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Huéng din sinh vién doc gido trinh

Pay 1a gido trinh Giai tich 1 danh cho sinh vién nim thi nh4t nganh Todn hay nganh
Todn Tin. Noi dung dé cip d&€n mot s6 khdi niém cd ban nhat clia gidi han diy va
chudi s6 thuc, tinh lién tuc, phép tinh vi phan va tich phian clia ham s6 mot bién s6
thue. PE doc dudc gido trinh nay sinh vién chi cin biét chit it 1y thuyét tip hdp va
dnh xa, cing v6i mot vai 1y luan logic todn cidn bdn (e.g. qui tic tam doan luin,
phuong phdp phén ching, phuong phdp qui nap). Gido trinh dugc trinh bay theo 161
tuyén tinh, vdy ngudi doc 1dn dau nén doc 1an ludt tirng phin theo thit tu.

e A 2 . 2 s [N N . ~ . A A ~ ~ .
bé doc mot cdch tich cuc, sau cdc khdi ni€m va dinh ly sinh vién nén doc ky cédc vi
du, 1am mot s6 bai tip néu lién d6. Ngoai ra hoc todn phadi 1am bai tip. Mot s6 bai
tap cin bdn nhit clia mdi chuong dudc néu & phan cudi clia gido trinh.

V& nguyén tic nén doc moi phan cda gido trinh. Tuy vy, cé thé néu & diy mot s&
di€ém cin luu y & tiing chuong:

I. S6 thuc - Day s6. LAn dau doc c6 thé bd qua: khdi niém gidi han trén, gidi han
duéi (6 2.4), tinh khdong d€m dugce clia R (muc 4.5)

I1. Giéi han va tinh lién tuc.

IIL. Phép tinh vi phan. Lin ddu doc c6 thé bd qua: khido sit tinh 16i (muc 4.5), vé
dudng cong (muc 4.7).

IV. Phép tinh tich phan. K§¥ thuit tinh tich phin (muc 1.4) nén doc khi lam bai tip.
V. Chudi s8. C6 thé bé qua Pinh Iy Riemann (muc 1.4).

Pé viéc tu hoc c6 k&t qui tot sinh vién nén tham khdo thém mdt so tai liéu khéac c6
ndi dung lién quan (dic biét 12 phdn huéng din gidi cic bai tip). Khé c6 thé néu hét
tai liéu nén tham khdo, & day chi dé nghi cdc tai liéu sau (bing ti€ng Viét):

[1] Jean-Marier Monier, Gidi tich 1 , NXB Gido duc.

[2] Y.Y. Liasko, A.C. Boiatruc, IA. G. Gai, G.P. Gblovac, Gidi tich todn hoc - Cdc
vi dy va cdc bai todn, Tap I va Phan I (Tap II), NXB Pai hoc va trung hoc chuyén
nghiép.

Ngoai ra, sinh vién nén tim hi€u va s& dung mot s6 phan mém mdy tinh hd trg cho
viéc hoc va lam todn nhu Maple, Mathematica,...

Chdc cdc ban thanh cong!
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I. S¢ thuc - Day s

Chuong nay sé& dé cAp dén tip cdc so thuc, 1a tdp nén cho cdc nghién ctu & céc
chuong sau. Phan ti€p theo s& nghién cifu dén diy sd thuc cling v6i khdi niém co
bdn nhit clia gidi tich: gidi han.

I. S6 thuc

Tap hop cdc s6 hitu ti rdt thuan tién khi bi€u dién va thyc hién cic phép todn trén
cdc s8, nhung né khong dd ding. Ching han, di tir 1du ngudi ta nhin thdy dudng
chéo ciia hinh vudng 1a vo udc. N6i mot cdch s& hoc, khong c6 s6 hitu ti ¢ ndo ma
¢®> = 2, i.e. /2 khong 1a s¢ hitu ti. Nhu vdy, ta cAn m§ rong tip s6 hitu ti d€ c6
thé do hay bi€u dién moi do dai. Tap cidc s6 dudc thém vio goi 1a cdc sd vé ti, con
tAp md rong goi 12 tap cac sé thue. C6 nhiéu phuong phap xdy dung tip cdc sO thuc.
Trong gido trinh ndy ta diing phuong phdp tién dé.

1.1 Céc tién dé. Tap cic so thyc R 12 mot trudng 8, dugc sip thi ty toan phan va
diy dd, i.e. R thod 3 tién dé sau:

e Tién dé vé ciu tric trudng. Trén R c6 phép cong va nhin:
+:RxR—=R, (z,y)—z+y
: RxR =R, (z,y) — zy
Hai phép todn trén théa man:

v,y T4y = y+z (tinh giao hodn)

Y,y z (x+y)+z = x4+ @y+2) (tinh k&t hgp)

30, Vz, z+0 = x (0 goi 1a s§ khong)

Vo, d—x z+(—z) =0 (—x goi la phan t doi cla z)

Ve, y xy = yx (tinh giao hodn)

Yz, y, 2z (zy)z = xz(yz) (tinh k&t hop)

31 #0,Vz lx = x (1 goi la s& mot)

Vo # 0,327 xz! =1 (x~! goi 1a phan ti nghich ddo clia x)
Y, y, 2z x(y+ 2) = zy+az (tinh phan phdi)

e Tién dé vé thit ty. Trén R ¢ mot quan hé th ty toan phin < thda mén:

v,y z <y hoic y<=zx

Vx r<w (tinh phdn xa)
Y,y r<y, y<ax = x=y (tinh d&i xdng)
Vx,y, 2 r<y, y<z = <z (tinh bic cau)
Vx,y, z x <y = x+z2<y+z

v,y 0<z, 0<y = 0< a2y

e Tién dé vé can trén ding. Moi tip con cia R khédc tréng va bi chin trén déu ton
tai can trén ding thuéc R.



Cédc khdi niém bi chin trén va cin trén ding sé dugc 1am r6 sau. Truéc hét ta
c6 dinh ly sau (khdng chitng minh)

Pinh ly. Ton tai duy nhdt truong sé thuc R.
Tinh duy nhat theo nghia 12 né€u R’ 1a mdt trudng so thuc, thi tdn tai mdt song dnh
gitta R va R’ bdo toan cdc phép todn cOng, nhan va bdo toan thd tu.

Cac ky hiéu va thuit ngi.

n n
DA4u tdng: Z x; =x1 + -+ x, DAu tich: H Ty =T Tp.
=1 i=1
Phép trit: =z —y=x + (—y) Phép chia: L Ty
Yy

-1

So sdnh:
x <y cdn vi€t y > x, doc 1a “x bé hon hay bing y” hay “ y 16n hon hay biing z”.
x <yhay y>xnéuux <yvax#uy, docla “x bé hon y” hay “y 16n hon 2.
Néu 0 < z, thi z goi la s6 duong. Néu z < 0, thi z goi 1a s& am.

Khoéng:
khodng mé§ (a,b) ={r € R:a <z < b},
khodng déng hay doan [a,b] = {xr € R:a <z < b}.
Tuong tu, dinh nghia khodng ntta déng, nita mé [a, b), (a, b].

Bi€u dién hinh hoc. R dugc bi€u di&n bing mot dudng thing, trén d6 cd dinh
mot géc O tng vdi sd 0, c6 dinh mot diém 1 # 0 Gng vdi s8 1, va dinh huéng duong
la huéng tir 0 d&€n 1. Khi d6, mdi di€m M trén dudng thing tuong Gng véi mot s&
thuc goi 12 do dai dai s6 cia OM (duong n€u M va 1 cing mdt phia d6i v6i 0, Am
néu khac phia).

M <0 0 1 M >0

1.2 Supremum - Infimum.

Tap A C R goi 1a bi chin trén néuu tén tai b € R, sao cho x < b,Vx € A.

Khi d6 b goi 1a mot can trén cua A.

Tap A C R goi 1a bi chin duéi né&uu ton tai a € R, sao cho a < x,Vx € A.

Khi d6 a goi 1a mot can duéi cua A.

MOt tap bi chin néuu né vira bi chin trén vira bi chin dudi.

b* goi 1a can trén diing ciia A, ky hiéu b* = sup A, n€uu b* 1a cin trén bé nhit cda A.
a* goi 12 can dudi ding ctia A, ky hiéu a* = inf A, n€uu a* 12 cin dudi 16n nhat cda A.
Vidy. Cho A= {13 ... Z=L ...} KhidésupA=1,infA=1.

Vidu. Tap A = {q: qla sd hitu ti va ¢ < 2} 1a tap khéc trong, bi chin. Theo tién dé
vé cin trén ding ton tai a* = inf A va b* = sup A thudc R. Tuy A 13 tdp con cla tap
céc 8 hitu ti nhung a* va b* déu khong 1a s6 hitu ti, vi khong c6 s6 hitu ti ¢ ma ¢2 = 2.

Nhian xét. Tap cédc s6 hitu ti 12 mot trudng duge sip thi tu, i.e thod hai tién dé
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ddu ctia 1.1. Vay tién dé tht ba vé cin trén ding la cdt yéu ddi vdi trudng s thuc.
V& miit hinh hoc, tip R ‘lam diy’ cdc chd tréng cda tip cic s6 hitu ti trén dudng thing.

Khong nhat thi€t sup A € A hay inf A € A. Khi ching thudoc A, ta dinh nghia:
M 1a phin tif 16n nhit cta A va ky hiéu M = max A, n€uu M =sup A va M € A.
m 12 phdn ti¥ bé nhat ciia A va ky hiéu m = min A, n€uu m = inf A vd m € A.

Bai tip: Cho A C R 1a tip bi chdn trén. Chitng minh: a = sup A khi va chi
khi a 1a mOt cidn trén cia Ava Ve > 0,3z, € A:a — € < x,

1.3 Céc tap con N,Z Q. Tap céc sd thyc chita cdc tap s6 tu nhién, tdp s& nguyén,
tap s6 hitu ti dugc ky hiéu va dinh nghia tuong dng:

lk
T lan
N ={n: n=0hay n=1+---+11}
Z ={p: peNhay —peN}
/

Q :{g: peZ geN, ¢#0}/ ~, trong d6 quan hé %Ng(:) pqd —qp =0
Céc tinh chit quen biét vé sd & bac trung hoc déu cé thé chitng minh dya vao céc
tién dé néu trén.

1.4 Tri tuyét déi. Cho z € R. Tri tuyét ddi cia x:

x néu x>0
2| = —z nfu <0

Tinh chat. V6i moi s thuc z,y ta c6:
7| >0, |zy| = [z]lyl, |v +y[ < |2|+|y| (bdt ding thic tam gidc).

1.5 C4c hé qua. Tir hé tién dé ta suy ra mot s6 hé qlia quan trong sau
Nguyén 1y Archimede. Véi moi x € R, tén tai n € N, sao cho x < n.

Chitng minh: Gia st ngugc lai: n < z,Yn € N. Theo tién dé vé cin trén diing
ton tai a = sup N.
Do dinh nghia vé& sup, tdn tai ng € Nma a—1 < ng. Suyraa <ng+1 € N, voly. O

Bai tdp: Chitng minh:

(1) Moi z,y > 0 déu tdn tai n € N, sao cho z < ny.
N 1

(2) Moi x >0 déutdntain € N, saocho 0 < — < z.

n
(3)Moix >0déutdontain € N,saocho n <z <n+1.

Phan nguyén ciia z € R, dugc ky hiéu va dinh nghia:

[] = sO nguyén nthédan <z <n-+1

Bai tdp: Tinh [0, 5], [—2,5],[0,0001].



Tinh tri mit cia sé hitu ti trong R.
Véi moi x,y €R, v <y, ton tai r € Q sao cho x < r < y.
Véi moi x € R, vdi moi € > 0, ton tai v € Q, sao cho |z — 1| < e.

Chitng minh: Hai phét biéu trén 1a tuong duong (?).
Theo nguyén Iy trén, tdbn tai n € N: 0 < — <y — .
n

N . . 1
T6nta1m6N:m§m@<m—|—1,1.e.mgx —m+ .
n
1 1 1
Suyrar= """ € Q, théa: <= =l s crr )=y O
n non

Bai tip: Chdng minh tinh trit mat cda sé vo ti trong R.

Nhin xét. Nhu vay, tip s hitu ti cling nhu tap s6 vo ti déu tri mat hay ‘day dic’
trén dudng thing thuc. Phan cudi chuong sé& thiy tap sd vo ti ‘nhiéu hon’ tip sd hitu ti.

Cin biac n cia s6 duong. Vdi moi s6 thuc * > 0 va n € N\ {0} ton tai duy
nhdt s6 thic y > 0, sao cho y"™ = z.
Khi d6 ta goi y 12 cin bac n cia x va ky hiéu y = {/x.

Chitng minh: Xéttip A = {t € R : t" < x}. D& thdiy A # () (vi chita t = 0)
va bi chin trén (bdi 1 4 x). Vay tdn tai y = sup A.

Ta chiing minh y" = x:

Gid st y" < x. Khi d6 v6i 0 < h < 1tacd

n
(y+h)" <y"+ h(z Cﬁyn_k) ="+ h((y+1)" —y")
k=1
iyn
W) =" va h <1, thi (y+h)" <z ie y+hecA m
Y -y
y+h>y=supA, voly.

Gid st y” > x. Lap ludn tuong ty nhu trén ta tim dudgc k >0, (y — k)" >z, iey—k
1a mdt chiin trén cia A bé hon y = sup A4, vo6 1y. O

Vay néu chon 0 < h <

Nhan xét. Nhu vdy trén R con c6 phép todn 14y cin, ching han v/2,v/3, ¥/5, v/16.
Bai tap: Céc s6 néu trén, s6 ndo vd ti? s6 nao hitu ti?

1.6 Tap s6 thuc mé rong R. Trong nhiéu trudng hop ta cin dén cic s6 ‘vd cling
16n°. Ky hiéu co goi 1a vé cang va tip R = R U {400, —00}.
Qui udc: Véimoi z € R, —oco <z < 400 va

x4+ (+00) = 400, x4 (—0) = —0

z(+00) = 400 néu x> 0, z(+00) = —oc0 néu z <0
B
+00 —00

Nhéan xét. Khong thé dinh nghia hgp 1y: oo — oo, 0 oo,
Khi tip con A khdng bi chin dudi (trén) ta ky hiéu inf A = —oo (sup A = +00).

g3
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2. Day 6.

2.0 Khai niém.
Khi thyc hién phép chia 1 cho 3 ta 1an lugt ¢6 cdc s6 hang:

0 0,3 0,33 0,333 0,3333
Archile 1du611r1‘1a 1/.'21 chlay nhanh gip ddi ria nén khodng cich rit ngin dan:

5 2 25 o ,

Thong tin lan truyén ct mdt ngudi biét thi sau d6 lai thong tin cho mdt ngudi khac:

1 2 22 2% 21
Day 0-1:

01 01 01
Céc diu chadm cham d€ chi cdc s con ti€p tuc, ti€p tuc nita.
Nhan xét.
e Céc vi du trén cho cdc day c6 tinh v6 han va cé thit ty.
e Céc s6 hang ciia ddy ddu ‘cang ngdy cang gin’ 1, cdc s6 hang cda ddy thd nhi
‘cang ngdy cang gin’ v6i 0. Con cdc sd hang clia didy thi ba ‘cang ngay cang rat
16n°. Ddy cudi cliing c6 cdc s6 hang giao dong.

2.1 Day s6. Mot day sé trong X C R 13 bd vd han ¢6 thit ty cdc s§ trong X:

(Tn)neNn = o, T1, T2, T3, - -

Mot cdch chinh xdc, mot ddy trong X 12 mot dnh xa z: N — X, n — x, = z(n)
V& mit hinh hoc, diy trén dugc bi€u dién bdi dd thi cia né trong mit phing R?, i.e.
diy di€ém { (n,x,): neN}

Y

o1 2 3 -« - n o +o0

Tap céc s6 ty nhién N = {0,1,2,---} 1a v0 han (n€u n € N, thi n +1 € N) va
c6thi tr (0 <1<2<3<---), nén dugc diung dé ‘ddnh s6° cdc s hang cia day.

Thudng ngudi ta cho diy sd bing cdc phuong phép:

e Liét ké. Vidu: cdc ddy cho ¢ trén, mot diy md hod bdi bing ma ¥ ={0,1,--- ,N}
la day c6 dang (zg, 1,22, ), V6i cdc =), € X.

e Him. Vi du: cdc diy & trén c6 thé cho bdi z, =3.107' +3.1072 +--- +3.10™"

1
xn =2",hay x,=1—(-1)".

$n:2—n7



e D¢ qui. Vi du: Day z,, = n! dinh nghia bdi 2o = 1,241 = (n+ 1)z, (n > 1).
Diy dé qui cdp 1: 79 € R 1a gid tri dAu, z,41 = f(z,) (n =0,1,---), trong d6 f 1a
mot ham sd cho trudc.

Day Fibonacci: 7o = 0,21 = 1,241 = Tp + Tp—1 (n > 2) 1a ddy dé qui cap 2.

Bai tap: Tinh mudi s6 hang dau cla diy Fibonaci.

Bai tdp: Cho f(z) = v/1+x hay f(x) =4 z(1 —x) (A € {0.7, 0.8, 0.9}). Hay v&
d6 thi ciia ddy 1 = f(an), khi 20 = 1.

Bai tip: Chi'ng minh tip cdc s6 nguyén td 12 vo han. Lap thuit todn tinh z, = s&
nguyén td thi n.

Chid §. Ta ky hiéu phan biét tp cdc s6 {z,, : n € N} v6i diy s0 (z,,)nen 12 bd thit ty.

2.2 Gi6i han. Piém a € R goi 1a gi6i han cta diy s6 (,),en n€uu v6i moi € > 0,
bé tiy ¥, déu tim dugc s tu nhién N, di 16n va phu thudc ¢, sao cho khi n > N,
thi |z, — a| < ¢, vi€t theo 161 ky hiéu

Ve>0,IN: n>N = |z, —a|<e
Khi d6 ta n6i day (x,) hoi tu vé a va ky hiéu 1a

lim x, =a hay Ilimz,=a hay x, — a, khi n — o0
n—oo

€T A

[}

a—+ €
a
a— €

Nhan xét.
e Dinh nghia gidi han ctia diy khong phu thudc vao hitu han s6 hang diu cta diy.
e Dé thdy: lim z, = a khi va chi khi lim |z, —a| =0
. n—00 R n—00 2
e V& mit hinh hoc, cdc di€u trén c6 nghia 1a d6 thi cia diy tiém cdn vdi dudng thang
{(z,y): y=a } trong R%
e N&u (z,,) hoi ty, thi gidi han 1a duy nhat. Thyc vdy, n€u a va b cung la gidi han
cha (xy,), thi |a —b| < |a—zp|+ |z, — bl — 0, khi n — co. VAy |a—b| =0, hay a = b.

1 > .
Bai tdp: Xét x, = — , v6in = 1,2,---. Theo dinh nghia hiay ki€ém nghi€ém
n
lim x,, = 0, bing cdch dién ti€p vao bang sau
n—oo
1 1 1 1
€ ‘ 1 10 100  T.000 1.000.000
Ne | 1 100
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Nhan xét. N&u € cang bé, thi N, cang 16n,i.e. 0 < €1 < ez = N > N,.

P& chitng minh lim x, = a ta cAn ddnh gid sai s§ |z, — a|. Thudng ta cin tim
n—oo

mot bat ding thic dang |z, —a| < f(IV), khi n > N. Tir d6 c¢6 thé tim dugc N phu
thudc € sao cho f(N) < e. Sau d6 1a viéc vi€t ching minh hinh thic:
“V6imoi € > 0. Goi N nhu di tim dugc § trén. Khi n > N, tacé |x,—a| < f(N) < e’

Vi du.
. 1 .
a) bé ching minh lim — =0, v6i moi p > 0, ti€n hanh nhu sau:
n—oo NP
1 1
Ta nhan thdy khi n > N, ta c6 bat ddng thiic ]— - 0| = 5 < NF
1 1 .
Viy v6i € > 0, chon s6 nguyén N > f/j, ching han N = [{/=] + 1. Khi d6 néu
€ €
n > N, thi o Np
1 .
b) Chirng minh day (z,)=0 0,3 0,33 0,333 0,3333 ---— 3 viét nhu sau:
Vé6i e > 0. Goi N = [3/6]. Khi n > N, ta c¢6
3 3 3
- =|=10,33- 3—— —
|y, ] | |<0<10N<N<e
n lin

2.3 Day phan ky. Day khong hoi tu goi 1a day phan ky. C6 2 loai:

e Loai ddy ti€n ra vo cang nhu diy (2") & trén.
Ky hiéu lim z, = +oo, néuu VE > 0,3IN:n>N = z, > FE

n—oo

Ky hiéu 7}1120:(:” =00, néuu VE >0,IN:n >N = z, < —F

e Loai diy giao dong nhu diy 0-1 & vi du trén. Day loai nay c6 cdc sO hang
tAp trung gan mot s gid tri, goi 12 cdc gidi han riéng ma sé& dugc dé cip sau.

Vi du. Ta c6 gidi han quan trong sau (xem chiing minh & phin 4.1)

0 néu la| < 1
. 1 nfua=1
lim a" = -
n—-+0o —+00 néua > 1

giao dong  néu a < —1

2.4 DAy con - Giéi han riéng. Cho diy (z,). Cho mot diy ting cdc sO tu nhién
nop<np <---<mnp<---,khi d6 day (z,,)ren g0i 12 mot day con cia day (z).
N6i mot cdch khdc, mdt diy con la diy cho bdi qui tic hop clia mot diy cdc s6 tu
nhién ting va day (z,) :

N — N — R
ko= nk)=ng +—  Tn, =Ty

Piém a € R goi 12 mot gidi han riéng cla diy n€uu tén tai mot diy con clia né hoi
tu vé a. Ching han diy ((—1)") khong hdi tu, diy con cdc s& hang chi s& chin la



day hing (1), con ddy con cdc s6 hang chi s 1& 1a diy hing (—1). Vay ddy c6 hai
gi6i han riéng 1a 1 va —1.

Nhén xét. Tt dinh nghia suy ra:

e Né&u diy (z,) hdi tu vé€ a, thi moi diy con cla né ciing hodi tu vé a.

e a 1a mot gidi han riéng clia (x,,) khi va chi khi v6i moi € > 0, ton tai v s& chi s&
n € N, sao cho |z, —a| < e.

Gidi han trén, ky hiéu limsup z,, = lim x,, = sup{a : a 12 gidi han ri€ng cla (z,)}
n—00 n—00

Gi6i han dué6i, ky hiéu liminf x,, = lim z, = inf{a: a 12 gi6i han riéng cha (x,)}
n—oo n—oo

Vi du.
a) Cho x,, = (—1)". Khi d6 limsupz,, = 1, con liminf z,, = —1.
b) Cho z, = (—1)"n. Khi d6 limsup x,, = 400, cOn liminf z, = —oc.

¢) Cho z,, = sin ”—; Khi d6 limsupz, =[ | con liminfa, =[ |
d) Dy mua d4: Cho gid tri ddu z9 € R. V6i n > 1, dinh nghia

32,-1+1 néuz,_ 18
Ly = 1 ~ o
3Tn—1 néu x,_1 chan

Ching han, v6i xg = 17 ta c6 day: 17,52, 26,13, 40,20, 10,5,16,8,4,2,1,4,2,1, - -
Pé y 1a khi mdt s6 hang nao d6 ctia diy 1a 1, thi sau d6 day lap: 1,4,2,1,4,2,1,---.
Bai todn sau vain chua c6 18i gidi: v6i moi gid tri ddu g, ton tai n dé z, =1 ?

Nhan xét. Tt dinh nghia ta ¢c6 (xem nhu bai tip):

e Ludn ton tai limsup z,,, liminf z,, (c6 thé 1a co).

e liminf x,, < limsup z,.

e (x,) c6 gidi han khi va chi khi liminf z,, = lim sup x,,.

e lim sup 2,, = M hitu han khi va chi khi v6i moi € > 0, c6 v6 s6 s6 hang x,, > M —e,
va chi ¢6 hitu han s§ hang x,, > M +e.

e lim inf x,, = m hitu han khi va chi khi v6i moi € > 0, ¢c6 v6 s& s6 hang z,, < m + ¢
va chi ¢6 hitu han s§ hang z, < m —e.

2.5 Tinh chat cia gi6i han.
(1) Tinh bi chian: Néu (x,,) hdi tu, thi tén tai M sao cho |v,| < M,Vn.
(2) Tinh bdo toan cac phép toan: Gid sit (x,,) va (yn) la cdc day hoi tu. Khi do cdc

day (zn +Yn), (TnYn), <ﬂ) (gid thiét théem lim vy, # 0) hoi tu, va
y n—oo

n

z lim z,

o . o . . . . n —

lim (zp,+y,) = lim x,+ lim y,, lim (z,y,) = lim z, lim y,, lim =/ = 22—

n—oo n—oo n—oo n—o0 n—oo n—oo n—0o0 1y, lim y,
n—00

(3) Tinh bao toan thd tu: Gia sit (zy,) va (yn) la cdc day hoi tu va vdi moi n dii ldn
Ty < Yp. Khi dé lim x, < lim y,
n—oo n—oo

(4) Tinh kep (sandwich): Gia st vdi moi n di lon ta c6 x, < y, < zp, va lim z, =
n—oo
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lim z, =a. Khi dé lim y, = a.
n—oo n—oo

Chitng minh: Gia st nhrrolo Tp = a va nhrrgo Yn = b.
(1) Theo dinh nghia, v6i € = 1, tdn tai N, sao cho |z, —a| < 1,Vn > N.
Goi M = max{|xo|, -, |zn|, |a] + 1}. Khi d6 |z,| < M, Vn.
(2) Ta dung cdc bat ding thic:
[(2n +yn) = (a+b)| < |on — a| + [yn — b]
|33nyn - CLb| < |$nyn — xpb+ x,b — ab| < M’yn - b| + |b’|$n - CL’.

Ngoai ra, n€u b # 0, thi v6i € = [b|/2, ton tai N: |y, — b| < |b|/2, Vn > N. Vay khi
n > N, thi |y,| = |b—b~+yu| > [b] — |yn — b| > |b]/2 va ta c6 bdt ding thitc

Tn @l Tpb —yna| |wpb—ab ab—yna
Yn b B byn B byn byn
[z —al | allb— yn
N ’yn’ ‘byn‘
_ lea—al  lallb— .l
- bl/2 |b[b]/2

Khi n — 400, v& phai va do viy v& trdi cdc bat ding thifc trén — 0. Suy ra su ton
tai cdc giGi han va cdc coéng thic § (2).
(3) Gia st khi n da 16n =, < y,. Gia st phdn ching 1a a > b. Khi d6 véi
e =%t >0, thi v6i moi n @i 16n, ta ¢6 |z, —a| < e va |y, —b| < e. Suy ra
Yo <b+e= 4 =q— €< x,, didundy trdi gid thit.
(4) V6i € > 0. Theo gia thiét limx,, = lim 2z, = a, suy ra ton tai N; sao cho:

|zy, —a| <€, ]z, —al <€ khin> Nj.
Theo gia thi€t ton tai N sao cho z, < ¥, < 2,,¥n > No. Khi n > max(Ny, Na), tir
cdc bat ding thic trén suyra —e <2, —a <y, —a <z, —a <e ie. |y, —a| <e
Vay limy, = a. O

Nhan xét.

e Mot diy bi chin chua chic hdi tu, ching han diy ((—1)").

e N€u cédc diy (z,), (yn) hoi tu va @, < yp,Vn, thi lim x, < lim y,.
n—oo n—oo

Bai tap: Chiing minh néu lim z, = q, thi lim |z,| = [a[ va lim {/|z,|= {/|a|.
n—oo n—oo

n—oo

b) lim va(vn+2—vn+1).

n—
D¢ tinh gidi han du, chd y 12 n? (liy thita bic cao nhit) 13 vo ciing 16n so v6i n,
nén ta dua n? lam thira s& chung:

. n?—3n+6 . n?*(1—3/n+6/n?) . 1-3/n+6/n?
lim —————— = im = lim ——— /"
n—oo 3n? + 4n + 2 n—oon?(34+4/n+2/n?) n—oco3+4/n+2/n?
1—lim3/n+1lim6/n* 1-040 1

3+lim4/n+1im2/n2  34+0+0 3
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Pé€ tinh gidi han sau, ta nhan lugng lién hiép d€ khi cin:

: L (Vn+2—+vn+1)(Vn+2++vn+1)
nanolo\/ﬁ(\/n+2 — \/n+1)—7}1_)no10\/ﬁ N Y
— lim \/T_Z(n+2)—(n+1): lim

n
VAR 2T T e 2y 1
1

= lim

1
n*“;ﬁ + %1+ i+t (imy/T+ 24 0m /14 D)

VI+Vio2

3. Céc dinh 1y co ban.

Theo ngdn ngit cta diy s6, tip cdc sd hitu ti 13 khong “ddy di” vi c6 cdc diy

)"

S

s6 trong Q nhung khong hoi tu vé mot s6 thudc Q, ching han diy z, = (1+
Ciéc dinh ly sau day thé hién tinh ddy di cia tap sd thuc R.

3.1 Nguyén ly don diéu bi chin.
Mot day don diéu khéong gidm va bi chdn trén thi hoi tu, i.e.

(xn < Zpt1,Vn)&(IM, x,, < M,Vn) = Jlimax,
Mot day don diéu khong tdng va bi chdn dudi thi hii tu, i.e.

(T > Tpt1, Vn)&(IMm, m < x,,Yn) = Jlimz,

Chitng minh: Trudc hét nhin xét 12 n&€u (x,) khong ting va bi chin dudi, thi diy
(—z,) khong gidm va bi chin trén. Vay chi cin ching minh cho trudng hop ()
khong gidm va bi chin trén.

Do gid thi€t bi chin trén suy ra a = sup{wz, : n € N} hitu han.

Ta chitng minh lim z,, = a. Cho € > 0.

Theo dinh nghia ctia cin trén bé nhat: moi x,, < a va ton tai 2y sao cho a —e < .
Tu tinh don diéu khong gidm, khi n > N, a—e <z, <a <a-+e¢ ie |z, —al <e
Vay limx,, = a. O

Nhan xét. N&u (z,,) khong gidm nhung khong bi chin trén, thi limz, = +o0.
Tuong tu, néu (z,,) khong ting nhung khong bi chin dudi, thi limx,, = —oco.
3.2 Nguyén ly diy doan long nhau. Cho day cdc doan long nhau I, = [ay,by),

sao cho I, D Iny1, n € N. Khi do ton tai diém chung cho moi I, i.e. Npenl, # 0

Chitng minh: Tu gia thi€t ta ¢6 a, < apy1 < bpr1 < b,. Vay diy (a,) khong
gidm va bi chiin trén con (b,) khdng ting va bi chin dudi. Theo nguyén ly trén ton
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tai « = lima, va limb, = b. Hon nita, do tinh bdo toan thd tw, a < b. R3 rang
la,b] C I, Vn. O

3.3 Pinh Iy Bolzano-Weierstrass. Moi ddy bi chin déu tén tai ddy con hji tu.

Chitng minh: Ta tim ddy con hdi tu biing phuong phdp chia doi:

Gia st ag < z, < by, Vn. Chia doi doan Iy = [ag, bp]. MOt trong hai doan chia chda
v0 s0 s8 hang x,, goi la I;. Chon nq, z,, € I;. Tuong ty, chia d6i I; c6 mot trong
hai doan con chita vo s6 s6 hang ., goi la Is. Chon ng > ny, z,, € I. Lip lai cdach
lam trén, ta co:

a)lpD>I1; D--- DI b)bo daidoan [ 1a bo;,f“ cyny <ng <---<nva Ty, €I
Theo nguyén ly ddy doan 16ng nhau ton tai a € Iy, Vk. Ta ¢6 |z, —a| < bo;—k‘lo — 0,
khi k — oco. Vay ddy con (z,, )ken hoi tu vé€ a. O

3.4 Tiéu chudn Cauchy. Day (x,) hi tu khi va chi khi (z,,) la day Cauchy, i.e.

Ve>0,AN: nym >N = |z, —xn| <e€

Chitng minh: (<) Gia st limx, = a. Khi d6 v6i € > 0, tdn tai N: |z, —a| < €/2,
Vn > N. Vay véi m,n > N, |z, — Tm| < |zp —a| + |zm —a| <€/2+€/2 =¢.

