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1. NGUYEN HAM

Tich phéan bat dinh: [/ (x)dx=F(x)+C < F'(x)= f(x)

Bang nguyén ham co ban : Bé sung ham lwong giac nguoc

I sinh xdx = cosh x+ C

Lugng giac j de = arctgx + C j 2dx = 1arctgE L
ngwoc it A a
dx . dx 1
—arcsinx +C =arcsin—+C
J‘\/l—xz J‘\/az—xz a
Hyperbolic

j cosh xdx =sinh x+C

[ D tanhx+C
cosSn x

dx
I - —-cothx 1 C
sinh™ x 3




1. KY NANG CO BAN

> Phwong phap : Bién ddi vé tong
> K¥ ning : Doi bién 1 — 2
> K§ nang : Pi bién 1-2 [ /(w(x)u'(x)dx = f(u)du

> Poi bién 2: Phat hién x(t) | /(x)dx = [ f(x(2))x'(¢)dt

> Tich phan tirng phan: v = Phan khé tim nguyén ham
» Tich phan ham hiru ty

jp(x)dx:[ e e -+ K+ ZCX+D
O(x) X—0 =0 (=) L g

» Tich phan ham vo ty (can thirc) + Lwong giac



2. PHAN THUC HUU TY. BAC TU > BAC MAU

Phan thire hioru ty: P(x)/Q(x), P va Q: da thirc. Phan thirce
hiru ty thuc su: Bac P(x) < Bac Q(x).

Bac P(x) = Bac Q(x): Chia P(x) cho Q(x) — da thirc thuwong
s0 h(x), da thirc dw r(x) = P(x) = h(x)Q(x) +r(x) =

j j dx— jh dx+j )dx,bacr<bécQ

VD: Tinh tich phan

1 3 2

3
x—dxz J‘{xz—x+l—}dx= . +x—ln‘x+1]+C
5 )

x+1 x+1



2. PHAN THUC HUU TY. NGUYEN TAC TONG QUAT

1/ Phén tich da thirc méu s6 Q thanh tich (béc 1 hoic béc 2)
2/ Phan tich P/Q — tong (thém bét, hoiic hé so bat dinh)

[ 1
_-“;3—();+x)2€) dr J xx dx+j

b/[:j . ()C _12) . J‘|: 214X+B i 2Cv)(,'-l-l) :ldx
(r iy 3 x +5x+1 x —3x+1

VD: Tinh a/_[
.

2
X 3x+1+c

1 2x+5 2x—-3 1 u v 1
:—J - ) + > :—J- - :_ln >
8 x +5x+1 x —-3x+1]| 8§ U v 8

x +5x+1




2. PHAN TiCH PHAN THUC P(X)/Q(X) » TONG

1/ Giai Q(x) = 0 = Pwa Q(x) vé tich bac 1 & bac 2 (A<0)

O(x)=alr—e)" (x=a, )" Kl 445 305 W A A a5 K

1912 —4ag1<0 D% —4a~<0

2/ Phan tich P(x)/Q(x) thanh tong cac phin thirc co ban:

A, K4 LK B x+C, Bx+C

iﬁfuif4%b44£f4% 121'4&*4@ gl

m; thira sO 81 (x

2+ K

3/ Quy dong miu s6; Pong nhat 2 vé; Giai hé p/trinh tim A ...

1/ Tich & miu s6 chira bao nhiéu thira s6 — Tong chira biy nhi¢u

2/ Mu bac 1— Tir: hiang s6. Miu béc 2 (lily thira k) - Tt bjc 1




2. TICH PHAN CAC PHAN THUC CO BAN

Béc 1/ Béc 2, mau s6 vo nghiém: Thém bét tao dang u’/u

mx+n m  2ax+b . mbj 1
f— . n— .
ax’ +bx+c 2a ax’+bx+c 2a ) ax’+bx+c

Bic 1/ (Bac 2)": Thém bét tao u’/u" & Pwa vé C/(x2 + o)
mx+n m 2ax+b ( mbj 1 1

+ln——"

(ax2+bx+c)r ' 2a (ax2+bx+c)r 2a) a (x2+a2)r
~Tirng phan: [, = : - * . n+2n—1. 12 Il
]:J‘ dx 2na” (x" +a”) 2n  a
"I +ad)

- Lwong giac héa: x = atgt =1 — J‘coszn_2 t dt




2. VI DU TICH PHAN HAM PHAN THUC HUU TY

Pura cac tich phén sau vé phan thire hitu ty co ban
2 2
a.J(X+2)2dx :>(x+2)2: A+ B . { 2
x(x—1) x(x—1) x x-1 (x-1)

= (x+2) =A(x-1 +Bx(x-1)+Cx x=0=>A=...;x=1=C

bJ‘ dx 5 1 . 1 :A+B+ C +Dx+E
2 4 xz(x—l)(x2+x+1) x x* x-1 x*+x+1

C. I & — : - =7227: Khong thé phan tich (miu:
2 2
e exal] () bit kha quy, tir: bic < 1)!!!

] 1 ] .

