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TAP HOP

I. Khai niém tap hop
1. Tap hop va phan tir
Khéi niém tap hop la mot trong nhirng khéi ni€ém dau tién cta todn hoc khong dugc dinh
nghia.
Do d6 ta c6 thé hiéu mot cach don gian tip hop 1a mot gom gép cdc vat thé ma ta goi Ia
phan tir.
Nguoi ta ki hiéu tdp hop boi cdc chir in hoa A, B, C, ..., X, Y... Cdc phan tir cua tip hop
duogc ki hi¢u boi cac chir in thuong a, b, ....x, y...
Vi du 1: m Tap hop céc sb tu nhién tir 1 dén 10.
B Tap hop nguoi Viét Nam.
o Tap hop nhitng ngudi yéu nhau.
o Tap hop nhiing ban nam trong 16p cao trén 1,65m.
e Néu x 12 mot phan tir ctia tdp hop A, taki hiéu xe A.
e Néu y khong 1a phin tir ctia tip hop A ki hiéu yg A.  Biéu dd Ven ciia tdp hop A
2. Cach xac dinh tap hop
a) Li¢t ké phan tir: Liét ké cdc phan tir clia tap hop giita hai déu { }.
Vi du 2: a) TAp hop A nhiing s tu nhién tir 1 dén 5 dugc ki higu1a A={1, 2, 3, 4, 5}.
b) Tap hop B nhitng nghiém thyc cta phuong trinh x*—x=0 1a B={0, 1}.
Vi du 3: Liét ké cdc phan ttr cia mdi tap hop sau.
a) Khong c6 gi quy hon doc lap tu do.
b) Tap hop A cic s6 chinh phuwong khong vuot quéa 100.
b) Chi ra tinh chét dic trung cho cic phan tir
Trong vai truong hop, chiang han nhu cho A 1a tip hop céc s6 nguyén duong, thi viéc liét ké
phan tir tré' nén rat khé khan. Khi d6 thay vi liét ké phan tir ta ¢6 thé chi ra tinh chat dic
trung cta cdc phan tir d6 12 A = { x |X 1a s6 nguyén duong }.
Vi du 4: Tap hop B céc nghiém cia phuong trinh 2x* —5x+3=0 duoc viét theo tinh chit
dac trung la

B={xe R| 2x2—5x+3=0}

Tap hop B duoc viét theo cdch ligt ké phan tir1a: B = {1, %}
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Vi du 5: Cho tap hop C ={-15, —10, =5, 0, 5, 10, 15} . Viét tip C bang cich chi o céc tinh

chat dic trung cho cdc phan tir cia né
Vi du 6: Xéttap hop D = {n eN|[3<n< 20} . Hay viét tdp D bang cdch liét ké phan tir ctia né
3. Tap hop rong
e Tap hop khong chira phan tir ndo 12 tip hop rdng, ki hiéu 1a &
Vidy 7: Cho E={xe Rl x’+x+1=0} thi E=@ vi phuong trinh x*+x+1=0 v0 nghi¢m
I1. Tap hop con
1) Dinh nghia: Tap A duoc goi la tdp con cuatap B vakihi¢ula Ac B,
néu moi phan tir ctia tip hop A déu 12 phén tir cia tip hop B.

Hay; Ac B & Vx(xe A= xe B)

Thay cho Ac B, ta ciing c6 thé viét B> A (doc 1a B chira A)
Néu A khong phai Ia tip con cua B, ta viét Az B

2) Tinh chit: Tir dinh nghia ta suy ra
a) Ac A, voi moi tap hop A
b)Néu AcB, BcC thi AcC

c) Dc A, véimoitap hop A
A Cauhéi: Cho A={xez| ~1<x<3} . Hay cho biét:

m Céc tip con clia A c6 chtra phan tir 2 va 3.

a C4c tap con cua A khong chtra 0, 1.

o Hay cho mot tp hop C thoa C ¢ A va {-1, 2, 3} = C.
III. Tap hop biang nhau

Khi Ac B vd Bc A tandi tp hop A bang tap hop B va viét1a A= B. Nhu vay

[ A=B(:)‘v’x(xeA<:)xeB) ]

Vi dy 8: Xét hai tap hop A={ne N n 12 bdi cita 4 va 6}
B={ne N|n 1a bdi ciia 12}

1) Hay kiém tra céc két luan sau:

a) AcB b) BCc A
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2) A c6 bang B khong?
IV. Cac phép toan trén tap hop

1. Giao cia hai tap hop
Cho hai tap hop A va B. Giaocua A va B,
ki hiéu 1a AN B 1a tap hop cdc phan tir vira thudc A

vira thuéc B

Tac la
xe A

X€ AmB(:){
xe B

Vidu I: Cho A={1, 2, 3, 4, 5}
B:{er| —2Sx£3}

C:{xe R| 2x2—3x=0}

a) Liét k& cdc phan tir ctia tap hop B va C

b) Tim ANnB, BNC va AnC
2. Hop cua hai tap hop

Cho hai tap hop A va B, hop cua hai tp hop
A va B, ki hiéu AUB 12 tap hop cdc phan tir thudc
A hoac thudc B

Tac la
xe A

X€ AuB(:)[
xe B

Vidu 2: Véi cac tdp hop A, B va C trong vi du 1 thi

B (ANB)UC =] }
3. Hiéu va phan bu ciia hai tap hop

Cho hai tap hop A va B. Hiéu cua hai tap hop
A va B, ki hiéula A\B 1a tip hop cic phan tir chi
thudc A nhung khong thudc B.

Tuac la: ce A

x€e A\B&
x¢ B
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> Pic biét: Khi B A thi phan hiéu A\B duogc goi

1a phén bit ciia B trong A.Ki hi¢ula C,B
Vi du 3: Cho A 1a tap hop cic hoc sinh 16p 10 dang hoc
& trudong em va B 1a tip hop cdc hoc sinh dang hoc mén Tiéng Anh cia truong em. Hay
dién dat bang 15i céc tap hop sau
a) ANnB c) A\B
b) AUB d) B\A

4. Mt so cac tap con ciia tap hop sé thuc )
Trong cac chuong sau, ta thuong stir dung céc tap con sau diy cua tap so thuc R

Tén goi va ki hiéu Tap hop Biéu dién trén truc sb
Tap sb thuc (—oo; +oo) R
Doan [a; b] {xe R| anSb}

Khoang (a; b)

Nira khoang [a; b) | e,

N{Ia khoéng (Cl, b] .......................................

Nﬁ’a khoéng (—oo; a] ......................................

Ntra khoang [a; +)

Khoang (—; a)

Khoéng (a; + oo) .......................................

Trong cac ki hi¢u trén, ki hi€¢u —~ doc 1a am c6 cuc, ki hi€u +e doc 1a duong vo cuc; a va
b duoc goi 1a cdc dau miit cia doan, khoang hay nira khoang .
Bai tap
1.a) Cho A={xe N|x<20 va x chia hét cho 3}. Hay liét k& céc phan tir cta tap hop A

b) Cho tap hop B={2, 6, 12, 20, 30}. X4c dinh B bang cich chi ra mét tinh chét dic
trung cho céc phan tir ciia né

¢) Hay liét ké cdc phan tir cia tap hop cdc hoc sinh 16p em cao dudi 1m60
2. Trong hai tap hop A va B dudi day, tap hgp nao la tdp hop con cua tap hop con lai? Hai
tap hop A va B c6 bang nhau khéng?

a) A 1a tap hgp cdc hinh vudng B 1a tap hop cédc hinh thoi
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b) A={ne N n la mot uéc chung ciia 24 va 30}

B={ne Nz 1a mot udc cua 6}
3. Tim tat ca céc tip con cua tip hop sau
a) A={a, b} b) B={0, 1, 2}

4. Liét ké céc phan tir ciia céc tap hop sau:

a) A:{ne N| 2n+1<16}. b) B:{ne N| n2<16}.

c) C:{x|x:%,ne N,VéxZé}. d) D:{xe R|x(2x+1)(x2—2):0}.

e) E={xe Zlx=2k ke N.k<3}. f) F={xeRlx’-4=0}.
*~7x+10=0

g)Gz{xeN|x>x2}. h) H:{xem {x xz—x5x20 }

1) K:{xe Z |x|<4}. i) Lz{xe N|x(1—x)(x2—2)=0}.

5. Xdc dinh céc tap hop sau bang phwong phdp néu tinh chat dic trung:

a) A={l, 3,5, 7,09, 11}. b)B={0, 1, 4, 9, 16, 25, 36}.
o) c={l, i1 i}. d)D={0, 3, 6, 9, 12, 15)
48 16" 32 64

6. Tap hop A c¢6 bao nhiéu tap con, néu:
a) A ¢6 2 phan tir. b) A ¢6 3 phan tir.
¢) A ¢6 4 phan tir.

7. Cho A=@;B={a};C={a,b};D={a,b,c}.Hay viét ra tit ca céc tdp hop con cia A, B, C,
D.

A={3k+1 ke z} ‘
8. Cho hai tap hop: Chung to rang BC A.
B={6l+4 1 Z}.

9. Cho tap hop A, hdy xdc dinh AnA, AUA, AnD, AU, C,A, C,D.
10. Cho 3 tap hop

A={l, 2, 3, 4, 5} B={2, 4, 6} c={1, 3, 5)
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Tim AUB, AnB, (AUB)NC, (AnB)UC, A\B, (B\C)NA.

11. Cho A={0;2; 4; 6; 8 10}, B={0; 1; 2; 3; 4, 5, 6} va C={4;5; 6; 7; 8 9; 10}. Hay

tim
a) An(BNC) b) AU(BUC) c) An(BuUC)
d) (AUB)NC e) (AnB)uC

12. Cho tap hop A céc sb ty nhién 1a udc cua 18, tap hop B cic so ty nhién 1a ude cia 30.
Xéc dinh céc tap hop AnB, AUB, A\B, B\ A.

13.Cho  A={xeZ||x<2}
B:{er| 4<x2<9}.

a) Liét ké cac phﬁn tir cua A, B. b) Tim tat ca cdc tap con cua B.
¢) Tim AnB, AUB, A\B, B\ A.

14. Tim tat ca céc tap X sao cho{l, 2} c X {1, 2, 3, 4, 5}.
15. Cho E :{xe Nl 1< xSlO} va cdc tap con cua E:
A={xeN1<x<6}, B={L. 3.5 7. 9}.
a) Viét cdc tap E, A bang cich liét ké cdc phan tir.
b) Tim phan b trong E ciia A va B.
¢) Tinh s6 tap con c6 mdt phan tir va 9 phan tir ciia E.
16.Cho:  A={xeRl (x-3)(x’+x-2)=0}
B={xezlx’ <5} va C={xe Nlx<4}.
a) Liét ké cdc phan tir cua A, B, C.
b) Xéc dinh B\(ANC);(BUC)\A;(A\B)n(B\A).

¢) Sosanh B\(AUC) va (B\A)N(B\C) .
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HAM SO

I. Khai niém vé ham sé
Trong gido trinh nay ching ta chi xét truong hop dic biét ctia ham s6 d6 12 ham sé thuc.
1. Anh Xa
Gia sir X, Y 12 hai tap hop tuy ¥ khdc rdng cho truéc. Mot phép lién két f twong ng mdi

phan tr xe X véi duy nhat phan tiry = f (x)e Y duogc goi la mét dnh xa tir X vao Y.

Ki hléll f:X—=Y
x —y=1(x)
Khi d6: x X goi 1a tip hop ngudn ( tdp xdc dinh) .

X Y goi la tap hop dich ( tdp gid tri).
Nguoi ta thuong ki hi¢u tap x4c dinh 1a Dy, tdp gid tri 1a R
Vidul:
a) Gia su X ={1, 2} va Y={a, b, c}. Tuong Gtng 1—a,2— bcho ta mdt dnh xa
f:X—-Y
b) Gia su Z={1, 2, 3, 4} va T={a, b, c}. Tuong ing 1 —a,2 —b,3—c,4—a cho ta
motanhxaf:Z—T
c) Gia st Z ={1, 2, 3, 4} va T={a, b, c}. Tuong tng 1 — a,1 — b,3 —c,4 — a khong
phai 1a mQt dnh xa
2. Pinh nghia ham s6
Anh xa f sao cho v&i moi gid tri xe D, c¢6 mot va chi mot gid tri twong tng ye R thi ta c6
mot ham sé thue.
Ki hiéu: f:X—R
X —y=Ffx)
e Tagoila x labién sé va y= f(x) la ham sé cta x.
* Taphop D, dugc goi la tdp xdc dinh cia ham s6
< Mot ham sb c6 thé dugc cho dudi dang bdng, biéu do hodc bang cong thikc.
Ghi chii: Khi cho ham s6 bang cong thirc ma khéng chi rd tap xdc dinh ctia né thi ta c6 quy

udc sau:
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Tép xdc dinh ciia ham sé y= f(x) la tdp hop tdt cd cdc s6 thuc x sao cho biéu

thirc f(x) c6 nghia

Vi du 2: Xét cdc biéu thirc sau, biéu thirc ndo la ham sé? Hay tim tdp xdc dinh ciia chiing

| X—R b)f:X_)R 2
a _
x—y=f(x)=x+1 x—>y:f(x):X 11
X_
f:X—X f:X—R
c) d
x—y=f(x)=x x—y=f(x)=c
f:X—R
e) £(x) 2x +2 khix >1
X — g X)=
Y x’ khix<1
f:X—R
2x +2 khix >1
x—y=f(x)= .
khix=1
Vidu 3:

a) Gid sir chi phi cho thirc an trung binh hang tuan cia h gia dinh ( C ) phu thudc vao mire
thu nhdp trung binh hang tuan ciia hé gia dinh dé ( I ) theo méi quan hé C =12+0,31 .

i) Ddy cé phdi la ham s6 khong? Vi sao?

ii) Tim gid tri ciia C khi I bang 800, 1500, 2000?
b) Jeff Simpson ldp ké hoach cho cong viéc kinh doanh ciia riéng minh: san xudt va budn
bdn xe dap. Anh dy muén tinh diém hoa von — la diém ma tong thu nhdp bang véi chi phi bé
ra. Hay néi don gian dé la diém ma Jeff khong muon phdi 16 von( tién).Jeff da wéc tinh chi
phi cé dinh hang thdng nhw (thué mat bcfng, gas, nuoc, dién thoai, bao hiém, v.v) la vao
khodang $1000 méi thdng. Nhitng chi phi khdc nhw: nguyén vét liéu, san xudt, tién tra cho
nhan vién dwgc gom vao goi la bién chi phi va sé gia ting tuyén tinh. Mé dau la bién chi phi
cho viéc san xudt 500 chiéc xe dap véi gid $9000 méi thang. Jeff da xdc dinh rang néu bdn
500 chiéc xe dap véi gid $25 méi chiéc thi anh dy sé thu vé sé tién la 25%500=12508. Hoi
diém hoa von ma Jeff quan tdm cé gid tri la bao nhiéu ?.
IL. D6 thi ciia ham s

Dé thi ciia ham sd y=f(x) xdc dinh trén tap D, la tap hop tat ca céc diém

M (x; f(x)) trén mit phang toa do voi moi xe D,
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Vidu4:

a) Vé d6 thi ham s fix)=2x+1; g(x)=g(x) = %Xz

y
y A

1
1

1 (@] X
1 o) X
D6 thi ham s6 f(x)=x+1
b) Ve do thi ham so sau PG thi ham s6 g(x)=1/2x2

f:X—R
2x +2 khix >1

x—>y:f(x):{ x> khi x<1

III. Céc phép toan ddi véi ham sé
1. Ham s6 méi
Cho hai ham sb f ¢6 tdp xédc dinh 1a D, va g ¢6 tap xéc dinh la D, , ta dinh nghfa:

fxg)x)=f(x)*gx)
(f.g)(x) =1(x).g(x)

(é)(x) = £(x)/ g(x)

Luwu y: Tap xdc dinh cia cdc ham s két hop nay 1 phan giao nhau gitra tap xdc dinh cua

ham s6 fva g, D;,, =D, ND,

Riéng d6i véi ham s6 (f/g)(x) thi D, =D; n{xe D,/g(x)#0}.

g

Vidu4:

a) Cho ham 56 £(x) =~/x;2(x)=4—x>. Tim (f £g)(x):(f.g)(x): (f/g)(x) va tdp xdc
dinh ciia cdc ham sé méi nay.

Giai:

Tdp xdc dinh ciia ham s6 f(x)= JxX bao goém cdc gid tri ciia x sao cho Jx 20 x>0,

nhw vdy ta duwoc D, = [0,00), twong ty ta dugc D, = [—2, 2]. Phan giao cua hai tdp xdc dinh
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la D, N Dg = [O,oo) ﬁ[—Z, 2] = [O, 2]. Duea trén cdch hinh thanh cdc ham s6 mdi tir hai ham

séf(x) va g(x) ta co

(f £g)(x) =Vx +V4-x%;D,,, =D, N D, =[0,2]

(f.9)(x)=vx *V4—x* =V/ax—x*;D, =D, "D, =[0,2]

[éj(){):\/fﬁ =\/Z;Df =[0.2)

g

Vidub:
b) Cho ham sé f(x)=1+vx-2, g(x)=x-3. Tim (f £g)(x)(f.g)(x); (f/g)(x):7f.
Tim tdp xdc dinh twong ieng ciia cdc ham sé vica tim dwoc?
c) Cho ham 56 f(x)= \/;; g(x)= & Tim (f.g)(x) va tap xdc dinh cua ham 56 mdi .
2. Ham s6 hop
Vidu6:

’ 2
Cho ham so f(x) =x"+3; g(x):x/;.Ta cé:fog:f(g(x)):(\/;> +3=x+3

va gof =g(f(x) = x> +3
Vidu?7:
a) Cho ham s6 f(x) = x* +3; g(y) = /y + 1. Tim f,g =f (g(y))?.
b) Chof(x) =+/x,g(x) = 1/x,h(x) = x*. Tim (f,g,h)(x) = f(g(h(x))) 2.

< Vay néu bién s6 ciia mét ham s6 nay dwoc thay bing ham sé ciia mét bién so
moi nao doé thi ta c6 “ham hop”.

(fog)(x) = (2())

Tap xdc dinh ciia ham hop 1a tap hop tat ca cdc gid tri ctia bién sb sau ciing sao cho biéu
thirc thu dugc c6 ¥ nghia.
Vi du 8: Gia sw nhu cau ciia mot mat hang dwoc cho boi ham P=80-0,20, ham téng
doanh thu cé dang nhir thé nao ?
Giai: Vi doanh thu ( 7R ) duoc tinh béng téng s6 tién kiém duoc khi bdn san phém nén
TR=PQ. Viay TR 1a mdét ham s6 hop. Thay P=80-0,20, ta c6

TR =(80—0,2.0).0 =800 —0,20".
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Vi du 9: Cho ham 56 F(x)=cos*(x+9). Tim cdc ham 50 f(x), g(x) va h(x) sao cho

F=fogoh
3. Ham ngugc
Ham s6 ngugc cua mot ham s6 1a sy ddo ngugc mdi quan h¢ cua ham s6 d6. Do d6, néu

ham s6 f: X CR—R sao cho y=f(x) thi ham ngugc x dugc cho béi cong thirc

x=g(y).
Vidu 10:
Cho ham sb: y =4+5x thi ham $b nguoc ciandéla x=0,2y-0,8.