(=) Gia st (z,) la diy Cauchy.

Day (z,) 1a bi chidn: vi véi e = 1, ton tai N saocho xy —1 <z, < zy +1,Vn > N.
Chon M = max{|zgl, - ,|zn|,|zn| + 1}. Khi d6 |x,| < M,Vn.

Theo dinh 1y Bolzano-Weierstrass, ton tai diy con (z,, )xeN hoi tu v€ a.

Ta ching minh day (x,,) hoi tu vé a: t bd't ddng thic |zy —a| < | — 20, |+ |20, —al.
Do ny > k, khi k — oo, thi ny — oco. Khi d6 |z — zp,| — 0, do la day Cauchy; va
T, — a] — 0, do ddy con hoi tu vé& a. Vay klirgo T = a. O

Nhan xét. Trong thuc hanh, thudng diing tiéu chuin Cauchy dudi dang:
|zp, — Zp4p| — 0, khi n — o0, v6imoi p=0,1,---

Nhu vay khong cin biét trudc hoic phdng dodn trudc gisi han (néu c6) clia mot day,
tiéu chuin Cauchy thuin Igi dé€ ki€m tra su hoi tu clia mot day.

4. Cac vi du.

4.1 Mot so giéi han cd ban.
. 1
a)nangoﬁ—O (p>0)
b) lim Ya=1 (a>0)
n—oo
¢) lim ¢Yn=1
n—oo
d) lim Vn! = +o00
n—oo
np
e) lim —=0 (a>1)

n—oo qn
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f) lim " =0néu ja] <1va lim a" = +oo nfua>1
n—oo n—oo

Chitng minh: a) Pa ching minh.
b) Trudng hdp a > 1, xét x,, = {/a — 1. Ta chéng minh lim z,, = 0.
Theo cong thdc nhi thitc Newton, do z, > 0, ta c6 a = (1 + z,)" > 1 + nx,.

-1 . . .
Suy ra 0 <, < a—. Tw tinh chat sandwich lim x,, = 0.
n

1
Trudng hgp 0 < a < 1, 4p dung trudng hgp trén cho —.
a
¢) Xét x, = ¥n — 1. T cdng thic nhi thic Newton suy ra
-1
n=(1+z,)"> % 2
ﬂ

Vay 0 < zy, S tinh chdt sandwich limz,, = 0, i.e. lim ¥/n = 1.

Tuw
d) Tir bat ding thitc n' > < (c6 thé ching minh bing qui nap), suy ra {/n! > g
ca

3
T d6 dé suy ra gidi han can tim.
e)Via > 1, aP =14 wu (u > 0). Theo cong thitc nhi thitc Newton suy ra
-1
(a?) (1+w) n(n2)u2
» P
Suy ra lim n—n = lim ? =0.
a (a;)n
f) Suy tire) v6i p =10 O

4.2 SO e. Hai day sd sau la hoi tu vé& cing mot giéi han

PR | Lo (1 Ly
gttt v = (14—

Ky hiéu lim s, = lim ¢, = e goi la co so Neper.
n—oo n—oo

1 1 1
ik inh: Da ting, =l+1+0+ -7 12,0 1
C l;gmlln dy (sn) ting, sy + Jr +123+ 1.2...n s
1+§+§+.--+2n_1<3. Viy theo nguyén ly don diéu ton tai lims,, = e.
1\" n n! 1 “1nn-1 n—-k+1
Ta ¢6 tn=(1+) = 277@:277
n kﬁok!(”_k)!” im0 Klno "
1 1 k-1
B T (E B (R
k=0 " "

Suy ra t, < t,4q1 va t, < s, < 3. Viy ton tai limt, = €.
Ta ching minh e = ¢’. Do t,, < s, suy ra e’ < e.
Mit khac, v6i n > m, ta co

1 1 1 1 n—1
o= 1414 (1=~ )+t (1=~ ) 1

mn
1 1 1 1 1
> 141+~ (1—- +~--+—(1——)...(1—m )
2! n
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.. 1
Khimcédmh,n—>oo,suyra6'21+1+§+~-+—':3m
! m!

Cho m — oo,

tacé e >e. O

Ménh dé. e la s6'vo ti. (e =2,71828---).

Chitng minh:

O<e—s, =

m . .
Gia st phdn ching e = — € Q. Theo chitng minh trén, ta co
n
1

S — ...<—'
(n+1)!+ nln

1 . ¢ a2
Khi d6 0 < nl(e —s,) < —. Do nle,nls, 1a cdc s6 nguyén, bat dang thic la vo ly. O
n

4.3 Vi du. Dung tiéu chuin Cauchy, ta cé:
a) T, = ag + a1x + -+ + apx™ , trong d6 |x| < 1 va |ag| < M,Vk, 1a diy hoi tu.

1

1
+---+ — la didy phan ky.
n

Chitng minh: a) Ta c6 danh gid

’anrp — Ty

b) Vi n,m = 2n, ta ¢6 |z, —xp| = —— + - +

= |an+1$n+1 +-+ an+pxn+p| < |an+1’x|n+1| 4+ |an+p”$n+p’
< Mz|™ 4+ MzPP < M|z P TH L+ - |zfP)

IN
=
8
3
t

> Viy (z,) khong thda

Suy ra khi n — 00, |Zp4p — Tn| — 0, v6i moi p, i.e. (x,) la day Cauchy nén hoi tu.
1
5.

n+1 mn

tiéu chudn Cauchy nén phan ky. O

4.4 Bi€u dién thap phan cia sé thyec. Cho z € R. Khi d6 diy s6 nguyén

ag = [x] € Z7

a A —
an = [10"(z — ap — ﬁ ————— 10nn_11

)] €{0,1,---,9}, thda

xn=a0+%+“'+1% — x, khin — oo

N6i cich khdc, ta c6 biéu dién z = ag,a1az---an - - -
Suy ra tip cdc s6 hitu tf 12 tri mat trong R.

Chitng minh: Pit ag = [z]. Tacé ap <z <ap+1,ie. 0 <z —ag <1

Khi d6 a1 = [10(z — ap)] € {0,1,---,9} va thda (11—(1) <z —ap<

a; +1
10

(V€ mit hinh hoc, n€u chia [0, 1] thAinh mudi doan bing nhau, thi x — ag thudc mot
trong cdc doan d6).

a1 Lo a a1 _ax+1
DoOSm—ao—E<E,t0nta1a2€{0,1,~--,9},—102S:c—ao—l—0< o
2 2 P 2 al (079
Lap 1y luan trén, & budc thi n t 0<zT—ap— — — -+ — — < —.
ap 1y ludn trén c ntacd 0 <z —ag 10 o < Ton

Goi ap1 = 10" (2 —ag — — — - —

al a_”)] Khi d6 a,41 € {0717... 79}’ va

ai Gn Gn+41

10 10n  10ntl C pontl
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Vay v6i z, xdy dung tréntacé 0 < x —z, < 10%. Suy ra limz,, = . (|

Nhin xét.
e Biéu di&n thap phin mot s§ thyc nhu trén 13 khong duy nhat. Ching han,

1,000---=0,999--- 0,5=0,4999---

e Biéu dién thap phan s6 hitu tf hodc ¢6 dd dai hitu han hoic ¢6 chu ky. Chﬁng han,

1
=0,333---, 0,123123123--- =123 X ———

==0,5
T 103 —1

2

Wl

Trong khi @6 bi€u di&n thap phan s6 vo ti luén c6 d6 dai vd han va khong cé chu ky.

4.5 Tinh khong dém dugc cia R.
Pé xét dén s6 lugng phan tir cia mot tip ta c6 khdi niém lwe lwgng . Hai tip X,V
goi 12 cung lvc lugng néuu ton tai mot song 4nh tir X 1én Y. D& thdy quan hé ‘cung
Iyc lugng’ 1a quan hé tuong duong trén ISp cdc tdp. Ba 16p ddng quan tim:
(1) Mot tap goi 1a hitu han n phin t& n€uu né cang lyc lugng véi {1,2, -+, n}.
(2) Mot tap goi la (vo han) d€m duge néuu né cung luc lugng véi N.
Mot song 4nh N — X con goi 1a mdt phép ddnh s6 thit tu cdc phan ti clia X.
Mot tap hitu han hodc dé€m dudc goi la tAip khong qua dém dugc.
(3) Mot tip goi 12 khéng d€m duge né&uu né 1a tAp vo han va khong 1a tap d€m dudc.

Vi du. Céc tap 2N, Z,Q 1a d€m dugc vi c6 thé ddnh s6 thit tu duge (Bai tap).
Ménh dé. R la khong dém duoc.
Chitng minh: Ta ching minh véi a,b € R, a # b, khodng [a, b] 1a khong d€m dugc.

Gia st phan ching 1a né d€m dugc, i.e. [a,b] = {zy, : n € N}. Chia d6i [a, ], c6 mdt
doan I, sao cho x1 ¢ Iy. Lai chia d6i I;, c6 mot doan Is, sao cho xo & I5. Lip lai

qud trinh ndy, ta c¢6 diy doan 16ng nhau I DI, D --- D I, D ---, sao cho =, & I,.
Theo nguyén 1y ddy doan 16ng nhau, ton tai = € Nyenl,. VAy z € [a,b]. Mit khéc,
theo cdch xay dung x # x,,Vn, nén z ¢ [a,b]. Mau thuin. O

Nhin xét. VAay c6 thé néi s6 lugng cdc s6 hitu ti 1a it hon nhiéu so véi s lugng
cdc s6 vo .

Bai tip: D€ hi€u thém vé tip d€m dudc, hiy chitng minh cic k&t qua:
e Mot tip con cia N 13 khong qua d€m dugc.
(Hd: N€u X C N vo6 han, thi xay dyng d4nh xa tr N 1én X:

0+— 20 =min X, n+— min(X \ {zo,- -, n_1})

Rdi chitng minh 4nh xa trén song 4nh)

e Cho X 1a tdp dé€m dugc va f: X — Y 1a toan 4nh. Khi d6 Y khong qud d€m dudc.
(Hd: Xét dnh xa m : Y — X, m(y) = min f~!(y). Chdng minh m 13 song dnh tir
Y — m(Y). T d6 d4p dung bai tap trén.)
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e Tap N? Ia d€m dugc.
(Hd: Phép ddnh sd theo dudng chéo 1a song dnh. Cu thé d6 la dnh xa:

£iN? N, f(m,n) = (m+n)(m+n+1)

2

N

o N&u (X,,)ner 12 mot ho d€m dudce cdc tip d€m dudc, thi hgp cda ching X = U, X,
la d€m dugc.

(Hd: Ta c6 song anh N — I, n +— i, va v6i mdi n mot song 4&nh N — X,,, m +— f,(m).
Vay N2 — X, (m,n) — f; (m) 1a toan 4nh. Rdi 4p dung bai tip thi hai)

e Tap moi ddy s6 ma cédc s6 hang chi nhian gid tri 0 hay 1 12 khong d€m dugc.

(Hd: K&t qua nay hoi la? D€ ching minh ding phin ching: gid si tip X néu trén
d&€m dugc, i.e. ¢6 song anh N — X, n +— x,, véi

Ty = 00 Lo, L02
T = T1o T11 T12
Ty = T0 T2l T22
Ln = Tpo Tnl Tn2 - Inn

Dung qui tic dudng chéo cta Cantor, xdy dung ddy y = (y,) nhu sau: y, = 1 néu
Tnn =0, yp =0 néu Zpyn = 1. Khi d6 y vira thudc X (vi 1a day chi c6 0,1) vira
khong thudoc X (Vi y # xp, Vn))

4.6 Cong thiic Stirling. Pé& dinh gid dd 16n clia n! ta c6 cong thic sau (khong
chirng minh):

n
nl = <ﬁ> \/27m61%_nn, trong d6 0 < 0, < 1
e






II. Giéi han va tinh lién tuc

Ham s6 12 mot md hinh todn hoc d€ md td m&i quan hé giita mot dai lugng phu thudc
vao mot dai lugng khdc. Chuong nay s& dé ciap dén khdi niém ham s& va gidi han
ctia ham s6, nhiim nghién cttu m&i lién quan cla sy bi€n d6i cla cdc dai lugng. Phin
cudi s& nghién cifu tinh chit co ban cla cdc ham s& ma sy phu thudc néu trén la
“lién tuc”.

1. Ham sé
1.1 Dinh nghia. Mot ham s& (thyc clia mot bi€n thyc) 1a mot 4nh xa
[ X=>Y z—y=f(x)

trong d6 X,Y 1a cdc tAp con clia R. Vay véi mdi gid tri cla bi€n z € X, c6 duy
nhdt mot gid tri y = f(x) € Y.

X goi 12 mién xdc dinh cda f

f(X)={yeR: Jz e X,y= f(x)} goi 12 mién gia tri cia f

Thudng ham dugc cho bdi 3 cich sau:

(1) Cong thdc: biéu thi su phu thudc clia dai lugng y theo dai ludng = bing mot

cong thitc. Ching han, y = 27z, y = mx, y = ma2.

Qui u6c 1a mién xdc dinh, n€u khong dugc x4c dinh 15, duge hidu 1a tip:
{r € R: f(x) c6 nghia (thuc) }
vr—1
Vi du. Ham f(z) = Y2

(TER: 2-1>0.2-240} = [1,2) U (2, +00).

¢6é mién xac dinh la

Poi khi ham ¢6 thé€ cho bdi nhiéu biéu thitc, nhu cdc ham sau:
Ham phin nguyén: f(z) = [z] = n 1a s6 nguyén thda n <z <n+ 1.

-1 néuz<0
Ham dau (signum): f(z) = signz = 0 néuz=0
+1 n€uz>0

1 nfuzxzeD
0 nfux¢gD

Bai tap: Tinh [1,5], [~7], [e], [sinz], sign(—2), sign(2%%), sign(—[0,3]).

Ham dic trung cta tip D: xp(z) = {

Céc ham sd con c6 thé€ cho dudi dang gii han, tich phan, chudi ham, ... s& dudc dé
cap & cdc phan sau.
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(2) P6 thi: f = {(z,y):x € X,y = f(x)} 1a tdp con cla R x R = R2,
Viéc cho him bdi db thi c¢6 thuin 1¢i vé mit tryc quan. Bi€u dién hinh hoc cia R?
la mit phing vdi hé toa dd Descartes ma (0,0) ddng nhdt véi géc O, R x 0 1a truc
Oz, con 0 x R 1a truc Oy 1a 2 dudng thing vudng géc nhau. Khi d6 mdi (z,y) € R?
tuong ng 1-1 v6i mot di€m trém mit phing c6 hinh chi€u vudng géc 1én Oz 1a (,0)
va hinh chi€u 1én Oy 1a (0,y).
Nhu vay d6 thi ham f 1a tdp con trong mit phing (thudng 1a dudng cong), ma khi
nhin vio né ta c6 thong tin vé ham f (e.g. tinh ting gidm, cuc tri, nghiém.,...).

Y

A

(z, f(x))

/_\,

(0] T

Y

DPé vé dd thi ham sd ta thudng ding 2 phuong phip sau:

- V& truc ti€p: chAim mot s6 diém cla d6 thi (zq, f(20)), (x1, f(z1)),- -, (Tn, f(20))
trén mit phing rdi ndi ching lai bdi cdc dudng thing hay dudng cong. Thudng dudng
cong nhan dugc cang “gan” v6i dd thi f khi s6 di€m cang nhiéu. Phuong phip niy
thudng duge ding dé vé dd thi bing mdy tinh.

- V& qua viéc khdo siat hAm s&: nhu d3 dugc hoc & trung hoc, va sé& dudc dé cap
& chuong sau. Phuong phdp nay xdc dinh diém mang thong tin quan trong ctia ham
(mién xdc dinh, cuc tri, udn, nghiém,...) ciing nhu tinh chit cia ham trén tirng mién
(tdng, gidm, tiém cin,...)

Bai tp: V& dd thi ham phan nguyén [z] va ham diu sign (z).

(3) Lap bang: khi mién x4c dinh hitu han. Thudng dung trong thi nghiém, thuc
nghiém hay kinh té&.

yly v Y

Bai tap: Lap cdc bang clia cdc phép hodn vi 3 phan ti.

1.2 Cac phép toan trén ham.
Cong-Tri-Nhan-Chia: Cho f,g : X — R. Khi d6 c6 thé dinh nghia cdc ham

f+g, fg, I (néu g(z) # 0,Vz € X) mot cdch ty nhién nhu sau:
g

(f £9)(@) = f(2) £ g(2). falx) = f(x)g(x), §<x>:%, rex



Chuong Il. Gidi han va tinh lién tuc 19

Ham hgp: Cho f: X — Y vag:Y — Z. Khi d6 ham hgp go f: X — Z dinh nghia
la go f(z) = g(f(x)).

Ham ngugc: Cho f: X — Y la song 4nh. Khi d6 ¢6 ham ngugc f~!:Y — X, dinh
nghia la f~}(y) =2 & y= f(2).

Bai tap: V& dd thi ham phan du f(z) =z — [z].

Bai tap: Cho f(z) = [z] va g(z) = sign(x). Tim fog va go f. Ching c6 bing
nhau?

Bai tdp: Ching minh d6 thi ham s& ngugc ddi xting véi d6 thi ham s& qua phan gidc
thi nhat.

1.3 Mgt sé tinh chat diic biét cia ham.
Ham don di¢u. Him f goi 12 khéng gidam (t.u. ting) trén X néuu

V.%'l,.%'Q € X,.Z'l < X9 = f(.%l) < f(.%'Q) ( t.u. f(:()l) < f(l'z))
Ham f goi la khéng ting (t.u. gidm) trén X néuu

Ve, 20 € X, 21 < 19 = f($1) > f($2) ( t.u. f(xl) > f(IQ))

a) Ham f(z) = 2", v6i n € N, la ham ting trén [0, +00).
) = sign (x) la ham khong gidm trén R.

Bai tap: Tuy theo n chin hay 1&, xét tinh don diéu cia f(z) = 2" trén R.

Ham chin - Ham 1é. Cho X 1a tap d6i xing, i.e. néu x € X thi —z € X.
Ham f goi la ham chidn trén X néuu f(—z) = f(z),Voz € X .
Ham f goila ham1é tén X néuu f(—z) = —f(z),Vr e X .

3 sinz 1a 18 trén R.

Vi du. Cdc ham 22, cosz 1a chin, con z
Nhan xét. Moi ham f trén tip ddi xing 13 tdng ctia mot ham chin va mot ham
1é: ) 1

fla) =S (f@) + f(=2)) + S (f(z) - f(~2))

2
Bai tdp: Chiing minh P4 thi ham s& chin d6i xtng qua truc tung Oy va ham s& 18
doi xiing qua gdc O. (xem toa do clia cdc di€ém ddi xdng cda (z,y = f(x)))

)
A y=2x
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Ham tuin hoan. Ham f xdc dinh trén X goi I1a tudAn hoan néuu tdn tai 7" > 0
sao cho f(z+T) = f(x),Vx € X.
Khi dé s6 duong 7 nhé nhat thda diéu kién trén goi 12 chu ky ctla f.

Nhén xét. Néu z € X, thiz+7 € X va ... . Vay 2 +nT € X v6i moi n € N. Hon
nita f(x +nT) = f(x).
Bai tip: PO thi mot ham tudn hoan chu ky T c¢6 tinh chat gi?

Vi du.

N 2
a) VGi k € Z\ {0}, cdc ham sin kz, cos kx tuan hoan, c6 chu ky %
b) Ham phan du f(z) = z — [z] 12 tudn hoan, c6 chu ky 1a 1.

Bai tdp: Chiing minh ham dic trung cla tip Q: xq, 12 ham tudn hoan nhung khong
c6 chu ky.

1.4 Cac ham s¢ cap.

e Cdc ham sé so cAp co ban 1a cdc ham: z?%, €%, Inx, sinx, arctanx (hay con 1y
hiéu arctg x).
Sau day ta nhic lai cdc tinh chat cd ban clia chiing.

n
Ham exponent: exp(z) =e* = lim (1 + E) .

n—-+oo n
(1) Mién xdc dinh 12 R, mién gid tri 12 (0, +00).
(2) Tinh chdt cAn nhé: €0 =1, et = e%e?’
(3) Ham don di€u tdng.

Chitng minh: Tru6c hét ta chitng minh bat ding thic:
t n
’(1 + —> - 1‘ <lte—1) khi [f|<1 (%)
n

£\ n tk’—l
Theo cong thdc nhi thic (1 + —) =1+t Z C,If—k, suy ra khi [t| <1, ta ¢
n = 'n

|k 1 |t|k 1

t\" k| k
< <
‘<1+n> 1‘ |t|§ ck yt|§ Ck
1 n
tE kf——t 1+ — —1) <|t|(e—1

IN

n
Bay gid ta ching minh (1). Cho x € R. Xét day z, = <1 + x) . Ta can chitng
n

minh (x,) c6 gidi han.
Khi = > 0, nhu & chitng minh cho gi6i han cta e, (x,,) 12 diy ting. P& chitng minh
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ddy bi chidn trén, goi N € N, z < N. Khi d6

N n 1 N.n 1 n.N
xn§<1+) §<1+> §<1+) <3N
n n n

Vay ton tai exp(z) = lim z,, khi z > 0.

n—-+o0o
2
x
_ e\ (= 5)"
Khi 2 < 0, thi —z > 0 va ta c6 <1+—> 27@
n)o =Dy
n
o s x? x? .
Theo bat dang thic (x), véit = ——, tac6é lim (1 — —)" = 1. Tu tinh chat gidi han
n n—00 n
n
1
thuong lim (1 + f) = ————. Viy exp(x) xdc dinh véi moi =z € R.
n—+oo n exp(—x)

D& thiy e” = 1. Ngoai ra, ta c6

a+"(+s)" (1+ )
n?( )

N\ Y
(1+ =) L+ =0
. xx ev z’
Cho n — oo, ép dung (*) vGi t = m, ta cé m =1. Vﬁy ta co (2)
n
Péylae®>0vael >1khit>0. Néuz </, thi e® — e = ez(l—exlfz) < 0.
Viy e* la ham ting. U

Ham logarithm co s& tg nhién: Inx 12 hAm ngudc cda ham e”.
Mién xdc dinh 1a (0, 400), mién gid tri 1a R. Ham don diéu ting.
Tinh chit cAn nhé: lne=1, Inz + Inz’ = Inza’

Ham liiy thwva: z% (a € R).
- Liiy thira nguyén duong: véi n € N, 2" = x---x (tich n 1an).
Mién xdc dinh 1a R. Khi n 1é ham ting. Khi n chdn ham gidm trén (—o0,0), ting
trén [0, +00).
1
- Luy thira nguyén am: véi n € N, 27" = —.
x
Mién xdc dinh 12 R\ 0. Khi n 1&¢ ham gidm trén ting khodng xdc dinh. Khi n chin
ham ting trén (—o0,0) va gidm trén (0, +00).

4R

y = 1.211 y = m2n+1
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. 1
- Ham cén thdc: véi n € N, Yz = x7.
N6 12 ham ngudc clia ham liy thira nguyén 2. Khi n 1&, hAm c6 mién xdc dinh 1a
R va ting. Khi n chin, hAm c¢6 mién xdc dinh 1a [0, +-00) vating.

Y
Y

M

y= X/x y= "Wz

- Liiy thita hitu ti: v6i m,n € Z,n >0, zn = (¥Yx)™.

Mién xac dinh phu thudc n chin hay 1é va m dudng hay am.

Bai tip: Tim mién xdc dinh cda ham lily thira hitu tf va mién don diéu cta né.
- Liiy thita v6 ti: khi o 12 s6 vo ti, 2@ =02,

Mién xdc dinh 1a (0, +o00). Ham ting khi o > 0 va gidm khi a < 0.

Tinh chat can nhg: (x2’)® = 2%’

Ham mii: o® =% (a > 0).
Mién xdc dinh 12 R, mién gid tri 12 (0,+0c). Ham ting khi @ > 1 va gidm khi
0<a<l.

Tinh chdt cin nhé: ot = a®a”

/

—/ . 1 '\V

x x
y=a" (a>1) y=a" (0<a<1l)

Ham logarithm: log, z = Ell—z ((a>0,a #1).
Mién xdc dinh 1a (0,+o00), mién gid tri 1a R. Ham ting khi @ > 1 va gidm khi
0<a<l.
Tinh chit can nhé: log, x + log, 2’ = log, za,
log, x = log, blog, x.
log, ¢ = a'log, x.
Ham a” va log, x 1a cdc ham ngugc cia nhau: y =log,z < a¥ =2
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y=1log,x (a>1) y=log,z (0<a<1l)

Cic ham lugng gidc: C6 thé dung vong tron lugng gidc d€ dinh nghia cdc ham lugng
gidc. Cho vong tron don vi trong hé truc Descartes. Mdi = € R wng véi mot di€m
M trén dudng tron c6 do dai cung tir (1,0) d€n M la x mod 27. Nhu vy, cdc gid tri
x khac nhau boi 14n 27 s& c¢6 chung mot diém trén dudng tron. Khi d6 do dai dai so
clia hinh chi€u cta M Ién truc tung goi la sinz, va 1én truc hoanh goi l1a cosx.

Y

-1

Ham sinz: Mién xdc dinh 12 R, mién gid tri 1a [—~1,1]. La ham 1é va tudn hoan

chu ky 2m.
Ham cosz: Mién xdc dinh 12 R, mién gid tri 1a [—1,1]. La ham chdn va tudn hoan
chu ky 2m.

Tinh chdt cin nhé: sin?z + cos? z = 1.
Sinx LA L . L. . s CA ., PN
: Mién xdc dinh v6i moi x # 5 + km,k € Z, mién gid tri 1a R.

Ham tanz =
COS T

La ham 1& va tuin hoan chu ky .

cos T N o A s R
Ham cotz = : Mién xdc dinh v6i moi z # km,k € Z, mién gid tri la R. La

sinz
N 2 N A N N
ham 1€ va tuan hoan chu ky .
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~ A
VIRV v
~N N
VAAWA WA

Cic ham lugng gisc nguge: Han ché trén mdt mién don diéu clia ham lugng gidc,
ta dinh nghia:

Ham arcsinz : [—1,1] — [—g, g], la him ngudc ciia ham sin : [—g, g] — [=1,1]
Ham arccosz : [—1,1] — [0, 7], ]a ham ngudc cda ham cos : [0, 7] — [—1,1]
Ham arctanz : R — (—5, 5) 12 ham ngugc ctia ham tan : (—g, g) —

Ham arccotz : R — (0,7), 1a ham ngugc cia ham cot : (0,7) — R.

yﬂ yﬂ
3
2
-z 0 5 x /0 T
_T
2
Yy =tanx y = arctan

e Cic ham so cdp 12 cdc ham dugc 1ap thanh bdi mot s6 ham sd cip cd ban bing cdc
phép todn s& hoc (cong, trlr, nhan, chia) va cdc phép hgp thanh.

Chdng han, f(z) = 2% + {/z — In(In(In(2® + 1))) hay f(z) = \f%: :i?(ii)

~ F AT N . x
Ciing dé y 1a cic ham: a”,log, x,cosx,tanx,cot x,arcsinx = arctan <72) ,
Vv1i—=x
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7T N A 2
arccotz = 5~ arctan x, arccosx = arccot < ) dudc xem la khong co ban.

x
V1— 22
Sau diy 1a cdc ham so cap thudng gip khéc:
Ham da thie: f(z) = ap + a1z + - - + apx™, v6i ag, a1, -+ ,a, € R cho trudc.
Vi du. Him bac mét, nhw y = 2z + 1. Ham bic hai, nhv y = 22 + 52 — 1. Ham bac
ba, nhu y = 23 — 32 + 1.

P
Ham hitu ti: f(z) = ﬂ, v6i P, @ la cac ham da thdc.

Q) 2
. 1 1
Vi dy. Ham nht bién, nhur y = . Ham bac 2 trén bac 1, nhut y = .
r+1 r—1

Cac ham Hyperbolic: cdc ham sau goi 1& ham coshyperbolic, sinhyperbolic, tanhy-
perbolic va cotanhyperbolic

xr —T X —T 1
e’ +e . et —e sinh z coshz
coshr = ——— sinhx = , tanhx = , cothx = —
2 2 cosh x sinh

Bai tap: Chiing minh cdc cong thic:
cosh?z —sinh?z =1
sinh(z + y) = sinh x cosh y + sinh y cosh
cosh(z + y) = cosh z cosh y + sinh z sinh y.
Vé @6 thi cdc ham s trén.

2. Gigi han cua ham.

2.1 Lan cén - Piém tu. Cho X C Rva a € R.

Mot 1an can cia a 12 mot khodng tim a: {r € R: |z —a| < 0} = (a — d,a + 9), v6i
0 > 0 nao dé.

a goi 12 diém tu cda X n€uu v6i moi 1an can U clia a, UN X \ {a} # 0, néi cdch khdc
ton tai mot day (x,,) trong X \ {a} hoi tu vé a.

Vi du. Khodng m& (a,b) c6 cdc di€m ty 1a moi di€m z € [a,b]. Tap {% :n € N} chi

c6 mot di€m tu 12 0.

2.2 Gi6i han. Cho f : X — R va a 1a diém tu cda X. Ham f goi 12 c6 gidi
han L € R khi z tién téi « néuu v6i moi € > 0 (bé tly ¥), ton tai § > 0 (di bé, phu
thudc a va €) sao cho khi z € X ma 0 < |z —a| < 4, thi |f(z) — L| <e.