- 3t=7tgu:>]:KIcos4u

(rxtl) Ja+y2P+34] [+

9



3. TICH PHAN HAM VO TY- CAN PHAN THUC BAC 1

Tich phan chiwra can bac n, trong can chira phan thue bac 1

jR(x,n ax+bjdx _ t:nax+b
d cx+d

Dic bigt: Tich phan [R(x,%/ax+b)dx = ="lax+b

. dx _(5)xt+]l dx
s ey ‘W; X1

3 /)
Giai: Dbi bién tzax_“:x:f3+1:>dx:_ 61> dt
Téngquét: J’R X’K/ax—l_b,"\i/ax-l_bL Je = ax—I—b:tS
cx+d \ex+d cx +




3. TICH PHAN HAM VO TY - CAN CUA TAM THUC

Tich phan chira can bac 2, trong can chira tam thirc

bac hai - Pwa vé binh phwong ding k + x2 & Sir dung

dx ( 2 )
=Inlx+vVx“+k |+ C
J‘\/xz+k
f\/x2+kd :;xx/x2+k+§ln(x+\/x2+k)+C

I\/a;bi > = arcsin§+ C

f\/az —x2dx =lxx/a2 _x? +a—arcsinf+C
2 2 a

11




3. TICH PHAN DA THUC — CAN CUA TAM THUC

I £18), dx:Qn_l(x)\/ax2+bx+c+7Lj ax
Vax? +bx +c Vax? +bx +c
VD: . o
Ux ) :
2 2 i\
ax“ +bx+cNx“+2x+2+ A
( g Ux s
J o Péi bién 1
c X—O =—
(x—a)k\/ax2+bx+c !
3
VD 2y Poi bién: x:1:>1:j1 _dt/t

x\/2x2—2x+1 t \/2_2+1



3. TICH PHAN HAM VO TY - CAN CUA TAM THUC

Can tam thurec > Lwong giac hoa (hoac hyperbolic hoa):
JR(X,\/CZz —x’ )dx = X = ajsint|

_x:at t:>\/a2+x2 = a/|coSt
IR(x,\/a2+x2)dx ; 2 /‘ ‘
| x=asinht = a® + x* = acosht

J.R(x \/xz—az)dx ._xza/cost:>\/az2+x2 = altgt

' x=acosht= Jxt—a? = ajsinh

V14 x2

X2

1+ x* =cosht
dx = cosh tdt

VANE =]

dx x:sinht:{ :»lzjcothzzdz?

dt
costsin’t 13

T
uen thuéc hon: x=tgt.te| ——, — !
Q ) g ( - 2) |




3. TICH PHAN HAM VO TY - PHEP THE EULER

Tinh [Rlx,\ax? +bx+clix (Giéi thigu § twomg. Minh hog)

a>0:\/ax2+bx+c=t—«/5x

A>O:ax2+bx+c=a(x—l)(x—/,t):\/ax2+bx+c =t(x—27)

dx
WIbg = ==
dx - 1‘2—1
VD: IZI \/x -y -

xvx?—x+1 2t—1

14



4. HAM LUQNG GIAC - PHAN THUC HUU TY

Ham hitru ty theo sinx, cosx: R(sinx, cosx)

1 sin’ x tgzx SIn X + COS X

VD:

3.° 3
X coszx

l+sinx+cosx 2+cosx’1+sin

rsinxzzt/(lﬂz)
jR(sinx,cosx)dx:t:tggzwcosx:(l—tz)/(1+t2)
\dx:2dt/(1+t2)

dx ﬂ .[ dx

VD:
j1+smx+cosx SIN X COS X

15




4. LUONG GIAC - BAC 1/BAC 1 - KHAI THAC u’/u

Trwong hop riéng: Asinx+ Bcosx+C _u

A'sinx+B'cosx+C'" v

Tach thanh tong: u:a+ﬁv+lv':>g=/3+ﬂtz+(xl
Vv V Vv

Vai dang khac: |[sin® xcos? xdx [sinax cos B dx

Ha béc, bién tich - tong & phaoi hop tinh chin 1é:
R(—sin x,cos x) = —R(sin x,cos x) = ¢ = O X
R(sin x,—cos x) = —R(sin x,cos x) = ¢ = sin x

R(— sin X,—CoS x) = R(sinx,cosx) =t = tgx

16




5. Y NGHIA PHEP TINH TiCH PHAN

Bai toan thwe té: Dién tich hinh thang cong: y = f(x), x=a ...

