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Khoa Xdy Dung Thiiy Loi Thuy Dién By mén Co So Ky Thudt

PHUONG PHAP TINH

Chuong 0 PHAN BO TUC
Supplement

A.PHEP TINH VECTO

e Tichvohuéng : a.b=abcose

ab=x,x,+y,y,+z,z,

e Tich vector c=axb=absin@
- =

L, > >
Cé tinh chat;: bxa = —axb

1 j] k
axb=x, y, z
X, Y2 7,

e Tich hon tap

Xy z

abc = (axb).c = a.(bxc) =bca =cab = X, Y, 7,
X3 Y3 Zj

abc = -bac = -cba = -ach

1
, V2 =éV1 =% ‘abc‘

V; | abc

Bai Gidng Chuyén Pé Phwong Phdp Tinh Trang 1
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By mon Co So Ky Thudt

-

V, 12 thé tich hinh hop dung trén cac vector a,b,c

V, 1a thé tich hinh chép dung trén cic vector a,b,c nay.

Toan tir Haminton

gradU:a—Ui+a—U]+a—UR
ox dy 9z

divA - 0AX N oAy N 0Az

oXx dy oz

oth :(BA_Z_BA_yji +(an _aAzj.J{aAy _ 0AX

dy 0z 0z  oX oxX

Cong thirc Ostrogradsky - Gauss:

§ Ado = [ divAdQ
c Q

z

7

Jk

y
Vé6i o :mit va Q: thé tich
Cong thirc Stokes :
§ Adr = [rotAdsvsi r=Xi+y]j+2zkK
(L) (S)

Phép toan véi toan tir V

V:|—+ji+ki
oX "dy 0z
.dU .0U  JU
VU=i—+]—+k——=gradU
Iax Jay 0z g
VeA=[i2 4L k2 |e(iAx +jAy +kAz)= 22X L OAY L OAZ _ yip
oX ‘dy 0z 0 dy 09z
Bai Gidng Chuyén bé Phwong Phdp Tinh Trang 2
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Khoa Xdy Dung Thiiy Loi Thuy Dién
i j Kk
9 9 9
CurlA= VXA = dx av 9,
AX AY AZ
Curla = iRz vy, P Ay Ry Ry o
dy 9, d; Iy dx  dy
: : . d .d 0 0 0 0
AeV =(iA A, +KkA))e|i—+]j—+k— |[=A, —+A, —+A,—
(Ax +IA +KA,) [Iax+18y+ azj “ox YE)yJr Z oz
g:v0V+3
dt ot
2 9% 9% . ) d0°u  d%u  d°u
A:V2:VOV:aX2+ay2+aZZ,dlvgradu =V U=Au=ax2 +ay2 +az2

Vidu: Chiéu phuong trinh Navier- Stocks 1€n hé truc toa do tu nhién:

v _ F—lgradp+vA\7
dt P
Trong d6: F=3

7 : Trudng van toc dong chay.
p: Khdi lugng riéng.
p: Ap suat( V6 hudng).

v: Heé s6 nhét chat 1ong.

-

Huéng dan: VT= % +v.Vy

Ma v=iv, + jv, +kv,

0% +a_2v 0%
ox>  9y> 97’

)

VP=iF, + JF, +FF. ~ (L T2 i)
T op ox “dy 0z

Can bang hai vé roi chi€u 1én ox, oy, oz

B. PHEP TINH TEN-XO (Tensor analysis)
Hang ctia Tensor 12 s chi s6 ctia Tensor d6.

Vidu: a; cO mot chi sO, nén 12 tensor hang nhét
a;; c6 hai chi s, nén 12 Tensor hang hai

Trang 3
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Qui téc chi sb

Khi ¢6 hai chi s6 gidng nhau, biél; thi mot tong:
aibi=a;b;+ abo+ azbs=2.a,b,

H¢ théng dbi xung khi aj=aj;, phé;; ddi xung khi a;= -aj;

Vidu:

ij=

0 khi 1%
1a mot Tensor hang hai d6i xtng.

{1 khi i=j

e Tong cdc Tensor ciing hang 1a mot Tensor ciing hang:
Cik = ajx + b (hang ba)
e Nhan Tensor: Cijklm= aijk.blm
(moi tich c6 thé ¢6 cua ting thanh phan Tensor)
V6 hudéng dugc xem nhu Tensor hang zero.
e Phép cudn Tensor:
Pugc thuc hién khi ¢6 hai chi s bat ky trung nhau:

3
QAijkk =kz_:1aijkk = ajut ot Az = Gy

Phép nhan tr ong: Cijm = aijkbkm

La phép nhan va cudn ddng thoi céc Tensor , cho ta tim dugc vét ciia Tensor.
Phép nhan trong cho ta diém xuat phit quan trong dé nhan dwoc cic bat bién cua
cdc dbi twong hinh hoc va vat 1y.

Thidu: Vét cua Tensor =Xy
Khichoi=) => a; =xjy; = X1y1+ Xoy2+ X3y3 = vO hudng

Bai Gidng Chuyén Pé Phwong Phdp Tinh Trang 4
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C. CACPHUONG PHAP BIEN POI
1. Phép biéen doi toa do

y f
y -
A M,
¥ 4+
* M ‘i
e
b I ' P— -
01: X 4
i X
0 L — ] /‘}:_
a X
+ Phép tinh tién:
X =x'+a , y=y+b
X'=x—a |, y'=y-b
+ Phép quay:
X =X'coso —Yy'sina : y =X'sina+y'coso
X'=XCcoso+ ysino : y'=—XSsino+Yycoso
2. Phép bién hinh bao giac
B B'
W =1(2)
yn A ra C vp A C
0 X 0 u

Bai Gidng Chuyén Pé Phwong Phdp Tinh Trang 5
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y v
Pl .
0 0

Cho W = f(z) giai tich trong mién D, sd phitc z=x+yi vdA W=u+vi
Phép bién do6i diém: Ax,y) > A’(u,v),
AB BC CA

Céc canh ti 1€ vo1 nhau: = =—~ =" va cdc gbc tuong tng bang nhau:
AB BC CA

goc B =P’ (bao giic)

3. Phép bién doi Laplace

oU(x,,1t)
ot

Nhan 2 vé ctia phuong trinh trén véi e™ (véip > 0), lay tich phan theo t tir 0 —

o, tadugc: o AU(X;,t)e"dt=| %e‘mdt
0 0

Xét phuong trinh vi phan : aAU(x,,t) = , voi t>0

bit U(Xi ,P) = J U(x,,P)e™dt, ham U(Xi , P) duoc goi 12 phép bién d6i Laplace
0

ctia ham U(x; ,t) d6i voi t .

Biéu thtrc trén duoc viét lai theo U(Xi ,P):
a.AU=PU-U(x,,P),

Giai dé dang hon va tim dugc U, ¢6 U dung bang tra tim U.

Chi §- jaua’;"t) ePdt=[U(x ,P)e ‘P‘]+PIU (x.,1)e™dt

4. Phép bién doi Sigma o

§=X z=¢§ = o=1 tai matthoang
n=y z=-h(x,y)=> o=-1 taiddy
(‘5:2(2—_@4_1 => GG[—1,+1]

" h(xy)+E

t=t

Bai Gidng Chuyén Pé Phwong Phdp Tinh Trang 6
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D. MOQT VAI UNG DUNG CUA GIAI TICH HAM

1. Khong gian métrix ,

Pinh nghia: Mot tap hop X duoc goi 1a mdt khong gian Metrix, néu tng véi
mdi cap phan tir x,y € X c¢6 mot sb thuc p (x,y) = 0, goi 12 khoang céch giira x & ,
thoa dicu kién sau:

px,y) =0 khivachikhi x=y, oXx)y)=,0(y,X)

px,y) < ox,z) + p(z,y), Vx,y,ze X (bat dang thuc tam gidc).
2. Khong gian tuyén tinh dinh chuan

Téap hop X duoc goi la khdng gian tuyén tinh neu trén tap hop dé xac dinh hai
phép tinh: Cong cdc phan tir va nhan phéan tir véi mot s6 dong thoi thoa céc tién dé:

X+y =y+x ,X+y)+z=x+((y+2z),

AMX+y)=Ax+Ay , A+ WX =AX+Ux , A (Ux) = (AWX

Ton tai phan tir 6 € X, goi 12 phan tir khdng, sao cho 0.x =0, Vxe X

Khong gian tuyén tinh dugc goi 1a dinh chuan, néu ing véi mdi x € X ta xdc
dinh dwoc mot sé thyc goi la chuén cia x va ky hiéu || déng thoi sé thuc d6 thoa
diéu kién sau:

ld >0, [d =0, knivachikhix=6

=] . vaer. vxex

HX+ }’H < HXH + Y|, Vx,y € X (bétdang thirc tam gidc ).
3. Khong gian EUCLIC- Khong gian HILBERT ’

Cho mot khong gian tuyén tinh X (trén truong s6 thuc hodc phirc). Gia st irng
Vé:i mdi cdp phan tr x,y € X, xdc dinh dugc mdt s6 thyc hodc phuc (x,y) thoa cac
diéu kién sau :

(x,y) = (y,X), trong trudong sb phic thi (x,y) = (Y, X)
x+yz2)= (x,2)+(y,2), Vxy,z € X

Axy) = AMxy)
(x,x) =20, trong d6 (x,x) = 0khi va chi khix =0 ‘
So (x,y) nhu vay dugc goi la tich vo hudng cta hai phan tu x,y.

Bai Gidng Chuyén Pé Phwong Phdp Tinh Trang 7
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Khong gian tuyén tinh ma trong d6 ¢6 xdc dinh tich vo hudng duoc goi 1a khong
gian Euclic.

Khong gian Euclic di1, vo han chiéu duoc goi 1a khong gian Hilbert.
Toan Tir Tuyén Tinh - Phiém Ham Tuyén Tinh

Gia sir X,Y 1a hai khong gian Topo tuyén tinh

Todan tir (hay anh xa):

A:X—>Y (y=Ax, xe X, ye Y)dugc goi la tuyén tinh néu ta cé:

A(}\,Xl + MXZ ) }\,AXI + MAXZ

Tap hop tat ca céc gia tri x € X ma tai d6 A xdc dinh, duoc goi 1a mién xdc
dinh cua todn tir A va ky hiéu D(A). Mién gid tri cua A dugc ky hiéu R(A) C Y.

Trong truong hop Y = R' (truong sb thyc), thi todn tir tuyén tinh A duoc goi 1a
phiém ham tuyén tinh.

Cau héi:

1. Neéu y nghia vét Iy va trinh bay cong thic tinh cua céc todn tr Haminton (GradU, DivA,
RotA)? Su ich loi ctia n6 ?.

2. Hiy néu nhitng wu nhuoc diém ciia phép tinh todn tir so v6i phép tinh tensor ?

3. Hay néu vai tng dung cua cong thirc Stockes va cong thirc Oxtrograski — Gauss ?

4. Hiy néu vai ung dung ciia cdc phép bién doi (Laplace, bién hinh bao gidc, Sigma) ?

Bai tap :

Bai 1: Chting minh: divgradu =V’u
rot(u.a) = graduXx a + urota voi: a la vécto, u = u(x,y,z)
Bii2: V.V(e)= A(e) = V*(e) = divgrad(e)

Bai 3: Tu phuong trinh véc to: F 1 gradp = 3—” + grad(%) +rotU
Yo, t

Hay viét n6 ¢ dang chiéu 1én céc truc toa do ox,0y,0z.

Bai 4: Viét cic thanh phan hinh chiéu I1€n céc truc ox, oy, 0z ctia cic phuong trinh sau:

De ou;
— =div(kVT )+ 1, —
P D1 I ( ) if ax_;-
e Buﬂ
T; =—po; + U b 98 |+ 0; AdivV
E'x E'xd.)
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Chuong 1 SAI SO

Approximate numbers

1.1 Sai s6 tuyét doi
Goi a la gid tri gan ding cua A, ta victdugc A =at Aa
Aa : goi la sai sO tuy¢t doi gidi han

1.2 Sai s6 twong doi da = | a| , dang khac: A =a (1 £ da)

Sai s6 tuyét ddi khong néi 1én day du “chat luong“ cua 1 sb xap xi, chit luong
ay duoc phan anh qua sai s6 tuong d6i.

1.3 Cach viét sé xap xi
+ Chit s6 c6 nghia: D6 1a chit s6 # 0 dau tién tinh tir trai sang phai
Vi duy: 002,74 — 2,74
00,0207 — 0,0207
+ Chit s6 dang tin: Mot sb a c6 thé duoc viét a = + > 10°
65,807 = 6.10" +5.10° + 8.10" + 0.10” + 7.107
Véy o =6, (X()=5,(x_1=8,(x_2=0,(x_3=7
Néu Aa < 0,5.10° thi o 12 chit s6 ddng tin.
Néu Aa > 0,5.10° thi o 1a chit s ddng nghi.
Vidu: a=65_8274; Aa=0,0043 — Chit sb 6,5,8,2 dang tin
Aa = 0,0067 — Chit $6 6,5,8 dang tin

1.4 Sai sé quy tron:
Quy tac quy tron
Chir s6 bo di dau tién > 5: Thém vao chit sb giit lai cudi ciing 1 don vi
Chir s6 bo di dau tién < 5: Dé nguyén chir sé gitt lai cubi cling
Vi Du: 65,8274 — 65,827 ; 65,827 — 65,83
1.5 Sai s cia sé di quy tron:
Gia st quy tron a thanh a’ véi sai s6 quy tron tuyét d6i 0a’
‘a'—a‘ < @a’ thiAa’ = Aa+ Ba’ (tlc ting sai sd tuyét d6i)
1.6 Anh huéng cia sai sé quy tron :
Ap dung nhj thirc Newton, ta cé:  (v2—1)°= 3363-2378/2
Bay gio thay ~/2 béi cdc sé quy tron khdc nhau:

J2 Vé trai Vé phai
1.4 0,0001048576 33,8
1,41 0,00013422659 10,02
1,414 0,000147912 0,508
1,41426 0,00014866394 0,00862

Bai Giing Chuyén Pé Phwong Phdp Tinh Trang 10
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1,4142613563 0,00014867678 0,001472
1.8 Céc quy tic tinh sai sb
Xétham s6: u = f(x,y)
Taky hiéu Ax, Ay, Au : chi cdc sd giaciax, y, u
dx,dy,du : chicicviphidncuax,y,u

Ax, Ay, Ay : saisd tuyét ddi cua x, y,u
o |Ax| < Ay
Ta ludn c6:
|Ay| <Ay
Ta phdi im Ay d€ ¢6:  |Au|< A,
Sai s6 cliatong: u=x+y
Ta c6 Au = Ax+Ay —  |Au/<|Ax|+|Ay|

—)|AU| S AX + AY(E AX-%—Y)
+ Néu u=x-y Vvéix,ycung du:
Sy = Ay _Ax+Ay
| W " oy
+Néuu=x.y = Au=du=ydx + xdy =yAx + xAy
|Au| < |y|AX +|X|AY = Ay = |y|AX +|X|AY

A—UZA—X+A—Y= 5x+ 8Y
]

ncéu |x —y| laratbé thi sai so rat 16n.

Do d6 : oy =

+Néuu=§,vc')riy¢0, Oy = 0x + Oy
y

Cong thirc tong quat: u=1(x;,X2, X3,...,Xp)
& | of
. — E —IA
Thi: AU & aXi X;

1.9  Sai sb tinh todn va sai s6 phwong phap

Phuong phép thay bai todn phiic tap bang bai todn don gian (phwong phép gan
ding) — tao ra sai sb phuong phdp.

Sai sb tao ra bai tit ca cdc 1an quy tron — sai s6 tinh todn.
1.10 Sv 6n dinh cia qua trinh tinh

Ta n6i qud trinh tinh 13 6n dinh néu sai sb tinh todn, tirc 1a cdc sai s6 quy tron
tich lily lai khong ting vo han (ta s& gap lai van dé ndy ¢ phuong phép sai phan).
Vi du: Tim sai sb tuyét d6i gioi han va sai s6 twong ddi gidi han cta thé tich hinh cau.

V= l7z'.cl3.
6

Néu duong kinh d=3,7cm+0,05 va z=3,14. Biét Ad=0,05, Az=0,0016.

Bai Gigng Chuyén Pé Phwong Phdp Tinh Trang 11
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Giai: Xem 7 vad 1a ddi sb cia ham V
Tacé: 6, =0, +39,

0,0016

Véi: 6,= =0,0005

il

5,229 _ 00135
3,7

]

— & =0,0005+3.0,0135 = 0,04.
Mit khdc: V= émﬁ — 26,5cm’.
Viy c6:  Av=126,5.0,04 = 1,06=1,1cm’.

V=265+1,1cm’

Cau hoi:

1. Dinh nghia sai s tuyét ddi, sai s6 twong dbi ? Trong thyc té tinh toan, nguoi ta sir dung sai s6
tuyét ddi hay sai s6 twong ddi ? Vi sao ?

2. Trinh bay cdc quy tic tinh sai s0?

Neéu sy khdc nhau gitra sai s tinh todn va sai s6 phuong phap? Hay néu ra mot qud trinh tinh

¢6 s6 liéu cu thé minh hoa va chi ra sal s tinh todn va sai s6 phuong phap ?

4. Puara vai vi du tinh todn, chi ra sy can thiét phai chi y dén sai s6 qui tron ?

W

Bai tap:

1) Hay xac dinh chir s tin tudng trong cac sb sau:
Y x=0,3941 voi A =0,25.107
? y=0,1132 v6i A =0,1.107
9 7=38,2543 v&i A,=0,27.107
2) Hay xac dinh sai s tuyét di, biét sai s twong dbi cua cac sb xap xi sau:
a) x=13267 néu 5,=0,1%
b) x=0,896 néu &,=10%
3) Hay qui tron cac sé dudi ddy dé co duoc 3 chit s6 tin tuong va xac dinh sai s6
tuyét ddi Ava sai s6 twong ddi & cua ching:
a) x=2,1514
b) y=0,16152
c) z=1,1225
d) v=0,01204
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4) Hay tinh thuong u=x./x; cua hai so Xap xi: X,=5,735; X, = 1,23 va xac dinh sai
s6 twong ddi gidi han &, va sai sb tuyét doi glO’l han A,

5) Hay xac dinh sai s twong dbi gidi han &, sai s6 tuyét ddi gidi han A, va sb chir
s6 dang tin ctia canh a cta hinh vudng, biét dién tich hinh vudéng s=16,45cm?
voiA, =0,01

Pap so6:

1) a)2;b)3;c)4

2) a) A.=0,13.10°

b) A,=09.10"

3) a)2,15; A,=0,14.107%; §.=0,65.107
b) 0,162; A, =0,48.107; §,=0,3.10
¢) 1,23; A.=0,5.10%; 5.=0,41.10"

d) 0,0120; A, =0,4.10"; 5§ =0,33.107
4) u=4,66; 6, ~ 0,0042; A, =0,02
5) a= +x=4,056cm; &, =~0,0003; A, =0,0012; a ¢ ba chir s6 dang tin
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Chwong 2 NOI SUY

(INTERPOLATION)

Trong nhiéu bai todn k¥ thuat, ta phai tim cic tri y; tai cdc diém x; bén trong
doan [a,b], hoac khi quan h¢ g1a1 tichy = f(x) dacé san nhung phu:c tap, hoac can tim
dao ham, tich phén cua ham s9.....Khi d6 ta dung phép ndi suy dé d& dang tinh todn ma
van dam bao d6 chinh xic theo yeu cau cua thuc té.

2.1 Da thirc ngi suy Lagrange
Cho bang céc gia tri X| X1 X2 X3 . . Xp

y| Yyi Y2 Y3 .. ...V

Can lap da thtc: y = f(x) c6 bac m < n - 1, nhéan cdc gid tri y; cho trudc ung
vO1 Cac X; :
yi=f(xj), vo1 1=1,2,3,......n
Ky hiéu: o(x) = (x - X)X - Xp)... ... (X - Xp)
Ta c6 dugc dang thuc:

£(x) = Y19 X) N Y9 (%)
(X-X )X, =X)(X; —=X3)..(X; —X,)  (X=X,)(X, =X )(X, —X3)...(X, =X )
Y. ()
X=X (X, =X )X, = X,)ecenee. x, —%x,)
Hay: f(x)= y Y OXx) Day la da thuc ndi suy Lagrange

k=1 (P'(Xk)-(x _Xk)

Tim da thirc ndi suy Lagrange va tim y khi biét x=1,5.
Ta c6: @y = (X-X1)(X-Xa)(X-X3)(X-X4)
= x(x-1)(x-2)(x-3)
—f(x) = 3.x.(x—1D.(x—2).(x-3) + 4x.(x—-1.(x—2).(x-3) +
x.(=1).(=2).(=3) (x=1).1.(=1).(=2)
Tx.(x—1.(x—2).(x-3) N 8x.(x—1.(x—2).(x-3)
(x—2).2.1.(-1) (x—3).3.2.1
=-1/2(x-1)(x-2)(x-3)+2x(x-2)(x-3)-7/2x(x-1)(x-3)+4/3x(x-1)(x-2)
Tai x=1,5 thé vao f(x) ta ¢6 y=5,5
2.2 Noi suy Newton
Giastryp, yi,Yy2, ... lanhting gid tri nao dé cua ham y = f(x) twong ing voi céc gia tri
céch déu nhau cua céc ddi sb xo , X1, Xo ...t0c 1a:
XK+1- XK= AXK = const
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Ky hiéu: y;-yo=Ayp; y2-y1=Ay; ;... ... 3Yn- Yo.1 =Ayn. 12 saiphéncé}pl.
Ay - Ayg = A%yo; Ays- Ay, =A%y ;... la sai phan cap 2.
A"y -Ayo=A""yg 5 Alya - Ay = A"y 12 sai phan cap n + 1.