Viét bing ky hiéu:

Ve>0,30>0:2€ X,0< |z —a|<d = |f(z)—L|<e
Khi d6 ky hiéu lim f(x) = L hay f(x)— L, khi z — a.
r—a

V& miit hinh hoc: V6i moi € > 0, tdn tai § > 0 sao cho dd thi cia f khi z € (a—e, a+e)
chtta trong hinh chit nht tim (a, L) d6 dai cdc canh 20 X 2e.
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Nhén xét. C4dc nhan xét sau xem nhu bai tap:
e Dinh nghia theo ngdén nglt epsilon-delta § trén cia Cauchy tuong duong véi dinh
nghia theo ngdén ngt diy ctia Heine:

VxneX\{a},nlLrgoxn:a = Jirréof(xn):L

e Ta c6: ilrr(llf(x) =L & %mlll\f(:c) —L|=0.

e Gi6i han né€u c6 1a duy nhat.

e Tiéu chuin Cauchy: Tén tai lim f(x) khi va chi khi
r—a

Ve >0,3>0:z,2 € X,0< |z —a|<6,0< |2/ —a|<§ = |f(zx)— f(a')] <e

Vi du.
a) Ching minh bing dinh nghia lir% 22 =0: V6i e > 0 bé tlly ¥, chon 6 = /e. Khi
€r—>
d6 v6i moi z ma |z — 0] < Ssuyra |22 —0| < %2 =¢
b) Khong ton tai lir% sin —. Dua vao ménh dé phd dinh cla dinh nghia gii han theo
xr— €T
1 1

ddy va tinh duy nhdt cla gi6i han, ta im 2 ddy, chdng han 2z, = —, 2}, = ————,
2nm 5 +2nm

/
xn

cling ti€n vé 0, nhung 2 diy sin xi = sin2nm = 0, sin i/ = sin(g + 2n7) = 1 khong
ti€n vé€ cung gi6i han khi n — oo.n "
¢) Ham c6 thé khong xdc dinh tai a, nhung c6 gidi han tai dé:

f(z) = xsin; co i&%f(x) =0, vi|f(z)—0|= ]xsin%| < |z| — 0, khi z — 0.
d) Ham xdc dinh tai a, nhung c6 %11)1}1 f(x) # f(a):

Fa) =1~ lal) ¢ lim f(x) = 0% £(0) =1

2.3 Tinh chit ¢ ban. Cho f,g,0 : X — R va a la diém tu cia X. Gia sit
lim f(z) = L va lim g(z) = M. Khi dé

r—a r—a

(1) Tinh b3o toan cic phép todn:

L .
lim(f+g)(z)=L+M lim fg(z)=LM limi(z):— ( gla thiét M # 0)
T—a T—a z—a g M

(2) Tinh bdo toan thi ty: Néu gia thiét théem f(x) < g(x) vdi moi x & mot ldn cin
cia a, thi L < M.
(3) Tinh kep (sandwich): Néu gia thiét thém f(z) < p(z) < g(x) vdi moi x & mot lan
cdn cia a va L = M, thi lim p(z) = L.
T—a
(4) Gié6i han hgp (ddi bién): Gid sit lim f(z) = L, linj{g(y) = A, va téon tai § > 0 sao
T—a y—

cho khi 0 < |x —a| < 0 thi f(z) # L. Khi dé lim go f(z) = lin%g(y) = A
T—a y—
Chitng minh: Dung dinh nghia gi6i han theo ddy va tinh chit cia gidi han diy s6. [

] 0 n€uxz#0

Bai tap: Cho f(z) =g(z)={ | o .., - Ching minh lim g(f(z)) # igr%g(y)-

Piéu nay c¢6 mau thuin véi 2.3 (4) ?
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2.4 Gi6i han cdc ham s¢ cdp. Néu f la ham so cdp va a thudc mién xdc dinh
ciia nd, thi lim f(z) = f(a).
T—a

Chitng minh: Do céc tinh chat (1) va (4) néu trén, ta chi cAn chitng minh cho ham s&

sO cAp cd ban.
n

lim e® = ¢ : Khi |z] <1, tacé |(1+2 —1’§]x|(e—1).
n

r—a

Khi n — 400, ta c6 |e* — 1| < |z|(e —1). Vay lir%|ez — 1] =0, hay lirr(l)e:” = 1.
T— r—

. 2 A L
Suy ra, khi d6i bién u = x — a, ta c6
lim € = lim e* %% = lim e%e® = e

Tr—a r—a u—0

lim sinz =sina : Ta c6 0 < |sint| < |¢t|. Suy ra

T—a
. . r+a . r—a r—a .
|sinz — sina| = |2 cos 5 sl — | <2 5 | — 0, khi z — a.
Céc gidi han cia ham Inz va arctanz suy tif tinh lién tuc clia ham ngugc (s€ dugc
chitng minh & phan sau). O

Hé qia. Néu ton tai lim f(z) > 0 va # 1, va lim g(x) # 0, thi
r—a T—a

lim f(x)g(x) — lim f(x)limzﬂa 9(z)

r—a r—a
2.5 Gidéi han mét phia. Cho f: X — R.
L goi la giéi han phai (t.u. trai) cia f(x) khi x ti€n vé a n€uu
Ve>0,30>0:|f(x) - Ll <e,VreX,0<x—a<d (tu. 0<a—x<)9)
Khi d6 c6 thé dung cic ky hiéu

L=f(at+)= lim+ f(z)= lim f(zx) (tu. L= f(a—)= lim f(z)= lim f(x))

T—a r—a+0 T—a— r—a—0

Trong dinh nghia trén phai gid thi€t (a,a +5)NX £ 0 (tu. (a —d,a) N X # 0) véi
moi 6 > 0.

Vi du.

a) lim sign(z) =1con lim sign(z)=—1
r—0t z—0—

b) lim [z] =n, con lim [z] =n—1, véin € Z.
z—nt T—n"

c) lim+ V& —1=0,con lim vz — 1 khong ton tai vi mién xdc dinh cia him khong
rz—1 r—1—

chita cdc di€m z < 1

Nhan xét. Ton tai lim f(x) khi va chi khi ton tai 1im+ f(x) = lim f(x).

r—a r—a r—a~

Bai tip: Chidng minh néu f don diéu trén (a,b), thi ton tai lim f(z) va lim f(x)

T—x T—T)

v6i moi zg € (a,b)
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2.6 Gi6i han vo cung - Gi6i han ¢ vé ciing. C6 thé md rong cic khdi niém trén khi
a = 00 hay L = t+o0.

Mot 1an cln cia +oo la tdp dang (R,+o00), modt lan cdn clia —oo la tdp dang
(=00, —R), v6i R > 0 nao do6.

Ta c6 cdac dinh nghia

=400 & VE>0,30>0: f(z

(x) >EVre X,0<|z—al<?¢
lim f(z) =-0c0 & VE>0,30 >0: f(x

(z)

(z)

)
)< —ENVre X,0<|z—al<d

lirf f(z) =L & Ve>0,IR>0:|f(x) - L| <eVre X,z >R
T—1+00
lim f(z) =L < Ve>0,IR>0: |f(x) - L| <e,Vzr € X,z < —R
r——00

Bai tip: Néu cic gia thiét cho diém a ddi v6i X § cdc dinh nghia trén.
Bai tdp: Néu dinh nghia cho cdc ky hiéu sau:
lim f(x) = +o0, 1im flx) = —o0, lim f(x) =400, lim f(x)=—00
T——00

Ba1 tap Néu dinh nghla cho cdc ky hleu hm f(x) =00, lim f(x) =00

IIZ—)G, r—a
Vi du.
1
a) VG6i p > 0, hm 2P = 4+oovd lim — = 400
——+00 z—0t xp
b) Vé6i a > 1, hm a®=+ocova lim a® =0.
——+00 T——00
c) Véia > 1, hm log, * = 400 va lim log, z = —ooc.
+o00 z—0t
d) lim tanx = —oova lim tanz = +o00
xH%Jr =57

2.7 Dang vo dinh. Trong nhiéu trudng hgp ta khong thé dung tinh chit tong, hiéu,
tich, thuong dé tinh giéi han vi cdc phép todn khong c6 nghia, goi 12 cdc dang vé dinh:

0.00, 0o — o0, 0°, 1%°, oo’

oo

JE

Khi d6 ta phadi tim cdc phuong phip khic nhau d€ tinh goi 14 khif dang vé dinh.

Vi du. Mot phuong phiap dé khit dang vd dinh 13 nhan lugng lién hiép.
a) Tinh  lim (¢x2 T7 Va2 - 1) (dang vo dinh oo — o)

T——+00
Ta nhan lugng lién hiép, d€ khit dang vo dinh:

2 2 2 2
2 s o (V2T VR - D)(VaR+ T Va2 - )
hm (\/a: +7— \/a: 1) = mg{?@o \/x2+7 T
(2> +7) = (2* - 1) . 8

= im = lim

x_’+°°\/g2+7+\/x2—1 z—to0 /22 + 74+ Vx2 — 1
= lim — =0

T—+00 400

Vo —1
b) Tinh lim Ve
z—1 \/5—1

0
(dang v6 dinh 6)
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Ta nhéan lugng lién hiép cda t¥ va cda miu, d€ khit dang vo dinh:

Vr-1 o YEo 1Y) (Vatl) L ox-1 (Vatl)

lim 5 = lim 5
v—1 /x —1 =l Ve =1 (Y2 + Yr+1) (Ve 1) e=loe—1 (¢ + Yo +1)
VI +1 V1+1 2

lim =
SLYE Y1) YT+ V) 3

Vi du. Mot sd gi6i han cd ban cin biét:

a) lim o — 1,

x—0 X 1

1
1 _ I p— 1 ; p—
b) xlggo(l + x) ilLI(l)(l + ) e.
1 1

o lim 2EFD

x—0 x

-
d lim L "= —na.
xr—

x
1P 1
&) lim LFD =L
z—0 T

Chiing minh: a) Khi 0 < |z| < g, ta c6 |sinz| < |z| < |tanx|.

€T . . . L g A s
Suyral< ’ - . Ap dung tinh chat sandwich ta c6 gidi han can tim.

sin z | cos x|
. . 1 1
b) Cho (z,,) la ddy ti€n dé€n +oco. Pit ny = [zx]. Ta c6 < =< —.
ng + 1 Tp k

1 ng 1\ %k 1 ne+1
Suy ra <1+ > §(1+) §<1+) .
ng + 1 Tk ng
k

1 . . : 1
Tu klim <1 + —) = e va tinh chdt sandwich, suy ra lim (1+ —)" =e.
—00 x

k r—-400
D3&i bién va 4p dung gidi han vira chitng minh, ta c6
: 1., . 1._ : y . 1,1 1
_ — —_\Y — Yy _ Yy [ G
L (147 = lim (1 y) yggloo(y .y yggloo(Hy ) (1+y —)=e

1
Tuong ty, ta ¢c6 lim (1 + $)% = lim (1+ )Y =e.
r—0 Yy—00 Y
c) P&i bién va 4p dung b) ta c6

1 1
lim Inz+1) = lim In(z + 1)% = In(lim (z + 1)%) =lne=1

z—0 xr z—0 x—0
0 1 1 1
d) P3i bign u=a® — 1, 2 = log, (u+1) = n(fiﬂ Tit ¢) ta c6
na
.at—1 , ulna
lim =lim ——— =Ina
z—0 X u—0 ln(u + 1)
e) B6i bi€n va dp dung c), d) ta c6
. (I42z2)P-1 _ epln(l4z) g . epln(ltz) _ 1pln(l+ )
lim ————~ = lim ———— = lim
z—0 x z—0 x z—0 pln(l + x) x
e =1 . pln(l+x)
= lim lim =lnep=p

u—0 u x—0 €T
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Vi du. Ap dung céc gi6i han trén.

1—coszx ~ 2sin? z .1 (sing 2 1 /sinu\? 1
a) lim ———— = lim = lim = = lim — = -
z—0 2 z—0 2 x—0 2 z u—0 2 u 2

_ 9\ 3% 1 \(@-3)% 1\ v lim 2
b) lim <$ 3> = lim (1+ > 3:lim (1+)x°o 3:63

r—oo \ 1 — T—00 r—3 U—00 U
A NN . . tanx .. sinkx .. sinkx 1
Bai tdp: TU cdc gidi han trén, tinh: lim , lim , lim — hm(l +5z)=.
a—0 x 2—0 x  2—0sinlz’ 20

2.8 Ky hiéu o va O. Cho ¢ € R hay a = +o0.
Pé€ so sdnh cdc ham s tai 14n cin a, ngudi ta thudng ding cdc ky hiéu sau:

f(z) ~ g(z) khi x — a, n€uu lim % =1, va néi f(z) va g(x) l1a tuong duong.
z—a g(x
f(z)

f(z) = o(g(x)) khi x — a, n€uu lim ——= = 0, va néi f(z)vd cuing bé so véi g(z).

)
z—a g(x
f(z) = O(g(x)) khi z — a, n€uu 3C > 0 : |f(x)| < Clg(x)],
Vay f(z) =o(1), khiz — a & lim f(z)=0.
f(z)=0(1),khiz —a < f( ) bi chin § lan cén a.

f(z) =g(x) +o(g(x)), khi x - a < f(z)~ g(z) khi z — a.

Chi y. D€ y o(g(x)) va O(g(x)) 1a ky hiéu dé chi 16p ham, khong 1a ham cu
thé. Thay vi vi€t f(z) € o(g(w)), theo théi quen ngudi ta vi€t f(z) = o(g(x)).

Bai tp: o(g(z)) —o(9(x)) =7 O(g(z)) — Og(z)) =?
C6 thé dung so sianh d€ tinh gidi han:

Bai tdp: Chitrng minh khi x — a ta c6:
Néu f(a) ~ o). 9le) ~ r(o) o 0 J)gle) ~ flodn(a), T ~ N
Tim vi du f(z) ~ fi(2), g(x) ~ g1(z), nhung f(z) + g(z) # f1(z) + g1(x).

Bai tdp: Chiing minh khi z — a ta c6:

Néu f(z) = o(p(x)), 9(93)—0(90(95)), tht f(z) £ g(x) = o(p(z)) .
) +9(z) = O(p(x)) -
= o(p(x)) .

o

x)) .

Néu f(z) = O(p(x)), g(x) = O(p(x)) , thi f(z)+g(
Né/u f(z) = o(p(x)) va gbl chin thi f(z)g ( ) =o(p
Néu f(z) = O(p(x)) va g bi chin thi f(z)g(x) = O(

Thudng cdc haAm miu d€ so sinh 1a: (z —a)”, €%, Inzx.
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Vi du. Khi £ — O, tir cac vi du trudc ta ¢é cac so sanh:

(I1+2z)* = 1+4+ax+o(x) hay (14+2)* ~ l+ax
e’ = 1l+z+o(x) e’ ~ 14z
In(l+z) = z+o(x) In(l+z) ~ =z
sin x = z+o(x) sin x ~ I

72 22
cos T = 1—74— o(x) COS T ~ 1—3

Vi du. Khi £ — 400, ta co:

1 n
(a0+a1x+---+an3}”)% ~ amlaxm (an 0)

agt+aix+ -+ apz” anpx”

~ b 0
Do + b1z + -+ bx™ b (2 bm 70)
log, x = o(z") (a>1,n>0)
" = o(a®) (a>1n>0)

Vi du. C6 thé ding so sanh tuong duong d€ dua gi6i han vé dang don gian.

0 V1 1
a) bé tinh lin%)+7:2C ta so sénh /142 —1~ g va sin2x ~ 2z khi z — 0.
o sin 2z

\/1+a:—1_1. xz/2 1

Vay lim Y=~ = lim = = -
4y zg% SIHQI :cli{(l) 2z 4
In(1 +sinz)

b) P& tinh lim , ta so sdnh In(1 + sinz) ~ In(1 + ) vad = +tan3z ~

z—0 T + tandz
x4+ 23~z khiz — 0.
In(1 i In(1

Vay lim 7n( +sing) _ lim 711( +2)

= = 1.
z—0 x + tan3 z—0 x

Vi du. Vé6i n € N, khi n @i 16n, theo cong thitc Stirling, ta ¢6

n
e

3. Ham s0 lién tuc.
3.1 Dinh nghia. Cho f 12 ham xdc dinh trén mot tip X chdta a. Ham f goi la
lién tuc tai a n€uu lim f(z) = f(a).
Nhu vdy f lién tuc tai a, tuong duong vdi mot trong cac diéu sau
e Ham f xdc dinh tai a, ton tai lim f(z) = L, va L = f(a).
r—a
e Ngon ngit epsilon-delta: Ve > 0,36 >0:Vz e X, |z —a|<d = |f(z)— fla)] <e€

e Ngon ngit ddy: Moi day (x,) trong X ma lim xz, = a, thi lim f(z,) = f(a)
n—oo n—oo

Ky hiéu C(X) tip moi ham lién tuc tai moi di€ém thude X.
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Ham f goi la lién tuc phai tai « néuu lim_ f(z) = f(a).
r—a

Ham f goi Ia lién tuc trdi tai « néuu lim f(z) = f(a).
r—a—
Nhén xét. f lién tuc tai a khi va chi khi f lién tuc trdi va lién tuc phdi tai a.

Mot ham khong li€n tuc tai a goi la ham gidn doan tai a.

Ménh dé. Cdc ham sé so cdp la lién tuc trén mien xdc dinh ciia chiing.

Chitng minh: Suy tir gi6i han cdc ham so cap. O
Vi du.
1
a) Ham f(z) = — gidn doan tai 0 vi khong xdc dinh tai dé.
x
b) Ham f(z) = signx tuy xdc dinh tai 0, nhung gidn doan tai d6, vi lim f(x) =
z—0~
—1+# f(0)=0. .
¢) Ham f(z) = T nu £ 0 va f(0) = L. Do lim f(z) = lim P0T 1, nen b
xT x—0 z—0 X

lién tyc tai 0 n€u va chi néu 1 = f(0) = L.

1 0 e > o1
d) Ham f(z) = sin —, n€u z # 0; f(0) = L. Khong thé c6 gid tri L nao dé f lién tuc
x

. N 1
tai 0, vi khong ton tai lim sin —.
.. :E_)O €T

e¢) Ham Dirichlet

khong lién tuc tai moi di€m. That vy v6i a hitu ti khi d6 f(a) = 0, va do tinh trd
mat cla tip sd vo i trén R, ton tai diy (z,) gbm toan s6 vd ti hoi tu vé a, nhung
f(xp) = 1 khong hoi tu vé& f(a) = 0. Tuong ty 1ap luan cho a la vo .

1 .
Bai tap: Xét tinh lién tuc ctia ham f(z) = xsin— néu = # 0; f(0) = 0 va ham
x

phan nguyén g(z) = [z].

Ham f goi la c¢é gidn doan loai I tai « n€uu tén tai lim f(z) = f(a™) va lim+ f(z) =
r—a~ r—a

f(a™), nhung c6 “budc nhdy” |f(a™) — f(a™)| # 0.
Ham goi 12 c6 gidn doan loai II tai « né€u né c6 gidn doan tai a nhung khong 1a gidn
doan loai I.
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budc nhdy

Y

lién tuc gidn doan loai I cdc gidn doan loai II €

Bai tdp: Xét cdc ham & vi du trén c6 gidn doan thudc loai nao.
Bai tap: Chi'ng minh mot ham don diéu trén [a,b] chi c6 thé c6 gidn doan loai L.

3.2 Tinh chat.

(1) Tong, hiéu, tich, thuong (vdi diéu kién mdu khdc 0) ciia cdc ham lién tuc tai a la
ham lién tuc tai do.

(2) Néu f lién tuc tai a va g lién tuc tai f(a), thi ham hop g o f lién tuc tai a.

(3) Néu f lién tuc tai a va f(a) > L, thi f(x) > L & ldn cdn a, i.e. ton tai § > 0 sao
cho f(x) > L véi moi x ma |x — a| <.

Chitng minh: (1) va (2) suy tif cdc tinh chit ca gi6i han ham.

—L
(3) suy tu dinh nghia: Vé&i € = %, ton tai 0 > 0 sao cho khi |z — a| < ¢, thi
fla)+ L - L+L

2 2

fl, max(f, g), min(f, g) 1a
12 hgp cia ham f va ham z — |z| (12 ham lién tyc tai

=L

fla)—e < f(x) < f(a)+e. Suyrakhidé f(x) > f(a)—e=
Vi du. Cho f va g la cdc ham lién tuc tai a. Khi d6
lién tuc tai a. That vy, |f

.40 .- p 1 ) 1
moi diém). Ngodira, ta c6 max(f,g) = 5 (f+g+|f—gl), min(f,g) = S (f+9—|f—9])
nén tinh lién tuc suy tit tinh chat trén.

Phan con lai ca chuong nay dé ciap dé€n 3 dinh 1y co ban clia ham lién tuc trén
khoédng.

V& mit truc quan, dinh 1y sau phdt bi€u 12 néu mot lién tuc trén modt khodng, thi
né c6 dd thi 1a dudng lién nét (khong c6 budc nhdy). Mot cich chinh xdc, ta c6

3.3 Pinh Iy gia tri trung gian (Bolzano-Cauchy). Cho f lién tuc trén [a,b].
(1) Néu f(a) va f(b) trdi ddu nhau, thi ton tai c € (a,b) sao cho f(c) = 0.
(2) Téng qudt hon, néu ~y ndm gia f(a), f(b), thi tén tai ¢ € (a,b) sao cho f(c) = .
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fla)|..

Chitng minh: (1) Khong mat tinh tdng quat, gid s& f(a) < 0 < f(b). Ta dung phuong
phdp chia d6i d€ tim nghiém c ctia phuong trinh f(c) = 0
Chia ddi doan [a,b] bdi di€ém t = QTH). Néu f(t) =0, thi ¢ =t 1a gid tri can tim.
Con 2 trudng hgp:
- Néu f(t)f(a) <0, thi dit a1 = a,b; = t.
- N&u f(t)f(b) <0, thi ddt a1 = t,b; =b.
Khi d6 f(a1) va f(by) trdi ddu nhau. Ldp lai cach chia ddi [a1,b;] nhu trén. Ti€p
tuc qud trinh nay, thi hodc sau hitu han budc ta tim dugc gid tri ¢ ma f(c) = 0,
b—a

2n
f(an) <0 < f(by). Theo nguyén 1y diy doan 16ng nhau ton tai a, < ¢ < b,,Vn € N.
Ta chitng minh f(c) = 0.

—a

va

hodc ta c6 mot diy cdc doan 16ng nhau [a,,b,],n € N, ma b, — a, =

Do b, — a, = — 0, khi n — o0, nén lima, = limb, = c¢. Do f lién tuc tai c

va tinh bdo toan thi ty, nén f(c) = Jim flay) <0va f(c) = Jim f(ay) > 0. Vay
fe)=o. ,

(2) Xét F'(z) = f(x) —~. Khi d6 F lién tuc trén [a,b] va F(a)F(b) < 0. Ap dung (1)
ta ¢6 ¢ sao cho F(c) = f(c) —v=0,1ie. f(c)=1. O

Nhan xét. Phuong phédp chia d6i & chiing minh trén cho phép tim nghiém gin ding
ctia ham lién tuc trén mot doan.
Bai tip: Tinh gin ding /2 véi sai s& 10~!, biing cach tim nghiém z2—2 = 0 trén [1,2].

Hé qua. Néu ham f lién tuc trén [a,b] va a,b la hai nghiém lién tiép cia f(x) =0,
thi f khong doi ddu trén (a,b).

Hé qia. Néu ham f lién tuc va don diéu tdang (gidm) trén |a,b], thi tén tai ham

nguge {1 lien e trén [f(a), F()] (irén [£(b), f(a))

Chitng minh: R& rang khi f don di€u trén [a,b], thi né 1a song dnh ti¥ [a,b] 1é€n
fla,b]. Do dinh 1y trén f[a,b] 12 mot khodng va do tinh don diéu cdc dau mit cda
khodng d6 phai 1a f(a), f(b). Nhu vay tén tai f~1: [c,d] — [a,b].
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Dé chitng minh tinh lién tuc cda f~! tai yo € [c,d], cho (y,) 1a diy ti€n vé& yo. Dit

1( 0) vad o, = f~'(y,). Ta cin ching minh x, — x¢. Gid s phin ching 1a
y con () ti€n vé z’ # x¢. Do f don dnh, f(z') # f(zo). Mit khéc, do f
(xp,) — f(2'). Nhung day f(xn,) = yn, — Yo = f(z0), mau thuln. O

(@}

CD> O D
CL
mz

B
\

Vi du.

a) Moi da thic bac 18 déu c¢6 nghiém (thuc). That vay, cho f(z) = ag+aix+- - -+a,a",

v6i a, # 0 va nlé. Do lim f(x)= — sign(ay)oo va lirf f(x) = sign(a,)oo,
r——00 T—T00

nén ton tai @ < 0 < b sao cho f(a) va f(b) trdi ddu nhau. Theo dinh ly gid tri trung
gian ton tai ¢ € (a,b) d€ f(c) =0, i.e. ¢ 1a nghiém clia f(z) = 0.

b) N&u f : [a,b] — [a,b] lién tuc, thi ton tai ¢ : f(c) = c (di€m c goi l1a di€m
bat dong cia f). That vay, xét ham F(z) = f(x) — z. F lién tuc trén [a,b] va
F(a) = f(a) —a >0 con F(b) = f(b) — b < 0. Theo dinh ly gid tri trung gian ton tai
c€la,b], F(c) = f(c) —c=0,1ie. f(c)=

3.4 Pinh Iy max min (Weierstrass). Néu f la ham lién tuc trén doan |a,b], thi
f bi chdn va dat max va min trén doagn dé, i.e. tén tai o, € [a,b] sao cho

f(a) = max{f(z) :a <z < b} F(8) = min{f() :a << b}

Chitng minh: Gia st phan ching la f khong bi chin. Khi d6 véi moi n € N,
ton tai x, € [a,b] ma |f(z,)] > n. Do ddy (x,) bi chin, theo dinh 1y Bolzano-
Weierstrass, ton tai diy con (7, )gen hoi tu v& ¢ € [a,b]. Do f lién tuc, ta c6
|f(c)] = lim |f(zn,)| = lim ng = 400 v0 ly.

k—o00 k—o00
Tw tinh bi chdn cdc gid tri M =sup{f(z):a <z <b}va m=1inf{f(z):a <z <b}
12 hitu han. Ta chitng minh ton tai «a, 3 sao cho f(a) = M, f(8) = m. Theo tinh chat

clia sup, v6i moi n € N, ton tai x,, € [a,b] sao cho M — — < f(z,) < M. Lai theo
n

dinh 1y Bolzano-Weierstrass, tdn tai ddy con (xp,) hoi tu vé a. T tinh lién tuc cla
f va tinh sandwich khi cho k — oo, ta ¢6 f(a) = M.

Viéc chitng minh tOn tai 3 sao cho f(3) = m ti€n hanh tuong ty (bai tap). O
Bai tdp: Chitng minh ham arctanz ¢6 supremum la g va infimum la —g, nhung

khong ¢é max, min trén R.

3.5 Lién tuc déu. Ham f goi 13 lién tuc déu trén tip X néuu
Ve > 0,30 >0:Vz,2' € X, |z —2'| <3 = |f(z)— f(@)] <e

Nhan xét. D& hi€u rd hon tinh lién tuc déu ta so sanh véi tinh lién tuc:
e Chi n6i dén tinh lién tuc déu trén mot tip chit khong tai mot diém.
e Tinh lién tuc déu trén X suy ra tinh lién tuc trén X.
. . N Lo
e Tinh lién tuc khong suy ra tinh lién tuc déu. Vi du ham f(z) = — 1a lién tuc nhung
x
khong lién tuc déu trén (0,+00). P& ching minh f khong lién tuc déu trén X, c6
thé ding ménh dé phii dinh cla dinh nghia lién tuc déu

Je>0,V6>0:3w,2" € X, |z — 2| <6, |f(x)— f(a')] >
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N S

Cu thé, ta tim dugc € = 1, v6i moi 0 < § < 1, tim duge x5 = 6,25 = — € (0, +00) tuy

1

|zs — x| < &, nhung |f(zs) — f(2f)| = 5 >e=1
e Trong dinh nghia vé tinh lién tuc déu trén X, & chi phu thudc ¢, ma khong phu
thudoc = € X. Piéu nay khic cd ban vSi dinh nghia lién tuc tai a, § d6 § phu thudc
vao a, i.e. khi a thay d6i thi ¢ thay ddi.

1 s .
Bai tdp: Chiing minh ham f(x) = — lién tuc tai a bang ngdn ngit e-6. Ching té véi

x

€ > 0 c6 dinh, 6 > 0 1a phu thudc a. Cu thé, a cang gin 0, thi § cang phai bé.

3.6 Pinh Iy vé tinh lién tuc déu (Cantor). Néu f lién tuc trén doan [a,b], thi f
lién tuc déu trén doan dé

Chitng minh: Gia si phdn ching f khong lién tuc déu trén [a,b]. Khi d6 ton tai
e > 0 sao cho v6i moi n € N, tim dugc z,,, z,, € [a,b], sao cho

ot < nhung () — F()] > e ()
Do (z,,) 1a day bi chin, nén ton tai day con (zy,) hdi tu vé ¢ € [a,b]. Do |z}, —c| <
|27, — @ny| + |20, —¢| — 0, khi k — oo ta ciing c¢6 (27, ) hoi tu vé ¢. Do f lién
tuc leHgO f(xn,) = khjgo f(x,,) = f(c). Vay |f(zn,) — f(z, )| bé tuy ¥ khi k di 16n.

Piéu nay mau thuin vdi (*). O



II1. Phép tinh vi phan

Chuong nay nghién ctu tinh chit clia cdc ham c6 thé x4p xi bdi ham tuyén tinh tai
1an can mot diém nao d6: cac ham kha vi. Khai niém nay cho phép nghién citu sau

hon tinh cht dia phuong clia mot ham: tinh don diéu, cyc tri, tiém can,... ; hay hinh
dang clia mot dd thi, mot dudng cong, ... . P& xap xi ham bdi ham da thitc bac cao

hon, chuong nay sé néu 1én cong thic Taylor, dugc xem 13 cong thiic nén tdng cia
phép tinh vi phan ham 1 bién.
1. Pao ham - Vi phan

1.1 Ham kha vi. Cho f : (a,b) — R. Ham f goi 1a kha vi tai z nfuu f c6
thé€ xAp xi bdi mdt haim bic nhit tai g, i.e. ton tai L € R sao cho

flxzo+Az) = f(xo)+ LAz + o(Ax) , khi Az — 0
hay 1a  f(z) = f(xo)+ L(x — z9) + o(x — x0) , khi x — xg
Yy

y = f(xo) + L(z — x0)

| A

Ménh @é. Ham f khd vi tai xo khi va chi khi gidi han sau ddy tén tai va hitu han

I — lim flxo+ Az) — f(xo)
Ax—0 Ax

Chitng minh: Suy tryc ti€p tf dinh nghia. O

Nhin xét. N&u f kha vi tai o, thi f lién tuc tai xg. Diéu d6 suy tir

f(x) — f(zo) = L(z — x0) + o(x — x9) — 0, khi = — x¢
Mot ham lién tuc khong nha't thi€t kha vi, ching han ham f(z) = |z| & vi du phan sau.
1.2 Pao ham - Vi phan. Him f goi 1A ¢6 dao ham tai x¢ néuu gidi han & ménh dé

trén ton tai (c6 thé bing vo cuing). Khi d6 gidi han d6 goi 12 dao ham cha f tai z,
va ky hiéu 1a f/(z9), i.e.

f'(xo) = lim flzo+ Az) — flzo) _ lim f(@) = fxo)

Az—0 Ax T—T0 T — X0
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Khi f'(xo) hitu han, hAm tuyén tinh L: R — R, Ax — L(Az) = f'(x¢)Aw,
£0i 12 vi phan cda f tai zo va ky hiéu 1a df (zo).

. . + Azx) — xo
Nhan xét. N& — o thi f(ag) = lim &0

an xét. Néu f(z) =z, thi f (x;g) / Aim AL

Suy ra dx(Az) = Az. Viy c6 thé viét

=1,Vzg € R.

d
(o) = Flao)dr hay  flzo) = D ()
Po6i khi ta ciAn khdi niém dao ham phia phai (trdi) cia f tai zo,

f(zo+ Az) — f(x0)

filwo) = A:}:igt)*- Ax

Nhén xét. Tén tai f/(zo) khi va chi khi tdn tai f (z0), f_(z0) va f(z0) = f_(z0).

