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Lo noi dau

Cac em hoc sinh than mén!

Chung t6i 12 nhém gido vién Toan ctia Trung tAm luyén thi Vinh Vién c6
nhiéu kinh nghiém trong viéc gidng day va bién soan siach tham khdo.
Nham muc dich gitp cidc em hoc sinh tu hoc, nang cao bai tap & céc 16p 10,
11, 12 va nh4t 1a cac em dang sap thi vao Pai hoc, ching toi cing bién
soan bo Toan gom ba quyén.

Quyén 1: Hinh hoc.

Quyén 2: Khio sat ham s6 — Tich phan — S¢ phiic

Quyén 3: Luong giac — Pai s6 — Giai tich t6 hop

M&bi quyén sach gom:

e Tém tat 1y thuyét mot cach co hé thong va day du.

e Phan loai cac dang toan cling véi cach gidi d& hiéu. Nhiéu bai tap mau
tir d& dén kho, trong d6 c6 nhiéu bai dugc gidi bing nhiéu cach khic nhau.

e R4t nhiéu bai tap @& hoc sinh tu luyén dugc soan rat cong phu, theo
sat dé thi tuyén sinh Pai hoc (c6 Pap s6 hodac Huéng dan).

Ching t6i hy vong quyén sach nay sé gitp cdc em thich thd, nang cao
hoc luc va thanh cong trong ki thi tuyén sinh Pai hoc sip dén. Du da co
gang nhiéu, nhung chic chin vin con nhiéu thidu sét, mong su dong gbép y
kién clia cac em hoc sinh va cia doc gia.

Nhom bién soan
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PHAN 1

HINH GIAI TICH
TREN MAT PHANG

(Oxy)

Bién soan: NGUYEN QUANG HIEN
TRAN MINH QUANG
HOANG HUU VINH
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BAI 1
PHUONG PHAI: TOA PO
TREN MAT PHANG (Oxy)

A.TOM TAT LY THUYET

Hé toa dd Descartes vudng géc Oxy gom
hai truc vudong géc nhau x’Ox va y'Oy véi
hai vecto don vi 14n lugt 1a 1 va j ma:
1=(,0),j=(,1)

Goi xOx: truc hoanh

y

M,

y'Oy: truc tung X' (1) i u X
O: goc toa do y'
I. TOA BO CUA VECTO
D& v6i hé toa do Oxy, cho hai vecto: u = (u,; u,) va v=(v;; v,).
Ta cé:
1 a:;@){“l e
u, = v,.

2. u+xv=U, v u,+v,)
3. ku = (ku; ku,). (k e R)

u, U,

u va v cung phuong < 3k e R: i =kv < =0

v, V,
4. Tich vd huéng wyv = ‘ﬁ‘ M cos(ﬁ, V)

wv = u,.v, + U,.v,.

He qud: ulveuv=0

Do dai vecto: lul = W y

Il. TOA PO CUA PIEM

Cho hé toa d0 Oxy va mot diém M tuy y. Q
Toa d0 (x; y) cia vecto OM dugc goi 1a H
toa do cha diém M va ky hiéu la: M(x; y). < O

x: hoanh d0, y: tung do. y'
Cho hai diém A(xa; ya) va B(xg; yg).
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AB = (Xg —X,; ¥Yg —Ya)
AB = \/(XB —X,)" + (¥ — ¥a)*

Toa do trung diém I clia doan thang AB la: x, = XA—;XB; y, = %
X, = X, + );B + X
G trong tam AABC:
_YatY¥stYc
Yo = 3

B. BAI TAP MAU

Bai 1. Cho tam giac ABC véi: A(1; 0), B(5; 0), C(2; 3). Tim cac diém sau
cua tam giac:
a) Trong tam G.
b) Truc tam H.
¢) Chan A’ clia dudng cao ha tir A xudng canh BC.
d) Tam I cia dudong tron ngoai tiép.

Giadi
a) G la trong tam tam giac ABC nén:
X, +Xp+X, 8 Ya +¥s t Ve
G 3 3 Ya 3

Vay: G( g; 1)
b) H(x, y) 1a truc tam tam giac ABC:
AHBC=0
D P,
BHAC=0
Ma: AT{z(x—l; y); BC=(-33);
BH = (x-5y); AC =(1; 3)
Nén diéu kién trén thanh:

-3(x-1)+3y=0 3x -3y =3 X =2
= f—
1(x-5)+3y=0 x+3y=5 y=1

Vay: H(2; 1)
c¢) A'(x, y) 1a chan duong cao ha tit A xuéng canh BC
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AA'BC=0
= {ﬁ va BC cing phuong
Ma: AA'=(x-1y); BC=(-3 3); BA' = (x-5y)
Nén diéu kién trén thanh:

{—3(x—1)+3y:O {x—yzl {X=3
N N

3(x-5)+3y=0 x+y=5 y=2
Vay: A’(3; 2)
d) I(x, y) 1a tam dudng tron ngoai tiép tam gidc ABC:
IA? = IB? x-1’+y’ =(x-5)"+y?
= =
IA? = IC? x-1D?+y*=(x-2°+(y-3)?
2SS &
x+3y =6 y=1
Vay: I(3; 1).

Bai 2. Cho ba diém: A(-3; 3), B(-5; 2), C(1; 1)
a) Ching t6 A, B, C 1a ba dinh ctia mot tam giac.
b) Chiing t6 BAC la géc tu.
¢) Tinh dién tich tam giac ABC.
d) Tinh ban kinh r ctia duong tron ndi ti€p tam giac ABC.

Gidi
a) Taco: AB=(-2, —-1), AC=(4; —2)
2 -1
= (-2).(-2) —(1).4 = .
‘4_2‘ (-2)(-2) ~(-D4 =8 #0

Nén AB va AC khong cing phuong, tdc 1a ba diém A, B, C khong
thédng hang. Do d6 A, B, C la ba dinh ctia mot tam gidc.

Ta c6: cosBAC = cos(AB, AC) = (-2).(4) + (-1D.(-2)
207 + (“12(@)? + (=27

_—3<0.
5

Nén BAC la géc tu.
b) Dién tich tam giac ABC:

S - %AB.AC.sinBAC _ %AB.AC. 1— cos?BAC

1 9
= 54/20.,]1 - — =4(dvdt
ZJJ o5~ 4dvdt)

c¢) Taco: S=pr
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Ma: p=—(AB+BC+CA)=%@E+ﬁ+2£)=%(3£+ﬁ)

=35 —/37.

=>r=

T o

Bai 3. Tuyén sinh Pai Hoc khoi B/2011
ChoA:x—-y-4=0,d:2x-y-2=0
Tim N thudc d sao cho dudng thang ON cat A tai M théa OM.ON = 8.

Giai
Goi M(m,m-4) A y
Nn,2n-2)ed
) 4 d
Ta c6:
2 _4 -+ A
O, M, N thang hang < mom ‘ =
n 2n-2
s m@n —2)=n(m - 4) 0
NA X
< mn — 2m = —4n
<4 +mn =2m
2m
&n =
4 +m /

Ta c6: OM2.0ON? = 64

(4+m)> (m+4)>
< [m? + (m - 4)%[m? + (m — 4)?] = 16(m + 4)*
< (2m® — 8m + 16)* = [4(m + 4)]?
- 2m% — 8m + 16 = 4(m + 4)
2m? — 8m + 16 = —4(m + 4)
2m? —12m =0
=
2m? — 4m + 32 = 0 (vd nghiém)

<:>[m2+(m—4)2]{ 4m” +4(m_4)2}=64

sm=0v m=6

Vay M,(0; —4), N1(0, —2) hay M(6, 2) N, [g gj

Bai 4. Tuyén sinh Pai Hoc khoi B/2007
Cho A(2,2). TimBtréend;:x+y—-2=0
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C trén dy: x + y — 8 = 0 sao cho AABC vudng can tai A

Giai
Goi Bb,2-Db) ed;
Clc,8—-c) e dy

Ta co:

AB=AC
(b-2)c-2)-b(6-c)=0
&
(b-2+b*>=(c-2°+(6-c)
PatX=b-1vayY =c - 4 ta dugc he
X-D(Y+2)=X+D2-Y)
X-1D*+X+1)*=(Y+2?+(2-Y)*

AABC 1 can tai A <:>{

AB=(b-2-b) LAC=(c-2,6-¢)

XY =2 YZE
9X2 1 2=2Y%+8 < X
rasaty X?=Y?+3
2
v=2 2
vy=-2
= X4 = X
X?=—_+3 Xt _3X%2-4=0
X
v_2 X-2 (X=-2
< X “lv=1 Vvy=21
X? = -1 (loai) v X* = 4 h T

c=Y+4 c=5 |[(c=3
Véy B1(37 _1)’ 01(57 3) Vé B2(_]-a 3), 02(37 5)

{b=X+1 R {b:S {bz—l
Do nén v,

Bai 5. Cho AABC c6 trong tam G(0, 4), C(-2, —4). Biét trung diém M cha
BC nim trén d: x + y — 2 = 0. Tim M dé do dai AB ngan nhat.

Giai
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Goi M(m, 2-m) e d
Do M trung diém BC nén
Xp = 2Xy —Xo =2m + 2
{yB =2y Ve =22-m)+4
Vay B@2m + 2, 8 — 2m)
Do G la trong tam AABC nén
X, = 3Xg —Xp —Xo = —2m
{yA =3Ys —¥g —Yc =8+2m
Vay A(-2m, 8 + 2m)
Tacé AB®=(4m + 2)* + (—4m)®

=32m? + 16m+4=32(m2+%mj +4

2 2
=32 (m+1j —l +4:32(m+lj +2>2
4 16 4

Vay AB,, =2 < m = -+ @M(—l, 3].
1 11

Bai 6. Chiing minh céc bat déng thic:

a) \/4cos2x.cos2y +sin®*(x—y) + \/4sin2x.sin2y +sin’(x—-y) =22, Vx,y

b) \/x2+xy+y2+\/xz+xz+zz2\/y2+yz+zz, VX, y, Z

Giai
a/ Trong hé toa do Oxy: V6i moi x, y xét hai vecto:
a = (2cosx.cosy; sin(x — y)); b = (2sinxsiny; sin(x — y))
Ta ¢6: a+ b = (2cos(x — y); 2sin(x —y))

Va:lal+1bl>la+bl

Nén: \/4c052xcos2y +sin*(x—y) + \/4sin2xsin2y +sin®*(x—y) > 2; VX, y.

b/ Trong hé toa do Oxy: Véi moi x, y, z, xét hai vecto:

éz(XJFZ;M);B: X+E;—£
Tac():é—B:(X_E;yx/ng@
2 2 2 2
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Va:lal+1bl>la-bl

on s Yo (V30 75, 2By Jz_zz y3 23,
Nén: \/(x+2) +( 2 ) +\/(x+2) +( ) > (2 2) +( 2 + 2)

2

<:>\/xz+xy+y2 +NxXP+xz+ 2 2\/y2+yz+z2;VX,y,z.

B

ai 7. Tim gia tri nho nhat cla ham so:

y = \cos?a — 2cosa + 2 + \Jcos®a + 6eosa + 13

Giai

Ta c6: y = +/(1—cosa)? + 1 +/(cosa + 3)% + 4

Trong hé toa do Oxy, xét hai vecto:
a=(1—-coso; 1) v b=(cosaa+3;2),aecR
Thi: a+b=(4; 3)
Va 4p dung bat déng thic tam giac ta dugc:
y=lal+lbl>la+bl=+42+3% =5, Va
y=5<a va b cung huéng < 3k >0:a=kb

coso = —
3

“1=2k 1

{1 — cosa. = k.(cosa + 3)
&
k==
2

Vay: M&ny =5.
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C. BAITAP TY GIAI
BT1. Cho ba diém: A(1; —-2), B(0; 4), C(3; 2). Tim diém D sao cho:
a) CD = 2.AB-3.AC
b) AD+2BD-4CD=0
¢) ABCD la hinh binh hanh
d) DeOx va ABCD la hinh thang day la AB.

Dap s6: D(=5,-2) (11, 2) (4, —4) (% oj

BT2. Cho diém A(3; 1). Tim céac diém B va C sao cho OABC 1a hinh vudng
va diém B nam trong goc toa do thi nhat.
Dap s6: B2, 4); C(-1, 3).

BT3. Cho mot tam giac c6 trung diém cac canh la: M(1; 4), N(3; 0), P(-1; 1).
Tim toa d9 cac dinh cta tam giac.
Dap s6: (=3, 5); (5, 3); (1, =3).

BT4. Cho hai diém A(1; —1), B(4; 3). Tim toa d0 nhiing diém M, N chia AB
thanh ba doan bang nhau.

Dap s6: M(Z, l), N(S, §j
3 3

BT5. Cho tam giac ABC c6 A(-1; 2), B(2; 1) va truc tam H(1; 2). Tim tam I
clia dudng tron ngoai ti€p.  Pdp sb: I(1, 3).

BT6. Cho tam giac déu ABC c6 A(2; 1) va B(-1; 2). Tim dinh C.

1+3 313%}
2 '

Dap so: C
ap so ( 2

BT7. (D/04) Cho A(~1, 0); B(4, 0); C(0, m) goi G I3 trong tam AABC. Tim m
dé AABG vudng tai G.

Pép s6: m = +3./6.

BTS. (A/04) Cho A(2, 0); B(—+/3 , —1). Tim truc tdm va tdm duong tron
ngoai tiép AOAB.
Ddp s6: H(\/3,-1), I(-/3, 1.

BT9. (A/05) Tim céc dinh hinh vudng ABCD biét A € di: x — y = 0,
Cedy2x+y-1=0,BvaD trén truc hoanh.
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Dap s6: A1, 1); B(0, 0); C(1, —1); D(2, 0).

BT10. (DB/D07) Cho A(2, 1). Tim B € Ox, C € Oy sao cho AABC vuong tai
A va c6 dién tich nhé nhat.

Dap s6: B(2, 0); C(0, 1).
BT11A/02. Cho AABC vuéng tai A, phuong trinh BC: /83x -y - 3 =0

A va B trén truc hoanh, ban kinh duong tron noi tiép AABC bang 2.
Tim cac dinh AABC.

Padp s6: A23 +2,0); C23 -2, 0).
BT12. Cho hinh thang ABCD ¢6 AB // CD. A(0, 1); B2, 0); C(3, 2) va dién

tich (ABCD) biing 14. Tim toa do D.  Bdp s6: (—% %)

BT13. Cho AABC c6 A trén truc tung, BC di qua O, trung diém AB; AC lan
lugt 1a M(-1, 1); N(3, —-1). Tim A, B, C.
Dap s6: A0, 1); B(-2, 1); C(6, =3).

BT14. Tim cac dinh hinh vuong ABCD, biét A trén d;: y = x, B trén
dy: y =1 — 2%, C, D nam trén truc tung.

Dap s6- A(l, 1), B(l, o), (0, 0), D(O, 1)
2°2) "\ 2 2
hay A(l,lj,B(l,lj,C(O, lj,D(O, l).
11)°\ 23 2 1

BT15. Cho hai diém A(-3; 2) va B(1; 1). Tim diém M trén Oy sao cho:
a) Dién tich tam gidc ABM bang 3.
b) MA? + MB? dat gi4 tri nho nhat.

Dap s6: a) M[O, EJ, M(O, —lj; b) M(O, §j
4 4 2
BT16. Cho hai diém A(1, —1) va B(3, 2). Tim diém M trén Oy sao cho:
a) AMB = 45° b) AMB nho nhat.
Pap s6: a) M(0, —1), (0, 4); b) M(O, - gj
BT17. Chiing minh cac bat ding thic:
a) VX2 —2x+5 + yx>+2x+5 >245, vx.
b) \/x2 +4 + \/xz —2xy+y>+1 + \/y2 -6y +10 >5, Vx,y.
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©) 2x+y)+6 + 22-6(x +y) >4+2, v6i moi x, y thoa x* + y* = 4.
dJa-b2+c® + Ja+bZ+c® =22Ja>+b*,a, b, c R

BT18. Tim gia tri nhé nhat cia ham so:

y= VX% —2x+ 2 + \Jx* —8x +32

Pap s6: \[34 .
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BAI 2
PUONG THANG

A.TOM TAT LY THUYET

I. PHUONG TRINH CUA DUGNG THANG

1.

Vecto chi phuong, vecto phap tuyén cia dudng thing

a/ Mot vecto u=0 dugc goi 14 mot vecto chi phuong ctia dudng thing
(A) néu gia cha u song song hoédc trung véi (A).

b/ Mot vecto 11 = 0 dugce goi 1a vecto phap tuyén cia dudng thing (A)
néu gia cha n vudng goéc véi (A).

c/ a = (p, q) la vecto chi phuong cua (A)
& n o= (q, —p) 1a vecto phédp tuyén cta (A)

. Cac dang phuong trinh dudng thing

. ., X = X, + tu,
a/ Phuong trinh tham s6: [(A) : (t e R)
y=Y,+tu,

Trong d6 M(xo, yo) 12 mot diém trén (A); u = (uy, uy) 12 mot vecto
chi phuong cua (A).

b/ Phuong trinh chinh téc: |(A) : X ; %o Y ; Yo (uy.ug # 0)
1 2

Trong d6 M(xo, yo) 12 mot diém trén (A); u = (uy, up) 12 mot vecto
chi phuong cua (A).
¢/ Phuong trinh tdng quat: [(A): Ax+By+C=0| (A2 + B2%0)

Trong d6 0 = (A, B) 12 mot vecto phap tuyén cta (A).

d/ Phuong trinh dudng thing di qua M(xo, yo), c6 vecto phdp tuyén
n = (A, B)

A):Ax-x)+B(y-y,)=0

e/ Phuong trinh dudng thang di qua M(xo, yo), ¢6 hé so géc k
A):y=kx-x%x,)+Yy,

f/ Phuong trinh doan chén: [(A) : E +% =1| (a.b = 0)
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v6i A(a, 0); B(0, b) 1a hai diém thudc (A).
g/ Phuong trinh chita hé s goéc va tung do goc| (A):y =kx+m

<= Luu y:
a/ d c6 modt vecto phap tuyén la n = (A, B)
e Néu D song song d thi n = (A, B) ciing la vecto phap tuyén ctia D
e N&u (A) vudng géc d thi m = (B, —A) la vecto phap tuyén cta (A)
b/ Néu d c6 vecto chi phuong a = (uj, ug) (u; # 0) thi hé s6 géc cia d

N u
lak=—-2.
u,

¢/ Néu d cit truc hoanh tai M va o 1a géc tao béi tia Mx véi phan
duong thing d nam phia trén truc hoanh thi hé sé géc cha d la
k = tana.
II. VI TRi TUONG D61 CUA HAI DPUGNG THANG
Cho hai dudng thang:
(A):ax+by+c =0; (A):a,x+by+c, =0

9 a, b, b, ¢
bat: D= b= a,b, —a,b;; D, = b = b,c, — b,cy;
a; Dy 2 G
c, a
1 1
D, = =c,a, —Cya,
C, a4y
Ta c6:

1. (A)) va (A,) cat nhau khi va chi khi D = 0. Toa d¢ giao diém la:

_p._.D
D'’ "D/

2. (A) // (A,) khi v chikhi D=0va D, #0 hay D, #0.

3. (A,) = (A,)khi va chi khi D= D, = D, = 0.
* Pic biét néu ay, by, ¢y khac 0 thi:

1. (A,) va (A,) cit nhau khi va chi khi 2L » %
a2 2

2. (A))// (A,) khi va chikhi 21 = DL &
a, by, ¢
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3. (A) = (A,) khi va chi khi &2 =21
a, b, ¢,
Ill. GOC GIUA HAI PUGNG THANG
Goi ¢ 1a géc hgp béi hai duong thang (A,) va (A,) (véi 0° < ¢ < 90°).
Néu Ay, Ag ¢6 vecto phép tuyén 1a 1, n, thi

cosp = | cos(n—l, n—z) |= Lnl’—nil
In, |.In, |
IV. KHOANG CACH TU MOT PIEM TOI MOT BUGNG THANG
Cho diém M(xo; yo) va duong thing
(A):ax+by+c=0 @ +b*=0)
Khoang cach tir diém M, t6i duong thing (A) la:
lax, + by, +c |
Ja? + b’
= Chit y: Cho hai diém M(xy; ym), N(xx; yn) va dudong théng
(A):ax+by+c=0

d(M,; A) =

Ta co:

M va N nim cung phia d6i v6i (A) khi va chi khi:
(ax,; + by, +c)axy + byy +¢) >0

M va N nam cung phia d6i v6i (A)khi va chi khi:
(ax,; + by, +c)axy +byy +¢) <0
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B. BAI TAP MAU
VAN BE 1: VIET PHUGNG TRINH BUGNG THANG

Bai 1.
a) Viét phuong trinh ba canh cia tam gidc ABC biét trung diém ba
canh AB, BC, AC lan lugt 1a: M(2; 1), N(5; 3), P(3; -4)
b) Cho tam giac ABC biét A(-2; 1), B(2; 5), C(4; 1). Viét phuong trinh cla:
duong cao BH va duong trung truc cia canh AB.
Giai
a/ Theo tinh chat duong trung binh cia tam gic ta c6: NP // AB.
Canh AB chinh la dudng thing di qua M(2; 1) nhan NP =(-2; -7)
lam vecto chi phuong nén c6 phuong trinh la:
x-2_y-l o ox_9y_12-0
-2 7
Tuong tu phuong trinh c4ac canh BC va AC 1an lugt la:
bx +y—-28=0va2x—-3y-18=0
b/ Puvng cao BH chinh 1a dudng thing qua B(2; 5) nhan AC = (6; 0)
lam vecto phap tuyén.

Vay phuong trinh cta dudng cao BH la:
6(x—2)+0y-5)=0=x-2=0

Puong trung truc cta canh AB la duong thdng vudng géc véi canh AB

tai trung diém I ctia AB, nén chinh 1a dudng thang di qua I(0; 3) nhan

AB = (4; 4) 1am vecto phéap tuyén.

Vay phuong trinh cta dudng trung truc canh AB la:
4x-0+4y-3)=0=x+y-3=0

Bai 2. Tuyén sinh Dai Hoc khéi B/09
Cho AABC c¢6 M(2, 0) 1a trung diém AB, trung tuyén:
Al: 7x — 2y — 3 = 0, dudng cao AH: 6x — y — 4 = 0. Viét phuong trinh AC.
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Giai
Toa do A la nghiém ctia hé phuong trinh
Tx—-2y =3 =1 A
{6x—yz4 ~ {y=2
Vay A(1, 2)
Do M la trung diém AB nén
Xp =2Xy —X, =4-1=3
{YB =2yy—Ya=0-2=-2

Vay B(@3; -2)

BC vudong goc AH nén c¢6 PVT(1, 6)

Phuong trinh BC: 1(x-3)+6(y +2) =0 x+6y+9=0
Toa do I trung diém BC 1 nghiém hé phuong trinh

X+ 6y =-9 x=0
< 3

3
Vay I(0; — —
ay I( 2)

< 0 N XC=2XI_XB=0_3=_3
Do I 1a trung diém BC nén
Yo =2y, —yg=-3+2=-1

Vay C(-3; -1)
AC qua C ¢6 VICP AC = (-4; -3)
Vay phuong trinh AC: x+3 = yT+1

Bai 3. Tuyén sinh Pai Hoc khoi A/2010
Cho AABC can tai A(6, 6) duong thang qua trung diém cta AB, AC la
d: x + y— 4 = 0. Tim B, C biét E(1; —3) n&m trén dudng cao CH.

Giai
Vé duong cao AK A
AK qua A, L d nén c6 phuong trinh
1lx-6)-1(y-6)=0=x-y=0
Toa do giao diém I ctia d va AK la nghiém hé
x-y=0 {x

phuong trinh { S
xX+y=4

-2
, - Vay1e 2)

B K C
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N . N XKZZXI—XA:4—6:_2
I 1a trung diém AK nén
Yk =2Y1 —ya=4-6=-2

Vay K(-2; -2)
BC qua K va // d nén c6 phuong trinh

1x+2)+1(y+2)=0=x+y+4=0
Goi B(b, -b — 4) € BC
Do K 12 trung diém BC nén

Xo =2Xg —Xp=—4-Db

{YC =2yx —yp=—4-(-b-4=b>b
Vay C(-4 — b, b)
Tac6 AB =(b-6,-b—10) L CE = (-5-D,b + 3)
Nén: (b-6)(-5—-Db) + (-b—10)b +3) =0

< -2b"-12b=0<b=0vb=-6

Vay  Bi(0; —4) A Ci(—4; 0)

By(-6; 2) A Cx(+2; —6)

Bai 4. Cho AABC vuong tai A c6 A(0, 3), dudng cao AH: 3x + 4y — 12 = 0.
Trong tam G(g; 3). Tim B va C.

Giai
Goi M 1a trung diém BC
Ta c6 AG = 2GM
5 5 5
_x. =9x. — 2_ _2 =2
- {XG X, - 2EXA XG)) 2(xy 3) o T vy M(g; 3)
Yo = Ya =4YMm —Ya 0= 2>y, —3) Yy =3

BC LAHnén BC:4x-3y+C=0
MéMeBCnén:éLg—3.3+C=O:C=—1
VayBC:4x-3y-1=0

goi B(b; %) e BC

Do M la trung diém BC nén
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X, = 2%, — X Xo=5-b 19 -4b
{C s 19— 4b vay C(5 - b; )
Yo =2Yy — Vs Yo =
3
4b -10 10 —4b

Tacé: AB = (b; ),E:(5—b;T)

AB 1 AC & ABAC =0

b5 _b) + (4'“‘10).(10‘%) _0
3 3

(4b-10° _
9
& 9(5b — b%) — (4b — 10> =0
< +25b% + 125b + 100 = 0
<b=1vb=4
Vay B(1; 1), C4; 5) hay B4; 5), C(1; 1)

< 5b—Db? - 0

Bai 5. Tuyén sinh Pai Hoc khdi D/2011
Cho AABC c6 B(—4; 1) trong tam G(1; 1), duong thang chia phan giac
trong géc A: x —y—1=0. Tim A, C.

Giai
Vé d qua B vuong géc va cit phan giac Al tai H, cit AC tai M
Phuong trinh d: 1(x+4) + 1(y— 1) =0
Toa do H la nghiém hé phuong trinh A

x-y=1 x=-1
=
X+y=-3 y=-2

Vay H(-1; -2)
AABM can nén H 1a trung diém BM

R {XMZQXH—XB=—2+4=2
Vay
Yu =2Yyy—y¥p=—4-1=-5 B I C
Vay M(2; -5)
Goi N 1a trung diém cia AC ta c6
7
I, 5= 2x. —1 -
BG = 2GN < G =D =3
0=2(yy—-1D _1
Yn =
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AC qua M va VICP MN = @ 6] - 2(1,4)
+

X-2 y

5 S4x-y-13=0
1 4

Phuong trinh AC:

4x -y =13 =4
Toa do A la nghiém hé phuong trinh { Xy & {X

x—-y=1 y=3

Vay A(4; 3)
) = 2x, — =7-4=3
Do N 1a trung diém AC nén {XC N T Fa
Yo =2Yn—Ya=2-3=-1

Vay C(3; —1).

Bai 6.

a. Viét phuong trinh dudng thang di qua diém M(1; 2) cit truc hoanh
va truc tung 1an lugt tai A va B khac goc 0 sao cho: OA = OB.

b. Viét phuong trinh dudong thing qua N(1; 3) cit hai nita truc duong
Ox, Oy tai P va Q sao cho tam giac OPQ c6 dién tich nhé nhat.

Giai

a/ Goi n=(a;b) =0 1a mot vectd phdp tuyén ctia dudng thing qua

M(1; 2) thi phuong trinh cta duong thing la:
ax-1)+b(y—2) =0 ax+by—-(a+2b)=0

Vi dudng thang cit Ox va Oy tai A, B khac O nén ta c6: ab = 0 va

a+2b=0
R a . .o a+2b
Hoanh dp giao dietm A: y=0=x, = .
a
Tung d6 giao diém B: x=0:>yB=a+b2b
Ta c6: OA:OB<:>|XA|=|yB|<:>Ia+2bI:Ia+2b|© 1 1
lal bl lal Ibl
vi la+2b| 20) = |al = [b] & a=4

Néu a = b: Phuong trinh duong thang la: x+y—-3=0
Néu a = -b: Phuong trinh duong thing la: x—y+1=0
b/ Goi n=(a;b)véi a > 0, b > 0 1a mot vecto phap tuyén cla dudng
thang di qua N(1; 3) thi phuong trinh cia duong thing la:
a(x—1)+b(y—3) = 0 <> ax + by — (a+3b) = 0
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a+3b

a 9b
2b 2a

=3

Hoanh d9 giao diem P: y =0 = x,, = >0
a
Tung d0 giao difm Q: x=0=y Yq = -2 13b 0
Dién tich tam giac OPQ'
_(a+ 3b)”
S = —OP 0oQ = _
_a > +9b” +6ab a 9b
_—  =— +—+3
2ab " 2b 2a
a 9b
Ap dung bat ding thic Cauchy ta c6: — + —
2b 2a
Vay: S>6
Va:S=6o 2 =P 229 a-3bia>0,b>0)
2b 2a

Nén: minS = 6, dat dugc khi: a = 3b.

Lic d6 chon: b = 1 thi a = 3 va ta dugc phuong trinh cha dudng thing

la: 3x+y-6=0.

Bai 7. Cho A(5; 0), B(1; —3). Tim M va N trén doan OA, P trén doan AB,
Q trén doan OB sao cho MNPQ 1a hinh chit nhat c6 MN = 2MQ.

Giai

OB qua O va ¢6 VICP OB = (1; -3) phuong trinh OB la:

X <3x+y=0

1 -3
M, N € OA nén: M(m; 0); N(n; 0) v6i m, n < (0, 5)
MQ L Ox nén xq = xy = m. Vay Q(m; —-3m) € OB
NP LOxnénxp=xy=n
AB qua A ¢6 VICP AB = (-4, -3) = —(4, 3)

Phuong trinh AB: X;5 =§ <3x—-4y-15=0
Do N eAB:P[n, %) y
.. 3n +12m - 15
Taco: QP =(n-—m; f) o N A
va MQ = (0; -3m) X
Y P
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Taco: MQ_L QP < MQQP =0

< 0(n—m) + (—=3m) [Wj -0
&3n+12m-15=0
osn=-4m+ 5 (1)

Tacé: MN =(n—m;0) = (=5m + 5; 0) (do (1))

Vay: MN =2MQ < |-5m + 5| = 2.|-3m|

< |-5m + 5] = |-6m|
bm+5=—6m |™ = Dload
-5m + 5 = 6m m=E
11

vay M[ 20 N[350, o 2, 2%, p[ 2, 210
11 11 11° 11 11° 11
Bai 8. Cho duong thang (A):x -2y —2=0va hai diém A(1; 2), B(2; 5).
Tim diém M trén (A ) d& MA + MB nhd nhat.

Giai

Taco: (x, -2y, —2) (X5 -2y —-2)=(1-4-2)(2-10-2)=50>0

Nén hai diém A va B nam cling bén d6i v6i (A)

Goi A'(x;y) 1a diém d6i xing clia A qua (A), ta c6 AA = (x—1;y—2)

cung phuong véi vecto phéap tuyén n =(1;-2) cdha (A) va trung diém

x+1 y+2

27 2
2(x-1)-1(y-=2) = 0 {

H( ) cua doan AA’ § trén (A) nén:

2x'+y-4=0
xX-2y-7=0

x+1 y+2 g
-2 -2=0
( 5 )—2( 5 )

Giai hé nay ta duge: X =3; y' = -2

Vay: A'(3; -2)

Ta c6 A’ d6i xting v6i A qua (A)nén MA = MA’

Suy ra: MA + MB = MA’ + MB

Trong tam giac MA’B ta c6: MA’ + MB > A’B (khong d6i)

Va: MA’ + MB = A’'B khi M ¢ trén doan A’B, mat khac Me (A)nén M
chinh 1a giao diém cha (A ) v6i doan A’B.
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Vay MA + MB nhé nhat bang A’'B khi diém M 1a giao diém cta (A ) vé6i
doan A’B, Vi A’ va B nam hai bén d6i v6i (A)nén giao diém nay cling
chinh 12 giao diém cta (A ) v6i dudng thing A’B.

Puong théng A'B chinh 1la dudng thing di qua A'(3;-2) nhan
AB = (-1; 7) 1am vecto chi phuong nén phuong trinh la:

X—_13=Y+2 S Tx+y-19=0

X_8

-2y-2=0 T3

Vay toa do cia M la nghiém caa hé: x-ay IS 3

Tx+y-19=0 1

3
8 1
Vay: M(=; —).
Ay (3 3)

Bai 9. Cho dudng thang (A):x -3y —1=0va hai diém A(5; 3), B(2; -3).
Tim diém M trén (A) dé |MA — MBI 16n nhat.

Giai
Ta co: (x, -3y, —D(xz -3y —D=56-9-1)2+9-1)=-50<0
Nén hai diém A va B nadm hai bén (A)
Goi A'(x;y) 1a diém d6i xing ciia A qua (A), ta c6 AA = (x-5;y—3)
cung phuong véi vectd phap tuyén n = (1;-3) ctia (A) va trung diém

H( i25;¥) caa doan AA’ 6 trén (A) nén:
x5 -1ly=3)=0 _ [Bxry-18=0
052120 T lx-3y-6-0

Giai hé nay ta duge: X =6; y' =0

Vay: A'(6; 0)

Ta c6 A’ doi xting v6i A qua (A) nén MA = MA’

Suy ra: IMA — MBI=IMA’ - MBI

Trong tam giac MA'B ta c6: |MA’ — MBI < A’B (khong doi)

Va: IMA’ — MB|= A’'B khi M & & trén dudng thang A’'B nhung khong &
gitta A’ va B, mét khac M e (A)nén M chinh 14 giao diém cha (A) véi
phan dudng thing A’B dé.

Hinh hoc B 25



Vay MA - MB 16n nh4it bang A’B khi diém M la giao diém nay cling
chinh 12 giao diém cta (A)vé6i duong thang A’B.

Pubng thing A’B chinh 14 duong théng di qua A'(6; 0) nhan AB = (-4; -3)
lam vecto chi phuong nén phuong trinh la:

X—_6—y—_30 < 38x-4y-18=0

4
x-3y—-1=0 {XZlO

Vay toa do caa M la nghiém cua hé: {

=
3x—-4y-18=0 y=3

Vay: M(10; 3).

VAN BE 2: BAI TOAN KHOANG CACH

Bai 10. Cho duong thing (Ay): M -2)x+(m-1)y+2m-1=0. Dinh m
dé (An) cat doan thang BC vé6i B(2; 3) va C(1; 0).

Giai
Ta c6 (An) cit doan thing BC khi hai diém B, C nim hai bén cia
dudng thang (A,). Piéu d6 x3y ra khi:
[(m—-2)x; +(m—-Dyp +2m —11.[(m - 2)x, + (M- Dy, +2m—-1]< 0
< [2m-2)+3m -1 +2m—-1L.[(m-2)+2m-1]<0
< (Tm-8)(33m-3)<0

<:>1Sms§
7

Bai 11. Viét phuong trinh hai dudng chéo cua hinh vudng, biét tam
I(-2, 0) phuong trinh mo6t canh hinh vuéng la d: x + 3y — 3 = 0.

Giai
¢ Goi M(3 — 3m; m) € d: x + 3y — 3 = 0 1a dinh cta hinh vudong
(2)+30-3 5
Jrrig o V1o
5
=IM=dgq.V2=—2 =5
(I, d) \/E “\/_

Taco: IM2=5<B3-3m+2°+(m—-07>=5

Ta co: d(L =
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o6B-3m?+m?=5
< 1m’-30m+20=0=m=2vm=1
Truong hop 1: D qua I(-2; 0) va M(-3; 2)
. y-0 x+2 y _ X+2

Pe—= =
2-0 -3+2 2 -

Truong hop 2: D qua I(=2; 0) va M(0; 1) 1a D: 12 % ~1.

Bai 12. Cho hinh binh hanh ABCD c6 A(1; 0); B(2; 0); dién tich bang 2
tam I nam trén d: y = x. Tim toa d6 hai diém C va D.

Giai
Goi Ilm; m) e d %
Vi I 14 trung diém AC nén: C(2m — 1; 2m)
Vil la trung diém BD nén: B(2m — 2; 2m)
Ta ¢6: Sagcp = AB.DH = AB.(2IK)
Tacé: AB=1
AB:y=0(viya=yp=0) A H/ K B
IK = dgap = 2
’ Jo? + 17
=S8=12|m| =2|m|

VayS=2=2/m|=2= |m| =1

{m =1 . {C(l; 2); D(0; 2)
& . Vay

m=-1 C(-3;-2); D(-4; - 2)

= [yl = [m|

Bai 13. Cho AABC c6 A(2; 4); B(0; —1); C(6; 2)
Viét phuong trinh dudong thang (A) qua A sao cho
a. (A) chia AABC thanh hai AABM, AACM ma dién tich AACM g4p doi
dién tich AABM.
b. (A) cach déu B va C.

Giai
< CM = 2BM
Ma CM; BM ngugc huéng nén
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CM = -2BM
—x.=-92 _
- {XM X (X — Xp)
Ym — Yo =—2(¥y —¥3p)
Xy — 6 =-2(xy - 0)
Yu—2=-2yy+1

3y =6 Vay M(2; 0) B
& a ;
3ym =0 > H M\
A

AdiquuAvaMmax,=xy=2nén A:x=2
b/ Goi n = (a, b) 1a PVT ctaa A
AquaAnénA:ax—2)+b(y—4)=0
Ta c6: d(B, A) = d(C; A)
|-2a-5b| [a-2b|
Py =
JaZ+b? a2 +b?

b
—2a—5b =4a - 2b a=45
= =
—2a—-5b=-4a+2b a:@
2

oa=_?ch9nb=—2;a=1
VayA:x -2y +6 =0
oa=% chonb=2;a="7

Vay A: 7x + 2y — 22 = 0.

Bai 14. Tim toa do bon dinh hinh vudng ABCD biét d dai mdi canh 24/10;
phuong trinh AB: x — 3y + 1 = 0. Tam I trén truc tung va y; < 0.

Giai

Goi A(Ba—1;a) € AB
BBb-1;b) € AB
10, m) véim < 0 D
Vi I 14 trung diém AC nén:
Xo =2%X;—X, =-3a+1
{yc =2y, -y, =2m-a
Vay C(1 — 3a; 2m — a)
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Vi1 la trung diém BD nén D(1 — 3b; 2m — b)

Ta co:

e AD = 210 « IK = /10 < d(; AB) = {10
|XI_3yI+]'|
<:>—:\/1_0<:>’—3m+1’:10

J10
8m+1=10 m = -3
= 11 )

-3m+1=-10 ng(loal)

Vay: I(0; -3)

Taco: IA =Ba-1;a+3)vaIB =@Bb-1b+3)

IA L IB Ba-1DBb-1+(@+3)(b+3)=0 @)
{IA2 ~1B* * {(3a 1 1@+3?=3Bb-17+(b+3* (@
(2) < 10a? = 10b? < {b =a (loab)
b=-a (3)
Thé (3) vao (1) ta c6
Ba-1)(-3a-1+@+3)(-a+3)=0
< —-Ba-1D)Ba+1)+Ba+a)3—a)=0
o-922-1)+9-a’=0<=-10a>+10=0
<a= =1
eThl:a=1;b=-1;m=-3
Vay A(2; 1); B(—4; —-1); C(-2; -7); D(4; -5)
eTh2:a=-1;b=1;,m=-3
Vay A(-4; -1); B(2; 1); C(4; -5); D(-2; -7).

Bai 15. Viét phuong trinh ctia duong thang (D) ciach A(1; 1) mot
khoang bang 2 va cach B(2; 3) mot khodng bing 4.

Giai
Phuong trinh tdng quat ctia duong théng (D):
ax + by + ¢ =0. (@ +b® £0)
la+b+c|

—=2
= Ja?+b> b +c|=2va® +b’.
Ta cé: {d(A’D) 2. o JVa +b - la+b+c| a‘ +
d(B, D) = 4. |2a+3b+c|_4 |2a + 3b + ¢| = 4y/a® + b*.

Ja? +b?
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II

Ra+3b+d=2a+b+d (a+b+c)2=4(a2+b2).
(a+b+c) —4(a2+b2). 2a +3b+c=12a+b+c)

b+c)’ =4(a” + b’ * = 4a® +b°

- (a+b+c) (a + ) y (a+b+c) 4(a +b).
2a+3b+c=2a+b+c). |2a+3b+c=-2a+b+o).

(a+b+c) =4(a®+b?).

(a+b+c)? =4(a®+b?).

Q{b Vv :—4a—5b'
3

302 _ dab — 0. 35a”® —4ab + 32b” = 0.

Q{b Vv c:—4a—5b.
3
4
a:Ovang'vazbzc=0.
b=c.

<:>(a=O/\b=c)v(a:%b/\bzc)v(a:bzc:O).
Vay:
*a=0Aab=cTacob=c %0 via®+ b®>=0. Nén phuong trinh dudong
thing la:y + 1 = 0.
*a= %b/\b =c: Chon b = ¢ = 3 thi a = 4 vA phuong trinh dudng thing

la: 4x + 3y + 3 = 0.
*a=Db =c=0: Truong hop nay khong nhan dugc.
Tém lai c6 hai dudng thing théa mén yéu ciu clia bai toan c6 phuong
trinhla:y+1=0;4x+ 3y + 3 = 0.

VAN BE 3: BAI TOAN GOC HAI BUGNG THANG

Bai 16.
a. LAp phuong trinh cia duong phén gidc géc nhon hgp béi hai
duong thidng:(A,):3x -4y +12=0; (A,) : 12x+5y -7 =0

b. Lap phuong trinh cia duong phan gidac géc tu hgp bdi hai duong
thing:(d,) :4x -3y +6=0;(d,) : 5x+12y +10=0
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Giai
a/ Phuong trinh cia duong phan gidc cia géc hgp bdi (A,) va (Ay) la:
13x -4y +121 112x+5y—"71 - 21x+77y -191=0.(D,)
3+ (—4)? J122 4 52 99x — 27y +121 = 0.(D,)
Trong phuong trinh ctia dudng thang (A;) cho x = 0 ta dugc
y = 3, nén M(0; 3) 1a mdt diém thude (A,) va ta cd6 M khong thude (A,).

D aormy -2

N21% + 772 99 + 27°
Nén duong phan gidc cia goc nhon hgp béi hai duong thang (A,) va
(Ag) 1a (Dg): 99x — 27y + 121 = 0.
b/ Phuong trinh ctia dudng phan giac cua goc hgp bdi (d;) va (dy) la:
l4x -8y +61 |5x+12y +10] [27X—99y+28:0 (D,)

[42 1 (—8? = 52 +122 77x+21y +128 =0 (D,)

Trong phuong trinh cta dudng théng (d;) cho x = 0 ta dugc y = 2, nén
M(0; 2) 1a mdt diém thudc (d;) va ta c6 M khong thudc (dy)

Mit khac: d(M; (D)) = ———0__ < d(M; (D)) = ——=10

\27% + 99? 777 +21°
Nén dudng phan giac cta goc ti hgp béi hai dudng thang (d;) va (dy)
la (Dy): 77x+21y +128 =0

Mat khac: d(M; (D)) =

Bai 17. Viét phuong trinh cia dudng thang di qua diém M(2; 1) va tao
v6i duong thing (D): 2x + 3y + 4 = 0 mot gée 135°.

Giai
Goi n =(a; b) # 0 1a modt vecto phép tuyén ctia duong thang di qua M(2; 1)
thi phuong trinh cta dudong thang c6 dang:
ax-2)+b(y-1)=0<ax+by—-(2a+b)=0
Puong thing nay tao véi dudng thang (D) modt goc 135°, tic 1a tao vé6i
(D) mot géc nhon 45°, nén:
12a+3bl V2 _ 12a+3bl

J2?% + 32 /a2 + b2 2 \[f134a%+b?

& \26(a® +b*) =212a +3b | < 26(a” +b?) = 4(2a + 3b)*

< 5a® —24ab-5b®> =0
Xem déng thic nay nhu phuong trinh bac 2 theo a, gidi ra ta dugc:

cosdh’ =

a=5bva=—b
5
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Vay c6 thé chon:a=5b=1vab=-5,a=1
Ta dugc phuong trinh ciia dudng thing can tim la:
5x+y—-11=0 hay x-5y+3=0

Bai 18. Mot tam giac can c6 canh day va mot canh bén c6 phuong
trinh 1an lugt 1a: 3x —y + 5 = 0; x + 2y — 1 = 0. Viét phuong trinh
clia canh bén con lai biét ring né di qua diém M(1; -3).

Giai

Goi n = (a; b) = 0 12 mot vecto phap tuyén cia canh bén di qua M(1; -3)

thi phuong trinh canh bén nay c6 dang:
ax-1D+b(y+3)=0<ax+by+(@Bb-a)=0
Tam gic can cb goc tao thanh béi hai canh bén véi day bang nhau nén:
[3a-Dbl 3 13.1+1.21
J3 1122+ b2 3+ (12 1+ 22

e B.13a-bl=a> +b* < 5(3a—b)* =a® + b’
< 22a% —15ab +2b* =0
Xem dang thiic nay nhu phuong trinh bac hai theo a, giai ra ta dugc:
2y 2
2 11
Vay c6 thé chon: b=2,a=1vab=11,a=2
Véia=1,b =2 ta cé duong thiang x + 2y + 5 = 0, song song vdi canh
bén da cho nén khong thé 1a canh bén con lai clia tam giac.

Véia =2, b =11 ta c6 phuong trinh ctia canh bén con lai cia tam giac
canla: 2x+11y+31=0

Bai 19. Lap phuong trinh cta duong thing di qua diém P(2; -1) sao cho
duong thang dé cung véi hai dudng thang (A): 2x — y + 5 = 0;
(Ag): 3x + 6y — 1 = 0, tao ra mot tam giac can c6 dinh 1a giao diém cla
hai duong thang (A,)va (A,)

Giai
Puong thang can tim chinh la duong thang di qua P vuéng goc véi cac
dudng phan gidc cia goc hop bdi (A;) va (A,)
Phuong trinh cia hai dudng phan gidc nay la:
2xX — 5 3x+6y-1 3x-9y+16=0
(d1)¢|x y + |:|x+ y |<:> X — 9y
22 +(-1)° J32 + 62 9x+3y+14=0
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Puong thidng qua P vudbng géc véi (dy)
nhan vecto chi phuong caa (d)) la
u=(93) lam vecto phap tuyén nén
phuong trinh la:

9(x-2)+3(y+1)=0 hay 3x+y-5=0.
Puong thédng P vudng géc véi (ds) nhan
vecto chi phuong cha (dy) la
v=(3-9)]am vecto phap tuyén nén
phuong trinh la:

3(x—2)-9y+1)=0 hay x-3y-5=0

AN

(Dv)

(dy)

Tém lai c6 hai dudng thang c6 phuong trinh la:

3x+y-5=0va x-3y-5=0

(d)

\(A)
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C. BAITAP TU GIAI
BT1. (DBA2006) Cho tam giac ABC c6 A ndm trén duong thing (d):

x — 4y — 2 = 0. BC // (d). Phuong trinh duong cao BH: x + y + 3 = 0.
Trung diém cta AC 1a M(1; 1). Tim toa d0 cia A, B, C.

Dap sé’:A(—g;—gj,C(s 8j B(-4; 1)
3 3 33

BT2. (DBA2005) Cho AABC can tai A c¢6 trong tam G(4/3, 1/3). Phuong
trinh BC: x — 2y — 4 = 0, phuong trinh BG: 7x — 4y — 8 = 0. Tim A, B, C.
Dap s6: A0; 3), B(0; —2), C(4; 0)

BT3. (DBB2006) Cho tam giac ABC c¢6 A(2; 1), phuong trinh dudng cao BH:
X — 3y — 7 = 0, phuong trinh dudng trung tuyén CM: x + y + 1 = 0. Tim
B va C.

Dap s6: B(-2; -3), C(4; —5)

BT4. (DBB2004) Cho hai dudong thang (d,): 2x —y +5 =0, (dy): x + y— 3 = 0.
Viét phuong trinh dudong thang qua I(-2; 0) cit (d;) tai A va B cét (dy) B
ma AB = 2IB.

X+2 _y

3"
BT5. (DBA2004) Cho A(0; 2) va (d) x — 2y + 2 = 0. Tim trén (d) hai diém B
va C sao cho tam giac ABC vuong tai B va AB = 2BC.
2 6
ba B C Cx(0; 1
ap so: (5 5} 1(5 5j 2(0; 1).

Bai 6. (Cb/09) Cho AABC c¢6 C(-1; 2) trung tuyén AM: 5x + y — 9 = 0,
duong cao BH: x + 3y — 5 = 0. Tim A, B.

Dap s6: A(l lgj,B(ﬁ; g)
2 2 77

Dap s6:

BT7. (DB/A08) AABC c¢6 duong cao BH: 3x + 4y — 10 = 0 phan giac trong
goc Ala Al:x —y + 1 = 0, M(0; 2) trén AB va MC = +/2. Tim A, B, C.
31 33)
25’ 25
BTS8. (DB/B08) Cho AABC c6 AB = \E, C(-1;-1), AB: x + 2y — 3 = 0, trong
tim G ed:x+y—-2=0.Tim A, B.

Dadp s6: A(4; 5),3@; Z) Ci(1; 1), Cz(

34 [Fd Trung Tam Luyén Thi CLC VINH VIEN



. 3 1
Dap s6: A6, ——), B4; —=
ap s6: A( 2) ( 2)

BT9. (A09) Cho hinh chiit nhat ABCD c6 tam 1(6; 2), M(1; 5) € AB. Trung
diém ctia CD nam trén A: x + y — 5 = 0. Viét phuong trinh AB.
Dap s6:y=5vx—4y + 19 = 0.

BT10. Cho AABC c6 trong tam G(-2; —1) va phuong trinh cic canh (AB):
4x+y+15=0,(AC):2x+5y+3 =0. Tim A, B, C.
Dap so: B(-3; -3), C(1; -1)

BT11. Lap phuong trinh cac canh cia AABC biét B(—4; —5) va hai duong
cao ¢6 phuong trinh: 5x + 3y -4 =0va 3x + 8y + 13 = 0.
Dap s6: A1; 2); C(-1; 3)

BT12. (B2008) Tim toa dd dinh C cta AABC, biét hinh chiéu cia C trén
duong thing AB 1a H(-1; —1), phuong trinh dudng phan giac trong géc A
la x —y + 2 = 0, phuong trinh duong cao ké tir B 1la 4x + 3y — 1 = 0.

Dap s6: C (—E; §j
3 4

BT13. (B2003) Cho tam giac ABC vuong can tai A véi M(1; 1) la trung
diém BC va G(%; 0) la trong tam tam giac ABC. Tim A, B, C.

Dap s6: A(0; -2), B(4; 0), C(-2; 2)
BT14. (DB/D07) Cho A(0; 1), B(2; —1)
di(m-1)x+(m-2)y+2-m=0
do: 2-m)x+(m—-1)y+3m-5=0
Chiing minh d; ludn cit d; tai P. Tim m sao cho (PA + PB)nin
BT15. (B/2010) Cho AABC 1 tai A, C(—4; 1) phan giac trong A:x+y—5 =0,
dién tich AABC = 24, x, > 0. Viét phuong trinh BC.
Dap s6:3x — 4y — 16 =0
BT16. (CDB/09) Tim M € A: x — 2y — 3 = 0 sao cho d(M, d) = %
voi(d):x+y+1=0
BT17. (A2006) Tim M € ds: x — 2y = 0 ma khoang cach tu M dén duong thang
di: x + y + 3 = 0 bang hai lan khoang cach M dén dudong thang
do:x—y—4=0.

Ddp s6: M(—22; —11), M(2; 1)
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BT18. (B/09) AABC can tai A(-1; 4). Tim B, C € A: x — y — 4 = 0 biét rang
dién tich AABC bing:

Dap s6: B(H 3), C(ﬁ;—§j, B, é; 5 Cz(ll 3)
272 2" 2 2 2 27 2
BT19. (DBD2003) Cho tam giac ABC c¢6 A(1; 0), phuong trinh duong cao BH:
x — 2y + 1 = 0, phuong trinh duong cao CK: 3x + y — 1 = 0. Tinh Sygc.
Dap s6: 14
BT20. (B2004) Cho A(1; 1), B(4; -3). Tim C € duong thing (d): x -2y - 1=0
sao cho khodng cach tir C dén dudong thang AB bing 6.

, 43 27
Dap s6: C(7; 3), | =22, Z27
ap so: O(7; 3) (11 11)

BT21. Cho tam giac ABC c6 dién tich bang g, dinh A(2; -3), B(3; -2) va

trong tam G e (d): 3x — y — 8 = 0. Tim diém C.
Dap s6: Ci(-2; —10), Cy(1; -1)
BT22. Viét phuong trinh dudng thing qua A(2; 1) va tao véi dudong thing d:
2x + 3y + 4 = 0 mot géc bang 45°.
5 11=0
Dap s6: xTy-
x-5y+3=0

BT23. Cho AABC can tai A. Biét (BC): 2x -3y —5=0, (AC: x+y +1=0,
(AB) qua I(1, 1). Viét phuong trinh AB.
BT24. D/2010

Cho A(2; 0). Goi A 1a duong thdng qua O. H 1a hinh chiéu vudéng géc ctia
O lén A. Viét phuong trinh A biét rang khoang cach tir O dén truc hoanh
bang AH.

BT25. Cho AABC c¢6 phuong trinh AB 4x + y — 5 = 0 duong cao AH:
2x + 3y — 5 = 0, trong tam G[— ?j Viét phuong trinh BC, AC.

Ddp s6: AC: x + 3y —4 = 9.
BT26. Cho AABC céan tai A c6 phuong trinh
AB:3x-y-6=0,BC:x-y-2=0
Biét AC qua I(-3, 1) viét phuong trinh AC.
Ddp s6: x — 3y — 6 =0.
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BT27. Cho AABC c6 duong cao BH: 3x + 4y + 10 = 0 phén gidc trong caa

A laAl:x—y+1=0MQO,2) nén trén AB, CM = V2. Tim cdc dinh
cua AABC.

BT28. Cho hinh thoi ABCD ¢6 A3, -2), Bva Dnam trénd: x— 3y + 1 = 0,
dién tich (ABCD) bang 60. Viét phuong trinh cac canh cia hinh thoi.

BT29. Cho AABC c6 duong trung truc cia BCla d: x + y — 3 = 0, dudng
trung tuyén CI1a: 2x —y—1=0. Tim Bva C
Ddp s6: C(2, 3), B(0, 1).

BT30. Viét phuong trinh céc canh hinh vuéng biét hai canh song song
1an luot A(2, 1), C(3, 5), hai canh song song con lai lan lugt qua
B(0, 1), D(-3, -1).

BT31. Tim toa dd cic dinh ctia AABC biét trung tuyén BI: 83x — 5y — 1 = 0,
phuong trinh dudng cao AH: 4x + y — 21 = 0, M(3, 3) 1a trung diém
cua AB.

Dap sé6: A(4, 5), B(2, 1), C(10, 3).

BT32. Cho AABC c6 A(1, 1); B(-2, 5) C nidm trén d: x — 4 = 0 trong tam
G nam trén d: 2x — 3y + 6 = 0. Tinh dién tich AABC.

BT33. Cho AABC c¢6 A(1, 1), dudng cao BH: 3x + y — 16 = 0, trung tuyén
CM:x +y-6=0. Tim B, C.

BT34. Cho AABC c6 phuong trinh AB: 4x + y — 5 = 0 dudng cao
AH: 2x + 3y — 5 = 0 trong tam G(%, _—32j Viét phuong trinh BC.

BT35. Cho A(0, 5), B(-2, —-1), C(4, 2). Lay M trén doan BC sao cho dién
tich (AABM), bing 2 1an dién tich (AACM). Chiing minh AM | BC.

BT36. Cho hinh binh hanh ABCD véi B(-2, 0), D(4, 4), E(2, 3) 1a diém
trén doan AC v6i AC = 3AE. Tim A, C.
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BAI 3
PUONG TRON

A.TOM TAT LY THUYET

I. PHUGNG TRIiNH PUONG TRON
a/ Phuong trinh duong tron tam I(a; b) ban kinh R.
(x-a)’ +(y-b)’ =R?

b/ Phuong trinh: x+y”-2ax-2by+c=0 véi a’+b’-c*>0, la
phuong trinh duong tron tam I(a; b), ban kinh R = m .
Il. VI TRi TUONG BOI CUA BUGNG THANG VGI BUGNG TRON

Cho dudng thing (A)va dudng tron (C) c6 tam I, ban kinh R.

Goi d(I, A ) 12 khoang cach tir I dén (A). Ta co:
d(d,A) <R < (A)cat (C) tai hai diém phan biét.
d@,A) =R < (A) tiép xic véi (C).
dI,A) >R < (A)khong cat (C).

lll. VI TRi TUONG POI CUA HAI PUGNG TRON
Cho hai dudng tron (C,) va (Cy) c6 tam va ban kinh 1an lugt 1a I, R; va

I, R,. Ta c6:
IR, -R, kLI, <R, +R, <& (Cy) va (Cy) cit nhau

LL =R, +R, & (C)) va (C,) ti€p xtic ngoai.
LI, =R, -R,| < (Cy) va (Cy) ti€p xuc trong.
LI >R, +R, & (Cy) va (Cy) 6 ngoai nhau.

LL <R, -R, | & (Cy) va (Cy)  trong nhau.
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B. BAI TAP MAU

VAN BE 1: VIET PHUGNG TRiNH DUGNG TRON

Bai 1. Lap phuong trinh cia cac duong tron:
a. Puong kinh AB véi A(1; 2) va B(-2; 0)
b. Puong tron di qua ba diém A(-1; 3), B(1; 1) va C(2; 4)

Giai
a/ Pudng tron duong kinh AB cé tam I(—%, 1) la trung di€m cha

AB J13

doan AB va c6 ban kinh R = == = %\/(1 +2)%+(2-0) = 5

Nén phuong trinh cia duong tron dudng kinh AB la:

+ =) +(y-1*=—
(x 2) (y-D 1

b/ Phuong trinh cia dudng tron cé dang:

x?+y? —2ax—2by+c=0 véia®+b*—c>0

DPuong tron qua ba diém A, B, C nén:
1+9+2a-6b+c=0 2a—6b+c=-10
1+1-2a-2b+c=0 <<<2a+2b-c=2
4+16-4a-8b+c=0 4a+8b-c=20

Giai hé nay ta duge: a = Z, b= %, c=5

Vay phuong trinh cia duong tron di qua ba diém A, B, C la:

x2+y2—§x—1—21y+5:0

Bai 2. Cho (Cp):x* +y* +2m - 1Dx—2(m - 2)y + m®> -8m +13 =0
a. Tim m dé (C,) 1a duong tron.
b. Tim quy tich tAm I cia dudng tron (C,) khi m thay doi.

Giai
a/ (C,) la duong tron khi:
a?+b’-c>0=[-Mm-DPF+(m-2?°-(m*>-8m+13)>0
o m’+2m-8
om<—4vm>2 (%)
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b/ Lac d6 toa do tAm I caa duong tron (C,) la:
I {x =1-m (1)
y=m-2 (2)
Lay (1) + (2), ta duge: x + y = -1
Vay quy tich tam I cta duong tron (C,,) 1a duong thingd: x +y + 1 =0
Mat khéc tir (1) ta c6: m = 1 — x, va do diéu kién (*) ta suy ra:
l-x<4vl-x>2<x<-1vx>5H
Vay quy tich cta I 1a phan dudng thing:
x+y+1=0v6i x<-1lhayx>5

Bai 3. Tuyén sinh Pai Hoc khéi D/2009
Cho dudng tron (C): (x — 1)> + y* = 1 ¢6 tam I. Tim M trén (C) sao
cho IMO = 30°.

