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GIOT THIEU

Céc bai toan tmng dung trong kinh té, ky thuat ... thuong 1a khong “dep” va khong thé giai
theo cdc phuong phdp tinh ding. Nguoi ta can cac phuong phap giai 6 tinh chat giai thuat va,
néu cac két qua 12 gan dung thi sai s6 phai “du nho” (thudng 13 hoi tu vé 0). Cho du cac phuong
phap d6 doi hoi lugng phép tinh Ion, thi véi méy tinh, bai tan dé& dang dwoc giai quyét. Mot
trong c&c nganh hoc nghién ctru cac phuong phap nhu trén 13 Giai tich sd.

Gi4o trinh phuong phép tinh nay duoc viét véi muc dich nhap mdn Giai tich sé va danh
riéng cho sinh vién Pai hoc Su pham Ky thuat TP.HCM. Vé&i muyc dich va ddi tuong nhu vay, tai
liu khong dao siu cac co sd toan hoc cua giai thuat ciing nhu tinh tong quat cua cac bai toan.
Cac lap luan chu yéu dung cac Iy thuyét co ban ma sinh vién di hoc trong todn cao cip Al nhu
dinh nghia dao ham, cac dinh Iy trung binh, khai trién Maclaurin...

Trong céc 1ap luan, ching minh trong tai liéu nay, nguoi doc hiy xem cac didu kién “dau
vao” 1a thoa man dén muc can thiét. Vi du trong 1ap luan can dén dao ham cap 3 cua f(x) thi xem
nhu f(x) dam bao kha vi dén cap 3... Ciing nhu tinh duy nhat nghiém cua céc bai toan 1a mac
dinh.

Du da rat ¢6 gang nhung chic chan tai lidu nay con nhiéu thiéu sot. Rat mong ngudi doc va
cac dong nghiép quan tam va gop V.

Nhom tac gia
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CHUONG 1
SAI SO

§1. SAI SO TUYET DPOI VA SAI SO TUONG POI
1. Sai s6 tuyét déi

Ta can xap xi A bang sé gan dang a thi ta viét A ~a. Khi d6 sai sé phép tinh gan dang 1a mutc chénh
léch gitra A va a, tuc la |A— a| . Tuy nhién, vi khdng tinh ding A duogc nén ta ciing khong thé tinh dugc
muc chénh léch nay. Chlng ta s& danh gia sai s6 bang mot can trén caa né
|A-a|<A, (1.1)

Khi d6 A, duoc goi la sai s tuyét ddi gisi han hay sai s tuyét doi néu khong so nham,Jam:

R6 rang 12 sai sé tuyét di c6 nhiéu chon lya.

Vi du 1.1: Néu ldy gan ding 7 ~3.14, d0 khdng biét chinh xdc sé°m nhung ta c6
|7—3,14/<0,0016 <0,002<0,003. Nhu vay ta c6 thé chon sai s6 tuyét doi la 070016 hay 0,002, hay nhiéu
chon lua khac.

Sai s6 tuyét ddi cho phép chung ta xac dinh khoang gia tri Cla dai luong dung A, tac la
Aela-A,a+A,] hay con viét la|A=a+A,|. Do d6 ta s& chon A, nho nhat theo yéu cau nao do.
Thong thuong ta yéu cau A, gom mét chir sé khac 0. V& yeu cau do, trong vi du trén ta co
7=314+210"

2. Sai so twong doi

Sai s6 tuyét d6i cho ching ta x4c dinh mién gi4.tri ctia dai lugng dung A nhung khong cho blet muc
chinh xéac cua phép tinh. Bé so sanh sai s6 nhiéu phép tinh gan ding khac nhau, ching ta xét sai s6 twong
dbi

5,==2 (1.2)

Vi du 1.2: Phép tinh é ~ 0,411'e0/5ai s6 tuyét ddi 1a 2.107* nho hon trong vi du 1.1 nhung néu so sanh

_— g o 2107°%2100 . 1 s A1 o ot
sai so tuong doi ta co < . Vay phép tinh = =~ 0,111 ¢0 sai S0 16n hon phép tinh 7 ~ 3,14
344, 0,111 9

§2. SAI SO QUY TRON

Mot s6 dangdhap phan co thé c6 nhiéu chir s6. Nhitng chir s6 ma néu ta bo di sé 1am thay ddi gia tri
cua so6 thi dugegoilachir s6 co nghia. Nhu vay ta chi viét cac chir so c6 nghia khi biéu dién so.

Tuy nhién, néu mot sé c6 qua nhiéu chir s6 c6 nghia (tham chi vo han) thi ta can quy tron bot. Viéc
quy tropsséfam phat sinh sai s6. Hay xem vi du 1.1 va 1.2 la mot minh hoa.

Qby wdc khi quy tron s6: Néu chit s quy tron nho hon 5 thi ta quy tron xudng va cac truong hop
khac ta quy tron Ién. V6i mot so gan dung chung ta khong quy tron nhi€u lan. Vi du néu can quy tron
1,2345 gitr lai 3 chir so ta xét chir s6 4 va quy tron thanh 1,23 (khéng xét chir so 5)

1
Vi du 1.3: Tinh gan dang tich phéan | = Iexzdx. Truéc hét ching ta thay tich phan (dién tich hinh
0

thang cong) bang dién tich hinh thang | ~ %(1+ e), sai s6 & day duoc goi 1a sai s6 phuong phap, dat 1 <.
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Tiép theo ching ta tinh biéu thirc dang s thap phan %(1+e):1,85914...z1,859, sai s6 quy tron phét sinh
la [1,85914...-1,859| < 2.10™*. Vay ta c6 két qua | =1,859+(s+2.10").

§3. CHU SO CHAC

Vi du 1.3 cho thdy sai s6 cubi cung la tong sai sb phuong phap va sai s6 quy tron. Tir day dit ra yéu
cau quy tron sao cho sai sb quy tron khong lam tang dang ké sai sb cudi cung. Chung ta dat ra khai niém
chir s6 chic dé giai quyét yéu cau.

Cho A=a+A, trong d6 a gom cac chir s6 a;: a=...a,8,,a_,... (chit 6 hang don vi la ap, tir tdi'sang
phai chi sé giam dan). Khi do chit sé a; dugc goi la chéc khi va chi khi |A, <0,5.10' (1.3)

Nhan xét: Néu (1.3) ding v6i i=ip thi cling diing v6i moi i>ig va néu (1.3) sai v6iNgig thi ciing sai
v&i moi i<ip. Nhu vay cac chir s6 chac luén ¢ bén trai cac chir so khdng chac.

Dé dam bao sai s6 quy tron khéng anh hudng dén sai sai s6 cudi cung, ghiuingyta s& 1am tron gir lai
mot chir s6 khong chac. Khi do, sai s6 quy tron nho hon sai so6 trudc quy tron.

Tir day tro vé sau néu quy tron gitr lai chir s6 khong chic, ta s& bo qua'sai sé quy tron.

Vi du 1.4: Hiy lam tron s6 gan dung voi mot chir sé\ khong chac trong phép tinh
A=12,345677+3.10™".

Xét bat dang thuc (1.3) voi D=3.10*, ta thay<i nho nhat thoa (1.3) la i=-3, tic la
0,5.10* <3.10™ <0,5.10. Vay s6 gan dung chi c6 5 chir s6°chac 1, 2, 3, 4, 5. Theo yéu cau ta s& lam
tron la A~12,3457 . Khi d6 sai s6 quy tron la 2,3.10° <3,10™.

Néu lam tron hét cac chir s6 khong chic ta cd™A 12,346 va sai s6 quy tron s& 1a 3,23.10 16n hon
c sai s ban dau.

Khéi niém chir sé chic con ¢ mot ynghia khac. Xét vi du: Cho s6 gan ding A~ —12,3 ¢6 mot chix
s6 khong chic. Khi d6 chit s6 2 1a chicwa ta c6 (1.3) thoa véi i=0. N6i cach khac sai s6 khdng qué
0,5.10° vay ta c6 biéu dién sai s6 A= -2,3%5.10".

§4. SAI SO BIEU THUG

Trong phan nay«hung ta tinh sai s6 khi tinh toan mot biéu thirc ma cac bién dau vao c6 sai so.

Mot biéu thie,co thé c6 nhiéu bién dau vao. O day, ta xét trudng hop 2 bién A= f (x;y). Gia su
X=X tA VaFs Vet A . Khido A~ f(x,;Y,) Véisai so tuyét doi

Ay = 503 Yo )| A+, (%03 Y0 )| A, (1.4)

Viydu 1.5: Po ban kinh qua cau bang thudc do véi sai s6 twong ddi 0,1% ta duoc R ~13,44cm.

V6i 7~314 ta c6 V %.3,14.(13, 44)*=10164,03591 . Sai sb6 khi do la
A, :E.(ls, 44)'|A, +[4.(314).(13,44)'| A,

Theo vidu 1.1taco A_=2.10"°, xét cong thuc sai s6 twong déi (1.2) ta c6 A, =13,44.0,1%. Vay
A, <4.10%. V6i mdt chit s6 khong chéc ta c6 két qua V =10160+4.10*(cm®) hay V =10,16+4.107(1).
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§5. BAI TAP
1.1 Cho s6 gan dung a = 12.45972 véi sai sb tuong d6i &, =0.7%. Hay lam tron a véi 1 chir s6
khong chic. So sanh sai s do 1am tron va sai s6 ban dau

1.2 Dé tinh thé tich hinh cau V véi sai sé twong d6i 1.2% thi can do ban kinh cta V véi sai s6 thé
nao trong hai truong hop

a) Cho n=3.14
b) Cho s m = 3.14159... ~3.14
1.3 Cho bidu thic u=x+~ . Biét x ~ 1.321 va y ~ 0.9731 véi 1 chit s6 khong chic. Tinheua'sai
X
$6
X+ y? . .
1.4 Chou= . trong d6 x~3,28 y~0,932 z~1132 véi sai s6 twong doi 0,3%yHay tinh u véi

2 chir s6 khdng chic.

1.5 Dung cong thire (1.4) ching minh rang sai s6 tuyét dbi cua tong bang'tong céc sai s6 tuyét doi,
sai so twong doi cua tich la tong cac sai so6 tuwong doi.

1.6 Cho phuong trinh bac hai x*+ bx+ ¢ = 0 trong d6 b» 2.344¢b;- 1.57 Véi cling sai s6 twong
dbi 14 0,7%. Hay giai phuong trinh va cho biét sai s6

e+l

1.7 Cho e» 2,71, hdy tinh gan dung A» va danh gia sai so.

1.8 Dung thudc do co sai s twong ddi & dé do chil’cao, day 16n, day bé ctia mot hinh thang, két
qua lan luot 12 2,3cm; 12,5cm va 4,01cm. Hay cho biét 8 khong qua bao nhiéu dé sai s twong ddi khi tinh
dién tich hinh thang khéng qua 1%.
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Chwong 2: Gidi gdn diing phwong trinh dgo s6 va siéu viét

CHUONG 2
GIAI GAN DUNG
PHUONG TRINH DAI SO VA SIEU VIET

§1. NGHIEM VA KHOANG TACH NGHIEM
1. Nghiém

Mot phuong trinh dai s6 ¢ dang tong quét f(x) = 0 (2.1). Nghiém phuong trinh 13 gia triex* thoa
man phuong trinh, tic la f(x*) = 0.

Vigc giai phuong trinh (2.1) dugc chia thanh 2 budc:

- Bude so bo: Tim cac khoang tach nghiém la nhitng khoang ma trén d6 phuong teinh c¢6 nghiém
duy nhat

- Buéc kign toan: Tim nghiém gan v4
dung trén tirng khoang tach nghiém y=F(x)
O dang @6 thi, nghiém phuong /\ R
trinh 1a hoanh d¢ giao diém gitra duong ) I \__— X
cong y = f(x) va truc hoanh.

Trong phan nay ching ta néu mot
cach tim khoang tach nghiém va hai
phuong phap kién toan nghiém.

2. Khoang tach nghiém

Viéc tim cac khoang tach nghiém cé nhiéu each. Vi dy, chiing ta v& do thi y = f(x) va dya vao d6
tim khoang tach nghiém.

Trong phan nay ching ta néu lai motkétqua gitp tim khoang tach nghiém

Dinh ly 2.1: Gia str phuong trink(2.1)thoa f(x) c6 dao ham f(x) khong doi dau trén [a,b]. Khi dé:
- Néu f(a) cuing dau f(b) thi‘phereng trinh khong co nghiém trén [a,b]

- Néu f(a) trai dau f(b) thiJa,b] la khoang tach nghiém phuong trinh.

