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1. Ma tran
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1.1 Dlnh nghia va hiéu

1.2 Ma tran vuong

1.3 Cac phép toan trén ma tran

Lé Van Luyén (DPHKHTN HCM) Ma tran va Hé PT tuyén tinh 06,/04/2010 3/ 84



1.1. Dinh nghia va ky hiéu
Simpo PDF Merge and Split Unregistered Version - http://w

Dinh nghia. Mot ma tran cap m x n trén K 1a mot bang chit nhat
gom m dong, n cot véi mn hé sé trong K c¢6 dang

aii ai2 Ain

a a a
A= 21 22 2n

Gml Om2 Amn,

Viét tat: A = (aij)mxn hay A = (aj;), trong d6 a;; € K.
a;j hay Aj; la phan tit & vi tri dong i cot j cia A

M, (K) 1a tap hgp tat ci nhitng ma tran cap m x n tren K.
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1.1. Dinh nghia va ky hiéu

Simpo PDF Merge and Split Unregistered Version - http://w
Vi du.

1 2 3 L2
A= S M2X3(K); B = 01 S ngg(K).
01 2 9 3

> Ma tran c6 cac phan tit bang 0 dugce goi 1a ma tran khong, ky hieu
Omxn ( hay 0)

Vi du.
00 0 O
O3x4=1 0 0 0 O
00 0 O
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1.2. Ma tran vuong

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Néu A € M, x,(K) (s6 dong bang s6 cot) thi A duge goi
la ma tran vudng.

ail  ai2 Aln
A= a1 a2 a2n
anl an2 Ann

M, (K): Tap hgp tat ca cac ma tran vuong cap n tren K.

Vi du.
-1 3 2 0 00
A= 2 -1 1 )eMK); 03=|0 0 0
5 2 3 0 00
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1.2. Ma tran vuong

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Néu A = (a;;) € Myxy(K) thi dudng chita cac phan ti

11,99, - . - , py dugc goi 1a dudng chéo chinh hay duwong chéo cta
A.
air a2 a1ln
A= a1 a2 Q2n
anl Qan2 Ann
Vi du.
1 3 5
A= -2 -3 3
2 -2 1
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e Néu cac phan tit nam dudi duong chéo ctia A déu bang 0 (nghia la

ii =0, V > j) thi A dug 1 t tré
i i 2) PDF Mer geoér?dmsapmaﬁn?enélstzgrced Version - http:/w

e Néu cac phan tt nam trén dudng chéo ciia A déu bang 0 (nghia 1a
a;j = 0,Vi < j) thi A dugc goi 1a ma tran tam gidc dudi.

e Néu moi phan tit nam ngoai dudng chéo bang 0 thi A (nghia 1a
a;j = 0,Vi # j) dugc goi la ma tran duong chéo, ky hiéu
diag(aj,a9,...,an).

—
@)
o

\
[\
\
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Ma tran don vi

Simpo PDF Merge and Split Unregistered Version - http://w

a tran vudng cap n €6 cac phan ti trén ducng chéo bang 1, cac
phan tit nam ngoai dudng chéo bang 0 dugc goi 1a ma tran don vi
cap n, ky hieu I, (hozc I.)

Vi du.

S
|
VRS
S =
)
N
&
|
S O =
S = O
= o O

Nhan xét. Ma tran A la ma tran duong chéo khi va chi khi vita la ma
tran tam gidc via la ma tran tam gidc dudi.

v

Lé Van Luyén (DHKHTN HCM)

Ma tran va Hé PT tuyén tinh 06,/04/2010 9/ 84



1.3. Cac phép toan trén ma tran

Simpo PDF Merge and Split Unregistered Version - http://w
a) So sanh hai ma tran
Cho A, B € My, xy. Khi d6, néu a;; = b;j, Vi, j thi A va B dugce goi
13 hai ma tran bang nhau, ky hiéu A = B.

. . 2 r+1 1 . 3y —4 1
Vi du. T1mx,y,zde<2$_1 z>_<y—1 2,2—1—2)' }

Giai. Ta co

z+1 = 3y—4; x = 1;
20 -1 = y—-1;, & y = 2;
z = 2z+42. z = =2
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1.3. Cac phép toan trén ma tran
Simpo PDF Merge and Split Unregistered Version - http://w

b) Chuyén vi ma tran
Cho A € My,xn(K). Ta goi ma tran chuyén vi ctia A, ky hieu

AT, 1a ma tran cAp n x m, c6 dugc tit A bing cach xép cac dong ciia A
thanh cac cot tuong ing, nghia la

ail a2 ... Qlp a1y agl ... Gl
A= asy a9 N 0 X e) thi AT: a1 a2 ... Qam2
aml Am2 Amn A1n A2n Gmn
Vi du.
Lot s oo
A=|6 -8 01 |=AT=
0 4 -3 6 o3
5 1 6

v
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e Néu AT = A thi ta néi A 1a ma tran doi xing.

* Néu ASimpo’'PhRietde gmtl ‘Spiit Uriregistered Version - http:/

1 2 -2
Vi du. A= 2 4 5 | la ma tran déi xing.
-2 5 6
0 -2 1
B = 2 0 -3 | la ma tréan phan xing.
-1 3 0

Tinh chat. Cho A, B € My,xn(K). Khi do:
D) (AT)T = 4;
ii) AT=BT & A=DB.
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c) Nhan mét sé véi ma tran
Cho ma tran A € Ta dinh nghia oA 13 ma t

c6 tir A §§1Wg09agfprﬁlgﬂ%rﬁec§a§ SRl cﬁreﬂ'%r& ngRISRN - b/
(OéA)ij = ()éAij,Vi,j.

Ma tran (—1)A duge ky kieu la —A dugc goi 1a ma tran doi cla
A.

01 -3
6 8 2
2A_<02—6>"
-3 —4 -1
_A_< 0 —1 3>'

Vi du. NéuA—(3 4 1>th‘1
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Tinh chat. Cho A la ma tran va «, § € K, ta cé
i) (ag$HMPQMRF Merge and Split Unregistered Version - http://
i) (d)T =aAT;

iii) 0.A=0va1.A=A.
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d) Tong hai ma tran )
a ggz élil’gfgg( g I%ﬁﬂ\l(/lﬂé()ggg}gndé) é%ﬂfl Lﬁlﬁ?eéig%efgédk%glr%‘;’o% Trllgtt%)a://w
(A+ B)ij = Aij + Byj.

Nhu vay, dé tinh A + B thi:
e A va B ciing cap;
e Cac vi tri tuong tng cong lai.

Ky hieu A —B:= A+ (—B) va goi la hiéu cia A va B.

Vi du.
23 0 + 10 -4\ (3 3 —4
1 2 -3 78 -3) \ 8 10 -6 )
23 0) (10 —4Y_( 1 34
1 2 -3 78 -3) \ -6 -6 0)/°
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Tinh chat. Vdi A, B,C € My,xn(K) va o, 3 €K, ta co
) A 1 Simpg; RDF Mﬁﬁ%@a@ﬁ%ﬁ?"t Unregistered Version - http://
(A+ B)+C = A+ (B+C) (tinh két hop);

)
D) Omxn + A=A+ Opsen = 4;

) A+ (=A) = (—A) + A= Omxn;
v) (A+B)T=AT +BT;
i)
i)
i)

iii

iv

vi) a(A+ B) = aA+ aB;
vii

(a+ B)A = A+ BA;
(—a)A=a(-A) = —(aA).

viii
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e) Tich hai ma tran
Cho hai ma tran A € M, Khi do, tich
i 5 o EB M AR SelUnisgisiéed Yelsian s hiiom

(AB)ij = AinB1j + AiaBaj + ... + Ain By

bln

Nhu vay, dé tinh AB thi:
e Sb cot clia A bang s6 dong ctia B;
e Phan tit thit 4, j cia AB bang dong i ctia A nhan cot j cia B.
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1 3
Vi du. Sifh pb=Pé% Mzgrge;a)dlspm(uaregist}se@ v rsion_-(l)@p://
3 -1

ta co:

nhung AC va C'B khong xac dinh.
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Tinh chat. Vdi A € Myxn(K), B, B1, By € Myyp(K), C € Myyy(K),
D, D, SimpeRPFEMerge and Split Unregistered Version - http://i

i) IyA = A va Al, = A. Dac biét, véi A € M, (K), ta co

I,A=Al, = A.

ii) OpxmA = Opxn v& ADpxg = Omxq. Ddc biet, vdi A € M, (K), ta co
OnxnA = AO0pnxn = Onxn-

iii) (AB)T =BTAT,

iv) (AB)C = A(BC).

v) A(B1+ B2) = AB1 + ABs

(D1 + D3)A = D1 A+ DyA.
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f) Lay thita ma tran
Cho A € M, (K). Ta goi luy thiia bac k ciia A la mi
thuoe MO[RPAF M@%@Q%}?@ h#gﬁ%gggﬁered Version” http I
AV =1, A = A; A% = AA; .. AR = AR A,
Nhu vay A* =A... A.
—

k lan
Vi du. ChoA:<(1) ?).TinhAQ,A?’, tit d6 suy ra 4200, J
Giai.
1 3 1 3 1 6
2 _ _ _
wear=(o 7)o 7)=(a ")

wera=(5 1) (0 1) =0 1)
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1 200 x 3

200 _
Suy ra A —<F0 1
D

Merge and Split Unregistered Version - http://w

11 P 100
0 1).TmhA .

Simpo P
Vidu. Cho A= (

1 11
Vidu. ChoA=| 0 1 1 |.Tinh A" v6in > 1.
0 01

Tinh chat. Cho A € M, (K) va k,l € N. Khi do:
i) I* =1,
i) AR = Ak AL
iii) AM = (Ak)!
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g) Pa thic ma tran Cho A € M, (K) va

Simpg PRE Vierge-and Split Upregistergd Ygrsion - http://w
14 mot da thie bac m trén K (o; € K). Khi d6 ta dinh nghia
f(A) = 0 A™ + a1 A" 4+ A+ ol
va ta goi f(A) 1a da thic theo ma tran A.

Vidu. Cho A= < _f _i’ > va f(z) = 32% — 22 + 2. Tinh f(A). J

7 -9

ens A2
Gidi. Ta co A° = ( _3 4

), f(A) =3A2 —2A +2I,.

Suy ra
7 -9 —2 3 10 27 —33
f(A):?’(—a 4>_2< 1—1)”(0 1):(—11 16)
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2. Céac phép bién ddi sd cap trén dong

2. Cac phép bién doi so cap trén dong

Simpo PDF Merge and Split Unregistered Version - http://w
2.1 Cé(EJ phép biéngd()i SO c%p tréngdbng P

2.2 Ma tran bac thang

2.3 Hang ctia ma tran
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2. Cac phép bién dé

2.1 Cac phép bién doi so cap trén dong

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho A € M,,x,(K). Ta goi phép bién doi so cép trén
dong, viét tat 1a phép BDSCTD trén A, la mot trong ba loai bién
déi sau:
Loat 1. Hoan vi hai dong 7 va j (i # 7).
Ky hiéu : d; < dj
Loai 2. Nhan dong ¢ cho mot s6 « # 0.
Ky hiéu: d; := ad;
Loai 3. Cong vao mot dong i véi 8 lan dong j (5 # ).
Ky hiéu: d; := dj + Ad;
V6i o 13 mot phép bién doi so cip, ky hieu ¢(A) chi ma tran cé tir A
qua .

. 1 -2 dyds 2 3 do:=2d> 2 3
Vi du. —><1_2>—><2_4 .
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2. Cac phép bién ddéi so cap trén dong

Vi du.
Simpo PDF Merge and Split Unregistered Version - http://\
1 -2 3 2

A= 3 6 -1 -3
29 1 3 4
2 1 3 4
diods 3 6 -1 -3

2 1 3 4
22,6 12 2 —6
1 -2 3 2

4 -3 9 8

Db, 6 12 -2 —6
1 -2 3 2
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2. Cac phép bién ddéi so cap trén dong

Twong duong dong

Simpo PDF Merge and Split Unregistered Version - http://w
Nhan xét.

1) ASZY, = 4 B9 g,

d;: di:=1d

9) A =0l g p SR Y,

dy:=d;+3d; dy:=d;—d;
3) A T e g BTGy

Dinh nghia. Cho A, B € My,x,(K). Ta n6i A twong duong dong
véi B, ky hieu A ~ B, néu B c6 dudc tit A qua hitu han phép bién doi
sd cap trén dong nao d6. Vay,

A ~ B & Ton tai cac phép BDSCTD ¢4, ..., ¢, sao cho

AZS A2 P AL = B.

v
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2. Cac phép bién ddéi so cap trén dong

Nhan xét. Quan hé tuong duong dong la mot quan hé tuong duong
tren M, RD Rk Nevge rnd Split, Unmeyistered Version - http:/in
i) A~ A (tinh phin za).
ii) A~ B = B~ A (tinh dbi zing).
iii) A~ Bwva B~C= A~ C (tinh bic cau).

1 2 -2 3 2 3 -2 1
Vidu. A=|12 51 |~|58 13 ]|=8B.
2 3 -2 1 3 6 -6 9

Vi B ¢6 dudge tit A qua lan lugt cac phép BDSCTD sau: dy « ds,
do := do + 2d1, d3 := 3d3s.

v

Hoi. Lam cach nao kiém tra hai ma tran tuong duong dong véi nhau?J
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2

2. Cac phép bién déi so cap trén dong

2.2 Ma tran bac thang

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho A € M,;,«,(K). Phan tit khac khong dau tién cla
mot dong ké tit bén trai duge goi 1a phan i co sd cia dong dé.

0o -1 21
Vi du. Cho ma tran | 3 1 —2 3 |.Khidoé:
0 0 00

Dong 1 ¢6 phan tit co sé 14 —1, dong 2 ¢6 phan tit co s6 14 3, dong 3
khong c6 phan tit co sé.

v

Dinh nghia. Mot ma tran dudc goi 1a ma tran bac thang néu nod
thoa 2 tinh chat sau:

e Dong khong c¢6 phan tit co s6 (néu ton tai) thi ndm dudi cung;

e Phan t1t co s6 clia dong duéi ndm bén phai so véi phan tit co s6
ctia dong trén.

O
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2. Céac phép bién ddi sd cap trén dong

Nhu vay ma tran bac thang sé c6 dang

..Simpéll,:ngF Merge ang Split Unregjgtered V@p;sh?n - http://w

0 0 0 A2y +vr eee A2k, ... Q2n

O ...0 0 ... O 0 ... 0 lapg, .- Grn

0O ... 0 0o ... 0 0O ... O 0o ... 0

o

[en}

0 0 0 0 0 0 0 0
1 2 5 4 2 2 3 21
. 100317 | 00 4 2
Vidw A=150014]" B=lo1 03
000 0O 0 00O
A la tran bac thang, B khong la ma tran bac thang.

v
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2. Cac phép bién ddéi so cap trén dong

ma tran bac thang rat ngon

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Ma tran A dugc goi 1a ma tran bac thang rut ngon
néu thda cac diéu kién saw:

e A la ma tran bac thang.
e Cac phan tit co sé déu bang 1.

e Trén cic cot c6 chita phan ti co s6, tat ca cac hé sd khac déu

bang 0.
1000 4 13027
) o100 -7 lo1000
Vidw C=1 g 11 o P=1 00100
0000 O 0000 0

C la ma tran bac thang rat gon.

D khong 1a ma tran bac thang rat gon.
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2. Cac phép bién dé

3 cap trén dong

2.3 Hang ctia ma tran

Pang bac Qi s PDF Merge and Split Unregistered Version - http://

Dinh nghia. Néu A tuong duong dong véi mot ma tran bac thang B
thi B dugc goi 1a mot dang bac thang cia A.

Vi du. Cho
1 2 3 -2 1 2 3 -2
A=| -2 -5 1 -4 |, B=|0 -1 7 -8
3 6 9 —6 0 00 O

Khi d6 B la mot dang bac thang cia A vi B ¢6 duge tir A thong
qua cac phép bién doi: dy := dy + 2d4, d3 = d3 — 3d;.

Hoi. Dang bac thang ctia mot ma tran c6 duy nhat khong? J
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2. Cac phép bién dé

3 cap trén dong

Hang ctia ma tran

Simpo PDF Merge and Split Unregistered Version - http://w
Nhan xét. Mot ma tran A thi cé nhiéu dang bac thang, tuy nhién cdc
dang bac thang cia A déu cé chung s6 dong khdc 0. Ta goi s6 dong
khdc 0 cia mot dang bac thang cia A la hang cia A, ky hiéu r(A).

Ménh dé. Cho A, B € My,xn(K). Khi do:
i) 0<r(A) <m,mn;

)

i) r(A)=0< A =0;
)
)
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2. Cac phép bién ddéi so cap trén dong

Dinh nghia. Néu A tuong duong dong v6i mot ma tran bac thang rut
gon B t18ifprDipi Merge and Splitunregistered:Vetsion - http://i

Nhan xét. Dang bac thang rit gon ctia mot ma tran A la duy nhat va
ki hiéu Ra.

v

1 2 3 -2
Vidu. ChoA=| -2 -5 1 —4 |.Khidé
3 6 9 —6
1 0 17 -—-18
Ra=| 01 -7 8
00 O 0

R, c6 duge tit A thong qua cac phép bién déi: do := do + 2dy,
d3 = dg — 3dy,dy := —1da, dy := di — 2do>.

v
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2. Céac phép bién ddi sd cap trén dong

Thuat toan Gauss
Tim mot aane 6 BE Viefge Ghd Spiit Uiregistered Version - http:/i

Buéc 1: i :=1,7 :=1.

Buéc 2: Néu i > m hodc j > n thi két thuc.

Budc 3: Néu a;; = 0 thi sang Budc 4. Néu a;; # 0 thi thyc hién cac
phép BDSCTD sau:

(lkj

dp = dj, — d; v6i k>

a; 7

Sau d6i: =i+ 1,5 :=j+ 1 va quay vé Budc 2.

Buéc 4: Néu ag; = 0 v6i moi k > i thi j := j + 1 va quay vé Budc 2.
Néu ay; # 0 v6i mot k > ¢ ndo d6 thi chon mot k& nhu vay va thuc hien
phép BDSCTD: d; « dj, va quay vé Budc 3.
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2. Céac phép bién ddi sd cap trén dong

Vi du. Tim moét ma tran dang bac thang R clia ma tran
Simpo PDF Merge and Split Ugregigtered Version - http://in

1 7 -1 =2 =2

2 14 2 7 0

6 42 3 13 -3

A=

Tu d6 xac dinh hang cta A.