Giai
e Cdch 1: (C) ¢6 tam I(1, 0), R = 1. Goi M(x,, yo)
Ap dung dinh 1y ham cosin cho AIMO
OM? = OI” + IM? — 201. OMcos120°
OM”=1+1-2(1) (1)(-%) =3
Do M e(O):>(x—1)2+y20=1:> X§+y(2) —2x%0=0(1)
DoOM’=3 = x2+y. =3 (2)

3
X, = —

Tit (1) va (2) = vaym[3 + VB
23 2" 2
yozz

e Cach 2: Goi A(2, 0) 1a mot giao diém (O) va truc hoanh
OMI = 30° = IMA =60°

=  AIMA déu canh 1
= AM’=1
= (X0—2)2+y§ =1 Y M
= X +y,—4x%+3=0 (3
MaMe (O = x;+ys —2% =0 (1 '
6()3X0y0 3X0 (1) 5 T H A

2

Vay M(g, iﬁj
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e Cdch 3: Ta c6: OMA = 90°

Ma OMI = 30° = IMA =60° = AIMA déu = MA =1
AOMA | = OM?=0A?2 -MA%?=4-1=3
Ve MH 1 Ox

AOMH 1 = c0s30° = O—Hzﬁ =xy =O0H = —3ﬁ:§
OM 2 2 2

3_ ). . _3
DoM e (P)=> 5—1 +yM=1:yM:Z

Vay M §,iﬁ .
2 2

Bai 4. Cho ba diém: A(-5; -1), B(-2; 1), C(4; 5). Tim quy tich diém M nhin

hai doan thing AB, BC du6i hai géc bang nhau.

Giai
Ta cé: AB=(3;2), AC =(9;6)
Nén: AC = SA—B, do d6 hai vects AB
va AC cung huéng. Vay ba diém A, B,
C thing hang v6i B nam trong doan AC
Ta c6 diém M nhin hai doan thang AB,
AC duéi hai géc bing nhau nén MB
chinh la duong phén giac trong goc M
cua tam giac MAC. Suy ra: A B c
%=£=£=1©M0=QMQMCZ=4MA2
MC BC 213 2
Goi (x; y) 1a toa d0 diém M, ta co:
o x-4 +y -5 =4(x+5?+(y+1)?]
S xP+y*+16x+6y+21=0

Vay quy tich ctia M 1a dudng tron tam I(-8; -3), ban kinh R = 2/13

B

ai 5. Tuyén sinh Pai Hoc khoi D/2010
Cho AABC c6 A(3; —7) truc tam H(3; —1) tam dudng tron ngoai tiép
I(-2; 0). Tim C biét x¢ > 0.

Giai
Puong tron (¢) qua A, B, C c6 phuong trinh
x+2°+y =IA*=174
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AH qua A, ¢c6 VICP AH = (0, 6)
Nén PVT n =(1, 0)

Phuong trinh AH: 1(x—-3) =0
Goi K 1a giao diém AH va (¥
Dox,=3nén y; =74—25=49

Vay K3, 7) K J
Goi D 1a diém d6i xing ctia A qua I h d

{XD=2XI—XA =4-3=-7
Yp =2Y;—¥a=0+7=7

Vay D(-7, 7)

Ta c6 AKD = 1v = BC // KD

Ta c6 KAC = CBK (cung chin KDC)

va KAC = B: (géc nhon c6 canh 1)

= B =B:

= AHBK can tai H

= trung diém HK 1a J(3, 3)

Do d6 BC 1a dudng thing qua J va ¢c6 VICP KD = (-10; 0) = PVT(0, 1)
Phuong trinh BC: 1(y — 3) =0
Doyc=3maCe(®=(xc+2+9=T4=xc=+65 —2(doxc>0)
Vay C(\/65 — 2, 3).

VAN BE 2: VI TRi TUGNG BGI BUGNG THANG VA DUGNG TRON

Bai 6. Tuyén sinh Dai Hoc khdai A/2011
Cho dudong tron (C): x* + y* — 4x — 2y = 0 ¢6 tam I. Tim diém M trén
AX+y+2=0d& qua M vé lai tiép tuyén MA, MB (A, B € (C)) ma
dién tich MAIB béang 10.

Gidi A
(C)c6 tam I(2; 1), R = /5
Goi M(m; -m - 2) € A \
Ta c¢6 dt(MAIB) = 2dt(AMAI) M !

= AMAI=10=AM = =) =245
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Vay: MI? = MA? + AT =20 + 5
>m-27+(m-372*=25
-m’+m-6=0=>m=-3vm=2

Vay M(-3; 1) v M(2; —4).

Bai 7. Tuyén sinh Pai Hoc khdi A/2009
Cho duong tron (C) x> +y* +4x + 4y + 6 =0
Tim m dé dudng thing d: 4x — 3y + m = 0 cit (C) tai A va B sao
cho AIAB c¢6 dién tich 16n nhAat.

Giai
(C)e6tam I(=2, -2), R = J4+4-6 = V2

Ve IH 1 d
Ta c6 S = dt (AIAB) = %IAI.BsinAIB

& S= %.ﬁ.\/ﬁsinAIB = sin AIB

V&Y Siax < sin AIB = 1 < AIB = 90° A!/B
< AAIB L can < AAIH 1 can
< IH = ﬂ =1

J2
|—8+6+m|

J9+16

osm-2=15 om=7v m=-3

=1 < Im-21=5

Bai 8. Cho dudng tron (C): x* + y* + 4x — 4y — 1 = 0. Lap phuong trinh
ti€p tuyén (A)véi (C) biét:
a. (A)tiép xac (C) tai M(1; 2)
b. (A) di qua A(0; -1)
c. (A) song song v6i (D): 3x — 4y + 2012 =0

Giai
Ta c6 (C) la duong tron tam I(-2; 2) ban kinh R = 3
a/TacoMe(C)vil+4+4-8-1=0
(A)ti€p xtc (C) tai M nén (A) chinh la duong thing di qua M(1; 2)
nhan IM = (3; 0)lam vecto phap tuyén.

Hinh hoc B 43




Vay phuong trinh cia (A) 1a:3(x-1)=0<x-1=0
b/ Goi n =(a; b) # 0 la vecto phép tuyén clia (A) thi phuong trinh cia
(A) codang:a(x—0)+b(y+1)=0 <ax+by+b=0
(A) 1a tiép tuyén cta (C) nén:
d1A) =R o 231301 3
Ja? + b?
ol —2a+3bl=3Va® + b’ < (-2a + 3b)* = 9(@® + b))
<aba+12b)=0<a=0vba+12b=0
Néu a = 0 thi b #0 nén phuong trinh cia (A) la:y+1=0
Néu 5a + 12b = 0 thi ta c6 thé chon a = 12, b = -5 nén phuong trinh
caa (A) la: 12x -5y -5=0
¢/ (A) song song v6i (D): 3x — 4y + 2012 = 0, nén (A) phuong trinh caa
(A) c6dang: 3x —4y +c=0
Vi (A) 1a tiép tuyén cha (C) nén:

lc-141
=

d@A) =R =3<lc-141=15

<c-14=2t15c¢=29ve=-1
Vay c6 hai ti€p tuyén la: (A;):3x—-4y+29=0
(A,):3x—4y-1=0

Bai 9. Lap phuong trinh duong tron (C) tiép xtc véi truc tung tai diém
A(0; —+/3) va cdt truc hoanh tai hai diém B, C ma BAC = 30°.

Gidi
e (C) tiép xuc truc tung tai A(0; —/3)
nen: ¥ P Vi tam Ia;b) BAC = 30° < BIC = 60°
b=-3
Vay AIBC déu = BC = R

RJ’ y

= dudng cao IH cta AIBC bang ——

m?;tIH:OA=\/§né:nRTJ§ =\/§

oR=2< |a| =2 a=42
+ THl:a=2b=-+3;R=2
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Vay phuong trinh (C): (x — 22 + (y + /3)? =4
+ TH2:a=-2;y=-3,R=2
Vay phuong trinh (C): (x + 2)* + (y + 3 )2 =4

Bai 10. Tuyén sinh Pai Hoc khéi A/2010
Cho di: V3x +y=0,ds: V3x—y =0. Goi (T) 1a dudng tron tiép
xic d; tai A cit d, tai B, C sao cho AABC vudng tai B va dién tich

AABC bing g Viét phuong trinh (T) biét x5 > 0.

Giai
d; ¢6 PVT (43, 1) va dy ¢6 PVT (3, -1)
|3 B 1| 1 0
- = = BOA =60
Ja 4 2
AABC 1 tai B va noi tiép trong duong tron (T)
= AC la duong kinh cuaa (T)

Do d; ti€p xic (T) tai A nén OA L AC = OCA = 30°

Ta c6: d, dy cidt nhau tai O va cos(d;, dy) =

AB 1
AABC 1 = tan30° = =—— = —
= tan BC ~ 03
— BC = J3AB 9
. AB 3
AOAB 1L 600 = — =2
—> SIn O 2 B
~ 0A= 2AB
J3
A
Ta c¢6 dt(AOAB) = @
2 C .
o lpcpa-¥3 d,
2 2
< (J3ABY) = 3 ds
2
<:>AB=1 <:>OA=—
J3
Goi A(a, \B) e d; Tacé OA® = %
<:>4a2=% @a:%(doa:xA>O)
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1
ﬁ?

1&—%)- By+1)=0 o f83x-3y-4=0

Vay A( - 1} AC qua A va 1 d; vy c6 phuong trinh

Toa d6 C la nghiém caa hé phuong trinh

2
J3-3y=4 X=——F (_2 j
{\/gx—yzO J3

y=-2

DPuong tron (T) c6 tam I(— 1 3) l1a trung difm ACvaR=IA=1

23’ 2

1Y 3)?
Vay phuong trinh (T) la +—= +[ +—) =1.
somamg e 1 [ 13

Bai 11. Tuyén sinh Pai Hoc khéi B/2011
Cho AABC c¢6 B(%; 1). Puong tron ndi ti€p AABC ti€p xic véi cac

canh BC, CA, AB tuong tng tai D, E, F. Cho D(3; 1) va dudong thing
EF c6 phuong trinh y — 3 = 0. Tim toa do A biét y, > 0.

Giai
1 == 5
BC qua B(E; 1) VICP BD = (5; 0)

Vay phuong trinh BC:y—-1=0
ma phuong trinh EF: y -3 =0
Do d6: CB // EF

Nén AABC can tai A

Goi E(m, 3) € (EF)

25

Tac6:BD = BE ¢ = = (m - 0 X

Y +4
1.
Sm- =)= om-
2 4
Vay E(2, 3) hay Ex(-1, 3)
Do BC / yOy nén AD // xXOx = Xp = Xp = 3

1
2

9 l=i§<:>m=2haym=—1
2 2

« AB qua B ¢6 VTCP ﬁ;(%; 2) = %(3, 4)
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Phuong trinh BE;: Xg2 :¥ <4x-3y+1=0

AcBA:xp=3=ya= %

Vay AG3: %) (nhan do y, > 0)

« AB qua B ¢6 VTCP BE,= (—%; 2) = %(_3, 4)

Phuong trinh BE,: X ;1 = % < 4x+3y-5=0

A cBA:xs=3 :>yA:—g (loai do y, < 0).

Bai12.Cho (C): x> +y* - 2x +4y—4=0
Viét phuong trinh dudng thang d qua goc toa do cit (C) tai A, B ma
hai ti€p tuyén cua (C) tai A va B vudng géc nhau.

Giai
(C) ¢6 tam I(1; —2), ban kinh R = 3
goin =(a,b)la PVT caad
Do d qua O nén phuong trinh d: ax + by = 0
Do: hai ti€p tuyén tai A va B L tai M nén AMBI
14 hinh vuéng = MI = 342
Goi H 12 giao diém ctia AB va IM thi IH L AB

M
w o= lm- 32
2 2 5
Taco: IH =d(, d) = a—2b| _ 32
\/8.2 -i-b2 2 d

o (a—2b)? = g(a@ +b%)

< 2a%>—8ab + 8b*=9a%+9b? < Ta?+8ab+b* =0
Ta c6: A’, = (4b)? — 7b? = (8b)?

Véya=M<:>a=—$va=—b

Khia:—%.Chonb:—ﬂ:hia:1.Véyd:x—7y=0

Khia=-b.Chonb=-1thia=1.Vayd:x—-y=0.
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Bai 13. Cho dudng tron (C): x* + y* = 9, va mot diém A (4; -6) nam ngoai
duong tron. Tir A ké hai tiép tuyén AT, va AT, v6i dudng tron, trong
dé Ty, Ty 1a cac tiép diém. Viét phuong trinh cta duong thing TiT,.

Giai
Ta c6 (C) la duong tron tam O, ban kinh R = 3.
Mt khac AT, va AT, 1a céc tiép tuyén cta (C).
Nén ATlJ_ OTl, ATQJ_ UFQ. Do d6 Tl,
Ty ¢ trén duong tron duong kinh OA.

Puong tron nay c6 tam

I 1a trung diém OA nén

1(2; -3) va bén kinh R = 02A ¥ ;(_6) =13
Nén c6 phuong trinh: (x — 2)* + (y + 3)* = 13.
oxX*+y -4x+6y=0
Ta c6 toa do cha T; va T, 1a nghiém ctia hé phuong trinh:
x> +y> =9 @
{xz +y*—4x+6y =0 (2)

Lay (1) — (2) ta dugc: 4x — 6y = 9

Goi Ti(x1, y1) thi 4x; — 6y; — 9 = 0. Goi Ta(xz, y2) thi 4%, — 6y, — 9 =0
Suy ra toa do caa T; va Ty nghiém dang phuong trinh: 4x — 6y — 9 = 0.
Nén phuong trinh nay chinh 14 phuong trinh cta duong thing Ty Ts.

Bai 14. Bién luan theo m vi tri tuong doi cia dudng thing (A):

mx —y— 3m — 2 = 0 véi duong tron (C): x> + y* — 4x — 2y = 0
Giai

Ta c6 (C) 1a dudng tron tam I(2; 1), ban kinh R = 5

Khoang cach tir I dén (A) 1a: d(I,A) =M
m?+1
Taco: dT, A) <R < 23 (5 o im+31< B+

m? +1

< (m+3)? <5(m2+1)<:>2m2—3m—2>0c>m<—%vm>2
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Néum < —% hay m > 2 thi dT,A) < R nén (A)cét (C).
Néum = —%hay m =2 thi d(I, A) = Rnén (A) tiép xtc (C).

Néu —;<m<2thi d{d, A)> R nén (A) khong cat (C)

Bai 15. Viét phuong trinh ctia dudng théng cit dudng tron (C):
x> + y* + 2x — 4y — 20 = 0 theo mot day cung di qua M(3; 0) c6 do dai
nhé nhat, 16n nhat.

Giai B

(C) 1a duong tron tam I(-1; 2), ban kinh R =5
Ta c6 IM? — R = -5 < 0, nén M ndm
trong duong tron (C).
Puong théng di qua M cat (C) theo day AB.
Ap dung bat ding thic Cauchy:

MA + MB > 2 /MA.MB (khong d6i)
DPang thic x4y ra khi: MA = MB
Vay day AB c¢6 do dai nhé nhat khi M 1a trung diém AB lac d6 IM L AB.
Pudng thing can tim 1a dudng thing di qua M nhan IM = (4;-2) lam
vecto phap tuyén nén phuong trinh la:

4x-3)-20y-0)=0 hay: 2x-y-6=0
Mzt khéc AB< 2R
Nén day AB 16n nhat khi AB 1a dudng kinh cta (C)
Lic d6 duong thang can tim chinh 1 dudong thing di qua hai diém I va
M. D6 1a duong thing di qua M nhan IM = (4; -2) 1am vecto chi phuong
x-3 y-0

nén cé phuong trinh la: 5

Hay: x+ 2y -3 =0.

Bai 16. Cho ho dudng tron (Cy): x*+ y* — 2mx + 2my + 2m”? — 1 = 0.
Chiing minh rang (C,,) ludn ludn tiép xtc v6i hai dudng thing c6 dinh.

Giai

Ta ¢6 (Cy) 1a ho duong tron tam I (m, -m), Ban kinh R = 1.
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Gia st (Cyy) ludn ludn tisp xidc véi dudong thang cd dinh: (A):ax +by +c=0
@+ b2+ 0).

lam — bm + d
Ja? +b?

<::>(am—bm+c)2 =a’+b?, Vm.

Tacoé:dI, A)=R, Vm < =1, Vm.

<i>(a—b)2m2+20(a—b)m+cz—a2—b2 =0, Vm

-b=0 (1)
= (a b) 0 (2)
c? -b*=0 (3)

Tu (1) ta c6: a = b, Va (2) ludn ludn thoa.

Ma a? + b? #0 nén a, b déu khac O.

T (3) ta c6: ¢ = a2 + b? = 2b? <:>c=ib\/§.

Vay phuong trinh ctia (A) 1a: bx + by +by/2=0 < x+y £/2 = 0.

VAN BE 3: VI TRi TUGNG DO1 HAI BUGNG TRON

Bai 17. Cho hai duong tron
(Cx*+y —2x—4y+3=0va (Cy): x> +y* +2x— 17 =0
Viét phuong trinh céc tiép tuyén chung cia (C;) va (Cy).

Giai
(Cy) c6 tam I(1, 2), R = /2
(Cy) c6 tam J(-1, 0), R’ = 32
TacoIJ =242 =R — R .
Vay (C,) (C,) tiép xdc trong | M
Goi M 1a tiép diém cta (C,) va (Cy)
Ta co ﬂ = E =
IM R
— JM = 3IM
Xy +1=3(xy -1

{YM -0=3(yy -2

Vay M(2, 3)
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Tiép tuyén chung 1a duong thing qua M va ¢6 PVT IJ =-2(1, 1)
Phuong trinh ti€p tuyén chung la: 1(x—2) + 1(y = 3) =0
&Sx+y—-5=0

Bai 18. Viét phuong trinh cac tiép tuyén chung cua
C:x*+y°—2x—8=0
(Co:x*+y —4x+4y—-1=0

Giai

(Cp o tam I(1, 0, R= 1+8 =3
(Cy) c6 tam J(2, -2), R= V4 +4+1 =3
Taco [R-R'| <IJ=5 <R+R
Vay (C,) va (Cy) cit nhau va c6 ban kinh bang nhau
Do d6 ti&p tuyén chung cda (C;) va (Cy) ¢6 VICP 1a IJ = (1, -2) = PVT
1a (2, 1). Vay phuong trinh tiép tuyén c6 dang 2x + y + C = 0 (A)
Do diéu kién tiép xac: d(I, A) = R
29 5o cra-1305
J5

Vay phuong trinh cda hai ti€p tuyén chung: 2x + y -2+ 35 =0

Bai 19. Dé du bi Dai hoc khoi B/08
Cho A(3, 0); B(0, 4). Chiing minh dudong tron ndi ti€p cia AOAB tiép
xtic duong tron qua trung diém clia cac canh AOAB.

Giai
e Goi K, N, M lan luot 1a trung diém OA, AB, OB

Ta co K(g, 0); M(0, 2)

AMNK 1 tai N nén duong tron (MNK)
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c6 tam I(z; 1) 12 trung diém MK

9 +4
bankinhR= MR _V4 5 N
2 2 4
e Goi r 12 ban kinh duong tron ndi ti€p AOAB
Ta c6 S = dt(AOAB) = pr K A x

S OA.OB 12
=>Tr= —= = =]_
P OA+OB+AB 3+4+5

Mit khac AOAB 1 tai O nén tam J cta duong tron ndi tiép nam trén

dy=x

Goi d(a,a) e d (v6ia>0)
Taco6ddJ,Ox)=r=1<a=1
Vay J(1, 1)

W= |Lio=l_Rr_»
\16 1

Vay hai duong tron nay ti€p xuc trong.

Bai 20. Bién luan theo m vi tri tuong déi ctia hai dudng tron:

(C:x*+y*—1=0.
(Co:x*+y —2m + 1) + 4my — 5 = 0.

Giai

Ta c6: (Cy) la duong tron tam O, ban kinh R = 1.

(Co) la duong tron tam I(m + 1; -2m) , ban kinh

R, =(m + 1) +(-2m)’ +5.

Suy ra: OI = \/(m + 1)2 + (—Zm)2 ,Ri+ Ry =\/(m + 1)2 + (—Zm)2 +5+ 1.

RO rang: R; > R; nén

IR~ Ril =R, — Ry =y/(m + 1) +(-2m)’ +5 — L.

Ta c6: Ol < R; + Ry, v6i moi m.
Mat khac: OI > IRy — Ry |

o \/(m + 1)2 + (—2m)2 > \/(m + 1)2 + (—2m)2 +5-1

<1+ \l(m + 1)2 + (—2m)2 > \/(m + 1)2 + (—2m)2 +5.
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2

o (1 e flm 1)+ (2m)) > (1) + (2m) +5.

=S \j(m + 1)2 + (—2111)2 >2 < (m+ 1)2 + (—2m)2 >4
M’ +2m-3>0 & m<-lvm> o,
Vay:
a) Néum < -1 hay m > gthi IR, — Ryl <OI < Ry + Ry nén (Cy) va (Cy)
cit nhau.

b) Néum = -1 hay m = gthi OI = IRy, — Ryl nén (Cy), (C,) tiép xic nhau.

¢)Néu-1<mc< g thi OI < IR; — R;| nén (C;) nam trong (Cy).
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-~ ~ ?
C. BAITAP TU GIAI
BT1. (D2003) Cho (C): (x — 1)* + (y — 2)° = 4 va dudng théng (d): x —y — 1 =0.
Viét phuong trinh dudng tron (C') d6i xting (C) qua (d). Tim giao diém
caa (C) va (C').

BT2. (DBB2005) Cho dudng tron (C): x> + y* — 4x — 6y — 12 = 0 tam I va
ban kinh R. Tim M € d: 2x — y + 3 = 0 ma MI = 2R.

BTS3. Viét phuong trinh duong tron thoa:
a) Qua ba diém A(5; 6), B(1; 0), C(-3; 4)
b) Qua A(-2; 4), B(5; 5) va tam nam trén dudng thang (d): 4x — 5y — 3 = 0
¢) Tam I(3; 2) va cat (d): x — 3y + 8 = 0 theo mot day cung c6 do dai
bang 10.

BT4. (A2007) Cho tam giac ABC c6 dinh A(0; 2), B(-2; -2), C(4; —2). Goi H
1a chan duong cao vé tiu B va M, N lan luot 1a trung diém cta AB, BC.
Viét phuong trinh duong tron qua cac diém H, M, N.
Papso: x> +y —x+y—-2=0.

BT5. Cho ho (Cp): x>+ + 2mx — 6y + 4 —m = 0
a) Ching minh (C,,) ludon la duong tron Vm
b) Khi m = 4. Viét phuong trinh dudng thdng vuong géc dudng thang

(A): 8x — 4y + 10 = 0 va cat duong tron (C,) theo mot day cung cé
do dai bang 6.
Dap 6 [4)( +3y+27=0

4x+3y—-13=0

BT6. D/2011
Cho (C)x*+y*—2x +4y—-5=0
Viét phuong trinh duong thing A qua A(1, 0) cat (O) tai M, N sao cho
AAMN vuong can tai A.

Papso:y=1vy=-3

BT7. (DBB2007) Cho dudng tron (C): x* + y* — 8x + 6y + 21 = 0. Tim toa d0
bon dinh hinh vuong ABCD ngoai tiép (C), bist A e d:x +y— 1 =0.

BTS8. (B2002) Cho hinh chit nhat ABCD c6 tam I(1/2, 0), AB = 2AD, phuong
trinh AB: x — 2y + 2 = 0. Biét x5 < 0. Tim A, B, C va D.

Dap s6: A(=2; 0), B(2; 2), C(3; 0), D(-1; -2)
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BT9. Cho dudng tron (C): x* + y* — 4x — 2y = 0. Viét phuong trinh tiép
tuyén ctia duong tron (C).
a) Tai diém A(1; -1).
b) Biét tiép tuyén vudng goc (d): 3x — 4y + 1 = 0.
c) Phat xuat tir B(3; —2).
BT10. Viét phuong trinh dudng tron:
a) (B2005) Tiép xtc truc hoanh tai A(2; 0) va khoang cach tir tam I dén
B(6; 4) bing 5. DPdp s6: (x— 2 + (y— 1% =1
b) Qua B(6; 4) va tiép xtc (d): x + 2y — 5 = 0 tai A(3; 1).
c¢) (DBB2006) Qua O(0; 0), A(-1; 1)
va tiép xtc v6i dudng thdngx—y + 1 + V2 = 0.
Dips6: x> +y +2x=0,x>+y° =2y =0
d) (DBB2003) TAm I nam trén d: 2x + y=0 vatiépxicd:x - Ty + 10 = 0
tai A(4; 2). Pdp s6: (x — 6)° + (y + 12)* = 26C
e) Ban kinh 5 va tiép xtc véi (d): 3x — 4y — 31 = 0 tai M(1; -7)
) Ti€p xtc cac truc toa do va qua N(2; —1).
g) Ti€p xtc céc truc toa do va tAm nim trén dudng thang (A):
3x—-5y-8=0
h) Tiép xtc hai duong thang (d): 2x — 3y — 10 =0, (d): 3x— 2y + 5 =0 va
tam nam trén duong thidng 4x — 5y — 3 = 0.
BT11.Cho (Cp) x> +y* +2(m — 1)x — 2(m — 2a)y + m* - 8m + 13 =0
a) Tim diéu kién clia m sao cho (C,,) 1a dudng tron. Tim quy tich tam I.
b) Viét phuong trinh ti&p tuyén ké tir A(1; 5) cia (Cy).
BT12. Cho ho duong tron c6 phuong trinh:
+y-2m+1Dx—2m+2)y+6m+7=0
a) Tim quy tich tAm cac duong tron cta ho do.
b) X4c dinh toa do tAm cta dudng tron thudc ho da cho ma ti€p xtc véi
truc tung.

BT13. (B/09) Cho K < (C): (x — 2 + y = %,Alzx—y=o, Ayt x — Ty = 0,

Tim tam K va ban kinh duong tron (C,) biét (C,) tiép xic A; va As.
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Dap so: K[g, éj ,R= @
55 5

BT14. (B2006) Cho (C): x* + y* — 2x — 6y + 6 = 0 va diém M(-3; 1). Goi T},
T, 1a céc tiép diém cia 2 tiép tuyén ké tir M dén (C). Viét phuong trinh
duong thang di qua Ty, Ts.

BT15. (DBD2002) Cho (C): x* + y* + 2x — 4y = 0 va dudong thing
(d:x—y+1=0.Tim M € d sao cho tit M c6 hai duong thang tiép xic
(C) tai A va B ma AMAB déu.

BT16. (D2007) Cho (C): (x — 1? + (y + 2 = 9 va duong thing
d: 3x — 4y + m = 0. Tim m dé trén d c6 duy nhat diém M sao cho tit M
vé dugc hai tiép tuyén MA, MB dén (C) ma tam gidc MAB 1a tam giac
déu (A, B 1a tiép diém).

Ddp s6: m =19 v m = —41.

BT17. Cho (C): x* + y* = 6x + 5 = 0. Tim M e y'Oy sao cho tit M vé hai tiép
tuyén dén (C) ma goc cia 2 tiép tuyén bang 60°.

BT18. (DB/D08) Cho (C): (x — 4)*> + y* = 1. Tim M e y'Oy sao cho tit M vé 2
tiép tuyén MA, MB dén (C) vé6i A, B 1a tiép diém sao cho AB qua E(4; 1).
Dap s6: M(0; 4)

BT19. (DB/A08) Cho (C): x* + y* = 1. Tim m d& trén d: y = m ton tai dung 2
diém ma ti mdi diém d6 vé 2 tiép tuyén dén (C) sao cho goc 2 tiép tuyén
1a 60°.

BT20. Cho hai duong tron (Cy): x> + y° — 4x + 2y — 4 = 0 va
(Cy): x* + y* — 10x — 6y + 30 = 0 c6 tam 1an lugt 1a I va J.

a) Chitng minh (C,) ti€p xtic ngoai véi (Cy) va tim toa do tiép diém H.

b) Goi (D) 1a mot tiép tuyén chung khong di qua H cia (C;) va (Dy). Tim
toa do giao diém K cta (D) va dudng thang IJ. Viét phuong trinh
dudng tron (C) qua K va tiép xtc v6i hai dudng tron (C,) va (Cs) tai H.

BT21. (DBA2002) Viét phuong trinh tiép tuyén chung cua
C:x*+y —10x=0va (Cy): x> +y" +4x—2y—20=0

Pap s6:x+ Ty -5+ 252 =0
BT22. (C)xX*+y +2x—2y+1=0
Cy)x*+y" —10x +4y +20=0
Chiing minh (C;)(Cs) ¢ ngoai nhau
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Tim giao diém céc ti€p tuyén chung va dudng noi tam
1.1
27 4
BT23. (D2006) Cho (C): x> + y* — 2x — 2y + 1 = 0 va dudng thing
d:x—-—y+3=0.Tim M trén d sao cho duong tron tam M c6 ban kinh
gip doi ban kinh cua (C), tiép xac ngoai (C).
BT24. (DBB2005) Cho (C): x* + y* — 12x + 4y + 36 = 0. Viét phuong trinh
dudng tron (C') tiép xtc 2 truc toa do va tiép xic ngoai (C).
Pap s0: (C'): (x—6)* + (y — 6)* = 36
(x— 18 + (y + 18)* = 324
x-2P+(y+2°=4
BT25. (DBA2007) Cho (C): x* + y* = 1 va duong tron (C') tam I(2; 2), biét
ring (C) cit (C') tai A, B ma AB = 2. Viét phuong trinh dudong
thing AB.

Dap s6:x+y—-1=0.

BT26. (DBB2007) Cho (C): x* + y* — 2x + 4y + 2 = 0. Viét phuong trinh
dudng tron (C) tam M(5; 1) biét (C') cit (C) tai A, B ma AB = /3.

Dép s6: B(-4; gx JETES
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BAI 4
ELIP

A. TOMTATLY THUYET
I. DINH NGHIA
Trong mat phéng cho hai diém c6 dinh F; va F, v6i FiF, = 2¢ > 0. Cho
hang s6 a véi a > 0.
Elip (E) = {M | MF, + MF, = Za}.
F, va F, 1a cac tiéu diém.
F,Fy = 2¢ 1a tiéu cu.
Néu M e (E) thi MF; va MF; dugc goi 12 cdc bdan kinh qua tiéu cua
diém M.
Il. PHUGNG TRINH CHINH TAC CUA ELIP
Xét (E) = {M | MF, + MF, = 2a} , trong d6 F.F, = 2c.
Chon hé toa do Oxy sao cho Fi(—c; 0) va Fy(c; 0)

Phuong trinh chinh tdc ctua elip la: M(x,y)
2 2
%+% =1| (v6ib® =a®-c?).
. ¢
Néu M (x, y) e(E) thi cac ban kinh Fy(-c,00 O Fy(c,0) X
qua tiéu cta diém M la:
MF, =a + & va MF; = a - C—X.
a a
Iil. HINH DANG CUA ELIP
XZ y2
Xét elip (E): Z i =1(M*>=a%*-c*a>b>0).
a

a. Elip (E) c6 tam d6i xting 12 O va c6 hai truc d6i xting 1a x’Ox va y'Oy.
b. Elip (E) cit x'Ox tai hai diém A;(-a; 0) va Ay(a; 0); cit y'Oy tai hai
diém. B;(0; -b) va By(0; b). Bon diém d6 dugc goi 1a bon dinh cta elip.
Poan thidng A;A, dugc goi 14 truc 16n con doan thang BB, dugc goi 1a
truc bé caa elip.
Ta goi 2a 1a do dai truc 16n con 2b la do dai truc bé cua elip.

Chu ¥ rang hai tiéu diém cia elip ludn luén nam trén truc lén.
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c. Néu M (x,y) € (E) thi —a <x<a va -b<y<b nén toan b elip (E)
thudc hinh chit nhat giéi han béi bon duong thang x = +a vay = +b.
Hinh chit nhat d6 dugce goi 1a hinh chit nhat co s6 caa elip.

IV. TAM SAI CUA ELIP

Tam sai cha elip 1a ti s§ giita tién cu va d0 dai truc 16n cla elip. Ky hiéu

lae.

Taco: e= >
a
Tam sai ctia moi elip déu bé hon 1.

V. PUONG CHUAN CUA ELIP

y
a) Pinh nghia: B, M(x,y)
ry T
X
2
_al M\Fe0 O] Fyeo f |2
e e
Al Bl AQ

2 2
Cho elip (E): X—2 + % =1(a > b > 0). va hai duong théng
a

a a
(A):x=—=—;(Ag): x = —
e e
(A,) dugce goi la cac dudng chuén tng véi tieu diém Fy,
(A,) duge goi 1a cac dudng chuén tng véi tidu diém F,.
= Chi# y: Pudng chuin luén ludn vudng géc véi truc 16n va khong cat elip.
b) Pinh ly: Ti s6 khodng cach tir mot diém bat ky cta elip dén mot tiéu
diém va duong chudn tuong (ing bing tam sai e cla elip.
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B. BAI TAP MAU

Bai 1. Viét phuong trinh chinh tic cta elip

a. C6 tibu cu 2¢ = 8, tam sai e = %

b. Tuyén sinh Pai hoc khai A/08

Tam sai e = ?5 va hinh chit nhit co sé ¢6 chu vi 20.

Giai
a/ Phuong trinh chinh tic cta elip (E) c¢6 dang:
X" y2_1 5i b% = a2 2
¥+?— (le =a —cC )
Taco:2c=8=c=4
Vé:e:ézgzé:azﬁi(vic:él)
5 a b

Vay:b? =a® -c?=5>- 4= 9.
) X2 y2
Do d6: phuong trinh cuaa elip (E) la: o5 + . 1.
b/ Phuong trinh (E) c6 dang
X2 y2

— + =1 v6ib? = a% — ¢
a b

Ta c6 chu vi hinh chit nhat co s bang 20
—>4a+4b=20=>a+b=5

Tacoe = Ezg = 9¢? = 5a? = 9(a® - b?) = ha® = 4a® = 9b?
a

Mab=5-a=4a’>=95 - a)*
= 5a2-90a+225=0=2a’-18a+45=0
= a=3va=15(loai)
2 2

Vay phuong trinh (E): % + yz =1

Bai 2. Tuyén sinh Pai hoc khoi D/05
2

Cho (E) XZ +y?=1vaCQ,0)

Tim A, B trén (E) sao cho AABC déu.
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Giai

<«

Do A, B d6i xiing qua Ox nén X = Xg, ya = —yB
Dét XA =a thi

2 2
A ,,/1—""_ ,B ,—‘/1—"“‘—
(a 1 ), B(a 1 ) Lh x

Ta c6: AABC déu = AB? = AC?
2 2
’ a’ 9 ’ a’
= |2,]1-— | =@=-2)+ |,)]1-—
( 4] (a—2) { 1 B

2 2
:»3[1—%} =a2—4a+4:>7%—4a+1=0

:>a=%va=2(loaidoAEC)

Vs A2_4J§ sl2. 443
A —— | Bl -

7 7 7

Bai 3. Tuyén sinh Dai hoc khai A/2011
2

Cho (E): XZ + yZ =1. Tim A, B trén (E) c6 xa, xg > 0 sao cho AOAB

can tai O va c6 dién tich 16n nhat.

Giai
Do A, B d6i xting qua truc hoanh

2 2
Goi A(a, ﬂfl-az) e (E) thi B(a,—qfl—az)

Goi H trung diém AB thi H(a, 0)
Ta c6: S = dién tich (AOAB) = lOH.AB — OH.HA

=>S=a l—a— \fa(4 a®) (doa>0)
Do bat déng thic Cauchy: 4 = a® + (4 — a%) > 2/a’*(4 —a?)

=1>S= %«/a2(4—a2)
J2

Vay Spax = 1khia? =4 - a’ o a= 2 < A2, ‘F)B(\/ﬁ _—)

Hinh hoc FJ 61




Bai 4. Tuyén sinh Pai hoc kh&i B/2010
2 2
Cho (E) %Jr% =1va A2, \3)

Goi Fy, Fy 14 hai tiéu diém cuaa (E) véi X, < 0

AF; cit (E) tai M véi yy > 0. Goi N d6i xiing cta Fy qua M. Viét
phuong trinh dudng tron ngoai tiép AANF,.

Giai

Tacoc®>=a’-b*=3-2=1
Vay Fi(-1, 0), Fu(1, 0)

x+1
3 =

Phuong trinh AF;:

<

=>y= ?(x+1)

Phuong trinh hoanh d6 giao diém (E) va AF,
2x2+3.g(x+1)2=6c>3xz+2x—5=0<:>x=1vx= ? (loai)

2 4
), N1, —
J3

Tac() ATN: :(—1, ?), A—F‘Q. :(—1,_\/§)

Do AN.AF, = 0 = AANF, | tai A

Vay duong tron qua A, N, Fs 1la duong tron duong kinh NF, tam M ban
kinh R = MF,

Phuong trinh duong tron la:

Vay M(1,

- 1P+ - =3

NER:

2 2

Bai 5. Tim diém M trén elip (E): % + % = 1. sao cho:

a. MF1 = 2MF2
b. M nhin hai tiéu diém du6i mot géc vudng.
c. M nhin hai tiéu diém du6i mot goc 60°.
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Giai

2 2
Gpi(xo;yo)létoadcf)cﬁaM.Tac():Me(E)<:>);°5 +y5 =1.Q1)
Mit khac: a® = 25,b°=9 = c?=a’-b*=16 = c = 4.
Nén:ezgzé.

a 5
a/ Ta c6: MF; = 2MF, < a +ex, = 2(a —ex,) < 3ex, = a
a 5 25
©X0=—2—4=E.
3e 3><g

Thé vao (1) ta suy ra:

2
) 9(1_1225 j_9><119<:> :ix/ng

o= 298] 128 ¢ 4

Vay c6 hai diém M théa man diéu kién cha dé bai c¢6 toa do la:

1277 4

b/ M nhin hai tiéu diém F(-4; 0), Fy(4; 0) du6i mdt géc vuong nén M &
trén duong tron duong kinh F;F,, d6 chinh la duong tron tam O c¢6

ban kinh 4. Phuong trinh duong tron nay la: x* + y* = 16.
M § trén duong tron nay nén: x.+ y.=16. (2)

Suy ra:y; =16 - x;

Thay vao (1) ta dugc:

2 2
ﬁ+16_XO =l.ox _Tx25 =3 =i—5\ﬁ
25 9 16 4
Suy ra: y§=16—x§=16—7;625=%<:>y0=i%

Vay bon diém M c6 toa do thoa mén diéu kién cta dé bai c6 toa do 1a:

1—5\/7; + g R
4’4
¢/ M nhin hai tiéu diém du6i mot géc 60° nén:
F.F,? = MF,? + MF,? - 2 MF;. MF,c0s60°
& 4c? = (MF, + MF,)” - 3MF, .MF,

< 4c” =4a” -3(a+ex,)(a—ex,)
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< 4c” =4a’ - 3(&12 - ezxg)

o (o]

<:>64=100—3(25—;—gx§j<:>x2 _ 2513

Thay x, vao (1) ta dugec:

2
y2=9[1- X :9[1—9}9“3@%:1@
25 16) 16 4

Vay bon diém M c6 toa do théa man diéu kién cta dé bai cb toa do la:

(i5\/ﬁ' + @J

4 7 4

2 2

Bai 6. Cho (E) >+ =1
18 2

Tim bon dinh hinh chit nhat n&m trén (E) hinh chit nhat nay nhan hai
truc toa do 1a hai truc d6i xting va c6 dién tich 16n nhat.

Giai
x2 y2 N
Goi M(xy, E)=> MM -
o1 M, yw) € (B) = Fo+5 I

Taco S=dt(MNHK)
= MN.MK = (2MI)(2MJ)
= S = 4AMLMJ = 4|xy|. | yy]
Do bat déng thitc Cauchy ta c6

2 2
1= |12MI +_3 22_._‘5@1224 dyml =8
{3@} (\/5 32 2 |XM| | M|

H

[xul _ [l
Do d6 Spax = 12 & 32 V2 =N {3|yM|:|XM|
&4_&:1 ylzvlzl

18 2
Vay M(3; 1), N(=3; 1), H(-3; -1), K(-3; 1)

N ~ ?
C. BAITAP TU GIAI
BT1. Viét phuong trinh chinh téc cta ellip (E) trong cac truong hgp sau:

a. (E) di qua MG; E} va c6 hai tiéu diém F,(-3; 0), F, (3; 0).
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b. (E) di qua M(Z; - gj va c¢6 tam sai e = %

c. (E) ¢6 hai tiéu di€ém F4(-6; 0), Fy (6; 0) va tam sai e = %

d. (E) c6 hai tiéu diém F,(-6; 0), F3 (6; 0) va ty s6 hai truc la & = 2
e. (E) ¢6 truc 16n 2a = 8 va khoang cach giira hai dinh lién tiép 14 A;B; = 5.
f. DB/D06 Po dai truc 16n 4+/2, cdc dinh trén truc nhd va tieu diém
cing nam trén 1 duong tron.
g. Phuong trinh mot dudng chuin 1a x = 4, dinh trén truc nhé nhin hai
tieu diém dudi goc 120°.
BT2. Cho (E): 4x* + 9y® = 36. Viét phuong trinh dudng thing qua M(1, 1)
va cat (E) tai A, B sao cho M 1a trung diém cia AB.
BT3. Cho (E): x* + 4y* = 16

a. Viét phuong trinh duong thang A qua M(1, %) va co VICP a =(2,-1)

b. Tim giao diém A, B cta A va (E). Chiimg minh MA = MB.
2 2

BT4. Cho (E): ;‘—5+%= 1 va dudng thdng (A): Ax + By + C = 0 di dong

luon théa 25A% + 9B? = C2 Tinh tich khoang céach tir hai tiéu diém cla
Fl, F2 dén A.

2

BT5. Cho (E) XI +y2=1va C(2,0)

Tim A, B trén (E) déi ximg nhau qua Ox sao cho
a. AF;AB vudng can véi Xp, > 0

b. Dién tich AF;AB bing /3

. [4dBx22 22+8
Dap so: ;
5 5
X2 y2
BT6. Cho (E) — +>— =1
25 16

Tim céc dinh ctia hinh chit nhat ndi ti€p trong (E) ma cic canh song
song v6i hai truc va c6 dién tich 16n nhat

Daép so: [_¥; + 2\/5]
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BAI 5
HYPERBOL

A. TOM TATLY THUYET

I. DINH NGHIA

Trong mat phéng cho hai diém c6 dinh F; va F, v6i FiF, = 2¢ > 0. Cho

hang s6 a v6i 0 < 2a < 2c.

Hyperbol (H) = {M|MF, — MF,| = 2a}.

Goi F; va Fy 1a céc tieu diém. F1F, = 2c¢ 1a tiéu cu.

Néu M e (E) thi MF; va MF, dugc goi 1a cac ban kinh qua tiéu cla diém M.
Il. PHUONG TRINH CHINH TAC CUA HYPERBOL

Xét hyperbol (H) = {M | MF, - MF, = 2a}, trong d6 F,F; = 2c.

Chon hé toa do Oxy sao cho Fi(-c; 0) va Fy(c; 0)

Phuong trinh chinh tic (H) 1a Y

2 2 B,
§_§:1wmw=&—ﬁy\\ //
= Cha §: F A A Fp x
Néu M (x,y) € (H) thi cac Q B,
ban kinh qua tiéu cta diém M la:
*x>0: MF;=a + & va MFs = -a + C—X.
a a
*x<0: MF,; = -a - & va MF; = a - &
a a
lil. HINH DANG CUA HYPERBOL
2 2
Xét hyperbol (H): % - % =1 (b*=c*-2a%).

a. Hyperbol (H) c6 tam d6i xiing 1a O va ¢6 hai truc doi xtng 14 Ox va Oy.
b. Hyperbol (H) cit Ox tai hai diém A; (-a; 0) va A; (a; 0), ching dugc goi
la dinh ctia Hyperbol. Ox dugc goi 1a truc thuc caa hyperbol.
Hyperbol khong cit truc Oy, truc nay goi 1a truc 4o clia hyperbol.
Ta goi 2a 1a d6 dai truc thuc con 2b 1a do dai truc do caa hyperbol.

Cha y rang hai tiéu diém cta hyperbol ludn nam trén truc thuc.
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c. N6uM (x, y) € (H) thi x<-a ho#ic x>a nén hyperbol gom hai
nhénh: nhanh phai gdm nhimng diém nam bén phai dudng thing
x = a, va nhanh trai gdm nhiing diém nim bén trai duong thang x = -a.

IV. PUONG TIEM CAN CUA HYPERBOL

2 2

Hyperbol (H) % - % —1 (b =c? —a?).
C6 hai duong tiém can la:y = iEx.
a
= Chu y:
Tu hai dinh cta (H) ta vé hai duong thing song song véi Oy, Ching cit
hai dudng tiém can tai bon diém: P, Q, R, S. D6 1a bon dinh cha mot

hinh chit nhat, goi 1a hinh chit nhat co sé caa hyperbol. Cac canh cua
hinh chii nhat d6 1a 2a va 2b, duong chéo 1a 2c.

V. TAM SAI CUA HYPERBOL
Tam sai ctia hyperbol 1a ti s6 gifta tiéu cu va d0 dai truc thuc cua

hyperbol. Ky hiéu la e. Ta c6: e = ¢
a

Tam sai ctia moi (H) déu 16n hon 1.

VI. PUGNG CHUAN CUA HYPERBOL

2 2

a/ Pinh nghia: Cho hyperbol (H): X—2 - % =1.
a
. N 2 a a c 1Sz N
Hai dudng thang (A;): x = — va (A,):x == dugc goi la cac dudng
e e

chuén cta hyperbol.

(A;) dugc goi 1a cac dudng chuén dng v6i tiéu diém Fy
(A,)duge goi 1a cac dudng chuén tng véi tidu diém F,.

* Chi y: Puong chuin luon ludn vudng goc véi truc thuc.

b/ Dinh 1y: Ti s6 khodng cach tit mdt diém bat ky cta elip dén mot tiéu
diém va dudng chudn tuong duong bang tam sai e ctia hyperbol.
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B. BAI TAP MAU

Bai 1. Viét phuong trinh chinh tic cta hyperbol (H) c¢6 hai dudng
tiém can: 4x + 3y = 0 va hai duong chudn: 5x + 9 = 0.

Giai
Phuong trinh chinh téc cta hyperbol (H) c6 dang:

2 2

X Y 1 =ct-ad).

a’> b’
g A A 4 . b 4
Hai duong tiém can: 4x + 3y =0 hay: y = J_rgx nén: — = 3 (1)
a
o o 9 ., a® 9
Hai duong chuan: 5x + 9 =0hay x = ig nén: — = = (2)
c

2 2 2 2 2
To(Dtacs: 2=l hay 2 P _a+b _c o
3 4 9 16 9+16 25

2 4 2

a C a C
T (2) taco: &= hay 2 =& 4
(2)taco: o =< hay o7 =oF @
T (3) va (4) ta su e & 229 var 21 hay b? < 16

2 2
Vay phuong trinh chinh tic cta hyperbol (H) la: % - {—6 =1

Bai 2. Cho duong tron (C): x* + y* = 1, cit truc tung & A (0; 1) va B (0; -1).
Pudng thing y = m (-1<m<1, m=0) cit (C) 6 T va S. Pudng
thdng AT cét dudng thiang BS tai P. Tim t4dp hop cdc diém P khi
m thay d6i.

Giai
A . R N N ‘A K A X2 + y2 = 1
Toa do giao diem S va T la nghiém cta hé:
y=m

Giai hé nay ta suy ra: T(—x/l - m?; m) va S(¥1-m?;m).

Phuong trinh cta dudng thang AT:

1-mx-V1-m’y+y1-m? =0 D
Tuong tu phuong trinh cta dudng thing BS la:
(1+mix-V1-m’y—1-m? =0 2)

Toa d6 giao diém P 14 nghiém cia hé gdom (1) va (2).
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Giai hé nay ta duge: P m
y=—
m
Khii m giita toa do cta P ta duge: y* — x* = 1
Viy= L ma-l<m<lvam=#0nén:y<-1hayy>1.
m
Vay tap hop cac diém P 1a hyperbol (H): y*— x* = 1 loai b6 hai dinh.

Bai 3. Tinh khoang ciach ngin nhat giita (A ):
4x — by —-32=0va (H):y = ¥x* +9.

Giai
Lay M(x,; y,) €(H) tacod:y, = xo +9 Q1)
Khoang cach tir M t6i dudong théng (A ):
d= J%|4x0 — b5y, — 32| = J%‘zxxo —5/x2+9- 32‘ do (1)
Khoang cach ngin nhat giita (A) va (H) chinh la gi4 tri nhé nhat cta d:
bat: f(x,) = 4x,— 5 Xf +9 - 32.

x,  4Jx®+9-5x,

«fx§+9 B a/xi+9
Xét dau f'(x,):

Néu x <0 thi f'(x,) > 0.

Ta c6: f'(x,) =4 —

Néu x, > 0 thi 4 x> +9 + 5%, > 0 nén f(x,) cung diu véi:
[4 Xg +9-5x,][4 Xg +9+5x%x,] =16(x; +9)—25%. =9(16 — x7)
Xét ddu 16 - x? khi x,> 0

Xo —0 -4 0 4 +00
16— x2 | 0 ' 0 _
Bang bién thién:
X0 0 4 +00
f'(x) + 0 -
flxo) -
d - 1

Viay: min d = J41
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C. BAI TAP TU GIAI
BT1. Viét phuong trinh chinh tic ctia hyperbol (H) trong cac truong hop:
a. (H) ¢6 tieu diém Fy(-35; 0), F,(3y/5; 0) va di qua M(5J§; 2%)

b. DBA/06 ¢6 phuong trinh hai tiém cin y = +2a

2 2
X
Xy

12 2
c. (H) di qua M (-5; 3) va ¢6 tam sai e = \/5
d. (H) c6 truc 4o trén Ox va c6 do dai bang 6 va tiéu cu bang 10.
e. (H) c6 khoang cach giita hai dinh bang 6 va di qua A(6; -2&/5)
g. (H) di qua M (24; 5) va ¢6 hai tiém can la 5x +12y =0
h. (H) di qua hai diém A(4; \6), B({/6; -1)
i. (H) c6 d0 dai nla truc thuc bang 3 va di qua diém (6; 2\/§)

j. (H) di qua M(6; 3) va goc giifa hai tiém can bang 60°.

434 9}

k. (H) di qua M( e

va nhin hai tiéu diém trén Ox dudi mot géc vudng.
45 2

I. (H) di qua M{ 3 5] va nhin hai tiéu diém trén Ox dudi mot géc 60°.

m. (H) c6 hai dudng tiém can 3x *+ 4y = 0 va hai dudng chuén 5x +16 = 0.

BT2. Mot duong thang (D) luu dong cit truc hoanh va truc tung 1an luot tai
A, B sao cho tam gidc OAB c6 dién tich khong déi bang S. Tim quy tich
cac diém M & trén (D) sao cho: MA =k.MB (k la hing s6 khac 0 va

khac 1).

BT3. Tim nhiing diém trén hyperbol (H): 9x*> — 16y* — 144 = 0, nhin hai

tieu diém du6i mot goc 120°.
2 2

BT4. Cho hyperbol (H): % - % =1 va mdt diém M thuoc (H). Chiing minh:
a. OM? — FM.F,M = a*- b”.
b. (F,M + F;M)? = 4(OM? + b?)

BT5.Cho (H) 8x* - y*=8vad: 2x—y+m=0
a. Chiing minh d ludn cit (H) tai hai diém thudc hai nhanh cia (H).
b. Cho xy < xx. Tim m sao cho FoN = 2F;M.
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BAIG
PARABOL

A.TOM TAT LY THUYET
I. BINH NGHIA
Cho mot duong thing (A ) ¢d dinh va mot diém F ¢6 dinh khong thudc (A).
Parabol (P) = {M | MF = d(M,A)}.
Goi: F 1a tiéu diém
(A) 1a duong chudn
d(F, A) = p 14 tham s6 tiéu
MF 1a ban kinh qua tiéu cia diém M.
Il. PHUONG TRINH CHINH TAC CUA PARABOL
Xét parabol: (P) = {M | MF = d(M,A)|
Chon hé toa d0 Oxy nhu sau:
Truc Ox la dudng théng di qua K M(x;y)

F va vuong géc v6i (A ), huéng H
duong tit P dén F

Goi P 1a giao diém A va x'Ox.
Truc Oy la truc doan PF. Goc
toa do O 1a trung diém PF. P(—P;Oj O F(g?OJ

Ta c6: F(g, 0); Phuong trinh dudng chuén (A): x = —g

Phuong trinh chinh tdc ciia parabol 1a:

y® = 2px

= Chii §: Néu M(x, y) e (P) thi ban kinh qua tiéu cta diém M la: MF = x + g

Il. HINH DANG CUA PARABOL
Xét parabol (P): y* = 2px
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a) Parabol (P) c6 truc d6i xting 1a Ox.

b) Giao ctia parabol (P) vé6i truc doi
xiing Ox dugc goi la dinh cuaa
parabol, d6 chinh 14 diém O.

c) Céac diém cta parabol déu nim

phia bén phai truc Oy.

IV. TAM SAI CUA PARABOL

Tam sai ctia parabol ludn ludn bang 1.
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B. BAI TAP MAU

Bai 1. Bé du bi khoi A/03
Cho (P) y* = x va 1(0, 2)
Tim M, N trén (P) sao cho IM = 4IN

Giai
Goi M(m? m) va N(n% n) ndm trén (P) y* = x
Ta c6: IM = 4IN
m? — 0 =4(n% -0) m? = 4n®
o
m-2=4(n-2)

m=2n m=-2n
= Vv
2n =4n -6 -2n=4n-6

m=26 m=-2
= Vv
{n =3 {n =1
Vay M.(36, 6); N1(9, 3)
M,((4, —2); No(1, 1)

m=4n-6

Bai 2. Cho parabol (P): x* = 4y va dudng théng (D): x — 2y +4 =0
a. Tim toa do giao diém A, B cia (P) va (D).

b. Tim diém M trén cung AB cta (P) sao cho téng dién tich hai phan
hinh phéng giéi han béi (P) va hai day cung MA, MB nho nhat.

Giai

a/ Toa do giao diém A, B ctia (P) va (D) la nghiém cla hé:

x? =4y
x-2y+4=0

Giai hé nay ta suy ra: A(-2, 1), B4, 4)
b/ Goi (x,, y,) 1a toa do clia diém M trén cung AB cla parabol (P).

Ta c6: x>=4y, (1)

Va: 2<x,<4 (2) y

Ta c6 dién tich hinh phéng

gi(’)-i han b6-i (P) Vé. (D) l\a | YT TTTYTI T I I I ITI) :

khong d6i. Nén: dién tich :

phan hinh phéng dé cap trong
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dé bai sé nhé nhat khi dién
tich tam gidc MAB 16n nhAt.
Dién tich tam giac MAB:

S - %.AB.d(M,(D)) _ %.&Ed(M,(D))

Nén S 16n nhat khi d(M, (D)) 16n nhat:
2

Ta c6: dM, (D)) = %|x ~2y, +4 = ax —% +4{ do (1)

2

Ma: "20+x0+4zo do 2)

2

Nén: d = %{ );)+X0+4J=%(—X(2)+2X0+8)=%|:—(X0_]_)2+9:|S

9
10

Do

Va:d = %@xozl Suyra:yoz%:i

Vay d 16n nhat khi x =1, y, :i.

Toa do caa M la: (1; i)

Bai 3. Tuyén sinh Dai hoc khoi D/08
Cho parabol (P): y* = 16x va A(1, 4). Hai diém M, N luu dong trén (P)
sao cho tam gidc AMN vudng tai A. Ching minh rang duong thing
MN ludn ludn di qua mot diém cd dinh.
Giai
Goi m, n 1an lugt 1a tung do cia M, N vi M, N khong thé trung A nén
m4,n=4

2 2
Taco M| 2 m| e (P),N|2:n| e (@P)
16 16

m2

. . 2
=AM =|—-1, m-4|; AN = 1rl——l,n—4
16 16
Tam gidc AMN vudng tai A < AM.AN =0
2 2
o (m —16).(n -16) N
16 16
(m+4)(n+4)

. +1=0(dom, n=4)
16 16

m-4)n-4)=0
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Smn +4m +n) + 272 =0 (%)

o 2 2 B
MNquanécéVTCPMN:(n 2 on- J=n M )+ m; 16)
m2
*" 16 -m
Vay phuong trinh MN la: 16 _ ¥
n+m 16

< 16x—(n+m)y + nm =0
Goi I(xo, yo) 12 diém c& dinh cha MN
Taco:I € MN Vm, n =4

< 16x)— (n + m)yp + nm =0 Vm, n # 4
16x, = 272 {xo =17

&

yO = —4 yO = —4
Vay MN ludn qua I(17; —4) ¢6 dinh.

Do (*) nén {

Bai 4. Tim diém M thudc parabol (P): y* = 64x, va diém N thudc dudong

thang (A): 4x + 3y + 46 =0, & doan MN la ngén nhat.

Giai
Ct v6i mdi diém M(x,, y,) € (P) thi doan vudng goc ha tit M xudng (A)
ngin hon moi doan xién ndi tir M t6i (A). Néu muén tim M e (P),
N € (A) dé doan MN ngan nhit ta chi can tim doan ngan nhét trong tat
ca cac doan vudng goc ha tit M e (P) xudng (A).
Ta c6: dM, (A) =%|4x0 + 3y, + 4§
Vi: M(x,, y,)e (P) nén: yo2 = 64x,.

2
Do d6: dM, A) = %|4x0 + 3y0 + 4q = %[]}-’—é + 3y0 +46j

2
Vi: Yo 18y, 146 >0do A =9 — 4246 <0
16 16

2 2
Ta co: dM, A) = 3| Yo 4+ 3y + 36|+ 10 :1(&+6J 1102029
5/l 16 5\ 4 5

Va: dM, A) =2 ®%+6=0<:>y0=—24

2
Yo _g

Vay MN ngin nhat bang 2 khi c6 toa do: y, = -24, x, = o4
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Bay gio ta xac dinh toa d9 (x;, y;) cia N:
Ta c6: N(x1, y1) € (A)<=4x, +3y, +46=0 (1)
Mic khac MN L (A) nén MN =(x, - 9; y, +24) vudng goéc véi vecto chi
phuong u = (-3, 4) cha ( A). Do dé:
H3x1—-9) +4(y1+24) =0 3x, +4y, +123=0 (2)

Gigi hé (1) v (2) ta dugc: M(9; -24) va N[%;%SG)
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C. BAITAP TU GIAI

BT1. Viét phuong trinh chinh téc cia parabol (P) trong cac trudng hop sau:
a. (P) c6 truc 1a Ox va khoang cach tir tieu diém dén dudong chuin bang 3.
b. (P) ¢c6 dudng chudn x + 15 =0

BT2. Cho parabol (P): y* = 4x. Mot duong thing bat ky di qua tiéu diém caa
(P) cat (P) tai hai diém phan biét A va B. Ching minh rang tich cac
khoang cach tir A va B dén truc cia (P) khong déi.