Tién hanh cic phép thé lién tiép, ta nhan duoc:
s Azyo =Yy2-2y1 +Yo0; Asyo =y3-3y2+3y1-Y0,....

Ay, = Z(_I)chyn—l(
K=0

Tuong tu ta cling nhan duoc:

V1 =Yo+ Ay, Y2 =Yoo+ 2Ayo + Azyo , Y3 =Yo+ 3Ayo + 3A2yo + Asyo yeus

Yo = Yo + DAy, + n(nz‘_l) A*yo+ ...+ A, (1)
Néu trong (1) ta xem n kﬁéng nhitng 12 chi 12 s6 nguyén duong ma c6 thé 1a sé n =t
bat ky, ta nhan dugc cong thurc ndi suy Newton:

t t(it—1) tt—1D(t-2) .
yt=yo+—Ay0+—A2 Ny, +.+ Ay, ()
1! 2! 3!
’ - xn _XO
Do budc tang Ax = const, ta dugc x, = Xo+ nh, suy ra n= Y
— X .
bat x=x¢+th,suyra t= ; % thé vao (2), ta c6 dugc dang khéc cua (1)
X —X (x—x,)x—=x,—h)
Yo = Yo+ C Ay, + 0 e 0O Ay, +.... (3)

Vidu:

Tim ham ndi suy Newton.
Giai: Ta c6: Sai phan cip 1 Ay, =y, - yo=7-5=2
Sai phan cdp 2 A2y, =y, — 2y; +yo = 10-2.7+5=1
Sai phan cip 3: A’y,=y3- 3y2 +3y1- yo = 12-3.1043.7-5 =-2

Ax=h=1
X—X (x—x)x—x,—h) (x—x )x—x,—2h)
= ¥Yn=Yo+ h : Ay, + 02!h2 0 AZY()+ : 3 . A3y0
_54 x—1'2+(x—1)(x2—1—1).1+(x—l)(x—31—2.1) (<2)°
1 211 31

= —lx3 +§x2 —Qx+6
3 2 6
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2.3 N¢i suy SPLINE

Yy
Y3
£(x)
Y2
£ (x)
vi f(x)
Yo =
X0 X1 X2 X3 X

Phuong phap Spline ndi suy bang cach gin mot s6 da thiic bac thap voi nhau; &
day chi nghién ctru ndi suy Spline bac 3, vi thuong ddp Gmg yéu cau trong nhiéu bai
toan thuc té.

Hinh v& bén chi ra ndi suy 4 diém bang cich ding 3 ham bac 3(cubic) fi(x),
fr(x), f3(x). Téng quat néu c6 (n +1) diém, ta cAn n ham Spline bac 3 dang:

fi(x) = A11+A21X+A31X +A4x7, 1=1,2,3,.

C6 4n hésd Ay c6 thé xdc dinh theo cdc diéu kién sau:

(1) Ham Cubics phai gip tt ca cdc diém ¢ bén trong: ¢6 duoc 2n phuong trinh
fix)=yi,1=1,...n; {1 x)=y;, 1=0,1,...n-1

(i1) Bao ham bac 1 phéi lién tuc tai cdc diém bén trong, dan dén duoc (n—1)
phuong trinh:

fix)=f1(x),i=1,2,...,n-1

(iii) Bao ham bac 2 cling phai lién tuc tai cac diém bén trong, thém duoc (n— 1)
phuong trinh ntra:

7)) = 141(x), i=1,2, ... 0-1

(iv) Hai diéu kién cudi ciing dya vao 2 diém cubi cua duong Spline, & ddy thudng

dat £ 1(Xo) 0 va f’(xy) = 0

Séap xép lai ham fi(x), ta chi cn (n-1) phuong trinh can thiét dé giai, c6 dang:

y =fi(x) =
@)@ =0 ) x)] {yi_l A J(x,» _x){ v fEAY, J(x—x,»_l)
6Ax, 6Ax, Ax, 6 Ax, 6

1 1 1

V&1 Ax;=X;-X;_1, Vo1 1=1,2,....,n (dang sai phan [ui).
Pao ham phuong trinh nay va dp dung diéu kién lién tuc vé dao ham bac nhit ta
duoc:

AX.  AX.

i i+1

AP (%0 1) + 208%; + Axis )F(60) + Axis 1. P(xi41) = 6[—ﬂ +Ay—j
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V61 Ayi=yi—yi, vo1i1=12,....n-1
Dicu nay tuong duong vdi hé phuong trinh tuyén tinh ¢6 an 1a dao ham bac 2 tai
cédc diém bén trong ctia dudng cong ndi suy:

2(AX, + AX,) AX, 0 .0 f(x,)
AX, 2(AX, + AX,) AX, ...0 f(x,) | _
0 AX, 2(AX, +AX,) ...0 | -
0 0 (A%, +AX ) |7 (x,)
_AY, LAY,
AX, AX,
6.9 AX, AX,
_—Ay”*1+%
AX,, AX,
Giai h¢ dai tuyén ndy ta tim duoc f(x;), v6i i=1,2,...,n-1 cdng v6i hai diéu
kién bién 2 dau:

f°(x) = f’(x,) = 0, dudng cong ndi suy s€ hoan toan xac dinh.

Vidu:
x ‘1 2 22 3 4

y |5 7 2 10 12

Tim y=f(x) theo phuong phép ngi suy spline bac 3 va tinh y(x=2,2)=?
Gidi:
Tacd Ax,=Ax,=Ax,=1
Ay, =2;Ay, =3;Ay, =2

2 3
{f“ul)}:& 17
f(x) 3.2
1 1
{4f”<xl)+f”<xz)=6 3{f"<xl)=2
f (x)+4f (x,)=-6 f(x)=-2
y =tx)=y =fi(x) =

_ @) —0t f ) (- ) { S (x)Ax, J(xz _x){ v, f"(x)A, J(x_xl)
6Ax, 6Ax, Ax, 6 Ax, 6

2(1+1)1
1 2(1+1)
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Tar x=22 = y=7,8
2.4 Phwong phap binh phwong cuec tiéu (Least squares method)

Gia su c6 hai dai luong x va y ¢6 lién h¢ phu thudc nhau, theo mot dang da biét:
y = a+b.x, hay y = a+b.x+cx’, hay y=a.e™,...

Nhung chua biét gia tri cdc tham s6 a,b,c. Mudn xéc dinh chiing, ngudi ta tim
cach c6 duoc béng thi nghiém, do dac,... m{Qt $6 cap (X;,yi) roi ap dung phuong phép
binh phuong cuc tiéu.

(a) Truong hop y = a + bx
Tacé: yi- a- bx;= ¢, , voi 1=1,2,..,n & day ¢, sai $6 tai Xx;.

Do dé S =X(y, —a-bx,)*1a tong cdc binh phuong cua cic sai sb.

S phu thudc a va b, con x;, y; ta da biét 101i.

Muc dich ctia phuong phép binh phuong cuc tiéu 1a xdc dinh a va b sao cho
Sai s6 nhé nhit: S — Smin.

Nhu Véy:a—S:O va 95 =0

oa ab
Ta c6 dugc hé phuong trinh:

na+bxx, =2y,

ayY x, +bXx® =X xy,
Giai hé nay tim duogc a,b.
Cau hdéi:

1. Uu nhuoc diém cua céc phuong phap noi suy Lagrange, Newton, spline ?

2. Hay chi ra nhiing truong hgp cu the va cich chon phuong phap ndi suy nio thich hgp nhat ?

3. Phuong phdp binh phuong cuc tiéu thuong duge dp dung khi nao ? Tai sao ngudi ta néi
phuong phéap nﬁy mang tinh chu quan ctia ngudi st dung tinh todn ? Mot cdch chinh xéc c6
goi phuong phép nay 1a ndi suy dugc khong ?

Bai tap:

Noi suy Lagrange )
1)Xay duyng da thirc ndi suy Lagrange cua ham s6 y=f(x) cho dudi dang bang sau

X|O 2 3 5

y ‘ 1 3 2 5
2) Cho bang gié tri ctia ham sb y=f(x)

X | 321,0 322.8 3242 3250

y ‘ 2,50651 2,50893 2,51081 2,51188
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Tinh gan ding £(323,5) bang da thic ndi suy Lagrange.
3) Thanh 1ap da thirc ndi suy Lagrange tir bang so sau:

x|2 4 6 8 10

y | 0O 3 5 4 1

4) Hay danh gia sai s6 nhan dugc khi x4p xi ham so y=sinx bang da thirc ndi suy Lagrange
bac S: Ls(x) biét rang da thirc nay trung voi ham so da cho tai cac gia tri x bang: 0°, 5, 10°,
15°,20°, 25°. Xac dinh gia tri cua sai s khi x=12 30,

5) Tim da thirc ndi suy bac 2 ctia ham y=3" trén doan [-L1], tir 46 suy ra gia tri gan ding cia

3
Pap sb:
) 148243 s B
510" 6
2) 250987

3) f(x)= é (x* = 26x° +220x> — 664x + 640)

4) [sin(x) - Ly (x)| < x(x——)(x——)(x——)(x——)( ——) khi x=12°30

thisin(12°30- L, (12 30)|<2.2.107
5) Pé duogc da thirc ndi suy bac 2 thi can 3 mbc: O ddy ta chon x=-1;0;1 thi y=3"
~ %(4;8 +8x+6)trén doan [-11], va /3 =1,8

Noi suy Newton: ’
1) Cho bang gia tri cia ham s y=f(x)

x‘—10367

y 3 6 39 82 1611

a) Xay dung da thurc ndi suy Newton tién )guét phat tir nut xy = -1 ciia ham sO y=f(x)
b) Dung da thirc ndi suy nhén dugc, tinh gan dung £(-0,25).
2) Cho bang gia tri cia ham s0 y = sinx

X 0,1 0,2 0,3 0,4

y 0,09983 0,19867 0,29552 0,38942

a) Dung da thirc ndi suy tién xuat phat tir niit X, = 0,1 tinh gan dting sin(0,14)
b) Dung da thirc ndi suy lui xuat phat tir nat xo = 0,4 tinh gan ding sin(0,46)
3) Xay dung da thirc n6i suy Newton tién xuat phat tir bang so (xo=0).

x| 0 2,5069 5,0154 7,5270
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y 0,3989423  0,3988169 0,3984408 0,39781138
_ 3 2 ,
4) Cho gié tri ciia ham sb y = arctg i’x 3x2 - 3arctgx +%(21nx— 3) trong dang bang s6 sau:
—JX
X ‘58 58,17 58,34 58,68 59,02 59,36 59,7
y L303,52 ? 4364,11 4425,17 4486,69 4548,69 4611,16

X4y dung da thirc ndi suy Niuton tién va tinh gan dung gi tri ctia y tai x =58,17.
Pap sb:
1) a) x*3x’+5x%-6
b) -5,6367188
2) a) sin(0,14)=0,1395434
b) sin(0,46)=0,4439446
3) f(x)=0,3989423-0,0000500x-0,0000199x(x-2,5069)

4) y=4303,52460,59t+ 227 t(t-1)-0,01 1= 1;? =2 40,03 10D

047 ~2)(t-3)
2! i

41

t-D@E-2)t-3)(rt-4)

5!
Trong do: t=xo_—3548 ; Y(x=58,17)=4333,75779688

]

0,06~

Noi suy spline v phwong phap binh phwong cuec tiéu:
1) Dyng ham spline bac 3, x4p xi ham y = 3* trén doan [~ 1;1], 14y véi h=1,tr d6 suy ra /3.
2) Cho ham sd y = sinx trén doan [0;z]. Hay 1ap ham spline bac 3 dé xap xi ham sinx trén

~ re 7 A Al T
doan da cho, vgi cac moc ndi suy x, =0; E; 7.

3) Cho bang céc gia tri:

X 2 4 6 8 10 12

y ‘7,32 8,24 9,20 10,19 11,01 12,05

Hay tim cong thirc thyc nghiém c6 dang y=a+bx.
4) Cho bang gia tri:
X | 0,78 1,56 2,34 3,12 381

y ‘ 2,50 1,20 1,12 2,25 4,28
Hay tim cong thic thyc nghiém c6 dang y=a+bx+cx’
DPap so:

3) y=6,3733333+0,4707143x
4) y=0,992-0,909
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Chwong3  TINH GAN PUNG PAO HAM
VA TICH PHAN
NUMERICAL DIFFERENTIATION
AND INTEGRATION

3.1 Tinh gin dung dao ham

+ Ta biéu dién ham f(x) bang da thtc ndi suy: f(x) = P(x), vdi P(x)

lq da thirc ndi suy (C[a thirc ndi suy gién lgi 1a spline bac 3); Tiép theo ta tinh
gan ding dao ham f (x) ¢ da thiic nay:

CPO=Px)
+ Ta cling c6 thé dp dung khai trién Taylor:
2
f(x + h) = f(x) +h F(x)+ %f’(c), Voi c=x+6h,0<0<1.

NP f(x+h)-f(x)
Tur d6 ta tinh dugc: f'(x) = -

3.2 Tinh gin ding tich phéan xac dinh
3.2.1 Cong thirc hinh thang:

Trongq tung khoang chia (i,i+1), duong cong M;, My, dugc Xép xi thanh
duong thang.

Péi véi tich phan tha (i + 1), ta c6:

Xit
.+ V.
jf(x)dx:h% “ B
b—-a Y
Véix;=a+ih h—T, O A
1=1,2,..... ,n, a= Xy,b= X,
I=Tf(x)dx Xff dx+jf X)dX +........ Xff(x)dx Xy X1
h
| 55[(y0+y1) (Y5 +Y2) vt (Vos +,)]
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M
Saisé: |1-1; | < 7=h*(b—2a)  véiM=max |F'x)]. a<x<b

12
Vi du: Ding cong thirc hinh thang tong quat voi n=10 dé tinh gan ding:
¢ dx
I=[2
o 1+ x
Piénh gid nhitng sai s6 ctia nhitng gid tri gan ding nhan duoc.
Gidi:
Ta c6: h=129 =0,1
) 10
K&t qua tinh todn trong bang sau:
1 X Yi
0 0 1,00000
1 0,1 0,90909
2 0,2 0,83333
3 0,3 0,76923
4 0,4 0,71429
5 0,5 0,66667
6 0,6 0,62500
7 0,7 0,58824
8 0,8 0,55556
9 0,9 0,52632
10 1,0 0,50000
> 6,18773
Theo cong thire hinh thang tong quit ta c6:
I
~0,1(1000+0.50000 1 9909.+0,83333+0,76923+0,71429+0,66667+

0,62500+0,58824+0,55556+0,52632) =0,69377.
Sai s6 R duoc xac dinh nhu sau:

M
1-1,] = Ehz(b—a)

V6iM = max|f,|  O<x<l
1

f(x) = E=(1+x)'1

) =-(14x)7
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2
(1+x)’

£ =CEDE)(1+x)7= Trong (0,1) M = max|f,| =2

2.(0,1)?
12

3.2.2 Cong thirc Simpson

Bay gio ct mdi doan cong M;, M, duogc xép X1 bﬁng dudong cong bac
hai, di qua ba gid tri vy;, y;41 va gid tri y tai x = (X; + X341)/2, c6 nghia chia
[a,b] thanh 2n doan bﬁng nhau,bdi cdc diém chia x;:

a=X9< X <X;<..<Xp, =b,nghiala: x; =a +ih

Véi h=(b-a)2n, voi: 1=0, 1,2,....,.2n

|R| < (1-0)=0,00167

Dung da thirc ndi suy bac 2 xap xi theo Newton, ta c6 cong thtic tinh gan
ding tich phan theo Simpson:

t(t+1)
2

Tf(x)dx szz(x)dx =J2.h(y0+tAy0+ A’y,)dt

Xo *o

Xy h
[/ (0dv= 20y +43,+ 1)

Toéng quit :  *2u> h
If(x)dx = 3_()’2;' + 4y, Tt YVaisa)
Vay:
[ h
ff(x)dxE;[(yo+4y1+y2)+(y2+4y3+y4)+----+(y2nfz+4y2,,71+y2,,)]

h
= g[(}’o t Vo)t A F st Y, )2, F Yy et Y, )]

Sai sb: Bt
1 -1,|<M
180

(b — a)

Véi: M =max |f'(x)|, a<x<b.

Vi du: Ding cong thitc Simpson tong quat véi n=10 dé tinh gan ding:
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¢ odx
o 1+ x
Dénh gid nhirng sai s6 cia nhirng gia tr1 gan ding nhan dugc.

3.2.3 Cong thirc cia Gauss
3.2.3.1Lién hé giita cdc hé toa do téng thé va hé toa dé dia phuong
Trong nhiéu trudng hop ta can tinh tich phan s véi dé chinh xic rét cao,
nhu trong phuong phap phan ta htru han (PTHH), mién tinh todn Q dugc
chia nho thanh nhiéu mién con, phuong phap bién phan trong so xay dung
trén cdc mién con nay Do d6 dan dén tich phan ham dang trén mién con.

x= ZNixi =N, x, +N,x, + N;x,

i=1

Néu tich phan ham dang biac cao véi su dung hé toa do tong thé
(x,y,z, global coordinate) thi thong thudng s& xuét hién cic biéu thuc dai s6
rat phuc tap khi phan tur 1a hai, ba chiéu (Irons and Ahmad, 1980).

Thay vao dé néu chiing ta thyc hién ching trong h¢ toa d¢ dia phuong
(E.¢, local coordinate) hay con goi 1a toa do chuin hay toa do tw nhién
(normal coordinate hay natural coordinate) thi s& don gian hon rat nhiéu
[Taig, 1961]; boi 1€ né thuan lgi trong viéc xay dung ham ndi suy, tich phan
s6 ding dugc céch thiét 1ap cua Gauss-Legendre (phd bién nhat).

Phan t chiéu _ Phén tir thyc

Xk

Xj

v

Hinh 3.3: Biéu thi phan tir chiéu V" vao phén tir thue V°

V6i phan tir ddng tham s (isoparametric), ta c¢6 thé viét cong thuc
bién do6i toa do cho phan tir tir gidc tuyén tinh c6 bon di€m nit nhu sau:

4
y=3 N.x,=N,x,+N,x, +N,x, + N,x, (3.10)
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V6i phan tir tam gidc tuyén tinh c6 ba diém nit:
3
y:zNjyj:N1y1+N2y2+N3y3 (311)
j=1

0 day Nj, Nj 1a ham dang hay con goi 1a ham ndi suy (shape function hay
interpolation function).
Tu luat dao ham dao ham riéng phan, ta c6:

B [ o J(a) (2
| _|9¢ ¢ ||ax ax
= =J 3.12
FARENEYE El ek 12
o) |on an |9y dy
) (2
Hay: (2=y1% (3.13)
) (g

¢ day J la ma trdn Jacobian bién ddi toa do. Pinh thirc clia ma tran nﬁy, det
7|, cling phai duogc udc lugng boi 18 né dugc dung trong cic tich phan bién
d6i nhu sau:
+ Cho phan tur tr gidc tuyén tinh:
11
[[axdy = [ [ detsag an (3.14)

[ -1-1

+ Cho phan tir tam gidc tuyén tinh:

[[ dxdy = deet|J|d7]d§ (3.15)

¢

2

Hinh 3.4: Phén tir ti gidc c6 ma tran Jacobian khong xac dinh
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Trong mét sb trudng hop, vi du nhu & Hinh 3.4, phan tir t gidc ¢6 4 diém
nit, néu dang hinh hoc nhu vdy, ma tran Jacobian tré nén khong xdc dinh;
dé né c6 gid trj tdt, cdc hinh dang phan tir nhu canh va géc ctia né can phai
déu dan hon (vi du tam gidc déu, tir gidc déu = hinh vudng, diy 1a cic dang
phan tir Iy tudng).

3.2.3.2 Tich phan s6

Mot sb tich phin cua cédc loai bai todn hai chiéu (2D), ba chiéu (3D), theo
phuong phdp PTHH c6 the duoc udc luong bang giai tich, nhung n6 khong
thuc dung cho céc ham s phtc tap , dic biét trong trudng hop tong quat khi
(£.m) 1a toa d6 cong. Trong thuc hanh (3.14), (3.15) dugc udc luong bang s0,
goi 1a tich phidn s6 (numerical integration hay con goi 1a numerical
quadrature). Dung tich phan sd ctia Gauss, v6i phan tir t gidc, mién hai
chiéu ta c6:

[[renagan=¥ Y ww,re.7,) (3.16)

—1-1 =1 j=1

Vi phan tir tam gidc:
11-¢

Hféndndé~ ZWf((f ') (3.17)

Vi phan tu t gidc thi wi, w; 1a hé sO trong s va & .17, la cac vi tri toa do

bén trong phan tir, cho & Bang 2 (Xem Kopal 1961); con voi phan tir tam
gidc, tuong ty nhu phan tir t&r gidc, nhung cdc diém tich phan 1a cdc diém
mau (Sampling Points), Bang 1.