Giai.

dyidy—dy r7 1 3 0
4 da=ds—2d 00 -2 -5 -2

_—
dar=ds—6d; 0 0 0 1 0
00 -3 -5 -3
17 1 3 0
da=da—3dy 00 -2 -5 -2
00 o 1 o0
00 0 3 0

Lé Van Luyén (DHKHTN HCM) Ma tran va He PT tuyén tinh 06/04/2010 35 / 84



2. Céac phép bién ddi sd cap trén dong

Simpo PDF Merge(érid SplitUnr@gistérqd Version - http://w

dy=ds—3dy 0 0 -2 -5 =2
00 O 1 0
00 0 3 0
17 1 3 0
d4::d47%d3 0 0 -2 -5 =2 —R
00 o0 1 0 ’
00 0 0 0

Ta c6 A ~ R va R c6 dang bac thang v6i 3 dong khac 0 nén A ¢6
hang la r(A) = 3.

Luu y. Trong qué trinh dua ma tran vé dang bac thang, ta c6 thé
diing cac phép BDSCTD phit hop dé tranh viéc tinh toan céc so 18.
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2. Cac phép bién ddéi so cap trén dong

Vi du.
Tim hangiBtpaRBRFaMerge and Split Unregistered Version - http://
1 2 3 3
A= 2 4 6 9
2 6 7 6
23 1 4
B= 34 2 9
-2 0 -1 -3
11 -1 21
2 3 -1 45
¢= 32 -3 7 4
-1 1 2 -3 1
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2. Cac phép bién ddéi so cap trén dong

Simpo PDF Merge and Split Unregistered Version - http://w
Vi du. Tim tit ci gid tri m dé r(A4) = 3 v6i

1 1 1 2

A= 2 3 4 1

32 m m+1

Vi du. Tim tit ci gid tri m dé r(B) = 2 vdi
1 m m
B=| m 1 m
m m 1
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2. Cac phép bién ddéi so cap trén dong

Thuat toan Gauss-Jordan
Tim mot dane b6 BE Werge Snd Split OnregiStered Version - http:/i

Chi khac Thuat toan Gauss § Bude 3, ta can thie hién cac phép bién
déi sau:

dy = dy— 24, voik #£i;
j
1
aij

Vi du. Tim ma tran dang bac thang riat gon ctia ma tran

7T 1 3 0
7T -1 -2 =2
4 2 7 0
42 3 13 -3

DN ==

v
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2. Céac phép bién ddi sd cap trén dong

Giai.
1 7SImEJO PDF Merge and Split Un?eglstgredlwar?ond ttp://iw
1 7 -1 —2 -2 iy 0 -2 —5 -2
2 14 2 7 0 dy:=d4—6d; 0 0o 0 1 o0
6 42 3 13 -3 00 -3 -5 -3
dyi=dy+1ds 170 é 1
dyr=ds—3dy 001 3 1
d2::7%d2 0 0 0 1 0
0002 0
di:=d1—1ds3 1700 -1
dar=da—2ds 0 010 1 — R
dyimds—3ds 0001 0 A
0000 O

Ta thay R4 la ma tran dang bac thang rat gon ciia A.
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2. Cac phép bién ddéi so cap trén dong

Vi du.
Tim dangpp SR BRGS SRGESPITOAPEJIEEFER Yiision - http:/in
a)y[ 0211 |;
00 3 3
1 2 3 6
byl 2 316 |;
31 2 6
1 -1 5 —1
1 1 -2 3
Ils 1 s 1|
1 3 -9 7
1 3 —2 -1
2 5 =2 1
d) 1 1 6 13
-2 —6 8 10
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3. Hé phuong trinh tuyén tinh

3. Hé phuong trinh tuyén tinh

Simpo PDE Merge and Split Unregistered Version - http://w
3.1 Dinh nghia

3.2 Nghiém hé ctia phuong trinh tuyén tinh
3.3 Giai hé phuong trinh tuyén tinh

3.4 Dinh ly Kronecker - Capelli
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3. Hé phuong trinh tuyén tinh

3.1 Dinh nghia hé phuong trinh tuyén tinh

MG dau Simpo PDF Merge and Split Unregistered Version - http://w

207 — 239y 4+ x3 — x4 + x5 = L

1 + 2xy — x3 + x4 — 225 = 1
4r1 — 10z 4+ bxy — dry + Tz = 1;
20y — 1l4x9 4+ Txz — Txy + 1las = -—1.
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3. Hé phuong trinh tuyén tinh

3.1 Dinh nghia hé phuong trinh tuyén tinh

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Mot hé phwong trinh tuyén tinh trén K gdm m
phuong trinh, n an s6 1a mot hé ¢6 dang

anry + appxre +---+  apr, = by
axnxry + axry +---+  agr, = by (%)
Am1T1 + amaT2 + -+ QmpTn = bm:

trong do
e a;; € K: cac he so;
e b; € K: cac heé s6 tuy do;
e I1,T2,...,%T,: CAc an sO nhan gia tri trong K.

Néu (*) c6 cac he s6 tu do =0 thi ta noi (*) 1a hé phuong trinh
thuan nhat trén K.

v
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3. Hé phuong trinh tuyén tinh

bat Simpo PDF Merge and Split re (stered Ve sig)ln - http://w

all a9 N QA1p b
€2 2
a a o @
A= 21 22 2n ’ _ : ’ B — .
aml Am2 ... 0amn Tn bm,

Ta goi A 1a ma tran hé s6, X 1a cot cac an, B 1a cot cac he so tu do
ctia he (x). Khi d6 he (x) duge viét dudi dang AX = B. Dst

ail a2 ain | b
~ a a a b
A _ (A’B) _ 21 22 2n 2

Aml Am2 Amn ‘ bm

A duge goi 1a ma tran md rong (hay ma tran bd sung) ctia he (x).
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3. Hé phuong trinh tuyén tinh

3.2 Nghiém hé phuong trinh tuyén tinh
Simpo PDF Merge and Split Unregistered Version - http://w

Dinh nghia. Ta néi u = (a1, ag,...,a,) la nghiém cia hé phuong
trinh (%) néu ta thay thé z1 := a1, 22 1= ag, ... 1, := ay, thi tat ci cac
phuong trinh trong (x) déu thoa.

DPinh nghia. Hai hé phuong trinh dugc goi 1a twong duong nhau
néu ching c6 cling tap nghiem.

Nhan xét. Khi gidi mot hé phuong trinh tuyén tinh, cic phép bién
doi sau day cho ta cdc hé tuong duong:

e Hodn doi hai phuong trinh cho nhau.
e Nhan hai vé ciia mot phuong trinh cho mot s6 khdc 0.

o (Cong vao mot phuong trinh maot boi cia phuong trinh khdc.

v
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3. Hé phuong trinh tuyén tinh

Dinh 1y. Néu hai hé phuong trinh tuyén tinh cé ma tran md rong

tuong dWgRRRDE Mesgerand:Splividorggistgrad Mersiaodyttp:/

nhau.

v

Vi du. Giéi phuong trinh

T — Yy — 2z = =3
20 — y + 2z = 1 (1)
r + y + z = 4.
1 -1 —2|-3 - 1 -1 —2]-3
Giagi. A= 2 —1 1| 1 | ®=EE2A g 1 5| 7
1 1 1| 4 ) %4 0 2 3| 7
3 1 0 3| 4 el 1 001
=didds g 5 7 | 2222001 02
damd=2d \ g o0 —7| -7 ) @ZR7EE \o o 1)1
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3. Hé phuong trinh tuyén tinh

i 10 0]1
Tac6 A~ 0 1 0|2 |.Suyra
Simpg PDF Merge and Split Unregistered Version - http://w
r + 0y + 0z = 1
(1) < Oz + vy + 0z = 2
Oz + 0y + =z =1
x = 1
= y = 2
z = 1.

Vi du. Giai hé phuong trinh

r + y — 2z = 4
2r + 3y + 3z = 3 (2)
5r + Ty + 4z = 10.
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3. Hé phuong trinh tuyén tinh

Giai. Ma tran héa hé phuong trinh tuyén tinh, ta cé

Simpo PDF Merge aéd ééme nr;ég'stered Version - http:/iw
5 7 4110
] 11 -2 . 10 -9] 9
A do:=ds—2d1 0 1 7 B di:=d1—d> 0 1 7 _5
da=ds=dh \ g 9 14|-10 ) BB N0 0 0] 0
Nhu vay,
T — 9z = 9
(2)®{ y + Tz = =5
Nhu vay nghiém cta (2) la
z = 9+ 9%
y = —d0—Tt;
z = t.

Lé Van Luyén (DPHKHTN HCM) Ma tran va Hé PT tuyén tinh 06/04/2010 49 / 84



3. Hé phuong trinh tuyén tinh

Vidy. &%lp}éeﬁ)lgﬁdf\l}%etrréréhand Split Unregistered Version - http://,
r + y — 2z = 4

2r + 3y + 3z = 3; (3)
5¢ + Ty + 4z = 5.

Giai. Ma tran hoéa hé phuong trinh tuyén tinh, ta cé

(11 =2
A= 2
5

~N W =

4
3
)

- W

11 =2 4 10 -9 9
"t d2:=d272d1 O 1 7 _5 d1:=d17d2 0 1 7 _5
damds=oh \ g 9 14| -15 ) BTRTE N9 0 0]-5

Hé (3) vo nghiém vi Oz + Oy + 0z = —5.
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3. Hé phuong trinh tuyén tinh

Nhan xét. Hé phuong trinh tuyén tinh thuan nhat
Simpo PDF Merge and Spllt Unregistered Version - http://\

a1ry + apry +---+  amxr, = 0
axnxy + axry +---+  agr, = 0;
Am1T1 + amar2 +- A+ ampT, = 0,

luon ¢6 mot nghiem u = (0,0,...,0). Nghiém nay duoc goi la nghiém
tam thuong.

Dinh 1y. S6 nghiém cia phuong trinh tuyén tinh chi cé 3 truong hop
sau:

o Vo nghiém;

e Duy nhat mot nghiém;

o Vo s6 nghiem.
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3. Hé phuong trinh tuyén tinh

3.3 Giai he phuong trinh tuyén tinh

Slmpo PDF Merge and Split Unregistered Version - http://w
Cé6 2 phuong phap

o Gauss

e Gauss - Jordan

Phuong phap Gauss
Bude 1. Lap ma tran mé rong A = (A|B).
Budc 2. Dua ma tran A vé dang bac thang R.

Bué6c 3. Tiy theo truong hop dang bac thang R ma ta két luan
nghiém nhu sau:

- Truong hop 1. Xuat hién mot dong
(0000...00] #0).

Két luan hé phuong trinh vo nghiém.
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3. Hé phuong trinh tuyén tinh

- Truong hop 2. Ma tran R ¢6 dang

Simpo PDF N%Jgecé%d Spllflﬂ# (8histered Version - http://n

Con | 2
0 0 Crn, | Qn
0 0 00
0 0 00

Khi d6 hé phuong trinh c¢6 nghiém duy nhat. Viéc tinh nghiém
dugce thuce hién tu dudi lén trén.
- Truong hop 3. Khac 2 truong hgp trén. Khi d6 hé c6 vo s6
nghiém, va:
e An tuong tng véi cac cot khong c6 phan tit co s6 sé 1a an ti
do (lay gia tri tuy ¥).
e An tuong ting véi cot ¢6 phan tit co s6 sé duge tinh ti dudi
lén trén va theo céac an tu do.
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3. Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh sau:
Simpo PDF Merge and Split Unreglstered Version - http://
r1 + 229 + 3x3 + 4dxzy = T,
ro + 221 + 223 4+ 3y = 6
3r1 + 229 4+ 2z4 + 23 = T
41 + 3x2 + 223 4+ x4 = 18,
Giai. Ta c6
1 2 3 4 7
2 1 2 3 6
= (4|B) = 3 2 1 2 7
4 3 2 1| 18
i 24 1 2 3 4 7
dyi—dy—3dy 0 -3 —4 —5| -8
d4::d4—4d1 O _4 _8 _10 _14
0 -5 —10 —-15 | —10
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3. Hé phuong trinh tuyén tinh

Simpo, PDF Mergg ahd Split Uiregistered Veysion - http://w
do:=dz—2d1

d3:=d3—3d; 0 -3 -4 -5 -8
dy:=ds—A4d; 0O -4 -8 -—-10| —14
0 -5 —10 —-15| —10
1 2 3 4 7
dy:=da—ds 0 1 4 5 6
0 -4 -8 —-10| —14
0 -5 —10 —-15| —10
1 2 3 4 7
ds:=d3+4ds 01 4 5 6
dy:=ds+5ds 0 0 8 10| 10
0 0 10 10| 20
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3. Hé phuong trinh tuyén tinh

1 Simp8 PBIF M&rge and Split Unre(gitte?ediVezﬁs on7- Nttp://w

01 4 5 6 dsds 01 4 5 6

—_
0 0 8 101 10 dgi=-Lds 001 1 2
0 0 10 10| 20 0 0 8 10| 10
1 2 3 4 7
dy:=ds—8d3 01 45 6

_—
0011 2
00 0 2| —6

Vay hé da cho tuong duong véi hé sau:

r1 + 229 + 3x3 + 4dxy = T T, = 2;
o + 4x3 + Sx4 = 6 o) T2 = 1;
T3 + x4 = 2 T3 = 9;
2:6‘4 = - T4 = -3.
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3. Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh sau:
Simpo PDF Merge and Split Unregistered Version - http://\
Ty + 29 — 3x3 + dxy = 1;
r1 + 3x2 — 13z3 + 2224 = -—1;
3r1 + bz + T3 — 2x4 = 9;
201 + 3x9 +  4dx3 — Txy = 4,
Giai. Ta c6
1 2 -3 ) 1
1 3 —-13 22| -1
= (A]B) = 3 5 1 -2 )
2 3 4 -7 4
1 2 -3 5 1
dp:=do—d
d3:=d3—3d; 0 1 —-10 17 -2
da:=dy—2d4 0 -1 10 —-17 2
0 —1 10 —17 2
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3. Hé phuong trinh tuyén tinh

-2
0 -1 10 —-17 2

Simpo PDF Merg a(bd S%Iit_Q%regiFEl redlv rsion - http://w

0 -1 10 —17 2
1 2 -3 5 1
ds:=d3+d2 01 —-10 17 —2
_
dy:=dy+ds 0 O 0 0 O
00 0 0 0
Vay hé da cho tuong duong véi hé sau:
1 + 20 — 3x3 4+ bSxy = 1;
rog — 10x3 + 17xy = —2.
Chon x3 = a, x4 = 3, ta tinh dugc
Tog = —2+4+10x3 — 17z4 = -2+ 10a—173;
r1 = 1—2x9+3x3—5x4 = 5—17a + 290.

PP, NP URP LR IR SR D
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3. Hé phuong trinh tuyén tinh

Vi du. Giéi hé phuong trinh sau:
z1SimpaBDR-Merge and Split Ynregistered Version - http://

3r1 + 3x9 — bxry + Ty = —3;
—2x1 4+ x2 + 23 — 3ry = 9;
3$1 + 3$3 - 101’4 = 8.

Giai. Ta co

~ 3 3 -5 1| -3
A=(A|B) = —2 1 2 -3 5
3 3 —10 8
1 -2 3 —4 2
do:=d2—3dy

d3:=d3+2dy 0 9 —-14 13 -9

-
dy:=dyg—3dy 0 -3 8 —11 9
0 6 —6 2 2
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3. Hé phuong trinh tuyén tinh

Simpo PDF Mergg a

do<d3

d3:=d3+3d2
i SN

dy:=ds+2d2

dg:=ds—d3
—_—

Lé Van Luyén (DPHKHTN HCM)
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OO O~ OO Do~
(=}

-3
0

O OO+ OO o+
)

it Uﬂreglﬁ

—11

8
—6
3

8
—-14

10

2

—4
—11
13

—4
—11
—20
—20

—4
—11
—20

0
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3. Hé phuong trinh tuyén tinh

1 -2 3 —4| 2

Simpo PDF Mayge-gnd Splitiynregistered Version - http://w
0 0 10 —20| 18
0 0 © 0] 2

Vay hé da cho tuong duong véi hé sau:

r1 — 229 + 3xz — 4dxy = 2
— 39 + 8xz — 1llzy = 9
10z3 — 20x4 = 18;

0o = 2

Hé nay vo nghiém. Do d6 hé da cho ciing vo nghiém.
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3. Hé phuong trinh tuyén tinh

Phuong phap Gauss - Jordan
BusSimpgpRRFMerge and JplitUnssgistered Version - http:/jn
Bué6e 2. Dua ma tran A v dang bac thang rut gon R4.

Bué6c 3. Tiy theo truong hop dang bac thang riat gon R4 ma ta két
luan nghiém nhu sau:

v

- Truong hop 1. Xuat hien mot dong (00 0 0...0 0] # 0). Két luan
hé phuong trinh vo nghiém.

- Truong hop 2. Ma tran R4 ¢6 dang

1 0 Oa1

1 ... 0| ay
00 1] o
00 0] 0
00 ..0]0

Lé Van Luyén (DPHKHTN HCM) Ma tran va Hé PT tuyén tinh 06/04/2010 62 / 84



3. Hé phuong trinh tuyén tinh

Khi d6 hé phuong trinh c6 nghiém duy nhat 1a
Simpo PDR:Merge and-Split Unsegistered Version - http://w

- Truong hop 3. Khac 2 truong hgp trén. Khi d6 hé c6 vo s6
nghiém, va:
e An tuong tng véi cac cot khong c6 phan ti co sé 1 sé 1a an
tu do (lay gia tri tuy ¥).
e An tuong tng véi cot ¢6 phan ti co s3 1 sé duge tinh theo
cac an tu do.

S6 an tu do dugc goi la bac tw do ctia hé phuong trinh.
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3. Hé phuong trinh tuyén tinh

3.4 Dinh 1y Kronecker- Capelli

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh ly. Néu gl = (A|B) la ma tran md rong cia hé gom n an dang
AX = B thir(A) = r(A) hogc r(A) =r(A) + 1.
Hon nia,

(A) =r(A)+ 1 thi hé vo nghiém;
o néur(A) =r(A) = n thi hé c6 nghiém duy nhat;

o r(A) =r(A) <n thi hé c6 vo s6 nghiém vdi bac tu do la n—r(A).

v

Vi du. Giai va bién luan hé phuong trinh tuyén tinh sau theo tham sb
m

3r1 + bxes 4+ 3x3 — dxy = 1;

21 4+  3x2 + T3 —+ zy = 0

5r1 + 90 + 6xrs — 1bzy = 2;
13x1 + 2220 + 1323 — 2224 = 2m,

V.
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Lé Van Luyén

3. Hé phuong trinh tuyén tinh

Slmpo PDF Mergé agd E‘EplltiJnreqls

= (A[B) =

di:=d1—d2
_—

do:=do—2d1

d3:=d3—5d;
_

dy: =dyg—13d1

dz:=d3—d2
_

dy: =dg—4do

(DHKHTN HCM)

5 9 6 -—15
13 22 13 -22
1 2 2 =5
2 3 1 1
5 9 6 -15
13 22 13 -22
1 2 2 -5
0 -1 -3 11
0 -1 -4 10
0 -4 -13 43
1 2 2 =5
0 -1 -3 11
0 0 -1 -1
0 0 -1 -1

Ma tran va He PT tuyén tinh
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3. Hé phuong trinh tuyén tinh

Slmpo PDF Merg { aclpd ﬁplit @nr_?%istered \ze}sion - http://w
3 = 3* 2

dy: =ds—A4ds 0 0 -1 -1
0 0 -1 —-1| 2m-=5
1 2 2 -5 1

dy:=ds—ds 0 -1 -3 11 -2
0O 0 -1 -1 -1
0 0 0 0| 2m—14

Bién luan:
1) 2m —4 # 0 < m # 2: Khi d6 hé (1) vo nghiém nén hé da cho ciing
vO nghiém.