Vi du.
a) Him f(z) = e* ¢6 dao ham f/'(z) =" :
ez+Am _ e ez(eA:c _ 1)
m & —¢ _ jm £ T
Az Az Az Az °

b) Ham f(z) = sinz ¢6 dao ham f/'(z) = cosx :

Az, . Ax
sin(z + Az) — sina _ 2cos(z+ —)sin—-
lim = lim
Az—0 Ax Az—0 Ax
. Ax
) Ax ) S ——
= Aligo cos(z + 7) Alz}:go Az = cosw
2

¢) Ham f(z) = |z| lién tuc, khong kha vi tai o = 0 va c¢6 dao ham 2 phia tai d6:

10+ 4z) = f(0) _ |Az] khong tdn tai gidi han khi Az — 0.
Ax Ax

L4y gi6i han theo phia, ta c6

f(0) = lim Bl ) proy= im B

-1
Az—0+ Az Az—0—- Az

3
VA
d) Him f(z) = ¢/x khong khé vi tai 0 va ¢6 dao ham f/(0) = lim T .

i
Az—0 Az
1.3 Y nghia ctia dao ham. Cho ham y = f(x) xdc dinh & lan can z. V6i mdi
gid tri x gan xg, ky hiéu
Ax=x— 129 goila so gia clia bi€n tai o,
Ay = f(zo+ Ax) — f(zo) goila sd gia cla ham tuong Gng.
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e Xap xi bac 1: ham f khd vi tai 2 khi va chi khi Ay = f'(z9)Az + o(Az). Khi dé
vi phan f'(z0)Ax 1a xap xi tuyé€n tinh 6t nhdt cho Ay & 1an cin x.

No6i cdch khac, ham y = f(xo) + f'(z0)(x — xp) 12 xap xi bac 1 6t nhidt cda ham
y = f(x) tai 1an can x.

e Hé so géc cha ti€p tuyén: Trong hé toa dd Descartes vudng géc xét cic diém
Mo (o, f(z0)), M(xo + Az, f(zo+ Ax)) trén dd thi ham f. Khi d6 tf s6
A . )
A—y = P06 doc cia MyM = tang gbc tao bdi MyM va Oz.
x

Né&u f kha vi tai xg, thi dd thi clia n6 c6 ti€p tuyén tai My va
f'(z0) = Hé s6 gbc cia ti€p tuy€n v6i @6 thi clia f tai (xo, f(z0)).
Phuong trinh ti€p tuyén d6 12 y = f(xo) + f'(z0)(z — z0)

e Van téc: N&u f(x) bi€u dién quing duong di clia chuyén dong tai thoi diém =z,
thi  s6
Ay
Ax

N&u f kha vi tai g, thi f'(x) 12 vin tdc tic thdi cda chuyén dong tai thdi di€m xg.

= Van td¢ trung binh trong thdi gian Ax.

e Mot cich tdng quat, dao ham f/(xg) = Alirgo 2—:3(/: bi€u thi sy bién thién cta dai
lugng y = f(x) theo dai lugng z tai xo.

1.4 Qui tic tinh.

e Gid sit f,g la cdc ham khd vi tai xo. Khi dé cdc ham f + g, fg, i (vdi diéu kién
g(xz0) # 0) la khd vi tai xo va ta cé /

(1) (f£9)(w0) = f'(w0) £ g'(w0)

2 (f9)'(z0) = f'(w0)g(w0) + f(20)g'(x0)

Fo f'(@o)g(zo) — g'(x0) f(w0)
3) (;) (33‘0) - 9(330)2

e Gid sit f khd vi tai xo va g khd vi tai f(xg). Khi do g o f khd vi tai xy va

@) (g0 f)(wo) = g'(f(w0))f (o)

e Gid sit f don di¢u thuc su, i.e. tang hay gidm, va f'(x¢) # 0. Khi dé ham ngugc
1 kha vi tai yo = f(z0) va
1
) ()W) =5—
) = )
Chitng minh: Cong thitc (1) suy tif tinh chit giéi han ciia téng, hiéu.
Cong thic (2) suy tr

fla+Ax)g(e+Ar)—f(x)g(x) = (f(x+Az)— f(2))g(z+Ax)+f(2)(g(z+Ar) —g(x))

Chia hai v&€ cho Az, rdi cho Az — 0, ta c6 cong thifc.
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Tuong ty, cong thic (3) suy ti

flet+Ax)  flz)  (flz+Az) - f(@)g(x) — f(2)(g(x + Ax) — g(x))

gz +Az)  g(z) g(z + Az)g(x)
bé chitng minh (4) ta c6

ey - I+ A) — g(f(x)
g(f(x+ Ax)) —g(f(x)) flx+ Azx) — f(x)

Pty = f(z), Ay = f(x + Az) — f(), thay vao

9(f(z+Az)) —g(f(x) _ 9y +Ay) —g(y) f(z + Az) — f(2)
Ax Ay Ax

Theo gid thi€t khi Az — 0, thi Ay — 0 va ta c6 (4).
Cong thic (5) suy tt (9 vi f~lof(z) =z, nén (f 1) (yo) [ (z0) = 1, v6i yo = f(z0) O

(f(z + Az) — f(x))

Nhén xét. Cong thic (4) goi 1a cong thidc dao ham hgp va trong thyc hanh thirong
dugc vi€t du6i dang sau

do_dgdy
& dy dr 9z = 9y Yz

trong d6 g = g(y) va y = f(z).

1.5 Pao ham cdc ham s¢ cAp. Véi diéu kién biéu thifc c6 nghia va z 13 bién,
ta co

(Xa)/ — Oé]}a_l
(a®) = d"lna bic biét: (e*) =€
1 1
(log, =)’ = bic biét: (Inz) = -
(sinzx) = CcosT
(cosz)’ = —sinx
1
(tanz)’ = 5
cos”
(cotanz)’ = ———
sin” @
: /
arcsinz) = ——
R
arccosz) = ———
( ) f —
(arctanx) =
1+ 22
(arccotz) = -— !
1422
Chitng minh: Suy ti qui tic tinh vd dao ham ham e® va sinz (bai tip) O

Vi du. Tinh dao ham theo céng thic.
a) Cho f(x) = e* sinbx. Khi d6

f(x) = (%) sinbx + e (sin bx)" = ae® sin bz + €**b cos bx = e (a sin bx + b cos bx)
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b) Cho g(x) = 2®. P& tinh ¢'(x), xét Ing(z) = xrInx.
/(:C
g(x)
Suyra ¢'(z) =g(z)(lnx 4+ 1) =2%(Inz + 1)

~—

Q

Theo cong thitc dao ham hgp

1
=Inhz+z—=Inz+1.
T

2. C4c dinh Iy co ban

2.1 Pinh 1y Fermat. Gia sit f : (a,b) — R khd vi tai 9. Néu f dat cuc tri tai
To, thi f/(l‘o) =0

Chitng minh: Gia st f dat cyc dai tai zo (d0i v6i cuc ti€u thi xét —f).
Khi @6 Ay = f(zo + Azx) — f(zo) <0, khi Az dd bé.
Ay Ay

A / — T =7 <« 3 / = i — >0.
Vay Ji(z0) A:lclg%ﬁ Az — 0va f-(z0) A}:E%J— Az — 0
Do f/(.l‘o) = ff,_(l‘o) = f/_(.l‘o), nén f/(.l‘o) =0. O

Nhan xét. Khi f/(xg) = 0 chua chic f dat cuc tri tai 2. Ching han ham f(z) = 3.

2.2 Pinh 1y Rolle. Néu f la ham lién tuc trén [a,bl, khd vi trén (a,b) va f(a) = f(b),
thi tén tai ¢ € (a,b) : f'(c)=0

Chitng minh: Do f lién tuc trén doan [a,b], nén ton tai x1, 2 € [a, b] sao cho:

f(z1) = max f(z) =M va f(zz) = min f(z)=m
z€[a,b] z€la,b]

Né&u m = M, thi f 1a ham hing nén f’(x) = 0 v6i moi = € (a,b).
N&u m < M, do f(a) = f(b) nén z1 hodc x5 khdc hai ddu mit a,b. Theo dinh 1y
Fermat f'(xz1) = 0 hodc f’(x2) = 0. O
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o
—7
S

2.3 Pinh ly gia tri trung binh. Néu f, g la cdc ham lién tuc trén [a,b] va khd vi
trén (a,b), thi tén tai c € (a,b):

Bdc bigt, ton tai c € (a,b): f(b) — f(a) = f'(c)(b— a).

Chitng minh: Xétham F(z) = (f(b)— f(a))(g(x
Dé ki€m tra F' lién tuc trén [a, b], khd vi trén (a,

)—9(a)) = (9(b) —g(a))(f(z) — f(a)).
ly Fermat ton tai ¢ € (a,b): F'(c) = (f(b) — f(a)

; va F(a) = F(b) = 0. Theo dinh
)g'(¢) — (9(b) — g(a)f'(c)=0. O

DPing thic cudi trong dinh 1y trén goi 14 cong thite s& gia hitu han va c6 thé viét
dudi dang
flzo + Az) — f(x0) = f'(x0 + 0Az)Ax,

trong d6 xg,xo + Az € (a,b) va 0 < 6 < 1 phu thudc vao zg, Az.
Suy ra |f(z) = f(y)] < sup [f(c)llz —y [a, b].

ce(a,b

Vi du.

a) Néu f'(z) = 0,Vz € (a,b), thi f 12 ham hing trén (a,b).

b) N&u f/'(z) = ¢/(x),Vz € (a,b), thi f — g la ham hing, i.e. f = g+ const.
¢) Do (sinx)’ = cosx ¢6 tri tuyét d6i bi chin bdi 1, nén ta ¢6 bat ding thic

|sinx —siny| < |z —y|, Vz,y € R

Tuong tu, (arctanz)’ =

i 2§1,nén
T

|arctanx — arctany| < |z —y|, Vz,y € R
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3. Pao ham cap cao - Cong thitc Taylor.
Pao ham cip 1 cho phép x4p xi ham f tai 1an cAn mot diém xo bdi ham bac 1.
Héi c6 thé xAp xi bdi da thitc bic cao hon, v6i d6 sai s6 bé hon? i.e.
f(zo + Az) = Pa thic bac n theo Az + o(Az™) , khi Az — 0
P& trd 15i cAu hdi trén, ta can khdi niém sau.
3.1 Pao ham c4p cao. N&u f khd vi tai moi di€m thudc (a,b), thi f’ 12 ham xdc dinh

trén (a,b). N€u f’ khd vi tai zo, thi ta c6 dao ham cap hai f"(zo) = (') (o).
DPinh nghia dé qui dao ham cap n cia f tai x(:

FO(20) = flzo), F™ T (xo) = (f™) (o)

Vi phin cdp n cda f tai zo, dugc ky hiéu va dinh nghia
d"f(wo) = ™ (zo)da"
d" f(xo)

dx™
Ky hiéu C™(a,b) khong gian cic ham f kha vi d€n cip n trén (a,b) va f(™ lién tuc
trén (a,b). Khi d6 ta n6i f thuoc légp C™.

Vay vi phan cip n tai mot di€m 1a da thic thudn nhdt bac n va f)(z) =

3.2 Qui tic tinh. Gia sit f, g la cdc ham khd vi dén cdp n tai xo va « la s6. Khi dé
I (f+ g)(")(ﬂio) = f(”)(%’o) + g™ (o).
@ (af)t (330) = af ) (o).

3) (fg Z Ck k) )(xo) (cong thiic Leibniz).

Chitng minh: Bing phudng phap qui nap, (Bai tip) O

Bai tip: Chitng minh céc cdng thifc dao ham cip n sau:

(xa)UU = ala—1)---(a—n+1)z* ™"
(a®)™) = a(Ina)”
(log, )™ = (=D"Hn—1)!
" Ina
(sin aac)(”) = a"sin(ax +n)

3.3 Cong thic Taylor. Gia sit f ¢6 dao ham dén cdp n+ 1 trén (a,b) chita xo. Khi
ds véi moi x € (a,b), tén tai 0 < 0 < 1 sao cho
(o) £ (o)

1 (x—z0)4+- - -+T(m—wo)"+

FOHY (g + 0(z — 20))
(n+1)!

f(x) = flzo)+

(=0

Chitng minh: Khi x c6 dinh, goi M 13 s6 thda

n

Fla) = Flao) + 3 1 F® o) — o) + Mz — o).
k=1""

)n+1
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| =

Xét ham h(t) = f(z) — f(t) — zn: FO @) (x —t)F — M(z — )"+
k=1

>~

Ta c¢6 h(z) = h(zo) = 0. Theo dinh 1y Rolle ton tai ¢ = z¢ + 0(z — x0),0 < 0 < 1,
sao cho h/(c) =0, i.e.

1 Fr(e)
_— p(n+1) PAY ) AT _J &

n!f )z—c)"+(n+1)M(z—¢c)" =0, hay M = ) O

Nhéan xét. Pa thitc sau goi 1a da thdc Taylor bic n cda f tai xq:

T (x) = fao) + 30 (o) @ — o) -+ = fP o)z — )"

e N&u f c¢6 dao ham d&n cip n, thi f c6 thé xap xi bdi da thic Taylor bac n, i.e. ta
c6 biéu dién

f(x) = Tnf(x) + Rn(x)
v6i phan du Taylor bac n: R, (z) = f(z) — T, f ().
Biéu dién trén con goi la Kkhai trién Taylor cta ham f tai x.
e D& kiém tra R(xo) = R'(z0) = --- = R™(zy) = 0. Tir d6 (biing qui nap) ta c6
phan du dang Peano:

R, (z) = o((x — zp)") khiz — x9

e Néu f c6 dao ham dé&n cap n + 1, thi ta ¢c6 phdn du dang Lagrange:

SO (@ + 0(z — 20))
(n+1)!

R, (x) = (z — x0)" ™!, véi 6 € (0,1)

Hon nita, n€u dao ham cap n + 1 bi chiin b&i M, thi cong thic trén cho phép ddnh
gia cu thé sai sd clia phan du
M

|Rn(7)] < mm — x|

Chid y. Piéu kién f(x) = ap + a1(x — z0) + a2(z — 20)? + o(z — x0)?, khdng suy ra
f c6 dao ham cip 2 tai xo. Ching han, f(z) =1+ + 22 + 23D(x), trong d6 D la
ham Dirichlet.
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3.4 Cong thiic Maclaurin. Cong thiic Taylor tai ¢y = 0 cOn goi 14 cong thitc Maclaurin.
Sau diy 1a cdc khai trién ctia mot s6 ham so cAp.

€T l'n 60$
x = 1 — . R n+1
e +1!+ +n!+(n+1)!x

? x2n1 (—1)" cos Oz
i = 2 4 (=)t 2n+1
e T S N i TR b

a? 22 (=1)"*!cosfx
CoS T 51 +-- 4 (1) 2n)] + 2n 1) x

$2 x" (71)n$n+1
ne Toy e T (n+1)(1+ fz)n+!

—1) - (— 1
(I+a2)* = 1+am+-~+a(a ) n'(oz nt )x"+
ala — 1)-, c(a—=n)(1 + fz)o—n1 -
x

(n+1)!

Vi du. Khi khai trién ham so cAp c6 thé ding hgp cia cic khai trién trén.
Khai trién dén cip 6, tai 1an cin 0:

—z2 2 1 2v2 , | 213 2y4 2t af 8
e ——1+(—x)+—'(—x)+—‘(—x)+0((—a:))——1—a: +———+0(z°
1 _ 3y-1 _ L5, 3, 32 3\3y _ z> 3 9

7ﬁ—(1+x)2—1——x +-(@)*+0((z°)’)=1— —+ <2” + O(x”)

4. Mot so wng dung

4.1 Tinh xAp xi. N&u f kha vi d&€n cidp n + 1, thi c6 thé xap xi f(x) bdi da thic
Taylor bac n tai xg:

f(x() + AJ}) ~ f(aj‘o) + %f’(l‘o)Al‘ + -+ %f(n) (.Z‘())Aaj‘n

Vi sai s6
|F ) (2 + HAT)

’ +1
A n = A n

| Rn(Az)| =

Vi du.
a) P& tinh x4p xi /1 + x khi x bé, c6 thé dung vi phan cia ham /1 + z tai 29 = 1

n 0 1
Mtz V14+(V1+2)|smiz = 1+ o

Muén sai s6 bé hon cin khai tri€n cip cao hon.
b) D€ tinh e véi sai s6 < ¢, ding cong thitc xap xi
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e? 3
| < :
(n+ 1"~ (n+1)!
Vay néu yéu cau € = 1073, ta can tinh d€n n = 6.
Con néu yéu ciu € = 1076, cAn n = 9.

v6i sai s6 |R,| = |

Vi du. Dung khai trién Taylor tinh gi6i han.
1
a) Tinh lim (z —2%In(1 + —)).
Tr——400 €T
1 1 1 1
1 1 1 1
( E) = §+$20(—2) — 5 khi  — +o0.
T —V1—22+23
In(1 + 22)
1 3
Tacé e —1—a2 + 25 = 1+ 2% +o(2?) —(1+§(—1:2+1:3)+0(x2) = §x2+0(1:2).
va  In(14 2?) = 22 + o(2?).

b) Tinh lim
x—0

) d 9
Viv lim & —V1—a2+23  3Y 3
im = a4 =
YO In(1 + 22) z—0 22 2

Nhan xét. Cdc gidi han & vi du trén c6 thé dung qui tic L’Hospital sau day (tuy
nhién ti€n hanh qui tic nay & vi du b) sé& phiic tap hon).

z 4 . . . 0 . z
4.2 Qui tac L’Hospital. Dbé tinh gidi han cic dang v6 dinh 0’ cdc qui tac sau

813

rat hitu ich.

Ménh dé. Cho f,g la cdc ham khd vi trén khodng I c6 thé trir tai xq € 1.
(1) Néu ¢g'(x) #0, Ve € I va limy_y, f(x) =limg— 4, g(x) =0, thi

lim /(@) = lim f'(z)

o= g() ~ o= /()

(2) Néu ¢'(x) #0, Yz € I va limy_4, f(z) = limgy_z, g(x) = 00, thi

lim f(@) = lim f’(:c)

w0 g(z) =0 g ()

(vdi diéu kién cdc gidi han vé phdi ton tai, cé thé bing vé cing).

Chitng minh: (1) Trudng hop zo # +oo: Do gia thi€t c6 thé thic trién f, g thanh
ham lién tuc tai o khi cho f(z9) = g(xg) = 0.

o /
Theo dinh 1y gid tri trung binh, ton tai ¢ nim giita xg, z: 1(@) = f(@o) = f/(c)‘
) ) 9(@) —g(xo)  g'(c)
Khi £ — zq, thi ¢ — x¢ va ta c6 dang thifc can ching minh.
p 1
Trudng hgp xp = +oo: Ap dung trudng hgp trén cho ham F(t) = f(;), G(t) =g(-).

(2) Chitng minh tudng ty. O
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Vi du.
. . Inz . 1/x
a) Vip>0,tacé lim — = lim / =0
z—+to0 P w—+oo prPl

b) Véi p > 0, dung qui tic L’Hospital nhiéu 1an d&n khi p < k, ta ¢

7 p—1 1) (p— k4 1)gPk
lim — = lim 2% =..-= lim pp=1)--(p + Lz

z—+o00 e¥  z—+00 €% T—+00 e’

=0

0 N 0
Nhan xét. C6 thé dua cdc dang vo dinh vé dang 0 hay * theo cch sau:
00

Dang 0.00: diing bién d8i fg — —

1/g
¢ 2. 1 1 1 —1
Dang oo — 0o: ding bi€n ddi f—g— L _19=1/f

1f 19 1/fg
Cidc dang 1°°,0°, 000: khi d6 f9 = e9™7 vay 1dy log ta ¢6 gln f 1a dang 0.cc.

Vi du.
1 1 p
a) V6i p>0,tacé lim z’lnz = lim —— = lim Yz oy g
z—0+ x—0a+ P z—0t —px_p_l z—0t —p
1 1 i — -1 — si
b) lim( : >:limW:hm,CosleimW:O
a—0\z sinz z—0 zxsinz z—0sinx + rcosx z—02cosx +sinx
lim zlnx
¢) lim 2% = lim *% = ca—0* =’ =1
z—0t z—>041'
d) 111%(1 +2%)@==1 (dang 1°°)
TrT—
1 ) In(1 + 22 0
Pity = (1 4+ 22)@===1. Khi d6 Iny = g (dang -)
e* —xr—1 0

2

1,2 1 2 2

Ta ¢6 limIny = lim 1+2° _ i lm ——2 = lim = =2

x—0 £E*>10 et —1 z—0 1+ 22 250e% — 1 z—0 eT

Vay lin(1)(1 + ﬁ)m = e2.
xr—

Nhan xét. Bai tdp sau cho thAy mot s6 trudng hgp khong thé diung qui tic L Hospital
Bai tdp: Cho f(z) =sin?zsini, g(z) = e” — 1. Ching minh tn tai lim /(@)

20 g(x)
/
khong tdn tai lim ! (w)
20 g'(x)

4.3 Khdo sat tinh don diéu.

, nhung

Ménh dé. Cho f la ham khd vi trén mét khodng 1. Khi dé

(1) f khong giam (t.u. khong ting) trén I khi va chi khi f' >0 (tu. f' <0) trén I.
(2) Néu f' >0 (tu. f' <O0)trén I, thi f ting (t.u. gidm) trén I.

Chiing minh: Dua vao dinh nghia va dinh 1y gia tri trung binh. U

Vi du. Dung tinh don diéu cia him s§ cé thé ching minh mot s§ bat ding thic,
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ching han

a) e*>1+z (x#0)

b) (a:p—i-yp)% > (acq—i-yq)% O<z,yval0<p<yq)

DPé€ chitng minh a) ta xét sy bi&n thién cia ham f(z) = e* — z.

Ta c6 f'(x) =e®—1,nén f'(x) <0khiz <0va f'() >0khixz>0. Suyra f gidm
trén (—o0,0) va tang trén (0,+00). Vay f(zx) =e* —x > f(0) = 1 v6i moi = # 0.
D6 1a bat ding thifc cAn chitng minh.

BAi't ding thifc b) tuong duong vdi tinh don diéu gidm ciia ham g(t) = (2! + y?)
(0, 400).

Lo A
t trén

0 . . In(zt + y*
b€ chitng minh ta can xét ddu dao ham ¢'(t). Ta ¢6 Ing(t) = M
t t t t
gl(t) B 7xt 1n(z ;y ) _ yt hl(z +y )

yt
g(t) t2(zt 4 y')
Suy ra ¢'(t) < 0,Vt > 0. Vay g gidm trén (0, +00).

Tinh todn ta c6

4.4 Khao sit cuc tri. D€ gidi bai todn cuc tri ¢6 thé ding 2 két qlia sau:

Ménh dé. Cho f la ham khd vi trén khodng I. Khi dé

(1) Néu f'(xo) = 0va f'(x) ddi ddu tic duong sang dm khi x qua xo, thi f dat cuc dai
tai xo, i.e. f(xg) > f(x) véi moi x thudc ldn cdn x.

(2) Néu f'(xg) = 0 va f'(x) ddi ddu tic Gm sang duong khi x qua wo, thi f dat cuc
tiéu tai xo, i.e. f(x0) < f(x) vdi moi x thudc lan cdn x.

Chitng minh: Suy tit sy bié€n thién cda him sd theo dao ham. O

Ménh dé. Cho f la ham khd vi dén cdp n trén mot khodng I chita xo. Néu
f'(xo) = f"(wo) = -+~ = fD(wo) = 0 va f™)(x0) # 0. Khi do

(1) Néu n chdn va f(xq) > 0, thi f dat cuc tiéu tai .

(2) Néun chdn va f™(xy) <0, thi f dat cuc dai tai xo.

(3) Néu n lé, thi f khong dat cuc tri tai xy.

Chitng minh: Dya vao cong thic Taylor:

Flao+ Az) = f(z0) + - /™ (o) Aa” + o( Aa")

Vi du.

a) Chiing minh e* > 1+2 (x # 0): Xem vi du & phin trudc.

b) Cho f(z) =e* + e * + 2cosz. Ta co

fl(x)=e*—e*—2sinz, f'(0)=0

f'(x)=e"+e*—2cosz, f"(0)=0

fO(z) =e®* —e* 4 2sinz, fO)(0) =

@) =e®+e*+2cosz, fH0)=4>0

Vay ham dat cyc tiéu tai = = 0.

¢) Tim max, min bi€u thitc zv/1 — 22.

Ham f(z) = xv/1 — 22, xdc dinh v6i moi = € [—1,1]. Dua vao dinh ly Weierstrass
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ham f lién tyc trén doan [—1,1] nén ton tai max, min trén d6. Theo dinh 1y Fermat
cdc di€m nghi ngd 1a cuc tri 12 cic di€ém x ma f/(r) = 0, hay 2 diém dau miit

f(=1), F(1).

Ta c6 f/(x)zlil__ii:() & x:i%,
So sdnh cdc gid tri f(%) - %7f(_%> = —%,f(—l) =0, f(+1) =0. Suy ra
fmax:f:f(i)zl fmin:f(*i):*1

V2! T V2 2

d) Tim hinh tru c6 thé tich 16n nhat khi dién tich mit S khong ddi:
Goi r 1a ban kinh ddy va h 1a chiéu cao hinh tru. Khi d6 thé€ tich va dién tich xung
quanh cda hinh try 1a

V =7mr2h va s = mr? + 7r? + 27rh.

’ S - 2 2 . A . . .
Theo gid thi€t s I3 hing, nén h = ‘9277”“ Vay bai todn 1a cAn tim gid tri 16n nhat
mr
cia ham
s — 2772 1 s
V(r) = mr? (7%:7* > = 5r(s = 2mr?), véi r € [0, ]

—6mr2), V'(r) = 0 =)=
(s ) (r) & or o

Do V' d6i ddu tir duong sang am khi r qua ,/Gi, nén V(r) dat max tai d6. Khi d6
T

Ta c6 V'(r) =

N =

h =2, /6i = 2r. Vay thé tich V dat gid tri 16n nhat khi chiéu cao bing dudng kinh
s
hinh try.

4.5 Kh3o sit tinh 16i, I6m. Cho f 13 ham xdc dinh trén khodng I.
Ham f goi la 16i néuu véi moi z1,20 € I va 0 <t <1

[ty + (1 —t)z) < tf(x1) + (1 —1)f(22)
Ham f goi la I6m né&uu véi moi z1, 20 € I va 0 <t < 1

fltzy+ (1 —t)aa) > tf(z1) + (1 —t) f(22)

Vé mit hinh hoc f 12 ham 16i khi va chi khi moi cung cda d6 thi f nim du6i day
cung chin cung d6. Tuong ty, f 1a 16m khi va chi khi moi cung ctia @6 thi f nim trén
day cung chin cung do.
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tf(z1) + (1 —1)f(z2) ¢

[ty + (1 —t)xa)

1 tr] + (f— tyxe x9 @

Piém M (xq, f(z0)) goi 12 di€m uén clia d6 thi ham f n&€uu M phan céc giita phan
16i va phan 16m ctia d6 thi ham f.

Bai tdp: Bing qui nap chiing minh bit ding thic Jensen: N&u f 16i trén I, thi
véi m01 T, ,Tp € -[7 t17'” 7tn > 07t1++tn: ]-a

ftixy + -+ towy) < tif(x1) + - + taf(zn)

Viét cdch khdc, véi moi x1,--- ,x, €I, a1, ,q, > 0,
f(al.fcl—i-"'—i-anxn) < Oélf($1>+"'+anf(xn)
ot tan T o+t o ’

Ménh @é. Cho f c6 dao ham cdp 1 hay 2 trén khodng 1. Khi do

(1) f 16i (I6m) néu va chi néu f' khong giam (khong tdng).

(2) f 16i (I6m) néu va chi néu " >0 (f" <0).

3) f 16i (I6m) néu va chi néu dé thi f ndm trén (dudi) tiép tuyén bdt ky.

Chitng minh: Chi cAn chitng minh cho trudng hgp f 16i. Theo mdi quan hé giita
tinh don diéu va dao ham ta c6 (1) < (2). Con (2) < (3) suy tir tinh chat hinh hoc
clia tinh 16i.

Tru6c hét ta c6 tinh chat twong duong cda tinh 16i:

Ham f 16i trén I khi va chi khi v6i moi z1,70 € I ma 21 < 29 vad 2 = tx1+(1—t)as €
(I1,I2), ta co

flx) = fltar+ (1 —t)zg) < tf(wr) + (1 —t)f(z2)
& (z2 —21)f(2) < (w2 —2)f(71) + (. — 21) f(22)
& (r2—x)f(x)+ (x—z1)f(x) < (22— 2)f(21)+ (x — 21) f(22)
& (r2 —2)(f(2) — f(21)) < (z—21)(f(z2) — f(2))
N f(x) = f(m < f(x2) — f(x)
r — T Tr9 — T

Bay giG chitng minh (1).

(=) Né&u f 15i trén I, thi theo bat ding thifc trén, khi cho z — 1, * — x3 10i so
sdnh, ta c6 f'(z1) < f'(z2), i.e. f’ khdng ting.

(<) Né€u f’ khong ting, thi v6i z1,x2 € I va 1 < 9, khi z € (x1,22), ta c6
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o) = flz) = f'(c1), v6i c1 nao d6 trong (x1,7)
r— I
Jlwo) = Jz) = f'(c2), v6i co nao d6 trong (x,2)
To — X
Tu d6 tinh khong ting cia f', suy ra @) = ) < flwe) = f(x)
T —1 Tog— T
Theo tinh chit twong dwong néu trén, suy ra f 13 16i trén 1. ([

Hé qia. Cho f c6 dao ham cdp trén khodng I. Néu f"(xo) = 0 va f"(x) doi
ddu khi x qua xg, thi M(xo, f(x0)) la diém uén cia dé thi ham f.

Vi du.
a) Ham f(z) = Inz 12 16m trén I = (0, 00). T bi't ddng thic Jensen véi x1, - -z, > 0,
ta cé

1n<x1+-~+$n) Zln$1—|—-~+lnxn

n n

Suy ra trung binh cong 16n hon trung binh nhan:

Tt

n

Thay z; bdi $,;1 vio bat ddng thic trén, ta c6 trung binh nhan I16n hon trung binh
diéu hoa:
n
nxlxn>ﬁ7 (w177xn>0>

T Tn
¢) Ham f(z) = €% 1a ham 16i. TU bat ding thic Jensen ta c6
ghitiar: < t1e™ + t26x2, r1,22 € R t1,t0 > 0,81+t =1

= t t N —1 —1 z
bBita=e""1 b=e"?"vap=1t] ,q=1; ,tacod

V4 b4 1 1
ab< L+ 2. (ab>0,pq>0-+-=1)
p q P q

. . . . 1
Bai tdp: Ap dung bat dang thic trén ching minh v6i p,q > 0 va — +
p

A lar + 0P < 21> lanl” + | D |bef?
k=1 k=1 k=1

1
2 o q
Bat dang thiic Holder:

n
Z aiby
k=1

Bat ding thitc Minkowski:
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4.6 Khao sat ham s6. Khdo sdt mot ham s6 nhim muc dich c6 nhitng thdng tin cin
ban va cin bi€t vé ham s6 d6. Thudng nhitng thong tin d6 1a: mién xdc dinh, tinh
chdn 1&, chu ky, chiéu bié€n thién, cyc tri, tinh 16i 16dm, tiém cin va mot sd gid tri dic
biét cia ham sd d6. Nhitng thong tin nay dudc thé hién truc quan qua d6 thi ctia ham

s0.
N x>
Vi dy. Khdo st va v& d6 thi ham y = — T
72 _

Mién xdc dinh: R\ {&1}.
/_ x2($2 - 3)
y - (.’,13'2 _ 1)2 ay
w_ 2z (2% + 3)
(7 1)
Tiém cin ding: x = £1, vi 11121y = o0.
r—

,:0 = $:0,$:i\/§

Yy =0 o =0

A A A ~ x A
Tiém can xién: y =z, viy =z + — 1 nén
x J—

Béng bién thién:

HI:EI (y—z)=0.