BTS3. Cho (P) c¢6 dinh O, truc hoanh 12 truc déi xiing va qua A(2, 242). Goi

d 12 dudng thing qua I(g, 1) c&t (P) tai M, N sao cho IM = IN. Tinh MN

BT4: Goi A, B 1a giao diém clia d: mx — y — 2m = 0 va (P): y* = 8x
Chimg minh dudng tron duong kinh AB ludn tiép xic v6i dudng chuin
cua (P)

BT5. Cho (P): y* = 4x va (D): y = 2x — 4. Goi A, B 12 giao diém cta (D) va
(P) Tim M trén cung AB cuta (P) sao cho dién tich AMAB 16n nhAt.
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PHAN 2

HINH HOC
KHONG GIAN

Bién soan: TR&N MINH QUANG
TRAN MINH THINH
HOANG HUU VINH
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BAI 1
QUAN HE SONG SONG VA VUONG GOC

I. HAI PUONG THANG SONG SONG
Dinh nghia:

#® Hai dudng thing song song vdi nhau néu ching déng phing va khong c6
diém chung

Luu y: Hai dudng thing chéo nhau n&u chiing khong ddng phing
Dinh ly: Trong khong gian

4+ Qua mdt di€ém nim ngoai mot dudng thing, c6 mot va chi mot dudng thing
song song v6i dudng thing d6.

+ Hai dudng thing song song v4i dudng thing thi ba thi song song v&i nhau.

+ Dinh li: Néu ba mit phang doi mot cit nhau theo ba giao tuy&n phin biét thi
ba giao tuyén Ay hoic ddng quy hoic song song. (h.1,2)

4+ H¢ qud: N&u hai mit phang cit nhau 1in ludt di qua hai dudng thing song
song thi giao tuyé&n clia chiing song song vdi hai dudng thing dé (hodc tring
v6i mot trong hai dudng thﬁng do). (h.3)

R s
|

Q

b \}Iy (h.1,2)
b

P)

Ba giao tuyén dong qui hodc song song

b

L 7
< (h.3)
Q
P)Nn(Q=c,ac@),bcP)vaallb
=a/lb/lc(khéong xétc =a, b)
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IL. PUONG THANG VA MAT PHANG SONG SONG

1. Vi tri twong ddi ciia dudng thing va mit phing:
#* d va (o) khdng c¢6 diém chung < d // (o)
#* d va (o) c6 1 di€m chung duy nhitM < d Nn(a) =M
#* d va (o) c6 tir 2 di€m chung trd 1én < d < ()

d d
Lo e N4
2.+ Binhdli/,-/ ® dc (P) d cdt (P) N

Néu duong thing a khéng ndm trén mp(P) va song song véi mot duong thdng
nao dé nam trén mp(P) thi a song song vdi mp(P)

az (P),dc (P),al/ld=all(P)

+ Pinh Ii:

Néu dudng thzzlng a song song v6i mp(P), moi mp(Q) chita a va cit (P) thi
giao tuyén clia (P) va (Q) song song vdi a.

a//(P),aC(Q), (P) N (Q):b:}a//b 9 a

+ Hg qud: P\ (h.1

7/

# Né&u dudng thing d song song mp(P) thi d song song mot dudng thing nio
do trong (P).

# N&u hai mit phang cit nhau cling song song dudng thing d thi giao tuyén
ctia ching song song véGi d.(h.2)

(P) N (Q)=a, (P)Ild,(Q)/ld=alld

#® Dinh li:
Né&u a va b 12 hai dudng thing chéo nhau thi c6 duy nhdt mdt mit phing (P)
chtra a va song song véi b. (h.3)

\P) \ (h.3)

Q

(h.2)
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1. HAI MAT PHANG SONG SONG
1. Hai mat phfmg phan biét (P) va (Q); ¢6 hai vi tri tudng ddi:
#® Hai mit phing cit nhau theo giao tuyén d: (P) N (Q) =d.
# Hai mit phing song song néu ching khong c6 diém chung.
2. Piéu kién d€ hai mit phing song song.
#® Dinh li: Néu mp(P) chita hai dudng thing a, b cit nhau va ciing song song
v6i mp(Q) thi (P) song song (Q).

2~
aC(P),bC(P),amb’t@}:(P)//(Q) /I{ \b /

a//(Q), b/ (])
A /

® H¢ qud: N&u hai mit phing song song thi moi dudng thing nim trong mit
phing nay déu song song mp kia.

(P)// (@),ac(P)=all (Q

3. Tinh chat
® Tinh chdt 1:

Qua mdt di€m nim ngoai mp(P) c6 mot va chi mdt mp(Q) song song véi

mp(P).

e Hé qui 1: N&u dudng thing a song song v6i mp(P) thi c6 duy nhit mot
mp(Q) chira a va song song mp(P).

e Hé qua 2: Hai mit phing phan biét cling song song v4i mit phing thi ba
thi song song v§i nhau.

e Hé qui 3: Cho diém A khong nim trén mp(P). Moi dudng thing di qua A
va song song mp(P) déu nim trong mdt mp(Q) di qua A va song song
mp(P).

® Tinh chdt 2:

C6 hai mit phing song song moi mit phing cit mit phing thi nhat thi cit

mp thit hai va hai giao tuy&n song song nhau.

(P)/[(Q), (R) n(P)=a=(R) ~ (Q)=0b,blla
e Hé qua: Hai mit phing song song chin trén hai cit tuy&€n song song nhitng
doan bing nhau.

/ 2\ b\_A'
AL / AN

(h.1) (h.2)

A 17 S
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BAI 2
QUAN HE VUONG GOC

1. PUONG THANG VUONG GOC MAT PHANG
1. Pinh nghia: Pudng thing d dudc goi 13 vudng géc mp (P) n€u d vudng géc moi
dudng ndm trong (P). Ki hiéud L (P).
2. Diéu ki¢n dé dvong thdng d vuéng géc mp(P).
Né&u d vudng géc véi hai dudng thing cit nhau nim trong (P) thi d vudng géc
(P). q
dLbc(@®P)

dlac@®); =dLl(P)

anb+d i
a
3. Tinh chat: (P) b

a) Qua mot diém cé duy nhidt mot mit
phing vudng géc véi mot dudng thing
cho truée.

b) Mit phang vudng géc doan thing AB tai A
trung diém ctia n6 goi 1a mit phing trung \
truc cua doan AB.

B
—

M trén mit phing trung truc

< MA = MB.
¢) Qua mot diém c6 duy nhat mot dudng thing vudng géc véi mot mit phing
cho truégc.

4. Lién hé gita quan hé song song va quan hé vuéng goc ciia duong thing va mdt
phdng.
a) e C6 hai dudng thing song song, mit

phing niao vudng géc dudng nay
thi vuong géc dudng kia /< <
e Hai dudng thing phin biét ciing a
/0\

vudng géc mdt mit phing thi song
song nhau.

b) e C6 hai miit phing song song, dudng thing nio vudng géc mit phing nay thi
vudng géc mit phing kia
e Hai mit phing phan biét cing vudng géc mdt dudng thing thi song song
nhau.
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c) ® Mot dudng thing va mot mit phing song song, dudng thing nao vudng géc
mit phing thi vuéng géc dudng thing.
e Mot dudng thing va mot mit phing ciing vudng géc modt dudng thing thi
dudng thing song song hoic nim trong mit phing.
5. Dinh li ba duong vuoéng goc
Cho a Ia dudng thfing nim trong mp (P), b 12 dudng thezlng khong thudc (P) va
vudng géc (P) c6 hinh chi€u vudng géc trén (P) 1a b’.
Khi d6 a vudng géc b khi va chi khi a vudng géc b’.
6. Goc giita duong thdng va mdt phdng.
* Géc giita dudng thing d va mp(P) 1a gbc giita né va hinh chi€u ctia né trén
(P).
* Khi d vudng géc (P) ta néi géc giita d va (P) biing 90°.
* Goi o1 géc gitta d va mp (P) thi 0° < a. < 90°.
A

P
i A

I. HAI MAT PHANG vuo R\
1. Pinh nghia:
Goc giita hai mat phang cit nhau 1a géc /C\
giifa hai dudng thing nim trong hai mat X I B
phéng va cling vudng géc vdi giao tuyén.
P
2. Di¢n tich hinh chiéu ciia mot da gidc: Géc gitta (P); (Q) bang AIB

Cho hinh H c6 dién tich S nim trong mit phfmg (P) va hinh H’ ¢6 dién tich S’ 1a
hinh chi€u ctia H trén mit phing (Q).
N&u géc giita (P) va (Q) 1a o thi:

S’ =S.cosp

3. Hai mdt phdng vuong géc /
a) Dinh nghia: (P)

Hai mit phing goi 1a vudng géc

i\

Q)
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nhau néu géc giita chiing 1a 90°
Ki hiéu (P) L (Q).
b) Dinh li 1:
Piéu kién can va dd d€ hai mit phing vuong géc 1a mit phing nay chia
mot dudng thing vudng géc mit phing kia.
c) Cdc hé qua
e Hai mit phing vudng géc nhau, dudng thing trong mit phing nay vudéng
g6c v6i giao tuy€n thi vudng géc mit phing kia.
P) L(Q); P)n(Q) = d} —al(Q
ac@P),ald
e Hai mit phing cit nhau ciing vudng géc mit phing (P) thi giao tuyén cia
chiing vuéng géc mit phiang (P).

S

Q)

/

P)
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@ Cic van dé thudng gip
VAN PE 1: BAI TOAN KHOANG CACH

1. Khodng cdch tic mét diém M dén mét mdt phdng (P): bing do dai doan vudng
géc vé tir diém M d&€n mp (P)
a) Cdch tinh: Q

e Ta tim mp (Q) chita M va vudng goc
(P) theo giao tuyén d

e V& MH vudng géc d thi MH vudng
g6c mp(P) MI/

e Khodng cich tit M dén (P) bing P
doan MH.

b) Pdc biét:

Khi tinh khodng c4ch tir M dé&n (P) biing cdch tinh doan MH ma qud khé thi
ta d8i khodng cach nhu sau :

M

d

* D@i diém song song: Ta ciing tim mit phing (Q) vudng géc (P) theo giao
tuyén d (khong can phdi chita M), tir M vé dudng thing (D) song song vdi
(P), dudng thing (D) nay cit mit phang (Q) tai A. A

Suy ra: MA // mp(P) M

thi d(A,(P)) = d(M,(P))
J/\K/
(P) H

MA//(P) = d(M,(P)) = d(A,(P))

* Doi diem cat nhau:

dM,P)) MH CM
d(A,(P) AK CA

Né&u doan MA cit mp(P) tai C thi ta ¢6
M

® H
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2. Khodng cdch giita duong thdng d song song mp(P) dén mp(P) bing khoing cdch
tir mot di€m bat ky trén d d&n (P)
3. Cdch dung doan vuong géc chung ciia 2 duong chéo nhau
e Cdch I: (Dyng song song)
— Xdac dinh mot mp (P) chita d” va song song d.
— LAy M trén d, vé& MH vudng géc (P) tai H, qua H vé& dudng song song d c}iub'ng

nay citd’ tai B. A M
— Qua B vé dudng song song MH cit d tai
A. Khi d6 AB la doan vudng géc chung.
H
B a

e Cdch 2: (Dung vudng goc) (P)
— Dung mp (3) vudng géc c6 d tai H

— Dung dudng thing (D) hinh chi€u vudng géc ctia d’ 1én mp(B)
— Trong mp() vé HK L (D)
— Tir K vé& dudng thing song song véi d dudng nay citd’ tai B
— Tir B v& dudng thing // HK dudng nay citd tai A
AB la dudng vudng géc chung cin dung
e Chu y: Khi d vudng géc d'
— Xéac dinh mp (P) chifa d va vudng goc d’ tai B. T B v& BA vudng goc d
— Khi d6 AB la doan vudng géc chung ctia d va d’. d’

=

Khoang cich giita hai dudng chéo nhau:

— Biing d6 dai doan vudng géc chung.

— Biing khodng cich giita dudng thing thi nhit dé€n mit phing chita dudng
thdng tht hai va song song dudng thing thi nhat.

— Biing khodng cdch giita hai mit phing song song nhau Iin lugt chia hai
dudng thing d6.
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B/ BAI TAP MAU

Bai 1. B¢ du bi PH khdi B/04
Cho hinh chép S.ABC cé SA vudng géc mp(ABC), SA = 3a, BA = BC = 2a,
ABC =120°
Tinh khodng c4ch tir A d€n mp(SBC)

Gidi
Vé Al 1L BC, AH 1 SI
Taco BC L Al va SA
— BC 1 (SAI) = BC L AH
Vay AH L (SBC)
Al 3

AABI L = sin60° = — = —
AB 2

:>AI=§2a=a\/§

Do d6 AH =d(A, (SBC)) = %

3a.a\3 B 3a%\3 3

—a

CJ9a? 1327 2aV3 2

Bai 2. Cho hinh chép S.ABCD c6 day ABCD Ia hinh chit nhat AB = a, AD = 2a,
SA vudng géc mit phing (ABCD), SA = a. Goi I la trung di€m SC. Tinh
khodng c4ch tir I d&én (SBD).

Gidi I
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Goi O 1a trung diém AC thi SO cit Al tai G trong tim ASAC
d(L(SBD)) IM GI

Ta c6 Al cit (SBD) tai G nén = = _1
d(A,SBD)) AK GA 2

= d(I(SBD)) = %d(A, (SBD))

Vé AH L BDva AK L SH
Do BD L. SAva AHnén BD L (SAH) = BD 1L AK
Do AK L SH va BD nén AK L (SBD)

ABAD  al2a 2a

AABD L = AH = _2a
BD  a®+4a® 5
a 22
ASAHL = AK=SAAH 5 _2a
SH , 4a? 3
a’ +—
5
Do d6: d(1, (SBD) = %d(A, (SBD)) = A7K _2

Bai 3. B¢ dy bi PH khdi D/2002
Cho tif dién déu ABCD c¢6 canh a = 6\/§cm. Xac dinh va tinh d6 dai doan
vudng géc chung cia AD va BC.

Giai
Goi I va J1an lugt 13 trung diém
ciia AD va BC
AABD va AACD déu canh a nén

BI=Cl= ﬁ
2

AIBCcantailnénlJ L BC (1)
Tuong tu: AJAD can tail
nénlJ L AD (2)
Tu (1) va (2)
= 1J 1a doan vudng gbéc chung
cia AD va AC

2 9 9
AAD 1= 12 = A - A = (%j _ (gj _a

a

— =6cm
J2

Vay Il =d(AD, BC) =
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Bai 4. Cho hinh chép S.ABCD c6 ABCD hinh vudng canh a, tam gidc SAB déu.
Mit bén (SAB) vudng géc mit pheelng ddy (ABCD). Goi M, N, K 1an lugt 1a
trung diém cta BC, SD, SB. Xdc dinh va tinh doan vudng géc chung ciia
a) NK va AC b) MN va AK.

Gidi

AC

Vé SI L AB
Do (SAB) L (ABCD) = SI L (ABCD)
a) Vé HK // SI, HL. // BD
Ta c6: ACLBD = AC L HL
HK //SI= HK L AC
Vay AC L (HKNL) tai L
V& LP L NK thi LP Ia doan vudng géc chung cua AC va NK
Do HKPL 1a hinh chit nhiat nén

d(AC, NK) = LP = HK = %:%

b) Goi R 1a trung diém SA
Tacé RN = %ﬁvﬁ BM = %BCE

Ma A—D)z B_C) nén W): W
Do d@6 BR // MN

Vay (SAB) la mit phazmg chua
AK va NM (xem cach 1)

Vé GG' // MB

Ta c6: BM 1 AB va SI
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Nén MB L (SAB)
= GG' L (SAB) = GG' L AK (1) va GG' L BR = GG’ L AK va MN
Vay GG’ la doan vudng géc chung cia AK va MN

Ta c6: GG’ = d(AK, MN) = BM = %
VAN PE 2: CAC BAI TOAN TINH GOC

1. Géc gifta hai duong thdng: Bing géc giita hai dudng thing ciing phuong véi
chiing va phat xut tir mot diém.
# Tim trong bai todn cdc dudng thing song song vdi hai dudng d6 dé d6i
dudng.
# D€ tinh gi4 tri ca géc diing hé thic trong tam gidc.
2. Géc giita duong thing va mdt phdng
Géc giita dudng thing d va mp (P) 12 géc giita né va hinh chi€u vudng géc clia
né trén (P).
Goi o1 géc gitta d va mit phing (P) thi 0° < o < 90°.
#® DAiu tién ta tim giao di€m ctia d va (P) 1a A.
# Trén d chon diém B khic A, xdc dinh BH vudng gbc (P), suy ra AH 1a hinh
chi€u cta d trén (P).
# Viy g6c gitta d va (P) 1a goc BAH
= Chi y: Khi xdc dinh géc giita d va (P) khé qua (khdng chon dudc diém B dé
dung BH vudng géc (P)), thi ta sit dung cong thiic sau day:
Goi a la géc gitra d va (P) suy ra:

d(M,(P))
AM

sino. =

véi M 12 mot di€m bat ky trén d va A 13 giao di€m cda d v6i mit phing (P).

Ta chuyén bai todn géc vé& bai todn tinh khodng cach tir M dén (P).

Cong thifc trén chitng minh rit don giin, nén coi nhu 13 hién nhién .

3. Goc giita hai mp (P) va (Q)

Géc giita hai mit phing cit nhau 1a géc giita hai dudng thing nim trong hai mit

phing va cling vudng géc vdi giao tuyén tai mot diém.

# D€ tim gdéc giita hai mit phang ta phdi tim giao tuy&n cda hai mit phing sau
d6 tim hai dudng thing trong hai mit phing lan lugt vudng géc giao tuyén
theo cac cdch néu & nhitng hinh vé sau day:
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Truong hop 1: Truong hop 2:

Hai tam gidc cadn ABC; Hai tam giac ABC; DBC c6 AD L (DBC). Vé
DBC chung canh ddy BC DH | BC thi AH L BC nén goc giifa hai mat
Goi M 1a trung di€m BC thi géc giita phing 1a AHD
hai mit phing 13 AMD
A A

&/
H
C
Truong hop 3:
C

Hai tam gidc ABC va DBC c6 cédc canh tuong
tng biing nhau.
Vé AH L BC thi DH L BC

Vay géc clia hai mit phing 13 AHD

= Chi y:
e Khi x4c dinh géc clia hai mit phing khé qud, ta nén sif dung cong thifc sau:
Goi ¢ 1a gbc gitra (P) va (Q) suy ra:

o dAQ)
AT

vdi A 1a mot diém trén mit phing (P) va u la giao tuy€n clia 2 mit phiang (P)
v (Q). Cong thiic nay chitng minh ra't don gidn, nén coi nhu 1a hién nhién.

e C6 thé tim géc gifta hai mit phing biing cong thitc S* = S.cose.
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B. BAI TAP MAU

Bai 1. Cho hinh chép S.ABCD c¢6 day hinh vudng canh a, SA = a/3 va SA
vudng géc mit phang ddy. Tinh géc giita:
a) SB va CD. b) SD va (ABCD). ¢) SC va (SAD).

Gidi

a) Ta c6: CD // AB nén goc giita SB va

CD bing gbc giita SB va AB biing
géc SBA

Tam giac SAB c6 tan SBA = % = «E

= SBA =60°.
b) Tacé: SD N(ABCD)=D ﬁ o
SA 1 (ABCD)

= AD Ia hinh chi€u vudng géc ctia SD trén (ABCD)
Nén géc gitta SD va (ABCD) la géc SDA .
SA

Tam gidac SAD c6 tan SDA = AD J3 suyra SDA =60°
¢) Ta c6: CD L AD
CD L (SAD
CD L SA} = CD L(SAD)
Khidé SC n (SAD)=S
CD 1 (SAD)

=> SD 12 hinh chi€u vudng géc ctia SC trén (SAD)
Nén géc gitta SC va (SAD) la CSD tam giac CSD

c6 tanCSD = C—D = 1 = CSD = arctanl.
SD 2 2

Bai 2. Cho hai tam gidc ABC va DBC khong déng phing c6 canh ddy BC chung.
Goi I 1a trung diém BC, v& AH vuong géc ID. Cho AB = AC = AD = a,
BC =DB = DC = 2a/3. Tinh g6c gifta:

a) BA va (BCD). b) (ABC) va (BCD). ¢) (ABD) va (ACD)

Giai
a) Goi H 1a tAm clia A déu BCD
thi HB = HC = HD Mit khdac do AB = AC = AD nén AH
13 truc dudng tron (BCD) = AH L (BCD)
Vay BH la hinh chi€u vudng géc ctia AB 1én (BCD)
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2 z(z_ajﬁ _2a\3

Tacé: BH= =—BJ =
3 3)2 9

3
BH 23
AB 9

Vay cos ABH = cos(AB, (BCD)) =

= ABH = arcos?

b) Goi I 1a trung diém BC
Ta c6é DI L BC, Al L BC
Vay AID la géc ctia hai mp(ABC) va (BCD)

2 2
AABI L = A’ = AB>— B2 =a’ - (gj _8a

9
ABDC déu = IH = oo 1(2_5‘)@ - %
3 3.3)2 9

AAIH L = cos ATH = 1 _aVv3 3 _ V3 _\6
Al 9 a2 32 6

c) VEIK L ADtacé AD L BC = AD | mp(BKC)

= CK L AD va BK L AD = BKC la géc giita hai mp(ABD) va (ACD)

k= IDAH o 2233 %
AD 3°2 3

8a° a’ 233> a+/69

AH= JAIZ—IH? = —__=\/ _
9 27 27 9
SIK=2 923 Ta c6 : IK.BC=KC? sinBKC
Zaﬁ %
= sinBKC=15BC 1y ko -ALBC 7 873 _ 1a\2
KC AD a 9
= BKC =arcsin 3J625_3

Bai 3. Tuyén sinh PH khdi A/2003
Cho hinh 1ap phuong ABCD.A'B'C'D'. Tinh géc clia hai mit phing
(BA'C)va (DA'C)
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Gidi
Vé BH L A'C
Ta c6 AA'BC = AA'CD (c.c.c) A D’
= BCH =HCD
= AHBC = AHCD (c.g.c) HE R
= CHD =CHB =1v B . /C
Vay BHC 1a géc ciia ] P
hai mp(BA'C), (DA'C)

AA'BC 1 tai B — BH = 2A-BC »D
A'C
S HB=HD= 222 _ a6
J2a®+a®> 3
Ap dung dinh 1y ham cosin trong
AHBD ta co:
BD? = HB? + HD? — 2HB.HDcos BHD
6a” 9
2 ppz 2 . —2a
= cos BHD = 2HB ?D =9 = —l = BHD =120°
2HB 2(6a2j 2
9

Bai 4. B¢ du bi PH khdi A/2003
Cho lang tru diing ABC.A'B'C’ ¢6 day ABC la tam giac c6 AB = AC=a, BAC =
120°, canh bén BB’ bing a. Goi I 1a trung diém ctia CC’. Chiing minh AAB'I
vuong. Tinh cosin géc cia hai mp(ABC) va (AB'I)

Gidi B’ Cr
e AABC = BC? = a% + a® — 2a°cos120° = 3a°
ABB'A 1 cin = B'A = a\/2
2 2
AIAC L = AP =a?4 & 52
4 4

2 2
AB'C'l L =BT =3a> + az _ 1%

2 2
Tac6 B'A’ + AP =227+ 22 =133 _pp A
4 4

= AB’Al L tai A

1 2 /10

*Taco DIAAIB) = —ALAB'= aT
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a3

4
Ta thay ring AABC I hinh chi€u vudéng géc ciia AIB’C vudng mp(ABC). Vay
goi ¢ 1a goc clia hai mit phang (AB'T) va (ABC) thi

_ Dt(AABD) 3 30
®~ DtwABD 10 10

Dt(AABC) = %azsin1200 =

Bai 5. Cho t&t dién SABC ¢c6 SA=SB =SC =a, ASB =60", CSB =90°, ASC =120’

a. Chitng minh: AABC vudng. b. Tinh d(S, (ABQC))
c. Tinh géc gitra SB va (ABC). d. Tinh d(A, (SCB)).
Gidai

a/ Tam gidc SAB déu = AB = a.
Tam gidc SBC vudng can
—BC=a+2
Tam gidc SAC cin c6 ASC = 120°
AC? = SA” + SC* - 2SA.SCcos120°

=a’+a’— ZaZ(—%) =3a’= AC:a\/§

Xét tam gidac ABC c6 AC* = AB* + BC’ nén tam gidc vudng tai B.
b/ Ta c6 SA = SB = SC. Goi D trung di€ém AC. Ta ¢c6 DA =DB =DC
Vay SD la truc dudng tron (ABC) = SD 1L (ABC)

Viy d(S, (ABC)) = SD = 4/SC? - DC? = %

¢/ Ta ¢6: SB A (ABC) = B; SD L (ABC)
= BD Ia hinh chi€u cia SB trén (ABC) nén géc giita SB va (ABC) 1a SBD

Tam gidc SBD c6 tanSBD = Sb_ 1 .

BD .3
Vay goc gitta SB va (ABC) la 60°
d) Ta c6 doan AC cit (SBC) tai C va D 1a trung diém AC nén:
d(A, (SBC)) =2d(D, (SBO)).

Goi M 1a trung diém BC suy ra BC L DM (DM // AB) va SD L BC nén BC L
(SDM)

Hinh hoc ) 95



Vé DH L SM thi DH L BC (do BC L (SDM))
Suy ra: DH L (SBC) = d(D, (SBC)) = DH.

Tam gidc DHM ¢6 DH.SM = DS.DM = DH = —— .

242

Vay d(A, (SBC)) = 2.DH = ——

<.
C. BAITAP TU GIAI

BT1. Cho tt¢ dién DABC c¢6 DA, DB, DC d6i mot vudng goc.
DA =a, DB =2a, DC = 3a.
a) Tinh d(AD, BC) b) Tinh d(C, (ABD)).
c¢) Tinh goéc gitta (ACD) va (BCD).
BT2. Cho hinh chép S.ABCD c6 SA =2a vudng géc ddy, ABCD la hinh vudéng tim
O canh a. V& Al vudng géc SO.
a) Tinh d(A, (SBD)) b) Tinh d(C, (SBD))
c¢) Tinh d(CD, (SAB)). d) Tinh d(D, (SBQC)).
BT3. Cho tif dién ABCD c¢6 AB L CD, BC L AD. C6 AACD déu va H 1a tryc tam.
AB=AC=a
a) Ching t6 BH L (ACD) b) Tinh d(B, (ACD))
¢) Ching minh d(A, (BHC)) = d(D, (BHQC)).
BT4. Cho ttr dién SABC, SA L (ABC). V&€ CI L AB, AJ L BC. Cho tam gidc ABC
déu canh a, SA = a/2.
a) Tinh géc gitta (SBC) va (ABC)
b) Tinh d(A, (SBC)) c¢) Tinh d(B, (SIC)).
BT5. Cho hinh vuéng ABCD va tam gidc déu SAB canh a nim trong hai mit
phiang vudng géc. Goi I 1a trung di€m AB.
a) Ching minh SI L (ABCD). b) Tinh goéc gitta SI va (SCD).
¢) Tinh d(SB, CD). d) Tinh d(B, (SCD)).
BT6. Cho hinh chép tam gidc déu S.ABC c¢6 AB = a, SA = 3a.
a) Tinh chiéu cao hinh chép. b) Tinh géc gifta mit bén va ddy.
¢) Tinh d(SC, AB). d) Tinh d(C, (SAB)).
BT7. Hinh chép S.ABC c6 tam gidc ABC vudng tai A, AB = 2a, AC = a,
SA =SB =SC=a+/2.GoiO,I1la trung diém BC, AB.
a) Ching minh (SBC) L (ABC). b) Tinh géc gitra AS va (ABC).
¢) Chitng minh (SOI) L (SAB). d) Tinh d(O, (SAB)).
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BT8. Cho hinh chép t¢ gidc déu SABCD c6 AB = a, géc gilta canh bén va
day 1a 60°.

a) Tinh d(S, (ABCD)). b) M Ia tim di€m CD, tinh géc (SCD) va ddy.
¢) Tinh d(SA, (SCD)). d) Tinh géc (SAB) va (SCD).

BT9. (DB/D07) Cho ling tru ditng ABC.A’B’C’ c6 tit ca cdc canh bing a. Goi M
la trung di€ém AA’. Chitng minh BM vudng géc B’C va tinh khodng cich giita
BMva B’C

BT10. Cho hinh chép S.ABCD c6 diy 1a hinh thang, ABC =BAD = 90°,
BA = BC = a, AD = 2a. Canh SA vudng géc ddy, SA = aﬁ. Goi H 1a hinh
chi€u clia A trén SB. Chiing td tam gidc SCD vudng va tinh khodng céch tir H
dén (SCD).

BT11. (DB/B04) Cho hinh chép S.ABC c6 SA L (ABC), SA = 3a, BA = BC = 2a,

ABC = 120. Tinh d(A, (SBC))  Pdp s0: 3?& .

BT12.D/2002 Cho t& dién ABCD c¢6 AD L (ABC), AC=AD=4, AB=3,BC=5.

Tinh d(A, (BCD)) Pdp s6: \/132_4
BT13. DB/A02 Cho hinh chép S.ABC c¢6 didy ABC la tam gidc déu canh a, SA L

a6

(ABC)va SA= > Tinh d(A, (SBC)). Pdp s6:

a\2
2
BT14. Cho hinh chép S.ABCD c6 day la hinh chit nhat ABCD véi AB = a, AD = 2a.
SA L (ABCD) va SA = a. Tinh d(A, (SBD)). Suy ra khodng céch tir trung diém I
clia SC dén (SBD).

BT15. Cho hinh thoi ABCD canh a va AC = a. TU trung diém H clia AB, vé SH
vudng géc (ABCD) véi SH = 2a. Tinh d(A, (SBQC)).

BT16. Cho hinh ch6p S.ABC c¢6 ddy ABCD la hinh thang ABCD vudng tai A va D,
AB=AD=a,CD=2a,SD L (ABCD), SD =a.
a) Chitng minh ASBC vudng. Tinh dién tich ASBC.

b) Tinh d(A, (SBC)) Biip s5: 2X0

BT17. (B2002) Cho hinh 1ap phuong ABCD.A’B’C’D’ canh a.
a) Tinh d(BA’, DB’)
b) Goi M, N, P Ian lugt 1 trung diém ciia BB’, CD, A’D’. Tinh géc clia hai
dudng thing MP va NC.
BT18. (B2007) Cho hinh chép ti gidc déu S.ABCD c6 ddy la hinh vuéng ABCD
canh a. Goi E 1a di€ém d6i xing ciia D qua trung di€m doan SA. Goi M, N 1an
lugt 1a trung diém cda AE va BC. Ching minh: MN vudng géc BD.
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Tinh d(MN, AC).

a\2
4

DPdp s0: .(HD: dIMN, AC’) = d(MN, (SAC))) =d(N, (SAC))=NH. )

BT19. Du bi BH A/02
Cho tit dién OABC c6 OA, OB, OC d6i mot vudng géc. Goi a, B, y 1a géc cia
(ABC) va cdc mit phang (OBC), (OCA), (OAB)

Chiing minh cosa + cosf + cosy < J3
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BAI3
CAC BAI TOAN TINH THE TICH

VAN PE 1: THE TICH KHOI CHOP

V==-B.h
3

B: dién tich day
h: chiéu cao
<= Chii y: Cho khdi chép S.ABC. Trén cic canh

SA, SB, SC 14y cic diém A’,B’,C’ khic S
thi:

Vgape _ SASBSC
Vi, SASBSC

Dang I: TINH THE TiCH KHOI TU DIEN
Bai 1. Tuyén sinh PH khéi D/2011
Cho hinh chép S.ABC c6 AABC vudng tai B
BA =3a, BC = 4a, mp(SBC) vudng géc mp(ABC), SB =2a+/3 , SBC =30°
Tinh thé tich khdi S.ABC va khoang cich tir B d&€n mp(SAC)
Gidi
Goi H 12 hinh chi€u vudng géc clia S 1én BC
Do (SBC) L (ABC) nén SH L (ABC)
Tacé: ABLBC= AB L SB

ASBH 1 = sin30° = S—H =
SB

1 sn- 1(2a\/§):a\/§
2 2

Vay Vs agc = éSH.dt(AABC) = éa\/§ .%321 da=2432°
ASAB | = SA?=SB’ + AB* = 12a*> + 9a>=21a’

ASBH | = BH? =SB’ - SH” = 12a® — 3a*=9a®
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=HC=BC-BH=4a-3a=a

ASHC 1 = SC? = SH”> + HC? = 3a” + a* = 4a’
ABAC 1 = AC?= AB? + BC? = 9a” + 16a> = 25a° 2a\3
Ta c6 SA* + SC* =21a” + 4a* = AC?
— ASAC L tai S

B G4 C

Vay di(ASAC) = %SA.SC = éa J21 2a =221 30° H

Ta ¢ Vsapc = Vasac = %d(B, SAC) dt (ASAC) 3a

3V _6a’y3_6a
dt(ASAC)  a*y2l 7~ A

= d(B, (SAC)) =

Bai 2. Trong mit phing (o) cho tam gidc OAB c¢6 OA = OB = 2a,
AOB = 120°. Trén dudng vudng géc vé6i (a) tai O 14y hai diém C, D vé hai
phia ctia O sao cho AABC vudng tai C va AABD déu. Tinh thé tich kh&i chép
ABCD theo a.

Gidi
Do CD L (OAB)
va OA = OB nén DA = DB va CA = CB
AOAB = BA” = OA” + OB? - 20A.0B.cos120°

= BA?=4a’ +4a’ - 2.2a.2a. —%

— BA2=12a> = BA=2a+/3

AABCLcanmic:AC:CB:ﬁ =a6
J2

AOAC 1 tai 0 = OC* = AC® - OA®

= OC? = 6a” — 4a” = 2a°
ADAB déu = DA = DB = AB = 2a/3 A
ADOA L tai O

= OD’ = AD*— OA” = 12a” — 4a° = 8a’

Mait khdc: dt(AOAB) = %OA.OB.Sin]ZOO

= S = dt((AOAB) = %(221)2. [@j =a’\3

Vay Vagep = Vpoas + Vcoas
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%OD.dt(AOAB) + %OC.dt(AOAB) = %(OD + OC)dt(AOAB)

%(Za\/ﬁ +a~2).a’/3 = %.3a\/§.a2\/§ =a3x/§

Bai 3. (D& du bi Tuyén sinh PH khdi A 2007) Cho hinh chép S.ABC c6 géc clia hai
mat phfmg (SBC) va (ABC) biing 60°. Tam gidic ABC va SBC déu canh a. Tinh
theo a khodng cach tir B d€n mit phing (SAC).

Gidi
e Goi I 1a trung diém BC.
A ABC déu = AI L BC
A SBC déu= SI 1L BC

Vay SIA = 60°1a géc ctia (SBC) va (ABC)

a /3

Do d6 A SIA déu canh N

Goi H Ia trung diém AI = SH 1 Al

Do BC L (SAI) = BC L SH

Vay SH L (ABC)

Ta c6: SH= ﬂﬁ _3a
2 2 4

13aa%\J3 B a’\3

34 4 16

e Goi M Ia trung di€ém SA, ASAC can tai C = CM L SA

— (@)2 = E
4 16

Vay VS.ABC =

AAMC | = CM? = CA? - AM? = a?
1 a/13 a3 B ay/39
2 4 2 16
Ta ¢6: Vg spe = Vasac = %d(B,(SAC).Dt(AASC))

Viy di( A SAC) = %CM.SA _

3Veme 32°A3 16  3a
Dt(ASAC) 16 ‘a239 13°

= d(B,(SAQ)) =

Bai 4. (P& dy bi PH khdi A/08) Cho hinh chép S.ABC c6 ba mit bén Ia cic tam
gidc vudng, SA =SB =SC =a. Goi M, N, E 1a trung diém AB, AC, BC.Goi D 1a
diém d6i xting ctia S qua E. Goi I = AD n(SMN). Chitng minh AD vudng géc
SI. Tinh thé tich kh&i S.MBI theo a.

Giadi
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e Trong mp(ABC): MNNAE =0 la
trung diém MN (do MN // BC)
Trong mp (ASD): SONAD =1
thi I=AD n(SMN)
Do: SBDC hinh vudng nén BC L SD
Vay BC L (SAD) = BC L AD

=MNLAD (1
Tac6: SM L AB va BD #
= SM L (ABD) = SM L AD (2)B
T (1),(2) = AD L (SMN)

= AD 1 SI

a’ a

AASD |=SA? =ALAD= Al = —— = —
\/az +2{:12 \/g A

ve IH 1L AB
IH AI

Tacé: IH// BD = — = —
a co :>BD AD H ,.I

a
_AIBD 37 a

IH _a
ASABLcén:SM:%:% B D
3
Vay Vg m = 1SM.dt(MIB) = 1,@1.11{_1\/13 - ﬂ_i_ﬂ _a
' 3 3272 12°3 2 36

Bai 5. (P& du bi PH khdi B 2007) Trong mit phing (P) cho nira dudng tron dudng
kilh AB = 2R va diém C thuoc nifa dudng tron sao cho
AC = R. Trén dudng thing vudng géc vdi (P) tai A 14y diém S sao cho géc cia
hai mit phing (SAB) va (SBC) biing 60°. Goi H, K 1an lugt 1a hinh chi€u vudng
gbc ctia A 1én SB va SC. Chiing minh A AHK vudng va tinh thé tich ti dién
S.ABC theo R.

Gidai
Ta c6: ACB =1 vudng = BC L CA va BC L SA nén BC L mit phing (SAC)
Do d6: BC L AK
Ma AK L SC nén AK L mit phing (SBC)
Do d6: AK L HK
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Vay A AHK vudng tai K. Bat: SA=h
ASAC 1= AK - ACAS _ Rh
SC  JR*+h’
ASAB | Aj . ASAB _ 2Rh
SB  J4R®+ 1’
Do SB L AH va AK
nén  SB L (AHK)= SB 1 HK AR

Vay AHK = 60° la goc clia hai mit phing
(SAB) va (SBC)

f AK
2  AH
3.4R%h?  4R%h?
=

AAHK 1= sin60° = = 3AH? = 4AK?

RZ
AR+h. R +h2 = 3R> +h*)=4R* +h® = h? = —

Do d6: Viupe = SA dt(AABC) = 1£101 AB

322
R3

_ R*\6
-ﬁm S NER) = =

= Cdch khdc:
Do AC =R nén AOAC déu V& CI L OA thiI trung diém OA
Tacéd: CI L ABva SAnén CIL (SAB)
Do d6 hinh chi€u vudng géc cia ASBC 1én mp(SAB) 12 ASBI

Ta c6 dt( AISB) = §SA IB = §SA( R) —R SA

Dt( ASBC) = —sc BC = —\/SAz +R2.RJ3
Ma: dt( ASIB)= dt(ASBC)cos60O

—R SA = —x/SAQ +R? R\/_ < [3SA = \/SA? + R?

2
< 3SA” =SA” +R” & SA® = R

R*\/6

12

Viy Ve e = %SAdt(AABC) =
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Bai 6. Tuyén sinh PH khdi A/2011
Cho hinh chép S.ABC c6 day la tam gidc vudng can BA = BC = 2a. Hai mit
phéng (SAB) va (SAC) cling vudng géc mp(ABC). Goi M la trung diém AB. Mit
phing qua SM va song song v6i BC cit AC tai N. Goc clia hai mit phing (SBC)
va (ABC) bing 60°. Tinh thé tich khéi S.BCNM va khoang cich giita hai dudng
thang AB, SN.

Gidi
e Do hai mp(SAB) va (SAC)
cung vudng géc mp(ABC)
nén SA L (ABC)
Do (SMN) // BC
nén (SMN) N (ABC) = MN // BC
Tacé BC L BA = BC_LSB
Vay SBA =60°1a goc ctia hai mit
phéing (SBC) va (ABC)

SA
ASAB L = tan60° = ~— = /3
an e J3

— SA =223

Dt(MNCB) = % (MN + BC) A

3a’®

a
=—(a+2a)=
2( )

R 1 332 3
VAy Vsuncs = §<2aJ§)7 =a’\3

e Qua N ké dudng thing A song song AB
Vé AH L A thi AB // (SNH)
Viy d(AB, SN) = d(AB, (SNH)) = d(A, (SNH))
Vé AK LSH (1)
Ta c6 HN L AH va SA nén HN L (SAH)
= HN 1L AK (2)
Tu (1), (2) = AK L (SHN)

SA.AH

SH

2aﬁ.a B Zaﬁ _ Za@

J12a° +a> 13 13

ASAH 1 = AK =d(A, (SNH)) =

= d(AB, SN) =
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Bai 7. Cho hinh chép S.ABC c¢6 hai mit ABC va SAC la cic tam gidc déu
canha, SB = %.
2
a) Goi I 1a trung di€m AC. Chitng minh hai mit phing (SIB) va (ABC) vudng
g6c nhau.
b) Goi (P) 1a mit phing qua C va vudng géc SA. Tinh thé tich hinh chép dinh
S ddy 1a thiét dién tao b3i (P) va hinh chép S.ABC.

Gidgi S

a) AABC déu = BI L AC
ASAC déu = SI L AC
Vay AC L (SIB)

Ma AC c (ABC)
nén (ABC) L (SIB)

b) V& dudng cao CJ
trong A déu (SAC)
Vay CJ c (P)

Ta cé: (SIB) L (ABC)
va SI L AC va

2 2 2

3’ 3’ _6a’ _ (a\/é)z _op?

4 4 4 2
= SIB vudéng = SI L (ABC)
Mait khac: BI L AC .Vay BI L (SAC) = BI L SA
Do d6 (P) 1a mit phing qua CJ va // BI
Trong mp(ABC) tir C vé& dudng thing song song vdi Bl dudng nay
ciat AB tai N.
Trong mp(SAB), NJ cidt SB tai M
Miit cit ctia (P) va hinh chép S.ABC 1a AIMC
AABC ¢6 IB // CN va I trung diém AC
nén B trung diém AN S
Goi K trung di€ém AB
thi JK / MB

_NB_MB_2 M

NK JK 3

SI? +1B?

A K B N
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MB_1_ SM_>
SB 3 SB 3
vty Youu _STSM_12 1
V.o SASB 23 3
1 1 1 a3 azx/_
=V ==V = — SL.dt(AABC) = —.——.
S.JCM = 3 S.ABC 9 ( ) 9 2 4

aS

247

Bai 8. Cho ti dién S.ABC c6 diy 1a tam gidc déu ABC canh 3a,
SAB = SAC =45°,SA=2a+/2. Goi I 12 trung diém BC, SH 1 dudng cao clia

ta dién.
a) Tinh theo a thé tich khoi S.ABC.
b) Tinh khodng c4ch tir I d€n (SAB).

Gidi S
a) Ta c6: ASAB = ASAC (c.g.c) = SB =SC i
AABC déu = Al L BC
ASBC can = SI L BC a2

Vay BC L (SAI) = (ABC) L (SAI)
V& SH L Al thi SH L (ABC)

ASAC = SC’=SA’+AC’ A

_2SA.ACcosd5® 0 e ]

— SC?=222+ 92— 2(a~2 )3a§ =522
2
ASIC 1 :>SIZ=SC2—IC2=532_g32=% B
ASAI = SA? = AI* + SI? — 2AI.SI.cos AlS
27a*> 11a® 942
AP +SIP-SA> 4 T4 ~* 5
= cos AlS = = =
2AISI 2(33J§) a1l 433
2 2
L nAlS = 125 _2V2
33 33
ASHI L = sin AlIS = SH = SH = 22 a1l _a\2
NEER J3
1 1 a\/_ 2\/_ 3a3«/_
Do dé: Vsage = — SH.At(AABC 3a
o dé S.ABC = 3 ( )= \F (3a) ,
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b) Tacé  d(I, (SAB)) = %d(C, (SAB))

2
dt(ASAB) = %SA.ABsin45° = %(aﬁ )(3a)§ - 3%

Vay Vs anc = Vesan = %d(CxSAB))dt(ASAB)

93.3\/§ C

3V 4 3
— d(C,(SAB) = - 342
(COAD= GiasaB) ~ a7~ 2° I
2
Aﬁ

= d(I, (SAB)) = 2 av2.

Dang 2: HINH CHOP N GIAC PEU

Bai 1. (Pé du bi PH khdi B 2003) Cho hinh chép tam gidc déu S.ABC c6 ddy
AABC canh a, mit bén tao v6i ddy mot goc biang ¢ (0 < ¢ < 90°). Tinh thé tich
khoi chép S.ABC va khoang cich tir A d&&€n mit phing (SBC) theo a va ¢

Giai
e Goi I 1a trung diém BC. Do AABC déu
nén Al 1 BC
Goi H Ia tAm clia tam gidc déu ABC thi SH L
(ABC) va SI L BC nén géc ctia (SBC) va
(ABC)la SIA =¢

Taco: HI = 11— 123
3 3 2
SH
A SHI vud =t =— ;
vudng an @ HI A
= SH = %tamp
. 1 a3 a’J3. a°
Vay Vg apep = g( 5 tano)( 1 ) = atancp
HI a3

A SHI vudng = cosp = E = SI= =
SI cosgp  6cose
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2
Vay Di( A SBC)= ASIBC = -2 Y3
2 12coso

Vé AK | mit phing (SBC)

Taco: V g yo= Vi ape = %AK.Dt(ASBC) — AK = d (A(SBO))

3
AK = d(A. (SBC) = 3V _a tancp.12coscp _ a\jgsin(p.
Dt(ASBC) 8 "a?3 2

Bai 2. (P& du bi PH khoi D 2006) Cho hinh chép t& gidc déu S.ABCD c6
canh day a. Goi SH 12 dudng cao clia hinh chép. Khoang cach tir trung diém I clia
SH dé&n mit phing (SBC) bing b véi a > 4b. Tinh thé tich khdi chép S.ABCD
theoa vab.

Giai
Do SH | (ABCD) nén H la tdim hinh vuéng ABCD.
Goi M 1a trung diém BC.
Ta ¢6 BC_L HM va SH nén BC 1L (SHM)
VéllvaHK L SMthil] 1L (SBC)
= IJ =b va HK=2IJ = 2b
1 1 1
HK®  SH? = HM
1 1 4 a-16b’
SH> 4b®> a* 4a°b*
2ab
Ja? —16b?

Do d6: V g xpep= %Dt(ABCD) =

ASHM vu6ng nén

= SH =

w | Do

Ja?-16b®

Bai 3. (Tuyén sinh PH khdi B 2004) Cho hinh chép ti gidc déu S.ABCD c6 canh
ddy a, géc cta canh bén va mat diy ¢ (0 < ¢ <90°). Tinh tan ctia goc tao bdi hai
mit phing (SAB) va (ABCD) theo ¢ va thé tich hinh chép theoa va o .

Gidi
Goi O la tdm hinh vudng ABCD
S.ABCD Ia chép tit gidc déu = SO L (ABCD)
Vé Ol L BA thi SI_L BA
Vay SIO 1a géc ctia hai mat phing (SBA) va (ABCD)
Hinh chi€u L cia SA 1én (ABCD) 12 OA
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Vay ¢ = SAO

A SOA vudng tai O = tanoe = g—i

= SO = OAtang = %tan(p

A SOI vudng tai O
SO %tamp
—tanSIO =22 =2 _ x/gtan(p.
0] 1 a
2

3
Do d6: V ¢ xpep = éSO.dt(ABCD) _2 ftan(p c

Dang 3: HINH CHOP S.ABCD CO SA L (ABCD)

Bai 1. (D¢ dy bi PH khdi A 2006) Cho hinh chép S.ABCD c¢6 didy ABCD la hinh
chit nhat véi AB = a, AD = 2a, SA vudng géc dy, SB tao v6i mit phang ddy goc

a3

60°. Trén canh SA 13y diém M sao cho AM = —~ Mit phing (BCM) cit SD

tai N. Tinh thé tich kh&i chép S.BCNM

Giai
. o o  SA N
Ta c6: SBA = 60° = tan60 :E :>SA=8.\/§ va SB =2a

Ta c6 mat phzzmg (BCM) chira BC // mat phflng (SAD). Vay mit phaemg (BCM) cit
miit phing (SAD) theo giao tuyén MN // BC // AD.

Ma M Ia trung diém SA vay N 1a trung diém SD. = MN = AZD a

Ta c6: BC_L AB va SA

=BC 1 (SAB)

= BC 1 MB

Do d6 BCNM la hinh thang vudng.

2
A vudng BMA = MB? = ( \'/_ 7%

Do d6: Dt(BCNM) = %(MN +BOC)

2
=a\ﬁa+ _3a\ﬁ
4 4

2a) =

Trén mat phfmg (SAB) vé B C
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SH 1 MB (1)

Tac6 BC L (SBA) S
= BC L SH 2
T (1) va (2) = SH L mp (BCNM)
Tacé: AHMS ~ A AMB — S _ SH H
MB AB !
a3
MSAB o % a3
=SH= = = |
MB a7 7 B A
2

Do d6: V 4 yupo= %SH.Dt(BCNM)

_1ay33a%7 a’\3
3T 4 4
= Chii y: C6 thé dung ty s6 thé tich
Ve _SM 1 Viune - SM SN

1
VS.BAC S_A - 2 va VS.ACD - SA % - Z

Vay Vsmmes = Vsamme T Vsane
1 1 3
= QVS.ABC + ZVSAACD = ZVS.ABC
31 1 a a3
= —=SA.dt(AABC) = —a+/3—=(2a) =
g3l )= 3B = =

Bai 2. (Bé dy bi PH khéi B 2006) Cho hinh chép S.ABCD c6 ddy ABCD hinh thoi
canh a, BAD = 60°, SA = a, SA vudng géc mit phing (ABCD). Goi C' 1a trung
diém SC. Mat phang (P) qua AC’ va song song BD cit SB, SD tai B’,D’. Tinh thé
tich khdi chép S.AB’C’D’ theo a.

Gidi
Goi O la tAm hinh thoi ABCD
A SAC ¢6 SO cidt AC’ tai I thil
la trong tam ASAC.
Mit phing (P) chita AC’ va song song
BD nén (P) cit mat ph'flng (SBD) theo
giao tuyén B’D’ qua I va B’D’ // BD
Tac6o BD L ACva SA
nén BD L (SAC) = BD LAC’
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ma B’'D’ //BD =B’D’ L AC’
A ABDcantai Acé BAD =60°nénla A déu

= BD=ava AC = a+/3
BD SI 2
"BD SO 3
A SAC vudng tai A ¢c6 AC’ 1a trung tuyén = AC' = % = %\/a2 +3a* =a

Ta co Ila trong tim A SAC va B’D’ /BDn = BD' = %a

Do d6 A SAC’ déu canh a.
VéSH L AC’,doB’D’//BD c6 BD L (SAC)nén B’D’ 1 SH

Vay SH L mitphing (AB’C’D’) va SH= —— J_
, 1 ol a3 a’y3
Do d6: Vsapcop = %SH.dt(AB'C'D') = ESH.AC.B'D a\/_( —) = 1\8/_
= Chii y: C6 thé dung ty s6 thé tich
Do I 1a trong tam AACS nén SL _2
SO 3
Ta c6 Vs app :S_B.SD 22 4
Viagp SBSD 33 9
Vegpe  SB'SD'SC 221 2
Vs soe " SB'SD'SC 332 9
Vay Vsasep = Vsasp + Vssoe
4 2 2
= §VS.ABD + §VS.BDC = §VS.ABD
3
_ 219, ayaaBD) - 2228 _ V3
33 94 18

Bai 3. (P¢é du bi Tuyén sinh PH khéi B 2007) Cho hinh chép S.ABCD c6 diy ABCD
12 hinh vudéng tAm O va SA vudng géc véi mit phing (ABCD). Cho AB = a,
SC = 2a. Goi H, K Ian Iugt 12 hinh chi€u vudng géc clia A 1én SB va SD. Chiing
minh SC vudng géc mit phing: (AHK) va tinh thé tich hinh chép O.AHK

Gidi
Ta c6: ASAD = ASAB = SH = SK va SB=SD
vay 280 _SK _ yr / BD
SB

Ma BD L mit phing (SAC)
= HK 1 mit phing (SAC)
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= HK 1 SC (1)
Mit khac: CD L mit phing (SAD)

= CD 1 AK
Ma AK L SD nén AK 1 (SCD)
= SC L AK 2)

Tir (1) va (2) = SC L mit phing (AHK)

Trong mit phiang (SBD) thi SO cit HK tai I

Trong mét phfmg (SAC) thi Al ¢4t SC tai M

Ta c6: SC L mit phing (AHK)= SC 1. AM

Ma A SAC vudng can tai A nén M la trung di€ém SC.
Vay I1a trong tam ASAC.

Ta 6: CM = d(C,mp(AHK)) = S2C 223

d(O(AHK)) OA _

Ma O la trung di€ém AC nén = = 1
d(C(AHK)) AC 2

— h = d(OAHK)) = %CM _a

2
C
Ta c6: HK // BD — A& _SH _ ST _2
BD SB SO 3 0
= HK = %BD - 23 A
by N M
Ta c6: AI—EAM—ZSC_SC 2a 0
3 332 3 3
AAHK cin = HK 1 Al
3
Ta 66: Vo = ShAS(AAHK) = TALHK = 2220 3) - V2

Bai 4. (Tuyén sinh PH khéi B 2006) Cho hinh chép S.ABCD c6 ddy ABCD hinh chit
nhat véi AB =a, AD =a+/2, SA = a va SA vudng géc mit phing ABCD. Goi M
va N 1an lugt 1a trung di€ém AD va SC, I 1a giao diém cia MB va AC. Chting
minh mit phidng (SAC) vudng géc mit phang (SMB). Tinh thé tich clia khdi ti
dién A.NIB.

Giai
2 2 2
A AMB vuong tai A = BM? = a® +(%)2 =a2+a_:31

aV3
2

= BM =

112 EJ Trung TAm Luyén Thi CLC VINH VIEN




Tac611a trongtam A ABD

Vay BI:EBMzg.ﬁzﬁ
3 32 3
va Al=2a0-2BD_BD
3 3 2 3
2 2

AT - a“ +2a _a\E
3 3

a® 2a’

Do do: A]:z"r‘]:]_))2 234‘?:&2 =AB2

Vay A AIB vuodng tai [ D
Ta c6: BI L Al va SA = BI L (SAC). Ma Bl (SMB) = (SAC) L (SMB)

3
Ta c6: Vs = L NOdt(AAIB) = L SAL g1 av3av6 a2
3 3729 12°73 "3 36

Bai 5. Cho hinh chép S.ABCD c6 ABCD hinh vudng SA vudng géc (ABCD).
Goi M, N, P 1an lugt nim trén SB, SC, SD sao cho SM_SP_ 2’ SN _ 3.
SB SD 3 SC 4
Mt phdng (MNK) chia kh&i chép 1am hai phdn. Tinh ty sd thé tich hai phin
do.

Giai
Goi O 1a giao diém AC va BD

oﬁzg = MP// BD
SB SD

Goi I 12 giao di€ém MP va SO cit SA tai K

Gin truc nhu hinh vé

S

K

A O
Goi C(a, 0), S(0, b)
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SI S—M = 2 nén I 1a trong taim ASAC = I(a bj

SO SB 3

SN _3

Taco — =4SN =3SC = 4xy -0) = 32 = (33 bj
SC 4

Ayy —b) =— 44
NI qua N ¢6 VTCP NI =— % (5a, -b)

a b
X—— y-——
Phuong trinh NI: 5 3_~ 38 < bx + 5ay —4ab=0

a -b

Vay K Ia giao diém NK va Ay = K(O; 4—{}’)

Do d6 — SK 1
SA 5

Ta c6: VS.MNPK _ 2Vs.MKN _ SMS_KS_N _ glé :i
VS.ABCD 2\[S.BAC SB S S 3 5 4 10

R 1
Vay ty s6 can tim 1a —.
dy 1y 10

Dang 4: HINH CHOP CO MAT BEN VUONG GOC PAY

Bai 1. (Tuyén sinh PH kh&i B 2008) Cho hinh chép S.ABCD c¢6 ddy la hinh vudng
canh 2a. SA=a,SB=a J3va mit phang (SAB) vudng géc v6i mit phang ddy.
Goi M va N 1an lugt 1a trung diém ctia AB va BC. Tinh theo a thé tich kh&i chép
S.BMDN va cosin clia goc giifa hai dudng thing SM, DN.

Giai
Ta c6: SB? + SA? = (a/3)? + a2 = AB?

= ASAB vuong tai S :>SM—A2B a

Vay ASMA déucanha Vé SH L AB
Do (SAB) L (ABCD) NénSH L mit phing (ABCD)

af

vaSH= —— Tac6: BD L AC ma MN// ACnén MN 1 BD
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2a?

2 2
Do d6: dt(BMDN) = %MN.BD _ %.%.AC _AaC (zaf) _

4

Vay Vemmy = %SH.dt(BMDN)

LAy G trén canh AD sao cho

Ag_AD _a

4 2
Ta c6: MG // DN // C’B.

Vay g(SM,DN) = SMG

A SAG vudng tai A
2 2
. SG? —SA’+AG? —a?+ & =02
4 4
A AMG vudng tai A
a2 BaZ A GO D

MG? = AG? + AM? =a” + & =22
= + a” + 1 1 N/ ’
ASMG= SG? = MS? + MG? — 2MS.MGcosSMG M '

a
2MSMG  2MG  _aJ5 5. B N C
2

= cosSMG =

Bai 2. (Tuyén sinh PH khdi A 2007) Cho hinh chép S.ABCD c¢6 ddy ABCD vudng
canh a, SAD 13 tam gidc déu nim trong mit phing vudng géc véi ddy. Goi M, N,
P 1an lugt 1a trung di€ém SB, BC va CD. Chitng minh AM vudng géc BP va tinh

VCMNP-

Gidi
e Goi H 1a trung di€ém AD. Do A SAD d&unén SH L AD
Ma mit phing (SAD) L miit phing (ABCD)
= SH 1 mit phing (ABCD)
= SH 1 BP )
Ta c6: AHDC = ABPC = DCH = CBP
Ma: = CD 1 BD = BP 1 CH (gbccb canh L )(2)
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Tir (1),(2) = BP L mit phing (SHC)

Ta c6: MN // SC va AN // HC

= miit phfmg (SHC) // mat phzzlng (AMN)
Do d6: BP L mit phing (AMN)=BP 1. AM

Vé MK // SH v6i K e mit phang (ABCD)
Ma SH 1 mit phing (ABCD)

nén MK 1 mit phing (ABCD).
Do d6 MK 1la dudng cao cua ti dién M.CNP

Ta c6: Vi e = Vi = %MK.dt(ACNP) _ %(S%I).%CN.CP

B
_1l@8aa_a'\8 K
12 2 22 96 1
H N
2
v ¢

Dang 5: CHOP S.ABCD CO SH L (ABCD) D P

Bai 1. (Tuyén sinh PH khdi D/2010): Cho hinh chép S.ABCD c¢6 ABCD Ila hinh
vuodng canh a, SA = a. Hinh chi€u vudng géc ctia S 1én mit phang (ABCD) 1a H

trén doan AC véi AH =% . Goi CM la dudng cao cia ASAC. Ching minh M

1a trung diém SA. Tinh thé tich khoi S.MBC theo a.

Gidi

2 2 2
ASHA vubng — SH? = SA” - AH? —sa? - AC _ 2 @27 _14a

16 S 16 16

ASHC 1= SC? = SH”? + HC?
%)2
4
_14a’  9av2)’ _
16 16
DoSC=AC=2a+~2 nén ASACcantai C

=SH? +(

2a?

= M trung di€ém SA.

