi. Math., University of Bristol.

Srokosz M. A. (1980). Some relations for bodies in a canal, with an application
for wave power absorption, J. Fluid Mech. 99: 145-162.

Stiassnie M. and U. I. Kroszynski (1982). Long-time evolution of an unstable
water-wave Train. J. Fluid Mech. 116: 201-225.

Stiassnie M. and D. H. Peregrine, (1979). On averaged equations for finite
amplitude water waves. J. Fluid Mech. 94: 401-407.

Stiassnie M. and D. H. Peregrine, (1980). Shoaling of finite-amplitude surface
waves on water of slowly-vuying depth. J. Fluid Mech. 97: 783-805.

Stoker J. J. (1948). The formation of breakers and bores. Comm. Pure and Appl.
Math. 1: 1-87.

Stoker J. J. (1956). On radiation conditions. Comm. Pure Appi. Math. 9: 577-
595.

Stoker J. J. (1957). Water Waves. Interscience, New York.

Stokes G. G. (1847). On the theory of oscillatory waves. Trans. Cambridge
Philos. Soc. 8: 441-455. Reprinted in Math. Phys. Papers Cambridge
University Press, London, Vol. 1, 314-326.

Stoll R. D. and G. M. Bryan (1970). Wave attenuation in saturated sediments. J.
A coust. Soc. Am. 47: 1440-1447.

Stuart J. T. (1966). Double boundary layers in oscillatory viscous flow. J. Fluid
Mech. 24: 673-687.

Su C. L. (1973). Asymptotic solutions of resonances in harbors with connected
basins. J. Waterways Harbor Coastal Eng. Div. ASCE 375-391.

Susbielles G. and Ch. Bratu, (1981). Vagues et Quvrages Petroliers en Mer
Editions Tecbnip 27, Paris.

Svensen I. A. (1967). The wave equation for gravity waves in water of gradually

varying depth. Technical University Denmark, Coastal Engineering Lab.
Progress Report 15.

Tam C. K. W. (1973). Rip currents. J. Geophys. Res. 78: 1937-1943.

Tappert F. D. (1977). The Parabolic Approximation, Wave Propagation and
Underwater A cous- tics, 224-287, edited by J. B. Keller and J. S. Papadakis,
Springer-Verlag, Berlin.

Tappert F. D. and N. J. Zabusky (1971). Gradient-induced fission of solitons.
Phys. Rev. Lett. 27: 1774-1776.

Terrett F. L., F. D. C. Osorio and G. H. Lean (1968). Model studies -of a
perforated breakwater, Proc. 11 th Conf Coastal Eng. ASCE 1104-1109.

Terzaghi K. (1954). Theoretical Soil Mechanics, Wiley, New York,

Thomas J. R. (1981). The absorption of wave energy by a three-dimensional
submerged duct. J. Fluid Mech. 104: 189-215.

Thornton E. B. (1970). Variation of longshore current across the surf zone. Proc.
]2th Cmstal Eng. Conf. ASCE 291-308.

Tong P. P., T. H. H. Pian and S. J. Lasry (1973). A hybrid-element approach to
crack problems in plane elasticity. Int. J. Num. Methods Eng. 7: 297-308.
Tong P. and J. N. Rossettos (1976). Finite Element Method, M.I.T. Press,

Cambridge, Mass.

Tuck E. O. (1971). Transmission of water waves through small apertures. J.
Fluid Mech. 49: 65-73.

Tuck E. O. (1975). Matching problems involving flow through small holes. Adv.
Appl. Mech. IS: 90-158.

Tuck E. O. (1976). Some classical water-wave problems in variable depth,
Waves on Water of Variable Depth, edited by D. G. Provis and R. Radak,
Lecture Notes in Physics no 64, Springer-Vertag, New York.

Tuck E. O. and L. S. Hwang (1972). Long wave generation on a sloping beach.
J. Fluid Mech. 51: 449-461.

Tucker M. J. (1950). Surf beats: Sea waves of 1 to 5 min. period. Proc. R. Soc.

195



Lond. A 202: 565-573.

Turpin F. M., C. Benmoussa and C. C. Mei (1983). Evolution of finite amplitude
surface waves over slowly varying depth and cuffent. J. Fluid Mech. 132: 1-
23.

Unluata U. and C. C. Mei (1970). Mass transport in water waves. J. Geophys.
Res. 7611-7618.

Unluata U. and C. C. Mei (1973). Long wave excitation in harbors - an analytic
study. Dept. of Civil Engineering, Massachusetts Institute of Technology
Technical Report 171.

Unluata U. and C. C. Mei (1975). Effects of entrance loss on hkbor oscillations.
J. Waterways Harbors and Coastal Eng. Div. ASCE 101: 161-180.