Thong thuong ngudi ta mudn cédc tich phan sd dat do chinh xéc cao,
nhung c6 nhiing trudng hop dic biét lai khong can thiét. ¢ tich phan Gauss
(3.16), voi n = 2, s€ chinh x4c khi ham f 1a cubic (bac 3 ), con & tich phan
(3.17), n =1, s€ chinh xac khi da thuc f bac nhét, con n = 3, s& chinh xdc
khi da thire f bac hai.

Bang 1: Diém tich phan cho phan tir tam gidc
theo cong thirc (3.17)

n E_,i ni Wi
1 1/3 1/3 1

172 | 172 | 1/3
3| 1/2 0 1/3
0 1/72 | 1/3
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Bang 2: Trong s6 va diém tich phan Gauss — Legendre

theo cong thirc (3.16)

Piém tich phan ¢ | S diém tich phan r Trong s6 w;
0.0000000000 Mot diém 2.0000000000
+0.5773502692 Hai diém 1.0000000000

0.0000000000 Ba diém 0.8888888889
+0.7745966692 0.5555555555
+0.3399810435 Bo6n diém 0.6521451548
+0.8611363116 0.3478548451

0.0000000000 0.5688888889
+0.5384693101 Nam diém 0.4786286705
+0.9061798459 0.2369268850
+0.2386191861 0.4679139346
+0.6612093865 Sdu diém 0.3607615730
+0.9324695142 0.1713244924

Vi dy 1: Tinh tich phan:
1
[Vx+2x*dx Tinh tich phan Gauss vi n=3
-1

Giai:
n =3 tra bang ta dugc:
a;=0,774 W,=H;= 0,555
a,=-0,774 W,= H,=+0,555
a3=0,000 W;= H3=0,888

I= j.f(é:)dé: =H1f(a1)+ Hzf(az)+ H3f(a3)

1=0,5553/0,774 + 2(0,774)* +0,5553/- 0,774 +2(~0,774)* +0,8883/0.000 +2(0,000)*
=1,113
Vi du 2: St dung bang tra tich phan cua Gauss (n=2) dé tinh gan ding tich
phan.

I= j j (x* +2y)dxdy

-1-1
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Cau hoi:

1. Khi nao dao ham duoc tinh gan diing duoc chap nhan (sai sé nim trong pham vi
cho phép), khi nao n6 khdng dugc chép nhan. Cho vai vidu ?

2. Tai sao tich phin gan diing Gauss tot hon tich phin gan diing Simpson va Tp gan
dting Simpson tét hon Tp gan diing hinh thang ?

3. Tai sao tich phin sb (gan ding) cua Gauss cang chinh xéc khi diém tich phan
cang nhiéu ?

Bai tap:

1) Tinh gan dtng y’(55), y’(60) cia ham y=Ilgx dva vao bang gi tri di cho
sau:

x| 50 55 60

y ‘ 1,6990 1,7404 1,7782

So sanh voi két qua dung tinh dao ham ctia ham s’(A’) y =lgx.
2) Tinh gan ding y’(1) cua ham y=f(x) tir bang s6 da cho:

x| 0,98 1,00 1,02

y‘ 0,7739332 0,7651977 0,7563321

2
3) Tinh gan ding tich phan I= [vxdx bang cong thic hinh thang tong quét,
1
lay n=10. Danh gi sai so.
1
4)Tinh gan dung I= j ¢* dx biang cdng thitc hinh thang va Ximxon bang cach

0

chia doan [0;1] thanh 10 doan bang nhau.

5) Tinh gan dung I= I
0

. dx - :% =0,78539816 bang cong thirc hinh thang va
+x

Simpson mé rong. V4i doan [0:1] chia thanh 10 doan bang nhau.
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6)Tinh gan dtng tich phan I= j J1+x*> dx bing cong thirc Simpson tong quat
0
sao cho dat sai 6 0,001.

Dip sé:
1) y’(55)=0,00792; y’(60) = 0,0072

Gia tri ding y’(55) = 0,0079862; y’(60) = 0,0072382
2)y’(1) =-0,4400275.

3) 1=1"=1,218; |[1-1'] <0,02.
4) Cong thirc hinh thang: I=1"=1,4672; [I-17|<0,0136.
Cong thtre Simpson: I1=1"=1,4627; |1 17| <0,000115.

5) Cong thirc hinh thang: 1=1"=0,78498149
Cong thirc Simpson: I=1"=0,78539815.
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Chwong4  GIAI GAN PUNG PHUONG TRINH

VA HE PHUONG TRINH PHI TUYEN
ROOTS OF NONLINEAR EQUATIONS

4.1 Giai gin diing phuong trinh

Pé tim nghiém gan diing ctia phuong trinh f(x) = 0, ta phai tdch nghiém.

Gia su trong khoang [a,b] ham f(x) lién tuc cung voi cidc dao ham f’(x), £(x),
cua n6. Céc gid tri f(a), f(b) 1a gid tri ciia ham tai céc diém miit cua doan nay f(a).f(b)
< 0 vaf’(x) gilt nguyén d4u trén doan [a , b].

Doi khi dé cho thuan loi, viét lai: f(x) =0 & ¢ (x) = W(x).

Nghiém thuc cta phwong trinh f(x) = 0 12 giao diém cta dd thi cdc ham y = ¢ (x)
va y = y(x).

4.1.1 Phwong phap day cung
Thay cung AB cua y = f(x) boi ddy cung AB, lay x; tai giao diém P cua ddy

cung vdi truc hoanh l1am gid tri gan ding cta nghiém chinh xdc o. Phuong trinh day

cung AB: A

Y-f(a) X-a

f(b)—f(a) b-a

Tai Ptaco: Y=0,X=x,, >

A _ f(a) _X;—a i
e T h)—f(a) b-a a P R
b—a)f(a) af(b)—bf(a o | o p
Suy ra: X1=a—( ) (a) _ af(b) (a) ﬂ X

f(b)—f(a) f(b)—f(a) A

Sau khi tinh dugc x; ta xét dugc khodng phan li nghi¢ém méi 1a [a,x;] hay [x;,b]
1di tiép tuc dp dung phuong phdp diy cung vao khoang phan li méi, tiép tuc ta duoc xa,
X3, X4 — ngay cang gan dén nghiém chinh xdc o.

. _f@fb ma{ f' (x)3|
2 X)I°|
Vi du: Tim nghiém trong khoang (1,1;1,4) cua phuong trinh:
f(x)=x"-0,2x>-0,2x-1,2 =0
Bang phuong phép lap day cung(Véi 2 1an lap)

Giai:
X| = Xo- M =1,1 M 1,1_—(_0’331)(_0’3) =1,18254
f(x)—f14) FADH - f(1,4) -0,331-0,872
f(x1)=1(1,18254)=-0,06252
=X fx)(x, —1,4) =1,18254- (-0,06252)(1,18254—1,4)

fx)—fA,4) -0,06252-0,872

Sai s6 wéc lugng: ‘OC - X1‘

=119709
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4.1.2 Phwong phap Newton-Raphson

Con goi 1a phuong phdp Newton hay phuong phdp tiép tuyén.

Xét phuong trinh f(x) =0
Khai trién Taylor ham f(x) tai lan can xo:
f(x) = f(x0) + (x - Xo) f'(x0) +
2
X=X "
gf (Xo)+ ...t
2 nl

Voi: C=xp+0(x -xgp), voi: 0<6<1,codnghia:

Bay gio ta chi 14y s6 hang bac 1 cta chudi Taylor:
f(xg) +(x-x0).f'(x0)=0

f(x,)

£'(x,)

f(x,) _ f(x,)

f'(Xl) geoos Xn+1=Xp- f'(Xn)

Goi x; 1a nghiém cua (4.1), ta c6: x;=Xg -

Tuong tu: X, =X -

(X_XO)nf”(xo)Jr (X=X,

) n+1

(n+1)! f(C)

Xo<C<x

@.1)

, VOl X( € [a,b]

Vi (4.1) ding thay cho phuong trinh f(x) = 0, né tuyén tinh dbi véi x nén

phuong phap Newton ciing goi 12 phuong phdp tuyén tinh
cuay = f(x) tai xo .

Tai B(x, f(Xp)).

Y - f(x0) = £(x0).(X - x0) ,

tai P: x =x;; Y =0 d6 chinh la phuong trinh (4.1)

Hi tu va sai s6
Nguoi ta s€ ap dung phuong %
phép 1ap Newton néu nghiém
Xp— O khin — o

DPinh ly:

Gia su [a,b] 1a khoang phan ly nghiém o

cua phuong trinh:f(x) = 0, f c6 dao ham {”,

héa, f’(xo) chinh 1a hé s6 géc

£ voi f” 1ién tyc trén [a,b], f* va f” khong O
ddi dau trén (a, b). Xéip xi ddu xochon 1a a

hay b sao cho f(x() cing dAu voi .

Khi @6 x, — ot khi n— oo .

Cu thé hon x, don diéu tang toi o néu f°.£7 < 0, vd x, don
£°>0.

f(x,)

Sai so: ‘a—xn <

, vOI: 0<m< ‘f’(x,,)

di€u giam tdi o néu

va <x <b
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Truwong Hop Lip Newton - Raphson Khong C6 Hiéu Qua (ham 1 bién)

v

%

y
><V

Tim nghiém dwong nho nhét ctia phuong trinh
f(x)= 2% -4x ‘
Bang phuong phap Newton — Raphson véi 3 lan 1ap (cho xo = 0,3)

4.2 Giai hé phwong trinh phi tuyén
O day ta di giai h¢ phuong trinh phi tuyen theo phuong phéap 1ap Newton-Raphson
Tir khai trién Taylor cho bai todn mot bién:

QS
f(xi 1) =1(xi) + XD Xi+1- Xi) + ol (Xiy —X;)
f(x.
Xi+l :Xi_ﬂ Vif(Xi+1)=O
f'(Xi)

Téng quat hod cho bai toan 2 bién (ham 2 bién):
adu, au, (4.2a)
U, =u (X, - Xi)'_+ Yin =¥ 5
X1 ady,
ov, 4.2b
Vo =V XS (3 -y S (420)

1 i
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av, au,
u, 5 —v, 3y
X =X 730 v, du, ov, (43)
ox 9y dy ox
Tur (4.2a) va (4.2b) ta co: ou. ov.
V. ——u —
_y . ox ' ox 43
Yin =Y, du, dv; du; 9V, (43)
ox 9y dy ox

Mau sb cua (4.3a) va (4.3b) goi la dinh thirc Jacobien (detJ), cua h¢ théng:

Ju, du,

_ ox  ay
detd = detavi v,
ox  ay

MOt céch tong qudt cho phuong trinh: f(x)=0
Vi X = [X1,X0eXal | VA £ = [f1, 0 o]
Phuong phap 13p Newton-Raphson cho hé phuong trinh n an nay Ia:
XD Z x® R (0 £(x®)
V61 ma tran Jacobi F, nhu sau:

of,  df, of,
a_)(‘] aX2 ........ K
Fy= o, M . E
oX,  0X, ox,
of, of, of ,
X, o, .|

Vi du:
Hay tinh 1ap theo phuong phap Newton- Raphson
1. Cho f(x) = e™ - x , v6Gixo=0 (diém ban dau)

Gidgi: Taco Px)=-e> -1 ,0,,,= xi-%

Ta 1ap duoc bang tinh:
i Xj €(%)
010 100
1 |1 0,500000000 11,8
2 10,566311003 0,147
310567142163 0,0000220
410567143270 <10®
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u(x,y)=x"+xy—10=0 _, .
2. Cho 5 cho biét nghiém (x =2,y =3)
v(X,y)=y+3xy =57=0

Nghiém ban daucho (x=1,5, y=35)

Giai:
Mo _ 4 6xy =14 6(L5)(35) = 3,25 No _ 92 Z3(3.5) =36.75
ayo 0 b b
du, 9
=X= 1’5 h = = =
dy, ox, 2x+y=2(1,5)+3,5=6,5

Vay dinh thtrc Jacobien: detJ = 6,5(32,5) - 1,5(36,75) = 156,125
vauy = (1,5 + 1,5(3,5) - 10 =-2.,5

vo= 3,5 + 3(1,5)(3,5)*-57 =1,625
—25(325)-1,62535)

X =15- — 203603
o 156125
T s co: 1.6256.5) - (—35)(36.7
—35-2023469) ~(89)(B679) _ 554357
156125

Tiép tuc cac phén xép xibidu > (x=2,y=3)
3. Cho ham: f(x) =- 0,9x* + 1,7x + 2,5, diém ban dau x, =35, chon &, = 0,01%

Cau hoi:

1. Phuong trinh (hodc hé phuong trinh) phi tuyén thong thuong cé nhiéu nghiém; dé giai né
(hoic chiing n6), budc dau tién ta phai lam gi ?

2. Trinh bay cach giai hé¢ phuong trinh phi tuyén theo cong thic 1ip Newton- Raphson?

3. Tai sao phuong phdp lap Newton — Raphson con dugc goi la phuong phip tiép tuyén ?

4. Uu nhuoc diém cuia céc phuong phép lap dé giai phuong trinh phi tuyén ?

Bai tap:
1) Dung phuong phap ddy cung, tim nghiém gan dng véi do chinh xac107 cia:
a) x>+ 3X + 5=0
b) x*-3x +1=0
2) Ap dung hai lan phuong phap diy cung, tim nghiém thuc gan dung cua
phuong trinh x>-10x+5 trong khoang phan 1y(0;0,6). Panh gia sai s cta
nghém gan diing x.

3) Cho phuong trinh x=sin3x, co khoang phén ly nghiém 12‘1(%,% ). Tim nghiém
gan dung trong khoang di cho bang phuong phap diy cung, tinh dén phép lip

the31ax3.
4) Tim nghiém gan dung cta hé
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X’ =2xy+y>=0
{xz -2x-y+2=0
Bang phuong phap Niuton, cho x¢=0,7; yo=1.0.
5) Tim nghi¢m gan ding ctua hé bang phuong phép 1ap Niuton.

Sinx—y =132
{x —cosy=0,85
Vi xap xi dau(xo, yo)=(1,80; -0,33).
Pap s6:
2) a =051

3) x3 ~0,75649
4) (e, B)=(0,704402;1,087387)
5) (@ B)=(1,79,0,34)
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Chwong 5 CAC PHUONG PHAP SO

CUA PAI SO TUYEN TINH
NUMERICAL METHODS FOR LINEAR ALGEBRA

Ciac phuong phdp sb gin lién véi viéc ing dung trén mdy tinh s6. Ma tran duoc
g dung rét thich hop ¢ day, nhu giai hé phuong trinh vi phén, biéu dién cic vecto &
dang ma tran.

Khi giai hé dai tuyén A.X = B, ma trdn A c6 thé 12 ma tran ddy hodc thua; khi
A 12 ma tran thua, trong nhiéu trudng hop di c6 thuat todn dé Iuu trir tiét kiém bd nhé
va thot gian tinh nhu luu troe dang BAND binh thuong hodac dang BAND é€p lai, hay ky
thuat luu tre Skyline (frontal method), véi nhiéu thuat giai rat hi¢u qua.

5.1 Ma tran
5.1.1 Cac dinh nghia .
Ma tran la tap hgp gobm mxn phan tr, chia thanh m hang va n cot.

a,, ... 2y,

18 a,, a,,...a
Kl hl¢u: Am,n = [ai,j ]m n = 21 22 2n
a.a,..a.

C6 thé coi ma tran hang(cot) 12 biéu dién dai sé cia mot vecto (hinh hoc).
Vét (trace) cuama tran A duogc tinh: Tr(A) = a;;+ axn+.....+ am

dugc goi 1a di,nh thirc. Ma tran A dugc goi 1a suy bién néu det(A) = 0 va nguoc lai la
khOng suy bién.

5.1.2 Phép bién doi tuyén tinh trong khong gian n chiéu

Giira ma tran va cic phép bién doi tuyén tinh trong khong gian (dai s6) c6 mot
moi lién hé mat thiét. Mot phan tir ctia khong gian n chiéu ¢6 thé dwoc mo ta bang mot
vecto, hay viét dudi dang ma trin cQt.

T

Xét hai vecto: X,1= [xlaxzaxg,,---,xn ]T , YYo= [yl, VosV3seees ym]
Vi phép bién d6i: A.X=Y L ‘

V61 A lama tran ¢ mxn dugc goi la phép bién doi tuyén tinh tir vecto n chi€u
sang vecto m chiéu. Khi m=n don gian 12 ta c6 mdt phép chuyén toa do. Néu trong
khong gian 2 hodc 3 chiéu véi cdc toa ¢ Descartes thi A chinh 1a cic ma tran chuyén
doi.

O truong hop don gian, A co thé 12 ma trén cosine chi phuong khi thyc hién
phép quay gilra hai h¢ toa dg, c6 thé 1a ma tran cosine chi phuong khi thuc hi¢n phép
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quay giita hai hé toa d0, c6 thé 1a ma trin v6i mot phan tir duy nhat khac khong (cdc

ma tran co ban) khi thyc hién ciac phép tinh tién cdc hé toa do theo céc truc.

Mot hé co sé ctia khong gian n chiéu 12 mot tap hop diing n vecto doc 1ap tuyén

tinh.
Vidu: Tacé thé chon céc vecto don vi e; 1am hé co s& v6i vecto X bét ky:

X=cie| + Crer+....+ Ci€p

T
Tich vO hudng cua hai vecto: X= [X 19X g ey X ]
T
Y=[y,.¥50n ¥, ]
Puoc dinh nghia: X'Y=Y"X = Z X;¥; (trong khong gian Euclide)
1
D¢ dai hay Module cua vecto X ky hi¢u |X| dugc tinh:
X|=vx" X
Khoang ciach d va géc ¢ gitra hai vecto:
d=[x-y=yx-y".x-y)
x".y = |x[|y| cos@

. . as . /o A T
Hai vecto x, y duogc goi 1a truc giao voi nhau néu: x .y =0
Mot tap hop céc vecto truc giao vdi nhau tirng d6i mot dugce goi 1a md
giao. Mot ma tran truc giao s€ ¢ cac hang va cic cdt 1a cac vecto tryc giao.

Pinh ly: Cac vecto cia mot hé tryc giao 1a doc 1ap tuyén tinh.
Chuan cua vecto, ky hiéu la |X

cdc tinh chit sau:
1. |x| =0 va |x]| khi va chi khi X=0
2. |oX]| = |- |x| v6i moi a thuc
3. [X+Y| < [X]| +|Y| bat ding thic tam gidc
C6 3 chuan sau day hay sir dung trong céc bai téan tng dung:

7, T
Voivecto X = [Xl,xz,...,xn]

= Z|X| thudng goi chuan tuyét déi

1

X1 = |x)| +|xs +..t

Xn

t HE truc

, dugc dinh nghia la mdt $6 khong am, théa man
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X = \/le + x4 .+ X4 = /ZH:XZi goi 12 chuan Euclide
i=1
[X|- = max;|x;,| goila chuén cuc dai.
M6 rong khai niém cho chuan céc ma tran. Chuén cua céc ma Frén A va B ky
hi¢u 1a ||| va |B|; dugc dinh nghia la cdc s6 khong 4m thda mén cdc dicu kién sau:

1. || 20 va |A| =0 khivachikhi A=0
2. |aA| = |a].|A| véi moi a thuc
3. |a+B| < |A] +|B]
4 Jaes < oo 8]
O day, néu 3 dinh nghia chuan hay dung:
|A|1 = max; (Z‘ai j‘) goi 12 chuan cot.

|al2 = [>a%; goila chuén Euclide.
L]
A = maxi(Z‘ai j‘) goi 1 chuan hang.
7

Chuén ctia ma tran 13 khdi niém hét sitc quan trong d6i voi cdc phuong phép sd.
Chung hay sir dung khi xét tinh hoi tu ctia céc phuong phdp lip hodc khi xét sy 6n dinh
cua cac hé phuong trinh vi phan.

Lién hé chuin ctia ma tran va vecto:

Trong khong gian n chiéu V, chuan ciia ma tran tuong (mg véi chudn cta vecto

néu:
|aX| <[Al|x]| véi moi A va X thudc V.

5.1.3 Cac phép tinh ma tran

V&i ma tran va céch dai sd héa cic vecto ta c¢6 thé dinh nghia cdc phép tinh mot
céch hoan chinh va diy di hon.