= V& MK L AC. Ta c6 MK = %SHA -
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Taco: Vgypet Vaase=Vsanc

MaV 3, a0 = %MK.dt(AABC) S5 ! sHataaBo) =1v, .
1 11 1ax/_ 4a®> a’\14

Vﬁy VS.MBC = E'VS.ABC = §§SHdt(AABC) = 6 4 2 = 48

Luu y: C6 thé diing
Veupe _ SM 1 1 a’J4

“SA 2 = Vg uze ZQVS.ABC T

VS.ABC

Bai 2. (Tuyén sinh DH khdi A/2010) Cho hinh chép S.ABCD c6 diy ABCD la hinh
vudong canh a. Goi M va N la trung diém AB va AD,
H 12 giao diém CN va DM. Biét SH vudng géc mit phing (ABCD) va
SH = a+/3. Tinh thé tich kh&i chép S.CDMN va khodng cich giita hai dudng
thing DM va SC

Giai
eTacé dt(CDNM) = dt(ABCD) — dt( AAMN) —dt(AMBC)
=4a 2(2)(2) ( )( ) = S 1° 8
5a?> 5a’\3
= Vscomn = §SHdt(CDMN) = g.aﬁ.? = o S

Ta c6: ANDC = AMAD = NCD = ADM
Ma AD 1 DC = AHDC 1 tai H ( géc ¢6 canh 1)

Vay CN 1L DM
Ta c6: ANDC 1= CD? = CH.CN

2
:>HC:CD

_ a2 o
C \/32772 \E ;:'-'.'::""'
< +a
4 D

Ve HK 1 SC (1). Tacé: DM L SH va CN = DM 1 (SHC)
— DM 1 HK (2). Vay HK = d(SC,DM)

A vuong SHC = 12= 12+ 12
HK SH* HC A M B
1 . 5 19
3a® 4a® 12a° N H
_ HK = dSCDM) < 22¥3

J19 D C
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Bai 3. (Tuyén sinh Pai hoc khdi A/2009): Cho hinh chép S.ABCD c6 ABCD la hinh
thang vudng tai A va D, AB = AD = 2a, CD = a. Géc cia hai mit phing (SBC)
va (ABCD) 1a 60°. Goi I 1a trung diém AD. Hai mit phang (SIB) va (SIC) ciing
vudng géc mit phing (ABCD). Tinh thé tich kh&i chép S.ABCD.

Gidi

Do hai mat phang (SIB) va (SIC)

vudng géc mp (ABCD) nén giao tuyén SI L (ABCD).
VéIH | BCthi SH 1 BC. Do d6 gdéc giira hai mét
phéng (SBC) va (ABCD) 1a SHI= 60°. Goi J trung
diém BC.

Vé CM L AD. Ta c6: AIHJ ~ ACMB

9 3a
IH IJ IJMC “* 9  3a
= =" =IH= = ===
MC CB BC afs b

ASHI 1= tan60°= IS_I-II -3

:>SI=3—Z.\/_=%

NG

Ta c6: dt(ABCD) = %(CD +AB) = 2?a(a +2a) = 3a”

Do d6: V g spep = %SI x dt(ABCD)

3aﬁsaz_3a3x/ﬁ
5 5

3
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C. BAITAP TU GIAI

BT1. Cho hinh chép tam gidc déu S.ABC c¢6 ddy tam gidac ABC canh a, canh bén 2a.
Goi I 12 trung diém BC. Chitng minh SA vudng géc BC. Tinh Vg xp;

BT2: Cho hinh chép S.ABC c6 SA vudng géc (ABC) BAC =120°, ASBC déu
canh a. Tinh Vg apc.

BT3. Cho hinh chép S.ABC c6 day tam gidc ABC vudng tai B, SA vudng goéc day .
Bi€t SA= AB = BC = a. Tinh Vgugc.

BT4. CDA/2011 Chép S.ABC c¢6 AABC L can tai B AB = a, SA L (ABC). Géc hai
mp(SBC) va (ABC) la 60°.

Goi M trung di€ém SC. Tinh Vg Ay

BTS. Cho hinh chép S.ABC c6 day la tam gidc vudng can tai A, AB = AC = a. Mit bén
(SBC) vudng gbc v6i ddy. Hai mat bén con lai hgp véi diy géc 60°. Hay tinh thé
tich khdi chop S.ABC.

BT6. (CP/09) Cho hinh chép tit gidc déu S.ABCD c6 AB=a, SA=a J2.GoiM, N, P
1a trung diém SA, SB, CD. Chiing minh MN vuodng géc SP. Tinh V sy

BT7. (DBA08) Cho S.ABC 1a hinh chép c¢6 mdi mit bén la cic tam gidc vudng,
SA =SB =SC = a. Goi M, N, E 1 trung di€ém AB, AC, BC. D la di€ém d6i xting ctia
S qua E. I 1a giao diém ctia SD va mit phing (SMN). Chiing minh AI 1 SI.
Tinh VMBSI .

BT8. (DB/B08) Cho hinh chép S.ABCD c¢6 ABCD la hinh vudng canh a,
SA = a+/3, SA L (ABCD). Tinh Vs acp va cos(SB,AC)

BT9. DB/B08 Cho t&t dién ABCD c6 AABC va AABD déu canh a. Mit phing
(ACD) L mit phing (BCD). Tinh V gcp va géc ctia AD va BC.

BT10. Cho hinh chép S.ABC c6 SA =SB =SC =3a, AABC L tai B, AB =a, BC =2a.
Tinh d(A’,(SBC))

BT11. Cho hinh chép S.ABC c¢6 day la tam gidc ABC vudng tai B. Bi€t SA vudng géc
miit phang (ABC), AB=a, BC=a J3.SA=a. Mit phiang (o) qua A, vudng géc
SC tai H, cit SB tai K. Tinh thé tich khdi chép S.AHK theo a.

BT12. (D2006) Cho hinh chép SABC c6 didy ABC la tam gidc déu canh a, SA = 2a va
SA vudng géc mit phing (ABC). Goi M, N lan lugt 1a hinh chigu vudng géc ciia A
trén cac dudng thing SB, SC. Tinh thé tich kh&i chép A BCNM.

BT13. (DB/D08) Cho duting tron tim O, dudng kinh AB = 2R. Trén dudng théng d vudng
g6c voi mit phiing chita duding tron tai O 14y diém S sao cho SO = R+/3 . Lay M di
dong trén dudng tron . Goi H Ia trung diém SM. Tim M trén dudng tron (O, R) sao cho
hinh chép H.AMP c¢6 thé tich 16n nhit.
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BT14. Cho hinh chép tit gidc déu S.ABCD canh diy a, ASAC déu. Mit phing (o)
qua va vudng goc SC tai N cit SB, SD tai M, K. Tinh Vg avnk

BT15. (DB/D08) Cho hinh chép S.ABC ¢c6 AABC vuodng cén tai B, AB = a, SA = 2a,
SA L (ABC) . Mit phing qua A vd 1 SC cit SB, SC tai H,K. Tinh Vg s

BT16. Cho hinh chép S.ABC c6 AABC can tai B, AC = a, ABC=120°,
SA =SB = SC. G6c ciia SA va mit phfmg (ABC) bing 60°. Tinh Vg spc

BT17. Cho hinh chép S.ABCD ¢6 SA = SB =SD = AB = BC = CD = a,

a2

6

. Tinh SC.

VSABCD =

BT18. (DB/A07) Cho hinh chép S.ABC c6 géc clia 2 mit phang (SBC) va (ABC) la
60°, AABC va ASBC la tam gidc déu canh a. Tinh d(B,SAC)

BT19. (Cb08) Cho hinh chép S.ABCD c¢6 ABCD 1la hinh thang,
BAD = ABC =90°, AB =BC = a, AD = 2a, SA L (ABCD), SA = 2a. Goi M,
N trung diém SA SD. Chitng minh BCMN la hinh chit nhat. Tinh Vg pcmn.

BT20. (CDB/2010) Cho hinh chép S.ABCD c6 ABCD vudng canh a, mit phing (SAB)
1 mit phang (ABCD), SA = SB, géc SC va (ABCD) 1a 45°. Tinh Vg spcp

BT21. Cho hinh chép S. ABCD c6 dang AABC déu canh 3a, SA = A\/ﬁ,

SAB =SAC = g . Goi I 1a trung diém BC va SH 14 dudng cao hinh chép S.ABCD

a. Chitng minh H nim trén AL Tinh thé tich S.ABCD
b. Tinh khoéng céch tir I d€n mp SAB

BT22. Cho khoi hinh chép S.ABCD c¢6 dang AABC vudng tai ACB = 30° va
SA=SB=SC=BC=2a.

Tinh thé tich S. ABC va khodng cich tir B @&n mp (SAC)

BT23. Cho khéi hinh chép S. ABCD c¢6 diy ABCD vudng canh a. SA L mp (ABCD)
va SA = a. Goi E 1a trung di€m ctia CD. Tinh thé tich S. ABCD va c6 khodng cich
tir S dén

BT24. Cho tir dién ABCD c¢6 AABC vuodng tai A, AB =a, AC = A+f3 BDC vuong,
DA =DB =DC. Goi ¢ la géc ctia BC va mp (ACD).

Tinh thé tich ABCD va sing.
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VAN PE 2: THE TICH KHOI LANG TRU

V =Bh
B: dién tich day

h: chiéu cao
Dang 1: LANG TRU PUNG PAY LA TAM GIAC

Bai 1. Bé du bi tuyén sinh PH khéi A 2007: Cho lang tru ding ABC.ABC c¢6
AB = a, AC = 2a, AA’ = 2a+/5 va BAC = 120°. Goi M la trung di€m CC.
Chiing minh MB vudng géc MA’. Tinh khodng cich tir A dé€n mit phéng
(A’BM).

Giai
AABC = BC? = AB® + AC? — 2AB.ACcos120°

= BC%? =a? +4a” - ZaZa(—;j ="7a?

ABCM vubng = BM? = BC* + MC? = 7a” + 5a” = 12a”
AABB vuéng = AB? = AB?+ BB”? = a” + 20a” = 21a”

AAMC vudng = AM? = AC”? + MC? = 4a® + 5a” = 9a” C
Tacé: AB®> = AM® + BM®=21a B
Nén A BMA vubng taiM = MB 1L MA'
VéBH_ L AC
Taco BH 1L AC va BH 1L AA’nén BH L mp(AMA')
A BHA vubdng = sin60° = BH = BH= %
AB 2

Goi N Ia trung diém AA’ = MN L AA'
Vay dt (AMAA") = %MN.AA' = %.Za.zaﬁ =2a%\/5

1 a«/§n25_a3x/ﬁ
3° 7 3

Do d6: Vi s = SBH.AUAMAA) =

Goi h la khodng céch tir A d€n miit phaztng (BMA”)
Tac6:V, pun = Vi s = %h.dt(BMA‘)
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3Voam 215 2a%15 _2 5

T dtABMA) lpyarar (2a3)3a 3
2

Bai 2. (P& du bi PH khéi B/07) Cho ling tru diing ABC.A’B’C’ ¢6 ddy 1a tam giac
vudng AB = AC = a, AA’ =a+/2. Goi M, N Ia trung diém AA’ va BC’. Chiing
minh MN 13 dudng vudng géc chung cia AA’ va BC’. Tinh thé tich khéi chép
M. A’BC’.

Gidi

Goi I, I’ 1an ludt 1a trung diém BC, B’C’
AABC 1 cantai A= Al 1 BC @)
Ma BB L (ABC) = BB 1L Al (2
T (1)&(2) = Al L (BBCC) = Al 1L BC
Mitkhic: MN// Al = MN 1 BC 3)

AA' 1 (ABC) = AA' 1 AT
Ma MN // Al = MN 1L AA' “)
Tur (3) va (4) MN la dudng B’
vudng goc chung cia AA’ va BC’
.Taco AC L AB va AA
= A'C' L (ABBA)

Vay Vo o = %A’C‘dt(ABA'M)
1,1, ., 1 a2 ~ a2

=-AC=AB.AM = —a.a. =
3 2 6 2 12

B B

Bai 3. (Tuyén sinh PH khdi D/09) Cho lang tru diing ABC.A’B’C’ ¢6 tam gidc ABC
vudng tai B. AB =a, AA’ =2a, A’C = 3a. Goi M trung diém A’C’, 112 giao diém
AM va A’C. Tinh thé tich kh&i chop LABC va khoang céch tit A d&&n mp (IBC)

Gidi
Taco: AAAC 1= AC?=9a®-4a’=5a® &, M , C
AABC 1= BC® =5a” —a” = 4a’
Do AM/AC= 2 _AM_1 13,1 B’
IC~ AC 2 oal \ «,3;::,/
Trong mp (A’AC) vé TH// AA’ //
thi TH L (ABC) /
Ta ¢6: —— TH CI' = 2 A c
AA T CA' 3 .\ K
B
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> TH=2AA=222)- 22
3 3 3
1 14al 4a 42’
Vi V, o = ~THAt(AABC) = ="2-BABC = —2a.a = ——
ay LABC 3 ( ) 339 9.238 9
Tacé: BC_LBAva BB
— BC L (ABBA) — BC L BA'
Ve IK 1 BC A
Do IK // BA’ nén E = E = g
BA' CA 3
1K = 2BA = 2a® + 4a” - 25
3 3 3 I
Taco: V,ap0 = Vi o = %d(A,(IBC)).dt(AIBC)
_LyaaBoy Ik BC 0\
6 B K C
6 4a’
6V "9 2a
— d(A,IBC) = - _2a
IKBC 2a\5 9a J5
A

Bai 4. (Tuyén sinh PH khdi D/08) Cho ling tru diing ABC.A’B’C’ ¢6 ddy tam gidc
ABC vuong can tai B véi BA =BC =a, AA’ =a+/2 . Goi M trung diém BC. Tinh
thé tich khdi lang tru ABC.A’B’C’ va khoang cach clia hai dudng thing AM va

B’C theo a.

Gidi

2 3
Tac6: Vi, = AA'dt(AABC) = aﬁ%) _a2

2
Goi N trung diém BB’.
Ta c6: MN//B’C= BC // (AMN)
Vay d(AM,B’C) = d(B’C,(AMN))
=d(C,(AMN))

Mait khac:
BC cit mp (AMN) tai M
Ta co: d(CAMN) _MC _ 1

d(B,AMN) MB
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V& BH 1L AM va BK | NH )
Tacé: AM | (BNH)= AM | BK (2
Tir (1) )= BK L (AMN)

1 1 1

Ta co = +
BK? BN? BH?

1 +[ 1 N 1)
BN* (BA® BM?

~_t+r 1,1 _2. 1,4 7
a\/gZ a2 [ajz aZ a2 a2 a2
92 2
a
Do d6 BK = d(AM,B’C) =—
J7

Dang 2: LANG TRU XIEN PAY TAM GIAC

Bai 1. Cho ling tru ABC.A’B’C’ c6 AABC déu canh a, AA’ = 2a va AA’ tao Véi
mit phing (ABC) goc 60°. Tinh V4 cap:
Giai
Vé A’H 1L mp(ABC) = A'AH = 60°

A—H':ESA’Hza\/g
AA 2

Tac6: Vy cap + Veasc + Vease= Vascase =Vur 9 G
1 a )
VB'.ABC = VC.A‘B'C‘ = gVLT B
60°
1
= VA.CA'B‘ = gVLT

) A’ C'
= sin60° = N

Ma

1 1 a’Jf3 a®
= _ AH.dt(AABC) = —a+/3. =
3 (AABC) 3af 4 4
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Bai 2. (D¢ du bi PH khdi B 2006)
Cho ling tru ABC.A’B’C’ ¢6 A’.ABC la hinh chép tam gidc déu, AB = a,
AA’ =b. Goi o la goc clia hai mit phing (ABC) va mit phing (A’BC). Tinh
tan o va thé tich khoi chép A’ BB’C’C theo a va b.

Gidi
Do A’.ABC 1a hinh chép tam gidc déu.
Goi H 1a tam cia A ABC thi A’H 1 mit phéng (ABC).
Goi E 1a trung diém BC thi BC L AE = AE 1 BC
Do d6: AEA' = a
AA’AHvuong = A'H? = AA”? — AH?

2
— AH? = b’ {g%} b -

Ta c6: Vyggoe = VABC, ABC T Vaarc

= AHdt(ABC) - A?Hdt (MBC) = %AH.dt (ABC )

_ 2 ;3b2 ~a%a’3 a?y3b* -a’
3 3 4 6 '

Bai 3. Tuyén sinh PH A/2008
Cho ling tru ABC.A’B’C’ ¢6 ddy AABCvudng tai A, AB = a, AC = a/3,
AA’ = 2a. Hinh chi€u vudng géc clia A’ 1én mit phing (ABC) la trung diém ctia
BC. Tinh thé tich khdi tif dién A’ ABC va cosin cia géc tao bdi hai dudng thing
AA’,B’C.

Giai
e Goi H 1a trung diém BC
Tac6 A’"H L mit phing (ABC)

2 2
vﬁAH:B—ZC=—“a ;33 —a
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AAHA' vudng
— AH? = AA?— AH? = 4a% —a? = 3a*

Vay: Vygo = éA’H.dt(AABC)

3
V= %AH.AB.AC _ %<ad§)<a2 3=

e Goi ¢ 1a goc gitta AA’ va B’C’:

Taco: AA’ /BB’ va B’C’ //BC nén ¢=BBC

AABH vuong = HB” = AB*+ AH® = 4a’
Tac6: B'B=B’H=2anén ABB’Hcantai B’.
Goi I 1a trung diém BH thi B’I L BH

IB
A B’IB vudng = cose = cosBBI = BE = COoSp = =

Bai 4. (Tuyén sinh PH khdi B/2009)
Cho ling tru ABC.A’B’C’ ¢c6 BB’ = a. Géc clia BB va mit phing (ABC) biing
60°, tam gidc ABC vudng tai C, géc BAC = 60°. Hinh chi€u vudng géc clia B  1én
mat phing (ABC) triing véi trong tim tam gidc ABC. Tinh thé tich kh6i A .ABC

Giai
Ta c6 B’G L (ABC) = BBG = 60°
bat: AC =x,
Goi I trung diém BC
BC B! A!
AABC 1= tan60° = — =./3
AC
= BC =/3x
X2
ABICL = BI’ =3x* + T
B 13x2
4
. BG = 2pr = XV13
3 3
ABBG 1= c0s60° = BG_1 — BB = 2BG
BB 2
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2x«/1_3 3a

= X =

3 213

ABBG 1= BG* = BB* -BG” = a” -

13x?

_139a° _3a’
9413 4
Ta c6: A’B’ // (ABC) = d(A',ABC) = D(B,ABC)

Do d6: V. pe = %B‘G.dt(AABC)

= BG? = a2

=— —X.XA3 =—3ax" =-a =——.
3 2 2 12 4 4.13 208

2 3
_1a\/§1XX.\/— 1, , 19a% 9a

Bai 5. Cho hinh lang tru ABC.A'B'C’ c¢6 diy AABC vuong tai C,
BC = 2a, AC = a+/6, hinh chi€u vuéng géc cia B’ 1én mit phing (ABC) Ia
trung di€ém ctia BC, géc clia BB’ va mit phing (ABC) bing 45°.

a) Tinh thé tich kh&i ling tru.
b) Tinh géc ctia hai mit phfmg (ABB’A") va (CBB'C').

Gidi

C 2a B’

a) Goi H 14 trung diém BC
Tacé: B'H_L(ABC)
va B'BH =45°
AB'BH 1 cintai H
= HB'=a, BB’ =a+/2
Vay Vor=B'H dt(AABC)

—ax %(h)(a%)
:a3%

b) Vé AK L BB' Do AC L (CC'B'B) nén CK L BB’
Vay AKC Ia géc clia hai mp(ABB’A’) va (CBB'CY)

A 4 m-"’

ACKB 1 cin ¢6 BC =anén CK = KB = 22 — 4.2
2
AC a6

AACK 1 tai C = tan AKC = =
CK ay2

-J3= AKczg.
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Bai 6. Cho hinh ling tru ABC.A'B'C’ ¢6 ddy 1a tam gidc déu. Hinh chi€u vudng
gbc clia A’ 1én mit phing (ABC) 1a trung diém clia BC, AA’ = 2a. Hai mit
bén c6 canh chung AA’ vudng géc nhau. Tinh thé tich khdi ling tru theo a.

Giai

Vé BH 1L AA'

Do (AA'BB’) L (AA'CC)
= BH L (CAA'CY)
— BH L CH (1)

Goi I 1a trung diém BC

Ta c6 A'l L (ABC)

MaIB=ICnén A'B=A'C

Tacé BC L Alva A'l

Nén BC L (A'Al)
—=BCLHI (2

Tir (1) va (2) = AHBC L can tai H

Dit x bing canh clia AABC déu

ThiAI:% vaHI= BC_X

Al CI

2 2
. ' . 2 2 2 2 3x”
Taco: AA'Al Ltail = AT =AA" - Al'=4a" - —
Ta c6: ABHA' = ACHA' = CHA' =BHA' =1v
AA’ 1 BCva CH = AA’ 1L (BHC) = AA' 1 HC
Do d6: Dt(A L A’'TA) = %A’I.AI = %IH.AA’
2 2
g B X8 _xo [4512 —3ij3 — 4a?
4 2 2 4
2 2
— 8a’= X7 =x’= 329&

Vay: Ver = A'LA(AABC)
2 2 2
) (4a2 —Sij-x V3 _ (402 - B4) 88 3
4) 4 3 9
_ 2a 82’3 162’

B9 9
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Dang 3: HINH HOP PUNG

Bai 1. (Pé du bi tuyén sinh PH khdi D/2006)
Cho hinh 1ap phuong ABCD.A’B’C’D’ canh a. LAy K trén canh CC sao cho

CK = %a. Goi (o) 12 mit phing qua A, K va song song BD, (o) chia kh&i lap

phuong 1am hai kh&i da dién. Tinh thé tich hai khdi da dién d6 theo a.
Gidi
Goi O va O Ia tAm hai hinh vudng ABCD
vaABCD. AK cdt OO tail.
A ACK c6 OI la dudng trung binh nén
or= K _2
2 3
Miit phing (o) // BD vay (o) cdt mit
phing (DBBD) theo giao tuyén MN
qua I va song song BD.
Tac6é: BD L ACva AA’
nén BD L mp(AA'C'C")= BD L AK
Ma MN//BD = MN L AK
Mic khéc 113 trung di€ém MN va AK nén ANKM 12 hinh thoi. Ta cé:

D’ C’

Vi = Vamknasep = ZVAMKABC = 2VA.MKCB

%AB.dt(MKCB) - 2ATB .B—2C(MB + KO)

_a’(a 2a)_a’
33 3 3

A 3
Vay V, = Vamknascop = Vasepapeop— Vi=a — E =—.

Bai 2. (P& du bi PH kh&i A 2006) Cho hinh hop diing ABCD.A’B’C’D’ ¢6

a3

AB = AD = a, BAD =60°, AA’:T. Goi M, N 1an lugt 1a trung di€m cida
A’D’ va A’B’.

a. Chitng minh AC’ vudng géc mit phing (BDMN).

b. Tinh thé tich khéi ch6p A.BDMN.

Gidi
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a/ AABDdéunén AC 1L BD
Ma: AA' 1L BD nén BD 1 mit
phing (AA'CC)= BD L AC' (1)
Goi O va O’ la tAm hai hinh thoi
ABCD va A’B’C’D’. Goi I 14 trung
diém MN.

Ta c6: 0A=AA'=§

nén AOA’O’ 13 hinh vudng Al
Dodé: AC' L OItaiH (2)
T (1), (2) ta c6: AC' L mit phing (BDMN)
b/ A OAK vuong = OA* = AHAK
3a’
OA* 4 3a

= AH-= = =
AK 3a? N 3a” \/ﬁ
4 16
Ta c6: BD L mit phing (AA’CC’) = BD 1 OI

aV15
4

AOAK = AOIO'= Ol = AK =

Do d6: V, poay = %AH.dt(BDMN) = %AH. % (BD + MN)

3
E %AH.IO%BD _1 3 aVls 3

4° 15" 4 © 16

Dang 4: HINH HOP XIEN

Bai 1. Cho hinh hop xién ABCD.A'B'C'D’ ¢6 ddy ABCD la hinh thoi canh a,
BAD= 60° A’A = A'B = A'D, canh bén tao ddy (ABCD) géc o. Tinh thé tich
khdi hop ABCD.A'B'C'D’ theo a va a.

Giai
Goilla tAm ctia A déu ABD ta c6 IA =1B =ID
Mitkhac: AA=A'B=AD
Viy Al' 1a truc dudng tron (ABD)
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= A'l L (ABCD)

Do d6: goc cia AA' va diy (ABCD)

1a A'Al =a
Ta c6 Al = 2 AO = g_%zﬁ
3 3 2 3

AI

AA'Al | = tano = —
Al

a

= A'l = Altano = tano

va S =dt(ABCD) = 2dt(AABD)
a’\3 _ a*\3

4 2

=2.

Do @6 Vor =Bh=A'ldt(ABCD) =

a3 a’J3  a?
3 tano. 9

= —tana.
2

Bai 2. Tuyén sinh PH khdi B/2011
Cho ling tru ABCD.A’B’C’D’
AD = a+/3 . Hinh chi€u vudng géc

cia AC va BD. Géc ctia hai mp(ADD’A’) va mp(ABCD) bing 60°. Tinh thé

tich khéi ling tru ABCD.A’B’C’D

c6 ABCD la hinh chitr nhit AB = a,
ctia A’ 1én mp(ABCD) triing véi giao diém

> va khodng cach tir B’ d€n mp(A’BD’).

e Goi O 1a giao diém AC va BD

Giai

Goi I trung diém AD Ta c6 OI L AD = A’I L AD

Vay ATO =60° AA’IO L = tan60° = % =3

= A0 = %ﬁ

Ta c6 Vir = A'O.d((ABCD) = %

eTacé B’C//A’D = B’C// mp(A’BD)

Vay d(B’, (A’BD)) = d(C, (A’BD))
V& CH L BD

Do A’O L (ABCD) = A’0O L CH
Viay CH L (A’BD)

ABCD 1 = CH.BD = CD.CB

3
a.ay3 = 3%




Vay CH = d(B’, (A’BD))

a.a\3 B a3 _

- JaZ+3a2 2
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C. BAITAP TU GIAI

BT1. Cho ABC.A’B’C’ 1a hinh ling tru diing ddy 1a A déu canh a, AA’ = a2 . Tinh
Vasca

BT 2. Cho ling tru diing ABC.A’B’C’, day 1a tam gidc déu canh a; BC’ tao mit
bén (ABB’A) mit géc 30°. Tinh thé tich ling tru.

BT3. Cho ling tru ditng ABC.A’B’C’ ddy 1a tam gidc déu canh a. Mit phing
(ABC’) tao véi miit bén (BCC’B’) mot géc a.. Goi I, J 1a hinh chi€u ctia A 1én
BC va BC'.

a) Chitng minh géc AJI bing o
b) Tinh thé tich khdi ling try.

BT4. Cho khéi ling tru ABC.A’B’C’ ddy ABC la tam gidc vudng cin dinh A. Mit
bén ABB’A’ 13 hinh thoi canh a nim trong mit phing vudng géc v6i ddy. Mit
bén ACC’A’ tao v6i médt ddy mot géc a. Tinh thé tich hinh lang try.

BT5. (DB/B06) Cho ling tru ditng ABC.A’B’C’ ¢6 thé tich V. C4c mit phing
(ABC’), (A’BC), (AB’C) ddng quy tai O. Goi H 13 hinh chi€u vudng géc cia O
1én mit phezmg (ABC).

a) Ching minh H 1a trong tim AABC.
b) Tinh thé tich t& dién O.ABC theo V.

BT6. (D2008) Cho ling tru ti gidc déu ABCD.A’C’B’D’ ¢6 dudng cao h, géc cia

(A’BD) va (ABB’A’) 1a o. Tinh Vi1 va Sxq cta lang tru theo h va o.

PS: V=hJtan?a -1 S=4h%*Jtan’a-1)
BT7. Cho ling tru ddng ABC.A’B’C’ ¢6 tam gidc ABC cén tai A. G6c cia AA’ va

BC’ 1a % . GOc nhi dién canh AA’ 1a g . Tinh thé tich ling tru

BTS. (DBD2007) Cho ling tru ditng ABC.A’B’C’ c6 tit ci cdc canh déu bing a.
Goi M 1a trung di€ém AA’. Chiing minh BM vudng géc véi B’C va tinh khodng
cich giita hai dudng thing BM, B’C.

BT9. Cho hinh hop xién ABCD.A’B’C’D’ c6 ddy ABCD la hinh thoi canh a. Géc BAC
biang 60°. AA’ = A’B = A’D va canh bén tao v6i day goc o .

a) Xac dinh géc o va chan dudng cao vé tir A’.
b) Tinh thé tich V ctia hinh hop.

BT10. Cho ling tru ding ABC.A’B’C’ ¢c6 AABC L tai B. AB = a, AA’ = 2a,
A’C =3a. Goi M Ia trung di€m A’C’, T 1a giao diém AM va A’C. Tinh V. va
d(A,(IBCO).

BT11. Cho lang tru tam giic déu ABC.A’B’C’ ¢6 mit phdng A ABC cach A mdt khoéng
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af va tao v6i BC goc co sinaw = /15 . Tinh thé tich ling tru.

BT12. Cho ling tru xién ABC.A’B’C’ ¢6 ddy tam gidc ABC déu canh a,
AA’ = A’B = A’C, gbc ciia hai mit phing (ABB’A’) va (ABC) 1a 60°. Tinh thé
tich va dién tich xung quanh cta lang try.

BT13. Cho ling tru xién ABC.A’B’C’ ¢c6 A ABC 1 tai C, B=2a, AC = ay6. Goi
H 12 trung di€m BC thi BH L mp(ABC) géc ctia BB va mp (ABC) bing n/4.
Tinh thé tich khdi lang tru va géc clia hai mat phing (ABB'A) va (CBBC).

VAN PE 3: HINH TRU

e Hinh tru 1a hinh sinh béi hinh chit nhat quay mot vong quanh mot canh.
e Céc thi€t dién qua truc

12 cdc hinh chit nhat bing nhau.
V=B.h

Sy = 2nRh
B: dién tich ddy

h: chiéu cao
R: ban kinh ddy

Bai 1. Bén trong hinh tru tron xoay ¢6 mot hinh vuéng ABCD canh a ndi ti€p ma
hai dinh lién ti€p nhau A,B nim trén dudng tron ddy thi nhit cda hinh tru, hai
dinh con lai nim trén dudng tron ddy thd hai cia hinh tru. Mit phing hinh
vuéng ABCD tao mit phing ddy ctia hinh tru mot géc 45°. Tinh theo a dién
tich xung quanh hinh tru d6 va thé tich kh&i tru d6.

Gidi
Goi B 1a hinh chi€u vudng géc clia B xudng mit ddy chita (0”) A
ABCD hinh vuéng = DC L CB = CD L CB'
Do d¢6: BCB' = 45° va DB’ 1a dudng kinh cda (O’).
a\2
2

ABBC vudng cin nén: BB’ =CB’ =
ACDB' vuong nén:

2
DB'=yCD” +CB” = a2+2% =¥
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:>R=E=%

2 4
a/6 8\/5_71&12\/5

Do d6 Sxq = 2nRh = 2n

4 2 2
vi: V=nR*h=n 6a” a\/ﬁ = Snasx/g
' 16 0 2 16

Bai 2. (Tuyén sinh dai hoc khdi A nim 2006) Cho hinh tru c¢6 ddy 1a hai hinh
tron tim O va O, ban kinh ddy biing chiéu cao va biing a. Trén dudng tron
tam O 14y diém A, trén dudng tron tim O 14y di€m B sao cho AB = 2a. Tinh

theo a thé tich tit dién 0.0 AB.

Gidi

V& BC vudng géc mit phing ddy chita dudng
tron (O). AABC vudng

= AC? = AB*> - BC?=4a’-a’=3a’
V& CH LOA
Ma OO LCH
Nén CH L mp (OO A)
Ta c6 BC // mp (OO'A)
NénCH= d(C, (00 A))=d (B, (00 A))
AAOC = AC? = OA? + OC? — 20A.0CcosAOC

— 3a% = 2a® — 2a%cosAOC

= cosAOC = —%

= AOC =120°

A vudng COH = sin 60° = C—H = CH = %
oC 2

R 1 ,
Vay: Voo = Vaoo =5 CHAH(A00A) =

1
5

Foe)-5

sy

a

12

Bai 3. Cho hinh tru c6 hai hinh tron ddy tdim O va O’, ban kinh ddy R, chiéu cao
R+2. Goi A 1a diém trén dudng tron (0). Tim B va C trén dudng tron (O’)

sao cho tam gidc ABC déu.

Gidi
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T Avé AA'//OO'= AA' L mp chita (O).

V& duong kinh A'O'D.

Do AB = ACnén A’C = A’B.

Mitkhic O'B=0’C =R.

Vay O’A’ 1a dudng trung truc ciia BC.

= O'A' 1 BC tai trung di€ém 1.

Pitx=AT(0<x<2R)

AA'BD vudng tai B nén BA’>= A’LA’D = 2Rx

vaIB’=IA’ID=(2R - x) x

Vay BC = 2Bl = 2 {/x(2R — x)

AA'AB vubng tai A’

nén BA®= AA”® + BA”>= 2R’ + 2Rx

Ma AABC déu

= BA? = BC? = 2R? + 2Rx = 4x(2R — x)
=4x> -6Rx+2R* =0

=>x=R v x=E
2

Do d6 AABC déu khi
¢ [A’ =R < BC dudng kinh cia (O’) ma vudng géc O’A’

o JA’ = g <> BC 1a day vudng géc O’ A’ tai trung diém ctia O’A’.

Bai 4. Cho hinh tru ¢6 ddy 1a hai hinh tron tim O va O ban kinh R, chiéu cao
R+/2. Trén hai dudng tron O va O 14y 14n lugt hai diém A va B sao cho géc
hai dudng thing OA va O'B biing o khong d6i.

a) Tinh AB theo R va a
b) Chitng minh khi AB di dong thi trung di€m ctia AB ludn di dong trén mot
dudng tron c6 dinh.

Giai
a/vVé O'A'//OAthi A'O'B =a.
ve OOHLA'B=HA'=HB
AOA 'O’ 1a hinh chit nhat
= AA//00'= AA"' 1 (0"
AO A H vudng :>sin2=ﬂ
2 O0O'A’
:>A'B=2A'H:2Rsin%
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A AA'Bvudng

— AB? = AA 2+ A'B? = 2R? + 4R? sinzg

— AB=R /2+4sin2%

b/ Goi K 12 trung diém OO' va I trung diém AB

Tacé: TH=LAA va KO =100 = L AA
2 2 2
Do TH = KO nén O HIK 12 hinh chit nhat

Dodé KI= OH= Rcos% (khong déi).

AI

Do d6 I ludn di dong trén dudng tron tim K bdn kinh R = Rcos% nim

trong mit phing qua K va song song vdi hai ddy.

Bai 5. Cho mdt hinh hop chit nhat ABCD. ABCD, BC = b, duding chéo D B clia
hinh hop tao v6i mit phing ddy mot goc o va tao véi mit phing bén CDD C mot

gbc B.

a) Tinh dién tich xung quanh ctia hinh tru ngoai ti€p hinh hop dé.
b) Tinh thé tich hinh hop ABCD.A'B'C'D'.

Giai

a/Tacé: D'BD =a va BD'C=B (doBC L(DCC' D) 1y

ABCD’ vudng tai C c6 BD'= ,b
sin f3
AD'DB ¢6 DD’ = BD'sin o = 250¢
sin f3
Bdn kinh ddy R cia hinh try
ngoai ti€p hinh hop:
R=5D _1pDcoso = bc?sa
2 2 2sin P
2 .
— S=2RDD = P sinZx
2sin” B
b/ Ta c6: BD = bc'osoc
sin f3

A!
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AABD | =AB=+BD? - AD? = b cos” o Jcos® o — sin®
sin? B s1nB
2 .
— V= b,s#«fcoﬁ o —sin® B

sin” 3
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C. BAITAP TU GIAI

BT1. Cho hinh tru c6 ban kinh ddy R va chiéu cao R 14y hai diém A, B nim trén
hai dudng tron ddy sao cho AB = 2R. Tinh khodng cdch tir AB dé&n truc hinh tru
theo R.

BT2. Cho hinh tru cé ddy Ia hai dung tron tim O va O’ ban kinh R, dudng cao
R\E. Liy A trén (O), B trén (O’) sao cho OA vudng géc O’'B
a) Chirng minh cdc mit bén cta hinh chop OABC’ 1a cac tam giac vuong. Tinh V

khdi chép.
b) Goi (o) 1a mat phfmg qua AB va song song OO’. Tinh d(OO’, o)

BT3. Cho hinh tru c6 thé tich V khdng d6i. Tinh dién tich ddy va chiéu cao sao cho
dién tich toan phan dat gia tri nhé nhat.

BT4. Cho hinh tru c6 thi€t dién qua truc 12 hinh vudng, dién tich xung quanh Ia 4.
a) Tinh dién tich toan phan cda hinh tru.

b) Tinh thé tich khéi tru.
BT5. Cho ling tru ding ABCD.ABCD c6 diy ABCD la ABCD I hinh thang cin

vGi ddy nhd AB = a, ddy 16n CD = 4a, canh bén 5?3 . Chiéu cao ling tru h.

a) Chitng minh c6 hinh tru ndi ti€p ling tru da cho.
b) Tinh dién tich toan phin va thé tich hinh tru dé.
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VAN PE 4: HINH NON

— Hinh nén tron xoay la hinh sinh ra bdi mot
tam gidc vudng quay mot vong quanh mot
canh géc vudng.

— Céc thi€t dién qua truc
12 cdc tam gidc cAn bing nhau.

S_. = nhl

xq

V= 1Ttth
3

R: ban kinh dudng tron ddy
[ = SM: dutng sinh
h = SO: dudng cao
— Hinh nén cut 12 mot phan cda hinh nén gidi han bdi mit ddy va mot thiét dién
vudng géc véi ddy.

S, =R +R)I

V= %nh(R2 +R”+RR")
I?=h*+R-R"?

R, R': bdn kinh hai ddy

h= 00': chiéu cao

[=MM": dudng sinh

Bai 1. Cho hinh nén c6 chiéu cao h. Goi (o) 12 mit phing qua dinh hinh nén va

2z A z s 2z *A . ~ < 2 N N z
tao mdt ddy mot géc Z . Tinh theo h dién tich mit cidt cia (o) va hinh nén,
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A > - < < A S\, ~ 7z A 2z A 27[
bi€t rang mdt cat chan trén dudng tron ddy mdt cung c6 s6 do — .

Gidi
V& OH L ABthi SH L AB Tacé: SHO = g = A SHO vudng cin
= SH=S0+2 =h+f2 vAOH=SO=h
Ta ¢6: sd AB= 120" = BOH= 60°

BH

AOBH vuong => tan60’ = —
OH

— AB=2BH=2h+/3

Do d6: dt (A SAB) = %SH.AB = % (h/2)2h+/3)=1% 6

Bai 2: Cho AABC vudng tai A,c6 AB=ava ACB=a«a
Ngudi ta quay tam gidc d6 mdt vong quanh BC.
Tinh thé tich kh&i tron xoay tao thanh theo a va ..

Gidi
V€& dudng cao AH

AABC L :sina=§:> BC

N

va tana:E:AC:ABcota
AC

AAHCL:>sinoc:ﬁ

= AH = ACsina

= acost sino. = acoso

A C
Khi quay A ABC quanh BC thi khdi tron xoay tao thanh
gdm hai hinh nén ¢6 ddy 12 dudng tron tAm H b4n kinh AH

Tac6: V = gBH.AHZ + g CH.AH?

_ gAHZ(BH+ CH) = gAHZ.BC
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T a
=3 (a® cos® o) =7

a® cos® a
sin o 3 sina

Bai 3. Mot hinh nén ¢6 dudng cao 20, ban kinh ddy r = 25.
a) Tinh dién tich xung quanh hinh nén.

b) Mot thi€t dién qua dinh va cdch tim clia ddy 1a 12. Tinh dién tich thiét
dién do.

Gidi
a) A SOA vudng

= SA?=S0’+0A2=400+625=1025 = SA =541

Viy S, = TRl=71.25.5\41 = 1257 /41.

b) Mit phing qua dinh S cidt mit nén theo hai
dudng sinh SM va SN.
V& OH L MNva OK 1 SH
Ta c6 MN L mp (SOH) nén MN L OK
Viay OK L mp(SMN)
= OK = 12 = d(O, mp (SMN))

ASOH vuéng = 12 = 12— 12
OH? OK® SO : q
144 400 M \H_/
256
144.400
_op.12x20 .
16

AOMH vuong = MH* = OM” — OH” = 625 — 225 = 400
= MN = 2MH = 40

ASOH vudng = SH? = SO* + OH” = 400 + 225 = 625 = SH = 25
Vay: dt(ASMN) = %SH.MN = %.25.40 =500.

Bai 4. Cho mot hinh chép tt gidc déu S.ABCD c¢6 canh ddy biing a va BSC = a

4 T . N
véi 0<oc<§.T1nhtheoava a.

a) Thé tich kh&i chép theoa va o
b) Dién tich xung quanh hinh nén ngoai ti€p hinh chép d6.
Gidi
a/ Goi H 1a tAm hinh vuéng ABCD thi SH 1 mp(ABCD)
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Goi M 1a trung diém ctia BC. Ta c6 HM L. BC = SM L BC

ASMC vuong = SM = % cot % S
A SHM vudng
2 2
:»SH:Ja_cotzz_a_: ayeosa
4 2 4 2sin &
2
3
Thé tich khdi chop: V = 2 Y05
6sin &
2
A
b/ Dién tich xung quanh hinh nén ngoai ti€p hinh chép 1a: S = = HB.SB
2
V(,)'IHB=&VQSB= a :S:na\/i'
.o . a
2sin 5 48in —

Bai 5. Cho hinh chép tam gidc déu S.ABC, canh ddy a, géc & dinh clia mit bén
lao.
a) Tinh thé tich khdi chép da cho theo a va a.

b) Tinh dién tich xung quanh ctia hinh nén dinh S ndi ti€p trong hinh chép dé
theoava .

Gidi S
a/ Goi O 12 tAim tam gidc déu ABC thi SO 1 mp(ABC)
Goi I 1a trung diém BC.

Do ASBC cannén SI L BC
va BSI = 2BSC = 2
2 2 N
Ta ¢6: OB = 2BJ = ga;E _ ﬂ e T
3" 2 3 Azl i |
ASBIvuongtail O i TR
sin%-Bl _pg. 2 S L
2 SB 2sin &
2 B
A SOB vuong tai O
= SO’ =SB’ - OB’
2 2 2 2
-2 a2 _a 3 -4 :a—(300t22—1J
4sin? % 3 12 sinz & 2
2 2
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Vay VS ABC = lh dt (AABC)

2
a J_ fs t2°°— - f3c0t2——1
T 63 24

b/ASBI:tang:BI SE—SI——=— cot—
2 2 2

SI tan o
2

va R=OI=%

2
Vay S,, —7tR€—7t—3E ot 2 =12 \/gco =.
6 2 2 12 2

Bai 6. Cho S.ABC 1a hinh chép tam gidc déu c6 canh bén 13 a va gbc clia mit
bén va mit ddy 12 30°.Goi hinh nén noi ti€p hinh chép 13 hinh nén dinh S ddy
12 dudng tron ndi ti€p tam gidc déu ABC. Tinh dién tich xung quanh hinh nén
ndi ti€p hinh chép S.ABC theo a.

Gidi
Goi J 1a trung diém BC, I la tim
dudng tron ndi ti€p tam gidc déu
ABC. Do S.ABC Ia hinh chép déu nén
SI L mp(ABC) va AJ 1 BC
= ST L BC. Vay SJA =30°.
bédt r = 1IJ 1a ban kinh dudng tron ndi
ti€p A ABC.

ASIJ vudng = tan 30° = 51

va cos 30° _J :Slzﬁ
SJ 3

va Sng

B

ASIA vudng = SA® = AT? + SI?
2 2 2
:>a2=(2r)2+(§J e o B,

A

3 3 13
2a

Ji3

Vay £=8J = 2% _

Ve
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J3 2a ) 2a’\3
‘“'(Jﬁa}(ﬁ)‘ 13

Bai 7. Cho hinh nén tron xoay c6 chiéu cao 15 cm, ban kinh R = 6 cm. Tim chiéu
cao va ban kinh ddy cda hinh tru c6 dién tich toan phan I6n nhit noi ti€p

trong hinh nén. Tinh dién tich toan phan hinh tru d6.

Gidi
Goi r va h 13 bdn kinh ddy va chiéu cao clia
hinh tru ndi ti€p trong hinh nén v6i 0 < r < 6
vaO<h<15.
Ta c6: Sy = 2Sasy + Sxq = 271" + 2 1rh
AN _ MN N 6-r _ h
AH SH 6 15

Do MN // SH

:»}1:15(1—3}15—2
6 2

Viy: S(r) = 2nr? + 2nr (15 - %J
S(r) = 2mr? + 30mr — 5mr? = 30mr — 3nr vGi0<r<6
Tacé: S'(r)=30n—6nr;S’r)=0=r1r=5
r 0 5
s' + 0 —
S 7571
/ Cb \
r=5
Do d6: Spx=751t < h 5
2
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- ~ ?
C. BAITAP TU GIAI

BT1. Cho hinh nén dinh S, dudng cao SO. Ly A, B thudc dudng tron taim O sao
cho d(O, AB) = a, SAO=30°, SAB=60". Tinh dién tich xung quanh hinh nén.

BT2. Cho hinh chép tif gidc déu S.ABCD c6 chiéu cao SH biing h, géc SAB biing
o v6i o >45°. Tinh dién tich xung quanh hinh nén dinh S va ddy la dudng
tron ngoai ti€p hinh vudng ABCD.

BT3. Cho hinh nén pcé ban kinh ddy R, dudng cao SO. Mit phing (P) cd dinh
vudng géc SO tai O cit u theo dudng trdn c6 ban kinh ddy R . Mit phing (Q)
thay ddi vudng géc SO tai O; (O; niim giita O v O') c4t hinh nén theo thiét
dién 12 hinh tron ¢6 ban kinh x. Tinh x theo R, R néu (Q) chia hinh nén nim
gitta (P) va ddy hinh nén theo 2 phan c6 thé tich bing nhau.

BT4. Cho hinh nén ¢6 chiéu cao h. Goi (o) 1a mit phfmg qua dinh hinh nén va tao

g T e e 2T
véi ddy goc 1 Tinh dién tich mat cat chan trén ddy c6 so do 3
BT5. Trong cdc khdi nén tron xoay cling c6 dién tich toan phan biing 7 thi khdi
nao cé dién tich 16n nhat
BT6. Cho hinh nén tron xoay c6 chiéu cao h va c¢6é ban kinh ddy R. Trong cdc mit

phing qua dinh hinh nén, xdc dinh mit phing cit hinh nén theo mit cit c6 dién
tich 16n nhat va hay tinh dién tich aYy.
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VAN BE 5: MAT CAU — THE TICH KHOI CAU
Mit cau tam I ban kinh R, ki hiéu S(I, R)
SA,R)= {M/IM =R}
Hinh cAu tim I ban kinh R, ki hiéu B(I, R)
B(I,R)= {M/IM <R}

Thé tich hinh cau B(, R):

4
V = —nR?
3
Dién tich mit cau:
s_. = 4nR® A
e Phuong phap xic dinh miit cAu ngoai ti€p ti dién ABCD 5 D

e Trudng hgp 1: Néu ABC = ADC =1v
Hai diém B va D cling nhin doan AC dudi
mot géc vudng nén cling nim trén mit cau
dudng kinh AC.

e Trudng hgp 2: Néu AB=AC=AD=a
— Vé AH 1 mp (BCD) thi H 1a tam dudng
tron ngoai ti€p ABCD
— Trén mp (ABH) v& dudng trung truc
ctia AB, dudng nay cidt AH tai I thilla
tAm mit cau (ABCD).
— Do hé thic lugng trén dudng tron
(IJBH) ta cé:

a2

2AH

AJ.AB =AlLAH = R=1A=

e Trudng hgp 3: Néu AB L mp (BCD)
V& (A)la truc dudng tron (BCD).

— V€& (o) 1a mat phfmg trung tryc clia




AB. (A) cit (o) tai I thi I 1a tAm
mit cau (ABCD).

- R=1IB=+IH? + HB?

Bai 1. Thi€t dién qua truc ctia mdt hinh nén 1a tam gidc déu, ban kinh ddy hinh
nénla R
a) Tinh thé tich khdi nén da cho.
b) Chitng minh ring dién tich ddy, dién tich xung quanh, dién tich toan phian
ciahinhdétilé 1:2:3.
¢) Chitng minh ring dién tich toan phin clia hinh nén bing dién tich mit ciu
ma dudng kinh biing chiéu cao clia hinh nén.

Giai

2RJ’ RS

ASAB déu canh 2R nén SO =

3
RI( ) = RS

Vay Vi = %SO.dt.(déy) =

Tac6é  Sgsy=nR
Syq = TR.SA = 271R?
St = Sasy + Sxq = 37R’
Dodbé  Sasy:Sxq:Sp=1:2:3

SO _R\3

Dién tich xung quanh mit cAu ban kinh - = 2

RV3 )

Vﬁy Smc = 47‘5(802) =4 [TJ = 3TCR2 = Stp

Bai 2. (Tuyén sinh Pai hoc khéi D 2003) Cho hai mit phflng (P) va (Q) vudng
g6c¢ vdi nhau theo giao tuyén (A). Trén (A) 1dy hai diém A, B ma AB = a. Ly
C trén (P) va D trén (Q) sao cho AC va BD vudng géc (A) ma AC = AB =BD.
Tinh badn kinh mit cau qua 4 diém A, B, C, D va khodng cdch tr A dén miit
phiang (BCD).

Gidi
a/ Do hai mit phing (P) va (Q)
vudng gbéc v8i nhau theo giao
tuyén (A) ma AC L (A) va AC
niam trén mit phing (P) nén AC L
mp (Q)= AC L AD
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Tuong tv: BD L (A)= BD L (P)

= BD L BC
Tac6 : DBC = DAC =1v
B va A cung nhin DC du6i 1 gbc
vudng nén cling nim trén mit cau

duong kinh DC, R = D?C

AABC 1 cin = BC?=2a’

CD _ Ja? +2a? _ a3

ABDC L =R=—-
2 2 2

b) T A vé AK L BC

Tac6 (P) L (Q) ma BD LAnénDB L (P) =BD 1 AK

Vay AK L mp(BCD)

ACAB _ a’

a\2

Do d6: AK=d(A, BCD) =
BC

_a\/§= 9

Bai 3.Cho ¢ dién déu SABC canh a. Goi I 1a trung di€m clia dudng cao SH clia

i dién.

a) Chitng minh ring ba dudng thdng IA, IB, IC vudng géc v6i nhau tirng doi

mot.

b) Xdc dinh tAm mit cAu ngoai ti€p t& dién IABC va tinh bdn kinh clia né

theo a.

Gidi
a/ S.ABC 1a t& dién déu dudng cao SH
nén H1a tam cia AABC
ASHB vuédng tai H

— SH? = SB? - BH? = a® 2 a3| 2

32 3
a2 a\/g
g-2Ve _avb
=S \/§ 3

AIHB vuong
2
— IB® = IH? + HB? :(—afJ +(—af

IeSH=IA=IB=IC
Xét AIBC ¢6 IB*+ IC*=BC* = IB L IC
Tuong ty ta c6 IC L TA, TA 1L IB

0)

b) Vilva H cich déu A, C, B nén tim hinh ciu di qua 4 diém I, A, B, C phai
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nam trén [H.Vé& dudng trung truc cia doan IB trong mp(BIH), dudng nay cit
IH kéo dai tai O

Ta c6 OA=0B=0C=0I, vay O 1a tim hinh cAu qua bon di€m A, B, C, L.
Goi M 1a trung di€m IB

Ta ¢6: AIBH ~ AIOM — B _ IH

I0 IM

2 2
:R:OI:IB.IM:IB a :a\/a

IH 2IH 4[31\/6} 4
6

Bai 4. Cho tit dién ABCD c6 hai mit bén (ACD) va (BCD) vudéng géc nhau,
AB=BC=BD=AC=a,AD=2a+/2.
a) Chitng minh AACD vudng.
b) Tinh theo a dién tich mit cau xung quanh qua A, B, C, D.

Giai B
a) Goi M trung diém CD
ABCD ciantai B=BM L CD
(ACD) L (BCD) = BM L (ACD)
Do BC = BD = BA nén MC = MD = MA
Vay AACD vuéng tai A I/ o

b) Do BC=BD =BA

va MC =MD = MA

nén BM Ia truc dudng tron (ACD)
Trong (BCD) dudng trung truc ctia BC cit
BM tai O thi O la tAm miit cAu qua B, C,
D, A.

AACD vudng tai A = CD*= AC> + AD” = a’ + 2a° = 3a°

BY o
ABCMvuéngtaiM:BM2=BC2—MC2=az—(aTJ =‘?‘Z
ABIO ~ ABMC — 2L _ BO

BM BC
2 2
_R-po= BLBC_BC _,_a _,
BM 2BM 9
‘2

Viy S, = 4nR* = 4ma’

Bai 5. Cho hinh chép S.ABCD c¢c6 ABCD la hinh vudng canh a;
SA = SB = a, hai mit phing (SAB) va (ABCD) vudng géc v6i nhau. Tinh
dién tich xung quanh mit cAu qua S, A, B, D.
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Gidi

GoiJ Ia tAm hinh vuéng ABCD
Goi A la dudng thing qua
J va 1 (ABCD) thi A la truc dudng
tron (ABCD)
Goi I 1a trung di€ém AB
A SAB déu =SI 1L AB
Mp(SAB) 1L (ABCD) =SI 1 (ABCD)
Doll LAB= 1J L (SAB)
Goi G 1a tAm ciia tam gidc déu SAB
Veé (d) L (SAB) tai G thi (d)
la truc dudng tron (SAB)
Ta c6 (d) cit Atai O
Oe A= 0A=0B=0D
Oed=0A=0B=0S
Viy OA=0B =0D =0S
=0 latAm mitcauqua S, A, B,D
Vay OGIJ 1a hinh chif nhat
Tacod/1JvaSI/ A
AOSG vuong = R? = SO? = SG? + OG?

2 2 2 2 2
3R2=[§SIZJ+IJ2:(§§J +(gj:a_+a_=7i

2
Do d6 Sygme=4 7R? = %n.

Bai 6. (Tuyén sinh PH khéi B nam 2010) Cho ling tru tam gidc déu
ABC.ABCc6 AB = a, gbc cua hai mat phﬁng (A'BC) va (ABC) bing
60°. Goi G 1a trong tim AA'BC . Tinh thé tich khdi ling tru va ban kinh mit
ciu ngoai ti€p ti dién G.ABC.

Gidi
e Goi H 1a trung diém BC,
AABC déu = AH 1 BC
Ma AA' 1 mp(ABC) = A'H 1L BC




Vay A'HA = 60°

AA'AH 1= tan 60° =%=\/§

AH
L AA'= (323 _3a
2 2
AH 1

Vacos60°= ——— == = A'H=2AH = a/3

A'H 2

3a a’\3 B 3a°\/3

Do d6 V... = AA".dt(AABC) = 22 |
0 €0 Vir ( )= %2 8

e Trong mit phing (GHA) vé (d) dudng
trung truc ciia GA cdt GI tai O thi O 1a tAm
mat ciu qua G, A, B, C.

Goi M la trung diém GA.

Goilla tim cia A déu ABC

.. HG HI 1

Tacé: — =— === GI/ AA"’
HA' HA 3
vay: SL_1_g_l3a_a
AA' 3 32 2
2 2
AGIA L = GA>=GI* + 1A’ = (%] +(§—a‘2/§j -

Ta c6: 7,0y, = GM.GA = GO.GI

2 2
:>R=GO=GM'GA:GA _ 2la

a’ 3a’> 21a’

GI 2GI 36.%.2

49 36
_2la Ta
36 12

SA=SB=SC=a.

mp (ABCD). Tinh thé tich khoi S.ABCD.
S. B, A, C, M, N cung thuéc mot mit cau.

Bai 7. Cho hinh chép S.ABCD c¢6 ABCD hinh thoi canh a; ABC =60°,

Goi M la trung diém SD; N 1a hinh chi€u vuong géc clia M Ién

Chitng minh siu diém

Gidi

¢ AABC ¢6 AB=BC=ava ABC =60°nén AABC la tam gidc déu.
Goi G 1a tam ctia A ABC do SA =SB =SC, GA =GB = GC

nén SG L (ABCD)
DoMN L (ABCD)nén MN//SGvaN € BD
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Ta c6: ASBG vudng
= SG*=SB’- BG’

{3%)

3 2

, a’> 2a®
=" —— = —

3 3
Viy Vo= % At (ABCD)

1 aV2 2a%3  a’\2
"3 3 4 6

e Goilla tAm mitcauqua S, A, B, C

Thil € SG la truc dudng tron (ABC)

Tac6:IS=IB=R = AISB can

Goi H 1a trung diém SB thi IH 1 SB
Ta c6: psase = SLSG = SH.SB \M

. R_gy. SHSB _ 8B’
SG  28G I
= a2 :a\/§=a'\/€ G N D
a2 22 4
3
Ta c6 IG=SG—SI=aJ€_a%=a%
3 4 12
va NG:OG+0N:§.§=¥

144 9 24 3 8

2 2 2 9 9
AIGN vuong = IN>= G2+ GN> =92 38 & & 33

Ta c6 IN = ﬂ:ﬁ:R:NEmétcﬁuquaSABC
22 4

Taco: 16 =26 gq = V2 _aV6
12 3 3

:>IGziSGm21MN=%SG:>MN:2IG

Goi K 1a trung di€m MN Do IGNK 14 hinh chit nhat nén IK L MN
ViyIM=IN=R

Do d6 sdu di€m S, A, B, C, M, N thudc mit cAu tim I v6i R = #.
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C.BAITAP TY GIAI

BT1. Cho hinh chép S.ABCD c6 ddy ABCD hinh vudng canh a, SA vudng gbc ddy,
SB=a x/§ .
a) Tinh Vg apcp -
b) Chitng minh trung di€ém cta SC 13 tim mit cAu ngoai ti€p hinh chép

S.ABCD.

BT2. Cho hinh chép tam gidc déu canh ddy a, mit bén tao v6i ddy mot géc o. Tim
tAm va bdn kinh mit cAu ngoai ti€p hinh chép

BT3. Cho tif dién ABCD v6i AB = AC = a, BC = b. Hai mit ph:flng (BCD) va
(ABC) vudng géc nhau va géc BDC bing 90°. Xdc dinh tim va ban kinh mit
cAu ngoai ti€p ti dién ABCD theo a va b.

BT4. Cho hinh cAu dudng kinh AB = 2R, 14y H trén ban kinh OB sao cho OH = % .

Mit phing (o)) qua H vudng géc AB cit hinh ciu theo dudng tron (C).

a) Tinh dién tich hinh tron (C)

b) Goi CDE la tam gidc déu noi ti€p trong (C). Tinh thé tich hinh chép ACDE
va BCDE.

BTS5. Trong mit phéng cho dudng tron dudng kinh AB = 2R. Ly M di dong trén dudng
tron. V& MH vudng géc AB tai H v6i AH = x (0 < x < 2R). Dung dudng thing
vudng géc véi mp tai M trén d6 14y MS = MH. Xdc dinh tdm va bdn kinh mit
cAu ngoai ti€p SABM. Tim x d€ ban kinh mit cau d6 dat gia tri 16n nhat.

BT6. Cho tit dién S.ABCD c6 SA vudng géc mit phing (ABC), nhi dién canh

SB = a, géc BSC biing g, géc ASB bing a (0 <a< gj

a) Chitng minh SB vudng géc BC. Xdc dinh tim va bdn kinh mit cau ngoai ti€p
t dién SABC.
b) Tinh thé tich t& dién SABC theo a va o. Tim o d€ th€ tich nay 16n nhat.

BT7. Cho hinh chép S.ABCD c6 ABCD vudng canh a, SA L (ABCD). Miit phing
qua A vudng géc SC cit SB, SC, SD Ian lugt tai B”, C’, D’. Chitng minh 7 diém
A,B,C,D,B’, C’, D’ ciing thudc mit cau. Tinh dién tich mit ciu d6.