2) m = 2: Hé (1) tuong duong véi hé sau:

1 + 2x9 4+ 2x3 — bdxy = 1;
— ro — 3xz3 + llzy = =2
- T3 - ry = —1.
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3. Hé phuong trinh tuyén tinh

Chon z4 = « ta tinh dugc

imiso PDFM&rge dhd Spllt Unreglstered Version - http://w
To=2—3x3+ 1lry = —1

:1—23:2—23:3—1—5334:1—21@.

Vay khi m = 2, hé da cho c6 vo s6 nghiém v6i mot an tu do
(x1,x9,23,24) = (1 — 21, =1 + 1, 1 — o, @)

v6i a € K tuy ¥.

Vi du. Giai va bién luan hé phuong trinh tuyén tinh sau theo tham sb
m
Ty + x99 — x3 4+ 2x4 = 1;
r1 + 2x0 — 3x3 + 4dxy = 2
TG — To + 4dxs — Ty = m
Az, + 3xz9 — w3 + may = m?—6m+4,
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3. Hé phuong trinh tuyén tinh

Simpo PDF Me
A= (A[B) =

do:=da—dy
dz: =d3z—d1
_—

dy: =ds—4dq

ds:=d3+2ds
— R
d4: =d4+do

dy:=ds—d3
_—

Lé Van Luyén

(DHKHTN HCM)

g

O OO R OO O K OO == D

1
1
0
0
1
1
0
0

Ma tran va He PT tuyén tinh

—1

—1

4 -1
-1
-1

-1

0 m—"7

ané Sﬁﬁt Unir géstered Versign - http:/iw

m

m| m2—6m+4

m—+1
m2 —Tm

06,/04,/2010 68 / 84



3. Hé phuong trinh tuyén tinh

11 -1 211

Simpo PDFgMarge and Spiit|Unregisterdd Version - http://w
00 1 1| m+1
00 0 m—7]|m?>—Tm

Bién luan:

1)m—7#0< m # 7: Khi d6 he (1) cho ta

Ty = M

xr3 = m+1—x4:1;

ro = 14+2x3—2x4 =3-—2m;
Ty = 1—x0+2x3—214 = —1.

Suy ra khi m # 7 hé da cho c¢6 duy nhat mot nghiem 1a

(xy, Ty, T3, 4) = (=1, 3—2m, 1, m).
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3. Hé phuong trinh tuyén tinh

2) m = 7: Hé (1) tuong duong véi hé sau:

Simpo PRF Merge and Split Unregjstered.Version - http://w
T2 — 2x3 + 2x4 = 1 (2)
rs + x4 = 8.

Chon z4 = « ta tinh dugc
r3=8—14 =8 — q;

ro =14 2x3 — 224 = 17 — 4oy
r1=1—20+23—224=-8+ .

Vay khi m = 7 hé da cho c6 v6 s6 nghiém véi mot an tur do

(1,22, 23, 24) = (=8 + 0,17 — 4,8 — v, )

véi a € K tuy .
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4. Ma tran kha nghich

4. Ma tran kha nghich

Simpo PDE Merge and Split Unregistered Version - http://w
4.1 Dinh nghia

4.2 Nhan dién va tim ma tran kha nghich
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4. Ma tran kha nghich

4.1 Dinh nghia

Simpo PDF Merge and Split Unregistered Version - http://w
Mé dau
Xét trén tap so6 thuc K. Cho z € K, héi ton tai hay khong y sao cho

zy = 1.

Hoi. Trén tap hgp ma tran thi sao? J

Dinh nghia. Cho A € M,,(K). Ta néi A khd nghich néu ton tai ma
tran B sao cho AB = BA = I,,. Néu B théa diéu kién trén dugc goi 1a
ma tran nghich ddo cua A.

Nhan xét. Ma tran nghich ddo cia mot ma tran khd nghich la duy
nhat. Ta ky hiéu ma tran nghich ddo cia A la A~

v
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4. Ma tran kha nghich

Vi du. Simm@@en@eifg%a diSplisUnregisferet \regrs>qn - http://

Ménh dé. Cho A € M,(K). Gid sit A khd nghich va cé nghich ddo la
AL Khi dé
i) A=Y khd nghich va (A~1)~! = A.
i) AT khd nghich va (AT)™' = (A=1)T.
1
iii) Vo € K\ {0}, «A khd nghich va (aA)~! = =A~L.

«

Meénh dé. Cho A, B € M,(K). Néu A va B khd nghich thi AB khd
nghich, hon nia
(AB)"' =B tA™L
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4. Ma tran kha nghich

4.2 Nhan dién va tim ma tran kha nghich

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh 1y. Cho A € M,(K). Khi dé cdic khdang dinh sau tuong duong:

i) A khd nghich.
i) T(A)

i) A~
)

ii

iv) Ton tai cic phép BDSCTD 1, ..., @ bién ma tran A thanh

ma tran don vi I,:
AN A — S A=,

Hon nia, khi dé qua chinh cic phép BDSCTD o1, ..., 0, ma
tran don vi I, sé bién thanh ma tran nghich ddo A™':

I, 25 B — ... 25 B =41

v
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4. Ma tran kha nghich

Phuong phap tim ma tran nghich dao

Lap (A|BiMRQRRRMeigs arskSntt Wiaredistergd Marsiom Hakp:/

thang rat gon:
(A|L) 25 (A1 B)) — ... 25 (A B,) — ...

Trong qua trinh bién ddi c6 thé xay ra hai trudng hgp:
e Truong hop 1: Ton tai p sao cho trong day bién ddi trén, ma tran
A, ¢6 it nhat mot dong hay mot cot bang 0. Khi d6 A khong kha
nghich.
e Truong hop 2: Moi ma tran A; trong day bién déi trén déu khong
c6 dong hay cot bang 0. Khi d6 ma tran cudi cliing ctia diy trén
c6 dang (I,|B). Ta c6 A kha nghich va A~! = B.

Luu y. Néu bai todn chi yéu cau kiém tra ma tran A c6 kha nghich
hay khong, ta chi can tinh hang cia ma tran (dung Gauss).

v
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4. Ma tran kha nghich

Vi du. Xét tinh kha nghich ctia A va tim A~! (néu c6)
Simpo PDF Merge and Split Unregistered Version - http://\
1 2 3 4
25 4 7
A=137 5 12
4 8 14 19
Giai.
1 2 3 4/1 000
25 4 7/0 100
(Ally) = 37 8 12/0 0 1 0
4 8 14 19/0 0 0 1
1 2 3 4 1 0 00
do:=d2—2d;
d3:=d3—3d; 01 -2 -1}{-2 100
dy:=dy—Ad 01 -1 0[/-3 010
00 2 3/-4001
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4. Ma tran kha nghich

Simpo PD @Iefge_%nd_%plit_ éJnﬁ)eggst(%re Version - http://w
01 -1 0/-3 010
0 0 2 3/—4 0 0 1
1 0 7 6 5 =2 0 0

di:=d1—2d> 01 -2 —-11]-2 1 00

_

ds: =d3—da 0 0 1 1/]-1 -1 1 0
00 2 3|/—-4 001

d 100 —-1]12 5 =70

dy—dy+2dy 010 1[-4 -1 20

—_—

da:=ds—2d3 0 0 1 1|-1 -1 1 0
000 1/-2 2 —21

v 100010 7 -9 1

do=d>—da 0010012 -3 4 -1]_ /1

ds:=ds—da 0010/ 1 -3 3 -1 | ' '
000 1/l-2 2 —2 1
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4. Ma tran kha nghich

Nhu vay, A khéa nghich va
Simpo PDF Merg a]rﬁ)d S|5I|t U%reg]rst red Version - http://n

A7 1 —3 3 —1
—2 2 =2 1
Vi du. Xét tinh kha nghich ctia A va tim A~! (néu co)
1 2 3 4
2 11 0
A= 3 0 2 1
4 -1 0 =3
Giai.
1 23 411000
2 11 00100
MW =13 o2 1|00 10
4 -1 0 -3 |0 0 0.1
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4. Ma

tran kha nghich

Simpg,PRF M

dz:=d3—3d;
R ——
da:=ds—4d1

dz:=d3—2d2
—_
da:=ds—3d2

dg:=ds—d3
T

Ta c6 r(A) < 4. Suy ra A khong kha nghich.

Lé Van Luyén (DPHKHTN HCM)

0 -3 -5 —-8|-21
0 -6 -7 —-11|{-3 0
0 -9 —-12 -19|—-4 O
1 2 3 4/ 1 0
0 -3 -5 =8|—-2 1
o o0 3 5| 1 -2
0o 0 3 5| 2 -3
1 2 3 41 1 0
0 -3 -5 -8|-2 1
0o 0 3 5| 1 =2
0O 0 0 0] 1 -1

Ma tran va He PT tuyén tinh

Férge afAd Split Unregistereéd ¥ebsipn - http://w
00
10

1
0
0
0
1

0
0
0
1
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5. Phuong trinh ma tran

5. Phuong trinh ma tran

Simpo PDF Merge and Split Unregistered Version - http://w

Dinh ly. Cho cic ma tran A, A" € M, (K) khd nghich va
B e Mnxp(K), Ce men(K); D e Mn(K) Khi do
i) AX=B& X=A"'B;
iii) AXA'=D& X =A"1DAL

. . 31 (-2 3
Vi du. Glalphu’dngtrmh(5 2)X—< 9 5>.

Giai. Phuong trinh ¢6 dang AX = B. Ta ¢6 A kha nghich, nén

(2 5)(22) (),
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5. Phuong trinh ma tran

Vi du. Giai phuong trinh X 31 ) = (e_2 3 2 L‘
Simpo PDF Merge a d S%I' Un gi%te\r’e Version - http://

Giai. Phuong trinh ¢6 dang XA = B. Ta ¢6 A kha nghich, nén
o (-2 3 2 -1\ [ -19 11
X =54 _< 2 5 -5 3 ) \ =21 13 )°
Vi du. Tim ma tran X thoa

1 11 1 -2
1 2 2 X(i§>: 3 1
1 2 3 2 -1

Giai. Phuong trinh ¢6 dang AXB = C. Ta c6 A, B kha nghich, nén

X =A1cB™!
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5. Phuong trinh ma tran
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X=A'CB'= | -1 2 -1 3001 <_2 _?))
0 -1 1 2 -1
-1 -5 5 o
e -4 3
-1 -2
17 —13
= -1 9
5 —4

3 . - , 1 2 -1 _ 1 -2
Vi du. TlmmatranXthoa<_2 _3 1)X—<_1 1>. J
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5. Phuong trinh ma tran

1 I2

Giai. bat X = | z3 x4 |.Taco
Simpo Mé&rge and Split Unregistered Version - http://w
1 2 -1 Y — T1 + 2x3 — T5 To + 224 — T
-2 =3 1 a —2x1 — 3r3+ x5 —2x9 — 374 + T
1+ 23 —15 = 1;
R . To+2x4 —x6 = —2
Suy ra hé phuong trinh 9wy —3ws + a5 = —1
—2x9 —3T4+ x5 = 1.
1 0 2 0 -1 0| 1
i - o 1 0 2 0 —-1]|-2
-2 0 -3 0 1 o0]-1
0 -2 0 -3 0 1 1
1000 1 -1
0100 1] 4
0010 -1 0] 1
0001 0 —-1|-3
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5. Phuong trinh ma tran

1000 1 0-1
Simpo PDH Merge @nd Split Unregistefed Version - http://w
0010 -1 0 1
0001 0 —-1[-3

Suy ra
ry = —1—-¢t
To = 4-—s;
r3 = 1+1
K
vy = —3+s: t,s €
x5 = t
\ Tg = S.
—1—-t 4-—s
Vay X = 1+t —-3+4s | véit, sty do.
t S
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1. Dinh nghia va cac tinh chat
2. Dinh thic va ma tran kha nghich

3. Quy tac Cramer
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1. Dinh nghia va cac tinh chat

1. Pinh nghia va cac tinh chat

Simpo PDE Merge and Split Unregistered Version - http://w
1.1 Dinh nghia

1.2 Quy tac Sarrus
1.3 Khai trién dinh thiic theo dong va cot

1.4 DPinh thic va cac phép bién doi so cip
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1. Dinh nghia va cac tinh chat

Dinh nghia. Cho A = (aij)nxn € My (K). Dinh thic cia A, duge ky
hieu 1a SithgesPBF Menge sand 8plitddnvegibterddid ensyomp Hitg//

n nhu sau:

e Néun = 1, nghia la A = (a), thi |4] = a.

e Néun =2, nghiala A = ( ),thi = ad — bc.
ail a2 ... Qin

e Néun > 2, nghiala A = @21 22 ... G2n , thi
Gnpl  Aan2 Ann

A dong 1 an‘A(1|1)| _ a12’A(1|2)} 4ot aln(—l)H‘”’A(Hn)‘-

trong d6 A(i|j) 1a ma tran c6 duge tit A bang cach x6a di dong i
va cot j cua A.

v
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1. Dinh nghia va cac tinh chat

Vi du. Simpa BE(@Q?)@@@SMW@%&SE(&%\&LSW - http://

v

Vi du. Tinh dinh thiic cia ma tran

1 2 -3
A=12 3 0
3 2 4
Giai.
3 0 2 0 2 3
_ _1\1+1 _1\1+2 _1\1+3

=12-16415=11.
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1. Dinh nghia va cac tinh chat

Quy tac Sarrus
Theo dinti PP Meatge:and Splith)asegistered Version - http://w

ail a2 a3
A= | a1 a2 a3

a31 az2 ass

a1 Q22
azy as2

az1 @23
a31 ass

a2 Q23
Al =an — a12 + a3
azz as3

= Q11022033 + Q12023031 + 13021032

— 413G22031 — 411023032 — 4120210433

T day ta suy ra cong thifgSazus dya vag o depsau:
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1. Dinh nghia va cac tinh chat

cotl cot2 cot3 cotl cot2

ooy
it Wnregistared Version - http://w

Simpo PDF

|A| = Q11022033 + Q12023031 + 13021032
—(a13a22a31 + aj1a23a32 + a12a21a33).

(Téng ba dudng chéo do - tong ba dudng chéo xanh)

Vi du.

1 2
4 2 =125+4+213+341-323-111-245=-31.
3 1

Tt = W

Lé Van Luyén (DPHKHTN HCM) Dinh thic 25/04/2010 7/ 29



1. Dinh nghia va cac tinh chat

1.3 Khai trién dinh thic theo dong va cot

Simpo PDF Merge and Split Unregistered Version - http://w

Dinh nghia. Cho A = (ajj)nxn € Mn(K). V6i mdi 4, j, ta goi
cij = (=1)"det A(il)

la phan bi dai s6 cla he s6 a;;, trong d6 A(i]j) 1a ma tran vuong
cap (n — 1) ¢6 duge tit A bang cach xoa dong i, cot j.

111
Vidu. ChoA=| 2 3 1 |.Khido
340

c1 = (_1)1+1

3 1
0 4’ c19 = (_1)1+2

2 1
3 0’_3'
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1. Dinh nghia va cac tinh chat

Dinh ly. Cho A = (aij)nxn € My(K). Vi méi i, j, goi c;; la phan bu
dai s6 c@IMPeRIF Mesge and Split Unregistered Version - http://

n
o Cong thiic khai trién |A| theo dongi: |A| = 3. apcir.
k=1
n

o Cong thic khai trién |A| theo cot j: |A| = 3 akjck;-
k=1

Vi du. Tinh dinh thiic cia A =

= Ot W
[N NGRS
O NN W

Luu y. Trong viéc tinh toan tinh dinh thic ta nén chon dong hay cot
c6 nhiéu s6 0.
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1. Dinh nghia va cac tinh chat

Ménh dé. Cho A € M, (K). Khi do:
i) Simpe PDF Merge and Split Unregistered Version - http://

ii) Néu ma tran vuong A c6 mot dong hay mot cot bing 0 thi

|A] = 0.

iii) Néu A la mot ma tran tam gidc thi |A| bing tich cdc phan ti
trén duong chéo cia A, nghia la

|A| = a11.a22 ...0pnp.

Dinh ly. Néu A, B € M,,(K) thi |AB| = |A||B]. J
Vi du.

2 -1 3 0

0o -3 6 7

0 0 5 9|=2(=3)-5-4=-12.

0 0 0 4
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1. Dinh nghia va cac tinh chat

1.4 Dinh thtc va cac phép bién doi so cap
Simpo PDF Merge and Split Unregistered Version - http://w
Dinh ly. ChoA A’ € M, (K). Khi dé

i) Néu ALl A |A'| = —|Al;
#J

i) Néu A L= A1 hy | A = alAl;

=d;+0d,

iii) Néu Al A th |A'| = |A|.
7] )
1 3 7
Vi du. Tinh dinh thic cia A= | 2 6 —8
5 —12 4
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1. Dinh nghia va cac tinh chat

1 37 L 1 37
2 6 -8=——=2|1 3 —4 _
5 —15impp PDF Merge and SpliyUnregistered Version - http://w
A 1 1 7
=2 _o93/1 1 -4
5 —4 4
11 7
Bisddiglo 0 —11
5 —4 4
———=6(-11)(-1)*"? || =594

Luu y. Vi |AT| = |A| nén trong qua trinh tinh dinh thitc ta cé thé sit
dung céc phép bién déi so cap trén cot.
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1. Dinh nghia va cac tinh chat

Vi du.
2
3
5
—4

Simpp PDB Mergg nd 8plitWeregistered Version - http://
=5 2 A|dg=dyt2d|1 =8 6 —1
4 3 —2ldi=di—2d2|0 44 -27 3
2 5 gTRTEG g 3 13

) 19 —16 7
—OtL_q(—1)2l |44 —27 3
8 -3 13
gazgz),:gng 1195 —-751 O
0| 548 342 0
BT 168 105 1

ot 1 1195 —751
| 548 —342 = —2858.
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1. Dinh nghia va cac tinh chat

<
o
e

1 "1 Sitnpo PDF Merge and Split Unregistered Version - http:/ix
2 3

R I U U U O

2 3 4 | dy=60dz 6 12760 20 15 12

11

3 4 5

c1:=c1—2co

coi=c2—c3 1 g

1
—wooe 320 2 L1
e ~10 3 6
dong 1 _ 1 -2 1 . 1
4320 | =10 6 | 2160°

Nhan xét. Trong qud trinh tinh dinh thic, phép BDSC loai 3 dugc
khuyén khich ding bdi né khong thay doi gia tri dinh thie.

v
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1. Dinh nghia va cac tinh chat

Vi du. Tinh dinh thtc cia ma tran sau

Sjmpo PDF Merge and plg Upregjstered Version - http://

23 5 0 23 -2 0
A= 326 -2 ) B= -3 1 4 =2
-2 1 3 1 4 1 3 1

Két qua |A] = —19, |B|= —30.

