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CHUONG 1

PHEP TINH VI PHAN HAM MOT BIEN

A. HAM SO

1. HAM SO SO CAP CO BAN
1.1. Ham liiy thira y = x* (o : Const)

Mién xac dinh D cua ham s6 y = x* phu thudc vao a. Truong hop o 13 sb vo ti, ta co
D =[0; o) néu a >0; D =(0; +0) néu a <0.

1.2. Him sé mii: y =a*(0 <a = 1 : Const)
Ham s6 y=a"co mién xac dinh D = R, mién gia tri 1a (0; +oo).
1.3. Ham s6 logarit: y = log,x (0 <a # 1 : Const)

Ham s6 y = log,x co mién xac dinh D = (0; +0), mién giatrila R. Nhic lai mot s6 cong
thure:

V6i0<a, b#1;x x,x,>0va y, aeR, ta co:

< x =a’. Péc biét, log,1=0; log,a =1.

0 {y=10gax
x>0

2) a'%> = x,

3) log, (x,x,) = log, (x,) + log, (x,).

4) log,(X1) = log, (x,) - log, (x,).
X

2
DPéc biét, loga(l) = - log, (x).
X
5) log, (x") =a log, (x).
6) log . (x) = log,(x) (a = 0.
(04

7) log,x = log,b.log, x;
log,x

log, x = .
%8 = 1og b

8) Inx = log x : Logarit Népe cla x.
lgx = log,,x : Logarit thap phén cia x.
Vi du: Tinh A =log;325.

Giai: A =log, 25 - 222 1 954947126
In13




1.4. Ham s6 lwong giac va ham ngwoc

1.4.1. Ham y = sinx va y =arcsinx:

Y
4 True Sin
1|B
K F———- M
a
A T
3 o = X
1|8
Véi -1 <a <1, tadinh nghia:
sina = a;
arcsina = o <
I <ac< E.
2 2

Khi d6 arcsina (-1 < a < 1) duoc xac dinh duy nhat. Nhu vay, y= arcsinx 14 ham sé ¢6 tinh
chat sau:

. Mién xac dinh: D = [-1;1].
“ . . T T

° Mién gia tri: [——;—].
gia tri: [ 5 2]

° Voce[—g;g],Vae[—l;l];sinoc:a<:>arcsina:a.

. y = arcsinx 1a ham s0 1¢, nghia la arcsin(—x) = — arcsinx.

Vi du: arcsin(1/2) = n/6; arcsin(—\/g/Z) =— arcsin(\/§/2) = —n/3; arcsin(—1/2) = m/6;
arcsin(—3/4) = — arcsin(3/4) ~ — 0,848062079; arcsin(—4) khong ton tai.

1.4.2. Ham y = cosx va y =arccosx:



M
L
A
— X Truc Cos

Vo1 -1 <a <1, ta dinh nghia:

cosa = a;
O0<a<m

arccosa = o < {

Khi d6 arccosa (-1 < a < 1) dugc xac dinh duy nhét. Nhu vay, y= arccosx la ham sb co
tinh chat sau:

e Mién x4c dinh: D =[-1;1].
e Mién gié tri: [0;7].
. Vo €[0;n],Va € [-1;1];cosa = a < arccosa = a.

. arccos(— X) = 1T — arccosx.

Vi du: arccos(1/2) = nt/3; arccos(—\/§/2) =7 - arccos(\/§/2) =n — /6 = 571/6;
arccos(—/2 /2) = 1t — arccos(~/2 /2)= 37/4; arccos(—3/4) = 1 - arccos(3/4)~ 2,418858406;

arccos(— 4) khong ton tai.

1.4.3. Ham y = tgx va y =arctgx:

Z
A ATruc Tang
1|8
M P
a
A 0 pal _
-1 T "X
BE




Véi a € R, ta dinh nghia:

tga = a;
arctga = o & o T
—§<a<—

Khi d6 arctga duoc xac dinh duy nhat. Nhu vay, y= arctgx 1a ham s6 c6 tinh chét sau:

Mién x4c dinh: D = R.

X T T
Mién gia tri: (——=;-).
g 1 2’9

Va e (—g;g),Va e R,tga = a < arctga = a.

y = arctgx 14 ham s6 16, nghia 1a arctg(—x) = — arctgx.

Vi du: arctgl = 1/4; arctg(—/3/3) = — arctg(~/3/3) = — 1/6; arctg(—1)= —n/4;
arctg(3/4) = 0,643501108; arctg(— 4) ~ —1,3258.

1.4.4. Ham y = cotgx va y =arccotgx:

Q
= I Truc Cotang

- X
= 0 i
1|8
Véia € R, ta dinh nghia:
cotga = a;
arccotga = a <
O<a<m.

Khi d6 arccotga dugc xac dinh duy nhat. Nhu vy, y= arccotgx 1a ham s c6 tinh chit sau:
Mién xéc dinh: D = R.

Mién gia tri: (0;7).

Va € (0;m),Va € R,cot ga = a < arccot ga = a.

arccotg(—x) = T — arccotgx.