Ta nhéc lai mot s6 phép tinh co ban:

Ma tran B goi 1a ma tran chuyén vi ctia A (A'=B), néu hang cua ma tran A la cot
cuia ma tran B.

g Dyl b=

Ma tran nghich déo: Al

AB=E =>B=A"' => AA'= A" A =E (v6i E 1a ma trAn don vi)

Chd ¥ mot s tinh chat: A.B # B.A

AhH! = A , (kA= kAT
(A+B)" =A"+B" |, (A.B)" =BT.A"”
(A™H! = A ,(AB'=B'.A"

AH! = (AHT , det(A.B) = det(A).det(B)
det(A) = det(A")
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a, 0 07" 1/a, O 0
0 a, O - 0 1/a, O ,
0 0 a, 0 0 1/a,

e Ma tran A 1a suy bién, det (A)=0 thi cac hang hodc cic cot cua n6 la cic vecto phu
thudc tuyén tinh.
¢ Hang cua ma tran vuong A la s6 16n nhét cdc hang (hodc cédc cdt) doc 1ap tuyén tinh
v01 nhau.
e Ma tran B c6 duoc tir ma tran A béng cdch d6i chd hai hang cho nhau thi:
det(B) = - det(A).
e Néu A, B 1a cdc ma tran vudng truc giao thi A", A, A.B ciing 12 cdc ma tran truc
giao.
e Néu A, B 1a cdc ma tran vudng ddi xtng thi a A, A+B ciing 12 nhitng ma trdn vudng
d6i xtrng. Néu A khong suy bién thi A ciing ddi xing.
Cén chi y rang: Tich ctia hai ma tran ddi xtig néi chung khong phai 1a ma tran
d6i xtng.

n
Néu A = [a;] 1a ma trdn vudng cap n thoa |akk| > Z|% ,vois#k, k=1..n,

s=1
thi det(A) # 0. Ma tran A duoc goi la ¢6 phan tir trén dudng chéo chinh a; tréi. Hon
ntra néu ay >0, k=1,2,..,n thi det(A)>0 dinh thic x4c dinh duong.

5.1.4 Vecto riéng, tri riéng va cac dang toan phwong ciia ma tran
Cho A 1a ma tran vudng cép n; sd A duoc goi la tri riéng va vecto khac khong X
1a vecto riéng cua A néu ching thda man diéu kién:
AX=21X hay (A-AE).X=0 => |[A-LE=0,
Ta tim dugc phuong trinh bac n cho A, sao cho: (1) =0.
f(L) duoc goi 1a da thirc dac trung cia A ¢6 n tri riéng A, Ao,.., Ay. Tap hop Ay, Ao,..,
An dugc goi 12 phd va max; (|r;) 1a ban kinh phd ctia ma tran A.

Véi mdi A; c6 vo s6 X;. Céc vecto riéng cling twong tng voi mot A; rd rang 1a
phu thudc tuyén tinh va chi khac nhau mot hﬁng O a. Do d6 ta c6 thé chon mot vecto
duy nhét 1am co s&. Tap hop n vecto riéng, tng véi n tri riéng khdc nhau tao thanh mot
hé vecto doc 1ap tuyén tinh. Ma tran g@)m céc cot 1a cac vecto riéng cua ma tran A, goi
12 ma tran dang riéng cua A.

Pinh ly:

e Néu A 12 ma tran thuc, d6i xung thi cdc tri riéng la thyc. Cac vecto riéng ung voi
céc tri riéng khéic nhau 1a cic vecto thuc truc giao va doc lap tuyén tinh.

e Neéu A la ma tran xdc dinh duong thi cdc gid tri riéng 1a nhitng s6 duong.

DPinh ly Sylvester:
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Néu dinh thirc |A| va tat ca cdc tir thitc nam trén dudng chéo chinh déu 1a duong thi A
la xac dinh duong.

Téng quat hon, khai niém xéc dmh duong cua ma tran A dugc dinh nghia nho
dang toan phuong 1a da thie: Q(X) = X" A.X

Néu Q xéc dinh duong, tirc Q(X) > 0 v&i moi s6 thuc X va Q(X) = 0 khi va chi
khi X=0, thi A dugc goi la xac dinh duong.

5.2 GIAI HE PAI TUYEN
Bai toan co ban:
Cho hé g6m n phuong trinh dai 5O tuyén tinh véi n an:
a1 X+ apXo+...+ aX, = by
a1 X1+ anXo+...+ aX, = by

A X1+ ApXot...+ Ay Xy = bn

Viét dudi dang matrix:
AX=B

Gia thiét det(A) # 0: Hé ndy c6 nghiém duy nhét.

Ta ¢6 thé tim nghiém theo quy tic CRAMER hodc st dung ma tran nghich ddo
nhung cdch nay doi hoi phép tinh kha 16n va khong thuan loi khi ma tran A xau.

Chtng ta chi nghién ciru cdc phuong phép trién khai hiru hiéu trén may tinh. C6
thé phan loai ching thanh hai nhém chinh:
+ Céc phuong phdp truc tiép: Gauss, Gauss Jordan, phén tich LU....
+ Céc phuong phép l1ap: Lap don, Jacobi, Gauss - Seidel, 1ap Gradient lién hgp...

5.2.1 PHAN TICH LU VA PHAN TICH CHOLESKY

Trong phép phan tich LU, ma trin A c6 thé phan tich: A=L.U

Vé6i L 1a ma trdn tam gidc dudi, v6i cdc phan tir nam trén dudng chéo chinh bang
1, U 1a ma trdn tam gidc trén. Phép phan tich LU nay bao gio¢ cling thyc hién duoc
néu cdc tru (cac phén to chinh a;y, ay), a3, ...) khac khong.

N6 s& duy nhat néu cdc phan tir trén dudng chéo chinh ctia ma tran L bang 1.
V61 phan tich LU viéc giai hé phuong trinh:

AX=Db

Tré thanh giai 1an Iuot hai hé phuong trinh:
Ly =b
Va UX=Y

Thuat giai cua phép phan tich LU thuong dung la cua Crout. Trong truong hop
ma tran A 1a d6i xing, khi d6 phép phén tich trd nén don gian hon rat nhiéu, khong doi
hoi cdc phan tir trén duong chéo chinh ciia ma trdn L bang 1 nita.

Thay vao d6 ta st dung diéu kién:
U=L"
A=LL"
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Lic d6 L va U ¢6 cdc phan tir trén duong chéo chinh gidng nhau, cdc phan tir ndy cé

thé 1a thuc hay phirc: va goi phép nay 1a phén tich Cholesky.

(chiing ta khong di sau vao thudt todn, vi no phic tap va da co cdc source code listing
dd cong bé trong nhiéu dan pham khoa hoc phwong phdp so).

5.2.2 PHUONG PHAP LAP PON HE PHUONG TRINH

Mo ta phwong phap:

Phuong phdp Gauss thudc loai phuong phdp ding hay con goi la phuong phap
truc tiép. Ngoai ra con c6 1 loai phuong phdp khéc 1a phuong phdp 1ap, ¢ ddy ta xét
phuong phdp 1ap don, hé cho ¢ dang vector: Ax =f

Ta chuyén hé nay vé dang twong duong: x = Bx + g

b, b, ... by,
b, by, ... by
Giasw:  B=| . .. .
b, b, .. by,

Sau dé ta xay dung cong thurc tinh 1ap:

x™ =Bx™ " +g
O (5.2.1)

Trong d6: (Bx); = Zbg i x9 cho trudc.

Phuong phép tinh theo (5 .2.1) goi la phuong phép 1ap don.

Sw hoi tu:
Giastro= (0,0, ..... , )" 1a nghiém cuahé x=Bx+g,néux,™ — o
khi m -, v61 1=1,2,3, ..., n thitand6i phwong phap lap (5.2.1) hoi tu.
TadwavaocickyhiCu:z=(z1,22,..., 2, )T thi mdi dai luong sau:
2, = maxz,
|, = 2| +]z,|  +... 4]z,
le|, = z¥+25+..+z

Goi la d§ dai md rong cua vector z, ngudi ta con goi né la chuan cua z.
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r0=

I'1=

D6i véimatrain B = (b;)), ta dit:

1'2 =

i=l =l

Nguoi ta chimg minh dwgc dinh 1y sau day vé diéu kién hoi tu:

+ Néu 1o <1 hoac 1, <1hodac r, <1 thi phuong phép lap (5.2.1) hoi tu voi bét
ky xap xi ban dau x nao, dong thoi ta c6 sai s6 danh gia:

m
H (m) OCH Ip H (1)_X(0)H
-1,

P

I_m
Hx<m> _OCH < _P Hx<m> _ X(mmH
Prol-r,

Trong d6: p=0néu ro<1,p=1néu r; <1, p=2néu r, < 1.

P

5.2.3 PHUONG PHAP LA,P SEIDEN (hay con goi la GAUSS—SEIDEN)
La phuong phép cai tién phuong phdp 1ap don mét chat: khi tinh xap xi tha
(k+1) cta an x; ta sir dung cic xap xi tho (k+ 1)da tinhcuaanx,, ..., x; .

Giasitchohé: AX=b o x;=Bi+ Zaijxj voii=1,2,...,n

Jj=1

Léy xép xiban dau 12 x,?,x,?, ..., x,©

Tiép theo, gia st ta da biét xap xi thir k 12 x,*¥ theo Seiden, ta s& tim x4p xi thir
(k+1) cua nghiém theo cong thirc:

(k+1) (k)
181+z 1/ J

(k+1) ,32+0{21 k+1)+za2/ (k)

(k+1) z kD z K ®
+ % + @;X;

(k+l) +za x(k+l)+a x(k)

ij7vj nn’"n

(Thong thuong 13p Seiden hoi tu nhanh hon 1dp don)
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Vidu:
" Tim nghiém gan dung cua hé phuong trinh sau bang phuong phap lip don.
4x, +0,24x, —0,08x;, =8
0,09x, +3x, —0,15x, =9
0,04x, —0,08x, +4x, =20
Giai:
Hé phuong trinh dd cho c6 dang dudng chéo trdi, dé dang dua vé dang
X=aX + f; Trong do:
0 -0,06 0,02 2
a=(-003 0 0,05(; =13
-0,01 0,02 0 5
| =0,08<1 qud trinh 13p Seiden hi tu
Chon xép xi dau X’=5=(2,3,5)

K X, X, X,
0 2 3 5
1 1,92 3,1924 5,044648
2 1,9093489 3,194952 5,0448056
3 1,909199 3,1949643 5,0448073

5.2.4 PHUONG PHAP GRADIENT LIEN HOP (Conjugate gradient method)
Phuong phap nay rat thich hop voi bai todn phu thugc thoi gian.
Dé gidi hé phuong trinh: > {P(L))xFJ)} = G(T)
Gia tri ban dau udc lugng 1a: Fy(J) gdy ra phén du U(D), ta biéu dién:
UM =GO - Y {PA,)HxF,0)}.
bat: V@) =Ud)
UU = > {UM.Um}
Vong lap:
W) = > {PA,NHVAI)}
VW = > {(V(IH.W(D}
AA =UU/VW
F(I) =FQJ) + AA.V()
ud =0 - AA W)
WW = > {(UD).UuD)}

BB = WW/UU
V) = U®) + BB.V(I)
UU = WW

Uu< € ?

Quia trinh nay duoc 13p lai méi dén khi UU < € (sai s6 cho phép cua bai todn) thi
dung.
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Cau hoi:

1. Haycho vidu vé bai todn nao dé trong thyc té k¥ thuat c6 ma trdn thua (dang BAND hay
dang bt ky) ?

2. Hay trinh bay mot thuat todn luu trir tiét kiém bo nhé trong mdy tinh va giai né khi ma tran

thua ?

Hay cho mét vi du cu thé vé ma tran A xdc dinh duong ?

4. Hiy néu wu nhuoc diém cta cic phuong phap giai hé dai tuyén (tryc tiép va lap) ?

W

Bai tap:

1) Giai hé phuong trinh:
-8 1 1 1
1 -5 1 |X=|16
1 1 -4 7
a) Bafmg phuong phép 1ap don
b) Bang phuong phap 1dp Dayden.
(B6i v6i mdi phuong phap, tinh dén X véi X° = )
2) Giai hé phuong trinh:
24.21x, +2,42x, +3,85x, = 30,24
2,31x, +31,49x, +1,52x, = 40,95
3,49x, +4,85x, +28,72x, = 42,81
Bang phuong phap lip don, tinh cho tdi khi
|x* - x| <10
3) Giai hé phwong trinh sau bing phuong phap lip don sao cho “X F-X "’IH <e
1a s6 da cho trudc.

L02 =025 -030 0,515
-0,41 LI13 =015 |X=[1,555|; e=10""
-0,25 -0,14 121 2,780

Dap sb:

x;, =-0,9618359
1) a) x, =-3,9448436
x; =-2,9398827

x, =-0,9922021
b) {x, =-39937418
x, =—2,9964857
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x, =0,9444
2) x, =11743 |x* - x* <0,5.10*
x, =11775
3) X=(2,0;2,5; 3)

W

Al

7.

8.

9.
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Chwong6  NGHIEM GAN PUNG CUA HE
PHUONG TRINH VI PHAN THUONG

SOLVING THE ORDINARY DIFFERENTIAL EQUATIONS

6.1 Mé dau

Nhiéu bai todn khoa hoc k¥ thuat c6 phuong trinh chi dao 1a (hé) phuong
trinh vi phan thuong cung v6i diéu kién bién va diéu kién ban ddu. Nghiém
ding ctia ching thuong chi d4p dung cho mot sb 16p bai todn rat han ché; da sd
cic bai todn 1a phai tim nghiém gan ding.
C0 hai loai bai todn la:

(i)  Bai todan Cauchy hay con goi 12 bai todn gid tri ban dau, bao gdm (hé)
phuong trinh vi phan va dién kién ban dau cua bai todn.

(11) Ba1 todn bi€n, bao gom (he) phuong trinh vi phan va diéu kién bién

Pé giai gan diing cdc bai todn ndy c6 hai phuong phap la:

(a) Phuong phap giai tich: tim nghiém gan dung dudi dang biéu thtic nhur
phuong phdp xap xi lién tiép Picard, phuong phdp chudi nguyén,
phuong phap tham s bé,.

(b) Phuong phdp s6: tim nghiém gan ding bang sb tai cdc diém roi rac; né
con chia ra phuong phdp mot bude (nhu phuong phap Euler, Runghe-
Kutta,...) va phuong phap da budc (Adams,...); V6i phuong phdp mot
budc tinh nghiém gan ding y; thong qua yi; cdon voi phuong phdp da
budc y; tinh dugc thong qua nhiéu budc trude do: Vil Yi2s Vi3se--

6.2 Nghiém gin ding ciia bai toan Cauchy ddi véi phwong trinh vi phin

thuwong
y'=f(x, y)}

y( )_yo

Gia su rang trong mlen ta xét, ham f(x,y) c6 cdc dao ham riéng lién tuc
dén cap n, khi d6 nghiém can tim s& c¢6 cic dao ham riéng lién tuc dén cap n +
1, va do d6 ta c6 thé viét :
= y(xo)_ Yo = (x_xo)y’f’ +
2 n+l
X—X X—X
(=) V't t =) v +6(|x - x,
2! (n+1)!

Ky hi¢u x-x9=h, v6i h da bé ta cé thé bo qua O(|]x — x|

Gia sir ta can giai bai toan Cauchy: (6.2.1)

”+1) (6.2.2)

H+1)
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Tu (6.2.2) tacd:  Ayp = y(xo+h) - yo+ hy’o +

2 . hn+l (sl)
Ey I T + @ +1)!y0 (6.2.3)
Dé tinh (6.2.3) ta 1an luot tinh tir (6.2.1):
, L of, . of,
yo= 1Xo,y0) =1%o, yo= 5 x fg

0 Bmu
5i 5 | —+f— Crf
N6i chung ta c6: (BX ] Z e Kay
K
Kl

Trong thyc té cdch tinh nay 1t diing vi cong kénh; ta s& xét cdc phuong
phap giai khiac don gian hon.

Vay ta tinh dugc:  y(x) = Zy

6.2.1 Phwong phap xap xi lién tiép Pica

Mot trong nhiting phuong phap giai tich giai gin ding phuong trinh vi
phan (6.2.1) 1a phuong phap x4p xi lién tiép Pica.

Muc dich cua phuong phép nay 1a xdy dung nghiém can tim 12 y= y(x)

Tir (6.2.1) ta c6: Idy If ty)dt = y(x)-y(x,) = [f(t,y)dt

Xo

Hay: Y60 =y, + [y (6.2.4)

X0

of

dy
Pé tim xap xi lién tiép, trong (6.2.4) thay y bang yo, ta c6 xap xi thar
nhat:

Gid st f(x,y) 1a ham lién tuc theo x,y va < K.

Y=Y+ [f(ty,)dt
Tuwong tw ¢6 x4p xi thit hai: Yo=Yo T J.f (t,y,)dt

X
Téng quat, ta co: Yo=Yo T If (t, Yot )dt, voi n=1,2,3,...
Xo
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Nhu vy tasé co: Y(X) =Y, (X) = Yo+ [f(t,y,)dt

limy, (x) =y(x)

n—oo

M(KC)"

IN

Sai s6: |y, (x) = y(x) , trong d6 [f (x,y) =M

K.nl
. b
Véir [x=xo| <a Seo, [y=yg[<b<eo, thi C=min| &
Ta co:
of
(1) a_y >0 va f(x,y0) >0 thi: yo<y;<y2<...<y,<y(x)
of

(i1) a_y >0 vaf(x,yo) <0 thi: yo>y;>y:>...>y,>y(x)
Trong hai truong hop nay ta c6 day xap xi 1 phia.
(iii) g < 0 cic xap xi Pica 1ap thanh céc xap xi 2 phia.
Vidu:

Tim 2 nghiém xap xi lién tiép theo phuong phdp Pica ciia phuong trinh vi
phéan:

y = X4y cho y(0)=0
6.2.2 Phwong phap Euler
A y=f(x) N
N % Az
A Al
X
0 Xo X1 X2 X3

Trude hét chia doan [x,, X] thanh n doan nho:
X;=X,+i1h, voi 1=0,1,2,....,n
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(X—X,)
n

h=

Pi xiy dung cong thirc, ding khai trién Taylor ham y=f(x) tai x; ta c6:

=306+ ¥ 606 x)+ 2 ()
Voi: ¢ =x;+ 0(x - x), O<6 <1
Thay X = Xi;1 = X + h, va v (x;) = f(x;,y(x))

Taco: Y(Xii) =YX )+ hi(x,y(x ))+h2_%

Khi budc chia h khd bé, s6 hang cudi = 0, khi thay y(x;) bang u; ta dugc:
Ui+ = ul + h f(Xlaul)
Biéu thirc nay cho phép tinh u;,; khi biét u; voi diéu kién ban dau duoc cho la:
Uo= T
Panh gia sai so:

Pinh ly: Gia st ‘g—f <L va ‘y‘ <K, trong d6 L, K 1a nhitng hing sd, khi d6
y

phuong phap Euler hoi tu va sai s 1a ¢; = u; - y(x;) ¢6 ddnh gia:

el -yt | <M(af s
M =g, _K
2
Vi du:

Dung phuong phdp Euler gidi phuong trinh vi phan:
dy/dx=x—2y V 6i0<x<1 Cho y(0) =I.

6.2.3 Phwong phap Runghe - Kutta bac 4
Xét phwong trinh vi phan: w =f(x,u)

k, =hf(x,,u,)
k, =hf(x, +0.5n,u, +0.5k,) 1

k, =hf(x, +0.5h,u, +0.5k,) =S U=+ 6(k +2k +2k +k )
k,=hf(x, +h,u, +k;)
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Vi sai s0: u, —Y(x,)=0(h*)
Vidul: Cho PTVP
y =% -y
y(1) =1; h=0,2. Tinh trong khoang [1;1,4] Runge-kuta
f(x,y) = 2~y
X
i X y k=hf(x,y) Ay
0 1 1 0 0
1,1 1 -0,018 -0,036
1,1 0,991 -0,0186 -0,162
1,2 0,984 -0,039 -0,079
1
Y1 = Yo +g (k1+2k2 +2k3+k4)
= 1+é (0+2(-0.018)+2(-0,081)-0,079 = 0,954
i X y k=hf(x,y) Ay
0 1,2 0,954 -0,058 -0,115
1,3 0,925 -0,02 -0.046
1,3 0,940 -0,032 -0,064
1,4 +0,938 -0,042 -0,042

1
Y2=Y1 +g (k1+2k2 +2k3+k4)

= O,954+é (-0,058+2(-0,02)+2(-0,032)+(-0,042)

Vidu2:
Tim nghiém gan diing ctia phuong trinh:
y'=x+y 0<x<0,5, y(0) =1, h=0,1
Bing phuong phdp Runghe - Kutta
6.2.4 Phuwong phap Adam
Gia sir can giai phuong trinh vi phan:
Y’ =1(x,y), voidiéu kién ban dau: y(xo) = yo
Cho bién s thay d6i boi bude h nao do; xuat phat tu diéu kién ban dau
Y(xo) = Y, bang phuong phép nao d6 (vi du: phwong phdp Runghe-Kutta bac
4), ta tim dugc 3 gid tri tiép theo cua ham can tim yx): Y = Y(x)) =
Y(X0+h), Y, = Y(X0+2h), Y3 = Y(X() + 3h) .
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Nho cac gid tri X0, X1, X2, X3va Yo, Y1, Yo, Y3, ta tinh duoc qo, q1, Qo,

gs. ,
Trong d6: go =h.Yo =h.f(X0, yo), g1 = h.f(x1, y1), g2 = h.f(X2 , y2),

g3 = h.f(x3 , y3), sau do6 ta 1ap bang sai phan hitu han cua céac dai lugng y va q

X y Ay q Aq_| Aq A |-
Xo Yo Jo
Ay, Aqo
X yi qi A’qo
Ay 1 Aq 1 A3q0
X2 y2 Q2 Nq | e
AY2 qu """"
X3 y3 g | 0 0 |

Biét cdc s6 & duong chéo dudi, ta tim Ayj; theo cong thitc Adam nhu sau:

1 5 3
Ay, =q,+ E'A% + E.Azq1 + g.A:*.q0

Tiép d6 ta c6:
Ys=Y3+ AY3 — 4= hf(X4, Y4)
Sau d6 viét duong chéo tiép theo nhu sau:
AQ3=qs- Gz, A'qp= Ags - Aqy , A’qy = A'.qp - A'q
Duong chéo madi cho phép ta tinh AY, :
AY, = qu + 1/2Aq; + 5/12A%q, + 3/8A°q,
Vi Vﬁy tacd: Ys=Ys+AYy .....

