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Huéng din sinh vién doc gido trinh

bay 1a gido trinh Gidi tich 2 danh cho sinh vién nganh Todn hay nganh Todn Tin.
Noi dung dé cap d&€n mot s& khdi niém co ban nhit vé diy va chudi him, khong gian
R™, tinh lién tuc, dao ham va tich phdn Riemann ctia him nhiéu bi€n thuc. bé doc
dugc gido trinh nay sinh vién cin c6 ki€n thic cin badn clia Gidi tich 1 (phép tinh vi
tich phan ham thuc mot bi€n thyc) va Pai s6 tuyén tinh (e.g. d4nh xa tuyé&n tinh, ma
tran, ..). Gido trinh dugc trinh bay theo 18i tuyé&n tinh, vy ngudi doc 1in diu nén doc
1an lugt tirng phin theo thif tu.

e A 2 . 2 s [N N . , . A A ~ 2 .
bé doc mot cdch tich cuc, sau cdc khdi ni€m va dinh ly sinh vién nén doc ky cédc vi
du, 1am mot s6 bai tip néu lién d6. Ngoai ra hoc todn phdi 1am bai tip. Mot s6 bai
tap cin bdn nhit clia mdi chuong dudc néu & phan cudi clia gido trinh.

V& nguyén tic nén doc moi phin cda gido trinh. Tuy vy, cé thé néu & diy mot s&
di€ém cin luu y & tiing chuong:

I. Day ham - Chudi ham. C6 thé bd qua tinh hdi tu déu cta chudi Fourier (muc 4.5).
II. Khéng gian R”. Ti€t 5 1a phin doc thém nén c6 thé bd qua.

IIL. Ham lién tuc trén R™. C6 thé khong doc muc 3.4.

IV. Pao ham. Phin nay st dung mot s6 ki€n thifc vé ma tran bi€u dién 4nh xa tuyén
tinh.

V. Tich phian Riemann. C6 thé bd qua cdc chiing minh: Tiéu chuin Darboux (muc
1.3) va Cong thdc ddi bi€n (muc 3.3) .

Pé viéc tu hoc c6 k&t qui tot sinh vién nén tham khdo thém mdt so tai liéu khéac c6
ndi dung lién quan (dic biét 12 phidn huéng din gidi cic bai tip). Khé c6 thé néu hét
tai liéu nén tham khdo, & day chi dé nghi cdc tai liéu sau (bing ti€ng Viét):

[1] Jean-Marier Monier, Gidi tich 2 , NXB Gido duc.

[2] Y.Y. Liasko, A.C. Boiatruc, IA. G. Gai, G.P. G6lovac, Gidi tich todn hoc - Cdc vi
du va cdc bai todn, Tap I1 , NXB Pai hoc va trung hoc chuyén nghiép.

Ngoii ra, sinh vién nén tim hi€u va s dung mdt s6 phan mém mady tinh hd trg cho

viéc hoc va Iam todn nhu Maple, Mathematica,...

Chic cac ban thanh cong!
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I. Day ham - Chudi ham

Chuong nay ta s& xét d&€n diay ham va chudi ham. Ngoai sy hdi tu di€m, mot khdi
niém quan trong 13 tinh hoi tu déu, né bio toan mot s§ tinh chat gidi tich clia diy
ham khi qua gidi han. Pic biét s& néu cic két qua co ban nhit clia viéc khai trién
mot ham thanh chudi liiy thita (khai trién Taylor) hay chudi lugng gidc (khai trién
Fourier).

1. DAY HAM

1.1 Pinh nghia. M6t ddy ham trén X 1a modt ho cdc ham f,, : X — R (n € N). Ky
hiéu (fn)nEN-

Véi z € X, (fu(z))nen 12 ddy s6. Tap D = {z € X : ddy 6 (fn(x))nen hoOi tu }
goi 12 mién hoi tu cua day (f,).

Khi d6, ta c6 D > x +— f(x) = Jim fn(z) xdc dinh mdt ham va ta néi (f,) hoi tu

(diém hay don gidn) vé ham f trén D.

Vi du.
1 N

a) Cho f,(z) =1——|z| (n € N), la ddy ham trén R. Day nay hoi tu trén R vé ham
n

1
f(z) = lim (1 — —|z|) = 1,Vz.
n—00 n .
b) Cho fp(z) = 2" (n € N), 1a diy ham trén R. Mién hoi tu cta day la (—1,1].
Trén mién d6 diy hoi tu vé ham

f(z) = lim 2" =

0 néulz|<1
1 nfuzx=1

Nhin xét. G vi du trén f, lién tuc (thAm chi kha vi), nhung ham gigi han f khong
lién tuc. T8¢ dd hoi tu cha (f,(x)) v6i mdi € D 1a khdc nhau.

Bai todn: Véi diéu kién nao thi ham gidi han b3o toan cdc tinh chat gidi tich nhu lién

tuc, kha vi, kha tich cta day?

1.2 Sy hdi tu déu. Day ham (f,) goi 12 héi tu déu vé ham f trén D néuu véi
moi € > 0, ton tai N, sao cho

n>N = |fu(zx)— f(x)| <€ VzeD

N6i mot cac khdc: M, = sup |fn(x) — f(x)] — 0, khi n — oo.
zeD

Vi du. Trong cd hai vi du néu trén, ta ¢c6 M, = sup|fu.(z) — f(x)| = 1. Vay
cédc didy ham trén hoi tu khong déu.



Ménh dé. Néu (fn) va (gn) hdi tu déu vé f va g trén D, thi (fn + gn) va (cfn)
héi tu déu vé f + g va cf trén D.

1.3 Tiéu chudn Cauchy. Dday ham (f,) héi tu déu trén D khi va chi khi

Ve >0,3IN :n,m >N = sup|fun(z) — f(x)] <€
zeD

Chitng minh: Gia st (f,) hoi tu déu vé f trén D. Khi d6

Ve > 0,dN :n > N = sup |fo(z) — f(z)] < €/2
z€D

Suy ra khi m,n > N, ta c6

sup | fn(x) = fm(x)| < sup [fu(z) — f(@)| + sup [fm(z) — f(z)] <e
€D zeD zeD

Gia st ngugc lai (f,) théa tiéu chudn Cauchy trén D. Khi d6 v6i mdi x € D, diy s&
(fn(z)) 1a day Cauchy, nén hoi tu vé f(z) € R.

Hon nifa, tif tiéu chuén trén, khi cho m — oo, 16i € — 0, ta ¢6 sup | f,(z) — f(z)| — 0,
zeD
khi n — co. Vay (f,) hoi tu déu vé f trén D. O

1.4 Ménh dé.
(1) Gia sit (f,) la day ham lién tuc va héi tu déu vé f trén D. Khi dé f la ham lién
tuc trén D. Bdc biét, khi dé cé thé chuyén thit ty lim

g Jim fu(z) = Jim L fa(z)
(2) Gia sit (f,) la day ham lién tuc va héi tu déu trén [a,b). Khi dé cé thé chuyén thit
tw lim va [

lim /b fu(z)de = /b Jim fo(z)dx

n—oo
(3) Cho (fn) la day ham khd vi lién tuc trén [a,b]. Gia sit day dao ham (f}) hoi tu
déu trén [a,b] va day s6 (fn(c)) hoi tu véi mét ¢ € [a,b]. Khi d6 (fy) hoi tu déu vé
mét ham khd vi f trén [a,b] va c¢6 thé chuyén thit tw lim va dao ham

lim_fy () = (nhi{}o fn(x)),

Chitng minh: (1) Cho xg € D. Véi € > 0.

Do su hdi tu déu, ton tai N sao cho: |fy(z) — f(x)| < ¢/3,Vx € D.

Do fn lién tuc tai zg, ton tai 6 > 0, sao cho: |fn(x) — fn(w0)| < €/3,Vz, |x — 20| < 6.
Viay khi |z — zg| < 6,

|f(@)=f(zo)| < [f(@)=fn(@)|+f5 (@)= Fn(zo) [+ [N (w0) = f(x0)| < €/3+€/3+€/3 =€
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Vay f lién tuc tai zo, i.e. lim f(z) = lim lim f,(z) = f(xo) = lim lim f,(x)

T—x0 T—ITg N—00 n—00 T—xQ
(2) Gia st f,, lién tuc va hoi tu d€u. Theo (1) ham giGi han f 1a lién tuc nén kha tich
trén [a,b]. Hon nita

fn < lb—al sup |fu(@) — f(x)] — 0, khi n — o0

z€a,b]

Viy lim fn = f = lim fn.
n—oo a a a n—oo
xr

(3) bit F,(x) = / fr. Theo (2) day (F,) hoi ty déu vé ham F trén [a, b], trong d6

c

F(ac):/C nh_{&f

Ta ¢6 Fy(x) = fo(x) — fu(c). Suy ra f, = F, + fu(c) hoi tu déu trén [a,b] vé
f=F+ lim f,(c). Hon nita, ta c6
n—oo

n—oo n—oo

P =Fa = (jm ["7) = (i @

2. CHUOI HAM
2.1 Pinh nghia. Mot chudi ham trén X 13 tdng hinh thic

[ee]

D Iw = fotfit o+ fat

k=0
trong d6 fi 12 ham xac dinh trén X.
Xét chudi tuong duong véi xét diy ham téng riéng thd n: S, = fo+--- + fn.
Mién héi tu cla chuSi D = {x € X : day ham (S, (x))nen hdi tu }.

Khi d6 S(z Z fr(z) xdc dinh mot ham trén D.

(o)

Ta néi »_ fi 1a chudi ham hoi tu déu trén D néuu ddy ham Sng riéng (Sp)nen 1
k\:O .

hoi tu déu vé S trén D, i.e.

M, = sup |Sp(z) — S(x)| = bup ] Z fr(x)] — 0, khi n — o0

[o.¢]

Vi dy. Xétchudi ham Y 2" =1+z+2>+ - +2"+--.
k=0

Mién hoi tu ctia chudila D = {zeR:|z| <1}

Chudi 1a hoi ty déu vé S(z) =

trén mién D, = {z : |z| <7}, v6i 0 < r < 1.
-z

1— xn—i—l
That vay, ta ¢c6 S,(z) = —————— nén
1—=z
n+1 ,rn—i-l
sup |Sp(x) — S(x)| = sup < — 0, khi n — oo
|xlegr lz|<r -z I—r




Tuy nhién chudi khdng hdi tu déu trén D, vi sup |S,(z) — S(z)| = +0
|z]<1

oo
2.2 Tiéu chuin Cauchy. Chuédi ham Z fr hoi tu déu trén D khi va chi khi
k=0

m
Ve >0,IN:n,m>N = sup]ka(x)]<e

€D f—p

o.]
2.3 Ménh dé. Gia sit chudi ham Z fx héi tu déu trén [a,b]. Khi dé

k=0
(1) Néu fy, lién tuc trén [a,b] véi moi k € N, thi chudi trén xdc dinh mdt ham lién tuc
trén |a,b]. Pdc bi¢t khi d6é cé thé chuyén lim vao ddu

Jim NAGEDY Jim fi(z)
k=0 k=0

(2) Néu f, lién tuc trén [a,b), thi cé thé chuyén [ vao ddu Y

b [ 00 b
@ \k=0 k=0 \"%

oo (o]
(3) Néu fy khd vi lién tuc trén [a,b] va chudi Z fr. hoi tu déu trén [a,b), thi Z Ix

k=0 k=0
la mét ham khd vi trén [a,b] va c6 thé 1dy dao ham vao dédu >

(i n) @)= fil)
k=0 k=0

2.4 Mot s6 dau hiéu hdi tu déu cho chudi ham.
oo o

Weierstrass M-test: Néu |fi(x)| < ag,Vo € D va Z ay hoi tu, thi Z fr héi tu déu
k=0 k=0

trén D.

(o]
Dirichlet: Néu (fy) day gidm, hoi tu déu vé 0 va Z o la chubi ham cé day tong

k=0
e.)
riéng bi chdn trén D, thi Z fron hoi tu déu trén D.
k=0 - -
Abel: Néu (fy,) la day don diéu bi chdn va Z o hoi tu déu trén D, thi Z fror hoi tu.
k=0 k=0
m m
Chitng minh: Né&u |fp(z)| < ag, thi Z |f(z)] < Z ai. Theo tiéu chudn Cauchy
k=n k=n

[o.¢]
chudi > fi hoi tu déu.
k=0
Hai tiéu chudn sau chiing minh nhu phin chudi s6 (Bai tip). Il
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3. CHUOI LUY THUA

oo
Phan nay chiing ta nghién ctu chudi liy thita 13 chudi ham dang Z arz”, hay t6ng

k=0
o)

quat hon chudi liiy thira tAim tai xg, Z ar(x — xo)".

k=0
Nhian xét. Khi thay bi€n z = x — o ta dua chudi liily thira tAm tai zo vé dang
chudi liiy thira.

[e.e]

3.1 Pinh Iy Abel. Cho chudi S(z Z (x — 1:0 . Khi dé ton tai R,0 < R < 400,

sao cho, néu R > 0, thi

(1) S(z) héi tu trén khi |x — xo| < R, phdn ky khi |z — zo| > R.

(2) S héi tu déu trén D, = {z : |v — x| <1}, vdi mei 0 <r < R.

S6" R goi la ban kinh hoi tu cta S va duoc tinh bdi cong thite Cauchy-Hadamard

1
— = limsup {/|ay
R~ limsu |a]

Chitng minh: Nhu nhan xét & trén tinh ti€n tir o vé 0 bing ddi bién z = x — xy.

Khi |z] <7 < R. Chon p: 7 < p < R. Theo dinh nghia limsup, tén tai kg sao cho:
k

1 N

]ak]% < —, Vk > ko. Suy ra |ap2¥| < <C> . Theo M-test S(z) hoi tu déu trén dia
p p

D,. T day ciing suy ra S(z) hoi tu khi |z| < R.

Khi |z] > R. Chon p: R< p < ]z] Theo dinh nghia lim sup, tOn tai v6 s6 chi s6 k:

1 . . N
]ak]k > —. Vay |ap2*| > <| |) v6i vb s6 chi s6 k. Suy ra agz® /4 0, nén theo diéu
,o

kién can Z arz" phan ky. O
k=0

Nhan xét. Do nhin xét & phan chudi s, c6 thé ding céng thitc D’Alembert dé

tinh ban kinh hoi tu (n€u gisi han ton tai):

a1
— =i
R~ it Jay|
Vi du.
ok |ay| k!
a) Chuoi Z k!z" ¢6 ban kinh hoi tu 1a R = lim = lim

e Jangt] e (k1))
k

oo
X € z z 2 A N
b) Chuoi kz_: o ¢6 ban kinh hoi tu 1a oo.
¢) Pinh 1y Abel khong cho k&t luan vé sy hoi tu hay phan ky cla chudi khi |z—2z¢| =
oo

2 ~ e I’k s J)k N
Ching han cdc chudi kN7 NT ™ déu 6 bén kinh hoi ty 13 1, nhung tinh
ang an cac cnuoi kz:%{l/‘ Z ]{7 Z::l ]{,‘2 €u CO ban Kin 01 lu la n Ilg 1n



hoi tu khi || = 1 khdc nhau.
[e.o]

Chudi Y 2* phan ky khi = =1, theo diéu kién can.

k=0
ok
Chudi x_z hoi tu khi |z| = 1, theo tiéu chuin so sdnh.
k:o:ol N
Chudi T phan ky khi x = 1, nhng hoi tu khi = —1 theo tiéu chuin Leibniz.
k=1 .
3.2 Ménh dé. Gia sit chudi liy thira Z ap(x — :co)k ¢6 bdn kinh hoi tu R > 0.
. k=0
Khi dé S(x) = Z ap(x — z0)* xdc dinh ham khd vi moi cdp trén (zg — R, xo + R) va
k=0

ta c6 thé ldy dao ham va tich phdn vao déu tong:

<i a(x — $0)k> = i kay(x — xo)F!

k’:OOO kO:ol
Nk _ ak okt
/ (gak(x x0) > dx ,;) e 1(:(: o) + C

Chitng minh: Suy tir Dinh ky Abel va cic két qlia tir tinh hoi tu déu ctia chudi ham. [

Vi du.

o0
1
a) Ta ¢6 k= —— 2| < 1.
) k}_o( ) T2 |z

(o)
1
bao ham ting tir ta c6 ;(—1)’“]%’“*1 = TESE lz| <1
o0 (_l)kxk+1
Tich phan ting tr ta c6 ——— =In(l+4+2), || <1
p g k;) Py (1+a), |z
b) Ta c6 khai trién
1 1 i
1+$2 1—(—1‘2) "+ T+ ];)( )l‘ 7|$|
Tich phan tirng tr ta cé
3 5 7 e 2k+1
T T T T
arctanz =20 — — + —— — +--- = —1)k , ] <1
3 5 7 /g)( ) 2k +1 =]

Bai tdp: Ap dung ddu hiéu Abel cho su hoi tu déu cta chudi v6i fi(z) = zF va
¢k(x) = aj chitng minh Pinh 1y Abel sau day:
oo

[oe)
Néu chudi Zak héi tu va cé tong S, thi S(x) = Zakxk hoi tw khi |x| < 1 va
k=0 k=0
lim S(z)=S5.

r—1—
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c) D& thdy cédc chudi cudi & hai vi du trén théa dinh 1y Abel, suy ra ta c6 cong
thic tinh gan ding

1 1 1 1 (—1)ntt
n2=1--4+-—-4+-—...4 "~ R
. 5737175 Tl T
T 1 1 1 1 (—1)"
B e R
4 3+5 79 +2n+1+ "

Bai tdp: Chdng minh sai s6 R,, & hai cong thic trén Ia O(%)

Hé qia. Néu ham f cé thé biéu dién thanh chudi liy thiva tai ldn cdn wg, i.e.
o0
fl) =) ap(z - x0)¥, thi biéu dién dé la duy nhar. Cu thé
k=0
) ()

ak:T k’:O,l,Q,"'

Chitng minh: Qui nap ménh dé trén, véi moi n € N va z § 1an cin xg, ta c6

(Z ak(m—xo)k> = Zk(k— ) (k—n+ Dag(z — x0)"™
k=n

k=0
Cho x = x( ta c6 cdng thic trén. (|

3.3 Chudi Taylor. Cho f 1a ham kha vi vo han & mot 1dn cdn zo. Khi dé chudi
Taylor cia f tai zo dugc ky hi€u va dinh nghia

e (k)
Tf(x)= ap(x — x0)*, trong d6 aj, = Fzo)
k!
k=0
Bai todn 1a khi nao thi 7f(x) = f(x) ?
C6 3 kha nidng xay ra:
x >, sin 2Fz
(1) Tf(x) khong hoi tu. Vi du chudi Taylor ham f(z) = > 5
k=0 :

(2) Tf(z) hoi tu nhung Tf(z) # f(z). Vidu ham f(z) = e 3%, khi z # 0, f(0) =0,
12 ham kh4 vi v6 han va f*)(0) = 0,Vk. Vay Tf(z) =0 # f(z).

3) Tf(z) = f(z),|r — zo| < R. Khi d6 ta néi f 1a ham giai tich trén D = {x :
|z — xo| < R}.

Ménh dé. Néu f la ham khd vi vo han va ton tai C sao cho |f*¥)(z)| < C,Vz €
(xo — R,z0 + R), thi f la ham gidi tich trén khodng do.

Chitng minh: Theo cdng thic Taylor, v6i mdi = € (o — R, 7o+ R), tdn tai 0 € (0, 1),

sao cho

f(nJrl)(xo +6R)
(n+1)!

)n—i—l CRnJrl

[f (@) = Ta(z)| = |Rn(2)| = (n+1)!

(z — o



V& phdi ti€n vé 0, khi n — oo, nén ta ¢6 f(z) = Tf(z). O

3.4 Chudi Taylor ciia mét s6 ham. Tir khai trién Taylor va ban kinh hdi tu cda
chudi lily thira ta c6

1 1
ex = 1+x+§x2+-~-+—'xn+---
! n!
CcoS & = 1_lx2+lx4+_”+(_1)nx2n_‘_”_
2! 4! (2n)!
sin x = x—l$3+_x5+...+ﬂx2"+l+...
3! 5! (2n +1)!
1
N = l+z+at--+a"4+--, lz| < 1
— X
1 9 1 N (_1n+l
In(l+z) = T— 3% + -+ ——xzan+--- lz| <1
n
-1 1) — 1
(1+a)* = 1+041?+0;<’a2')x2+---+a(a ) ,(O‘ "D e <
! n!

Vi du. Dwa vao cdc chudi trén c6 thé bi€u dién thanh chudi liiy thira cdc ham khéc:

x
a) Him erf(x) = / e~ dt khong 1a ham so cap. D€ bidu dién ham nay dudi dang
0

chudi liiy thira ta dua vao biu dién cia e véi x = —t%
1 -n"
e_t2 :1_t2+_t4+...+ut2”+...
2! n!
Tich phin ting tit ta c6
3 2 n o k
oz =" (1)
fl) =g — ntl 4 Ml L R
ofw) = =gt T " ];)k!(QkJrl) v

T sint . Lo aex a1 .
b) Ham Si(z) = / %dt cling khong 1a ham so cdp. T bi€u di€n cla ham sinz
0

ta co

: v 1,1 (=) — (-1)*
= 1— 24 ¢ 7 462n4 - )dt = 2n+1
Si(x) /0 ( gt et —|—<2n+1)!t6 n+t- - )dt k; @k k)"

Vi du. Cong thic sau cho tinh xap xi In2 véi tdc dd nhanh hon cong thic & vi du
muc 4.3. Tu biéu dién In(1 + z) suy ra

n

1 1.
ln(l—:c):x+§x2+§x3+---+%—l—-~- zl < 1

LAy In(1 4+ ) — In(1 — ) ta c6

1+ 14 p2ntt
1 :2 — oo PR <1
n(l—x) (:c—|—3m + +2n+1+ ), |z
1 )
Thay z = —,ta c6
3
11 1
m2=2(-4—4-- 94— V4R
n2=23+gmE ot g g T
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Trong d6 sai s6
1 1 S T O V) (R

Ry = = = = o(=
§(2k+1)32k+1 <3(2n+3)§9k senrni-1  “on)

4. CHUOI LUGNG GIAC

C6 nhiéu bai todn lién quan dén ham tudn hoan. Phan nay ta xét d&n viéc biéu
dién ham tuan hoan dudi dang chudi. Vi haim sin vad ham cos 13 tudn hoan, nén biéu
dién qua chiing ty nhién va thuin tién hon qua ham liiy thira.

Mot chudi lugng gidc 1a chudi ham dang

S Z(ak coskx + bysinkz)

2 k=1

T
Nhéan xét. Khi ham f ¢6 chu ky 7', ham ¢(z) = f(2—x) c6 chu k¥ 27. Nhu vay, ta
i

A z N z N N 7 - (e
chi can xét ham c6 chu ky 2, roi sau d6 doi bién.

4.1 Tinh tryc giao. Trén khong gian cdc ham lién tuc trén [—m, 7], ta dinh nghia
™

tich vd huéng : < f,g >= / f(z)g(x)dz, f,g€ Cl—m,n].

Khi @6 hé cidc ham lugng gidc 1,cosz,sinz,cos2x,sin2z,--- ,cosnz,sinnz,--- la
hé ham trye giao theo nghia tich vo huéng ctia 2 ham bat ky clia hé bing 0. Cu thé

/ coskxcosledr = 0 k#1

—T

/sinkxsinlfvdm =0 k#1

—T

/ coskxrsinlzdr = 0 vk,

—T

Ngoai ra, ta c6

dr = 2w, va / coszk:xdac:/ sinfkzde =7 k=1,2,---

—T —T —T

4.2 Hé¢ so Fourier. Gia st ham f c6 thé bi€u dién thanh chudi lugng gidc

f(z) = % + Z(ak coskr + bgsinkx), x € [—m, 7]
k=1
Khi dé
f(x)cosle = % coslx + Z(ak cos kx coslz + by sin kx coslx)
k=1
flx)sinle = % sinlx + Z(ak coskxsinlx + by sinkxsinlz)

k=1
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LAY tich phan hinh thic vao diu tng, tif tinh truc giao néu trén, ta cé

1 ™
ap = —/ f(x) cos kxdzx, k=0,1,2,---
T J—m

1 s
b, = —/ f(x)sin kzdz, k=1,2,---
™J—m

Cé4c hé so trén goi 12 hé s& Fourier ctia ham f.

4.3 Chudi Fourier. Cho f 1a ham kha tich trén [—7,7]. Khi d6 chudi lugng gidc
sau goi 12 chudi Fourier cia f

ao

o
Fflex)=— + apcoskxr + bpsinkx
fla) == kz::l( K k )
trong d6 ay, by, 1a hé sd Fourier clia f dudc cho bdi cong thifc & phan trén.
Nhan xét.
e Né&u f 1a ham chdn, i.e. f(—z) = f(x), thi f(x)sinkz 12 ham 1€ nén b = 0, i.e.
oo
Ff(z)=tao+ Z ay cos kx.

k=1
e N&u f 1a ham 1€, i.e. f(—z) = —f(z), thi f(z)coskz 1a ham 1& nén aj = 0, i.e.
oo

= Z b sin k.

k=1
e Tinh tuyén tinh: F(af +bg) = aF f +bFg, v6i f,g 1a cdc ham khd tich va a,b € R.

Vi du.
Ham f(z), |z| <~ Chudi Fourier Ff(x)
. sin(2k + 1)
sign —Z 1
2i( 1)k+lsinkx
T _ i
k
k=1
2 00
9 T i coskx
—+4 —1
T 3 + Z( ) 12
k=1
k k
Aa? + Bz +C AT +C+4AZ DF=5 "”+2BZ k+181n .
k=1

Bai todn dat ra 1a khi nao Ff(x) = f(x) ?
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Ciing nhu chudi Taylor, ta ciing c6 3 kha niing:

(1) Ff(x) khong hoi tu. Ngudi ta dd xay dyng vi du ham li€n tuc c6 chu ky 27 ma
chudi Fourier khong hoi tu tai mot di€m.

(2) Ff(x) hdi tu nhung Ff(z) # f(z). Pinh 1y vé hoi tu di€m sau s& thiy diéu do.
) Ff(z) = f(x).

Phin sau diy ta sé& xét cdc diéu kién d€ Ff(z) = f(x). Hon nita, xét diéu kién
dé€ su hoi tu 12 hoi tu déu.