Vi du. Tinh dinh thiic clia ma tran sau
13 18 6 -1 7 3 4 2 1 3
4 7 3 41 2 -3 5 1 8
C= 7T 93 -1 4 )|; D= -4 -7 2 =2 4
6 9 3 -2 3 3 -5 4 35
6 3 1 -2 3 8 6 —4 1 2

Giai. [C| =24; |D|=—174.
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2. Dinh thdc va ma tran kha nghich

2. Dinh thic va ma tran kha nghich

Simpo PDF Merge and Split Unregistered Version - http://w
DPinh nghia.
Cho A = (a;;) € My,(K). Dat C = (c;j) v6i ¢;; = (—1)"7|A(i, §)
phan bu dai s6 ctia a;;. Ta goi ma tran chuyén vi C'' ctia C la ma
tran phu hop cia A, ky hiéu 1a adj(A).

la

2 3 1
Vidu Chod=| 2 -1 2
3 4 -2
-6 10 11 —6 10 7
Khi d6 C = 10 =7 1 |.Suyraadj(A) = 10 =7 =2
7T —2 -8 11 1 -8
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2. Dinh thdc va ma tran kha nghich

Nhan dién ma tran kha nghich

Simpo PDF Merge and Split Unregistered Version - http://w

Dinh 1ly. Ma tran vuong A khd nghich khi va chi khi |A| # 0.Hon nia,

néu A khd nghich thi
1
A7V = ——adj(A).
A

Vi du. Tim ma tran nghich déo cia A =

W N =
= W =
O = =

Giai. Ta c6 |A| = —2 # 0. Suy ra A kha nghich.

3 1
4 0

ey = (_1)1+1

w N
O =

‘ =—4; cp= (-1
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2 3 11
013_(—1)1%!)3 4’_—1; 021-:(—1)%1 40 :-4
oy = _rgpco%P F /erge gagcgpgtlycrggeglﬂered Version - http://w
Suy ra

-4 3 -1 —4 4 =2
C = 4 -3 -1 | vaadj(A) = 3 =3 1
-2 1 1 -1 -1 1
Ta co
] ] —4 4 =2
A7l = —adj(A) = — 3 -3 1
4] 2\ 1 1
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2. Dinh thdc va ma tran kha nghich

He avis M4 BA mdsge and SpicuhRlgitisreedhion - nuprh

ad —bc # 0. Khi do
1 d —b
Al = .
ad—bc<—c a)

. (2 4 o1 5 —4
Vi du. ChoA—(3 5>.SuyraA —_2<_3 2).

Vi du. Tim ma tran nghich ddo bing phuong phéap dinh thic cla

1 2 1 ) 11 1 =5
A= 2 3 -1 ;»A*lz—5 -7 -1 3
35 2 - 1 1 -1
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2. Dinh thdc va ma tran kha nghich

Vi du. Tim tat ca cac gia tri cia m dé ma tran sau kha nghich
Simpo PDF Mgrge;and Split Unregistered Version - http://
215 3
A= 5 07 m
-1 2 3 -3
1 2 1 1 11
B=|2 3 m 2 3 2
3 2 -1 5 7 5
1 11
Vidu. Cho A= | 2 3 1 |.Timh:|A7Y; [5A7LY;  |adj(A)|.
3 35
Vidu. Cho A, B € M3(K) va |A| = 3,|B| = —2. Tinh |(4AB)~!| va
ladj(AB)]|. )
Lé Van Luyén (DHKHTN HCM) Dinh thic 25/04/2010 20 / 29




3. Quy tac Cramer

3. Quy tac Cramer

Simpo PDF Merge and Split Unregistered Version - http://w

Dinh 1y. Cho hé phuong trinh tuyén tinh AX = B (x) gom n dan van
phuong trinh. Ddt

A = detA; Aj; =det(4;), jeln,

trong dé A; la ma tran cé ti A bang cach thay cot j bing cot B. Khi
do:

i) Néu A #0 thy (x) c6 mot nghiém duy nhat la:

_ A

A

T ,J € 1,7
ii) Néu A =0 wvaAj+#0 vdi mot j nao dé thi (1) vo nghiém.
iii) Néu A =0va A

= 0Vj € 1,n thi hé vo6 nghiém hodc vo s6
nghiém.

v

25/04/2010 21 / 29
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3. Quy tac Cramer

Vi du. Giai phuong trinh

Simpo PDF Merge and Split Unregistered Version - http://,
o o,

Yy - 2z = )
2r — y + 2z = 1 (1)
r + y + z = 4.
Giai. Ta c6
1 -1 -2 3 -1 -2
A=JAl=]2 -1 1==-7 A =|4]= 1 -1 1|=-7,
1 1 1 4 1 1
1 -3 =2 1 -1 -3
Ay =|Ag|=1| 2 1 1|=-14; Ag=|43]=]2 -1 | =-T1.
1 4 1 1 1 |
Vi A # 0 nén hé c6 nghiem duy nhat
AN | AV Asg
TTATUYTATOFTA
Lé Van Luyén (DHKHTN HCM) Dinh thac
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3. Quy tac Cramer

Vi du. Giai hé phuong trinh
Simpo PDF Merge and Split Unregistered Version - http://
x + y — 2z = 4
2 + 3y + 3z = 3; (2)
5¢ + Ty + 4z = 5.

Giai. Ta co

11 —2 41 =2
A=Al={2 3 3|=0 Ar=[A4l=|3 3 3 |=-45
5 7 4 5 7 4

Suy ra hé phuong trinh vo nghiém.
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3. Quy tac Cramer

Vi du. Giai hé phuong trinh
Simpo PDF Merge and Split Unregistered Version - http://

T 4+ Yy — 2z = 4
2 + 3y + 3z = 3 (3)
or + Ty + 4z = 10.
Giai. Ta c6
1 1 -2 4 1 =2
A=JAl=]2 3 3|=0 A1=|A]=| 3 3 3|=0
5 7 4 10 7 4
1 4 =2 1 1 1
Ay=1]As]=12 3 3|=0; Ag3=]43]=|2 3 3|=0.
5 10 4 5 7 10

Vi A =A; = Ay = A3 =0 nén khong két luan dugc nghiém ctia he.
Do d6 ta phai diing Gauss hoic Gauss-Jordan dé giai.
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3. Quy tac Cramer

Bién luan hé phuong trinh bang Cramer

Simpo PDF Merge and Split Unregistered Version - http://w

Vi du. Giai va bién luan phuong trinh

r1 + 29 + 2r3 = 0;
-2z + (m—=2)z2 + (m—=5)xz = 2
mx1 + 2 + (m+1lzzg = -2
Giai. Ta c¢6
1 2 2
A=|Al=| -2 m—2 m—-5|=m?—4m+3 = (m—1)(m—3);
m 1 m+1
0 2 2
Al—’A1|— 2 m—2 m-—5 :—4m+12;
—2 1 m+1
Lé Van Luyén (DHKHTN HCM) Dinh thuc 25/04/2010 25 / 29




3. Quy tac Cramer

1 0 2
A2:’A2|: -2 2 m-—5 :0;
Simpo RDF, Mergeand; Split Unregistered Version - http://w
1 2 0
Ag=|A3]=]| -2 m—2 2 |=2m—6=2(m—3).
m 1 -2

Bién luan:

> Néu A £ 0 < { g Zi ; XKhi d6 he c6 nghiem duy nhét 1a

( )= —4 0 2
T1,%2,T3) = m_17 7m_1 .

m=1

DNéuA:O@[
m =3

e V6im =1, ta c6 A; = 8 # 0 nén hé vo nghiém.

Lé Van Luyén (DPHKHTN HCM) Dinh thic 25/04/2010
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3. Quy tac Cramer

o V6im =3, tacé A = Ay = Az = 0. Khi d6 hé phuong trinh la:
Simpo PDF Merge and Splt|Unyegistered Version - http://w
-2 1 =2 2
31 4]-2
f A i ~ ~ 5 Zy*
Nghiém ctia hé 1a (z1, 2, 23) = (3t — 2,¢,1 — §t) véi t tu do.

Vi du. Giai va bién luan hé phuong trinh sau theo tham s6 m € K:

(m—-—"Tx + 12y — 6z = m;
—10z + (m+19)y - 10z = 2m; (1)
12+ Uy + (m—13)z = 0.
m—17 12 —6
Gidi. A=| -10 m+19  —10 | = (m—1)2(m+1)
—12 24 m—13
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3. Quy tac Cramer

m 12 —6
Ar=|2m m+19 —10 | =m(m —1)(m — 17)
Simpd PDF ¥Merieaht! ISplit Unregistered Version - http://w
m-—7 m —6
Ay = —10 2m —10 | =2m(m — 1)(m — 14)
—12 0 m-—13
m—7 12 m
As = —10 m+19 2m | =36m(m—1)
—12 24 0
Bién luan:
> Néu A # 0« m # —1 vam # 1. Khi d6 hée c6 nghiem duy nhat 1a
A o m(m?—18m 417 m(m —17)
T AT Tm-DmE-1) mr-1
Ay m(m? —15m+14)  m(m —14)
(N (m—-1)(m2-1) m2-1"
Ay =36m(m—1) _ —36m
: AT m-Dm-1) _ mE-1
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3. Quy tac Cramer

=1
« 570 PO, Merge and ol Ynregisied Version - htpiin
e VG6im =1, taco A = Ay =Az=0. Hé (1) tr6é thanh

DNéuA—O@im:_l
m

—6z + 12y — 6z = 1;
—10z + 20y — 10z = 2;

—12z + 24y — 12z

Heé vo nghiém.

Dinh thitc 25/04/2010 29 / 29
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Chuong 3. KHONG GIAN VECTO |

1. Khong gian vecto

2.
3.
4.
5.
6.

T6 hop tuyén tinh

Cd s3 va sd chiéu ctia khong gian vecto

Khoéng gian vectd con

Khéng gian nghiém ctia hé phuong trinh tuyén tinh

Toa do va ma tran chuyén cd sé
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1. Khong gian vectd

1. Khong gian vecto

Simpo PDF Merge and Split Unregistered Version - http://w

DPinh nghia. Cho V la mét tap hgp véi phép toan +. V' duge goi la
khong gian vecto trén K néu moi u,v,w € V va o, 8 € Kta c6 8
tinh chat sau:

1) utv = v+u;

2) (u+v)+w = ut(v+w);
3
4

ontai 0 € V: u+0 = 0+u = u;

af)u = a(fu);
+ B)u = au + Pu;
7) a(ut+v) = autav;

8

(
t
ton tai ' € Vi v+u = u+u’ = 0;
(
(a

(
(
(
(
(5
(6
(
(

)
)
)
)
)
)
)

l.u =u.

v
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1. Khong gian vectd

Khi doé ta goi:

¢ m@iﬁ?&& B Merge fid §pfit Unregistered Version - http://w

e mdi s6 o € K 1a mot vo hwdng.
e vecto 0 la vecto khong.

e vecto U’ 1a vecto doi cla u.

Vidu. Xét V=K"= {(x1,22,...,2,) | z; € KV,i € 1,n}.
Véi u = (a1,az2,...,a,), v=_(b1,ba,...,b,) € K" v a € R, ta dinh
nghia phép céng + va nhan . vd6 huéng nhu sau:
o utv = (ay+bi,az+bo,...,an + by);
o au = (aa,qag,...,aan).
Khi d6 K™ la khong gian vecto trén K. Trong doé:
> Vecto khong 1a 0 = (0,0,...,0);

> Vecto doi ctia u 1a —u = (—a1, —ag, ..., —ay).

Lé Van Luyén (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010
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1. Khong gian vectd

Vi du. Tap hop My, (K) v6i phép cong ma tran va nhan ma tran véi
mot s6 thimpwRDhddesde and 1SplilzUiie gisterec:VESioong kitp://w

> Vecto khong 1a ma tran khong
> Vecto dobi ctia A 1a —A.

Vidu. Tap hop
K[z] = {p(z) = anz™ + ... + a1z +ao|n € Nya; € K,i € T,n}

gom cac da thic theo x vdi cac hé s6 trong K 13 mot khong gian vecto
trén K véi phép cong vects 1a phép cong da thic thong thuong va phép
nhan vo huéng vé6i vecto 1a phép nhan thong thuong mot s6 véi da
thiic.

Vi du. Tap hop K, [z] gom céc da thiic bac nhé hon hodic bang n theo
x véi cac he s6 trong K 1a mot khong gian vecto trén K.

v
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1. Khong gian vectd

Vi du. ChoV = {(z1,72,23) € K3 | 221 + 322 + 73 = 0}.
Khi d6 @iﬂg@g PDE Mer&%ﬁ@gﬁg"t Unregistered Version - http://w

ong gian v

v

Vi du. Cho W = {(x1,22,23) € K3 | 21 + 29 — 223 = 1}.
Khi d6 W khong la khong gian vecto, vi

u=(1,2,1) e W,v=(2,3,2) € W,

nhung v +v = (3,5,3) ¢ W

Meénh dé. Cho V la mot khong gian vecto trén K. Khi dé vdi moi
u €V viaek, ta cé

i) au=0< (=0 hay u=0);
i) (=1)u=—u.

Lé Van Luyén (DHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 6 / 85



2. T6 hgp tuyén tinh

2. T6 hop tuyén tinh

Simpo PDF Merge and Split Unregistered Version - http://w
1.1 To FIJl(jp tuyén tinh P g P

1.2 Doc lap va phu thudc tuyén tinh
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2. T6 hgp tuyén tinh

2.1 T6 hop tuyén tinh

Simpo PDF Merge and Split Unregistered Version - http://w
DPinh nghia. Cho wuy,us,...,up € V. Mot t6 hop tuyéen tinh cha
UL, U, . . ., Uy 12 MOt vectd cd dang

u=aiul + asus + ...+ s vii o € K

Khi d6, ddng thic tren dude goi 1a dang biéw dién cla u theo cac

vecto uy, ug, . .., Umny.

Vi du.

e Vecto u = (4,4,2) 14 t6 hgp tuyén tinh ciia cac vectd
up = (1,-1,2),up = (2,3, —1),u3 = (0,1, ~2), vi

u = Uy + 2us — ug.
e Vecto 0 luon luon 1a mot t6 hop tuyén tinh ctia uq, us, ..., U, Vi

0=0u; +0us + ...+ Ouy,.

v

Lé Van Luyén (DPHKHTN HCM)
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2. T6 hgp tuyén tinh

Ho6i. Lam cach nao dé biét w 1a to hgp tuyén tinh clia i, ug, ..., upm?

Simpo PDF Merge and Split Unregistered Version = http//w
Ta c6 u la to hgp tuyen tinh cha uq, ug, ..., Uy, khi phuong trinh

U= ul + aoug + ... + gy (%)
c6 nghiém «q, ao,...a,;, € K.

Xét truong hgp khong gian K. Gia st

u = (bl,bz,...,bn)

ur = (u11,u21...,Un1);

up = (u12,u22...,Un2);

Um = (ulma U2m - - -5 Unm)~
upioq + U202 + .. Ui, = by

. oal U1 (V] + UPQO + . .. + Uy L = by
Khi d6 (%) < e T (k)

Up10q + Upoo + ... + Upn Q. = by,

Lé Van Luyén (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 9/ 85



2. T6 hgp tuyén tinh

Uil U2 ... Ulm bl

N U2l U2 ... Uz | b2
Ma trandipads B iFWide and. Split Unregistered Yersion - http:/iw
Unpl Up2 ... Unm ‘ by,
Trc 1a
T, T T, T
(ugy uy ... u,, |u)
Nhu vay, dé kiém tra « 1a t6 hgp tuyén tinh ctia uq, ug, ..., U, trong K"
ta lam nhu sau:

e Lap ma tran hoa (u] ug ... u) |u') (1)

e > Néu (1) vo nghicm, két luan u khong phai 1a t6 hop tuyén tinh
cla Up, U, ...y Uy

> Néu (1) co nghicm aq, asg, . ..y, thi v 1a t6 hgp tuyén tinh va
c6 dang biéu dién theo 1a wuq,ug, ..., U, :

U= Ul + Uy + ... + AUy,

v
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2. T6 hgp tuyén tinh

Vi du. Xét xem u = (—3,1,4) c6 1a to hgp tuyén tinh ctia cac vecto
uy = (1,9impe, ROFE Merge)and-Splie Unregistareshyersion - http:/

1 -1 —-2|-3
Giai. (u{ ug ug |u')=12 -1 1| 1
1 1 1 4
1 -1 —-2| -3 1 0 3 4
oi=do2di g 5| g | izdidd [ g 5| o
da:=ds—d; 0 5| - da:=ds—2do 00 —7|—7
auga (103])
di:=d1—3d
dy=dy—5d; \ 0 0 1|1

Hé phuong trinh ¢6 nghiem duy nhat (aq;ag;as) = (1;2;1).
Vay u la t6 hop tuyén tinh ctia uq, us, us.
Dang biéu dién ctia u 1 u = uy + 2ug + us.
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2. T6 hgp tuyén tinh

Vi du. Xét xem u = (4,3,5) c6 la td hgp tuyén tinh ciia cac vectd
/

uy = (1,9ip)pe, RO, Berge;and-Sphit 4 megaisiered Version - http:/

11 2[4
Giai. (u{ ug uj |u')=12 3 3|3
57 4|5

11 —2| 4 10 -9| 9

do:=d2—2d; 0 1 7 _5 d1:=d1—d2 0 1 71 _5

d=ds=dh \ g 9 14a|-15 ) BTE2E N0 0 0]-5

Hé vo nghiem vi 0z + Oy 4+ 0z = —5. Vay u khong 1a t6 hop tuyén
tinh cta uq, us, us.
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2. T6 hgp tuyén tinh

uy = (1,9ip)pe, RO, Blerge;and-Sphit ) megaisiered Version - http:/

Vi du. Xét xem u = (4,3,10) c6 1a t6 hop tuyén tinh clia cac vecto
/

11 -2| 4
Giai. (u{ ug uj |u')=1{2 3 3| 3
5 7 4110

-2 4

1 1 1 0
do:=do—2d; 0 1 7 _5 di:=dy—d2 0 1 7 _5
0 2 0 0

d3:=d3—5d 14| —10 d3:=d3—2d2

Nghiém ctia hé 1a (ag; ag;a3) = (94 9t, —5 — Tt t)
Vay u la t6 hop tuyén tinh ctia uq, us, us.

Dang biéu dién ctia u 1a u = (9 + 9t)uy + (=5 — Tt)ua + tus.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian K* cho céc vecto uy = (1,1,1,1);
up = (2,91Mpo PRf-Merge-and Splitikdniegisteietd Venrsion - http://

u = (a,b, c,d) 1a mot td hgp tuyén tinh ctia uq, us, us.