BTS8. Cho hinh ché6p S.ABCD c6 ABCD hinh vudéng canh ax/@ va SBD déu. Hinh
chi€u vudng géc cda S 1én mp(ABCD) Ia trong tim ABD.

a) Tinh thé tich kh&i chép S.ABCD.
b) Xac dinh tAm va ban kinh mét con qua S, A, B, C, D.
a\35

26

(PS: R= )
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PHAN 3

HINH GIAI TICH
TRONG KHONG GIAN (Oxyz)



BAI 1

HiX TOA PO TRONG KHONG GIAN

A.TOM TAT LY THUYET

¢ Trong khong gian (Oxyz) cho hai vecto ; = (ay, as, az), B = (by, bg, bs).

a, =b,
- o - -
Tacé: a=b<qa,=b, atb=(a +b,a,*bh,a;+b,)
a = by

ka=(ka, ka, ka,) (k €R)

& va b cung phuong < [4,b]= 6 < Jdk eR:; =k.l; (B # 6)
B2 % bbby # 0
<~ bl b2 b3 ( 1-M2.03 )
Binh nghia: a.b = [d].[b| cos(@, b)
anh l}” é.B = a1b1 + a2b2 + a3b3

He quad: [a =a*; ld| = Ja? + a2 +a’
alboa.b=0
¢ Trong khong gian (Oxyz) cho A(xa, ya, Za, ), B(Xs, ¥8, zs), C(X¢, yc, Zc)

Ta c6: AB = (XB— XA, YB — YAs ZB— ZA)

AB = ‘A—B‘ = \/(XB %, )+ (Vg -Va) + (25 -2, )

XI:XA+XB
2
Trung diém I clia doan AB: |y, = %
ZI:M
2
XG :W
+y. +
G trong tam AABC <y, :W
L LTty
=A%
3
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= Luu §:

NéuM e (Oxy) thizy =0 Néu M e (Oyz) thi xyy =0
Néu M e (Oxz) thi yy =0 NéuM e xXOxthiyy=zy =0

NéuM € 2Oz thi xy = yy = 0 NéuM € y'Oy thi xyy = zyy = 0
e Tinh ¢6 huéng cua hai vecto

Trong khong gian (Oxyz) cho 2 vecto: ; = (ay, as, as), B = (b1, by, bs)

Tich ¢6 huéng cia hai vecto a va B, ky hiéu [é, B} (hoac g/\g), l1a

|

vecto co toa do:

a, as

b2 b3

as a,

by b

a, a,

bl b2

K

[, b] =[

Tinh chat:

1/ Vecta [&, b] vudng géc véi ca hai vecto a va b
o/ [ab)=-|ba)
3/ a5 ] =lalBlsin & b)

Ung dung cla tich ¢6 huéng
a/ a,b,¢ dong phing < [a,b].¢ #0

b/ Dién tich tam gide ABC: S = %|[TB, AC]
¢/ Dién tich hinh binh hanh ABCD: S = [AB, AD]|
d/ Thé tich ti dién ABCD: V= %‘[E,E].ﬁ‘

¢/ Tinh thg tich hinh hop ABCD.AB'C'D': V = %‘[E, AD | AA ‘

o Cdc dang todn thuéng gdp
e A, B, C, thing hang < AB cung phuong véi AC < [@, TC] =0
e A, B, C 12 3 dinh cha mot tam giac < A, B, C khong théng hang.
e A B, C,Dla 4 dinh cta 1 td dién
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& AB, AC, AD khong déng phing < [AB,AC|AD #0

e Truc tam H cia AABC

Tim toa do diém H tir diéu kién:
AHBC =0 AH.BC =0
BH.AC =0 < {BH.AC =0

A, B,C,H ddng phéng [ﬁﬁ:‘]m -0

e Chan duong cao A’ cia dudng cao AA' ciia AABC
Tim toa do diém A’ tir diéu kién

AA'BC=0 AA'BC=0

{ﬁ cung phuong BC = {[ﬁ,@] =0

e Tam duong tron ngoai tiép I cia AABC
Tim toa do diém I tir diéu kién:

IA =1B IA® = IB?

IA =1IC o {IA? = 1C?

A, B,C,1déng phang [E, EJKI -0
e Chan dudng phan giac trong va ngoai cia AABC
Goi D, D' 1a chan duong phan giac trong va ngoai cia BAC
.DB_DB_AB

DC D'C AC
Vay DB = - 2B DG va DB = 2B pG
AC AC

Ta co

e D& tim tam ctia duong tron ndi tiep: A
— Vé duong phan gidc trong cia B cit

AD tai I thi I chinh la tdm duong

tron noi tiép AABC.

— Tim I tir cong thic:
IA_BA _ qx__BAy
ID BD BD
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B. BAI TAP MAU

Bai 1: Cho ba vects d = (1,m,2), b =(m +1,2,1), ¢ =(0,m — 2, 2)
a. Tim m dé & vudng goc b.
b. Tim m dé &,b,¢é dong phing

c. Tim m d& |a + bl =

Giai
a/ Ta co:
dlb o db=0com+1+2m+2=0<m=-1
b/ Ta co:

[5,}3] =m-4,2m+ 1, -m*’—~m + 2)

a,b,¢ dong phing < [a,b].¢ =0 -5m+2=0<m = %

¢/Taco: 4+b =(m+2,m+2,3)
Do dé: [a+b| =& < la+bl = ¢
SmMm+22+mM+22+9=(m-272+4

<:>m2+12m+9=0®m=—6i3\/§

Bai 2: Cho a = (1, -2, 3). Tim vecto b cung phuong véi vecto a, biét

rang b tao v6i truc tung mot géc nhon va |B| =414

Giai
Goi b = (%, y, z); Oy c6 vecto don vi 3 =(0, 1, 0).
b =ka x=k, y=-2k, z=3k
Ta co: B.3>O < <y>0
bl = V14 x> +y2+2z° =14

x=k, y=-2k, z=3k x=k, y=-2k, z=3k

<3y >0 < 3y >0
k* +4k”> +9k* = 14 k=+1
x=-1,y=22=-3

=
k=-1
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Vay b = (-1, 2, -3)

Bai 3: Cho ba diém: A (-2,0,2),B(1, 2, 3), Cx,y — 3, 7).
Tim x, y dé ba diém A, B, C thing hang

Gidi
Tacé: AB =(3,2,1), AC =(x+2,y—3,5)
2 Cdch 1: [AB, AC] = (y — 13, 13 — x, 2x — 3y + 13)

y—-13=0
Ta ¢6: A, B, C thing hang < [AB, AC] = 0 < 13-x=0
2% —3y+13=0
ox=y=13
2 Cdch 2:
A, B, C thing hang < %z%z? ox=y=13

< Cach 3:
x+2=3k x =13
A, B, C thng hang < AC =kAB < {y-38=2k < {y =13
5=k k=5

Bai 4: Cho ba diém: A(1, 1, 1), B(-1, -1, 0), C(3, 1, -1)
a. Tim diém M trén truc Oy cach déu hai diém B, C
b. Tim diém N trén mit phéng (Oxy) cach déu ba diém A, B, C.
c. Tim diém P trén mit phing (Oxy) sao cho PA + PC nho nhat.

Giai
a/ Goi M(0, y, 0) € Oy
M cach déu hai diém B, C & MB? = MC?
<:>1+(y+1)2=9+(y—1)2+1<:>y=§
A 9

b/ Goi N(x, y, 0) € (Oxy)

. . NA? = NB?
N cach deu ba diem A, B, C <
NA? = NC?
G-1P+G-1F + 1=+ 1P (4D X:27
(x—1)2+(y—1)2+1=(x—3)2+(y—1)2+1 y:_Z
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Vay N (2, —%, 0)
¢/ Goi P(x, y, 0)
Nhan thay A va C nam khéc phia
d6i v6i mp (Oxy) (do za.zc= -1 < 0)
Ta c6: PA + PC > AC Afx{ P\\
Do d6: PA + PC nhé nhat
SPA+PC=ACoP=ACn(Oxy) A, P,C théng%éng
Taco: AP =(x-1,y—1,-1), AC =(2, 0, -2)
A, P, C thing hang < AP va AC cung phuong <> AP =kAC
x-1=2k x=2
S3y-1=0 < jy=1

-1=-2k L1
2

Vay P(2, 1, 0)

Bai 5: Cho AABC c¢6 A(0, 0, 1), B(1, 4, 0), C(0, 15, 1)
a. Tinh d9 dai dudong cao AK cua AABC.
b. Tim tam I ctia dudng tron ngoai ti€p AABC.
c. Tim truc tam H cta AABC.

Gi&i_
a/ AB= (1, 4,-1), AC = (0, 15,0), BC = (-1, 11, 1)
[AB, AC]= (15,0, 15) = Sspc = %l[?B,E]l =¥
Ta cling ¢6: Sapc = lAK.BC = @ = AK = @ = @
2 2 BC 123
IA =1B
b/ Goi I(x, y, z). Ta c6: {IA =1IC
AB, AC, AI dong phéng
IA? = IB? X4y + (-1 =(x=D*+(y-4)*+7*
< JIA% =1C? & {-272+1=-2x+1-8y+16
[AB,AC].AI =0 y? = (y-15)?
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__2
x+4y-z-8=0 152
2y -15=0 S y=7
x+z—-1=0 923
S
. 21 15 23
Vol gy
¢/ Goi H(x, y, z). Ta c6: H 1a truc tam AABC
AHBC=0 AHBC=0
< {BHAC =0 < {BHAC=0

AB,AC, AH dong phing [TB,AT:].EI =0

-x+11ly+z—-1=0 x =22
<S4qy—-4=0 Sy =4
x+z—-1=0 z=-21

Vay: H(22, 4, —21)

Bai 6: Cho bon diém: A(1, 0, 1), B(-1, 1, 2), C(-1, 1, 0), D(2, -1, —-2)
a. Ching minh rang A, B, C, D 1a bon dinh cla mét tit dién.
b. Tinh cosin ctia géc giiia hai dudong thing AB va CD.
c. Tinh d9 dai duong cao AH cia ti dién ABCD.

Giai

a/ A, B, C, D 1a bén dinh ctia mot td dien < AB, AC, AD khong dong

phing < [AB,AC1.AD =0
Taco: AB(-2,1,1), AC =(-2,1,-1), AD =(1, -1, -3)
[AB, AC]=(-2,-4,0)=[AB,AC].AD =2%0
Vay A, B, C, D 1a bon dinh clia mot ti dién.
b/ Ta ¢6: CD = (3, -2, —2), AB.CD = —10
ABCD| 10 10

cos(AB, CD) = lcos(AB,CD)| = ———~—_ = -
|ABl.IcD|]  V6.17 102

¢/ Vagen = %I[H%, ACL.AD| :%

Ngoéu ra: VABCD = %SECD.AH = % = AH = 1

SBCD
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Ti BC =(0,0,—2), CD=(3,-2,-2)
Ta co: [BC,CD] = (-4, -6, 0)

= Spep = %I[B—C,C_D']I = é\/m +36 =13 = AH =

1
J13

Bai 7: Cho AABC ¢6 A(1, 1, 1), B(5, 1, -2), C(7,9, 1)
a. Tinh cosin cua goéc A.
b. Chting minh rang géc B nhon.
c. Tinh d6 dai duong phan giac trong cia goc A.
d. Tim toa do chan duong cao vé tir A.

Giai

a/ Tacé: AB = (4,0, -3), AC =(6,8,0), BC =(2, 8, 3)

ABAC 24 12

|ABl.|AC| 5.10 25

b/ BA =(-4, 0, 3), BC = (2, 8, 3)
jﬁ.ﬁ]:l>0:>g()cBnhgn.

cosA = cos(AB, AC) =

¢/ Goi D(x, y, z) 1a giao diém duong phan giac trong cla goc A v6i canh BC.

DB AB 5 1

Tacs: —="-2_-- = DC=-2DB
DC AC 10 2
17
ng
7-x=-205-x)
11

S 19-y=21-y) & yzg
1-z=-2(-2-12) 7= -1

17 11
Vay D(—,—,-1)
y 3’3

= AD = \/(%—1) +(1—31—1) +(-1-17 =2\/7_4

d/ H(x, y, z) 1a chan dudng vé tir A dén BC.
{H{.ﬁ: =0

. (™
BH cung phuong BC

3

Ta c6: AH = (x-1, y—1, z-1), BH = (x=5, y—1, z+2), BC = (2, 8, 3)
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387
T
2x-1D+8(y-D+3(z-1)=0
) 85
Dodo: M= x-5 y-1 z+2 & =
2 3 151
77
vay [ 227,55 2151 z
7T T

o Trong cac bai tadp sau day
ching ta sé luu ¥y kj néng
gan truc toa do dé gidi quyét
cac bai toan Hinh khong

gian. Goc toa do phai la
diém dé c6 tam dién vuong.

Vg

X
Néu H 12 hinh chiéu vudng géc ciia M 1én (Oxy) thi xy = Xu, yu = yu

P& biét toa d9 M e (Oxy) ta vé riéng hinh trong mat phing toa do
quen thudc va cha y zy = 0
Vai tinh huéng cu thé khi gap ti dién S.ABC.

e Néu SA | (ABC)
va AABC 1 tai A

V4

B

e N&u SA | (ABC) va AABC tai B
Dung hé thic lugng trong AABC L ta xac dinh dugc toa do B

XB=H‘I 7

X

yB=H{ ZB=O
y
B
G K
y
A H C X
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e Néu SA | (ABC) va AABC can tai A hay déu ta chon Ox 1 BA hay
Ox qua AC

Z
/\ S
X
A A i

y B
e Né&u S.ABC la hinh chép déu c6 AABC déu canh a
Goi O la tAm duong tron (ABC) thi SO L (ABC)

N 1

Chon hé truc toa do nhu hinh vé

Ta cé: XB_xc_OI_%AI_ \6/_

a
= — =IB=—
yB yc 9

xaz OA =-2ar-_22¥38 _ a3
3 3 2 3

Vay A ( a{oo} B(ﬁ,i,oj,c(ﬁ,‘—a,oj

6 2 6 2
e Néu S.ABCD 1a hinh chép ¢6 ddy ABCD hinh chit nhat (hay hinh
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vudng) ¢6 SA 1 (ABCD)

e Néu S.ABCD 1a hinh chép c¢6 (SAB) L (ABCD) va ABCD hinh chi
nhit vé SO L AB thi SO L (ABCD)

zZ

e Néu ABCD.A'B’'C’'D’ 1a hinh hgp chit nhat (hay 14p phuong)

V4

A!

B’ C
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Bai 8. Cho ti diéen N.ABC c¢6 NA vudong goc (ABC), NA = a, tam giac
ABC vudng can tai A c6 AB = AC = a. Tif trung diém M cta BC vé

dudng vudng goéc (ABC) 1ay diém I cung phia véi N sao cho MI = %.

Goi H 1a chan duong vudng goc vé tir A dén NC.
Ching minh: AH vudong goc NI.

Giai
Gén truc toa do nhu hinh vé
Ta c6: A0, 0, 0), B(a, 0, 0), C(0, a, 0), N(0, 0, a)

Ta cé: M[%, %, Oj trung diém AB

(aaaj
1222
2°2°2

AANC vudng can tai A nén H 14 trung diém NC
Vay H@iﬂ

Tacé AH = (O, E,EJ

2" 2
w  Ni=(32.3
2°2 2
— AHNI = -i-é—o
= AH | NI

N

Bai 9. Dé du bi Pai hoc khoi A 2006

Cho hinh chép S.ABCD c6 SA vuong goc (ABCD), day ABCD hinh chir
nhat AB = a, AD = 2a, SB tao v6i mp(ABCD) géc 60°. Trén SA lay M

sao cho AM = %, SD cit (BCM) tai N. Tinh thé tich khoi S.BCNM.
Giai
Ta c6: ASAB 1 = tan60° = %
AB
— SA =a+3
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trung diém SA. Mp(SAD)
chia AD // (BCM)

Nén (SAD) cat (BCM) theo
giao tuyén MN // AD

Gan truc toa do nhu hinh
vé thi B(a, 0, 0), D(0, 2a, 0),
C(a, 2a, 0), S(0, 0, V3 a),

N 5

e 7N0’ y o
2a) 0, a a)

B3

Tacé: SM = 0, 0, —?a),

M(0, 0,

@=(a,0,—a\f§) X

SC = (a, 2a,—«/§a), SN = (0, a, ——\/_)

— SMASC = (a\3,— af

Ta c6: Vgspenm = Vssom + Ssmne

_ %|(ST/1 ~SC)SH + 1|<sT4 ~SC)SN

= %|a3\/§| A

3«/_ _aa\/_

Bai 10. Dé du bi Pai hoc khoi D 2003
Cho hinh chép S.ABC c6 SA vuong goc (ABC), tam giac ABC vudng tai
B, AB = a, BC = SA = 2a. Goi M trung diém SC. Chiing minh tam giac
AMB céan tai M. Tinh dién tich AAMB.

Giai
y
B
C
A H X
Gén truc nhu hinh vé N 2a
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Ta c6: A0, 0, 0), C(a~/5, 0, 0), S(0, 0, 2a)
AABC 1 tai B = AB? = AH.AC

AB? a’ a BABC a2a 2a
—xg=AH="2 -2 _ 2 (3BH=yz= - _
B AC ad5 5 BETAC  as b

Vay B(i,@ )Trung diém SC 1a M( J_ ]
NGERNGE
2 2
Vay MA2_5i+a2=9%
2
MB? = [a\/g_aﬁj + 4a’ + a’
5 2 5
4522  9a> (9 9) , 45, 9a
= +—=|—<+—-ja"=—a" =—
100 5 \20 5 20 4

Vay MA = MB nén AMAB can tai M

Ta c6: m(_foj A (af 225 ]

5

. . 2 2
:MAAAB:(—Za 5,3‘E,a2j
5 5
4
Do d6: dt(AMAB) = 1IMA AB = Jan 5235 4
— a_ ﬂ+l+1:a2ﬁ
2\5 5 2

Bai 11. P2 du bi Pai hoc khéi D/2007
Cho lang tru ding ABC.A'B'C’ c¢6 day la tam giac vuong, AB = AC = a,
AA’ = ay2. Goi M, N 1a trung diém cta AA’, BC'. Chiing minh MN la
dudng vudng géc chung clia AA’ va BC'. Tinh thé tich khoi M.A'B'C'.

Gidi
Gén truc nhu hinh vé
Ta c6: B(a, 0, 0), C(0, a, 0), A'(0, 0, a~/2), B'(a, 0, a~/2), C'(0, a, a~/2)
aﬁ a a a«/_

M@0, 0, —)va N —
= M( 5 ) va (2 5 —)
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Ta c6: MN :(%, %,0), AA’ = (0,0, a~2)

BC' = (—a, a, av2)
Taco: MN.AA' =0 = MN L AA’
MN.BC' = 0 = MN L BC'
Vay MN la duong vudng géc chung
cua AA’' va BC’

B
Ta c6: BA=dB, MA'C)=a <
2
DYAMA'C) = L MA’A'C = 1(3‘@}1 _ah2
2 20 2 4
2
Vay  Vaase = Veame = éBAdt(AMAA’) = %(a f} =

a®\J2

12

Bai 12. Tuyén sinh Pai hoc khéi B 2003

Cho hinh lang tru ding ABCD.A'B'C'D’ ¢6 day ABCD la hinh thoi
canh a, BAD = 60°. Goi M va N theo tht tu 1a trung diém AA’ va CC'.
Chiing minh bén diém B’, M, D, N cung thudéc mot méat phing. Tinh do

dai AA’ theo a dé t gidc BMDN I hinh vudng.

Z
Gidi A o
Gan truc toa do nhu hinh vé
Pat AA' = h
ABAD cén tai A c6 BAC = 60° Bt C
\/g A%%%’fﬁ’ D
nén la A déu = BD = a va OA = aT 603"'"....,. ............ N
Tacé: B(S,0,0),D-2,0,0) P o
. 2 ) ) ) 2 ) ) ) ;(/B C
y
C(O, % 9 0)7 A(O) _& ’ 0)7
2 2
B(Z,0,h), D2, 0, h), CO, @, h), A'(0, —ﬁ, h)
2 2 2 2
M(0, _ﬁ’ E)’ N(0, ﬁ, E)
2’9 2’2
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Ta ¢6 m{i S,hj DN = (a,a3hj
22 2

2’ 272
2
3wAm:[‘agJ§,o,af]

va DB’ = (a, 0, h)

Do d6: (DM ADN).DB’ =0
= D, M, N, B’ déng phéng
a a+3 EJ —_—

Ta c6 N—B'z(—, S - DM
2 2

2
va DM = DN = "a2+hz

Vay B'MDN Ia hinh thoi
Do d6: BMDN la hinh vuong < DM.DN = 0

2 2 2 2 2
@a__Si_Fh_ =0<:>a_:h_ < AA’ —a\E
4 4 4 2 4

Bai 13. (Dé Tuyén sinh Dai hoc khoi A 2007) Cho hinh chép S.ABCD c6
d4y 1a hinh vuéng canh a, mat bén SAD la tam gidc déu va nam trong
mat phang vudng goc véi day. Goi M, N, P 1a trung diém SB, BC, CD.
Chiing minh AM vudng géc BP va tinh thé tich khoi da dién CMNP.

Giai z
Goi O 1a trung diém AD
ASAD d@éu nén SO L AD
Ma mp(SAD) vuéng géc mp(ABCD)
nén SO 1 mp(ABCD)
Gén truc toa do nhu hinh vé thi

A(i, 0, oj, D(—E, 0, 0),
2 2
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2 a2

Do AMBP = az—z +0=0nén AM 1| BP
b/ Ta c6: W:@,o,oj; @:(0,—%,0)

S 2 o
= CN/\CPz(O,O,—aZj va (31\/1:(3_"’l _a @J

4> 2 4
a’\3
96

Vay Veune = %k@ A CP)CM =
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C. BAITAP Ty GIAI
BT1:
a) Tim vecto don vi vudng goc vé6i truc Ox va vuong géc véi a = (3, 6, 8)
b) Tim b cing phuong v6i a = (242, —1, 4) bist rang 1 b | = 10
BT2: Cho a = (1,1, -2), b = (1, 0, m). Tim m dé géc gitta a va b
bang 45°
BT3: Cho ba vecto a = (3, -2, 4), b = (5,1, 6), ¢ =(=3,0, 2). Tim vecto x
théa mén dong thoi ba diéu kién: a.Xx =4, b.x =35, ¢ vudng goc X.
BT4: Cho hai diém A(1, 2, 3), B(2, 0, 1)
a) Tim diém M thudc truc Ox cach déu hai diém A va B.

b) Tim diém N thudc mat phéng (Oxy) cach déu hai diém A, B va cach

goc O mot khodng bang g

BT5: Cho hai diém A(0, 1, 2), B(-1, 1, 0)
a) Tim toa do tam I chia duong tron ngoai tiép AOAB
b) Tim toa d9 truc tam H cia AOAB
BT6: Cho A(-3; —2; 6), B(-2; 4; 4). O 1a goc toa do
a) Ching minh O, A, B 1a 3 dinh cta 1 tam gidc.
b) Tinh dién tich AOAB va do dai duong cao ha tu O.
¢) Tim chan dudng phan gidc trong vé ti O cia AOAB.
BT7: Cho A(0, 0, 3); B(1, 1, 5); C(-3, 0, 0); D(0, -3, 0)
a) Chiing minh A, B, C, D 1a bon dinh cla td giac.
b) Tinh dién tich AACD va céc géc cua tam gidc.
¢) Tinh [(AB,AC)IAD + CD?.BC
BTS8: Cho hinh hop ABCD.A'B’'C'D’ véi:
A(1, 0, 1); B(2, 1, 2); D(1, -1, 1); C'(4, 5, -5).
a) Tim toa do cac dinh con lai.
b) Tinh thé tich ctia hinh hop ABCD.A'B'C'D'".
BT9: Cho A(0, 1, 0); B(2, 3, 1); C(-2, 2, 2); D(1, -1, 2)
a) Ching minh ABCD la td dién c6 3 méat vuong.

Hinh hoc FJ 173



b) Tinh thé tich ti dién ABCD va d dai dudng cao ha tir A.
¢) Goi G la trong tdim AABC. Ching minh AG vuéng géc mp(BCD).
BT10: Cho A(2, -1, 0); B(-3, 1, 1)
a) Tim M trén (Oyz) dé MA + MB ngan nhat.
b) Tim N trén (Oyz) dé |MA — NB/| dai nhat.
BT11: Pé Cao dang 2009
Cho hinh chép ti gidc déu S.ABCD c6 AB = a, SA = av2. Goi M, N,
K 1an lugt 1a trung diém SA, SB, CD. Ching minh MN vudng géc SK.
a®\/6 )
48

Tinh thé tich khoi AMNK (PS:

BT12: Pé Cao ding 2008
Cho hinh chép S.ABCD c6 SA L (ABCD), SA = 2a, ABCD la hinh
thang ¢c6 A=B = 1v, AB = BC = a, AD = 2a. Goi M, N lan lugt 1a
trung diém SA, SD. Ching minh BCNM 1a hinh chi nhat.

3

Tinh Vs zonu (Pép s6: %).

BT13: Cho hinh 1ap phuong ABCD.A'B'C'D’ canh a. Goi M, N la trung
diém AD va BB'.
a) Ching minh MN vudong géc A'C.
b) Trén cdc doan BB’, CD, A'D’ 1ay I, J, K sao cho B'I = CJ = D'K.
Ching minh AC' vudong géc (IJK).
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BAI 2
MAT PHANG
VA CAC BAITOAN LIEN QUAN

A. TOM TAT LY THUYET
. VECTG PHAP TUYEN (HAY PHAP VECTG) CUA MAT PHANG

2 2 - . o -
Vecto n # 0 goi la vecto phap tuyén clia mit phang o néu gia cia n
vudng géc mat phang a.

Cho hai vecto &,b khac 0 va khong cung phuong.
Néu gia cta 4,b song song hodc ndm trén mit phing o thi 6 =[4,b]
12 mot vecto phap tuyén clia mp a.
Il. PHUONG TRINH MAT PHANG
c6 dang Ax + By + Cz + D = 0 (v6i A% + B> + C2 % 0)
Vé6i n = (A, B, C) 1a vecto phap tuyén)
e Phuong trinh mit phang qua diém M(x,, y., z,) va c¢6 vtpt 0 = (A, B, C) la:

Ax-x%x,)+Bly—-y,)+Cz-12)=0

e Néu mat phang o cat cac truc Ox, Oy, Oz lan luogt tai A(a, 0, 0), B(0, b, 0),
C(0, 0, ¢) (a.b.c # 0) thi a c6 phuong trinh:

§+X+E=1
a b ¢

Phuong trinh cac mit phéng toa do:
.(Oxy):z=0 .(Oxz):y=0 .(Oyz):x=0
VI TRi TUONG DOl GIGA HAI MAT PHANG
Cho hai mat phang :
owAx + By +Cz+ D =0c¢6 PVT n, = (A, B, C)
o0:Ax+By+Cz+D =0c6 PVT n, =(A’, B, C)
a/ocitad ©A:B:C2A:B:C<[n,n,]%0
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(Ky hituA:B:C=A":B:C & é=E=E)V(’JriA'B'C'¢O
A" B C

b/a//a’@ézg— ¢ # %véiA'B'C'D';tO

A B C
c/oczoc’<::>é:E:g = 2V(inA'B'C’D';tO
Al B (C D’

doloen,.n,=0sAA+BB +CC =0
IV. KHOANG CACH TU MOT DIEM DEN MOT MAT PHANG
Khoang céch tir diém M(x,, o, z,) dén mat phing o : Ax+By +Cz+D =0
dM.a) - |Ax, + By, + Cz, + D|
JA? + B? + (2
= Luu 9: Cho mat phang mp o: Ax + By + Cz + D = 0.
bat f(x, y, z) = Ax + By + Cz + D. v6i M(Xy, Y Zu)» N(Xys Yy o Zy)

Ta c6: f(xy, yum, zm). f(Xn, ¥x, z2x) > 0 & M va N ndm cung phia ddi véi
méit phing a.
fxm, ym, zm). fXn, ¥x, 2n) < 0 < M va N nam khac phia d6i v6i mét
phang a.
= Truong hop dac biét:
Khoang cach tir diém M dén cac mat phang toa do:
dM, (Oxy)) = lzyl d(M, (Oxz)) = lyml
dM, (Oyz)) = Ixyml
V. GOC GIUA HAI MAT PHANG
Cho hai m#t phing o, o lan lugt c6 vectd phap tuyén Ia
n = (A, B, 0), n'=(A, B, C)
Goc ¢ gitta o va o (0 < ¢ <90°
cos @ = [cos(ii, i) = Lﬁ.ﬁll _ |AA + BB + CC|
Inl.Ia1 A2+ B2+ C2AJA? + B2 +C2
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B. BAI TAP MAU

Bai 1: Viét phuong trinh mat phang:

a. Pi qua ba diém A(2, 0, -1), B(1, -2, 3), C (0, 1, 2)

b. Pi qua hai diém A(1, 1, -1), B(5, 2, 1) va song song truc Oz

c. Pi qua hai diém A(1, 1, -1), B(5, 2, 1) va vudng gbéc mat phang p:
—x+z+10=0

d. Qua M(2; —1; —5) va vudng géc hai mat phéng (o): x + 8y — z = 0,
Br2x+y—4z—-8=0

e. Pi qua truc Ox va diém N(3, -1, 2)

f. Pi qua diém M(2, -1, 4) va song song mp(a.): 3x —y + 2z =0

Giai
a/ Taco AB = (-1; -2; 4) va AC = (-2;1; 3)
Goi (P) 1a mat phéng can tim.
i, =[AB,AC] = (-10, -5, -5) =-5(2, 1, 1)
>Pr2x-2)+y+1z+1)=0=2x+y+2-3=0
b/ Goi (Q) 12 mat phing can tim.
Oz c6 vtep k =(0,0,1), AB =(4,1,2)
= 1, =[AB,k]= (1,4, 0)
>Q):1x-1)-4y-1)=0<=x-4y+3=0
¢/ Goi (R) 1a mat phang can tim.
Ta co: ﬁﬁ= (-1,0,1)
= 1 =[AB,5,] = (1, -6, 1)
>R:1x-1)-6(y-1)+1(z+1)=0<=x-6y+z+6=0
d/n,=(@1,3,-1),n,=2,1,-4) = n, =[n,,n,]=(-11, 2,-5)
=>Pr-11x-2)+2(y+1)-5(z+5) =0 -11x+2y-5z—-1=0
e/ Goi (T) 1a mat phang can tim.
Ta cé: a,, =1i=(1,0,0)
= i, =[ON,i]=(0,2,1) = (T): 2y +z = 0
f/ Goi (S) la mat phang can tim.
S)// () = n, =n, =(3,-1,2)
=0):3x-2)-1y+1)+2z-4=0< 3x-y+2z-15=0
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Bai 2: Viét phuong trinh mit phing A qua diém M(4, —1, 1) va cit cdc
tia Ox, Oy, Oz lan lugt tai A, B, C sao cho OA = 20B = 30C

Gidi
Goi A(a, 0, 0), B(0, b, 0), C(0, 0, c). (a.b.c¢0):>a:§+%+5:1
a (¢}
Tacé:Mea:é—lJrl:l (1)

a b c
Vé:OA=2OB=SOC:>a=2b=3c:>b=%,c:%
Thayvéo(l):é—g+§=1:>a=5,b=§,c=§

a a a 2 3
x 2y 3z
S —-+—+—=1x+2y+3z2-5=0
5 5 5

Bai 3. Tuyén sinh DH khoi B/09
Cho A(1, 2, 1); B(-2, 1, 3); C(2, -1, 1); D(0, 3, 1)
Viét phuong trinh mat phang (o) qua A, B va khoang cach tir C dén
(o) bang khodng cach tir D dén (o).

e Truong hop 1: C, D nam cung phia d6i véi (o)
Do d(C, o) = d(D, o) nén CD // (o)
Vay (a) ¢c6 VICP AB = (-3; -1; 2) va CD = (-2; 4; 0)
Vay PVT i = ABACD= (-8, -4, -14) // (4,2, 7)
= Phuong trinh (a): 4x - 1) +2(y—2)+ 7(z—-1)=0
S4x+2y+72z-15=0
e Truong hop 2: C, D nam hai phia d6i v6i (o) thi (o) qua I(1, 1, 1) 1a trung
diém CD thi (a) qua I(1, 1, 1) 1& trung diém CD
Vay (o) ¢6 VICP AB = (-3;-1; 2) va Al = (0, -1, 0)
= PVT t = ABAAI = (2,0, 3) D
Phuong trinh (o) 1a: 2x - 1) +3(z-1)=0<2x+3z-5=0

C D
H I
A
/\EHL KL

4

C
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Bai 4: Dé tuyén sinh Dai hoc khai B/2008
Cho diém A(0, 1, 2); B(2, -2, 1); C(-2, 0, 1)
a. Viét phuong trinh mat phing qua ba diém A, B, C.

b. Tim diém M thudc mat phing (a): 2x + 2y + z — 3 = 0 sao cho

MA = MB = MC

Giai
a/Taco AB = (2;-3;-1) va AC = (-2; -1;-1)
= PVT 1,,, = ABAAC =2(1, 2, -4)
Vay phuong trinh mp(ABC)
1x-0)+2y-1)-4z-2)=0
SxX+2y—-4z2+6=0
b/ Goi M(x, y, z). Ta c6:
MA = MB = MC
MA?® = MB®
{MA2 = MC?
x> +(y—1)2 +(z-2)?% =(x-2)? +(y+2)2 +(z—-1)?
{xz +(y-12+zZ-2=x+2°+y* +(z-1)7?
4x -6y —2z-4=0 D
{4x+2y+2z=0 (2)
MaMe()=>2x+2y+z—-3=0 (3)
Tu (1) (2) 3) = M(2, 3, -7)

Bai 5: Cho hai mat phang:
w2x—y+2z2-4=0;PB:4x+2y—-4z+9=0
a. Chiing minh rang o / B . Tinh khoang céach gitia o va B
b. Viét phuong trinh mét phing (P) cach déu o va B

Giai
a/ Ta co: Ez_—lzlij =>allp
-4 2 -4 9

Lay A0, —4, 0) € a

-8+9 1
o, p)=dia, P = B =
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b/ Ta c6:
Mx,y,z) € (P) < dM, o) = dM, B)

2x —y+2z-4| |-4x+2y—-4z+9
o _
3 6

2x—y+2z—4=—2x+y—22+2
2X—y+22—4=2x—y+2z—§ (loai)

S 2x—y+ 2z — % =0

Bai 6: Cho hai diém A(0, 0, -3), B(2,0,-1) vamp (P): 3x -8y + 7z—1=0
Tim toa do diém C e (P) sao cho AABC déu.

Giai
AC=AB [AC’ = AB’
Goi C (x,y, z). Ta c6: {AC = BC < {AC? = BC?
Ce(P) Ce(P)

x> +y*+(z+3°=8
S+ +2Z+3)? =x-2+y* +(z+1)?
3x—-8y+7z-1=0

x> +y°+(z+3?%=8 (1)
S <ix+z+1=0 (2)
3x-8y+7z-1=0 (3)

-xX -2
2

Tuw: 2)va3)=>z=—=x-1, y=

Thay vao (1) :

2
o (x+2)

+(X—2)2=8<:>9X2—]_2X—]_2=0<:>X=2/\X=—§

Vay c6 hai diém C: C(2, -2, —3) va C(_—Sz,_—gz,%l)
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Bai 7: Viét phuong trinh mat phéng (P) qua hai diém A(3, 0, 0), C(0, 0, 1)
thoa diéu kién

a. (P) cit truc tung tai diém B sao cho AABC c6 dién tich bang %

b. (P) tao v6i mat phang (Oxy) goéc 30°.

Giai
a/ Goi B(0, b, 0) € y'Oy

N&ub = 0 = B tring O = Sapc = g (tréi gid thist). Vay b # 0

Y21
b 1

Ta c6: AB = (=3, b, 0), AC =(-3,0,1) = [AB,AC] = (b, 3, 3b)

— Supe = %[AB AC]= _\/wbz

Do d6 phuong trinh (P) c6 dang g +

DodosABc_%@—lon _—c>b_+2
Vay phuong trinh (P): ~+Y +2 -1
ay p ng trinh (P) 3 2+1
b/ Goi B = (P) n Oy = B(0, b, 0)
(b # 0; vi néu b = 0 thi (P) = (Oxz) = (P) L (Oxy))

b
Ta cé: 1, = (b, 3, 3b): (Oxy) ¢6 VIPT k = (0, 0, 1)

Vay phuong trinh (P) dang (P): §+ A +% -1 bx+3y+3bz—3b=0

Vay: cos ((P), (Oxy)) = cos30°

T e 3B 3

= P =
|kl 2 T JpProrop® 2
2y

. Vay phuong trinh (P) la: g +—+I =1
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Bai 8: Dé du bi tuyén sinh khoi A/2003.

af

Cho hinh chép S.ABC c6 day la tam giac déu ABC canh a. SA = —— va

SA vuong géc mp(ABC). Tinh khoang cach tir A dén mp(SBC).

Giai

Goi I trung diém BC gan truc toa d® nhu hinh thi

328l 348} fons

2" 2 2

—~SB=2 (1f—f)vasc——(— J3,-6)

. . 2
Vay SBASC=2 f(o, J2,1)
a6

Phuong trinh mp(SBC) la: 0(x — 0) + \/E(y 0) + 1(z — _) _
e 2y+z- i -0
a6
Do d6: d(A, mp(SBC)) = -2 | _ a2
J3 2

Bai 9: Tuyén sinh DH khoi D/2002
Cho ti dien ABCD c6 AD vudong géoc mp(ABC), AC = AD =
AB = 3cm, BC = 5cm. Tinh khoang cach tai A dén mp(BCD).

4cm,
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Giai
AABC vudng tai A vi BC? = 25 = AB? + AC?
Gén hé toa d6 nhu hinh vé thi
A(0, 0, 0); B(3, 0, 0); C(0, 4, 0); D(0, 0, 4)
Phuong trinh mit chén (BCD):

XY 21 o4x+3y+32-12=0
3 4 4

Vay: d(A, mp(BCD)) = o-12 _ 12

J16+9+9 34

Bai 10: Tuyén sinh Pai hoc khdi A/2003
Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 A(0, 0, 0); B(a, 0, 0); D(0, a,
0); A'(0, 0, b) v6i a, b > 0. Goi M 1a trung diém CC'.
a. Tinh thé tich t& dien BDA'M.

b. Tim ti s6 % dé mat phang (A’'BD) vudng goéc mat phing (MBD).

Giadi -
Ta c6: C(a, a, 0); C'(a, a, b) Al D’
Vay M (a, a, EJ
2 B’ " 4
o C'|™
a/ Ta c6: BD =(-a, a, 0);
ﬁ; = (_aa 07 b)
= BD ABA’ = (ab, ab, a?) ; Y
- B i
va  BM = (0, a, E) <
9 x
o o 2
Vay Vepam = %kBD A BA')BMj = %0 +a’+ a2b = iazb

b/ Mp(A'BD) ¢6 PVT 11 = BD ABA’ = (ab, ab, a%
Ta c6: BD = (-a, a, 0);

BM = (0, a, Ej
2
. 3 - —— =—— (ab ab 9
Vay: mp(MDB) ¢c6 PVT m = BD A BM —-a

Mp(MDB) vuéng géc mp(A'BD) < m.n =0
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21.2 21.2
a2b +ab —a*=0

< a’h?=at e a? =b?

<:>%=1(doa,b>0)

Bai 11: DPé du bi Pai hoc khéi B/2004
Cho hinh chop S.ABC ¢6 SA = 3a, SA vuong goc mp(ABC), AB = BC = 2a,
ABC = 120°. Tinh khoang cach tit A dén mp(SBC).

Giai

Gén hé truc nhu hinh vé.

HPYD. B

120°
B

A vuéng ABH ¢6 AB = 2a, ABH = 60°

. AH J3
& 60° = = — AH = yg = 2a. = = a./3
nén sin AB = VB a 9 a\F

c0s60° = BH = BH =xp = 2a.(1) =a
AB 2

Vay  B(a, a+f3, 0); C(0, 2a+/3, 0); S(0, 0, 3a)
Tacé: SB = (a, ax/§, -3a) = a(1, x/§, -3)
SC = (0, 2a+/3, —3a) = a(0, 2+/3, -3)
— PVT n=SBASC =a%34/3,3,2V3)=a%J3(3, \/3,2)
Phuong trinh mp(SBC) 1a: 3(x — 0) + V3 (y — 0) + 2(z — 3a) = 0
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& 3x+3y+22-6a=0
A |0-6a| 6a 3a
Vay d(A, mp(SBC)) = ———=—=—
Y P J9+3+4 4 2

Bai 12: Dé du bi PH khoi A/2007

Cho lang tru ding ABC.A'B'C’' ¢6 AB = a, AC = 2a, AA’ = 2a/5,
BAC = 120°. Goi M 1a trung diém CC'. Chiing minh MB vudng géc
MA'. Tinh khoang cach tir A dén (A'BM).

Giai
AAHB 1 = sin30° = @zl = yp = _—la
AB 2 2
c0s30° = E = AH = ﬁa
AB 2
Chon hé truc toa do nhu hinh vé:
3 a

A0,0,0), B(a,—=,0
( > a5 )
A'(0,0,2a+/5), C(0,2a,0), M(0,2a,a/5).
MA’ = (0, —2a, axfg), MB = [—823,—%,—8»\5)
Ta c6: MA'MB =0 + 5a — 5a = 0 = MA’ L MB

Ta c6: MA’ = a(0, -2, /5 ) va MB = %(V@,—&s, 25)

2
— MA’' A MB = %(9\/5, J15, 243)

Phuong trinh mp(MA'B) qua A’
9V5 (x = 0) + V15(y - 0) + 23 (z — 2a5) = 0
< 95x+ 15y + 23z - 4a15 = 0
|—4a\/ﬂ B 4a\/1_5 B 4a\/ﬁ B 4a\/ﬁ B ax/g

J405+15+12 432 432 1243 3

Vay d(A, MA'B) =
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Bai 13: Dé du bi Pai hoc khoi A/2003.
Cho lang tru ding ABCA'B'C' ¢6 tam giac ABC can véi AB = AC = a,
BAC = 120°, BB’ = a. Goi I trung diém CC'. Ching minh tam gidc
AB'T vuong. Tinh cos goc ciia hai mp(ABC) va (AB']).

Giai
Gan truc toa do nhu hinh vé

60°

Ta cé6 sin60° =ﬁ = BH= —
AB

c0s60° = ﬁ —~AH=2
AB

2
Vay: (a af,oj c( ioj c’(i —@,aj, B'(i @,a]

{225

Ta 6 A—B’=(§ ays J——(1f2)

2 2

- ( a3 ij N R

27 2 72
a? 3a® a’
Taco: ABAI=2"-22 12 0= AB' 1 Al
4 4 2

Vay AAB'I vuong tai A
Ta ¢6: PVT ciaa (ABC)1a i=(0,0, 1)

. . 2
AB' A Al = %(&E, 1,-243)
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Vay PVT caa (ABT) 1a 6 (343, 1, -24/3)
Goi ¢ la goéc cua (ABC) va (AB'D)

Ta c6: cosp = |cos(f,ﬁ)| = ||l| |n|| |\%_I \/1:
iln|

Bai 14: Dé du bi Dai hoc khéi A/2006

Cho hinh hop diing ABCD.A'B'C'D’ ¢6 AB = AD = a, AA’ = §

2

BAC = 60°. Goi M, N lan lugt 1a trung diém A'D’ va A'B’. Chiing minh
AC’ vudong géc mp(BDMN). Tinh thé tich khoi chép A. BDMN.

Giai
ABCD Ia hinh thoi c6 AABC déu gén truc toa do nhu hinh vé

Ta c6: (af 0, oj Af(%,o,ﬁ],n(o a oj D'(() a a«/_j

2 2’ 2 2
B(O _2 oj B’(O _2 &j
M 27 ) 2 2, 2
Z
a3 ( a3 . aV3
(_TOOJC(_TO 2] BN A
Do dé: M(a 3,3, aﬁj’N(a«/g,_g, ax/§j o
44 2 4742 ) F: ,
Mp(BDMN) ¢6 VTCP 1a: ;/f’ 7
BD = (0, a, 0) = a0, 1, 0) é "%
R v
. o (a3 a a3 F g A
va DM —( 4 ’_Z’ 2 ] ................. 4;’;;
= 3(\@’_1’ 2\/§) C D
4 y

. . 2 2
— PVT 1 = BD/\DMzaZ(Zﬁ, 0,-@):%\@(2,0,—1)

Ta c6: AC :(—a\E, 0, afj - _af(z, 0, -1)

Do 1 / AC' vay AC’' L (BDMN)
Phuong trinh mp(NMBD): 2(x-0)-1(z-0)=0<2x-z=0

Vay AH = d(A, NMDB) = NE _ a\/15
J5 5
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Ta c6: BN = (a 3.3, aﬁ] = Z(ﬁ, 1, 243)

44 2
va MN = (0, _a 0) --200,1,0)
2 2
. . 2 2
— BN AMN = —%<—2J§, 0,J3)=2 f(z, 0,1)

Tacé dt(NMBD) = dt(NMB) + dt(BMD)

2 2 2

a\15 3a%\15 _ 3a’
15~ 16 16

Do d6  Vigpuy = éAH dt(NMDB) =

Bai 15:
Cho A(a, 0, 0); B(0, b, 0); C(0, 0, ¢) v6i a, b, ¢ duong thay d6i ma
a’ + b® + ¢® = 3. Tim a, b, ¢ sao cho khoadng cach tir O dén mit phing
(ABC) 16n nhat.

Giai
Phuong trinh mat phing (ABC) dang: > + % +Z - 1véia®+b2+c?=3
a ¢
Ta ¢6: d = d(O, mp(ABC)) = |—]1J -
a? b
ST . 1 1 1 , 1
Do bat dang thic Cauchy: = + W + =z > 33 perere (1)

Va 3 = a? + b% + ¢ > 33¥a’b’c?
Lay (1) nhan (2) v& véi vé, ta duge:

1 1 1 1 1 1
| s+5+5 29 |5+ +—5 =23
(a2 b? 02) a2 b & V3

Vay: d <

-
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1 1 1
2 B e
Diau“="xdyra< {a’=b*=c¢® <<a=b=c=1(doa,b,c duong)

a?+b*+c*=3

Dod()dmax=i khia=b=c=1

N

C. BAITAP Ty GIAI
BT1: Viét phuong trinh mat phang qua A(1, 2, 3) va vudng goc hai mat phang
P)rx—-y+z—T=0va(Q): 3x + 2y — 12z + 5 = 0 (Cao Pang 2009)
BT2: Viét phuong trinh méit phang qua 1(0, 0, 1); K(3, 0, 0) va tao véi
méit phang Oxy mot géc 30°. (Du bi Pai hoc khdi B/2003)
BT3: Cho A(5, 1, 3); B(1, 6, 2); C(5, 0, 4); D(4, 0, 6) va mat phing
(a): x — 2y + z — 10 = 0. Viét phuong trinh mat phing.

a. Qua A va vubng géc BC. b. Qua A, B, C.
c. Qua A, Bva // CD. d. Qua Oz va song song AB
e. Qua A, B va song song Oy f. Qua A vuong géc (a) va (Oyz).

BT4: Cho A3, -2, -2) vamp(P) 2x - 2y +z—-1=0
Viét phuong trinh mp(Q) song song (P) ma d(A, (P)) = d((P), (Q))
BT5: Tim m, n sao cho hai mat phidng sau day song song
3x-5y+(m-1)z-3=0va2x+(n-1)y-3z2+1=0
BT6: Tim trén truc tung cic diém cach déu hai mat phang.
XxX+y—-z+1=0vax—-y+z-5=0
BT7: Cho hinh 1ap phuong ABCD.A'B'C'D’ canh a. Goi M, N, P, Q lan
lugt 1a trung diém A'D’, D'C’, C'C va AA'.
a. Chitng minh bén diém M, N, P, Q cing nim trén mot méit phang.
b. Tinh chu vi va dién tich ta giac MNPQ.
BTS8: Tim tap hop cdc diém trong khong gian
a. Cach déu hai diém A(1, 2, -3); B(4, 5, 0)
b. Cach déu hai mét phing song song:
x—2y—-z=0va2x—-4y-2z+10=0
c. Cach déu hai mat phing cit nhau:
2x +2y—-z+7=0va2x—-4y-2z+10=0
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BT9: Viét phuong trinh mit phing (P) chia truc Oz va lap véi mat
phéng (a): 2x + y — 6z = 0 mdt géc 60°.

BT10: Cho hinh chép S.ABCD c¢6 SD L (ABCD), SD = a, ddy ABCD hinh
thang vuong tai A va D; AB =AD =a, CD = 2a
a. Ching minh ASBC vu6ng. b. Tinh d(A, (SBC)).

BT11: Pai hoc B/2010
Cho ba diém A(1, 0, 0), B(0, b, 0), C(0, 0, ¢c) (b > 0, ¢ > 0) va mit
phidng (P): y — z + 1 = 0. X4c dinh b, ¢ bi&t (ABC) vuéng géc (P) va

khodng céch tif goc 0 dén (ABC) biing %

BT12: Pai hoc D/2010
Cho hai mat phdng (P):x+y+2z-3=0,(Q:x—-y+z—-1=0
Viét phuong trinh mat phing (R) vuéng géc véi (P) va (Q) sao cho
khoang cach tir goc O dén (R) bang 2.

BT13: A/03 Cho hinh hop 14p phuong ABCD.A'B’C'D’. Tinh géc cta hai
mit phang (BA'C) va (DA'C).

BT14: Cho hinh chép S.ABCD c6 SD vuong goc (ABCD) va SD = a. Pay
ABCD la hinh thang vudng tai A va D. Biét ring AB = AD = a, CD = 2a.
a. Ching minh ASBC vu6ng.

b. Tinh khodng céch tir A d&n (SBC).  (PS: 16)

J6
BT15: (D/09) Cho lang tru ding ABC.A'B'C’ ¢6 AABC L tai B, AB = a,
AA’ = 2a, A’'C = 3a. Goi M trung diém A'C'. Goi I giao diém AM va
e X _43° 2a
A'C. Tinh Viapc va d(A, (IBC)). (bS: 5 E)
BT16: (B/04) Cho hinh chép ti giac déu S.ABCD c6 canh day a, géc mit bén
va day la ¢. Tinh tan cta goc hai mat (SAB) va (ABCD). Tinh Vgagcp.
BT17: B/06
Cho hinh chép S.ABCD c¢6 SA L (ABCD), SA = a, ABCD hinh chir nhat. Goi
M, N 1a trung diém AD va SC. AB = a, AD = a+/2. Goi I 1a giao diém MB
a’\J2 )

va AC. Chiing minh méat phang (SAC) L (SMB). Tinh Vaxe  (PS: 36
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BAI 3
MAT CAU

e Dang 1: Phuong trinh mét cau tam I(a, b, ¢) ban kinh R 1a

(x-a)l+(y-b)?+(z-cP=R?
e Dang 2: Phuong trinh x* + y?> + z° - 2ax - 2by - 2cz +d = 0

v6i a® + b? + ¢® = d > 0 12 phuong trinh mat cdu tam I(a, b, ¢) ban kinh
R=Va®+b>+c* —d
= Luu y: Cho mat ciu (S) tam I(a, b, ¢) ban kinh R va méat phang (o) thi
e (S) ti€p xdc mit cau (S) « d({, (o) = R

e Néu d(, (o)) < R thi (a) cat (S) theo
giao tuyén la dudng tron c6 ban kinh
r = VR? - 1J?

Phuong phap tim tdm J duong tron
giao tuyén sé dugc trinh bay sau bai
dudng thing

Bai 1: Pinh m d€ c4c phuong trinh sau la phuong trinh mat cau:
a.x+y +z2 —4mx+2my—2m -1z +5m*+m+5=0 (1)

b.x*+y*+2z°+2(m + 3)x — 6my + 4mz + 13m*> + 2m + 5= 0 (2)
Giai

a/ (1) 1a phuong trinh mét cAiu < 4m*> + m* + (m - 1) = 5m*-m—-5>0

om’-3m-4>0eom<-1 v m>4
b/ (2) 1a phuong trinh mat cdu < (m + 3 + 9m? + 4m®> — 13m* - 2m - 5> 0
om+dm+4>0cmM+2°2>0< m=-2

Bai 2: Cho hai diém A(-1, 0, -3), B(1, 2, —1). Viét phuong trinh mit
cau (S):
a. C6 duong kinh AB.
b. C6 tam I thudc truc tung va qua hai diém A, B.

Hinh hoc FJ 191




Giai
a/ (S) ¢6 tam I 1a trung diém AB va ban kinhR=1A = J1+1+1 =43
Vay phuong trinh (S) 1: x> + (y— 1* + (z + 2% =3
b/ Céch 1:
Goi I(0, b, 0) € y'Oy
(S) qua 2 diém A, B < IA = IB < IA® = IB?
S1+b*+9=1+0b-2+1<b=-1
Vay 1(0, -1, 0), R = IA = 11
Phuong trinh (S) 1a: x* + (y + 1)* + 2 = 11

Cdch 2:
I € Oy = 1(0, b, 0). Vay phuong trinh (S) dang: X +y* + 7z — 2by +d =0
- [Ae(S) 1+9+d=0 d=-10
Ta co: = P
Be(S) 1+4+1-4b+d =0 b=-1

Dodo: (S):x*+y*+2z2+2y—10=0

Bai 3: Viét phuong trinh mét ciu (S) qua ba diém A(1, 2, 4), B(1, -3, -1),
C(2, 2, -3) va c6 tam thudc mat phing (Oxy)

Giai
Goi tam I(a, b, 0) € (Oxy)
Phuong trinh (S) dang: x*> + y* + 2 — 2ax — 2by + d = 0
Ta cé:
AeS)e-2a-4b+d+21=0 (1)
Be®©S) < -2a+6b+d+11=0 (2)
CeS)=>-4a-4b+d+17=0 (3)
Tu (1), (2),3)choa=-2,b=1,d=-21
Vay (S): x>+ 2 + 2% +4x -2y —21=0

Bai 4: Dé du bi PH khéi A/2005
Cho A(2; 0; 0), C(0; 4; 0), S(0; 0; 4). Goi B 1a diém trén mit phang
(Oxy) sao cho OABC 1a hinh chit nhat. Viét phuong trinh mét cau qua
nam diém O, A, B, S, C.

LK) Z
Giai
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Dé dang thay B(2; 4; 0)

Do dinh 1y ba dudng vudng géc

BC L OC = BC L SC

Va AB 1L OA = AB L SA

Vay SAB = SCB = SOB = 1 vudong

Ba diém A, O, C cung nhin

SB dudi 1 gbéc vudng nén

cuing nim trén mit cau

duong kinh SB, tam I(1, 2, 2)

la trung diém SB, ban kinh

R=0I=+1+4+4 =3

Vay phuong trinh mé#t ciu qua nam diém O, A, B, C, S la:
-1+ -2"+2-2"=9

Bai 5: Cho bon diém A(1, 5, 3), B4, 2, -5), C(5, 5, —-1), D(1, 2, 4).
a. Viét phuong trinh mét cau (S;) di qua ba diém A, B, C va c6 tam
nam trén mat phang (Oxz).
b. Viét phuong trinh mat cau (Sy) di qua bon diém A, B, C, D.

Giai
a/ Goi I 1a tam cta (S;). Goi I(a, 0, ¢) € (Oxz)
Phuong trinh (S) ¢6 dang (Sy): x> + y* + z°— 2ax — 2cz +d = 0

Ta c6:
Ae(S)=>35-2a-6c+d=0 (1)
Be(S)=45-8a+10c+d=0 (2)
Ce(S)=51-10a+2c+d=0 3)

11 1 147

Tur (1), (2),(8)cho:a= —, c= =, d=—-"—"o
(1), (2), (3) cho: a = c = =

Vay phuong trinh (S;): x*+ y2+zz—2—52x—§z—% =0

b/ Phuong trinh (S,) ¢6 dang: x* + y* + z° — 2ax — 2by — 2cz + d = 0
Ae(Sy)=>35-2a-10b—-6¢c+d=0 (1)
Be(S9) =45-8a—-4b+10c+d=0 (2)
Ce(Sy)=51-10a—10b+2c+d=0 (3)
De(Sy) =>21-2a-—4b—-8c+d=0 (4)

(1), (2),3),d)cho:a=1,b=2,¢c=-1,d=-19
Vay (S;) phuong trinh x*+ y* + 2> — 2x — 4y + 22 — 19=0

Hinh hoc FJ 193




Bai 6: Viét phuong trinh mat phang (P) chda truc Ox va cit mat cau
(S):x*+y* +2°— 2x +4y + 22 — 3 = 0 theo mot dudong tron c6 ban
kinh bang 3.

Giai

(S) c6 tam I(1, -2, —1), ban kinh R = 3: bang ban kinh duong tron giao
tuyén suy ra (P) cat (S) theo dudng tron 16n. Vay (P) qua I
Phuong trinh mp(P) dang: Ax + By + Cz+ D =0
(P) chita Ox = (P): By + Cz =0 (B*+ C*>%0)

le P=>-2B-C=0=>C=-2B
Chon B=1thi C=-2
Vay phuong trinh (P): y -2z =0

Bai 7: Dé du bi PH khéi B/2006
Viét phuong trinh mit cau qua O(0, 0, 0)
A(0, 0, 4), B(2, 0, 0) va tiép xic mat phing (P): 2x +y —z + 5 = 0.
Giai

Phuong trinh mét ciu (S) c6 dang

x> +y® + 2% — 2ax — 2by — 2cz + d = 0

0e(S)=d=0 (1D
Ae(S)=>-8c+16 =0 (2)
BeS) = 4-4a =0 (3)

Tu(1)(2)B)=>d=0,c=2,a=1
Vay tam I(1, b, 2) va R = J1+b2 + 4
Do (S) tiép xtc (P) nén d(I, (P)) = R
- 2+b-2+5 _
sl
< b+ 51 = ﬁ\/m
< b® + 10b + 25 = 6(b* + 5)
& b5b?-10b+5=0=b=1
Vay I(1, 1,2), R = /6
Phuong trinh (S): (x — 1> + (y — 1)* + (z — 2)* = 6.

b%+5
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Bai 8: Viét phuong trinh mat cau (S) c6 tam thudc truc tung va tiép xic
v6i hai mét phing: (a): 2x +y—-3z+5=0va (B): 2x+y—-3z—11=0

Giai
Goi I 1a tam cuaa (S), I(0, m, 0) € y'Oy
lm+5] |m-11]
Jia V14
= |m+5/=1m-111 =>m=3.
Vay I(0, 3, 0)

(S) tiép xtc a, p = d{I, o) = d(, B) =

(S) ¢6 ban kinh: R = d(I, o) = —o—

J14

Vay phuong trinh (S): < + (y — 32 +27% = 37_2

Bai 9: Cho A(1; 0; -1), B(1; 2; 1), C(0; 2; 0)
a) Viét phuong trinh mat cau (S) qua O, A, B, C.
b) Goi G 1a trong tdm AABC. Viét phuong trinh cdc miat phing
vudng géc véi OG va tiép xuc (S).

Giai
a/ Phuong trinh (S) dang: x* + y* + z° — 2ax — 2by — 2cz + d = 0
Oe®)=>d=0 (D)
Ae(S)=>2-2a+2c =0 (2)

Be(S)=>6-2a—-4b—-2¢c =0 3)
Ce(S)=>4-4b+d=01)
Tu(1)(2) B)4):a=1,b=1,c=d=0
Vay phuong trinh (S): x> + y* + 22— 2x — 2y = 0
b/ (S) ¢6 tam 1(1, 1, 0), R = /2

Trong tam caa AABC la G(%; %; 0)

Mat phéng (o) cAn tim nhan OG = g(l, 2, 0) 1a PVT nén c6 dang

x+2y+D=0
Ta cé: (o) tiép xtc (S)

odl (@) =Reo 2+D_ 5 _p_ 34 10

N

Vay phuong trinh hai mat phang (o) 1a x + 2y + J10 -3=0
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Bai 10: Cho S(0, 0, 1), A(1, 1, 0) va hai diém M(m, 0, 0), N(0, n, 0)
thay déi sao chom +n=1vam>0,n > 0.
a. Ching minh thé tich hinh ch6p S.OMAN khong phu thuoc m, n.
b. Tinh khodng cach tir A dén mat phang (SMN). Tir d6 suy ra mat
phéng (SMN) tiép xic 1 mat ciu cd dinh.