4.4 Hoi tu di€m. Ky hiéu tdng riéng thit n cta chudi Fourier clia f:

E.f(x) = % + Z(akcoskw + by sinkx)
k=

—

Cong thifc cho tong riéng F,, f. BE danh gid sy hoi tu ta bi€n ddi
n
F.f(x) = a0 Z(ak coskx + bysinkz)
2 k=1

1 /7 "1 7
= —/ fu)du + Z —/ f(u)(coskucoskr + sinkusinkx)du
27T —TT k:lﬂ— —Tr

-

Pé y néu g c¢6 chu ky 7, thi /
a
phan & trén (sau khi doi bi€n t =u —2) v6i T =27 vd a = —7 — x, ta ¢6

! + icosk(u—x)] du

2 k=1

a+T T . .
g(t)dt = / g(t)dt. Ap dung cho ham ldy tich
0

Fuf@) =~ [ fw+o)

1 + Zn: cos k‘t] dt = /Tr f(z+t)Dy,(t)dt
2 —1 -

1
trong d6 D, (t) = —
T

1 n
- + Zcosk:t

2 k=1
N : 1 : 1 s
T 2sin 5 cos kt = sin(k + §)t —sin(k — §)t, thay vao tong

goi 12 nhan Dirac.

2n+1
2

t
2sin —

2

t

1 sin

Dy (t) =

Dé thdy D,, 1a ham chdn, c6 chu ky 27, va

/7; Dy (t)dt = 1

B dé Riemann. Gia sit g la ham khd tich Riemann trén [a,b]. Khi d6

b b
lim g(t)cos AMtdt = lim g(t)sin Mtdt =0

A—400 Jq A—400 Jq
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Chitng minh: Trudng hgp g kha vi lién tuc:

b t)sinAt|” 1 b
lim g(t) cos \tdt = gh)sinAt "1
a Ala

/ .
Jim 3 g'(t) sin Atdt

Do ¢ bi chin nén biéu thic trén — 0, khi A — +oo.

Trudng hgp g khd vi lién tuc tirng khic: ta 4p dung chitng minh trén cho mdi doan
ma ¢’ lién tuc.

Trudng hop g kha tich: tir dinh nghia tich phdn v6i moi € > 0, ton tai him bic thang

s sao cho
iy
/ lg—s| <e
—Tr

/bg(t) cos Atdt = /b(g(t) — s(t)) cos Atdt + /b s(t) cos Atdt

a

Khi dé

Ap dung két qlia trén cho s, do |cos A\z| < 1, ta c6

b b
lim / g(t) cos Mdt| < / g(t) — s(t)|dt < e
A—+oo |Ja a
b
Vay lim g(t) cos A\tdt = 0. Gidi han thd hai chitng minh tuong tu. O

A—400 Jq

Ham f goi la lién tuc tirng khic trén [a, b] n€uu tdn tai hitu han di€m:
a=ag<a <--<as=>b,sao cho f lién tuc trén mdi khodng (a;_1,a;) va tdon tai

lim f(z) = f(af), lim f(z) = f(ap). i=0,--- s

$—>ai $—>ai
Khi d6 dao ham phdi va trdi cia f tai z, dugc ky hi€u va dinh nghia
. +1) — f(x6+) . fla=t) = f(z7)
!/ — 1 f(.'L' / — 1
fyl@) = lim t o (@)= lim t ’

néu gidi han v& phdi ton tai.

Vi du.

Ham f(z) = |=|, khong kha vi tai 0, nhung f/ (0) =1, f (0) = —1.
Ham f(x) = sign x, khong lién tuc tai 0, nhung lién tuc tirng khdc véi
f(0F) =1,f(07) = —1, con f'(04) = fL(0) = 0.

Pinh Iy. Gia sit ham f c¢6 chu ky 2w, lién tuc tieng khic trén [—m, 7] va fi(z), f. ()
t6n tai hitu han. Khi dé F, f(x) hoi tu vé gid tri trung binh céng cia f tai x, i.e.

1

Fi@) = 5(f@") + f)

Bdc bi¢t, néu f khd vi lién tuc tai x, thl Ff(x) = f(z)
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. . 1 _ .
Chiing minh: D€ cho gon ky hiéu Af(z) = §(f(x+) + f(z7)). Tu tinh chat cia
D, ta co

Fuf@) = 4g@) = [ (fla+1) - As@) Dbyt
_ 2/; [f(“t);f(””_t)Af(x) Dy(t)dt

= 2 /()Trg(t) sin(n + 1)tdt

fat+t)—f@)+fl@—t)—fla) ¢

t 2msin £

trong d6 ¢g(t) = 7
2

Do f/ (), f_(x) ton tai hitu han, tli%l+ g(t) = (f+( x) — f (z)). Vay g la ham lién

tuc tirng khiic (nén kh3 tich). Tir bS dé Riemann, tich phan cudi ti€n vé 0 khi n — oo,
ie. I, f(x) — A¢(z), khi n — oo. O

Vi du. Tir dinh 1y trén va vi du & muc 5. 3, ta ¢6

4 X sin(2k + 1
a) signm:—z%,véi0<|xl<ﬂ.

k=0
xo . ) 1, . -
Khi z = 0, —m, 7 chudi v€ phdi nhdn gia tri 5( sign (1) + sign (z7)) = 0.
(- o«

<2k +1 Ty

Khi cho = = 7/2, ta c6 Z

2

by 1 T 2 4 i( 1)kcosk:a: si |a| <
- -2 _ = — .V x| < .
™ 3w k2

Pé y ham v€ trdi nhan gid tri nhu nhau tai = £, nén ¢6 cung trung binh cong tai
do.
=1
Khi cho x = m, ta ¢c6 Z—ng
1)k: 71'2

Khi cho =z =0, ta c6 Z :—E.

> 1 1 & (—1)F 2
Suy ra ;7(2]{_ 2—§<Z kz_:l 2 >:§

4.5 Hoi tu déu.

Bat ding thitc Bessel. Néu f2 khd tich trén [m, ), thi
ag o~ 2 2 L[™ o
DY@+ < [ P
2 bt T™J_x

Ddc biét, chudi vé trdi la chubi héi tu. Chitng minh: Do tinh tryc giao néu & 5.1, tinh
tich phan ta cé:

™ T 2 n
| (@) -Faf@)Faf@)ds =0, [ <an<x>>2dw=w(0 + 2 (ak + b2>
o k=1

—T
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Suy ra

[ P@de = [ (1) = Fuf(@) + Fuf(@)da

T

= [ @ - Ff@) o+ [ (Faf@)de+2 [ (f(a) - Bf@)F,

—T

2 n
= / 67T(f(33)—an(.1‘))2d33+7T(% + Z ai + b))
- k=1

2

vay D4 Y@+ W< [ P
k=1 T

2
Cho n — 400 ta c6 bat ding thic cdn tim. Do chudi c6 s& hang duong nén tinh bi
chin tuong duong tinh hoi tu. U

Pinh 1y. Gid sit ham f ¢6 chu ky 2m, lién tuc va ' lién tuc titng khiic trén [—m, 7).
Khi dé chubi Ff héi tu déu vé f trén R.

Chitng minh: Do dinh 1y trén ta c¢6 F,, f(x) hoi tu vé f(z). Ta chitng minh sy hdi tu
déu theo M-test. Goi aj,, b}, 1a cdc hé s6 Fourier cia f’. Tich phan tirng phin, ta c6

1 /7 1 k 1
a = - /_7r f(z)coskxdr = - (f(x) smk 1 / f'(z smkxdm) = _Eb;“
1 /7 1 1
by = ;[ﬂ f(z)sinkzdr = - (f(x)coz T k:/ f'(x) cos kxdz) = Eak
Suy ra
o 1 1
lag cos kx + b sin kx| < |ag| + |bg| < = (b k2)+ (ak-i-k )
oo o 1
Tt bit diing thic Bessel > (a'y + %) hoi tu, va Y 73 hoi . Vay chudi Ff hoi
k=0 k=
tu déu theo M-test. Il

4.6 Khai tri€n Fourier.

> N 2 N N Re 1.8 .z R 12 A T
e Khai trién ham f(x) ¢6 chuky 7' thanh chuoi ham lugng giac: Doi bi€n x = 2—X.
s

T ; x. . N
Khi d6 f(x) = f(%X) la ham c6 chu ky 27 theo bién X. Chudi Fourier theo bién

X c¢6 dang
U i( acos kX + bpsinkX )
2 k=1

trong do

1 ™ T
ay = —/ f(—=X)coskXdX, b= / f X)sin kXdX
T 27

—T

f(z)dx
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2 x
Thay lai X = %x, ta c6 chuoi lugng gidc dang

> 2k 2k
50 + kgl( akcosTﬂx + bksinTﬂx)

trong d6 cdc hé s§ Fourier cia f 1a

TY2 2k
ar = / cos—ﬂtdt k=0,1,2,---
72
T 2k:
by — /ﬁ an—EMt k=12,
T T/2

e Khai tri€én ham f xdc dinh trén [a,b] thanh chudi lugng gidc: Trudc hét théc
trién f thanh him tudn hoan f xdc dinh trén R va c6 chuky T'> b —a, i.c.

Fx+kT) = f(z), v € [a,b],k € Z

Sau d6 khai trién f nhu cdch dd néu & trén.

e Khai tri€n chudi theo cos hay theo sin: Cho f xdc dinh trén [0,[]. Khi d6:

- Mudn biéu dién f(z) dusi dang chudi lugng gidc chi c6 ham cos, ta thic trién f
thanh ham chdn trén (—[,!] bang cdch xem f(x) = f(—z), n€u x € (—1,0). Sau d6
khai trién Fourier ham thic trién dé.

- Muén biéu dién f(x) dusi dang chudi lugng gidc chi c6 ham sin, ta thic trién f
thanh ham 1& trén (—1,1] bing cdch xem f(x) = —f(—x), n€u = € (—1,0). Sau d6
khai trién Fourier ham thdc trién d6.

Vi du. Khai trién Fourier cic ham x4c dinh trén [—7, 7], chu ky 27

2 4 X sin(2k + 1
a) Khai trién ham f(x) = signz, = € [-7,7]: Ff(z) = — Z M
T

s 2k +1
yﬂ
: : : : : :
e »
> sin kx
b) Khai trién ham f(z) = x,z € | | Ff(x) Z( 1)k+t .
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e

2 o0 k
¢) Khai trién ham f(z) = 2%, 2 € [-7,7): Ff(z % Z kCOb ’
Ay|
I Tz
Vi du. Khai trién Fourier cdc ham xdc dinh trén [0, 27|, chu ky 27:
Ham f(z), 0 <z < 2m Khai trién Fourier Ff(x)
>, sin kx
-2
T T Z .
k=1
4 >, cos kx >, sin kx
2 2
x §7T +4Z 2 —47r2 .
k=1 k=1
Aa? + Bz +C Alx +Bw+c+4AZC°S’”—(47TA—QB)§:S““’”
3 — =k
0 Vsc

Ff(z)=2,0<z <27
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0
Ff(x)=2%0<z<2n

Nhan xét. Cédc ham c6 clng biéu thic f(x) nhung xdc dinh trén cdc mién khic
nhau hay chon chu ky khdc nhau, thi cic ham thic trién néi chung khic nhau. Ching
han, thic trién clia f(x) = 2,7 € [-m, 7] va f(x) = z,z € [0,27] (v6i cing chu ky
27) 12 khdc nhau. Vi vay khai trién Fourier clia chiing néi chung 13 khic nhau.

Vi dy. Cho f(z) =z, x € [0,7].

a) Mudn khai trién f(x) thanh chudi lugng gidc chi c6 cos. Théc trién f thanh ham
chin, i.e. f(z) = |z|, © € [-m,n]. Khai trién Fourier va do ham f thda di€u kién
cda dinh 1y vé hoi tu ta c6

4§:COS 2k + 1)x
7r

o] = =
T=—=-—
2 (2k+1)2

P T
b) Mudn khai trién f(z) thanh chudi lugng gidc chi c6 sin. Thdc trién f thanh ham
18, i.e. f(z) =, x € [-m, x]. Khai trién Fourier va do ham f thda diéu kién cda
dinh 1y v€ hoi tu ta c6
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2 N 2 . A N A R 2 2 .z s R
Vi du. Tu cdc vi du trén va tinh hoi ty di€ém, ta cé cdc gid tri tong

>, sin kx m™T—x .
> = vei 0 <z < 27
=k 2
> cos kx 322 — 67x + 2762 .
Z — = vl 0 <z <27
h k2 12
=1
> sin kx T
Z(_l)k‘H— = = Vi |z| <7
= k 2
00 2 2
gr1coskr 7w —3x ..
kgl( 1) 2 T 1o voi |z| <7
T cdc cong thitc trén suy ra
> sin(2k + 1)z T .
Z —_— = — viid<z <m
i 2k+1 4
> cos(2k + 1)x 72 — 27 .
Z — e = véi 0 <z < 27
= (2k+1) 8
isianx T —2x G 0< <
= vé6i
o % 1 ren
cos 2]{:;1: 622 — 67 + 72 .
Z = 04 v6i 0 < x < 27

Véi cdc gia tri x cu thé cdc cong thifc trén suy ra
2 )k+l 2

— 1 oo (1R
27_€’ Z T 12 ];)%4—1_7

k=1




II. Khong gian R"

1. KHONG GIAN EUCLID R"

1.1 Khong gian vector R". Trong R" = {z = (21, - ,2p) :x; e Ryi=1,---

c6 trang bi 2 phép todn:
x+y:($la axn)+(yla"' ayn):($l+yl)"' ,SCnern)

ar =a(xy, - ,x,) = (axy, -+ ,axy,), o € R.

V6i 2 phép todn trén R™ 1a khong gian vector n-chiéu trén R.
Ta thudng dung cd s& chinh tic: ey = (1,0,---,0),--- ,e, = (0,---,0,1).
n

;n}

Vay x = (21, -+ ,xpn) = Zziei. Ta ciing ky hiéu vector khong 1a 0 = (0,--- ,0).

=1

Ngoai ciu tric dai s&, R™ con ¢é ciu tric hinh hoc xdc dinh bdi tich vd huéng

Euclid:

1.2 Tich v6 huéng-Chuin-Metric. Cho z = (z1,---,2,),y = (y1,- - ,¥n) € R™

Tich v6 huéng: < x,y >= z1y1 + - + TnYn.

Chusin: lzll = V<mzs = (@} +---+ad)i
1
Metric: d(z,y) = llz—yll = {(z1—y1)* 4+ + (@0 — yn)?}2.

Sau diy 1a cdc tinh chdt co bdn cda cdc 4nh xa trén:

Tinh chat. Cho z,y,2z € R" va o, 3 € R.
Tinh chat ciia tich vé hudng:

(S1) <azx+py,z> = a<zy>+f<x,2>.

(S2) <zy> = <y, x>.

(S3) <z,xz> > 0, va <z,x>=0 khivachikhi x=0.
Tinh chdt ciia chudn:

(N1) |z > 0, va ||z||=0 khiva chikhi x=0.

(N2) ezl = ol

(N3) z+yll <zl + [lyll-

Tinh chdt ciia metric:

(M1) d(z,y) > 0, va d(z,y) =0 khivachikhi z=y.
(M2) d(z,y) = d(y,).

(M3) d(z,y) < d(z,2)+d(z,y).

Chitng minh: Trudc hét ta ching minh bat ding thitc tam gidgc (N3).
Ta c6 bt ding thitc Cauchy-Schwarz: | < z,y > | < ||z||||y]|-

Thyc vay, tam thdc bac 2:
Suyra A=<uz,y>2—|z|?|y||*> >0, i.e. bat ding thic trén ddng.

tr+yl? = |lz|H2+2 <2,y >t+ |y|? >0, ¥t € R.
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Vay o +yl? =2l + yl* + 2 < 2,y >< |2l + lyll* + 2ll= [yl = ([l + [ly])%,
i.e ta c6 bat dang thic (N3).
(N3) suy ra (M3). Con céc tinh chat khdc 1a 1o rang. O

Bai tdp: Ching minh | < z,y > | = ||z[|/|]y|| khi va chi khi z,y ti 1€ nhau.
Bai tip: Hiy chiing minh bat ddng thic ding chid y sau:

< < ;|-
max foi] < flall < Vi max o

1.3 Tinh dua cua R".

Mot day trong X C R" la dnhxa 2 : N — X, 2(k) =2 = (1, - , Thn)-

Thudng ky hiéu diy bdi (z;)ren hay ngdn gon (xp).

Day (xy) goila hgitu vé a € R™, ky hiéu klim x, = a, hay x, — a, néuu!
— 00

Ve >0, IN : k> N = d(zk,a) <e.

Bai tip: Tir bit ding thifc tam gidc chitng minh gigi han clia diy néu c6 1 duy nhat.
Tir bat ddng thifc & bai tip muc 1.2, ta c6 nguyén ly dua vé mot chiéu:

Ménh dé. Cho day (xy) va a = (a1, -+ ,a,) € R"™ Khi dé

lim xp =a khiva chi khi lim zp; =a;, t1=1,--- ,n.
k—oo k—oo 7

Bai tdp: Tinh klim T, trong d6
—0Q

kp’ ek 7 kp’ Ve

Bai tip: Tir ménh dé trén hay phat bi€u va chitng minh céc tinh chit hdi tu cla diy
téng, hi¢u, tich vd hudng, chuin, ... cda cic diy hdi tu.

1 k9 Ink 1

Diy (1) goi 1a ddy Cauchy hay diy co ban né€uu

Ve >0, AN : k,l > N = d(xp, 7)) < €.

Ménh dé. Mot day trong R™ la hoi tu khi va chi khi né la day Cauchy.

Chitng minh: Trudc hét nhic lai 14 mot diy s6 trong R hoi tu khi va chi khi né
12 diy Cauchy sau d6 4p dung ménh dé trén suy ra k&t qda. U

"Trong gido trinh nay qui udc: n&uu = n&u va chi néu .



11.2 Topo trong R™. 21

2. TOPO TRONG R"

2.1 Hinh ciu. Cho a € R™ va r > 0.

Hinh cAdu mé tdm a bédn kinh r, dinh nghia: B(a,r) = {z € R" : d(x,a) < r}.

Hinh cdu déng tim a ban kinh 7, dinh nghia: B(a,r) = {z € R" : d(z,a) < r}.
Vay hinh cdu 13 khéi quat héa khdi niém khodng, dia tron, hinh ciu trong khong gian
1,2, 3 chiéu tuong ng.

Cho X C R” va a € R™. Khi d6

a goi la diém trong cta X n€uu Ir > 0: B(a,r) C X.

a goi la diém bién cla X n€uu Vr > 0: B(a,7)NX # 0, B(a,r) N (R™\ X) # 0.
Vi du. Poan [a, 3] trong R. ¢6 cdc di€m trong 1a = sao cho a < x < (3, hai diém bién
la «, 5.

Bai tdp: Xdc dinh bién cda tip Q trong R.

22 Tap mé. Tap X C R"™ goi la tip mé néuu moi di€m clda X 13 di€m trong,
ie. Vae X,3r >0: B(a,r) C X.

Ky hiéu int X hay )% = Tap moi di€m trong clia X, va goi la phan trong cda X.
Nhin xét. RS rang, X md khi va chi khi X =X.

Bai tip: Chitng minh khodng md trong R, hinh cAiu md 13 cdc tdp md. Tim vi du tip
khéng md.

Ménh @é. (i) 0 va R™ la cdc tdp mé  (ii) Hop mdt ho tdp md la mé
(iii) Giao hitu han tdp mé la ma.

Chitng minh: (i) 1a rd rang. (ii) Gid st U;,7 € I 1a cdc tip m§. Cho x € U = U U;.

i€l
Khi d6 tn tai ig € I,z € U;,. Do tinh mé, ton tai cdu B(z,r) C U;, (C U). Vay z
12 di€m trong cia U, nén U m4. (iii) dgc chiing minh tuong tu. O
Az . R A s R Y 2 11
Nhén xét. Giao vd han tdp md ndi chung khong md. Chang han, ﬂ (—=,=)-
11

€N
2.3 Tap déng. Tap con X C R" goi 1a déng né&uu phan bu R™\ X 1a mé.
Vi du. Cdc tap hitu han, cdc tip rdi rac nhu Z, khodng déng [a,b], hinh ciu déng la
cdc tdp déng. Khodng md hay Q khong la tip dong. (tai sao?)
Tir Ménh d@é trén va qui tic De Morgan suy ra

Ménh d@é. (i) 0 va R™ la cdc tdp dong (i) Giao mét ho tdp déng la dong
(iii) Hogp hitu han tdp dong la dong.

Pé hiéu cic dic trung khic cia tip déng ta cin khdi niém:

a € R" goi 1a di€ém tu hay diém giéi han cla X n€uu Vr > 0, B(a,r) N X chita mot
phin t¥ khdc a (vd do d6 c6 v sd phan ti).

Ky hiéu Cl X hay X = XU tap moi diém gidi han cda X, goi 12 bao déng cla X.

Bai tip: Trong R tim cdc di€m gidi han clia: tap rdi rac, khodng [a,b), tip {1/k :
k€ N}, va Q.
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Ménh dé. Cho X C R". Khi dé cdc diéu sau tuong duong:
() X latdgp déng (i) X =X  (iii) X chita moi diém giéi han ciia né
(iv) Moi day (zy,) trong X hoi tu vé x, thi v € X.

Chitng minh: (i) = (ii): Gia st = 13 diém gidi han cia X. Khi d6 Vr > 0, B(z,r)NnX #
0,ie. Vr>0,B(x,r)  R"\ X. Suyra z ¢ int(R"\ X) = R"\ X (do (i)). Vay
z e X.

(i) = (iii): TU dinh nghia.

(iii) = (iv): Gid st (zx) C X, zx — 2. N&u tip {z}} cdc phin t¥ cda diy 1a hitu
han, thi tOn tai ko, z = x4, do vay # € X. N&u tdp {zx} v6 han, thi z 1a di€ém gisi
han cua X, do (iii) z € X.

(iv) = (i): Phan ching, gid st R™\ X khong md. Khi d6 ton tai x € R™\ X khong
la di€ém trong, i.e. Vr > 0, B(x,7) N X # (. Vay z la diém gidi han cia X. Theo
(iv) z € X vo Iy. 0

3. TAP COMPACT

3.1 Tap compact. Tiap con K C R™ goi 1a compact néuu K déng va gidi ndi,
i.e. K déong va tontai R > 0: K C B(0, R).

Vi du. Poan [a,b] trong R, tip hitu han, hinh cdu déng B(a,r), hinh hop déng
[a1,b1] X -+ X [an, by] trong R™ 1a cdc tAp compact.

D€ néu cic dinh nghia tuong duong clia tip compact, nhim muc dich thuin tién
khi st dung, ta c¢6 khdi niém sau.

3.2 Phii m¢. Ho P = {U;,i € I} (I 1a tp chi s§) goi 12 phi mé cta tdp con
K ctia R™ néuu mdi i € I, U; 1a tip md trong R"™ va K C U U;.

i€l
Vi du. Ho cdc khodng (a — %,b + %), k € N, 1a ho phi md cda [a,b]. Ho
(a,a+1), a € R, 1a ho phi md cia R.

3.3 Pinh ly. Cho K la tdp con ciia R". Khi dé cdc diéu sau tuong duong:

(i) K dong va gioi noi.
(ii) K thod diéu kién Bolzano-Weierstrass:
Moi day () trong K, tén tai day con (To k) hoi tu vé xvax € K.?
(iii) K thod diéu kién Heine-Borel:
Moi phit mé P = {U;,i € I} ciia K, tén tai phii con hitu han {U;,,--- ,U;.} ciia K.

Chitng minh: Ta ching minh (1) & (1) < (iii).

(i) = (ii): Gia st (z3) C K. Do tinh gi6i ndi, ton tai R > 0, sao cho ||zx|| < R. Vay
cdc day toa do tuong Ung (zy;)keN, (i = 1,---n) 1a cdc day sd bi chin. Vay theo
nguyén 1y Weierstrass cho R, (1) c6 ddy con (z4,(1)1) hdi tu vé a;. Tuong tu,

Mot day con clia () ¢6 dang (v, k), v6i 0 : N — N la mot diy ting.
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(xa'l(k’),Q) c6 day con (Tgy,(1),2) hoi tu vé ag, -, (Tgy_y (k),n) €O day con (24, (1)n)
hoi tu vé a,. Vay diy con (z,, ) hoi tu vé a = (a1,--- ,a,). Do K déng z € K.

(ii) = (i): Gia st x 1a diém gi6i han ciia K. VAy z 12 gi6i han cia mot diy trong K.
Tw (ii) suy ra x € K. Vay K doéng.

Né&u K khong gi6i ndi, thi ton tai diy (z;) C K, ||zk|| > k. D& thdy diy nay khong
thé€ c6 day con nao hdi tu.

(iii) = (i): Ho cAu m& {B(0,4),7 € N} phi K, nén (iii) suy ra K c6 thé phii bdi hitu
han ciu B(0,1),---,B(0,s). Vay K gidi ndi.

D€ ching minh K déng, ta kiém tra R™\ K 1a m§. Cho z € R™\ K. Khi d6

KcR"\{z}=R"\/( ﬂ B(z,1/i)) = U (R™\ B(xz,1/1)).
ieN ieN

N
Theo (i) tn tai N sao cho K C [ J®R"\ B(z,1/i)) = R"\ B(z,1/N), i.e.

i=1
B(x,1/N) C R"\ K. Viy x la diém trong cia R"\ K.
(i) = (iii): Phédn chdng, gid st P = {U;,7 € I} 1a phti md cia K ma moi ho con hitu
han cda né khong thé phi K.
Véi k =1, do K gi6i ndi, tdn tai hitu han cau ban kinh 1 phii K. Theo gia thiét, tdn
tai cAu By bdn kinh 1 sao cho K N B; khong thé phii bdi hitu han Uj;.
Lap luin tuong ty, véi k € N, ton tai cAu B}, ban kinh 1/k sao cho By C Bj_1 va
K N By, khong thé phd bdi hitu han U;. V6i mdi k, chon z;, € K N By,. Khi dé tén
tai limx, = a € K. VAy tdn tai chi s§ 4o sao cho a € U;,. Do tinh mg, ton tai r,
B(a,r) C Ui,.
Mt khéc, khi k dd 16n, By C B(a,r). Viy By C U;,. Piéu nay mau thudn véi tinh
chit cda diy Bj. O

Nhan xét. Ho {U;,i € [0,1]} v6i U; = {i} la phu tdp compact [0, 1], khong c6
phd con hitu han. P& y 1a U; khong md.
Bai tdp: Hop, giao, tich cdc tdp compact c6 compact?

4. TAP LIEN THONG

4.1 Pinh nghia. Tip con C C R goi la lién théng néuu né khong thé tich bdi

2 tap md, i.e. khong tdn tai cip tip mé U,V sao cho:
CcUUV,CNU#PACNV,vaCnNnUNV =0.