T— 00

T | —00 -3 -1 0 1 V3 400
v 0 - [ -0 - 1 - 0 =
—3v3 400 +o00
) —00 / 2 \ —oo|| \ 0 \« —oo|| \« 37\/5 / +00
bé thi:
Yy
3v/3)
5
V31 1 V3 z
_ 33
2

Bai tap: Khdo sit va v& dd thi hAm s6 y =z + Va2 — 1

4.7 Vé duong cong.

e Dudng cong cho béi phuong trinh tham sd.

Cho phuong trinh tham s& { 5
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Trong hé truc Descartes, phuong trinh trén xdc dinh dudng cong

C=A{(zy):x=a(t),y=y(t),a <t <p}

Chfmg han, x = acost,y = asint, 0 <t < 27, xdc dinh dudng tron 2+ y2 = a2

Pé vé C, ta ti€n hanh twong tu nhu viéc khio sdt dd thi ham s8, vdi cdc chi ¥ sau:

d (¢
Theo cong thic dao ham hgp, dao ham cia y theo x: d—y(x(t)) = y’gt;'
x T

Tiém cin ding 1a = = a, néu Jim z(t) = a va Jim y(t) = oc.

—1l0 —1l0
Tiém cin ngang 12 y = b, n€u Jim z(t) = oo va Jim y(t) = 0.

—1l0 —1l0

. : - t N

Tiém cdn xién la y = kz + b, n€u lim z(¢) = lim y(¢) = oo va lim yt) =k va

t—to i—to t—to x(t)

tl m (y(t) — kx(t)) = b.

i
—to
Vi du. Pudng Astroid: x = acos®t, y = asin®t (a > 0).

Mién xdc dinh 1a R. Céc ham ¢6 chu k¥ 27, nén chi xét trén mot chu ky ¢ € [0, 27].
2'(t) = —3acos’tsint, 2/(t) =0 < t=0, ©/2, 7, 31/2, 2.

Y (t) = 3asin®tcost, y'(t)=0 & t=0, n/2, 7, 31/2, 2.

Do —a < z(t),y(t) < a, nén d6 thi khong c6 tiém can.

Béng bi€n thién:

t |0 /2 s 3m/2 27
20 — 0 — 0 + 0 + 0
z | PN 0 N —a /S 0 Sl
y |0 + o - 0 - 0 + 0
y |0 7 N0 0 N 4 /O
bé thi /N
a
—a 0 a T
—a
Nhan xét.
/
e Ta c6 zl(x(t)) = —tant, vay ti€p tuy&n v6i dd thi nim ngang khi ¢ = 0, 7,27 va
x

thing ding khi t = /2, 37/2.
e Khit ¢, ta c6 phuong trinh dudng Astriod: 22/ 4 ¢%/3 = ¢2/3
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Vi du. L4 Descartes: 23 +3* — 3azy =0 (a > 0).

D3i bién y = tz, thay vao: 23 + 323 — 3atz? = 0.
Ta c6 phuong trinh tham s6 clia dudng cong:

3at
€T =
143
3—&2 (t#_l)
LA
1—2t3 1
! __ /I __ _
.’E—3am7 x_0<:>t_5_\/§
! 2_t3 ! 3
y:3a7(1+t3)2’ Y =0 < t=0,v2
Tiém cén: khi t — —1, x — 0o,y — oo va ta cb Y k=21 y—kxr — —a
T

Viy dudng cong tiém cin dudng thing y = —z — a.
Béng bié€n thién:

t | —0 -1 0 1/3/2 V2 +00
|+ [l + + 0 - -
[0/ ™| 7 0 /7 aVi ~ av2Z N 0
y | - I - 0 + + 0o -

y 0N wlf® N 0 7 a2 7 avi N 0
bd thi:

tH(2 —t3)
[ 1—2t3"7
t =0,+/2 va thing ding khi t = 1/+/2.

d . . . N ,
Nhan xét. Ta cé d—y(z(t)) = vy ti€p tuyén v4i do thi ndm ngang khi
x
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e Dudng cong cho trong toa dd cuc. Ngoai toa do Descartes, trong nhiéu trudng hgp
ngudi ta con dung toa d9 cuc , xdy dung nhu sau:

Trong mat phfmg ¢6 dinh mot géc O va modt nira truc Ox. Khi d6 ta ¢6 4nh xa:
(r,0) € Ry x [0,27) tng véi diém M ma | OM | =r va (Oz,0OM) = ¢

Ciap (r,p) goi la toa do cuc clia M, r goi 1a ban kinh , ¢ 12 géc cue.

yﬂ
Yol - ._MO
r
©
(0 Tg Va:

Néu (z,y) 1a toa d0 Descartes va (r, ) 1a toa do cuc cia M, thi ta c6 cdc hé thic:

{x = rcosyp . {7“ = Vx$2+3/2

y = rsingp cosp = —,sinp =
r

r

Bai tip: Viét toa dd cyc cda cdc diém c6 toa dd Descartes: (1,0), (1,1), (0,1),
(—1,1), va (—1,0).

Thudng ngudi ta diing tea dé cuc suy rong khi cho ¢ € R § cdng thiic trén.

Bay gid cho ham s6 r = 7(p), ¢ € ® trong toa dd cuc suy rong. Khi d6 ham
s6 xdc dinh dudng cong

C={M(z,y): x=r(p)cosp,y =r(p)sing, p c d}

Ching han, ham hiing r =a (a > 0), xdc dinh dudng tron tdm O bén kinh a.

Pé vé C c6 thé dung phuong phip clia dudng cong cho bdi tham s& ¢ nhu phin trén.
Mot cach thong dung hon 1a khdo sit truc ti€p su bi€n thién cla ban kinh r theo géc
cuc .

Vi du. Pudng xodn logarithm: r = ae™*¢  (a > 0,k > 0).

Mién xéc dinh: v6i moi ¢ € R.
7' = —ake % < 0. Suy ra 7 gidm (khi ¢ ting)
bé thi
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(o)

8

Vi du. Hoa 3 cdnh: r = asin 3¢.
Mién xdc dinh 1a R. Ham c6 chu ky 1a 27/3, hon nita 12 ham 1é nén chi cin xét
T
€0, -]
pel05]
™
" =3acos3p, ' =0 & p= 6

Béng bién thién:

v |0 /6 /3
r’ + 0 -
rlo /%Y N o

bd thi




IV. Phép tinh tich phan

Chuong nay s& dé cap d€n mot khdi niém co ban clia gidi tich: tich phidn. N¢é 1a
cong cu dé xét dén céc tinh chit toan cuc, ching han cdc bai todn lién quan dén kich

thu6c nhu tinh dién tich, thé tich, do dai, ... , hay cdc két ludn véi cdc tif “néi chung”,
“trung binh”, “hdu hé&t”, .... Tuy vy khdi niém nay c6 mdi quan hé chit ché vdi khdi

niém dao ham, ching c6 thé xem 13 cdc phép toin ngugc clia nhau thong qua cong
thi'c Newton-Leibniz. Phan cudi chuong s& néu mot s6 4p dung.

P& ggi y cho phép tinh tich phin, ta c6 thé lién hé dén bai toan dién tich: Cho
f 1a ham lién tuc trén [a,b] va khong 4m. Goi F(z) la dién tich hinh giéi han bdi
f trén [a,x]. Khi so sdnh phin dién tich trén [z, z + Ax], v6i cdc dién tich hinh chit
nhét, ta c6
min _ f.Azx < F(z+ Az) — F(z) < max fAz
[x,z+Ax] [z,z+Ax]

Khi cho Az — 0, ta ¢c6 m&i quan hé F'(z) = f(x).

max
[z,x+Ax]

min f
[z, 2+ Az]

a x T+ Az b "

Tuong ty nhu vay d6i v6i mdi quan hé giita van tdc f va quing dudng di F clia
mot chuyén dong theo thdi gian x.
1. Nguyén ham - Tich phan bat dinh
Phan nay ta nghién ctu bai todn ngudc clia bai todn 14y dao ham.
1.1 Pinh nghia. Cho f: (a,b) — R. Ham F goi la nguyén ham ctia f néuu
F'(z) = f(x) hay dF(z)= f'(z)dz , Vx € (a,b)
Nhéan xét. F' va G 1a cdc nguyén ham cda f trén (a,b) khi va chi khi F — G = const.

Ho moi nguyén ham ctia f goi la tich phan bat dinh cia f va ky hi€u /f(a:)dac.
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Viy n€u F 1a mdt nguyén ham cta f trén (a,b), thi /f(;r)da: = F(z)+C,
trong d6 C 1a hiing s6 tuy y.
Tu dinh nghia, dao ham va tich phén 1a hai phép todn ngugc cia nhau:

(/f(z:)dx)/ ~ f(2) va /F’(J:)dx:F(m)

Bai toan 1. Nhitng ham nao c6 nguyén ham?
Bai toan 2. Tim nguyén ham cia m6t ham da cho.

Nhan xét. O phin sau sé& chiing minh moi ham lién tuc 12 c6 nguyén ham.
Ham f(z) = (zsin —)’ c6 nguyén ham nhung khong lién tuc.
x

Ham f(z) = sign(x) khong c6 nguyén ham (tai sao?).

Bai todn diu s& dudc xét & phan sau. Sau diy 12 cdc qui tic chinh d€ tim nguyén ham.

1.2 Qui tic tinh.

Tinh tuyé&n tinh. Néu f,g cé nguyén ham trén mét khodng va o, € R, thi trén

khodng do
J(ar@ + sg(ande = a [ faydz + 6 [ g)do

Cong thitc d8i bi€n. Néu x = o(t) la ham c6 dao ham lién tuc trén khodng J, va

f(x) ¢6 nguyén ham trén khodng I = p(J), thi

[ t@ide = [ seene @t = [ st

Cong thidc tich phan tirng phan. Néu u,v la cdc ham ¢é dao ham lién tuc trén mét

khodng, thi trén do

Hay viét theo 167 vi phdn /udv = uv — /vdu.
Chitng minh: Suy tir dinh nghia va cong thifc dao ham: tdng, tich va hop.

T dao ham cdc ham sd cip, tinh ngugc lai, ta c6
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1.3 Tich phan mét s6 ham so cAp. VGi = thuoc mot khodng ma ham dudi diu tich
phan xdc dinh va C la hiing trén mdi khodng do, ta c6

maJrl
“d o -1
/)i x T+ C (D)
/—da: Inlz| + C
z
X
/azdx 4 + C DPic biét: /exdx:ex + C
Ina
/sinxdac —cosx + C
/cosxdm sinz + C
1
/ 5 dx = tanz + C
cosi x
/ —5—dx = —cotanx + C
sin“ x
dx 1 z
= —arctan— + C
[eam A
T Tz+a
= —1 C
/J:Q—az 2% |z —a +
dx T
= arcsin— + C
CL2—33‘2 a
dzr

\/ﬁ = h’l|$+\/$2ia2| -+ C
2 +a
2
/\/az—x%lx = \/aQ—w2+%arcsing + C
p)
/\/x2:ta2dx = \/$2:|:a2:|:%ln|$+\/x2:|:a2] + C

DR NR

Bai tip: Hiy kiém tra dao ham v€ phdi biing ham trong diu tich phin & v& trai.

Vi du.

a)/ T 4sinx —
)/ B / dzx
22 +a2 a2 2\ 2

) o

2% 3
)dx—/2mdl‘+/blnl‘d$ /1: sdr = ﬁfc%z—§l‘3 +C

0. 1 N x
. boi bién t = —. Suy ra dz = adt.
a

a
d 1 dt 1 1
Thay vao ta cé /733 = / —arctant + C = — arctan —+C
x? + a? 2+1 a a
c) b€ tinh [ Va2 — x2dzx, c6 thé ddi bi€n = = asint, t € [ ;r, 72r]
Khi @6 dx = acostdt, thay vao ta c6

/\/@2—:(:2dx = /\/1—sm tcostdt = a® /cos tdt

2t 4+ 1 2t 2
a2/%dt:?(sn; +t)+c_%(sintcost+t)+0

2
Thay ¢ = arcsin — vao / Va2 — z2dx = \/ a? — 2 + % arcsin = + C
a

Ial
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T _ ,—x
d) D€ tinh / Va2 + a2dz, c6 thé d8i bién z = asinht = a%

Khi d6 dz = acoshtdt va 2?4+ a® = a®(sinh®t 4 1) = a® cosh? . Thay vao ta c6

h2 1
/\/x2—|—a2d33 = a2/cosh2tdt:a2/<cos;+> dt

a? a?

= —(sinh2t+2t)+C = T

1 (2sinht cosht + 2t) + C
<x+\/x2+a2> ~
—— |. Vay
a

2
Tir phuong trinh e — et 1= 0,tacét=1In
a

2
/\/x2+a2da:: g\/x2+a2+%lnx+\/x2+a2\ +C

dx dx
Bai tip: Tinh: / , / .
P va? — 2 V2 +a?

Vi dy. Dang /fa(x)f’(x)d:z, tinh biing ddi bi€n.

dz®+5) 12
a)/xQ\/W:/(xS—I—B)%i(x;_ ):§§($3+5)%+C-
N ®
b) /sin4mcosacdx = /sin4 zd(sinzx) = 6]

' d
c)/tanxdx:/smxdx:—/ (cos ) =—In|cosz|+ C

COs T COS T

Bai tap: Tinh: /(ax—i—b)adx, /cos3scsin:cdac, / cotan zdzx.

Vi du. Céic dang /P(l‘) In zdz, /P(:c)e“mdq:, /P(x) sin axdzx, /P(l‘) cos axdzx,
trong d6 P 1a da thifc, c6 thé ding tich phan tirng phin.

a) Tinh I, = /m" In xdx.

Khi n # —1, tich phan titng phan, dit

u=Inz = du:dj
A
dv = z"dx v="2
n+1
n+1 1 xn—l—l xn-l—l o
Ta c6 I, = lng — —— Ndr = lnx —
aco i, n+1nx 1 T dr n+1nx (n—i—1)2+
1 In?
Khin=-1,14 :/ﬂda::/lnxd(lnx):¥+0
x

b) Tinh I = / (2 + x + 1) sin zdz. Tich phan tirng phin véi

u=2+r+1 = du=(2x+1)dz
dv = sin xdx V= —COSZ

Tacé I = —(z2+x+1)cosz + /(295 + 1) sinzdz.
Tich phan titng phan 1an nita, dit
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u=22x+1 = du=2dx
dv = coszdx v =sinx

Ta c6 /(2x+1) sinzdr = (2x+1)sinac—2/sina:dx = (2z+1)sinx+2coszdr+C.
Thay vao, ta cé [ = — (22 + 2+ 3)cosz + (22 + 1) sinz + C.
¢) Tinh A = /e‘”” cosbxdxr, B = /e‘” sin bxdx.

Tich phin tiing phan, véi dv = e%*dx, ta c6

1 b 1 b
= —e"cosbr + — /e‘w sinbxdr = —e*® cosbx + —B
a a a a

1 b 1 b
= —esinbxr — —/e‘w cosbrdr = —e® sinbr — —A
a a a a

Tu d6 suy ra

bsinb b
A:/e”cosbaﬁdaz: s $2+G2COS xe”—l— C
. a*+b
B:/e”sinmd:c:asmlm_bCObee”—i— o
a? + b2

Nhéan xét. Ta c6 /P(:c) sinaxdr = A(x)sinax + B(z)cosax + C, v6i A, B 1a cdc
c P.

da thitc bic < ba Tir 6 c6 thé dao ham 2 v€ d€ xdc dinh cdc hé so cia A, B.

Bai tip: Xdc dinh dang clia cdc tich phdn néu & diu vi du. Duwa vao d6, ding
dao ham d€ tinh lai cdc vi du trén.

Bai tap: Tich phin cdc ham sd cAp: Inz,arctan z, arcsin x.

d
Vi du. Cong thitc qui nap cho I, = I,,(a) = /m (n € N)
d 1
Tacé I :/% = —arctanE + C.
T2 +a a a
Khi n > 1 c6 thé tich phan tirng phan:
1 2 + a? 1 T.x
I, = = | ——+—doe— = / _ d
n ) / (@2 1 a2)" Tz (22 1 a2)n L
1 1 T 1

S S I
a2 " g2 ( 2(n — 1)(x? + a?)n—1 + 2(n—1) 1)

Tu dé ta c6 cong thic qui nap:

1 T 2n—3

I, = _ B
" 2a2(n—1) (22 + a2t 2a2(n—1)"

1
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1.4 K§ thuat tinh tich phan cdc 16p ham dic biét. !

e Tich phin ham hitu ti.

P
Thuat todn Bernoulli tich phdn ham hitu ti ngg
x
P P
Buve I: Chia da thie ) — M(z) + ()
Q(z) Q(z)

trong d6 M (x) la da thirc, bac da thic P;(z) < bac da thic Q(z).
Buéc 2: Phan tich mAu thanh cdc thira s6 bac mot hay bac hai
Q(z) = Az —a)™ -+ (2% + pr + )"

trong d6 cidc a la cdc nghiém clia Q, va cic p,q thda p?> — 4q < 0.
Budc 3: Phan tich thanh cdc phan thiéc hitu ti dang

Py(x) Ay A
= +...+7+...
Q(x) r—a (x —a)m
Biz + G4 Bnx 4+ Cy
x? +pr+q (22 + px + )"

trong d6 cic A;, B;, C; c6 thé tim dudc bing phuong phap hé sé bat dinh?
Budc 4: Tinh cdc tich phan co ban dang
1 1 Bx+C Bx+C

I IL m. ——— v, ———— 2 _4¢<0
r—a (x —a)™ 2?2+ pxr+q (2% + px + q)" (p 1<0)

Ménh dé. Tich phdn ciia ham hitu ti 1 tong cdc ham: hitu ti, logarithm va arctang.

P
Chitng minh: Theo Budc 1, ta ¢6 / (z) 4 / Mz + [ 28 gy
: Q(x Q(z)
Tich phan /M(;r)da: la da thic.
Cic tich phan & Bu6c 4 c6 phuong phap tinh nhu sau:
d
Dang I. / v =Inlr —a| +ec
T —a ( ) .
dx dlx—a
D II. = = 1
ane ./(x—a)m /x—a “A—m@—ami ¢ M7
B C B d
Dang IIL. /# / €+m+Q)+(C——p)/27x.
x4+ px +q 2 T —i—pm—i—q 2 e+ pxr +q
/4q — p?
Bié&n d6i z2 +p:c+q—(:c+2) —i—u D3i bién t:x+§,déta:%.
T cOng thidc cédc tich phin cd ban suy ra
Bx+C B 9 2C'— Bp 2¢ +p
——dz = —In|z” + px + q| + ——— arctan —— +c¢
/1:2+px+q 2 | P q’ w/4q—p2 w/4q—p2
B C B d
Dang 1V, [ TS / §+m‘+q> ( J>/2—x.
(22 +px + q)" (2% + px +q)" 2°) (z +P33+Q)"
V4
Pé tinh tich phan cudi, bi€n d6i nhu & dang III. Vi t = x —|— 5’ % ta c6

'Phin nay sinh vién tu doc
2Cy thé xem vi du
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tich phan di xét vi du & phan trudc, tinh truy hdi
1 T 2n —3
In = 2 2 2)yn-1 942 In—1
2a%(n — 1) (x2 + a?)" 2a2(n — 1)
ba thirc bac <n—1+A ; 2z +p n
= arctan | —— c
(% + px + )"~ Vg —p?
Tir Bu6c 3 va cdc tich phan cd ban trén, suy ra ménh dé. ([l
Vi du.
3
" 1
a) Cac budc tuong tng dé€ tinh /%dm:
3 0+
Buse 1: T gy L
3+ 3+
Bude 2: 23 +z = z(2% 4 1).
) 1 A Bzx+C
B6c3: — = —+ ——
. e R A o
bé tinh A, B, C, ¢6 thé tién hanh phudng phdp hé s6 bat dinh nhu sau:
Hod déng miu va ddng nhit t& 2 ham hitu ti, ta c6
1 = A@?>+1)+ (Bz+O)x
1 = (A+B)2*+Cx+ A
Vi hai da thitc biing nhau khi va chi cic hé sd ctia cdac bic 1,z,22,--- tuong Gng bing

nhau, suy ra

A=1,C=0A+B=0 & A=1,B=-1,C=0
1 1 T

P4z oz 2241 ,
Budc 4: Dya vao cdch tinh tich phin co ban, ta c6

3
/795 trtl, /dx+/1d —/ zdr
3+ x2+1

Vay

1) 1
= z+In|z|— 2/ "+ —x+ln]x|—§ln(x2+1)+0

x2+1

b) Tinh / 2 Céac buéc tuong dng:

Bu6c 1: da thda vi bac cia t& nhd hon biac miu.
Budc 2: 2° — 22 =23z —1)(2® + 2+ 1).
A+ B n C i Dz + FE
xQ r—1 z24z+1
0 bat dinh suy ra

1 0 1 1 z—1

x5—a:2_57?+3(a¢—1)73(w2+x+1)

Buge 3: ——
x® — 2?2
Dung phuong phép

T
hé s

Budc 4: Tinh cdc tich phdn dang cd bdn, ta c6

d 1 1 —1)2 1 2 1
/ il ———|——lnu+—arctan v+ +C

¥—22 x 6 224+z+1 /3 V3




64

Bai tAp: Dya vao phuodng phdp néu trén tinh: / — $2 5 / o x2 5 / .

dx (x — 1)dx (z )dx
/x(w2+1)2’ /(x2—|—a:+1)2’ /334—8:1:2—1—16'

Nhin xét. Phuong phédp trén doi héi phan tich da thic thanh nhin t& bit khd qui
(bu6c 2, twong dudng véi viéc tim nghiém da thic) rit tdn thdi gian. Hién nay cdc hé
dai s& mdy tinh thudng dya vao thuit toin Hermit-Ostrogradski ma y tudng co bdn
dua vao:

Ménh dé. Ky hiéu

Q) = Alz—a)"---(z*+pz+q)™- -,
Qi(z) = Al—a)" ' (@ +pr+qm -,
Dla) = (x—a)--(@®+prta)--

Khi dé néu P(x) la da thiic sao cho deg P < deg Q, thi

Pl), M) . [N@)
2= ] D

trong dé M (x), N(z) la cdc da thitc va deg M < deg @1, deg N < deg D.

Bai tdp: Tim A, B,C, D, F sao cho

xdx Ax? 4+ Bz +C D E
/ [2h
(x—1)2x+1)2 (z—1)(z+1)2 r—1 z+1
e Tich phian ham céin thic.
ar + b\ ax +b\"™ S s pe
(1) Dang /R(x, (cx+d) S, <C$+d) )dx, (R 1a ham hitu ti, rq,--- ,r, €
Q).
z R [N ax + b 2ot N Al 2 ~ 9 X z
Phuong phdp: doi bién t™ = —d v6i m 1a bdi chung nho nhat cua mau céc r;.
cx

Bai tip: Chiing minh sau khi ddi bi€n tich phan da vé tich phidn ham hitu ti.

d . .
Vi dy. Tinh / . & . DSi bién t! = x + 3. Khi d6 dr = 4edt.
vr+3—1)yz+3

Thay vao tich phén ta c6

/(ti:/ M gt — 1)+ C = AV T3+ | Ve 13— 1)) +

t—1)t2 t—1

dx 1-— T — 2
Bai tdp: Tinh
e /z(1+2\/§+\%)’ 1+\/x+ / “Nar1®
(2) Dang /R(x, Vaz? + bx + ¢)dx, (R 1a ham hitu ti).

Phuong phap d6i bién Euler:
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- Né&u az?4-bx+c vo nghiém thyc (khi d6 a > 0), thi d6i bién t = /azr+vax? + bx + c.
-N&u az? + bz +c = a(z—x1)(x—x2) , thi d6i bién t(x —z1) = a(r — z1)(x — z2).

Bai tip: Ching minh sau khi ddi bi€n tich phan da vé tich phan ham hitu ti.
Vi du.

a) Tlnh/ : PGi bién t =z + Va2 + bz + c.
\/;132 +br+c
9 dx 2dt
Khi 6 bx 4+ ¢ = t* — 2tx, bdx = 2tdt — 2tdx — 2xdt, —— = ————. Thay vao, ta c6
t—z b + 2t

+x+\/x2—|—bw—|—c +C

[/ 1

dx . .
bTinh/ : P6i bién t(a — z) = Va2 — 22
) (22 + a?)Va? — x? ( )
a(t?> —1) _ datdt

Khi @6 z =

21 T = 2+ 1)2 Thay vao tich phan ta c6

1 2t2 + 2 1 1 1
2a tt+1 2a 24+V2+1 2—-V2t+1

1
= a2\/§(arctan(\/§t + 1) + arctan(v/2t — 1)) + C

a—+x

trong d6 t = .
a—x

Bai ta Tmh/ ,/ /\/—x + 4z 4 10dx
b wi2+a2 x+\/ac2+2m

Phuong phdp d6i bi€n lugng gidc: Trude hét bién di

b\?2 b2
2 _
ax —i—bx—i—c—a(x—i— )—i— c— —
2a 4a

D3i bi€n u =z + 2% du = dx. Thay vao ta cé cic dang
a

/R Va2 — u?)du, d8i bién t = asinu
/R Va2 + u?)du, ddi bién t = a tanu
/R Vu? — a?)du, ddi bién t = —
sinu
Vi du. Tinh / : D3&i bi€n =z = asint. Khi d6 dxr = acostdt. Ta
Va2 —332)

co

/ dzx / a costdt / a costdt 1 tan t+-C 1 T LC
— — - = — n _
(Va2 — 22)3 (Va2 — aZsin?t)3 adcost  a? a? \/a? — x?
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e Tich phian ham lugng giac.

(1) Dang /R(sin x,cosx)dzr, (R I1a ham hitu t).

Phuong phdp chung: ddi bi€n ¢ = tan g

Bai tap: Chiing minh sau khi ddi bi€n tich phan dua vé tich phadn ham hitu ti.

Vi du. Tinh /7 (0 < e< 1) : béi bién t = tan .
1+ ecosx ) 2
2dt —
Khi d6 x = 2arctant,dr = ——,cosx = ——. Thay vao ta c6
1+1¢2 14¢2
/ dx B / 2dt 2 / dt
1+ecosz 1—et2+1+e 1—¢ z‘,2-|—1+6

—+C =1

= arctan t

2V 1—e¢

1
5 arctan (tan — + 6) +C

Pé a5 tich phan ham hitu ti bic cao, trong cic trudng hgp dic biét:

Khi R(—sinx,cosz) = —R(sinz,cos ), di bién t = cosz.
Khi R(sinz, —cosx) = —R(sinx, cos x), d6i bi€n t = sin .

Khi R(—sinx, —cosx) = R(sinx,cosz), d8i bi€n t = tan .

Bai tip: Tinh / dx sin® d / dx
ai ta in x, | ————
p: 2sinz —cosz+5 ) 2+ cosx sin® z cos3 z

(2) Dang /sinm x cos" xdzx.

Phuong phap: Khi m hay n 18, ddi bi€n ¢t = cosx hay t = sin .
Khi m,n déu chin ding cong thifc nhan doi.

Bai tap: Tinh /sin4 x cos’ zdzx | /sin2 z cos* zdx

1.5 Chd y. Khong nhu viéc tinh dao ham, bai todn 14y tich phan Ia bai todn khé.
Khong c6 qui tic tinh tich phan tich, thuong, hgp. Tuy nhién, hién nay cédc thuit todn
tinh tich phan bing ky hiéu di dugc phat trién va dudc gai dit & mot s6 hé dai s6
mdy tinh nhu Maple, Mathematica, --- cho phép tinh tich phan rit hiéu lyc.

Pé y 1a tich phan 16p ham hitu ti vugt ra khdi 16p ham hitu ti (phdi thém vao ham log
va arctan). Ciing can bi€t ngudi ta d chitng minh tich phin nhiéu him sd cAp khong
12 ham sd c4p, i.e. tich phan 16p ham sd cAp vugt ra khdi I6p ham so cidp. Ching han

cdc tich phan: / 2 qx /Smxd /cosm

céc tich phan Fresnel: /smm%lx /cosx dx

1 1
cdc tich phan nhi thdc: /x (az™ + b)Pdx, véi p, u, m+1 +péZ.
n n

céc tich phan Elliptic: / dr v?dx / dx
’ L va=aa=eey) ) VIR =) (1 bV R
trong dé 0< k<1
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2. Tich phan xac dinh.

Pé hiéu tich phin xdc dinh mot cich tryc quan, ta nén lién hé véi bai todn tinh
dién tich hinh phing (xem phan ng dung). N6 gdm cdc budc chinh: chia nhd, 14y
tdng, qua gidi han.

2.1 Tich phan Riemann.

Mot phan hoach doan [a, b] 12 mdt ddy hitu han cic diém P = {zg, - ,x,} sao cho:
a=xpg <1 <+ <xyp=>.

Vi€t Az; = x; — 241 va |P| = max{Az; : 0 <i < n}.

Gia st f : [a,b] — R 12 ham bj chdn. Vi mdi phan hoach P nhu trén, dit

m; = inf{f(z) : zio1 <z <wz;}, M;=sup{f(z):zi1 <z <z}
n
Lap tong Darboux duéi: L(f, P) = Z miAx;
i=1

n
Lap téng Darboux trén: U(f, P) = Z M; Az,
i=1

Y

a Ti—1 T4 b

Nhin xét. Cho cdc phan hoach P,P’. Khi d6 P* = P U P’ 1a phian hoach min
hon P, P’, theo nghia 12 moi doan chia I* cda P* déu ton tai cac doan chia I, 1’ cia
P, P sao cho I* C I,I* C I'. Khi d6

inf f(z) < inf f(x) < sup f(z) < sup f(z)
I I* I+ I

Suy ra
L(f,P) < L(f,P*) <U(f,P*) <U(f, P

Vay tip cdc tf;ng trén va téng dudi (theo moi phan hoach) 13 bi chin, nén ton tai
sup, inf. Ta dinh nghia tich phan duéi va tich phan trén :

Ta c6, L(f,P) <I(f)<I(f) <U(f, P'), v6i moi phan hoach P, P'.
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Pinh nghia. Ham f goi Ia kha tich (Riemann) trén [a,b] , ky hiéu f € R]a,b], n€uu
I(f) = I(f). Khi d6 gid tri chung d6 goi 1a tich phan ciia f trén [a,b] , va ky hiéu 1a

bf hay bf(ﬂ?)dx
J J

Tir dinh nghia ta c6 tiéu chuin thudng dugc si dung sau

Tiéu chudin Riemann. Ham bj chdn f la khd tich trén [a,b] khi va chi khi véi moi
€ > 0, t6n tai phan hoach P dogn [a,b], sao cho: U(f, P) — L(f,P) < e

Bai tap: Chdng minh: Ham bj chdn f la khd tich trén [a,b] khi va chi khi tén tai
ddy phdn hoach P, doan [a,b], sao cho: U(f,P,) — L(f,P,) — 0., khi n — 0.

b
Khi dé | f= lim U(f,P.) = lim L(f.P,)
Vi du.
a) N&u f = c (const), thi f kh3 tich va / f=c(b—a).

Tdng qudt, n€u f 1a ham bac thang trén [a, b], i.e. ton tai phan hoach P = {z¢, - ,2,}
doan [a, b] sao cho f(x) = ¢, khi x € [x;_1, z;], thi f kha tich va

/f chazz Ti—1).

b) Ham Dlrlchlet sau day la khong khé tich Riemann trén [0, 1]:

D(z) = 0 néu z hitu ti
)1 néu = vd t

V6i moi phan hoach P, L(D,P)=0, U(D,P)=1.