Giai z

a/ Dt (A vudng OMN) = %OM.ON - oo

Tacé: AM =(m-1,-1,0)
AN =(-1,n-1, 0)
—[AM AAN]1=(0,0, mn—1)

. L
Vay Saamn) = E[AM A AN

1-mn

=%Imn—1|= (dom,n<1)

, mn 1-mn
Do d6 Soamn = Siomn) + Siaamn) = 7 + =

1
= Vsoamn = 3 SO.Soman) =

b/ Phuong trinh mat phang (SMN) la:

X Z 2,
XY 2 1 onx+my+mnz-mn=0 Dodé

m n
[n.1+m.1+mm.0—m.n]|

(2, (SMN) = \fnz +m? +(m.n)?

< d(A, (SMN)) =

|m+n—mn|

J(m +n)? - 2mn + m?n?

|1 — mn| 1 mn]
J1-2mn + m?n2 \/(1 —mn)?

=1

Do dé mat phang (SMN) ludn tiép xic mét cau c¢6 dinh tAm A, ban
kinh R = 1.
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BAI TAP TU GIAI
BT1. Viét phuong trinh mit cau
a) (D2008) Qua A (3, 3, 0); B(3, 0, 3); C(0, 3, 3); D(3, 3, 3)
b) (DB A05) Qua A(2, 0, 0); C(0, 4, 0); O(0, 0, 0), S(0, 0, 4); B(2, 4, 0)

¢) (D/04) Qua A(2, 0, 1); B(1, 0, 0); C(1, 1, 1) va tam I nim trén
P)x+y+z-2=0

d) Tam trén Oz va va ti€p xic hai mat phang (o) 2x + y— 3z — 1 =0,
B)x—2y+3z+5=0.

BT2. B/2005

Cho lang tru diang ABC.A’'B'C’ ¢c6 A(0, -3, 0); B4, 0, 0); C(0, 3, 0);
B’(4, 0, 4). Viét phuong trinh méit cAu tam A tiép xic (BCC'B).

BT3. DB/D03

Cho mat cau (S) (x — 1> + (y + 1) + (z — 1) = 9 va mat phing
(a): 2X + 2y + z — m® — 3m = 0. Tim m dé (S) tiép xic (a).

BT4. Cho A(2, 0, 0); B(0, 4, 0); C(0, 0, 6); D(2, 4, 6). Viét phuong trinh tap
hop cac diém M trong khong gian sao cho [MA + MB + MC + MD| = 4.

BT5. Viét phuong trinh mat cau (S) c6 tam 1(4, -2, 1) biét:
a) (S) ti€p xtic mat phang (Oxz)
b) (S) ti€p xuc truc Ox
c) (S) cat truc Oy tai hai diém A, B v6i AB = 10.

BT6. Viét phuong trinh cau (S) qua diém A(1, —1, 4) va tiép xtc véi ba
mait phang toa dd.

BT7. Cho ti diéen OABC c6 A(4, 0, 0), B(0, -2, 0), C(0, 0, 2), 0 1a gdc toa do.
a) Tim tAm va ban kinh cia mit ciu ngoai tiép ti dien OABC.
b) Tim hinh chiéu cia dinh O trén méit phing (ABC).

BTS8. Cho ba diém A(-2, 1, -2), B(2, 1, 1), C(-1, 0, 5). Viét phuong trinh
mait cau c6 dudng tron 16n 1a duong tron ngoai tiép AABC.
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BAI 4
PUONG THANG
VA CAC BAITOAN LIEN QUAN

A. TOM TAT LY THUYET

I. PHUGNG TRINH CUA PUGNG THANG
Vecto a =0 goi 1a vecto chinh phuong cia dudng thing d néu gid cha
a song song hoac trung d.
Cho dudng thidng d di qua diém M(x,,y,,z,) va c6 VICP a = (a,b,c)

X =X, +at
Phuong trinh tham s6 cta d: |1y =y, + bt| (t: tham s6, t €R)
Z=12,+ct

X% Yo _Z7 % ahe0)
a b c o

Phuong trinh chinh téc cda d:

VAN BE 1: VIET PHUGNG TRIiNH BUGNG THANG

Phuong phap
1/ Tim mot diém trén d va mot VICP cia d.
2/ Tim hai mat phing khac nhau cing qua d thi d chinh 1a giao tuyén
clia hai mat phang nay.
= Cac luu y: d
1/ Mot dudng thang trong khong gian c6
thé xem la giao tuyén ctia hai mit
phang (o) va (B).
Néu (o) va (B) ¢6 PVT la n va m
dc6 VICP a thin L (o) = n' 1L a
AL@) =@ L a
ViyVICP a = n A m a
2/ Cho hai vecto khong cung phuong a va b
N&u dudng thdng d vuéng géc véi & va b thi d ¢6 1 vecto chi
phuong 1a a,=[4a, b]
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3/ Néu duong thing d; qua diém A va vudng géc duong thing d, thi d;
nam trong mit phang qua A va vuéng géc ds.

4/ Néu duong thing d; qua diém A va cit dudng thing d, thi d; nadm
trong mat phang qua A va d,.

5/ Néu duong thing d qua diém A va song song mit phang (P) thi d
nam trong mit phang qua A va song song (P).

Bai 1. Viét phuong trinh tham s6 ctia dudng thing d biét d 1a giao
tuyén ctia hai mat phéng:
oadx -2y +3z=0vaP:3x+y+2z—-5=0

Gidi
Ta ¢6: 1, = (4,-2,3), i, =(3,1,2) = &, = [6,,56, = (-7, 1, 10)
Chon diém M(1, 2,0) € o N B

x=1-7¢
Vay phuong trinh d: {y =2+t
z =10t

Bai 2. Cho hai diém A(2, 0, -3), B4, -2, —1) va mit phing
Prx+y+2z+4=0
Viét phuong trinh duong thang d nim trén (P) sao cho moi diém
ciia d cach déu A va B.

Giai
Goi (Q) 12 mét phéng trung truc cia AB = d = (P) N (Q)
Trung diém cta AB 1a: I(3, -1, -2), fi,= AB =(2,-2,2)=2(1,-1,1)
Vay phuong trinh (Q): 1x-3)-1y+ 1D+ 1z+2)=0=x-y+z—-2=0
Ta c6: a, =[n;, ngl = 2(3, 1, -2)
Chon diém M(-1, -3, 0) € (P) n (Q)
Vay d: x+1 _y+3_ z

1 -2

Bai 3. Cho dudng thing d: X I 1_ yT—2 = il va mat phang
a: 2x — y + 3z — 6 = 0. Viét phuong trinh duong thiang A qua giao
x =3+4t
diém A ctia d va o va song song dudng thang d: {y = -2-3t
z=5+t
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Giai
Toa do diém A 1a nghiém cia hé phuong trinh:
X+1_y_2 VA 4X—y+6=0 Xx=-3

1 4 1o {x+z+1=0 & Jy=-6
2x-y+32-6=0 2x -y +3z-6=0 z=2

Vay A(-3, -6, 2)

x=-3+4t
DoA//d =a, =a; =(4, -3, 1). VAy phuong trinh A: <y =-6-3t
z=2+t

Bai 4. Tuyén sinh Pai hoc khéi D/2007
Cho A1, 4, 2); B(—1, 2, 4) va dutng thing A: X—‘ll - y_;2 -2
a. Viét phuong trinh dudng thing qua trong tdm G ctia AOAB va
vuong géoc mp(OAB).

b. Tim M trén A sao cho MA? + MB? nhé nhAat.

Giai
a/ Ta c6 trong tam G(0, 2, 2)
Mat phdng (OAB) ¢6 VICP OA = (1, 4, 2) va OB = (-1, 2, 4)
Nén c6 PVT it = OA A OB =6(2, -1, 1)
(d) qua G va vuong géc mp(OAB) nén nhian n 1la VICP

Phuong trinh (d): x_y-2_z-2
2 -1 1
x=1-t
b/ Phuong trinh tham s dudng thing (A) 1a: {y = -2+1
z=2t

M € A nén 3t sao cho M(1 - t, t — 2, 2t)

Taco: MA2+ MB? =t + £ —6)* + (2t — 2% + (2 =t + (t — 4)* + (2t — 4)?
= 12t2 - 48t + 76 = 12(t — 2)® + 28 > 28

Vay (MA? + MB?),in = 28 &t = 2 < M(-1, 0, 4)

Bai 5. bé du bi Pai hoc khoi B/09
Cho A(1, 0, —-1); B(2, 3, -1); C(1, 3, 1)
Viét phuong trinh tham s6 dudng thing qua truc tdm AABC va
vuong géc mp(ABC).
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Giai S
Goi (d) qua truc tdim H va 1L mp(ABC)
Vé Al L. BC, CK L AB
LaySed
Mp(SAI) qua A va ¢6 PVT BC = (-1, 0, 2)
Phuong trinh (SAI): -1(x - 1) +2(z+ 1) =0 A
&S -x+22+3=0
Mp(SKC) qua C va ¢c6 PVT AB = (1, 3, 0)
Phuong trinh (SKC): 1(x—- 1)+ 3(y-3)=0
<x+3y—-10=0
Puong thing (d) cdn tim 1& giao tuyén hai mp(SKC) va (SAI)
Xét n,=(-1,0,2), n, =(1, 3, 0)
Goi a 1a VTCP cua d
Tacéa L n van,nén a =n; An, =(-6,2,-3)
Giao diém (d) va (Oyz)

Chox=0:>y=%,z=—§

2
10 3
Vay (d M| 0,—,—=
ay (d) qua ( 3 2)
x = -6t
. - 10
Phuong trinh tham s6 d {y = 3 + 2t
z= 3. 3t
2

Bai 6. Tuyén sinh PH khéi A/2011
Cho A(2, 0, 1); B(0, -2, 3)
Tim M trén (P): 2x —y — z + 4 = 0 sao cho MA = MB =3

Giai
Do MA = MB nén M € (o) 1a mét trung truc cia AB
(o) qua I(1, -1, 2) 1a trung diém cha AB
va co6 PVT ri=AB = (-2,-2,2)/ (1,1, -1)
Vay phuong trinh (a): 1(x- 1)+ 1y +1) - 1(z—-2)=0
SxXx+y—-z+2=0
Do M nam trén giao tuyén A cia (P) va (o)
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Goi a 1la VTCP cua A
Ac(P)=a L i=(2-1,-1)
Ac(o)=>a Ln=(1,1,-1)
Vay d=18, A0, =(21,3)
Goi N(O, y, z) 1a giao diém A va mp(Oyz) toa d0 N nghiém ding hé
=4
phuong trinh {er Tz
y—z=-2
Vay N(O, 1, 3)
x =2t
Do d6 phuong trinh tham s6 Ala y =1+t
z=3+3t

Vay M(2t, 1 +t, 3 + 3t)

Ta c6 MAZ =9
S2t-22+t+ 12+ Bt+272%=9

<:>14t2+6t:0<:>t:0\/1;:_$

Vay My(0, 1, 3), My(— 0, 4 12

7T
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) CAC DANG TOAN_
VIET PHUGNG TRINH PUGNG THANG THUGNG GAP

Dang 1: VIET PHUONG TRINH PUONG THANG A QUA PIEM A,
NAM TREN MAT PHANG (P) (HAY SONG SONG MAT PHANG (P)) VA
VUONG GOC PUONG THANG d.

* Phuong phdp:
Do {AC(P) . {Aj_ﬁp

Ald a

= A ¢6 vectd chi phuong 1a a, = [n,,a,]
Al aa

Vay A la duong thing qua A va c6 vecto chi phuong a,

x+1 y z-3
-1 3
mat phang (P): 2x — 5y — 3z + 8 = 0 va diém A(3, -4, 1)
a) Viét phuong trinh dudng thang A; qua A, ndm trén (P) va vudng
goéc d.

Bai 7. Cho duong thang d:

b) Viét phuong trinh duong thing A; qua A, song song mat phing
(Oxy) va vudng goc d.

Gidi
a) Tacé: a;=(2,-1,3), n, =(2,-5,-3)
A e Ihaa] = (18, —12, 8) = —2(9, 6, —4)
= a, =[np,aq] =(-18, =12, 8) = -2(9, 6, —
A, Ld a7

x-3 y+4 z-1
9 6 —4
b) Mit phang (Oxy) ¢6 vecto chi phuong k = (0, 0, 1)

Vay A;:

x=3-t
A, 1/ (O S
2/ (Oxy) = as, =K, aa] =-(1, 2, 0). VAy Ay 1y = -4 -2t
A, Ld )

7z =

Bai 8. Tuyén sinh DPai hoc khai A/2005
Cho d: x-1 _ y+3 _Z-—

-1 2

a. Tim I trén d sao cho khodng cach tir I dén (o) bang 2.

b. Tim giao diém A cta (d) va (a). Viét phuong trinh dudng thang

3 va mat phang (o) 1 2x +y— 22+ 9 =0
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(A) di qua A, nam trong (o) va vudng goéc (d).

Gidi
a/lednén3t: I1-t, -3 +2t,3 +1t)
- |2(l—t)—3+2t—2(3+t)+9|:
Jai1ia
o |-2t+2l=6t=-2vt=4
Vay I(3, =7, 1) hay I(-3, 5, 7)
b/ Goi A =d N (@)
Acd=3t: Al —t,-3+2t,3 +t)
Ac(=20-t)+2t'-3)-28+t)+9=0=t =1
Vay A0, -1, 4)
Goi b 1a VICP cta (A)
Do (A c(w)=b Li,=(21,-2)
(A L@=bLa=(1,21)
Vay b = 6, A 8, =5(1,0,1)
Xx=t
Phuong trinh (A): <y =-1 teR
z=4+t

Ta c6: dI, o) = 2 2

Dang 2: VIET PHUONG TRINH PUONG THf&NGoA PI QUA PIEM A,
VUONG GOC PUONG THANG d; VA CAT PUONG THANG d,

* Phuong phdp 1: 1

d
— Tim mét phang (P) qua A va 1 d; ds
—Tim B =(P) ndy
— A la dudng thang qua hai diém A, B. /
B ep
P

* Phuong phdp 2:
— Goi B 1a giao diém A va d,

— Tim toa d¢ diém B tir dieu kién: AB.a, =0

— A la dudng thang qua hai diém A, B

x=-1
Bai 9. Cho hai duong thing d;: X;:YIZ:% vady: dy =t
z=1+t

Viét phuong trinh duong thang A di qua diém A(0, 1, 1), vudng géc
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dudng thang d; va cit duong thing d,

Giai
* Cdch 1:
Goi(P)lampquaAva L dy= np = ag, =(3,1,1)
Phuong trinh (P):3x-0)+1y—-1)+1z-1)=03x+y+z—-2=0
Goi B=(P) nd, = B(-1, 2, 3)

ar = AB= (-1, 1, 2). Vay phuong trinh A: 11 = yT—l = Zgl
* Cdch 2:

Goi B=Andy=>B(-1,t,1+1)

AB=(-1,t-1,t); aqs,= (3,1, 1)

Ta cé:

Aldi o ABay=0c-3+t-1+t=0<t=2

Vay as = AB= (-1, 1, 2) phuong trinh A: %:YT_lz Z;1

Bai 10. Tuyén sinh Pai hoc khéi B/2004
Viét phuong trinh dudng thdng qua A(—4, -2, 4) cit va vudng goéc

X =-3+2t
diy=1-¢
z=-1+4t

Giai
Goi I 1a giao diém cta d va dudng thang A can tim
Iednéndte R: 12t -3,1-t,4t - 1)
Taco: Al = (2t + 1,3 — t, 4t — 5)
Do:d L Anén Al L a =(2,-1, 4)
=22t+1)-13-t)+44t-5) =0
=21t-21=0=>t=1
A cin tim qua A va ¢6 VICP Al = (3, 2, -1)
Phuong trinh chinh tic cia A 1a
x+4 y+2 z-4
3 2 -

Bai 11. Cho duong thing d 1a giao tuyén cta hai mit phing:
obx+y+z+42=0; B:x—-y+2z2+1=0
Viét phuong trinh duong thing A di qua diém A(2, —1, 0), vubng géc
va cat dudng thing d.
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Giai
S Cdch 1:

Tacé: n,=(5,1,1), n,=(1,-1,2)
= a,=[n,,0;]1=(3,-9,-6) =31, -3, -2)
Goi (P)lampquaAva L d= n,=a; =3(1,-3,-2)
Vay phuong trinh (P): 1(x-2)-3(y+1)-2z2=0<x-3y-2z2-5=0
GoiB=(P)nd
Toa do diém B 14 nghiém cGia hé phuong trinh:

x-3y-2z-5=0 x=0

bx+y+z+2=0 < <y=-1.Vay B(, -1, -1)

Xx—-y+2z+1=0 z=-1
x=2-2t
ar = AB = (-2, 0, —1). Vay phuong trinh A: y=-1
z=—t
< Cdch 2:
x=t
Chon diém M(0,-1,-1) € a n B. Vay phuong trinh d: <y =-1-3t
z=-1-2t

GoiB=And= B(t,-1-3t,-1-2t) = AB = (t - 2, -3t, -1 — 2t)
Taco:A L d< ABas =0 < t=0.Vay a» = AB= (-2, 0, 1)

x=2-2t
Do d6 phuong trinh A: <y = -1
z=-t

Dang 3: VIET PHUONG TRINH PUONG THANG A PI QUA PIEM A,
SONG SONG MAT PHANG (P) VA CAT PUONG THANG d.

* Phuog phadp 1:
— Tim mét phdng (Q) qua A va song song (P)
~Tim B = (Q) ~ d.

Thi A 14 dudng thidng qua hai diém A, B. g B
* Phuong Phdp 2: =
-GoiB=AnNnd
— Tim toa do di€m B tir diéu kién:
p
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@.ﬁp = 0
Thi A 1a duong thing qua hai diém A, B.

Bai 12. Viét phuong trinh chinh téc ctia duong thing A di qua diém
A(3, -1, —4), cit truc Oy va song song méit phing (P): 2x +y = 0

Giai

2 Cdch 1:
Goi (Q) 12 mé#t phang qua A va // (P). Phuong trinh (Q) 1a:
2x-3)+1y+1)=0=2x+y-5=0
Goi B = (Q) ~ Oy = B(0, 5, 0)

— a, = AB = (-3, 6, 4). Vay phuong trinh A: % =2 ==

S Cdch 2:
Goi B = A n Oy = B(0, t, 0)
ar = AB =(=3,t+1,4), n, = (2, 1, 0)
Tacé: A//(P)< AB.np =0 6+t+1=0=t=5
x-3 y+1 z+4
3 6 4

Bai 13. Viét phuong trinh dudng thang qua A(3; —2; —4) song song
x-2 y+4 z-1

= ax = (-3, 6, 4). Vay phuong trinh A:

mat phang (P): 8x — 2y — 2z — 7 = 0 va cét d:

-2 2
Giai
x=2+3t
Phuong trinh tham s6 d 1a {y = -4 — 2t
z=1+2t

Goi B 1a giao diém ctia A cdn tim va d
Bed=3t: B2+ 3t, -4 - 2t, 1 + 2t)
= AB =(3t—1,-2t -2, 2t + 5)
Do A//(P)nén AB L PVT 1 = (3; -2; -2)

Vay 383t —-1) - 2(-2t-2)-22t+5)=0=t=1

Vay AB =(2,-4,7)
Xx-3 y+2 z+4
—4 7

Do d6 phuong trinh A la:
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BAITAP TY GIAI
BT1: CB/09 Cho A(1, 1, 0); B(0, 2, 1) va AABC c6 trong tam G(0, 2, —1).
Viét phuong trinh duong thang qua C va L (ABC).
BT2: D/2011 Viét phuong trinh duong thing A qua A(1, 2, 3) vudng géc
g X +1 _y _z- 3
2 1 2
BT3: Viét phuong trinh dudng thing A qua A(1, 1, —2) song song
x+1 y-1 z-2
2 1 3

va cat truc hoanh.

mpP):x—-y—-z-1=0va L (d

BT4: Cb/2010 Viét phuong trinh mit phing chia d: 12 _y-1_
val(P):2x—y+2z—-2=0.Tim M € d sao cho M cach déu O va (P).
BT5: Viét phuong trinh dudng thing A qua A(1, 2, 3) cat
vald: 2=Y =z+3

2 4
BT6: D/06 Viét phuong trinh duong thing A qua A(1, 2, 3), vudng géc

dy: X—2:y+2:z—3 va cit dy: X—]_:y—1=Z+1
2 -1 1 -1 2 1

BT7: Viét phuong trinh dudng thang vuéng géc d: -

x-1 y zZ+2 va
1

niamtrén P):2x +y+z—-2=0

BTS8: DB/A06 Cho 1(2; 2; 0) va (P) 3x — 2y — z + 4 = 0. Tim K sao cho
KI L (P) va K cach déu O va (P).

BT9: Cho d,: X—2 _ y—-3 _ z+4 . dy: x+1 _ y—4 _ z—4

3 -5 3 -2 -1

Tim A trén d; B trén d, sao cho AB vudong géc d; va d,. Viét phuong
trinh mat phang cach déu d;, d,.

BT10: Cho (a) 2kx + y—z+ 1 =0 (B): x — ky + z — 1 = 0. Tim k dé€ giao
tuyén cta hai mat nay nam trén (Oyz)
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VAN BE 2: VI TRi TUGNG BOI
HAI BUGNG THANG TRONG KHONG GIAN

Phuong phap: Cho A qua A va ¢c6 VICP a
A" qua B va ¢6 VICP b i A
e Ava A' chéo nhau < (& A b).AB #0
e Ava A’ déng phing < (a A b).AB =0

. . (@ab)=0
e A va A’ cat nhau L
(aAnb)AB =0
— 3 e . 
= B - '
eAl N [ANP=0 - A
arnAB =0
arb=0
s A=A & o
arnAB=0
x=1+mt X=m-2t'
Bai 1. Cho hai duong thing di: {y=m+2t ; dy: {y=mt'
z=1-m-3t z=1l-m+t'

Tim m dé d; va d, chéo nhau.

Giai
Chon A(1l,m, 1 -m) e d; VTCP cia d; la a, =(m, 2, -3)
B(m, 0,1 -m) € dy VICP cta d, la ay, = (=2, m, 1)
Ta cé: [d, ,d, ]. AB=4m® — 7m - 2

Do dé: d; va dy chéo nhau < [édl,édz].A—B #0 < 4m”> - Tm -2 %0

. -1
Sm#2vam# Z'

Bai 2. Pé du bji PH khéi B/04

x-3 y—-6 z-1
2 2 1

a. Chiing minh d va AB cung thuoc 1 mit phang.

b. Tim C trén d sao cho AABC can tai A.

Cho A4, 2, 2); B(0, 0, 7) va d:
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Gidi

a/ AB qua B(0, 0, 7) va ¢c6 VICP AB = (-4, -2, 5)
d qua M(3, 6, 1) va ¢6 VICP & = (-2, 2, 1)
Tacé AB A & =(-12, -6, —12) va BM = (3, 6, —6)
—(AB A d).BM =-36-36+72=0
= AB va d cung thudéc mot mat phang

b/ Ta goi C(3-2t,6 +2t, 1 +t) e d
AABC can tai A < AB? = AC?
S 16+4+25=(-1-2t+ (2t + 4 + (t - 1)*
S +18t-27=0=t=1vt=-3
Vay Ci(1, 8, 2); Cx(9, 0, —2)

x=t
Bai 3. Cho dy: x;lzy—lzz—3 vady dy =1+t

2 -2
z=-3+2t

a) Tim giao diém cha d; va d,.
b) Viét phuong trinh mat phing chda d; va d,.

Giai
a/ Goi I 1a giao diém d; va d,
ledy = It,t+1,2t-3)
t+1 t 26-6

Iedi= —=—
3 2 -2
2t +2 =3t t=2
=
2t =4t -12 t=2
Vay I(2, 3, 1)

Luu y: Né&u hé trén vd nghiém thi d; va d; song song hay chéo nhau.
Néu hé trén vo s6 nghiém thi d; va d, trung nhau

b/ d; ¢c6 VTCP a =(3; 2; -2)
dy c6 VICP b = (1; 1; 2)
Mp(d;, dy) c6 PVT =4 Ab =(6;-8; 1)
Phuong trinh mp(d;, d2) qua I 1a
6x-2)—-8y-3)+1z-1)=0<6x-8y+z+11=0

@ Cdac dang todn thudng gdp
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Dgng 1: VIET PHUONG TRINH PUONG THANG QUA PIEM A VA CAT
HAI PUONG THANG dy, d; (d;, d; chéo nhau; A ¢ d, A ¢ d)

* Phuong phdp 1:

— Goi o 1a mat phing qua A va di; B 1a mat phing qua A va dy. Goi
A=aoanpP

Vay A la dudng thang qua A va c¢6 vecto chi phuong a, =[4, ,d, ]

— Chiung minh a, khong cung phuong a, va a, (tdcla A khong song

T

I
\12

\&

song d; va ds)
Do d6 A la dudng thing (duy nhat)
théa yéu cau bai todn

* Phuong phdp 2:

— Viét phuong trinh mp(A, d,)

R

— Tim giao diém I cha d, va mp(A, d;)

— Pudng thing can tim 14 dudng thang Al

Bai 4. Cho diém A(1, -1, 1) va hai dudng thing:

x=1+2t 0 3
X + y — Z
=Y S T |
z=3-1

a) Ching minh d; va d; chéo nhau.
b) Viét phuong trinh duong thidng qua A va cit hai duong théng d,, ds.

Giai
a/Chon M(1,0,3) ed;va a, =(2,1,-1)
N(-2, 3, 0) € dy va &, = (1, -2, 1)
Ta co: [a, ,a,]=(-1,-3,-5),
MN = (-3, 3,-3) = [4, ,d, . MN =90

Vay: d; va d, chéo nhau.

b/ Cdch 1: Goi a 12 mat phang qua A va dy; B 14 méit phing qua A va dy;
A=anp

Tacé: AM=(0, 1, 2), AN = (-3, 4, -1)
n. =[AM, aq,] = (-3,4,-2), np = [AN, 4, 1= (2, 2, 2)
= a, =[n.,ngl=(12,2,-14) = 2(6, 1, -7)
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Nhan thay a, khong ciing phuong véi 4, va a,
Vay A la dudng thang thoéa yéu ciu bai toan.
x-1 y+1 z-1
6 1 -7
. s a g . B ds
Chu y rang dieu kién a, khong cung A
phuong véi a, va &, la can thiét,
, " i S
néu khong A chua chdac cat cd d; va ds.

Vay: A:

Ta xem vi du sau:
Cho diém A(0, -1, 2) va 2 duong thing:

Xx=-2+t 1 1 1
dy: 148t ; dy X oY FEL_Z-
=Y > 2 1
z=2+2t

Chon M(-2,1,2) € dy, a, =(1, 3, 2)
N1, -1, e dy, 85 =(1,2, 1)
MN= (3, -2, -1), [4, ,d, 1= (-1,1,-1)
[:?1(11 ,édz] .MN=-4%0= d;, dy chéo nhau
Goi a 12 mp qua A va di; B 1a mat phang qua A va dy; A=a N P
n,=[AM,a,] = (4, 4, -8); fi, = [AN, &, 1= (2, -2, 2)
a, =[n,, n,1=(-8,-24,-16) = -8( 1, 3, 2) = -84,
Ta c6 a, cung phuong &, va khong cung phuong a,
= A// d; va A cat d,.
R6 rang A khong cat ca d; va d,.
Cdch 2: ds qua B(-2, 3, 0) va ¢c6 VITCP a =(1,-2, 1)
Mp(A, d3) qua A va ¢6 VICP a’ va AB = (-3, 4, -1)
—PVTn=anA AB =(-2,-2,-2)=-2(1,1, 1)
Phuong trinh mp(A, dp) la: 1x+2) + 1(y - 3)+z =0
&Sx+y+z—-1=0

Goi I 1a giao diém d; va mp(A, dy)
Iledi=I1+2t,t 3-1t)

I6mp(A,dz):>(1+2t)+t+(3—t)—1=O:>t=_g
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-39
Vay I(-2, —, =
y I 5 2)

-1 7
Al = 6,1, -7
= (322) ( )

x-1 y+1 z-1
1 T
Dang 2: VIET PHUONG TRINH DUONG THANG A SONG SONG PUONG
THANG d VA CAT HAI PUONG THANG d,, d;.

* Phuong phdp 1:

Hién nhien AT W 4, = (2, 1, -3). Vay A:

— Goi o 12 mat phang qua d; va / d; p 1a d

mit phing qua dy va / d thi A = o N B.
— Nhan xét A 1a duong thing qua diém ]

M € a n B va c6 vectd chi phuong q

a, =a, M ¢ d) — | &
* Phuong phdp 2: /
—GOiM=Aﬁd1,N=Aﬁd2 o -

) 4 <A . /

— Tim toa d6 hai diéem M, N tu dieu kién: N

MN ciing phuong a,.
— A la duong thang qua M va c6 vecto chi phuong a,= a, M £ d)

Bai 5: Viét phuong trinh duong thdng A song song truc Ox va cit hai
duong thing: d;: Ezzzz_—l; d: x-2_y+1_z+1
1 2 3 -1 3 2

Giai
S Cdch I:
Chon A(0,0,1) e dy, 8, =(1,2,3)1a VICP cta d,
B2, -1, -1) € dy, 8, =(-1, 3, 2) 1a VTCP cta dy
Goi o la mp qua d; va // Ox
B 1a mp qua d; va // Ox
Goi A = o N B; Ox ¢6 vecto chi phuong 1= (1, 0, 0)
d, =1d,,i1=(0,3,-2)=> :3y-22+2=0
d,=d,,i1=1(0,2,-3)=>p:2y-3z2-1=0

Chon diém M(O,%S, _?7) ceanP;M ¢ Ox
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Vay A la duong thang qua M vacé a,=i =(1,0,0)

x=t

phuong trinh Ala: |y = %8

-7
z=—
5
9 Cdch 2: Phuong trinh tham s6 cua dj, dy:
x=t XxX=2-t'
di: sy=2t ;do: Jy=-1+3t'
z=1+3t z=-1+2t'

Goi M=And, N=And,
= M(t, 2t, 1 + 3t), N(2 - t’, -1 + 3t", -1 + 2t)
— MN = (- -t +2,30 -2t — 1, 2t — 3t — 2);
Ox ¢6 vecto chi phuong i = (1, 0, 0), A // Ox nén: MN cung phuong i

t-t+2=k k=3 .
& MN =kie {3t'-2t-1=0 & {t=—= VéyM(—,—,%),
2t'-3t-2=0 1
t=-=
M ¢ Ox
X=—é+t

5

. . N 8

Do d6 phuong trinh A la {y = "5
7

5

Bai 6: Tuyén sinh DH khoi A/07
x=-1+2t

Cho hai dudng thing d;: §ZY_—11=ZIZ;d2: y=l+t
z=3

a) Chiung minh d; va d, chéo nhau.
b) Viét phuong trinh duong thang vuong géc mp (P): 7x +y — 4z = 0
va cat hai duong thang d;,d,.
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Giai
a/ Chon A(0, 1,-2) e dy;a, =(2,-1,1) 1a VICP cta d,
B(-1, 1, 3) e dy; a,, =(2,1,0)1a VICP cta d,
Tacé [d,,8,]1=(-1,2,4); AB =(-1,0,5)
= [d, ,d, ].AB =21 # 0. Vay dy, d; chéo nhau.
b/ Cdch 1: Goi (o) 12 mat phéng chita d; va L (P)
() ¢6 VICP la a, = (2, -1, D) va n,= (7, 1, —4)
= PVT i, = a, AN, =3(1, 5, 3)
Phuong trinh mp(a) la: 1x-0) +5(y - 1) +3(z+2) =0
<Sx+5y+3z+1=0
Goi N 1a giao diém d; va (o)
Nedy,=3t: N-1 +2t,1 +t,3)
Ne(@=F1+20)+51+t)+9+1=0=t=-2
(d) can tim qua N va ¢6 VICP 1,

x+5 y+1 z-3

Phuong trinh (d):
ng trinh (d) 7 1 .

Cdch 2:
Goi M=dnd;, N=dnds.
Vay  M@2t,1-t,-2+t)va N(-1 +2t, 1 +t, 3)
= MN=(2t-2t -1, t+t,5-t)van,=(7,1,-4)
Ta co:
26-2t'-1 _t+t'_5-t'

d L1 (P)& MN ciung phuong 1, <

7 1 —4
5t+9t'=-1 t=-2
= =X . Vay M(, 0, -1)
4t+3t'=-5 t'=1
d 1a dudng thdng qua M va ¢6 a, = 1, = (7, 1, —4)
Do d6 phuong trinh d: x-2_y_z+1
7 1 -4
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Dang 3: VIET PHUGNG TRINH PUONG VUONG GOC CHUNG d CUA
HAI PUONG THANG CHEO NHAU d, VA d,.

Phuong phdp 1:

- GoiM=dnd;, N=dnd,.

— d la duong vudng géc chung
M%N.adl =0

MN4, =0

cua d; va dy nén: {

— Tir diéu kién trén ta tim dugc toa do cia M, N thi d 1a duong thang
qua M, N.

Phuong phdp 2:
— d c6 vecto chi phuong a,=[a,, a, |
— GoiaquaA ed;vaco PVT n, =[a, a, |
BquaB edyvaco PVT 1, =[a,, 8, ] thitd=anp
Truong hgp dac biét:

Néu d;, d chéo nhau va vudng géc nhau thi dudng vudng goc chung d
la giao tuyén cia hai mat phang:

Mit phdng o chia d; va L d,. Mat phéng B chda d, va L d;.

d
B
x=1+t x=0
Bai 7. Cho hai dudng thing d;:{y =0 vady: {y=4-2t'
z=-5+t z=5+3t'

a. Ching minh d; va d; chéo nhau.
b. Viét phuong trinh dudng vudng géc chung d cua d; va ds. Suy ra
khoang cach gitra d; va ds.
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Giai
a/ Chon A(1, 0,- 5) edy, 4, = (1, 0, 1); B(0, 4, 5) eds, 4, = (0, -2, 3)
Ta c6: [d, ,d, . AB = —34 = 0 = d; va d; chéo nhau
b/ GoiM=dnd;, N=dnde.= M1 +t,0,-5+1t), NO,4-2t", 5 + 3t)
Ta cé: 8, = (1,0, 1), 4y = (0,-2,3), :MN = (-1—t,4 - 2, 10 + 3t' — t)
d 1a duong vudng géc chung cta d; va ds:
MN&, =0  (-1-t+10+3tt=0 t=3
I = =
MN.4, =0 —8+4t'+30+9t'-3t =0 t'=-1
Vay M, 0, —2), N(0, 6, 2), MN = 2(-2, 3, 2)
X=4_ Y _2+2 146 d(dy, dy) = MN = 2417

Phuong trinh d la:

-2 3
x=1+t x=-2-2t'
Bai 8: Cho hai dudng thing d;: {y=2-t va dy:{y=-1
z =2t z=t'

a. Ching minh d; va d; chéo nhau nhung vuéng géc nhau.

b. Viét phuong trinh dudng vudng géc chung d cta d; va d.

Giai
a/ Chon  A(1,2,0) edy,a, =(1,-1, 2)la VTCP cta d,
B(-2, -1, 0) € dy, a5, = (-2, 0, 1) la VTCP ctia ds

Ta co: [a,,a, ]=—(15,2); AB=—(3,3,0)

[a,,d4, JAB=18 %0
= o . Vay di, d; chéo nhau va vudng géc nhau.

d, d, =0
b/ Goi a 12 mat phang di qua d; va vudng géc dy; B 12 mét phang di
qua d; va vudng géc d; thid=a n B

aquaA, n,=8,=(-2,0,1)=>0w-2x+z+2=0
BquaB, n;=a; =(1,-1,2) =>P:x-y+2z2+1=0

Ta c6: a, =[n,,ngl =(1, 5, 2)

y+3 z+2
5 2

Chon dim M(0, -3, —2) € o N B. Vay phuong trinh d % -
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BAITAP TY LUYEN
BT1: Tim M trén Oz, N trén mp(Oxy) sao cho MN song song d:
x—-2 y+4 z-6
2 4 3
BT2: Chod;: XYl % y5gq, X_y-1_z-2
1 -2 -3 1 2 1

Ching minh d;, d; va A(1, 1, 1) cung thudc 1 mat phang.

va MN = /29.

BT3: DB/B03 Cho dy: = =Y F1_Z gy g, X_¥y-1_2z-1
372 1 171 3

a. Ching minh d;, d; chéo nhau va 1 nhau.

x+1 y+1 z+4
4 4 -2
X—3:y—3=z—3 va dy X—lzy—1:Z—2

2 1 6 3 2
a. Chiing minh d; cdt d, tai I.

b. Viét phuong trinh duong thing cit d;, d, va // A:

BT4: DBAO8 Cho d;:

J41

b. Tim A trén d;, B trén d; sao cho AAIB can tai I va c¢6 dién tich TR

1 y-2 z-3
3

a. Ching minh d va AB chéo nhau.

b. Tim C trén d sao cho dién tich (AABC) min.

va A(5, 4, 3), B(6, 7, 2)

BT5: DB/B0S Cho d: X;

x=2+t 1
BT6: DB/BO6 Cho d;: ly = —2—t va dy: X‘13 -1t
zZ=2

a. Viét phuong trinh mat phang chda d va / d'.
b. Tim A trén d;, B trén d, sao cho AB min.
BT7: Viét phuong trinh dudng vuong géc chung ctia hai dudong

x-7 y-3 z-9 x-3 y-1 z-1

a. dg: 1 2 =] , do: . 2 3
x=1 x = -3t

b.d;: Jy=-4+2t vady: <y =3+2t
z=3+t z=-2
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VAN BE 3: BAI TOAN TiNH KHOANG CACH VA 6OC

Dang 1: KHOANG CACH TU MOT PIEM PEN PUONG THANG.

M
Phuong phap
Cho (A) qua A va ¢6 VTCP a
Khodng cach tit diém M dén (A)
AM A a A
d(M,D) = % A H C

= Luu y: Ta c6 thé khong dung cong thic trén bing cdch tim hinh
chiéu vuéng géc H cia M 1én A (& phan sau) thi MH = d(M, A)
— Néu A va A’ song song thi d(A, A') = d(A, A)

Bai 1: Tuyén sinh Dai hoc khéoi B/2003.
Cho A(2, 0, 0); B(0, 0, 8); AC = (0, 6, 0)
Tinh khodng cach ti trung diém I cta BC dén OA.

Giai
Ta c6: OC = OA + AC I
Vay C(2, 6, 0) va I(1, 3, 4)
(OA) qua O(0, 0, 0) va c6 VICP OA = (2, 0, 0)
Ta c6: OI =(1, 3,4) = OA A OI = (0, -8, 6)

\64 + 36
2

y

Do d6 d(d, OA) = =5

0) H A

Bai 2. Dé tuyén sinh Dai hoc khai A/09
Cho mit phing (P): x — 2y + 2z — 1 = 0 va dudng thing A;:
x+1 _y_ z+9 va Ay x-1 _ y—3 _ z+1.
1 1 6 2 1 -2
Tim diém M trén A; sao cho khodng cich tir M dén A, bang khodng
cach tt M dén mp(P).

Giai
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Tacéo: M e Ay = It: M(-1 + t, t, -9 + 6t)
A; qua A(1, 3, —1) va ¢c6 VICP &a = (2, 1, -2)
Tacé AM =(t-2,t—3,6t—8)

= AM A & = (14 — 8t, 14t — 20, 4 — t)

Ta c6: dM, P) = d(M, Ay) = %
o -1 -2t +26t-9)-1 _ J(14 = 8t) + (14t — 20) + (4 —t)?
J1+4+4 Ja+1+4

o |11t — 20| =261t =792t + 612

@35t2—88t+53=09t=1vt=%

Do d6: M(0, 1, -3) v M(ﬁ, ﬁ, 3)
35 35 35

Bai 3. Tuyén sinh Pai hoc khoi D/2010

Xx=3+t 9 1
Cho A;: {y =t VéA2:X; Y-t _

z=1

Tim M trén A; sao cho khodng ciach tit M dén A, bing 1.

Gidi
Goi M(t + 3,t,t) € A
Ta c6 Ay qua A(2, 1, 0) c6 VICP a =(2, 1, 2)
Tac6 AM =(t+1,t-1,t)= AMAad =(t-2,-2, -t +3)
Ta céo dM, Ay) =1
[AM A & JE-2F +4+ (3t
—|§| =1< \/g =
27— 10t+8=0=t;=1vt=4
Vay M(4, 1, 1) v M(7, 4, 4)

1

Dang 2: KHOANG CACH CUA HAI PUONG CHEO NHAU
Phuong phap:
Néu A; qua M va c6 VICP a
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As qua N va ¢6 VICP b

|(5 A B)W

thi khoang cach giita A; va A, 1a |d(D,,D,) = G B
an

Bai 4. Cho A(1, 0, 0); B(1, 1, 0); C(0, 1, 0); D(0, 0, 2)
Tinh khodng céch giita hai duong thang AC va BD.

Gidi
AC qua A(1, 0, 0) va ¢6 VICP AC = (-1, 1, 0)
BD qua B(1, 1, 0) va ¢6 VICP BD = (-1, -1, 2)
Tacé AC A BD =(2,2,2)va AB =(0, 1, 0)

Vay d(AC, BD) = (ACABD)AB _ 2 _ 1

ACABD B 2
x=1+3t
Bai 5: Cho hai duangthéng(d):XT‘zz%J;“ va (@): ly =2+t
B z=-1+2t

a. Chiing minh hai dudng thadng (d) va (d’) chéo nhau. Tinh khodng
cach giita hai duong thang (d) va (d).

b. Hai diém A, B va ¢8 dinh trén dudng thing (d) sao AB = 117 .
Khi C di dong trén duong thing d’, tim gia tri nhé nh4t cia dién
tich AABC.

Gidi
a/ (d) qua M(2, 0, 4) va ¢6 VICP a = (3, -2, 2)
Pudng thing (d) qua N(1, 2, —1) va ¢6 VICP b = (3, 1, 2)
Ta c6: [d,b] = 3(=2, 0, 3) vda MN = (-1, 2, -5)
Do d6: [a,b]. MN =-39 =0
Vay d;, d; chéo nhau.
[s. 5]oe

[25]

b/ Ta c6 S = Siuapc) = %CI.AB (I 14 chan duong vudng goc vé tit C dén d)

Ta c6 d(d;, dy) = HK = J13

e 8= %CI.»\/117
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Ma CI > HK = 13

Do ds S = Y17 op» VM7 gy VU7 g5 _ 39
2 2 2 2
DA4u = xdy ra khi CI 1a doan vudng goéc chung cia (d) va (d).
39
Vay: Smin = —.
ay 2

Bai 6. Tuyén sinh PH khoi D/08
Cho lang tru ding ABC.A’B’C’ ¢c6 day la tam giac ABC vudéng can
tai B, AA’ = a\/ﬁ, BA = BC = a. Goi M 1a trung diém cta BC. Tinh
thé tich khéi lang tru ABC.A'B’C’ va khodng cach gitta hai dudng
thang AM, B'C.

Gidi ]
a/ Ta ¢6: Vi = AA’ dt (AABC) B o
a2 a3x/§
= 2. — =
a2 2~ 2 A’

b/ Gén truc nhu hinh vé
Tacs B0, 0, 0); Aa, 0, 0); C(0, a, 0); B M

M[o, % OJ; B(0, 0, a\/2)

Tacé AM = (-a, i, 0) BC = (0, a,xaﬁ). Ta c6:

AMAB'C =— (a\/_ a’ ZaJ
. va AC = (-a, a, 0)
— d(AMB'C) = |(AM/\BC)AC|
|AM/\BC|
a a2
SE g |
__ 2 _a
J N,V
= 423t +at 2

Bai 7: Bé du bi Pai Hoc khéi D/2008
Cho lang tru ding ABC.A’'B'C’ ¢6 tat cid céc canh bing a. Goi M
trung diém AA’. Chiing minh MB vudéng géc CB’. Tinh khodng cich
gitta hai duong thaing MB va CB’.
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Giai
Gan truc nhu hinh vé.

Z
A’ C’ y
av3 -a
(0, 0, a) 5 [T;?Oj )
M ¢ ’ﬁ,a'a]
2] 2
(0;0;;) A = "
A a3 -a
................. C( 2 2’0J C
y X
B
0
2 2
Tac6 MB = ( 3 a—ij CB' =-(0, 3, a)
279 2

L 3.2 a2

- 2 2 o
Tac6: MBACB' =-(a2,—323,avaa BB' = (0, 0, a)

a3
MBACB BB
Vay d(MB, CB’) = ‘( ‘ 2 _ a3 «/_
MB/\CB‘ . 32 3a? 10
a +T+ 1

Dang 3: CAC BAI TOAN Vi GOC.
Phuong phap:
Né&u d va d’ 14n lugt ¢6 VICP & va b. Mat phing o c6 PVT @
Goi ¢ 1a goc cia d, d’' (0 < ¢ <90°
la.b
&)

Thi |coso = |cos(d A b) =
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Goi ¢ 1a goc ciia d va a (0 < ¢ < 90°)
la.nl
lalnl

Thi |sing =|cos(a A n)| =

Bai 8: Tuyén sinh Pai Hoc khoi A/2006
Cho hinh 1ap phuong ABCD.A'B’C’D’ ¢6 A(0, 0, 0); B(1, 0, 0); C(1, 1, 0);
A0, 0, 1). Goi M, N 14n lugt 1a trung diém AB va CD.
a. Tinh khodng cach giita hai dudng thang A’C va MN.
b. Viét phuong trinh mit phang chita A’C va tao véi mp (Oxy) mdot

. N 1
OC 00 Mma CoSo = —=.
g x/?

Giai
, 1 1 z
a/ Tac6: C(1,1,0); M 5’ 0,0|; N 5 1,0
. . A’ D’
= A'C=(1,1,-1); MN =(0, 1, 0)
— A'CAMN =(1,0,1)
(A°C A MN)A'M B C
Vay d(A’C, MN) =
A'C AMN A,
N.-:’.’:’ ............... LT D y
1 N
=5
B C

b/ Phuong trinh m#t phang
(P)dangax +by +cz+d=0
Tac6: A’0,0, 1)) e P)=c+d=0 1)
C1,1,00)eP)=a+b+d=0 (2)
Mait phdng (Oxy): z = 0 ¢6 PVT k = (0, 0, 1)
Mt phing (P) c6 PVT 6 = (a, b, c)
‘ﬁE‘ 1
Ta c6: cosa. = ——= = =
|n”k‘ J6

< lel6 = Ja?+b%+c® < 5c¢ =a’ + b2 (3)
Chonc=1
Tu (1) =>d=-1
Tu(2) >b=-a-d=-a+1
Thay vao (3)

X

224 [ Trung Tam Luyén Thi CLC VINH VIEN




sal+(1-a’=5=2%-2a-4=0=a=-1va=2
a=-1 a=2
b=2 b=-1
Vv
c=1 c=1
d=-1 d=-1

Vay

_2y-z+1=0
Do d6 phuong trinh (P) 1a: |~ -~ 27"
2x—-y+z-1=0

Bai 9: Tuyén sinh Pai Hoc kh&i B/2001
Cho hinh 1ap phuong ABCD.A’B’C’D’ canh a.
a. Tinh khodng cach giita hai dudng thang BA’ va DB’.
b. Goi M, N, P 1an lugt 1a trung diém ctia BB’, CD, A’D’. Tinh géc
clia hai dudng thing MP va NC’.

Giai

Géan truc toa do nhu hinh vé
a/ Tac6: BA' =(-a, 0,a) DB’ =(a, —a, a) BB' =(0, 0, a)
= BA'ADB' = (a% 2a% a? z

Vay d(BA’, DB’)
’ . A’'(0. 0, a) ,
‘(BA N DB').BB" . D'(0, a, a)
ecom]
B'(a, 0, a) fol
b/ Ta cé: A y
M(a, 0, Ej; N(i, a 0); P(o, a aj D(0, a, 0)
2 2 2 N
Ta 6 MP = (_37 E’ E)’ NC - (E’ 0, a) B(a, 0,0) Cf(a, a, 0)
2’ 2 2 z

2 2

— MP.NC' =—%+0+%:0 — (MP, NC) = 90°

Bai 10: Tuyén sinh DPai hoc khoi A/2008
Cho lang tru xién ABC. A’'B’C’ ¢c6 day tam giac ABC vuong tai A,
AB = a, AC = a3, AA’ = 2a. Hinh chi€u vudng géc cia A’ lén
mp(ABC) 1a trung diém H ctia BC. Tinh thé tich khéi A’ ABC va cos
gbc tao bdi AA’, B'C’.

Giai

Hinh hoc FJ 225



Gén truc nhu hinh vé
VA

Ta ¢6 B(a, 0, 0); C(0, a~/3, 0); H(

¢2 2
Tac()AH=B—2C=%3&=a

ANAH | = A’H? = AA? — AH?
= A’H? = 4a® — a% = 3a®

Do dé: A’[%, %, aﬁ}

2

£

a
2’

X
Vaapc = %(a\@%.a.a\/ﬂ:

Pudng thang B'C’ / BC c6 VICP
BC = (-a, a3, 0) = -a(1, -3, 0)

2

Dudng thing AA’ c6 VTCP: AA" = [% % aﬁj :%(1, J3,243)

Goi ¢ la géc ctia B'C’ va AA’ (0 < ¢ < 90

[BCAA'| |13 1
|BC|.|AA"| 4416 4

Bai 11: Tuyén sinh Pai Hoc kh&i B/2008
Cho hinh chép S.ABCD c6 day hinh vuong ABCD canh 2a.
SA = a, SB = a+/3, mp(SAB) vuong géc (ABCD).
Goi M, N 1a trung diém AB va BC. Tinh thé tich khéi S. BMDN va
cos goc tao bdi SM, DN.

Ta c6 coso =

Giai
ASAB 1 tai S vi AB? = SA? + SB?
Vé SH 1 AB thi SH 1L (ABCD)

. SH = SA.SB _ a.a3 _ J3a
AB 2a 2
a’> a
Ta c¢6: SA2= AHAB =>AH= — =2
2a 2
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2
va SB? = BHAB — BH = 52 _3,
2a 2

Ta c6: Vs gy = %SH dt (BMND)

Ta ¢c6 MN / AC ma BD 1 AC = MN 1 BD
DodoVSBMDN_S?H%MNBD—é afxa\/_x2a\/_— f

Gan truc nhu hinh vé ta c6 A(%, 0, Oj; B(—ga, 0, Oj

M(_E,o,oj; S[O 0, a*/_j y
2 C D
C(—§a, 2a, Oj; N(—ﬁa, a, Oj
2 2
Ne
D(E,Za,oj
2 " H
B M A
Ta c6: MS = [5 , g_] 21,0, V3) *

=(2a,a,0)=2a(2,1,0)
IMSND| 2 1

IMS[.IND| V45 5

Vay cos(SM, DN) =
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BAITAP TY LUYEN
BT1: Tinh khodng cach ti A(1, 2, 1) dén
ad X-y-1
3
c. truc tung d. truc cao.
BT2: DB/B02 Cho hinh chép S.ABCD c¢6 SA 1 (ABCD), ABCD hinh
vudng canh a, E trung diém CD. Tinh d(S, BE).

=z+3 b. truc hoanh

BT3: Cho d: =L =Y _ % Tinh géc ciia d va
2 -1 2
a. Mp(Oxy) b. Tia Oz. c. Tia Ox.

BT4: D/04 Cho lang tru ding ABC.A'B'C’ ¢c6 A(a, 0, 0); B(-a, 0, 0);

C(0, 1, 0); B(-a, 0, b) v6i a, b > 0.
a. Tinh d = d (B'C, AC’)
b. Cho a, b thay déi ma a + b = 4. Tim a, b dé dpax.

BT5: A/04 Cho hinh chép S.ABCD c6 ABCD la hinh thoi, AC cit BD tai
0(0, 0, 0). Bigt A2, 0, 0); B(0, 1, 0); S(0, 0, 242). Goi M la trung
diém SC
a. Tinh géc va khodng cach giita hai duong thang SA, BM.

b. SD cit mp(ABM) tai N. Tinh Vg spmn.

BT6. Goi Am la giao tuyén ctia hai mit phing (0): mx + y—mz - 1=0
va (B): x — my + z — m = 0. Chiing minh géc ciia Am va Oz khong ddi
khodng cach gitta Am va Oz khong dai.

BT7: Tinh khodng cich va géc clia c4c cap dudng thang sau:

x-2 y-3 z+4 x+1 y-4 z-4

a. d: va d’:
2 3 -5 3 -2 -1
x=2+t x=2-2t

b.d: iy=1-t;d:<{y=3
z =2t z=t

BTS8: B/07 Cho hinh chép ti gidc déu S.ABCD c¢6 ddy ABCD hinh vudng
canh a. Goi E déi xiing D qua trung diém ctia SA. Goi M, N 1a trung
diém AE va BC. Ching minh MN L BD. Tinh d(MN, AC).
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VAN DE 4: CACBAITOAN
LIEN QUAN GITA BUGNG THANG VA MAT PHANG

Bai 1: Viét phuong trinh mat phang qua A0, -1, 3) va chda
@) x+1=X=z—2.
1 2 -2

Giai
d qua M(-1, 0, 2) va ¢6 vecto chi phuong a = (1, 2, -2). Mp(A, d) cb
vecto chi phuong @ va AM = (-1, 1, -1)
= Phép vecto & A AM = (0, +3, 3) = 3(0, 1, 1)
Vay phuong trinh mp(A, d)
Ox-0)+1y+1)+1(z-3)=0<y+z-3=0

Bai 2: Dé tuyén sinh Dai Hoc khoi B/2006

1 1 x=1+t
Cho A(O, 1,2)ve‘1d1:§=y%=Z+1 tde: sy =-1-2t
z=2+t

a. Viét phuong trinh mat phang (o) qua A va song song d;, ds.
b. Tim M trén d;, N trén d, sao cho A, M, N thiang hang.

Giai
a/ (@) c6 VICPla: 4 = (2,1,-1va b =(1,-2, 1)
=>PVI A =dA b=(-1,-3,-5=-(1,3,5)
Phuong trinh mp (o) qua A: 1x-0)+3(y—-1)+5(z—-2)=0
&x+3y+5z-13=0
b/ Goi M e d; thi 3t € R sao cho M(2u, 1 + u, -1 — u)
N € dy thi 3t € R sao cho N(1 + t, -1 -2t, 2 + t)
Ta c6: AM = (2u, u, —u— 3); AN = (t + 1, -2 — 2t, t)
A, M, N thdng haing < AM cing phuong AN < 3k € R: AM = kAN

2u=k(t+1) u=0
S u=k(-2-2t) © t=-1
—-u-3 =kt k=3

Vay M(0, 1, -1); N(0, 1, 1).
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o Cdc dang thudng gdp
Dang 1: Puong thﬁng song song mit phfmg
Cho d qua A va c6 vecto chi phuong a
Mt phiang (o), c6 vectd 1 thi phap tuyénd // (o)

aln
o
Aga

= Luuy:d c acingsuyraa L n.

Bai 3: Tuyén sinh Pai Hoc kh&i D/09
Cho A(2, 1, 0); B(1, 1, 2); C(1, 1, 0). Tim diém D trén duong thing
AB sao cho CD song song (a): x + y + z — 20 = 0.

Giai

AB qua A va c6 vectd chi phuong AB = (-1, 0, 2)
x=2-1%

Phuong trinh tham s6 AB la: {y =1
z=2t

DeAB=3t:D2-1t,1,2t) = CD =(1-t,0, 2t)
Tacé: CD// (o) = CD LPVTh, =(1,1,1)
=>1-t+2t=0=>t=-1
Vay D@3, 1, -2)
Tht lai ta thdy D ¢ (a) vi3 + 1 -2 — 20 = 0.

Bai 4: Dé du thi Pai Hoc khoi D/07
x-1 y-3 1z, d"X_5 y _ z+5

Cho d:

3 2’ 6 4 b

va () x—2y +2z—-1=0.

a. Viét phuong trinh mat phing chia d va vudng goéc (a).

b. Tim M trén d, N trén d’ sao cho MN song song o va khoang cach
tit MN dén (o) bang 2.

Giai
a/ Goi B 1a mat phing cAn tim va m 1a PVT caa B
DodcB=m L dq=(2,-3,2)
DoBlo=m L fig=(1,-2,2)
Vay m = a An, =(-2,-2,-1)
Ta c6 d qua A(1, 3, 0)

230 EYJ Trung Tam Luyén Thi CLC VINH VIEN



Vay phuong trinh (B) la 2x—-1)+2y—-3)+z=0<2x+2y+z—-8=0
b/ M e d = 3t: M(1 + 2t, 3 — 3t, 2t)
N e & = 3t N(5 + 6t, 4t, -5 — 5t)
Vay MN = (4 + 6t — 2t, 4t + 3t — 3, -5 — 5t — 2t)
Do MN // (@) = MN L 1, =(1,-2, 2)
= 1(4 + 6t =2t) — 24’ + 3t — 3) + 2(-6 = 5’ = 2t) = 0
=120 - 12t =0 = t' = —t
Do MN // (o) nén d(MN, «) = d(M, o) = 2
[1+2t —2(3-3t) + 4t -1
= =2
J9
= 12t—-6=6vI12t—6=-6=t=1vt=0
- (M,(3,0,2) M, (1, 3, 0)
Va v
N,(-1, -4,0)  |N,(5, 0, -5)

= 112t - 61 =6

Dang 2: Tim hinh chi€u vudong géc clia *M
di€m M 1én mp(a)
— Viét phuong trinh duong thing d qua
M, La HDO
— TimgiaodiémHcladvaothi H Ia a
hinh chi€u L ctia M lén o
= Luu y: M, N d6i xiing nhau qua o
< H 1a trung diém ctia MN

Bai 5: Cho A(1, 2, -1); duong thang (D): x—2 :%: z;2 va mat

phang (P) c¢6 phuong trinh: 2x + y —z + 1 = 0.

a. Tim diém B doi xting A qua mét phang (P).

b. Vi€t phuong trinh dudng thing di qua A, cit (D) va song song
mat phang (P).

Giai
x=1+2t
a/ Phuong trinh tham s6 duong thiang (d) qua Ava L (P)la: Jy =2+t
z=-1-t

Goi H hinh chiéu L ciia A 1én (P)
Hed=HO+2t 2+t -1-1t)
He®P) =20 +2t)+2+t +1+t+1=0
=>6t+6=0=>t=-1
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Vay (d) cit (P) tai H(-1, 1, 0).

Do B déi xting A qua (P) = H 1a trung diém AB.
Xp =2Xy —X, =—2-1=-3

=S Y =2yy—Y,=2-2=0

Zy =224z, =0+1=1

Vay B(=3, 0, 1).

b/ Goi I 1a giao diém cta duong thang can tim va (D).

Do I € (D) nén 3ty dé I(2 + to, 3to, -2 + 2t0)

Vay AI = (1 + to, 3to — 2, =1 + 2to)

Do dudng thing can tim AI / (P) = Al 1 1,

:>2(1+t0)+1(3t0—2)—1(—1+2t0)=0:3t0+1=03t0=—%.