N6i mot cach khac, v6i moi cidp tip mG U,V,saocho C Cc UUV, CNUNV =0,

thi C C U hay C C V.

4.2 Phan loai tap lién thong trong R. C C R lién thong khi va chi khi Vx,y €
Cox<y=[z,y] CC.

Nh vdy tdp lién thong trong R ¢é dang moét diém hay khodng < a,b >, trong dé ddu
< hay > dé ky hi¢u ] hay | .

Chitng minh: (=) Phan ching, gid st z,y € C,x < y nhung (z,y) ¢ C, i.e. tdn
tai z € (z,y),2 ¢ C. Khi d6 d& thdy U = (—o0, 2), V = (z,+00) 12 cdc tdp m§ tach
C.
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(<) Phén chitng, gid st C khong lién thong. Khi d6 tdn tai cdc tip m& U,V tdch C.
Goi x € UNC, y € VNV. Khong mat tdng quit, gid st = < y. Pt z = supU N[z, y].
ViUmb,z<zvazgU.ViVmd, z<yvazgV. Suyra (z,y) ¢ C. O

Sau day 12 mdt tiéu chudn tryc quan d€ nhan bi€t mot tip 1a lién thong.
Poan thing néi a,b € R" dgc dinh nghia 12 [a,b] = {z =a+t(b—a):t € [0,1]}.
p

Mot dudng gap khitc néi a,b 12 hgp hitu han doan: U [ai, aiv1], ap = a,apy1 =D.
=0

4.3 Ménh dé. Cho C C R™. Gid sit C la tdp md. Khi dé6 C lién thong khi va

chi khi vdi moi cdp diém a,b € C tén tai duong gdp khiic trong C ndi a va b

Chitng minh: Gia st C lién thong. C6 dinh a € C. Pt

U = {x € C: tn tai dudng gip khiic trong C ndi a va z} va

V = {x € C : khong t6n tai dudng gdp khic trong C ndi a va z} .

Khi d6, ¢6 thé ki€m tra 12 n€u U,V khéc trong, thi ching 1a 2 tdp md, tich C. Do C
lién thong va U # (), suy ra V = (). Vay C' = U= tap c6 tinh chat da néu.

Ngugc lai, gid st C c6 tinh chdt néu trén. Trudc hét ta c6 khing dinh sau:

Néu L;,i € 1, la cdc tdp lién thong va Micr Li # 0, thi U L; lién théng. (bai tap)
el

Do 4.2, mot doan thing 1a lién thong. Tir khing dinh trén suy ra dudng gip khic

ciing lién thong, vi 12 hop hitu han doan thing ma 2 doan ké nhau c6 di€m chung.

Bay gid ¢6 dinh a € C. Moi x € C goi L, la dudng gip khiic trong C ndi a va =.

Khi d6 L, lién thong va (] Ly # 0, tir khing dinh trén suy ra C = | J L, 1a tap

zeC zeC
lién thong. O

Vi du. Cdc tap sau la lién thong: R™, B(a,r), B(a,r), [a1,b1] X - -+ X [an, ba].

5. TONG QUAT HOA

Nhiéu két qlia trong gido trinh nay khong chi ding cho khong gian R™, véi tich
v huéng Euclid, ma con ding cho cdc khong gian tong quat hon.

Khong gian metric. Mot khong gian metric 1a mdt tip M trén d6 c6 trang bi mot
dnh xa d: M x M — R, (z,y) — d(z,y), thod cdc tinh chat (MI)(M2)(M3) & 1.2.

Khong gian dinh chudn. Mot khong gian dinh chuin 13 mot khong gian vector
V trén trudng R, trén d6 c6 trang bi mot dnh xa || || : V — R,z — ||z, thod céc tinh
chat (NI)(N2)(N3) & 1.2.

Khong gian cé tich vo huéng. Mot khong gian ¢6 tich vo huéng 1a mdt khong
gian vector V trén trudng R, trén d6 cé trang bi mdét dnh xa < , > V xV —
R, (z,y) —< x,y >, thod céc tinh chat (S1)(S2)(S3) & 1.2.



I1.5 Téng qudt héa 25

Bai tap:
a) Néu <, > la tich v huéng trén V, thi ||z|| =< z,z >, x € V, xdc dinh mot chudn
trén V.

b) N&u || || 1a chudn trén V, thi d(z,y) = ||z —yl|, =,y € V xdc dinh mot metric trén V.

Trén khong gian metric, khong gian dinh chuin hay khong gian c6 tich vo huéng,
cdc khdi niém day, diy hoi tu, diy Cauchy, hinh cdu, tip md, tip déng, --- dudc
dinh nghia tuong ty nhu trong R™. Mot khong gian metric ma moi diy Cauchy déu
hdi tu goi 1a khong gian metric dd . Mot khong gian dinh chuin da goi la khong gian
Banach. M6t khong gian ¢ tich vd hudng di goi 12 khong gian Hilbert.

Nhu vdy R™ 1a khong gian metric dd, chinh xdc hon né la khong gian Hilbert hitu
han chiéu.

Vi du.
a) Trong R™ ngoai chuin Euclid, c6 thé€ xdc dinh nhiéu chuin khic nhau (va vi viy
¢6 nhiéu khoang cach khac nhau), ching han:
. 1
Jlloc = masx |zi| (chudn max), hay [zl = (J21]f + -+ + |za?)7 (p = 1).
o) chudng sau ta sé& chiing minh moi chuin trong R™ déu cho khdi niém hoi tu nhu
nhau.
b) Trong khong gian Cfa,b] cdc ham lién tuc trén [a, b],

d(f,g) = t?[lpb} 1f(t) —g(t)], f,9€Cla,b],

xdc dinh mdt metric (tuong tng khai niém hoi tu déu).
¢) Bi€u thic sau xdc dinh mot tich vo huéng trong Cla, b]:

b
<tg>= [ f®gyit f.g€Clab
a
Su hdi tu dng vSi metric sinh bdi tich vé6 hudng trén goi 1a sy hoi tu trung binh.

Bai tap: Hay vé hinh cau trong R? véi cdc chudn cho & vi du a).






III. Ham lién tuc trén R"

1. GIGI HAN HAM
1.1 Pinh nghia. Cho X 1a tip con cia R™. Anh xa

f:X =RY o= (21, 2n) = f(2) = (fi(2),---, fm(2))

dudc goi 12 4nh xa (thuc) ciia n bi€n (thue) x1, - - - ,x,, v6i m ham thanh phin

fi: X—=Rji=1,--- m.

Khi m = 1 ta goi 4nh xa 1a ham . D6i lic, do théi quen, ta dung thuit ngir “ham”
thay cho “dnh xa” khi m > 1.

Khi n = 1 thudng ky hiéu bi€n 12 z; khi n = 2 ky hiéu 2 bi€n 1a z,y; con n = 3 ky
hiéu 3 bién 1a z,y, 2.

Cho f tuong duong véi viéc cho db thi cia f , i.e. tap

graph f = {(z, f(z)) :z € X} C R" xR™.

Do tinh tryc quan dd thi ¢é vai trd dic biét quan trong trong cdc trudng hgp ma
n +m < 3, khi xét tinh chit cia 4nh xa.

Vi du.

a) f(x,y) = /1 — 22 — 52 c6 dd thi 12 nifa trén mit cau don vi trong R3.

b) f(z,y) = 2% +y? c6 @b thi 12 mot mit Paraboloid.

Bai tdp: hdy tim cach mo t& hinh hoc cho f: R? — R2, f(z,y) = (2? — y?, 22y).

1.2 Gi6i han ham. Gii st ¢ 13 diém giéi han cta X € R* va f : X — R™.
Khi d6 f goi 1a ¢6 giéi han L € R™ khi z tién vé a , ky hiéu lim f(z) = L hay

f(z) — L, khi x — a; n€uu
Ve>0, 30 >0:z € X\ {a},d(z,a) <d= d(f(z),L) <e.

Dé thdy dinh nghia theo ngdn ngl (e,d) clia Cauchy & trén hoan toan tudng duong
vGi dinh nghia theo day ctia Heine:
lim f(z) = L nfuu moi diy (z) C X \ {a}, lim 2y =a = lim f(zx) = L.
r—a k—o00 k—o0
D€ y 12 v& mit hinh thifc dinh nghia trén hoan toan gidng trudng hop ham mot bién,
cing véi tinh chit giéi han diy ta c6

Ménh dé. lim f(x) =L = (Ly,---,Lp) < lim fi(z) = Lj;i=1,--- ,m.

r—a r—a

Bai tdp: Tir ménh dé trén phat bi€u va chitng minh cic tinh chit vé gidi han cia
tdng, hiéu, tich vé6 hudng, chuin, hop cic dnh xa,.. ddng thdi tinh bdo toan quan hé
thit ty < khi qua gidi han cdc ham.
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Vi du.
»  tm YTTY g
(zy)—(0,0) =2+ Y ) )
s lryety)| 1T+ 7z 4yl -
| S5 g g <l yl 0, Khi (ay) — (0,0)
b) W pm ¥ —q0=0.
(zy)—(0,0) T (zy)—(0,0) TY
¢) lim T khong ton tai. P& chitng minh diéu nay chi can chon 2 ditay, ching
(zy)—(0,0) T + Yy
han (zg, yk) = (£, %) va (z},y},) = (+,0) déu ti€n vé& (0,0), nhng f(zy,yx) — 0 con

f(x;wy;c) — L

1.3 Giéi han Lip. Gidi han trén con goi l1a gi6i han ddng thdi dé phan biét vdi
khdi niém gidi han lip sau diy. Cho f(z,y) la ham hai bi€n (hay tong quit hon, ham
hai bo bi€n). Gid st (20, yo) 12 di€m gidi han clia mién xdc dinh cda f. Xét cic gi6i
han

ajz = lim lim f(x,y), a2 = lim lim f(z,y), a= lim fx,y).
Y—Yo z—To T—T0 Y—Yo (z,y)—(z0,Y0)
Van dé&: M&i quan hé giita cdc gidi han trén ?
Tréa 13i: 16ng 1éo, xét cdc vi du sau

Vidu. V6i g =0,y9 = 0.

a) f(xz,y) = (z +y)sin % sin i Ta c6 a12,az; khong ton tai, a = 0.

2 .2

b) f(z,y) = 5. Ta c6 aia = 0,az = 1, cdn a khong n tai.
l‘er Yy

o) flz,y) = % Ta c6 a2 = as; = 0, con a khong tdn tai.
2 +y

d) f(x,y) = xsin 5. Ta c¢6 ajz = 0, ag; khong ton tai, a = 0.

Bai tdp: Tim diéu kién d€ cdc gi6éi han néu trén tdn tai v a = a1z = ao;.
Mot trong cdc diéu kién la:

Ménh @é. Cho f: X xY — R™, zg,yo la diém tu ciia X,Y tuong iing.

Gid su

(i) Ton tai lim f(z,y)
Y=o

g(x),Vxr € X.
(ii) Tén tai lim f(x,y) = h(y) déu theo v, i.e.
T—T(

Ve>0,30 >0:2 € X,d(z,x0) < e=d(f(z,y),h(y)) <€, VyeY.
Khi dé cdc gidi han sau ton tai va

lim f(z,y) = lim lim f(z,y) = lim lim f(z,vy).

(z,y)—(z0,y0) T—T0 Y—Yo Y=o T—T0o
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1.4 Gi6i han vé cung - Gi6i han ¢ vé6 cung. Ta con xét cdc gifi han khi z ti€n
ra “vd cung” hay gidi han “v6 cung”, va c¢6é cdc khdi niém tudng dng cho cdc ky hi¢u
sau:

lim f(z) =1L, lim f(z)= o0, xh_)rgo f(x) = o0.

r—00 r—a
Bai tdp: hdy néu cdc dinh nghia sao cho phi hgp vdi cdc khdi niém tuong ng cla
ham mot bi€n. C6 bao nhiéu “di€m vo cing” trong R™ ? Hiéu th& nao la hinh cau
hay 1an cin clia di€m vo ciing ?

1.5 Ky hiéu o va O. Cho a € R™ hay a = oo. Ky hiéu F,(R",R™) la khong
gian cdc ham tr 1an cin clia a trong R™ vao R™.

DPé€ so sdnh cdc ham trong 14n cin a, ngudi ta thudng ding cdc ky hiéu sau.

Cho f,9 € F,(R™ R™). Khi d6 ky hiéu va dinh nghia:

f=o(¥) khiz —a < lim I @I _

z=a || ()
Bai tdp: Cho f,g,v € F,(R",R™). Chitng minh:
(1) Néu f =o(¢)) va g = o(%)) khi  — a, thi f+ g =0(¢)) khi z — a.
(2) Néu f = o(¢)) khi  — a va g bi chin, thi < f,g >= o(¢) khi z — a.

Cho f,v € F,(R",R™), ky hiéu va dinh nghia:

f=0W) khiz —a & 3C >0,r >0: | f(x)] < C|l¢¥(x)|,Vz € B(a,r).

Bai tdp: Cho f,g,v € F,(R",R™). Chitng minh:
(1) N&u f=0(+)) va g =0O(¢) khi x — a, thi f+ g = O(+)) khi z — a.
(2) Néu f = O(v) khi z — a va g bi chin, thi < f,g >= O(¢)) khi z — a.

Nhén xét. Nhu vy ky hiéu o(1), O(¢)) chi mot 16p ham chit khong phdi mot ham cu
th€ nao. Ching han, tif f = o(¢)) va g = o(1)) khong thé suy ra f = g.

Cho f,g € Fo(R™ R), ky hiéu va dinh nghia:
f(x)

f~g khiz—a < lim—==1.
z—a g(x)

Bai tap: Chiing minh quan hé ~ la quan hé tuong dudng.

Vi du. Khi n — oo, ta cé:
P(n) = apn? + ap_1nP "t 4 -+ ag ~ apn? (ap #0)

1424---4n = w = O(n?)
n(2n+1)(n+2)

124224 402 = = O(n?)

6 1
o (5o ((6))
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Bai tap: So sdnh 2™, nP, InYn, n?In?Yn khi n — +oo.
Bai tdp: Chifng minh véi p € N, ta ¢6: 17 +2P + .-+ nP = O(nPT!) khin — oo

2. TINH LIEN TUC
2.1 Pinh nghia. f: X — R™, X C R", goi 1a lién tuc tai a € X n€uu

lim /(z) = /().
Bai tap: vi€t dinh nghia lién tuc theo ngdn ngit (¢,d), va theo ngdn ngit day.
Tur dinh nghia d& thdy f lién tuc tai a tuong duong véi diéu kién hinh hoc:

Ve>0, 38 >0: B(a,8) C f HB(f(a),e)

Bai tip: Cho f: R™ — R™. Chitng minh cic diéu sau tuong duong
(i) f lién tuc trén R™.

(ii) Moi taip m§ V C R™, f* V) 12 md.

(iii) Moi tap déng F C R™, f~1(F) 1a d6n

Ky hiéu C(X,R™) khong gian cic ham f : X — R™ lién tuc tai moi diém cla
X.

Ham f goi la gidn doan tai a n€uu f khong lién tuc tai a.

Tu tinh chit gii han dé suy ra

Ménh dé. Tong, hiéu, tich vo hudng, thuong (m = 1 va mdu khdc khéng), hop cdc
ham lién tuc la lién tuc.

Vi du.
a) L6p cdc ham so cAp 13 cdc ham dugc 1ap thanh bdi cdc him s6 cAp co bdn: ham
hiing, ham chi€u f(z1, - ,x,) =2; (i =1,---,n), ham exponent €%, ham logarithm

Inz, ham sine sinz vad ham arcsine arcsinz; bing cdc phép todn sd hoc (cdng, trr,
nhan, chia) va cdc phép hgp thanh. Theo ménh dé trén him so cip 1a lién tuc trén
tdp xdc dinh cda né.

b) Ham da thic f(x1, - ,2,) = Z iy e i TT - T,
0<iy+in <N

l1a lién tuc trén R™ vi la tOng céc tich cdc ham lién tuc: z — z;, = — «a.

¢) Nhic lai 4nh xa T : R® — R™ goi la tuyén tinh néuu

T(azx + By) = o1 (z) + T (y), Vx,y € R", o, 5 € R.

Khi ¢ dinh co s§ chinh tdc, T hoan toan xdc dinh bdi ma trdn m dong n cot (ai;)mxn.

trong d6 T'( eJ Zawel, 7=1,-
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Néu biéu dién y = T'x dudi dang vector cdt, ta c6 quan hé theo qui tic nhan ma trin:

Y1 aip a2 - Qin r1

Ym Gml1 Gm2 " OGmn In

MJdi ham thanh phan 13 da thitc bic 1, suy ra moi 4nh xa tuyén tinh 13 lién tuc.
Bai tdp: Cho T 1a 4nh xa tuyén tinh. Chifng minh

M >0: ||[Tx| < M|z|, Vz € R".
Ta s€ ky hi¢u

T = Hm”ax1 |Tx| , goila chudn cud T
porion

2.2 Céc dinh 1§ ¢ ban ciia ham lién tuc trén tip compact.

DPinh ly (Weierstrass). Cho f : K — R™. Néu f lién tuc va K compact, thi
f(K) compact.

Hé qia. Néu f : K — R la ham lién tuc trén tdp compact K C R"™, thi f dat
dugc max, min trén K, i.e. téntai a,b € K sao cho f(a) = sup f(z), f(b) = inf f(z).
xeK zeK

Chiing minh: Gia st (yr) la day trong f(K). Goi xp € K, yx = f(zx). Do K
compact, ton tai diy con x +(k)) hoi tu vé z € K. Do tinh lién tuc clia f ddy con

Wo(ky = f(Zo(k))) hoi tu v€ f(z) € f(K). Vay f(IK) compact.
Khi m = 1, theo chitng minh trén f(K) la déng va gi6i ndi. TU tinh gidi ndi, suy ra
ton tai M = sup f(K) va m = inf f(K). Tu f(K) déng, ton tai a,b € K, sao cho

DPinh 1y (Cantor). Cho f : K — R™. Néu f lién tuc va K compact, thi f lién
tuc déu trén K, i.e.

Ve > 0,36 > 0: 2,2 € K,d(z,2') <§ = d(f(z), f(z)) <e.

Chitng minh: Phan ching, gid st f khong lién tuc déu, i.e.

Je > 0,Vk € N, 3wy, v, € K : d(xy,x)) < —, nhung d(f(zg), f(z})) > €.

| =

Do K compact, ton tai ddy con (z,() clha (zx) hoi tu vé x € K. Tir bt ding thitc

!/

1
d(xg(k),:c;(k))) < %, suy ra day con (x]

lién tye clia f suy ra d(f(z,)), f(20)) hoi tu vé d(f(z), f(z)) = 0. Diéu nay
mau thuin véi gid thiét. O

(r)) cla (z),) ciing hoi tu vé z. TV tinh

Bai tip: Tim vi du ham lién tuc nhung khong lién tuc déu (HD: Ching han xét
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ham f(z) = é 2 € (0,400).)

ﬁng dung. Moi khong gian vector hitu han chiéu E déu tén tai chudn va moi chudn
trong F la tuwong duong.

Trudc hét ta néu cic dinh nghia. Cho E la mot khong gian vector trén R. Anh
xa N : E — R goi la chuin n€uu né thod cdc diéu kién (N1)(N2)(N3) cla tinh chat
1.1.3. Ching han, trong R", z — max;<;<p |2;| hay z +— I | |7;| 1 cdc chuin khdc
chudn Euclid ||z]|.

Nhan xét. N&€u mot khong gian c6 chuin, thi trén khong gian dé c6 khdi niém hoi tu
theo chuin di cho.

Ta néi 2 chudn Ny, Ny 13 tuong duong né€uu tdn tai 2 sd duong M, m sao cho

m]\ﬁ(x) < N2($) <M Nl(x), Vo € E.

Nhén xét. Nhu vay 2 chuin tuong dudng cho hai khdi ni€ém hdi tu nhu nhau, i.e. mdt
diy hoi tu theo chudn nay thi ciing hoi tu theo chuin kia.

Pé chitng minh sy ton tai chudn trén E, ¢d dinh mot cd s§ fq,--- , f, cia E. Khi d6
ding cdu tuyén tinh T : E — R™ 21 f1 + -+ xnfn +— (21, -+ ,T,), cdm sinh chuin

Ng=T"'oN tén E tir chuin N trén R".

Ciing tir ding cdu d6, d€ chitng minh moi chuin trén E déu tuong duong, ta chi cin
chitng minh moi chudn N trong R"™ déu tuong duong vdi chuan Euclid || ||, nhu vy
moi chudn trong R™ (va vi vdy trén F) 1a tuong duong.

Goi S"! = {z € R": ||z|| = 1} 1a mit cdu don vi . Khi d6 vi N lién tuc (tai sao?),

va S"~! compact (tai sao?), suy ra ton tai M = max N(z), vd m = min N(z).
zesSn—1 zesn-1
x .

R6 rang M, m > 0. Véi moi z € R™\ {0}, ta c¢6 Tl € S"~1. Tit tinh chdt (N2) suy
x

ra bi't ding thic cin chitng minh m||z|| < N(x) < M||z]. O

2.3 Dinh Iy cd ban cua ham lién tuc trén tap lién thong.

Pinh 1y (Cauchy). Cho f : C — R™. Néu f lién tuc va C lién thong, thi f(C)
lién thong.

Hé qua 1. Cho f: C — R. Néu f lién tuc va C lién thong, thi f(C) la méot khdang.
Suy ra, néu a,b € C va up € R ma f(a) < pu < f(b), thi ton tai c € C : f(c) = pu.

Hé qba 2. Cho f la ham lién tuc trén tdp lién théng C. Néu f(C) la tdp roi
rac (chdng han f chi nhdn cdc gid tri nguyén), thi f la ham hdng.

Chitng minh: Phan ching, gid st f(C) khong lién thong, i.e. tdn tai cdc tip md
A, B tich f(C). Tu tinh lién tuc cla f suy ra ton tai cdc tip m& U,V sao cho
YA =CnUva f7Y(B)=CnV. D& kiém tra U,V la cdc tap md tich C. Viy
C khong lién thong.

Do tip lién thong trong R! 12 mot khdang va tip hgp rdi rac lién thong khi va chi
khi né 12 mot diém, suy ra ciac hé qua O
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Bai tap: Cho f : [a,b] — [a,b] 1a ham lién tuc. Chiéng minh tén tai z* € [a,b],
sao cho f(x*) = x*.

Bai tap: Cho f : [a,b] — R lién tuc va f(b), f(a) trdi ddu. Dung phuong phédp chia
doi doan, xay dung ddy (z) hdi tu vé mot nghiém cda phuong trinh f(z) =0

Ung dung. (Pinh Iy Ulam-Borsuk) Moi ham lién tuc f : S" — R,n > 1, déu
ton tai xg € S™ sao cho f(xg) = f(—x0).

(trong d6 S"™ = {x € R"L . ||z| = 1} la mdt cdu don vi.)

P& ching minh, xét g(z) = f(x) — f(—x). Khi d6 g lién tuc trén S™ 1a tap lién thong
(tai sao?). Vay g(S™) la khodng trong R. Mit khidc g(x)g(—z) < 0, nén g(S™) phai
chita 0. Tir d6 suy ra diéu can chitng minh. O

2.4 Nguyén ly anh xa co

Pinh ly (Banach). Cho M C R" la tdp déng. Gid si f : M — M la dnh xa co
(theo metric d), i.e.

30,0 <0 <1: d(f(z), f(y)) <0d(z,y), Yx,y € M.

Khi dé ton tai duy nhdt mot diém bdt dong cia f, i.e. a* € M : f(x*) = z*.
Cu thé, cho xo € M xdy dung day (zp) véi 1 = f(x0), xpy1 = flag) (k=2,3,---).
Khi dé (xy) héi tu vé diém bdt dong x* ciia f.

Chiing minh: Vi day (zj) dugc xay dung nh trén, ta c6
d(xpyr, o) = d(f(zp), f(@r1) < 0d(xp, 2)_1) < --- < 0%d(21, ).
Tu @6 suy ra v6i m=1,2,---
A(Thym; T) < d(axkﬂm?xkﬂtm—l) + oot d(Tpgr, o) < (OFFT 4 0F)d (21, 20)

10 (x1,2) — 0, khi k — oc.

IN

Vay (zy) la ddy Cauchy, nén ton tai limzy = z*. Do M déng x* € M.
Dé thdy f co thi f lién tuc va tf cach xay dung ddy suy ra f(x*) = z*.
Néu 7 € M la diém bat dong cla f,ie. f(Z) =7, thi

d(z,z%) = d(f(T), f(z7)) < 0d(z, z7).

Do 0 < 1, nén d(z,z*) =0, i.e. T =z O

Vidu. Cho f: R — R 1a ham kha vi. Gia st ton tai 0 < § < 1 sao cho |f/(z)| < 6, Vx.
Khi d6 theo dinh ly Lagrange

[f(@) = fWl =If' )l —y| <Ol —y|, Yo,y R

Vay f 1a 4nh xa co.
Bai tdp: Tim vi du ham f: M — M théa d(f(x), f(y)) < d(x,y),Vx,y € M,x # y,
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0 . 1
nhung khong phéi 1a dnh xa co, va khong c6 di€m bat dong. ( Hd: Xét f(z) =x+ —,
x
véi x € M = [1,00)).
Bai tdp: Cho T': R™ — R™ 1a 4nh xa tuyé&n tinh c6 ma trin biéu dién 1a (¢;).
Chitng minh 7' 13 4nh xa co (d6i véi metric tuong ng) néu

n n

2
Z t;; <1 hay Z |tijl <1 hay ”12?2(” i <1
1,’]:1 7”]:1 -

3. SU HOI TU PEU

3.1 Pinh nghia. Cho diy ham (f;)gen, trong d6 fr : X — R™, X C R"™.
Day (fx) goi 1a hoi tu (di€m) vé ham f n€uu v6i moi = € X, lim fy(x) = f(x).
Diy (fx) goi 1a hoi tu déu trén X vé& f néuu

Ve > 0,AN(e) : k> N = d(fx(x), f(z)) <e, Vx e X,

néi mot cdch khéc, n€u dit My = sup d(fx(x), f(x)), thi lim My = 0.
zeX k—oo
Mot chudi ham trén X, 13 tdng hinh thic dang

oo

S fe=fotfitoHfoto, V6 fi: X - R™

k=0
Xét diy ham tdng riéng thd k Sy = fo + f1 + -+ + fx. Khi d6 chudi goi 1a hoi tu
di€m (t.u. hoi tu déu) trén X néuu (Si) hoi tu di€m (t.. hoi tu déu) trén X. Nhu vy
khdi niém chudi ham xem 13 trudng hdp riéng clia diay ham.