Vi du 2.1: Xét phirohg trinh f (x) = x> —3x+5=0. Lap bang xét dau dao ham ta c6

X -00 -1 1 +00

f'(x)=3x"-3 + 0 - 0 +

Tinh-gia tri ham ta co6

f(—©)<0, f(-1)>0, f(1)>0, f(+00)>0. Vay phuong trinh chi c6 mét nghiém trong khoang
(-0;-1).

Xét thém maot diém trong khoang (1;+). ta chon f(-3)<0.

Tur d6 suy ra phuong trinh chi c6 mot nghiém thugc khoang tach nghiém [-3;-1].

Twong tu Sinh vién hdy xét phuong trinh x+e* =0 va cho biét s6 nghiém phuong trinh véi khoang
tach nghiém tuong ung.
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Chwong 2: Gidi gdn diing phwong trinh dgo s6 va siéu viét

§2. PHUONG PHAP LAP PON

1. Noi dung phuwong phap
Cho phuong trinh (2.1) véi khoang tach nghiém [a,b]. Goi x* la nghiém phuong trinh trén [a,b]
Pua phuong trinh vé dang x = ¢(x) sao cho

@' (x)|<a<1l vxe[ab] (2.2)

Chon mot gid tri x, €[a,b] 1am gia trj ban dau
Tinh dan cac phan ti caa day sé
X1:¢(Xo);X2:(P(X1);"-;Xn :¢(Xn—l) (2.3)

Néu céc phan tir caa dy trén déu thudc khoang tach nghiém thi day s s& hoi tu véaghiém x*. Sau
Mot s6 n budc tinh ta c6 nghiém gan ding x* ~ x, . Khi d6 sai sb tuyét dbi dugc danh gia theo cong thirc

|Xn_x*|sﬁ|xn_xnl|zgn (2.4)

2. Sw hdi tu va sai sb

Trudc hét ching ta chitng minh sy hoi tu cua phuong phap. Ap dung dinh ly gia tri trung binh
Lagrange ta co:

|Xn+1 - Xn| = ‘¢(Xn)_¢(xn—1)‘ = ‘@’(C)(Xn Ve Xn—l)‘

< Q)X = Xy <. Q"R — X | —22—0

Do d6 day {xn} la day Co si nén hoi ty.

Mit khac do ham ¢ lién tyos (6 dao ham nén lién tuc) nén néu ta dat
limx, =X = X =limx,, =limg(x,) =g(X).

Vay {xn} hoi tu vé& nghiém phuong trinh trén [a,b]

Tiép theo ching ta tim cong thirc danh gia sai sd.

Ciing bang cach ap dung dinh ly Lagrange ta co
e = %o <[ Xoe 2K s = X0 < (X =X H]X = %o -

n

Cho k > oo ta 60, [x*—x,|<q(|x*~x,|+[x, — X,|) hay |x, —x*] Sﬁm ~X|=¢,.

\(é vjéc chon gid tri Xo: P& dam bao su hoi tu phuong phap chung ta phai dam bao gia thiét (2.2) va
gia thietx,thuoc khoang tach nghiém vai moi n.

Tty nhién néu biét nghiém x* thuc nira trai hay nura phai khoang tach nghiém ta c6 thé chon xo sao
gia thiet tha hai thoa man.

Cu thé néu nghiém x* thudc nira trai khoang tach nghiém, tic 1a thugc [a,(a+b)/2] thi ta chon x¢=a.

Va truong hop nghiém thugc nira phai khoang tch nghiém ta chon xe=b.

q Pé xac dinh nghiém thugc nira trai hay ntra phai khoang tach nghiém, ching ta xét dau ham f(x) tai
diém gitra khoang tach nghiém va dung dinh ly 2.1.

NOi chung ta co cach chon X nhu sau:
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Chwong 2: Gidi gdn diing phwong trinh dgo s6 va siéu viét

Xy = (2.5)

So @6 khéi phuwong phap 1ap:

Phuong trinh  x=¢(x) |,
khoépg téch nghiém [a,b] va
sai SO yéu cau

9'(X)<q<1 Vxe[a,b]

A 4

f(a) ciing dAu f(a%b)
S
Xo=b Xo=a
\ xlz(p(xo) .
A
\ 4
ﬁ Xl_xo|Sg S > Xo=X1
b
A
X*2x1

3. Mot cach khac danh gia sai s6
Gia sir phuong4ginh) (2.1) c6 f(x) kha vi va [f¢x)* m>0 "xI [a,b] Goi x* va x, lan luot 12
nghiém va nghiém gan ding trén khoang tach nghiém [ab]. Theo dinh ly trung binh ta co
| £ O, )
|T4(c)

trong d6 ¢ nam giita X* va x,. Khi d6 ta c6 danh gia sai so la

|x*- x,|=

* ‘f (X“X
X% x| £ — (2.5)

4. Thwc hanh trén may Casio
Vi du 2.2: Cho phuong trinh f (x)=x*-3x—-5=0.

Dung phuong phap 1ap don giai phuong trinh trén khoang tach nghiém [2;3] véi yéu cau:
a) Ba budc lap va danh gia sai sb

b) Nghiém gan dung c6 5 chit s6 chic
Trang | 6
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Chwong 2: Gidi gdn diing phwong trinh dgo s6 va siéu viét

Giai: Trudc hét dwa phuong trinh vé dang (2.2)
x =3x+5=gp(x)
Khi d6 vai moi x thudc [2;3] ta co

o' (X)) = t 1 <0.203=q

Y(3x+5)°  §(6+5)

Xét f(2) <0, f(2,5) > 0 nén tur (2.4) chon xo=2

a
) Budc tinh (2.3) Bam trén may Man hinh
Xo=2 2= 2
X1=0(X0) (3*ans+5)M(1/3) = | 2,223980001
X2=(X1) = 2,268372388
X3=0(Xs) = 2,276967161

V6i yéu cau 3 budc lip ta cd nghiém gan dung x3=2296967161. Panh gid sai sb
q _
E|X3—X2| <3.10 3

Véi mot chir s6 khdng chic ta co két qua
x*=2,277+3.10°

~ b) Do nghiém c6 mot chir s6 bén trai dau thap phan’nén nghiém gan dung c6 5 chir s6 chac néu chir
s6 thur 4 sau dau thap phan 1a chic. Tuc la sai sé khéndyqua 5.10°

banh gia:
ﬁm — X4 £5.10° < |x, —x, /21.96...10* (¥)

Budc tinh Bam trén may Man hinh
Xo=2 2= 2

xr4Q(X) (3*ans+5)N(1/3) = | 2,223980001
X2=30(X1) = 2,268372388
X3=0(X2) = 2,276967161
X4=(X3) = 2,278623713
X5=(X4) = 2,278942719
Xe=(Xs) = 2,279004141

So'séch tir trai qua phai dén chir sb thir 4 sau du thap phan trong cac gia tri x, ta nhan thiy xs thoa
(*) nén vong lap dung va ta cd két qua x* = 2,27900vdi 5 chir s6 chéc, hay sai s6 khong qua 5.10°.

§3. PHUONG PHAP NEWTON
1. N§i dung phuwong phap
Cho phuong trinh (2.1) véi khoang tach nghiém [a,b]. Goi x* 1a nghiém phuong trinh trén [a,b].
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Chwong 2: Gidi gdn diing phwong trinh dgo s6 va siéu viét

Gia str dao ham f(x) va f’(x) khong d6i ddu (Riéng dao ham cdp 1 khac 0) trén khoang tach
nghiém.

Chon mét gid tri X, €[a,b] sao cho f(xo) cling dau f”(x,) 1am gia tri ban dau (ta goi Xo nhu thé la
diém fourier).
Tinh dan cac phan tu caa day sé

f(x). f(x).
Xi:XO_TXX(;)’Xzle_TXXZ)““

f(x
,( ) (2.6)
/(%)
Khi d6 day s6 x, s& don diéu hoi tu vé nghiém x*. Sau mot sé n budc lap ta cohighidm gan dang
X* = X_ Vi sai s6 tuyét d6i duge danh gia theo cong thirc

X, —x*|£%(xn—xn_l)2 (2.7)

Trong d6 m va M dénh gia tir cc bat ding thirc

f"(x)|<M,Vxe[a,b] (2.8)

‘f’(x)‘2m>0;

2. Sw hoi tu va sai sé
Trudc hét chlng ta chirmg minh su hoi tu cua phugtlg phap.
Trong khai  triégn  Maulaurin  tai X, Yphan du Lagrange cho x=x; ta

f . .
co: f (%)= f(x)*+ Fax)(x- %)+ 40)()(1_ X, Y\rong dé ¢ nim giira Xo VA Xy Thé cong thirc x; tir
(2.6) vao ta co
fé(c
f(Xl): %)(Xl_ Xo)2 @)

Xét truong hop £ va £ cung.dau duong. Biéu thirc (*) suy ra f(x1) >0, mat khac ham dong bién nén
Suy ra X;>x*.

Dung biéu thac {2,6) véi x; voi luu y fixe) cing dau duong véi £ nén: X, - X, =

f

_ (XO) £ O
fd(x,)

hay X1<xq.

Nhu vay\chiing ta chimg minh duoc x*<x;<xo, X; thudc khoang tach nghiém va f(x,) cing dau f°.
Bang cachlam tuong tu va thay Xg la X; ta lai ching minh dugc diéu twong tu Vai X, ...

Do d6 day {xn} giam va bi chan dudgi bai x* nén hoi tu, dat X = !(!DT X,. Cho n = o trong biéu
thirc (2.6) ta c6 f(X)=0 nén X=x* 1a nghiém can tim.

Truong hgp f* va £’ ciing am ta lam tuong tu

Céc trudng hop £ va £ trdi déu 1am tuwong tu (ddy X, giam)

Tiép theo ta chang minh cng thirc danh gia sai sb.

O, - x,.)

2

Tong quét biéu thic (*) taco f(x,)=

Trang | 8
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Chwong 2: Gidi gdn diing phwong trinh dgo s6 va siéu viét

T biéu thie (2.6) suy ra
X X |= f (Xn) — f ¢(C)(Xn B xn- 1)2
e fe(x,) 21 (x,)

Patm, M tir (2.8) taco |X,,,- X, |£ %(Xn— x_,)

DAy X, don diéu hoi tu V& x* cho nén x,+1 Ndm gitta X* va x,. Do vay ta ¢ cdng thuc sai s6 (2.7).

V& viéc chon Xo: Trén khoang tach nghiém cé nhiéu gia tri xo thoa diéu kién 1a diém fourier fén xo
c6 nhiéu chon lya. Tuy nhién, bang cich xét tung truong hop ve dau f* va £’ ta c6 cong thure xae. dinhrxo
MOt cach ro rang nhu sau:

X:{a f'(x)f"(x)<0
° b f'(x)f"(x)=0

Vé toc do hoi tu: Sai sb cua phuong phap 1ap don va phuong phap Newton Y& cac v6 vung bé khi n
tang 1én vo han. Diéu nay ching té véi moi sai s6 Yeu cau, ton tai budc lap hid*han thoa man sai s6 khong
qua sai sb yéu cau. So sanh bac cua hai vo cung bé d6, ta nhan thay sai s6 & phuong phap Newton c6 bac hai
S0 Véi sai s6 phuong phap 1ap don. Diéu nay ching to téc do hoi tu & phugng phap Newton cao hon. Noi
cach khac véi cling sai s6 yéu cau, phuong phap Newton thudng c6 s buéc |ap nho hon.

(2.9)

Mot cach khac danh gi sai sé: chung ta ciing c6 thé danh giéd/Sai §6 phuong phép lip don theo cong
thac (2.5).