% Luwu y: Khong phai tt ca cdc ham sd déu c6 ham s6 ngugc. Piéu kién can thiét dé
mot ham s6 ¢6 ham s nguoc 12 ham s6 d6 phai “don diéu”. Piéu nay dam bao rang véi mdi
gid tri ctia X ta c6 mot gid tri duy nhat ctia y va nguoc lai.

Vidull:

Xét ham s6 y=9x—x> véi xe[0;9]. Mdi gid tri cia x tuong Gmg v6i mot gid tri duy nhat
cta y, nhung c6 mot vai gid tri ciia y lai twong ing véi hai gid tri ciia x, chang han nhu
y =14;18;20. Do d6 ham s6 nay khong don diéu va né khéng c¢6 ham nguoc.

Vidu 12: Trong cdc ham so sau ham so nao cé ham so nguoc?

)f:X—>R b)f:R—>R
a
x—y=f(x)=+x+1 X —y=f(x)=x"+1
)f:R—>[0,—|—oo) " f:(—oo;O]—>[0,—|—oo)
c
x—>y:f(x):x2 x—>y:f(x):x2

Vi dy 13: Dé dbi nhiét do tir do F sang do C, ngudi ta ding cong thuc:

oC = g( "F ~32). Hay tim cong thire di tir do C sang d6 F?

IV. Ham sb so cap

Ham sd so cép l1a nhitng ham s6 duoc tao thanh bdi mot sb hitu han céc phép toan s6 hoc(
cong, trir, nhan, chia), cic phép 1dy ham hop ctia cdc ham s6 so cip co ban va cdc hang sb,
ham nguoc.

Vidu 14:

a)
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y=3+x"—4 y =Co0s2X + sin(3x—£) +5

X+ 1—x* +sinx

y=x —lg(2x —7)+2; 12 nhitng ham sd so cép

x—3
y = arccosx
y=arctg(y/2x+1)
x> —1,khi x >0 . .
b) f(x) = ’ —  khong phai la ham s0 so ca
2x —8,khix <0 P P

Chii y: Trong céc loai ham s so cdp ngudi ta dic biét chi y dén hai loai ham sd: cc da
thirc va cdc phan thirc hitu ti (con goi 1a ham s6 hitu ti).
Vidul3:

P(x)=a,+ax+..+ax",a €R

P,(x) = V2 +1g(5) + sin%+\/§x 1+ x> —/5%°

E(x) = a, +a,x +...+anx‘:n
b, +bx+...+b, x

1. Ham s6 liiy thira y =f(x) =x*, e R
Tap xac dinh ctia ham s6 Ity thtra phu thude vao o.
Véi ooe N: tap xdc dinh D, =R

Véi o nguyén am: tap xdc dinh D, = R\ {0}

Do thi ciia ham s y =x"ludn di qua diém (1,1) va qua O(0,0) néu o >0, khong di qua

0(0,0) néu o> 0
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2. Ham sd mii y=f(x)=a",a>0,a#1
Tap x4c dinh ciaham s6 1a D, =R, R, =(0,+)

D6 thi ctia ham s6 y = a*ludn di qua diém (0,1)

3. Ham s logarit y = f(x) =log, x,a>0,a # 1
Tap xdc dinh clia ham s logarit 1a D, =(0,+o)

Do thi ctia ham s6 1udn di qua diém (1,0)
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y

4 y =log, x

4]
4. Ham s6 lwgng giac y =f(x) =sinx, cosx,tgx,cotgx

Tap xac dinh ciia ham $6 y=sinx, y=cosx la D, =R, R, =[-1,1]
P thi ciia ham s6 y = sinx, y=cosx

ALY v

y =COosX

\/\ = _:::
R N

> 1

Tap xac dinh ctia ham $6 y=tgxla D, = R\{(2k+1)§,ke Z}, R, =R

Do thi ciia ham s6 y= tgx
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¥

y=tgx

Tap xdc dinh ctia ham sb y= cotgx 1a D,

D6 thi ciia ham s6 y=cotgx

=R\{knke Z},R, =R

y =cotgx

-

5. Ham lwong giac nguoc

5.1 Ham s6 y =f(x) = arcsinx

— e - T e

T T

Tap xédc dinh ctia ham sé 1a D, =[-1,1],R, =[-=,=]

Do thi ciia ham s6 y= arcsinx

B6 mén Téan- Thong ké
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N
y
L
2.
-1 : X
: T I p
.
21
5.2 Ham s y= f(x)=arccosx
Tap xéc dinh cua ham sb 1a D, =[-1,1],R, =[0,7]
Do thi ctia ham s6 y= arccosx
F 9 }-"
—
| x
_1 I I I L

5.3 Ham s6 y=f(x)=arctg(x)

Tap xé4c dinh ciaham s 1a D, =R,R, =[ -

b

N
o

Do thi ciia ham sb y=arctg(X)

B6 mén Téan- Thong ké 16 Khoa Kinh Té-Luat PHQG Tp.HCM



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

5.4 Ham s6 y=f(x) =arccotgx
Tap xac dinh cia ham s61a D, = R, R, =[0,7]

Do thi ctia ham sb y=arccotg(x)

V. Mt vai tinh chét ciia ham s6
1. Ham s6 don diéu: Chohamsb f: X cR—>R:
e Ham s6 y=f(x) goi la ddéng bién (ting) trén khoang (a; b) néu
YV, x, € (a; b):x, <x, = f(x)< f(x,)
e Ham s6 y=f(x) goi la nghich bién (giam) trén khoang (a; b) néu
Vx, x,€(a; b):x, <x,= f(x)> f(x,)
Ghi chi: Tu dinh nghia, ta suy ra:
f(x)=f(x)

Xy =X

f(x)-f(x)

X ™ X

> f tang trén (a; b) & Vx,, x,€ (a; b),x, # x,, >0

> f giam trén (a; b) © Vx,, x,€(a; b), x, # x,, <0

Vi du 14: Xét tinh ddng bién va nghich bién cta cdc ham sb trén cdc khoang da cho
a) y=-3x"+6x+8 trén (-10; —2)
Gidi: Vx, x,e R va x, #x,, taco:

_ —3x; +6x,+8—(-3x; +6x, +8
f(x)=f(x) _oh TN ( TN ):—3(x1+x2)+6 (D
X =X, XX
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N Lolx <=2
o Trén (-10; —2),tacé =>x+x,<-2-2=—4
X, <2

= -3(x +x,)>12

f(x)-f(x)

X=X,

Tu (1), trén khoang da cho >18>0

Va do d6 ham s dong bién.
b) y :% trén (—oo; 7) VA (7; +oo).
—

2. Ham s6 bi chiin
Ham sb goi la bi chan ( bi chan trén hodc chan dudi) néu tap gid tri ctia né bi chan ( bi chan
trén hoac bi chan dudi).
Vi du 15: Xét tinh bi chin cia ham sb sau

3. Ham s6 chin va 18

Cho ham sb f xéc dinh trén D

e f lahamchin o Vxe D thi {_XED
a ham chan < vxe 1
f(=x)=1(x)
F laham 1é < Vxe D thi {_XED
L4 a nam le < Vxe 1
f(=x)==f(x)

Vi dy 15: Xét tinh chan, 1 cta cdc ham sb sau
a) y=-2x
Giai:
a) Tap xdc dinh ciahams61a D=R.
Tacé: Vxe D thi —xe D va f(-x)=3(-x)"=1=3x"-1= f (x)
Vay ham s dé cho 12 ham s6 chin
b) y=3x>-1 ¢) y=+2x+9 d) y=-5x*-3x+8
4. Ham s6 tuin hoan
Ham s6 f goi la ham s6 tudn hoan néu ton tai s6 m = 0sao cho
(vx € Dy) f(x +m) =f(x)
S6 duong bé nhét trong cic s6 m thoa man dang thirc trén goi 1a chu ki ctia ham s tuan

hoan
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Vi du 16: Ham sinx la ham tuan hoan voi chu ki la 2w. Nhung ham so f(x) =c la ham tuan

hoan nhung lai khéng co chu ki.
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Chuong 2

PHEP TINH VI PHAN HAM MQT BIEN
§1. GIOI HAN - LIEN TUC
I. Day s6 - Giéi han day sb.
1. Day 5O
1.1 Pinh nghia
Day 56 la mot tdp hop cdc s6 duwoc viét theo mot thir tw xdc dinh: {xl,x2ix3,..., xn,...} )
Dé chi ddy so d6, nguoi ta thudng ding ki hiéu {x,}” hay gon hon {x,}.
Trong chuwong nay, ta chi xét cac day sb thyc. Day s6 thyc 12 mot 4nh xa :
f:N->R
n H f (n) = 'xn
Kihi¢u {x,}  hay {x,}.
Lic do:
e n duoc goi 1a chi so.
e x, duoc goila s6 hang tong qudt ciia day.
o TNEe A s 2R g o A P A . x=1x,=2
Chii y: Day s6 con ¢ thé xac dinh bdi cong thire tong quat
x,=2x,,+x,,,Vn>3
Ghi chii: Ta thuong xét ddy so thyc 1a 4nh xa tir N'vao R.
Vidul.

oft) <fli L)
o1} = {1111 (1) )
O = {149,

ot

> Diy s6 {x,} goi la ting néu x, < x

n+l,

Vne N', goi la gidm néu x, >x ., Vne N,
Trong vi du 1, ddy a) 12 ddy sb giam, day c) 1a ddy sé ting. Diy s ting va ddy sd giam
duogc goi 1a day s6 don diéu.

> Day sb {x,} goi 1a bi chdn trén néu ton tai mot sé M sao cho x, <M, Vne N';
goi la bi chan duoi néu ton tai mot s6 m sao cho x, >m, Vne N'; goi 1a bj chan néu né
vira bi chan trén vira bi chan duoi.
Vidy 2. Trong vidu 1
Diy a) 1a ddy s giam, né bi chin dudi boi 0 va bi chin trén boi 1;
Day b) khong phai la day s6 don diéu, n6 bi chian dudi bdi -1 va bi chin trén boi 1;
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Day c) 1a day tang, n6 bi chan dudi boi 1 nhung khdng bi chén trén, do d6 n6é khong bi
chan;
Day d) la day ) tang, nd bi chan dudi boi 0 va bi chén trén boi 1.
2. Céc day sb dic biét
2.1 Day sb cong
2.1.1 Dinh nghia
La mot day sd thoa mén diéu kién: hai phan tir lién tiép nhau sai khdc nhau mot hang
s0. Chang han, diy s6 3, 5,7, 9, 11, ... 1a mot cdp s6 cong véi céc phén tir lién tiép sai
khéc nhau hang s6 2.
Hing s6 sai khdc chung dugc goi 12 cong sai ctia cap s6 cong. Cac phan tir ciia né
cling duoc goi 12 céc sb hang.
2.1.2 S6 hang tong quat
Néu cip s6 cong khoi dau 1 phan tir u; va cong sai 12 d, thi s6 hang thi n cua cap sd
cong duogc tinh theo cong thic:
u =u,+(n-1d
2.1.3 Téng
Tong ciia n s6 hang dau cua cap sb cong duge goi 12 tong riéng thi n. Ta cé:
n(a, +a,) n[2a, +(n—1d]
2 2

S,=a +a,+..+a, =

2.2 Day s6 nhan
2.2.1 Pinh nghia
La mot ddy sé thoa mén diéu kién ty s6 cia hai phan tir lién tiép 13 hang sd. Ty s nay
duoc goi 12 cong boi cuia cip s6 nhan. Cdc phan tir ctia cip s nhan con duge goi 1a céc
s6 hang. Nhu vay, mot cip sé nhan c¢6 dang
a,ar,ar’,ar’,...

Trong d6 r == 0 1a cong boi va a 1a s6 hang dau tién
2.2.2 S6 hang tong quat
S6 hang tht n cta cip sé nhin duoc tinh bang cong thic

a, =ar"' trong d6 n 1a s6 nguyén théa man n>1
Cong boi khi do 1a

a_ |n-1 a , < 4 A 5 o
r= [—“] I = n—,f—“ trong d6 n 1a s6 nguyén thdéa man n >1
a a

2.2.3 Téng
Tong cdc phan tir cia cAp s6 nhan :
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n

S, =Y ar* =ar’ +ar' +ar’ +..+ar’

k=0
L0+l
Hay s, = 2070
1—r
2.3 Day Fibonacci

Diy Fibonacci 12 ddy v6 han cic s6 ty nhién bat dau bang hai phan tir 0 va 1, cdc phan
ttr sau d6 dugc thiét 1ap theo quy tic mdi phdan tir ludn bang tong hai phan tir trieée né.
Cong thirc truy hdi cua day Fibonacci 1a:

0 ,khin=20
F =F(n)=11 ,khin=1

F(n—1)+F(1n—-2) ,khin>1

3. Gi6i han cia diy so6
Tré lai day d) cua vi du 1. Biéu dién hinh hoc cua né duogc cho & hinh sau:

|
2
3

Alw +
T

|
1
2

Ta nhan thiy rang khi n cang 16n thi x, cang gan 1, tirc 1a khoang céch

x, —1 cang
nho, n6 c6 thé nhé bao nhiéu cling duoc mién 1a n du 16n.

Ta néi rang day {x,} gin t6i 1 ( hay c6 gi6i han 1a 1) khi n dan t&i vo cling.

Ta c6 dinh nghia sau:

Pinh nghia: S6 a goi 1a gidi han cua diy sb {x,} néu v6i moi s6 & duong bé tiy ¥ cho
trudce, ton tai mot s tu nhién n, sao cho véi moi n > n, thi |x, —d|<e.

Ta viét: limx, =ahay x, > akhi n— .

Khi d6, day s6 {x,} dugc goi 1a hdi tu. Dy s6 khong hoi tu duge goi 1a phdn ki.
Chii ¥: Chi s6 n, phu thudc vao £ , nén ta c6 thé viét n, =n, (€).
Vidu3.

a) Chirng minh lim—=0.

n—o0 2

That vy, cho truéc e>0, ta s& chi ra rang tim duoc n,(e)e N'd@ cho

xn—o|=%<e,vn>no.Ta ¢6, %<g khi 2" > 1 ttc a khi n>log, .
£ £

A ;A | p
Vay chi can chon no(s):logz; thi voi n>n, tacé |x,—0|<e.
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b) Duing dinh nghia ching minh rang lim 4n _13
noe 4

4. Cac Tinh chit va dinh 1y vé giéi han diy so
Dung dinh nghia gii han cta day s6, c6 thé chirng minh duoc céc dinh 1y sau:
Pinh Iy 1. a) Néu mét day sé cé giGi han thi gidi han dé la duy nhat.
b) Néu mét day 56 ¢6 gioi han thi no bi chan.
Chii thich: Ménh d b) cia dinh Iy 1 12 diéu kién can cta ddy sé hoi tu. Tir d6 suy ra
rang néu mot day sé khong bi chan thi n6 khong c¢6 gidi han. Chang han, day c) trong
vi du 1 khong c6 gidi han vi n6 khong bi chan.
Pinh Iy 2. Néu cdc day sé {x,}va {y,} déu cé giéi han ( limx, — a;limy, —b) thi
i) lim (x, +y,) =limx, +lim y, =a+b
ii) ,lli_{g(xn.yn )= lim x, .lim y, = a.b

limx,

s X "o a T
iii) lim—2 =222 =— (v6idieu kién limy, #0).
n—seo v, lim v, n—soco
n—o0
Vi du 4. Tinh gidi han cac day so sau

1 1 .
a) {an}:F,{bn}:;é lim 2>

n—»oobn

1 1 . b
b){an}ZF’{bn}:;;‘}Hgi
ofa) =L (b =L lim2
oot n nexb

n—1
d) {an}z%,{bn}:%;» lim 2o

n—co by
n

Chii y: Trong tinh todn vé gidi han, c¢6 khi ta gip cdc dang sau day goi 1a dang vo dinh

%, 2 0.0, co—oo,... . Khi d6 khong thé dung céc két qua cia dinh Iy 2, ma phai diing
cdc phép bién ddi dé khir cdc dang vo dinh d6.
2+ ! + !
) 2 oo . 2 2 )
Chang han, limw c6 dang — . Ta bien doi: lim 2n jnH lim—nn 2
n—e0 3” +5 o n—o0 3n -|—5 n—oo 3+i 3
nZ

4.1 Tiéu chuin ton tai giéi han
Pinh Iy 3. Cho 3 day s6 {x,}.{y,}.{z,}. Néu:
a) vne N*’xn S yn S Zn;

b) limx, =limz, =a

n—oeo n—eo

thi day {y,} cd gioi han va limy, =a.

Pinhly4. a) Néu day sé tang va bi chén trén thi né cé giéi han.
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b) Neu day so giam va bi chan dwdi thi no cé gioi han.
Pinh Iy 5. Day s6 {Xn} dwoc goi la day co ban ( hay day Cauchy) néu véi moi € >0
t6n tai 56 ng >0 sao cho |Xn — Xm| < e voi moi chi sén, m> no.
Y nghia: Ké tir mét liic nao dé tré di hai phan tir bat ky ciia déy sé gan nhau bao nhiéu
ciing dwoc.
4.2 Céc vi du vé giéi han cia daiy s6

n—oo

Vi dy 5. Cho day 6 {x } véi x :%. Chig minh limx, = % V6i k ndo thi x, nim
n+

ngoai khoang L= l—L;l+L .
3 1000 3 1000

Ta cé
n 3—é 3_§
hm9 4:11m 7 =lim 425.
e n(9+) 9+-
n n
Khoang céch tir x,, dén 1 bang xn—l _ns L 19 |: D
3 3| |on+4 3] | 3(9n+4)| 3(9n+4)
N .. , C s a1 1 1 19 1
x nam ngoai khoang L khi va chi khi |x——|> hay > .
1000 3(9n+4) 1000
. 18988 7 N SN .. , N
Do dé n<7:703E.Vay céc sO cua ddy nam ngoai khoang L 1a x4, X, ..., X703.
Vi dy 6. Ching minh rang lim ':O.
n—e
n n-3
Taco =222 _91 22 2.9y 2 1L 1 47110
n! 123.n 34 n 322 2 32
(n—S)sé
n-3 n
Vi lim(lj =0 nén lim2 =0.
n—eo\ n—e p
Vi dy 7. Tinh céc gi6i han sau:
2 2,0 A
2) lim3n +5nz+4 b) lim 3n2 +n-2
noe 24p noel An” +2n+7
Giai.
3+5+ 4
2 ot 3
a) Taco im0 iy~ n n 3
n—oo 2+n n—oo £+1
2
n
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3 3+1 2 3
2 p— S
b) Tac6 11%%] =lim| — 11 :(Ej _27
noe\ An” +2n+7 el g e L 4 64
n n

Vi du 8. Tim gidi han cua cdc day so {x,} sau:

[ 2
a) x,=~2n+3—-+n-1 b) x,=In*—n’+n c) anM.
Yn* +n—n
Giai.
a) Khi n—>o, x,=+2n+3-+/n—1 c6 dang vd dinh co—co. Mudn khir dang vo
dinh éy, ta nhan tir va mau cua x, v4i luong lién hop ~2n+3 +/n—-1, ta dugc:

(x/2n+3—x/n—1)(x/2n+3 +\/n—l) i (2n+3)—(n-1)

lim x, = lim

= l1im
noe " e V2n+3++n-1 e \2n+3 +/n—1
4
i n+4 . 1+Z
=1lim = 400
"—>°°x/2n+3+\/n 1 == 2 3 1 1
IR I
n n n n

. 1 . A 2
b) Ta c6 nz—n3:n3(——1j—>—oo khi n—oco, vi vdy x, =n’—n’+n c6 dang

n

A s s X ) re “n 2
oo —oco. Nhan tir v2 mau cua x, v6i lugng lién hop 3/(n” —n’)" —nn’ —n® +n’, ta dugc:

( n’—n’+n (,/ n’-n’ —n\/n - +nJ
limx, =1lim

" i \/(n —I’l) —nvn —I’l +I’l

2
n

=lim =lim

"%#@umfﬂﬁﬁiﬁﬂf"%JF)
n

sf—1+1

¢) Tacé x =2 +l+\/_ [\/r \/j 4/_\/?+ ’11
e (%fiyj ekt

/1++\/7
Do d6 lim x, —lim#p Y \n
n n 4/1+_d7

Vi du 9. Tim gidi han cia cdc day sé {x,} sau:

= +4oc0,

sinn

a) lim

n—oo n
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b) lim[Z—l][3+i2

n—oo n n

o lim (2n—1)(n* +3n—2)
n—0o 4n’ —n’ +1

d) lim+/n (vn+1—+n)

n—oo

4.3 Giéi han mé rong

limx, =+o00

n—oo

limx, =—o0
n—oo
limx, =o0
n—oo
Vi du 10.