Vi du.

1 .
a) Cho ddy ham trén R xdc dinh bdi fy(z) = { * i ned 2| < K,
néu |z| > k.

Khi d6 (fx) hoi tu v& f(x) = 1. Tuy nhién su hdi tu 12 khong déu vi
sup [ fi(z) — f(2)| =1 # 0, khi k — cc.
zeR
> 1
b) Chudi ham Y 2" hoi tu di€m vé f(z) = . trén [-1,1) va néu 0 < r <1, thi

k=0 -
sy hoi tu 1a déu trén [—7, 7).

2 1 - k:+1 2
Pé chitng minh, xét ddy ham Sy(z) =142+ -+ 2% = % Ta ki€m tra tinh
-z
hoi tu déu trén [—r,r]:
s !
sup |Sg(x) — f(z)| = sup = — 0, khi k£ — oo.
|z|<r |z|<r 1—=2x 1—7r

Viy tinh hoi tu déu dudc chiing minh.
Bai tdp: Ching minh chudi trén hoi tu diém vé f trén (—1,1), nhung sy hoi tu 1a
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khong déu trén tap do.

3.2 Ménh dé. Day (fy,) héi tu déu trén X khi va chi khi né théa diéu kién Cauchy
Ve > 0,3IN : k,l > N = d(fx(x), fi(z)) <e, VzeX.

Chitng minh: Xem nhu bai tap ]

Nhiéu ham dudc dinh nghia qua ddy ham hay chudi ham.

Bai tdp: Dya vao ménh dé trén, chitng minh cdc chudi ham sau 1a hoi tu trén R va
hoi tu déu trén moi doan [a, b].

1 1

a) 1+Faz+~~+yx’“+--- (dinh nghia ham e®)
L 1 2k+1 - T ham i

b) T =g +...+mm + .-+ (dinh nghia ham sinx)
1 1 2k . ~ ~

c) 1_,_5354_...4_%95 4+ (dinh nghia ham cos )

Vi du. Cho fi(z) = 2% 2 € [0,1]. Khi d6 (fy) 1a diy cdc ham lién tuc, nhung ham
gi6i han khong lién tuc.

Ménh dé sau minh hoa 13 diéu kién hoi tu déu bdo toan mdt so tinh chdt gidi tich
ctia day.

3.3 Ménh dé. Cho (fi) la day ham. Néu fy lién tuc véi moi k va (fi) héi tu
déu vé f, thi f lién tuc.

Chitng minh: V&i moi x¢ va € > 0, do tinh hoi tu déu, ton tai N sao cho khi k > N,

d(f(z), fe(z)) < va  d(f(wo), fr(wo)) <

[SCRNe)
[SURING}

C6 dinh k. Do tinh lién tuc clia f, tai g, ton tai § > 0, sao cho
€ .
d(fi(2), fe(z0)) <3 khi d(z,20) <.

Vay  d(f(z), f(w0)) < d(f(x), fu(x)) + d(fi(2), fi(x0)) + d(fr(z0), f(20)) <€,

i.e. f lién tuc tai z. O
3.4 Khoang cich déu giita cic ham. Ta c6 thé xem cdc ham 1a cdc phin ti cia
mot khong gian ham nao d6. Hon nita, c6 thé do khodng cdch giita cdc ham nh
do khodng céc giita cic diém trong R™. Tuy theo bii toin ma ngudi ta dinh nghia
khodng cédch tuong tng. Sau diy 1a khdi niém khodng cédc tuong tng vdi su hoi tu déu.
Cho X C R™. Ky hiéu BF(X,R") la khong gian cdc ham bi chin f: X — R", i.e.

feBF(X,R™) & 3IM>0:|f(z)| < M,Vz € X,
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Trén khong gian nay dinh nghia chudn ||f|| = sup ||f(z)]|.
rzeX

D& dang chitng minh cdc khing dinh sau:
(i) BF(X,R™) la khong gian dinh chuin v6i chuin dgc dinh nghia trén.
Nhu vy, nhu trong R, chuin trén cho phép do khodng céch giita cic him nhd metric

d(f,g) =IIf —gl, f,9 € BF(X,R™)

(ii) Cho f, fx € BF(X,R™). Khi d6 day ham (fy)gen hoi tu déu vé& f khi va chi khi
fr — f trong BF(X,R™) theo metric néu trén, i.e. d(fx,f) — 0, khi k — oo.

(iii) N&€u X compact, thi C(X,R™) la khdng gian du, i.e. trong khong gian nay mdt
day hoi tu khi va chi khi n6 1a day Cauchy.

thmg dinh (iii) nay suy tif ménh dé 3.3, (iv) suy tit ménh dé 3.2, vé6i chd y la diéu
kién compact bdo ddm tinh gidi n6i cia ham lién tuc trén do.

4. PINH LY STONE-WEIERSTRASS

Phin nay ta nghién cu viéc xdp xi déu ham lién tuc bdi ham don gidn, d& xi
ly (nhu him tuyén tinh tirng khic, ham bac thang hay ham da thic).

4.1 X4p xi béi ham tuyé€n tinh tirng khic. Ham lién tuc g : [a,b] — R dudc
goi 12 tuyé&n tinh titng khiic n€uu ton tai phan hoach a = ag < a; < --- < a; = b, sao
cho trén mdi doan con g 1a ham béc nhit:

g(x) =Aix + B, z€lai—1,ai], i=1,---,k

Do g lién tuc cdc hé s6 A;, B; phdi thda hé thiic nao d6. D& thdy dd thi g 1a mot
dudng gip khiic.

Bai tip: Cho f : [a,b] — R lién tuc. Khi d6 ton tai diy ham tuy&n tinh tiing khiic
hoi tu déu vé f.

Hd: V&i mbi phan hoach doan [a, b], xét ham tuy€n tinh tirng khiic ma dd thi 1a dudng
g4p khiic n6i cic di€m thudc db thi f Gng v6i cdc di€m chia. Dya vao tinh lién tuc
déu ctia f ching té khi phan hoach cang min thi hAim tuyé&n tinh dé cang gin déu
ham f.

4.2 X4p xi béi ham bac thang. Ham ¢ : K — R goi 12 ham bac thang néuu ton
tai phan hoach K thanh hitu han tip X1,---, X} sao cho g 1a hiing trén mdi tap do.
Bai tdp: Cho f : [a,b] — R lién tuc. Khi d6 ton tai diy ham bac thang hoi tu déu vé
f.

Hd: V6i mdi phian hoach doan [a,b], xét ham bac thang ma gi4 tri trén mdi doan chia
12 mot gid tri nho d6 cla f trén doan d6 (ching han gid tri diu miit hay max, min).
Dua vao tinh lién tuc déu ctia f ching té khi phdn hoach cang min thi hAm bac thang
dé cang gan déu ham f.

Bai tAp: Téng quat bai tip trén cho ham lién tuc trén tip compact trong R™.

Phan sau ta xét dén viéc xap xi ham bdi da thic hay da thic lugng gidc.



111.4 Dinh Iy Stone-Weierstrass. 37

4.3 Pinh ly (Weierstrass). Vdi moi ham f lién tuc trén doan |a,b)] tén tai day ham da
thitc hoi tu déu vé f.

Chitng minh: Cdch ching minh sau cia Bernstein (1912) c¢6 tinh x4y dung diy da
thic cu thé hoi tu vé f.

Biing phép ddi bi€n x = a + (b — a), ta dua vé trudng hgp [a, b] = [0, 1].
Diy da thic Bernstein dgc dinh nghia nhu sau 13 hoi tu déu vé f:

Bp(v) = Bpf(z Zcpf )zP (1 — z)*P,

P& chiing minh, trudc hét ta chudn bi mot s6 ding thifc.

k
Cong thic nhi thic: (x +y)k = Z CPxPyk,
DPao ham theo x va nhan x: kx(z +y)* ZpCpxp k=p,
p=0
k
Pao ham lan nita va nhan 22:  k(k — 1)2?(z +y)F 2 = Zp(p — 1)CRaPyFP.
p=0

Pity=1—x va ry(x) = CPaP(1 — 2)*7P, thay vao cdc ddng thic trén

k k

er(:c) =1, Zprp = kz, Zp — Drp(x) = k(k — 122

p=0 p=0

k
Z(p — k$)2rp(x) = k222 Z rp(z) — 2kz Zprp + ZpQTP(x) =
p:
= k%2? 72k:x+(k‘1:+k:(k: a?) = kz(1 — )
Bay gio dit M = ‘na'fg |f(z)]. Cho € > 0. Do tinh lién tuc déu ton tai § > 0, sao cho,
a|<

néu |z —y| < 4, thi |f(z) — f(y)] <e.
Ta cAn danh gia

k k

F(@) = Bu(a) = f(x) = 3 CRA(D2 (1= )7 = 3 (f(2) = F()r(a).

p=0 p=0

Chia tong cudi chia thanh 2 tong:
S, gdm cic p : |§ — x| < 6. Khi d6 |f(z) — f(§)| < e va rp(z) > 0, nén

k
[0 <€) rpla) =
p=0
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p—kx

5, g6mcécp:|%—x|26. Khi d6

k —kx 2
D < Y nw <y (B ne)

M
< — 1— .
S gezhell=2) < oop

Tém lai, véi € > 0, tén tai 6 > 0, sao cho

M
[f(z) = B(@)l < [ 2 [+ 2a | < et 5o

Vay khi k > M/26%, ta c¢6: sup |f(z) — Bi(x)| < 2e. O
lz|<1

Bai tip: Ching minh gi thi€t compact 12 cAn thi€t trong dinh 1y Weierstrass.
( Hd: Chitng minh ham f(x) = e® khong thé x4p xi déu bdi da thic trén R.)

Biy gid ta xét d&n trudng hgp tdng quat.

4.4 Pinh nghia. Tip A cdc ham xdc dinh trén K C R" goi la dai s6 néuu
Vf,ge A,acR, f+yg, fg va af € A.

Pai s6 ham A goi 1a tiach diém néuu

Vae,y e K,x #y,3p € A:p(z) # o(y).

Vi du.
a) Tap R[xy, -+ , 1, cdc da thic n bién thyc 1a dai s6 ham trén R™.
b) Tap cédc da thitc lugng gidc dang

k
ag + Z(apsinpz: +bycospz), ap,b, € R,k eN,
p=1

12 mot dai s6 ham trén R.

¢) Cho o1, -+ ,ps : K — R. LSp cdc ham ¢6 dang sau la mot dai s6 ham trén K
k
> G (@)@ (2), V6 ap,.p, €REEN.
p1t+-+ps=0

Bai tip: Chiing minh cdc dai s6 & vi du a) va b) 1a tich diém.

4.5 Pinh Iy (Stone-Weierstrass) Cho K la tdp compact trong R". Gid sit A C C(K)
la mét dai s6 cdc ham lién tuc trén K, tdach diém va chita ham hdng. Khi dé véi moi
ham ham lién tuc trén K cé thé xdp xi déu bdi ham trong A, i.e.

VfeC(K),3gr € A: (gp)reN hoi tu déu vé f.
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Chitng minh: (Stone-1948) Ta chudn bi mot sd bs dé.

B6 dé 1. Pat A = {g: g la gidi han déu ciia day ham thuéc A}. Khi d6 A C C(K)
la dai s6, tdch diéln, chita ham hdng. Hon nita, néu day ham (hy) C A hdi tu déu vé

h,thi h € A, ie. A=A

Thuc vay, rd rang A la dai s6 ham lién tuc, do Ménh @& 3.3, va tich diém chita
ham hiing vi chita .A. Hon nita, gid s& (hi) C A hoi tu déu vé h. Khi d6, véi moi k,
ton tai day (gx;) C A hoi tu déu v€ hy (khi i — co). Theo qui tic dudng chéo (Bai
tap: 1ap luan kiéu %) ton tai diy (g = gg(k%i(k)) C Ahoitu vé h. Vay h € A.

B& dé 2. Vdi moi v,y € K, o, 3 € R, ton tai ham h € A, h(z) = a, h(y) = f.

P& xay dung h, do A tich diém ton tai ¢ € A, ¢(z) # ¢(y). Pinh nghia h(z) =
p(z) — p(z)

a+ (f—a)—0—~F———
( )w(y) — ()

B dé 3. Néu hy, ho € A, thi max(hy, he), min(hy, ho) € A

. Khi @6 h 12 ham cin tim.

hi1+ he + ‘hl —hg‘
2

nén chi can ching minh ring: h € A = |h| € A

DPé chitng minh diéu d6, ta c6 h lién tuc trén tip compact, nén tdn tai M > 0, sao

cho |h(x)| < M,Vz € K. Theo dinh 1y Weierstrass, ton tai ddy da thic (Pj) hoi tu

déu vé ham [—M, M| > t — [t|. Pdt g = P o h. Khi d6 (g) 1a day cdc ham thudc

A va hoi tu déu vé |h|.

hi + hg — |h1 — he|

That vay, do max(hy, he) = 2 ,

va min(hy, he) =

Biy gid ta chitng minh dinh Iy. Cho f € C(K). Tit BS dé 1, ta cin chiing minh:

Ve>0,3g€ A: d(f(x),g9(z)) <e, Vz € K,i.e.

8

=
8
<
—~~
<
S~—

I
~
N

Vé6i moi z,y € K, theo BS dé 2, ton tai hyy € A: hyy(z) = f
C& dinh z. Khi d6 v6i moi y € K, do hy4(y) = f(y), ton tai
cho hyy(2) < f(2) +€,Vze Uy NK.

Ho P, = {Uy,y € K} 12 mot phi m§ clia K, do K compact, ton tai hitu han tdp mé
Uy, Uy, phit K. Pit hy = min(hgy,, -, hay,). Theo BS @& 3, h, € A va

hs(z) < f(z) + €, Vz € K.
Véi moi z € K, do h,(z) = f(x) va tinh lién tuc, tdn tai ciu m& V, tim z sao cho
f(z) —e < hg(z),Vz e V; NK.
Ho P = {V,,z € K} la phti m& cda K. TU tinh chit Heine-Borel, ton tai hitu han
tap Viy, -+, Ve, phi K. Pt g = max(hg,,--- , he,). Theo Bs @ 3, gc Ava

f(z) —e<yg(z), z€ K.
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DE thdy g 1a ham cin tim. O

4.6 Hé qua. Moi ham lién tuc trén R va c6 chu ky T c6 thé xdp xi déu bdi day
N

2
da thitc lugng gidc Py(z) = ag o + Z(ak,p sin( 7;{7
p=1

2mpx

ﬂC)—Fbk,pcos( T ).

Chitng minh: D& y 1a mot ham lién tuc trén R, c¢6 chu ky T > 0 1a thdc trién
clia mot ham thudc C[0,7]. Vay dé€ ching minh chi cin ki€m tra tip cdc da thic
lugng gidc thda diéu kién dinh 1y Stone-Weierstrass. U

4.7 Hé qha. Moi ham lién tuc trén tdp compact trong R"™ déu cé thé xdp xi déu
béi day ham da thicc n bién.

4.8 Hé qua. Cho K1 C R™ va Ky C R™ la cdc tdp compact, Ay va As la cdc

dai 56" ham trén K1, Ky tuong itng. Néu Ay va Ay la tach diém va chita ham hdng,
k

thi moi ham f € C(K; x K3) déu c6 thé xdp xi déu béi ham cé dang Zgi(x)hi(y) ,
i=1
trong dé g; € A1,h; € Ao,k € N.

Chitng minh: Chi cAn kiém tra cdc ham c6 dang trén 1a dai s6 ham lién tuc trén
K x Ko, tich diém va chita ham hiing, r6i 4p dung dinh ly Stone-Weierstrass. (|

Nhan xét. Pinh 1y Stone-Weierstrass tuy khing dinh khd ning x4p xi déu ham
lién tuc trén tip compact bdi da thic hay da thdc lugng gidc, nhung viéc chitng minh
khong cho phép xiy dyng tudng minh diy ham xip xi. D€ tinh todn cu thé (x4dc dinh
hé s& da thitc x4p xi) cAn nhiéu gid thi€t hon vé& hinh hoc cda tip hay vé tinh chat
clia ham. Chéng han, ham lién tuc trén doan [a,b] c6 thé x4p xi bdi diy da thic
Bernstein. Téng quit hon, néu K 13 hinh hdp trong R™, ta c¢6

Bai tap: Cho f € C[0,1]". Da thic Bernstein thi & cta f dugc dinh nghia

Bi(z1, -+ ,2p) = Z C’,fl‘--C’,f"f(%,--- ,%)x’fl--'xﬁn(l—xl)k*pl~~(1—xn)k*pn,
0<p1, ,pn<k

Chirng minh day (Bj) hoi tu déu vé f.

Mot huéng phét trién khdc 1a viéc nghién cttu 16p cac ham c6 thé biéu dién mot
cdch dia phuong nhu chudi liiy thira: 1y thuy&t ham gidi tich.



IV. Pao ham

1. PAO HAM

TruSc khi dua ra dinh nghia, ta c6 nhén xét sau:
Cho U 1a tip md trong R. Ham f : U — R 1a khd vi tai a € U néu tdn tai s§ thuc
f'(a), sao cho

f@) = f@) _ fla+h) = f(a)

T—a T —a h—0 h

= f'(a)

ie. fla+h)=f(a

’

(
i.e. f(z) c6 thé x4p xi bdi ham bac nhat T'(x) = f(a) + f'(a)(z — a), véi x dd gan a.

1.1 Pinh nghia. Cho U 1 tdp con md trong R”. Anh xa f : U — R™ goi la
kha vi tai a € U néuu tdn tai 4nh xa tuyén tinh A : R® — R™, sao cho

If(a+h) — f(a) — Ahl|
7]

— 0, khi h— 0.

Khi d6, A goi 1a dao ham cta f tai a va ky hiéu Df(a) hay f'(a).
Nhan xét. Theo dinh nghia, n€u f kha vi tai a, ta c6

fla+h) = f(a) +Df(a)h + of(h),

h
trong d6 o(h) ky hi¢u cic ham (h) théa: lim % = 0.

Nhu vdy f khd vi tai a khi va chi khi f c6 thé xap xi bac nhit § 1in cin a, bdi 4nh
xa affin T'. Khi d6

T(x) = f(a) + Df(a)(x —a)
goi 12 4nh xa ti€p xic véi f taia .
V& mit hinh hoc, tinh kha vi cda f tai a tuong duong vé6i su ton tai phing ti€p xic
v6i db thi tai (a, f(a)). Khi d6 db thi cia f
Gr={(z,y) e R"xR™:y = f(x),x €U},
c6 phing ti€p xtic 1a db thi clia 4nh xa ti€p xic T

T, = {(a,y) € R" x R : y = T(a) = f(a) + Df(a)(x — a),x € R"}.

Vita cé d((z, f(z));Ts) < d(f(z),T(z)) = o(||x — al|), khi z — a.
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y=fla) + Dfia)x - a)

y=fix)

Ménh dé.
(i) Néu f kha vi tai a thi dnh xa tuyén tinh D f(a) la duy nhdt.
(i1) Néu f khd vi tai a, thi né lién tuc tai do.

Chitng minh: N&u A, B 1a céc 4nh xa tuyén tinh thod Pinh nghia 1.1, khi dé

Lo IAG) = B

=0.
h=0 172l

TU tinh tuyén tinh, suy ra v6i moi = € R™\ 0, ta ¢6
||A(tz) — B(tz)||

|A@) - B@| _,

=0
] t—0 [[t]|

Vay A(z) = B(x),Vz € R", ie. A= B.
Néu f ¢6 dao ham Df(a), thi
lim (f(z) — f(a)) = lim (f(z) = f(a) — Df(a)(x — a)) + lim Df(a)(z —a) =0

r—a r—a r—a

Vay f lién tuc tai a. Il

Vi du.
a) Pao ham cda ham hing tai moi di€m 14 4nh xa tuyén tinh 0.
b) Pao ham clia 4nh xa tuyén tinh T tai moi di€m 1a chinh né, i.e. DT (a) =T, Va.

Bai tip: Tim vi du cdc ham s6 khong kha vi.

Nhan xét. (i) Trudng hgp ham 1 bi€n, d€ y 1a moi 4nh xa tuyén tinh R — R™, déu
c6 dang h— < A, h >, v6i A € R™ nao d6. Nhu vay trong trudng hgp nay dao ham
dudc dong nhit mdt cdch ty nhién vdi vector (hay ma tran cot) A € R™,

fa+h) - fla)

Trong trudng hgp nay, dao ham ham 1 bi€n dugc tinh bdi  f'(a) = fllirr%) 3
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(ii) Khong thé tinh dao ham bing gidi han néu trén trong trudng hgp s6 bién n > 1,
vi néi chung phép chia % véi y € R™, h € R", 1a khong dugc dinh nghia.

Theo quan di€m tinh todn: moi 4nh xa tuyén tinh R™ — R™ dugc ddng nhit
v6i mot ma tridn cAp m X n, khi ta c6 dinh co s§ trén R™ va R™. Vay khi st dung c&
s& chinh tic, ma trin Jf(a) biéu dién dao ham Df(a) dugc xdc dinh nhu th& nao ?
Trudc hét @& y ring véi vector th j, e; € R", trong cd s§ chinh tic (khi viét d6i
dang ma trdn cdt), theo phép nhan ma tran, ta c6

Jf(a)ej = cot tht j cla ma trin Jf(a).
Tu dinh nghia dao ham tai a, ta c6
Df(a)(te;) = fla+tej) — f(a) + o).
Ta c6 dinh nghia:

1.2 Pao ham riéng. Pao ham riéng theo bi€n thi j ciia ham f tai a , ky hiéu D; f(a)

of

hay %(a), 12 gidi han (néu ton tai)
j

of _ fla+tey) — f(a)
Djf(a) = 87]-(@) = lim " :
fooaz o OF Ko e » N
Nhu vdy d€ tinh —— tai a = (a1, ,ay) ta c6 dinh cdc bién xy = ag, v6i k # j, va
Lj
18y dao ham ham mot bién z; — f(ay, - ,zj, - ,ap) tai a;.

Téng quét hon, cho e € R® \ 0, ta dinh nghia dao ham theo huéng e cia ham f tai a,
12 gi6i han (n€u tdn tai)

D.f(a) = g(a) = lim Jlatte) = f(a).

~ de t—0 t

Nhin xét. Pao ham theo huéng ddnh gia do bi€n thién clia f theo hudng e tai a.
Vi du.

a) Cho f(z,y) = x¥. T cong thic tinh dao ham ham mot bi€n, ta c6

of y1 Of Y
5e (o) = v Se@y)=atlny (e, >0)

b) Cho f(z,y) = v/|zy|. Tinh theo dinh nghia, ta c6

Of oy i £(8.0) = f(0,0)
970 0) = fim t

of
=0, tudng tu 6_y<0’0) =0.

1.3 Ma tl'fln Jacobi. Cho f('rb e 7xn) = (fl(xlv o axn)7 T 7fm<mla o >$n))
Né&u f khd vi tai a € U, thi ma tran bi€u dién D f(a) trong cd s chinh tic goi 12 ma
tran Jacobi cia f tai a , ky hiéu Jf(a). TU cdc nhdn xét trén suy ra:
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< ofi
Ménh dé. Néu f khd vi tai a, thi né c¢é moi dao ham riéng 8—Z(a), (i=1,---,m;j=
Ly
1,---,m), va ma trdn Jacobi
dfi of1
B, (a) D, (a)
m m
. (a) Bz, (a)
Nhu vay Df(a): R® — R™ la 4nh xa tuyé&n tinh xdc dinh bdi
dxy dir
dx = : —dy = : = Jf(a)dz
dzxy, dym
Ta c6 cdch viét vi phan c8 dién:
df1 df1
dfi = —=—(a)d w4+ ——(a)d
fl al'l (CL) I + + axn (CL) Ln
0 0
dfn = ({ZL(CL)dJ:l +-+ 8];: (a)dxy,

Vi du.
a) Ham f: R?2 — R3, f(x,y) = (2% + 32,2 + y,ry) 1a khid vi tai moi (z,y) € R?,
va ma trdn Jacobi

2¢ 2y
Jf(wy)=| 1 1
Yy T

b) Xét ham f(z,y) = 2% + 2.

Ham c6 ham tiép xic tai (wo,y0) 12 T(z,y) = 23 + y3 + 2x0(x — 20) + 2y0(y — Yo)-
D4 thi ham 1a paraboloid cho bdi phuong trinh z = 2 + 32, trong R3.

Phuong trinh mit phing ti€p xic v6i dd thi tai (xo,yo,20) 12 d6 thi ham T

z — 20 = 2xo(x — T0) + 2y0(¥ — Yo)-
Pé y 1a phuong trinh trén c6 thé suy tir vi phan dz = 2xodx + 2yody.

1.4 Quan hé giita dao ham va dao ham riéng.
Néu f c6 dao ham tai a, thi f c6 dao ham riéng theo moi huéng tai a.
Né&u f c6 cdc dao ham riéng tai a, thi khéng thé suy ra f kha vi tai a.

0 0
Vi duy ham f(z,y) = /|zy|, c6 cdc dao ham riéng a—f(0,0) = 8_f(0’0) = 0. Nhung
£ Y
D£(0,0) khong ton tai. That vay, do f c¢6 cdc dao ham riéng, nén theo dinh nghia
va ménh d& trén, f kha vi tai (0,0) khi va chi khi

b1y = 10,0~ (5L0.0) 20,0)) ( ;

VTR

>‘ — 0, khi (h, k) — (0,0).
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|hE| . A s A .
e. ——— — 0, khi (h,k) — (0,0), di€u nay khdng cd.
Vh2 4 k?

Tuy nhién, n€u thém diéu kién, ta c6

N . 0
Ménh dé. Cho f: U — R™, U C R" md. Néu cdc dao ham riéng D i=
T

17... , M,

lién tuc trén U, thi f khd vi tai moi x € U.