So d6 khdi phuwong phap Newton:

Phuong trinh (2.1), khoang tach nghiém
[a,b] va sai s6 yéu cau e. ' va £ khong dOi
dau trén khoang tach nghiém

v
f'(a) cung dau f *'(a)

Xo=X

X*=x4

3¢ Thuchanh trén may Casio
Vi du 2.3: Cho phuong trinh f (x)=x*-3x-5=0.
Dung phuong phap Newotn giai phuong trinh trén khoang tach nghiém [2;3] véi yéu cau:
a) 3 budc lap va danh gia sai s6
b) Nghiém gan dung c6 5 chit s6 chic
C) 2 budc lap voi xp=2,4

Trang | 9
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Giai: Xét dau dao ham cép 1 va 2 trén [2;3] ta dwoc f@(x)= 3x*- 3 12- 3>0va f#(x)= 6x3 0.
Theo (2.9) ta chon xo=3
a) V&i yéu cau 3 budc lap ta c6 nghiém gan dung x;

Budc tinh (2.6) | Bam trén may Man hinh
X0=3 3= 3

f (Xo) Ans-(ans"3-3*ans- 2,458333333
X, =X, — * 2\ —

1= %o (%) 5)/(3*ans"2-3) =

f (xl) = 2,294310576
X, =X~

(%)

f (Xz) = 2,279144331
X3 =X, ——

f'(x,)

Vay X3=2,279144331 |14 nghiém gan dung
D¢ dénh gia sai sO ta tinh |fe(x)=3x*- 3° 9=m va |fg(})}= 6x£ 18= M suy sai sb

M x[F<3.10%
2m 3 2

Véi mot chir s6 khdng chic ta ¢ két qua
X*=2,2791+3.10™

b) Tuong ty vi du 2.2, yu ciu sai s6 khéng.qué5.10™

Pénh gi4 ;"_m|xn x,[f €510 < [RE%H<0,0070... (%)

Budc tinh (2.6Y, | Bam trén may Man hinh
Xo=3 3= 3

f (Xo) Ans-(ans"3-3*ans- | 2,458333333
Xy, =Ko~ (%) 5)/(3*ans"2-3) =

f(x) |= 2,204310576
X, =X ——;

f'(x)

f(x) |= 2,279144331
Xy =X, ——

f(x;)

f(x,) 2,279018795
Xy =Xy ——

f7(%s)

So sanh cac két qua gan ding tir trai qua phai dén chir s6 thir 3 sau dau thap phan trong céc gié tri x,
ta nhan thay x4 théa (*) nén vong lap dung va ta cé ket qua x*=2,27902véi 5 chir so chac, hay sai so

khong qua 5.107.

Budc tinh (2.6)

Bam trén may

Man hinh

Thu vién BPH SPKT TP. HCM - http://www.thuvienspkt.edu.vn
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Xo=2,4 2.4 = 2.4
f (Xo) Ans-(ans"3-3*ans- 2,28627451
X =%~ 5)/(3*ans"2-3) =

x) | = 2,27904723

¢) Tinh sai s6 twong tu cac cau trén va ta co két qua

X*=2,27904+7.107

4. Tim ciin bac k (k nguyén dwong) mét s6 thuc
Cho k nguyén duong, a>1 va xét phuong trinh (2.10)
R0 rang (2.10) c6 nghiém x*= Kfa trén khoang tach nghiém [1;a].
Dt f(x)=x*-a. Trén khoang [1;a], dao ham cip 1 va 2 cua f(x) cing mang dau dwong nén theo

(Xn- 1)k - a

phwong phép Newton ta chon X,=a. DAy nghiém gan dang c6 cong thiea XL= X, - W :
Xn- 1

Dé tim m, ta xét: ‘f;zﬁ(x)(: kx!3 k=m

1

Vay day sé 1 (% ) - a (2.11) hoi.tu v& x*= 4/a. Bing cach dung mot phan tu thi n

P )

trong ddy lam gia tri gan ding ctia X* ta co'sabs6 theo (2.5) 1a [x*- x |£

-4
k

Truong hop a<l chdng ta xay dung tuong tu.
Vi du 2.5: Tinh gan dung «/3-bing cac phép toan +,-,*,/ véi sai sé khong qua 107,

Xy = 3 2
, , oy-9
Ap dung (2.11) ta co day so (xn 1) 3 Vva sai 6 cua X, la ‘\/5 X ‘£ — Ket
X, = X, ;-
2(Xn l)

n n-

qua tinh toan:

Xn 3 |2 1,75 |1,73214.. | 1,73205081
Sai s 0,03.. | 2.10* 5.10°

§4. BAI TAP
MGi bai toan sau hdy ding phuong phap 1ap don va phuong phap Newton giai gan dung vai yéu cau
a) Hai budc lap (c6 danh gia sai s6) V6i hai gia tri ban dau xo khac nhau
b) Sai sé khong qué 10~
¢) Nghiém gan ding c6 7 chir s chac

Trang | 11
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2.1 Phuong trinh x> + x + 1 = 0 trén khoang tach nghiém [-0,8:0]
2.2 Phuong trinh €* + 2x =0 trén khoang tach nghiém [-1;0]

2.3 Phuong trinh x = In(x+2) trén khoang tach nghiém [1;2]

2.4 Phuong trinh x = cosx trén khoang tach nghiém [0,6;0,8]

MJdi phuong trinh sau hdy cho biét s6 nghiém phwong trinh va cac khodng tach nghiém tuong ung.
Dung phuong phap 1ap don va phuong phap Newton tim nghiém lén nhat vai 4 chir so chac

2.5 Phuong trinh x> — 3x = 2010
2.6 Phuong trinh 2x = In(x+1000)
2.7 Phuong trinh x +2011 = ¢*

2.8 Duing (2.11) tinh gin dung /0.91 va 47 véi sai s6 khong qua 10™,

2.9 Duing (2.5) ching minh rang néu phuong trinh (2.1) théa f va £ cing duong trén khoang téch
nghiém thi sai so phuong phap lap don va phuong phap Newton cé thé danh)gid@ bang cbng thic

()
f4a)

2.10 Ching minh ring sai s6 phuong phap lip don céthe/ danh gia bang cong thic

|x*- x,|£

qn
|X*_ Xn|£ ﬁ|XO- Xl|'
Ap dung vao phuong trinh x = 1+ sin x trén khoang taeh nghiém [1;2] Vi Xo=1,5 tim s6 budc lap
can thiét dé sai sb khong quéa 107,

2.11 Cho phuong trinh x*- 4x° = -26 c6 khgéng tach nghi¢m [2,5;3,2]. Hay thu hep khoang tach
nghiém dé cac diéu kién cua phuong phap Newtonithea mén

~ 2.12 Dung dinh nghia dao ham ching/minh ring néu ham ¢(x) kha vi trén khoang [a,b] va ton tai
so L thudc (0;1) sao cho:

i )-§ (V)€ Lx- y|"x,yifab]>(2.12) thi diéu kign (22) théa man, tic la
¢'(x)|<q<1 vxe[ab].

Ap dung dinh ly gi&titring binh Lagrange ching minh chiéu nguoc lai ciing dung.
Diéu kién (2.12)%duot goi la diéu kién Lipschitz.
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CHUONG 3

GIAI HE PHUONG TRINH TUYEN TINH BANG PHUONG PHAP
LAP

Trong mon toan 2, chang ta da biét giai hé phuong trinh tuyén tinh n phuong trinh va m an bang
phuong phap Cramer va phuong phap Gauss. Pay cling la hai phuong phap cé tinh giai thuat. Trong do
phuong phap Gauss hiéu qua hon do lugng phép tinh it hon. Trong ndi dung chuong nay ching ta khdng
dat muc dich giai mot hé phuong trinh tuyén tinh téng quét, ma chi dat myc dich mé rong phuong\phap
lap don da hoc chuong trugc ma thoi.

§1 MO PAU
1. Hé phwong trinh tuyén tinh
Mot hé phuong trinh tuyén tinh ¢6 dang:

a11x1+a12X +"'+a1n n =b1

A, % + 8%, +...+ 8, X, =D, 3.1)

ayX +a,X, +..+a,x, =b,

&, U U
¢y g)lli
A F PN A A A A z- A A 9(2171 Q)ZU A EE PN A
Ma tran A=[a;;] goi la ma tran hé so ve trai, matran’cot X = g 1& B=¢ glan luot goi la ma tran
& 8
I
cot cAc An va ma tran cot hé s6 ty do (ta cathé viet X =[x, x, .. xJ, B=[ b, .. b]).

Khi do, theo phép tinh ma tran hé (3.1).c6 dang ma tran la
AX =B (3.2)

V6i muc dich ap dungyphuong phéap 13p don da hoc chuong trudc vao phuong trinh (3.2), trong
chuong nay chiing ta gia Stshé €6 nghiém duy nhat dat 1a X* (hé Cramer).

Trudc hét chin@td cAn nhac lai khéai niém chuan trén khdng gian ma tran.

2. Chuin “dongctia ma tran

Chuan & mot khéi niém trén khong gian vec to chi d6 dai cia mot vec to. Cho vec to v, chuan v 1a
mot s thut Viét 1a |v]|, nd phai dugc xay dung thoa cac tién deé:

-W* ofv|=00v=q
“lavi=laliv] "alR"v
< Jut € Jul+ v uv

Trén mot khong gian vec to, ta ¢6 nhiéu cach dé xay dung chuan. Vi du trén R" ta c6 cac chuan da

- Chuan Euclide |||, = ’Zx VOT X = (X, %y, 000 X))

Thu vién BPH SPKT TP. HCM - http://www.thuvienspkt.edu.vn
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- Chuan tong ||x||1=zn:|xi|,véi X = (%, Xy, 000, X3

i=1

Dé don gian, trong chuong nay chung ta chi sir dung mot chuan trén khéng gian ma tran ma ta tam
goi la chuan “dong”:

Cho ma tran A:[ai,-]mxn, khi d6 chuan “dong” A 1a

1A= maxl d = ‘a,, ‘t\; (3.3)
jl

E&mi

Vé6i chuan ma tran xay dung nhu trén, tr 3 tién dé nguoi ta ching minh duoc 4fnh) chat
Juv]£ M-

Chu thich: d; 1a tng cac gia tri tuyét ddi cac phan tir dong i.

Vi du 3.1: Tinh chuan “dong” ma tran
0.1 04 - O.ZE

y

¢ :
T=¢2 0 11V
¢ v
97 -09 18

Ap dyng (3.3) ta c6 d1=0,7, d,=3 va d5=3,4, do do |[T| = 3,4

Tuong tu ta cling tinh dugc

¢1 9 <09 ¢ Ol
ngos Y=<§-o71> IX|=1% |X- Y|= goz =0,2
0,9 1 glos £,0,15
§2 PHUONG PHAP LAP PON

1. Ngi dung phwong phap
Tir phuong trinh (3.2), chiingsta Bién d6i twong duong thanh
64
trong d6 T 1a matan, vudng T=[t;] va C la ma tran cot
C=[c1 ¢o ... el

Dé phuongyphigh/lap hoi tu ta can diéu kien: |[T]|< 1| (3.5)

Khi dé_d3y nghiém gan dang duoc tinh theo cong thic
JXp2 C
FX, = TX,,+ C

(3.6)

Sau k budc Iap, nghiém gan dung hé 1a X*» X, Vvéi sai s6

m e X x, @)

L- 7]
Vé céach chon Xo: Viéc chon X trong phuong phép trén khong doi hoi yéu cau gi (hé da cé nghiém

duy nhét). Do d6 céch chon don gian nhét 1a Xo=6 (cot khong), khi d6 X;=C. Vay dé tiét kiém budc tinh
ta nén chon Xo=C néu khong cd yéu cau gi thém.
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Chtng minh s hi tu va sai s6:
Do X* 1a nghiém nén X*=TX*+C, lay vé trir vé véi (3.6) ta c6 X, - X*=T(X, ;- X*). Theo
tinh chat chang minh tir 3 tién dé ta co || X, - X 4 £ [T||I(X,..- X

Tuong tu ta co:

P XTIk, - X9 [TFIOK, - X -t T Ik X))

Do (3.5) nén néu k tang vo han [T|* giam vé 0 hay |X,- X *| giam vé 0. Theo dinh nghfa chuin

“dong”, ||X,- X *| chinh la gia tri lon nhat cac chénh léch giira cac phan tir tuong tng trong Xeva X*.
NGi cach khac néu dat X, = [Xq %o - X} X*= 8 X .. xkthitaco ‘in' x,’£ X" X,

do d6 x, %9 ® x; .
Dé chang minh sai sb ta xét
[Xi= XA TIIX, - XA =TI - X )+ (K- X
IO 2= X+ X X))
Tir day, chuyén vé va bién ddi ta co (3.7).
2. Thuc hanh may Casio 570
Vi du 3.2: Giai hé phwong trinh sau bang phuong phapdap don vai hai budc lap.
X -01 0,2 0 |/x 5
y|=/02 01 005|y|+] 7 |=TX+C
z 0 03 005 z| |-1
Giai: Chuan ||T|| = 0,35< 1 nén phuong phap hoi tu
Dit Xo=C=[5 7 -1]". Ta c6 két gua tfah toan

BAm may (@ tuc 12 alpha) Man hinh

-0.1aX+0.2 Y+5@: -0.1X+0.2Y+5:0.2X+0,1
0.2§x+o,1%v+o,05@+7@; Y+0.05A+7: 0.3Y+0.05A-1
0.3aY+0.05aA-1

calc X?

5= Nhdp Xo Y?

7= A?

SEES 5.9 Cac thanh
= 8.65 phan X,

= 1.05

= X?

59= Nhdp X Y?

8.65 = A?