Vi du: ‘
Giai lai vi du 1 bang phuong phdp Adam.

Tim X4 =1,8—)Y4 = ?

X5 =2,0—)y§ =7
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X y Ay q Aq Ag Nq
1 1 0

-0,016 -0,030
1,2 0,984 -0,030 0,016

-0,038 -0,014 -0,008
1,4 0,946 -0,044 0,008

-0,046 -0,006 -0,001
1,6 0,900 -0,05 0,007

-0,053 0,001 0,388
1,8 0,847 -0,049 0,395

-0,02 0,396
2 0,827 0,347

Ay,=qs +%Aq2 +%A2ql +§A3q0 0,050+ 1/2.(-0,006)+5/12.(0,008)+3/8.(-0,008)

Ay, =qu +% Ag, +%A2q2 +§A3q1 —-0,049+1/2.0,00145/12.0,07+3/8.(-0,001)= -0,02

Cau hoi:

1. Hay cho vi du cu thé vé bai todn phuong trinh vi phan thuong: Bai toan Cauchy (hay
con goi 12 bai todn gia tri ban dau) va bai to4n bién ?

2. Taisao phuong phép Pica dugc goi la phuong phép giai tich gan diing ?

3. Taisao phuong phap Euler cho sai s0 16n, nhung céc sach vé phuong phap tinh déu
phai dua phuong phap niy vao ?

4. Tai sao cac sach vé phuong phép tinh thuong trinh bay phuong phdp Runghe — Kutta
bac 4 dé giai phuong trinh vi phan thuong ma khong trinh bay phuong phap niy c6
bac cao hon hoac thap hon (bac 3, bac 5...) ?

5. Tai sao phuong phdp Adam duogc goi 1a phuong phédp da bude ?

Bai tap:

1) Tim nghiém gan dung cua phuong trinh y _x+y thoa man diéu kién ban dau y(0)
=1, bang phuong phap xap xi lién tiép pica(dén Xap xi thur hai)

2) Tim nghiém dung cua bai toan vi phan y’=x+y, y(0) =0 trén mién x>0bang
phuong phap day pica.

3) Tim nghiém gan ding cua phuong trinh y *=2xycos(x’) thoa man diéu kién y(0)=1
bang phuong phap day pica.

4) Bang phuong phap ole(cong thue ole), tim nghiém gin dung cia bai toan cosi
y’ (y+x)=y-x; y’(0)=1, 1dy h=0,1(tim bén gia tri dau tién cua y).

5) Tim nghiém gan dang ctia bai toan cosi
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,_ (x4 y)(1 - xy)
x+2y
6) Tim nghiém gan ding cla bai toan cosi

y=y+2  y(2)=4,h=0,1.
X

y(0)=1 trén [0;1]  bang cong thic ole, 1dy h=0,2.

7) Tim céc gié tri cuia ham sb y=y(x) 1a nghiém cta bai toan Cosi y’=y-§ ;o y(0)=1
y

bang cong thirc dang Runghe-Kutta bac 4 trén doan [0;1] v&i h=0,2 (Tinh hai gia tri
y1=y(0,2); y» = y(0,4). So sanh v6i nghiém ding y=+/2x+1.
8) Bang phuong phép Runghe-Kutta bac 4 tim nghiém gan dung cta bai toan cosi.

y’=2+0,5y; y(0)=1 iy v6i h=0,1; Tinh y(0,5).
y

9) Cho bai toan cosi y’=x"+y”; y(0)=-1.
Tim nghiém gan dung cua y, = y(0,4) bimg cong thirc ndi suy Adam.
10) Tim nghiém gan dung cua bai toan cosi
y'=x"+y*; y(0)=0 7 ,
theo cong thuc ndi suy Adam, tai diem x=0,4(1ay h=0,1)

bap s0: ) .
1) Chon xap xi dau yy=y(0)=1
2
Xép xi thit nhat y,;=1+x+—
Xap xi thir 2 y, =1+X+E )(2+g X3+l X4+L X’
T 2 4”20
2) Chon xap xi dau y,=y(0)=0, dugc day pica. Day do hdi tu t&i nghiém
n k+1
ding cua bai todn: y=e*-x-1 va y,(x)= al
Gng ci ymxe v (=3
X Sink(xz) A 14 sin(x?)
3) Ya(x)=), x ; nghiém ding y(x)=e .
k=1 J
4)
X 0 o1 02 03 04
yx)| 1 1,1 1,18 125 131
5)
x| O 02 04 06 08 1,0
yx)| 1 L1 1,18 124 127 1,27
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6)
x| 2 2,1 22 23 24
y(x) | 4 5,8 9,44 18,78 54,86
7) x |0 0,2 0,4
y(x) | 1 1,1832 1,1346

8 X ‘ o o1 02 03 04 05

y(x) 1 1,05 1,12 1,20 1,29 1,39

9) Y4 =Y(O74) ~—0,69
10) y4 = y(0,4)= 0,02

TAI LIEU THAM KHAO

[E—

. Pham Ky Anh, Giai tich s6, NXB DPHQG, Ha Noi 1996

Ta Van Dinh, Phuong phap tinh, NXBGD, 1997

3. Phan Van Hap va céac tic gia khac, Co s& phuong phap tinh, NXB DH-
THCN, Ha Noi 1970.

4. Nguyén Thé Hung, Gido trinh Phuong phép sd, Pai hoc Pa Ning 1996.

. Pinh Vin Phong, Phuong phip s trong co hoc, NXB KHKT, Ha Noi

1999.

Lé Dinh Thinh, Phuong phap tinh, NXB KHKT, Ha No¢i 1995.

7. Leé Trong Vinh, Giai tich s6, NXB KHKT, Ha Noi1 2000.

8. BURDEN, RL, & FAIRES, JD, Numerical Analysis, 5th ed., PWS
Publishing, Boston 1993.

9. CHAPRA S.C, Numerical Methods for Engineers, McGraw Hill, 1998.

10.GURMUND & all, Numerical Methods, Dover Publications, 2003.

11.HOFFMAN, J., Numerical Methods for Engineers scientists,
McGrawHill, Newyork 1992.

12.JAAN KIUSAALAS, Numerical Methods in Engineering with Mathlab,
Cambridge University Press, 2005.

13.0WEN T. et al, Computational methods in chemical engineering,
Prentice Hall, 1995.

14.STEVEN T. KARRIS, Numerical Analysis, Using Matlab and Excell,

Orchard Publications, 2007.

>

9

a

Bai Gidng Chuyén Dé Phwong Phdp Tinh Trang 56



Khoa Xay Dung Thuy Lgi Thiy Dién By mon Co So Ky Thudat

Website tham khao:
http://ocw.mit.edu/index.html
http://ebookee.com.cn
http://dspace.mit.edu
http://ecourses.ou.edu
http://www.dbebooks.com

The end

Bai Gidng Chuyén Dé Phwong Phdp Tinh Trang 7



Khoa Xdy Dung Thiiy Loi Thiiy Dién By mén Co So Ky Thudt

Chuwong7 GIAI GAN PUNG PHUONG TRINH PAO HAM RIENG

BANG PHUONG PHAP SO
NUMERICAL METHOD FOR PARTIAL DIFFERENTIAL EQUATIONS

Cdc hi¢n twong vat ly trong tu nhién thuong rdt phitc tap, nén thuong phdi moé
td bang cdc phirong trinh dao ham riéng. Méi loai phirong trinh dao ham riéng thuong
doi héi cdc diéu kién bién twong vmg dé bai todn cé nghiém, phit hop véi hién twong
vat ly quan sdt.

7.1 PHAN LOAI PHUONG TRINH PAO HAM RIENG BAC 2 TUYEN TINH
Tw dang tong qudt:
2 2 2
AdU BOY  cIU ML EN, Fy_gixy) (7.1)
oX oxdy  dy ox oy
Phan loai voi chd y cdc dao ham béc cao, khi d6 (1) duoc viét lai:
’u _ d0%u 9%
A8x2+Baxay+Cay f(ux,uy,u,x,y ) (7.2)
Pon gian (7.2) bang cach doi biénsd: Mm=m(x,y), E=E(x,y)

bat: E=ox+Py , n= yx+8y

Lo u_dudk dudn g— au
W o Tk ox Tamox | e gy

Tuong tu cho cdc dao ham khéc ta dugc:

2

(A +CB> + Baﬂ)a—u +[2Aay+2CBS5+ B(By+ad)] ou
o0& 0gon

+(Ay* +C6? +B§7)a—u = f
an

(7.3)
Mot cach don gian dé tim 101 giai ciia phwong trinh nay, 1a chon &, 1 sao cho s6 hang
thir nhat va thtt ba trong phuong trinh (7.3) triét ti€u:
Ao’ +Bpo+Cp? =
Ay? +Bdy+Co® =

Ta duogc dang don gian:
2

[2A 0ty + 2085 + B(By+ 08)] aagal:]

Giast: P#0,0 #0 taco:
A(a/B)* + B(oc/B) +C=0, A8’ +Bd) +C=0

—:—( —-B++B* —4AC)
_ /B 2A
%:i( _B-+/B* —4AC)

2A
KET LUAN: B*-4AC>0 : Phuong trinh Hyporbol
B”-4AC <0 : Phuong trinh Ellip
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B’-4AC =0 : Phuong trinh Parabol

Chu y: Khong phan bi€tbiént, x, y, z
7.2 Cac bai toan bién thwong gap

Trong linh vuc k¥ thudt, nguoi ta thuong hay gap cac bai toan bién sau:

a. Bai toan Dirichlet
Tim ham u thoa man phuong trinh:
L a(u,v) = (f,v) trong mién (Q)
va trén bién I' cua (Q) cho trudc gid tri ciau
ulr=fv)

Néu trén bién cho u = 0 thi ta ¢6 diéu kién
bién Dirichlet thuan nhét. Piéu kién bién Dirichlet
duoc goi la diéu kién bién cdt yéu (essential
boundary conditions).

b. Bai toan Neumann
¢ Tim ham u thoa man phuong trinh:
a(u,v) = (f,v) trong (Q)
va diéu kién bién:
du

a—nr = f(V)

Néu f(v) = 0 ta ¢6 bai toan Neumann thuan nhit. Dé cho bai todn Neumann c¢6
nghiém duy nhat ta phai dat thém diéu kién g(1) nao dé. Picu kién bién Neumann
con goi la diu kién bién ty nhién (natural boundary conditions).

c. Bai toan hon hop
I, i
V61 bai todn hon hgp (mixed boundary conditions) 1a bai toan
ma bién I' cua né gom hai phan I, va I'y. Vi du tim ham u thoa
man phuong trinh:
a(u,v) = (f,v) trong (Q)
Vi diéu kién bién:
ou

on =L,

L

u | I'o = fo(V)

Trong thyc té k§ thuat, ngudi ta thudng hay gip diéu kién bién hdn hop nay.
7.3 Tu twdéng co ban cia cac phwong phap gin ding

Bai Gigng Chuyén Pé Phwong Phdp Tinh Trang 59



Khoa Xdy Dung Thiiy Loi Thiiy Dién By mén Co So Ky Thudt

Trén thuc té viéc tim nghiém chinh xdc cua cédc bai toan bién ndi trén la v6 cung
khé khan; todn hoc hi¢n nay chi cho phép gidi cac bai todn dé trong mot so truong hop
that don gidn, con phan 16n 1a phai gii theo cdc phuong phédp gan ding khic nhau.

Tu tudng cua ciac phuong phap gan ding (approximation methods) la xap xi
khong gian vo han chiéu ciia nghiém bang mot khéng gian con hitu han chiéu.

a - .
u(x)=—"2+ Z (a, cos nx + b, sin nx)

n=1

u(x) = i a, @, (x)

n=0
Nghiém chinh x4c cua bai toan c6 thé biéu dién bang cic dang sau:

2
u(x) = ap+ aX +axX +azxX +.. ..+ax +.. .. (7.4)
RO rang nghiém chinh xac u(x) c¢6 thé xem nhu 1a mgt ham cua vo han céc hé so:
ap, A1, A2y «. esdpse. ..

. , “ 9. , , A a 2 z AN A h 2
Trong khi d6 giai theo cidc phuong phdp gan ding ta chi c6 thé tim dugc nghiém u” cua
n6 nhu 1a ham cua mdt day hiru han cic hé s6 ay, aj, a,, .. ..,a, nao dé ma thoi.

Trong chuong niy ta s& nghién ctru mot s phuong phap s6 manh, thudng st dung dé
giai cic bai todn co hoc:

+ Phuong phdp dac trung (characteristic method)

+ Phuong phap sai phan (finite difference method)

+ Phuong phép phan tir hitu han (finite element method)

+ Phuong phép thé tich hitru han (finite volume method)

+ Phuong phép phan tir bién (Boundary element method)

7.4 Phwong phap dac trung o
Noi dung cua phuong phdp ddc trung 1a bién doi phuong trinh vi phan dao ham riéng
v€ hé phuong trinh vi phan thuong, va tim 161 giai bai todn ¢ hé phuong trinh vi phan
thudong nay, tr d6 ta dé dang thay dugc ban chat vat 1y cua hién twong nghién ctru.
. 2 1 2
Vi du: Xét phuong trinh truyén séng: g—bzt =— gt (7.5)
X C

SN ov du 9d°v 9d’u
Ta dat ham v(x,t) sao cho: —=—

= =—
ox ot oJxot ot’
W E[EVJ a[auj
otldx ) adt\ ot

(7.6)

Tir (7.5) ta c6: 190 9% , 1oV du_
wL)ta o a2 oax? ¢’ dtox ox°
1 dv du
adat — 2 - Mg
\Y% d?t P (t)
Di dén h¢ thong:
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ﬁ_a_u:() Q ﬁ 0
x ot toodjax| |9 M|
= —+ 1 =
ia_v_a_u:f(t) 0 —1fjou| |’ = 0 || ou
c’ ot ox ox ot f@®
0 -1
DETI'[A=F 0}, B=[1 }
0 -1 — 0
C
Phuong trinh dac trung dugc suy tu:
A 1 1
det(AL-B)=0—> |_ 1 _,|=0 5 V=735 - A=*—
e? c C

o 5 dx X =ct+a
Tu do6 ta c6 duong cong dac trung: EZiC — = —ct4b

(7.7)

7.5 Phuong phap sai phan ‘ .
Dua trén khai trién Taylor, mdt cich gan ding ta thay cdc ti vi phan bang ti sai phan.
oc
Vidu: Tim dao ham a_
x X
Tacé: C A C A (%j + A 8_2c
aco: (x + Ax) = C(x) + Ax ) o) T

oC| _C(x+Ax)-C(x) Ax(9’C

7 Xk . Ax 2 \ox*)

o (2] 2 (2)
Tuong ty: C6 C(x - Ax) = C(x) - Ax x). 2 lax T

Lay (7.7) - (7.8) suy ra sai phan trung tim:
de| _ Cx+Ax)-C(x—Ax) Ax’ [83CJ

0x 2AX 3 | ox°®
C6 thé khai trién:

X

av ¥'C
2! ox? |

ac

C(x +2Ax) = C(x) + 2Ax 5| +4.

Lay (7.7) nhan v6i 4 rdi trir cho (7.9), ta c6:
dc| _ =3C(x)+4C(x+Ax) —C(x+2Av) 4Ax* 9°C
ox 2Ax 3 ox’

X

Léy (7.7) cOng (7.8) ta dugc:

(7.8)

(7.9)
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9°C| _ Clx+Ax)—2C(x)+C(x—Ax)

ox’ Ax’ +0(Ax)

X

Ap dung cic sai phin ndy vao giai phuong trinh Laplace:

Ax, = AX
Chon {

Ay, =AY
Thay (7.10) vao (7.11), duogc:

¢i+1,j - 2¢ij + (I)i—l,j n ¢i,j+l - 2¢ij + (I)l,j—

(7.10)

2 2
a_¢+a_¢:0
ox> 9y’

(7.11)

l=0

AX? AY?
Don gidn chon Ax = Ay, ta dugc:

1
¢i,j = Z (¢i+1,j + ¢i—1,j + ¢i,j+1 + ¢i,j—1)

¥y
5 .

y5i

Xi-l X X+

e SO PO HIEN - SO PO AN
(Explicit - Implicit Scheme)

1,j+1 i+1,j+1

"l

1— — i+l

0’9 , 9’0 _S 99 ttQ%
Xét phuong trinh: ? dy? T 3t

90

Sai phén tién: a

90

Sai phan lni: ¢

B (I)K+1 _ (I)K

t=At.K At

(])K _ (])K—l
=t —— t o
t=At.K At r<
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o) day (At)x = At= const
K _
t= Z(At)J ) q) = q)‘t:K.At
K

+ Sai phén tién theo thoi gian t ctia phwong trinh trén, ta duoc:

¢1K—1,j _2(1)1}:' +¢ili1,j n q)iK,jq _2(1)1}:' +¢iK,j+1 _ S ¢K+1 ¢

(AX)? (Ay)? T At

Tir phuong trinh ndy ta tim dugc A
K+l .4 K
ngay (I) khi biét céc ¢i_1,j ,
K K
q)i,j ¢i+j,j ;i1 i i1 nén goi la so k+1

do hién.

k

\

AX AX

+ Sai phén Iui theo thoi gian t ta c6:
K+1 K+ K+ K+ K+ K+ K+1
(l)i—u _2¢ ¢I+1J (l)i,j 1 _2¢ ¢i,j+1 _ S ¢ ¢
(AX)? (Ay)? T At

Phuong trinh trén ¢6 5 an s6 trong 1 phwong trinh nén phai thiét 1ap céc phuong trinh
cho tat ca cdc nuat khac bén trong "
mién bai toan va gidi dong thoi cac i
hé phuong trinh nay, thi méi tim
duogc céc an cua bai todn ¢ budc thoi

gian (t+1), nén ta goi so dd nay la
so do an.

k+1

o
o

e Sw 6n dinh cia so dd
Déi v6i so d6 an ludn ludn on dinh
vo1 moi khoang thoi gian At chon;
Con so db hién chi 6n dinh v6i khi:

At < At gioi han.
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7.5.1 Tinh nhit quan cia lwoc dd sai phan.

0z 0z

Xét phuong trinh vi phan: —+—=0 1

p g p 3t ox (1)
Thay céc ti vi phn bang cic ti sai phan:
o0z z]"-z] 9z i-7 At
— L =l o Thé I vadatr = —
ot At ox Ax € vao Ivadatr Ax
Suy ra: Z?+1 =(1- I’)Z;1 + I’.Z?_1 (2)

l?hu:orng trinh (cf)n goi la lugce dé) (2) nhan duoc tr khai trién Taylor cua (1)
hodc bang mot luge do khéc, ta thir xem luge d6 (2) c6 nhat quan voi phuong trinh vi
phén (1) hay khong ?
Tu khai trién Taylor ta dugc:
w1 _ 0z 0°z At? 9°z At®
Zj = +—At+ 5 + 3 +...... At
ot ot 20 ot° 3 Piat r=—
0z (-AX) 0%z Ax® 9°z AX® ' AX

zJ1 z+— +—; +— +......
ox 1! ox- 21 ox° 3

Thay tat ca vao (2), ta dugc:

0z 0%z At® 0°z At® ; 0z AX 0%z Ax?
z] +5At 3 2 +at3 3 +..=(1=-r)z] +r(Z] +8_XT+8X o +...... (3)

A £ .. AX . 2 A A+ A Lk £ . 1
Nhan 2 vé cua (3) voi A roi chuyén vé, ro1 nhan tiép 2 vé véi N ta duoc:

az 0z _8_"’2&_ 322&_ @)
ot ax otz 20 T ax 20

Khi Ax,At — 0, vé phai ciia (4) — 0, do d6 ta thdy phuong trinh (4) =(1)
Ta n6i luge dd (2) nhit quan véi phuong trinh vi phén.
7.5.2 Sw on dinh cia lwgce do. .
Xét phuong trinh sai phan (con goi la lugc do):
Y =(1-1)z! +1z]” (5)

Ta néi: “Mét lwoce do sai phin dwoc goi la on dinh, néu tip hop vé han
cdc nghiém tinh dwoc la bi chén déu, ngwoc lai goi la khong on dinh”.
Nhu vay su 6n dinh cia luge dd sai phan khong lién quan dén phuong trinh vi
phan (chi 1a riéng cua lugc do).
Vidu: Lugc dd (5) c6 dang: ' = Az + Bz],

n+1 _ n n
Suy ra: = ‘Az | +Bz],
Goi: z" = max z], trongtap ]
A N, n+1 _ nl_|[on
Vay thi: |z, =(A+B)z"|=|z,
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n-1
Z

n
Z

<

Tirc 1a 16p: = 2] <[2,|  ma 7 dd cho truée ¢ bien.