Unluata U. and C. C. Mei (1976). Resonant scattering by a harbor with two
coupled basins, J. Eng. Math. 10: 333-353.

Ursell F. (1947). The effect of a vertical barrier on surface waves in deep water.
Proc. Cambridge Philos. Soc. 47: 374-82.

Ursell F. (1948). On the waves due to the rolling of a ship. Q. J. Mech. Appl.
Math. 1: 246-52.

Ursell F. (1952). Edge waves on a sloping beach. Proc. R. Soc. Lond. A 214: 79-
97.

Ursell F. (1953). The long wave paradox in the theory of gravity waves. Proc.
Cambridge Phil. Soc. 49: 685-694.

Ursell F. (1964). The decay of the free motion of a floating body. J. Fluid Mech.
19: 305-319.

Ursell F. (1981). Irregular frequencies and the motion of floating bodies. J. Fluid
Mech. 105:143 -156.

U.S. Army Coastal Engineering Research Center (1975). Shore Protection
Manual, Vols. I-III, U.S. Government Printing Office, Washington, D.C.

Van Dorn W. G. (1966). Boundary dissipation of oscillatory waves. J. Fluid
Mech. 24: 769-779.

Van Dom W. G. (1968). Tsunamis. Contemp. Phys. 9: 145-164.

Verruijt A. (1969). Elastic storage of aquifers. Flow through Porous Media,
edited by R. J. M. DeWiest, Academic, New York.

Vinje T. and P. Brevig (1981a). Nonlinear ship motions. Proc. 3rd Int. Symp.
Num. Ship Hydrodyn. Paris.

Vinje T. and P. Brevig (1981b). Numerical simulation of breaking waves. Adv.
Water Res 4: 77-82.

Vitale P. (1979). Sand bed friction factors for oscillatory flows. J. Waterways,
Port Coastal Ocean Div. ASCE 105: 229-245.

Von Kerczek C. (1975). Numerical solution of naval free surface hydrodynamics
problems. Proc. 1st Int. Conf. Num. Ship Hydrodyn., edited by J. W. Schot
and N. Salvesen, David Taylor Naval Ship Research and Development
Center, 1-47.

Wait J. (1962). Electromagnetic Waves in Stratified Media, Pergamon, New
York.

Wang C. Y. (1968). On high-frequency oscillatory viscous flows. J. Fluid Mech.
32: 55-68.

Watson G. N. (1958). A Treatise on the Theory of Bessel Functions, Cambridge
Uffiversity Press, London.

Weggel J. R. (1972). Maximum breaker height. J. Waterways, Harbours Coastal
Eng. Div. ASCE. 98: 529-548.

Wehausen J. V. (1967). Initial value problem for the motion in an undulating sea
for a body with a fixed equilibrium position. J. Eng. Math. 1: 1-19.

Wehausen J. V. (1971). The motion of floating bodies. A nn. Rev. Fluid Mech.
3:237-268.

Wehausen J. V. (1980). Perturbation methods in diffraction. J. Waterways Port
Coa8tal Ocean Eng. Div. 2: 290-291.

Wehausen J. V. and E. V. Laitone (1960). Handbuch der Phyvik, edited by W.
Fliigge, vol. 9, pp. 446-778. Springer-Veriag, Berlin.

196



West B. J. (1981). Deep Water Gravity Waves. Springer-Verlag, Berlin.

Whitham G. B. (1962). Mass, momentum and energy flux in water waves. J.
Fluid Mech. 12: 135-147.

Whitham G. B. (1965). Nonlinear dispersive waves. Proc. R. Soc. Lond. A 283:
238-261.

Whitham G. B. (1967). Nonlinear dispersion of water waves. J. Fluid Mech. 27:
399-412.

Whitham G. B. (1974). Linear and Nonlinear Waves, Wiley-Interscience, New
York.

Whitham G. B., (1976). Nonlinear effects in edge waves. J. Fluid Mech. 74: 353-
368.

Wiegel R. L. (1960). A presentation of enoidal wave theory for practical
application. J. Fluid Mech. 7: 273-286.

Wiegel R. L. (1964). Oceanographical Engineering, Prentice-Hall, Englewood
Cliffs, N.J.

Wilson B. W. and A. Torum (1968). The tsunami of the Alaskan earthquake

1964: engineering evaluation. Technical Memo. No. 25 Coastal Engineering
Research Center, U.S. Army Corps. of Engineers.

Wirt L. and T. ffiggins (1979). DAM-ATOLL: Ocean Wave Energy Extraction,
Marine Technology Society Meeting, New Orleans, La., Oct. 11-12.