1.05= 6.14 Céac thanh
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= 9.0975 phan X,
= 1.6475
X~ 6,14
Véi X*~X, ta ¢ 4y ~9,0975. Dé danh gia sai sb ta xét:
7 ~1,6475
0,35
X*-X2[ < —=_|IX, - X
|| || 1_0’35” 1 2||
0,35

=068 max{0,024;0,04475;0,05975}< 4.10
3. Hé “chéo troi”

Dé dua tr h¢ phuong trinh tuyén tinh (3.1) vé dang ma tran (3.2) sao cho dicl kién (3.5) thoa man
khong phai la dé dang. Tuy vao (3.1) cu thé ma ta c6 cach bién doi khac nhau. Trong phan nay ta xét
truong hop don gian ma ta tam goi l1a A cé dang chéo troi.

Ma tran A=[a;] chéo tri néu gia tri tuyét doi phan tir trén duong chjég hinh I6n hon tong cac gi tri
tuyét doi cac phan tir con lai cung dong vai no, tuc la:

|| > ag, |+ [ag | +... = Z‘aﬁ‘
j#l

|8y, | > @ | +]as| + ... = Z‘azj‘
j#l

a

|20 | >80+ @] + -+ || = Z

j#n

nj

Khi @6 tir hé (3.1) ching ta chuyén vé 84c’s6 hang bén trai dang a;xj ma i khac j. Sau d6 chia hai vé
phuong trinh thir i cho aji ta duoc két qua dang (3.4) véi |T]|<1.

7.9x+0.2y-0.3z=7.7
Vi dy 3.3: Giai hé phttong trinh {—0.1x+3.7y +0.1z = —3.8 bang phuong phap lip don hai budc
0.2x+3.72=-0.2
vGi Xo=[1 -1 0]"

79 0,2 0,3
Giai: maafran hé s6 vé trai A=|-0,1 3,7 0,1 | c6 dang “chéo trdi”. Bang cach bién doi theo
02 0 37

huéng dfu f4 dua hé vé dang

X=-0,025y+0,038z+0,975

_ B B (cac phép chia lam tron voi
y=0,027x-0,0272 -1,027 ba chir s6 sau dan thap phan).
z=-0,054x-0,054

g 0 - 0,025 0,0383
Dang (3.4) nay cO matran T = 30,027 0 - 0,027Y théa IT||= 0,0629<1.
€0054 0 o U

Dung may tinh nhu vi du trén ta cd két qua
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X,=[1 -1 -0,208], X,=[0,996 -0,997 -0,108] .

X =~ 0.996
Két luan: {y ~—0.997
z~-0.108
L. g 0,0629 D S U SV S
Vi sai 50 |[X*-X2| < m”x1 —X,[<3.10™ (c&c so gan dung da lam tron hét céc chir so khong
chéc)

§3 PHUONG PHAP LAP SEIDEN
1. Phwong phap lap seiden

Phuong phép lip Seidel 1a mét su cai bién ciia phuong phép lip don. Y tudéng cua su thay doi nay 1a
trong qua trinh tinh thanh phan tha i (i>1) cia nghiém gan dung Xy ta st dung ngéy cacethanh phan thi 1,
2, ..., i-1 trong X vira tinh dugc. Piéu nay doi hoi phép nhan ma tran phai thigc hign tuan ty tirng dong,
két qua dong 1 dung cho phép tinh dong 2, két qua dong 2 ding trong phép tinh dong 3 .... Cu thé 13, dbi
v6i phuong phép 1ap seidel, cong thic lap (3.6) duoc thay d6i dudi dang

k k-1 k-1 k-1
Xl():tuxl( )+t12Xg )+"'+t1nxr(1 )+Cl
k K k-1 k-1
Xg)=t21X1()+t22X2 )+'”+t2nxr(1 )+C2 (3 8)
Xr(lk) = tnlxl(k) +tn2xgk) +-- +tn,n—lX£1k—)1 +tnnxlgk_l) + Cn
Trongdo X, =[x x{ .. x¥], C=[ N, .. c]

Ngoai ra thi diéu kién hoi tu va cong thiroltinh’sai sé van tuong tu phuong phép lip don
7.9%M0.2y-0.32=7.7
Vi du 3.4: Giai hé phuong trinh § —0'4X + 3.7y + 0.1z = —3.8 bing phuong phap 1dp Seiden ba budc.
0.2x+3.72=-0.2
Giai: Bién doi trong titwi du3.3:
x=-0,025y +0;0882+0,975 (1)
y=0,027x-0,0272-1,027  (2)
z =-0,054%=0,054 (3)
Chon XoxC=[0,975 -1,027 -0,0541T. Thé céc thanh phan X, Vélo,vé phai phuong trinh (1) dugc X
= 0,9986..%, gia tri nay thay cho thanh phan 0,975 trong Xo. Sau do6 thé cac thanh phan mai X, vao ve

phai~(2), difoc y = -0,99857...., gid trj nay thay cho thanh phan -1,027 trong Xo. Tiép tuc thé cac thanh
pham, méi Xo vao (3) duoc z=-0,1079..... Két thuc budéc lap the nhat

X, =[0,9986 —0,99857 —0,1079]T
Qua trinh tinh X; tuong tu.

2. Thuc hanh trén may Casio 570

B4m méy (@ tuc 1a alpha) Man hinh
@X@calc- X=-
0.0258Y+0.038aA+0,975dYfacalc | 0,025Y+0,038A+0,0975:
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0.027dX-0,027] dA-1,027gl/dAdcalc | Y=0,027X-0,027A-1,027:
-0,054X-0,054 A=-0,054A-0,054

calc X?

0,0975 = Nhdp Xo Y?

-1,027 = A?

-0,054 = 0,9986... Cé(; thanh
= 20,99857... | PhanX

= -0,1079....
= X?

= Khong nhgp gia | Y?

= trigi A?

= 0.99586... | Cac thanh
= 20.99719... | PhanX;

= -0.10777...

Tiép tuc bam céc dau = ta dugc

X, =[0,99583 -0,99720 —0,107775]T

X ~0,99583
Kétqua 1y ~-0,99720 véi sai s |X *-X,[ <3.107.
z~-0,107775

3. Baitap
Voi 7m5i hé phuong trinh sau, hay giai bangphuong phap lip don va 1ap seiden véi 3 budce lap. Sinh
vién c6 thé chon nhiéu vecto Xq khac nhau;,
%] [02 -01 011x [-2
31 % [=[-03 0 0L X0+ 2
X, 0 04,031 x| |1

1 8 Al -1
32 |7 0 2%X, |=|2
2 L9 x| |1
10Xy —2=-2 5Xx-3y+z=-6
3.3,92x+10y-z=9 3432x-Ty+z2=-7
-X+y+10z=11 -X+Yy+52=12
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Chwong 4: Da thirc nji suy

CHUONG 4
DA THUC NOI SuYy

§1. VAN DE CHUNG
1. Pa thirc ngi suy

v

- Bai toan noi suy: Cho (n+1) mébc noi suy phan biét x; (i=0,1,.. ,)thudc [a,b] trong d6 a, b 12 hai
moc nao do.

Chogiatrihamsé f(x) taixila y, = f(x), (i= 041,...,nMh

Ta can tinh gan dung f(x) véi moi x thuoc [a,b].

- Da thtc ni suy: 1a da thuc P, (x)thoa hai diéu Kign: bac khong qua n va c6 dd thi di qua cac niit
ndi suy (xi,Yi) (hay yi=Pa(Xi) ) V6i i=0,1,...,n). Da thuc P, (X) goi 1a da thirc noi suy. Ta dung da thic noi
suy xap xi cho ham can tim: f (x)» P, (x),"X1%{a,b]. Ham f(x) goi 1a ham ngi suy va h¢ théng nat (x;
Yi) goi la ludi noi suy, n la bac noi suy.

2. Sai sb ndi suy
Gia str ham noi suy kha vilgapy(n+1) va thoa

[£C200¢ M, "xifab] (4.1)

Ta c6 sai s noi suya||f (x)- P,(x)£ |p(x)|| (4.2) trong d6 p(X)= (X~ %,)(X- X,).

(n+ 1)I

Chtang minh! Dat F (x)= f (x)- P,(x)- k.p(x) trong d6 1a 1a hang s6. Cho trudc gid tri x ¢6 dinh

f(x)- P
thudc [ak] khac x;, khi d6 F(x)=0 voi k = M

p(x)

Do f(x;)=Pn(x;) va p(x;))=0 nén F(x;)=0 v&i moi i=0,...,n. Ap dung dinh Iy Roll@ trén cac doan nho
[xi,Xj] (i khac j) ta co cac gia tri ci thugc [XiXi+1] sao cho F (¢i)=0 véi i=0,...,n-1. Tiep tuc suy luan nhu
thé nhiéu lan ta suy ra c6 gia tri ¢ thudc [xo, xn] sao cho F™™(c)=0. Tir biéu thu:c F(x) d¢ao ham hai vé suy

" c)
ra F™(c)=f""1(c)-k.(n+1)!. Hay tac6 k= ——2.
(n + 1!
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F(x)- R(X)_ " ()
p(x) (n+ 1!

Két hop suy luan trén ta ¢ k = , tir d6 va do (4.1) suy ra sai s6 can ching

minh.
Nhan xét:

- Trong chiing minh trén, ta chi chimg minh sai s tai x khac xi. Tuy nhién dé thay 12 tai x; sai sb
bang 0 nén trong cong thurc sai so (4.2), ta cho x bat ky thugc [a,b].

- Gia s ham f(x) cling 1a m6t da thuc bac khong qué n, khi do dé thiy M=0. Do d6 f(X)=Pn(X) VOi
moi x. Diéu nay cling chiing to da thirc ndi suy la duy nhat.

Vi du 4.1 Gia str biéu thuc (1+ 22+ .+ kz): S(k)co dang da thuc bac 3 theo k, tim da thure d0.

Giai: Theo dé bai va &p dung tinh duy nhét cua da thac noi suy, ta c6 S(K) chinh 1a°8a thér€ noi suy
bac 3 ctia chinh né. Cho k = 1, 2, 3, 4 ta dugc 4 ndt (bac noi suy 13 3): (1,1): (2,5); (3,14)Wa (4,30).

+ + )
Kk+ D)2k + 1) O bac 3 va co do thi di qua 4 nugfrén. Vay do chinh la da

_ k(k+D(2k+ 1)
5 .
Viéc tim ra da thic trén s& duoc trinh bay trong c4c phan sau.

Ta nhan thiy da thirc

thire can tim, hay 1+ 22+ ...+ k®

§2. PA THUC NQI SUY LAGRANGE
1. Pa thirc ndi suy Lagrange
Chung ta tim da thirc ndi suy tir (n+1) da thirc co banrsau:

(- )= %) (x- %)

SO0 G ) )06 %)
(6 %) (X5 X DR Xeyr)--(X- X))
) dk (X)_ (Xk' Xo)"'(xk' Xk-l)(xk' Xk+1)"'(xk' Xn) “3
(k=0,1,....n).

Ta c6 thé mo ta biéihhre da thie co ban d, (X) (4.3) 1a: tar thic 14 tich cac nhan tir bac nhat (x-x;)
thiéu (x-xi), mau sb ehiph 1 tu thie khi thay x bang .

Do cac x; phan biét nén cac biéu thirc co ban trén ton tai 1a cac da thic bac n va cd céc tinh chat:
idk (x)=1"k
idk (x)=11ky i

Do 6 ta dé thay da thirc ndi suy c6 dang sau (goi la dang Lagrange):

L, ()= Yodh 0O+ yid )+ ...+ y,d, (X) (4.4)

Nhan xét:

- Cach tim da thic noi suy dang Lagrange trén phu hop khi cac x; cod dinh du y; thay ddi (ham noi
suy thay doi). Khi d6 nguoi ta xay dung san cac da thirc co ban va dung cho nhiéu ham noi suy khac nhau.

- Cach xay dung trén khdng pht hop khi s6 ndt ndi suy thay doi du cac nut cii khong d6i (b6 sung
ludi noi suy). Khi d6 nén dung cach xay dung khac ta sé hoc bai sau.

Vi du 4.2: Tim da thirc ndi suy cho cac ham f(x), g(x) trén doan [0,1] vai cac nat:
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Chwong 4: Da thirc nji suy

X 0 0,2 1
f(x) 7.1 2.3 45
9(x) 1,2 35 08

Tir d6 tinh gan ding cac gia trj (0,5) va g(0,7).