Vay cac z" bi chan déu — Ta n6i lugc d6 6n dinh.

Dinh ly Courant:

“Néu lwoc do sai phdn nhét qudn véi phwong trinh vi phdn va bén thén lwoc
do dé la on dinh thi nghiém ciia phwong trinh sai phdn sé héi tu dén nghiém ciia
phwong trinh vi phdn’’.

7.5.3 Cac ung dung trong co hoc:

Phuong trinh vi phin dang ellip: Ta s€ gap cac phuong trinh nay trong cac
bai todn truyén nhiét hodc cic bai toan tham thau cta co hoc chat long véi
phuong trinh Poisson.

Mot dang khac ctia phuong trinh vi phan dao ham riéng dang hyperbol; Ta
6 thé gdp chdng trong cdc phuong trinh dao dong cua diy u=u(x,t) véi x 12 toa
do va t 1a thoi gian.

Ta con c6 thé gip cdc phuong trinh vi phan dao ham riéng & dang phirc
tap hon nhu phuong trinh trong dong luc hoc chét luu: Phuong trinh Navier-
stocks, hay phuong trinh dao dong uén cta tdm hay dam trén nén dan hoi trong
céc bai todn strc bén vat liéu

Vidu:

Giai gan ding phuong trinh dao ham riéng dang Elliptic.

Cho phuong trinh vi phin dao ham riéng u, +u,, =xy” trén hinh chit nhat
D=[0:0,6]x[0;0,3] biét gid tri cua ham u(x, y) trén bién 13 u(x,y)=x+3y véi budc chia
Ax=h=0,2; Ay=7=0,1.

Gidi:
Ta c6 h=0,2 suy ra n=(0,6-0)/h=3; x;=1th=0,21

7=0,1 suy ra m=(0,3-0)/7t=3

Cho céc diém (0,j); (1,0); (3.)), (1,3) 12 cdc diém ludi. Gid tri ciia ham trén
céc diém ludi 1a

1100—0 1101—0 3 1102—0 6 11073=0,9; 111():0,2; 112():0,4; U30=0,6; U31=0,9;
1132—1 2 1133—1 5 111()—1 1 1120—1 3.
Ta can tinh gi tri ciia ham u tai 4 diém 1a (1;1), (1;2), (2;1), (2;2). Ham f(x,y) xy nén
f11 = 0,002; £,,=0,008; £,,=0,004; £,,=0,016. Ta c6 h¢ 4 phuong trinh dai s6 tuyen tinh
la:

=0,002

Uy, — 2u, +uy, i Uy, = 2uy, +uy,
0,2 0,1
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10wy, +4u, + u,  =-1,099992
du,  —10u,+ 1wy =—499968
U, —10u,, + 4u,, =—2,499984

uy, +4u,, —10u,, = —6,399936

Gidi hé phwong trinh ta dwoc
U;1=0,499964132; u,,=0,79994444; u,,=0,699994356; 1,,=0,999907868.

7.6 PHUONG PHAP PHAN TU HUU HAN

V61 phuong phap bién phén nguoi ta tim 161 giai Xap xi trén toan mién bai todn;
do d6 ham xap xi trén toan mién bai to4n thudng 1a rat khé xay dyng; phuong phép
phan ta hru han (PTHH-The finite element method) khic phuc nhuoc diém nay la chia
mién bai todn thanh nhiéu mién con va tim ham x4p xi trén mién con, con goi la phan
tir (element) véi thoa min diéu kién cin bang va lién tuc giita cdc phan tir. Trong
phuong phiap PTHH thudng duwa trén cdc phuong phdp bién phan RAYLEIGH -
RITZ va GALERKIN.
7.6.1 PHUONG PHAP BIEN PHAN RAYLEIGH - RITZ

Bai toan [ phuong trinh dao ham riéng | = Bai toan [ bién phan ]

0(x,y,F,F)=0 - 1(F) = [[o(x,y,E,,F, )dxdy (14)

v6i cuc tiéu phiém ham ¢ va thoa man diéu kién trén bién F = G(s).
Gia st ta ¢6 F(x,y) — di tim I(F) cuc tri, ta bi€u dién ham F(x,y) nhu sau:

F(x,y) =2 Fy(x,y) = CL.o1(X.,y) + Co.0a(X,y) + . . . + CL.@n(X,y) = ;Ci(pi(x’ y)

Céc C; phai xac dinh sao cho I(F,) dat cuc tri.
Ham @; (x,y) dugc chon trude sao cho thoa diéu kién bién. Nhu vay:

I'(F)=[[¢" (x,,C,,C;....C,)dxdy=min (15)
D

9 _,

Céc hé sb C; duoc xdc dinh tir F =1,2,3,....n

7.6.2 PHUONG PHAP BIEN PHAN GALERKIN

Néu ham ¢ khong ton tai phiém ham, ngudi ta st dung phuong phdp bién phan
Galerkin nhu sau:
Cho phuong trinh: L(u) =M < f,(u,x;) =0 (16)

Can tim nghiém gan ding: U= ZN_p-U_p trong mién D

P=1
V6i U, (P=12,..,n) 1a cdc hing sb phai x4c dinh
N, (P=1.2,...,n) la cic ham toa do tu chon.
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Ta c6: LU)-M = f,U,x;)=R, R =0 (17)

n—oo
C6 nghia phan du R sé triét tiéu khi n tién t6i vo cling.
A
Pit didu kien L(U) —M phai tryc giao voi y; trong mién xéc dinh D voi

yi(G=1,2,...,n)lacdc ham toa do tu chon doc lap tuyén tinh.
Nhu vay ta c6:

| [L(IA]) - M}‘I’di =0 by | {L(ZHZN_P.U_P) —M}‘I’di =0

D D
trong truong hop U , la hing s, va ¥ i = N »» ta duoc phuong phdp GALERKIN.
Tém lai, phuong phép Galerkin duoc thiét 1ap c6 dang:

J.{L(ZVP.U_PJ—M}NPdD=O hay jﬁp.R.dD=o, v6i p=12,...n (18)
D P=1 D

7.6.3 PHUONG PHAP PHAN TU HUU HAN
Chia mién D thanh n,. (hiru han) mién con D, :

D= ZDe , chon ham: Np = Z N (19)
e=1 e=1
€ \
Vi Np goi 1a ham toa d¢ dugc chon trong mién con D, sao cho thod man mot
s0 tinh chat nao d6 (xem chuong 8), ta c6 dugc Phuong phdp phan tir hiru han.

7.7 PHUONG PHAP THE TiCH HUU HAN

Xét phuong trinh vi phan:
a_q + ﬁ + a_G — 0
ot Jdx dy
Ap dung phuong phap mién con
cho thé tich ABCD, ta co:

| 1{@+E+8—G xdy =0 21)
Abep L Ot Ox  dy
Ap dung dinh 1y Green ta c6:

d —

- [adv+ [Hnds=0 (22)

ABCD
OdayH = (l_:, a) cho trong toa d¢ Descartes.

H.n.dS = de —Gdx
Vi phuong trinh (22) dang bao toan véi thé tich tily ¥, nén ta cé:
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DA

(R, Y (Fay-6ax)=0 (23)

O day, A l1a dién tich cua (ABCD), Ayap = yB -Ya, AXap = Xp - Xa , N€N:
1 1
Fag = E(Fj,k—l + Fj,k ), Gag = E(Gj,k—l +Gj,k)

Tuong ty cho Aygc, Aycp, Aypa, - - -

Néu A khong phu thudc thoi gian t va Ax; = Ay; = const, ta dugc:
iq n Fj+1,k _Fj—l,k i Gj,k+1 _Gj,k—l r
dr " 2Ax 2Ay 2

7.8 Phuong phap phan tir bién
Xét vi du bai todn mo ta dong chay the hai chiéu
(2 Dimensions) V2¢ =0 trong mién Q ta co: I,

=)

+ Piéu kién bién chu yéu: g=¢ trén bién I, (dk bién Dirichlet)
+ Pidu kién bién tw nhién: q :g_"’ - ? _q trén bién T, (diéu kién bién Neumann)
n n
V61 I'=TI,+T,
e Dang bién phan trong s6 dw
Dbinh nghia:
Goi c4c phan du:

R= Vg
R1=¢—i>
Ry=q-gq

> [R$dQ2=~[R.Gdl+[R,§dT
Q r] 1—‘2
Diing tich phén ting phan hai 1an lién tiép, ta c6:

[(v’§)pd0=-[q.6dT - [q..dT+[Gpdl + [G.4.dT

Ta ¢6 101 gidi co ban cho phuong trinh Poisson: v? 5 +0(x-x)=0
Vé6i 6 1a ham Dirac.
_ ~ 1 1
L&i gidi cho bai todn 2D, khi x # X la: ¢ =moln(;), VOi T =4/x° +y>
V6i nhitng didm X ndm bén trong Q, cich thanh 1ap theo phuong phé phan tir bién

cho bai todn biéu didn bsi phuong trinh Laplace 1a: #(X) + J 9.q.dl" = J ¢ q.dl’
r r
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Vi nhitng diém X ndm trén bién T, phuong trinh viét cho bai téan trd thanh:

cH()+§4.5.d0 = §§ 44T i C:% (thong thudng c=1/2)
r r :

Ta di rdi rac héa bién I' ciia mién D; dung phan tir bac 2 ta duoc:

(c.h), + Z §9.G.dr = Z §6.q.dr

J=l 1j J=l T
O
Ham dang ¢ dugc biéu didn: ¢(&) =[N, N, N;11¢, ; =[NHg}, q(&):[N].{q}

P, ©)
£=0
E=+1
LW) @/K
£=-1

1
N(&) =5 EE-D). Ny (8) = (1-8)1+8), Ny(&) = &E+D i g [-L1]

Thiét lap cho mot phén tur trén bién, ta co:

) )
§¢~q~dr:§[N1 N2N3].§. @, |dU=[h h, hy]4 @,
g g 3 3

q, r%
§9.qd0 = {IN, N,N;19. q, |dT =[g, g, g:14 4
r. r.
J J q3 q3

Oday:  h=fN.Gd0  vag=fN,9dl Vk=123
Fj Fj

Chu y: Ta c6 Jacobicon bién ddi toa d6 nhu sau:

e8] f3). o

h= § N (£).G40 = [N (£)§[Gld¢

g =§. Ni(©Fdr =[N (§)§lGids

Cuoi cung thé vao phuong trinh da roi rac ho4, ta cé:
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)
A A A ¢ QI
(c@), +H, H, ...H R =[G, G, ...G,, } q,
¢n qorn

véi Hyj 1a tdng cua sé hang hy cta phin 6 j+1 va hy ctia phan o j.
Néu dat:

A

Hy, i#]
Hy=9 . N 2N
Hy+c, 1=]  thitavié lai: ZHij-¢j :ZGU"]/’
i=1 j=1
Hay ta c6 hé phuong trinh: H.U = G.q

Giai hé phuong trinh nay ta s& tim dugc cdc an ctia bai toan trén bién, tir d6 ta s& tim
dugc cdc 4n trong mién D tai nhitng noi can thiét.

Cau hoi:

1. Trinh bay y nghia vét 1y cta cdc phuong trinh loai Hyperbol, Parabol, Ellip ? Trong thyc té
¢6 nhitng phuong trinh ludng tinh, nhat 12 trong co hoc luu chat; hiy cho vai vi du va giai
thich ?

2. Tur sy md ta ban chat vat Iy cta bai todn ctia mdi loai phuong trinh mé ta, nén s6 va loai diéu
kién bién phai d4p tmg, hay cho mdi loai phwong trinh vai vi du ?

3. Phuong phdp dic trung déng mot vai trd quan trong trong viéc hiéu 16 ban chit vat 1y caa bai

todn, vi sao ?

Phuong phap sai phan la phuong phap khong bao toan, vi sao ?

Néu céc diéu kién dé so do sai phan dugc chap nhan ?

Uu nhugc dlem cua sai phan hién va sai phan an ?

Hay néu su glong nhau va khac nhau ctia céc phuong phép Sai phan, Phan tir hiru han, Thé

tich hiru han, Phan tir bién; vu nhuoc diém cua chiing ?

Nowns

Bai tap :
Baill:
Bang phuong phap sai phan giai cdc phuong trinh sau
2 2
o zz =a—bzt, 0<x<2, u(x0)=x>-2x
1 or~  Ox

u(0,£)=—u(2,1)=sin m, %—” =(1+01kx)(2-x)

t t=0

budc chia theo x 1a h =0,5; theo t 1a k= 0,01.Tinh u(x; 0,03)
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du _d’u
o o
2) u(x,0)=(4+01k)1-x)
u(O,t)z u(l,t): 0

O0<x<1t>0

budc chia theo x 1a h =0,25; theo t 1a k= 0,025.Tinh u(x; 0,1)

u,+u, =-1+01k
3) (x,y)e G =0,1]x[0.1]
u(x, y)=0,v(x, )

Thudc bién cia G h =k = 0,25
4) Giai gan ding phuong trinh dao ham riéng dang PARAPOLIC phuong trinh
u’=u’’y trén hinh chir nhat [0;2]x[0;0,3] vo1 diéu kién bién u(0,t)=u(2,t)=0, u(x,0)=x(2-x);

budc chia theo t 1a 1=0,1
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Chuong 8 PHUONG PHAP PHAN TU HUU HAN

Nhu di phén tich & chuong hai, mot bai todn c¢6 mién hinh hoc phtc
tap, c6 thé xem nhu Ia tap hgp cua nhiéu dang hinh hoc don gidn (goi la
mién con hay phan tir —element); dé viéc xdy dung ham xap xi (hay con goi
la ham ndi suy- interpolation function) trén mién con nﬁy duoc dé dang, ham
xap xi dugc xdy dung mot cach he thong cho hau hét dang hinh hoc, ham
xap xi nay chi phu thugc vao phuong trinh vi phén, tir d6 hinh thanh phuong
phdp phan tir hitu han.

Vi phuong phap phan tir hitu han, mién tinh todn dugc xem nhu Ia
tap hop nhiéu mién con hitu han (finite element) c6 dang hinh hoc don gian
(simple shape-element). Trén mdi mién con ndy, phuong trinh chi dao
(governing equation) dugc thiét 1ap voi str dung mot phuong phap bién phan
nao d6. Cac phan tr duogc lién két véi nhau va phai thoa man diéu kién can
bang va lién tuc cta cdc bién phu thudc qua bién ctia céc phan tir.

8.1 Céc loai phan tir

M1en tinh todn dugc chia thanh nhiéu mién con (con goi la phan tir); néu
mién tinh todn 12 mot chiéu, ta c6 phan t&r mot chiéu, mién tinh todn 12 hai
ch1§:u ta co phan tir hai chiéu, mién tinh todn 12 ba chiéu ta c6 phan to ba
chiéu.

Cé4c loai phan tir mot chiéu

A .
— o ""'--.._‘_‘_““l T A
Tuytn tinh (2] Bic hai(3)

i e

Bic ba (4]

A > D

Tuyen tinh (3 Bic hai (8 Bic ba (9

Céc loai phan tir hai chiéu
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C] (]

Tuyen tinh (4) Bic hai (8)

Céc loai phan tir ba chiéu

- 1
-
~ .

Tuyen tinh (4)

Bic hai (10)

Bt

Tuyen tinh (8) Bic hai (209

Tuyen tinh (6] Bic hai(16)
8.2 Ham ndgi suy
LO1 gidi xap xi cua an so bai todn dugc cho boi:

h=3 h, N,

Jj=1

Bic ba (12)

Bic ba (18)

B ba (32)

Bac ba (24)

(3.1)
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O day N; 1a ham néi suy (interpolation functions) va h; 14 an ctia bai todn
tai ndt ctia phan tu.

Ta ciing ¢6 thé mé ta hinh dang ctia phan tir bang cich ding céc toa do cua
mdi nit trong phan tir (xem Hinh 3.1):

x(p)=3 S, (p)x, (3.22)
y(p) =Y S, (p)y, (3.2b)
Z(p)=Zn:Sj(p).zj (3.2¢)

Vi rang ham noi suy S; duogc dung xdc dinh hinh dang cua phan tir, nén
thuong dugc goi la ham dang (shape functions).

ham nodi suy tuyén tinh, ham dang tuyé€n tinh

4
he L
e ham ndi suy
Ve \
h©x) h90) = NP0 b; + NP by
by . x(P) = ${7(x) x{? + 5 x)
""" / N /
& & > $=  ham dang
(e) (e)
%
X
ham ndi suy bac hai, ham dang tuy€n tinh
4
hk SBeaaaaEEottaotaRoaRnEaEnaaaRT
© 4 h0) = N{7(x) b; + NO(x) by + NOw
hOx) by | ~ | |
ham noi suy
x(P) = ${7(x) x{? + s{V(x) x{
hi ....... / \ /
ham dang
e -4
(©) (o) (e)
F xje xk

Bai Giding Chuyén Pé Phwong Phdp Tinh Trang 74



Khoa Xay Dung Thuy Lgi Thiy Dién By mon Co So Ky Thudat

Hinh 3.1: Ham ndi suy va ham dang cua phan tor mot chiéu

Bac ctia da thirc diing dé ndi suy va cdc ham dang bén trong phan tir c6 thé
12 khdc nhau; nguoi ta phan ra ba loai nhu sau: Phan tir dudi tham sd
(subparametric elements) khi bac da thirc ham dang nhé hon bac da thirc ndi
suy. Phan tir dang tham s6 (isoparametric elements) khi bac da thirc ham
dang bﬁng bac da thuc ndi suy. Phan tr trén tham sd (superparametric
elements) khi bac da thirc ham dang 16n hon béac da thuc ndi suy (xem Hinh
3.2).

phéan tir dudi tham sé&

— 1éi suy bac hai (nit i,j,k)

hi .......... / ham dang tuyén tinh (niti vanit k)
e ——
(e) (o) (e
xl Xj x xk )
phén tir ddng tham s&
f ham dang tuyén tinh (nit i va j)
h; .
ham ndi suy tuyén
h(x) tinh ( ndtiva i)
h;
@ -0——b
(e)
X5 x xgc)
phén t trén tham s&
ham dang bac hai ( niit i, va k )
A © @
k> Yk )
hk [
h(x) >
() (e
h; \ 57 yi)
ham ndi suy tuyén tinh (nit i va k)
e
(e (e) (e)
Si 5 Sk
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Pa s cdc bai todn trong thuc t& ding phan tr ding tham s6 va ham dang
déng nhét véi ham noi suy.Hinh 3.2: Minh hoa vé dinh nghia céc loai phﬁn
tr mot chiéu duéi tham sd, déng tham sd, va trén tham s
Khi tai cdc nit chi chtra 4n s6 h cua bai todn, thuong xir dung ham ndi suy
Lagrange (phan 16n cdc ham noi suy trong cic bai todn chat 1ong duoc xur
dung bdi ndi suy Lagrange, do d6 & day chi gidi thi€éu ndi suy Lagrange );
néu tai cdc nit con ¢ an sd 1a dao ham oh / 9x; thudng xtr dung ham noi
suy Hermite.

Ham ndi suy Lagrange dugc xay dung tir da thire nhu sau:

NgmgH;:? (3.3)
m=0
k#m

m

Vo1 m la so nat
Xm la toa d§ nit thr m

Tinh chat cua ham noi suy
Ham ngi suy c6 cac tinh chat sau:
- Tinh chat 1: Ham noi suy c6 gié tri bang 1 tai nit d6 va bang O tai

céc nut khéc.
- Tinh chat 2: C4c ham ndi suy thoa bicu thirc sau:

S NP E)= P ©).j =12 (3.4)

Vi Py(&) 1a da thirc co s& cua ham ndi suy.

Ham ndi suy cé thé duoc xay duyng trong hé toa do téng thé (global
coordinates) hodc hé toa d0 dia phuong (local coordinates), thong thuong
v&i céc bai todn phtic tap (ndi suy bac cao ¢ céic bai todn hai hodc ba chiéu)
phai sir dung ham ndi suy trong toa d§ dia phuong.