Wooley M. and J. Platts (1975). Energy on the crest of a wave. New Scientist 66:
241-243.

Wu T. Y. (1957). Water waves generated by the transiatory and oscillatory
surface disturbance. California Institute of Technology, Engineering Division
Report No. 85-3.

Yamaguchi M. and Y. Tsuchiya. (1974). Non-linear effect of waves on wave
pressure and wave force on a large cylindrical pile. Proc. Civil. Eng. Japan
229: 41-53 (in Japanese).

Yamamoto T. (1977). Wave induced instability in scabeds. Proc. ASCE

Specialty Conf.: Coastal Sediments. Charleston, South Carolina.

Yamamoto T. (1982). Nonfinear mechanics of ocean wave interaction with
sediment beds. Appl. Ocean Res. 4: 99-106.

Yamamoto T., H. L. Koning, H. Selimeigher and E. V. Hijum (1978). On the
response of poro-elastic bed to water waves. J. Fluid. Mech. 87: 193-206.

Yeung R. W. (1975). A hybrid integral equation method for time-harmonic free
surface flow. Proc. Ist Int. Conf. Num. Ship Hydrodyn. David Taylor Naval
Ship Research and Development Center 581-607.

Yeung R. W. (1982). Numerical methods in free-surface flows. Ann. Rev. Fluid
Mech. 14: 395-442.

Yue D. K. P. (1980). Numerical theory of Stokes wave diffraction at grazing
incidence, Se.D. Thesis, Department of Civil Engineering, Massachusetts
Institute of Technology.

Yue D. K. P., H. S. Chen and C. C. Mei (1976). Water wave forces on three-
dimensional bodies by a hybrid element method. Parsons Laboratory, Dept.
of Civil Engineering, Massachusetts Institute of Technology Technical
Report 215.

Yue D. K. P, H. S. Chen and C. C. Mei (1978). A hybrid element method for
diffraction of water waves by three-dimensional bodies. Int. J. Num. Methods
Engineering 12: 245-266

Yue D. K. P., and C. C. Mei (1980). Forward diffraction of Stokes waves by a
thin wedge. J. Fluid Mech. 99: 33-52.

Yuen H. C. and W. E. Ferguson, Jr. (1978a). Relationship between Benjamin-
Feir instability and recurrence in the nonlinear Schrodinger equation. Phys.
Fluids 21: 1275-1278.

Yuen H. C. and W. E. Ferguson, Jr. (1978b) Fermi-Pasta-Ulam recurrence in the
two space dimensional nonlinear Schrodinger equation. Phys. Fluids 21:
2116-18.

Yuen H. C. and B. M. Lake (1975). Nonlinear deep water waves: Theory and

197



experiment. Phys. Fluids 18: 956-960.

Yuen H. C. and B. M. Lake (1980). Instabilities of waves on deep water. Ann.
Rev. Fluid Mech. 12: 303-334.

Zabusky N. J. (1968). Solitons and bound states of the time independent
Schrondinger equation. Phys. Rev. 168: 124-128.

Zabusky N. J. and C. J. Galvin (1971). Shallow-waterwaves, the Korteweg-
deVries equation and solitons. J. Fluid Mech. 47: 811-824.

Zabusky N. J. and M. D. Kruskal (1965). Interaction of solitons in a collisionless
plasma and the recurrence of initial states. Phy. Rev. Lett. IS: 240.

Zakharov V. E. (1968). Stability of periodic waves of finite amplitude on the
surface of a deep fluid. J. Appl. Mech. Tech. Phys. 2: 190-194.

Zakharov V. E. and A. B. Shabat (1972). Exact theory of two-dimensional shelf-
focusing and one-dimensional self modulation of waves in nonlinear media.
Sov. Phys. JETP 34: 62-69.

Zakharov V. E. and A. B. Shabat (1973). Interaction between solitons in a stable
medium. Sov. Phys. JETP 37: 823-828.

Zenkovich V. (1967). Processes of Coastal Development. Oliver and Boyd,
London.

Zienkiewicz O. C. (1971). Finite Element Method in Engineering Science,
McGraw-Hill. New York.

198



	pages_from_dongluchocungdungsongmatdaiduong_1_5667.pdf
	pages_from_dongluchocungdungsongmatdaiduong_2_4256.pdf
	pages_from_dongluchocungdungsongmatdaiduong_3_5083.pdf
	pages_from_dongluchocungdungsongmatdaiduong_4_2765.pdf
	pages_from_dongluchocungdungsongmatdaiduong_5_8552.pdf
	pages_from_dongluchocungdungsongmatdaiduong_6_9067.pdf
	pages_from_dongluchocungdungsongmatdaiduong_7_2354.pdf