: 2
a)limn

b)lim (—n® +5)
c) I}1_21C (—nz + 5n>

d)lim|(—1)"n’

n—oo

Gidi.

a) Taco limn® = 400

4.4 Mot s6 giéi han dic biét
lim [1 + 1] —e
n

n—oo

1imiﬂ:0(a> 0)

l’l—>OOn'
lim&n =1
lim¥/a =1(a > 0)
0 ,0<gx«l
limq" =400 ,q>1
1 ,q=1

Ngoai ra néu q =-1 thi giéi han khong ton tai
Vi dy 11. Tinh gidi han céc diy sb sau
3"—-24"
n—oo 54" —2°

b) lim (v24242.. %2

n—oo

B mén Téan- Thong ké 7 Khoa Kinh Té-Luat PHQG Tp.HCM



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

I1. Giéi han ciia ham so

2
X" —

Vi dy 12. Cho ham sb f(x)= . Khi gén cho x 1an luot cdc gi4 tri cang dan vé 1

tir 2 phia ( <1, >1) nhung rat gan 1 thi f(x) cang dan vé 3

x 08 09 099 0999 1 1.000001 1.0001 1.001 1.05 1.1
f(x) 2.8 29 299 2999 3.000001 3.0001 3.01 3.05 3.1
Tuong tu khi gdn cho x cdc gid tri dan vé 2 tir 2 phia ( <2, >2) nhung rat gan 2 thi f(x)
cang dan vé 4

x 1.8 1.9 199 19999 2 2.000001 2.00001 2.001 2.05 2.1
f(x) 3.8 3.9 3.99 3.9999 4.000001 4.00001 4.001 4.05 4.1
Nhdén xét rang f(x) khong ton tai gid tri tai 2 nhung cdc gid tri cia f(x) khi x dan vé 2
cho ta cam nhdn rang f(x) sé c6 gid tri xdp xi la 4 khi x tién vé 2 tir cd hai phia
1. Dinh nghia
Gia sir ham s6 f (x) xédc dinh & 1an can diém a (c6 thé trir tai a ). Ta néi ham s& f(x)
c6 gidi han la A khi x dan t&i a néu véi moi s6 £>0 cho trude, déu ton tai mot sb
>0 sao cho khi |x—a|<& thi |f(x)-A[<e, ki hiéu la lim f(x)=A hay f(x)—A
khi x—a.
Vi dy 13. Chimg minh rang lim(2x+1) =3.

Ta can chi ra rang néu cho truge s6 £>0, thi tim duge s6 §>0 sao cho [2x+1-3|<¢

hay [2(x~1)| <& néu |x—1|<8. Tac6 |2(x—l)|=2|x—1|<8<:>|x—l|<§.

Vay lay 5=§, ta 6 lim(2x-+1)=3.

Chii y: Trong dinh nghia trén, khi néi x din tGi a, ¢c6 thé x > a, cling c6 thé x < a. Néu
khi x dan t&i a vé phia trdi (tc 12 x dan t6i a va x ludn nho hon a) ma £ (x) dan t6i
giGi han A thi A goi 1a gidi han tréi tai a, ki hiéu la: xlgil f(x).

Tuong tu, ngudi ta dinh nghia giGi han phai tai a, ki hiéu 1a: xlgil f(x).

Ham s6 f (x)c6 giéi han A khi x — a khi va chi khi n6 giéi han tréi tai a va gi6i han
phai tai a va hai gi6i han iy déu bang A: xllgl f(x)= Xllgl f(x)=A.

x ,x<0

Vi du 14. Cho ham sb f (x) :{ . Tim gi6i han cua f(x)?

1—x , x>0
Ta thay lim f(x)=0 va lim f(x)=1.

x—=0" x—0"
Do d6 f(x) khong c6 gidi han khi x —0.

Vi dy 15. Tinh gi6i han cdc ham s6 sau khi x =0
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x|
a) f(x)=—
X
1
b) f(x)=—
X
Vi du 16. Tinh gi6i han 1 phia, 2 phia cdc ham s sau:
1 2= L=
im — d) 1 x-1
a) x1—1>1:!—rloo X2 )Xigrrlm 2% —+ 3 g))}ir{l 2
s
b) lim X1 o) lim h) lim 25!
X——400 2X + 5 x—0 |X| x—1"
) X 1 X x>2
¢) lim : Df(x)=
) Im f)1x1g}(x_3>2 () {3X x<?2

Nhdn xét: Ham s6 c6 thé c¢6 giéi han mot phia nhung khong phai ltic nio ciing ¢6 giGi
han 2 phia suy ra giéi han khong phai ton tai d6i voi moi ham sé
2. Cac phép toan vé giéi han
Dinh 1y 5. Gia sir lim f (x) = A, limg (x)=B.. Khi d6:
i) lim(f (x)*g(x))=A%B
ii) lim(f (x).g(x))=AB
iy imZ ) A sy o,
—ag(x) B
iv) aii?g/f(x)ﬁlxg?f(x):ﬂ; A >0, nchin

k
v) imf (x)* = [nmf(x)] — A*kER.
lim £ (x)

vi) imb™™ =b

X—a

=b*,b>0.

vii) lim[log, f (x)] = log, (nmf(x)) —log, A(A>0,0<b<lorb>l).

Chii y: Trong qud trinh tim gi¢i han ctia ham s6 ta néu gdp mot sb cc dang vo dinh

sau: 0o —00;0.00;—;—;——;——;1%;0°,00",.... thi phai tim c4ch bién dbi dé khur
0 o0 i 1
oco 0
ching
Vidul7
lim sin x lim sin x
a) li sinx =) _ =7 . 1 _ 4
DE3y 11 2  lim3x® +1i liml 2 34274
o7 3x +x+ hrr}(?)x +x—1) 1rr7}3x + im x— 1m”1 3(7;) +£_1 3" +27w—
x—>5 x—>5 x—>5 x—>3 2 2

(¥ -3)" limG*=3)lim(¥=3) 1
b) hm — X2 - x—>2. — - _
=2 5x-2 11r121(5x)—11r1212 10-2 8
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(x=3) lim(x=3)’

¢) lim =0
)X—>3 x—2 lirI}(x—Z)
Vidu I8.
T S R o A 2.1 0 . L A
a) Xét hrrll = O day ta gap dang vo dinh o Khi x —>1,¢6 thé xem x =1,
X—> X—
L X = —1)(x+1
Ta Khai trién = 1:(x ) )=x+1.
x—1 x—1
x* -1
Do d6 lim =lim(x+1)=2.
-1 x—1 x—l
x -8
b) Tinh lim .
-2 x—72

3_
Vi & ~8=(x—2)(x* +2x+4) nén lim> 8 =lim(x* +2x+4)=12

x—2 — x—2
X

Vidu 19. Tinh cdc gioi han sau:
a) lim (7x* —4x’ +2x - 9)

X—+00

b) lim (—x4 —4x° 4+ 2x —9)

X—+00

4x* —x
¢) lim
i [ 253

d) lim 32X
o\ 6x -8

2
e) lim X—+2
x——o0 3x —6

£) lim (\/x6+5 —x3)

X—+00

2x*+5  x<0
f(x) =1 3_5%3 , lim f(x), Iim f(x)
X Z 0 X—+00 X——00
1+4x +x°
3. Tiéu chuin ton tai gi6i han cia ham sé:
Pinh Iy 6.
a) Néu & lan can cta a, cic ham s6 f,(x),f,(x),f(x) thoa min bat dang thirc:
f(x) < f(x)= 1 (%),
b) Néu cdc ham s6 £, (x). f, (x) €6 gi6i han khi x — a,lim £, (x) =lim £, (x) = A thi ham
s0 f (x) ciing c6 gi6i han khi x —»a va lggf(x) =A.

Pinh 1y 7.
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a) Néu ¢ 1an can ¢ diém a, ham sd f(x) tang va bi chdn trén boi s6 M thi ton tai gidi

han cua f(x) khi x > a va lim f(x)<M.
b) Néu & 1an can & diém a, ham s f (x) giam va bi chan duéi boi s6 m thi ton tai gidi
han cua f(x) khi x >a va lim f (x)>m.

Hai dinh 1y nay cho phép ta tim mot gidi han quan trong, chang han nhu: lin(} | ,
x— X

hm(1+—j =e, ...Tu d6 dua vao nhiing gidi han nay ta c6 thé giai dugc nhiéu bai
X—>o0 X

todn tinh gidi han khéc.
Vi du 20. Tinh cdc gioi han sau:
sinx 1 sin x 1

. Igx . . .
a) 1im 2% = lim =1lim Jdim =1.1=1
=0 x =0 x COS X -0 x x=0 cOS X

.. .. arcsinx 9 ) , ) . .
b) Xét lm(} . Pat arcsinx=r, tacd x=sinz. Khi x -0 thi t = 0.
X X
~ .. arcsin . t . 1 1
Vay lim L —lim —=lim——= — =
x—0 X -0 gint —0 SInft . sint
—  lim——
t t—0 t
. t,
¢) Tuong tu, lim arcisx _q,
x—0 X
Vidu 21. Tinh cdc gioi han sau:
. (3+xY C(x+2)
a) lim b) lim
X—>o0 X X—>oo X— 1

Giai.

a) (3+xj =(l+éj co dang 1” khi x > . Détx = 3t, khi x > o thi t > . Véy
X

X
X t t 3
j :lim(l+§) :lim{(l+%j} =¢’.

x+2 x+3 x+2 x+3 3 x+3
b)( 1) c6 dang 17 khix—)oo.Tacé( j :(1+—j )

x—1

= | W

Dbat x—1=3r,tacé x=3t+1. Khi x >0 thi t > . Vay

x+3 3t+4 3t 4
lim(1+ij :lim(l+1j :lim(l+1j .lim(l+1j =e’.l=¢.
X—>o0 x—1 t—>o0 t t—>o0 t t—o0 t

Vidu 22. Tinh cdc gioi han sau:

B mén Téan- Thong ké 11 Khoa Kinh Té-Luat PHQG Tp.HCM



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com

a)limxsin [l
x—0 X

b) lim lcosl

X—+00 X X
¢) lim 2+3); : n,meN’
X——00 J— X
d)lim+x—4
x—4T
e)limi2
x—0 X

4. Mot sb giéi han co ban

. sinx
lim =1
x—0 X

lim& =1
x—0 X

. et —1
lim
x—0 X

im In(1+ x) _

x—0 X

=1

1

limL =0(a>0)
x—0 XU‘

1
lim [1—1—1] =e; lim(l + X)§ =e
X—+00 X x—0

lim [1—1] :l

X——+00 X e

Vi du 23. Tinh cdc gioi han sau:

a)lim sinox e) lim cos [1]
=0 TX x=0" X
. sinx 1
b) lim i <in | —
sy Ol
X 2 .
lim—— . X" —3sinx
T e )lim 230X
2 .
d)lim h) i 2X 1 SInX
x=0 ] —cosx x—0 X

5. Vo cung bé va v6 cung lén
5.1 Dinh nghia
e Ham sé f(x)goi 1a mot vo ciing bé ( viét tat 1a VCB ) khi x—a néu

lim f (x)=0.

xX—a

B mén Téan- Thong ké 12 Khoa Kinh Té-Luat PHQG Tp.HCM



Simpo PDF Merge and Split Unregistered Version - http://www.simpopdf.com
Trong d6 a c6 thé 1a htru han hay v6 cung. Tt dinh nghia gidi han cia ham s6, ta c6

thé suy ra rang néu f(x)— A khi x—>a thi f(x)=A+a(x), véi a(x) 1a mot VCB
khi x —>a.

e Ham s6 F(x) goi la mot vo cung 16n ( viét tit la VCL) khi x—a néu

lim| F (x)| = +oe.
C6 thé d& dang thiy riing néu f(x) 1a mdt VCB khi x—a thi —— 1a mot VCL va
X
nguoc lai.
Vi du 24. Tinh cdc gioi han sau:
. 4
a)lim(I—cosx)  ¢)lim(sinx) &)limIn(1+x) @lim(3x* +x)
X— x—0 X—
. 2 . . X 3X4 + X
b)!(lir(}x d)!(lir(}x f)lxlil(}e —1 h)lim< - )
x—0 5x
5.2 Tinh chit
Néu f(x),g(x) 1a hai VCB khi x > athi f(x)*g(x), f(x).¢(x) ciing 1a nhitng VCB
khi x—>a.

Néu f(x),g(x) 1a hai VCL ciing du khi x —athi f(x)+g(x) cling 12 mot VCL khi
x —a. Tich cua hai VCL khi x — a cling 1a m¢ot VCL khi x —>a.
Vidu 25. Tinh gioi han sau

lim(x'%-7x®+x’In(1+2x>)(1 — cos3x)

x—0

5.3 So sanh cac VCB
a) Bdc cua cdac VCB
Pinh nghia. Gia st «(x),(x) lahai VCB khi x —>a.

Néu lingx; =0, ta n6i rang &(x) VCB béc cao hon B(x) hay B(x) la VCB bac
xX—a x

thép hon a(x)

Néu lima(x) = oo, ta néi rang @(x) VCB bac thap hon B(x)hay S(x) 1a VCB bac

B

cao hon a(x)

Néu 1im &)

() = A(#0,#0), tanéi rang (x) va B(x) la hai VCB cling bac. Dic biét
X—a x

khi A =1 tanéi «(x),(x) la twong dwong v6i nhau, ky hiéu 1a a(x) ~ B(x)
Néu a(x) 1a VCB ngang cp véi S*(x)(k>0)thi ta néi e(x)la VCB cap k so véi
VCB S(x)
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Néu tim @)
xX—a ﬁ(x)

Vi du 26.

a) 1—cosx va 2x déu 1a nhing VCB khi x —»0. Vi

khong ton tai, ta néi rang khong thé so sanh hai VCB a(x) va S(x).

.2 X X
sin” — sin —
. l—=cosx . 2 X

lim =lim =limsin—.lim—.

x—0 2x x—0 X x—0 2 x—0 2

=0

Nén 1—-cosx la VCB bac cao hon 2x.

1 xsin l sin — 1
b) x.sin— va 2x la nhitng VCB khi x — 0, Vi lim X = lim—%* =—limsin—
X x—0 2x x—0 2 2 x—0 X

nhung khéng ton tai lirrg sinl nén xsinl va 2x 1a hai VCB khi x — 0 khdng so sdnh
X X X

duoc vdi nhau.
¢) 1 —cosx va x” 1a hai VCB ngang cép khi x — 0,va do d6 1 — cosx ciing 12 VCB cép

. 2 X
2sin* =
1—cosx 1

. re 2 N 1 .
hai so véi x°, vi lim > = lim > 2 _ _
x—0 X x—0 X 2
. 2 A 1s 1~ . . .. sinx
d) sinx va x” déu l1a nhitng VCB khi x >0, vi lim = lim — = lim — = 4+oonén
x—0T X x—0T X x—0" X

sinx 12 VCB cép thip hon 'S hay x> 12 VCB cép cao hon sinx.
b) Vo cung bé twong dwong
Pinh nghia: Hai VCB khi x —a goi 12 twvong duong v4i nhau néu
fim L)

B ()

:1 .
Ki hiéu : a(x)~ B(x).
Néu a(x) =0 khi x—a thi:

{sina’(x)~a'(x), {tga(x)~0((x)

acrsina’(x)~a’(x), arctga(x)~0{(x)

o’ (x)

1 —cosau(x) ~ 1[1 4 &(X)]k —1 ~ kau(x)
In(l + a(x) ~ 2 e —1~ a(x)

Pinh Iy 8: Néu a(x) va B(x) 1a hai VCB khi x = a,a(x)~a,(x),B(x)~ B (x) khi
(

x—a thi lim a’(x)

)
x—a ﬁ(x) x—a ﬁl x).
(x).B(x)~ B (x), tacé
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a(x) B(x)

lim———==1,lim

) )

Do dé : lima(x) = im[

xX—a (x) x—a
Cim 2 g A A e ()
o g (x) = fi(x) =0 fx) e B (x)
Pinh Iy 9: (quy tic ngit bé cic VCB bac cao). Néu «(x),B(x) 1a cic VCB khi
x—a, B(x) 1a VCB bac cao hon a(x) thikhi x—>a
a(x)+p(x)~a(x).

> That vay, ta c6 limM:lim(1+ﬂ(x)j:1+lim'6(x):1
oo a(x) ol a(x) a0/ x)

Vi du 27. Chitng minh rang sin~/xy/x ~ 2 +x khi x 0.
3 3

Khi x =0 thi sin\/x\/; =sinx* ~ x*;
3 3 3
\/x2+\/x3 =\Vx>+x2 ~\Vx2 =x*.

3
Vi béc ctia x* cao hon bac cta x2. Do d6siny xvx ~ x> +vx* khi x —>0.
Vi du 28. Tinh cac gi6i han sau:

sin2x+arcsin® x—arctg’x

a) lim ;

x—=0 3x

. 1—cosx+2sinx—sin® x—x* +3x*

b) lim 5 — 5

x>0 tg’x—6sin” x+x—5x
Giai.
a) Ta c6 sin2x +arcsin® x —arctg’x ~ 2x+ x> —x*> =2x khi x =0

. . 2 2
. .. sin2x+arcsin” x—arctg"x .. 2x 2

Do d6 lim § X _jimZi-Z

x—=0 3x x—=0 3x 3
b) Ta bién ddi tir s6:

. . . X . .
1—cos x+2sin x—sin’ x—x* + 3x* =2sm25+2smx—sm3x—x2+3x4 ~
2
x 3 4 .
~2(Ej +2x—x +3x* ~2x khi x—=0
Con mau s6 tuong duong véi x* —6x* +x—5x> ~ x khi x =0

Viy ta duoc: lingﬁ =2.
=0 x

Vi du 29. Tinh cdc gioi han sau s dung cdc VCB twong dwong
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. In(1+x —3x"+2x%)
a)lim 5 3
—=Hn(1+3x —4x" +Xx7)
2x
by lim—— 1
=0 In(1 — 4x)
. sin®3x
olim———
=0 In”"(1+ 2x)
d)lim\/H_ZX —1
x=0  tg3x
10 ~.8 2 2v1
o)lim X Tx 4:x In(1+ 2x7)(1 —cos4x)
=0 gin’x.(e* —1)arctg(3x)+x’ —x*
1NV ind o x=1
£)lim (x 1)3 sin“(x —1).(e : 1) 9
- ([1 +(x— 1)2] - 1) arcsin(x-1)" +(x —1)

¢) So sanh cac VCL
Giasir F(x) va G(x) lahai VCLkhi x —>a.