2.2 Téng Riemann. Cho f : [a,b] — R 1a ham bi chin. Vi mdi phan hoach
P ={x0, -+ ,x,} cla [a,b] va mdi ho cdc di€m £p = {c1,- -+ ,cn}, vOizio1 < ¢; < w4,

ta c6 tdng Riemann:
n

S(f,P,ép) = Zf(ci)Aa:i

i=1

IN¢ I'fll’lg L(f,P) < S(fapvfp) < U(faP)
Pinh 1y sau cho phép dinh nghia tich phin 1 gidi han cla tdng Riemann.

Pinh ly. Hai di¢u sau tuong dwong:
(1) Ham f la khd tich trén [a, ).

(2) Tén tai |1Li|m0 S(f,P,&{p) = I, theo nghia

Ve>0,30 >0:VP, |P|<éd = |S(f,P¢&p)—I|<e, Vép

b
Khi d6 /f:I.
a
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Chitng minh:
e (1) = (2): Gia st f € R[a,b]. Véi € > 0, tdn tai phan hoach P, sao cho:

b €
vy < [ 1+5

Goi M =sup{f(z):a <z < b} va ng la s6 diém chia clia Py.
bit 6; = min(e/4Mny, |Py|). Khi d6 v6i moi phdn hoach P = {z; : i € I} ma
|P| < 41, ta phan tdng trén thanh 2 tdng

= ZMZAJ:l = Z M;Az; + Z M;Ax; |

el i€l i€lq

trong d6 I} = {i € I : [x;_1, x;] khong chita di€m chia cta Py },
Iy ={i€I:[x;1,x;] chita di€m chia ctia P }.
Do cdch chon &7, mdi doan [z;_1,z;] chita nhiéu nhat mot di€m thudc Py. Ta c6

S MiAw; < S M < ngMsy < <
A _ 1
i€l i€l

ST MiAz < U(f, Py + S M6y <U(f, Bo) + i ( tai sa0?)
i€l i€la

Vay
€ b
UULP) U P)+5< [ f+e

Lap luan tuong tu, ton tai 6 > 0, sao cho moi phan hoach P ma |P| < s, ta ¢6

>/abfe

Suy ra v6i § = min(dq,d2), moi phan hoach P ma |P| < §, va moi {p, ta ¢

/f—e<LU,)<ﬂﬂP&ﬁ<Uf, /f+e

Tu dé suy ra (2).

e (2) = (1): Gia st \}’i\mos(f’ P ¢p)=1. Vé6i e > 0, ton tai 6 > 0, sao cho moi phan
hoach P ma |P| < ¢, moi &p, ta ¢

I-2<S(fP&) <I+5
2 2
C6 dinh P nhu trén. Khi cho £p thay ddi, ta ¢6

L(f,P) = iglljfs(f,P,ﬁp) va U(f,P)= Sgups(f,P,&v)

Suy ra
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b

Theo tiéu chuin Riemann suy ra f € R[a,b]. Cho € — 0,ta c6 [ = / f. O
a

Tit dinh 1y trén ta c¢6 th€ xem tich phan nhu gidi han cla tdng. Cu thé, ta c6

Hé qua. Gia st f € Rla,b]. Cho mét day (P,)nen cdc phdn hoach ciia [a,b],
sao cho |P,| — 0 (khi n — o0). Khi dé

n—oo n—oo

b
/ f= lim S(f, Po,&n) = lim U(f, Py) = lim L(f, P)
a n—oo
trong dé &, la cdc diém chon tity ¥ theo P,

Nhan xét. Cho f € R[a,b]. V6i mdi n € N, phan hoach déu [a,b] thanh n doan, va
trén mdi doan chon diém diu mit. Lap téng Riemann tuong dng

=)

n i1 n

b
Khi d6 f= lim S,.
a
e Cong thifc trén cho phép tinh tich phan thong qua gidi han clia tdng S, (hay xap xi
tich phan bdi tdng S,,).
e Ngudc lai, cong thiic trén ciing cho phép tinh gidi han ciia tdng S,, thong qua viéc
tinh tich phan.

Vi du. Gia st da bi€t ham f(x) = 2P, v6i p > 0, 1a kha tich. Khi dé

1 1,1 2 1 1
a)/:cdx:lim 7(7+7+---+ﬁ)zlim 771(71—1— ):f.
0 n—ocon'n  n n n—oo  2n?2 2
1P 4 92P 4 ... P 1 i\ P 1 1
by lim — U gy —Z<i> :/ Pdr (= ——)
n—oo nptl TN AT\ 0 p+1

b
Bai tap: Tinh / x2dz, thong qua tdng Riemann tng v6i phan hoach déu.
a

b q ,
Bai tdp: Tinh / —I, 0 < a < b, thdng qua tong Riemann ¢ng v4i phan hoach [a, b]
a T

bdi céc di€m tao thanh cip s& nhan {xp = a¢®, k=0, --- ,n}.
Bai toan. Haim nao thi kha tich?

2.3 Cic 16p ham kha tich Riemann.

Ménh dé.

(1) Néu f gidi ndi va chi cé hitu han diém gidn doan trén |a,b), thi f € Rla,b].
(2) Néu f don diéu trén [a,b)], thi f € R[a,b].

Chitng minh: Ta ki€m tra tiéu chudn Riemann.
(1) PE don gian ta xét f chi gidn doan tai mot diém ¢ € (a,b) (trudng hgp tdng qudt
ching minh tuong tw). Goi M = sup{|f(x)|:a <z < b}.
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Cho € > 0. Goi €; < €/4M,saocho: a<c—e€ <c+e <b.
Do f lién tuc trén hai doan [a,c—e1] va [c+eq,b], nén f lién tuc déu trén d6. V6i ex =
€/2(b—a), tontai § > 0: |f(x)— f(y)| < €2, khi z,y € [a,c—e1]U[c+e1,b], [z —y| < 4.
Goi P 1a phan hoach [a,b], sao cho |P| < § va gébm cdc diém:

a=xp <11 < < Tp_1=c—€a<xp=c+ea<---<xp,=0"b

bé )” 1a néu Z;é k, thi M; — m; < €3, con M — my < 2M.
Suy ra

U(f, P) — L(f, P) = Z(M’ — ml)Axl + (Mk — mk)Axk < (b — CL)62 +2Me < €
ik

(2) Gia stt f don diéu khong giam (trudng hgp don diéu khong ting chitng minh tong
tw). Cho € > 0. Goi d = €¢/(f(b)—f(a)). Khi d6 v6i moi phan hoach P = {zg, - ,zp}

cia [a,b], ma |P| < ¢ ta c6

U(f, P)=L(f, P) = Y (M;—my)Ax; = Y (f(x:) = f(wi1))Ax; < 5(f(b) — f(a) < e
i=1 i=1

Vay theo tiéu chuin Riemann f kha tich. O

Tinh kha tich cia ham hgp. Cho f € Rla,b], m < f < M. Néu ¢ la ham lién
tuc trén [m, M. Khi dé6 h = ¢ o f € Rla,b].

Chitng minh: Ta ki€m tra diéu kién Riemann. Cho ¢ > 0. Do ¢ lién tuc déu
trén [m, M|, tdn tai § > 0 v6i 6 < ¢, sao cho: |¢(z) — ¢(y)| < e khi |z —y| < 4.
Do f € Rla,b], tdn tai phan hoach P = {xq, -+ ,z,} sao cho:

U(f,P)—L(f,P)<(52 (*)

Goi M;, m; 1a sup, inf cla f trén [x;_1, z;]. Goi M, m} la sup, inf cta h trén [z;_1, x;].
Chia 1,--- ,n thanh hai loai: Iy = {i: M; —m; <6} va Iy = {i: M; —m; > §}.
Khi d6 n€u i € I, thi M} —m} <e, va néu i€ I, thi M} —m} < 2K,

trong d6 K = sup{|p(t)| :m <t < M}.

Do () ta c6

icls i€lq

Suy ra Z Ax; < 6. Cudi cung ta c6 ddnh gid
i€l

U(h,P)—L(h,P) = > (M —m})Az; + Y (M} —m])Ax
i€l i€ly
< €b—a)+2K0 < (b—a+2K)e.

O
Bai tdp: Chiéng minh néu f,g € Rla,b], thi f + g, fg,|f], max(f,g), min(f,g) €
Rla, b].
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2.4 Tinh chat.
Ménh dé. Cho f,g € R[a bl va o € R. Khi do

(1) f+ge7z[a,b]va/(f+g /f_|_/
b

(2) af € Rla, b]vd/af:a f.

a
b

(3) Néu f < g trén [a,b], thl/ f<
(4) | f| kha tich trén [a,b] va | [ fI < [ |f].

/ / b c b
(5) Néua<c<b,thifER[a,c]vdeRc,b}vd/f:/f+/f.

Chitng minh: (1)(2)(3) dugc chitng minh dwa vao viéc qua gidi han clia cdc t6ng
Riemann.

(4) Vi |f| 1a hgp cda ham lién tuc p(t) = [t| va f € Ra,b], nén |f| € Ra,b].

Hon nita, d , 4p dung (3), ta ¢6 bat ddng thifc cin chitng minh.

(5) Do f € R[a,b], nén v6i moi € > 0, ton tai phan hoach P sao cho:

U(f’P)—L(f’P) <€
Xem P chita ¢ (néu chua thi thém vao). Goi P; 1a cdc di€m chia ctia P thudc [a,c],
con P, 1a cdc diém chia cia P thudc [c,b]. Khi d6
U(f’P) 7L(f7P) = (U(fvpl) 7L(f7P1))+(U(f7P2) 7L(f7P2)) <e€
Suy ra U(f,P1)—L(f,P1) <e va U(f,P2) — L(f,P2) <e.
Theo tiéu chudn Riemann f € R[a,c] va f € R]c,b].

T tdng Riemann S(f, P,¢,) = S(f, P1,€ép,) + S(f, P2,€p,), cho |P| — 0, ta ¢6 cong
thitc & (5). U

DPinh 1y gia tri trung binh. Cho f,g € Rla,bl. Néu g khong doi ddu, thi ton tai
w, vdi m=inf f <y < M =sup f, sao cho

b b
/fgzu/g
a a
b
Ddc biét, khi g =1, ta c¢6 /f:u(b—a).
a

b
Hon nita, néu f lién tuc, thi tén tai a < ¢ < b sao cho: / f=flc)(b—a)
a

Chitng minh: Chi cAn chiing minh cho ¢ > 0. Tit mg < fg < Mg, suy ra
b b b
m/ g < / fg < M/ g
a a a

f
/ g b ’ b ., .
= “b , n€u /a g#0,va p=0, néu /a g = 0, thyc hién dang thiic can
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Hon nita n€u g = 1 va f lién tuc, thi theo dinh ly gi4 tri trung gian, tOn tai ¢ € (a,b),
sao cho f(c) = p. Suy ra ding thic cudi cda dinh ly. O

b
Bai tdp: Cho f lién tuc va khong ddi dau trén [a,b]. Chdng minh néu / f=0,
a

thi f = 0. Néu vi du néu bd diéu kién f lién tuc, thi phat bi€u khong diing.

2.5 Dinh 1y co ban.

X

Cho f € R[a,}]. Pinh nghia ham F(z) — / Ft)dt, « € [a,b].
a

Nhéan xét. F' 1a ham lién tyc trén [a,b]. Di€u d6 suy tr

|F'(2) — F(xo)| =

wéxf(ﬂdtlé sup |£(®)]|z - zo

a<t<b

Dinh 1y. Néu f la ham lién tuc, thi F la nguyén ham ciia f, i.e.

S([1) =@, aeloy

Chitng minh: Theo dinh 1y gid tri trung binh ta c6

Flz+Az) - F(z) 1
Az Az

Cho Az — 0, do f lién tuc, ta ¢c6 F'(z) = f(x). O

z+Ax
/ f=f@x+0Az) ,0<6<1

2.6 Tinh tich phan xac dinh. Tu dinh 1y trén ta cé cdc cOng thdc tinh tich phan
xdc dinh co bdn sau:
e Cong thic Newton-Leibniz. Néu ham f c6 nguyén ham F trén |a,b)], thi

b
Lﬂ@m=F@ﬁ=ﬂ®—ﬂ®

o Cong thic d8i bién. Néu ham f lién tuc trén khodng J, va o la ham khd vi lién tuc
tit khodng I vao J, thi vdi moi a,b € I, ta co

o (b) b
| t@de= [ rene @t

w(a)

e Cong thic tich phan ting phan. Néu u,v la cdc ham khd vi lién tuc trén [a,b), thi

Chitng minh: Co6ng thitc Newton-Leibniz suy tir dinh 1y ¢d ban:

Do % (F(x) —/azf) = f(z) — f(z) = 0,Vz € [a,b], nén F(x) —/jf = C. Cho
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x=atacé C=F(a). Choz=>btacé cong thic.
Cong thic d6i bi€n suy tlf cong thic trén va qui tic dao ham hgp:

Ham F(z / f 1a nguyén ham cla f(x).

bt G(t) = F(w(t))- Khi d6 G'(t) = F'(p(1))¢'(t) = flp(t)¢'(t), ie. G(t) la
nguyén ham cda f(p(t))e'(t). Vay

b , »(b)
|| 160 0t = 60) - Ge) = Flo) ~ Flo) = [ (@

Cong thic tich phan titng phin suy tir cong thitic Newton-Leibniz va qui tic dao ham
tich. (Bai tap) (]

Nhan xét. C6 nhitng ham kh3 tich nhung khong c¢6 nguyén haim. Ching han, cdc ham
bac thang nhu ham sign x.

Vi du.
P Y . < Ude 1T
a) Cong thic Leibniz tinh s 7. Ta c6 = arctan x|y = —.
o 1+ 2 4
2 g ’ - qn+1
Mit khdc dp dung céng thic tong cla cip s6 nhan = l+qg+¢>+--+¢",

v6i q = —22 ta c6
(—1)n+1g2n+2
= 1—332+w4—x6+---+(—1)”w2”+Rn, trong d6 R, =-—>—+——

1+ 22 1+ 22
L4y tich phan hai v€ ta c6
LSS PSR )
_ = — [ . - 7 €
4 3 5 6 n+1 "
trong do
1)t 2n+? L s 1
= —— dx| < / "Tedr| =
len] = / 1+ TR el A 1T o3
a
b) Tinh / Va? — 22dz: BEi bi€n z = asint, t € [0, ]
0
a % ; 2 g 2
/ va2 —2x2dr = / Va2 —a?sintacostdt = a / cos” tdt
0 0 0
2 2 x 2
a 2 a“ ,sin 2t 2 a“m
= = 2 + 1)dt = — =22
5 /0 (cos2t+ 1) 5 ( 5 + )0 1

c¢) Cong thtcc qui nap cho [,, = /5 sin” zdzx, (n € N):
0

™

KhinzO,l,tac()Ig:/de:EVé11:/2
0 2 0

s
sinzdr = —cosz|; = 1.

Khi n > 2, tich phan tirng phan ta c6

+(n—1) /2 sin" 2 cos® xdx
0

I, = /5 sin" ! zd(—cosx) = — sin" 'z cosx
0 i .
= 0+(n-1) /2 sin"?dx — (n — 1) /2 sin xdx = (n — 1)I,—o — (n — 1)1,
0 0

S vy

™
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—1
Vay ta ¢6 cong thic I, :n—n_g, (n>2).
n
1.3---2n—-1)w 2.4---2n
Suyra Iop = o N T Ly =
ty T fan 94...0n 2 VLT3 o4

Bai tip: Tur k&t qla trén chitng minh céng thic Wallis:

1 24---2n

. N [T .
Bai tdp: Chitng minh:
a a
a) N&u f 1a ham chin trén [—a, al, thi f(z)dr = 2/ f(x)dz
—a 0

a
b) Néu f 1a ham 1€ trén [—a, al, thi f(z)dz =0
—a

a+T T
¢) N&u f 1a ham ¢6 chu ky T, thi / f(z)dz = / f(z)dz véi moi a.
0

a

3. Mot s6 Wng dung.

Archiméde (th€ ky tht 3 tru6c Cong nguyén) di ti€n hanh tinh dién tich, thé tich
va dd dai dudng cong mdt sd hinh bing phuong phdp nhu tich phin, tuy thdi d6 ong
chua cé nhitng 1ap ludn that chit ché.

Y: phan hinh cin tinh d6 dai (dién tich, thé tich) thanh cdc doan thzemg (hinh chit nhat,
hinh khdi 1ap phuong) rdi 14y tong. N&u phan hoach cang nhd, thi tdng d6 dai (dién
tich, thé tich) ctia cdc hinh don gidn d6 cang gin véi gid tri cAn tim. Sau d6 1a lap
luan vé gidi han.

3.1 Tinh dién tich. Gia st hinh c6 thé phan thanh cdc hinh thang cong gidi han
bdi ham lién tuc f : [a,b] — R, véi f > 0:

D={(z,y) eR*:a<x<b0<y< fzx)}

Goi P l1a phan hoach [a,b]. Khi d6 L(f, P) = Téng dién tich cdc hinh chit nhat nim
gon trong D. U(f, P) = Téng dién tich cdc hinh chit nhat phd kin D.
T d6 ta dinh nghia dién tich mién D 1a gia tri

swy=[1

e N&u fi, fo 1a cdc ham lién tuc trén [a, b, thi dién tich mién D gidi han béi f1, f2 1a

soy=['15 - p

e N&u D 12 mién gidi han bdi ddng cong kin cho bdi phuong trinh tham -
x =x(t),y = y(t), 12 cdc ham kha vi lién tuc theo t € [«, 5], thi

S(D) = _ / ? et (Bt

«

B
/ y(t)2 (t)dt

«
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e Gia st mién D gidi han bdi dudng cong cho trong toa do cuc r = r(p),a < ¢ < f,
i.e
D ={(rcosp,rsing) e R?:a < p < (3,0 <r < r(p}

A

©i

Pi—1

Véi phan hoach P: a=¢g < @1 < -+ < pp, =3, ta ¢

(Dién tich hinh quat tron ban kinh 7, chin cung d6 dai Ayp) = %T’QAQO.
Vay

L(% r2, P) = Téng dién tich c4dc hinh quat nim gon trong D.

U(% r2, P) = Téng dién tich cdc hinh quat phd kin D.
Tu dinh nghia tich phan, ta cé

Vi du.
a) Tinh dién tich mién gidi han bdi cic Parabol y? = 2px, 22 =2py (p > 0).
2

Ap dung cong thitc néu trén v6i fi(z) = /2pz, f2(z) = =—. Hoanh d6 cac giao di€ém
2p
fi(z) = fa(z) & x=0,2p.

2 2 s
V2pz — — | de = | 5/2pz2 — —
S = / ( DT p) dx <3\/_px2 6p> )

2
b) Tinh dién tich Elhp + Z2 < 1. Phuong trinh tham s6 cda Ellip:

r =acost,y = bsint. Ap dung cdng thic ta cé
2 ab 2
S = ab/ sin? tdt = ?/ (1 — cos2t)dt = wab
0 0

c) Dién tich gi6i han bdi dudng xodn ¢ cho trong toa dd cuc: 7 = ap,0 < ¢ < 2.
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Vi du. Cho y = f(z) la ham ting trén [0,+00), f(0) = 0 va lim f(z) = co. Goi
T—00

x = ¢g(y) 1a ham ngugc. VG6i x,y > 0, so sanh dién tich hinh chit nhat canh z,y vé6i

dién tich giGi han bdi dd thi ham f, ta c6 bat ding thitc Young

x Y
wyé/er/g (z,y >0)
0 0
1

Suy ra vé6i f(z) = 2P~ g(y) = yP ~ Lp> 0), ta c6

zP q 1 1
__|_y_ (_+_:1)
p q p q

IN

Y

3.2 Tinh thé tich. Cho H 1 hinh khdi trong khong gian. Gia st v6i moi z € [a, b],
mit phdng vudng géc véi Oz cit H theo thi€t dién c6 dién tich S(x). Gia thi€t thém
12 H nim giita 2 mit phing = = a va x = b.

Goi P la phan hoach [a,b]. Khi d6
L(S, P) = Téng thé tich cdc hinh try nim gon trong H.
U(S, P) = Téng thé tich cdc hinh try pht kin H.

Tir @6 thé tich hinh H dugc dinh nghia 12 s

e H 1a hinh chép vé6i ddy c6 dién tich B, chiéu cao h. Khi d6 S(z) = B(f)z, khi

h
0<z<h Vay
h 1
V(H) :/ B(%)2de = ~Bh
0 h 3
e M goi la hinh tron xoay néu H 13 hinh trong R3 dugc tao ra khi xoay quanh truc
Oz mién D = {(z,y) :a <z < b,0 <y < |f(z)|}, véi f 1a ham lién tuc. trén [a,b].

Khi d6 S(z) = 7f?(z), va thé tich H 1a

V(H) = / () da
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Vi du. Tinh thé tich hinh ciu 22 +y% 4 22 < Ra2. Mit ciu la mit tron xoay khi quay
quanh Oz db thi ham y = f(z) = VR? — 22, =R < x < R. Ap dung cong thic ta cé
R

4
V=[ n(R®-2%)de=-7R>
R 3

3.3 Tinh d¢ dai cung. Cho dudng cong C = {(z,y) € R?:a <z < b,y = f(x)}.
Vé6i mdi phan hoach P = {xg,z1, - ,z,} doan [a,b], ta c6 cdc di€m tuong tng
MZ‘(.TZ‘, f(x,)) trén C.

b6 dai mdi doan M;_{M; 1a

VAL2 + A2 = \/1+ fr(e)?Ax;,
trong d6 z;—1 < ¢; < z;. Nhu vay téng Riemann
S(\/1— f2,P,{c;}) = Do dai dudng gap khic MoM; --- M,

Vay néu f kha vi lién tuc, thi @6 dai cung C' 1a gia tri

1(C) = /ab\/1+f’2(:v)dx

e Néu C cho bdi phuong trinh tham s6 = = x(t),y = y(t), 1a cdc ham khd vi lién tuc
theo t € [«, (3], thi theo phép d6i bi€n tich phan

1(C) = /a * S0 o )t

e Né&u C cho trong toa dd cuc r = r(p),a < ¢ < 3, thi tf & = rcosp,y = rsinp, ta

I(C) = /j Vr2(e) + 3 (p)de

(¢10)
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Vi du.
a) Tinh d dai cung = = acos®t,y = asin®t. Do tinh d6i xing ctia dudng cong, Ap
dung cdng thdc, ta c6

™

l= 4/2 \/(—3a sintcos?t)? 4 (3acostsin®t)2dt = 6@/2 sin 2tdt = —3a cos 2t
0 0

s
2 _
o = ba

¢) Tinh do dai mot vong xodn Oc¢ cho trong toa do cuc: r = ap. Theo cong thic

27 27
I = / \/a2cp2+a2dg0:a/ Vw2 + 1dy
0 0
1 2T
= a(§\/¢2+1+§ln\4p+\/<p2+l\)0 :g(2W\/4W2+1+ln(2ﬂ+\/4ﬂ2+1))

3.4 Dién tich miit. C6 thé tinh dién tich mit theo phuong phdap ldp ludn nhu trén.
Ching han dién tich mit tron xoay khi quay dd thi ham kha vi lién tuc f: [a,b] — R
quanh truc Oz, dugc tinh béi

s=on [ @1+ 2@

Vi du. Tinh dién tich mit cAu bdn kinh R. Ap dung cdng thitc trén véi ham

fx)=vVR?—22 —R<z <R, taco

X

_ 2 R
_ _ 2
ﬁ) dr =27 R LR dr =47 R

5:27r/};\/m\/1+<

4. Tich phan suy rong.

Ta da xét tich phan cda ham bi chin, trén tdp bi chin [a,b]. Phan nay xét dén
khdi niém tich phan ham khdng bi chin hay tich phan trén tdp khong bi chin. Trudc
hét xét cac vi du sau:

b d
/ A arctanb — z, khi b — +o0.
o 1+ 22 2

a)
b) /1 @ o/a —2 khia— 0"
— =2-2ya —2,khia— 0",
a VT
b dx ,
c)/ — =1Inb — 400, khi b — +00.
1@
b
d) / cos xdx = sin b, khong ton tai gigi han khi b — +o0.
0
Nhu vay khi cho cdc can tich phan ti€n dén gidi han vd cung hay tai cdc gid tri ma

ham dudi ddu tich phan khong xdc dinh, c6 mot s§ trudng hdp tdn tai gidi han (va gid
tri giéi han c6 mot y nghia nao d6). Vi vy ngudi ta cAin mé rong khdi niém tich phan.
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4.1 Tich phan suy rong loai 1. Gia st f xdc dinh trén [a,+00) va khd tich trén
mdi doan hitu han [a,b] v6i b > a. Khi d6 tich phan suy rong loai 1 cta f trén
[a, +00) dugc ky hiéu va dinh nghia

/a+00f( dm_bEiHOO/ f

néu gidi han v€& phdi tdn tai.

Néu gidi han trén hitu han thi tich phin trén goi 1a héi tu, trudng hdp ngugc lai thi
goi 1a phan ky.

Tuong tu, ta dinh nghia

' flz)dz = lim bf(:c)dac
| i

va ciing ¢6 khdi niém hdi tu, phin ky tuong Gng.

4.2 Tich phan suy rong loai 2. Gia st f xdc dinh trén [a,b) va khé tich trén mdi
doan [a,b — €] v6i € > 0. Khi d6 tich phan suy rong loai 2 cda f trén [a,b) dugc ky
hiéu va dinh nghia

b b—e
/af( )dx = lim f(z)dx

e—07+
néu gidi han v€& phdi ton tai.
Néu gidi han trén hitu han thi tich phian trén goi la héi tu, trudng hdp ngudgc lai thi
goi 1a phan ky.
Tuong tu, ta dinh nghia tich phdn suy rong cia f trén (a,b|:

b b
/af(x)dx: lim f(z)dx

e—=01 Ja+e

Mot cich téng quit, n€u f khong xdc dinh tai hitu han di€m —co < a = a; < as <
- < ap =b < 400, thi ta dinh nghia tich phan suy rong

/:f(x)dm:/ dx—i—/ x)dr + - —l—/cn 1 dx—i—/cjnlf(x)d:c

trong d6 a; < ¢; < a;+1, v6i gia thi€t cdc tich phan v€ phai hoi tu.

1
Vi du. Do nguyén ham ctia — la khi p # 1, va 1a In|z| khi p = 1,

~1
a?  (p—1)ar!
nen

+oo dg
/ ® hoi tu khi va chi khi p > 1.
1 xP

Vde . C s e
/— hoi tu khi va chi khi p < 1.
o zP

Nhan xét.
e Do dinh nghia tich phan suy rong 1a vi€c qua gidi han cta tich phan trén doan nén
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cdc tinh chat: tuyén tinh, bat ding thifc, phan doan, ---, vin ding d6i vdi tich phan
suy rong.

e Ta ciing c6 thé tinh tich phan suy rong bing cic cong thiic Newton-Leibniz, ddi
bi€n hay tich phin tirng phan.

Ciing tir Iy thuyét gidi han ta c6 tiéu chuén sau:

4.3 Tiéu chuin Cauchy.
+oo
(1) Cho f xdc dinh trén [a,+00). Khi do / f(z)dz hoi tu khi va chi khi véi moi
a
e >0, ton tai A > 0, sao cho vdi moi by, by > A, ta cé

b
f(z)dx

by

<€

(2) Cho f xdc dinh trén [a,b). Khi do / f(x)dx hdi tu khi va chi khi véi moi € > 0,

ton tai 6 > 0, sao cho vdi moi b— 6 < by, by < b, ta cé

b
f(x)dx

b1

<€

4.4 Cac dau hiéu hoi tu.

(1) Trudng hgp tich phin loai 1: Cho f,g la cdc ham xdc dinh trén |a,+o00). Ta
c6 cdc ddu hiéu sau:

Hobi tu tuyét doi: Néu /

a

+oo +oo

| f(x)|dz hoi tu, thi / f(x)dz hoi tu.

a

So

f(@)| < |g(x)],Vx € [a +00). Khi dé
+oo
Néu / lg(x)|dz hoi tu, thi / |f(z)|dx hoi tu.

a

+o0 +oo
Néu / |f(x)|dx phén ky, thi / lg(x)|dx phén ky.
a a
Giéi han: Gia s lim @ = K. Khi do
v | g(x)
+o0

+oo
lg(z)|dz va / |f(x)|dx cang hoi tu hay phdn ky.

a

Néu K 0, thi /

a

—+00 —+00

Néu K =0, thi / |g(x)|dz hoi tu suy ra / |f(z)|dx hoi tu.

a a
Dirichlet: Néu sup

b
/ f(x)dx
a<b<oo |/a
—+o00
lim ¢(x) =0, thi / f(z)p(x)dx hoi tu

T——+00

< 00, con @ la ham khd vi lién tuc, don diéu va

Chitng minh: Ta kiém tra tiéu chudn Cauchy. Dung lai ky hiéu & 4.3.

</ b f(@)de

b2
DA4u hiéu diu suy tir ‘/ f(z)dx
b1
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b2 b2
2 dau hiéu ti€p theo suy tr / |f(z)|dx < (K + 1)/ lg(x)|dx
by b

1
Chi cin chu’ng minh diu hiéu Dirichlet trudng hgp ¢ gidm vé 0 (?). Khi d6 ¢’ < 0.
bit F(x / f. Theo gid thi€t |F(z)| < M,Vz. Tich phan tiing phan, 4p dung

dinh 1y gid tri trung binh, ta c6

b
f(@)o(z)dz

b = 1Polyi— [ Pl)e! @)de] < Mlg(bo)lMle(bo) Ml (o) —p(b)

Do o(x) — 0, khi 2 — oo, nén tiéu chuin Cauchy thoa. O

(2) Trudng hgp tich phin loai 2: Cho f,g la cdc ham xdc dinh trén |a,b). Ta cd
cdc tiéu chudn sau:

b b
Hdi tu tuyét doi: Néu / |f(z)|dx hoi tu, thi / f(z)dzx hoi tu.
a a

So

f(@)| <lg(x)|,Vx € [a,b). Khi do
b b
Né'u/ l9(x)|dz hoi tu, thi/ |f()|dz hoi tu.

b b
Néu / |f(x)|dx phén ky, thi / |g(x)|dx phén ky.
a a
Giéi han: Gia sut 1ir£1 ‘f((x) = K. Khi dé
r—0—

b b
Néu K # 0, thi / lg(x)|dx va / |f(x)|dx cing hoi tu hay cang phdn ky.
a a
b b
Néu K =0, thi / lg(x)|dz hoi tu suy ra / |f(z)|dx hoi tu.
a a

< 00, con @ la ham don diéu va lim () =0, thi

r—b—

b/
Dirichlet: Néu sup f(z)dx
a<b/'<b

b
[ r@et@ns woin.

Chitng minh: Viéc chiing minh tuong ty nhu tich phan loai 1 hay bing phép ddi

. 1 . N .
bién t = p— dua tich phén loai 2 vé tich phén loai 1 (]
T —
Vi du.
+o0 5
a) Xét/ e T dux.
—oo

+o0o
So sénh: e * < e 17l va / e “dx hoi tu. Suy ra tich phan dang xét hoi tu.

0

+00 gin +20 cos

b)Xét/ ! $dw,/ Tdz (p>0).
1 P 1 xP

b b 1

Theo dau hiéu Dirichlet tich phan / sin xdx hay cos xdx bi chidn va - gidm vé
1 1 x

0, nén tich phan trén hoi tu.