8.2.1 Ham néi suy cho bai todn mét chiéu
(1) NOi suy tuyén tinh trong hé toa do tong thé:

N:[Nl Nz] (3.5)
Vi N ="t N =TT
Xp X, Xg—X,

(ii) Noi suy dang Lagrange bac hai trong hé toa d6 tong thé:
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N=[N, N, V] (3.6)
trong d6 N[(x):é(af +Bx+7x) voi 1=1,2,3
o =x () —xpx )
Trong d6 : B =\x] J—(x)
3
yi=—{xi-x). D'=Ya
i=1

(ii1)) Noi suy tuyén tinh trong h¢ toa do dia phuong

N=[N, N,] (3.7a)
vOi:
1
N, = 5(1—9‘3)
) (3.7b)
N, :_(1"‘9&)
4
(iv) Noi suy bac hai dang Lagrange trong h¢ toa d¢ dia phuong:
N E[N1 N, N3]
u, u, Uy u, Uy Us
1 2 3 1 2 3
—@ L *— —@ ® o—
-1 0 1 & X, X, = x‘;x3 X, X
—1<£&<1
ng=3 x, < x<x,
v’ n=3
v(
1 1
N, =—§§(1—§), N, =(1+&)1-¢), N3=§§(l+§) (3.7¢)
(v) Noi suy bac ba dang Lagrange trong h¢ toa do dia phuong:
NE[NI N, N, N4]
u, U, Uy u, u, u, Uy u,
1 2 3 4 1 2 3 4
——eo 0o —0o— —e ® e o
1 -1/30 1/3 X, xzzz’ﬂ% =B
-1<£<1 x, <x<x,
ng,=4
vr n=4 1%
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el
N2=§gu+§m—§{§—§j

N3=310+§M—§{§+§j

N, = —%@+§j@—§j(l+é)

8.2.2 Ham ngi suy cho bai todn hai ch{éu q ‘
(1) NOi suy tuyén tinh trong hé toa do tong thé cho phan tir tam gidc:
NE[NI N, N3] (3.8)

(3.7d)

oday: N, = i(aﬁ +Bxt7ey) (3.82)
voi: 1=1,2,3 hodn vi vOng tron
=Xy, =X Y;
B = Yi— Vi
Vi = _(xj - )fk ) ‘
(i1) NOi suy tuyén tinh trong hé toa do dia phuong cho phan tir tam gidc:
N=[N, N, N, | (3.8b)

v

oy
o

S|
I
w
S
I
w
S
U
Il
(O8]
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VO1i:
N, :1_9‘3_7], N, :ég’ N,=n@

Néu diém géc toa do dia phuong dugc chon khac nhu hinh sau, thi ham
ndi suy cho phan tir tam gidc cling s€ thay d6i theo:

n
1 Ny=— G+
I Ch
& N2:%(1+(§) (3.80")
e Ny = (1)

- 1

(iii) Ni suy bac hai trong hé toa d6 dia phuong cho phan tir tam gidc:

4

n==6

N, =A(1-24), N,=4&
N, =4£2, Ny =-n(1-27)

N, ==¢(1-28),  Ng=4ni
(3.8¢c) Voi: A=1-¢(-n
(iv)  Noi suy tuyén tinh trong hé toa d6 dia phuong cho phan tir tir gidc:

Ham dang: N=[N, N, N, N,] (3.8d)
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(-Ni-m.  N,=5(+&)i+n)

No= (4 8i-m) Ny ==+ )

a4

(v)  Noi suy bac hai trong h¢ toa do dia phuong cho phﬁn tur tr gidc:

Ya

S 4

v, =~ En(E-n-1). v, =—&nE+1)n-1)

1 1
4 4

v =+ +1) L v = e 1)E+)
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v, =—n{1-&*fn-1) . v, =%§(§+1)(1—f72)

v, =

D= ] =

-8 n+1) . v, :%5(5_1)(1_,72)

v, =(1-&Ji-n) (3.8¢)
8.2.3 Ham néi suy cho bai todn ba chiéu

(i) Noi suy tuyén tinh trong hé toa d6 dia phuong cho phan ti hinh chép:

¥/
A
u4
u, Hs
u, .
y
X ve
n=4 nd=4
Ny =1-¢-n-¢,  Ny=7@
N, =¢, N,=¢ (3.9a)

(ii)  Noi suy bac hai trong hé toa d6 dia phuong cho phan tir hinh chép:

(3.9b)
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N, =44, N, =45¢ =1-—-n-
Noart N —tl-20) voi:  A=1-¢é-n-¢

(iii)) NOi suy tuyén tinh trong h¢ toa d¢ dia phuong cho phﬁn tt ba chiéu
hinh try ddy tam giéc:

7 A
4
£20
4 6 n=0
5 1-£-1>0
- -1<{<0

Voi:
A=l-¢-p, a='26 ,-14¢

(iv) Noi suy tuyén tinh trong hé toa do dia phuong cho phan tir ba chiéu
hinh try c6 ddy tu gidc:

Z, 8

—1<E<T 7
—1<n<1 5
1<

3

2
y
Vr ﬁ — 8 n= 8 nd = 8 X Ve
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1 1
le_(az b, Cz)’ N2:_(a1 b, Cz)’ N,
c c
1 1
N4:_(a2 b, Cl)’ st_(az b, Cl)’ Ny
c c
1 1
N7=—(a1 b, cl), N8:—(a2 b, cl)
c c
Voi :
a, =1+¢ a2=1—(§
b =1+n , :1—77
¢, =1+¢ , ¢, =1-¢

8.3 Tich phén s6

1
:_(al b, Cz)
C

1
:_(al b, Cl)
c

(3.9d)

8.3.1 Lién hé gitra cdc hé toa dg tong thé va hé toa do dia phuong

Vi phuong phap phan tir hitu han mién tinh todn Q dugc chia nho
thanh nhiéu mién con, _phuong phap bién phan trong sd _xdy dyng trén céc
mién con ‘nay. Do do dan dén tich phan ham dang trén mién con.

Néu tich phan ham dang bac cao véi su dung hé toa do tong thé
(X,y,z, global coordinate) thi thong thudng s& xuét hién cic biéu thic dai s6
rat phuc tap khi phan tur 1a hai, ba chiéu (Irons and Ahmad, 1980).

Thay vao dé néu chiing ta thyc hién ching trong h¢ toa d dia phuong
(E.¢, local coordinate) hay con goi 1a toa do chuan hay toa do tw nhién
(normal coordinate hay natural coordinate) thi s& don gian hon rit nhiéu
(Taig, 1961); boi 1€ né thuan lgi trong viéc xay dung ham ndi suy, tich phan
s6 ding dugc céch thiét 1ap cua Gauss-Legendre (phd bién nhat).

yA

N Phintachiéu <°

Phan tir thuc

Xk

Xj

X
Hinh3.3: Biéu thi phan tir chiéu V" vao phin tir thuc V*
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Vi phan tir dang tham sd (isoparametric), ta ¢ thé viét cong thuc bién doi
toa do cho
phan tu tr gidc tuyén tinh c6 bon di€m nut nhu sau:

4
x= ZN,.xi =N x,+N,x, + Nyx; + N,x,
i=1
4
y=ZNJ.xJ. =N, x,+N,x, + N,x; + N,x, (3.10)
j=1
V61 phan tir tam gidc tuyén tinh c6 ba diém niit:

0 day Nj, Nj 1a ham dang hay con goi 1a ham ndi suy (shape function hay

3
x=, Nix; = Nyx; + Nyx, + Ny,
YED.N,y, =Ny, +N,y, +N,y, (3.11)
j=1

interpolation function).
Tu luat dao ham dao ham riéng phan, ta c6:

9] [ox 9y (9 J
| | & ¢ ||ox ax
— =7 3.12
FARENEYE Ei ek 12
on on on |9y dy
) (2
Hay: aax g aa(: (3.13)
EN on

¢ day J la ma trdn Jacobian bién ddi toa do. Pinh thirc clia ma tran nﬁy, det
7|, cling phai duoc udc lugng boi 18 né dugc dung trong cic tich phan bién
d6i nhu sau:

+ Cho phan tir tir gidc tuyén tinh:

| j dxdy = Hdet|1|d(§ dn (3.14)

-1-1
+ Cho phan tir tam gidc tuyén tinh:

[[ dxdy = jlfdet|J|dnd§ (3.15)
o8 00
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Hinh 3.4: Phin tir tir gidc c6 ma tran Jacobian khong xac dinh

Trong mét sb trudng hop, vi du nhu & Hinh 3.4, phan tir t gidc ¢6 4 diém
nit. Néu dang hinh hoc nhu vay, ma tran Jacobian tr¢ nén khong x4c dinh;
dé né c6 gid trj tdt, cdc hinh dang phan tir nhu canh va géc ctia né can phai
déu dan hon (vi du tam gidc déu, tir gidc déu = hinh vudng, diy 1a cic dang
phan tir Iy tudng).

8.3.2 Tich phan 56

Mot sb tich phan cua cdc loai bai todn hai chiéu (2D), ba chiéu (3D), theo
phuong phép phan tir han han ¢ the dugc udc luong bang giai tich, nhung
n6 khong thuc dung cho cdc ham sd phtc tap, dic biét trong trudng hop tong
quét khi (£,7) 1a toa d6 cong. Trong thuc hanh (3.14), (3.15) dugc ude luong
bang sb, goi 1a tich phan sd (numerical integration hay con goi la numerical
quadrature). Dung tich phan sd ctia Gauss, v6i phan tir t& gidc, mién hai
chiéu ta cé:

[[remagn=3> ww r.n) (3.16)

—1-1 =l j=1

Vi phan tir tam gidc:
11-¢

fff§”dﬂd§~ wa(é ') (3.17)

Voi phﬁn tu tu gidc thi wi, w; 1a hé ) trong s6 va &.m; lacdc vi tri toa do
bén trong phan tir, cho & Bang 2 (xem Kopal 1961); con vdi phan tir tam
gidc, tuong tu nhu phan tir t& gidc, nhung cic diém tich phan Ia céc diém
mau (sampling points), Bang 1.

Thong thuong ngudi ta mudn cédc tich phan sd dat do chinh xéc cao,
nhung c6 nhitng truong hop dic biét lai khong can thiét. O tich phan Gauss
(3.16), v6i n = 2, s€ chinh x4c khi ham f 1a cubic (bac 3), con ¢ tich phan
(3.17), n =1, s& chinh xdc khi da thic f bac nhit, con n =3 sé& chinh xic
khi da thire f bac hai.

Bai Gidng Chuyén Dé Phwong Phdp Tinh Trang 85



Khoa Xday Dung Thiiy Loi Thiiy Dién By mon Co So Ky Thudat

Bang 1: Diém tich phan cho phan tir tam gidc
theo cong thic (3.17)

n E_,i ni Wi
1 1/3 1/3 1

172 | 172 | 1/3
3| 1/2 0 1/3
0 1/72 | 1/3

Bang 2: Trong s6 va diém tich phan Gauss — Legendre
theo cong thirc (3.16)

Piém tich phan | S6 diém tich Trong sd w;
égi phﬁn r

0.0000000000 Mot diém 2.0000000000
+0.5773502692 Hai diém 1.0000000000

0.0000000000 Ba diém 0.8888888889
+0.7745966692 0.5555555555
+0.3399810435 Bo6n diém 0.6521451548
+0.8611363116 0.3478548451

0.0000000000 0.5688888889
+0.5384693101 Nam diém 0.4786286705
+0.9061798459 0.2369268850
+0.2386191861 0.4679139346
+0.6612093865 S4u diém 0.3607615730
+0.9324695142 0.1713244924

8.4  Cac budc tinh toan co' ban va Ky thuit 1ap trinh cho may tinh s0
theo phwong phap phan tir hiru han

Pé dp dung cdch giai bai todn theo phuong phdp phan tir hitu han
nguoi ta thuc hién cc budc sau:
- Buée 1: Roi rac hod mién khéo sét
Chia mién khao sit V thanh n. mién con V' hay céc phan tir c¢6
dang hinh hoc nhat dinh.
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Tacé: V=3V, (3.18)
e=1

Vi cach chia mién tinh todn V bﬁng téng céc mién con V() , mO hinh thuc
té dugc thay bang mo hinh tinh todn voi n. phan tt hitu han duogc lién két
v6i nhau boi cdc diém nit va tai mdi diém nit tOn tai cac dai lugng thé hién
su tdc dong qua lai cua céc phﬁn ttr ké nhau, nhu vay bai todn h¢ lién tuc c6
bac tr do vo han dugc thay bﬁng bai toan tinh hé c6 bac tu do hiru han don
gian hon nhiéu.

Vi du v6i cdc bai todn tham thuong ¢ cic dang so do sau:
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- Mt chiéu: Mua
3 . - . y
Lép khong thim Nut
\ Phan tir
. [ )
- Hai chiéu: ]
Mat dét
Muc nuédc
Phén tir
L \
Phén tir

- Ba chiéu:

-Buwéc 2:  Chon ham x4p xi thich hop

Phuong phdp phan tir hitu han dp dung ¢ diy thudng 12 phuong phdp
Galerkin- goi tat 1a phuong phdp phan tir hiru han Galerkin.

Pé tim dugc nghiém trén cdc mién con diéu quan trong 14 phai chon
ham toa do Np(e) ( hay con goi 1a ham ndi suy, ham dang) ddm bao su li€én
tuc cua cdc dai lugng can tim gitra cac phan tir trong mién D.

-Buée 3: Xy dung phuong trinh phan tr
Mién V duoc chia thanh n, phﬁn ttr (mién con Ve ) bo1 R diém nit. Tai mot
nut co s bac tu do, thi so bactwrdocuaca hé la: n =R.s
Goi { ¢ } 1a véc-to an cua toan he, { ¢ }. 1a véc-to dn cila moi phan tir; gia su
mdi phﬁn tr c6 r nit, thi sd bac tw do cia mdi phﬁn trla: r.s
Tacélienhé {q}. = [L]lc . {7} (3.19)
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(ne.1) = (e.n) x (n.1)
Voi [L]e du0’c g01 la ma tran dinh vi.
Ung v6i mdi phén tir, ta ¢ phuong trinh ma tran:

[Kl{gbe= {C}e ‘ (3.20)
[K]. ma tran phan tor, {C]e vecto vé phai phan tir

{q}1a tap hop cdc gid tri cAn tim tai cdc nit ctia phan tir
-Buéc 4: Ghép nbi cdc phan tir
Tap hop cho tit ca cdc phan tir trong mién V, ta c6:
> [Kl{q}e= 3 {Ch
Viét lai: e[_?] {g} = {E; (3.21)
Trongds:  [K]= 3 (Kl = 3 [LLIKLL

l=Xln = 3 mton
{K}- Ma tran tong thé

{d}- Vecto tap hop tong cdc 4n can tim tai cdc nit (tong bac tu do
tai cac nut)

{C} Vecto céc s6 hang tong thé & vé phai

Nhu vay viéc st dung ma tran dinh vi [L]. détinh [K] va{C}, thuc chat
l1a sa‘ip xép cac phén tir [K]., {C}. vao vi tri cia nd 0’ trong [K] va{cC}. Tuy
nhién trong thuc hanh nguoi ta khong dung cach nay.

Sau day, sé glm thieu mot cdch ghép noi truc tiép dé thiét lap ma trdn
tong thé va vecto vé phdi tong thé ma khong can xir dung ma tran dinh vi
[L}e .

Gia sir xét bai todn thdm c6 dp trong mién Q (A B C D E F), mién
dugc chia thanh 8 phan to tam gidc (ne =8), ¢6 9 diém ndt (R =9), tai m6i
diém ndt c6 s bac tu do (so an sd tai nidt ), & day s =1 1a cot nu0’c thdm, mdi
phan tor tam gidc c6 3 diém ndt (r = 3); thi s bac tu do cta mbi phan to la:
rxs =3x1 =3 (xem Hinh 3.5).
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Y (m)

3[5' V¢;E D k
26> @ @ ®8 i Q
13 ®°® & |, j
{/’\L = c *m

Hinh 3.5: Vidubai todn thAim c6 4p mién tinh todn (ABCDEF)

Néu ciing véi phan tir tam gidc c6 ba diém nit ndy r = 3, tai mdi nit ¢6 ba an
h, u, v nhu bai todn dong chay hé hai chidu ngang s = 3, thi sd bac ty do cta
moi phﬁn trla r. s =3x3 =09, ta s& duoc ma trdn phan tir (9, 9). Pé don gian
ta xét phan tir tam giac tai mdi nit c6 mot bac tw do. Mdi phan tir (0 day la
tam gidc) dugc ddnh so6 céc nat (i,j, k), theo chiéu duoc qui udc (Chang han
nguoc chiéu kim dong ho), nit i duogc qui wdc la nit & bén trdi va thap
nhit. V&i mdi phan tir bat ky n. ta c6 ma tran phan tir [K]. va vecto vé phai
{c}. nhu sau:

K; K; K, ¢/
k] =k k5 k5| {Cle = {c
K K K !

Vi cdch ddnh s6 nit va phan tr nhu trén ta ¢6 8 phan tr voi cdc nit tuong
ung (ij,k) nhu sau: e(1,4,5), ex(1,5,2), €3(2,5,6), es(2,6,3), es(4.7.8),
e6(4,8,5), €7(5,8,9), e5(5,9,6)

Viduphantr:  es(i,j.k) = es (2,6,3)

ng K;6 K;3 C;
[Kle=s = ng Kg6 Kg3 s va {Cle=s = Cg
K5 Ky K ct

Mdi hé sb K;i* chir e chi sé trén, chi hé s6 nay thuéc ma tran phﬁn tur
nao; i 1a hang nao trong ma trdn tong thé, j 1a cot nao trong ma trdn tong the.
Vidu Kg' day la h¢ s6 cua ma trdn phan tr e =4, nam trong hang 6 cOt
2 cha ma tran tong thé.va ma tran tong thé:
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K] =3Ikl = il[K]e - X

1 2 3 4 5 6 7 8 9
TK# K K, K4
2 K KKK K K+ K+
3 K K K
4 K K 4K K+ K KK
5K# R KK KHHK KKK KH KH KK
6 KK K KK K 4+ K
7 K K K
8 K+ K4 K KHKH K
9 K 4K K K K
) (3.22)

Cong mdt céch twong ti cho vecto vé phai {C}, v6i chid y phép cong nay
gidng cong cic sO hang trén dudong chéo chinh clia ma tran tong thé [ K ]:

{c} =13 {Ck (3.23)

Ta thdy & ma tran tong thé cdc phan tir khdc khong c6 dang duong chéo
(hay con goi la dang Band). Dé tiét kiém bd nhé va thoi gian tinh cia mdy
tinh, ngudi ta chi luu trit cdc phan tir khac khong ndy va thudt todn cling chi
tinh todn v&i cdc phan tir khic khong.

Ngudi ta phai luu trit ca ma trin dang band nay khi ma trdn band c6
chiéu rong Band hep (lién quan dén cdch ddnh sb nit cua cdc phan tir),
khong ddi xang (Hinh 3.6). Chi can luu trit mot nita band khi ma tran ddi
xtng. Khi chiéu rong Band 16n va trong cdc hang ctia Band con nhiéu phan
to bﬁng khong, nguoi ta c6 thé dén ma tran lai thanh ma trin Band hep hon,
nhu vay s¢€ can thém ma tran dinh vi nita. Tuy nhién véi cach luu trit ma tran
Band di theo kiéu nao, thi trong Band van con mot s6 hé sé phan tir bang
khong; do d6 dé loai bo cdc phan tr bang khong & trong Band, ngudi ta con
¢ céch luu trit cdc phan tir khic khong nay ¢ dang vecto goi 1a ky thuat
frontal method.

Thiét 1ap ma trin tong thé cta bai todn ¢ dang ma tran Band

Bai Gidng Chuyén Dé Phwong Phdp Tinh Trang 91



Khoa Xday Dung Thiiy Loi Thiiy Dién By mon Co So Ky Thudat

O dady ma tran téng thé duoc luu trit & dang Band, vi dy ma trn téng thé
khong do6i xting, nén luu trit ca hai Band (Ky # K1)

by 4
— O 7
o o)
[K]= = — [VK] Ky g
0 O
—t -

’|L n k , 2b+1 |

Hinh 3.6: C4ch luu trir ma trdn dang Band

Ta c6 Ky = VK (3.24)
Voi 1 = 1
j = J-1+1+D

( Néu ma tran d6i xing chi can luu trit mot Band, lic d6 j=J-1+ 1)
Sau day la thuat toan theo phuong phap khtr Gauss, viét cho ma tran Band
d6i xtig, chi luu trir mot Band c6 chiéu rong b:

Uéc lwgng thuin Thé ngugc
DO k=1n=1 il
bk = min 7 —k+1, &) P
DO i=k+1 nbk+k-1 DO ii=la=1
il=i—-k+1 i=n—1
FIEAL T mbi = minl 2 —i4+1,8)
DO =i, nbk+k-1 s =
; &y DO j=2, nhi
H=j-i+1
Jje=j-k+1 LR = .5‘3&??2+c1”,f}=+3_1
ﬂ-!-‘ﬂ - ﬂjui'l _Ca-‘:«.i'.g b;‘ =] bi ook

- Buwéce 5: 4p dadt cic di€u kién bi€n cua bai todn ta s€ nhan dugc hé
phuong trinh dé giai nhu sau:
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Cdch dp dat diéu kién bién

Sau khi ¢6 duwoc ma tran hé théng ¢ dang Band, dé viéc 1ap chuong trinh
dugc don gian, kich thudc ma tran thong thé cua bai todn duoc cb dinh khi
c6 sb diéu kién bién 1a bat ki.