Giai:

Tur cac gid tri Xo=0, X1=0,2, X,=1, &p dung (4.3) ta co

(= 0 %) _ (e 0.2)(c 1)
(o- x)0- %) (0- 0.2)(0- 1)

& (x)= (x- x)(x- %) _ (x- 0)(x- 1) _
(- %)= %) (0.2- 0)(0,2- 1)

4 (= B0 ) _ 0 0 02)_
(- %)00- x) (- 0)¢- 0.2)

Véi f(x): ta cd yo=7,1; y1=2,3 va y,=4,5 thé vao (4.4) ta co

f ()» L, (x)= 7,10, (x)+ 2,3d, (x)+ 4,5d, (x);"x1 [0,1]

Cho x=0,5 ta co

d, (0,5)= - 0,75;d,(0,5)= 1,5625; d, (0,5)= 0,1875va stuyira f (0,5)» L, (0,5)=- 0,8875.

Véi g(x): ta co yo=-1,2; y1=3,5 va y»,=0,8. Mot cadhltweng’ty ta co két qua:

g () L, ()= - 1.2, (x)+ 3,50, (x) 0,84, (x); "XT 1]

Va g(0,7)» L,(0,7)=5,84375

5(x- 0,2)(x- 1)

- 6,25x(x- 1)

1,25x(x- 0,2)

2. Phan tich vé phan thic toi gian

X P (x ) .
Bai toan dat ra la (canphan tich B(x)= () vée dang toi gian

(%= %)(x- %)%= %)
i+ L+ .t i. Trong d6 Pn(x) la da thac bac khdng qua n va Xo, X, ..., xp la cac gia tri
X- X, X- X X=)

phan biét.

n

Do tinh duy R4t cua da thic noi suy, Py(x) 1a da thirc noi suy caa chinh nd vai (n+1) nat (Xi,Pn(X:)).
Ap dung cach xayydung da thic noi suy trén, Py(X)=La(X) VSi yi= Pa(Xi).

Thé gac.dang (4.3), (4.4) vao phan thuc B(x):

B(X): Yo + Yi + o+ Yn
TO(X- XO) Tl(x- Xl) Tn(X- Xn)

Trong d6 T, = (X - %) (%= X )= X 1) (X- %)= Q(Xi_ %)

Suy ra két qua can tim |A = (4.5).

-3+ 2x%+ 5

Vi du 4.3: Phan tich
(x- Dx(x+ D(x+ 2)

vé dang tdi gian.
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Dit Py(X)=-x3+2x%+5, Xo=1, X1=0, X,=-1 V& X3=-2.
Ap dung (4.5): Pn(X0)=6, To=(Xo-X1)(Xo-X2)(Xo-X3)=6 suy ra Ay=1
Tuong tu Pn(X1)=5, T1=-2, A1=-2,5; ...; Ax=4; A3=-21/6
Két qua:
-X+2¢45  _ 1 5 4 7
(x- Dx(x+D(x+2) x-1 2x x+1 2(x+2)

Nhan xét:

Truong hop X« 1a nghiém cua Pn(x), khi d6 ta c6 thé rdt gon tr ma mau thic cho (x-x). Baittean khi
do6 sé giam mét bac. Hoac ap dung (4.5) ta cling c6 két qua tuong tu la Ag=0.

§3. PA THUC NQI SUY NEWTON

1. Trwong hep tong quéat
Chung ta dat cac ty sai phan trén ludi ndi suy nhu sau:
- Ty sai phan cap 1:

TO = Y- YO; TO = Yo~ yl LTO= Y™ Y (O£|£n 1)

X - X X, % Xiv1™
- Ty sai phan cap 2:
W_ TO TO. TO
To = Lol ST = —”1 (O£ i£ n-"2)
X - XO Xi+2 |
- Ty sai phan cap k (1< k <n)
k-1 _ kD T 0 DA A
T = Q;...;Tﬁ“ LY (0£ £ n- Kk)[(4.6)
X = %o Xow 7 %

Chulng ta s& b tri cac ty saiphan Wao bang trong d6 cac ty sai phan cung cap thudc mot cot, cac ty sai
phan ciing chi s6 dudi thudc motddng. Hai cot dau tién 1a x; va y;, cot cudi cung la T chi ¢6 mét phan tir

laT™:
X y ™™ |19 L T
Xo Yo To(l) TO(Z) To(n)
X1 Y1 O | T?

Wi di 4.4: Cho ludi noi suy

x1|0 4 5 7 10
y 2 114 202 492 1302
Bang ty sai phan la:
X y ™ [T [0 [1@
0 2 28 12 1 0
4 114 88 19 1
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5 202 145 25
7 492 270
10 1302

Tinh chét ty sai phan:

- Néu yi=P,(x;) trong d6 Pn(x) 1a da thirc bac khdng qua n thi moi ty sai phan cip (n+1) déu bang

khong.

- Néu thém mét nlt ndi suy méi vao ludi ndi suy, ta sap xét ndt mai vao bén phai ludi (cac xi khong
nhat thiét c6 thur tu, chi bat budc phai phan biét) thi cac ty sai phan ct khong thay doi, trong bang ty'sai
phan ta c6 thém mot dong va mét cot.

Véi bang ty sai phan, ching ta xay dung duoc da thirc ndi suy can tim (goi 1a dan, Newton tién)

nhu sau:

Nn (X): Yot To(l) (X' Xo)+ To(Z) (X' Xo)(x' X1)+
+ T (%= %) (X X, ,)

(4.7)

Chuing ta khong chiing minh tinh chat ndy. Luu y rang cac hé sj.ladty sai phan trong (4.7) thudc
dong dau tién trong bang ty sai phan theo cach bo tri da néu trén.

Vi du 4.5: Cho bang gia tri ham sé

Tinh gan dang gié tri f(0,5) bang da thuc ndi suy bae hai

Bang ty sai phan

X 0 0,2

f(x) 7,1 2,3 4,5
X y TO T®

0 7,2 -24 26,75
0,2 2,3 2,75

1 4.5

Khi d6 da thirc ngi suy N, (X)= 7,1- 24x+ 26,75x(x- 0,2)

Xap xi f(0,5)%N,(0,5)= - 0,8875.

So sanh vi dg®4.2 ta thay gia thiét va két qua khong thay ddi. Pay khong phai 13 ngau nhién. D6 1a

do tinh duy nhatreaa(da thic noi suy. Tac 13 véi ludi ndi suy cho trudc ta co

Ly QRN (¥)

(4.8)

Nhatxét: Do tinh chét ty sai phan néu trén, néu ludi ndi suy thém hay bot mot nit thi viéc xéy dung
da thc noi suy Newton khdng phai lam lai tir dau. Pay la vu diém caa da thac ndi suy Newton. Tuy nhién

néu céc gia tri y; thay ddi thi ta nén ding cach xay dung da thtic ndi suy Lagrange.

2. Truong hop lwéi déu

Ludi noi suy 1a déu néu cac
moc Xj cach déu mot budce ludi h
cho trude. Khi d6 ta chi can cd xq

Xo

X1

X2

va h thi s€ tinh duoc

X, = X, + ih

véi moi i=0,...,n. (4.9)
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Ap dung vao cach tinh cac ty sai phan (4.6), ta thdy mau s trong ty sai phan cap k 1a (kh) khong doi.
Do d6 ta sé tinh ty sai phan thong qua cac dai luong sai phan don giai hon.

Ta goi sai phan trén ludi noi suy la:

- Sai phan cép 1:

DVY=vy-vy; DP=y,- y;.;DP=y.,.-y (0£if n-1)
- Sai phan cap 2:

DP=D®. D; ..DP=DY - D® (0£if n- 2)

- Sai phan cap k (/< k <n)

D{?=D{Y. DY, .D¥=DY- D&Y (0£ i£ n- k)| (4.9)

Bing quy nap ta chimg minh dugc cong thic tinh ty sai phan cap k 1a vai ltoi déu 1a%F N = ——
(4.10)
Bay gio ta dua x; vé X va h. Ap dung (4.9):

(x- x)= (x- xo-ih)::gﬁlﬁﬁa-igho t-

Thé két qua d6 va (4.10) vao (4.7) thi duoc da thirc ndi suy, Newton dang ludi déu sau:

@) (2)
N, ()= y, + 20 t+ 20t ee 1)+ .
1 21
e (4.11)
0 - -
iy t(t- 1)..(t- n+1)
Trong d6 |t = X-hXO (4.12)
84 BAI TAP

‘Trong cac bai tap sau hay gial bang da thirc thirc ndi suy Lagrange va da thirc Newton (Iudi déu néu
c6 thé duoc).

4.1 Cho

x |0 1 |12 |14
f(x) | 3 32 |57 |41
Tinh.gan darg 1(0,5). Panh gia sai s6 theo M néu biét

| £ g0 M "x1 [0;1,4]

4.2 Cho

X 1 12 |14 1,6
fx) |3 |2 [-17 |-41
Tinh gan dang £(0,5). Panh gia sai s6 theo M néu biét

| f ()£ M "x1 [0;1,6]

4.3 Cho

X 1 12 (14 1,6

Trang | 24
Thu vién BPH SPKT TP. HCM - http://www.thuvienspkt.edu.vn



Truong DH Su pham Ky thuat TP. HCM - http://www.hcmute.edu.vn

Chwong 4: Da thirc nji suy

fx) [-3 |5 |-1,7 |41

Tinh gan dang £(0,5). Panh gia sai s6 theo M néu biét
| f#(x)£ 2,5"x1 [0,1,6]
4.4 Cho

X 1 12 |14 16 |18
fx) |-3 |2 1,7 141 (972

Tinh gan dang £(0,5). Péanh gia sai s6 theo M néu biét
[ f ()£ M "x1 [0;1,8]
4,5 Cho

X |1 |12 |14 |16 |19
fx) |-3 |2 |-1,7 [41 |92

Tinh gan dang £(0,5). Panh gia sai s6 theo M néu biét

| fe(x) £ 1"x1 [0,1,9]

X

e
X+

4.6 Tim da thuc noi suy ludi déu bac 3 cho ham f (x)= e doan x1 [0;0,9]

4.7 Cho q(x) la da thuc noi suy cua f(x) véi Xo, X1 ..., Xava r(x) 1a da thuc noi suy cua f(x) voi xq,
X2, ..., Xp+1. Chitng minh rang da thac noi suy caa f(X) VéIxgr X1, ..., Xps 12
(X= %)r(x)- (x- X..1)q(x)
Xpe1™ Xo
4.8 Cho q(x) 1a da thirc noi suy cua fX)WoT Xo, X1, ..., XnVa Yn+1=0(Xn+1) (Xn+1 Kha&C Xo, X1, ..., Xp).
Tim da thirc noi suy cua f(X) V&i Xo, X1,..Xn+1.
4.9 Tim A; Ay, Az sao cho

x-1 A A2+i

x(x+1)(x+3): x %+l x+3

p(x) =
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Chuong 5: Tinh tich phan xac dinh

CHUONG 5
TINH TICH PHAN XAC PINH

b
Trong chwong nay chung ta tinh gin dtng tich phan xac dinh ma ta dat 1a | = I f (x)dx (a<b) trong

do ham f(x) kha tich trén [a;b].
§1. CONG THUC HINH THANG

yﬂy)
Y1 N

n

v

<
<

Xo h X1

Goi Py(x) 1a da thac noi suy vaoi hai nat (xo,yo=f(x¢)\va (x1,y1=f(x1)). Khi d6 ta co

P(x)= 17 Yoy Y=V guy do xap xi f(x) bang Re(X) trén [xo;x:] va ding cong thirc Newton-
X =X X =X

Lepnitz ta c

ff(X)O'X*IPl(X)dX=Xl;X°(yo+y1) (5.1)
X0 Xo

~ Tich phan Py(x) c6 thé tinh bang cong, tha¢ Newton-Lebnitz nhung néu nhin vao hinh v&, c6 thé
thay tich phan d6 co6 gia tri chinh la dién tichymot hinh thang.
b
Tro lai viéc tinh | =I f (X)dx. Chung ta chia déu doan [a,b] thanh n doan nho cd chiéu dai

a

h=——| Ky hiéu cac dathd@oan con la xo, X1, ... hay x, =a-+ih va y;=f(x;) (i=0,1, ...,n).

a=Xg X1 X2 ... b=xp
+—— —rr—r >

Xy X2 Xy

Ap duhg (5.1) trén mdi s6 hang cua phan tich 1= & f (x)dx+ & f (x)dx+ ...+ & f(x)dxva cong

Xo X Xn- 1
caekét'qua chiing ta ¢ cong thire hinh thang sau:
h
I zE[yO+yl+...+yn]slH(n) (5.2)
Sai s6 cua (5.2) la
M, (b—a)h?
-1 <=7 5.3
1=t (n) <=7 (5.3)

Trong d6 f”(X)| <M, Vxe[a,b]
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Chwong 5: Tinh tich phdn xdc dinh

That vay, 4p dung sai s6 ndi  suy trén ting doan nhd ta  duoc

X1 Xis1 X +h 3

[ 1= [R(x)dd=< | %‘(X—Xi)(x—xi‘h)‘dxz '\12

X X X

Cong sai sb trén timg doan nho véi luu y

ta h :b_Ta 06 két qua (5.3)
Vidu (5.1)

1
Tinh gan dung tich phan xéac dinh | :J' f (x)dx béng cdng thirc hinh thang biét cac gia tri f(x);
0

X 0 02 |04 |06 |08 |1
fx)  |-1,23 |-081 |-022 |04 |01 |05

Hay danh gia sai s6 két qua biét rang

f"(x)<2,91 vxe[01]

Giai:

Qua bang gi4 tri ta chon h=0,2 va y, dén ys cho boi dong thi 2 trengtbang. Ap dung (5.2) ta c6 két
qua | = -0,126.