Phuong trinh cha dudng thing can tim qua A va c6
VTCP Al = (g, _3, -5] -Llo 9 5 m
3 3 3

x-1 y-2 z+1
9 5

Bai 7: Dé du bi Pai Hoc khai B/2007
Cho A(-3,5,-5),B(5,-3,7)va (P)x+y+z=0
a. Tim giao diém I cha duong thing AB va (P).
b. Tim diém M trén (P) sao cho MA? + MB? nhd nhAt.

Giai
a/ AB qua A va c6 VICP AB = (8, -8, 12) = 4(2, -2, 3)
x=-3+2t
Phuong trinh tham s¢ dudng thing AB: {y =5 -2t
z=-5+3t

IeAB = 3t: I(2t - 3, 5 - 2t, 3t — 5)
Ie®P) =C@t-3)+B-2t)+@Bt-5)=0
=23t-3=0=t=1
Vay 1(~1, 3, —2). H
b/ Goi J 1a trung diém AB thi J(1, 1, 1)

2
AMAB = MAZ + MB? = 2MJ? + 2B

Do d6: (MA® + MB*)min < MJ min
< M = H chan dudng vudng géc ha tit J dén mp(P)

232 Y Trung Tam Luyén Thi CLC VINH VIEN



x=1+t
Phuong trinh tham s6 JH: {y =1+t

z=1+t
HedJH=3t:JA +t, 1 +t,1+1t)
He@P)=>AQ+t)+Q+t)+Q+t)=0=>t=-1
Vay H(0, 0, 0).
Do d6 (MA” + MB*)min < M(0, 0, 0).

Bai 7: Tuyén sinh Pai Hoc kh&i B/2009

Cho difm A(-3, 0, 1), B(1, -1, 3) va mat phing
(): x — 2y + z — 5 = 0: Trong cic duong thdng A qua A va song
song (o), viet phuong trinh A ma khodng cach tir B dén (o) ngin
nhAt.

Giai

Phuong trinh mét phang (B) qua A va song song (o)
1x+3)-2(y-0)+2(z-1)=0

Sx-2y+2z+1=0

Goi H 1a hinh chi€u vuéng géc ctia B 1én (B) / A H

Goi K 12 hinh chiéu vudng géc cia B 1én A. B K

Ta c6 BK = d(B, A) > BH
Do dé: d(B, A)min = BH < A qua Ava H /o

Phuong trinh dudng thang d qua B va vudng géc (B)
x=1+t

y=-1-2t

z=3+2t

Taco: Hed=3t: HA +t, -1 -2t, 3 +2t)

Hepfp=>0+t)-2(-1-2t) +23+2t) +1 =0

:>9t+10=0:>t=—%

Véy H(_l7 E, Zj
9°9 9
A cin tim qua A va c6 vecto chi phuong AH = é (26, 11, —2) phuong

trinh chinh téc A la:

x+3 y-0 z-1
2 11 -2
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Bai 8: Dé du bi Pai Hoc khoi D/2004
Cho A(2, 0, 0); B(2, 2, 0); S(0, 0, m).
a. Khi m = 2 tim C d6i xting ctia O qua mp (SAB).
b. Goi H 12 hinh chiéu vudng géc cia O lén SA. Chiing minh dién
tich AOBH bé hon 2 véi moi m.

Giai
a/ Khi m = 2 thi SA = (2, 0,-2); SB = (2, 2, -2)
—PVT 1 = SA A SB =4(1,0, 1)
Phuong trinh mp(SAB):
1x-2)+0+1(y—-0)=0=x+y-2=0
x=t
Phuong trinh d qua O va L mp (SAB): {y =0
z=1%
Goi I =d n (SAB)
Iled=I0t)
Ie SAB)=2t-2=0t=1
Vay I(1, 0, 1)
O va C d6i xting qua mp (SAB) nén I trung diém OC.
X, =2X,—%X,=2
Vay qy.=2y,-y, =0 Do d6 C(2, 0, 2)
2,=22,-2,=2

x=2-2t
b/ Phuong trinh tham s (SA) <y =0
z=0+mt

ViH € SA = H(2 - 2t, 0, mt)

OH L SA = (2,0, m)nén 22 - 26) 4 m*% =0 = t = —~

m” +4
2 . N
Vay H| 2™ o, 4™ | 146 OHAOB = 2™ _(2,2,m)
m- +4 m- +4 4+m
- 4 2
DHAOBH) = 1 [OH A OB| =225 _ (5 ym,
2 m- +8m” +16
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Bai 9: Cho A1, 4, 5); B(0, 3, 1); C(2,-1,0) va (P): 3x -3y — 2z - 15 = 0.
Goi G 1a trong tam AABC va M nim trén mp (P). Chiing minh
(MA? + MB? + MC?) ngdn nhat khi va chi khi M 14 hinh chi€u
vudng géc cia G trén mét phing (P). Xac dinh toa do diém M dé.

Giai
Ta c6: MA = MG +GA
= MA? = MG? + GA” + 2MG.GA
Tuong tu MB? = MG? + GB? + 2MG .GB
MC? = MG? + GC? + 2MG..GC
Vay  MA? + MB? + MC?
= 3MG” + GA® + GB® + GC? + 2MG (GA + GB + GC)
0
= GA? + GB? + GC? + 3MG? > GA”? + GB? + GC? + 3HG?
v6i H hinh chiéu vuéng géc ctia G trén mit phang (P).
Do d6 MA? + MB? + MC? ngén nhat < M = H.

G
Ta c6 G(1, 2, 2)
Phuong trinh dudng thing (d) qua G
va vudng géc mat phing (P):
H M

x=1+3t

y=2-3t teR. P

z=2-2¢ d)

Hed= H1 + 3t, 2 - 3t, 2 — 2t)
HeP)=31+3t)-32-3t)—-22-2t)-15=0<=t=1
Vay lac d6 M4, -1, 0).

Bai 10: Dé du bi Pai Hoc khoi A/2007
Cho A(-1,3,-2),B(-3,7,-18) vamp (P): 2x —y+z+1=0
a. Viét phuong trinh mat phang chiita AB va vuong géc (P).
b. Tim M e (P) sao cho MA + MB ngin nhAt.

Giai
a/ Mit phang chita AB va L (P) c¢6 cap VICP la:
AB = (-2, 4,-16) va PVT 1, =(2,-1, 1)
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Vay PVT 1a AB A 6 =-6(2, 5, 1)
Phuong trinh m#t phang cin tim:
2x+1)+5(y-3)+1(z+2)=0
& 2x+by+z-11=0
b/ Goi ti, t; 12 khodng cdch dai s6 tit A va B dén mp (P)
2-1)-3-2+1 2(-3)-7-18+1

Ta c6: t1.ty = N/esEm . NreaEm) >0

Vay A, B nam cung phia d6i v6i mp (P)

Phuong trinh dudng thing d
x=-1+2t

quaAva Ll (P):ly=3-t (teR) p S M
z=-2+t /

Goi H 1a giao diém d va (P)
Hed=3t: HC1+2t 3t -2+t A’

He®P)=>2-1+2t) -3 +t—-2+t+1=0=>t=1

Vay H(1, 2, -1)

Goi A’ 1a diém d6i xing ctia A qua (P)

Do H 1a trung diém AA’ nén A’(3, 1, 0)

Ta c6: MA + MB = MA’ + MB > A’B = /36 + 36 + 18
D4u = xay ra < M, A’, B thang hang

x=3+t
Phuong trinh tham s6 A’B: {y=1-t
z=3t

M e AB = 3t: M(t + 3,1 - t, 3t)
MeP)=226+3)-1+t+3t+1=0=>t=-1
Do d6: (MA + MB),in = A’'B & M(2, 2, -3).

Dang 3: Tim hinh chi€u vudng géc d ctia dudng thing d trén mat.
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Phuong phdp 1: Viét phuong trinh
miit phing (Q) di qua d va 1 (P)
Thi d’ = (P) n (Q). Sau d6 chuyén
phuong trinh d’ qua dang tham s&
Phuog phdp 2:
e Néu d cat (P)
Tim A =dn P)
Tim hinh chi€u B’ ctia B € d (B khéc A) trén
d’ 1a duong thing qua hai diém A, B’
e Néud/ (P)thid /d. Vay d, d’ ¢6 cung VICP, sau d6 ta cung tim
hinh chiéu vuéng géc ctia B 1én (P).

Bai 11: Cho hai diém A(2, -1, 3), B(3, 0, 2) va méit phing (P):
x — 2y + z — 7 = 0. Viét phuong trinh hinh chiéu ctia duong thang
AB trén (P).

Giai
* Cdch 1:
AB=(1,1,-1), 1, =(1,-2,1)
Goi (Q) 1a m#t phang qua A, Bva L (P)
= fy=[AB, fi,]=(-1,-2,-3) =~ (1,2, 3)
Vay phuong trinh (Q): x + 2y + 3z -9 =0
Hinh chiéu ctia dudng thing AB trén (P) 1a dudng thing d = (P) N (Q)

a, = [ne,nq|=(8,2,—-4) =24, 1, -2)

X =2+4t
Chon diém A(2,-1, 3) € (P) n (Q). Vay phuong trinh d: {y = -1+t
z=2-2t

* Cdch 2: Nhan thdy dudng thing AB cit (P) tai A vi A < (P).
Goi B 1 hinh chiéu cta B trén (P) thi dudng thing AB 14 hinh chiéu
cta dudng thing AB trén (P).
Tacé: Be(P)=B (x,y,-x+2y+7)
— BB =(x-3,y,-x + 2y + 5)
Xx-3_y _—X+2y+5

BB'cung phuong n. < —2 = =
ung p g n, 1 ) 1
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o Vay B E,—E,Z
y:_g 3 33
3
x =2+4¢t
. AT 4 1 2 1 A N D)
Ta co: AB' = 33 3 =§(4, 1, —2). Vay phuong trinh AB {y = -1+t

z=2-2t

Bai 12: Cho d: X;1:YI7 :Zf va (o) 8x— 2y —z =0

a. Tinh khodng céch tir d dén (o).
b. Viét phuong trinh hinh chiéu vuéng géc cia d 1én (o).
Giai
a/dqua A(1,7,3)vaco VICP a =(2,1, 4)

(a) c6 PVT n =(3,-2,-1)
Tacé:a.n =6-2-4=0nén a L n
Mat khac A ¢ () vi3 —14 -3 =-14=0
Vay d // (o)

3-14-3
Do d6 d(d, o) = d(A, o) = [B-14-3 =14
»\/9 +4+1
x=1+3t
b/ Phuong trinh dudng thing A va L (a)1a {y =7-2t
z=3-t¢%

Goi H 12 hinh chiéu L ctaAlén (o) H e d = H(1 + 3t,7 - 2t,3 - t)
He(w) =31 +3t)—-2(7-2t) -3 +t=0=t=1
Vay H(4, 5, 2)
Goi A 1a hinh chiéu L ctia d 1én (o). Do d / () nén A // d. Vay d va
A ¢6 cung VTCP.
x-4 y-5 z-2
1 4
Dang 4: Tim hinh chi€u vudng géc ctia di€m M 1én (d).
Phuong phdp 1: Chuyén déi phuong trinh d qua dang tham s6
Goi H 1a hinh chiéu vudng géc M 1én d.
Tinh MH theo tham s t
Cho MH 1 VTCP &, tir d6 tim dugc t.

Phuong phdp 2: Viét phuong trinh mit M

Phuong trinh A la
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phing qua M va vudng géc d.
Hinh chiéu vuong géc cia M 1én d 1a
giao diém cta d va a.
= Luwu y: M, N d6i xing qua d < H 1a trung diém MN.

x=1+2t
Bai 13: Cho dudng thing (d): {y =2-t
z =3t
va mit phang (P): 2x —y -2z +1=0
a. Tim toa do cac diém thudc (d) sao cho khodng cach tir mdi diém
dé dén mat phing (P) bang 3.
b. Goi K 1a diém d8i xing cta I(2, -1, 3) qua dudng thang (d). Hay
xdc dinh toa d9 diém K.

Giai
a/ Goi M € (d) nén 3t € R: M(1 + 2t, 2 — t, 3t)

|2(1+2t)—2+t—2(3t)+1| _3
Jd+1+4 B

Slt+1l=9< t+1=19<t=-8vt=10
Vay M;(21, -8, 30) hay My(—15, 10, —24)
b/ Cdach 1: Goi H 1a hinh chiéu L ctia I 1én d
Hed=H1+2t 2-1t,3t)
= IH =(2t-1,3-t, 3t — 3)
=1TH L4, =2-1,3=22t-1)-3+t+38t-3)=0=>t=1

Ta c6: dM, P) =3 <

Vay H(3, 1, 3).
Cdch 2: Phuong trinh mat phéng qua I va L (d):
2x-2)-1y+1) +3(z-3)=0
< 2x—-y+3z—-14 =0 (o0)
Thay x, y, z cia (d) vao phuong trinh (a) ta cé:
20 +2t)-2+t+3@Bt)-14=0=14t-14=0=t=1
Do d6 (d) cit (o) tai H(3, 1, 3).
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Xg =2Xy; -X, =6-2=4
H 1a trung diém Kl = <y, =2y, -y, =2+1=3
Zg =22y -2, =6-3=3

Vay K4, 3, 3).

Bai 14. Tuyén sinh Pai hoc khéi D/2006

X —2 _ y+2 _ z—3 va dy: x-1 _ y-1 _ z+1
-1 1 -1 2 1

a. Tim A’ d6i xtiing A qua d;.

Cho A(1, 2, 3): d;:

b. Viét phuong trinh dudng thang A qua A, vudong géc d; va cit d,.

Giai
x=2+2t

a/ Phuong trinh tham s6 (d;): \y =-2-t A
z=3+t

Ve AH | d,
Hedinén3iteR:HQ2+ 2t,-2-t,3 +t)
= AH = (1 +2t, -t —4,t)
DoAH L d;nén AH L & =(2,-1, 1) dy
=>21+2t)+t+4+t=0
=>6t+6=0=>t=-1
Vay H(0, -1, 2)
A va A’ d6i xting qua d;, nén H 1a trung diém AA":
Xy =2X3—%X, =0-1=-1
Ya =2y —Ya=-2-2=-4
Zy, =22y -2, =4-3=1
Vay A'(-1, —4, 1)
b/ Cach 1:
Goi (o) 1a mat phang qua A vuéng géc (d;)
phuong trinh (a) la:
2x-1D-1y-2)+1(z-3)=0
< 2x—-y+z-3=0

Goi B 1a giao diém (dy) va (o)
Bedy=3u:BAd-u, 1+ 2u,-1+u)
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Be(w=201-u-1-2u-14+u-3=0
=>-3u-3=0=>u=-1
Vay B2, -1, -2)
Pudng thing (A) chinh 1a duong thing AB c6 phuong trinh la:
x-1 y-2 z-3
1 3 -5
Cdch 2:
Goi B 1a giao diém cia A va d,
DoBed;=B(1-t,1+2t -1+1)
Ta cé: AB = (-t, 2t — 1, t — 4)
DoAld;nén AB L &, =(2,-1, 1)

=-2t-12t-1D+t-4=0=>-3t-3=0=>t=-1
Véy A_B. =(]—’ _3’ _5)

Do d6 phuong trinh (A): Xil =Y _32 _Z _53

Bai 15. Tuyén sinh Dai hoc khoi A/2008
Cho diém A2, 5, 3)va d: Z_1_Y _2-2

1 2
a. Tim hinh chi€u vuéng géc ctia A trén d.

b. Viét phuong trinh mp(a) chia d sao cho khodng cach tir A dén
(o) 16n nhat.

Giai
x=1+2t
a/ Phuong trinh tham s6 d {y =t
z=2+2t

Goi H 1a hinh chiéu vudng géc ciia A trén d
Hed= 3t: HQ + 2t; t; 2 + 2t)
= AH = (2t - 1;t-5; 2t — 1)
Do AH 1 d nén AH vudng géc VICP a,= (2, 1, 2)
=>22t-D+1t-5+22t-1)=0=>t=1
Vay H(3, 1, 4)
b/ Ve AK 1 (o)

Hinh hoc FJ 241




AAHK | tai K= AK<AH = J1+16+1
Do d6 AK,., = 3J2 &« H=K
< (o) qua H va nhan AH 1a PVT

Phuong trinh (o) la: /( H 1K
1x-3)-4y-1)+1(z-4)=0 o

oSx—4y+z-3=0

BAI TAP TU LUYEN

1 y-6 z-4
3 2

Goi I 1a giao diém d va (a). Viét phuong trinh dudng thing (A) nim

trén (a) sao cho géc clia A va d nhé nhAt.

BT2: Cho A(1, -2, 0); B(-2, 1, 3); C(4, -2, -3) va mp(a): x — 2z + 3 = 0.
Goi G la trong tam AABC.

va()x+2y-3z2—-2=0

BT1: Cho d’: X‘l

a. Tim diém d6i xing cia G qua (o).

b. Tim M trén (o) sao cho 4 MA + MB + MC ¢6 do dai nhd nhat.
x+1:y+2 _Z oy dy: x—2:y—1:z—1
2 1 2 1 1

BT3: Cho d;:

(0): X +y — 2z + 5 = 0. Viét phuong trinh duong thang song song (a)
va cat dy, d; tai A, B sao cho AB min.
z x+1 y z-1

BT4: Chod;: ==Y =2 va dy Y _
1 1 2 2 1 1

Tim M trén d;, N trén d; sao cho MN song song (o): x —y + z + 2012 = 0 va
MN = /2.

BT5: Chod;; X=Y—2_Z% g, X"2_y-3_z%5
17 1 1 2 1 -1

Viét phuong trinh mét phing quadva L d'.

BT6: Cho A(2, -3, 1); B(4, 0, 0). Viét phuong trinh mit phang chia truc
tung va //AB.
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x+1 y z-1

-2 1 1

BT7: DB/B05 Tim M trén d:

Ntrénd’:% %:— saochoMN//(oc):x—y+z=0V51MN=\/5.

DP4p so: N(i é, §j , M(l, _—4, §j
T T T

BTS8: Cho A(0, 0, -3), B(2, 0, -1)

Tim C trén (P): 3x — 8y + 7z — 1 = 0 sao cho AABC déu.
BT9: DB/B06 A(0, 0, 4); B(2, 0, 0)

Tim hinh chiéu vuéng géc cia ABlén (P): 2x +y -z +5=0
BT10: DB/A06

Cho lang tru dang ABC.A'B'C’' ¢6 A0, 0, 0), B(2, 0, 0), C(0, 2, 0),
A'(0, 0, 2). Viét phuong trinh hinh chiéu vudng goc cia B'C’' 1én (ABC').

x-2 y-1 2-1
-2 1 1

BT11: DBAO0O3
Cho A(2, 3, 2); B(6, -1, -2); C(-1, -4, 3); D(1, 6, —5)
Tim M trén dudng thing CD sao cho chu vi AABM ngén nhit.
Pap so6: M(0, 1, -1)

Dap so:

BT12: DB/D0S Cho d: Xgl _ y;l _ 2‘47

a. Tim A’ d6i xing A qua d.
b. Tim B, C trén d sao cho AABC 1 tai C va BC =29
Bép S6: Al(la 5’ _2)9 Bl(]-’ 27 3)’ B2(57 8’ _5), C(37 5’ _1)
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VAN BE 5: CAC BAI TOAN LIEN QUAN
GITA BUUNG THANG VA MAT CAU

Phuong phap:

Cho mit cau (S) tam I, ban kinh R mit phing (P) va duong thang A

e Néu d(I, (P)) < R thi (P) cdt (S) theo

mot duong tron cé:

Tam H la hinh chiéu vuéng géc ctia I trén (P)

Bén kinh: r = VR? - IH?

* Néu (P) qua tam I cta (S) thi (P)
cit (S) theo mot dudng tron goi 1a
duong tron 16n.

Tam va ban kinh cta duong tron
I6n cing la tdm va ban kinh cta
mat cau.

o N&u d(I, A) < R thi A cit (S) tai hai diém phan biét.

e Néu d(I, A) = R thi A va (S) chi ¢6 1 diém chung M. Khi d6 A goi 1a
tiép tuyén cia (S) tai M va M goi 1a ti€p diém cta A va (S).

e Néu d(I, A) > R thi A va (S) khong c6 diém chung.

Bai 1. Tuyén sinh Pai hoc khéi D/2011
x-1 y-3

Viét phuong trinh mit cau tam I trén A: 5 T a1 :% ban kinh

1vatiepxic(P):2x -y +2z=0

Giai

Goi I(1 + 2t, 3 + 4t, t) € A

(S) tiep xic (P) & d{d, (P)) =R
- 12(1 + 2t) — (3 + 4t) + 2] _

Ja+1+4

<2t-1=3v2t-1=-3<t=2vt=-1

Vay L(5, 11, 2) v In(-1, -1, —1)

Vay phuong trinh mat cAu:  (Sy): (x =52 +(y—- 11+ (z-2)*=1

So): x+1P+(y+1P+@z+17%=1

le |2t-1] =3
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Bai 2. Tuyén sinh DPai hoc khéi B/2007
Cho mit cau (S): x*> + y* + z° — 2x + 4y + 2z — 3 = 0 va mit phing
P)2x—-y+2z-14=0
a. Viét phuong trinh mat phing chita Ox va cit (S) theo mot dudng
tron c6 ban kinh bing 3.
b. Tim M trén (S) sao cho khodng cach tir M dén (P) 16n nhAt.

Gidi
a/ (S)c6 tam I(1, -2, -1) va R = 3
Do (Q) cat (S) theo dudng tron giao tuyén cb r = 3 nén (Q) qua tam I
Vay (Q) qua O va ¢6 VICP OI =(1,-2, -1 va i =(1, 0, 0)
= PVT 1 = OI A i =(0, -1, 2) Vay phuong trinh (Q): -y + 2z = 0

b/ Ta c6 d({, (P)) = w =4>R=3
J9
Vay S)n (P) =&
x=1+2t
Phuong trinh d qua Iva L (P): sy =-2-t
z=-1+2t

Thay vao phuong trinh (S):
x—12+(@y+2%+(z+172*=9

Ta duoc (2t) + (-t)? + (26> =9 = t = +1

Vay d cit (S) tai A(3, -3, 1) va B(-1, —1,-3) A

Ma dA, (P)=1<dB,P) =17

Do d6: d(M, (P))max < M(-1, —1,-3)

Bai 3. P4 tuyén sinh Pai hoc khéi D 2008
Cho A(3, 3, 0); B(3, 0, 3); C(0, 3, 3); D(3, 3, 3)
a. Viét phuong trinh mit ciu qua bon diém A, B, C, D.

b. Tim tdAm dudng tron ngoai tiép tam gidc ABC.
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Giai
a/ Phuong trinh méit cau c6 dang
x> +y*+2z°—2ax—2by—2cz+d =0
Véia®+b>+c®>—d>0

Ae(S)=>18-6a—-6b+d=0 (1)
Be(S)=>18-6a—-6c+d=0 (2)
Ce(S)=18-6b—-6c+d=0 3)
De(S)=27-6a-6b—-6c+d=0 4)
3 3 3
Tu (1) (2) (3) 4 =—,b==,c=—=-,d=0
M@2)B)4) =a 5 2,0 5’

Vay phuong trinh mat cdu (S)la x* +y* +2z°-3x -3y -3z =0
b/ Tac6 AB =(0,-3,3) va AC =(-3, 0, 3)

= PVT ciia (ABC): i = AB A AC =-9(1, 1, 1)

Vay phuong trinh (ABC): x+y+z—-6=0

Phuong trinh d qua tam I(g, ;, gj cuaa (S) va vuong géc (ABC)

X=§+t

y = g +t  Goid la tam duong tron (ABC)

z:§+t
2

Jed= 3t: (§+t,§+t,§+t)
2 2 2
MaJ e (ABC) = (§+tj + (§+tj + (§+tj -6=0
2 2 2
= 3t - § =0=t= l
2 2

Vay tam cua duong tron (ABC) 1a J(2, 2, 2)

x=t
Bai 4. Cho dudng thing (d): {y = -1
z=-t

va hai mit phang (P):x +2y +2z2+3=0; (Py): x+2y + 22+ 7=0

Viét phuong trinh mat cAu tdm I trén d va tiép xdc hai mat phing
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(P1), (Py).

Giai
e Cdch 1:
Toa d9 giao diém A cta (d) va (Py) P,

la nghiém hé phuong trinh:
Xx+y+z=-1
x-y+z=1
X+ 2y +2z=-3
Vay A(1, -1, -1)
Toa d6 giao diém B cha (d)
va (Py) 1a nghiém
hé phuong trinh:

X+y+z=-1 P,
x-y+z=1  VayB(,-1,-5 / B
X+2y+2z=—7 d
Do (Py) // (Py) nén tam I 1a trung diém AB = I1(3, —1, —3) ban kinh
B-2-6+3 2
R=dI, D)= —=2"2_2
( 1) \5 3

Vay phuong trinh mat cdula: (x — 3+ (y+ 1) + (z - 3)* = %
e Cdch 2: Goi I(a, b, ¢) la tAm mét cau
(S) tiep xac (Py), (Py) < d{d, Py) =dd, Py) =R
la+2b+2c+3 la+2b+2c+7
% %
- {a+2b+2c+3 =a +2b + 2¢ + 7(vd nghiém)
a+2b+2c+3=—(a+2b+2c+7)

Do d6:

Sa+2b+2c+5=0(1)

MaT e (@) = a+b+c+1=0 (2)

a-b+c-1=0 3)
Tu(1)(2)B)=>a=3,b=-1,c=-3
3-2-6+3 _2

Ta c6: R =dd, Py) =

J9 3
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Do d6 phuong trinh mat ciu (S) 1a: (x — 3% + (y + 1) + (z + 3)% = %

2,2, .2 _
Bai 5. Cho duong tron (C); X TV *7 ~4x+6y+6z+17=0
Xx—-2y+2z+1=0
a. Tim tAm va ban kinh caa (C).
b. Lap phuong trinh mét cAu chia dudng tron (C) va tAm nam trén
mit phang: x +y +z + 3 = 0.
Giai
a/Xét(S):x*+y  +2°—4x+6y+62+17=0

Tam mit cAu S1a I(2, -3, -3), R= J/4+9+9-17 = 5

Goi (d) 1a duong thang qua I va vudng goc véi mp(P): x -2y + 2z + 1 =0

x=2+t
Phuong trinh (d) la: {y =-3-2t
z=-3+2t

Thay vao phuong trinh (P), ta dugc:
2+t)+23+2t)+2(-3+2t)+1=0 @)

<:>9t+3:0<:>t:—%

Do d6 (d) cat (P) tai J(i - z, — Ej
3 3 3

d6 1a tam duong tron (C).

Goi r 1a ban kinh (C). Ta cé:

rr=R*-1J?=4=>r=2
b/ Tam I' mét cau (S') caAn tim chinh 1a
giao diém (d) va mat phang (Q):
X+y+z+3=0
Taco:2+t-3-2t-3+2t+3=0=>t=1
Vay tam I'(3, -5, —1)

2 2 2
Ta c6: I'J? =(3—§j +(—5+Zj +(—1+1—1j =16
3 3 3

Vay R’ ban kinh cta (8): R?=T'J* + r* =16 + 4 = 20
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Phuong trinh (S'): (x — 3% + (y + 5 + (z + 1)* = 20

Bai 6: Viét phuong trinh mit cau (S) tam I(1, -2, 3) va tiép xic dudng
x = -3t
thang A: Jy =3 +4t
Z=6+2t
Tim toa do ti€p diém cha (S) va A.
Giai
Chon A0, 3,6) € Ava a,= (-3, 4, 2)
Al =(1,-5,-3), [Al,&,1=(2, 7, -11)

Bén kinh céa (S): R = (I, 4) = [AL2Al _ VA+49+121 _
lanl J9+16+4
Vay phuong trinh (S): (x — 1% + (y + 2% +(z-387%=6
Tim toa do tiép diém cta (S) va A:
* Cdch 1:
Goi M 1a tiép diém cta (S) va A; M € A = M(-3t, 3 + 4t, 6 + 2t)
IM = (-3t — 1,4t + 5, 2t + 3)
IMLA< IM.a, =0<t=-1. Vay M(3, -1, 4)
* Cdch 2:
Me@®) e =3t-12+G+4t)>+ (B3 +2t)* =6
<29t + 58t +29 =0 <t =-1. Vay M(3, -1, 4)

Bai 7. Tuyén sinh Pai hoc khéoi A 2011
Cho mat cau (S): x* + y* + z° — 4x — 4y — 4z = 0 va A(4, 4, 0). Viét
phuong trinh mit phang (OAB) biét B thugce (S) va AOAB déu.
Giai
(S)co tam 1(2,2,2) vaR= 4 +4+4 =243
AOAB déu c6 canh a = OA = 44/2
Goi r la ban kinh duong tron qua O, A, B
3 2
Ta c6: dt(AOAB) = Z—zﬂ =7r= i:%:%
r

4 J3 3 3

Goi h 1a khodng cach tir I dén mp(OAB)
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Tacoh?=R:_r?=12_ 28 _12

9 9
Phuong trinh mp(OAB) c6 dang: ax + by + cz + d =0 véi a” + b> + c* # 0
0Oe(OAB) =>d=0 (1D

Aece(OAB)=>4a+4b+d =0 (2)
Tu(1)(2)=>d=0Ab=-a

Ta ¢6 h = d(I, (OAB) < l_|2a+2b+2c+dj

NERN

=2%+c*=3 =>c=+a

Ta (1) (2) = 2 = 2

V3 28+ ¢
Chona=1thib=-1,c=%1
Phuong trinh mat phdng (OAB)lax—y+z=0

Bai 8: Cho mat cau (S): (x + 2)* + (y — 1)* + z* = 26 va dudng thing

x=1
(d): <y =2-5¢t
z=-4+b5¢t

a. Tim toa d9 giao diém A, B cta (d) va (S).
b. Viét phuong trinh cic mat phing tiép xtc (S) tai A va B.

Giai
a/ Thay x, y, z cia phuong trinh (d) vao phuong trinh (S), ta dugc:
3% + (1 - 5t + (5t — 4)* = 26 < 50t> — 50t = 0
S t=0vt=1 Vay (d) cat (S) tai A(1, 2, -4); B(1, -3, 1)
b/ (S) c6 tam I(-2, 1, 0) Mit phang (o) ti€p xdce (S) tai A nén vudéng
géc IA tai A. Vay (o) qua A va ¢6 PVT IA = (3, 1, —-4).
Phuong trinh (o) la: 3(x - 1) + 1(y - 2) - 4(z+4) =0
& 3x+y—-4z-21=0
Tuong tu mat phang ti€p xic mat ciu tai B c6 phuong trinh:
3x—4y+z-16=0

Bai 9: Tuyén sinh khoi PH A/2010

Cho A0, 0, —2) va A 252 _ ¥=2_2+3
2 3 2

Tinh khodng cach ti A d&€n A. Viét phuong trinh mait cAu tAm A cit
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A tai B va C ma BC = 8.

Giai

Ta c6 A qua M(-2, 2, —-3) va ¢6 VTCP a =(2, 3, 2)
AM =(-2,2,-1)= 4 A AM = (-7, -2, 10)
laAAM| 49 +4+100

la| Ja+9+4

VéIHJ.AthiHB:HC:%:Al

=3

Vay d(A, A) =

AIBH L = IB*=R?*=1IH*>+ HB*=9 + 16 = 25
Vay phuong trinh mét ciu (S):
+y +(z+2)?%=25

Bai 10: Cho mat cau (S): (x + 1)+ (y— 1) + (z + 1) = %

a. Viét phuong trinh mat phéng (a) ti€p xdc (S) va vudéng géc

-1
arX_Y_z
()12 2

b. Viét phuong trinh dudng thing (A) ti€p xic (S). Biét (A) vudng
géc Oz va qua A(O, 0, %)

Giai
a/ Do (a) L (d) nén (o) nhan VTCP a,= (1, 2, 2) lam PVT. Phuong

trinh (o) dang: x + 2y + 2z + D =0
F1+2-2+D 4

J9 3

(o) ti€p xtc (S) < d (1, (1)) =R <

s [D-1l=45D=5vD=-3
Vay phuong trinh (o) la: x + 2y + 2z + 5 =0
hay x + 2y + 2z -3 =0
b/ Goi Vv = (vy, Vg, v3) 1a VTCP caa A
DoAlOz= 7V Lk =(0,0,1)=>v3=0
(S) 6 tam I(-1, 1, -1), R = %

= IA =(-1, 1, %)Vé v = (vq, v, 0)
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Vay IA AV = (—%Vz, %VI, —Vy — V1)
Ta c6 A tiép xuc (S) < d(I, A) =R
= % :g = J%vi +%vf + (v, +v,) :%a/vf +V,

= %(V3+V§) + (v + V) = %(vf+v§) SVi+ve=0

Chon vV = 1 thi Vg = -1

x=t
Vay phuong trinh A: <y = -t

1
zZ==
3

BAITAP TY GIAI
BT1: Cho A2, 4, -1); B(2, 4, 3); C(1, 4, —1); D(2, 2, —1). Viét phuong trinh
a. Mat cau (S) qua A, B, C, D.
b. Mit phang tiép xic (S) va song song mp(ABD).
BT2: DB/A08 Cho A(4, 0, 3); B(-1, -1, 3); C(3, 2, 6)
a. Viét phuong trinh mat cau (S) qua A, B, C va tam I trén (o)
2x+3y—-3z+1=0

b. Viét phuong trinh mit phing chia d XT_g =% =z + 5 va cit (S)

theo dudng tron cé ban kinh 16n nhAat.

BT3: DB/008 Viét phuong trinh mit cAu tAm I nidm trén d:
x-1 y-1
1 2

BT4: Viét phuong trinh mit cdu tam 12, -3, -3) va cat
mp(P): x — 2y + 2z + 1 = 0 theo dudng tron c6 ban kinh bing 2.

BT5: Du bi khéi D 2003
Chomiatcau (S): x— 1+ (y+ 1>+ (z—- 1> =9 va
mp(a): 2X + 2y + z — m? — 3m = 0

= £2 tiép xtic mp(Oxy) va (o) 2x —y + 2z + 1 =0

Tim m d€ (a) ti€p xdce (S). Tim tiép diém.
BT6: Du bi khoi B 2006
Cho A0, 0,4); B(2,0,0), mp(P):2x +y—-z+5=0
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a. Viét phuong trinh hinh chi€u vudng géc cia AB 1én mp(P).
b. Viét phuong trinh mét cau qua O, A, B va tiép xic mp(P).

BT7: Tim toa d0 tam va ban kinh ctia duong tron:
. x-2P+(y+3°+((z+3?=5
T lx-2y+22+1=0

b {xz +y +2-2x—-4y-6z-11=0
2x-2y-z-4=0
BTS8: Cho hinh chép tit giac déu S.ABC véi S(3, 2, 4); B(1, 2, 3); D(3, 0, 3).
a. Lap phuong trinh duong vudong géc chung cia AC va SD.
b. Goi I 1a tAm mait cAu ngoai tié€p hinh chép S.ABCD. Lap phuong
trinh mét phang qua BI va song song AC.
c. Goi H 1a trung diém BD, G la truc tam ASCD. Tinh do dai HG.
BT9: Cho A(0, 0, 4); B(2\/§, 2, 0); C(0, 4, 0). Goi H 1a truc tam ABCO va
K 14 hinh chiéu vudng géc cia H xuéng mit phang (ABC).
a. Ching minh AOBC déu va viét phuong trinh mat cau ngoai tiép tu
dién OABC.
b. Ching minh K 1a truc tam AABC.
c. Goi N la giao diém cta 2 duong thing HK va OA. Tinh tich sé
OA.ON.
BT10: Cho (S) x> + y* + z° + 2my — 4z + m®* — 13 = 0 va
(A): x-1 _ y—-1 _ z+3
-5 1
tiép xac (S).

. Tim m dé hinh chiu vudng géc cia A 1én (Oxy)
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BAI TAP ON TONG HGP

Bai 1. Cho hai duong thdng  d;: ? _y-2_z+4,

-1 2’
x+8 y-6 z-10
dgi = =
2 1 -1
a. Viét phuong trinh dudng thing A; song song Ox va cit hai dudng

thang d;, ds.

b. Viét phuong trinh dudng thing A, vudng géc mat phing (Oxz) va
cit hai dudng thing d;, d,.

c. Viét phuong trinh dudng thing A; nidm trén miat phang
a: 25 — 3y + 11z = 0 va cit hai dudng thing d;, d,.

d. Goi AB la duong vudng géc chung cua d; va dy (A € di, B € dy).
Viét phuong trinh mit cau (S) dudng kinh AB.

Giai
a/ Phuong trinh tham s6 cta d;, d,
x=t x = -8 + 2t
di:Jy=2-t ;deiy=6+t
z=-4+2t z=10-1t

GoiM=A1nd, N=Ande=>M (%, 2-1t, -4 + 2t), N (-8 + 2/,
6 +t, 10 — t)

MN =2t —t—8,t' +t + 4, —t' — 2t + 14); Ox ¢6 vtep i=(1, 0, 0)
Vi A; // Ox nén:

2t'-t-8=k k =-70
M—Ncﬁngphudngic»M—N=k.§<:> t'+t+4=0 & =18
—t'-2t+14 =0 t'=-22
x=18+t¢
= M (18,-16,32); d, = i=(1,0,0;M ¢ Ox = A;: 1y =-16
z =32

b/G()iC=A2f\d1,D=A2ﬂd2:>C(t,2—t,—4+2t),
D(-8+2t,6+t,10—t),CD = (2t —t— 8, t + t + 4, —t' — 2t + 14);
(Oxz) ¢6 VIPT j = (0, 1, 0)

Ta c6:
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As vudng goéc (Oxz) < CD cung phuong j

2t'-t-8=0
@Cszmi@ t+t+4=m
-t'-2t+14 =0
t=4
© 1 t'=6 =C4,-24;4, =]j=0,10.
m=14
x=4
Vay phuong trinh Ay, Jy = -2+t
z=4

¢/ Goi E=and;, F=and, = A; 1a duong thing qua hai diém E, F.
Toa d0 diém E la nghiém clia hé phuong trinh:

X y-2 z+4 x=1

1 -1 2 <o4y=1
25x—-3y+11z=0 z=-2

Vay E (1, 1, -2)

Toa @0 diém F 1a nghiém cta hé phuong trinh:

25x -3y +11z=0 X =-2
x+8 y-6 z-10< y=9 .Vay F (-2,9,7)
2 1 4 z="7

As1a dudng thing qua E va c6 vtep EF = (-3, 8, 9)
x-1 y-1 z+2
3 8 9
d/ Tacé: Aed = A, 2 -t, -4 + 2t);
Bedy, = B-8+2t,6 +t, 10 - t")
AB =2t —t—8,t' +t + 4, — t' — 2t + 14)
d, = (1,-1,2), 4, = (2,1, 1)

Vay As:

Puong thang AB la duong vudng géc chung cta d; va d, nén:
AT3.5d1:0 6t+t' -16=0 t=2
. = S
ABa, =0 t+6t'-26=0 t'=4

Vay A(2, 0, 0), B(0, 10, 6)

(S) ¢6 tam I(1, 5, 3), ban kinh R = TA = J1+25+9 =/35

Vay (S): (x— 1)+ (y =52 +(z—-3)*=35
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Bai 2. Cho hai mét phang: a: 2x -y +z+2=0;B:x+y+2z2—-1=0
a. Chiing minh rang a va B cit nhau. Tinh géc gitta o va p.
b. Tim diém M thudc truc Ox sao cho khodng cach tit M dén o bing
ba lan khodng cach tir M dén B.
c. Viét phuong trinh dudng thing d di qua A(3, 2, —2) va song song
v6i hai mét phang o va p.

d. Viét phuong trinh mat phang (P) di qua B(0, 4, —1) va vudng géc
v6i hai mét phing o va p.

Giai
2 -1 . g
a/ Ta co: I;tT = a va B cat nhau.

n,=(2,-1,1); n,=(1,1,2)

|*|||| N CURLY
B

b/ M e Ox = M(m, 0, 0)
Ta c6: d(M, a) = 3d(M, B)

|2H\>%‘2|: |m\/%1|<:>|2m+2|:3|m—1|<:>m=5vm=%

Vay cos(a, B) =

Vay c6 hai diém M: M(5, 0, 0) va M(%,0,0]

c/d//avad//p = &, =[n,n,]|=(-3,-3,8)=-3(1,1,-1)
Xx-3 y-2 z+2

11 4

d/(P) Lava(P) L p= 1, =[5, 6,]=-31,1,-1)

= d:

Vay P): 1x-0)+1(y-4)-1z+1)=0x+y-z-5=0

Bai 3. Cho hai diém A(0, 0, —-3), B(2, 0, —1) va méit phing
P):3x-8y+7z-1=0
a. Tim diém C trén (P) sao cho AABC vudng can tai C

b. Tim diém D trén (P) sao cho AABD nhén diém G(g, %, %j lam

trong tam.
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. Tim diém E thuodc giao tuyén cia hai mat phing (P) va (Oxz) sao
cho AABE c6 dién tich bang 4.

. Tim diém F e (P) sao cho dudng thing IF song song dudng thing

d: XF3_Y-4_2-5 pisiT1a trung diém cua AB.
1 1 1
Giai
a/Tac6:Ce(P)=>3x—-8y+7z-1=0 (1)

E=(x,y,z+3);ﬁ3=(x—2,y,z+1)
AC=BC AC? = BC?
AABC vuong can taiC < ¢ . . =
ACBC=0 ACBC=0
Xx+z+1=0
X(x-2)+y*+(z+3)z+1)=0 (3)

(1) va (2) choiz=-x~1,y= —X2—2

Thay vao (3):

2
x(x — 2) + (X;ZJ F x4+ 2)(x) =0

SO 12x+4=0Gx=2 Sy=—2,z=-2
3 3 3
2 4 5
vayc(2,-%2 -2
1y (3 3 3)
b/Tacé:De(P):D(x,y,w)
G la trong tam AABD nén:
7
X, +Xp + Xy = 3Xg 0+2+x=7 1
Va+Yp+Yp =8y, {0+0+y =7 P
Zy +Zy +2Zp = 32 7

_3_1+M:
1
. 1
) 1-3x
¢/ Taco: E € (P)n(Oxz) = E (x, 0, T)

AB =(2,0,2); AE = (x, 0, 22;3")
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= [TB, ﬁ] = (0, M,O)

o o [ox-22
Pieu kién x # % = SaBE = %‘[AB, AE]‘ = M

- 3
Dodé:SABE:4<:>M:4<:>x:5véx:—g

Vay ¢6 2 diém E: E (5, 0, -2) va E (— g 0, g)

d/Tacé:F e (P)=F(xy 2r8y+l,

7
I(l’ 0’ _2)’ éd = (1’ 1’ 1), ﬁ; = (X—L%Wj
IF //d < IF cung phuong a, < XT_IZ%:+

—y=1 —7
o X7y o ¥ Vay F(7, 6, 4)
3x-y=15 y=6

Bai 4. Cho hai dudng thing:

x=2+1t
d X;1=§=Z+12; d:y=1+t
z=-3-1

Viét phuong trinh dudng thang A qua giao diém M cta d va d’, biét
A tao véi truc Ox goc 60° va tao véi truc Oz géc 45°

Giai

D& dang tim duge M (1, 0, —2)
Goi i =(a, b, ¢)1a 1 vtep cta A (a% + b + ¢ = 0)
Vtep ctia Ox, Oz lan lugt 1a 1 =(1, 0, 0), k = (0, 0, 1)
‘cos(ﬁ I)‘ = 1
) {COS(A, Ox) = cos 60° ’ 2
Ta c6:

&
cos(A,Oz) = cos45° ‘cos(ﬁ f{)‘ _ ﬂ
’ 2
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@D 1

- ol 1
- |ﬁ| i‘ 2 - a2 + b2 + c2 2 - {3&2 _b2 _C2 — 0 (1)
(GRS N} c 2 =2t (@
T 2

] 1“{‘ T 9 Ja’ +b* +c?

Thay (2) vao (1): 3a® — b% — (a® + b?) = 0 < a® = b® < a= +b.
ea=-b=c?=2b2cc==b /2

= U = (-b, b, zb2) = b(-1, 1, £/2)
(ta phai cob#0vindub =0 = a = ¢ = 0: mau thudn vi a® + b> + ¢ = 0)

Vaya XL ¥y _zt2
-1 1 +/2

ea=b=c?=2b=c=+by2 = ti=(b,b, +b2) =b(1, 1, +/2)
x-1 'y z+2

Vay A 2= o
H 1 1 2
Bai 5. Cho duong thing d: = - L~ 2= L Ja diém A (-1, 0, 2)
Viét phuong trinh duong thdng A qua A, cit d va tao véi d géc 30°
Giai

Goi B=And=B (%, -t,1+1t)
a, =AB =(t+1,-t t—1), a,=(1,-1,1)

ABa) B

ABfla,| 2

Ta ¢6: cos(A, d) = cos 30° &

|3t V3

= —_—

31243 2

et=+v2: AB=(\2+1,-42,V2 -1
Vay A: x+1 y _z-2

1 2 2-1
et=—+v2: AB=(1-+2,+2,-v2 -1

Vay A: x+1 _y zZ—2

1-V2 2 —2-1

o 2|t]= V3t2+2 o t==+2
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Bai 6. Cho hai mat phing:
uxX+y+z+4=0;PB:x+y+1=0
Viét phuong trinh mat phang (P) qua diém M (-1, 1, 1), vuéng géc
méit phang o va hop véi mat phing B géc 60°

Giai
Goi: 1, =(a, b, ¢) @+b>+c?=£0)
Ta c6: n, = (1,1, 1), n, =(1, 1, 0)

P)laen.n, =0a+b+c=0<c=-a-b

P |ﬁp 'ﬁﬁ| 1 | a+b | 1
( ’ ) ° — — 2
COoSs B cos60° | p|| B| = \/_ > > > =

sa?+bi-c?+4ab=0<a’+b’—(a+b)P?+4ab=0
Sab=0a=0vb=0
ea=0=c=-b=n,=(0,b,-b)=Db(0, 1, -1)
Vay P): Iy - 1) -1z-1)=0<y-2z=0
eb=0=c=-a=n,=(a0,-a)=a(l,0,-1)

Vay P): 1x+1)-1(z-1)=0<<x-2+2=0

Bai 7. Cho mit phang (P): x + 2y — z + 5 = 0 va dudng thang
d: x+1 _ y+1 _ z—-3
2 1 1
Viét phuong trinh mét phing (Q) di qua d va tao véi (P) mot géc
nhé nhAt.

Gidi
Chon A (-1,-1,3) e d, 4,= (2, 1, 1), 1i, = (1, 2, -1)

Goi ny =(a, b, ¢) @ +b>+c*=0)
Tacé:a,.ny =0<=2a+b+c=0<c=-2a-b>b
08 (B, Q= ,n|  Ja+2b—c| |3a+3b

6, |[5e|  BAaZ+b2+c? =J§.\/5a2+2b2+4ab

Hai truong hop:

260 Y Trung Tam Luyén Thi CLC VINH VIEN



b, _ 3 _\B
l.a=0=b=0:cos (P,Q) = = =2
J62b?  23[b| 2

b

3+3—
a |3+ 3t| (t:h)

b2 b 65+ 287 + 4t a

J6. 5+2 5 +4—
a a

9t+1” 3 t*+2t+1

2.a#0:cos (P, Q)=

= cos’(P, Q) = =_.
s (P Q) = G b5 2 200 14645
2
Xét ham s6: fity = 5.0 T2 pqy 3 6t+6
2 2t +4t+5 2 (2t° +4t+5)
Pt) =0 =t =-1
t —00 -1 +00
£(t) — 0 +

3
0

= 0 <flt) < % < 0 <cos’(P, Q) < g < 0 <cos(P, Q) < g
Hai truong hop trén cho: O < cos(P, Q) < Y
Do dé: (P, Q) nhé nhat < cos (P, Q) 16n nhat < cos (P, Q) = o>

=a=0=c=-b= ny =(0,b,-b)=b0, 1,-1)
Viy( Q): 1y +1)-1z-3)=0c=y-z+4=0

Bai 8. Cho mat phang (P):x—2y +z—1 =0 va hai diém A (1,0, 2), B-1, 2, 0)

a. Tim diém C trén (P) sao cho duong thiang OC qua trung diém I
cua AB (O 1a gdc toa do)

b. Tim diém D trén (P) sao cho dudng thing ID vudng géc duong
thang d: x-3 _y+1_2z2-6 va ID = J11

1 -1 -2

c. Tim d6 dai nhé nhat cta vecto MA + MB khi M di dong trén
mat phang (P)

d. Tim gi4 tri nhé nhat cia MA + MB khi M di dong trén mat phang (P)
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Gidi
a/Ce(P):>C(2y—z+1,y,z):>@=(2y—z+1,y,z)
100,1,1) = OI = (0, 1, 1)
Pudng thing OC qua I < O, C, I thdng hang < OC = kOI
2y -z+1=0 k=-1
Sy =k S y=-1
z=k z=-1
Vay C (0, -1, -1)
b/De ®P)=>=D2y-z+1,y, z)
=ID=Qy-z+1,y-1,z-1); 4, =(1,-1,-2)
(D14 ID.1l&, =0
Ta c6: =
{m:dﬁ {ID2=11
2y —z+1-y+1-22+2=0
{(2y—z+1)2+(y—1)2+(z—1)2:11

y=3z-4
Q{(5z—7)2 +(32-5)" +(z-1)" =11

,
L P 2\/ 35
35z -102z + 64 =0 z=2 | _32
35
Vay c6 hai diém D: D (3, 2, 2) va D(—ﬂ,—ﬁ, gj
7" 35 35

¢/ Ta c6: MA + MB = 2MI = ‘erm‘:zMI
MI nhé nhat < IM 1 (P)

Vay gid tri nhé nhat cia \m + m\ la:d (1, (@) = = -6

J6 3
d/ Pat: f(x,y,z) =x-2y +z -1
= f(xXa, Ya, za). f(xXp, yB, zB) = 2(— 6) = =12 < 0 = A va B nam khic
phia déi véi (P)
Ta c6: MA + MB > AB (khong d6i)
D4au “=” xay ra khi M = AB n (P)
— Gi4 tri nhé nhdt cia MA + MB1a AB = J4+4+4 =23
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Bai 9: Cho dudng thing d: *~ 1_y ‘32 —

L v hai didm AL, 1, 1),

B@1, -5, -2)
a. Chiing minh hai duong thang AB va d cing nim trén mot mat phang
b. Tim toa do diém M trén d sao cho |MA — MB| 16n nhAt.

Giai
x=-1+2t
a/Tacod: {y=2-3t
z=1-t

Chon M(-1,2,1)vaN(1,-1,0) € d; a;, =(2,-3,-1)
Ta c6: AM = (-2, 1, 0), AN(0, -2, —1), AB = (0, -6, —3)
= [AT/IAT\I] =(-1,-2, 4)
= [ATVI,AT\I].A—B -12-12=0

= A, B, M, N dong phing = AB va d cing nam trén mot mat phang

x=1
Céach khéc: Pt duong thing AB: {y =1-6t
z=1-3t
X+1:y—2:z—1 t:l
2~ 3 1 3
Xét hé phuong trinh: {x =1 o Ix=1
y=1-6t y=-1
z=1-3t z=0

Hé nay c6 nghiém duy nhat = d cit AB tai diém I(1, -1, 0) = d va
AB cung nidm trén mét mét phang.

b/ Ta c6: IA = (0, 2, 1), IB = (0, -4, —-2) = —2IA
= A, B niam khéc phia d6i véi d
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Goi A’ 1a diém déi xing cia A qua d.
Ta c6: MA = MA’ = |MA - MB| = |[MA’ - MB| <A'B
Do d6: |MA — MB/| 16n nhiat < |MA’ — MB| 16n nhat < D4u “=”
xayra<> M=M,=d N A'B
Goi H=AA'nd=>H(-1+2t,2-3t,1-1)
AH = (-2 + 2t, 1 — 3t, —t)

AH.4, =0 -4+4t-3+9t+t=0<t== = H(, )

N |

1 1
2 2’
H 1a trung diém AA’' = A'(-1, 0, 0)
Myed=M,(-1+2t,2-3t,1-1t)
AM, =(2t,2-3t,1-t), AB =(2,-5,-2)
M,, A’, B thing hang < A'M, cung phuong A'B
2t 2-8t 1-t
2 5 2
= M,(-3, 5, 2). Vay M(-3, 5, 2)

S t=-1

Bai 10. Cho mit cau (S): x> + y* + z° + 4x — 6y + m = 0 va duong
thang d la giao tuyén ctia hai mat phang:
w2x—2y—-z+1=0,B:x+2y—-2z-4=0
Tim m dé d cit (S) tai diém M, N sao cho MN = 9
Giai

(S) ¢6 tam 1(-2, 3, 0), ban kinh R = V13- m (m < 13)

8, =[n,,0,] =(6,3,6=32,1,2) 4 MmN

Chon A(-2,0,-3) e an B

X =-2+2t R
Phuong trinh d: {y =t I
z=-3+2t
Goi H 1a hinh chiéu ctia I trén d
— H(=2 + 2t, t, -3 + 2t), HM = % - g

IH = (2t,t - 3, -3 + 2t)

m.éd=O<:>t=1:>H(0,1,—1):>IM2=IH2+HM2=%

Mé:R:IM©R2=IM2<:>13—m=14£<:>m= _765 (théa dk m < 13)
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Bai 11. Cho ba diém A(1, -1, 2), B(2, 0, 3), C(3, 2, —1). Viét phuong
trinh méat cau (S) c6 tdAm thudc mat phang (Oyz) va ti€p xdc mat

phéng (ABC) tai A.

Giai
Goi I € (Oyz) la tdm caa (S) = 1(0, y, z)
Ta c6: Al = (-1, y+1, z-2), AB =(1,1, 1), AC = (2, 3, -3)
(S) tiép xic méit phing (ABC) tai A nén:

AILAB =0 =9 y=—= _
. = yrz = 6 :I(O,—l,E)
ALAC=0  (3y-32=-7 , 13 6 6
6
Ai=c1, 2 Lor-ail- 2
6 6 18
1 13 31
Vay (S): x° Z)? _ 22y 2=
ay (S) +(y+6)+(z o T

Bai 12. Cho hai diém A(2, 1, -2), B (0, 2, —2) va méit phing
wxXx+3y+2z—-1=0
a. Viét phuong trinh mat phang (P) di qua dudng thing AB va

vudng goéc o
b. Viét phuong trinh méit phing (Q) di qua dudng thing AB va hop

v6i méit phang (Oxy) géc 45°.
Gidi
a/Tacé: AB =(-2,1,0), i, =(1, 3, 2)
n, =[AB,5,]=(2,4,-7)
Vaiy (P): 2x +4(y - 2) -7z +2) =0 2x+4y—-T72-22=0
(@ +b*+c*£0), i, = K =(0,0, 1)

b/ Goi i, = (a, b, )
(Q diquaAB = 1i,.AB=0<-2a+b=0cb=2a
Ta ¢6 cos(Q), (Oxy)) = cosd5’ 5. K _ 1 I 1

S <:>|ﬁQHK‘ \/§©x/a2+b2+c2_\/§
s2=a+b’+P e c?=a’+b’

o c?=5aoc==+ab
oc=axE:>ﬁQ = (a, 2a, a5 ) = a(1, 2, J5)
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Vay (Q:x+2(y—2) + 5 (z+2)=0

S X+ 2y + \/52—4+2\/5=0
oc=—a\/5:>ﬁQ =(a,2a,—a\/5)=a(1,2,—\/5)
Vay Q) x+2y— Jbz—-4-25 =0

Bai 13. Cho hai diém A(1, -1, 0), B(2, 0, —1) va mét phing (P):
2x + y +z + 1 = 0. Tim toa d6 diém C trén (P) sao cho mp(ABC)
vuong géc mp(P) va AABC ¢6 dién tich bing V14 .

Gidi
Tac6:Ce (P)=Cx,y,2x—y—-1)
AB=(1,1,-1,AC =x-1,y+1,-2x-y- 1,1, =(2,1,1)
N5 =[A—B, ACI=(-2%, X +y+2, X +y +2)
(ABC) L (P) & figp.1i, =0 <y = 2x — 2

Ta c6: Syc = - [1AB, ACI

= %\/4142+(x+y+2)2+(—x+y+2)2 =14

4P+ x+y+ 22+ (—x+y+ 27 =56
S 14’ =56 x’ =4 x=42
Vay c6 hai diém C: C(2, 2, -7) va C(-2, -6, 9)

Bai 14. Cho bon diém: A3, -1, 0), B0, -7, 3) va C(-2, 1,-1), D(5, 4m —1, m?
a. Tim m dé bon diém A, B, C, D tao thanh 1 ti dién c6 thé tich
nhé hon 8.
b. Tim toa do diém M e mat phing (Oxz) sao cho do dai cta vecto
MA + 2MB + 3MC nhé nhAt.
Gidi
a/ Bon diém A, B, C, D tao thanh 1 ti dién
< A, B, C, D khong dong phing < [AB,AC].AD = 0
Ta c6: AB = (-3, -6, 3), AC = (-5, 2, 1), AD = (2, 4m, m?
[AB, AC] = (0, —18, 24)
—[AB.AC].AD =-72m + 24m?# 0 < m # 0 vA m # 3

Vagcp = % |[AB,AC1.AD | = |4m? - 12m |
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Do d6: Vagep < 8 & |4m2—12m| <8< -8<4m?-12m < 8

2_3m+2 _

= m m >0<:>3 \/ﬁ<m<1v2<m< 8+417
m?>-3m-2<0 2 2

Do diéu kién m # 0 va m # 3 nén:
me(3‘2Jl_7,1)u<2,3+24ﬁ)\{0,3}

b/ M e (Oxz) = M(x, 0, z)
Ta c6: MA + 2MB + 3MC = (-3 — 6x, —12, 3 — 62)
— | MA +2MB +3MC | = /(3+6x)® +144+(3-62)® >12V x, z
Do d6: | MA + 2MB + 3MC | nhé nhat < diu “=” xay ra

-1
3+6x=0 X=5
= =
3-62=0 1
Z = —
2
11
Vay: M(—, 0, =)
-5 2

Bai 15. Viét phuong trinh chinh téc cia duong thing A qua A(3, -1, —4),
cit truc Oy va song song mat phing a: 2x + y = 0

Giai

2 Cdch 1:

GoiBlampquaAva/ avaB=pn Oy

= A la dudng thing qua A, B

Taco: B/a=:2x+y+D=0 (D=0)
Aefp=6-1+D=0=D=-5=p:2x+y-5=0
B=B8n Oy = B(,5,0)

x-3 y+1 z+4

3 6 4

d, = AB =(-3,6,4) = A:
2 Cdch 2:
Goi B=An Oy = B(0, y, 0)
d, = AB =(-3,y+1,4), 4, =(2,1,0)

Tacé:A//a=a,.a, =0=-6+y+1=0=>y=5=a, =(-3,6,4)

x-3 y+1 z+4

Vay A:
VR T3 T 4
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x-8 y-3 z+1
3 2
(a):5x—4y+z—-6=0;P):2x—-y+2z+7=0
a. Goi A 1a giao diém cta d va (o). Tim toa do diém M trén (B) sao
cho duong thing AM vuong géc (o)
b. Viét phuong trinh mat cau (S) tam A, biét (B) cat (S) theo mot
dudng tron ¢6 chu vi bing n/5

va hai mét phing:

Bai 16. Cho dudng thing d:

Giai
a/ Toa d0 diém A 1a nghiém cia hé phuong trinh:
x-8 y-3 z+1 x=1
7 3 2 o ly=0.VayA@,o0,1)
bx—-4y+z-6=0 z=1

Me@B)=Mxy, 2x+y—-1T)
AM =(x—-1,y,-2x+y—-8), i, = (5,4, 1)

Vi AM 1 (o) nén:

m cung phu’o’ng ﬁ(x P X__]'ZLZM

5 -4 1
< -7
4 = T3
x+5y=4 o 3
11x - 5y = -39 8
y:_
3
VéyM (_z’§)l]
3 33

b/ Goi r 12 ban kinh ctia dudng tron giao tuyén

NG

Tacé: 2nmr=n'b = r=~—

2
10
h=d(A, ):—
V=T
Goi R 1a ban kinh ciia (S): R = 1% + h* = 2100 _215
46 12
Vay (S): x— 1> +y* + (z— 1) = %
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Bai 17. Cho ba dudng thing:

3 0 6 x=1+2t x=t
g 2re_y-=2_z- ;dir sy =t ;det sy =-1-2t
1 -1 1
z=-t z =3t

Viét phuong trinh duong thdng A song song duong thing d va cit
hai duong thing d;, ds.