Chitng minh: Chi cin ching minh cho m =1 (?). V6i h = (hy,--- ,hy) gin 0,
f(.%'+h> _f(x> :Z(f(x+vj) _f(x+?)j_1)), véi ’Uj = (hla"' 7hj707"' 7O>
j=1

V6i mdi j, dp dung dinh 1y gid tri trung binh cho ham 1 bi€n g,(h;) = f(z + vj), ta
co
of

flea4+v) — fle+vj—1) = %(Cj)hj, v6i cj =wvj_1 +0;hje;, 0<0; <1
J

Tur gid thi€t lién tuc cia cdc dao ham riéng tai = suy ra

.1 of .1 of of

lim —|f(x+h)— f(z) =) ——(x)h;] = lim — —(¢;) — =—(x))h;| =0,
h—0 Hh”‘ ( ) ( ) ; ax]( ) J‘ h—0 Hh”‘zj:(axj(J) 8953( )) ]’

i.e. ham f kha vi tai z. [l

2. CAC QUI TAC CO BAN - PINH LY PHAN GIA

Dya vao dinh nghia dao ham, bing phuong phdp chitng minh nhu trudng hgp mot
bi€n dé dang suy ra

2.1 Céc qui tic cd ban.
Téng : Néu f,qg khd vi tai x, thi f + g ciing khd vi tai x va

D(f +g)(z) = Df(x) + Dg(x)
Tich : Néu f,q khd vi tai x va m =1, thi fg khd vi tai x va

D(fg)(x) = Df(x)g(x) + f(x)Dg(x)

Thuong : Néu f, g khd vi tai x va g(x) # 0, thi I khd vi tai x va
g

_ Df(z)g(x) — f(x)Dy(x)

9 9(x)
Hop: Cho f:U —Vwvag:V — W, UV, W la cdc tdp md trong R", R™ RP
tuong vng. Néu f khd vi tai x, g khd vi tai y = f(z), thi go f khd vi tai x va

Dgo f(x) = Dg(f(x))Df ()
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Chitng minh: 0 day chi trinh bay chitng minh cdng thitc dao ham ham hgp.
Theo gia thi€t, ta c6  f(x + h) = f(z) + Df(x)h + ¢1(h), v6i p1(h) = o(||h])).

Tuong tw, g(f(x) + k) = g(f(x)) + Dg(f(x))k + @a(k), v6i @a(k) = o(|k]).
Suy ra

of(x+h) = g(f(z)+Df(x)h+i(h))

= g(f(z))+ Dg(f(ﬂlz))Df(x)h + Dg(f(2))p1(h) + @2(D f(x)h + 1(h))

Xét 2 hang ti¥ cudi ca ding thic trén. Tir bai tap I1.2.1 ta c¢6

1Dg(f(x))er(h)] < [[Dg(f(@)ll[le1(h)]| = o(l[]]),

l2(Df(@)h + @1(h)]| = oD f (@)[[[[A] + [l (W)]]) = o(lIAl])-
T d6 suy ra go f kha vi tai x va D(go f)(z) = D(g9(fz))Df(z). O

Qui tic diay chuyén: Trong thuc hanh cong thiic dao ham ham hdp tuong ng phép
nhan cdc ma trdn Jacobi
Jh(x) = Jg(f(x))]f(x)

Cu thé, néu ky hiéu

f(.%') = (fl(xlv T ,.’En), T ;fm(xh e 7'%'71))’

9W) = (g1 s ym)s oy, ym)),
va thay bién y = f(z), ta c6 ham hgp

h($) =go f(x) = (h1($17 T ,In), T ?hp(xlv T 7$n)),
thi phép nhin cdc ma tran trén la

Ohy O 91 99 onh . oA
83:1 oz, 8y1 OYm, 0z1 Oz,
oy Oy | | 0w O || Um0
Bacl 0xy, oy1 Y, o0xy o0z,

Suy ra qui tic sau

Oh;  9gi Ofi g 09; Ofnm dg;
9i 0fi | 09i0f2 09 Ofm Z 9i fk

o ~ o Ox;  Oyo Ox; Oym O « Oy, ox;

Vi du. Gid st f(z,y) 1a ham khd vi theo 2 bi€n z,y. N€u x = rcosyp, y = rsing,
dat h(r,p) = f(rcosep,rsinp). Khi d6
oh  of of oh _ of
ox

—— = 7-CoOsp+ —smp,

(—rsinp) + %r cos
or Ox oy Oy 7 7

dy

Gradient - Vector van téc. Cho f: R” — R khi vi. Khi d6 gradient cta f tai x,
dugc ky hi€u va dinh nghia 1a vector

of .

Vi@ = grad () = (7 (@
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VéiceR, tip M. = {x € R": f(x) = c} = f1(c) goi 12 mat mic (P& hinh dung
hiay vé& db thi f va cdc mit mic khi n = 2).

4 -2 0 2 4 ]
X

Cho 7 : (—1,1) — R™ khd vi. Khi d6 énh ctia v la mdt dudng cong tron trong R™
(hinh dung né md ta qily dao clia chuyén dong nio dé theo thdi gian ¢). Khi d6

g dy(®) (4 AL — ()
V(1) ==~ = dimg At '

Vi vay «/(t) dugc goi 1a vector véin téc ctia chuyén dong ~ tai thoi diém ¢. V& mit hinh
hoc, vector /(t) 1a vector chi phuong ti€p tuyén vdi dudng cong ~ tai y(t).
Néu v ndm trén mit méc M., i.e. y(t) € M, Vt, thi theo cdng thdc dao ham ham
hgp

(fo)(t) = f(v(t)V(t) =< grad f(+(1)),7'(t) >=0.

V& miit hinh hoc vector grad f(x) vudng géc v6i mit mic clia M, tai x.
Vay phuong trinh phing ti€p xic v6i M, tai a = (a1, - ,a,) la

< grad f(a),z —a>=0 hay Dif(a)(z1—a1)+ -+ Dpf(a)(x, —an) =

Nhén xét. Cho v € R™. Khi d6 f(a+tv) = f(a)+ < grad f(a),v >t + o(t).

Vay < grad f(a),v > quyé&t dinh sy bi€n thién cda f & 1an cin a theo hudng v.
Theo bi't ding thic Schwarz: | < grad f(a),v > | < || grad f(a)||||v]|, va ddu = x3y
ra khi va chi khi v = X grad f(a). Nhu vy hudng + grad f(a) chinh 14 huéng ma
ham f bi€n thién nhanh nhit (cing huéng thi ting nhanh nhat, ngugc hudng thi gidm
nhanh nhat). Vi viy, huéng gradient thudng dugc chon d€ tim cyc tri ham f.
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2.2 Ham Kkha vi lién tuc. Cho f : U — R™, U C R"™ m3. Ta néi f kha vi

. 0 .
lién tuc trén U hay f thudc 16p C*, néuu 8—f i1=1,---,n, lién tuc trén U.
Ty
No6i céch khac dnh xa Df : U — L(R™,R™) la énh xa lién tuc. (?)

2.3 Pinh Iy phan gia.

Trong 1y thuy&t ham mot bién ta c6

Pinh ly gia tri trung binh (Lagrange).Cho g : [a,b] — R lién tuc. Gid sit g khd vi
trén (a,b). Khi dé

g(b) —g(a) =¢'(c)(b—a), Vv6i ¢ naodé ma a<c<b.

Trudng hgp ham nhiéu bién, i.e. n > 1,m =1, ta c6 thé md rong dinh 1y trén:
Ménh dé. Cho f : U — R, U C R™ mé. Gid sit f khd vi trén U. Khi dé, néu doan
[,x + h] ={x+th,t € [0,1]} C U, thi

flx+h)— f(x)=Df(x+60h)h, v6i 0<6 <1.

Bai tap: Ap dung dinh 1y gid tri trung binh cho ham 1 bi€n ¢(t) = f(z 4 th) va cong
thitc dao ham hop, chiing minh ménh dé trén.

Trudng hgp 4nh xa, i.e. khi m > 1, khong thé c6 dang ding thic nhu dinh 1y trén.
N6i chung khéng thé tim dugc gid tri trung binh dé c6 dugc ding thic. Ching han,
ham f: R — R2?, f(x) = (2%, 23). Khi d6 phuong trinh sau 12 v6 nghiém

J() = F(0) = Df()(1-0) & (1,1)~(0,0) = (2¢,2¢?)

Bai tap: Cho f(z,y) = (e®cosy,esiny). Khi d6 ding thic cho dinh 1y gid tri trung
binh khong thé cé.

Tuy nhién ta c6 dang bit ding thifc clia dinh 1y gid tri trung binh cho trudng hgp tdng
quat:

Pinh 1y phan gia. Cho f : U — R™, la khd vi trén tdp mé U C R"™. Néu doan
[z,x + h] C U, thi

[f(@+h) = f(@)| < sup [|Df(z+th)||[A]l.

te(0,1]

Chitng minh: Trudc khi ching minh cAn nhic lai 12 & Chuong I, chuin cda dnh xa
tuyén tinh 7" dugc dinh nghia la

17 = Sup ITh[ vatacs |Th| <[T]Al-

P& ching minh dinh 1y, xét g(t) = f(x + th). Khi d6 ¢'(t) = Df(x + th)h.
Theo dinh 1y cd ban cta gidi tich (hay cong thic Newton-Liebniz), ta ¢

g(1) — g(0) = /01 g (t)dt = /01 Df(x + th)hdt,
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1 1 1
trong d6 / (P1(t), -+, dm(t))dt = (/ G1, ,/ ¢m). T d6 suy ra bat ddng thic
0 0 0
néu trén. O

Vidu. Néu f : U — R™ kha vi, U mé lién thong, va Df(x) = 0,Vz € U, thi
f = const .

Nhan xét. Néu f : U — R", U c R", la thuoc 16p C', va K la tdp compact
chita trong U, thi tdn tai L > 0 sao cho f thod diéu kién Lipschitz sau:

1f(2) = W)l < Lllz —yl, va,y € K.

Pic biét, néu 0 < L < 1,va f: K — K, thi f 13 4nh xa co trén K.

3. PAO HAM CAP CAO - CONG THUC TAYLOR

Nhin xét: Gid st f : U — R™ khd vi trén tip mé U C R™. Khi d6 ta ¢c6 4nh
xa dao ham Df : U — L(R",R™), trong d6 L(R",R") ky hi€éu khong gian
moi 4nh xa tuyé&n tinh R™ — R™, né ddng nhit v6i khong gian cdc m x n-ma tran,
va do vdy véi khong gian vector R™”. Vay c6 thé dinh nghia dao ham clia ham
Df tai a € U, va goi 1a dao ham cip 2. Pao ham cip 2 tai a sé& 1a 4nh xa tuyén
tinh R* — L(R™,R™) = R™". Tuong tu, c6 thé dinh nghia qui nap cho dao ham
cdp cao. Tuy nhién, dinh nghia nhu viy doi héi phdi “leo” 1én cdc khong gian:
L(R™",L(R™",R™)), L(R™, L(R™, L(R™,R™))),--- (!).

Ta s& dinh nghia dao ham c4p cao theo quan di€m tinh todn, d& ti€p cin hon.

! trén U. Khi d6
T;

3.1 Pao ham riéng caAp cao. Gii s ton tai dao ham riéng
P (a f

al‘j 01‘@
tai a . Ky hiéu

> (a), n€u tdn tai, goi 12 dao ham riéng c4p 2 ctia ham f theo bién thd (i, j),

2

81‘ 7 81‘1

DjDif(a) hay (a)

ok f
89% te 895“ (a)
Ta n6i f kha vi lién tuc cap k trén U hay f thudc 16p C* trén U , néuu f ¢6 moi dao
ham riéng cdp < k va ching lién tuc trén U.

Tuong tu, c6 thé dinh nghia dao ham riéng cap k

0? 0?
Bai tap: Ham f(x,y) = yz? cosy? ¢6 3 g :, 3 éf :
Yyox oy

0% f 0% f
Oxdy oyox’

i.e. ndi chung dao ham cdp cao khdong cé tinh

Vi du sau chi ra

doi xiing.
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) 22— 2
Xét f(x,y) = wyﬁzg néu (z,y) # (0,0), f(0,0) = 0.
0% f 0% f
Khi d6 =1, con —— =—-1(
i dé 8y6x(0’0) , con Gmay(o’o) (?)

Tuy nhién ta cé

Ménh dé (tinh d6i xtng ctia dao ham cip cao). Néu f cé cdc dao ham riéng cdp 2
lién tuc tai x (ddc biét khi f thudc 16p C?), thi
0’ f 0’ f
xT) = x), Vi, J.
(%czax]( ) 895]8:(:1( )7 »J
Két giia c6 thé suy rong cho f € C* doi vdi cdc dao ham riéng cdp < k.

Chitng minh: Mot chitng minh don gidn 1a dya vao cong thifc Fubini ma ta s& dé
cip & chuong tich phan. (bai tdp Chudng IV). O diy chitng minh dya vao sai phan.
Chi cin 1ap luan cho ham 2 bi€n. Xét

Shk = fx+hy+k) = fle+hy) - fle,y+k)+ flzy)

bit gi(u) = f(u,y + k) — f(u,y). Khi d6 theo dinh 1y gia trji trung binh ta c6

Shr = gr(x+h)—gi(xz) =g.(c)h, v6ice (x,xz+h)
of of
(gg(cﬁﬁ‘k‘) - %(C,y))h
_ %gx(c,d)hk, véid e (y,y+ k).

Hodn vi hai s6 hang gitta cia Sy, ;. it g,(v) = f(z+h,v) — f(z,v). Lap ludn tuong
tu, ta co

82
Sh.k /

, :8x8y(0/’dl>kh’ v6i ¢ € (x,x+h),d € (y,y+k).

Tu tinh lién tuc cia dao ham cdp 2, qua gi6i han h,k — 0 cla Sp, ta c6 k€t qla
cAn tim. U

3.2 Cong thdc Taylor.
Nhic lai cong thitc Taylor cho ham 1 bién.
Cho g : (a,b) — R € C*. Khi dé néu z,x + h € (a,b), thi tén tai 6 € (0, 1), sao cho

1 1 1 1
g(x+h) = g(@)+ =g (@)h+g" (@)h* +- - 4 g "D (@) = gF (wOR)R".
1! 2! (k—1)! k!
C6 thé chuyén cong thic trén cho ham nhiéu bi€n f : R™ — R, biing cich dua vé
xét ham mot bi€n ¢(t) = f(z +th), te€|0,1].
P& thuin tién cho viéc phét biéu cong thic, trude hét ta da vao cdc ky hiéu.

0 0

v:(pl,...,pn):(%,...,%

).
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N&Eu h=(hy, -, hy), dit

0 0
hYN =hi—+ -+ hy—

ox T 890”’
n 8k
(hV)F = i, - - hjy =———————.

Ta xem cic ky hiéu trén nhu 12 cdc “todn ti”, khi tic dong vao ham f thi bi€u thic
hinh thitc s& c6 mot ndi dung rdé rang, ching han

of | of
hV)f =h o By
(V) =g+ + gy
Téng quat
(V) f= O O b, dathie thudn nhit bac K theo h h
- 59% 8:6% i1 i d 1, PRAZYN

Vi ciac ky hi€u néu trén ta cé
Pinh Iy. Cho f : U — R la ham 16p C* trén tdp mé U C R". Khi dé vé moi
doan [x,z + h] C U, tén tai 0 € (0,1), sao cho

1

flx+h)=f(x)+hVf(x)+ -+ (= 1)!

(V) $(0) + 1 (b9 + 01)

Chitng minh: Chi 1a viéc 4p dung cong thic Taylor cho ham 1 bién g¢(t) = f(x + th),
véi chid y 12 theo cong thiic dao ham hgp dé qui nap

g® (1) = (WW)* f (2 + th). O

Nhén xét: Cong thitc Taylor cho phép xap xi ham kha vi I6p C* f tai 1an cdn mdi
diém z bdi da thie Taylor bac k tai x:

Ty (h) = f(x) +hV f(z) + - ,<hV> f(=),

k:

v6i phan du
Ri(z,h) = ]i' ((h9)* £+ 6h) — (W) f(@)) . 0 <8<,
Tacé |f(x+ h)—TF(h)| = |Re(z,h)| = o(||n]|*), do f e CF.

Chii ¥: N&u f € C, thi ta c6 chudi Taylor ctia f tai 2, 12 chudi liiy thira

o

=25

k=0

(x — ) )kf(:co).

R“H
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o0
N6i chung T'f(z) khong hoi tu, ching han f(z) = Z ek cos k2.
k=0

Hon nita, ngay cé trong trudng hgp T'f(z) hoi tu khong chic ta ¢6 T'f(z) = f(x).
2 _a

Chang han f(z) =e 22.

Trong trudng hgp chudi Taylor ctia f hoi tu vé chinh ham f, ta néi f gidi tich tai z.

Ching han, ham s6 f thda |f¥)(2)| < M*, Va € (a,b), Vk € N, 1a gidi tich trén (a, b).

33 Ij'ng dung vao bai toan cyc tri. Cho f: U — R, U C R" md.

Ham f goi la dat cue dai tai a € U né€uu f(a) > f(z) v6i moi z & 1an cin a.

Ham f goi 12 dat cyc ti€u tai a € U n€uu f(a) < f(x) v6i moi x & 1an can a.

Ham f goi la dat cwe tri tai @ néuu f dat cuc ti€u hay cuc dai tai do.

N&u f khé vi, thi @ goi 1a di€ém ditng hay diém téi han ctia f n€uu Df(a) = 0.

Chi y: Hay phan biét max, min (c6 tinh toian cuc) va cyc tiéu, cuc dai (cé tinh dia
phuong).

Phin nay ta 4p dung cong thifc Taylor d€ xét cuc tri dia phuong ctia f.

Diéu kién can. Gid f khd vi trén U. Néu f dat cuc tri tai a € U, thi Df(a) =0, i.e.
tdp cdc diém cuc tri chita trong tdp cdc diém dirng.

Chitng minh: Vi mdi @ ham 1 bié€n g;(t) = f(a + te;) dat cyc tri tai t = 0.

Suy ra g}(0) = gj (a) =0. Viy Df(a) =0. O

Nhdn xét: (i) Diéu kién trén chi 13 diéu kién cAn. Ching han, him cé diém udn
f(x) = 23 hay ham c6 diém yén ngua f(z,y) = 22 — 2.

(ii) Trong trudng hgp 1 bién d€ xem di€m dirng c¢6 phai 12 cuc tri hay khong, ta c6
thé€ xét chiéu bi€n thién cia f thong qua diu cda f’. Ngoai ra, khi f c6 dao ham cip
2, né€u f’(a) > 0, thi f dat cuc tiéu tai a; con néu f”(a) < 0, thi ham dat cuc dai tai
do.

(iii) P6i v6i f 1a dang toan phuong 2 bién, ta c6 cdc dang chinh tic:

2 2 2 2 2 2 2 2
‘T+y,*£ﬂ 7y’:l:7yaxa7x’0°

Hai dang ddu (0,0) 1a cyc tri (di€m loai Parabol). Dang thd ba (0,0) khong 1a cuyc tri
(di€m loai Hyperbol hay diém yén ngya). Cic dang con lai suy bién.

Pé xem di€m dirng c6 1a cuc tri khong trong trudng hgp tdng quét, ta cAn phin bic
hai ctia khai trién Taylor.

Hess. N&u f thudc 16p C2, thi Hess ctia f tai a , ky hiéu Hf(a), 12 dang toan
phuong (sinh tf dao ham cap 2):

n 2
R">hw— Hf(a)(h) = (hV)2f(a) = Z gl‘fa(zhlh] € R.
i,j=1 ¢

T cong thic Taylor suy ra
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Diéu kién dd. Gid sit f thuoc 16p C? va Df(a) = 0. Khi do

Néu H f(a) xdc dinh duong, i.e Hf(a)(h) > 0,Yh € R"\ 0, thi f dat cuc tiéu tai a.
Néu H f(a) xdc dinh dm, i.e. Hf(a)(h) <0,Vh € R"\ O, thi f dat cuc dai tai a.
Néu H f(a) khong xdc dinh ddu, thi f khéng dat cuc tri tai a.

Chitng minh: Theo cong thic Taylor, ta c6
1
fla+h) = f(a)+ Df(a)h+ S Hf(a)(h) + o[|]*)

Do Df(a) = 0, néu Hf(a) > 0, thi ton tai m = min Hf(a)(h) > 0. Suy ra
Hf(a)(h) > m]|h||?,Vh € R". Vay f dat cuc tiéu tai a.
Céac trudng hgp khdc chiing minh tuong tu. O

Theo gido trinh Pai s¢ tuyén tinh, ta c6 phuong phidp Lagrange dé dwa mot dang
toan phudng vé dang chinh tic. Tir d6 (dwya vao chi s& qudn tinh) suy ra tinh x4dc dinh
d4u cda dang toan phuong. Ngoai ra, ta con cé tiéu chuin sau

n
Tiéu chudn Sylvester. Cho dang toan phuong H(h) = Z aijhihj, heR".
i,j=1
Xét ddu cdc dinh thicc chinh Dy, = det(aij)1<i j<i. Khi do
(i) H xdc dinh duong khi va chi khi D1 > 0,Do > 0,---, D, > 0.
(ii) H xdc dinh am khi va chi khi D1 <0,D9 > 0,---,(=1)"D,, > 0.

Vidu. Xétcyc tri ham f(z,y) = 2% + y3 — 3zy.
Pi€m tdi han clia f 12 nghiém hé phuong trinh

Of 0o o Of o9 o _
83@_3:6 Jy =0, 8y_3y 3z = 0.
Suy ra cdc nghiém: (0,0) hay (1,1).
Ma trin Hess cla f
0’f  0°f
_ o2 oxdy [ 6x =3
SR T ) ‘(—3 6y
oyoxr  Oy?

Tai (0,0): Dy = —9 < 0, i.e Hf(0,0) khong xdc dinh ddu. Vay (0,0) khong 12 cuc
tri.
Tai (1,1): D1 =6 >0, Dy =27 > 0,i.e. Hf(1,1) > 0. Vay f dat cuc tiéu tai (1,1).

Nhan xét: N&u Hess suy bi€n, dya vao cong thitc Taylor cin xét dé€n dao ham
cdp cao hon.
Bai tip: tim diéu kién tdng quét cho bai todn cuc tri d6i v6i ham 1 bi€n kh3 vi.
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4. PINH LY HAM NGUGC - PINH LY HAM AN

Cho f : U — R™. Né&u f kha vi lién tuc, thi theo dinh nghia dao ham (va tinh
lién tuc clia nd), c6 thé dodn nhin 1a tinh chit dia phuong clia f tai a, i.e. tinh chat
clia f & 1an can a, dugc xdc dinh bdi 4nh xa tuyé&n tinh D f(a). Cu thé:

(i) N€u Df(a) la don dnh, thi f don 4nh trén mdt 1an cdn cla a.

(ii) N&u D f(a) 1a toan dnh, thi f 4nh xa mot 14n cdn cla a 1én mot 1an cin cia f(a).
(iii)) N€u D f(a) 1a song dnh, thi f song dnh tr mdt 1an cin clia a 1én mot 1an cdn cla
f(a).

Céc dodn nhin trén dugc khing dinh qua dinh 1y rit quan trong sau.

4.1 Anh xa ngugc dia phuong.
Nhdn xét : Xét hé phuong trinh tuyén tinh: Az =y, A € Mat(n,n).
Theo dinh 1y Cramer, néu det A # 0, thi A kh3 nghich va ta c6 thé gidi z = A~ 1y.

C6 thé néi gi vé hé phuong trinh phi tuyén ? C6 thé gidi =y, -, x, tir hé
fi(@y,-an) = m
fn(mla"' 7xn) = Yn,

theo bi€n y1,- -, yn ?

Can chi y thém trong trudng hop ham s& 1 bién s6 f : R — R, néu f khd vi
lién tuc va f’(a) # 0, thi ton tai ham ngudc f~! tai 1an cin a, hon nita f~! cling

2%

thudc 16p C'. V6i cdc nhdn xét trén va 4nh xa kha vi dudc “xap xi” bdi dao ham ta c6

Pinh Iy ham nguge. Cho f : U — R" U C R™ mé. Gid sit f thujc lop C*
(k> 1), va tai a € U, det Jf(a) # 0. Khi dé ton tai lan can V cia a, W cud f(a),
sao cho f :V — W ¢6 dnh xa ngugc f~': W — V. Hon nita, f~' thuoc l6p C* va

Dfy) = (Df(x))™", y=flx),zeV.

Chitng minh: Trudc hét ta c6 cdc nhan xét
Nhén xét 1: Bing phép tinh ti€n va bién d6i tuyén tinh kha nghich Df(a)~!, ta dua
viéc chitng minh dinh 1y vé trudng hdp a = f(a) = 0 va Df(0) = I,, (4nh xa dong
nhat trén R™). (?)
Nhdn xét 2: D€ xay dung dnh xa ngudc dia phuong cAn gidi x theo y tif phudng trinh
y = f(z) tai 1an can 0. V6i moi y € R" xét ham g, (z) =y + 2 — f(z). N&u gy, &
1an can 0, 1a 4nh xa co thi tdn tai duy nhit z sao cho g,(z) = =z, i.e. phudng trinh
f(x) =y c6 thé gidi x theo y.

T cdc nhian xét trén ta ti€n hanh chitng minh dinh 1y theo cdc budc sau (v6i gid
thi€t cia nhan xét 1)
Buéc 1: Ding nguyén Iy dnh xa co dé xdy dung dnh xa ngugc dia phiong.
Xét g(x) = x — f(x). Ta cé6 Dg(0) = 0. Do g € C*, 4p dung dinh 1y gid tri trung
binh ta ¢6 r > 0 di bé sao cho

1 —
lg(z) = ga)| < Fllz = 2'll, @,2" € B(O,7).
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Suy ra véi ||y|| <r/2, g, : B(0,r) — B(0,r), va thod

1
lgy() = gy (@I < 5 llw = 2.

Theo nguyén ly dnh xa co, ton tai duy nhit = € B(0,7) 1a diém bat dong ctia g,, i.e.
f c6 dnh xa ngugc dia phuong f~': B(0,r/2) — B(0,r).

Buéc 2: Chitng minh = lién tuc.

Cho y,y’ € B(0,7/2). Khi @6 z = f~(y),2’ = f~'(y/) € B(0,r). Theo dinh nghia
clia g ta ¢6

lz = 2" < If () = F@)I + llg(2) — 9@ < [1f(z) = f(2)] + %Hﬂﬁ — ||

Suyra |[f~'(y) = fH W) < 2lly — ¢/l Vay ! lién we.

Bude 3: Néu r > 0 di bé, thi f~1 € CF.

Do tinh lién tuc cia det, f € C*, va det Df(a) # 0; suy ra v6i r > 0 di bé, ton tai
(Df(x))~t, Vo € B(0,r).

Véiy = f(x),y = f(2), z,2" € B(0,r), ta c6

1F7 ) = ) — Df @)y =yl = llz—2" = (Df(@)) " (Df (@) (z — 2")+
+o(|lz — 2|l = [(Df ()" (ol — 2Nl = o(lly —y'l) (do busc 2).