T gia thiét suy ra M,=2,91.

Ap dung (5.3) ta cé sai sé khdng quéa 1072 V6i mot chit,sd kKhorg chic ta két luan:

| =-0,13+1072

Vi du (5.2) thuc hanh trén may casio 570:

2
Cho 1 :jln(2x+3)dx.
1

Duing c6ng thirc hinh thang tinh | véiryéu cau
a) 4 doan chia va danh gié sai sé

b) Sai sé khong qué 4.10°%

Giai:

a) n=4suy rah=0,25

Dung mode table¥ap bang gia tri (570ES):

BAm Mode7 |In2|X+3= [0= = |0,25=
Man hinh | f(X)= Start? End? | Step?

Ta'ed/két qua 1a bang gié tri x,y tai 5 nat (h=0,25)

X 0 0.25 0.5 0.75 1
y | 1.09861 | 1.25276 | 1.38629 | 1.50408 | 1.60944

Tinh gan ding (mode 1):
Bam g Afd calclf A+ (In2[ X +3) +1In2 (] X +0,25) +3) ) x 0,25 = 2 [g: X g calc |/ X + 0,25
Man hinh s& 1a A=A+(In(2X+3)+In(2(X+0,25)+3))x0,25+2: X=X+0,25

Bam calc |[0= |0= =(41an) | =(41an) | =(4lan)
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Chuong 5: Tinh tich phan xac dinh

Man A? | X? 10,293...|0,6238... | 0,9851... | 1,3742...
hinh

Két qua gan dung | ~1,3742

: 22 2Y
Panh glé sai SO: Xét ‘f”(X)‘=WS(§J = M2
X+

2
Mp0.25 540+,
12

Suy ra sai 6

| -1,3742| <

Vay | ~1,374+3.10°°

b) Xét cong thirc sai s6

2
Mol 4104 <0103 =n=2>9,6..
12 h
Chon n = 10 suy ra h = 0,1 va tinh gan ding nhu cad Na. Bam man hinh la
A=A+(In(2X+3)+In(2(X+0,1)+3))x0,1+2: X=X+0,1. Ba&m bo (= 4 lan.) chin lan ta c6 két qua
| ~1,375454.

§2. CONG THU'C SIMPSON

Y1

:Pz(X)

v

Xo X1 X

Goi P,(x) 1a da thirc noi suy*vhba ndt tao thanh ludi déu (Xo,yo=f(X0)); (X1,y2=Ff(X1)) Va (X2,y2=f(x2)).

X- X,

Khi d6 ta c6 Pz(x):y0+yl—y°t+y2_22y1+y°t(t—1) trong d6 t = Th=X,- X, = X - X,

1
Sau do6 x4p xi f(%).bang P,(x) trén [xo;x,] va dung cong thirc Newton-Lepnitz ta ¢6

X

I f(x)dXszz(x)dx:%(yO+4yl+ Y,) (5.4)

X0

b
Tedlai viec tinh | :_[ f (x)dx. Ching ta chia déu doan [a,b] thanh n doan nhé béi cac diém chia xo,

a

X1, ... X (n chin hay n=2k, k nguyén duong), mdi doan c6 chiéu dai|h=——| Tac6 x, =a+ih va dit

yi=f(x) (i=1, 2, ...,n) twong ty nhu trong phan trudc.

Ap dung (5.4) trén mdi hai doan con [Xzi;Xzi+2] V& cong cac két qua ching lai ta c6 cong thic
Simpson (5.5)

h
L= (Yo H 400+ Yoot Yo )+ 2002+ Yo bt Yo ) Y] = s (1)
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Chwong 5: Tinh tich phdn xdc dinh

pat |[f@(x)<M, vxe[ab]l ngusi ta ching minh dugc sai s6 ¢ (55) I
M, (b-a)h’
\|—|S(n)\s“1T (5.6)

Vi du (5.3) thuc hanh trén may casio 570:

2
Cho | = 'f In(2x+3)dx. Diing cong thirc hinh thang tinh | véi yéu cau
1

a) 4 doan chia va danh gia sai s6

b) Sai s6 khong qué 3.107.

Giai:

a) n=4suyrah=0,25

Dung mode table lap bang gia tri (570ES):

X 0 0.25 0.5 0.75 I
y | 1.09861 | 1.25276 | 1.38629 | 1.50408 | 1.60944

Tinh gan ding (mode 1):
Bém%A@calc@A+(In2@X+3)+4In2(@x+0,25)+3)+ In2 (g X+0,5) +3) )x 0,25 + 3

[d: X [ calc[d X +0,5
Man hinh s& 12 A=A+(In(2X+3)+4In(2(X+0,25)+3)#In(20X+0,5)+3))x0,25:3: X=X+0,5
Bam calc |0= |0= = (4 1an)
Man A? XL N0,624... | 1,3756666...
hinh

Két qua gan dung | ~1,3756666...

: 2' 2y
banh gia sai so: Xét ‘f(“) (x)| =W < (g) =M,
X+

=5.10"°.

. M,.0,25"
Suy ra sai s6 —
180

| =1,3742] <

Vay | =~1,375667 +5.10 °

b) Xét corhize sai s6
1

M b .
%3107 < h<0,128.. =>n==>7,7..
180 h

Chon n = 8 suy ra h = 0,125 va tinh gan dung nhu cau a.

BAm man hinh la
A=A+(IN(2X+3)+4In(2(X+0,125)+3)+In(2(X+0,25)+3))x0,125+3: X=X+0,25.
Bam bo (dau = 4 1an ) ba lan.

Taco két qua | ~1,3756757.

1. So @6 phwong phap (cong thirc hinh thang, cong thic Simpson)
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Chuong 5: Tinh tich phan xac dinh

Sai sb S6 doan chia

h, M2, M4

v
Bang gia tri f(x)

v
Tich phén
gan dung

2. Ung dung tinh gin ding Ina va x bing phép toan +,-,*,/

Cho a>0, bang cong thic Newton-Lepnitz chiing ta biét Ina= g ax Ap.duhg tinh gan ding céc
X
1
tich phan d6 ching ta thu duoc két qua gan dung Ina.
1
Tuong tu v6i p = 40
0

> . Ta cling tinh gan dung duoc .
1+ X
© dx
Vi du 5.4: Tinh gan dung tich phan | = oO— bang cdng théc Simpson 4 doan chia. Tir d6 suy ra
X
0,5

gia tri gan dung In2. Cac phép toan c6 danh gia sai s6
Giai:Bang gia tri

X 0.5 04626 0.75 0.875
1/x 2 1.6/1.333333|1.142857 1

Dung cdng thac Simpson ta c6 |, » 0,69325.

4
Xét ‘(1/x)(4) = 2—§£ 768 5N, suy ra sai s6 %£ 6.10°*. Vay I = 0,6933+6.10 *
X
Mat khac | = - In0,5€ In2, tac la In2= 0,6933+ 6.10 *
3. Bai tap

Véi mdi tich(phan sau hdy ding cong thirc hinh thang va cong thirc Simpson tinh gan dung véi yéu
Cau:

a) Dung 4 doan chia
h) Sai'sé khong qué 10

1,2
13 9 «/x+ 1dx
0
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Chwong 5: Tinh tich phdn xdc dinh

2
1.4 (‘)lenxdx
1
Lodx
1.5 Tinh gin dung tich phan | = A
gan dung tich phan 01+

0

bang c6ng thirc Simpson 8 doan chia. Tir d6 suy ra gia

2

tri gan ding cua 7.
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Chwong 6: Phuwong phdp binh phuwong bé nhit

CHUONG 6
PHUONG PHAP BINH PHUONG BE NHAT

§1. BAI TOAN
Gia sir ta can tim ham sb y=f(x). Bing thuc nghiém ching ta biét gia tri gin ding ham s tai mot s6
diémx;1a y, » f(x) (i=1,2,...,n). Diéu quan trong nira I chiing ta muén ham f(x) dugc dinh dang:

f)=af()+af,(x)+ ..+ af (x) (6.1)

trong d6 fi(x) 1 nhitng ham sé ta chon.

Viéc chon fi(x) thuc hién trén co s¢ dgic diém ham f(x) ma ta biét. Va hon nira, déla‘nbiing ham s6
don gian, du tinh chat dé giap ta xir ly van d¢.

Khi d6, chiing ta can dén phuong phap binh phuwong bé nhit.
Noi dung phuong phap: Dat

S= (f(xl) y1)2+ ot (f(xn)- yn)Z: éil(f (%) yi)z

S duwoc hiéu la tong céc YA binh phuong sai s & tai cac nit

(xiYi)- Do d6 ching ta can tim Vs N cac hé sé a; sao cho S nhé nhit
0 thé duogc. /

S nhé nhat véi cac gia tri a; la

Nguoi ta chung minh duoc
nghiém hé phuong trinh: x& X O iXa ... FXny,

{s¢=0 .. s¢g=0 &9/ 7 ]

6.2)
Truong hop k = 2, hé (6.2) viét thanh:

gaia 008+ 2,8 LEDE)=4 vh(x)
i=1 i=1 i=1 (6.3)

i n n n

§a15 L)L 0)RCE §008= & vh(x)

i=1 i=1 i=1

Sau day ta xét mobso truong hop
§2. TUYEN TINHW = a, +a,x
Ap dung\(6.3) véi f1(x)=1 va fo(x)=x ta co

{a1n+azﬁ_ol Xi:é_)l Yi
i i=1 i=1 (64)

iaié Xi+azE°l Xi2: ﬁ YiX

i=1 i=1 i=1
Tinh cac tong trong (6.4) va giai hé ta co a;, a; can tim
Vi du 6.1: Ap dung phuong phéap binh phuong bé nhit tim dwong thang (tuyén tinh) xap xi s6 liéu
Xi -1 |2 2 7 9 10 |10
Vi 3 5 7 18 |18 |23 |27
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Chwong 6: Phuwong phdp binh phuwong bé nhit

Giai: Tinh céc tong trong (6.4) ta co
7 7 7 7
nN=7,>%=39,> x%=339, >y, =101 > y,x, =809
i=1 i=1 i=1 i=1

Giai hé phuong trinh
{7a1 +30a,=101 {ai = 224/71~315
39a, +339a, =809 |a, =431/213 ~ 2,02
Puong thang can tim 1a y =3,15+2,02x
Thuc hanh méy Casio MS: [3] 1a bdm shift
Bam mode, reg, lin (lin viét tit nghia 1a tuyén tinh)
Nhap sé lieu  -1; 3 M+ (nhap cap xg, Y1)
2,5 M+ (nhap cap Xz, y2)
10; 27 M+ (nhap cap X7, y7)
Xuat két qua S-var A = (cho két qué ay)
S-var B = (cho két qua a,)
Thyc hanh may Casio ES: [3] 1a bim shift
Bam mode, stat, A+BX (dudng thing)
Nhap sb liéu theo bang tinh trén man hinh, xong bafn
Xuat két qua 17 A = (cho két qua ay)
17 B = (cho két qua a,)

§3. HAM Iny=a, +a, Inx (x>0)
Ap dung (6.3) véi f1(x)=1 va f(X)=Inxta co

2

¥31n+ 8,4 Inx;= 34y,
! i i=1 i i= i (65)
o o 2 o
*aia Inx + a;g, (In x)=a vinx
i=1 i=1 i=1
Tinh céc tongdrong (6.5) va giai hé ta c6 ay, a; can tim
Vi du 6:2; Ap dung phuong phap binh phuong bé nhét tim duong cong dang y =a, +a, Inx xap xi
sb lieu

Xi |1 2 2 7 9 10 |10
Vi |3 5 7 18 |18 |23 |27

Giai: Tinh céc tong trong (6.5) ta co

7 7
n=7,Y Inx ~10,135 > (Inx )’ ~ 20,179,

=) =

7 7
>y, =101, > y;Inx ~198,02
i=1 i=1

Giai h¢ phuong trinh
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{Ya1 +10,135a, =101

=
10,1354, +20,179a, =198, 02

{

a, ~0,809
a, =9,407

Puong cong can tim 1a y =0,809+9,407 In x

Thuc hanh méy Casio MS: [3] 1a bdm shift

Bim mode, reg, log (hdy so sanh cach bAm may ¢ VD6.1)

Nhap s6 liéu

Xuat két qua

Thuc hanh méy Casio ES: [g]1a bdm shift

1; 3 M+ (nhap cap Xu, y1)

2; 5 M+ (nhap cap Xz, ¥2)

10; 27 M+ (nhap cap X7, y7)

S-var A = (cho két qua a;)

S-var B = (cho két qua a)

Bam mode, stat, InX
Nhap sé liéu theo bang tinh trén man hinh, xong bam

Xuéat két qua

17 A = (cho két qua a;)

17 B = (cho két qua a,)

§4. TRUONG HOP TUYEN TINH HOA

Mot s yéu cau dinh dang duong cong khong thé dimg phuong phap binh phuong bé nhat. Buong
cong dang y =ae** la mot vi du. No6i ding hon_a,phuong phap binh phuong bé nhét chi 4p dung khi
biéu thirc dudng cong la dang to hop tuyén tinh@acham sé cho trudce.