Giai
< Cdch 1:

Chon A(1,0,0) e d; va édl =(2,1,-1)

B(0,-1,0) e d2va a; =(1,-2,3)
Goi o 12 mat phing qua d; va / d; B 12 mat phing qua d, va / d thi
A=anf

Al/ld=> a, =a, =(1,-1,1)

éa = [éd’édl] = (0, 3, 3) = 3(0, 1, 1)

a, = [éd,ﬁdz] =(-1,-2,-1)=—-(1,2, 1)

owy+z=0

B:x+2y+1)+z=0<=x+2y+z+2=0
Chon M(0, -2,2) e an B, M ¢ d.
= AquaMvacovtep a, =(1,-1, 1).
Vay phuong trinh A: > = y+2 _z-2

1 -1 1
2 Cdch 2:
GQiM=Aﬁd1,N=Aﬁd2
= M1 + 2t, t, —-t), N(t', -1 — 2t', 3t')
— MN =(t' =2t — 1, -2t' =t — 1, 3t + t)

Vi A// d nén:
MN cung phuong a,

t'-2t-1 -2t'-t-1 3t'+t {3t+t’ ) {t =-1

1 1 1 t'=1 t'=1
= M(=1,-1, 1) va MN =(2,-2,2)=2(1,-1,1: M ¢ d

Vay A: x+1:y+1:z—1
1 -1 1
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Bai 18. Cho mat cau (S): x> + y* + 2> + 2my — 4z + m® —13 = 0 va
dudng thang A:

x=1-5¢t
y=2+t
z =-3+4t

Goi A’ 1a hinh chiéu cGia A trén mat phing (Oyz). Tim m dé A’ tiép
xuc (S).

Giai
(S) c6 tam I(0, —m, 2), ban kinh R = ym? +4 —m? +13 = /17
Lay hai diém trén A: A(1, 2, -3) va B(-4, 3, 1)
A va B c6 hinh chiéu trén mp(Oyz) lan lugt 12 A’(0, 2, —-3) va B'(0, 3, 1)
A’ chinh 14 dudng thédng qua hai diém A’, B' = A’ ¢6 vtep AB - (0,1,4)
ALAB|  |4m+13

AR

Ta c6: d(I, A') =

, 4m +13
Do d6: A" tiép xtic (S) © d(L &) = R < T2 18 _ g7

NIt

-15
osm=1vm=—

Bai 19. Cho mat cau (S): (x — 1)? + (y + 1)* + z% = 11 va hai dudng théng:

x=t 1
di: <y =-1+t; d2:X1r :%:%
z=1+2t

a. Viét phuong trinh mit phang (P) ti€p xdc (S) va song song véi
hai duong thang d;, ds

b. Viét phuong trinh dudng thang A qua tdm cta (S) va cat hai
dudng thang d;, d,.

Gidi
a/ (S) ¢6 tam I(1, -1, 0), ban kinh R = V11
Chon A(0,-1,1) € d;va 4, =(1,1,2)

B(-1,0,0) € dzva a, =(1,2,1)
Taco: n, =[a;, 8, 1=(-3,1,)=>P):-3x+y+z+D=0
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. D-4
(P)tiépxﬁc(S)@d(I,(P))=R<:>u =J11 ©D=15vD=-7

J11
Vay c6 hai mat phing (P): -3x+y+z+15=0va-3x+y+z—-7=0
b/ Goi o 1a mat phang qua I va di; p 12 mét phing qua I va d,
=>A=anf
Tacé: 6, = [IA,d, 1= (-1, 3,-1); fi, = [IB,d, 1=(1, 2, -5)
= n, =[n,,n0,]=(-13, -6, -5); n, khong cung phuong a, va a,
x-1 y+1 =z

-13 —6 -5

Vay A:

Bai 20. Cho mat phang (P): 3x + 5y — z + 31 = 0, dudng thing
g X5 _y+l_ ZII va diém A1, 0, -1)

2 4
a. Viét phuong trinh dudng thang d; qua A, song song (P) va vuéng
goéc d.

b. Viét phuong trinh dudng thang d, qua A, song song (P) va cit d.
c. Tim toa d0 diém B sao cho (P) 1a méat phing trung truc cia doan AB

Giai

d, /Py _ [d, L3,
d, Ld  |d, La,

= d; ¢6 1 vecto cung phuong la a; =[n,, a,]

a/ Ta co: {

n, =(3,5,-1),a, =(2,4,1) = a, =(9,-5,2)
x-1 'y z+1

-5 2

Vay di:

b/ Cdch 1:
Goi (Q) 1a mat phdng qua Ava/ (P; M =(Q) nd
= d, 12 duong thang qua hai diém A, M
Taco: (Q)// (P)=(Q):3x+5y—-z+D=0(D=31)
Ae@Q=3+1+D=0=D=-4
Vay (Q): 3x + 5y —z—-4=0
Toa do diém M la nghiém cia hé phuong trinh:
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3x+by-z-4=0 X =-3
x+5 y+1 z-1< y =3 . Vay M(-3, 3, 2)

2 4 1 z=2
d, = AM = (-4, 3, 3). Vay dy: X_‘41 _ % _ Z‘gl
Cdch 2:
x=-5+2t
d c6 phuong trinh tham s6: {y = -1+ 4t
z=1+t

Goi M=dynd=M(-5+2t,-1+4t,1+1t)
= AM = (2t-6,4t - 1,t + 2); 1i, = (3, 5, -1)
Ta c6: dz // (P) & AM .1, = 0
©6t-18+20t-5-t-2=0ct=1=4d, = AM =(-4,3,3)
R x-1 y z+1
Vay ds: =< =
VT T8 s
¢/ Goi H 1a hinh chiéu ciua A trén (P) = H la trung diém cta AB
Taco H € (P) = H(x,y, 3x + 5y + 31) = AH = (x — 1, y, 3x + 5y + 32)

AH ciing phuong §, < %:X:w

5 -1
x=-2
& sy=-5 = H(-2,-5,0)
z=0

H 12 trung diém cia AB = B (-5, -10, 1)

x=1+at x=1-t
Bai 21. Cho hai dudng thang d: {y =t ;d: Jy=2+2t
z=-1+2t z=3-1

a. Tim a d€ d va d’ cidt nhau

b. Goi A 1a giao diém ctia d va d'. Viét phuong trinh dudng thing
MN (M € d, N € d') sao cho diém H (0, 2, —2) 1a hinh chiéu
vudng géc clia A trén duong thing MN.

Giai
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l+at=1-t a=0
a/ Xét hé phuong trinh: {t =2+ 2t’ S t=2

-1+2t=3-1t t'=0
Hé nay c6 nghiém duy nhat nén d, d’ cdt nhau < a =0

x=1
b/ Taco: A(1,2,3);d: jy=t

z=-1+2t
Mecd Ned=>M,t-1+2t),NA-t,2+2t,3—t)
Ta c6 MN = (-t), 2t'~t + 2, —t' — 2t + 4),
HM =(1,t- 2,2t + 1), AH = (-1, 0, -5)

—_ —_— -t 2'-t+2 —t' -2t+4
MN ct huong HM — = =
Ta c6 {%Tgp neEY o 17 t—2 %+ 1
AHHM =0 1-10t-5=0
v 12
= 33
t=-=
5
Véy M(11_§’_Ej; m (_E,@’EJZE(_5, 13, 1)
5 5 3 15 15 15

x=1-5t
Phuong trinh MN: {y = —g +13t

Z=E+t
5

Bai 22. Cho hai miat phang: a: 2kx +y—-z+1=0;p:x—ky+z—-1=0
a. Ching minh réng hai mét phing a va p luén cit nhau véi moi k
b. Goi d la giao tuyén ctia o va B. Tim k d€ d nam trén mat phang (Oyz)
Giai
a/n, =2k, 1,-1), n, =(1, -k, 1)

Tawﬂﬁwﬁg=41—k,4—2h-zw—1)¢6 Vk(vi-2k*~1=0 Vk)
= o va B ludn cdt nhau Vk
b/ * Céch 1:
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2kx +y—-2z+1=0

vo s6 nghiém
x—-ky+z-1=0

d nam trén (Oyz) < {

= 1

y-z+1=0 " . SR n in
= v0 s0 nghiém < < (1 -k)y = 0v0 s0 nghitm < k=1

-ky+z-1=0

z=0

* Cach 2:
Nhan thay diém A (0,0, 1) € o n B = d va (Oyz) ¢6 diém chung 1a
A Vk

Ta c6: G, =[1,,0,], Gy, = 1 =(1,0,0)

Do d6: d ndm trén (Oyz) < 4,.1 =0 = 1-k=0ck=1

Bai 23. Cho hai mat phang o: x + mz — m = 0; B: (1 — m)x — my = 0.
Tim m dé o va B cit nhau. Trong trudng hop dé chiing té giao tuyén
d cta o va B ludn nam trén 1 mat phing ¢§ dinh khi m thay ddi.
Giai

Tacé: n, =(1,0,m), n; =(1 -m, —m, 0)

= [ﬁa.ﬁﬁ] = (m% m — m% —-m)
Do d6: o va B cdt nhau < [6i,,1,]1# 0 < m # 0
Tacé:d=anP= a, =[n,n,]= (m? m — m? —m)
Nhan thdy difm A (0,0,1) e anBp=>A e d
Goi (P) la mat phéng ¢6 dinh qua A vacé 1, =(a, b, ¢c) (@ +b*+c* =

0)
Taco:Dc (P)Vm#0< agn, =0 Vm=0

< am? + b(m —m?) —cm =0 VYm=#=0
o@-bm>+(b-cm=0 Vm#0
a-b=0
= sa=b=c
b-c=0

= 1, =(a,a,a)=a(l,1,1) (Taphdic6a#0. Vinfua=0=a=b =
¢ = 0: mau thuén)

ViyP)x+y+1l(z-1)=0=x+y+z-1=0
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BAI TAP TU ON LUYEN
Bai 1.
a) Cho ba diém A = (2;5;3), B=(3;7;4), C =(x;y; 6). Tim x, y dé&
A, B, C thang hang.
Papso:x =5,y =11
b) Cho hai diém A (-1; 6; 6); B (3; —6; —2). Tim diém M thudc mit
phéng (Oxy) sao cho MA + MB nhé nhat.
Pap so: M(2, -3, 0)
Bai 2. Ching t6 bon diém sau day 1a 4 dinh cha modt hinh binh hanh va
tinh dién tich cGa hinh binh hanh d6: (1; 1; 1), (2; 3; 4), (6; 5; 2), (7; 7; 5).
Pap s6: 2+/83
Bai 3.
a) Tim trén truc Oy diém cach déu hai diém A(3; 1; 0), B(-2; 4; 1).
b) Tim trén mat phing Oxz diém cach déu 3 diém A(1; 1; 1), B(-1; 1; 0),
C@3;1;-1)
Dap so: [0, E, Oj; [i 0,- z)
6 6 6
Bai 4. Cho hai diém A(2; —1; 7), B(4; 5; —2). Puong thing AB cit mat
phéng (Oyz) tai diém M. Piém M chia doan thdng AB theo ty s6 nao?
Tim toa do diém M.

Pap so: k = %, M(0, -7, 16)

Bai 5.
a) Cho vecto a (1; —2; 3). Tim b cung phuong véi a, biét réing b tao
v6i Oy mot géc nhon va ‘B‘ = V14

b) Vecto i c6 do dai bang 2, tao véi vecto a(1; 1; 1) géc 30°, tao véi
vecto b (1; 1; 0) goc 45°. Tim toa d6 vecto .

¢) Vecto u vudng gbéc véi vecto a(1; 1; 1) va vecto B(l; -1; 3), u tao
v6i truc Oz mot gée tu va || = 3. Tim toa do vecto u.

Bai 6. Trong khong gian toa do Oxyz cho bon diém: A(1; 1; 0), B(0; 2; 1),

C(1; 05 2), D(1; 1; 1).

a) Chitng minh bon diém A, B, C, D khong dong phang. Tinh thé tich
tid dién ABCD.

b) Tim toa d6 trong tAm caa tam gidc ABC, trong tam ti dién ABCD.
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¢) Tinh dién tich cac mat caa ti dién.

d) Tinh d9 dai cac dudng cao cia khoi ti dién.

e) Tinh géc giita hai duong thang AB va CD.

f) Viét phuong trinh mét cau ngoai tiép ti dién ABCD.

Bai 7. Trong khong gian toa do Oxyz cho ba diém A(1; 0; 0), B(0; 0; 1),
C2Z 11
a) Ching minh A, B, C la ba dinh caa 1 tam giac.

b) Tinh chu vi, dién tich tam giac ABC.

c¢) Tim toa do diém D @€ ABCD la hinh binh hanh.

d) Tinh d6 dai dudng cao hy cia tam giac ABC.

e) Tinh cédc géc caa tam giac ABC.

f) Xac dinh toa do truc taAm tam giac ABC.

g) X4c dinh toa do tAm dudng tron ngoai tiép tam giac ABC.

Bai 8. Trong khong gian toa do Oxyz, cho tam gidac ABC c¢6

A(1; 2; -1), B(2; -1, 3), C(—4; 7; 5)
a) Tinh d6 dai dudng cao hy cia tam gidac ké tur dinh A.
b) Tinh d6 dai duong phan gidc trong ctia tam giac vé tu dinh B.

Bai 9. Viét phuong trinh mat phang di qua diém M(1; 2; 4), cit cac truc
toa do Ox, Oy, Oz tai cac diém A, B, C sao cho OA = OB = OC.

Bai 10. Viét phuong trinh mit phing di qua diém M(1; 1; 1), cat cdc tia
Ox, Oy, Oz tai c4ac diém A, B, C sao cho thé tich cta ti dién OABC c6
gid tri nhé nhAt.

Papso:x+y+z—-3=0
Bai 11. Cho hai diém A(0; 0; —3), B(2; 0; —1) va mét phing (P):
3x -8y +7z—-1=0
a) Tim toa d6 giao diém I cia duong thing AB véi mat phang (P).
b) Tim toa d9 diém C nim trén mat phing (P) sao cho tam gidc ABC
1a tam gidc déu.

Bai 12.

a) Viét phuong trinh mat phang (P) cha truc Oz va tao véi mit
phéng (o): 2x + y — 6z = 0 mot géc 60°.

b) Vi€t phuong trinh mét phing (Q) qua A(3; 0; 0), C(0; 0; 1) va tao
v6i mét phang (Oxy) mot géc 60°.

Bai 13. Cho ti diégn ABCD véi A(3; 5; —1), B(7; 5; 3), C(9; —1; 5), D(5; 3; —3).
Viét phuong trinh mat phang (P) qua dudng thang AB va chia td dién
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ABCD lam hai phan cé thé tich bang nhau.
Bai 14. Viét phuong trinh hinh chi€u vuéng géc cia dudng thing d:
x=1+2t
y = -2+ 3t 1an lugt trén cac mit phing (Oxy), (Oxz), (Oyz) va mit
z=3+t
phdng :x +y+z—-7=0
Bai 15.
a) Tim tap hop cédc diém trong khong gian ciach déu ba diém
A(1; 1; 1), B(-1; 2; 0), C(2; -3; 2).
b) Tim quy tich cdc diém M cach déu hai truc toa do Ox, Oy va diém

A(1; 1; 0).
x=t
Bai 16. Cho duong thang d: {y =t va mat phang (0): 2x +y—z + 5 = 0.
z=1+3t

Chting t6 d song song v6i (a). Tim khodng céach tir d dén (o)
Bai 17.
x+3 y-1 z-2
==
b) Tim géc giita mdi cap dudng thing:
x=1+2t x=2-t
o) iy=-1+t va {y=-1+3t
z=3+4t z=4+2t

a) Tim géc giita dudong thang va mdi truc toa do.

p)

x-1 y+2 z+2 va X+2y-z+1=0
3 1 4 2x+3z—-2=0

Bai 18. Tim géc gitta duong thdng A va mat phang (o) trong cdc truong

hop sau:
x=1+2t

a)Ariy=-1+3t va(a):2x—-y+2z—-1=0
z=2-%

b) A: X_—f:y_—_;:%vé(a):3x—y+z—l=0
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Bai 19.
a) Tim toa d6 hinh chiéu vuéng géc ctia diém M(1; —1; 2) trén mit
phing (a): 2x — y + 2z + 12 = 0.
b) Cho bon diém A(4; 1; 4), B(3; 3; 1), C(1; 5; 5), D(1; 1; 1). Tim toa do
hinh chiéu cta D trén mat phidng (ABC).
c¢) Cho ba diém A(1; 1; 2), B(-2; 1; —1), C(2; —2; —1). Tim toa dd hinh
chi€u ctia goc O trén mat phang (ABC).
Bai 20. Tim toa do diém d6i xting cia M(2; -3; 1) qua méit phang
(): x+3y—-z+2=0.
Bai 21.
a) Cho hai diém A(3; 1; 0), B(-9; 4; 9) va mat phang (a): 2x —y +z + 1 =0.
Tim toa do diém M trén (o) sao cho |MA — MB| dat gi4 tri 16n nhat.
b) Cho hai diém A(3; 1; 1), B(7; 3; 9) va mat phang (a): x +y +z + 3 = 0.
Tim M trén (o) d6 | MA + MB | dat gié tri nhé nhat.
Bai 22.
a) Cho ba diém A(-1; 3; 2), B(4; 0; -3), C(5; —1; 4). Tim toa do hinh
chiéu H ctia diém A trén dudng thing BC.

b) Cho dubng thing d: 252 =Y 2 _ 2 (5 diém M4; -3; 2). Tim

3 2 -1
toa do hinh chiéu H cta diém M trén dudng thang d.
Bai 23.
a) Tim toa d6 diém ddi xdng ctia M(2; —1; 1) qua dudng thing d:

x=1+2¢t
y=-1-t
z =2t

b) Tim toa d6 diém ddi xing cia M(-3, 1, —1) qua dudng thang d la
giao tuyén clia hai mit phang 4x -3y - 13=0vay—-2x+5=0
Bai 24. Viét phuong trinh dudng vudng géc chung cia cic cip dudng
thang sau:

x-2 y-3 z+4 x+1 y-4 z-4

a)d: va d’:
2 3 -5 3 -2 -1
x=2+t

b) d: {y =1-t va giao tuyén ctia 2 mat phngx + 22— 2=0,y—-3=0
z =2t

c) d 1a giao tuyén 2 mit phdngx +y+z-3=0,y+z—-1=0vad la
giao tuyén clia 2 mit phdngx -2y - 22+ 9=0,y—-z+1=0
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Bai 25. Trong khong gian véi hé toa do Oxyz cho hai dudng thang:

x=1+2t
d: {y =-1+t va d'1a giao tuyén ctia hai méit phing
z=2-1

3x—-z-7=0,3x+3y-2z2-17 = 0.

a) Ching minh d va d’ chéo nhau va vudng géc nhau.

b) Viét phuong trinh mit phing (P) qua d’' va vuéng géc véi d. Tim
toa do giao diém H cha d va (P).

c¢) Viét phuong trinh dudng vudng géc chung ctia d va d’

Bai 26. Trong khong gian toa do Oxyz cho hai duong thing: d, 1a giao
tuyén ctia hai mat phdng x — 8z + 23 =0,y — 4z + 10 = 0 va d, la giao
tuyén ctia hai mat phdngx—-2z2-3=0,y+ 2z + 2 = 0.

a) Viét phuong trinh cdc méat phang P;, P, 1an lugt di qua d;, d; va
song song v4i nhau.

b) Tinh khoang cach gitta d; va dy.

¢) Viét phuong trinh dudng thang A song song véi Oz, cit d; va d.

Bai 27. Trong khong gian toa do Oxyz, xét méit phing:
(0m): 3mX + 541 -m?’y +4mz+20=0, m e [-1; 1].

a) Tinh khoang céach tit goc O dén (o).

b) Chiitng minh Vm e [-1; 1], (o) ti€p xdc véi mot mat cau cd dinh.

c¢) V6i gia tri nao cha m, hai mit phing (a,,) va (Oxz) cdt nhau? Khi
m thay d6i, ching minh ring cédc giao tuyén d6 song song hoic
trung nhau.

Bai 28. Trong khong gian toa do Oxyz cho dudng thang d va méit phang

x12_ vy 9 21 by gx4by-z-2=0
4 3 1

a) Tim toa d6 giao diém A cta duong thang d véi mat phang (P). Tinh
goc gitra d va (P).

b) Viét phuong trinh mat phang (P') qua diém M(1; 2; —1) va vudng
géc v6i duong thang d.

(P) c6 phuong trinh: d:

¢) Viét phuong trinh hinh chiéu vudng géc d’ ctia d trén mat phang (P).

d) Cho diém B(1; 0; —1), hay tim toa do diém B’ sao cho mit phing
(P) 12 mit phéng trung truc cta doan thing BB'.

e) Viét phuong trinh dudng thing A n3m trong mit phang (P), vuéng
géc va cat duong thang d.
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Bai 29. Cho hinh lap phuong ABCD.A'B'C'D’ canh 1a a. Xét 2 diém M e AD’,
N e DB sao cho AM = DN = k (0 < k < a+/2) va P la trung diém
cuaa B'C'.

a) Tinh cosin cla géc gitta 2 duong thang AP va BC'.

b) Tinh thé tich khéi td dién APBC'.

¢) Chiing minh MN luén song song véi miat phing (A'D'CB) khi k
bién thién.

d) Tim k dé doan MN ngén nhAt.

e) Khi doan MN ngén nhat, CMR: MN la dudng vuéng géc chung clia
AD’ va DB va MN song song v6i A'C.

Bai 30. Viét phuong trinh duong thing di qua diém M(1; —1; 1)va cit

x=1+2t x=-2+t
hai duong thing sau (d;: <y =t ;(dg): Jy =3-2t
z=3-t z=t
Bai 31. Viét phuong trinh duong thing nam trong méit phang (P):
x=1-t x=2-t
y + 2z = 0 va cit cd hai duong thing: (dy): {y=t ;(dy): {y=4+2t
z =4t z=1

Bai 32. Cho duong thing d 1a giao tuyén ctia hai mit phing x — 2z = 0,
3x — 2y + z — 3 = 0 va mat phing
():(m+4)x+Bm-6)y+Bm—-8z—-7=0.Timm dé (d) L (o)

Bai 33. Cho mat phing (P): x + y + z = 0 va dudng thang d 1a giao
tuyén ctia hai mat phang x + 2y -3 =0,3x - 2z - 7 = 0.

a) X4c dinh giao diém A cta (d) va (P).
b) Viét phuong trinh dudong thing (A) di qua A, vudng géc véi (d) va nam
trong mit phéng (P).
Bai 34. Lap phuong trinh duong thang qua A(0; 1; 1) vudng géc véi dudong

z=-1
thang {XT_I = y_J1r2 = %vé cat duong thing {y =t
z=1+t¢t

Bai 35. AABC c6 A(1; -1; -2), B(-1; 0; 6) va C(5; 9; —12)
a) Tim toa do hinh chiéu vudng goc cta diém A léen BC.

b) Viét phuong trinh mat phang chia BC va vudng géc v6i mét phing
(ABC).
Bai 36. Viét phuong trinh hinh chi€u vudng géc ctia duong thang (d):
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x+1 y z-6

d: 1 trén mat phang (P): 3x — 2y — z + 15 = 0.
x=1-t z=2t
Bai 37. Cho hai duong thidng (A): {y =t  ;(Ay): {y=1-t
z=—-t z=t

a) CMR: (A); va (A)s chéo nhau.

b) Lap phuong trinh dudng vuéng géc chung clia 2 duong thang trén.

¢) Tim hai diém néi (A); va (A); ma khodng cach giifa ching ngin nhat.
Bai 38. Cho hai diém A(3; —2; —1), B(6; 1; 2) va mat phang

():2x—y+2z-1=0

Viét phuong trinh mat phéng chia dudong thing AB va tao v6i mit

phang (o) mdt goc 45°.

Papso:x—y—-5=0;y-2z+1=0
Bai 39. Cho hai mat phing (a): x+y+z+4=0,B):x+y+1=0.

a) Viét phuong trinh tham s6 cla duong thang di qua A(3; 1; 2) va song

song v6i ca hai mat phing (a), (B).

x=3-t
Pap s6: y =1+t
z=2

b) Viét phuong trinh mit phing (P), biét rang (P) qua M(-1; 1; 1) vuéng
goc v6i mat phing (o) va hgp véi mit phang (B) mot goéc 60°.
Papso:x—z+2=0;y—-z=0

Bai 40. Cho 2 dudng thang:
x+1 -1 z-3 x-1 +1 z-2
(@) F = =T o= =2 [y S s = e =
23
83
b) Viét phuong trinh ctia dudng thing qua diém M(1; 1; 1) vudng géc véi
(dy) va cat (dy).
x-1 y-1 z-1
T 13

a) Tinh khoang cach giita (d;) va (dy). Dap so:

Dap so:
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Bai 41. Cho miét phang (P): x + y + z — 1 = 0 va hai diém A(1; -3; 0),
B(5; -1; -2).
a) Ching t6 rang duong thing AB cit mat phing (P) tai diém I thudc
doan AB. Tim toa do diém I.
b) Tim trén mit phing (P) diém M sao cho | MA — MB]| c6 gi4 tri 16n nhat.
. 3 3
Papso:1{4,——,——|; M(6, -1, 4
P ( 2 2) ( :
Bai 42. Cho hai diém A(-1; 3; —=2), B(=9; 4; 9) va mat phéng (P):
2x—y+z+1=0.
a) Ching t6 rang duong thdng AB cit mit phang (P) tai diém I nam
ngoai doan AB.
b) Tim toa d0 diém A’ do6i xing ciia A qua (P). Pap so: A'(3, 1, 0)
¢) Tim diém M trén mat phéng (P) sao cho AM + BM c6 gié tri nho nhat
DPap s6: M(-1, 2, 3)
Bai 43. Lap phuong trinh dudng thdng qua M(-4; —5; 3) va cit hai
dudong thang:
x+1 y+3 z-2 x-2 y+1 z-1

va
3 -2 -1 2 3 -5
Pép s6: X—2:y+1:z—1
3 2 -1

Bai 44. Viét phuong trinh dudng thang di qua diém M(2; —1; 0); vudng goc
va cit dudng théng d 1a giao tuyén cia 2 mat phang 5x + y +z+ 2 =10
vax—-y+2x+1=0.

x=2-2t
Pap s6: Jy =1
z=-%

Bai 45. Cho hai duong thing: (d,):
X y-2 z+2 x+8 y-6 z-10
= ; (dZ): = = .

1 -1 2 2 1 -1

a) Viét phuong trinh dudng thang (d) song song v6i Ox va cit (dy) tai M,
cit (dy) tai N. Tim toa do M, N.

b) A 1a diém trén (d;), B 1a diém trén (dy), AB vudng goc vé6i ca (dy) va
(dy). Viét phuong trinh méit cau dudng kinh AB.
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x-3 y-1 z-1,

Bai 46. Cho hai duong thing: (d,): - 5 3

(dy): X I L ; 3 _ z_—19 . Lap phuong trinh chinh tic cta dudng thang

(ds) doi xting véi (dg) qua (dy).

Bai 47. Cho mat phing (P): x + y + x + 3 = 0 va hai diém My(3; 1; 1) va
Mx(7; 3; 9). Tim M trén mat phing (P) d6 MM, + MM:| dat gid tri
nhé nhAt.

Bai 48. Cho 4 dudng thang:

-1 y-2 z x-2 y-2 X
I =-——=—3( =t =—
@ 2= =Tom 2y X2 =
-1 x—2 z—1
d X_¥_271 g5 X=2_y _
(ds) 2= 1 T (da) : 9= 1

a) Chiing minh réng hai dudong théng (d;) va (dy) cing nam trén mot mat
phang. Viét phuong trinh ctia mat phing do.
Papso:y+z—-2=0

b) Chiing minh rang ton tai mot duong théng (d) cit ca bon dudng thang
da cho. Viét phuong trinh chinh tic clia duong thang (d).

DPap so: x—4_y-2_z

1 -1
Bai 49. Cho ba duong thang:

(dy): X;2=y12=211;(d2); XI7=y;3:Z_—19;
1 +3 z-2

I = .

(ds) 3 ; =

Lap phuong trinh dudng thang cit (dy), (dy) va song song véi (ds).
x-3 y-4 z+3
1 2 -1

va mat phang P): 2x +y +z— 1= 0.

Bai 50. Cho dudong thing (d):

a) Tinh s6 do cta goc tao bdi (d) va (P).
b) Tim toa do giao diém A cta (d) va (P).

¢) Viét phuong trinh cta dudng thang (A) di qua A, vuéng goc véi (d) va
nam trong mat phang (P).

Hinh hoc FJ 283



Bai 51. Cho dudng théng (d): X'z” -1 L_z-

(P):xx — y — z — 1 = 0. Viét phuong trinh chinh tic cha (d') di qua

I mét phing

A(1, 1, —2) song song véi mit phang (P) va vudng goc véi (d).
Dép 6 x-1 _ y-1 _ Z+ 2
-2 -5 3
Bai 52. Cho tam giac ABC c6 A(1; 2; 5) va phuong trinh hai trung tuyén 1a
x-3 y-6 z-1 x-4 y-2 z-2
-2 2 171 4
cac canh caa tam giac.
Bai 53. Cho ti dién ABCD vé6i A(1; 0; 2), B(1; 1; 0), C(0; 0; 1) va D(1; 1; 1).
a) Tinh thé tich caa ti dién.
b) Viét phuong trinh dudng cao DH cla tit dién.

. Viét phuong trinh chinh tac

x-1 y-1 z-1
| 2 1
¢) Viét phuong trinh méat phing tiép xic véi mat cAu ngoai tiép ti dién
tai A.
Papso: —x+y+3z—5=0
Bi 54. DH/B02 Cho hinh 1ap phuong ABCDA;B;C;D; c6 canh bang a.
a) Tinh theo a khoang giita hai dudng thang A;B va B,D.
b) Goi M, N, P 1an luot 1a trung diém cda cac canh BB;, CD, A;D;. Tinh
goc gitta hai duong thing MP va C;N.
Bai 55. DPH/D05 Trong khong gian véi he toa d0 Oxyz cho diém M(0; 1; —3),
diém N(2; 3; 1).
a) Viét phuong trinh téng quat cha mat phang (P) di qua N va vudéng goc
v61 MN.
b) Viét phuong trinh tong quat ciia mét cau (S) di qua diém M, diém N
va tiép xtc v6i mat phang (P).

Dap so:

Bai 56. Trong khong gian vé6i hé toa do Pécac vuong goc Oxyz cho hai duong
thang d; 14 giao tuyén cia 2 mit phdngx —az—a=0vay—z+ 1=0;d,
12 giao tuyén cha 2 mat phdngax + 3y—3=0vax+3z—6=0
a) Tim a dé hai duong thang d; va d, cit nhau.
b) Vé6i a = 2, viét phuong trinh mat phang (P) chta duong thang d, va
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song song véi dudng thang d;.Tinh khoang cach giita d; va dy khi a = 2.
Bai 57. DBA/04 Trong khong guan vé6i hé toa do Oxyz cho hinh hop chir
nhat ABCD.A;B,C,D; ¢6 A trung vé6i goc toa do O, B(1; 0; 0), D(0; 1; 0),
A(0; 0; V2).
a) Viét phuong trinh mat phang (P) di qua ba diém A,, B, C va viét phuong
trinh hinh chiéu vudng géc ctia duong thang B, D; trén mat phang (P).
b) Goi (Q) 1a mét phang qua A va vudng goc v6i A; va C. Tinh dién tich
thiét dien cta hinh chép A;.ABCD véi mat phing (Q).
Bai 58. Trong khong gian v6i hé toa do Oxyz cho diém M(5; 2; —3) va mat
phing (P): 2x + 2y -z + 1 =0
a) Goi M; 1a hinh chi€u ctia M 1én mat phéng (P). Xac dinh toa do diém
M; va tinh d9 dai doan MM,;.
b) Viét phuong trinh méat phang (Q) di qua M va chia dudng thing:
x-1 y-1 z-5
2 1 6
Bai 59. Trong khong gian v6i hé toa do Oxyz cho lang tru ding
OAB.O;A;B; vé6i A(2; 0; 0), B(0; 4; 0), O4(0; 0; 4)
a) Tim toa d9 cac diém A; B,;. Viét phuong trinh mit cau qua bon diém
0O, A, B, O,.
b) Goi M la trung diém ctia AB. Mat phéng (P) qua M vudng géc véi O;A
va cat OA lan lugt tai N, K. Tinh do dai doan KN.
Bai 60. Trong khong gian v6i hé toa do Oxyz cho hinh lap phuong
ABCD.A;B:C:D; v6i A(0; 0; 0), B(2; 0; 0), D1(0; 2; 2)
a) X4c dinh cidc toa do cic diém con lai cha hinh lap phuong
ABCD.A;B;CD;. Goi M la trung diém cia BC. Chiing minh ring hai
méit phing (AB;D;) va (AMB,) vudng géc nhau.

b) Chiing minh rang ti s6 khoang cach ti diém N thudc dudong thang
AC; (N khoang cach A) t6i hai mat phang (AB;D;) va (AMB,) khong
phu thudc vao vi tri cia diém N.

Bai 61. Cho bon diém A(2; —1; 6), B(-3; —1; —4), C(5; —1; 0), D(1; 2; 1)

a) Ching minh ABC la tam giac vuong. Tinh ban kinh duong tron noi
ti€p chia tam giAc.

b) Tinh thé tich t& diéen ABCD.

¢) Viét phuong trinh mét cau ngoai tiép ti dién ABCD.
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Bai 62. Viét phuong trinh mit cau trong nhiing trudng hgp sau:
a) Tam I = (1; 0; —1), duong kinh bang 8.
b) Puong kinh AB véi A(-1; 2; 1), B(0; 2; 3).
¢) Tam O(0; 0; 0) tiép xtc véi mét cau tam (3; —2; 4) va ban kinh 1.
d) Tam I(3; —2; 4) va di qua A(7; 2; 1).
e) Tam I(2; —1; 3) va ti€p xdc mit phéng (Oxy).
f) Tam 1(2; —1; 3) va ti€p xtc mat phang (Oxz).
g) Tam 1(2; —1; 3) va tiép xtc mat phang (Oyz).
Bai 63.
a) Cho phuong trinh: x* + y* + z° — 4mx + 4y + 2mz + m” + 4m = 0

Tim m d& né 1a phuong trinh mot mit cau va tim m dé ban kinh mat
cau la nhé nhat.

b) Cho phuong trinh: x* + y* + z* + 2xcoso — 2ysino. — 4z — (4 + sin’a) = 0.

Tim o dé phuong trinh trén la phuong trinh mot mét cau va tim o dé
ban kinh mit cau 14 nhé nhat.
Bai 64.

a) Cho mit cau c6 phuong trinh: x* + y* + 22 — 6x — 2y + 4z + 5 = 0 v&
diém M(4; 3; 0). Viét phuong trinh mat phang tiép xdc v6i mat cau tai
diém M.

b) Viét phuong trinh mat cau c6 tam I(-2; 1; 1) va tiép xdc véi mat
phang (o): x + 2y — 2z + 5 = 0.

¢) Cho bon diém A(3; -2; —-2), B(3; 2; 0), C(0; 2; 1),D(-1; 1; 2). Viét
phuong trinh mat ciu tam A ti€p xidc v6i mit phing (BCD).

d) Viét phuong trinh mét cau di qua ba diém A(1; 0; 0), B(0; 1; 0),
C(0; 0; 1) va c6 tam I nam trén mat phang x +y +z — 3 = 0.
Bai 65. Trong khong gian toa d6 Oxyz cho mat cau:
(S): x* + y* + 2 — 10x + 2y + 26z — 113 = 0 va 2 dudng thing

1 1 x=-7T+3t
d:x+5:y— s 3;d’: y=-1-2t
2 -3 2
z=28

a) Viét phuong trinh méat phang (P) ti€p xtc véi (S) va vudng géc véi d.
b) Viét phuong trinh mat phang (Q) tiép xtc vé6i (S) va song song véi d, d'.
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Bai 66. Trong khong gian toa d0 Oxyz cho 4 diém A(-2; 1; 4), B(0; 4; 1),

C(5; 1; -5), D(=2; 8; —5) va dudng thing d: X~ 5_¥ +511 _Zz _49

a) Chiing minh A, B, C, D 1a bon dinh cia td dién.
b) Tinh thé tich khoi ti diéen ABCD.
¢) Viét phuong trinh mit cau (S) ngoai ti€p ti dién ABCD.
d) Tim giao diém M, N clia dudng thang d v6i méit cau (S).
e) Viét phuong trinh cdc méat phing tiép xdc véi méat cau (S) tai M, N.
Tinh géc tao bdi hai mat phang do.
Bai 67. Cho 4 diém A(6; —2; 3), B(0; 1; 6), C(2; 0; —1), D(4; 1; 0).
a) Viét phuong trinh méit cau (S) qua A, B, C, D. X4c dinh tam va ban kinh.
b) Viét phuong trinh mat phéng ti€p xtc v6i mat cau tai A.
Bai 68. Cho miat phang (P): x + 2y — 2z + m = 0 va mat cau
(S): x> +y* +2°— 4x + 6y — 2z — 11 = 0. Tim gié tri ctia m dé:
a) Mat phang (P) tiép xtc véi mat cau (S).
b) Mat phdng (P) cdt mét cdu (S) theo mot dusng tron cé ban
kinh bing 3.
Bai 69. Lap phuong trinh mat phng tiép xtc véi méat cau:
x> +y° + 2% — 10x + 2y + 26z — 113 = 0 va song song véi hai duong

5 1 13 x—-T7+3t
théng: X+ :y_3 :Z+2 ; y:_]__Zt
z=28

4x +6y +5z—-103 =0
Dép s6: [4); +6y+5z+205=0
Bai 70. Cho mit cau (S): x> + y* + z° — 6x + 4y — 2z + 5 = 0 v& mat phang
(P): x + 2y + 2z + 11 = 0. Tim diém M trén (S) sao cho khodng cach ti
dé dén (P) 1a nho nhat.
DPap so6: M(2, —4, —1)

z=2t x =t
Bai 71. Cho hai duong thing: (d;): {y =t ; (dy): {y=3-t'. Xét M thudc
z=4 z=0

(d1), N thudc (dy) sao cho MN vudng géc véi (d;) va (dy). Viét phuong
trinh cia mat cau duong kinh MN.

Pap s6: (x— 2+ (y— 1 + (z— 2 = 16
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Bai 72. Cho mat cau (S): x* + y* + z° — 2x — 4z — 4 = 0 va ba diém A(3; 1; 0),
B(2; 2; 4), C(-1; 2; 1) & trén mét cau.
a) Viét phuong trinh méat phing (ABC).
b) Tim tAm va ban kinh duong tron ngoai tiép tam giac ABC.

Bai 73. Cho diém I(1; 1; 1) va duong thing (d): {X “2y+2-9=0

2y +z+5=0

a) Xac dinh toa do hinh chiéu vuong géc H cua I 1én (d).
b) Viét phuong trinh mat cau (C) c6 tam I va cit (d) tai hai diém A, B

sao cho AB = 16.
Papso: (x— 1 +(y—-17+(z—-17=81
y-1 z+1

Bai 74. Cho duong théng (d): = =
ai 0 ng thang (d) 2 n 2

va hai mat phing P):x +y—-22+5=0;(Q):2x -y +z + 2 =0.
Viét phuong trinh mét cdu cé tdm thudc dudng thing (d) va tiép

xuc vdi (P), (Q).
Bai 75. Cho hai diém A (1, 2, 0), B (0, 1, 3) va dudong thang

cx-1_y =X 1 . Viét phuong trinh dudong thang A qua A, vudng géc

192 3 1

d va c6 khodng cach dén diém B 16n nhat.
Dap so: x-1_y-2_2z

-10 7 -1

Bai 76. Cho hai diém A(3, 3, 1), B0, 2, 1) va dubng théng d: g ; g
Tim diém C trén d sao cho AABC c6 dién tich 16n nhat.

L . [17 47 34)
Pap s6: | —; —;—
414" 14
Bai 77. Cho diém M (1, 3, —2) va mit cau
(S):(x—1P2+(y—272+(z+3)°>=14

a) Ching t6 diém M nim trong mit cau (S)
b) Viét phuong trinh mit phing (P) qua diém M va céit (S) theo dudong
tron c6 ban kinh nhé nhat

Papso:y+z—-1=0
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Bai 78. Tim toa do diém M trén mat phéng (P): 2x — 5y + 2z + 5 = 0 sao
cho dudng thang OM tao véi cac truc toa do nhiing géc bang nhau.

x =1t
Bai 79. Cho dudng thdng d: {y = 3—tva diém A (-5, 3, 4)
z=T-t

Viét phuong trinh dudng thang A qua A, vudng géc d va hop véi mit
phang (Oyz) goc 45°.

Xx=-5+1t
Pap s6: \y =3+t
z=4

Bai 80. Cho hai mat phing a: x +2y +3z—-5=0;B:3x -2y —z— 1= 0.

Viét phuong trinh mat phang (P) qua giao tuyén cha a, p va cit cac truc
Ox, Oz lan lugt tai A,B sao cho OA = OB

. . |Dx—-6y-5z+3=0
Pap so:
5x +2y +5z—-11=0
Bai 81. Cho hai dutng thing & X~ -¥-1_2-1. 4. x y+l _z-3
1 2 2 -1 -2 2

va diém va diém M(0, —-1,2).
a) Chiing minh d, d’ va M cing ndm trén 1 mat phing

b) Goi I 14 giao diém cta d va d'. Viét phuong trinh duong thang A qua
M va cat d, d’ 1an lugt tai A, B sao cho AABI can tai A

x y+1 z-2

Dap so: = = =
7 14 22
x=2+t
Bai 82. Cho dudng thing d: {y =—4 va mitphing owx-y+3=0
z=1+2t

Viét phuong trinh m#t phing (P) qua M(1, 0, — 2), song song d va hop
v6i o goc 45°
Papso:y=0,-8x+y+4z+16=0
Bai 83. Viét phuong trinh dudng thang d qua diém A(-2, 0, 1), cit truc Oy
va tao v6i truc Oy goc 45°

., X+ 2
Pap so: X =

il:z—l
5 -1
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Bai 84. Cho hai diém A(-2, 1, 3), B(1, 0, 4). Tim diém C trén mit phang
(Oxy) d& AABC c6 chu vi nhé nhat.

Dap so: C( 5.4 O)
7T

Bai 85. Cho duong thing d: XT‘l 2o 2*1 03 hai diém AG, 0, 2),
B(1,2,1). Tim diém I € d dé vecto IA +IB ¢6 do dai nhd nhat
P 56 1(14 5. 13)
9°9 8

Bai 86. Cho mit phidng o: x + y + z + 3 = 0 va hai diém A(3, -1, 1),
B(-2, 0, —3). Tim diém M trén o dé:

a) MA + MB nhé nhat. Pap so: (—%; - i;— 2)

b) IMA — MB/| 16n nhat. Pap so: (-g g - 3)

c) ‘m + m‘ nho nhat. Pap so: (—%; ~ %;— 2)

Bai 87. Viét phuong trinh mat phang (P) qua diém M (-1, 2, 3) sao cho (P)
cit cac truc Ox, Oy, Oz lan lugt tai ba diém A, B, C va do dai dudng cao
OH ciia tir dien OABC 16n nhat (O 1a goc toa do)

Papso:x —2y—-3z+14=0

Bai 88. Cho duong thang d: XT_l = y_—21 = % va mat cau (S): x* + y° + z° —
2x — 4y — 6z + 9 = 0. Viét phuong trinh mat phang (P) qua d va cit (S)
theo dudng tron c6 dién tich bang % .

. . |x=-z-1=0
Pap so:
|:53X +48y +43z-101=0

Bai 89. Viét phuong trinh mat phing (P) qua hai diém A (1, 0, 0), B (0, 2,
1) va théa diéu kién:

a) Tiép xtc mat cAu (S) (x — 1+ y*+ (z + 1> = =

Papso:x+z—-1=03x+4y—-52—-3=0
b) Cét truc Oz tai diém D sao cho OD = 2
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Papso:4x +y+2z2-4=0,4x+3y—2z-4=0
¢) Hop véi mat phang (P): x — y + 10 = 0 géc 60°
Papst:x+z—-1=0
d) Cach goc O modt khoang 16n nhat.
Pap so: 5x + 2y +z—-5=0
e) Hop v6i miat phing (Oxy) géc nhd nhat.
Papso:x—2y+5z—-1=0
Bai 90. Cho ba diém A (1, 0, 0), B(0, 2, 0), C(0, 0, 3). Tim toa d0 diém
M trén mit phéang (ABC) sao cho M cach déu ba mat phang toa do
Bai 91. (CP.08)

Cho diém A (1, 1, 3) va dudng thang d: % = ll _Z ; 1

a) Viét phuong trinh mat phing (P) di qua A va vudng géc d
b) Tim diém M thudc duong thang d sao cho AMOA can tai O

Bai 92. PHB/2010

1. Cho ba diém A (1, 0, 0), B(0, b, 0), C(0, 0, ¢) (b > 0, ¢ > 0) v mat phéng
(P):y — z + 1 = 0. Xac dinh b, ¢ biét mat phing (ABC) vudng gbc mit

phang (P) va khoang cach tir goc 0 dén mat phang (ABC) bang %

2. Cho duong thing A: g = yT—l = % X4c dinh toa d0 diém M trén truc Ox

sao cho d(M, A) = OM

Bai 93. PH/D2010
Cho 2 mat phang P: x +y+z-3=0va (Q:x -y +z— 1=0. Viét
phuong trinh mat phing (R) vuéng géc véi (P) va (Q) sao cho khodng
cach tir goc O dén (R) bang 2.

Bai 94. Cho mit cau (S): (x + 2)% + (y — 1)* + 2% = 26 va duong thang
x-2 y+5 z+10

d: 1 5 . Tim toa do diém M e (S) sao cho dudong thing
OM vudng goéc dudng thang d va OM = 11 (O 1a géc toa dd)
. 13 -9 -17
Papso: (1,-3, 1); | — —; —
p s0: : [7 77 j
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X=m
Bai 95. Cho duong thdng A;: {y =m+1 (t 1a tham s6) va hai méat phéng:
z=-1+t

Prmx+y-mz-1=0; (Q:x-my+z—-m=0

a) Tim m dé hai mat phang (P) va (Q) cit nhau.

b) Goi Ay 1a giao tuyén cua (P) va (Q). Viét phuong trinh tham s6 cta

duong thang A,.
¢) Tim m dé d(Oz, A;) = d(Oz, Ay)
Pép s6: m = 0.

Bai 96. Cho hai duong théng:

d; 12 giao tuyén cta hai mit phng: mx +3y—-3=0;x+3z2-6=0

d, 1a giao tuyén cha hai mat phdng: x—mz-m=0;y—-z+1=0

Tim m dé hai dubng thang d; va d, cit nhau tai diém I sao cho OI = %
(O 1a goc toa do)
Papso:m=1
Bai 97. Cho dubng thing (d,): XF1-m _y=-2m _z-1
+2 -2 m+ 3
(m # -2 va m # —3). Chiing minh ring khi m thay ddi, (dy,) lubn nim
trén mot mat phéng co dinh

Papso:2x—y—-2z+4=0
1 y-2 z-3
3

Bai 98. Cho dudng théng d;: X; va hai diém

A(5, 4, 3), B(6, 7, 2)

a) Viét phuong trinh duong thang d, di qua hai diém A, B. Chiing minh
rang d; va d, chéo nhau.

b) Tim diém C e d; sao cho AABC c6 dién tich nhé nhat. Tinh gia tri
nhé nhat dé.

J/66

Dap so: C(3, 5, 4), e

Bai 99. Cho duong théng d: ?: y-1_z-3

va ba diém A(1, 0, -1),
1 -2

B2, 3,-1),C (1, 3, 1.

a) Tim diém D trén d sao cho ti dién ABCD c6 thé tich bang 1.

b) Viét phuong trinh cia duong thing di qua truc tdm H cia AABC va
vudng géc miat phang (ABC).
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x-1 y-3 z+1
-2 3
Bai 100. Cho ba diém A(1, -2, -5), B(1, -1, 0), C(3, -2, 2)

a) Goi E la diém doi xing cia A qua dudng thing BC; F 1a diém doi
xting cila A qua mat phang (Oxz). Viét phuong trinh tham s cta
duong thing EF

b) Tim m dé mat cau (S): x> + y* + 2> — 4x + 6y + 9 — 2m = 0 tiép xuc
duong thang EF. Tinh khodng cach tit E dén tiép diém caa (S) va
duong thing EF.

Bai 101. Cho hai diém A(6, 2, -5), B(-4, 0, 7)
a) Viét phuong trinh mat cau (S) duong kinh AB.
b) Viét phuong trinh mat phang (P) tiép xdc véi (S) tai diém A.

Dap so:

c¢) Tim toa do diém M thudc mit phang (Q): 5x + y — 6z + 3 = 0 sao cho
duong thang qua M, vudng géc (Q) va cat (S) tai hai diém, dong thoi
khoang cach giita hai diém dé6 16n nhat.

x=4+2t
Bai 102. Cho mat cau (S): x* + y* + z° = 6 va duong thang d: {y = -t
z=-2+2t

Tim toa do diém M trén d sao cho dudng thing A qua M, vudng géc mat
phing (P): x — 2z + 5 = 0 va cit (S) tai 2 diém A, B théa AB = 2.5.

Bai 103. Cho mat cau (S): x> + y* + 2% + 4x — 2y + 10z — 19 = 0, duong

thing d: X=° — y‘16 _2=1 05 9 diém A2, 1, 2), B, 4, 1). Tim toa
do diém M trén d sao cho dudng thang A qua M, song song dudng thang
AB va ct (S) tai 2 diém C, D théa CD = /14 .

Bai 104. Cho mat cau (S): (x — 2)* + (y + 2)* + (z — 3)* = 6 va mat phang
(P): —=6x + 2y — 2z + 15 = 0. Tim toa dd diém M e (S) sao cho tiép tuyén
tai M véi (S) qua goc toa do O va vudng géc mat phang (P).

x=1-t
Bai 105. Cho mit phang (P):y — 3z + 2 = 0 va dudng thing d: <y =4+t
z=-3+2t

Tim diém A trén (P) va diém B trén d sao cho dudng thing AB vudng
g6c mit phing (P) va AB = 2410 .

Bai 106. Cho mat phang (P): 6x + 2y — 5z — 25 = 0 va hai dudng thing
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x=2+t x=5-t'
di: <y =-2t ;d,:qy =38t
z=-4-t z=1t

Tim diém A trén d; va diém B trén d, sao cho duong thang AB song

song mit phang (P) va AB = /26.

-1 y-4 z+3
==

diém N e Oy sao cho MN = J6 va khoang céach tir N dén mat phéng

(Oxz) bang 2.

. Tim diéfm M e d va

Bai 107. Cho duong thang d: =

x=-2+t
Bai 108. Cho duong thidng d: {y =1-3t
z=2-2t

va ba diém A(0, 2, 0), B(1, 3, -1), C(1, 1, -3).

a) Tim diém M trén d d& thé tich td dién ABCM bing 1—31 .

b) Tim diém D dé ti gidc ABCD 12 hinh binh hanh.
¢) Tinh thé tich khéi chép S.ABCD, biét diém S trén d va mat phing
(SAB) tao v6i mat phing day goc 60°.

Bai 109. Cho khoi chop S.ABC c6 A(1, 2, 0), B(-2, 2, 0), C(-5, 1, 0) va dinh
thudc truc Oz sao cho mit phang (SAB) hop v6i mit phang day goéc 30°.
Tinh thé tich khéi chép.

Bai 110. Cho hai diém A(-3, 1, -2), B(1, -1, 2) va mat phang

P):x—Cm+ 1z-m?>+m-—1=0. Goi A’ 1a diém d6i xtiing ctia A qua
mat phang (Oyz); B’ 1a diém dé6i xing ctia B qua truc Oz.

a) Tim m dé dudng thang A'B’ song song mit phang (P).
b) Tim m d& mat phang (P) 1a mit phang trung truc ctia doan thang A'B'.
¢) Tim m dé duong thang A'B’ tao v6i mat phing (P) géc 45°.
Bai 111. Cho ba diém A(1, -2, 0), B(-2, 1, 3), C(4, -2, -3)
Tim toa do diém M thudc mit phing (P): x — 2z + 3 = 0 sao cho:
a) ‘m +MB + m‘ nho nhAt.

b) \4MA +MB + MC] nhé nhat
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¢) |MA + 2MB + MC| nhé nhat

x=t x=1+2t
Bai 112. Cho 2 duong thidng d: {y=1-t ;d: {y =3+t
z=5+2t z=1-2t'

va diém I[§,§,4j
22

1. Chiing minh rang d, d’ va I cing nim trén mot mat phéng.

2. Goi A la giao diém cia d va d’; A 1a dudng thing di qua I va cit d,
d’ 1an lugt tai hai diém M, N (khac A). Viét phuong trinh duong

thang A biét:

a) I 1a trung diém MN. b) AIMN vudng tai M.

c¢) Khoang cach tir A dén A 16n nhat.

d ﬂ J_ . X4c dinh toa do hai diém M, N.

AN
x=t x=1-2t'
Bai 113. Cho hai duong théng d: {y =2-2t vad: {y =2+t

z=1t z=1+4t’'

a) Chiing minh riang d va d’ khong cit nhau va vudng géc nhau.

b) Viét phuong trinh duong théng d; song song truc Oz va cit hai dudong
thang d, d'.

c) Viét phuong trinh dudng thing d, vudng géc mat phang (Oxz) va cit
hai dudong thang d, d'.

d) Viét phuong trinh mét cau c¢6 ban kinh nhé nhat va ti€p xdc hai
duong thang d, d.

. ( 16)2 ( 34)2 ( 10)2 2
Papso: |[x—— | +|y——| +|z——| ==
21 21 21) 7

Bai 114. Cho ba diém A(1, -2, 3), B(-1, 2, -3), C(1, 3, —4).

a) Viét phuong trinh mat ciu tdAm A va tiép xdc véi duong thang BC.
Tim toa do ti€p diém.

b) Viét phuong trinh mit cau c6 tdm thudc dudong thing BC va qua 2
diém A, B.

¢) Viét phuong trinh miét cau qua hai diém A, B va c6 tam thudc truc Ox.
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d) Viét phuong trinh mit cau qua ba diém A, B, C va c6 tam thudc mat
phang (Oxy).

e) Viét phuong trinh mét cau qua ba diém A, B, C va c6 tam cach mat
phéng (ABC) mot doan bing /3.

f) Viét phuong trinh mat cau tam A va chin trén truc Ox mot doan
théng c6 do dai bang do dai doan BC.
Bai 115. Cho ba diém A(2,0, -1), B(-1,3, -3), C(5, -3, —5)
1. Tim toa dd diém M thudc mit phing (Oxy) sao cho:
a) Khoang cach tit M dén trong tam ciia AABC nho nhat
Pap s6: M(2, 0, 0)
b) Do dai vects 2MA + 5MB + 5MC nhé nhat
Dap so6: M(2, 0, 0)
c¢) Thé tich ti diéen MABC 16n nhat biét OM = 3 (O 1a goc toa do)
pap s {2575 )

2. Tim toa do diém N thudc mit phing (P): x — 2y — z + 1 = 0 sao cho do
dai vectd 2NA + 5NB + 5NC nhé nhat

Dép s6: N(ll 13 29)
12° 67 12
x=t
Bai 116. Cho mit ciu (S): x> + y* + z2 = 9 va dudong thdng d: {y =1+t
z=1+t

a) Tim tdm va ban kinh ctia duong tron (C) 1a giao tuyén clia mat phing
(P): z -1 = 0 va mat cau (S).

b) Viét phuong trinh mat cau (S;) chta (C) va chin trén duong thang d
mot doan c6 do dai bang 14 )
J3
Papso:x*+y +(z+3°=25
¢) Viét phuong trinh mét cau (S, ) chia (C) va chin trén duong thang d
mot doan c6 do dai nhod nhat.

Papso: x> +y* + (z—2)* =10
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x=1
Bai 117. Cho hai duong thang: d: g _y-lz+l g y=t

1 -1
z=1+t

a) Ching minh rang d va d’ chéo nhau.
b) Viét phuong trinh mat phang (P) chia d’ va song song d.
Papst:x—y+z-2=0
c) Piém M di dong trén d, hai diém A va B di dong trén d’ sao cho
AB = /3. Tinh gia tri nhé nhat cia dién tich tam gidc MAB.

.2
Pap s0: —
p \/g

Bai 118. Cho ba diém A(4, -1, 2), B(1, 2, 2), C(1, -1, 5).
a) Tinh thé tich khéi ti dién gi6i han béi mat phédng (ABC) va ba mat
phang toa do. Pap so: %

b) Viét phuong trinh truc clia dudng tron ngoai ti€p tam giac ABC.

x=2+t
Pap s6: <y =t
z=3+1t

¢) Tim toa @0 diém D sao cho ABCD Il ti dién déu.
DPap so: D4, 2, 5); (0, -2, 1)

= Giai cac bai tap sau day bang phuong phap toa do:

Bai 119. Cho khéi lang tru tam giac déu ABC.A'B'C" ¢6 chiéu cao bang h.
Biét AB' vudng goc BC'. Tinh thé tich khaoi ling tru theo h.

Bai 120. Cho hinh chép S.ABCD c6 day la hinh vudong canh a, SA = SB = a,
mit phang (SAB) vuéng géc méit phang (ABCD). Tinh thé tich hinh cau
ngoai tiép hinh chop.

Bai 121. Cho hinh 1ap phuong ABCD.A'B'C'D’ ¢6 canh bing a. Tim diém I
thudc canh AA’ sao cho mit phang (BD'I) cat hinh 1ap phuong theo mot
thiét dién c6 dién tich nhé nhat

Bai 122. Cho hinh chép S.ABCD c¢6 day 1a hinh thoi canh a, BAD= 60°,

SA=SB=AD-= §

a) Tinh thé tich khoi chép. b) Tinh géc giita hai dudng thang SB va AD.

Bai 123. Cho hinh chép S.ABCD c6 d4ay la hinh thoi tam O, canh a;
BAD = 60°, duong cao SO ciia hinh chép bang a. Tinh khodng cach giiia
hai dudng thing AD va SB.
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MUC LUC

L1 NOI PAU

Phdn I: HINH GIAI TICH TREN MAT PHANG (Oxy)
Bai 1. PHUGNG PHAP TOA BO TREN MAT PHANG (Oxy)
Bai 2. PUSNG THANG
Bai 3. PUCGNG TRON
Bdi 4. ELIP
Bai 5. HYPERBOL
Bai 6. PARABOL

Phén 2: HINH HOC KHONG GIAN
Bai 1. QUAN HE SONG SONG VA VUONG GOC
Bai 2. QUAN HE VUONG GOC
Bai 3. CAC BAI TOAN TiNH THE TICH

Phén 3: HINH GIAI TICH TRONG KHONG GIAN (Oxyz)
Bai 1. HE TOA BO TRONG KHONG GIAN
Bai 2. MAT PHANG VA CAC BAI TOAN LIEN QUAN
Bai 3. MAT CAU
Bai 4. PUSNG THANG VA CAC BAI TOAN LIEN QUAN
BAI TAP ON TONG HOP
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