Di¢n tich hinh thang cong ~
/ /\J’ = (X) Tﬁng dién tich cac hinh

chir nhat xap xi

FE N gamm)+ S (E)A, +K

i

e

0 . x, x=p Chiacangnho cang tot =

Dién tich hinh thang
imz@f c.) J f ()

cong: lim tong (Rieman) ™ (35 )*O




5. KET QUA CO BAN

Lip lai quy trinh véi nhiéu bai toan: Thé tich vat thé tron
xoay, do dai day cung, cong ciia lwc bién thién ... = Khai
niém tich phan xac dinh, dinh nghia béi tong Rieman ciia

ham f(x) trén doan [a, b]:

hm Zf E )Xy — %)= lim Zf & A if(x)dx

max (Ax, )—)0 max (Axy, ) —>O

jﬁ f(z)dt} = f(x) = j f(t)dt = F(x)+C, F :Nguyén ham
x|, g

b
Tim C = Cong thirc Newton — Lebnitz: _[ fx)dx=[F (x)]fZ .



5. KHAI NIEM TICH PHAN XAC PINH

Ham f(x) xac dinh, bi chan trén doan [a, b]. Phan hoach:

. =0 e o e zmlflx\xkﬂ—xk\

Tphéan xdinh: Giéi han tong Rieman khi § > 0 V cach

phén hoach [a, b], V cach chon diém chia &k € [x,, X, 4]

| b
lim Z (g1 =2 ) (&)= [ f(x)dx

0—0 710

Dinh ly: Ham lién tuc trén 1 doan thi kha tich (Rieman)

2n11

11m2—

n—>0
k=n 19




5. PINH LY GIA TRI TRUNG BINH

Bat dang thirc tich phan:
f(x)<g(x) Vxela,b] = ?f(x)dx < ?g(x)dx
Hay st dung: ’ ’
m< f(x)<MV xela,bl = mb-a) .ff(x)dx<M(b a)

Dinh ly gia tri trung binh: Ham f(x) lién tuc trén [a, b] =

b
3¢ ela,b]:[ f(x)dx=f(ENb-a) = f(E) —ff(X)dx

20




5.PAO HAM TICH PHAN THEO CAN TREN

Tich phin theo cin trén: S(x)= [ f(#)dt = S'(x) = f(x)

Tong quat: Pao ham tich phan theo cn trén lan dwéi

v(x)
G(x)= [ f()dt = G'(x)= f(v(x))v'(x)— f(u(x))-u'(x)
u(x)

X X
jcos(t2 )a’t ( arctgt)’
VD: Tinh giéi han 4/ lim ° b/ lim

x—0 X X—>+00 “/X2-¥1

21




5. VAI CONG THU'C POI BIEN PAC BIET

f(x): ham 18 ( f(-x) = —f(x) ) = j f(x)dx =0

—d

a+T

f: ham tuan hoan (f(x+ T) = f(x) Vx) = I f(x)dx = ffl f(x)dx
a 0

20067
VD: Tinh tich phan [ = jsin(2006x+ sin x )dx

0

i 7
Tich phan lién hop x = % —t= j f(sinx)dx = j £ (cos x)dx
0 0
7T
s
VDallinhin—&§ ————; =

o sin® x+cos” x



6. TICH PHAN SUY RONG LOAI 1

f(x) xac dinh trén [a, ), kha tich trén moi [a, b] < [a, ©)

Tich phén suy rong loai 1: [ f(x)dx = lim [ f(x)dx
a a

b Piém suy

b—0 rong: oo

Gi6i han ton tai va hitu han < Tich phén suy réng|hdi tu

VD: | ar
oy

01+X2

° dx

2

= lim[aretgy]; =

7T \

VD: Tphan suy rong j cos x dx : Phan ky! |
0

a b — ©

Khao sat &

tinh

tphan SR:

Tinh tphan XD & qua gi¢i han




6. TICH PHAN SUY RONG TAI -, TREN R

Ky hiéu: F(0)= lim F(x)=

X—>0

[ f)dx=[F(x)]

TP suy rong trén (—oo, b] 2

— Piém suy rong —oo :

Cl—)OO

jf(x)dx = lim jf(x)dx

[FT.,

—0o0

TP suy rong trén R: If(x)dx— jf+jf— lim jf+11mff

==

Chu y: TP suy rong trén R, hai dadu - + oo ddc 1ap véi nhau!