_ Trong mét s6 trudng hop khong ding &uge nhu trén, nguoi ta c6 cach bién doi dua dang duong cong
Ve tuyen tinh, tir 46 méi ap dung phuong phap binh phuong bé nhat. Cach lam d6 duoc goi la tuyén tinh héa.

Vi du 6.3: Ap dung tuyén tinh hoa va phuong phap binh phuong bé nhét tim duong cong dang

aX

y = a,e%* xap xi 6 liéu
Xi 1 2 2 3 4 6 7
Yi 1394415 97 |51 |18 |2 0,7
Giai: Tur (fang duong cong va s6 lieu di cho ta ldy In hai vé duoc

Iny=Ina, +IN€*¥<Ina +a,x (X,y,a >0). Dat A=Ina; va Y=Iny ta c6 sé liéu méi va duong cong
méi ¢ dang tuyén tinh Y=A;+a,x

Xi

1 2

2

3

4

6 7

Yi

In139 | In115

In97

In51

In18

In2 | In0,7

Ap dung phuong phap binh phuong bé nhét ta c6 két qua {

dang ban dau. {ai

=" ~608
a, ~ 0,94

. buong cong can tim y =608e

A ~ 6,41

. Tir d6 ta suy ra hé sé tur
a, 0,94

—0,94x

Céch 1am tuyén tinh hoa trén ciing dugc lap trinh sin trong may tinh Casio. Cy thé, trong may Casio
c6 lap trinh san cac dang duong cong sau (hoac dung binh phuong bé nhat truc tiép, hoac tuyen tinh hda)
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Dang duong cong | May MS May ES
y=aj+asx lin Y=A+BX
y=a,+ax+agx’ quad _+cX?
y=a;+aylnx log InX
y=a;+ay/X inv 1/X
y — aleazx exp eAX

§5. BAI TAP

Véi bo sé lidu sau hdy ap dung phuong phap binh phuong bé nhat tim cac duong 6eng’xap xi dang

y=a+ax , y=ax y=a1+a—X2 . y=ae

y =4a,sinX+a,CosX.

aX

, y=ax+ax , y=aFahx , y=ax® ,

Truong hop nao phai ding tuyén tinh hoa, trudng hop niao khong tim dwoc dudng cong, vi sao?

6.1 Sé lieu

X -1

y 12

34

76

101

6.2 Sb lieu

X 0

Y 122

74

26

10

6.3 Sb lieu

X 0

y -4

12

21

6.4 Sb liéu

X 3

y 10

24 21

15

30

31
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Chwong 7: Gidi gdn diing phwong trinh vi phin

CHUONG 7
GIAI GAN DPUNG PHUONG TRINH VI PHAN

§1. BAI TOAN COSI
Mot phuong trinh vi phan cap moét c6 dang yé(x)= f (x;y) trong d6 y 1a mot ham sé theo x.
Nghiém phuong trinh 1a ham y(x) kha vi trén mot mién x1 [a,bJva thoa man phuong trinh. Mot phireng

trinh vi phan cap mot thuong cé mot ho nghiém y=y(x.c) trong d6 ¢ la mot tham s6, ho nghiém do,goi la
nghiém tong quat cua phuong trinh.

Khi thay ¢ bang mét hang sé cu thé trong nghiém tong quat ta dwoc mot nghiém cidhé’ma ta goi l1a
nghiém riéng.
Vi du 7.1: Xét phuong trinh yd(x)= 2x- .
d(ye*)
dx
Tich phan hai vé ta dugc ye* = 2¢*(x- 1)+ ¢ hay y= 2(XxD)+Ce * 1a nghiém tong quat phuong
trinh.

Gid it ta c6 thém diéu kién y(0)=0,5. Khi d6 thé x=0, y=0}5 va nghiém tong quét ta dugc c=2,5. Diéu
kién trén goi la diéu kién gié tri dau.

Chuyén vé y, nhan hai vé véi e* ta s& co = 2xe*.

Nhu vay phuong trinh vi phan y#d(x)= 2x- y/Véi diéu kién dau y(0)=0,5 c6 nghiém riéng duy nht
y=2(x- )+ 2,5¢ .

Nguoi ta goi bai toan bao gdm mot phurenig trinh vi phan cap mot va mot diéu kién gid tri dau 1a bai
toan Co si

No6i chung khong phai bai-toan €6 si nao ciing c6 nghiém duy nhat. Didu d6 doi hoi mot sb diéu
Kién.

Trong noi dung tai liéUhnay chiing ta gia thiét bai toan c6 nghiém duy nhat va gisi thiéu mot s6
phuong phap giai gan déggyCac phuong phap nay khong tim nghiém bai toan dudi dang phuong trinh
duong cong y=y(x). Ma ching ta tim gan dang gia tri nghiém y(x) tai n moc x; cach déu véi mot budc
luoi h cho trudce.

[0 1)
i y(%)= Yo

Finhgan dang y(x;) Vi Xi=Xg+ih, i=1, 2,...,n

Cu thé:Che . XTI [%,, %, = %,+ nh] (7.1)

§2. PHUONG PHAP O LE
Noi dung phuong phap: Tu phuong trinh vi phan trong (7.1) ta suy ra

y(X)-y(%)= j f(x,y(x))dx. Véi h di nho dé coi f(x,y(x)) 1a khong ddi trén [xo,x;=xo+h], ta co:
X
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Chwong 7: Gidi gdn diing phwong trinh vi phin

06y 0%) = [ 1(xy(0)ax= 1 (x,35) o

Xo Xo

Tir ddy ta c6 cong thirc gan dung y(xi) =Y, +hf (XO, yo) (7.2)

Sau khi tinh gan dung y(X1), ta xem nhu c6 nat (X,y(x1)). Tiép tuc lam tuwong tu s& 6 tiép gan dung
nat (Xz,y(x2)). Tong quat néu ky hiéu gan dang y(x, )~y thi ta co:

{y(x"): o | (7.3)
y(x)=y;=Yy+hf (X, y,) Vi=12..,n

Iyg(x)= 2x- .
Vi du 7.2: Cho bai téan iwﬁ( ) y, x1 [0,1]

ty(0)=05

a) Dung phuong phap O le giai bai toan vadi h=0,2
b) Tur két qua clu a) tinh gan ding y(0,1) bang noi suy tuyén tinh (bac rhat)
¢) Tinh gan dung y(0,1) bang phuong phap O le véi h=0,1.
Gial
a) Xo=0; yo=0,5; f(X,y)=2x-y suy ra hf(xo,y0)=0,2(0-0,5)=-0M/"Ap"dung (7.3) ta co gié tri gan ding
tai X;=0,2 la y(0,2)~y,=0,4.
Tiép tuc: x1=0,2; y1=0,4 hf(x1,y1)=0 =X,=0,4 y(0,4)~y5=0,4.
Tuong ty duoc cac nit ké tiép. Két qua:
X 0 0,2 04 | 0,6 0,8 1
y 0,5 0,4 0,4 | 0,48 | 0624 |0,8192
hfxy) 0L | 0 | 0,08 |0,144]0,1952

b) Pa thic ndi suy bac nhat tirhal nat (0;0,5) va (0,2;0,4) 1a duong thang P1(x)=-0,5x+0,5. Xip xi
theo da thurc noi suy: y(X)~Py(X) véix thudc [0;0,2]. Cho x=0,1 ta cé y(0,1) ~0,45

¢) Ap dung (7.3) vdixe=0; yo=0,5; h=0,1 ta c¢6 x;=0,1 va gia tri can tim y(0,1) ~y;=0,45

Nhan xét: Baitean ¢ vi du trén chinh la bai todn xét trong vi du (7.1). Nghiém dang cia no la
y=2(x- D+ 2,5¢*. Hay y(0,1)=0,462... Nhu vay két qua gan ding trén c6 sai s twong d6i khdng qua
3%.

Tiép thee, ta chang minh su hoi tu caa phuong phap.

DinlIY: Dt sai s6 tai X 12 |&] =]y (X )—y;|, dé thay =0. Khi do:

le|<——h (7.4)

trong d6 <L va A=e"

y'(x)<M, %(X, y)

Chang minh:
Ap dung khai trién taylor dén cap 2:
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Chwong 7: Gidi gdn diing phwong trinh vi phin

2

y(X)=y (%) +hy'(x.,)+ % y"(c;_1), cho x=x; va thay y (x;) tir phuong trinh vi phan (7.1) ta c:

2

y(%) =y (%) +hf (%, y(xi_l))+h?y”(ci_l)

Trir hai vé véi dang thuc thir hai trong (7.3) ta c6:

& =8i_l+h[f (Xi—l’ y(Xi—l))_ f (Xi—l’ yi—l)]—i_h?zy”(ci_l)

Ap dung dinh 1y trung binh theo bién thi hai trong f(,) va lay tri tuyét dbi hai vé ta co:
2 2

h n h
] <ley+h e+ oy (6 ) < (L L)+

2

of
PSS "gi—l
ay (Xl—l )

Cho i=1, 2, ... ta c6 cac bat dang thuc:

2 2
leu] < |eo| (1+ hL)+h? M = Mzh

2

le,| <|e|(1+ hL)+h?M

2

|| <|ea|(1+ hL)+h?M

Lam dong tac thé bat dang thac “Ifén xudng duéi, dan dian ta co
h*M
&<

[1+(1+Lh)+...+(1+Lh)ifl}. Dung,/t6ng cip s6 nhan cong boi (1+Lh) ta duoc
h®M (1+Lh)

2 Lh

Theo tinh chét s6 e ta duoc (1+£h) < &, thé vao va ta cd két qua cudi ciing (7.4).

Dinh ly nay vé hinh thirc 1&€8ng thic sai s6 ciia phuong phéap O le, tuy nhién né khong dugc ding
trong tinh toan vi kho danh-gia cac dai luong M, L. Binh ly nay chi ¢6 ¥ nghia chirng minh su hoi tu ctua
phuong phéap. That vay do A, M} L 1a cac hang s cho nén ta c6 lime =0.

|8i|S

So d6 phuong phidp:

Bai toan Cosi duy
nhat nghiém. Budc
ludi h, i=1

A\ 4
Y, = Y1 +hf (%, Vis) i=i+1>n .| Bang két
7y p| qua (Xiyi)
Sy

\ 4

>
<«

§3. PHUONG PHAP O LE CAI TIEN
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Chwong 7: Gidi gdn diing phwong trinh vi phin

Tir phuong trinh vi phén trong bai todn (7.1), ta ldy tich phan y(x,)-y(X,)= I f (X, y(x))dx. Ap
X0
dung cdng thac hinh thang (mdt doan chia) vao vé phai va thay y(xo)=Yo ta c6 cdng thtc tinh gan ding:

y(><1)~yo+g[f(xo,yo)+ f (% y(%))] (7.5)

An s6 can tim y(x;) thudc ca hai vé cuia (7.5). Ap dung céch tinh twong tu phuong phép 13p khi giai
phuong trinh dai sb, ching ta dung gia tri dau cua y(x1) la gia tri gan dung theo phuong phép O le thay
vao ve phai (7.5). Tinh toan vé phai ta dugc vé trai 1a y(x1) sau mot busc 1ap, lai tiép tuc thé két qlia sau
mot budc 1ap vao vé phai cua (7.5) duoc gid tri vé trai 1a y(x1) sau hai budc lap, ....