. F
Néu lim G(x) = oo, tandi F(x) 1a VCL bac cao hon G(x) khi x —a
x—a X

. F . £ .
Néu lim () =0, tandi F (x) 1a VCL béc thap hon G(x) khi x —a

xX—a G(x)
Ao F(X) - N N ~ N A
Néu hmG( ):A(¢ 0,#), tanéi F(x) va G(x) 1a nhitng VCL cuing bac.
X—a x
e . F(x) Y N N . . L 1A
Néu 11mG( ):1, ta n6i F(x) va G(x) la hai VCL twong duong khi x —>a ki héu
xX—a X

F(x)~G(x) khi x—>a .
Ciing nhu ddi véi cdc VCB, ta d& dang chtng minh dugccdc dinh 1y sau.
Pinh Iy 10: Néu F(x) va G(x) la hai VCL khi x —a, F(x)~ F,(x),G(x)~G,(x) khi

x—a thi:

FO) o RG)

xX—a G(x) X—a G] (X)

Pinh 1y 11: Néu F(x) va G(x) 1a hai VCL khi x—a, G(x) 1a VCL bac thip hon
F(x) thikhi x> a, F(x)+G(x)~ F(x) (Quy tic ngat bé cic VCL).
Vi du 30. Tinh céc gidi han sau
@) lim 7x° —\/;+6x

e 257 4 x% — 6\/;

. 7x> —\/; +6x+4x"0 —8xY
b)lim

=2 12x"7 4 1% — 6/x + x —=1000x%
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c)lim(\/x4 +3x2 —x* —1)

X—00

d)limx(\/m—x)

X—>00

Giai.
a) Tacé 7x’ —/x* +6x~7x" khi x — oo
120 + x> —63/x ~ 12x° khi x > .
3.5 3
Vay lim—* Vol a6x = 1
e 20 40 —6x =120 12
I11. Ham s lién tuc
1. Pinh nghia
Pinh nghia 1. Cho f 1a m6t ham s6 lién tuc trong khoang (a, b ), xo 1a mdt diém thudc

(‘a, b). Nguoi ta n6i rang ham s6 f lién tuc tai X, néu:

limf(x)zf(xo). (D)

X=X
Néu ham sd f khong lién tuc tai x,, ta noi rfmg né gidn doan tai Xo.
Néu dit: x=x,+Ax, Ay=f(x)-f(x,), thi dang thirc (1) c6 thé viét la:

lim[ f(x)~ f(%)]=0 hay lim Ay=0.

X—)X“

Vi dy 31. Chirng minh ham s y = x* lién tyc tai moi x,e R.

2

Tacé: Vxe R dat x=x,+Ax thi y,=x,, Ay=x"—x; :(x0+Ax)2 — X, =2x,Ax+(Ax)";
lim Ay =2x,. lim Ax+ lim Ax. lim Ax=0 (dpcm).

Ax—0 Ax—0

Vi dy 32. Chirng minh ham s& y =sin x lién tuc tai moi x,€ R.

Ta co: x,e R, dat x=x,+Ax thi y, =sinx,,

Ay| = sin x—sin x,| = |sin(x0 +Ax)—sin x0| =

. Ax
sin—.
2

<2

2sin%cos(x0 +%)
Do dé Br_r}loAy:O.
Tuong tu nhu vy, c6 thé ching minh dwoc rang moi ham sb so cip co ban déu lién
tuc tai nhitng diém thudc mién x4c dinh cta no.
Nhdn xét: Dé d& dang trong tinh téan ngudi ta thudng phét biéu dinh nghia 1 dudi
dang sau:

1) f(xo) phdi x4c dinh

i) lim f(x) phai ton tai

X—Xp

1i1) lim f (x) =1f(x,)

Vi du 33. Xét sw lién tuc cua cdc ham so sau
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a)f(x)=x>—2x+3
x> =9
b)g(x) = %16
Giai.
a) Ta c6 f(x)=x>—2x+3 1a mdt ham sd so cép nén xdc dinh, c¢6 gié1i hanVx € D, .
Nén ham s6 lién tuc tai moi x thudc tap x4c dinh D¢

2
X

-9
b) Ta c6 =
) gx) x> —5x+6

nén ham s6 xdc dinh, c6 gi6i han Vx € D, = R\{2,3}. Nén ham s6 ciing lién tuc tai

1a mot phan thirc hitu ti ( 1a mét dang ctia ham s6 so cép)

moi x thudc Dy. Riéng tai x=2, 3 ta nghi ngo rang ham s6 c¢6 hoic khong lién tyc nén ta
lam nhu sau:
* Khi x= 3 thi ta kiém tra 3 diéu kién ctia ham lién tuc:

x> =9
x> —5x+6
va két luan ham s khong lién tyc tai x=3.

i) g(x)= =g(3) :g khong xéc dinh nén ta c6 thé bo qua 2 diéu kién kia

* Tuong tu khi x=2.
Vi dy 34. Xét tinh lién tuc ciia ham s6 f(x) =|x|.
Pinh nghia 2. (Lién tuc trai, phai)
* Lién tuc trai
Mot ham s6 f duoc goi la lién tyc trai tai mot diém x =c thuoc Dy néu théa man 3 diéu
kién sau
- f(c) dugc dinh nghia ( x4c dinh).

- lim f(x) phai ton tai.

X—C

- limf(x)=1(c).

Ta phét biéu twong tu cho trudng hop lién tuc phai.

Pinh nghia 2. Ham s f duoc goi 1a lién tuc trong khoang md ( a, b) néu né lién tuc tai
moi diém cua khoang dé; dugc goi la lién tuc trong khoang dong [a, b] néu né lién tuc
tai moi diém cua khoang m& (a, b), lién tuc phai tai a va lién tuc tréi tai b.

Vi du 35. Tim tdt ca cdc gid tri cua x ma tqi dé ham 50 f(x) khong lién tuc
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X +1 x <1
Af(x)={x"—-3x+4 1<x<3
5—x X >3
b)g(x):x2+1
K(x) — Xx+3
R

2. Céc phép toan vé ham sb lién tuc
Tir céc dinh 1y vé gidi han cua tdng, tich, thuong va tir dinh nghia ctia ham sé lién tuc
tai mot diém, c6 thé dé dang suy ra:
Pinh Iy 12. Néu f va g 1a hai ham s lién tyc tai x, thi:

a) f+ glién tuc tai Xx,.

b) f.g lién tuc tai X,

c) L tien tuc tai xo néu g(x)=0.

8

Pinh 1y 13.Néu ham s6 u=¢(x) lién tuc tai xo, ham s6 y=f(u) lién tuc tai

u, =¢(x,) thi ham sé hop y=(fog)(x)=f[e(x)] lién tuc tai x,.

Vi du 36. Xét tinh lién tuc ciia cdc ham sé sau:

sinx —1(+CO)SZX,khiX¢1T
——,khix =0 of(x) =1 XT
a)f (x)=1 | ) | .
I khix=0 5 khix=w
Sinl,khiXIO 1n(l;zj(),khix>0
DI =1 x D] 1€
a ,khix =0 Khix <0
= , KNIX >~
3

2.1 Tinh chit ciia ham s lién tuc
Cic dinh 1y sau ddy néu 1én nhitng tinh chét co ban ctia ham sé lién tuc.
Pinh Iy 14. Néu ham s f (x) lién tuc trén doan [a, b] thi né bi chan trong doan do,

ttrc 12 tOn tai hai s6 m va M sao cho
m< f(x)<M Vxe [a,b].

Pinh 1y 15. Néu ham s6 f (x) lién tuc trén doan [a, b] thi n6 dat gié tri nho nhat m va
gid trj 16n nhat M ctia n6 trén doan d6, tirc 1a ton tai hai diém x,,x, € [a,b] sao cho:
f(x)=m< f(x) Vxe [a,b];
f(x)=M2f(x) Vxe [a,b].
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Pinh 1y 16. ( Dinh 1y vé gia trj trung gian) Néu ham sé f(x) lién tuc trén doan [a, b],

m va M 1a cdc gid tri nho nhat va 16n nhit ciia né trén doan d6 thi moi s6 4 nam gitra
m va M, ludn ton tai diém &e [a,b] sao cho: f(&)=u.

Hé qua. Néu f(x) lién tuc trén [a, b], f(a).f(b)<O thi trong khoang (a, b) ton tai
mot diém & sao cho f(&)=0.

Chii y: Dung tinh chit cta ham sé lién tuc, ta ching minh dwoc cic cong thic sau:

In(l+a o o
1mwzl; lime 1=1; lima

1 \ 2 2 A M A
=Ina. Tu d6é ta c6 thé suy ra rang néu
a—0 o a—0 o a—0 o

a(x)—0 khi x> a thikhi x> a:
In(1+a(x))~ a(x);

e 1 ~ a(x);

2.2 Cacvidu
2
Vidy 37. Tinh Tim Y2513

i 4x+2

Khi x — *eo, cdc tir s6 va mau s6 déu 1a cdc VCL. Theo nguyén tic ngat bé cic VCL

N3 W W2
lim = lim = lim ——.
X—>oo 4x + 2 x—>toeo 4x x—>too 4x

V2r'+3 2 o Y2243 2

Vay lim ——— im ————
i 4x+2 4 o 4xt2 4

2x

Vi dy 38. Tim lim 53 .

x—>too

2x lim 2x
Tacd lim 53 =573 =5% =25

x—>too

Vi dy 39. Tim lim——2"—2

=1326+x-3
Ta phai khir dang vo dinh % bat 26+x=27",suyra x=z7"-26.

Khi x =1 thi 7> —27 hay z —3.Taco
o) 2(z3—26)—2_2Z3_54_2(z3—27) 2(z—3)(zz+3z+9)

2
\3/26+x—3: z-3 z-3 z-3 B z-3 :Z(Z +3Z+9)
khi z#3.
Vay lim———2_ —1im2(* +32+9) =54
2R i

sin (x—6j
Vidu 40. Tim lim————=
' 23 —2cosx

6
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sin(x—ﬂJ
Pit f(x)= 6

,c6 dang % khi x> % Dat 1= =z Khi x> thi 20. Ta

_\/5—2cosx
co
sin z sin z 2sin < coS <
f(x)= 7\ 3-3 nz z2 2z z
\/3—2c0s 7+= TVIC0sZ+sInzg \/g.Zsinz—+ZSin—cos—
6 2 2 2
Z
cos >
= - 2 - (khi z#0).
x/gsin—+cos—
2 2
Z
cos —
Vay lim f(x)=1lim =1
> X"ff( ) 0 Bsin = +cos >
2 2
Vi dy 41. Tim lim 8220
X! X
Pt f(x)="2"""% (4 c6 dang % khi x —0.Tacé
X

. . : 2sin x.sin? >
sinx—sinxcosx sinx(l—cosx
f(x)= _sinx{ ) 2

X’ cosx X’ cosx X cosx

2 2
) ) .. xX [ x X
khi x—>0,smx~x,sm25~(—j =—

2 4
X x°
2sin x.sin® = 2x.Z 2 1
Vay lim f (x)=lim =lim =lim =—.
o f(x) =0 x?cosx 0 x*cosx 0 4cosx 2

1

Vi du 42. Tim lim 1+ x)5».
1 13 L
Ta gap dang1” khi x - 0. Tacé 1in3(1+x)§ =1irr(}{(l+x)x}3 =ed=3e.

Vi du 43, Tim tim 04%)

x—0 3X_1
Ta phai khtr dang v6 dinh % Khi x -0 thi: In(1+x)~x va 3* -1~ xIn3.

In(1+
Vay tim ) o 1
=0 30 —] x>0 xIn3 In3

Vi dy 44. Tim nm(niz)

X—>0o0 x
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O day, ta c6 dang vo dinh 17 khi x — . Ta c6
1

i1+ :nml(néj }
X—oo X X—oo X

Vidu 45. Tinh cdc gioi han sau:

x2—2x+2

[2x+1] x+
2x+3

a)lim

X—00

[X2 —2)(—1—1]x+l

b)lim
) 3x* 43

X—0Q

3. Piém gian doan ciia ham sb
e Hamsd f (x) goi la gidn doan tai x, néu né khong lién tuc tai x,. Vay x, Ia
diém gidn doan ctia ham sé f (x) néu:
- Hodc f(x) khong xdc dinh tai x,;
- Hoac f(x) xéc dinh tai x,, nhung lim f(x)# f(x,);

X=Xy

- Hodc khong ton tai lim £ (x).

X=X

e Néu f(x) khong xdc dinh tai x,, nhung lim f(x)=1lim f(x) thi x, goi 1a diém

gidn doan bo dugc. Chi can xéc dinh trén ham f tai x= X, béng cich cho f(x,) béng
gid tri chung cua hai gidi han trén, ham f tré thanh lién tuc ca tai x,.
e Néu ton tai cdc gi6i han hitu han lim f(x), lim f(x) va lim f(x)# lim f(x) thi

x, goi la diém gidn doan loai 1. Hodc |lim f(x)- lim f(x)| goi la buéc nhay cia f tai

x,. Nhitng diém gidn doan khong thudc loai 1 duoc goi la diém gian doan loai 2.

Vi du 46. Ham s6 f (x)= 51121x khéng xéc dinh tai x = 0, nhung lim Y.

Vay x = 0 la diém gfan doan bo dugc. Néu ta bo sung gid tri f(0)=1, thi ham s tro
nén lién tuc ca tai x = 0.

x+1 khix <0

x—1 khix >0

Xéc dinh tai moi xe R, nhung

Vi dy 47. Ham s6 f(x)z{

lim f (x)=1#-1=lim f (x). Vay x = 0 2 diém gién doan loai 1, budc nhay cta ham f
x=0" x—0"
tai
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x =0 bang [1-(-1)| =2

Vi dy 48. Ham sb f(x) =~ khong x4c dinh tai x = 0.
X
Vi Tim - = +oo, lim + = —oo , diém x = 0 12 diém gi4n doan logi 2

x—0" x =07 x

Vi du 49. Tim diém gidn doan cua cdc ham so sau:

V() =2+ -2
X x44
b)g(x) =[x’ —2x’|
i x =1
C)h(X): X —1
3 x=1

Vidu 50. Tim a, b dé cdc ham so sau lién tuc

ax+l x< T
2) F(x) = 2 o) £(x) :{

) T
sinx+b x>—

X |X| <1
x* +ax+b Ixl>1

, [(x—1)?
(x—17 x<0 1 I x =1
b) f(x)=1 ax+b O<x<l d f(x)= a x=-1
Jx x>1 b x=1
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§2.PAO HAM - VI PHAN

I. Pao ham
1. Pinh nghia
Cho ham s6 f (x) xdc dinh trong khéang (a,b) va x, € (a,b). Néu ton tai gidi han ciia
ti 56

f(x)-1(x)

X=X,

(2.1)

Khi x— x, thi gidi han dy dwoc goi la dao ham ciia ham s6 y = f (x) tai diém x,, ki
hiéula f'(x,) hay y (x,).
Pit x—x,=Ax, tacéd x=x,+Ax va dit Ay=f(x,+Ax)—f(x,), ti s (1) viét dugc

. Ay A Ay
dudi dang v Vay y (xo)—gr_%E

Nhan xét:
1) Vi Ax =x —x, — 04 x — x,nén (2.1) c6 thé viét dudi dang
Fx)— lim 1O F00) g Ay dy

(2.2)
X=X X=X X=Xg AX dx
2) Néu tai x, ham s6 f ¢6 dao ham f*(xo) thi sb gia ctia n6 c¢6 thé biéu dién thanh
Af(x,) =1'(x,)Ax + aAx (2.3)

Trong d6 o phu thudc vao Axva o — 0 khi Ax — 0. That vay, khi Ax — 0 thi

2Y £ (x,). Do d6 c6 thé dt
Ax

oa=——1'(x,)

RO rang o — 0 khi Ax — 0 va Ay = Af(x,) cé dang (2.3)

Mat khac ta c6 a.Ax 1a VCB bac cao hon Ax (khi Ax — 0) nén (2.3) con c6 dang
Af(x,) =1'(x,)Ax +0Ax (2.4)

3) Tir (2.3) suy ra Af(x,) — 0 khi Ax — 0, tirc 12 ham s lién tuc tai xo. Néu ham s6

f(x) c6 dao ham(hiru han) tai x, thi f(x) lién tuc tai x, diéu nguoc lai c6 thé khong

ding.

Vidu5l.

a) Ham s6 f(x) =ax +b c6 dao ham tai moi X, € D;

b) Ham s f(x)= Ix| khong c6 dao ham tai x,=0 vi hn(} 0
x—=0 X —

¢) Ham sb f(x) = sinx c6 dao ham trén R va (sinx)’=cosx

[x|=Jo| [t .khix>0
—1  ,khix <0’
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ex+1 —x— 2
Vidu 52. Chohémséy:f(x): x+1

m Jkhix =—1

Jkhix = —1

a) Xdc dinh m dé ham sb lién tuc tai x =-1
b) Tim f’(-1) Gng v&i m vira tim dugc trong cau a
\V2x +1—cosx
Vidyu 53. Cho ham s6 y =f(x) = X
m ,khix =0

,khix =0

a) Xdc dinh m dé ham sd lién tuc tai x=0

b) Tim f’(0) tng véi m vua tim dugc trong cau a

2. Céc quy tic tinh dao ham

2.1DPao ham cia tong, tich, thwong ciia hai ham sé
Néu cdc ham s6 u=u(x), v=v(x) c6 dao ham tai x thi:

a) u(x)+v(x) ciing c6 dao ham tai x va (u+v) =u +v'.
b) u(x).v(x) ciing c6 dao ham tai x va (uv) =u'v+v .

u(x)
v(x)

2.2Pao ham ciia ham s6 hop

_uwv-v.uau

2
14

ciing ¢6 dao ham tai x, trir khi v(x)#0 va (Zj

C)
\%
Néu ham s6 u = g(x) c6 dao ham theo x, ham y = f(x) c6 dao ham theo u thi ham s
hop y=f[g(x)] c6 dao ham theo x va y (x) =y (u)u (x).

Vi du 54. Cho y =sin(cosx). Tinh y’?

DPat u=cosx,y=sinx. Vay y (x)=y (u).u (x)=cosu.(—sin x) = —cos(cos x).sin x.