Vay Df~Hy) = (Df(x))™, véiy = f(2).
Cuy thé hon Jf~1(y) = dot 77y i@

trong d6 A;;(x) 1a phan phy dai s6 cud Jf(z) = tdng céc tich cdc dao ham riéng cud
f tai z. Do vdy cdc phdn ti clia ma tran Jf~' 1a cdc ham thudc 16p C*~1. vay f~!
thudc 16p C*. O

Vi phoi. Mot dnh xa f : U — V goi 1a mdt vi phdi 16p C* hay 12 mdt phép
bién ddi 16p C* néuu f 1a song dnh va f, f~' 1a thudc 16p CF.

Anh xa f goi 12 vi phéi dia phuong tai « n€uu f 1a mot vi phoi tit mot 1an cdn cia a
1én mot 1an cdn cha f(a).

Vi du. Xét phuong trinh u(z,y) = e®cosy, v(x,y) = e“siny. Khi d6 c6 thé
gidi x,y theo u,v mot cidch dia phuong vi

efcosy —e¥siny

det J(u, v) = e*siny e®cosy

=¥ £0.

Chu y:

(i) Pinh 1y trén chi khing dinh tinh khd nghich dia phuong. Ching han vi du trén cho
thdy f: R? — R2, f(x,y) = (u(z,y),v(z,y)) 1a khd nghich dia phuong tai mdi (z,y)
nhung khéng khd nghich (toan cuc), i.e. vi phoi dia phuong ma khong phdi 1a vi phdi
(toan cuc), du det Jf(z,y) # 0,¥(z,y) € R?. (Hiy kiém tra)

(ii) Pinh 1y trén chi cho diéu kién can dé 4nh xa 1a kha nghich dia phuong. Chﬁng
han, ham f: R — R, f(z) = 23, ¢6 ham ngudc f~'(y) = ¢y, nhng f'(0) = 0.
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42 Hé qia. Cho f : U — R™, U C R" la tgp mé. Gid sit f thujc ldp C! va
a € U. Khi do
(i) Néun <mva Df(a) la don dnh, i.e. rankD f(a) = n, thi tén tai mét vi phéi dia
phuong g tir lan cdn ciia f(a) lén ldn cdn 0 trong R™, sao cho

gof(l’l,"' >$n) = (xla"' axnaoa"' 70) (phép nhLing)
(i) Néun > m va Df(a) la toan dnh, i.e. rankD f(a) = m, thi ton tai mét vi phoi

dia phuong h tw ldn cdn cia 0 [én ldn cdn a trong R™, sao cho

foh(x1, - ,xn) = (21, ,2m) (phép chiéu)

Chitng minh: (i) Gia st D f(a) l1a don 4nh. Bing phép hodn vi toa do, c6 thé gia thiét
Jf(a) c6 n dong dau doc lap tuyén tinh. Xét dnh xa

(I):UXRm_nHRma(I)(xaynJrl?"' ,ym):f($)+(0, aoayn+17"' aym)

Khi d6 d& kiém tra ® € C' vd J®(a,0) khd nghich. Theo dinh Iy trén ® 1a vi phoi
dia phuong tai (a,0). Ta c6 f(z) = ®(x,0). Vay g = &~ thda (i).

(ii) Gid st Df(a) la toan dnh. C6 thé gid thi€t Jf(a) c6 m cot ddu doc lap tuyén
tinh. Xét anh xa

U:U—->R"xR"™ V()= (f(z) = f(a),Tmt1 — QGmt1, ", Tn — an).

Khi d6 dé kiém tra U € C! va JU(a) khd nghich. Theo dinh Iy trén ¥ 1a vi phoi dia
phuong tai a. T cdch xay dung W, ta c6 f(x) = pro (¥(x) — f(a)), v6i pr 1a phép
chi€u xudng m toa do dau. Vay h = (¥ — f(a))~! thda (ii) O

4.3 Ham 4n. Khi xét ham 4n, i.e. phuong trinh F(x,y) = 0, ta cAn xdc dinh khi
nao y c6 thé gidi theo z, y = g(z), va tinh kha vi cla g ?
Bai tap: Xét cu thé F(x,y) = 2% + 3% — 1 = 0. Ching minh:

. x . OF
C6 thé gidi y = g(x) tai 1dn cdn mo6i z = a € (—1,1) va dé y khi d6 e # 0 (gradF’
Y

khong song song véi Ox).
Khong thé gidi y theo z tai moi lan cin a = +1.
Nhén xét:  Tru6c hét xét hé phuong trinh tuyén tinh:

apnry  +-- tawrT,  +buyr 4+ +Hboimym = 0
Am1T1 +-°  Fomnn +bmly1 + - +bmnym =0

biat A= (aij)mxn, B = (bij)mxm-. Khi d6, n€u det B # 0, thi ¢6 thé gidi y theo x:
y=—B"1Ax.
DP6i véi hé phuong trinh phi tuyén

Fi(z,y) = 0
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trong d6 x € R", y € R™. Khi nao c6 thé gidi y theo = ?
Lai dya vao y nghia ctia dao ham va dinh 1y d4nh xa ngugc ta cé

Pinh Iy ham 4n. Cho F: A — R™, AC R" x R™ la tdp md, (a,b) € A.
Gid sit F thuéc lop CF (k> 1), F(a,b) =0, va dinh thitc dao ham F theo bién y

?(a, b) —gF L(a,b)
.. 1 Ym
D(Fly ’Fm)(G/?b):detaF(a,b): 3&0
D(y1,--  Ym) dy 8Fm( b 8Fm( )
—\a, a,
o OYm

Khi dé tén tai lan can U C R" ciia a, V C R™ ciia b, va dnh xa duy nhdt g : U — V.
thudc l6p C*, sao cho phuong trinh

F(z,y) =0, (z,y) eU XV <= y=g(x), ze€lUyecV.

Hon nita, ta co
oF F
(6_y> 8_ z,9(2)), v € U.

Chwng minh: Pit f(x,y) = (z, F(x,y)), rdi 4p dung dinh 1y 4nh xa ngugc. Suy ra
ton tai f~Y(z,2) = (x,G(x,2)), (z,2) thudc l1an can (a,0).

Khi d6 ham g¢(z) = G(z,0) thod k&t luan cta dinh Iy.

Cong thitc dao ham suy tir cong thifc dao ham hop. (Céc chi ti€t xem nh bai tip) O

Nhin xét: D€ tinh dao hAm ham 4n, thudng ta khong diing phép nhian ma trin trén,
ma tinh tryc ti€p nhu sau. Tt F(x, g(z)) = 0,2 € U, 4p dung qui tic diy chuyén suy
ra dao ham ham &n Dg, tir hé phuong trinh:

OF; N n OF; dgy:
Ox; = Oyi O;

Ta ciing c6 thé dung cong thifc vi phan cd dién d€ tinh Dg. Ching han, véi m = 1,
. OF . .
néu —(a,b) # 0, thi y = g(z1, - ,zy,) tai ldn can (a,b). Khi thay y = g(z), ta c6

dy
F(xi, - ,2n,y) =0,2 € U, suy ra
oF OF OF
81x1+ —I-axna:—l—ayy
oF oF oF
By 9 (8 T1+ - +8xn x )
F ,
suy ra cdc dao ham riéng 885] = _788]!/883;’ j=1,---,n.

Vi du. Cé4c vi du sau yéu cdu chi ti€t héa
a) Xét hé phuong trinh

3

v +  y? = 0
o 4+ b = 0
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Theo dinh Iy ham &n, c6 thé gidi u,vtheo z,y lancanz =1,y = —1,u=1,v = —1.
Con G lan cdn x =0,y = 1,u = 0,v = 0 thi sao?

ou . . . A .
Tinh e taix =1,y =—1,va tai x =0,y = 1 (n€u ton tai).
x

b) Khi nao thi tif phuong trinh f(x,y) = 22 +y?> — 1 =0, ¢6 thé gidi y = g(x). Tinh
dao ham g dya vao cong thitc vi phian cd dién.

Chd y: RO rang 1a tir phuong trinh F(z,y) = 2% — 9% = 0, c¢6 thé gidi duy nhat

OF . . A a
y = x, nhung a—(O, 0) = 0 : diéu kién trong dinh 1y ham an chi 1a di€u can.
Yy
Ung dung. Xét da thitc bic n, phu thudc tham s6 u = (ug, -+ yUp—1):
Pu(z) = 2" 4+ up_ 12" 1 4 - Fugz 4 ug

Gid st khi u = a, o 12 nghiém don cia P,, i.e. P,(x¢) =0, P,(x0) # 0.

Khi d6, theo dinh Iy ham 4n, tdn tai 1dn cAn U cda a va V clia x, sao cho

v6i moi u € U, tdn tai duy nhdt nghiém z(u) € V cla P,(x) = 0.

Vay cdc nghiém don clia da thitc vé mit dia phuong 12 cdc ham 16p C™ clia tham s6.
Cu thé, xét phuong trinh bac 3: x3 +px + ¢ = 0, véi p, ¢ la tham s.

Khi xét s6 nghiém va nghiém don da d&n biét thiic A = 4p3 4 2742

Trén mién A > 0: ¢6 1 nghién don z.(p, q).

Trén mién A < 0: ¢6 3 nghién don x_(p,q) < 2o(p, q) < z+(p, q).

Trén nhanh A =0,q > 0: ¢6 1 nghién don z_(p,q) < 0 va 1 nghiém kép zo4(p, q).
Trén nhdanh A =0,q < 0: ¢6 1 nghién kép zo_(p,q) < 0 va 1 nghi€ém don z; > 0.
Tai goc (p,q) = (0,0): c6 1 nghiém bdi ba = = 0.

Hon nifa, x, 12 ham 16p C*° trén mién dau, x_,x¢, 24 12 cdc ham 16p C trén mién
th nhi.

Nhdn xét: Dinh Iy ham 4n va ham ngudc thudc loai dinh 1y tdn tai. Ta cé thé
diing phuong phdp dnh xa co trong chitng minh d€ xay dung diy ham hdi tu vé ham
cAn tim.



V. Tich phan Riemann

1. TICH PHAN

Xuédt phdp tir bai todn tryc quan vé viéc tinh dién tich hinh phing gi6i han bdi
dd thi hAm duong trén mot doan, ta xay dung khdi niém tich phan Riemann sau.

sup fl....|....| ...
S

Y

a S b

1.1 Tich phan trén hinh hp.

Mot hinh hop trong R™ 1a tdp con dang A = [a1, b1] X - - [an, by].

Thé tich hinh hop A 1a gid tri v(A) = (b1 —a1) - (bn — an).

Mot phan hoach P cida hinh hop A 1a viéc chia cdc doan [a;, b;],7 = 1,--- ,n, bdi cdc
di€ém a; = cip < cj1 < -+ < Cim,; = bj, 11 1dp myms - - - my, hinh hop con cud A:

S — [Clil’cli1+1] X X [Cnin,cnin+1]-

Khi d6, lam dung ky hiéu, ta thuong viét S € P.
Bay gio gid st f: A — R 12 ham gidi n6i, P 12 mdt phan hoach A. Ta dinh nghia

Téong Darboux duwéi: L(f,P) = Z inf f(x) v(S)

sep z€S
Téng Darboux trén: U(f, P) = Z sup f(x) v(S)
ScpP zeS

Nhdn xét: Ro rang L(f, P) < U(f, P). Hon nita, n€u P’ 12 phan hoach min hen P,
i.e. moi diém chia cda P’ déu la di€m chia ctia P, thi moi hop clia P’ déu chia trong
hop nao d6 cia P, nén ta c6

L(f, P) < L(f,P) va U(f,P) <U(f,P).
vay L(f) = sup L(f, P) < inf U(f, P) = I(f)

DPinh nghia. f goi la kha tich (Riemann) trén A , n&uu I(f) = I(f).
Khi @6 gia tri trén goi 1a tich phan cha f trén A, va ky hiéu:

b1 bn
[ £ by [ f@ade may [ [T v)de - da
A A al a

n
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TUu dinh nghia suy ra

1.2 Tiéu chuén Riemann. Cdc diéu sau twong duong:
(i) Ham f khd tich trén A.
(ii) Vdi moi € > 0, ton tai phdn hoach P tdp A, sao cho U(f,P)— L(f,P) <¢

Vi du.
a) Néu f = ¢ (const), thi U(f, P) = L(f, P) = cv(A), v6i moi phan hoach P.

Vay f kha tich trén A va / f=cu(A).
b) Ham Dirichlet

Dla) = 0 néu x hitu ti
)1 néu = vd t

la khong kha tich Riemann trén [0, 1], vi v6i moi phin hoach P
L(D,P)=0, U(D,P)=1

Bay gid ta lién hé viéc xdy dung tich phan vdi tdng Riemann.
Cho P 1a phan hoach hinh hop A va ho cdc diém &p = (€5, S € P) vé6i £g € S.
Pinh nghia

Téng Riemann: S(f, P,{p) = Z fl&s) v
. SG,P
Ky hiéu |P| la chi€u dai 16n nhat cia cdc canh hinh hop con S € P.

Bai tip: md td hinh hoc gid tri tdng trén, tdng dudi, tdng Riemann clia ham mot
va hai bi€n duong (Bii todn tinh dién tich va thé tich)

1.3 Tiéu chuidn Darboux. Cho f : A — R la ham gidi ndi trén hinh hop A C R™
Khi dé cdc diéu sau tuong duong
(i) Ham f khd tich trén A va / f=1I.
A
(ii) hm S(f,P &p) = I, Vép, theo nghia sau: véi moi € > 0, tén tai 6 > 0, sao cho

vdi m_oz phan hoach P ciia A ma |P| <9, ta cé

‘S(f7P7§P>_I‘<€ ng

Chitng minh: Trudc hét ta co:

B& dé. Cho Py la phdn hoach A. Khi dé véi moi € > 0, tén tai § > 0, sao cho néu
P la phdan hoach A ma |P| < 6, thi tong thé tich cdc hdp ciia P ma khong chita trong
moi hinh hop ciia P la < e.

Ta chitng minh bd dé trén qui nap theo n.

Khi n = 1, A = [a,b]. Gia st Py c6 N diém chia. Chon § = ¢/N. Goi P 1a phan
hoach ma :
1a < (s6 cuc dai cdc doan nhu viy) x(chiéu dai cuc dai mdi doan) < N x § = e.
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Khi n > 1, goi cdc hop cda Pyla Vi, -, Vj. Goi T la téng “dién tich” cdc mit giita
2 hop ké nhau. Chon § = ¢/T. Cho P la phan hoach A ma |P| < §. Khi d6 néu
ScPmiaS¢gV,i=1---,k thi S giao véi cdc mit clia mot sd hop thudc Py. D&
thay v(S) < 6D, véi D la téng dién tich cdc mit (cGa cdc hop Vi,---, Vi) giao véi
S. Vay

Z v(S) < T =€
SeP,S¢V; Vi
Ching minh (i) = (ii): Gia st |f(z)| < M,Vx € A. Theo tiéu chudn Riemann, ton
tai phan hoach Py sao cho

U(f,Po)—1<¢/2 , T—L(f Py <e/2

Ap dung b3 dé, v6i € := ¢/2M, ton tai § > 0 thda két luan b3 dé. Cho P la phin
hoach ma |P| < J. Goi P; 1a cdc hop cia P ma chita trong mot hdp nao d6 cia Py.
con P, 1a cdc hop cia P ma khdéng chita trong hop nao cia Py. Khi d6 v6i moi ho
diém ¢p, ta co

> f(&s) v(S) > fEs) v(S)+ D f&s) v(S)
SepP SepP; Sep,
< U(f,P) + Me/M < I+e¢

IN

Léap ludn tuong ty ta c6

Y f(&s) v(S) > L(f,Po) —€/2 > I —e

SepP
Vay |S(f, P.ép) — 1] < e
Chitng minh (ii) = (i): V6i € > 0. Goi § > 0 va P thda (ii). Goi N la s& hop ctia P.
V6i mdi S € P, chon {5 € St |f(€s) —supg f] < €/v(S)N. Khi d6

U(f, P) = I <|U(f,P) = D f&s)v(S)+1 > f(&s)v(S)i]

SepP SepP

Do t3ng thit nhat & v& phdi < > ev(S)/v(S)N =€, suy ra U(f,P)—I| < 2e.

Sep
Lap luan tuong tu |L(f,P) — I| < 2¢. Suy ra |U(f,P) — L(f, P)| < 4e. Theo tiéu
chudn Riemann f kha tich trén A. d

Vidu. Cho f: A= [a1,b1] X [an, bn] — R 12 ham kha tich.

Goi Py la phan hoach déu cdc doan [a;,b;],i = 1,---,n, bdi N + 1 diém chia:
]’C b - . 2 .
Cik = a; + %, k=20,---,N. Theo tiéu chuan trén, khi N — oo, ta cé
(b1 —a1)--- (b — an) i
f(clkla" : 7cnk") — / f
N ki k=1 A

Vay c6 thé tinh gin ding tich phan bdi tdng Riemann néu trén ( céng thitc hinh chif
nhat).



62

! 1 Xk 1 N(N+1) 1
rdr = lim — — = lim — .
2y

hing h S
Ching a-‘"/ Now N2 2 2

0 N—oco N

1.4 Tap do dugc Jordan. Cho C C R™ la tdp gi6i ndéi. Ham dic trung cia C
dinh nghia béi
1 néu zeC
xo(x) =

0 néu z2¢C

Goi A 1a hop chita C. Khi d6 C goi 1a do duge (Jordan) né€uu Y khé tich trén A va
goi thé tich cia C' 12

o(C) = /AXC'

Chi y 1a dinh nghia trén khong phu thudc hép A chda C.

Tir “thé tich” dudc thay bdi tir “dd dai”, “dién tich” khi n = 1,n = 2 tuong Gng.

V& mit hinh hoc U(xc, P) 1a tdng thé tich cdc hop thudc P c6 giao v6i C (thé tich
ngoai); con L(xc, P) 1a tdng thé tich cdc hop thudc P chia trong C (thé tich trong).

Bai tdp: Goi C' la hinh giGi han bdi dudng cong va A 1a hinh chit nhit cho &
hinh trén. Phin hoach A thanh cdc hinh chit nhat bing nhau. Tim mdi quan hé
gitta tong trén, tdng dudi va s6 hinh chit nhit c¢6 giao véi C hay nim tron trong C.
Tir d6 suy ra cdch tinh gin ding dién tich mot hinh trén mit phing hay trén man hinh.

1.5 Tich phén trén tap giéi néi. Cho C' C R" la tap gi6i ndi, do dudc, va f: A - R
1a ham gi6i ndi trén hinh hop A chida C. Khi d6 f goi 1a kha tich trén C néuu fy¢
kha tich trén A va dinh nghia tich phan cia f trén C

L= ] ixe

Ky hiéu R(C) tdp moi ham kha tich Riemann trén C.
2. LGP HAM KHA TiCH RIEMANN

L&p cdc ham kha tich Riemann dugc hoan toan xdc dinh dya trén khdi niém sau
(dugc Lebesgue da ra vao khodng 1890).

2.1 P9 do khong. Tap B C R™ goi 1a ¢6 dp do khong, ky hi€u u(B) = 0 hay
tn(B) = 0, n€uu véi moi € > 0 tdn tai hitu han hay d€m dugc cdc hinh hop Sq, 52, - -
pht B, i.e. B C U;S;, va >, v(S5;) < e.
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Vidu. Tap N C R 1a c6 d6 do khong (?). Pudng thing R khi xem nhu tip con
ctia R? 1a ¢6 @6 do khong. (?)

Bai tdp: Ching minh néu u(B) = 0 va f : B — R™ thod diéu kién Lipschitz, thi
u(f(B)) =0.

Ménh dé. Néu p(B;) =0, i =1,2,---, thi u(U;B;) = 0.
Chitng minh: Cho e > 0. Khi d6 v6i mdi 4, ton tai cdc hdop S;1, Si2, - phi B;
sao cho }; v(Si;) < €/2°. Vay ho hinh hop {S;;} phti U;B; va c6 tdng thé tich

1
Vi du. Tap d€m dugc trong R™ 1a ¢6 do6 do khong.

Viéc xdy dung tich phin dodi héi cic haim “t6t”, ching han ham lién tuc, phdi khi
tich. Ham kha tich Riemann khi va chi khi n6 lién tuc “hau khip ndi”. Mot cich
chinh xac ta cé

2.2 Pinh ly (Lebesgue). Ham f : A — R gidi néi trén hinh hop A C R"™ la khd
tich Riemann khi va chi khi tdp diém gidn doan ciia f c¢6 dé do khong.

Chitng minh: D& do @6 gidn doan clia haim f tai mot di€m, ta c6 khdi niém:
Dao dong ciia f trén tap S 12 s6 o(f,S) = sup f(z) — inf f(z).
z€S TES

Dao dong cta f tai a dudc ky hiéu va dinh nghia bdi
of,a) = lim o(f, B(a,r)).
r—0+

Gidi han trén 13 ton tai do tinh don diéu theo r. (Bai tap)
Tir dinh nghia, ta c6: o(f,a) = 0 khi va chi khi f lién tuc tai a. (Bai tip)
Pit B = {z : o(f,xz) > 0} 1a tap cdc di€m gidn doan cda f.

(=) Gia st u(B) = 0. Véi e > 0, dit B = {z : o(f,z) > €}. Do B. C B,
nén p(B:) = 0. Vi B, déng va gidi ndi nén né compact (bai tdp). Vay ton tai hitu
N
han hop Si,---, Sy phl Be c¢6 tong thé tich Zv(Si) < e.
i=1
Goi P 1a phian hoach A sao cho néu S € P thi hoic SN B, = () hoic S C S; véi
ie€{l,---,N} nao do.
bitP={SeP:SNB.=0}con P,={SeP:3iSCS;}
Néu S € Py, thi o(f,z) < e,z € S. Do S compact c6 thé lam min P sao cho khi
S’ € Py, thi supg f —infg f < 2¢

Viy UGP)-LUAP) = (X + ) ((sups ~int £)o(s))

Sep  Sebh
< Z 2ev(S) + Z Muv(S), (M =sup f—inff)
Sep, SEP, A A

N
< 2e0(A) + MY v(S) < (20(A) + M)e.
i=1
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Theo tiéu chuin Riemann f kh3 tich trén A.
(<) Ngugc lai, gid sir f kha tich trén A. Ta ¢c6 B = U B
keN

Theo ménh dé 2.1 chi

1.
k

cin chitng minh /J,(B%) =0,Vk € N. C38 dinh k.

Véi € > 0, ton tai phan hoach P : U(f, P) — L(f,P) = Z (sup f — igff)v(S) < %
sep S
1 €
S — < —i —.
uy ra Z v(S) < Z (sgpf 1%ff)v(5) < ?
SHB%#Q SQB%#@
Vi{SEP:SﬂB%#@}phﬁB%Vé Z v(S)<e,nénu(B%):O. O

SNB 1 #0
k

Hé qua 1. Tdp gidi noi C C R" la do dugc khi va chi khi 1(0C) = 0.

Hé qia 2. Cho C C R" do dugc. Néu f : C — R c6 hitu han hay dém duoc diém
gidn doan, thi f khd tich trén C.

Hé qua 3. Néu f : [a,b] — R la ham don diéu, thi f khd tich.

Chitng minh: C do dugc khi va chi khi yo kha tich. Tap diém gidn doan clia yc
chinh 1a bién 9C. Vay tir dinh 1y suy ra hé qda 1.

Hé qua 2 suy tir dinh 1y v ménh dé 2.1.

P& ching minh hé qfia 3, nhian xét 13 do tinh don diéu, nén v6i mdi k& € N tap
Dy, = {z € [a,b] : o(f,x) > |f(a) — f(b)|/k} khong thé c6 qud k phin t&. Suy ra
tap cdc di€m gidn doan cla f1a B = |J;, Dy, khong qud d€m duge. Vay f kha tich. [

Vi du.
1 .

a) Ham f(z) =sin— néu = # 0, f(0) = 0 1a kha tich trén [—1, 1].
x

1 .

b) Ham f(z,y) = 2%+sin - néuy # 0, f(z,0) = 012 kha tich trén A = {z2+y* < 1}.
Yy

2.3 Tinh chat. Cho A la tdp do dugc trong R", va f,g la cdc ham khd tich trén

A. Khi dé ta cé
Tinh tuyé&n tinh: Vdi moi o, 8 € R, ham of + Bg la kha tich trén A va

J(ar+pg=af s+5] g

Tinh phan doan: Néu Ay, As C A la cdc tdp do duoc, thi f khd tich trén Ay, As va

/AlUAQ /= A f+ /A2 f- /AmA2 A

Tinh lién tuc: Néu f < g trén A, thi / f< / g.
A A

DBdc biét, ham |f| khd tich trén A va \/ f]g/ ||
A A

Pinh Iy gia tri trung binh: Néu f lién tuc va A lién thong , thi ton tai ¢ € A sao cho

/1= 1.
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Chitng minh: Céc tinh chat dau suy tir dinh nghia va dinh 1y Lebesgue.
Tu tinh lién tuc suy ra infy fu(A) < / f < sup fv(A), r6i dp dung dinh 1y v& ham
A A

lién tuc trén tip lién thong suy ra tinh chat cudi. (Bai tip: Hay néu chiing minh chi
tiét) O

Vi du.
a) Néu A, B do dudc, thi AU B do dugc, va v(AU B) = v(A) + v(B )—v (AN B).

b) N&u f 1a ham lién tyc trén [a, b], thi ton tai ¢ € [a, b] sao cho f(c) = —— / dx
3. CAC CONG THUC TINH TICH PHAN
Trudc hét, 1a cdc cong thic tich phdn ham 1 bién:

3.1 Pinh Iy ¢d ban. Gid sit f : [a,b] — R lién tuc. Khi dé ta cé mdi quan hé
gita tich phdn va dao ham

d x
%/a f=1f x€la,bl.

Tu dinh ly trén suy ra cdc cong thic tinh tich phdn cho ham mot bién:
Cong thitc Newton-Leibniz: N&u F' 12 mot nguyén ham clia f trén [a,b], i.e

F'(z) = f(z),z € [a,b], thi
b
/a f = F(b) - Fla).

Cong thic d6i bien: Gid st g : [a,b] — R kha vi lién tuc, f lién tuc trén g([a, b)).

Khi d6
g(b) b ,
/ f= / fogg.
g(a) a

Cong thifc tich phan tirng phan: Gid st w,v 1a hai hAm khad vi lién tyuc trén [a, b]. Khi
do
b

/ab wv’ = u(b)v(b) — u(a)v(a) — / v

a

Pé€ tinh tich phdn ham nhiéu bi€n c¢6 2 phuong phdp cd ban:
e Chuyén tich phian bdi vé tich phan lip cdc ham 1 bién.

2. s
e Doi bién.