Néu dat gié tri gan dang y(x;) sau k budc lap lay(x ) =y, ta c6:

%1 = Yo +ht (%, o)
yM =y +E[f(x y )+f(x1 y(k’l)ﬂ
1 0 2 01 J0 ' J1

Thong thudng, budc I3p s& dung lai khi hai gia tri gan dung lién tiép léch nhau khong qué & cho
trudce. Ciing c6 khi so budc lap duge quy dinh tur ban dau.

(7.6)

Tuong ty cho cac nut két tiép.
Téng quét, néu yéu cau 3 vong lap ta co bo cong thuc:

yi(O) =Y, +hf (Xi—11 yi—l) vi=12..n
h

W=y g )+ (xo )| k=128 @)

y(x)=y,=y® i=1..n

Chuing ta bo qua phan danh gia sai s va.dé hoi tu ciia phuong phép nay.

Lueu y: Trong phan bai tap, néu dé bai khong yéu cau s budc lap hay diéu kién dirng cua vong lap
ta quy udc dung mot budce lap.

y'(%)=2xe’ +1
y(0)=1

a) Trudc hét ta giaikbal toan voi phuong phap O le cai tién hai budc lap.

Vi du 7.3: Xét bai toan { , X€[0;0,2], h=0,05

Xét i=1, thdy =0, yo=1 vao phuong trinh dau cua (7.7) ta duoc y\” =y, +h(2x,e” +1) =1,05.
Thay két qua.ddwdo phuong trinh thir hai trong (7.7) véi k=1 duoc:

Y By h(@xe” +1+2xe” +1)/2=1,057144.
Tiép tuc véi k=2 ta co:

vy =y +h(2x,e”" +1+2xe" +1)/2=1,057195
Vay y(x )=y, = y{¥ =1,057195

Twong tu cho cac nit khac ta c6 két qua:

X 0 0,05 0,1 0,15 0,2
Y 1]1,057195 | 1,129865 | 1,220758 | 1,334131
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y

© 1,05

1,121587

1,210818

1,321605

y

D | 1,057144

1,12974

1,220513

1,333676

y

@ | 1,057195

1,129865

1,220758

1,334131

b) Vi yéu cau hai gia tri lap lién tiép sai nhau khong qué 10 ta c6 két qua:

0

0,05

0,1

0,15

0,2

1

1,057196

1,129868

1,220767

1,334158

>

0)

1,05

1,121587

1,21082

1,321614

)

1,057144

1,12974

1,220516

1,333685

@

1,057195

1,129866

1,220761

1,334141

©)

1,057196

1,129868

1,220767

1,334158

4

< I I | |I< | | X

1.334158

So d6 phuong phap O le cai tién, hai gié tri lap lién tiép sai nhau khdng quae

nhat

Bai toan Cosi duy
nghiém, e.
Bude ludi h, i=1

A 4

y|(0) = yi71 +hf (Xi—l’ yi—l) <

k=1

i=i+1>n

A

Yi(k) =Yt

g[f (Xuv yi—1)+ f (Xi’ Yi(k_l))}

A

A 4

(k-1) ok
‘yi —Yi ‘ <€

vS

k=k+1

A

\ 4

| Bang két
qua (Xi,yi)

§4. PHUONG PHAP RUNGE - KUTTA (RK)

ba

—+

¥ (h) =y, +bk, (h)+bk, (h)+..+bk, (h)

trong do:

(7.8)

k.

{kl(h):hf (XO;yO)

i=2,3,..,Nn

(h)=hf (x,+ch;y, +a.k +ak, +..+a; ki ;)
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Sau d6 ngudi ta tim cac tham so a;,b,c sao cho y(x,+h)=y,(h) véi sai so

ijr M i

g(h)=y(%+h)—y;(h) tétnhét theo nghia &(h) Ia mot v cung bé bac cao khi h > 0.

Dé d& nhé, céc hé sb a;, by, ¢; con duoc bé tri theo bang Butcher: (n>1)

0

Cz | a1

C3 | aa1 ds2

Cn dn1 dn2 cee dnn-1
by b, U o

Dé xac dinh a.,b,c, ta xét diéu kién

ijr My Vi

£(0)=¢'(0)=...=™(0)=0 (7.10)

khi d6 bang khai trién maclaurin ta suy dugc g(h) 1a mot VCB bac cao hon h".

Xac dinh dugc y(x+h)~y,(h) tr y(xo) thé nao thi mot each twong tw ta xac dinh
y(x+ih) =y, (h) tir y(xo+(i-1)h).

Sau day chung ta xét mot s trudong hop don gian:
1. Trwong hop bac 1 (RK1) va 2 (RK2)

Véi n=1 ta co:

g(n) =y (% +h)=y,(h) =y (% +h) -y, EBfF (%, ¥,)

£(0)=0

Sy {g’(h):l.y’(xo+h)—b1f TS A)

Vay diéu kién (7.10.) dan tGi
£'(0)=f (X Yo ) B % ¥, )=0<b =1
Ta c6 cong thac'edol cung
y (X, +h) = ghf (X, Yo )|
Congthacway ciling chinh la cong thirc cua phuong phap O le

Vgi ns2ta cod
8(h): y(xo +h)_y1(h): y(xo +h)_yo _blkl(h)_bZKZ(h)'
£(0)=0

Suyra|s&'(h)=1.y' (%, +h)=b f (X, ¥, ) —bok; (h) (7.11)
g"(h)=y"(x, +h)=b,k; (h)

Ta tinh cac dao ham
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Chwong 7: Gidi gdn diing phwong trinh vi phin
y'(%+h)=f (% +h;y(x+h))
= y"(x+h)= fx'(x0+h;y(x0+h))
+Y'(%+h) (% +h;y(x, +h))

' d
k, (h)=f (X +C,h;y, +a,k )+ h% f (X, +C,h; Y, +a,k, )

— k" (h)= z.;'_h (% 4 Chiy, +ak,)

dZ
+ h'W f (X +C,h; Y, +ayk,)

Trong do
d '
ah f (x0 +c,h;y, + aZlkl) =c,f] (xO +c,h;y, +a21kl)

+a,k, (h) £y (% +C,h; Yo +ayk,)

£(0)=0
o E'(0)=T(X,,Y,)=b T (XY, )= (X,
Thé tat ca va (7.11) ta duoc ,,() ,(°_°) A1 (% %) (X Do-%)
g"(0) = £, (X0 Yo )+ f (X0, Yo K 16X Vo)
—b,2.[ ¢, £ (Xos Y9k s F (%Yo ) F, (% o) |

b +b,=1

b,C, =b,as %

Do d6 diéu kién (7.10) tro thanh {

1
A ) : . b=b =2
He di€u kién nay c6 nhieu [ 'ong c&c nghiém hay dung la b =b, 2 . Bang Butcher
1)1 C,=a, =1
1/2 | 112

Cong thuc gan dung trong

——/la

|(1 = hf (XO’ yO)
k, = hf (x, + fisy, + k) (7.12)

1
y(XO+ h)» yo+ E(kl+ kz)

NhanXét: Cong thic (7.12) ciing chinh 13 phuong phap O le cai tién véi mot budc lap

Vi du 7.4: Ap dung phuong phap RK2 giai bai toan % zig):o); yt‘lm gan dung y(0,3) véi h=0,1
va so sanh nghiém ding bai toan.

Véi x0=0, y4=0,5; f(X;y)=x-y va h=0,1 thé vao (7.12) ta co:

k;=-0,05; k,=hf(0,1;0,45)=-0,035 suy ra y(0,1)~0,4575

Tiép tuc trong (7.12) thay Xo,Yo thanh x;=0,1; y;=0,4575 ta co:

k1=-0,03575; k,=-0,02218 suy ra y(0,2)~0,48538.
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Tuong tu cho ndt cudi cung.

Phuong trinh vi phan trong bai toan cé dang tuyén tinh cap 1. Giai ra ta c6 nghiém tong quét
y= x- 1+ Ce *. Thé diéu kién gié tri dau vao ta dugc tham sé C=1,5. Vay nghiém dung bai téan la
y= x- 1+ 1,5e *. Tinh toan nghiém dang tai cac diém can so sanh ta c6 bang két qua:

y ding 0,5| 0,457256| 0,428096 | 0,411227
X 0 0,1 0,2 0,3
y 0,5 0,4575| 0,428538| 0,411826
k1 -0,05| -0,03575| -0,02285
k2 -0,035| -0,02218| -0,01057

2. Trwong hop bac 3 (RK3)va 4 (PK4)

Qué trinh xay dung diu kién (7.10) trong truong hop n=3 hay n=4 Ia rét cong kehh, nén trong phan nay
chang ta chi néu mét két qua hay dung.

Truong hop n=3

0
) )
1 -1 2
1/6 |2/3 |1/6
k= hf (X; ¥o)
k, = hfgxw g;yo+ %%
0 (7.13)
k= hf (%, + h; Y- ki + 2k,)
y(xo+ h)» Yo %(k1+ 4k, + ks)
Truong hop n=4
0
% %)
Ya 0 Ya

16 |1/3 |1/3 |1/6

ke=hf (Xo; o)
o h k 0
k2:hf§x0+ ,y0+51%
& k. O
k,= hf&x. + —;y + 2= 7.14
o= g+ 2o yo+ 2 (7.14)

k, = hf (X, + h;y, + k)

y(%+h)» yo+ %(kﬁ' 2k, + 2k; + K,)
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Vidu7.5:
< N Cos sz %y¢(x): xe - y .. _ N A ,
Ap dung RK3 va RK4 giai bai téan véi h=0,15 tim gan dang y(0,6)
$y(0)=0.2
Két qua phuong phap RK3 (ap dung 7.13)
X 0 0,15 0,3 0,45 0,6
y 0,2| 0,181801| 0,181466 | 0,192047 | 0,20851
k1l -0,03| -0,0079| 0,006117| 0,014233
k2 -0,01731| 0,000273| 0,010981| 0,016711
k3 -0,00994 | 0,004799 | 0,013443| 0,017708
y(0,6)» 0,20851
Két qua phuong phap RK4 (ap dung 7.14)
X 0 0,15 0,3 0,45 0)6
y 0,2| 0,181825| 0,181501 | 0,19208610,208549
k1l -0,03| -0,00791| 0,006112 | 0,014227
k2 | -0,01731| 0,000269| 0,010976| 0,016705
k3 | -0,01826| -0,00034| 0,0106124.0,016519
k4 | -0,00789| 0,006115| 0,014223|0,018102
y(0,6)» 0,208549
: . &’ 0
Nghiém dang bai todn y = §—+ 0,25
2 2]
X 0 0,15 0,3 0,45 0,6
y dang 02| 0,181825| 0,1815| 0,192085| 0,208548
So dd phuong phap RK4 vdi cong thirc 7.14
Bai toan C6si duy nhat
nghiém, tim y(x). Budc
luéi h, n=x/h, i=1
v .
(7.14) > =i+l I>n; y(X)=y1
A i<n ¢
Xo=Xg+h
) Yo=Y1

§5. VE MOT CACH TINH SO e

!

Xét bai toan {y cé nghiém y =¢* do do y(1)=e.

y
y(0)=1
Giai bai toan bang phuong phap RK(4) véi h :% (n nguyén duong). Ta co:
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k k
k, = hy,; k, :h(y0+31j; k, = h(y0+52j; K, :h(y0+k3)

=y =Y, +l(k +2k, +2k; +k, )=y, 1+h+h—2+h—3+h—4
R 21 31 4

Tong quét

h b h hoh o oht]
yi:yi1{1+h+z+§+m}=y{l+h+z+§+z}

, h2 h h*]
Do d6 y(1)~yn_{1+h+5+§+z} ,

Két qua ta c6 cong thic tinh gan ding sé e:

ez[1+1+ 1 1 1 }

+ + du l6n 7.15
n 2n®> 6n°® 24n* (n di 1) (7.15)

Luu y: chiing ta ciing biét s6 e dinh nghia theo giéi han 1a e = liM (1+ lj

N —>+e0, n

e~ [1+ﬂ (7.16). So sanh hai cbng thtc ta co

n 5 6 7 8
7.15 2.48832 | 2.521626372 | 2.546499697 | 2.565784514
7.16 2.718251137 | 2.718266612 | 2,748273451 | 2.718276844

Luu y s6 e dung 1a e=2,718281828

§6. BAI TAP
Hay giai cac bai toan,salNpang cac phuong phap da hoc va so sanh nghiém dung bai toén.
Xy
X)=
7.1 yx) x*¥ 1 tinh y(1,1) véi h=0,05
y()T@B
X
yix)= -+ L N
12 Yy X tim y(x), x thugc [1;2] vai h=0,2
y@)=2
X)= y+ sinx
7.3 ye9=y tim y(0,5) véi h=0,1
tv(0)=1
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