2.3 Pao ham ciia ham sb ngwoe
Pinh 1y 17. Néu ham s6 y=f(x) c6 dao ham tai x, f'(x)#0, va néu ham s

y=f(x) c6 ham s6 ngugc x=¢(y) thi ham sd x=¢(y)cé dao ham tai y=f(x) va
1

tacé ¢ (y)=

F(x)
Ap dung dinh 1y nay ta c6 thé tim dao ham ctia mot s6 ham luong gidc nguoc sau;
a) (arcsinx)' = ! x#+l.
1-x°
- 1
b) (arccosx) =— X#EL
1-x°
c) (arctgx)v _ ! 5
I+x

d) (arccorgx) =—

1+ x7
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Vi du 55. Tinh dao ham cac ham so sau

a)f (x) = arcsin(3x —3) +cos(x> —x +1)
b)g(x) = acrtg(3x> —3x +2) + e ' + In(3x> + 3x)

2.4 Bang dao ham ciia cac ham so so cip co ban

Ham s Paoham |Hamso |Paoham
C 0 COSX -sinx
X ax®! tgx 1
cos’x
a*(0<a=1) | a‘lna cotgx 1
sin’x
e* e* arcsinx 1
1—x’
log, x 1 arccosx 1
xIna B 1—x?2
In x 1 arctgx 1
X 14+ x7
sin x COS X arccotgx 1
N +x°

Vi du 56. Tinh dao ham cdc ham sé sau
a)y=x" d)y:x"2
b)y=2"  by=x"

COsX

c)y =x° )y = |sinx

2.5Y nghia hinh hoc ciia dao ham

Vé mit hinh hoc, dao ham ciia ham s& f(x) tai diém x, biéu dién hé s6 géc cia
duong tiép tuyén cua do thi cia ham so y=f(x) tai diem M, (x,, f(x,)). Khi d6
phuong trinh tiép tuyén véi dudng cong cta ham sb f(x) tai M, 1a

y =1(x,) +f'(X0)(X —X,)

2.6 Y nghia co hoc ciia dao ham

V& mit co hoc, néu phuong trinh chuyén dong cta mot chat diém trén duong thang 1a
s=f(r) thi dao ham f(z,) biéu dién van toc tirc thoi ctia chuyén dong d6 & thoi diém
t,. Vi ¥ nghia d6, ta ciing c6 thé xem dao ham f'(x,) 1a van toc bién thién ctia ham
s6 f(x) theo x tai diém x,.

2.7 Pao ham mét phia, dao ham vo6 cung
2.7.1 Pao ham mot phia
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Cho ham s6 f va x, € D, . Cac giéi han hiru han

f'(x,)= lim M,f'(xg): 1im+M

=X X —X, x=x) X — X,

Goi la cac dao ham mot phia, lan luot 1a dao ham tréi, phai cua f tai x,

Nhan xét:

1) C6 nhitng ham sb khong c6 dao ham tai mot diém theo dinh nghia.

i1) Néu f x4c dinh trén [a,b] thi viéc doi hoi dao ham hai phia tai a, b 1a v

nghia.
Pinh li 17
Ham sb f c6 dao ham tai x, khi va chi khi n6 c6 dao ham trdi, phai tai x, va chiing
bing nhau
f'(xg)=1'(x;)=1'(x,)

Nhan xét:

1) Néu f'(x;)# f'(x}) thi f(x) khdng c6 dao ham tai x,. V& mit hinh hoc, tiép tuyén
trdi va tiép tuyén phai clia do thi ham s6 y=f(x) tai diém (x,, f(x,)) khong tring
nhau.

2) Ngudi ta néi ham sé f (x) c6 dao ham trong khodng ( a, b) néu né cé dao ham tai
moi diém trong khoang d6, ham s6 f(x) c6 dao ham trén doan [ a, b] néu né c6 dao

ham tai moi diém trong khoang (a, b), c6 dao ham phai tai a va dao ham tréi tai b.
Vi du 57. Tim dao ham phai, dao ham trdi cua cdc ham s6 sau tai diém da chi ra

a)f(x)=|x[,x =0
b)f(x):‘xz—Sx+6,x:2,x:3
ofx)=2" -2, x=1

d)f (x) =+/sinx’,x :0,X:x/;

r —bx ,kh 0
Vi du 58. Cho ham so y =f(x) = {(X +a)e ix <

ax’ +bx +1 ,khix >0
Tim a,b dé ham s6 cé dao ham tai x, =O0.
2.7.2 Pao ham vo cung

A s A A . N 5 7 N A N .
Néu ti s6 =Y —s cokhi Ax — 0 thi ta béo f c6 dao ham vo cung tai xo. Tuong tu ta
X
cling c6 khdi ni¢ém dao ham mot phia v6 cung. Néu ham s6 f lién tuc tai, c6 dao ham
vO cung ( hoac dao ham mét phia vo cuing) tai x,, thi dd thi ctia né tai xo c6 tiép tuyén

song song voi Oy (hinh 2.1) (hodc 2 tiép tuyén nhu vay (hinh 2.2)).
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¥ 17

—

1 | fv<0+) — +OO
t=¥x 1 FO=+o0 F0=¥CT £(0)=—o0
Hinh 2.1 Hinh 2.2

3 Pao ham cap cao
Néu ham s6 y= f(x) c6 dao ham thi y = £ (x) goi la dao ham cap 1 ctia x. Pao ham,
néu c6, ctia dao ham cip 1 goi 1a dao ham cép 2, ki hiéu1a y = £ (x).
Vay v = £ (x)=[ 1 (x)] .
Tuong ty dao ham cua dao ham cép ( n-1) cua f(x) goi la dao ham cép n, ki hiéu la
£ (). Vay 3 = ()= 7 ()]
Vidu 59. y=x"(aeR,x>0).Tacé:

y =ax*",

y =a(a-1)x"72,

y =a(a-1)(a-2)x"",

yW=a(a-1)(a-2)..(a—n+1)x“™
bac biét, néu a=ne N’ thi y=x", y =nx"",...

Y = n(n-1).(n-2)..2.1=n!

Do dé y™ =0 néum > n.

Vidu 60. y=sinx. Tinh y"?
2 ' . T
Taco: y zcosx=51n(x+5}

y =cos| x+— |=sin| x+2— |,
( 2) ( 2j

y") =sin x+nZ]
2

Vi du 61.Tinh dao ham cap n cdc ham so sau
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a)f(x)=e™
b) f(x)=cosx
s Cong thirc Leibniz
Gia st cdc ham s6 u(x), v(x) c6 dao ham lién tiép dén cap n. Khi dé, ta c6

(”)_ c k. (n—k) _k 2 k _ n' (0) _ (0) _
(uv) —kZ:(;Cnu V¥, trong d6 C* TR u® =y v =y,

Cong thirc trén goi 1a cong thirc Leibniz, duge chimg minh bang phuong phdp quy
nap.
Ngoai ra ta con mot vai quy tac tinh dao ham cip cao khéc nhu sau:
(cu)’ =cu™
(u#—v)n =u"+v"
Vi dy 62. Tinh y™ néu y= (x2 +2x—3)e'x .
Pat u=e",v z(x2 +2x—3). Tacé u™ =e*, v =2x+2,v =2,v" =0.

n) (n—l)

Dodss 7 =ctfer) (7 +20-3)scl(e) (2rs 2 (¢ 2

n(n—l) o'
2

zex[xz +2(n+1)x+2n—3+n(n—1)]ze‘* [x2+2(n+1)x+n2+n—3].

:e‘(x2+2x—3)+nex(2x+2)+

Vi du 63. Tinh dao ham cdp n cdc ham sé sau:
a)y=x"+x+e*
b)yy=a,x"+ax"" +..+a,

1+x
o)y =
1—x

IL. Vi phan
1. DPinh nghia

Cho ham s6 y = f(x) c6 dao ham tai x, theo dinh nghia ctia dao ham: f'(x)= gn})%

trong d6 Ay = f (x+Ax)— f (x).

Vay khi Ax—>0,%zf’(x)+a voi o — 0 khi Ax— 0.

Do d6: Ay = f (x+Ax)— f(x)=f (x).Ax+oAx.

S6 hang aAx 1a mot VCB bac cao hon Ax. Do d6, Ay va f'(x)Ax la hai VCB tuong
dwong. Biéu thitc f (x)Ax goi la vi phan ctia ham sb y = f(x) tai x, ki hiéu la dy hay
df(x). Vay dy=f (x)Ax.

Neéu ham s6 ¢6 vi phan tai x, ta n6i f(x) kha vi tai x. Nhu vay, doi véi ham s6 mot bién
s0, khdi niém ham s6 c6 dao ham tai x va ham s0 kha vi tai x tuong duong nhau.
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Néu y=x thi dy =dx=1.Ax. Vay do6i vai bién so doc 1ap x, ta cd dx=Ax. Do d6, ta cé

thé viét: dy = f'(x)dx.
Pinh li 18. Ham s6 f kha vi tai X, khi va chi khi né c6 dao ham tai diém d6

, , 1 1 1
Vidu 64: Néu y=+/1+Inx,thi y =————.—. D0 d0 dy=—————1dx
Y Y 2V1+Inx x Y 2x\/1+1Inx

Vidu 65. Tim m,n dé cdc ham so sau:

_ax+B,khix§l

a)f(x)_{xz hix >1

m + nx’ khi|x|<1

D=1 L x> 1
x|

i) Lién tuc trén R

ii) Kha vitrén R

2. Vi phan cua tong, tich, thwong

Tu cong thirc dao ham cua téng, tich, thwong ctia hai ham $b suy ra:
d(u+v):du+dv
d (uv) =udv+vdu

d(ﬂ) _ vdu — udv (v 4 0')

1% Vz
3. Vi phan cap cao
Vi phan cap hai cua ham so f tai mdt di€ém nao dé 1a vi phan tai diém ay cta vi phan (

cAp mot) df va ki hiéu d*f. Vay

d*f = d(df)
Tuong ty, vi phin cdp n cta f 14 vi phan cia vi phan cap n-1 cia né
d"f =d(d"'f)

Chii y- Khi tinh vi phéan cip cao thi dx 12 mot s6 bat ki khong phu thudc vao x, nén dao
ham ( hodc vi phan) ctia né s& bang 0. Vay

d’f = d(df) = d(f 'dx) = df ".dx = (f "dx)dx = f "dx>

d’f =d(@d’f)=d(f"dx*) =f"dx’

D2 théy 1a

d'f =f"dx"

Mot sd quy tac ddi véi vi phan cép cao
d"(cu)=cd"(u)
d"(u+v)=du+d"v

d"(uv) = Cid"fud'v (du=u,dv=v)
k=0
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4. Ung dung vi phan vao tinh gin ding

Vi khi Ax—0, f(x,+Ax)-f(x,)1a VCB twong duong véi f (x,)Ax, nén khi |Ax|

kha nho, ta c6 cong thirc gan ding f (x, +Ax) = f(x,)+ f (x,)Ax.

Vidu 66. Tinh Ay vady néu y=f(x)=x*+x>—2x+1, néu x bién thién tir 2 dén 2,01,

Ta co

f(2)=9:

( 1)=9,140701;
( ) ( ) 0,140701;

f (x)=3x +2x-2;

f'(2)=14;

dy=f'(2)Ax=14.0,01=0,14.

Vi dy 67. Tinh gan ding /15,8 .

1

Ta cin tinh gﬁn ding y=f(x)= x* tai 16 —0,2. Dat x, =16,Ax=-0,2. Ta cé:

’

17 1

— X frd

4 44[ 3
o1

—=—, , ta dugc #15,8 =416 — (;22_2 0,0062 =~ 1,9938.
4416

Vi du 68. Tinh gan ding /28

f(xo"'Ax)zf(xo)"'f'(xo)'m'Vi f(xo)zi‘/E:Z,f'(x):

’f'(x())

5. Cac dinh ly gia tri trung binh

5.1 Pinh 1 Rolle. Néu f lién tuc trén [a, b, kha vi trén (a, b) va f(a)=f(b) thi
Jce (a,b): f (c)=0.

Y nghia hinh hoc ciia dinh Iy Rolle:

Néu f kha vi trén (a, b), lién tuc trén [a, b] va f(a)=f(b) thi C(c, f(c))trén cung AB
voi A(a, f(a)),B(b, f (b)) sao cho vecto chi phuong cla tiép tuyén tai C cling phuong
voi vecto Ox ( hoac cung phuong voi vecto AB).

5.2 Pinh ly Lagrange ( Pinh ly gia tri trung binh)

Néu f lién tuc trén [a, b], kha vi trén (a, b) (a#b) thi 3ce (a,b): f (c)=

hay f(b)-f(a)=f (c)(b-a).
5.3 Pinh ly Cauchy.
Néu f,g lién tuc trén [a, b], kha vi trén (a, b) va g (x)#0,Vxe (a,b) thi:

e () L) (@) T (O

g(b)-g(a) &(c)

6. Cong thirc Taylor — Maclaurin. ’
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Pinh Iy 19. Néu f ¢6 dao ham cdp n1a £ lién tuc trén [a, b] va f ¢c6 dao ham cép n +

n £ (n+1)
S gy L0 gy

1 trén (a, b) thi 3ce (a,b) sao cho: f(b):; x )]
_ f (a) f@, v, fa), o £, e
=f(a)+ T (b—a)+ Y (b—a) +..+ oy (b—a) + (nr1)! (b—a)".

Cong thuc trén duoc goi 1a cong thirc khai trién Taylor ciaftaia.

(n+1)
f—(c)(b— a)"" goi1a sai 56 ( dir 56 ) bdc n clia cong thirc khai trién Taylor ctia f

R _
" (n+1)!

tai a.

Nhan xét:
% Khi n = 0 thi cong thirc trén tré thanh cong thirc Lagrange.

% Khi a = 0 thi cong thirc Taylor goi la cong thirc Maclaurin.

' . (n) (n+1)
f (0)b+ / (O)b2 o+ 70 b + f (C)b"“.

1(8)=1(0)+= 2! nl (n+1)!
Phit biéu khc:
Cho ham sb f c¢6 dao ham cép n + 1 trén khoang mé I chira a. Khi d6 Vxe I,3ce (a,x)
hodc ce(x,a) sa0 cho
: : (n) (n+1)
f(x):f(a)+¥(x—a)+%(x—a)z+...+fn—(ﬁ)(x—a)"+Jzn+1()c!)(x—a)"+l.
Vi du 69. Viét cong thirc khai trién Taylor ciia f(x) tai x = 0 véi
a) f(x)=e" b) f(x)=sinx ¢) f(x)=In(1+x).
Giai.
a) f(x)=e", f(x)=e", f(x)=¢"
= f"(0)=1,Vn

£0) 1), 70) o, £7()

= f(x)=f(0)+ " x+ 5 X+t P (nr1)!

voi ce (0,x) hodc ce(x,0).

x2 x3 xn Gxxn+l
e =l+x+—+—+..+—+ vol 0<@<1.
21 3l n! (n+1)!

b) f(x)=sinx . Ta co: f(”)(x):sin(x+n%j
{ 0 (n=2k)

T

= " (0)=Sin(”5j: (-1) (n=2k+1)
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Vay cong thire khai trién Taylor cua sinx tai O 1a:
X X X (_1)k o (_l)k+1 cosOx .

sinx=x——+———+...+ + x vol 0<@<1.
3150 7! (2k +1)! (2k +3)!

Néu sai s6 ding lai & dao ham bac 2k + 2 ta c6:

. V3
x3 xS .X7 (_l)k x2k+1 Sln(9x+(2k+2)j
+ +ot

2k+2

=X T T T +
TR TR (2k+1)! (2k +2)!
3 1)K L2k L\
:X—x—+,__+( 1) X +( 1) sm(é’x) 2k+2.
31 (2k+1)! (2k+2)!

2 ()= (=) (n-1)!

x+1) (1+x)"

=
+
.
—_—
=
+
f—
~—
S
—_—

0 L0 LSO L 10 )

= f(x)=f T Y X +..+ oy x"+ (nr1)! X" vol 0<8<1.
2 -1 n=l _1 non+l

:>ln(1+x):x—x—+...+( ) x + (U — véi 0<O<1.
2 n (n+1)(1+6x)

Vi dy 70. Tinh gin ding e v6i sai s6 nhé hon 0,0001.

2 3 n Ox _n+l
Taco: e =l+x+—t> g 42 427 ,0<6<1.
21 3| n! (n+1)!
re 1 .
Véi x=— thi:
2
AREIEREG)
\/Z:1+l+ 2 + 2 +...+ 2 + 2
2 21 3! n! (n+1)!

n+l
~ . 2 e 3 .
Nhan xét < < voi 0< <1
’ (n+1)! 2"+1(n+1)! 2”“(n+1)!

Dé sai s6 nhé hon 0,0001 ta can chon n thoa +<0,0001 = 2" (n+1)!>30000

3
2 (n+1)
*)

(*) ddng v6i moi n>5.Vay chonn =5 ta cé:

111 1 A s
Ve =14t or bt oot o= A thoa diéu kién Ve - 4] =+e - 4<0,0001.

Vi dy 71. Tinh gan ddng sinl véi sai s6 nho hon 107,
Tacé: voi 0<6<1
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3 1\ 2kl N\
sinx=x—x—+...+( 1) x (=1) cos(6x) .,
3! (2k—1)! (2k+1)!

Cho x =1 ta duoc

| (=) (=1)"cos(8)
sm1—1—§+...+(2k_1)!+ (2k+1);
(—l)kcos(0)|< 1

| (2k+1)! | (2k+1)!

Sai sb <107, Vk>5

Chonk =5 ta c6 sinl = 1—%+...+(—1)4$= B thoa diéu kién [sin1— B| <107
7. Qui tic L’Hospital
0
7.1 Dang —
ang 0
Cho f,g lién tuc trén khoang mo I chtra a va f(a)=g(a)=0. Gia sit f,g kha vi tai
Vxe I\{a},g (x)#0Vxe I\{a} va limL)cizL ( L hitu han hoac vd han) thi

w—a g (x
limLx): L(: limMJ.

X—a g(x) X—a gl (x)
Vi dy 72. Tinh lim &—¢_ — 28~
x>0 X—sinx

Ta cé
. e'—e"=2sinx . e'+e'—2cosx .. e —e'+2sinx . e ' +e+2cosx
lim - =lim =lim - =lim =4,
x>0 X—sinx x>0 1—cosx x>0 Sin x x—0 COS X
Vidu73.

. X —2x+1
a)lim————

=13x° —4x +1

. —sin
b)lim——

x—0 X
7.2 Dang =
Cho I 1a mét khoang m¢ chira a. Gid st f,g xéac dinh va c6 dao ham hitu han trén
I\{a}, g (x)#0 VxeI\{a}. Néu lim|f (x)|=lim|g(x) =+ va hmf'éx;:L (L hitu

X—a Xx—a xX—a g x

han hoac vo6 han) thi
fim L ) zlimf'(x)
x—a g(x) x—a g (x)

Vidu 74.
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1
. . Inx . .
1) imxlnx = lim — = lim - = lim (—x) =0
=0 =0t 1 =0t 1 x50
x X
1
. Inx : X : 1 N
2) lim— (a>0)=lim -=lim —=0 Vi a>0)
x>ty x>t o x % x>t orx%
) 1 . sin®x—x?cos’ x
3) lim| ——— |=1lim —
=0\ x" —cot” x =0 X sin” x
. (sinx+xcosx) (sinx—xcosx)
=lim . 3
x—0 X X
. sSinx—xcosx
= 2lim "%
x—0 X
. COSXx—Ccosx+xsinx . sinx 2
=2lim > =2lim =—
x—0 3x x-0 3y 3

Vidu 75. Tim gioi han cdc ham so sau:

Inx

X—+00 X

er

b) lim

X——+00 3X3
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§3. UNG DUNG
I. Ung dung ciia Cép s6 cong va cip so nhan
1. Ti suat
Pit van dé: Trong toan tai chinh hay trong ngan hang, kinh té nguoi ta thuong néi véi

nhau 12 cdi ndy c6 gid tri ting 10% so véi gid cii hodc 14i suat ngin hang 13 5% trong
thoi han 1 ndm hay nén kinh té ting trudng 12 12% trong nim nay v.v...
Vay thi phan trim c6 ¥ nghia 12 gi va tai sao ngudi ta hay diing né?.