Cach lam nhu sau:

Dang phuong trinh [K].{q} = {c} (3.25)
Néu 4n sb thtr i=r duge biét [a o, tic 1a:
gr= o4

thi cdc hé s cua ma tran hé thong dugc bién d6i nhu sau:

— [VK]= [ =

Hinh 3.7: Céch 4p dit diéu kién bién

Kj =0 néu j#r
K, =0 néu i #r (3.26)
K, = 1

Vec-to vé phai ctia hé thong sé 1a:

¢ _klro Q,
¢, —ky,.Q
c} = : 3.27
(c} . (3.27)
Cn - knr' ai

Ciing c6 thé dua diéu kién bién vio bang cdch nhan hé sb trén dudng chéo
chinh ctia ma tran [VK] v6i mot sb rat 1on (tr 10° - 10"), khi ma tran [K]
c6 tinh chat troi hodc khong xau (c4c h¢ so k;; 1a khong qua bé so véi cac hé
s0 khac).
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-Buwéc 6:  Giai hé phuong trinh dai sd

W Ha b= 1} (3.28)

C4ch giai h¢ phuong trinh & dang ma tran (3.28) nﬁy tuy theo tung loai bai
todn (dung hodc khong dirng), tinh chit ctia ma tran lwu trit, cdch luu trit ma
tran tong thé ma chon céch giai thich hop; ching han khir Gauss tryuc tiép,
phép tich LU hay Cholexski hodc giai lip Gauss-seidel c6 hé sé giam du
hay lap theo phuong phdp gradient lién hgp,... (xem N.T. Hung, 2000)

8.5 PHUONG PHAP PHAN TU HUU HAN - Ap dung trong CO VAT
RAN

Phuong phap PTHH 13 mot phuong phdp sb c¢6 hiéu qua dé giai cdc
bai todn tng dung c6 diéu kién bién.

Xap xi 4n trén mién con V. (phan tir), X V.= V (mién tinh todn).
Cac phﬁn tr ndi két lai cac diém ndt. Tai ndt chira 4n bai todn (cOn goi 1a bac
tu do).
Phuong phép nﬁy la chu dao trong cic bai todn co hoc vat ran, dic biét thich
hop cho bai todn c6 mién x4c dinh phtc tap, diéu kién bién khic nhau. Lap
trinh, tw dong, tinh todn d& dang va trd nén théng dung nhd sy phat trién cta
mady tinh dién tur. ’ ’ ’

Véi bai todn co hoc VAT RAN bién dang & CO KET CAU diing 3
mo hinh:
+ Mo hinh tuong thich : Xem chuyén vi la dai luong can tim trudc
+ M5 hinh cAn bang  : Xap xi ing XUuAt trén ting phan tu, di tim tng suat
+ Mo hinh hdn hop  : Xem chuyen vi & tng suét 12 hai yéu t6 doc lap.

~ Ham xap xi biéu dién gan ding dang phan bd cta chuyén vi va ung

suat.

Dbi v6i céc bai todn trong co hoc chit 16ng, thuong thiét 1ap bai todn
theo dang theo dang yéu Galerkin - trén ting phan tir (Xem sich chuyén
khéo cua cung Téc gid).

BAI TOAN BIEN (Bai toan cé diéu kién bién)

Trang thai ban dau G, bién cta thé tich V 1a S

Sau khi ¢6 ngoai lyc tic dung né bién d6i thanh trang thai G .

Hay tinh tai moi dlem I(x,X,) nhitng théng sb trang thdi nhu: Chuyén
vi u, bién dang €, ng suét G,.
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, du :
Biét lién hé: [€] = [a_x] tai 1 di€ém

[6]=[E].[€],v&iE: Tinhchitctavatliéu

|
u=0 I VT G

v
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PHUONG TRINH TiCH PHAN (Integral equation)

Mubn giai bai todn cé diéu kién bién nhu trén, ngoai cac lién hé da néi
trén, ta con can cic phuong trinh cin bang. C6 2 céch thiét 1ap phuong trinh
can bang:

e Cach thir nhat: “Phwong trinh vi phan + Diéu kién bién”

dx, -
4

v

O

X

Xay dyng phuong trinh can bang cho mét vi phan dién tich [dx;,dx.]
bao quanh diém I bét ky.

D{[u],[E]} = 0: Goi la phuong trinh vi phan.

Cong thém céc diéu kién rang budc cho trudce trén bién (u=0, ¢ = G;)

Trong “Phuong phép sai phan”, sir dung phuong trinh cin bang theo
céch nay
(dé giai ngudi ta chuyén dang VI PHAN vé dang SAI PHAN)

e Cach thi 2: “ Nguyén ly bién phan - cyc tiéu phiém ham “

Dung ly thuyét bién phan dé xay dung phuong trinh cin bang cho ca
vung (V), ké ca bién (S), goi: Phuong trinh tich phan va tim cuc tiéu ph1em
ham & dang tich phan nay dIT = 0; ddy chinh la “Phuong phép cin bang”.
Giai phuong trinh nay sé& cho ta 16i ddp s6 cia bai toan.

Trong két cdu ham IT goi thé ning va & day str dung bién phan vé
chuyén vi.

CAC PHUONG TRINH CO BAN:
Chuyén vi - bieén dang va @ng suat trong phan tir
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Ma tran d¢ cirng phin tir va vecto tai phin tir

Ta co: {u}e=[NHlq}. (1)
v6i {q}e chuyén vi nit phan ti.
Tu lién hé gifra chuyen vi {u}e.va bién dang { € }. ta co:

{e}e=[0{u}, =[d][NKa}.=[Bld. 2)
trong do: [B]=[0 ][N]
Khi vat liéu tuan theo dinh luat Hooke ta c6:
{o}e=DI({ e }e-{£"})+{0"}. 3)
Trong d6 : {6°}e, {€° }e 12 Gmg sudt va bién dang ban dau cua phan tir.
Mang (2) vao (3) dugc: {oc}. = [D][Bl{q}. - [D]{ €° }e+{c50}e 4)
Hay: {6}e = [T1{q }e- [DI{ & }e+{c"}e 5)

Trong d6: [T] = [D][B] go1 la ma tran tinh ung suét phan tur.

Tu (1), (2), (5) cho ta biéu dién chuyen vi, bién dang va ung suét trong phan
tu theo vecto chuyen vi nat phan tor {q}e.

Thé ning toan phan ctia phan tir:

_ J'E{g}e_{o}edV-J‘ () fu)av- | (BT}, dS (5

e Se
Thé (1), (2), (5) vao (6) dugc:

I1,((g).) = [ (). (BY DIBD.Ag}, v -

VL’

(J e wav [ P w5 SV LIDIBNAY - [Ho" ) Bav)g),

S, Vv, V.
Hay: [1.dq}.) = —{q}e [K1.{q}, —{q}," AP}, (7)
Trong d6: [K]. = J[B]T[D][B]dV goi 12 ma tran phan ti

®)
(P), = [INT (¢),aV + [ (N)'(P).dS ¢ [J{B"LIDL{e"},)av -
S. v,

Ve
1 [
[S1BT" {o°}.dv (9)
Vv, 2
{P} goi la vecto tai phan tir. ‘
Trong dé: {g} la lyc khoi, {P}tai trong bé mat.

GHEP NOI CAC PHAN TU - MA TRAN DO CUNG VA
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VECTO TAI TONG THE

Mién V duoc chia thanh ne phan tir (mién con V. ) béi R diém nuit.
Tai 1 nit ¢6 S bac tu do, thi s6 bac tw do cahé: n=R.S

Goi { g } 1a vecto chuyén v1 nut téng thé. Gia sir mdi phﬁn thrcodr
nit, thi sb bac ty do ciia mdi phﬁn trla: n.=r.S.

Ta c6 lién hé: {q}e = [Lle. {q} (10)

(ne.1) (ne.n) (n.1)

v6i [L]e goi la ma tran dinh vi.
Str dung (7) va (10) ta c6 thé nang toan phﬁn cua hé:

[T =210 = 2@ L KLILLG (AL

(11)
Ap dung nguyén ly thé nang toan phan dung (nguyén ly Lagrange) ta
s€ c6 di€u kién can bang cua toan hé tai cic diém nut:

o[l
9,
o[l _
o,
S[1=0c. 7 C) D GRS
| hay ¢ dang ma tran: A7) {0}
o[l
2,
aH e T ~ = T
Vata cé: 3al = [ 2 ILIS[KLIL] 1.4 9} —Z,[L]e- {P}. ={0}
Vit lai (K143 —{P ={0} (12)

Trong d6: [K 1= [L];.[K],.[L],] goi 12 ma tran ctng tong thé.
e=1

. ne
{P} = Z[ L]Z{ P} e goi 1a vecto tai tong thé.
=1

Ghi chi: Viéc sir dung ma tran dinh vi [L]. dé tinh [K] va {P}, thuc chét 1a

sdp xép cdc phan tir [K]., {P}. vao vi trf ctia né trong [I_(] va {P]. Tuy
nhién trong thyc hanh ta khong dung cich nay.
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Phép chuyén truc toa do
O trén day da xay dung [N], [K.], {P}. trong h¢ toa dJ thich hop cua moi phﬁn tu,
goi 1a h¢ toa do dia phuong (va do d6 cic bac ty do cua phﬁn tu cling lfiy theo hé
toa do nay).
Tuy nhién trong thyc té, thuong gip cdc két cdu ma cdc phan tir khac nhau thi c6
cac hé toa do dia phuong khac nhau va do d6 cac bac ty do cua phﬁn tu cting khac
nhau vé phuong.
Do vay can thiét c6 hé toa do chung cho toan hé.
Goi (x, y, z) 1a hé toa do dia phuong twong tng {q}., {P}., [K].

(x’,y’, z’) 1a hé toa d6 tong thé twong tmg {q’}e, {P’}e, [K’].
Taco quan h¢: {q}ez[T]e{q, }e (13)

(P)=[Tl.. (P (14) ‘

[T]. 1a ma tran bién d6i toa d6 tur (x°, y’, 2°) ve (X, Y, z).

Mit khéc: He=% {q}7[K]e {q}e - {P}'e{q }e. Thé (13) vao day ta duoc:
M= (@' ITIUKLITL (@) - (PYLITL (')

hay HF% (@)K T e - {PYITIe {7 e

Trong d6: [K'1=[T]"[KIe[Tle va {P’}=[Tlc {P}e (16)

So sanh 14 va 16 ta thay [T]". [T]. =[J]: Ma tran don vi

Khi [T]. 12 ma tran vudng thi [T]." = [T].", [T]. 12 ma tran tryc giao

Tuong ty khi 4p dung nguyén 1y thé nang toan phan ding cho toan hé ta duoc :

[Ig}{q_} = {I;} trong d6 : [I;]:i[KL trong hé toa do (x,y,z) (17)
e=l

{P}:Z [P'l+{P}n (18)

e=1
O day $6 hang thu 2: {P} trong (18) I1a véc to tai trong tap trung dat tai cic nut
tdc dung theo cdc phuong twong ng cia céc thanh phan trong véc to chuyén vi
nut két cau {q’ }., goi véc to tai trong nut.
Ghép noi phan tir hay st dung ma tran chi so dé xay dung
Ma tran do cung tong thé va vecto tai tong thé
Pé xdc dinh sy twong ung ciia mdi phan tir thudc {q}. trong d6 {4} (hodc {q}.
trong {7}). Nguoi ta lap ma tran chi s6 [b] (con goi 1a ma tran lién h¢ Boolean) ma
gid tri clia mdi thanh phan by chinh 12 chi s6 tong thé twong Gmg béc tu do thir j clia
phan tir thir i. Ma tran chi s6 [b] ¢6 s6 hang bang s0 phan tir cua h¢, s6 cot bang s6
bac ty do ciia mot phan tu.
Vidu:
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C 4 1
Q_ O s O S 6 O =
Jz s Js gz
Chésék] NUT i NUE |
cud bad
Phab taé 1 2 3 4
(O qs
@ . 2 3 4 QTI ( Tj
@ 3 4 5 6 q. @ &4
5 6 7 8
@ s ~

K 5? gop them =>K (b, b,,) =K,

K2,4(3) gop thém =>K (b, by,) =K

Xe o1 A e , A A ~ 2r A A N
Moi thanh phan K j cua ma tran phan tor [K]. s€ phai gop thém vao

phﬁn tr Km’n cla ma tran téng thé [f(] V01 m = bgj, n = bej (nh¢ 1a b, b 1a

céc gia tri cua phan tr hang e, cot i va hang e cdt j) cua ma tran [b]

[b] = )

W

A e(hang)
-

L 1
\ {cot) /

] _
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Vidu: Tinh toan hé thanh
1. Phdn tir thanh chiu bién dang doc truc
Di biéu dién chuyén vi doc thanh:

U(x) = [N].{q}e

ron (0N e = =
g q qj . uj . L=a

Chon ham chuyén vi c6 dang bac nhéat:

e N

X X
[,N] [N N ,[(1 L) 3 I, * - l*
v41 bién dang va trng suat chi c6 theo d>
phuong tryc ox: L=a | @
{g} ={e,} *
o} ={c,} i
Ky higu:  [d]= [%} : lx qsr

[D] = [E] => Ok = E.e,
v61  E - modun dan héi Young cua vat li¢u
D- 1a ma tran li€n h¢ gitra rng suat va bién dang: [c] = [D].{e}

Taco: [B]=[0].[N]= {EHU—i) i} ={_—1 l} =%[—1 1

dx L L L L
1 -1 _ 1 EF |1 —1
K].= |[B]".[D].[B].dV = |— E.—[-1 1].Fdx=—.
[Kl.= [[BT"[D]{B] QLL} -l ]XLL J
Trong truong hgp chi c6 luc phan bd doc truc p(x) = q, vecto tai dugc tinh:
X X
L Ll (1——) Ll (1——) 1
= [INT” - L _ L _9L )1 _qa
{Pe}_J;[N] .{p(x)}.dx—l' x .p(x).dx—J; x g.dx = > {1}_ >
L L
Ma tran téng thé (c6 dugce khi cong hai phﬁn tir thanh):
e[t el ]
[Kl=—| (+1) -1|=— 2 -1
a a
sym 1 sym 1
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R
Vecto tai trong nut: {15} =:0¢,
! 0

1 Rl |2+R
y . (=) qa 2
Vecto tai tong thé: {P}z— 1+1;+<0,=9 Qa
2
1 0 9a
2

Ta c6 hé phuong trinh: [I&Hé} = {f’} duoc tinh cu thé nhu sau:

_ a
1 -1 a,| (B4R
EF _ 2
o 2 —1K0Q,= ga
sym 1 |5 ga
ds 5
Piéu kién bién chuyén vi: g, =0
3 g
i
Giai hé nay ta dugc: ) i quF
T 2EF
Xac dinh ndi  luc: s
_ /
€ =du/dx | 3qa/3 4 7
/ \Chonh xoc
«—FEM
o, = Ee =consi Ny /
a
Iuc doc: d / @
N.=F.c, =EFg, 4qa/2EF /
~qa/%
0
du 1 1 a
e I | ECA
1 2 EF
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303"
du 1 1] 2| _0qa
—pr.—| =ER— —| =—
N2=EE- 4y, F[ a a} 49a°| 2
2 EF

2. Phan tir thanh trong dan phding

Trong dan phang xem mdi méit dan 1a mot dinh niit, mdi thanh dan 13
mot phﬁn ttr chiy bién giang doc tryc:
qi =q2ily + g oy
Q2 = q 21k + q2my ‘ ,
Trong do: !ij’ m;; ’121 cosine chi phuong cua truc phan tir (truc x) doi voi hé
truc tong thé x oy .

Ta co: {q}eE{uwuz}Z E{qqu}l
) ' o AT ' e T
{q }CE{Ui,Vi ,Uj,Vj} E{in—1,Q2I,Q2j-1,Q2j}

nén: {q}e=[T].. {q’ }e trong d6 ma tran chuyén truc,

[l m 00
M=l o 1, m,

i
Vay ma tran d0 ciing trong h¢ toa do téng thé:
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0
.. m. 0O O
S _mijO EF| 1 -1 I i
[K ] =[T] "¢ .[K]..[T] = 0 1 XTLI 1}< {0 0 Iij m”}
_O m

Cuoi cung:

- , _
I Iym, =15 —lI,m,
2 2
K’ - m;  —lm, —-m;
= 2
Kle= T I lym;
2
| Sym My
Chuy: | | Y o
, ;X
lij :COS(X,X) = L
my; = cos(x,y’):—yl' EYi i ;
| S il |
Vé’l:L=\/(Xj—Xi) +(yi—yi) i i
Theo hinh vé: o L | >
. X1 1
lj = cos (a), my=sin(a) X] X

cosad sina O 0
Nén [T]. =

0 0 cosa sina
Noi lyc thanh dan: ¢ =[B]{q},, 0, =Ee,,N =06, F=EF.[B].{q}.
Nén N.=EF[B][T] {q}.=[S, 1{q'}, véi: [S, I=EF[B][T];

~ -1 17](ly my 0 O | EF
[Se]=EF|:T E]|:OJ OJ | mj|=T[_1ij —m, lij mij]
) ;

ij

[Se]:T[—cosoc —sin0  cosO smoc]
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KHUNG PHANG

y
dv/dx
Y A dv/dx
|
I \Y
\75 7/
LB x|
) u=-y.dv/dx

Ta c6 vecto chuyén vi nut phan tu:

{q}e :{V1 e1 v, 92}: = {q1 d. d, q4}l

Véi goc xoay: 0= dv
' dx
Quan h¢ gitra chuyén vi doc truc u va d¢ vong v la:
U= -y.Q
dx

Trong d6 y la khoang cach tir diém xét ti tryc trung hoa.
Khi d6 bién dang doc tryc:
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e =@ —y d’v
odx dx?’

Vé6i:  [N] 1a ma tran ham dang
[N] = [Ny Na N3 Ny

voi: v=[N].{q}.

. x® _x° X X2
Véi: NI(X) = 1-3F+ 2? N NZ(X) = X(1-2T+F)
x® _x° G
N3(X) = 3F_2F 5 N4(X) = X.(—L—+F)
e . dZN , d2
Viét lai: € =-y.—-{q}. =[Bl{q}. , trongds: [B] = -y—[N]
dx dx
-6 X —4 X 6 12x_ -2 6Xx
Hay: Bl=-y|(—+12—)(—+6—)(—— S B
y:  [B] Y[( - L3)( L - )(L2 O ) T )}

Ung suit tai moi diém cta dam chiu udn: O, = E-SX , biéu dién dang
ma tran: {6} =[D].{e}, ¢ day: [D]=[E]
Ma trin phan tir ctia dam chiu udn: [K]. = [[B]"[D][B]dV = E[[[B]"[B]dF.dX
Ve LF

Tinh cu thé dugc:

12 6L -12 6L |
412 —eL 2L2
K], = £ ,
L, 12 —eL
sym 41° |

voi ], = j y>dF : Momen qudn tinh ctia mdt cat ngang d6i vdi truc z.
F

Vecto tai {P}. tinh theo cOng thirc:
M- dN

{P}e=f[N]Tq(X)dX + > [N(x )" Q, + Z‘,[d—x(xMi "M,
L i=1 i=1
Véi q(x): tai trong phan bd; Q; : Luc taflp’trung (c6 hoanh d’(f) Xqi), M; :
Momen tap trung c6 hoanh dd xyg, nQ, ny; sO luc tap trung va s6 mémen tap
trung.
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B 2 3] )
P 2x* x° ql’
P X= T2
(Ple= 45 1=1] 50 ot fadx=1 i
3 L _ R
P L L 2
4 _X_2+X_3 _qLZ
L L S 12
[ %2 23°
AN
P 2 3
1 22 a
%l _Na=a L L
{P}e= P =[N(a)] . Q=Q % 2a°
P, [
-a, a
L L?
Momen udn:
d?v d?
M = EH]J. =EJ N
NG OIxg[ {al.
M = E\.[ N]{ C]}e LOc phon bO P3
P
Véi: o . ]T N
2 \J A P4
N2 nT d
IN“]=[Ns N> N5 N'4]
Y
I

Goi {M}.= {M(tai nut1)

M (tainut 2)} C) %
12 mOomen udn tai 0 —
P, a \/§4

dau nit phan tir

L
{M}e:{l\l\j1}

C6 lyc tap trung Q
dat 6 toa do xp=a
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M}, = EJLI:II((: - 0)}.{q}e

=L)
M}, =[Sl.{a}.

Vay: [S].=gg| [N (O |_EJ/-6L-4L® 6L —2L°
Y [N"(L)]| L°| 6L 2> —6L 4L°

Cau hoi:

1. Trong trudng hop nao ham dang ddng nhat véi ham ndi suy ?

2. Neéu dic tinh cua ham dang ?

3. Trong phuong phip PTHH budc quan trong nhat 1 thiét 1dp phwong trinh phan tir
(hay con goi tinh ma tran phan tir), vi sao ?

4. Tai sao trong thyc hanh 1ap trinh tinh todn, nguoi ta khong str dung ma trén dinh vi
dé thiét 1ap ma tran tong thé ?

Bai tap

Bai 1:

Hay trinh by phuong phdp Phan tir hitu han Galerkin tong quét va dp dung cho
bai todn mét chiéu (one dimension 1D) nao d6, do em tu chon, c6 sb phﬁn tir ne =
3 + 7, tu cho cic phuong trinh ma tran phﬁn tor (element matrix equations)
[K]°.{X}={c}® . Hay thiét 1ap hé phuong trinh ma trin cho toan hé: X [K]°.{X} =
¥ {c}*

Bai 2:
2

Giai phuong trinh d {
dx

= — f(x) v&i chiéu dai thanh 1 = 10cm véi diéu kién bién

T(0,t) = 50, T(10,t) = 100 va ham phén b nhiét d6 f(x) = 20, theo phuong phap
phan tr hiru han Galerkin.
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The end
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