Phuong phdp dau duva trén goi ¥ hinh hoc sau:
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Y

Cho C' 1a hinh phing gidi han bdi dd thi hai ham gq, g2 trén [a,b], véi g1 < go.
P& tinh dién tich C, v6i mdi x € [a,b], goi d(z) 1a d6 dai cla doan thing C, =
rx RNC =2 x [g1(x), g2(x)]. Khi d6, ta c6 thé dua tich phan 2 16p vé ldp cdc tich

phan 1 16p:
92(z)
//dmdy—/d dx—/(/ dy)dzx
a Jgi(z)

Tuong tu, d8i vdi viéc tinh thé tich. Cho f 12 ham lién tuc, duong trén [a,b] x [c, d].
Xét khdi gidi han bdi dd thi f wén [a,b] X [e,d], V ={a <z <bc<y<d,0<z<
f(z,y)}. V6i mdi x € [a,b], ta c6

S(z) = dién tich hinh thang {(y,2): ¢ <y <d,0 <z < f(x,y) }_/ f(z,y)dy
Theo cich xay dung tich phan, ta c6 thé dua tich phan 3 16p vé lip céc tich phan 1 16p:

= // Vd:vdydz: /abS(:C)dﬂC = /ab(/cdf(x,y)dy)d:v

Téng quit, ta c6 cong thic:

3.2 Cong thic Fubini. Cho C' C R™ x R™ do dugc, f: C — R khd tich.
Goi Q={zeR":3yeR™, (z,y) € C} la hinh chiéu cia C lén R",
Cy={y € R™: (z,y) € C} nhdt cdt cia C tqi x.

Gid sit ton tai / f(z,y)dy vdi moi x € Q. Khi dé ta cé
C,

| feay = [ (] (e )dy)de

Chitng minh: Tru6c hét ching minh cho C' = A x B, v6i A, B 1a cdc hop trong R™", R™
tuong Ung.
Gid st P, P’ 1a cdc phan hoach A, B tuong ¢ng. Khi d6 P x P’ 1a phan hoach A x B
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thanh cdc hinh hop S x S/, S € P,S" € P'. Ta ¢6

L(f,PxP) = Z inf{f(z,y);z € S,y € S'}v(S x 3"
SxS'ePxP’
= Z( Z inf{f(z,y);z € S,y € S'Iv(S"))v(S)
SeP S'eP’
Y inf{ Y inf{f(z,y);y € S}v();x € S}u(S)

SepP S'ep’

> it ([ flay)dy)o(s)

Sep®es

L(/B f(z,y)dy, P).

IN

IA

IN

Tuong tu, ta c6

L(f.Px P L[ Sy P) <U([ fGey)dy, P) S UGPx P).

Tir d6 suy ra /AxBf = /A(/B flx,y)dy)dzx.

Véi C bat ky, tdn tai cdc hop A, B sao cho C C A x B. Thédc trién f 1én toan bd
A x B béi gid tri 0 ngoai C, rdi 4p dung trén ta c¢6 cong thifc. O

Vi du.

a) Gia st g1,92 : [a,b] — R 1a cdc ham lién tuc, va g1 < go.

bit C={(z,y):a<z<b, gi(x) <y <ga(x)}. Cho f la ham lién tuc trén C.
Khi @6 C 1a tip do dugc (bai tdp) va

b rga(z)
| r@wdady = [ ([ fla,y)dy)do
C a Jgi(z
b) Gia st hi, ho : Q — R lién tuc, gidi ndi trén tip do dugc Q C R2, va hy < hs.
bit C={(z,y,2): (z,y) € Q, hi(x,y) < z < ho(z,y)}. Cho f1a ham lién tuc trén
C. Khi @6 C 1a tap do dugc va

ha(z,y)
[ Sy dadydz = [ ([ pa,y. 2)dz)dady
C Q Jh

l(xzy)
0 2 g2
c) bé tinh dién tich Ellip £ = {—2 + 5l < 1}, d4p dung cdng thic Fubini ta cé:
a

. ; b b

Hinh chi€u E 1én Oz 1a [—a, a], nhédt cit C, = {y : ——Va? — 22 <y < —Va? — 22}
a a

Vay dién tich

a b \/aZ s a
v(E) = [([1 272dy)dac:/7 22\/@2*5626&%

2
= 2ab(arcsin Tl Va2- x?)|%, = mab.
a a



68

Cong thitc ddi bi€n néu mdi quan hé cla sy thay ddi thé tich clia mot hinh A khi qua
phép bi€n hinh g (phép ddi bi€n). Vé mit dia phuong dd co din hinh chinh 13 dinh
thiic cia dao ham Dg. Cu thé, ta c6:

3.3 Cong thitc ddi bi€n. Cho g : U — R thudc ldp C* trén tép mé U C R
Gid sit A la tdp do dugc cé bao déng A C U, sao cho g la 1-1 va det Dg # 0 trén A.
Khi dé néu f : g(A) — R khd tich, thi f o g|det Dg| khd tich trén A va

| =] sogldetnyl
g(A) A

Chitng minh: Vi g € C! nén thod diéu kién Lipschitz trén A. Vaiy g(A) do dugc (xem
2.1). Ngoai ra, theo dinh ly Lebesgue f o g|det Dg| khé tich trén A.

DPé€ chitng minh cdng thic, ta dua vao bd dé khai trién:

Buéc 1 (BS dé khai trién): Néu g € C* va det Dg(a) # 0, thi toén tai lan cdn (hép) U,
ctia a sao cho trén dé

g:(q)noTn)o"'o((I)loTl)a

trong dé6 Ti(x) = a + oi(x — a), o; la phép hodn vi toa dj, con
(I)i(xlf" ,1'”) - (xlv"' 7(251('7;)7 ,.I'n) (Za: L-- 7n)'
Thyc vay, do det Dg(a) , agn (a) # 0.

T

Goi B(z) =a+ o(z —a), v6i o 1a hodn vi n véi i.
. Ohy, O9n

bit h = B. Khi d6 — 0.

a go ids o (0)=75,. (@7

n

Pit ®(z) = (21, -+ ,Tn_1, hn()). Tacé ® € C! va det DP(a) = %(a) # 0. Theo
Tn

dinh 1y 4nh xa ngugc, ton tai 1an cdn U cla a trén d6 ® c¢6 4nh xa nguge &~ € O,
Tac6 g=hoB '=Go®oT

v6i T =B '=a+o7 Y (z—a), G(x) = (h1(x), -, hp_1(z), 7).

Ti€p tuc 1ap luin tuong tw cho G ta c6 bi€u dién cin tim.

Budc 2: Cong thitc diing cho g(x) :=T(x) = a+ o(x — a), o la hodn vi.

DPé€ chitng minh chi can d4p dung cong thiic Fubini v6i chd y 1a |detT| = 1. (?)

Budc 3: Cong thitc diing trén U, cho g(x) = ®i(z) = (21, -+, ¢i(x), -+, xp).

Ta chdng minh trudng hgp ¢ = n, trudng hgp khiac hoan toan tuong ty. Giad st
Uy, = S X [an.by], S 12 hop trong R" L,

Khi 46 ®(U) = S x ¢, (U), v det DB = %.

Tn

Theo cong thitc Fubini

/ f = // f( Ydxy)dxy - - dxg .
CD(U) n(xla 3 Tn—1, a/7l7 n a
- / / F@1, - om(@ ))| ¢n|dazn)d$1 ‘dzn_y (cong thic ddi bién 1 bién)

_ /f ®| det D).
U

Budc 4: Néu coéng thiic diing cho T va ®, thi ciing diing cho ® o T.
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Thuc vy, / f = / fo®|det DO|
®oT(C) 7(C)

_ / fo®oT|det(D®) o T||det DT|
= fo(®oT)|det D(®oT)|.
C

Két thiic chitng minh céng thitc: Do A compact nén A chita trong hinh hop nao dé.
Tdn tai phan hoach P hdp d6 sao cho véi moi S € P ma SN A # () thi g c6 khai
trién nh budc 1 trén S. Suy ra:

/g(A)f: 3 /g(ms)f: 3 /Amsfog|deth|:/Afog|deth|. 0

SepP SepP
SNA#D SNA#D

Trong ng dung c6 thé can 4p dung dang tdng quét hon sau:

Pinh Iy. Cho g : U — R™, U mé trong R™. Gid sit A do duoc A C U, g la I-

1 trén phan trong intA. Khi dé néu f khd tich trén g(A), thi f o g|det Dg| khd tich

trén A va
/ f=/ fogldetgl.
g(4) A

Viéc chiing minh dya vao b8 dé Sard: p{z : det Dg(z) = 0} = 0. V6i chd y
A =intAUJA, 0g(A) C g(DA). Céc chi ti€t xem nhu bai tap.

Vi du. Sau diy 13 cdc phép d6i bi€n hay ding:
e Toa dd cuc: g: R2 — R? cho bdi g(r, ) = (rcos p, rsing).

D(z,y)

| cosp —rsing
D(r,¢)

siny rcosg

| = [det Dg(r, )| =

=7

27

Néu A C R? do dudc, g song 4nh trén intA va f kha tich trén A, thi

fz,y)dxdy = / f(rcosp,rsing)rdrde.
g(4) A
Ching han c6 thé chuyén viéc 14y tich phin trén hinh tron thanh viéc tich phin trén
hinh chi nhat nhu vi du sau

22 2r R 2 _R2
/ e Ydxdy = / / e "rdrdp =m(l—e ).
22 +y2<R2 0 0
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oo
Bai tap: Ap dung cong thic Fubini va cho R — 400 suy ra / e dy = V.

—00

e Toadd tru: g: R3 — R3, (r,p,2) — (rcosy,rsing, 2).
Ta ciing ¢6 |det g(r, @, z)| =7, va né€u A C R? do dudc, g song 4nh trén intA va f
kha tich trén A, thi

/ f(a:,y,z)dwdydz:/ f(rcosp,rsing, z)rdrdedz
9(A) A

Phép bi€n ddi nay hay dugc si dung khi mién c¢6 dang hinh tru. Ching han, véi tru
A={2?+9y?<1,0<2< 1}, tacé

— dxdyd T A irded Yo [Tdo [y = o
/Al+x2+y2$yz_/o/o /01+T2TTSOZ—/OZZ/0 SO/o 1+20 2%

e Toa dd cAu: g: R? — R3, (p,,0) — (pcospsinf, psinpsinf, pcosh).
Dinh thic Jacobi: |det Da(p,©,0) = p*sinf. (?)

Ta cé
/ f(z,y, z)dxdydz = / f(pcos@sin@, psin psin b, pcos 8)p? sin Odpdpdd,
9(4) A

trong d6 A do dugc, g song dnh trén intA va f kha tich.
Phép ddi bi€n nay thuin tién khi mién tich phin c6 dang hinh ciu. Ching han

R 27 pm
/ 22+ y? + 22dedydz = / / / p? sin Odpdpdf
z2+y2+22<R2 0o Jo 0

R 27 T R4
= / p3dp/ dcp/ sin0df = —27.2.
0 0 0 4

Vi du. Qua phép vi tu thé tich thay ddi thé nao?
Goi A 1a tdp do dugc trong R™. Cho A € R. Xétphép vitu A : R" — R" A\(z) = \x.
Khi d6 v6i phép ddi bién (y1,--- ,yn) = (Ax1,- -+, Azy), ta cb

V(M(A)) = /A = /A Mdz = Ao(A)



V.3 Cdc cong thiic tinh tich phdn.

Bai tdp: Ching minh tinh chat hinh hoc sau clia dinh thic:
Xét hinh binh hanh tao bdi vy, -+ ,v, € R"”

A={yeR":y=x101+ -+ 20,,0 < 21, -+ 2, < 1}

Khi d6 thé tich
v(A) = |det(vi, -+ ,vn)| = |det(vij)1<ij<nl

trong d6 v; = (vi1, - - -, Vin)

71



Bai tap Giai Tich 2

I. Day ham - Chudi ham

Chudi lily thira - Chudi Taylor

1.

1
Lap ludn sau cda Euler tai sao sai? “Ta ¢6 l+z+a?+a23+--- :1
-
Vi 1+ 1 n 1 n 1 1
a _ R PR e e — = .
Vo T2 T8 x(1-1/z) z-1
1 1 )
Cong lai suy ra ---+—3+—2+—+1+:c+x2+x5+--~:O,khixyéo,l.”
x T x

Xdc dinh bdn kinh hoi tu va mién cla cdc chudi lﬁy thu’a sau:
>, zF = k =k k (x + 2 =1 .
a);ﬁ b)];)k!x c)];Ok—H(x—l) d)z e);ﬂ$
0o ko % 2% B
(=" okt1 <95>
HY = 2 kZ:jl 23

. Du’a vao phép lay tich phan hay dao ham qua dau tong, tinh cdc tdng sau:

Okl
a)Zm b)Zk+ a C)Zk+1 d)Zk2+2k 2)z*
k =0 0 2k+1 2k2+1k

>Z

X
e)z ? f),;)2k+1

. Ding hay sai: n€u f kha vi vo han trén (a, b), thi chudi Taylor clia f tai ¢ € (a,b)

lu6én hoi tu.

. Piing hay sai: chudi Taylor ctia mot hAm né&u hoi tu, thi hdi tu vé chinh ham

de.

Cho ham f(x) = e_z%(w # 0), f(0) = 0. Chting minh f kh3 vi vd han lan.
Chudi Taylor clia f ?

Khai trién thanh chudi Taylor tai 0 cic ham sau:

. x 1
a) f(z) =sin’z b)f(ﬂf):mc)f(ﬁ):m
d) f(x)=va+z e) f(x)=In iti
. Pinh nghia ham sai s6: erf(z \/,/ _Tdt

Bi€u dién ham dudi dang chudi liiy thira, vi€t 5 s6 hang dau cda chudi dé.
Dya vao chudi trén tinh xap xi gid tri erf (1).

t
Pinh nghia ham: Si(xz) :/ %dt
0

Bi€u dién ham du6i dang chudi lily thira. Dya vao chudi trén tinh xap xi gid tri

Si(1).
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Chubdi Fourier

. a+T
1. Chitng minh néu f c6 chu ky 7', thi /

a

f(z)dz = /OT f(z)dz,Va.

2. Cho f la ham khd vi lién tuc trén [—m, 7). Goi ay, by va aj, b}, 1a cdc hé sd
Fourier ctia f va f’. Biing cdch tich phin tirng phin ching minh
aﬁg = kbk, b;c = —kak.

3. Viét chudi Fourier cdc ham sau:
a) f(x)=0,nu — 7 <2 <0; f(x)=1,nu 0 <z <.
b) f(z)=|z|, -7 <z <.

4. Xét sy hdi tu va hoi tu déu clia chudi Fourier clia cdc ham cho § bai tap trén.

Suy ra
m_g_l,1 1 7r2_1+1+1+
1- 375 7 R TR TR
Tai x := 0, &7 chudi Fourier ¢6 gia tri bing f(x)?
5. Cho t € R\ Z, va ham f;(x) = costz, |z| <.
a) Khai trién Fourier f;(z).
b) S an tr — - 4+ i 2t
uy ra cotantmw = — —
Y tw = (2 - k)
2 ° 1
c) Pao ham ting tir suy ra e ngrfm Z m
sintr t2 t2 t2
d) Tich phan tiung ti = I 1-—)1l—-—=)---(1-—
) Tich phan i il suy ra 0" = lim (1)1 - ) (1 L)

6. Khai trién Fourier cdc ham:
a) f(z) =¢€%, z €0,2r] b) f(x)=0,néuz € [0,l]; f(z) =1, néuz € (I,21).
¢) f(x) =z, x € (—=2,2).

7. Bi€u dién cdc ham sau thanh chudi lugng gidc chi c6 cos, bing cich thic trién
ching thanh ham 1é:
a) f(z) =1,néu z € [0,7/2]; f(z) =0, n€u x € (7/2, 7.
b) f(z) =z(r —x), v € [0, 7]

8. Biéu dién cdc ham & bai trén thanh chudi lugng gidc chi ¢ sin, bing cich thic
trién ching thanh ham chin.

9. Bié&t khai tri€n Fourier

o (_1)k+1
x:QZTsink‘x, —nrT <z <pi
k=1

2

Biing cic 14y tich phan suy ra khai trién Fourier clia 22,23, 2%, khi —7 < o < 7.

Tai sao c6 thé tich phan vio diu tdng?
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I1. Khéng gian R".

1.
2.

10.

11.

12.

13.

Chitng minh |d(z,y) — d(y, 2)| < d(z, z).

Xéc dinh m, M,a,b > 0, sao cho v6i moi x = (z1,---,x,) € R”

a) m max |z;| < ||z| < M max |x;|.
1<i<n 1<i<n

n
b allzl| <Y fa| <ol|z|.
=1

. Tim diéu kién can va dd cho z,y € R" d€ c6 cic ding thic

| <y >[=llzlllyll, va [lz+yll =[]+ lyl.

. Cho f,g 1a cdc ham lién tyc trén [a,b]. Ching minh

b
Iy
a

(07 (0)”

. Cho T : R® — R™ la 4nh xa tuyé&n tinh. Ching minh ton tai M sao cho

IT(h)|| < Ml|n]l, Vh € R™.

. Xdc dinh phin trong, phin ngoai va bién cdc tip sau trong R":

{z:|z|| <1}, {x: |jz|| =1}, {z= (21, -, 2p) 2 € Qi =1,---,n}.

. Choa€R V.. 21 =a,zp, =22 | — 21 + 1. V6i a ndo thi:

a) (x) don diéu. b) (x) bi chdn. c¢) (xx) hoi tu. Khi d6 tim gidi han.

Cho day s6 dudng (zy).

a) Chitng minh n€u lim Tl _ ) > 0, thi hm Yy,
k—oo I

(HD: chiing minh Ve > 0,dA,B > 0,N € N : k > N = A(L—e)k < xR <
B(L+ €)%

k

b) Ap dung a), tim gi6i han diy z) = e

suy ra hm

k
 (R)7E
Ching minh néu klim xp = M, thi giéi han cda ddy trung binh cdng cla (xj)
—00

1
la lim —(z;+---+x%) = M.
k—oo k
1 .
Cho 0 <z < Yk, Tgy1 = (xkyk)% VA Ypi1 = §(xk +yi). Chitng minh z, < yy.
Suy ra (x1), (yx) hoi tu vé cung gi6i han.

Cho day (xy) trong R™. Gid st ||xg41 — x| <ok ,Vk. Chirng minh (zy) 1a

+k’
dday Cauchy nén hoi tu.

(ke N)la

wlv—‘

) . . 1
Dung ti€u chuan Cauchy, chitng minh day s6 = =1+ 3 + -
khoéng hoi tu.

Néu chitng minh chi ti€t: trong R tip [a,b] déng, (a,b) md, va (a, b] khong déng
khong md.
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14

15.

16.

17.

18.
19.

20.

21.

22.

23.

24.

25.

Chirng minh hinh ciu m& B(a,r) la m& trong R™.

Cho A la tip con cla R, chita moi di€m hitu ti thuoc [0,1]. Chiéng minh néu A
déng, thi A chda [0, 1].

Cho Uy (k € N) la cdc tdp md trong R”. Pung hay sai

a) |J Uk 1a mé. b) () Uk la mg.
keN keN

o) [ (R"\Uy) la déng. d) | J (R™\Uy) la déng.
keN keEN

Chdng minh:

a)Neu X CY,thi XCVY.

by XUY =XUY.

¢) O(XUY) C 9XUdY, 9(XNY) C IXNAY, v..0(XxY) =0XxYUX x9Y.

Cho X 1a tap vd han va gi6i ndi trong R™. Chitng minh X c6 diém tu.

Chitng minh cdc tip sau khdong compact bing cich chi ra mdt phii mé clia né
ma khéng ¢6 phd con hitu han:
a) Z tip cdc sd nguyén trong R. b) {x € R" : ||z]| < 1}.

Hgp, giao, tich cdc tdp compact c6 compact?

a) Chitng minh néu X d6ng va = € X, thi ton tai d, > 0 sao cho

d(z,y) > da, Yy € X.

b) Chitng minh néu X d6ng, K compact, va X N K = (), thi tén tai d > 0 sao
cho

d(z,y) > d, Vx € K,Vy € X.

¢) Tim vi dy X, K déng va X N K = (), nhung khong 3 tai d > 0 dé bat ding
thitc & b) thod.

Cho day tip hdp (F}) trong R™ 1a ddy compact 1ong nhau thit lai , i.e. v6i moi
k € N, Fy compact, F, D Fiiq1, va diam(Fy) = sup{d(z,y) : x,y € F} — 0,
khi k£ — oco. Chitng minh (cn Fj ¢6 duy nhat mot phan td.

- 2 2 1
Gia thi€t compact khong thé bd, chang han day I = (0, E)’ ke N,co NI =0.

Céc tap sau compact? li€én thong?

a) {(z,y) e R?:|z| <1}. b)) {(z,y) e R?: 2t +¢* =1}.
Of{zeR":|z]|<r}. dD{zeR":1<|z]|<2}. e){zeR":|z|=1}.
f) Tap hitu han.  g) Tap cdc s6 nguyén Z. h) Tap céc sd hitu t trong [0, 1].

Céc ménh dé sau ding hay sai:
a) Néu K 1a tp compact trong R”, thi R"\ K compact.
b) N€u K 1a tip lién thong trong R™, thi R™\ K lién thong.

Chtng minh: Né&u L;,i € I, 1a cdc tp lién thong, va L;( L; # 0 v6i moi i, j,

thi | J L; lién thong.
el
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26.

27.

28.

29.

Chitng minh néu C lién thong, thi bao déng C lién thong.

Cho C = {(z,y) € R?: 0 <y < 22,2 # 0} U{(0,0)}. Ching minh C lién
thong, nhung khong ton tai dudng gip khic trong C ndi (0,0) véi mot diém
khic thudc C.

1
Cho C = {(z,y) € R?: y = sin L # 0} U{(0,y) : |y| < 1}. Chitng minh C

lién thong nhung khong lién thong dudng, i.e. ton tai 2 di€m thuoc C khong
thé€ ndi nhau biing dudng cong trong C.

Tap Cantor C' dugc xay dung nhu sau: Fjy = [0, 1].

1 2 N

Fy =0, §] U [g, 1], l1a tap tir Fy bd di mdt phan ba khodng md gitta.

1 21 27

F=[0,-]U[=-,z]Ulz, =
29 [ ?9']) [ 9?3] [379]

mg gilta cua céc doan.

Téng quét, F, 1a tap 1ap tir Fj_; bd di mot phidn ba khodng md gifta clia cdc

doan.

8 .
U [5, 1], 1a tap tr F7 bd di mot phan ba khodng

0 kE k+1 .
P& y F}, 1a hop 2F doan dang [3—k, 3—4;] bit C =, Fk. Chitng minh:

a) Moi z € C, ¢6 bi€u dién duy nhit = = 32, 38, voi ag € {0,2}.

b) C 1a vo han khong d€m dugc. ¢) C compact d) int(C) = 0.

P& y C c6 ‘d6 dai’ bing khong, theo nghia: phin bu clia C c6 dd dai la
2.

é')
4 %+...+2k*1/3k+...:1

Wl

III. Lién tuc

. Xét cdc gidi han 1dp, gidi han tai (0,0) cia ham f(x,y) =

%y
xt + 92

Tim vi du ham hai bi€n c6 gi6i han lip ton tai nhung khdc nhau.

. Chitng minh khi n — 400, ta c6

n4n~n?, Vn+1-vn~ @, (—1)"n? = O(n?), n*+2 =o0(n?), sinn = 0(1)

Chitng minh khi z — 0, ta c6

(1+2)* = 14azx+o(x) hay (1+2)* ~ l4ax
e’ = 1+z+o(x) e’ ~ 14z
In(l+z) = z+o(x) In(l+z) ~ =z

sin z = z+o(x) sin z ~ X

cos x = 1-— 322 +o(x) CoS T ~ 1— 122

. Khi  — oo, hiy diing ky hiéu o, O dé so sanh:

«

z, 2%, d®, b", log,z, loggz (o, (3,a,b,c,d > 0)
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10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

Xét tinh lién tuc cdc ham:

+ v
0 fa) = L e (0,0) # 0,00 £0,0) =0,
b) f(z,y) = i/xy L néu ay £ 0; f(z,y) =0, néu 2y = 0.

sin xy

C) f(ﬁU,y) = T’ néu ZL‘#O, f((ovy) =Y.

Tim vi du ham lién tuc theo tirng bi€n nhung khong lién tuc..

(HD: Xét f(z,y) = %ﬁyw f(0,0) =0)

. Tim vi du ham f : R?> — R lién tuc khi han ch& trén mdi dudng thing qua

(0,0), nhung khong lién tuc tai dé.
£U2y

HD: Xét S
( ét f(z,y) S

néu (z,y) # (0,0). £(0,0) = 0)
Cho f: R — R, thod f(z+y)= f(x)+ f(y),Vz,y € R. Chdng minh néu f
lién tuc tai O, thi f lién tuc.

Cho g: R — R, thod g(z+y) = g(x)g(y),Vz,y € R. Chitng minh n€u g lién
tuc tai 0, thi g lién tuc.

1

Cho f:[0,1] — [0,1], f(z) = =, n€u = = 1a phén s3 t6i gidn; f(z) =0,

<
Q3

néu z vo ti. Chitng minh f chi lién tuc tai cdc diém vo ti

Cho f:R"™ — R™. Ching minh cdc di€u sau tuong duong

(i) f lién tuc trén R™.

(i) f~1(V) 1a mé. v6i moi tip md V C R™.

(iii) f~!(F) la déng, v6i moi tip déng F C R™.

Chiing minh néu U C R 1a tip md, thi {(z,y) € R?>: 2 € U} 1a tap md.

Cho f: R™ — R lién tuc. Ching minh tdp {x € R" : 0 < f(x) < 1} 1a tap
dong.

Tim vidu f: R — R lién tuc va U C R 1a tdp mo (t.u. déng) nhung f(U)
khong md (t.w. khong déng).

Chting minh tdp cdc ma trdn khd nghich {A € Mat(n,n) : det A # 0} 1a md
trong khong gian Mat(n,n) cdc ma trin vuong cip n trén R.

Cho f: R — R lién tuc. Cdc tdp sau md, déng, compact, lién thdong?
{z:f(2) =0} {z:f(x)>1} {f(z):220} {f(z):0<2<1}
Cho f:R? — R lién tuc. Ching minh {f(z,y): 2%+ y? = 1} 1a mot doan.

Cho X C R™. Pinh nghia d(z, X) = in)f{ d(x,y).
ye

a) Chitng minh ham R"™ 5 z +— d(z,X) 1a ham lién tuc. (HD: Chitng minh
|d(z, X) — d(z', X)| < d(z,2") )
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20.

21.

22.

23.
24.

25.
26.

27.

28.

29.