Giai.
1 2 —1la 1 2 —1la
1 3 —1|b 0 1 O0|b—a
T, 17T, T Ty
(wiugug fur)=1f 1 1 1.7l o0o 3 2/ca
1 0 1|d 0 -2 2|d—a
02 —1| a 02 —-1| a
01 0|—a+b 01 0|—a+b
— —
00 2| —4a+3b+c 00 2| —4a+3b+c
00 2|-3a+2+d 00 O0|la—-b—c+d

Dé u 1a mot t6 hop tuyén tinh ctia uy, us, us thi hé c6 nghiem, tic 1a
at+d=b+ec.
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2. T6 hgp tuyén tinh

2.2 Doc lap va phu thuoc tuyén tinh
Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho wuy,us,...,uy, € V. Xét phuong trinh
aqu] + asug + ...+ aptly, = 0. (%)
e Néu (x) chi c6 nghiém tam thuong oy = ag = ... = ay, = 0 thi
ta noi uy, us, ..., uy (hay {ur,ua, ..., uy}) doc lap tuyén tinh.
e Néu ngoai nghiém tam thuong, (*) con c6 nghiém khac thi ta noéi
U1, U2, .. ., Uy (hay {ui,ug, ..., un}) phu thuodc tuyén tinh.
No6i cach khéc,
> Néu phuong trinh (%) c6 nghieém duy nhat thi uy, us, ..., uy, doc
lap tuyén tinh.

> Néu phuong trinh () ¢6 vo sb nghiem thi uy, ug, ..., u, phu
thudc tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian K3 cho cac vectd ug = (1,2, —3);
up = (2,SiMpR BOF (Vergd pritbSplitkinredistérpdayepsiothubittp://

tuyén tinh?

Giai. Xét phuong trinh
aqul + agug + aguz = 0

< a1(1,2,-3) + a2(2,5,-1) + as(1,1,-9) = (0,0,0)

ar + 20 4+ o3 0;
& 200 4+ bag + ag = 0;
—30&1 — Qo — 9013 = 0
1 2 1
Ma tran héa hé phuong trinh, A = 2 5 1
-3 -1 -8

Ta c¢6 r(A) = 3 nén hé c¢6 nghiém duy nhat. Suy ra wuy, us, ug doc lap
tuyén tinh.

Lé Van Luyen (DHKHTN HCM)
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2. T6 hgp tuyén tinh

uz = (1,3I0)PERRE Mergel@ne;Sphii Yniegisterrgdversion - http:/

Giai. Xét phuong trinh

Vi du. Trong khong gian K? cho cac vecto uy = (1,1,1); ug = (2,1, 3);}/\‘
/

a1ul + agug + aguz =0

& (a+202 + az,a+ az + 2a3,a + 3az) = (0,0,0)

a; + 200 + a3 = 0
=4 a1+ as + 2a3 = 0
a1+ 3ag =0
1 21
Ma tran héa hé phuong trinh, A = 1 1 2
1 3 0

Ta c6 7(A) = 2 nén he vo s6 nghiém. Suy ra uj, us, u3 phu thuoc
tuyén tinh.
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2. T6 hgp tuyén tinh

Nhan xét. Ho vecto ui,us, ..., Uy, phu thudc tuyén tinh khi va chi khi

ton tai +2de0R0 RDF Meragangndplildbaregigiered Mersion viytp://n
o Néu ui,us, ..., Uy phu thuoc tuyén tinh thi cé aq, as, ...,
m

am € K khong dong thoi bing 0 sao cho Y aju; = 0. Gid si
j=1

a; # 0, khi d6

- E :O‘JUJ

o Néu c6 u; sao cho u; =Y Bju; thi Z Bjuj =0, trong do
J#i
Bi = —1#0, diéu nay ching té ui,us, ..., uy phu thuoc tuyén
tinh.
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2. T6 hgp tuyén tinh

Ménh dé. Cho V la khong gian vecto trén K va S = {uy,ug, ..., um}
la tap hépimapoRRFMerge. ard &plit Unregistered Version - http://
o Néu S phu thudc tuyén tinh thi moi tap chita S déu phu thudc

tuyén tinh.
o Néu S doc lap tuyén tinh thi moi tdp con cia S deu doc lap
tuyén tinh.

Hé qua. Cho ui,us,...,un la m vecto trong K™. Goi A la ma tran cé
duogc bing cach xép ui,us, ..., Uy thanh cic dong. Khi do
UL, U2, .« ., Uy dOc lap tuyén tinh khi va chi khi A ¢6 hang la r(A) = m.

v

T He qua trén ta sé xay dung thuat toan kiém tra tinh doc lap
tuyén tinh clia cac vecto trong K"
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2. T6 hgp tuyén tinh

Thuat toan kiém tra tinh doc lap tuyén tinh ciia cac
vecto tgﬂﬁﬁoﬂ‘ﬁ%F Merge and Split Unregistered Version - http://w

Budc 1: Lap ma tran A bang cach xép ug, us,. .., U, thanh cic dong.

Budc 2: Xéc dinh hang r(A) cta A.
> Néu r(A) = m thi uy, ug,. .., uy, doc lap tuyén tinh.
> Néu r(A) < m thi ui,us,. .., u, phu thudc tuyén tinh.

Trudng hdp m = n, ta c6 A la ma tran vuong. Khi dé cé thé thay Budc
2 bang Bué6c 2’ sau day:

Buéce 2’: Tinh dinh thic detA.
> Néu detA # 0 thi uq, us, ..., u, doc lap tuyén tinh.
> Néu detA = 0 thi uq,us, ..., u, phu thudc tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian K® cho cac vecto ug = (1,2, —3,5,1);

uz = (1, SimpR) RDFIMerge @)d, Spht UnregistaredMeisian, uhtipe//
lap tuyén tinh hay phu thudc tuyén tinh.

Giai.
U1 12 -3 5 1
Lap A= w | = 1 3 —-13 22 -1
u3 3 5 1 -2 )

1 2 =3 5 1
0 1 =10 17 -2
0 -1 10 —-17 2

do:=do—dy
—_—
ds:=d3—3d1

—_

2 =3 5 1
1 -10 17 -2
0 0 0 0 O

d3:=d3+ds

[en}

Ta c6 r(A) = 2 < 3. Suy ra ug, us, ug phu thuoc tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian K3 cho cac vecto
Igirﬁé%”ﬁ’bll—" Vigh iir@;Split Unregistered Version - http:/
ug = (m—2,m— Iym—2);

us=2m—1,m—1,2m —1).
Tim diéu kién dé uq,ug, uz doc lap tuyén tinh.

Uy 2m+1 —m m+1
Gidi. Lap A= | us | = m—2 m—1 m-—2 | Taco
Uu3 2m—-—1 m—1 2m—1
2m+1 —m m+1 o m  —m m—+1
Al =|m-2 m—1 m-2 === 0 m—-1 m—2
2m—1 m—1 2m—1 0 m—1 2m—1
5 —1 —2
Cotlm‘z_l 22_1‘—m(m—1)(m+1).

Do d6 w1, u9, us doc lap tuyén tinh khi va chi khi
Al A0 < m(m—1)(m+1) #0< m #0 vam # +1.
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3. Co sé va sb chiéu ciia khong gian vecto

3. Co sG va s6 chiéu cuia khong gian vecto

Simpo PDF Merge and Split Unregistered Version - http://w
Tap sinh

3.2 Cd sd va sd chiéu
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chiéu ctia khong gian vecto

3.1 Tap sinh

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho V la khong gian vects va .S C V. S dugce goi la tap
sinh ctia V néu moi vecto u ciia V déu 1a to hop tuyén tinh ctia S. Khi
do, ta néi S sinh ra V hoac V dugce sinh béi S, ky higu V = (S).

v

Vi du. Trong khong gian K3, cho
S={u=(1,1,1);u2=(1,2,1);u3 = (2,3,1)}.
Héi S ¢6 1a tap sinh ctia K khong?

Giai. V6i u = (7,y, 2) € K3, kiém tra xem u c6 1a t6 hgp tuyén tinh
cua u1,uz,us khong?
Ta lap hé phuong trinh

11 2|z 11 2|z
(uf ug ug |u)=|1 2 3|y | =0 1 1|-2+y
1 1 1|z 00 —-1|—-2+4+=2
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chiéu ctia khong gian vecto

Hé c6 nghiém Suy ra v 1a t6 hgp tuyén tinh clia ug,ug, uz. Vay S la
tap sinh ¢cna K

Slmpo PDF Merge and Split Unregistered Version - http://w
Vi du. Trong khong gian K3, cho
S = {ul = (17 17 _1)a U2 = (2737 1)7“3 = (374a 0)}

Héi S ¢6 1a tap sinh ctia K khong?

Giai. V6i u = (7,y, 2) € K3, ta lap hé phuong trinh

1 2 3|2 1 2 3|z
(u] ug uj |u') = 1 3 4|y | =101 1|-2x+4y
-1 1 0]z 0 0 0|4 —3y—+=

Véi ug = (1,1,1) thi hé trén vo nghiém.

Vay ug khong 1a t6 hop tuyén tinh ciia w1, ug, ug. Suy ra S khong la
tap sinh ciia K3.
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chiéu ctia khong gian vecto

Vi du. Trong khong gian K[z, cho
g gl?}g PDF Mirge and28pllt é% elgljsgtereq V%rsm - http://

H6i S c6 la tap sinh cta Kg[z] khong?

Giai. V6i f = az? + bz + ¢ € Ky[z], kiém tra xem f c6 la t6 hgp tuyén
tinh caa fi, fo, f3 khong?

Xét phuong trinh oy f1 + aafo + asfs = f.

o1 + 202 + a3 = a;
& a1 + 3as + 2a3 = b
oy + oy + as = C.
1 2 11a 1 2 1 a
Ma tran héa, A= 1 3 2|b | - 0 1 1 —a+b
1 1 1]¢ 0 0 1|—-2a+b+c
Hé c6 nghiem. Vay f 1a t6 hop tuyén tinh ctia fi, f2, f3. Suy ra S 1a

tap sinh cta Ks[z].
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chiéu ctia khong gian vecto

3.2 Co s6 va sb chieu

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho V' la khong gian vecto va B 1a con cia V. B duge

goi 1a mot co sd ctia V néu B 1a mot tap sinh va B doc lap tuyén tinh.

Vi du. Trong khong gian K3, cho

B={ui=(1,1,1);us = (1,2,1);u3s = (2,3,1)}.

Kiém tra B 1a co s6 ctia K3.

Giai. B 1a tap sinh ctia K3. (theo vi du trén)
Kiém tra B doc lap tuyén tinh.

U1 1 11

Lap ma tran A = | us = 1 2 1

U3 2 31

Ta c6 r(A) = 3 (hodc |A| = —1). Suy ra B d

oc lap tuyén tinh. Vay B 1a
co 56 ctia K3.
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eu cua khong gian vectd

Vi du. Trong khong gian K3, cho

Slmpo PDF Merge and SpIJ n eqgis gred Vesrsmn http://

7 )7

—{u1 1 1 —2) U2 =

Héi S ¢6 1a co sé ciia K3 khong?

Vi du. Trong khong gian K3, cho

S={u =(1,1,-1);u2 = (2,1,0);uz = (1,1,0); us = (1,4, 1) }.

Héi S 6 1a co sd ciia K3 khong?

Vi du. Trong khong gian Ksy[z], cho
S={fi=a+z+1fo=20"+x+1;fz3=a’+2x+2}

Héi S ¢6 1a co s6 clia Ro[x] khong?
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3. Co sé va sb chiéu ciia khong gian vecto

S6 chieu

.. Simpo PDF Merge and Split Unregistered Version - http://w
Bo de. Gia stV sinh bdi m vecto, V- = (uy, ua, ..., Up). Khi dé moi
tap hop con doc lap tuyén tinh cia V cé khong qud m phan ti.

Hé qua. Gid stV c6 mot co sé B gom n vecto. Khi dé moi co s
khdc cia V hitu han va co ding n vecto.

Dinh nghia. Cho V la khong gian vectd, s chiéu clia V, ky hieu la
dimV, 1a s6 vecto clia tap co sd. Trong truong hgp vo han chiéu, ta ky
dimV = oo.

Vi du. Trong khong gian K3, cho
B={ui=(1,1,1);us = (1,2,1);u3s = (2,3,1)}.

Khi d6 B 1a co s6 ctia K3. Do d6 dimK? = 3.
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3. Co sé va sb chiéu ciia khong gian vecto

Vi du. Trong khong gian K", xét By = {e1,ea,...,¢e,}, trong do6
Simpo PDF Merge and Split Unregistered Version - http://\
e1r = (1,0,0,...,0),

€2 = (07170)"'70)7
€n = (0707' 7071)
Vé6i u = (x1,x9,...,2,) € K" Ta co

u = x1€1 + T2e2 + -+ - + Tpeén.

Do d6 By 1a tap sinh ctia K*. Mit khac By doc 1ap tuyén tinh nén By 1a
co 86 ctia K™, By dudc goi la co sd chinh tac cta K*. Nhu vay

dimK" =n
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3. Co sé va sb chiéu ciia khong gian vecto

Vi du. Khong gian vecto M, x,(K) ¢6 co s6
Simpo PDF Merge and Split Unregistered Version - http://\
By = {EZJ | ,ie€lm,g e 1,n},

trong d6 E;j la ma tran loai m x n chi ¢c6 mot he s6 khac 0 duy nhat 1a
he s6 1 ¢ dong i cot j. Do d6 M, x,(K) hitu han chiéu va

dimM,, xp (K) = mn.

Vi du. Khong gian K, [z] gom céc da thiic theo z bac khong qua n
v6i he s trong K, 13 khong gian vecto hitu han chiéu trén K c6
dimK,[z] =n+1 véi co s6 By ={1,x,...,z2"}.

Vi du. Khong gian K[z] gom tat cdc da thitc theo x v6i hé s6 trong K,
14 khong gian vectd vo han chiéu trén K véi co s6 By = {1,z,22,...}.

v
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3. Co sé va sb chiéu ciia khong gian vecto

Hé qua. Cho V la khong gian vecto ¢ dimV = n. Khi do

Simpo PDF Merge and Split Unregistered Version - http://
i) Moi tap con cia V chia nhiéu hon n vectd thi phu thudc tuyén

tinh.

i) Moi tap con cia V' chita it hon n vecto khong sinh ra V.

B6 dé. Cho S la mot tap con doc lap tuyén tinh cia V vau €V la
mot vecto sao cho u khong la to hop tuyén tinh cia S. Khi dé tap hop
S1 = SU{u} doc lap tuyén tinh.

Dinh ly.
Cho V la mot khong gian vecto hitu han chiéu véi dimV = n. Khi dé

i) Moi tap con doc lap tuyén tinh gom n vecto ciia V déu la co sd
cua V.

ii) Moi tdp sinh ciia V. gom n vecto déu la co sd cia V.

v
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eu cua khong gian vectd

Nhan dién co sé cua khong gian V' ¢6 dimV =n
Simpo PDF Merge and Split Unregistered Version - http://w

Vi dimV = n nén moi cd s6 ciia V phai gom n vecto. Hon nita, néu
S C V va s6 phan tit ctia S bang n thi

SlacosdciaV <« S doc lap tuyén tinh.

< S la tap sinh ctaa V.

Vi du. Kiém tra tap hop nao sau day 13 co s6 ctia khong gian vecto
ciia K3?

a) Bi={u1 =(1,2,3),u2 = (2,3,4)}.
b) By ={u; = (2,1, ) =(2,1,4),u3 = (2,3,1),us = (3,4,5)}.
¢) By ={u=(1,— ) =(1,3,2),u3 = (-2,1,-2)}
d) By={u; =(2,-1 0) =(1,2,3),u3 = (5,0,3)}

v
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chiéu ctia khong gian vecto

Giai.
a) b) By, By khong phai 1a co sd cia K2 vi s6 vectd khong bing 3.
) )Slnl1p02PDF erge and Split Unregistered \Version - r%ttp://w

¢) By = {uy = (1,-2,1),up = (1,3,2),u3 = (-2,1,—-2)}

w1 1 -2 1
LapA=| w | = 1 3 2
us —2 1 -2

Ta c6 detA = 3. Suy ra B3 doc lap tuyén tinh. Mat khac s6 vecto
ctia B3 bing 3 = dimK3 nén Bs la co sd ciia K?

d) By = {ug = (2,-1,0),us = (1,2,3),us = (5,0,3)}

(51 2 -1 0
LapA=1| us | =] 1 2 3
u3 5 0 3

Ta c6 detA = 0. Suy ra By khong doc lap tuyén tinh. Vi vay By
khong 1a co sé clia K3

Lé Van Luyén (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 34 / 85



chiéu ctia khong gian vecto

Vi du. Trong khong gian Ksy[z], cho
Simpo PDF Merge and Pht Unreglstered Version - http://
S={fi=a?+ax+1,fo=22°+3c+1;f3 =2° + 2 + 1}.

Ho6i S ¢6 1a co s6 cia Ka[z] khong?

Giai. Vi dimRy[z] = 3 va s6 phan t cia S bang 3 nén S 14 co sd cla
Ks[z] khi S doc 1ap tuyén tinh hogc S 1a tap sinh.

Cach 1. Kiém tra S doc lap tuyén tinh.
Xét phuong trinh oy f1 + asfo +asfs =0

ar + 200 + a3 = 0

S ap + 3as + 203 = 0

a1 + oy + a3 0
1 2 1|0 1 2 1|0
Ma tran héa, A= 1 3 2|0 | —=[ 0 1 1]0
1 1 110 00 1]0
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chiéu ctia khong gian vecto

Heé c6 nghiém duy nhat oy = as = a3 = 0. Vay S doc lap tuyén

tinh. Suy ra S 1a co 8§ cua 6{
%lmpo PDF Merge and Split Unregistered Version - http://w
Cach 2. Kiem tra S la tap sinh.

Vi du. Trong khong gian K3, cho
S={u =(1,m—-2,-2),ug =(m—1,3,3),u3 = (m,m +2,2)}.

Tim diéu kiem m dé S 1a co s6 ciia K3.

Giai. Do s6 phan tit ctia S bang 3 nén S 1 co s6 ctia K3 khi S doc lap
tuyén tinh.

ul 1 m—2 =2
LaipA=1{ u | =] m-—1 3 3 . Ta c6 detA = m — m?.
U3 m m+2 2

Suy ra, S doc lap tuyén tinh khi detA # 0. Nhu vay, dé S 1a co s clia
K3 thi m # 0 va m # 1.
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4. Khong gian vectd con

4. Khong gian vecto con

Simpo PDE Merge and Split Unregistered Version - http://w
4.1 Dinh nghia

4.2 Khoéng gian sinh bdi tap hop
4.3 Khong gian dong ciia ma tran

4.4 Khong gian tong
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4. Khong gian vectd con

4.1 Dinh nghia

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho W 1a mot tap con khéac () ctia V. Ta néi W 1a mot
khong gian vecto con (goi tat, khong gian con) ctia V, ky hieu
W <V, néu W vé6i phép toan (+,.) dugc han ché tir V ciing la mot
khong gian vecto trén K.