Ti suét chi don gian 12 sy biéu thi mot s6 r theo dang 17100 goi 12 r% ctia mot sb.

Vi du 76.

o 23922 L
100 4

b) 30%:&;3
100 10

o som= 23 1
100 10 2

Vi du 77. Tinh céc gi4 tri sau
a) 15% cua 10
b) 99% cua 25
¢) 150% cua 250.
2. Lai tie-Tién 10 ( Interest):

Lai tire= Tong von tich liy — Vén gdc ban dau ( Principal).
Vi du 78. Vén dau tu ban dau bo ra ban dau 1a 12 000 USD. Sau 1 nam von dau tur 1a
14 000 USD. Hoi lai tirc 1a bao nhiéu?.
3. Lai suat
Khi 13 tirc biéu thi theo ti 18 % dbi voi s6 von ban ddu cho mot don vi thoi gian thi
duoc goi 12 13i suét

Lai sudt = %*100%

Vi du 79. Néu l4i suat 1a 12% trong thoi han 1 ndm thi 1 triéu dong hom nay sé& 1a bao
nhiéu sau 1 nam.
Tong vbn tich lily = Von gdc ban dau + Lii tie= 14+1%12%=1.12 triéu
Vi du 80.
a) Vén dau tu tang tir $2500 1én $3375. Biéu thi su gia ting vé von dau tu theo %.
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b) Vao thoi diém dau nam 2007 dan so cua ap Long Hoa la 8400. Néu dan sO gia tang

1én 12% vao thoi diém cudi nam 2007. Xéc dinh s6 dan 4p Long Hoa hién c.

¢) Trong mot cira hang, gi4 cia hang héa dang dwoc ban 1a $580. Néu gid duoc giam
xudng 12 20%. Tim gid cta hang héa sau khi giam gid.?

4. Yéu td ting truéng( scale factor).

4.1 Khi r% tang:

Vi du 81. Gid cua m¢ot mat hang la $80 thi khi tang gid 1én 9% hoi gid cua mdt hang
nay la bao nhiéu ?.

Cach 1:

9% = 2 =0.09
100

0.09*80="7.2
7.2+80=87.2
Cach 2:

100%« 80 USD

v

Gid ting
9% <

v

9%*80=7.2 USD

Viy theo % thi ta ¢6 100%+9%=%+i —140.9=1.09

100
Suy ra gid cua mdt hang nay la 80*1.09=87.2 USD

Hay ta c6 thé tinh nhu sau:

100%« » 80 USD

109%+ » x USD
ES

Vay x=207109 g7 Usp

Ta c6 cong thirc ciia yéu td tang truong 1a

LU S S
100 100 100

Vi dy 82. Gia ciia mot mat hang khi ting gid 1én 9% 1a 87.2 USD tim gid ban dau khi
chua tang gia.

Ta c6 cong thirc tang truong 1a 141r%=1+9%=1.09. Vay d¢ tim gid liic sau ta c6 thé dp
dung mo hinh sau

109%- 87.2 USD

100% x USD
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k /
Vay x = 87.271 _ 80USD hay don gian hon ta chi viéc lay 87.2 _872 _ 80 USD
9 1+r% 1.09

Vidu 83.

a) Vao thoi diém dau nam 2007 gid cia mot mdt hang 12 $29 nhung do yéu t lam phat
gid ctia n6 tang 1én 5% trong sudt nam 2007 . Tim gid ciia mat hang vao thoi diém cubi
nam.

b) Gi4 ctia mot chiéc TV LCD 1a 850SD bao gom 9.%VAT. Tim gid gdc ctia TV LCD
9.

¢) Biéu thi sy gia ting ctia von dau tu theo % khi ting tir $850 1én $950.

4.2 Khi r% giam:

Vi du 84. Gia st rang von dau tu 12 $80 cho mua c6 phiéu. Do gid c¢6 phiéu bi sut giam

dan dén von dau tu bi gidm xuong 20%. Hoi von dau tu con lai 1a bao nhiéu?.

Giai.

100%« » 80 USD

Giam 20% Suy ra % con lai la 100%-20%=80% va

80% < » x USD

Vay x =20°80% _ 64USD hay x = 80% (100 - 20 _ (1 10%) = (1-0.2) = 0.8
100% 100 100

Cong thirc ctia yéu t6 ting trudng

LG T
100 100 100
Vi du 85.

a) Vo thoi diém dau nim 2007 gid ciia mot chiéc xe hoi 12 $ 43 000. Néu gid cua
chiéc xe hoi bi sut giam di 27% trong sudt nam 2007 thi hoi gid ctia né s& con lai 1a
bao nhiéu vio thoi diém cudi nam?.

b) Sau khi ctra hang giam gid 15% thi gid ctia hang héa la $39.95 . Vay trude khi cira
hang gidm gia thi gid cia hang héa la bao nhiéu?

¢) SO lwong khach hang di dn ga ran bi giam tir 190 295 xubng 174 989. Xéc dinh %
khéch hang bi mat.

5 Su két hop céc yéu td ting truéng:

Vi du 86. Gia cia mot mat hang c6 muc ting truong 13 32% trong sdu thang dau nim

2007 va trong sdu thang cudi nim 2007 c6 muc ting truong 13 10%. Tim muc ting
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truong theo % trong ca nam 2007. Néu gid ctia mdt hang 1a 50 USD thi gid tang trudng

thém vao la bao nhiéu.

Giai.

Cdch 1:

Yéu t6 taing truong trong sau thang dau nam 12 1 +r% =1+32%=1.32

Yéu t6 tang truong trong sau thang cudi nam 1a 1+r%=1+10%=1.1

Viay muc tang truéng theo ca ndm la 1.32*%1.1=1.452 =1445.2% Suy ra muc tang
truong 1a 45.2% va tuong duong voi muac gid 1a 45.2%%*50=22.6 USD.

Cdch 2: Tinh theo gid ciia mat hang

Yéu t6 tang truong trong sau thang dau nam 12 1 +r% =1+32%=1.32

Lic nay gid cua mat hang 1a 1.32 * 50=66

Trong sdu thing cubi nim gid mat hang ting 1én nhung gid lic nay duoc ting 1én
khong phai 12 gia ban dau ma 1 gid da ting trong sdu thang trudc nghia 1a 66 duoc
tang tiép thém 10%.

Yéu t6 tang trudng trong sdu thang cudi ndm 1a 1+10%=1.1 va ta c¢6 dugc 66*1.1=72.6
USD. Hay muc ting trudng vé gid so véi gid ban dau 1a 72.6-50=22.6 USD.

Vi du 87 Tim su thay doi vé gid cua mot mat hang theo % néu gid tang 1én 5% trong
vong 6 thang dau nam nhung trong 6 thang cudi nim lai bi giam gia xuéng 30%.

6 Lai tich lay

6.1 Lai don ( Simple interest):

Khi 14i tirc chi tinh theo s6 vén gdc ma khong tinh thém 14i tirc 1y tich, phat sinh tir
1ai ¢ cac thoi doan trude, nguoi ta goi la 1ai tire don.

Vi du 88. Ban giri ngan hang $200 véi ldi sudt hang nam 13 5%. Hoi trong mot nim,2
nam, 3 nim ban nhan duoc bao nhiéu tinh theo 13i tirc don?. Mét bao 1au dé nhan duoc
s0 tién 1a $3007.

Giai.

Sau mot nam ban nhan duoc 1a 200+ 200 *% =210

Sau hai ndm ban nhan duoc 1a 200+ 2*200 *% =220

Sau ba nam ban nhéan duogc 1a 200+3*200 *% =230

Sau n nam ban nhan duoc la 200+n*200*% =300 < 200+10n =300=n =10
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6.2 Lai tirc ghép (Compound Interest) o
Trong tinh todn 1ai tirc ghép, 1ai tirc & moi thoi doan dugce tinh theo s6 von goc va ca

téng sb tién 14i liy tich dugc trong céc thoi doan trude d6.

Nhu vay, l3i tirc ghép phan anh duoc hiéu qua gi4 trj theo thoi gian ciia dong tién cho
ca phan tién 13i trudc d6.Céch tinh 14i tirc ghép thuong duge ding cho thuc té.

Trwong hop 1: Theo nam

Vi dy 89. Ban gtri ngén hang $200 véi 1ai tire ghép 1a 5%. Hoi trong 1 nadm, 2 nam, 3
nam ban nhan dugc bao nhiéu theo 1ai tirc ghép?. MAét bao 1au dé nhan duoc sb tién 12
$3007?.

Gidi.

Sau mot ndm ban nhan dugc la 200+200*% =210 clng tuong tu nhu truvong hop &

1ai tc don.

Nhung trong nam thir hai tit ca sb tién kiém duoc 12 210 ( tong vén iy tich) vi vdy
cling v6i mirc 13i suat 12 5% nhung liic nay la 210*%:10.50 USD. Sau hai nam ban

nhan duoc 12 220.50USD. Chiing ta c6 thé thuc hién phép tinh nay theo cong thirc sau.

200%* 1+i 1+i =220.5
100 100

Sau mdi nam ching ta ¢ muc tang truéng la (1+1r%)= (1+5%)=1.05
Viy sau n nam chiing ta c¢6 cong thirc tong quat 1a 200%(1.05)" =300
200(1.05)" =300 = (1.05)" =1.5

log1.5
log1.05

nlogl.05=logl.5=>n=

Ap dung 13y log véi co s6 10 ta cé

n=8.31

Vi n 12 sb chin nén ta 1am tron duoc la n=9 nam.

Véi n=8 thi 200x1.05° =295.49 va n=9 thi 200x1.05° =310.27

Téong quat: Trude khi di dén mot vai vi du ké tiép ching ta tim hiéu thir xem cong
thirc tinh 13i tirc kép dé c6 thé dp dung cho bat ky truong hop nao lién quan dén 1ai tirc

kép.
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Giai thuat: V&i s6 von ban dau 1a P (principal) dugce dau tu trong n ndm, murc 1ai suat

hang nam 12 r% theo lii tic kép. Gid tri cudi cliing cua sd vén duoc goi 1a Tong von
Ity tich (Amount) hay gid tri tuong lai S (Future Value).

1. Sau mot nam ta c6 duoc

P :P+P*L:P(1+Lj
100 100

2. Sau hai nam ta duogc

2
P, =P|1+— |+P|1+— |[*—=P| 14— | 1+— |=P[ 1+— | =P(1+—)
100 100) 100 100 ) 100 100 100

3. Sau n nam ta duoc S la

s:p(HL)
100

Vi dy 90. Néu s6 tién 1000$ duoc dau tu voi 13i suat ghép 1a 8% nam ghép lii theo
nam thi sau 5 nam thi tong von tich lity (gdm ca vén 1an 13i) sé& 1a bao nhiéu?

Truwong hgp 2: Theo quy

Vian dé: Khi 13i tic ghép dugc két hop véi nhau thuong xuyén hon. Nghia Ia ldc nay
ta xét 1ai tirc ghép theo tung quy trong nam va nguodi ta chia 1 nam ra lam 4 quy véi
murc 13 suat ghép 1a 5% trong mot nim thi 1di suat ghép & ting quy s& chi la
5%:4=1.25%

Lic nay quay lai vi du trén ta c6

Sau quy dau tién v6i s6 von 1a 200$ ta c6 duoc

P =P+P*—= P(HLJ = 200(1+£j
100 100 100

Sau quy thu hai

2
P,=200 1+—1'25 +200 1+—1'25 ><—1'25=200 1+—1'25 1+—1'25 =200 1+—1'25
100 100 / 100 100 100 100

Sau n quy ta dugc
200 1+£
100

Lic nay néu ching ta mubn c¢6 300 USD thi ta can
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200(1+£j =300 & (1+£j =15
100 100
1.25
nlog,, (H-ﬁj =log,,(1.5)

n __log,,d.5) _ 32.64

log,,(1.0125)
Vay chiing ta can 33 quy hay chinh x4c 12 8 ndm thém 1 quy. So sanh véi gid tri ¢ trén
& Vidu 897.

Két ludn: Ta ciing c6 cong thirc tinh 14i suat ghép theo ting quy ciing 1a

s:p@+:;)
100

Nhung ¢ ddy n 1a quy va % la 13i suit theo quy.
Truong hop 3: Theo 1/m ciia nim ( m day cé thé 13 ngay)
* Lai tich lily - Lai suét lién tuc ( continuos compound)

Cong thure tinh 14 tirc ghép theo nam la

s=p@+:;j
100

Bay gid néu 1ai suat hang nim 1 a% va lii tac ghép theo 1/m cua 1 nam thi ldi suat

duoc tinh la 2 % chomdi 1/m . Vay S ldc nay dugc tinh la

m
S=p|1+—2
100m

Giéa str ching ta chon lya n cling chi trong vong mét nam thi ta c6 n=m. Liic nay gia s

131 suat hang nam 14 a=5%, P=100 thi gi4 tri S trong theo m s& 12

mn S=r (1 + ;ng }m

1 P(1+ 55) = 105.00

2 P(l+525)° = (1.025)2P = 105.06

4 P(l+55)" — (1.0125)*P = 105.09
12 P(l+gm) = (1.0041667)'2P = 105.11
52 P(1+4s2mg) . = (1.0009615)52P = 105.12
365 P (14 3m) = (1.00013698)%°P = 105.13

( m=1 thi day la 1 ndm, m=2 la nta ndm, m=4 la quy, m=12 1a thdng, m =52 1a tu'?m, m

=365 la ngay).
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Chiing ta c6 nhan xét rang khi m cang 16n thi S cang dan dén mdt gia tri co dinh trong

truong hop nay do 1a 105.13

V6i mot muee 13i suat r trong thoi gian t =1 nam thi ta ¢ dugc 14i tich iy 1a
S — Per/lOO

Va khi diéu tra Idi tich lily trong vong t nim ta c6 cong thirc tong quat 1a
S — Pert/lOO

¢ day t1a ndm

Vi dy 91. 6i P =10$ var =12% trong sudt mot nam. Tim S néu 13 tirc & day 1a 14 tic

ghép

a) trong 1 ndm c¢) hang thing

b) niranam 1 lan d) hang tuan e) hang quy
Giai.

Ta c6 cong thirc tong quét cho i tic ghép 1a

s:p(HL]
100

a) r=12 van=1 Vay S= 10%(1.12)'=11.20$
b) r=12/2 %=6% van=2.Vay S =10* (1.06)’=11.24
¢) r=12/12 %=1% van =12. Vay S =10%(1.01)"*=11.27$
d) r=12/52 %=0.23% va n =52. Vay S =10 *(1.0023)**=11.27
e) r=12/4 % =3% van =4. Vay S =10%(1.03)=11.26
Vi dy 92. Néu chiing ta dau tu $2000 v6i muc i tich Iiy 1a 6%. Hoi sau bao nhiéu
ngay thi vn dau tu s& ting 1én $2100.
Lai tich Ity dugc tinh theo cong thuc
S = pe/'®

& 2100 =2000e”'*

& 1n2100 = In(2000e”1) = In(2000) + In(e**/"™)
2100

< 6t/100=1n2100—1n2000 = In——
2000

Viy t=12x 10 2120  0.8132
6 2000

S6 ngay dugc tinh 1a =0.8132 * 365 =297 ngay.
Nhian xét: Truéc qui nhiéu cich tinh 13i sudt giy ra mot van dé& khé khan cho céc

doanh nghiép khi dau tu hodc céc ho gia dinh gui tiét kiém. Céc doanh nghiép va ho
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gia dinh can c6 mét chuan myc ma cho phép ho c6 thé so sdnh gitra viéc dé tiét kiém

hay cho ngin hang vay. Mot trong nhitng hinh thirc nay 13 str dung 13i suat hang nim
goi la APR.

Vi dy 93. Ban mudn muon 150 ngan db, tra trong vong 30 nam:

(1) Ngan hang A ra gid 6.5%, véi 1€ phi $5,000 va khong c6 "Discount Point".

(2) Ngan hang B ra gid 6.25%, véi 1¢ phi la $5,500 va 1 discount point (tirc 1% hay la
$1,500). Tong cong "point” va "fee" 1a $7,000.

Qua 1a khé lya chon néu ban khong biét qua cach tinh toan. C6 ngudi chon ngan hang
B vi ho chi quan tdm vao l3i suat thdp; hodc c6 nguoi chon ngan hang A vi mudn déng
1¢ phi thép.

Vay dau 1a cdch tinh trung thuc, néi 1én tit ca nhitng chi phi ma ngudi vay tién phai
tra?

Ban phai nhé hoi hodc nhin vao cdi khoan APR dé phan biét khé nao 1a khé chua, khé
nao 12 khé ngot. Ngan hang A cho ban biét APR ciia ho 1a 6.83%, va ngan hang B c6
APR 12 6.71%. Vay thi ngan hang B 14 khé ngot, va mén ng ban muon mua nha s& cé
loi vé lau vé dai.

Nhung d6 1a chuyén vé 1au vé dai.

Néu tinh vé ngan han thi ngan hang A c6 thé s& 1a khé ngot. B4i vi chuong trinh muon
ng cta ngin hang B, ban phai déng thém $2,000 1¢ phi. Néu ban khéng c6 san 2 ngan
d6 tién mat thi sao? hodc gia nhu xe hu, nha dot, gia dinh bén Viét Nam can giri tién
vé gap... thi lai 1a chuyén khac. Ngan hang A c6 thé 1a chon lya thich hop, mic dau
APR c6 cao hon ngin hang B.

Hoac néu ban c¢6 y dinh chi mugn n¢g mua nha & trong vai nam, thi véi ngin hang A,
ban chi phéi tra $948.10 mot thang (von 1an 10i), nhiéu hon chuong trinh ctia ngan
hang B mdi thiang $24.52. Roi ban 1dy 18 phi $2,000 phai tra thém cho chuong trinh
ctia ngén hang B, chia cho $24.52, ra s6 thanh 1a 82. D4y 14 s6 thidng ma ban tinh phai
"g& gac" tir s6 tién 2000 d6 phai déng thém (82 thdng vi chi 12 6 nam rudi). Piéu nay
c¢6 nghia 12 néu ban c¢6 ¥ dinh & trong cin nha dudi 6 nim rudi, thi ngan hang A cho
giai phép ré hon. Va néu ban ¢6 y dinh mua nha & dai hoi, thi thay vi cin nhic i suat,
ban nén tinh tt ca céc chi phi phai tra cho mén ng.