30.

31.
32.
33.
34.

b) Chiéing minh: = € X khi va chi khi d(z, X) = 0.

d(z, X)
(,X)+d(z,Y)
Chitng minh f lién tuc vd f~1(1) =Y, f71(0) = X. Suy ra ton tai cdc tip m&
U, Vrdinhauva X CU, Y CV.

(Ta néi: trong R", hai tip d6ng rdi nhau c6 thé tich bdi hai tip md).

¢) Cho X,Y la cédc tdp d6éng rdi nhau. Xét ham f(x) = 7

DPinh nghia khodng cédc gitta 2 tAp con X,Y cia R™: d(X,Y) = )i(nf Yd(a:, Y)-
rTEX,YE

Cho K C R" compact, X dong. Ti tinh lién tucéua ham K > z — d(z, X),
ching minh tn tai 2o € K, yo € X sao cho d(zo,yo) = d(K, X).
Tim vi du diéu kién K compact khong thé thi€u.

Cho f:R™ — R lién tyc. Chiing minh né€u B C R" la tap gidi ndi, thi f(B)
la tap gidi ndi.

Pung hay sai: n€u f : R®™ — R™ lién tuc va K compact (t.u. lién thong), thi
f~1(K) compact (t.u. lién thdng).

Cho vi du ham f lién tuc, gidi ndi nhung khong dat max, min.

Cho f: K — R lién tuc, K compact. Chitng minh tdip M = {z : f(x) = max f}

la compact.
Ping hay sai: khong ton tai toan dnh lién tuc tir [0,1] 1&n (0, 1).
Cho f: K — f(K)la 1-1 lién tuc. Chitng minh né€u K compact, thi f~! lién
tuc. Néu K khong compact thi sao?
1 N
Chitng minh ham g¢(z) = sin — li€n tuc va gidi ndi, nhung khong lién tuc déu
x
trén (0, +00).
Cho f: A—R™ ACR" Tandi f thod diéu kién Lipschitz néuu
AL >0: |If(z) = fWI < Lllz — yll, Yo,y € A

a) Chitng minh néu f thod diéu kién Lipschitz, thi f lién tuc déu..
b) Xét xem tdng, tich cdc ham thod diéu kién Lipschitz c6 thoid diéu kién
Lipschitz khong?

Ching minh néu f : R® — R™ lién tuc, thi dd thi Gy la tap dong va lién
thong.

Cho f:C — R lién tuc, C lién thong. Ching minh néu f(x) # 0,Vz € C, thi
f(x) luon duong hay luén 4m véi moi = € C.

Chtrng minh moi da thifc bac 1é hé s6 thuc ludon céit nhat mot nghiém thyc.
Chiing minh phuong trinh 24 + 722 — 9 = 0 ¢6 it nhat hai nghiém thuc.
Chitng minh phuong trinh: tgz = z ¢6 vd sd nghiém.

Cho f : [a,b] — [a,b] lién tuc. Chitng minh f c6 it nhat mot diém bat dong, i.e.
diém o f(wo) = 2.
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35.

36.

37.

38.

39.

40.
41.

42.

43.

44.

45.

46.

Cho f 1a ham lién tuc trén [0,27] va f(0) = f(27). Chdng minh td tai ¢ €
(0,2m), f(c) = flc+m).

Cho f : [a,b] — R lién tuc, f(a)f(b) < 0. Néu phuong phdp x4p xi tim nghiém
phuong trinh f(x) = 0. Ap dung tinh gdn ding /2 véi sai s6 < %, biing cich

10°
tim nghiém 22 — 2 = 0 trén [0, 2]

V6i cédc gid tri nao cla « € R, thi ham f(z) = ax, € R 1a dnh xa co?

c d
a) Chitng minh néu a,b,c,d > 0, thi A xdc dinh mdt 4nh xa: R2+ — Ri, véi
R+:{1‘ERI$>0}.
b) Véi di€u kién cla a) dinh nghia f :[0,5] — [0, 3], béi

cosg \ cos f(p)
A< sin ¢ > = Aly) ( sin f () >
Ching minh f lién tuc. Tt d6 suy ra A c¢6 mdt vector ri€ng thude Ri.
¢) f c6 1a dnh xa co?

Cho A:R? — R? la 4nh xa tuyén tinh xdc dinh bi ma trin A = @ b )

Cho f:R? — R2, 1a 4nh xa tuyén tinh f(z,y) = (az + by, cx + dy). Tim diéu
kién cdia cho a,b,c,d &€ f 1a 4nh xa co trén khong gian Euclid R?2.

Téng qudt bai tdp rén khi f: R" — R", f(z) = A, trong d6 A = (a;;) 12 ma
trin vudéng cip mn.

Cho f:[0,7] — [0,7], f(x) = z2. Pinh r &€ f 1a 4nh xa co.

Cho f: X — X, thod: d(f(z), f(y)) <d(z,y),Vz,y € X,z #y.

a) Tim vi du ham f thod bat ding thifc trén nhung khong c6 di€m bat dong.

b) Ching minh f : [0,1] — [0,1], f(x) = sinz, thda bat ding thic trén nhung

khong la 4nh xa co.

Cho f: K — K la dnh xa co trén tip compact. K. Ky hiéu f, = fo---o f.
—_—

n In

Chiing minh Npen fr(K) 12 tp chi c6 duy nhat mot diém.

Tim cac vi du:

Diy ham lién tuc hdi tu v& mot ham lién tuc, nhung sy hoi tu 12 khong déu.

Diy ham khong lién tuc hoi tu déu vé ham lién tuc.

Diing hay sai: N&€u ddy ham (fx) hoi tu déu vé f va diy s6 (xy) hoi tu vé z,

thi day (fi(zx)) hoi tu ve f().

1
Cho diy da thic Py(z) =142+ ---+2* k€N, va ham fl@)=1—
— X

Chirng minh v6i moi 0 < ¢ < 1, (P;) hoi tu déu vé f trén [0, c|, nhung khdng
hoi tu déu vé f trén (0,1).

Ta néi g 12 ham tuy€&n tinh titng khiic trén [a, b] n€uu tn tai caé diém:
a=ayg<a <---<a,=>b sao cho g(x) = Ayx + By, x € [ax_1,ar], k =
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47.

48.

49.

50.

51.

52.

53.

54.

1,--,n.
Tim céc hé thitc ma cic hé s6 Ay, B, phai thda d€ g lién tuc.

Chirng minh moi ham lién tyc trén [a, b] 12 gidi han déu cla diy ham tuyé&n tinh
tung khic.

Viét da thiic Berstein By (f), cda ham f(z) = 22, v6i x € [0,1]. Tim k sao cho

Bi(f) — fll = sup (|IBr(f)(z) — 2?]) < ——.

1B = 7l = s (BN =% < g

Viét da thic Berstein By (f), clia ham f(z) = 2%, € [0,1]. Ching minh
(Bi(f)) hoi tu déu vé f.

Chitng minh ham f(z) = €%,z € R, khong 1a gidi han déu cta diy ham da
thic. (Pinh Iy Weierstrass khong ding cho khodng md).

n
Cho A 1a tdp cd ham c6 dang: h(x) = Zaieb”, n € N,a;,b; € R.

i=0
Khi d6 mbi f € C[0,1], ¢6 1a gi6i han déu cla ddy ham thudc A hay khong?
N&u c6 mot diy da thic hoi tu déu vé f trén [a,b], thi f c6 kha vi?

Cho diy da thifc (Py): Po(x) = 0, Pesr(z) = Pe(z) + (2 — Po(x)?).

2
Chtng minh qui na: 0 < \/z — Py(x) < _2ve nén 0<./z— Py(x) <
- T 14 kya’ - -
T d6 suy ra (Py) hoi tu v€ ham [0,1] 3 = — /7.
(Pay 1a mot chitng minh khdc cho didu: ham f(t) = |t| = Vi2,t € [-1,1], Ia

gi6i han déu cla diy ham da thic).

EN

1
Cho f € C[0,1]. Gid s& v6i moi kK =0,1,--- / f(z)z*dz = 0. Chtng minh
0
f = 0. (HD: Chitng minh tich phan cda tich f véi moi da thitc déu bing khong.
1
Sau dé 4p dung dinh ly Weierstrass chitng minh / f?=0.
0
Cho f :[0,1] — R khong la da thic. Giad st (Pg) 1a ddy ham da thic hoi tu

déu vé& f trén [0, 1]. Chiing minh bac cda cdc Pj khong bi chin.
(HD: Mot da thic P(x), bac < n, dugc xdc dinh mot cdch duy nhat bdi gid tri

tai n + 1 diém xg, - - -, 2, va c6 bi€u dién qua céng thic ndi suy Lagrange
n
iz - 7,)
P(@) =" Pla)mi(z), ma) = 22— )

i=0 Hj;éi(xi — )

IV. Pao ham

1.

Cho f: R"™ — R™ thod: 3M sao cho ||f(z)|| < M]||z||>. Ching minh f khi
vi tai 0 va Df(0) = 0.
Néu ||f(x)|| < M|z||, thi f c6 kha vi?
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10.

11.

12.

13.

Vi€t ma trdn Jaconi cta:

a) f(z,y) = (zy,y/).

b) f(x,y,2) = (x'y, ze?).

) f(z,y,2) = (2%, 2% tgryz).
d) f(z,y,2) = (e*sinz, xyz).

. Tinh grad f ctia cdc ham:

a) f(xvyuz) = xsiny/z.
b) f(xa Y, Z) = 6$2+y2+22‘

. Vi€t phuong trinh mit phing ti€p xic clia cdc mit cho bdi phuong trinh:

a)z=a4+y L taix=1,y=3,2=82.

b) 22 — y? + xyz = 1, tai (1,0,1).

¢) z =22 +2xy —y2 + 1, tai (1,1,V3).

d) ax? + 2bxy + cy? + dz + ey + f =0, tai (xo, Yo, 20)-

. Tinh géc tao bdi hai mit cong sau tai (2,—1,2):

Slzw2+y2+z2:9 va Sg:z:w2+y2—3.
Trong R? cho hai mit cong xdc dinh bdi cdc phuong trinh:
Si: 2?49y 4+22=3 va So: 22 4yP 422 =3.

Chitng minh S7, S, ti€p xdc v6i nhau tai (1,1,1).

. Trong R3 cho hai mit cong xdc dinh bdi cdc phudng trinh:

Si:ar?+byP4+cz2=1 va Sy: xyz=1.
Tim cdc tham s& a, b, c sao cho S1,So vudng géc véi nhau tai cic giao diém.

Tim vector ti€p xic vdi cdc dudng cong tham s hod:
a) c(t) = (3t el t + t2), tai diém dng v6i t = 1.
b) c(t) = (2cost,2sint,t), tai di€m dGng v6i t = 7/2.

Tim huéng ma f(z,y, z) = x2ysin z, ting nhanh nhAit tai 1an can (3,2,0).

Tim huéng ma f(z,y) = ¢* y, gidm nhanh nhat tai 1an can (0,0). V& cdc dudng
muc.

Pung hay sai: MOt ham f xdc dinh trén (a,b), khd vi tai ¢, va f’(¢) > 0,
(HD: Xét ham: f(z) = z n€u z hitu i, f(z) = sinz n€u z v6 ti. Chdng minh
f(0) > 0, nhung f khong don diéu & 1an cin 0)

Chitng minh tinh chdt Darboux: N&u f kha vi trén [a,b], thi f’ nhdn moi gi4 tri
nam gitta f'(a), f'(b).

(HD: Cho ~ 1a mdt gid tri ndm gitta f'(a) va f/(b). Chéing minh g(z) = f(z)—~x
dat cyc tri tai ¢ € (a,b)).

1.

Cho f(z) = z2sin -~ n€u x # 0, f(0) = 0. Chéng minh f kh3 vi, nhung f’
X

khong lién tuyc.
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14.

15.

16.

17.

18.

19.

20.

Chitng minh ham s8 sau c6 cdc dao ham riéng tai (0,0) nhung khong lién tuc

fla,y) ==, néuy #£0; f(z,y) =0, néu y = 0.
y

Ham f goi 13 kha vi theo huéng v € R" tai « néuu tdn tai

Dufe) = iy 71 1)

a) Chitng minh néu f kh3 vi tai a, thi f ¢6 dao ham theo moi huéng tai a, va
D, f(a) =< grad f(a), v >

b) Chitng minh f ¢6 dao ham theo moi huéng chua chic f kha vi.

(HD: Xét ham f(z,y) = i ) néu 22 # —y, f(x,y) = 0 néu 22 = —y.

z2 +

néu (z,y) # (0,0); f(0,0) = 0.

$2y
$4+y2

Hay ham f(z,y) =

Xét tinh khad vi cua cdc ham

a) f(z,y) = V2’ +y°.

b) f(z,y) = WLW néu z,y # 0, £(0,0) = 0.
$2y2
c) f(xvy): néu z,y #0, f(070):0

2+ (y— o)
& flay) = o]+ 1yl

Ki€m tra cong thitc dao ham ham hgp:
a) flu,v,w) = vuv + v?w, véi u = ry,v = sinz, w = €*.
b) f(u,v) = u? +vsinu, v6i u = ze*,v = yzsinw.

Cho f:R — R va F:R? — R la cic ham kh3 vi. Gid s&¢ F(z, f(z)) =0, va
OF OF/ox .
6iy = f(2).

- 7 1 ,: J—
3y # 0. Ching minh f OF Joy’ v

Xét phép ddi bién toa dd cuc: = = rcosp,y = rsin .
Cho f:R2? — R khd vi, vaF(r, ) = f(x,y). Chitng minh

(D1E(r,))" + %(DQF(h ©))? = (Dif(z,y))* + (D2f(z.y))*

Qua phép quay géc 6, toa dd ci (x,y) va mdi (u,v) c6 quan hé sau
x=wucos) —vsinf, y =wusinf + vcosb
Cho f:R? — R kha vi, va F(u,v) = f(z,y). Ching minh

(DlF(uv U))2 + (DQF(U,’U))Q = (le(x,y))2 + (Dgf(.l‘, y))2
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21.

22.

23.

24.

25.

26.

27.

Cho f l1a ham kha vi. Chitng minh

OF  OF
— 2 2 3 vr _
a) F(z,y) = f(z* +y*), thod x By y_ax 0
. OF  OF _
b) F(%Z/) = f(wy), thoa xa — ya_y =0
, OF OF _
¢) F(x,y) = f(ax + by), thod aa—y — b% —=0.

Cho f,g:R — R thudc 16p C2.
a) V6i c € R,dit u(z,y) = f(z + cy) — g(z — cy). Ching minh u thod phwong
trinh song::
2 0%u  0%u
2l _7°
ox?  0y?
b) Cho v(z,y) = f(3z + 2y) + g(z — 2y). Chirng minh

o
0x? Ox0y 0y?

Cho f:R? — R? kha vi lién tuc va thod diéu kién Cauchy-Riemann

0n o on_ of
or Oy’ Oy ox

a) Ching minh: det Jf(x,y) = 0 n€u va chi n€u D f(x,y) = 0.
b) Chitng minh n€u f kha nghich thi 4nh xa ngugc cling thod diéu kién Cauchy-
Riemann.

Ham f:R"™ — R goi 12 thuin nhat bic m néuu f(tz) = t™f(z),Vz € R",t €
R.. Gid st f khd vi. Chdng minh
of

f thuin nhat bic m <& Zl‘zg(l‘) =mf(z), Vo € R".
i=1 i

Cho f:R" — R thudc 16p C* (k > 1). Chitng minh

F@) = F(0)+ Y gl g€ CFH(RM).
=1

Cho f: R — R khd vi. Gid st |f/(z)| < L,Vx. Chiing minh f thod di€u kién
Lipschitz: |f(z) — f(y)| < L|x — y|, Vz,y € R.
Suy ra diéu kién d€ ham kha vi f: R” — R™ 1a 4nh xa co. Tim vi du.

Cho f :[a,b] — R 1a ham khd vi. Gid st 0 < m < f'(z) < M, Vz € [a,b], va
f(a) <0< f(b). Sau diy la mot phuong phdp tim nghiém cia f.

a) Ching minh g(z) = z — ; f(z) xdc dinh mdt 4nh xa co trén [a, b].

b) Cho z¢ € [a,b] va zy11 = z) — ﬁf(xk), k € N. Chitng minh day (xj) hoi tu
vé nghiém duy nhat z* clia f.

k
. . - . x m
¢) Ching minh sai $6: |z — 2% < |f(mo)| (1 - —>
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28.

29.

30.

31.

32.

33.

34.

35.

Gid st f: R — R kha vi lién tuc, f(a) = b, va f'(a) # 0. Goi ¢ 1a s6 dudng:

néu |z —a| < 6, thi |f'(z) — f'(a)| < -|f'(a)|. Pat n = §|f'(a)|. Ching minh

néu | — b| < n, thi day

f(@e) — 9
f'(a)

hoi tu v& nghiém duy nhit cia phuong trinh: f(z) = 7,2 € [a — 6,a + 6].

(ke N)

o = a,Tp4+1 = Tk —

Ap dung tinh chi't ctia dao ham, rit gon bi€u thifc:

Tty
1—ay

f(x,y) = arctg x + arctg y — arctg

Gid st f: R" — R™, ¢6 dao ham Df(x) = A,Vz, trong d6 A 1a 4nh xa tuyén
tinh. Ching minh f 14 dnh xa affin, i.e. f(x) = Ax+ const.

Cho f : U — R 1a ham khd vi trén hinh ciu U C R"™ Ching minh néu
Dy f(z) =0,Vz € U, thi f khong phu thudc bi€n thi nhat, i.e.

f($1,$2,"',$n) :f($/1,$2,'",l’n),V(l‘l,'",Ql'n),(ﬂfll,"',%‘n) eU

2 .2

Cho f(z,y) = xy% néu 2,y # 0, £(0,0) = 0. Chitng minh
2ty

2 f

0xdy

0% f
0yox

(0,0) #

(0,0).

Khai trién Taylor d€n cip 2 cdc ham:
a) f(z,y) = 22 + 42, tai (0,0); va tai (1,2).
b) f(z,y) = e coszy, tai (0,0).
0) f(z,y) = @V cosy, tai (1,0)
Khai trién Taylor tai 0 ham: f(x) = ¢ néu z #0, f(0)=0.
Chudi Taylor c6 hoi tu vé f hay khong? Ham f c6 1a ham gidi tich khong?
Xét phép bién ddi 16p C'!
u = fl (.Z‘, y)
v = fQ(xa y)
Chiing minh bi&n d6i trén 12 kha nghich dia phuong tai (z0, o) néu

A 0f10f2 0f10f2

- Oz Oy Oy Ox

khéc 0 tai (wo,%0), va khi d6 phép bi€n d6i ngugc z = x(u,v),y = y(u,v) c6
cdc dao ham riéng thod

o0 _ 100 e _ 1o
ou A Jy ov A dy
@ 1 ov @ 1 du

Ou A Ox v A Oz
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

x? — y2 Ty

Ch = . Xét tinh kha nghich dia phug i tai
o f(z,y) (x2+y2,x2+y2) ét tinh khd nghich dia phuong cla f tai

(0,1).

Xét tinh kha nghic dia phuong cta cdc phép bi€n ddi

a) Toa @ cuc: R? > (r,¢) — (rcosp,rsing) € R2

b) Toa dd cdu: R3 3 (p, ¢,0) — (pcospsinb, psingsinb, pcosf) € R3.

M5 ta hinh hoc va tim cdc mién macadc phép bién d6i trén 12 song dnh.

Cho f:R*\ {(0,0)} — R*\ {(0,0)}, f(z,y) = (z* -y, 22y).

a) Chitng minh det D f(x,y) # 0,V(x,y), nhung f khong khi nghich trén R?\
{(0,0)}.

b) Chitng minh f 1a don dnh trén A = {(z,y) : > 0}. Tim f(A).

¢) Tinh Dg(1,0),trong d6 g la dnh xd ngugc dia phuong cta f.

Cho f : R® — R™, f(x) = ||z||*> #. Ching minh f € C°, va la song 4nh tir
hinh cAu don vi Ién chinh n6, nhung f~! khong kha vi.

1 .
Cho f(z) = §+ #2sin~ néu x # 0, f(0) = 0. Ching minh f khd vi va
x
1(0) # 0, nhung f khong kha nghic dia phuong tai 0.
DPiéu nay c6 miu thuin gi véi dinh Iy him ngugc khong?
Cho f:R"™ — R™ thuoc 16p C! va ||f'(z)|| < ¢ < 1,Vz Pit g(x) = = + f(x).
Chitng minh ¢ la song 4nh. (HD: Hay ching minh g,(z) =y — f(z) 1a 4nh xa
co, 10i diing nguyén ly diém bat dong.)

Cho f : R"* — R™ 1a ham 16p C'. Gia st f(a) = 0 va Df(a) c6 hang n
Chitng minh v6i moi ¢ dd gin 0, phuong trinh f(x) = ¢ luén c6 nghiém.

Cho f:R — R thudc 16p C'. Xét phép bién ddi

= f(=)
v = —y+af(x)

Chiing minh néu f’(zq) # 0, thi bi€n ddi trén kha nghic dia phuong tai xo,yo)
va bi€n d6i ngudc ¢6 dang = = f~1(u), y = —v +uf (u).

Tai nhitng gid tri ndo clia x ma tif phuong trinh F(x,y) =y? +y+ 3z +1 =0,
c6 thé gidi y = y(r) 1a ham khd vi tai 1n can diém d6. Trong trudng hop d6

o Y
hay tinh —.
ay tinh -~
Cho (x9, Yo, z0) 12 mdt nghiém cla hé:
P 4ary—a=0, 22+22 -y —-b=0.

Tim diéu kién d€ c6 thé gidi tai 1an can nghiém trén = = f(2),y = g(2) 1a cdc
ham kha vi. Trong trudng hgp d6 hay tinh f/(2),¢'(2).
Cho f: R® = R, g: R? — Rlaciachamkhd vi. Xét F(z,y) = f(z,v,g(z,v)).
a) Tinh DF(x,y) theo cdc dao ham riéng ciia f va g.
b) N&u F(z,y) = 0 v6i moi z,y, tinh D1g, Dog theo cdc dao ham riéng cta f.
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47.

48.

49.

50.

51.

52.

53.

54.

Xét hé phuong trinh

{($4+y4)/x = u

sinx +cosy = v
Khi nao c6 thé gidi x,y nhu cdc ham kha vi clia u, v tailincin o = 7/2,y = 7/2.

.. Oz, 4
Tinh 6u(7T /4,1).

C6 thé gidi x,y, z theo u,v,w tai lan can (0,0,0) tit hé phuong trinh sau?

u(x,y,z) = x+xyz
v(z,y,2) = y+ay
w(z,y,z) = z+2x+ 322

Chtrnh minh tir hé phuong trinh

{ 22—y w4 =

0
20y + 9% —2ul +30v*+8 = 0

6 thé gidi u,v theo x,y tailan cin x = 2,y = —1 thod u(2, —1) = 2,v(2, 1) =
1. Tinh cdc dao ham riéng cta cdc nghiém u,v tai dé.

Xét tinh gidi dugc clia u,v theo z,y tir hé phuong trinh

ru + y? = 0
z® 4+ b = 0

tai 1dn cdn x = 1,y = —1,u = 1,v = —1. Tinh cdc dao ham riéng cda cédc
nghiém u = u(x,y),v = v(x,y) tai do.

Xét ting gidi dugc clia u, v, w theo x,y, z t hé phudng trinh

3r+2y+22+u+v? = 0
dr+3y+z+ul+vdw+2 = 0
r+z+ui+w+2 = 0

tailAin cdn z = 0,y = 0,2 = 0,u = 0,v = 0,w = —2. Tinh cdc dao ham riéng

cla cdc nghiém v = u(z,y, 2),v =v(z,y, 2),w = w(zx,y, z) tai do.

1 . .
Chitng minh phudng trinh sintx + costx = t, |t| < ﬁ’ ton tai duy nhat nghiém

x = ¢(t), v6i ¢ 1a ham kha vi v6 han.

Hiy viét khai trién Taylor dén cip 2 cia ¢ tai 0.

Cho dang toan phuong Q(x,y) = az? + 2bxy + cy®> (a # 0). Chiing minh:
a) @ xdc dinh duong khi va chi khi a@ > 0 va ac — b > 0.

b) Q xdc dinh 4m khi va cf khi a < 0 va ac — b > 0.

¢) Q khong xdc dinh dau khi va chi khi ac — b% < 0.

Xét cyc tri cic ham:

a) f(x,y) = x? + 22y + y* + 6.

b) f(z,y) = (a2 +y?)e™> V.
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55.

56.

57.

¢) f(z,y) = 2 — 3xy>. (d5 thi ham nay c6 dang ‘lung khi’).
d) fz,y,2) = 2° + y* 4 22° + xy2.
e) f(x,y,2) = xy?23(a —x — 2y — 32), (z,y,2>0va a>0).
f) f(z,y,2) = cos2zsiny + 22
n
Cho ay,---,a, € R. Xdc dinh x sao cho Z(m - ai)2 2t min.
i=1
Bai toan xap xi biac n, binh phuong bé nhat: Cho hai dai lugng z,y ma quan hé
giita ching dugc cho bdi biang dir liéu sau (nhd quan tric thuc nghiém ching
han)

x‘xl Ty o Tm
vyl wm v o Ym

a) Tim da thitc bac n, p(z) = ap + a1z + - - - + apz™, sao cho

m

Q(ao, T an) = Z(p(fz) - yi)2 — min
i=1
b) Chitng minh da thic p(x) = ag + a1z x4p xi binh phuong bé nhit cho bo dir
liéu trén thod
a1d T+ aod wi = X Tiys
ar Y. 1:1 + nag = v

¢) Ap dung tim xap xi bac 1 hay bic 2, khi cdc dit liéu 1a
x| 0 3 6 x| 2 -1 1 2
y| 1 4 5 y|l2 1 1 2
V& db thi cdc ham tim dugc. So sdnh vé6i da thifc ndi suy Lagrange.

Cho f:[0,1] — R ta mu6n tim A, B, C sao cho
1
/ (f(x) — Az? — Bx — C)%dz dat min
0
Ching minh A, B, C' la nghiém hé phuong trinh tuyé&n tinh
1 1 1 Lo
A+ 3B+ 30 = /0 z*f(z)dz
1
1A+3iB+iC = /0 xf(z)dx
1
3A+3B+ C = /0 f(z)dx
Pa thitc Az? 4+ Bz + C goi 1a xap xi bac 2 trung binh binh phuong bé nhat cilia

f. Téng quit hoa cho x4p xi bac n, trung binh binh phuong bé nhit cho ham
lién tuc tren [a, b].
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