Vidu. W ={0} va V la cac vecto con ciia V. Ta goi day la céac
khong gian con tam thwong cia V.

Dinh 1y. Cho W la mét tap con khdc () cia V. Khi dé cac ménh dé
sau tuong duong:

HW<V.
i) Vai moiu,veW ;a€K, tacou+veW viaueW.
iii) Vi moiu,v e W; a €K, ta c6 au+veW.

v
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gian vecto con

Vidu. Cho W = {(z1,22,23) € K3 | 221 + 25 — 3 = 0} . H3i W ¢6 la
khong gigimpa BRKMEigesand Split Unregistered Version - http://

Giai.
Ta co W C K3.
0=(0,0,0) € W (vi 2.0+ 0—0 = 0). Suy ra W # 0.
V6i moi u = (21, x2,x3) € W, nghia la 2z +x9 — 23 =0,
v=(y1,Y2,y3) € W nghiala 2y; + yo —y3 =0
va a € K. Ta ¢6
o utv=(r1+y1,r2+ Y2, 3+ y3). Ta cod
2(r1 +y1) + (2 +y2) — (w3 +y3) =
(2x1+$2—x3)+(2y1+y2—y3) =04+0=0.
Suyrau+veW. (1)
o au = (axy,azs,axs). Ta co
201 + axg — arg = a(2x1 + 19 — x3) = 0 = 0.
Suy ra au € W. (2)
Tit (1) va (2) suy ra W < K3.
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4. Khong gian vectd con

Nhan xét. Cho V la khong gian vecto va W C V. Khi dé:
o NaIMpaPREYergeandplit Wnvegigtered Version - http://

o NéuO¢ W thi W khong la khong gian con ctia V.

v

Vidu. Cho W = {(:Ul,xg,xg) € K3 | 321 + 2x9 — 4a3 = 1} . Hoi W c6
la khong gian con ctia K3 khong?

v

Giai. Ta c6 0= (0,0,0) ¢ W (vi3.042.0-4.0=0%#1). Suy ra W
khong 1a khong gian con ctia K3.

Vi du. Cho W = {(21,22,23) € K® | 21 = 2wo3} . Héi W ¢6 la khong
gian con ciia K* khong?

Giai. Véi u = (2,1,1) vav = (4,2,1). Ta c6 u,v € W.

u+v=(6,3,2) ¢ W (vi 6 # 2.3.2). Suy ra W khong la khong gian
con ctia K3,
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4. Khong gian vectd con

Dinh ly. Néu Wy, Wy la khong gian con ciia V thy W1 N Wy ciing la
mot khojrpfa BiaRdderge and Split Unregistered Version - http://

Chimng minh.

e WinNWyCcVViW,CV, WyCV)

e 0 eWLTNWy (vi0e Wy, 0e Ws)

e V6i moi u,v € Wi NWy;, a € K.
Viwu,v€ Wy nén au+veW; (vi Wy <V).
Viu,v € Wy nén au+v € Wy (vi Wo < V).

Suy ra au +v € Wiy N Wa.
Vay WinWy < V.
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gian vecto con

Dinh ly. Néu Wi, Wy la khong gian con cia V, ta dinh nghia
Simpo PDF Merge and Split Unregistered Version - http://
Wi+ Wy = ?1+w2|w1€Wl,w2€W2}

Khi do W1 + Wy cing la mot khong gian con cia V.

Chimg minh.
° W1—|—W2CV(V1W1CV,W2CV)

e 0=040eW;+Wsy (vi0 e Wy,0e W)

e Vi moi u=wu; +us,v=v1+v9 € Wi +Ws; a € K.
Vi up,v; € Wi nén auy +v; € Wy (vi Wy <V).
Vi ug, vy € Wi nén aug + ve € Wo (vi Wy < V).

Ta c6
au+v = a(ug +uz)+ (vi+v2) = (aqui+v1)+(aua+vy) € Wi+ Ws.
Vay au +v € Wi + Wa.

Vay W1 + Wy < V.
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4. Khong gian vectd con

4.2 Khong gian con sinh béi tap hop

Simpo PDF Merge and Split Unregistered Version - http://w

Dinh ly. Cho V la khong gian vecto trén K va S la tdp con khdc rong
ctia V. Ta dat W la tap hop tat cd cic to tuyén tinh cia S. Khi dé:
) W<V
ii) W la khong gian nhé nhdt trong tat cd cic khong gian con cia
V' ma chita S.
Khong gian W duogc goi la khong gian con sinh bdi S, ky hieu W = (S).
Cu thé, néu S = {u1,ua, ..., um} thi

W = (S) = {a1us + agua + - -+ + | a; € K}

Vi du. Trong khong gian K2, ta xét S = {u = (1,2)}. Khi d6
W =(S)={a(1,2) | a € K} = {(a,2a) | a € K}.
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4. Khong gian vectd con

Vi du. Trong khong gian K3, ta xét

Sim%o:PPulf M?{% 1aBr)gIQSé)I(lt_ lﬂr}r,%%stered Version - http://

Khi dé
(S) = {tu; + sus | t,s e K} = {(t — 5,2t + 2s,t) | t,s € R}

Nhan xét. Vi khong gian sinh bdi S la khong gian nhé nhat chia S
nén ta quy wdc (0) = {0}.

Vi du. Trong khong gian K3, cho
W ={(a+2b,a—b,—a+2b)|abeK}
a) Chitng minh W 1a khong gian con ciia K3.
b) Tim mot tap sinh ctua W.

W\

Giai. a) Tac6 0 € W vi 0= (0,0,0) = (04 2.0,0 — 0, —0 + 2.0)
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4. Khong gian vectd con

Véi u,v e W va a € K,
u = (@1 + 2b1,a1 — b1, —ay + 2b1) v6i a1,b1 € K .
|1mpo PDF Mérgeland Split Unlreglglstered Version - http://w
V= (CLQ + 2bsy, ag — ba, —ao + 2bsy) V6i as, by € K. Khi doé:
o U+UV= ( (a1+a2)+2(b1 +b2),(a1 +(12) — (bl +b2)
,—(a1 —|—CL2) + 2(b1 + bg) ) eWw (Vi ay +as, by +by € K)

e au = (aay + 2aby, aay — aby, —aa; + 2aby) € W
(Vi aay, aby € K).

Vay u + v, au € W. Suy ra W < K3.
b) Ta c6 W = {(a + 2b,a — b, —a + 2b) | a,b € K}
={a(1,1,-1)+b(2,-1,2) | a,b € K}

Vi moi vects thuoc W déu la t6 hop tuyén tinh cta
up = (1,1,—-1),us = (2,—1,2) nén S = {uy, us} la tap sinh ctia W.
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4. Khong gian vectd con

Dinh 1y. Cho V la khong gian vecto va Sy, Se la tdp con cia V. Khi
do, néu DivapecRREMErgeuandSpip Lipkagisiewed Yersionadattp://
thi (S1) = (S2)

Chitng minh. Vi moi vecto ctia S déu la t6 hop tuyén tinh ctia Sy
nén Sy C (Sz). Mat khac (S7) 1a khong gian nhé nhét chia Sy nen
(S1) C (S2). Ly luan tuong tu ta c6 (Sa) C (S1).
Vi du. Trong khong gian K3 cho

Sl = {’U,l = (1, *1,4),11,2 = (2, 1,3)},

SQ = {’LL3 = (_17 _27 1),U4 = (57 17 10)}
Ching minh (S7) = (S2).
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gian vecto con

Dinh 1y. [vé cd sé khéng toan ven] Cho V la mot khong gian vecto
hUu han«<hieu v a hi

e o i ORI S G A Veriof
mot co sd cia V.

=

v

Vi du. Trong khong gian K%, cho
S ={u; =(1,0,2,1},ue = (1,0,4,4)}.

Chitng t6 S doc lap tuyén tinh va thém vao S mot sb vectd dé S tré
thanh co sG cia K*.

A 1021 1021
G‘a"LapA_(u2> <1044) (0023)'

Ta c6 7(A) = 2 bang s6 vecto ctia S. Suy ra S doc lap tuyén tinh.

Dua vao A ta c6 thé them vao S hai vecto
us = (0,1,0,0),uq = (0,0,0,1).
Ro rang S = {uy, ug, u3, us} dltt. Suy ra S la co s6 ciia K*.
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gian vecto con

Dinh ly. Cho V la mét khong gian vecto hitu han chiéu sinh bdi S.

S nong SIPRPIOF M/ ol Sl Unfebictelid ARSI ity

vecto dé dudec mot co sé cia V.

Vi du. Trong khong gian K3, cho W sinh béi
S={u =(1,1,1),us = (2,1,3),u3 = (1,2,0) }.

s

Tim mot tap con cta S dé 1a co s6 cia W.

Giai. Xét phuong trinh
aqur + agug + aguz = 0

& (a+2a2 + az,a+ az + 2a3,a + 3az) = (0,0,0)

ar + 200 + a3 = 0
& ar + a 4+ 2a3 = 0
a1+ 3ag =0
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4. Khong gian vectd con

Ma tran héa hé phuong trinh,

Simpo PDH Merge/and Split Uniegistgred Yersipn - http://w
A=|l11 2 |—=10 -1 1 |—=]101 -1
1 30 0 1 -1 00 0

Suy ra hé c6 nghiém la oy = —3t, g = t, a3 = t. Vay
—3tuy + tug + tug = 0.

Chot =1, ta ¢c6 —3uy + us + ug = 0 nén
Uo = U] — U3.

Suy ra ug 14 t6 hgp tuyén tinh clia u1, uz. Do d6 {uj,us} 1 tap sinh
ctia W, hon nita né doc lap tuyén tinh nén né la co sé ciia W.
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4. Khong gian vectd con

4.3 Khong gian dong ctia ma tran

Simpo PDF Merge and Split Unregistered Version - http://w

Dinh nghia. Cho ma tran A = (a;j) € My xn(K)
ail a2 Qin
a a ceeoa
A= 21 22 2n
ml  Am2 Gmn
Dat
’ ur = (a117a12>---7a1n);
uy = (a21,022,...,02,);
Um = (amh Am2, 7amn)
va
WA = <U1,UQ, ey um>
Ta goi uy,us, ..., un la cac vecto dong cua A, va Wx la khong gian
dong ctua A.
v
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4. Khong gian vectd con

B6 dé. Néu A va B la hai ma tran tuong duong dong thi Wy = W,
nghia lo 3impo Rk Mergewand &plit nregjstesed Wersiong- http://

Dinh 1y. Gid st A € My, xn(K). Khi dé, dimW,4 = r(A) va tap hop
cdc vecto khac khong trong dang ma tran bac thang cia A la co sd ciua
Wy

Vi du. Tim s6 chiéu vi mot co sé clia khong gian dong clia ma tran

1 2 -1 1
29 5 1 4
A=1511 o 3
9 20 —3 14
1 2 -1 1 12 -1 1
2 5 1 4 01 3 2
Giai. A= . 1 o5 |~ o0 01
9 20 -3 14 00 00
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4. Khong gian vectd con

Suy ra dimW,4 = r(A) = 3 va mot co s6 ciia Wy la

Simpe-RPE Merge.and @plitdnregistered Yargion - http://m

Thuéat toan tim sb chiéu va cd sé ctia mot khong gian con ciia
K™ khi biét mot tap sinh

Gia st W = (uy,ug, ..., Up) < K" (u1,us, ..., u, khong nhat thiét

doc 1ap tuyén tinh). Dé tim s6 chiéu vi mot co sé clia W ta tién hanh
nhu sau:

Budc 1. Lap ma tran A bang cach xép u1,us, ..., u,, thanh cac dong.
Buéc 2. Dung cac phép BDSCTD dua A vé dang bac thang R.

Buéc 3. S6 chiéu ctia W bing s6 dong khac 0 ctia R (do d6 béng
r(A)) va cac vectd dong khac 0 ctia R tao thanh mot co s6 cua W.
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4. Khong gian vectd con

Vi du. Cho W sinh béi S = {u1,ug, usg, us} trong dé vy = (1,2,1,1);
up = (3,810)pn RDE Mesgesand,Splis Uareyisterdathny eisien shtipi//
khong gian W.

Giai. Lap

U1 1 2 1 1 1 211

U2 3 6 o5 7 0 01 2
A - = —_—

U3 4 8 6 8 0 001

Uy 8 16 12 20 0 00O

Do d6 W ¢6 dimW = 3 va c6 mot co s6
{Ul = (1727 15 ]-);/02 = (0707 172);U3 = (anaoa 1)}

Nhan xét. Vi dimW = 3, hon nita, c¢6 thé kiém ching w1, ug, u3 doc
lap tuyén tinh nén ta ciing c¢6 {u1,ug, ug} 1a mot co sé ctia W.
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gian vecto con

Vi du. Tim mot cd s6 cho khong gian con cla K* sinh béi cac vecto
uy, uz, us iR BB I, Merge-andiSplitl)nregistered grsion - http://
uz = (3, *6, *4, 4).

Giai. Lap

Ul 1 -2 -1 3 1 -2 -1 3
A= w9 =12 -4 -3 0])]—=10 0 -1 -6
u3 3 -6 —4 4 0O 0 O 1

Do d6 ¢6 dimW = 3 va c6 mot co sG
{Ul = (17 _2? —1,3);’02 = (0707 _]-7 _6);’03 = (070707 1)}

Nhan xét. Trong vi du trén, vi 7(A) = 3 nén uy, uz, uz doc lap tuyén
tinh, va do d6 {u1,us,us} ciing la mot co s6 cia W.

Lé Van Luyén (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 54 / 85



4. Khong gian vectd con

4.4 Khong gian tong
Simpo PDF Merge and Split Unregistered Version - http://w

Dinh 1y. Cho V la khong gian vecto trén K va Wi, Wa la khong gian
con cua V. Khi do:

i) Wi+ Ws la khong gian con cia V.
ii) Néu W1 = <Sl> va W2 = <SQ> tha

Wi+ Wy = (Sl U Sz).

Vi du. Trong khong gian K* cho céc vecto uy = (1,2,1,1);
ug = (3,6,5,7); ug = (4,8,6,8); ug = (8,16,12,16); us = (1, 3,3, 3);
ug = (2,5,5,6); uy = (3,8,8,9); ug = (6,16, 16, 18).

Dat Wy = (uy, ug, us, ug) va Wy = (us, ug, uz, ug). Tim mot co sG va
x4c dinh s6 chiéu ctia mdi khong gian Wy, Wy va Wi + Wh.

Giai.
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4. Khong gian vectd con

e Tim co s6 cia Wy

Simpq PBF\Mer e an& Spht Uhr gist reg]d \ger%loé -\http://n
u
Lap Av= | = | = 4 8 6 8 710000
Uy 8 16 12 16 00 0O
Do dé W c¢6 sb chieu 1a 2 va mot co sé 1a
{v1 = (1,2,1,1);v5 = (0,0,1,2)}.
e Tim co sG cia Wy
Uus 1 3 3 3 1 3 3 3
o lus | [2 5 5 6 0110
Lap o= " 1= 35 s s 9|~|000o0
Uus 6 16 16 18 00 0 O

Do d6 Wy ¢6 s6 chiéu 1a 2 va mot cd sG 1a

{vs =(1,3,3,3);v4 = (0,1,1,0)}
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gian vecto con

e Tim co sG cua Wy + Wy
Ta c6 Weimie BDFigitfevafid Split Unregistered Version - http://w
v = (1,2,1,1);v9 = (0,0,1,2);v3 = (1,3,3,3);v4 = (0,1,1,0).

01 1211 121 1
o |w | (o012 0110
LapA=1t 1=l 1333|0012

va 0110 0000

Suy ra W1 + Ws ¢6 s6 chiéu 1a 3 vA mot co s6 1a

{wr=(1,2,1,1);wz = (0,1,1,0);ws = (0,0,1,2)}.
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

5. Khong gian nghiém ctia hé phuong trinh

tuyén ditdd PDF Merge and Split Unregistered Version - http://n
5.1 Mé& dau
5.2 Tim cd s cua khong gian nghiém

5.3 Khoéng gian giao

Lé Van Luyén (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 58 / 85



5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

5.1 Mé dau
Simpo PDF Merge and Split Unregistered Version - http://w

Vi du. Cho W la tap tat ca cac nghieém (z1,z2, 3, 74) clia hé phuong
trinh tuyén tinh thuan nhat:
r1 + 2x9 — 33 + dxry = 0
r1 4+ 3x2 — 13x3 + 22z4 = O
3r1 + S5z + r3 — 2x4 = 0
2¢1 + 3x9 + dxry — Txy = 0.
Ma tran héa hé phuong trinh, ta cé
1 2 -3 5 1 0 17 =29
1 3 —-13 22 01 —-10 17
A= —
3 5 1 -2 0 0 0 0
2 3 4 -7 0 0 0 0

Vay hé c6 nghiém la

(z1,22,23,24) = (=17t + 295,10t — 17s,t,s) v6i t,s € K
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

Do do

sifpo POF Mrge4ndO6piit BriradidisredVersion - http:/i

= {(=17t,10t,£,0) + (295, —175,0, ) | t, s € K}
= {#(—17,10,1,0) + $(29, —17,0,1) | £, s € K}

Dit up = (—17,10,1,0),us = (29, —17,0,1). Theo biéu thiic trén, véi
uw € W thi u 1 t6 hop tuyén tinh clia ui, us. Suy ra

W = <U1,UQ>.

Hon nita {u1,us} doc lap tuyén tinh, nén {uj,us} 1a co 6 ctia W. Suy
ra dimW = 2.

Nhan xét. Vecto u; va us c¢6 duge bang cach cho lan lugt t = 1,5 =0
vat=0,s = 1. Ta goi nghiém wuy, us dugc goi la nghiém co ban cla
he.

Lé Van Luyén (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 60 / 85



5. Khong gian nghiém ctia hé phudng trinh tuyén tinh

Dinh 1y. Goi W la tap hop nghiém (x1,xa,...,x,) clia hé phuong
trinh tusgiinpoh RREMaige and Split Unregistered Version - http://

ay1xr1 + apxre + ... 4+ apxn, = 0
anxry + axpry + ... + apx, = O0;
Am1T1 + Gmar2 + + amprn, = 0

Khi do, W la khong gian con cia K™ va s6 chiéu ciia W bing s6 an tu
do cua hé.

Nhw vay W = {u € R" | Au" =0} vdi A la ma tran cho trudc va

U= (131,1'2,. "amn)
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5.2 Tim co s cua khong gian nghiém
Simpo PDF Merge and Split Unregistered Version - http://w

Thuat toan

Buéc 1. Giai hé phuong trinh, tim nghiém tong quat.

Buéc 2. Lan lugt cho bo an tu do cac gia tri
(1,0,...,0),...,(0,0,...,1) ta dugc cac nghiém cd ban ug,ug,. ..