Vi du 94. Xéc dinh 13i suit hang nam cta mot tai khoan ma c6 1ai suat danh nghia ( 1ai

suat khong thuc) 1a 8% ghép 1ai theo thang.
Gidi.
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APR 12 14i suat hang nim ma c6 thé tinh dua trén yéu td ting trudng. Néu mot tai

khoan duoc dé nghi tra 14i sut 1a 8% ghép 1ai theo thang thi mdi thang 14i suat phai tra
1@% _ % —0.67% . Yéu té tang trudng theo thang 13 1+ 0.67%=1.0067. Néu thoi gian Ia

mét nam thi ta ¢6 duoc yéu té ting trudng & 1a (1.0067)1’=1.0834 = 1+ % vi day 12

ghép 1ai theo thang.

Vi du 95.. Néu lai sudt danh nghia la 1.75% ghép ldi theo thdng ciia mét khéan vay thi
APR twong ung la bao nhiéu?.

7. Vén chim

Vi du 96. Gia st rang ban tiét kiém 100$ mdi thang trong vong 2 nam va guri s tién d6
trong 1 tai khoan vdi tién 10i 12 12% ghép 1ai hang thang. Tai khoan nhu thé duoc goi
1a Von chim. Gia st rang ban phai tra 100$ hang thang dé c6 thé nhan dugc diy du

tién 10i trong thang. Mot 1an nita ching ta nhé lai cong thic tinh cho 1 khoan dau tu 1a

S=P|1+—
100

& day 1% 1a 1ai suat theo thang, va n 1a s thang =24 thang. Vay lai suat theo thang 1a
12% : 12=1%. Pau tién ban gui tiét kiém 100$ vao trong tai khoan ciia ban cho 24
thang.
Ban s& c6 duoc sb tién 12
S=100*(1+1%)**
Tiép theo ban giri 100$ trong thang thir 2 ban sé tiét kiém dugc 1a
S=100*(1+1%)*
Vay S=100(1.01)** +100(1.01)* +...+100(1.01)* +100(1.01)"
Lic nay ta c6 duoc tong diy 1a mot cap sb nhan.
S=100(1.01)" +100(1.01)* +...+100(1.01)* +100(1.01)**
Xdc dinh a=100(1.01) , r =1.01, n=24. Ta c¢6 cong thic tong qudt 1a

_1001.0D(L.O* ~1) 1010126973 1)

= =2724.32
(1.01-1) 0.01

Vi du 97. Gia st rang & thoi diém két thic ctia 2 nim cia tai khoan trong vi du trén
ban quyét dinh tiép tuc gui tiét kiém sd tién d6 ciling véi 1i suat nhu trén ghép 14i theo

thang. M4t bao 1au dé ban c6 thé c6 duoc quy chim(vén chim) 1a 3000$?
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8. Tién cho vay- Tién thé chip (Loans / Mortgages):

Vi du 98. Ban phai tra s tién 12 bao nhiéu trong mdi thing néu ban vay 50000$ trong
vong 20 niam véi mirc 13i suit 6% ghép 1ai theo nam.
Giai. Khoang thoi gian tra tién 10i gitra cdc thang 1a lién tyc. Mdi thang tra mot lan va
thang sau dugc tinh dwa trén s tién 10i phai tra cia thang trudc. Pay 1a mot cach tinh
tiéu biéu trong tai chinh dwgc cdc ngén hang cho vay thuc hién. Lic nay 12 mot nguoi
di vay chiing ta phai biét mdi thang chiing ta phai tra bao nhiéu tién 10i chit khong thé
quan tim dén van dé 1a thdng nay thi tra 500$ thang sau lai trd 550$ s6 tién cir ting
dan ma khong biét chinh xdc dén bao gio két thic. Lic nay vdi cdch tinh trung binh s
tién hang thang phai tra chiing ta c6 thé yén tim véi s tién ching ta phai tra hang
thang
Lii suat hang nim 12 6% vi vay tong sd tién phai tra vi muc 14i suat trong nim dau
tién 1a 6%
50000%6%=3000.
Goi x 12 80 tién trung binh phai tra hang thang.
Trong ndm dau tién mdi thang phai tra s6 tién 12 x thi 12 thang s tién phai tra 12 12x .
Sé tién vay no lic nay phai tra ¢ thoi diém cudi nam 1a
50000+ 3000 —12x =50000(1.06) —12x
( vi 50000+3000=53000 la 56 tién vay ng gom ldi sudt & thoi diém két thiic ndm dau
tién, moi thang tra dwrge mot lwong la x thi 12 thdng tra dwoc 12x nén sé tién vay no
liic nay chi con la 50000+3000 -12x)
Trong nam thir 2 mdi thing ciing phai tra sé tién x thi sau 12 thdng sd tién phai tra 12
12x nhung véi tong sd tién vay ng lic nay chi con 50000(1.06)—12x . S6 tién vay ng
phai tra la
(50000(1.06) —12x ) +(50000(1.06) —12x ) * 6% —12x =
=(50000(1.06) —12x)*(1.06) —12x = 50000 * (1.06)* =12x(1.06) —12x
Nhén xét: Mbi nim chiing ta * 1.06 va -12x vi viy & nam th 3 ta c6 cong thirc
50000 (1.06)" —12x(1.06)* —12x(1.06) —12x = 50000 (1.06)* —12x(1+1.06 +1.06%)
Va cir tiép tuc nhu vay. Vay sb tién vay no phai tra ¢ nam tha 20 1. Vi ddy 13 nim
cudi cting nén chéc chin 1a sau khi tra tién chiing ta s& hét no nén biéu thirc nay sé

bang khong
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50000%(1.06)* —12x(1.06)" —...—12x(1.06)—12x =
50000%(1.06)™ —12x(1+1.06 +1.06* + .. +1.06")

(Biéu thirc nay cho két qua =0 vi sau 20 nam da tra hét duoc sé tién no).
Lic nay theo céch tinh gid tri twong lai ta d& dang tinh dwgc s tién phai tra trong vong
20 nam véi 13i suat 6% ghép 1ai hang nam Ia

S=P(1+1)*°=50000(1+6%)*°=160356.77 (1)

12x(1.06 —1)
1.06—1

12x(141.06+1.06" +..+1.06") = =441.43x

(2)
Vay s6 tién phai tra hang thang 1a x dugc tinh tir (1) va (2)

160356.77=441.43x = x =160356.77/441.43 = 363.27

9. X4c dinh dau tw
9.1 Gia tri hién tai (P):

P: vén goc
S: gid tri twong lai
r: 1Gi sudt
t: thoi gian
- D6i véi trieong hop lién tuc: t chinh la n la s6 nam
- D6i véi trieong hop dau thi t dgl la s6 khodng trong n ndm.
Truong hop xay ra 1a cho S, r, t xdc dinh P. Khi d6 qu4 trinh nay goi 1a qua trinh khiu
trir(discounting) va gia tri géc P dgl gid tri hién tai. Lai sudt trong trudng hop nay dgl
12 14i suat khau trir- 13i sudt chiét khau- ti 18 chiét khau (discount rate). Cong thirc tinh

todn & trén lic nay duoc viét lai thanh

r
P=—— =S| 1+—
r 100
I+—

100

P _ S _Se—rt/l()()

/100 T
€
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Vi dy 99. Tim gia tri hién tai (P) cua 20003 trong thoi gian 5 nam néu 1ai suat chiét

khau 12 10% theo céc trudng hop ghép lii sau
a) hang nam
b) tung quy
¢) lién tuc
d) nranam 1 lan.
Giai.
a) Trong truong hop nay S=2000, r =10% va n=5. Vay

P= s(1+ﬁj =2000(1+10%)~ = 2000%* (1.1)"° =1241.84
b) Trong truong hop nay S=2000, r =10% : 4=2.5% va n = 4*5 = 20. Vay
P=S (1 +ﬁj =2000(1+2.5%) ™ =2000*(1.025) 2 = 1220.54

¢) Trong truong hgp nay S=2000, r= 10% va t =5
P =Se™"'* =2000e”'""'" =1213.06
d) Trong truong hop nay S=2000, r=10%/2=5%,n=5*2=10

P= s(1+ﬁj =2000(1+5%)™"° = 2000*(1.05)™"° =1227.83

9.2 Gia tri hién tai rong ( Net Present Value -NPV).

Gid tri hién tai rong la hiéu $6 cla gid tri hién tai dong doanh thu (cash inflow) trir di
gid tri hién tai dong chi phi (cash outflow) tinh theo Gi sudt chiét khau lya chon. Khdi
niém gid tri hién tai rong dwoc su dung trong hoach dinh ngdn sdch dau tw (capital
budgeting), phan tich khd nang sinh loi ciia mét dw dn ddu tw, hay cd trong tinh todn
gid cé phiéu )

Y nghia: Gi4 tri hién tai rong thuong duoc sir dung dé ddnh gid hodc tham dinh vén
dau tu cua du 4n

(Viéc tinh todn NPV rat hitu ich khi chudn bi ngdn sdch cho mét dy dn, bang phép tinh
nay nha dau tw c6 thé ddanh gid liéu tong gid tri hién tai dong doanh thu dw kién trong
twong lai ¢6 bix ddp noi chi phi ban dau hay khong. Véi mét dw dn cu thé, néu NPV
dwong thi nha dau te nén tién hanh di dn va nguoc lai khi NPV am)

NPV=Gia trij hién tai cia tién vao — Gia tri hién tai caa tién ra
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Gia tri hién tai cida tién vao: La cac khoan tién dugc nhan bdi nha dau tu P ( dong

tién duong).

Gia tri hién tai cia tién ra: La cdc khoan tién ban ddu duoc chi ra boi nha dau tu
(dong tién am).

Thong thudng trong cic du 4n dau tu, tién duoc dau tu trong giai doan dau ( dong tién

am trugc) thi sau d6 19i nhuan méi dugc sinh ra( dong tién duong sau).

S=P[1+— | =P=S|1+—
100 100

P: duoc goi 1a Gia tri hién tai ciia tién vao.

Nhdn xét:Viéc tinh todn NPV phu thudc rat nhidu vao tham s ti 18 chiét khau r, mdi
nha dau tu lai c6 cdch ddnh gid r riéng cia minh. Ngoai ra dong doanh thu, dong chi
phi khong dong déu, gia tri thanh 1y tai san cb dinh giita cic nam ciing s& lam cho viéc
tinh todn trd nén phtec tap hon nhiéu.

Vi dy 100. Mot nha dau tu lya chon dau tu vao mot trong ba dy an sau:

Duy 4n A c6 chi phi dau tur 13 2000$ va thu duge 3000$ trong vong 4 nim

Duy 4n B ¢6 chi phi dau tu 1a 20008 va thu dugc 4000$ trong vong 6 nim

Dy 4n C c6 chi phi dau tu 13 30008 va thu dugce 4800$ trong vong 5 nim

Duya vao NPV cho biét nha dau tu nén chon du 4n ndo véi 1ai sudt 1a 10% ghép 13i theo
nam.

Giai.

NPV ctia dy 4n A = 3000(1.1)* — 2000 = 49.04

NPV ciia dy 4n B = 4000(1.1)~° — 2000 = 257.90

NPV cila dy 4n C = 4800(1.1)° —3000 = —19.58

Viy dy 4n B ¢6 NPV 16n nhat nén day 1 sy Iya chon dau tu tot nhat. Riéng du 4n C c¢6
NPV< 0 nén ta c6 thé khong quan tdm va so sdnh véi cdc dy 4n con lai

Vi dy 101. Mot nha dau tu nhan dugc mot 161 dé nghi 1a néu dau tw 4000$ bay gidr s&
thu duge 10000$, 30000$, 2000$ 1an luot & cudi ndm 1, 2, 3. Hoi nha dau tu c¢6 nén
chon Iya biét 14i suat 1a 10%.

Vi du 102. Mot khoan dau tu yéu cau sd tién ban dau 12 7500$ va s& duogc tra 1an luot
12 2000$ & thoi diém két thic ctia nim trong vong 5 nam. Hoi nha dau tu c¢6 nén tham

gia v6i muc 14i suat 1a 12%.
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9.3 Ty 1¢ loi nhun ndi tai (Internal Rate of Return -IRR) — Ti suit hoan von ndi

bo

IRR 1a chi tiéu do ludong ty suét sinh loi ma ban than du an tao ra.

Y nghia cia IRR

i) V& kha ndng sinh 161 IRR biéu thi ti 1¢ sinh 10i 16n nht ma ban than dy 4n dat dugc,
phu thudc vao dic diém phit sinh dong loi ich va dong chi phi trong tdan bd thoi gian
thuc hién du an.

ii) Vé kha ning thanh todn: IRR biéu thi mirc 14 vay cao nhat ma du 4n kha ning
thanh todn.
Ung dung

JJRR 1a chi tiéu hiéu qua tai chinh quan trong nhdt cia duy én

- IRR 1a chi tiéu bat budc trong tham dinh dy 4n

r n r -n P r p 1/n
S=P|1+— | = | 1+— = =1l+—=| = =r="29
100 100 S 100 \ S

r: dugc goi la IRR.

Nhén xét: IRR 12 ti 1¢ khau trir duoc sir dung trong tinh todn ngudn von dé quy gid tri
thuan cua dong tién hién tai cia mot du an cu thé vé 0. Hiéu mot cdch chung nhat, ti 1€
hoan vén ndi bg cang cao thi kha nang thuc thi du dn la cang cao. IRR con dugc su
dung dé do luong, sip xép cdc du n c6 trién vong theo thir tu, tir &6 khién cho cong ty
6 thé dé dang hon trong viéc can nhéc nén thuc hién du dn ndo. Néu gia dinh rﬁng tat
ca cdc yéu td khéc cia cdc du 4n 13 nhu nhau thi dy 4n n3o c6 ti suat hoan vén noi bo
cao nhét thi du 4n d6 c6 thé dugc wu tién thuc hién dau tién. IRR dbi khi con duoc goi
12 ti suét hoan vén kinh té ERR (economic rate of return).

Y nghia: Ké hoach dugc xem 12 ¢6 13i néu IRR 16n hon 14i suat hién thoi cua thi truong
(market rate).

Vi du 103. Gia sir ban dau tu 1000$ cho mot dy 4n kinh doanh ma chic chan s& dugc
hoan tra lai $2000 trong thoi gian 5 nam. Dya vao 2 cach tinh

a) NPV

b) IRR

hady dua ra quyét dinh chinh xdc ¢6 nén dau tu véi 1di sudt thi trudng 12 10% ghép lai
theo nam.

Giai.
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a) Vi cach tinh NPV ta c6 S =2 000, t =5, r =10%. Ap dung cong thirc tinh gia tri hién

tai ta co

P= s(1+ﬁj_n =2000(1+10%)~ =2000*(1.1)" =1241.84

Vay gia tri NPV =P-$1000=241.84

b) Vi cach tinh IRR ta ap dung cong thic S= P(l+ﬁjn voi S= 2000, P= 1000, t=5
suy ra

5
2000 = 1000 1+ ——
100
r 5
S| +— | =2
( 100)

PN (1+L) =25
100

oL 2125=125-1=025
100

Vay IRR =25%.

Vi ca 2 céch tinh ching ta déu thiy ring nha dau tu déu thu loi

Van dé: Cau héi dar ra la néu lai sudt la 15% thi nha dau tr ¢6 quyét dinh dau tw
khéng. Cau tra 1oi la véi cdch tinh NPV chiing ta phdi ldp lai tat cd cdc buéce tinh roi
maoi quyét dinh la NPV dwong hay am. Nhung véi cdch tinh IRR thi ta chi viéc so sdnh
V6i 25% va thdy rang né van con nhé hon IRR nén suy ra dwoc nha dau tw van con thu
loi.

Van d8é: Trong viéc tinh todn phdn bé nguén von cé rdt nhiéu cdch khdc nhau dé ddnh
gid mot du dn. Moi cdch thirc déu cé nhitng vu nhwoc diém riéng. IRR la mot chi 50
thwong xuyén dwege sir dung. Nhung vi chi siv dung mét ti 1é chiét khdu duy nhat trong
viéc tinh todn IRR nén sé cé nhiéu tinh huéng danh huéng téi IRR. Néu mot nha dau tu
tién hanh dinh gid hai du dn, ca hai deu sir dung chung mot ti sudt chiét khdu, cung
dong tien wéc tinh, cung chiu_rui ro nhw nhau va thoi gian thyc hién ngcfn, IRR ¢6 thé

la mot chi s6 hiéu qua. Nhung van dé la & ché ti_sudt chiét khdu luon thay doi theo

thoi gian. Vi du sur dung lai sudt trdi théu kho bac lam ti sudt chiét khdu. Mirc 1Gi sudt
nay cé thé thay doi tir 1% dén 20% trong vong 20 ndm, do dé dan dén sai léch trong

tinh todn.
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Vi du 104. Gia st nha dau tu c6 hai du 4n A va B can phai chon lya. Dy 4n A yéu cau

s6 von dau tu 1a 1000$ va s& thu dugc loi nhuan 1a 1200$ trong vong 4 nim. Dy 4n B
yéu cau 12 30000 $ va s& thu duoc loi nhuén 1a 35 000$ cling sau 4 nam. Ban s€ chon
lya dy 4n no néu muc 1di suat thi truong 12 3% ghép 14i theo nam?.
Gidi.
Vi cach tinh NPV ta c6
Déi voi dy dn A: NPV =1200(1.03) — 1000=66.18
Péi v6i du 4n B: NPV =35000(1.03)™ — 30 000=1097.15
Nhdn xét: Véi NPV nhu trén ca hai du 4n déu thich hop dé dau tu. Hon nita, du 4n B
dugc chd y nhiéu hon vi loi nhuin mang lai cao hon. Ta cé thé xem xét dé nghi nay
bang cach xem xét mot gia thiét sau. Gia sir ching ta c¢6 thé dau tu 30 000$. Lic nay
v6i dy 4n A ta c6 thé bo ra 1000$ dé thu dugce 1200$ sau 4 nam. SO tién con lai 1a 29
000$ s& duoc ding dé dau tu cho dy 4n B voi muc 13i suat 1a 3% dé thu duogc loi
nhuén sau 4 nam 12 29 000(1.03)*= 32 639.76$
Vay tong lgi nhuan thu duoc sau 4 nam 1a 1 200 + 32 639.76=33 839.76$
Trong khi chi véi mirc ddu tu 30000$ cho toan du 4n B ching ta c6 thé thu dugc loi
nhusn 12 35 000$ va nhu vay 35 000 -33 839.76= 1160.24$
Do d6 Iya chon dy 4n B 14 thich hop nhét do d6 c6 thé 4p dung NPV.
Tuy nhién diéu nay sé& trai nguoc khi tién hanh voi IRR.
Dbi voi dy dn A
r 4
1200 = 1000(1+—Aj
100
r 4
& (1+¢) =1.2
100
rA 1/4
o1+ =(12)"=1.047 =1, =4.7%
100
Dbi voi dy 4n B

4
35000 =30000( 1+—E | =1, =3.9%
100

Véi ty 1€ 1gi nhuan ndi tai nhu trén thi A la tdt hon nhung 10 rang la chon B sé thich
hop hon.