+oo

2

—+00
¢) Tich phan Fresnel: / sin 22dz, / cos z2dz hoi tu vi sau khi d8i bién t = 22,
—00

—00
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tich phan c¢6 dang da cho & vi du b) véi p = %
T gin g

d) Tich phan sau hoi tu nhung khdng hoi tu tuyét doi / .
0

Tinh hdi tu suy tr vi du b) v6i p = 1.
Tich phan khong hdi tu tuyét d6i suy tir ddnh gid

/+oo P /mr|sjng;\dx > Z/ ]smx| g
0 0 k 1)7r x

T

sinx

T T

n 1 T
Zk_/ |sinz|dx > Z — +o00, khin— o0
k=1 "7 /0

Y

In
e) Xét/ —dx (p<1).
1 1 Ld
So sdnh gi6i han: véi p < ¢ < 1, Ny 29 Plnz — 0, khi x — 07, va a
Pl o x4
hdi ty. Suy ra tich phidn dang xét hoi tu.

+oo
f) Him Gamma: I'(p) = / e 2P~ dx, hoi tu khi p > 0.
0

Piéu d6 suy tir:

1

p—1
T

—— —+00
so sdnh v6i ham e 2, / e 2P~ dz, hoi tu véi moi p.
1

so sanh véi ham

1
, / e TaPldx, hoitu khi p— 1 > —1,
0

8

1
g) Ham Beta: B(p,q) = / P71 — )7 dz, hoi tu khi p, ¢ > 0.
0
Piéu d6 suy tir:
1/2
/ 2P (1 — )7 Yz, ¢6 ky di tai = 0, hoi tu khi p — 1 > —1
0
1
/ P11 — )7 tdz, ¢6 k¥ di tai x =1, hoi tu khi ¢ — 1 > —1.
1/2
Bai tap: Ching minh: T'(p+1) =pl'(p), Vp>0.
“+00
Suyra: I'(n+1)= n!/ e “dr=n!, neNN.
0
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V. Chu

Chuong nay ta s& xét d&n 1y thuyét cdc tdng vo han: chudi. Tuy 1a mot trudng hop
riéng cla day, nhung vi vai trd va cdc tinh chdt dic thl clia né, nén thudng ly thuyét
chudi dugc khdo sdt riéng. Chuong nay cling néu mot s& ddu hiéu thudng dugc si
dung d€ xét sy hoi tu cia chudi sd.

1. Chudi so

1.1 Pinh nghia. Mot chudi s6 1ap tir diy s6 (a,) 13 téng hinh thic v6 han

oo
a+tartagttanto = Y ap
k=0

n
Diy téng riéng thit n clia chudi: S, = Z ar=apg+ai+ -+ an.
k=0

e.)
Day phan du thi 7 cda chudi: 7, = Z ag = Qn+1 + apyo + - -+
k=n-+1
Chudi trén goi 12 hoi tu vé S néuu ton tai lim S, = S. Khi d6 ta néi chudi cé téng
n—oo

oo

la S, va ky hiéu Z ar = S. Trudng hgp ngudc lai, i.e gidi han trén khong ton tai,
k=0

thi chudi goi 1a phan ky.

Vi du.
o0
a) Xét chudi hinh hoc: Zxk:1+x+x2+~~.
k=0
1__xn+l
Khi z #£ 1, ta ¢6 Sn:1+x+1:2+-~-+:c”:17
Vay néu |z| < 1, chudi hoi ty va Zxkzl—. Né&u |z| > 1, chudi phan ky.
— —x
= 1
b) Xét chudi diéu hoa: S T E
) Xét chuoi diéu hoa Zk +2+3+

k=1

. A 2 AR et L 1 .
So sdnh dién tich mi€n gidi han bdi @6 thi ham y = —, = € [1,n], ta ¢6
x

1 1 2 dx 3 dx n o dx
Sp=14+_-+-+-—2> —+/—+-~+/ — =Inn
2 n 1 X 2 I n—1 T

Vay chudi diéu hoa phan ky.
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<1 1 1
c) Xét -5 =1+ 5+ 5 +---. So sdnh tiing s6 hang, ta c6
2o g2 22 " 32
1 1 1 1 1
S =14+ -4+ —4+...40 - < 1 e -
=ittty s g tag +(n—1)n
< 1+1 1+1 1+ + ! 1<2 L
- 1 2 2 3 (n—=1) n n

Vay ddy tong riéng ting va bi chin trén nén chudi di cho hoi tu.
oo

d) Chudi > (-1)*=1-1+1—1+--- phanky vi day tdng riéng la day 1-0.
k=0 ~ )
Bai tap: Tinh tdng clia chudi e
al tap m ong cua chuol kzz:l k‘(k‘ i 1)

Khong phdi lic nio ciing dé dang tinh dudc tdng ctia mot chudi. Sau diy ching
ta s& xét d&n tinh hoi tu clia chudi.

1.2 Tiéu chudn hdi tu. Diy tdng riéng hoi tu khi va chi khi né 1a diy Cauchy.

Diy don diéu ting hoi tu khi va chi khi né bi chin trén. Tw d6 ta cé 2 tiéu chuén
quan trong sau

o0
Tiéu chudn Cauchy cho chudi. Chudi Zak héi tu khi va chi khi véi moi € > 0,

k=0
m
tén tai N, sao cho vdi moi N <n <m, ta cé |Spy — Sn| = | Z ag| < e
k=n-+1

o0
Tiéu chudn cho chudi s¢' duong. Gia sit ay > 0,Vk. Khi d6 »  aj, héi tu khi va
k=0

n
chi khi day téng riéng bi chdn, i.e ton tai M, sao cho Z ar < M,Vn
k=0

Hé quia. (Piéu kién can) Néu Z ag hoi tu, thi hm ar = 0.
k=0

Vi du. Dung tiéu chuin Cauchy cho mdt chiing minh khic vé su phan ky clia chudi
diéu hoa:

2n 2n
1 1 n 1
P DI it Tt
k=n+1 k=n+1
1

Ta ciing thdy & vi du ndy a; = Pl 0, nhung chudi khong hoi tu, i.e. diéu ngugc lai

ctia di€u kién can néi chung khéng ding.

1.3 Tinh chat.
o0 [o¢] o0 [o¢]

Tinh tuyé&n tinh. Néu Z ay, Z by, héi tu va c € R, thi Z(ak + bg), Z cay, hoi tu va
k=0 k=0 k=0 k=0

00 0o 0o
Zak+bk’ Zak -+ Zbk ank = cZak
k=0 k=0 k=0



Chutong V. Chudi sé& 87

Tinh phan doan. Sw hoi tu ciia chudi khong phu thudc vao hitu han sé” hang ddu, i.e

vdi méi n € N, Z a hoi tu khi va chi khi Z a hoi tu. Khi dé
k=0 k=n

00 n—1 e}
Z ar = Z ar + Z ag
k=0 k=0 k=n

D
Tinh k&t hgp. Gia sit Z ay, hoi tu vé S. Ldp chudi cé cdc s6 hang
k=0

b0:a0+"'+an0>b1:ano+1+"‘+an17"'7bk:ank71+1+"‘+ank7"'
o0
Khi do Zbk ciing hoi tu vé S.

k=0
Chitng minh: Hai tinh chi't ddu suy tir gidi han cla tdng cdc day.
o

oo
Chudi Z by, c6 diy tdng riéng 1a diy con clia diy tdng riéng cla Z ag. TU su hdi

k=0 k=0
tu clia ddy suy ra sy hoi tu cia diy con. Piéu d6 chitng minh tinh chi't thi ba. O

Nhin xét. Chudi phan ky khong c6 céc tinh chit trén. Vidu chudi 1 —1+1—1+---

khicvéi (1-1)+(1—-1)+---=0,hayla 1+ (-1+1)+(-14+1)+---=1.
o0
Ho4n vi cdc so hang. Cho Zak vi o : N — N la song 4anh. Lap chudi c6
k=0 -
céc s6 hang 13 hodn vi clia chudi da cho: Z Ao (k)-
k=0
N6i chung, 3, ar hoi tu vé S, khong suy ra >, g (k) hoil tu vé S. Xét vi du chudi
> 1 k+1 B
%. D6 1a chudi hoi tu va c6 téng 1a In2:

k=1
11 1 1 1 1 1

M2=1— -4 > — oo gn,
n 53 1 5 6 7 8"

Tu tinh chat tuyé&n tinh, ta c6

112 1 1+1 1+1 1+

— In — _ - = _ = = R —

SR AR A
- 2 4 6 8

Cong hai chudi trén va dung tinh chat k&t hgp, ta c6

1 1 11 1 11
In2+-In2 = (+m —_+—44 0+ () F+(+O)F(—=+2)+---
2 % 3 IR 6 6
= 1 - _ Z R — — — = ..

+3 + 77l 9+11 6

Chudi v€& phai lap tir hodn vi chudi xut phat, nhung c6 tdng khic In?2.
That ra, dinh 1y sau cho thdy c6é thé€ hodn vi cdc s6 hang ctia chudi nhu chudi trén,
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e 2 X A . 2 . p
d€ c6 chudi nhdn moi gia tri cho trudc.

(o.9]
1.4 Dinh Iy Riemann. Gia sit > _ aj, la chudi hoi tu. Khi do

k=0
o0 [o¢]
(1) Néu Z lag| hoi tu, thi chudi Z Ao (k) MO tu vé ciing mot téng, véi moi song dnh
k=0 k=0
c:N— N
o
(2) Néu Z lag| phdn ky. Khi dé vdi moi ¢ € R, ton tai phép hodn vi o : N — N, sao
k=0

o0
cho Z Ao (k) = C.
k=0

o0
Chitng minh: Truéc hét ta ¢ nhan xét 1a n€u »  pj 1a chudi s6 duong hoi ty, thi
k=0

Zpa(k,) cing hoi tu. That vay v6i moi n € N, goi N = max(c(0),---,0(n)), day
k=0
t6ng riéng clia chudi hodn vi 1a bi chin trén:

n N 00

Zpk < Zpk < Zpk

k=1 k=1 k=0
nén hoi tu.

Bay gid xét phan duong va phan am cla ay: pr = max(ag,0) va g, = —min(ag,0).
Khldopk, q > 0, ak—Pk_QkVa |ak| = pr + g

(1) Néu Z ar hoi tu vé S va Z lax| hoi ty, thi cdc chudi s6 duong Zpk, Z Qi

k=0 k=0 k=0 k=0
(o]
bi chian trén bdi Z |ak|, nén hoi tu. Theo nhén xét trén ta c6
k=0

S=D = D= D %= Pot)— O dolk) = D_ Go(k)
k=0 k=0 k=0 k=0 k=0 k=0

(e9] o0 o0 oo

(2) N&u > ay, hoi tu va > |ag| phan ky, thi Y pj, vd > g phan ky (= +00), v6i
k=0 k=0 k=0 k=0

lim pg = hm qr = 0.

k—o0

Cho c € R, lap chudi hodn vi tir nhu sau:
Goi ko 1a s8 bé nhdt sao cho: ¢ < po+ -+ pg,-

Goi k1 1a s6 bé nhit sao cho: po+ - +pgy —qo—* — @, < €
Goi k2 12 s6 bé nhit sao cho: ¢ < po+ - +Pky — Q0"+ — Qky + Phgt1 +** + Diy-
[ee]

Lip nhu vay ta c¢6 hodn vi cdc s6 hang cia chudi Z aj, mi tdng riéng giao dong
k=0
quanh c va ti€n vé c. O
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2. C4c dau hiéu hoi tu

2.1 C4c dau hi¢u hoi tu tuyét doi.

Hoi tu tuyét doi: Néu Z lak| hoi tu, thi Z ay, hoi tu.
k=0 k=0
So sanh: Gia sit ton tai N, sao cho |ay| < |bg|,Vk > N. Khi dé

o0 [e.e] oo o0
Néw > |bg| hoi tu, thi > |ag| hoi tu. Néu > |ag| phan ky, thi > |be| phan k.
k=0 k:O| | k=0 k=0
ag

So sanh gidi han: Gia sit hm m = K.
k

(o]
Neu K #0, thi Y |ag| va Z |by| ciing héi tu hay phan ky.
k=0 k=0

o0 oo
Neu K =0, thi Y |b| héi tu suy ra > |ag| hoi tu

k=0 k=0
o0 o0
va Z |ak| phdn ky suy ra Z |b| phdn ky.
k=0 k=0
D’Alembert: Gia sit lim k41 =r. Khi do
k—o0 |ak|

o0
Néu r < 1, thi Z |ay| hgi tu. Néu r > 1, thi > |ay| phdn k.
k=0 k=0
Cauchy: Gia sit klim lag| = r. Khi dé
—00
o0 o
Neur <1, thi »_ |ag| hdi tu. New r > 1, thi Y |ag| phan k. .

k=0 k=0
Tich phan: Gia sit f : [0,+00) — R la ham don di¢u gidm vé 0. Khi dé tich phdn

+oo 0
/ f(z)dx va chudi Z f(k) cang hoi tu hay ciung phdn ky.
0 —

m
D ax

k=n

m
Chitng minh: Tit bat ddng thifc tam gidc ta c6 < Y |ak|. Tiéu chuéin Cauchy

k=n

suy ra dau hiéu dau.

n n
Dau hiéu so sdnh suy tir Z lag| < Z |bg|, va tinh hoi tu cda chudi s6 dudng tudng

k=0 k=0
duong véi tinh bi chin cda diy tdng riéng.
Gia st hm % K. Khi d6 véi € > 0, ton tai N, sao cho khi k > N,
—>OO k

(K = e)fbr| < |a| < (K + €)|br]

Vay dau hiel so sdnh gidi han suy tr d4u hiéu so sdnh.

Gia st gi6i han cda ti s lim =r
bﬁ&)’aﬂ

Trudng hop 7 < 1: véi r < p < 1, ton tai N, sao cho |ani1| < plan|,Vn > N .
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Suy ra |ay x| < p¥lan|,k =0,1,2,---. Tir ddu hiéu so sinh
> fanl < Jax] Y- p = 12
a a = —
kl < |an D 11—
k=N k=0

suy ra chudi Y |ag| hoi ty.
Trudng hgp 7 > 1: véi r > ¢ > 1, tdn tai N, sao cho |an41| > gqlan|,Vn > N .
Tuong tu ddnh gid trén, tir viéc so sidnh véi chudi phan ky . ¢*, suy ra chudi 3 |ak|
phan ky.
Gia st gidi han cida cin s& klim lag| = .
—0Q
Trudng hgp 7 < 1: v6i r < p < 1, tdn tai N, sao cho /|a,| < p,¥n > N .
Suy ra |a,| < p",Vn > N. Ta c6 phian du

o0 oo
D lal < > v =
k=N k=N

N+1

1-p

suy ra chudi Y |ag| hoi ty.

Trudng hgp 7 > 1: v6i r > ¢ > 1, tén tai N, sao cho |a,| > ¢",Vn > N .

Tuong tu ddnh gid trén, tir viéc so sidnh véi chudi phan ky 3 ¢*, suy ra chudi 3 |ak|

phan ky.

Gid st f gidm trén [0, +00). Khi d6 f(k+ 1) < f(z) < f(k), khi k <x <k + 1.
k+1

Jr
Suy ra f(k+1) §/ f(z)dz < f(k). VAy v6i 0 <n < m, ta c6
k

Tir tiéu chudn Cauchy vé sy hoi tu clia tich phan suy rong va clia chudi, suy ra tich
400 y

phan / f va chudi Z f(k) cung hoi ty hay cing phan ky. O
0 —

Vi du.

sin k
2k

k 1 i
sin < = va chudi hinh

. Ding d4u hiéu so sdnh:
ok

a) Xét su hdi tu cia Z

1
hoc Z — hoi tu. Chudi da cho hoi tu.
k= 0

1
b) Dau hiéu so sdnh gidi han: ta thudng so sdnh |ay| v6i o khi k — oc.

1
O vi du e) s& ching minh Z — hoi tu khi p > 1, phan ky khi p < 1.
ok

x k k 1
Chudi Z k2— phan ky vi el khi k — co.
A . 1 .
Chudi Z \/W hoi tu vi EpyE— ~ 1372 khi k — oo.
< 1\F\”
Chuoi Z (e - <1 + k‘> ) hoi tu khi p > 1 vi theo khai trién Taylor ctia In(1 + z)
k=1
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) 1
va e (v6i x = E) ta ¢4 so sanh

= (o= Fmmatol@)))’ = (e —etaktelin)”
P p 1

00 k
¢) Xét su hoi tu cla Z k! <;:) . Diing dau hiéu D’ Alembert:
k=1

L k 1 k+1 1 —1
i 12 (—) = lim z (1 - —) (1 - —) = |zle!

Vay chudi hoi tu khi |z| < e va phan ky khi |z| > e.
k
Khi |z| = e, theo cong thic Stirling k! ~ v271kk*e %, nén |ay| = k!% ~ V2rk. Vay

khi d6 chudi phan ky theo di€u kién cn.

<1 1 .
d) Xét sy hoi tu ciia > -~ (1+ )*". Dung ddu hiéu Cauchy:
=2 k
1 1 e
lim {/|ap| = lim =(14+ 2)f==->1
Jm laxl = Jim S+ 27 =3 >
Vay chudi phan ky.
= 1 . 1
e) Xét sy hoi tu clua Z —. Dung dau hiéu tich phdn ta xét ham f(x) = —. Ham
=1 kP P
+oo

d «
gidm trén [1,00) va tich phin / —i hoi tu khi va chi khi p > 1. Vay chudi da cho
1

hdi tu khi va chi khi p > 1.

[o.¢]
1 N . .
Tuong tu, Z RIS hoi tu khi va chi khi p > 1. Di€u nay suy tir sy hoi tu cla
= kln? k

/00 dzx
9 xlnPx’

Bai tAp: Xét sy hoi tu ctia cdc chudi s6 i ! (a>0) i d i in "
al tap: (&1 ) O1 tu cua cac cnuo1 so S E— a . o S —,
o o Pl e e R

—\k+1 = ok? T kInkIn(Ink)’ = klnkin(Ink) In(Inlnk))” 7= k2

Nhan xét. Khi r = 1 ddu hiéu D’Alembert cling nh ddu hiéu Cauchy khong két
luan dudc chudi hdi tu hay phian ky (xem vi du e))

Nhan xét. Dau hiéu Cauchy manh hon ddu hiéu D’ Alembert theo nghia sau:
. . a .
Néu lim Jax 1] =7, thi lim {/|ag| =r.
k—o0 ]ak] k—oo
3+ (—1)*

Chiéu nguoc lai khong c6. Chdng han chudi véi s6" hang aj, = h 7T
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Chitng minh: Tit gia thi€t v6i moi € > 0, ton tai N sao cho
(r—e)|ag| < |ags1| < (r+€)|ag|, Vb > N

Suy ra

(r =) Man| < larl = lantg-m)| < (r+ ) Vay]
Hay A(r — )% < |ag| < B(r + ), v6i A = |an|/(r — )N va B = |ay|/(r + €)V.
Suy ra VA(r —¢) < ¥/ax] < VB(r +e).

Viy r —e <liminf {/|ag| < limsup /|ax| <7+ e
Vi bt déng thic trén ding v6i moi € > 0, nén r < liminf ¥/]az| < limsup /Jax| < 7.

Suy ra lim {/|ax| = .
k—o00

Bai tap: Ching minh phan sau ctia khing dinh trén. U

2.2 Céc dau hiéu hdi tu cho chudi dan diu.

n
Dirichlet: Néu day cdc tong riéng S, = Z ay, bi chan va (by) la day don diéu hoi tu
k=0
(o)
vé 0, thi »  apby hoi tu.
k=0
oo
Leibniz: Néu day (ay) don di¢u vé 0, thi chudi dan ddu Z(—l)kak hoi tu.
k=0
o0 o0
Abel: Néu Z ax hdi tu va (by) la day don diéu bi chdn, thi Z arby hoi tu.
k=0 k=0
Chitng minh: Truéc hét ta ¢6 cong thic tinh tdng tirng phan:

m m m—1
> agbk =Y (Sk — Sk—1)bk = Smbm — Sn—1bn — > Sp(bps1 — by)
k=n k=n k=n

Bay gid ta chiing minh d&u hiéu Dirichlet. Gia st |S,| bi chin bdi M va (b;) la day
don diéu hodi tu vé 0. Theo cong thirc trén, ta c6

m m—1
> agb| < Mlby| 4+ Mlbp| + M Y b1 — b = M(|bpa| + |bn| + by — bal)
k=n k=n

(o]
Theo tiéu chudn Cauchy Z apby, hoi tu.

k=0
n

DA4u hiéu Leibniz suy tir ddu hiéu Dirichlet vi tong riéng S,, = Z(—l)k bi chin.
k=0

o
Pé chitng minh ddu hiéu Abel, gia st Z ar hoi tu va (bg) 1a ddy ting dén b.
k=0

o0
Dit ¢ = b— by. Khi d6 ¢, gidm vé 0, va theo ddu hiéu Dirichlet ) ~ agcy, hoi tu.
k=0
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o0 [o¢] o0
Suy ra Z apbr = Z apb — Z aici hoi tu.
k=0 k=0 k=0

Trudng hop diy (by) gidm, dp dung két qua trén cho (—by).
Vi du.

(—=1)*
kP

oo
a) p-chudi dan dau Z
k=1

b) X6t cdc chudi isinkw . icoskx
ét cac chuoi va .
k k
k=1 k=1
TUu cdng thic lugng gidc

2sinkxsiniz = cos(k — 3)z — cos(k + 3)z
2coskrsingz = sin(k+ 3)z —sin(k — 1)z

Suy ra khi sin z # 0, i.e.  # 2km (k € Z), thi

cos 3z — cos(n + 3)z

sinz 4+sin2z 4 --- +sinnx = —
2sin 5
1

sin(n + )z —sin 1z

cosx 4+ cos2x + ---4+cosnx = —
2sin 5

V& phdi bi chin, nén theo ddu hiéu Dirichlet hai chudi trén hoi tu khi

, v6i p > 0, 1a hdi tu theo dau hiéu Leibniz.

x # 2km.






Bai tap

So thuc - Day so.

10.

11.

12.

. Chiing minh céc s6 sau 1a vo ti:  v/3,v/2+ 6, V5 — V3,

ar +b
cr+d

(a,b,c,d €
Qva‘d_bc#ovng)'

. Tim sup A, inf A, max A, min A, néu ton tai, khi:

a)A:{%H:nEN} b)Az{%%—EﬂL_l) :n € N}

+1
(=1

1
c) A=/{ i —n?:n €N}

. Cho A, B C R. Gié st A bichinva B C A. So sdnh sup A,sup B,inf A, inf B.

Cho A, B C R la cédc tap khdc tréng bi chin. Chitng minh

sup(A U B) = max(sup A, sup B),inf(A U B) = min(inf A, inf B).
Dai v6i AN B thi sao?

. A P . m S N A
. Chitng minh tap cdc s6 dyadic D = {Q_n :m € Z,n € N} 1a trd mit trong R.

. Cho D tri mat trong R, va F' 1a tdp con hitu han cia D. Chténg minh D \ F

tri mat trong R.

ot S n
lee@{%{))ﬁ,... 710%}, tim N, sao cho: — —1‘ <€, Vn> N
P& y khi € cang bé, thi N, cang 16n. Ching minh lim

n—oom +1

Tim N sao cho

1 1

< 0,03, Vn > N. Ching minh lim — =0
vn+1 g n—00 \/n +1
Didy ndo trong cdc diy sau day hoi tu, ti€n ra vd cung hay giao dong:

a) ap =5 b)ay=sin ¢)a,=10" d)a,=nsinZ

e) ap = (—1)"tg(5 — %) f) ap, = —n?
Chitng minh cdc ddy sau 1a vo cling bé, i.e. cho € > 0, tim N sao cho |a,| < €,

v6i moi n > N

(=D"

a) ap, = b) a, =sinT ¢)a,=¢" (g <D

Chitng minh cdc day sau la v6 cuing 16n, i.e. cho E > 0, tim N sao cho |a,| > E,
v6i moi n > N

a) ap, =(—1)"n b)a,=Inlnn c)a,=4q¢" (¢l >1)

Pién vio cdc gidi han cd ban sau:
a™ n?
a) lim — = b) lim — = (@a>1) ¢ lim ¥n=
n—oo n! n—oo g n—0o00

n \"
d) lim vn!= e) lim (1—1——) =
n

n—oo n—oo
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Tinh cdc gi6i han sau:

) n+ (—1)" by 5n?+n—17 )l n
a) lim ————— im ———— ¢ lim ——————
n—+toon — (—1)" n—+oo Tn2 — 2n + 6 n—+oo /nZ +n + 1
a1 5 -2 ) l nmw b 1 1424+---4+n
)niIEm5+2n+1 ¢ nirilooncos 2 ’I’L—lrljiI}OO 1/9n4_‘_1
g) lim (Vn2+5—+vn2+3) h) lim a(vVn+1—+vn+2)
n—+o0 n—+00

1 1 1 1 1 1
Dl oy 4= ) ) lim (=) (1= =) (1= —
1 nilfoo<1.2+2.3+ +n(n+1)> D tim (1=55)(A=g5) (1= 75)

. l4+a+---+a” . .
k) nEIEoo R S (lal, 6] <1) D nEIEoo V3 +sinn

2 2, (0% 2, . A A . . . .
Cho a € R. Giastt — ¢ Z. Chitng minh khong tontai lim sinna, lim cosna.
m n—+o00 n—-+o0o

Ching minh néu lim a, = L # 0, thi diy ((—1)"a,) giao dong.

n—oo

Chtng minh néu a,, < M va lim a, = L, thi L < M.

n—oo
Ching minh néu lim a, = L thi lim |a,| = |L|.
n—oo n—oo

Cho vi du day (]a,|) hdi tu nhung day (a,) khong hoi tu. N&u gi6i han 1a 0 thi
sao?

1.3...2n —1 1
Cho a, = (2n ) Ching minh a,, < ——. Suy ra lim a, = 0.
n—oo

2.4.6...2n 2n+1

N A 1\" 1 \" .. . 1
Duya vao tinh chat kep (1 + E) <e< (1 + m) ,tinh lim n(en — 1)

n—-+00
Chiing minh néu day (a,) gi6i ndi, con (by,) ti€n vé 0, thi (apb,) ti€n vé 0.
Lap ludn sau sai § dau?

. 1 . nm . 1 . . onm . .n
lim —sin— = lim — lim sin— = 0. lim sin— =20
n—-+oo n 2 n—-+oo 1, N—00 2 n—00 2

Ping hay sai: mot diy s6 duong khong bi chin thi ti€n ra vd cung.

Cho ap = 1, a, = /1 + an—1. Chitng minh diy (a,) don diéu, bi chin. Tim

= lim a, goila tilé vang.

n—oo

Chirng minh day ¢, = (1 + > gidm. Suy ra <lIn <1 + > < =,
n n+1 n n

1 1
Cho a, =1+ 5 +:--+— —Inn. Ching minh diy (a,) la ddy don diéu, bi chin
n
nén hdi tu. v = lim a, = 0,5772156649 --- goi 12 hiing s6 Euler.
n—oo

. ’ - A ~ 1 ~ At
bing hay sai: néu (a,) don diéu ting va a,y; — a, < —, thi (a,) hoi tu.
n
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28.

29.

30.

31.

32.

33.

34.

35.

36.

Cho aj > as > 0 VA apiq = % (n > 2). Chtng minh diy a1, as, as, ...

gidm, diy as, a4, ag, ... ting. Suy ra ton tai lim a, = L. Tinh L
n—oo
Diing tiéu chudn Cauchy xét sy hdi tu cdc diy:
a) s, = ap + a1x + - - + axx”, trong d6 |z| < 1, va |ag| < M,VEk.
1

1 1
b H,=14+—-4—-+---+—.
) H, +2+3+ +n

Gia st ton tai 0 < r < 1, sao cho |ap41 — a,| < Cr™, ¥n. Ching minh (a,) 1a
ddy Cauchy nén hoi tu.

Choag=1, a, =1+

3
. Chitng minh 3 < ap <2,khin > 1. Suyra (a,)
an—1
la day Cauchy (nén héi tu). Tim ¢ = lim a,.
n—oo

sin bn

Chdng minh day a, =€ c6 day con hdi tu.
Tim mot diy gi6i ndi c6 3 diy con hdi tu vé 3 gidi han khic nhau.
Tim limsup,,_, an va liminf,_, a, khi:

3 n nmw
a) an:(*l)”(2+ﬁ) b) an:1+n+1cos7

Cho diy s6 duong (a,). Ching minh néu lim_a, = a, thi day trung binh cong
va day trung binh nhén:

a,1+...+a,n N
Sn:#, Pn = /a1 0n

cling hoi tu vé a

Cho day s6 dudng (a,). Ching minh n€u lim Intl _ o, thi lim /a, = a.
n—oo  a, n—o00

n

’ , n

Ap dung cho a, = —, suy ra nlgrg() — =

n
n! Vn!

Giéi han va tinh lién tuc ctia ham so

1.

2.

Cho f: I — R, I CR. Xétdiy s6 (r,) dugc dinh nghia dé qui:
xo € I 1a gid tri ddu, z,01 = f(z,) (n=0,1,2,---)
Ta c6 thé diing @6 thi ham f dé khdo sat cdc tinh chit cda ddy (x,) (tinh don
diéu, bi chin, hdi tu, ---) bing cich:
- V& céc diém (2, f(zn)), (Tna1s Tna1), (@nat, f(@ne1), n=0,1,2,---.

- Tir d6 tim qui luat cda day (z,) phu thudc vao gid tri dau z¢ va f.
Hiy ti€n hanh cdch lam trén khi:

a) f(z)=v1+zx b)f(:v)zl%—é ¢) f(z) =2% -z + 1.

Cho € > 0, tim 0 > 0 (phu thudc € va a) sao cho |f(z) — L| < ¢, khi |[x —a| < 4.
1

a) f(x)=~=,a=1,L=1 b) f(z)=2% a=2, L=4.
X
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10.
11.

12.

13.

14.

1 N N .
. Ching minh hII%) sin — khong ton tai bang cdch chi ra 2 diay s6 (x,) va (x)
Tr— €T

n

1

cting ti€n vé 0, nhung 2 ddy (sin —) va (sin —-) ti€n vé 2 gidi han khdc nhau.
Tn x,
. Pién vao cédc gidi han co ban:
i 1\* In(1
a) lim “2f — by lim <1+ ) _ o fim 2D
z—0 x r—+00 x z—0 X
T—1 1 P—1
d) lim & N T Lk
z—0 X z—0 x

. Tinh cdc giéi han:

x?—1 x2—1 o Vr+13=-2v/x+1
- S—— C 1m

a)alslg(l)2x2—x—1 b)azlggo2x2—x—l ):113—>3 x2 -9
: 3 3 . -1 . sinbz . 9 z%
Ot Vo dn o mrTy DiMins 20
22 -2z —-1\" sinx p e
hy lim (Z—2"") ) lim ( )
z5Foo \ 22 — 4z + 2 z—0 T

. Ching minh khi x — 0, ta c6

2
a) (1+z)=14+pr+o(x) b)sinz=z+o(x) c)cosz=1- % + o(x)
de*=14+z+o0(x) e)In(l+z)=x+o(x)
Vi€t lai cdc ding thifc trén bdi so sdnh tuong duong ~.

. Hay so sdnh a” (a > 1), 2P, Inz, khi z — 4o0.

. Tim gidi han phia phdi va trdi tai 0 cia cdc ham:

a) signz  b) [z] ¢z

. Chirng minh n€u f lién tuc tai a va f(a) > 0, thi tn tai A > 0 sao cho f(x) >0

véimoi x,a —h <x <a+h.
Chitng minh n€u f va g lién tuc thi |f|, max(f,g). min(f,g) cling lién tuc.