Budc 3. Khi d6 khong gian nghiém c6 co sd 1a {uq, ug, ...

5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

Vi du. Tim co s6 va s chiéu ctia khong gian nghiém sau

T
I
3.%1
21‘1

+ o+

2562
31}2
5%2
3([)2

+
_.I_

Giai. Ma tran héa hé phuong trinh, ta ¢
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

1 2 =3 5]

12 -3 5
do:=da—d1
i~ |simpb PBE l\/?é"rg ae-gptittunragisterdd Véfsion! hitp:/m
35 1 dyimds—2d, 0 -1 10 —17
2 3 4 -7 0 —1 10 —17
Y 1 0 17 —-29
ds:=d3+da 0 1 -10 17
—_— = =
dy:=dy+d2 0 0 0 0
00 0 0

Suy ra nghiém cta hé la

u = (z1, T2, r3,24) = (=17t + 295,10t — 17s,t,5) véi t,s € K.

Cac nghiém co ban cia hé la
= (-17,10,1,0),us = (29,—17,0,1).

Do d6, néu W la khong gian nghiém thi B = {uy,us} co s6 cia W va
dimW = 2.
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

5.3 Khong gian giao

Simpo PDF Merge and Split Unregistered Version - http://w
Cho V' la khong gian vecto va Wi, W 1a khong gian con ctia V. Khi dé

W1 N W 1a khong gian con ctia V. Hon nita néu Wy = (S1), Wy = (Ss)
thi u € Wi N Wy khi va chi khi u 1 t6 hop tuyén tinh ctia S; v u 1a t6
hgp tuyén tinh ctia So.

v

Vi du. Trong khong gian K* cho céc vecto u; = (1,2,1,1),
us = (1,2,2,3), uz = (2,4,3,4), us = (1,3,3,3), us = (0,1,1,0). Dt
W1 = (u1,ug,us), Wa = (ug,us). Tim co s6 ciia khong gian Wy N Wha.

v

Giai. Goi u = (x,y, z,t) € W1 N Wy
e Viu € Wi nén u la td hop tuyén tinh ctia uq, ug, us3.

1 1 2| 11 2|z
2 2 4 01 1jz—=
T 7 7.7 — Y
(ol g wgful)=|7 5 317 | = 00 0] -2z+y
1 3 4]t 0 0 O0|z—22z+t

Suyradéu e Wy thi 2z +y=0vazx—2z+t=0 (1)
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

e Viu € Wy nén u la té hop tuyén tinh ciia ug, us.

Simpo PD l\}rer@ and Spift Unfegistered Version - http://n
(UT UT‘UT): 3 Y - 0 1 —3£U+y

4.7 3 1|z 0 0|-y+=2

3 0|t 0 0| —-3x+t

Suyradé u€ Wothi —y+2z=0va -3z+t=0  (2)

Tw (1) va (2) ta co

-2z + vy = 0

T — 2z + t =0

-y + =z = 0

-3z + t =0
-2 1 00
i x 1 0 -2 1
Ma tran héa A = 0 1 1 0
-3 0 01
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

—2 1 0 0 1 1 0 -1

A -Simpd PDE Mérgé ahd Splﬂtﬁﬁtéglstﬂrgd Vérsioh - hitp}//n
0 -1 170 =dy— 0 -1 1 0
-3 0 01 G 0 3 0 —2
P 10 -2 1 dyi=Lds 10 0 —-1/3
di:=d1—d> 01 2 =2 di:=d1+2d3 01 0 —2/3
= _—
ds:=ds3—ds 0 0 3 =2 do:=ds—2d3 0 01 —-2/3
d4Z:d4—3d2 0 0 _6 4 d4Z:d4+6d3 0 0 O O
Suy ra nghiém cta hé la
1 2 2
u:(aj,y,z,t):(ga,ga,g ) v6ia € K
1 2 2
Nghiém co ban cla heé 1a u; (g, 3y 1).
12 2
Suy ra W1 N Wy ¢6 co s6 1a {u; = <§’§’§’1)}'
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

Dinh ly. Cho Wy, W5 la hai khong gian con hitu han chiéu ctia V. Khi
dé Simpo PDF Merge and Split Unregistered Version - http://,

d1m(W1 + Wg) = dimW; + dimWs — d1m(W1 N WQ)
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6. Toa do va ma tran chuyén cd sé

6. Toa d6 va ma tran chuyén cd sé

Srfmpo PDF Merge and Split Unregistered Version - http://w
oa 0

6.2 Ma tran chuyén cd sé
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6. Toa do va ma tran chuyén cd sé

6.1 Toa do

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho V la khong gian vectd va B = {uq, ug,...,u,} 1a

mot cd sé ctia V. Khi d6 B dudc goi 1a co sd duoe sdp ctia V néu thit
tu cac vecto trong B dugce ¢d dinh. Ta thuong dung ky hiéu

(ug,ug,...,uy)
dé chi co s6 dugc sip theo thit tu wi, us, . .., up.
Dinh ly. Cho B = (u1,us,...,uy,) la co sé cia V. Khi dé moi vecto

uw eV déu duge biéu dién mot cich duy nhat dudi dang

U= 01Ul + Uy + -+ + Qply.

Chimng minh.
e Sy ton tai. Vi B la co sé ctia V neén B la tap sinh. Véi u € V thi u
la t6 hop tuyén tinh ctia B. Suy ra, ton tai o, ao,...a, € K dé

U = QU1 + QU2 + - - + Qply.
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6. Toa do va ma tran chuyén cd sé

e Su duy nhét.

Gia st ot d bieu dién khac .
e uS(i(r)nrleg PI%n leu elg}\g Spllt Unr |stered Version - http://w

1u1 + Paug + - nun
Nghia la:
u=aiu + -+ apup = frur + Pouz + -+ + Bpin.
Khi dé
(1 = Br)ur + (a2 — B)ug + -+ + (an — Bn)un =0

Do B 1a co s6 nén B doc lap tuyén tinh, ta c6
—fr=ar—Pe=-=a,—F,=0

hay

a1 = Pi,a2 = Ba,..., 0, = Bp.

Diéu nay chitng t6 u c6 mot dang bicu dién duy nhat.
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6. Toa do va ma tran chuyén cd sé

Toa do

Simpo PDF Merge and Split Unregistered Version - http://w
Nhu vay, néu B = (uy, ug, Up) la co 86 cia V va u € V' thi u sé ¢
dang biéu dién duy nhat la:

U = U1 + au + - -+ Qpln.
Ta dat

[ulp =

Qp
Khi d6 [u]s duge goi 1a toa do cla u theo co sé B.

Vi du. Trong khong gian K3, ta c¢é cd sé chinh téc
B[) = {61 = (1,0, 0), €y — (0, 1, 0), €3 — (0,0, 1)}

V6i u = (21, x2,x3) ta c6: u = x1€1 + x2e3 + T3€3
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6. Toa do va ma tran chuyén cd sé

I
T

Suy ra [ulg, = =u'.

T2
Simpo PRE Merge and Split Unregistered Version - http://w

Nhan xét. Ddi vdi co sd chinh tac By = (e1, e, ..., e,) cla khong

gian K™ va u = (x1,x9,...,2,) € K" ta co

Tn

Vi du. Khong gian Ry[x] ¢6 co s6 chinh téc 1a

By = {2?,x,1}.

a

Véi f = ax® +bx +c, taco [flg, = | b
c
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6. Toa do va ma tran chuyén cd sé

Phuong phép tim [u]p
Cho V 191Me:REE MergesandSpliguniggistered Yersion « littp:/Mm
Dé tim [u]p ta di giai phuong trinh
U= oruy + agup + - 4 apty, (%)
v6i an aq, ag, . ..a, € K. Do B la ¢o sé nén phuong trinh () c¢6 nghiem
duy nhat
(1,9, ...,0p) = (c1,¢2,...,¢p)-

C1
2

Khi d6 [u|g =

Cn

Luu y. Khi V = K", dé giai phuong trinh (*) ta lap he

T, T T

(u] ug ... u,) |ul)
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6. Toa do va ma tran chuyén cd sé

Vi du. Trong khong gian K3, cho céc vecto
SimpoPOF(Mergk tend Spfit Uritegidterad)Version - http://
a) Chitng minh B = (uy, ug,u3) 13 mot co s6 ciia K3,

b) Tim toa do ciia vects u = (a,b,c) € K3 theo co 5§ B.

Giai.
Ul 1 2 1

a)Lap A= uy | = 1 3 1 |.Tacéo|A|=1, suy ra uj,us,us
us 2 5 3

doc lap tuyén tinh. Vay B 1a co sé ctia K3,

b) Véi u = (a,b,c), dé tim [u]g ta lap he phuong trinh

1 0 0|4a—-b-—c
— 01 0]—-a+b-—oc

1 1 2
(u] ug ug |u')— 1| 2 3 5
11 3 0 0 1|—-a+c

Qo o e
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6. Toa do va ma tran chuyén cd sé

Vi du. Trong khong gian Rs[x] cho

SimpoPDE Mérge-ald’ Sphit Wrirefistered Yetsion - http:/i
a) Chung minh B = (f1, f2, f3) la mot co s6 cua Ka[x].
b) Tim toa do clia vecto f = 2% + 3x + 3 theo cd 56 B.

2
c¢) Cho [g]p = 3 |, timg?
—4

Giai.
a) Kiém tra B 1a co sd (tu lam)
b) Véi f = 22 + 3z + 3, dé tim [f]p ta di gidi phuong trinh

f=a1fi+asfa+asfs

a1 + 200 + a3 = 1
& ar + 3as 4+ 2a3 = 3
a + oy + a3 = 3.
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6. Toa do va ma tran chuyén cd sé

) 1 2 1|1 10 0 1
Ma tran héa, A= 1 3 2|3 | - 0 1 0] -2
Simpo PD¥ Merge and Split Ugregisiered Vlersion - http://w

1
Vay [fls=| —2
4

2

c) Ta co [g]p = 3 |,suyrag=2f1+3fs—4f3
—4
g=2(x*+2+1)+3(22% + 3z +1) —4(z2 + 22+ 1)
=422 4+ 3z + 1.

Meénh dé. Cho B la co sd cia V. Khi dé, vdi moi u,v € V,a € K ta
co:

o [u+v]g=[ug+ [v]B.

o [au|p = afuls.
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6. Toa do va ma tran chuyén cd sé

6.2 Ma tran chuyén co sé

Simpo PDF Merge and Split Unregistered Version - http://w
DPinh nghia. Cho V la mét khong gian vecto va

Bl = (ul,u2,. . .,un),Bg = (Ul,vg,. . .,’Un).
l1a hai co s& cia V. Dat
P = ([v1]p, [v2]B, ---[vnlBy)-

Khi d6 P dugc goi 1a ma tran chuyén co sd tit ¢o sé By sang ¢ sG
Bs va dugce ky hieu (B; — Bs).

Vi du. Trong khong gian K3, cho
B=(u; =(1,-2,3),us = (2,3, —1),u3 = (3,1,3))
14 co s ctia K3. Goi By 1a ¢6 s chinh tic cia K3. Khi d6

1 2 3
(Bo — B) = ([u1ls, [uzls, [us]s,) = (u) ug ug) = ( -2 31
3 -1 3
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6. Toa do va ma tran chuyén cd sé

Nhan xét. Néu B = (ui,us, ..., u,) la mot co sé cia K" va By la co
sd chinhSitapddPFtMerge and Split Unregistered Version - http://w

(l’)’o—>B):(u1T u; uz)

Phuong phap tim (B; — B2)
Gia st By = (u1,ug,...u,) vd By = (v1,v2,...v,) 1a hai co s6 cua V.
Ta thuc hién nhu sau:

e Cho u la vecto bat ky ciia V, xac dinh [u]g, .

e Lan luot thay thé u bang vy, vs,...v, ta xac dinh dugc

[v1]Bys [V2]Bys - - s [Vn]By -
Khi dé
(Br — B2) = ([v1]s, [v2]B, - - [vn]B,)
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6. Toa do va ma tran chuyén cd sé

Dac biet, khi V = K”, dé xac dinh (B; — Bs) ta c6 thé lam nhu sau:
o TiBimhporPDFtMergs amd; Splitddnregistered Mersion y http://

e Diung cac phép bién ddéi so cap trén dong dua ma tran trén ve
dang (I,|P).

e Khi do (Bl — Bg) =P

Vi du. Trong khong gian K2, cho hai co s6
Bl = (u1 = (1, 1, 1),71,2 = (1,2, 1),U3 = (2,3, 1))

va
BQ = (111 = (1, —3,2),1)2 = (—1, —2,4),1}3 = (3,3, —2)).

s

Tim ma tran chuyén cd sG tt By sang Bs.

Giai. Cho u = (a,b,c) € K3, x4c dinh [u]p,. Ta lap
11 2|a 1 0 Ojla—-b+c
(uj ug uglu™)— | 1 2 3[b | =01 0|-2a+b+c
1 1 1je¢ 0 0 1I|la—c
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6. Toa do va ma tran chuyén cd sé

a—b+c
Nhu vay [u]p, = | —2a+b+c¢

Simpo PRDF Merge and Split Unregistered Version - http://w
Thay lan lugt u bdi vy, ve, v3 ta dude

6 5 -2
[vl]Bl = -3 7[,02]61 = 4 7[’03]31 = )
-1 -5 )
6 5 —
Vay (Bi—By)= | -3 4 —5
-1 -5 5

Cach khac

Lap ma trén md rong

1 1 2 1 -1 3
(uf ug ug |v{ vg v4)— [ 1 2 3| -3 -2 3 | —
1 11 2 4 =2
100/ 6 &5 =2 6 5 -2
01 0|-3 4 =5 |.Suyra(Bi—By)=| -3 4 -5
00 1]-1 =5 5 -1 -5 5
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6. Toa do va ma tran chuyén cd sé

Dinh 1y. Cho V la moét khong gian vecto hitu han chiéu va By, B2, B3
la ba ¢ &ty BDE 1M ge and Split Unregistered Version - http://

Hé qua. Cho By = (uj,ug,...,uy); Be = (v1,v2,...,v,) la hai co sd
ctia khong gian K". Goi By la co sé chinh tdc cia K. Ta cé

v
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6. Toa do va ma tran chuyén cd sé

Vi du. Cho W la khong gian con ctia K* sinh béi céc vecto:
Sinpo RDFMsras and SRiit nregistered Vession - hitp:/
a) Ching minh B = (u1,u2,u3) 1a mot co s6 cia W.
b) Cho u = (a, b, c,d), tim diéu kién dé v € W. Khi d6 tim [u]s.

¢) Cho v; = (1,0,2,0);v2 = (0,2,0,1); v3 = (0,0,0,1). Chitng minh
B’ = (v1,v2,v3) ciing 1a mot ¢ s6 ciia W. Tim ma tran chuyén co sé tit
B sang B'.

v

Giai.

a) Ching minh B = (u1, us,u3) 13 mot co sd ctua W. J
Ul 1 2 2 1

Lap A= | ue | = 02 01 ].Tacor(A)=3,suyralBB
U3 -2 3 -4 1

doc lap tuyén tinh. Vi W = (B) nén B la co s ctia W.
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6. Toa do va ma tran chuyén cd sé

b) Cho u = (a, b, ¢, d), tim diéu kien dé v € W. Khi d6 tim [u]g.

Ta c6 u € W khi u 1a t6 hop tuyén tinh cta B.
Lap hé phuong trinh

1 0 —2]|a 1 0 0|a+2b—4d
2 2 3|0 01 0|—a—3b+7d
wl g uglu) =5 0 ale | 7 00 1 b-2d
11 1|d 0 0 0|—2a+c
Dua vao hé phuong trinh, dé v € W thi —2a + ¢ = 0. Suy ra
a+2b—4d
[up=1 —a—3b+7d
b—2d
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6. Toa do va ma tran chuyén cd sé

¢) Cho v1 = (1,0,2,0);v92 = (0,2,0,1);v3 = (0,0,0,1). Chiing minh
B’ = (v1Simpo PDE Mergecand SplitiUnreyistetedh\versioncohtipiy/
B sang B'.

Ta thay cac vecto vy, vo,v3 déu thoéa diéu kien —2a + ¢ = 0 nén theo
cau a), cac vecto nay thuoc W.

Mat khac, dé thay rang B’ = (v1,v9,v3) doc lap tuyén tinh nén B’ cling
1a co 86 cia W (do dimW = |B| = 3 = |B'| ). Dung két qua & cau b) ta
co

1 0 —4

=1 =1 | ,[wvals=| 1 |,[v2]sg= 7

0 0 —2
1 0 —4
Suyyra(B—-B)=[ -1 1 7
0 0 -2
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6. Toa do va ma tran chuyén cd sé

Vi du. Trong khong gian R3, cho _ _ _
Sitgio PE Meras #1d Splitnsegistered Yesgjon - htpi/i
T= (vl = (17 _27 2)71)2 = (1> _27 1)11}3 = (17 _17 2))
a) Chimg t6 S va T la co s6 ciia R3.
b) Tim ma tran chuyén co sé tit S sang T (ki hieu (S — T)).
2
¢) Chou € K3 théa [ulr = | —3 |. Tinh [u]s.
—2
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Chuong 4. ANH XA TUYEN TINH |

1. Dinh nghia
2. Nhan va anh citia anh xa tuyén tinh

3. Ma tran biéu dién anh xa tuyén tinh
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1. Dinh nghia

1. Pinh nghia
SJmBo PDF Merge and Split Unregistered Version - http://w

1.2 Anh xa tuyén tinh
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1. Dinh nghia

1.1 Anh xXa

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho X va Y la hai tap hgp khac rong. Anh za gita hai
tap X va Y la mot qui tic sao cho mdi x thuoc X ton tai duy nhat
mot y thuoe Y dé y = f(x).
Ta viét
f: X—Y
z—y = f(z)

Nghia laVz € X, Jly € Y,y = f(x).

Vi du.
e f:R — R xé4c dinh béi f(z) = 2 + 2 — 1 1a anh xa.

e g:R? — R? xac dinh béi g(x,y,2) = (22 +y,x — 3y + 2) 14 anh
xa.

L . o m ~ <z
e h:Q — Z xac dinh béi h(—) = m khong la anh xa.
n y
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1. Dinh nghia

Dinh nghia. Hai 4nh xa f va g tit X vao Y dugc goi 1a bang nhau
néu Vr %&,éixéﬁét&” | Split U istered Version - http:/in

Vi du. Xét anhxa f(z) = (z —1)(z+1) vag(x) =22 -1ttt R — R.
Taco f=g.

Dinh nghia. Cho hai anhxa f: X - Y vag:Y’' — Z trong d6
Y CY'. Anh xza tich h cla f va ¢ 13 4nh xa tit X vdo Z xac dinh bai:

h: X —Z
x — h(z) = g(f(z))
Ta viét: h = gof.