9.4 Gia4 trj hién tai ciia dong tién phan bo déu (Present value of an Annuity):
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Vi dy 105. Tim gia tri hién tai cia dong tién phan bo déu ( gid tri hién tai cua dong tién

tra héng nam) sao cho lgi nhuin nhan duogc 1a 10000$ moi nam tinh trong vong 10
nam, gia st mirc 1i suét 12 7% ghép 1ai theo nam.
Giai.

Dé nhan dugc lgi nhuén 1a 10 000$ sau nim dau tién thi sb tién phai dau tu 1a
P= s(1+ﬁj_l ,S=10000,r =7%,t=1=>P =10000(10.7)" = 9345.79%

Dé nhan dugc lgi nhun 1a 10 000$ sau nam thtr hai thi s tién phai dau tu 1a
P= s(1+ﬁj_l ,S=10000,r =7%,t =2 =P =10000(10.7)* =8734.39$

Vay sau t nam sd tién phai dau tu twong tng 10 000(1.07)"

Trong 10 ndm thi s tién phai dau tu hay goi 12 tong gi4 tri hién tai ctia dong tién phin
b6 déu 1a

10000(1.07)™ +10000(1.07) 2 +...+10000(1.07) ™. Pay 1a mot ddy cap sd nhan. Ap dung

d ‘11) Trong trudng hop nay a=10 000(10.7)", r=1.07" va n =10. Vay

cong thuc a(

gid tri hién tai ctia dong tién phan bd déu theo nam 1a

-10 _
10000(1.07)™" 1'07—_11 =70235.82
1.077" -1

Van dé: Mot van dé ma c6 18 s& phit hop hon véi thyc té chiing ta thuong gip d6 1a
khong phai lic nao NPV ciing 14 gidng nhau trong mdi nim. Cdc NPV s& c6 cdc gid tri
riéng 1é theo tung nam. Lic nay sy lya chon thyc hién du an dau tu ndo cua cong ty
ciing s& khong con chi phu thudc vio mot NPV ma su phu thudc d6 1a vao nhiéu NPV
nita. Vay ho s& 1am thé nao dé dua ra quyét dinh cudi cung 1a s& chon du 4n dau tu
nao. Cau tra 101 s& dugc xuit hién trong vi du sau.

Vi du 106. Mot cong ty quyét dinh dau tu 20 000$ cho mét trong hai dy 4n Ava B. Gid

tri trong lai (191 nhuan) dugc cho theo bang s6 liéu sau

Loi nhuan
Thoi diém két thiic cia nam | Dy 4n A Dy 4n B
1 6000 10000
2 3000 6000
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3 10000 9000
4 8000 1000
Tong cong 27000 26000

Lai suat 12 11% ghép 1ai theo nam.

Gid tr1 hién tai (P) cua tirng nam duogc tinh tuong rng véi gid tri tuong lai(Lgi nhuén)
theo cong thirc

P=S(1.11)"

Ta c6 bang loi nhuén chiét khau P 1a

Loi nhuén chiét khau
Thoi diém két thiic cia nim | Dy 4n A Dy 4n B
1 5405.41 9000.01
2 2434.87 4869.73
3 7311.91 6580.72
4 5269.85 658.73
Tong cong 20422.04 21109.19

Vay NPV cua Dy an A 1a 20 422.67-20000=422.67

Vay NPV cua Dy an B 1a 21 109.19-20000=1109.19

Du 4n B sé& dugc chon vi NPV cua né tdt hon.

Vin dé: Lic nay ta s& xem xét truong hop cuia IRR ciing v6i nhing gi da xay ra cho
NPV thi ta nhan xét rang qua trinh d6 khong phai 1a d& dang hay néi chinh xac 1a khé
dé ma tinh todn diing gid tri mong mudn.

Vi du 107.

1) Tinh to4n IRR cta mot dy 4n ma yéu cau von dau tu ban dau 1a 20 000$ va 1an luot
¢6 doanh thu 12 8000 trong ndm thir nhat va 15 000 trong nam thtr 2

2) Tinh to4dn IRR ctia mot du 4n ma yéu cdu von dau tu 12 5000 va l1an luot c6 doanh
thu 1a 1000, 2000, 3000 & thoi diém két thic nam thir 1, 2 va 3.

Gidi.

Ap dung cong thiic S= P(1+Lj = P:S(HLJ
100 100

-1
Gid trj hién tai cua 8000$ trong nam thir nhét 13 8000(1+ﬁ)
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-2
Gi4 tri hién tai ctia 12000$ trong ndm tht hai 12 12000(1+ﬁ)

Tong cla céc gid tri hién tai trong nam thir 1 va tht 2 phai bang tong von dau tu ban

dau 1a 20 000$.Hiéu theo nghia khéc thi IRR 1a gid tri cta r thda man phuong trinh

-1 )
20000 = 8000(1 +Lj + 12000(1 +Lj
100 100

2
PN 20000(1 +LJ - 8000(1 +Lj +15000
100 100

Ta biét (1+$j2 = (1+ﬁj(l+ﬁj = 1+%+ 101;00
20000 +400r + 2r* = 8000+ 80r +15000 < 2r” +320r —3000 =0

Giai phuong trinh nay ta dugc r =8.9% var =-168.9%. Viy ta c6 IRR 1a 8.9%

Cau 2 giai twong tw

II. Ung dung ciia Pao ham trong Kinh té

1. Ham bién té ( Pai lwong bién té)

Dai luong bién té cua y=f(x) tai x, 12 luong thay ddi cua dai lugng y khi dai lugng x
tang 1én mot don vi, ki hi¢u 1a M,y(x,) hodc My(x,).

Nhan xét:
i) Doanh thu bién 1a ti 1 thay doi ctia doanh thu (mg v&i su thay d6i mot don vi san

phém ( néi cach khéc 1a lwgng doanh thu gia tdng khi ban dugc thém mot don vi san
phém Q) ¢ muc san lugng 1a Q, ki hiéu 1a TR’(Q), MR(Q), MR, va dugc tinh téan nhu
sau:

MR - 9TR
dQ

voi TR = P.Q

ii) Chi phi bién 1a ti 18 thay do6i ctia chi phi ung véi san luong ting thém mot don vi
san pham ( néi cach khac 1a lugng chi phi gia ting khi san xuat thém mot don vi san
pham Q) ¢ mic san luong 1a Q, ki hiéu 1a TC*(Q), MC(Q), MC, va duoc tinh téan nhur
sau:
_drc

dQ

ii1) Loi nhuén bién, ki hiéu la ©'(Q), ©', MP(Q), va dugc tinh téan nhu sau:

MC

m'(Q) =TR'(Q)—TC(Q)=MR -MC
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Vi du 108. B phéan nghién ctru thi truong cua Cong ty san xuat radio xac dinh phuong

trinh cta duong ciu nhu sau:
Q = 10000 — 1000P (S6 lugng san pham 1a Q & muc gia P$)
hay P =10— Q/1000
Vé6i Q 1a s6 lugng mdy radio duoc tiéu thu hang tuan ¢ mirc gid P$/mdi radio.
B phan tai chanh ctia Cong ty udc tinh phwong trinh tong chi phi nhu sau:
TC(Q) = 7000 + 2Q
Hiy tim TC’(Q), TR(Q), TR’(Q), ©(Q) va 1’ (Q).
Gidi.
+ Chi phi:
Tdng chi phi: TC(Q) = 7000 + 2Q
Chi phi bién té: TC’(Q)=MC(Q) = 2. Nhan xét TC’(Q) >0. Vay TC(Q) ddong bién voi
Q
+ Doanh thu
Tong doanh thu
Q
1000

PO =[10-—2 |o=
TR(Q)_PQ_(lo 1ooon 10Q

Doanh thu bién
MR(Q) = 10 — Q/500
MR (2000)=6
MR(5000) =0

Nhin xét: O mirc Q =2000 néu Q ting 1 don vi thi TR(Q) ting 6$i. Suy ra TR dan dén

max.

+ Loi nhudn

Téng loi nhuén

Q

Q) =TR(Q)-TC(Q) =~ 1000

+8Q~-7000

Loi nhuén bién

T(Q) =48

500
T'(4000)=0
= 1(Q) — maxw'(1000) = 6$
'(6000) =—4
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+ Piém hoa vén. Khi TR(Q) = TC(Q) hay m(Q)=0

2. Hé s6 co gian tirc thoi

Hé s6 co gian tic thoi cua dai lugng y theo dai luong x tai x, 1a do bién doi tuong doi
cia y khi x thay doi twong d6i 1%. Ki hiéu hé s6 co gian tirc thoi 1a £, (x,).

Nhén xét:

* PG co gidn cua cau la ti 1& giita phan trim thay ddi ctiia lwong cau va phan trim thay
doi cua gid.

%AQ

E, = % thay ddi luong cau / % thay doi vé gid =
% AP

Vay D0 co gian tirc thoi cua cau la

— p * fv
€b f(p) (p)

Vi du 109. Cho phuong trinh dudng ciu x = f(p) = 500(20 - p)
a/ Tim phuong trinh ctia d co gian cau tic thoi e, .
b/ Tim €, tai p = 4$, P = 16$ va p = 10$. Giai thich y nghia.
Giai.
#£1(p) = ——E——*(=500)
f(p) 500(20—p)
—p
20—p
<0
vi{™
p>0

a)e, =

€p =

=p<20

b)e,(4) =—.025

e, (16)=—4

e, (10)=—-1

O mirc gid p = 4 néu gia p ting 1% thi lugng san pham giam 0.25%
O mirc gid p = 6 néu gid p ting 1% thi lugng san pham giam 4%

O mirc gid p = 10 néu gid p ting 1% thi lugng san pham giam 1%

Két luan: Cho phuong trinh cau: x = f(p). P9 gidn tic thoi cia cau la:

—(_ p k£ S
g, =( 1)f(p) fi(p)vae, <O

+Néu —1<¢e, <0 Cau khong (hoic it) co gidn ( theo gid)
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+ Néu ¢, < -1 Cau co gian theo gia

+ Néu ¢, =-1 Cau c6 do co gian don vi
Vi dy 110. Tim d6 co gidn cta cau khi gid 12 12 va ham cau 1a p=60-3q
Vi dy 111. Tim d6 co gidn cua cau khi s6 lugng san pham 12 8 va ham cau la
q=60- 2p*’

3. T6i wu héa cic ham Kinh té
a) Toan hoc

Pinh Iy 1 ( diéu kién can)

Néu ham sé y=f(x) dat cuc tri tai X, va c¢6 dao ham tai diém d6 thi f’(x,)=0
Pinh Iy 2.1 ( diéu kién di thir nhat)

Cho f xéc dinh tai x, va kha vi trong 1an cén cuia x,. Khi qua x,
i) Néu f(x) doi dau tir Am sang duong thi f(x) dat cuc tiéu tai X,
ii) Néu £’ (x) ddi dau tir duong sang am thi f(x) dat cyc dai tai x,
iii) Néu f’(x) khong d6i dau thi f(x) khong dat cuc tri tai x,.
Pinh Iy 2.1 ( diéu kién di thir hai)

Cho

i) f kha vi dén cép (n-1) trong lan can cua X,

ii) ton tai f"(x,)

iii) ' (xo)=f"(Xo)=...=f"" (x,)=0, £"(x,) = 0

Khi d6

a) Néu n 1¢, f(x) khong dat cuc tri tai x,

b) Néu n chin va f'(x,) >0 thi f(x) dat cyc tiéu tai x,

b) Néu n chén va f'(x,) <0 thi f(x) dat cuc dai tai x,

Bai toan 1:( Tim san lwong dé xi nghiép c6 loi nhuin toi da)

Gia thiet: Mot xi nghiép san xuat doc quyeén mot loai san pham véi ham cau la

Q, =D(P)
Qp: lugng hang cau
P: gid ban
Va ham tong chi phi 1a

TC=TC(Q)

Q 1a tong san lugng san xuat trong mot don vi thoi gian

Két luan: Tim mirc san lugng Q dé xi nghiép c6 loi nhuan ti da
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Lwoc do giai:

Q=Q, =D(P)
=P=D"(Q=PQ)
Tong doanh thu ctia xi nghiép
TR(Q)=P(Q)*Q
Lgi nhuan cua xi nghiép
m(Q) =TR(Q) — TC(Q) = (Q),,,,
< 1'(Q=TR(Q)-TC(Q)=0
< MR(Q)—MC(Q)=0
*MR(Q) =MC(Q)
Bai todn 2: (Bai to4n d4nh thué doanh thu)
Gia thiét: Mot xi nghiép san xuat doc quyén mot loai san pham véi ham ciu 1a
Qp, =D(P)
Va ham tong chi phi la
TC=TC(Q)
Két luin: Tim mirc thué trén 1 don vi san pham dé nha nudc thu dugc cia xi nghiép
nhiéu thué nhat
Lwoc do giai:
Q=Q, =D(P)
=P=D"(Q=PWQ)
Tong doanh thu ctia xi nghiép
TR(Q)=P(Q)*Q
Thué cta xi nghiép phai tra
T=Q*t
Loi nhuén cua xi nghiép
Q) =TR(Q) -TC(Q)-T
pé T(Q),,,. thi ta sé tim dugc mot mirc san lwong Q phuy thudc vao t: Q(t)
Vi mite san lugng dé w(Q), . ta c6 thé tim dugc T=Q(t)*t.
Nhan xét: Q(t) la mot ham giam theo t va mirc thué xdc dinh trén rat cao. Vi mitc
thué nhu vay nén xi nghiép s& san xuat cam ching , khong tan dung hét kha ning san
xudt cta ho. Do d6 s& dan dén that nghiép,.. Vi 1y do d6 nha nudc thudng dinh & mic

thué nhap khau tl}ép hon dé khuyén khich san xuét.
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Bai toan 3: (Pinh mirc thué nhap khiu)

Gi4 thiét: Cho ham cung va ham cau vé 1 loai san phém cho thi truong ndi dia
Qs =S(P)va Q,, = D(P)
Gi4 ban san pham trén thi trudng qudc té véi chi phi nhap khau( chua ké thué) 1a
P< P, (tai diém cén bang cta thi truong ndi dia). Mot cong ty dugc doc quyén nhap
loai hang trén va khéi lwong nhap khau khong anh hudong dén gid ban trén thi trudng
qudc té.
Két luan: Tim t dé mac thué trén 1 san pham thu duoc ctia cong ty 12 nhiéu nhat
Lwoc do giai:
Goi t 12 mirc thué nhap khau ( t >0 va P+t< P,))
Goi P 1a gid ban cua cong ty suy ra P-P+t<P< P,
Luong hang nhap vé tuong tng véi P s& 1a Q sao cho
Q + S(P) = D(P) < Q=D(P)-S(P)
Lgi nhuan cua xi nghiép
©(P)=TR(P)—TC(P)—-T
= P[D(P)—S(P)|—[D(P) — S(P)]l_3 —[D(P)—S(P)]t
= (P—P—t)[D(P) —S(P)]
Day 1a ham theo gid P. Vay P tim dugc dé (P),.. 12 mot ham phuy thudc t
Vi mure gid P(t) nay ta c6 s€ tim dugc T = t¥[D(P(t) — S(P(t))]
Bai todn 4: (Dinh mirc thué xuit khau) (SGK)
Vi dy 112. Ham san xuét trong mot thoi gian ngén cua cong ty 1a Q = 6L> — 0.2L°, &
day L biéu thi s6 luong cong nhan.
a) Xdc dinh s6 lugng cong nhan can thiét dé ham san xuét dat gid tri max va vé dd thi
ctia ham san xut nay
b) Xdc dinh s6 lugng cong nhan can thiét dé ham san xuat trung binh max. Tinh MP,
va APy & gia tri L max. Ban c6 nhan xét gi vé MP; va AP, ?.
Giai:

a/ Q=6L%-0.2L ta c6 j—S=12L—0.6L2 =0 L=0or L=20
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2 2
% =12-1.2L. Khi L =0 thi ((11 Q 12>0. Vay ham san xuat c6 gid tri cyc ti€u tai

'

L=0 gid tri cia ham san xuét liic nay la Q =0

2
Khi L =20 thi Cclll? =-12<0. Vay ham san xuat dat cyc dai tai L =20, gia tri cia ham

2

san xuat lic nay 1a Q.= 800.

6L —0.2
L

b/ Ham san xuét trung binh AP, = % Vay ham san xuat AP, =
AP; (max)=45. Ma ta ¢c6 MP; = 12L — 0.6L* , khi L =15 MP, = 45

Két ludn: MP;= AP,

Vidy 113. Ham cung ciia mot mat hang c6 dang nhu sau

P+ Q=30

Va ham chi phi 1a TC = %2 Q* 6Q +7

a/ Tim san luong san xuat ra dé tong doanh thu TR 13 max

b/ Tim san lugng san xuat dé loi nhuén la cyc dai. Tinh MR va MC ¢ gié tr1 Q. Ban c6
nhan xét diéu gi?.

Giai:

a/ TR =PQ suy ra TR = (30 -Q)Q =30Q — Q*. TR, khi Q =15

b/ 1=TR-TC. Tir ciu a ta c6 TR= 30Q — Q*, TC = V2 Q* 6Q +7. Suy ra

n=—%Q+24Q—7.

Két luan: MR = MC.
Vi du 114. Gi4 xay dung cao dc van phong gdm x ting dugc chia lam 3 thanh phan
sau:

a/ $10 triéu USD cho tién mua dat

b/ i triéu USD $ mi ting

¢/ chi phi thiét ké cho mdi tang 1a 10 000x $.

Hoi c¢6 bao nhiéu tang trong tda nha nay s& duoc xay dung dé chi phi trung binh cho
mdi tang 14 min?.

Giai:

Chi phi 10 triéu USD dé xay dung mdi tang 1a cd dinh

MBJi tang c6 gid 1a 250000 $. Vay néu xay dung x tang thi s6 tién s& 12 250000x.
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Chi phi mdi ting phai 12 10000x$. Vay néu xay dyung x tdng thi s tién 1a 10000x>..

Téng chi phi TC =10 000 000 + 250 000x+ 10 000x.

Chi phi trung binh cho mdi tang 1a AC = 1c .

X
Ta ra dugc két qua 1a chi nén thiét ké 32 tang thoi.
Vi dy 115. Cho ham cung va ham ciu nhu sau
P=Qg+ 8
P=-3Qp+ 80
Chinh pha quyét dinh dénh thué 12 t$ cho mdi don vi san pham. Tim t dé tong doanh
thu vé thué ctia chinh phii 12 max gia sir rang diéu kién cin bang cta thi truong 12 xdy

ra trong thi truong.

Giai:
P-t=Qg+ 8
P=-3Qp+ 80

Thi trudng can bang khi cung va cau gip nhau Q =18 - it

Tong doanh thu vé thué cta chinh pha 1a T =tQ = t (18 - it)

Tinh ra duoc t =36$

Vi dy 116. Ham san xuét trong mot thoi gian ngan duoc cho boi

Q = L2001

Tim gid tri cia L ma ham san xuat trung binh max.

Vi dy 117. Mot cong ty ude lugng tong doanh thu tir viée ban Q san pham duoc cho
boi TR= In(1 + 1000Q?)

Tinh toan doanh thu bién khi Q =10.

Vi dy 118. Tim loi nhuan cyc dai véi ham tong chi phi 1a
2 1 3
TC=4497q—8.5q +§q

Va ham tong doanh thu I3
TR =58q —0.5q°
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