H¢ qua: ojo f(x)dx # lim [F(x)]*,

00
. a—>

VD: dex —

—Q0

.
i
2

o0
=07))

—0 24



6. TICH PHAN SUY RONG LOAI 2

Ham f(x) xac dinh trén [a, b), khong bi chan trong lan can b,

kha tich trén moi [a, c¢]  [a, b) > Diém suy rong: b

b c
Tich phan suy rong loai 2: I f(x)dx = 1iI? ff (x)dx = [F (x)]ff
. c—b—

r dx 1 7T
VD: = lim|arcsinx|, =—
J. /1 x j / 2 C—)l_[ ] 2
b b
Haldlemsuyronga,b jf jf+jf— lim ff+ﬂlm2 jf
p a—a+ —
1 1
vD: (& vy {21

o\/x(l_x) 0(1_x)2 25



7. KHAO SAT SU HOI TU CUA TP SUY RONG

Chirng minh tich phan suy rong ton tai (hoi tu) bang cach
tinh TP xac dinh & qua gi6i han: CONG KENH, PHUC

TAP, KHONG THUC TE — Bai toan: Khao sat sw hoi tu

TPSR Rieman (hz‘lm luy thura)

a<l: phan ky

Tich phan suy rong Rieman

loai 1 hdi tu < o> 1

(0

Rieman loai 2: I I g %]Z‘Cbc,j‘bdxa,j‘ dxa
0 0. .=

X

a

Tich phan suy rong Rieman loai 2 (3 dang: mién lay tich

phan hiru han) hgi tu <o <1.

Pirng nham véi Rieman 1!




7. HAM KHONG AM - TIEU CHUAN SO SANH 1

Ham f xac dinh / [a, b), diém suy rong b & f(x) >0 V x € [a, b)

F(x)= j f(t)dt: HamT = |3 lim F(x) < F(x)<M V x € [a,b)

x—>b—

b
Tphan suy rfng (ham khong 4m) [ f(x)d» hdi tu < bj chin
a

f(x), g(x) = 0 tren [a, b) ; f(x) < g(x) trong lan can DSROng b
b b b b
al[g<o=|[f<w b/[f=0=[g=0
a a a a

= . 1 . - .
VD: [e ™ dx =[e " dx+[e™ dx:TP (1) thwong; (2): suy rong
0 0 1 -



7. TIEU CHUAN SO SANH 2

f, g > 0 trén [a, b) v&i hmf(x) ke( )<:>f()~kg()

x—b o (x) x—b

— j f(x)dx, j g(x)dx cung hoi tu hoac cung phan ky
= k=0 = f(x) < g(x) (1an cin b) = Ap dung Tchuan so sanh 1

= k =00 = f(x) < g(x) (1an ciAn b) = Ap dung Tchuan so sanh 1

1

. L In xdx
VD: J’ I
1 0

dx J‘ dx
x\/p[? (x-1) )
| | .

jd—f hd1 tu Pau 0: limvVxInx=0 x—0+:e"—+/1— ~3
1

X x—0+

Truong hop tong quat, thwong so sanh fvéi tphian Rieman!




7. HAM DAU BAT KY. HOI TU TUYET POI

Hoi tu tuyét doi: TPSR ciia | f| hoi tu = TPSR ciia f hoi tu

o0 .
COS x _[ s1n xdx

— I 3/2 Ox(1+3x/;)

VD: j

1

* COSX sin x * sin x
dx +

X )C

1

| If(x)| dx phan ky (khong hdi tu tuyét d6i) & | f(x) dx hdi tu

= Ban hoi tu

o0

VD: I dx :h01tu nhung tphan tr1 tuyét j dx :phan ky!

1 X )

COS X \sm X|




KET LUAN

Tinh Tich phan suy rong: Phai tim nguyén ham & Qua g/han

Khao sat s hoi tu (phan ky) cua TPSR: Ky nang chirng minh

»Can hiru han, ham vo han: Loai 2; Can oco: Loai 1 (va 2)

>Ham dudi ddu | DUONG: T/ch so sanh (dang t/dwong)

b =400 x —> Fo0 f(x /
> Pié¢m suy réng b: X

beR:x—>b, f(x /é :
X

Ham dwdi dau t/phan POI DAU: Lay tri tuyét doi & danh gia