Vi du. Cho f,g:R — R xac dinh béi f(z) =2z + 1 va g(x) = 2> + 2.
Khi do

fog(x) = f(g(x)) = f(2® +2) =2(2x® +2) + 1 = 222 + 5.
f(@) =g2r+1) = (22 +1)? +2 = 422 + 42 + 3.
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1. Dinh nghia

Anh va anh ngugc ciia anh xa

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho f: X — Y la anh xa, A C X, B C Y. Khi dé:

o f(A)={f(a)lre At ={yeY|[IeAy=f(z)}
dugce goi la danh cua A.

e f71B)={xe€ X|f(x) € B} dugc goi la dnh nguoc cia B.
e f(X) dugc goi la danh cia anh xa f, ky hiéu Imf.

Vidu. Cho f:R — R duge xac dinh f(x) = 2% + 1. Khi dé:

F([1,3]) = [2,10] F([=2,-1]) = [2,5]
f([=1,3]) = [1,10] F((1,5)) = (2,26)
F7H(1) = {0} @ =1{-11}
FH12,5) = [-2,-1]U[1,2] )
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1. Dinh nghia

Phan loai anh xa

Simpo PDF Me e and | Split Unreglstered Version - http I

a) Pon anh Ta néi f la mot don anh néu hai phan ti¢ khéc
nhau bat ky ctia X deu c6 anh khéac nhau.

Nghia la: Vry,x0 € X, 21 # xo = f(21) # f(x2).

Vi du.
e f:N — R dugc xac dinh f(z) = 22 + 1 (14 don anh)

e g: R — R dugc xac dinh g(x) = 22 + 1 (khong don anh)

b) Toan anh. Tanéi f: X — Y 1a mot toan dnh néu f(X) =Y.
Nghia la: VyeY,dx € X, f(x) =
Vi du.

e f: R — R dugc xac dinh f(z) = 2° 4+ 1 (Ia toan anh)

e g: R — R dugc xac dinh g(x) = 22 + 1 (khong toan anh)
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1. Dinh nghia

¢) Song anh. Tanéi f: X — Y 1la mot song dnh néu f la don anh
va toan anh.

Vi du Simpo PDF Merge and Split Unregistered Version - http://,

e f:R — R dugc xac dinh f(z) = 2z + 1 (1a song &nh)
e g: R — R dugc x4c dinh g(x) = 2% + 1 (khong song 4nh)

Anh xa ngudc

Xét f: X — Y 1a mot song anh. Khi d6, véi moi y € Y, ton tai duy
nhat mot phan ti x € X thoa f(z) = y. Do d6 tuong ting y — x 1a
mot anh xa tit Y vao X. Ta goi day la anh xa ngugce cia f va ky hiéu
f 1. Nhu vay:

fl:y —X
y+— f~(y) =z sao cho f(z) =y

1
Vidu. Cho f:R — R véi f(z) = 2z + 1. Khi d6 f~1(y) = yT

y
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1. Dinh nghia

1. 2. Anh xa tuyén tinh

Simpo PDF Merge and Split Unregistered Version - http://w
DPinh nghia. Cho V va W la hai khong gian vectd trén truong R. Ta
néi f:V — W la mot anh xza tuyén tinh néu né thoéa hai diéu kien
duéi day:
) flutv) = f(u)+ f(v),Vu,v €V,
i) flau) =af(u),VaeR,VueV.

Nhan xét. Diéu kién i) va i) trong dinh nghia cé thé dugc thay thé
bing mot dieu kién :

flau+v) = af(u) + f(v),Va € R,Yu,v € V.

K¢ hisu.
e L(V,W) la tap hop céc anh xa tuyén tinh tax V. — W.

e Néu f € L(V,V) thi f dugc goi la mot todn ti tuyén tinh trén
V. Viét tat f € L(V).
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1. Dinh nghia

Nhan xét. Néu f € L(V,W) thi
o fANPQPDF Merge and Split Unregistered Version - http://a

o f(—u)=—f(u),YueV.

Vi du. Cho anh xa f:R3 — R? xac dinh béi
f(CL‘,y,Z) = ($+2y - 32?2x+z)
Chitng t6 f 14 anh xa tuyén tinh.

Giai. Vu = (21,y1,21),v = (22,92, 22) € R3. Ta c6

flu+v) = flz1+x2, 51+ Y2, 21 + 22)
= (@1 + 22+ 2y1 + 2y2 — 321 — 322,221 + 222 + 21 + 22)
= (1 +2y1 — 321,221 + 21) + (22 + 2y2 — 322,222 + 22)
= flu)+ f(v).
Tinh chat Va € R, f(au) = af(u) kiém tra tuong tir.
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1. Dinh nghia

Dinh 1y. Cho V va W la hai khong gian vecto, B = {uy,ug,...,u,} la
co sd cuspShiP D Mer§e-afnd, Bplit Uni¢distesediy érgiorie Wttphi/
ton tai duy nhat mot f € L(V,W) sao cho

fur) = w1, flug) = v2,..., fun) = vp.

aq

£ Qa2
Hon nia, néu [ulp = ) tha

F(u) = o f(ur) + o (uz) + ...+ cn ()

Vi du. Trong khong gian R? cho cac vecto:
up = (1,—1,1);u2 = (1,0,1);us = (2,—1,3).
i) Chiing t6 B = (u1,us, u3) 13 mot co sé ciia R3.
ii) Tim anh xa tuyén tinh f:R3 — R3 thoéa:

W\

f(ul) = (2> L, _2)5 f(u2) = (1727 —2);f(U3) = (375a _7)'
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1. Dinh nghia

Giai.

a) ChinSimpb-P D, Merge landoSplitstnredistered Version - http://Jm

Ul 1 -1 1
Lap A= w2 | =11 0 1 |.Tacéd|A|=1.Suyra B doc lap
us 2 -1 3

tuyén tinh. Vi dimR3 = 3 bing s6 vecto ctia B nén B 1a mot co sé ciia
R3.

b) Tim anh xa tuyén tinh f: R — R3 thoa:
flur) = (2,1, -2); f(uz) = (1,2, =2); f(ug) = (3,5, =7). J
Cho u = (z,y,2) € R3. Tim [u]s.
Lap
11 2|z 1 0 0lz—y—=
(uf ugug [u')=1 -1 0 =1y | =10 1 0[22+y—=
11 3|z 0 0 1|—-2+=%
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1. Dinh nghia

r—y—z
Vay ulp=1{ 20 +y—=2 |. _ _
Simpo PRE Merge and Split Unregistered Version - http://w
Suyrau=(x—y—2)u; + 2z +y— z)us + (—z + 2)us.
Vay, ta co

fw) = (x—y—2)f(ur) + 2z +y — 2)f(u2) + (=2 + 2) f (u3)
=(x—y—2)(2,1,-2)+ 2z +y —2)(1,2,-2)
+ (=2 +2)(3,5,-7)
=(r—y,y+2z,x—3z2).
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2. Nhan va anh ctia anh xa tuyén tinh

2. Nhan va anh ctia anh xa tuyén tinh

Slmpo PDF Merge and Split Unregistered Version - http://w
1 Khong gian nhan

1.2 Khong gian anh
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2. Nhan va anh ctia anh xa tuyén tinh

2.1 Khong gian nhan

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho f:V — W la mot anh xa tuyén tinh. Ta dit

Kerf ={ueV|f(u) =0}

Khi d6 Kerf 1a khong gian con ciia V', ta goi Kerf 1la khong gian
nhan cua f.

Nhan xét. Duva vao Dinh nghia, ta duogc

u € Kerf < f(u) =0.
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2. Nhan va anh ctia anh xa tuyén tinh

Vi du. Cho f:R3 — R? dugc xéac dinh baéi:
Simpg PDF Merge,and Split bnregistereg), Version - http://

Tim mot co sG cia Kerf.

Giai. Goi u = (z,y,2) € R3.
ueKerf < f(u)=0

r + y — 2z =0

&S 2 + 3y — 2z =0

3z + 5y — 2z = 0
11 -1 1 0 —2
Matranhéa, A= 2 3 -1 | - 0 1 1
3 5 —1 00 0

Heé phuong trinh ¢6 nghiém (z,y, z) = (2t, —t,t) véi t € R.
Nghiém co ban cta hé 1a u; = (2, —-1,1).

Vay, Kerf c6 co s6 la {u; = (2,-1,1)}.
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2. Nhan va anh ctia anh xa tuyén tinh

2.1 Khong gian anh

Simpo PDF Merge and Split Unregistered Version - http://w
Dinh nghia. Cho f:V — W la mot anh xa tuyén tinh. Ta dit

Imf = {f(u)|ueV}

Khi d6 Imf 1a khong gian con ctia W, ta goi Imf la khong gian danh
cua f.

Dinh 1y. Cho f:V — W la mot dnh za tuyén tinh. Khi dé, néu

S = {ul,ug,...,um}
la tap sinh cia V' thi

la tap sinh cia Imf.
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2. Nhan va anh ctia anh xa tuyén tinh

Nhan xét. Dua vao dinh ly trén, dé_tim cd 5q° Imf, ta chm_z mot tap
sinh S cSMPEIP Bén MErg e andiSpliddniegisiernad Nersion dhtipy/

sinh bdi tap dnh cia S.

v

Vi du. Cho f:R3 — R3 dugc xéac dinh béi:
f(xvyaz) = ($+y—272$+3y—273$+5y_2)

Tim mot co sé cua Imf.

Giai. Goi By = {e1, e, e3} 1a cd s6 chinh tic ctia R3. Ta c6

f(el) :f(17070) - (1a273)
f(e2) :f(O,l,O) = (17375)
f(e?)) :f(0,0, 1) = (_17_17_1)

Ta c¢6 Imf sinh béi {f(e1), f(ez2), f(e3)}.
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2. Nhan va anh ctia anh xa tuyén tinh

fle1) 1 2 3 1 2 3
Lapmatran A= | f(e2) | = 1 3 5| —=(01 2
Simpo PDF Nenge and Split Unregistgred Yepsion o hitp://w

Do d6, Imf ¢6 co s6 1a {v; = (1,2,3),v2 = (0,1,2)}.
Dinh 1y. Cho f:V — W la dnh za tuyén tinh va V hitu han chiéu.

Khi do
dimIm f + dimKer f = dimV.

Meénh dé. Cho f:V — W la dnh za tuyén tinh. Khi do
i) f la don cau khi va chi khi Kerf = {0}.
ii) f la toan cau khi va chi khi Imf = W.
iii) f la ding cau khi va chi khi Kerf = {0} va Imf = W.
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3. Ma tran biéu dién anh xa tuyén tinh

Dinh nghia. Cho V ¢6 co 86 B = (u1,ug, ..., u,), W cb co s6
B' = (v, 2500, BRFMerge andiSpliiddnregistered Version - http://in

P = ([f(u)ls [f(u)lp - [f(un)ls)

Khi d6é ma tran P dudgc goi la ma tran biéu dién cha anh xa f theo
cap co s6 B, B, ky hieu P = [tz 5 (hoic [f]g/).

Néu f € L(V) thl ma tran [f]g g dugc goi 1a ma tran biéu dién toan tit
tuyén tinh f, ky hieu [f|z

v

Vi du. Xét anh xa tuyén tinh f: R? — R? xac dinh béi

flx,y,2) = (z -y, 22 +y+2)

va cip ¢o 86 B = (u; = (1,1,0),us = (0,1,2),us = (1,1,1)),
C= (v =(1,3),v2=(2,5)). Tim [f|p¢c.
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3. Ma tran biéu dién anh xa tuyén tinh

Ta ¢
“" fwm) = (0,3)
Simpo PDF Merge,ghd Split Ynsegistered Version - http://w

f(U3) = (074)

Véi v = (a,b) € R?, tim [v]c.
1 2a 1 0| —5a+2b
—
b 0 1|3a—0b

tap o of 10— (5 3

—b5a + 2b
Suy ra [U]c:< 35—6 )

Lan lugt thay f(uy), f(u2), f(us) ta co

e = (5 ) twae = (15 )t = (_3).

foe=( 215,

Vay
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3. Ma tran biéu dién anh xa tuyén tinh

Vi du. Cho anh xa tuyén tinh f : R* — R? dinh béi
Simpo PDF Merge and Split Unregistered Version - http://
fleyy,z,t) =(x —2y+z—t,x +2y+ 2z +t,2x + 22).

Tim ma tran biéu dién 4nh xa tuyén tinh f theo cip co s& chinh tic.

Giai.
1 -2 1 -1
feosy, =11 21 1
2 0 2 0

Vi du. Cho f € L(R?) x4c dinh béi f(z,y) = (22 + v,z — 4y). Khi d6
ma tran biéu dién f theo co s6 chinh tic By la:

[f]B():(? _i)
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3. Ma tran biéu dién anh xa tuyén tinh

Dinh ly. Cho V va W la cdc khong gian vecto hiu han chiéu; B, B’ va
C,C'" tuoBjmipo RDEMerge aht@pli UnrBgidtérels Viersion dhitpy/
tuyén tinh f : V — W ta cé

i) Vu € V,[f(u)lc = [flBcluls.
i) [fleer = (€ —=C) HflpeB — B).

Hé qua. Cho B va B' la hai co 56 ciia khong gian hitu han chiéu V.
Khi dé doi vdi moi todn tii tuyén tinh f € L(V) ta cé

i) Yu € V. [f(u)ls = [f]s[ulB.
i) [flg = (B— B)7'[fls(B— B).

Vi du. Trong khong gian R? cho co sé
B= (u1 = (1, 1,0);71,2 = (0,2, 1);U3 = (2,3, 1))

va anh xa tuyén tinh f : R? — R3 dinh bdi:
flz,y,2) = 2x4+y—z,2+2y— 2,2x —y+3z). Tim [f]s
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3. Ma tran biéu dién anh xa tuyén tinh

Giai. Goi By 1a co s6 chinh tic cia R3, ta c¢6

Simpo PDF Merge and2Split Unnegistered Version - http://w
fleo=11 2 -1
2 -1 3

Ap dung hé qua, ta c6

[f18 = (Bo — B) ™[ f]5,(Bo — B),

1 0 2
trong d6 (By — B) = (u] ug ud)= |1 2 3|, dodo
0 1 1

-1 2 —4
(By—B)t=|-1 1 -1
1 -1 2
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3. Ma tran biéu dién anh xa tuyén tinh

Suy ra

Simpo PBIF Merge SplittlUnreyigtered Version - http://w

Fls=(-1 1 —1|{1 2 —1|[ 1 2 3
1 -1 2/\2 -1 3/\o0o11
-8 7 —13\ /1 0 2 -1 1 -8
=1-3 2 -=3|[1 2 3|=[-1 1 -3
5 -3 6/ \0 1 1 2 0 7

Vi du. Cho anh xa tuyén tinh f : R? — R2, biét ma tran biéu dién
ctia f trong cdp co sé B = (u1 = (1,1,1);ue = (1,0,1);us = (1,1,0)) va
C=(mn=(11);v=(21))la

mse= (23 71).

Tim cong thic cia f.

Giai.
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3. Ma tran biéu dién anh xa tuyén tinh

- 2 1 -3
Cach 1. Do [f]&c = 0 3 4

Simpo PDF Merge and Split Unregistered Version - http://w

Ta cb

e [f(ur)le = < g > Suy ra f(u1) = 2v1 + Ovy = (2, 2)
o [f(u2)lc = < :1)) > Suy ra f(u2) = v + 3ve = (7,4)

o [flus)le = ( - ) Suy ra f(ug) = 30, + 403 = (5,1)

Cho u = (z,y,2) € R3. Tim [u]s.

11 1| 1 0 0lz—y—=
Lap (uj ugug u')=| 1 0 1|y | - 0 1 0|2x+y—2
11 0= 0 0 1|—-2+=2
—T+y+=z
Vay [u]s = T—y
T —z
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3. Ma tran biéu dién anh xa tuyén tinh

Suy rau = (—x +y+ 2)u; + (r — y)uz + (x — z)us.
Vay, ta Gimpo PDF Merge and Split Unregistered Version - http://w

fluw)=(=z+y+2)f(u) + (z —y)fluz) + (z — 2) f(u3)
=(—z+y+2)(22)+ (x—y)(7,4)+ (x — 2)(5,1)
= (10x — by — 32,3z — 2y + z).

Cach 2. Goi By va Cy 1an luot 1a co sd chinh tic ciia R3 va R2. Ap
dung cong thtc ta cé

[f]Bo,co = (C = Co) [ f]s,c(B — By).

Ta c6
-1 T.T L2
ce—e) =0 =6lh= (] 7)
111
o (By—B)=(ujuguj)=|( 1 0 1
110
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3. Ma tran biéu dién anh xa tuyén tinh

—1 1 1
Suy ra (B — By) = (By — B)™! = 1 -1 0

Simpo PDF Merge and Splitjunregister d Version - http://iw

Vay

[flBoco = (C— Co)~'[flBc(B— Bo)

_(12)(21—3) - _1 !
11 03 4 0 1

1
1
1
9 7 5 -1 1 1
~ 2141 b-10
1 0 —1
/10 -5 -3

o 3 -2 1/

Suy ra f(z,y,z) = (10z — 5y — 3z,3x — 2y + 2).
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3. Ma tran biéu dién anh xa tuyén tinh

Meénh dé_. Cho V,W la hai khong gian vecto n chiéu va f € L(V,W).
Khi do Simpand Bih Merge andnspiit WnregistesedAVBIeionuyhtigi//
V va W sao cho [f|ap khd nghich.
Hon nita, khi dé f=' : W — V cing la mot dnh za tuyén tinh va
[f 8.4 = 15
Dac biet, neu’ V=W va A = B thi

[f s =[fl5"

Vidu. Cho B= (u1 =(1,1,1),ue = (1,1,2),us = (1,2,1)) 1a co s6
ciia R3. V6i f 1a toan ti tuyén tinh trong R® c6

1 -1 2
fls=[1 0 2
1 21

Chitng minh f 1a song anh va tim f~!.

v
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3. Ma tran biéu dién anh xa tuyén tinh

1 -1 2

Giai. Taco |[flg|=|1 0 2 | = —1.Suy ra [f]|g khé& nghich. Vay f
Simpo PDF|Merge and Split Unregistered Version - http://w

la song anh.
Goi By 1a co s6 chinh tac ta c6
[fl5, = (B — Bo)~'[f]8(B — Bo)

= (Bo — B)[f]s(Bo — B)~!
1 11
Tacé (Bo—B)=(uf ug uj)=11 1 2
1 21
3 -1 -1
Suyra (By—B)t=| -1 0 1 |.
—1 1 0
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3. Ma tran biéu dién anh xa tuyén tinh

Vay

Simpo PDF Merge andiSplit Unrggistered-Mersiany- http://w
[flB, = 11 2 1 0 2 -1 0 1
1 21 1 21 -1 1 0
3 15 3 -1 -1
= 4 3 6 -1 0 1
4 1 7 -1 1 0
3 2 =2
= 3 2 -1
4 3 -3
3 0 -2
Suyra [fg, =[flzgr = -5 1 3
-1 1 0

Vay fY(z,y,2) = 3z — 22, =5z +y + 3z, —x + 7).
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