Xét tinh lién tuc ctia cdc ham:

2
Q) f(@) = S w A L (1) =0
s1nx7 x#0. f(0)=a.

b f) = 2
c) f(x :xw_il, x#1. f(1)=q.

)
Cho f(x) = signz va g(z) = x(1 — z?).
Tim f(g(x)). Suy ra cdc di€m gidn doan cla fog.

Chiing minh “B6 dé dén”: Gia st f lién tuc trén [a,b] va g lién tuc trén [b, c.
Binh nghia ham & bdi h(x) = f(x), = € [a,b] cOn h(z) = g(z), x € (b, c|. Khi
d6 h lién tuc khi va chi khi f(b) = g(b).
Xdc dinh cdc diém gidn doan va loai cda chiing, khi:
a) f(z) = arctg(—5——) b) f(@) =€ o) f(x) = sign(sin ).

x

x2 -1
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15.

16.
17.
18.
19.
20.
21.
22.

23.

24.
25.

26.

27.

28.

29.

30.

31.
32.

Cho f:[0,1] — [0, 1] xdc dinh bdi: n€u = = = 12 phin s& t3i gidn thi f(z) =

>

|3
Q| =

néu x vo ti thi f(z) = 0. Chiéng minh f lién tuc tai cic diém vo ti, khong lié
tuc tai cdc di€m hitu .

=

i
—_

( Hd: v6i moi € > 0 chi c6 hitu han phan s6 t8i gidn =~ ma — > ¢)
q

Cho f: R — R thda f(tx) =tf(x) v6i moi t,z € R. Ching minh f lién tuc.

LS

Tim tit c& cdc ham f: R — R, lién tuc va thda: f(z +y) = f(z) + f(y).
Tim tdt cd cdc ham f: R — R, lién tuc va théa: f(z +y) = f(z)f(y).
Tim tit c& cdc ham f: R, — R, lién tuc va théa: f(zy) = f(z) + f(y).
Tim tit c& cdc ham f: R, — R, lién tuc va théa: f(zy) = f(z)f(y).
Tim vi du f lién tuc trén R nhung f khong dat max, min.
Tim vi du f tién tuc trén [0,1) dat max nhung khong dat min.
Cho f:R — R lién tuc va ml_lgl@f(ﬁ@) = +oco. Chitng minh ton tai
min{f(z) : x € R}.
Chiéing minh mot da thic bac 1€ ludn cé nghiém thyc.
Chiéng minh Dinh ludt Descartes: Cho da thic

P(z) = ap+ a1z + -+ a;x! — aj207tt — o — apa®,

trong d6 ay > 0,Vk, va ag+---+a; > 0,a41 + -+ a, > 0. Khi d6 P(z) c6
ding mot nghiém duong.
Lo Ple)
( Hd: Ham —-= gidm trén (0, 4+00).)
T
Chitng minh phuong trinh tanx = z ¢6 v s6 nghiém.

Cho f 1a ham lién tuc trén khéang I. Chitng minh véi moi 1, -- ,x, € I, tdn
1

tai ¢ € I, sao cho f(c) = E(f(xl) + 4 fxn)).

Chitng minh néu f : [a,b] — [a, b] 12 ham lién tuc, thi f c6 di€m bat dong, i.e.

ton tai zg € [a,b] sao cho f(xg) = xo.

Cho f :[1,2] — [0,3] lién tuc, f(1) = 0, f(2) = 3. Chiing minh f c6 diém bat
dong.

Cho f : [a,b] — R 1a ham lién tuc, f(a)f(b) < 0. Néu phuong phdp xap xi
tim nghiém phong trinh f(z) = 0.

Tinh gin ding /2 v§i sai s6 € biing phudng phap chia dbi tim nghiém z2—2 = 0.

Véi € > 0 cho trude, tim 6 > 0 sao cho: |sinz —sinz’| < ¢, khi |z — z| < 0.
Suy ra tinh lién tuc déu cia ham sin trén R.
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33.

34.

Cho ham f: X — R. Gid st f thod diéu kién Lipschitz trén X:
IL>0: |f(z) = f(@")| < Lz —2'|, Vz,2’ € X
Chitng minh khi @6 f lién tuc déu trén X.

Xét tinh lién tuc déu cda cdc ham sau trén mién dudc chi dinh:
a) f(z) =23, 0<x <1 Trén mién 0 < z < oo thi sao?

1
b) f(x) =z +sinz, —co <z < 400 c)f(x):m,0§x<oo.
x

d) f(z) =sin ", 0 < = < co. (Hiy v& dé thi)
X

Phép tinh vi phin

1.

10.

. Xdc dinh géc gifta cdc ti€p tuyén cla cdc dudng cong y = x

Cho ham f xdc dinh trén mot khodng chita xg. Gia st f c6 thé xap xi bdi ham
bic nhat tai xg, nghia la

Ffl@o+h) = a + bh + o(h), khi h — 0

Chitng minh khi d6 @ = f(xo), b= lim flwo+ h/i — fl@o)

. Ching minh khi h — 0, ta c6:

a) (z + h)? = 22 + 22.h + o(h) b) sin(z + h) = sinx + cosx.h + o(h)

Tinh f/(x), trén mién xdc dinh cda no:
a) f(xz) =sinz® b) f(x) =cos®(2x) c¢) f(z) = In(sin(z? + 1))

§ J@) = \frfrivE O f@ = DS = @) S = @)
h) f(x) = W 1) f(x) = $(1 + x2)tanz

. Xét tinh khd vi va tinh dao ham mot phia f/ (z), f’(z) cla:

a) f(z) = |2 =1 b) f(z) = Va?
¢) flx) = x”siné, néuz #0; f(0)=0,véin €N

1
. Ching minh ham f(z) = x%sin —, f(0) = 0 1a khd vi nhung f’ khong lién tuc.
x

. Xdc dinh a d€ db thi ham f(z) = ax? ti€p xiic v6i dd thi ham g(x) = Inx.

2 va x = y? tai giao

diém.

. Ping hay sai: n€u ham f xdc dinh trén (a,b), khd vi tai ¢ va f'(c) > 0, thi f

don diéu ting trén mot 1an cin cla c.

. Cho f(z) = z, n€u z hitu ti; f(z) = sinx, n€u x vd ti. Ching minh f/(0) = 1,

nhung f khong ting.

Chting minh néu f kha vi tai ¢ € (a,b) vd f’(c) > 0, thi tOn tai z,¢ < z < b sao

cho f(x) > f(c).
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Dua vao tinh don diéu chitng minh cdc bat déng thitc: a) 1+2 <e® (z #0)
2 3
b)x—%<ln(1+x)<m (x >0) c):c—%<sinx<x (x >0)

d) (2P +yP)P < (29 +yN)7 (0 < 2,y;0 < g < p)

Cho ¢ : (a,b) — R 1a ham kha vi. Gia st tén tai M > 0, |p(x)| < M,Vx €

(a,b).
bit f(z) =2+ ep(z), x € (a,b). Chitng minh f la don dnh khi e kha bé.

Chitng minh khong ton tai & € R d€ phuong trinh 22 —32+%k = 0 c6 2 nghiém
trén [0, 1].

an—1

Chi'ng minh riing néu A0y + a, = 0, thi phuong trinh
n n
apz™ + a1zt + .-+ a, = 0 ¢6 it nhat mot nghiém trén [0, 1].
. R agx”+1
( Hd: Xét ham f(x) = 1 + -+ ape)

Cho ham f c¢6 dao ham cip n trén [a,b]. Ap dung dinh 1y Rolle chiing minh:
néu f(z) = 0 c¢6 3 nghiém thudc [a, b], thi ton tai ¢ € (a,b) sao cho f”(c) = 0.
Hiy téng quat hod khi f(x) =0 c¢6 n + 1 nghiém.

Chiing minh tinh chit Darboux: N&u f c6 dao ham tai moi di€m trén [a, b], thi
f/ nhian moi gid tri trung gian gitta f’(a) va f'(b).

( Hd: Xét ham g(x) = f(z) — vz v6i v 1a gia tri ndm gitta f'(a) va f'(b), rdi
chitng minh g phdi dat max hay min tai mot diém c € (a, b))

TU bai trén chdng minh ham f(z) =0néu -1 <z <0, f(z) =1nfu0 <z <1,
khong thé ¢6 nguyén ham trén [—1,1].

Céc ham s6 sau c6 thod dinh ly gid tri trung binh? N&u c6, hiy tim ¢ dé
£0) ~ Fa) = F(E)b— o) )

= — <x<2) b = 2<xr <4
W f)= S 0<r<) b fa) = @<z

o flx)=Az+B(a<z<b) d) fla)=1-2*3(-1<z<1)

Gia st f lién tuc trén [3,5], khd vi trén (3,5) va f(3) =6, f(5) = 10. Ching
minh tdn tai ¢ € (3,5) sao cho ddng thing ti€p xitic v6i f tai di€m c6 hoanh do
c di qua goc toa do.

N A ORI O) e 1 C) R
Tim gia tr1 ¢ thoa 70 ~ o) = gla) doi v6i cac ham:
Q) () =, gle) =a* (0 <x<T)

b) f(z) =sinz, g(x) = cosz (—5 <z <0)

Ap dung dinh 1y gid tri trung binh chiing minh cdc bat didng thitc:
a) |[sina —sinb| < |a—b| b) |arctana — arctanb| < |a — b

1\2% 1 x+1
c)(l—l——) <e<(1+—) (x >0)
T T
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22. Dya vao |f(z)—f(a)] < sup |f'(c)||z—al, ddnh gid sy hoi tu cia f(x) vé f(a)
c€la,r]
theo ngdn ngit €-d: vdi sai s§ € > 0 cho trude, tim §, sao cho khi |z —a| < 6, thi
[f(z) = fla)] <e 1
a) f(x) =2* b) fx) =

8 |

23. Cho f va ¢ 1a hai ham kh3 vi dé€n cidp n, h = fg. Chitng minh cong thifc

Leibniz:
a) h(c) = f"(c)g(c) +2f'(c)g'(c) + f(c)g" (c) .
n - n' n—
b) h(M(c) = ’;)mf(k)(c)g( M(e) .
24. Ding cong thitc Leibniz tinh f<100) khi:
1
Q) f() =adsine b f@) —ateTE o) fla) =

25. Tinh dao ham c4p n cla cdc ham o, sin(ax + b), log, =, (1 + z)P.

1
26. Tinh f(™ ja ha =
6. Tinh f\")(x) ctia ham f(x) P T

( Hd: Hay phan tich f(z) thanh cdc phan thic hitu ti)
n

27. Viét khai trién Taylor tai ¢ cla ham f(z) = 2™.

28. Tif khai trién Taylor tai # = 0 clia ham f(z) = (1 + x)", suy ra cong thic nhi
thitc Newton.

29. Tim da thitc bac 4, théa: P(2) = —1,P'(2) =0, P"(2) = —12,P"(2) = 24.
30. Chirng minh véi moi a > 0,h > 0,n € N, tdn tai 6 € [0, 1] sao cho:

1 1 h A2 (—1)n=ipn—t (=1)"h"
a+h a a®> a an (a+ 6Oh)n

31. Dya vao khai trién Taylor cdc ham sd cip cd ban, viét khai trién Taylor tai 0,
dang phan du Peano, d&€n bac 4, cdc ham sau:
1
a) f(r) =In(2cosz +sinz). b) f(z) =V ¢) f(z) = (1+2)=.

32. Cho f(z) =1In(1 —i—x) Va g(z) = arctan x.
a) Tinh f((0) va g(™(0). Suy ra khai trién Taylor cla f va g tai g = 0.
b) Suy ra cdc cong thic tinh gin ding:

11 1
n2=1-—-4+-+4---+(-1)"'—+ R
n 5t +(=1) — o+
T 1 1

S —1)"

1 3+5+ + ( )2n+1+R”

¢) Hiy xdc dinh N sao cho khi n > N, thi sai s8 |R,| < 1073

33. Dung cong thifc Taylor tinh gan ding cdc gid tri: /29, sin46°, In(1, 05), véi sai
s6 < 1073
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34.

35.

36.

37.

38.

39.

40.

41.

42.

Diing qui tic L’Hospital hay khai trién Taylor tinh:

tanx — x Inx 1

a) lim ———— b) lim ——— ¢) lim(— — d) lim z=@
) z—0t T —sinx ) z—+o00 x0,0001 ) :c—>0(:c sinx) ) z—-+o0

1 1 T
. az + bz . sin(z —sinz) . l—z+Inx
e) lim [ — a,b>0 lim ———~ lim ————
) ( 2 ) ( ) f)$—>0 Vi+ad—1 g)x—dl—\/2$—x2

Chitng t6 khong thé ding qui tic L’Hospital d€ tinh cdc gidi han sau. Hay tinh
céc gi6i han d6 bing cdch khdc:
% sin = T —sinzx

a) lim - £ b)) lim —
z—0 sInx T—00 x 4 SInx

Cong thifc sai phan. Cho f 12 ham kha vi d&€n cAp n. Pinh nghia:

Sai phan cdp 1 cla f tai a: Apf(a) = f(a+h) — f(a)

Sai phan cip k clia f tai a: Al f(a) = Ap(AF ' f(a), k=2,3,--- ,n.
a) Tinh A% f(a).

b) Dung qui tic L Hospital suy ra cong thifc tinh gin ding:

_ARfla) _ fla+2h) —2f(a+h)+ f(a)

1" (a) 2 = 12 , khi h — 0
¢) Tinh A¥ f(a).
. AP
d) Suy ra cong thic tinh gan ding (™ (a) ~ th;W)’ khi A — 0.

Tim max, min cdc ham sau:
a) f(z) = |22 -3z +2|, 2 €[-10,10]  b) f(x) =5 — 4z, v € [-1,1]
0) f(z) =2"(1—2)", z €0,1]

Cho a,b > 0 va m,n € N.
a) Tim gid tri 16n nhat ctia a™b", khi a + b 12 hiing.
b) Tim gi4 tri nhd nhit cda o™ + b™, khi ab la hing.

Tim hinh chit nhat ¢6 dién tich 16n nhat, ndi ti€p va c6 cdc canh song song v6i
2 2
Yy

St E =L

céc truc cua Ellip
Tim gid tri a sao cho p(z) = 2% + a c6 sai s6 bé nhat véi 0 trén [—1,1], i.e. gid

tri a 1am cyc ti€u sup |p(z)|.
z€[—1,1]

Sai s6 clia f(z) va g(z) trén [a,b] dudc dinh nghia 12 sup |f(z) — g(x)|. Tim
z€la,b]

sai s khi:

a) f(z)=2a"g(z)=1, z€[-1,1]

b) f(x):1+x+'--+$”,g(x):%, zel[-rr] (O<r<1

1—

Khio sdt cdc ham sd: )
a) f(z) = arcsinz + arccosz  b) f(x) = 2arctanz + arctan (1—352)
—x
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$3
O f@) =" @)=V o fa)=ae

D f(z) =In (xxl)

43. Xét phuong trinh bac 3: 23 + pz + ¢ = 0. Diing phuong phdp khio sit ham s&,
hiy xdc dinh diéu kién clia p, ¢ sao cho phuong trinh:
a) vOo nghi€ém b) c6 1 nghi€ém c¢) c6 2 nghiém d) c6 3 nghiém.
Hiy vé tap hop (p,q) d6 trong mit phing.

44. Hiy dung tinh chat 16i hay 16dm ctia him s6 chitng minh cdc bit ding thic:

a 1 b
DT <) T VA ab>0)

L |
c) (mgy) <g@"+y")  (@y>0n>1
d)zhzr+ylny > (x+y)lnx+y

(z,y > 0)

2
1
— =1, ta cob:
q

1
45. Ching minh v6i p,q >0, — +
p
P e
a) ab< T+ (a,b>0,)
p q

1 1
b) B4t ding thiic Holder: Z apbr < <Z ]ak]p> (Z \bk|q>
k=1 k=1

k=1

( Hd: Chia vé€ trdi cho v€ phai rdi 4p dung a) cho titng sd hang)

n n n
c) Bt ding thite Minkowski: 7[> " |aj + P < 2| > |apP + | Y bel?
k=1 k=1 k=1

( Hd: Tuw

ar, + b P < |ag||ag + bg|P~t + |by||ax + bk[P~1, dp dung b))

46. Phuong phiap Newton. Cho f : [a,b] — R 12 ham kha vi dén cap 2.
Gid st f(a) <0< f(b),vaf'(z) >0, f"(z) > 0,Vx
P& tim diy hoi tu vé nghiém cda f(x) =0, ta lap diy sau: zo = b,
Tpy1 = giao diém cla ti€p tuyén cda f tai (x,, f(2,)) v6i truc hoanh
a) Hiy vé hinh d€ thdy y clia phuong phdp.
fzn)
¢) Chitng minh véi gid thi€t wén (z,,) hoi tu vé nghiém cla f(z) =
d) Ding phudng phdp trén tinh gdn ding /2 véi sai s6 1076, b
flx)=2%—-22¢€[1,2].
e) Céc gia thiét tuong tu ndo cho f dé c6 thé dp dung phuong phdp Newton?

b) Ching minh: z,4+1 =z, —

0
ing cich xét

Phép tinh tich phan

1. Tinh cdc tich phan bat dinh:
o Biing phuong phdp ddi bién:
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In zdx sin z cos® xdzx
VATt 22de b / —2% g / —— dq /
a) /m + r4dx ) | xe T c) Y ) T

e)/1+x f)/\/——:cdac g)/\/ﬂdx

o Biing phuong phdp tich phan tirng phén:
1 )
a)/w%_xdl" b)/x2 In zdx C)/n—fdx d)/ew sin zdz e)/arcs;nxdx
€z x

o Ham hitu ti:

a)/$4 d;:— )/ (2% — x2+1 )/ x+1 d)/xx;ia}l
)/ m2+1 D/964+1 / )100

o Ham céan thlI'C

)/ 1+2\F+\F )/ \/7 1+\/\/?dx

vV —xT4 10d
)/x—l- \/9024-;1?—1— ) x+\/a:2+233 f)/ vrdw

o Ham lugng gidc:
dzx
b e in zd
)/QSlnm—cosx+5 )/1+ecosx (€>0) c)/sm v

d)/cos xdx e)/cos3msin5:cdx f)/sin4nvcos5 xdx g)/sinzxcosA‘ rdx

. Dung cong thitc qui nap theo n € N, tinh:

a) In(a) = (a2sz:2)” b) I, = /sin” xdx, J, = /cos" xdx

o) I, = /:c”e_mdx
. Bi€t ring cdc ham sau tuy c6 nguyén ham nhung nguyén ham cta ching khong

12 ham sd cap:

2 sinz 1 1
oz Ina’ /(01— 22)(1 - k22?)

6—1}

0<k<1)

e’ 9 1

Inxcosz, —, sinx®, —————.
x V1 —Kk2sing

. PN U c
Chiing minh cdc ham sau ciing vay: ﬁ’

2
to

Léap tong trén va tong du’dl ctia f vGi phan hoach P:

W) f(z) ==, w €01, P={0,3 31}

)f(x)—x r € [0,1], :{05%, oY

c) f(x) =a*, z€0,1], P={0,5,2%,---,2}.

d) f(z) = sinx, xe[,g] {0,22,32,---,%.

f(;r) —,a:e[ab] P={a,aq, - ,a¢" =b} (0<a<b).

Néu y gh1a hinh hoc viéc 14y tdng & trén.
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5. Tinh cdc gi6i han cda téng trén & bai b) ¢) d) § trén khi n — oo.

2 1
( Hd: 2sin§(sinm+---+sinn:c):cosg—cos n2+ x)
6. Cho f 1a ham kha tich trén [a,b]. Chiing minh
b—a & k(b —a) b
I SACILDN d
N
1,1 2 1, : 3. 3n
Tinh a) lim —((=)2+ ()2 + -+ (=)2) b) lim —(en +en +---+en)
noeeniny n n TS
e R R
1 1 2 2 4 2
7. Cho Sy = — [(1 4 =) sin — + (1 + =) sin — + -+ + (1 + —) sin ——
n n n n n n n

a) Bi€u dién lir_{l S, qua tich phan xdc dinh.
n—roo
b) Tinh lim S,.

n—-+o00

8. Cho f 1a ham don diéu trén [0, 1]. Chitng minh

[r-tysd=od
0 nkzl n n

9. Pung hay sai: /b f(x)dx = /b f(t)ydt = /b f(u)du.

10. Phat biéu cic tinh chit da st dung trong viéc tinh tich phan:

2 2 2 23
/ (31:2—5)dx:3/ oidr — 5/ de =3(% —0)—5(2-0).
0 0 0 3
11. Ping hay sai: néu |f| kha tich, thi f ciing khd tich.

12. Céc ham nao trong cdc ham sau kha tich Riemann trén [0, 1]:

1
a) Ham dic trung cia tap {O,%, 1%, 13—0,-~ ,1}  b) f(z)=sin—, f(0)=7
T

1 . 1

¢) f(x) = —,néuz=—,néeN; f(x) =0 trong trudng hgp con lai.
n n

d) Ham Dirichlet: D(z) = 0, n€u z hitu tf; D(z) = 1, n€u z vd 4.

13. Ping hay sai: néu f khd tich trén [a,b] va f(z) = g(z) o ra mot tdp d€m
dugc, thi g kha tich.

14. Ping hay sai: n€u f kha tich trén [a,b] va f(x) = g(x) trll ra mot tp con hitu
han, thi g kha tich.

x
15. Cho f 1a ham lién tuc trén [a,b]. Ching minh ham F(x) = / f lién tuc trén
0,0] va thda |F(x) ~ F(y)] < max |£(0)] 2 o] ’
te

)
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2 2
16. V6i 0 < z < 1, chitng minh x_ < < z2.
1 L g? 2
Suy ra —— / < -
32 S h viraT S

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

(NE]
©\ e~
[\V)

272
Ching minh —— <
9 x smx

Cho f la ham lién tuc trén [a,b], f > 0. Chitng minh:
a) néu ton tai ¢ sao cho f(c) >0, thi [7 f > 0.
b) néu [°f =0, thi f=0.

Chitng minh n€u f, ¢ 1a cdc ham khd tich trén [a, b], thi

b 2 b b
( / f(fv)g(ar)dw> < [ P [ fayda

n n+1
a) V6in=1,2,3,---, chtng minh / Inzdr < Inn! < / In zdzx.
1

1
n 1 n+1 n
b) Suy ra e (n) <nl<e (n * ) , va danh gid n! = <n> O(n).
e e e

Cho f:[1,+00) — R la ham duong, don diéu gidm. Goi
Sp=Y_f(k)va I, :/ f(z)dx
k=1 1

a) Ching minh f(k / r)der < f(k—1) (k=2,3,---)
b) Chitng minh day (S, I n)neN gidm, va c¢6 gidi han thudc [0, f(1)].
1 1
¢) Ap dung cho diy 1+§+---+——lnn.
n
Dung dinh 1y gid tri trung binh cta tich phin, ching minh ham
n

flx)=a+ Z(ak cos kx + by sin kz), luén c6 nghi€ém trong (—m, ).
k=1

d x
Cho f 1a ham lién tuc trén [a,b]. Ching minh . (/ f(t)dt) = f(x)
x a

Cho f(x / V't + t6dt. Tinh Z—f Z—J;

Gia st f lién tuc, F(x / f. Tim F'(z).

107

Gid st ham ¢ khd vi trén [a,b], ham f lién tuc trén ¢([a,b]). Ching minh

d () !
- / o {0 = Fe@) (@),
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27.

28.

29.

30.

31.

32.

33.

Tinh tich phan xdc dinh:
o Biing phuong phdp ddi bién:

a a /q2 _ 2
a)/ z2vVa? — x2dx b)/ AR
0 1 T

o Biing phuong phdp tich phan tirng phan:
1 w/2 w/2

a) / zetdx b) / rcosxdr ¢) / e” cos vdx

0 0 0
o Ham hiru t1 . L s .

xdx x°dx dx
a) / s o a D / 5 © ;5 D / 4 2
x —533—|—6 0 (1—|—$) o 1+=x 0o r*+4x*+3
o Ham cén thdc:
) / 2 dz b) /7 dx

a e — _—

V23 evx? —1 2 V24+z+1

o Ham lugng gidc:
- . d - /4 /4 d

a)/ _smrar b)/ sin® zdz c)/ tan® xdx d)/ x
0 0 0 0

cos?z —3 costz

Cho f la ham kha tich trén [—a,a]. Chitng minh:
a a a
a) N&u f 13 ham chfn, thi / Ff=2 / f b)NEu flahamlé th [ f=0
0 —a

—a

Cho f 12 ham c6 chu ky T va kha tich trén [0,7]. Ching minh véi moi a € R,

o /aa-l-Tf:/OTf

Cho f la ham lién tuc trén [0, 1]. Chérng minh:
T /2 ™ T

a)/ f(sinx)dx:2/ f(sinz)dx b)/ xf(sinz)dr = g/ f(sinz)dzx
0 0 0 0

T : T 3o
o 1+cos?x 0 1+cos?x
Lap ludn sau sai § dau?
d, B -1
Ch YRRV L Khi d6 = — .
0 fa) = oy Kb 46 1) = (570
oo e -1 1
vay /—oo f(m)dx:aggloo _af@)dx:aggloo(l—l-a B 1—|-a> =0

Tinh cac tich phan suy rdng:

+oo (g +oo dx 1 d:z L dx +oo g2 41
0w O o) s O am 9f

+oo a +o00 ) P b +oo  pdx
f)/ x cos xdx g)/ zlnzdx )/ Ji 1

Dung cdc ddu hiéu thich hgp, xét sy hdi tu cdc tich phan:

too a2dy oo gndx oo In(1 + z)dx
b >0 _
)/ a2+ 1 )/1 i1om 2V C)/l "
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34.

35.

36.

37.

38.

39.

40.

41.

42.

a0 /+°° cos zdzx o) /1 dx
0o 24a" 0 V1-— 22

Lnxdx +20 sin z
h i ——d
)/01—.702 1)/0 7372 %
Xét sy hoi tu clia cédc tich phan sau (p,q,p1, - ,pp 12 cdc tham s6):
+oo 4P +o00 dx
a dr ¢ _—
)/ (x —a)p )/ 1+ )/1 zPIn?x

d) Him Gamma I'(p) = / e g dy
0

/1 Vrdz ) L Jxdx
o Vi—at o emr1

1
e) Ham Beta B(p,q) = / 2P(1 — x)dx
0

7T/2 d$ +o0o diU
Y
o cosPxsinizx coo |T—ar|Pr|w — aslP2 - - |w — ay|Pn

Chitng minh tich phan sau hdi tu nhung khong hdi tu tuyét doi: /
0

b f()
Cho f l1a ham lién tuc trén |0, 1]. Chiing minh / —_
/ ) 0.1] s 0 V1—2a?

+o0
COS T
dx

T

dx hoi tu.

) /2 )
Chiing minh / ————dx sinu)du
(d€ y 1a tich phan v€& pha1 khong la tich phan suy rong).

f
Ching minh him F(z) = / %dt (0 < 2 < 00) dat max tai z = .
0

1 |
Nhg téng Riemann ctia tich phan / In xdx, suy ra lim ﬂ
0

n—oo 1
Trong R?, tinh dién tich mién gidi han bdi cidc dudng cong:
2 2
x

Wy=a’+4 y=a+4 b ?;2
k o .

y=In(=), y=0, z=1, z=e (k>0). Tim k € N d€ dién tich < e — 2.
x

d) Pudng Cycloid: = = a(t —sint), y = a(1 — cost) va y = 0 (tinh mdt nhip)

e) Pudng Lemniscate cho trong toa do cuc: 72 = a® cos 2y

f) Pudng trdi tim cho trong toa dd cuc: r = a(1 + cos @)

1, y = 2 (phin dudi)

1
Tim gid tri 16n nhat cta I(t) = / le® — t|dx.
0

Trong R3, tinh thé tich vat thé mit tron xoay gidi han bdi mit cong:

a) Tao bdi dudng cong y = b a? — 22, —a < x < a, xoay quanh truc Ox.
b) Tao bdi dudng cong 1 :a4 —x, 0 < x <4, xoay quanh truc Oy.

Trong R?, tinh 6 dai cdc dudng cong:

a)y2:$x3,0§1‘§1,y>0 b) y? =2pr,a <z <b

¢) Pudng Astroide: = = acos®t, y = asin®t

d) Cho trong toa dd cuc: r = sin® %, 0<p<m/2
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Chudi so .

g SR . ~ 4 X: N
1. Bi€u dién cdc sd sau dudi dang chudi so:

0,61111---, 1,33333---, —2,343434---, e, m, In2.

2. Lap ludn sau sai § dau?
Cho S=1+2+4+8+16+---. Khid6 25=2+4+8+---=5—1. Viy
S=-1

3. Chitng minh néu a; + as + a3z + --- hoi tu v& S, thi as + az + --- hoi tu vé
S’—al.

4. Chting minh cic chudi sau hdi tu vi diy tdng riéng hdi tu. Xdc dinh tdng:
1 1 1 1 1
”ﬁ*ﬁ*@*ﬁjﬁ*m

i i

gt T o T

) Lyttt

R T TN ST SR ST
1346 79 7 1012 7 1315

1 1
Do ats it
00 2k_|_3k © 1 _ g i oo
0 o D) 9 (VEr2-2VE+1+VE)
k=0 o T k=0
h i — eN
);k(ml)(mz) l)gk(mm) (m € N)

5. Dung cdc ddu hi€u hoi tu thich hgp, xét su hoi tu cla cdc chudi sau:
a)z— b)z:—2 C)Z—k d)227 e)z_k
k:Ok! k:01+k k:04+2 . k:Ok +2k+3 = k
e e 0 Mmaepr e =)

h ~ R -
f)go(%)! g)é(mk)k )kg 7 l>k§::1kp J)k;klnk

[o¢] 1 [o¢]
k) Z — Z sin kx
= kP In? k =

6. Ch L. (=" Chitng minh i( 1)*as, phan k¥
. Cho a), = — ) ng min —1)"ay, phan ky.
vk ok =1
(chd y 1a ag > 0 va ap — 0, nhung khdong don di€u).
7. Cho chudi (3)°+ (3)'+(3)2+(3)3+(3)*+--. Hay ki€m tra sy hoi tu biing
dau hiéu D’Alembert. Chudi c6 hdi tu?

o
) x. 1 SN P
8. Xétchudi S = kg_l R Goi tong riéng tht n 1a S,.

- 1 B 1
0 < —dr < — (k=1,2,--).
) (k+1)p /k ( )
Suy ra chuoi hoi tu khi va chi khi p > 1.

a) Khi p > 0, chitng minh
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—+00 “+o00 1

1
b) Khi p > 1, chitng minh S, +/ —dr < S < S, +/ —dzx
n ajp n .’L‘p

1 1
R e e S A Pa

¢) Suy ra ta c6 sai s0:

o0 o0
9. Cho ag, by > 0. Gia sit Y ag vad Y _ by hoi tu. Ching minh

k=0 k=0
o0 o0 o0 [ee]

NN
> arbr, Y ag, > (ap+be), > 7 cung hoi ty.
k=0 =0 k=0 k=0

10. Lap ludn sau sai vi sao?

l—34+3—F+s—35+- 1+(%—1)+§+(§—%)+%+(%—%)+
= (1+%+§+%+-- ) —1-2-1-1_
= l+3+3+5+) — Q+3+1+3+)
= 0.

11. bung hay sai:

1
1+1:2+x+x4+1:6+x3+x8+x10+x5+...:1—,véi lz| < 1.
— T
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