Vi du: arccotgl = n/4; arccotg(—\/§/3) =7 - arccotg(\/§/3) =n—mn/3=2mn/3;
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arccotg(—\/g) =7 - arccotg(\/g) =n — /6 =571/6;

arccotg(3/4) = n/2 — arctg(3/4) = 0,927295218

arccotg(—4) = m/2 — arctg(—4) = /2 + arctgd ~ 2,89661399.
trong do ta da sir dung tinh chét sau:

1.4.5. Tinh chit:

1) V6i moi —1 <x <1, arcsinx + arccosx = 1/2.

2) V61 moi x, arctgx + arccotgx = /2.

2. HAM SO SO CAP

Ham s06 so cap l1a ham s6 dugc xay dung tir cadc ham hang va cac ham s6 so cap co ban qua
cac phép toan dai so: cong, trir, nhan, chia va phép hop ndi anh xa.

Vidu: y =1In(1+ V2x) 12 mot ham sb so cép.

sin 6x

néu x < 0; o .
y=9 X > khong 1a ham so so cap.
cos3x  néux> 0.



B. GIOI HAN
1. PINH NGHIA VA TINH CHAT

1.1. Pinh nghia. 1) Cho ham sd f(x) x4c dinh trén mot khoang chira x, (c6 thé loai trir xo).
Ta n6i f(x) c6 gi6i han 1a Le R khi x tién vé xo, néu f(x) c6 thé gan L tuy y khi x tién sat dén x,.

Ky hi¢u: limf(x) =L hay f(x) > L khix — x,.

X*)XO

Chinh x4c hon, theo ngdn ngir todn hoc, ta co:

limf(x)=L < VvVe>0,36>0,VxeR,0<lx-x,I<d=1f(x)-Lle

X=X,

< Ve>0,36>0,Vxe R, x, -0<x#x,<Xx,+0=>[f(x)-Ll<e

’/—-x :}ﬂx\

I{u- i) l"{u Ku+ &

Minh hoa:

Ir|.-"""-\.‘
—
_|_--..-*'
[+r]

£ L

2) Cho ham s6 f(x) xac dinh trén mot khoang c6 dang (a;x). Ta noi f(x) c6 gidi han la Le
R khi x tién vé& x, bén trai, néu f(x) c6 thé gan L tiy ¥ khi x tién sat dén x, vé phia bén trai.

Ky hiéu: hm f(x) =L hay f(x) > L khix—> x;.

Chinh xac hon, theo ngon nglr toan hoc, ta co:

limf(x) =L < Ve>0,36>0,vxeR,0<x,-x<0=If(x)-Llke

x = fix)
a‘/f_‘ \ E

0

Minh hoa:

- - - -
L. ¢ . }
Xp- O Ku L-& L L+g

3) Cho ham s6 f(x) xéc dinh trén mot khoang c6 dang (xo;b). Ta noi f(x) c6 gidi han la Le
R khi x tién vé x, bén phai, néu f(x) c¢6 thé gan L tuy ¥ khi x tién sat dén x, vé phia bén phai.

Ky hiéu: 11m f(x)=L hay f(x) > L khix— x,.

Chinh xac hon, theo ngdn ngit toan hoc, ta co:
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limf(x) =L <©Vve>0,36>0,VxeR,0<x-x,<0=>1f(x)-Lle

x = f(x)
/ \:-\ e

0

Minh hoa:

- - - -
. e
Xp Xp+ O L-& L L+g

Nhu vay, tir cac dinh nghia trén ta suy ra;

lim f(x) = L;
limfx)=L <1 °
XX llm f(X) = L

4) Tuong tu, ta dinh nghia dugc céc gidi han:

lim f(x) = +o0; lim f(x) = —o0; lim f(x) = o0;....

X*)XO }(4))(0 X*)XO

1.2. Pinh ly. Cho cac ham sd f(x), g(x) khi x— x,. Khi d6, v6i a, b €R, ta co:
1) Néu f(x) —a, g(x) —b thi:
f(x) + g(x) > a+b;
f(x) — g(x) >a—-b;
f(x)g(x) — ab;
f(x)/g(x) — a/b (néu b = 0).
2) Néu f(x) —a, g(x) —oo thi f(x) + g(x) — .
3) Néu f(x) >+, g(x) >+ thi f(x) + g(x) — +o.
4) Néu f(x) »a#0, g(x) > thi f(x)g(x) — .
5) Néu f(x) >, g(x) >0 thi  f(x)g(x) —>0.
6) Néu f(x) »a =0, g(x) >0 thi f(x)/g(x) — .
7) Néu f(x) —>a, g(x) >+ thi f(x)/g(x) > 0.
8) Néu f(x) »>oo, g(x) —b thi f(x)/g(x) — .
9) Néu f(x) »a> 1, g(x) >+ thi f(x)&™ — +oo.
Néu f(x) >avoi0<a<1, g(x) >+othi f(x)¥™ — 0.
10) Néu f(x) —a thi [f(x)| — [al.
11) f(x) >0 < [f(x)] = 0.

12) (Giéi han kep) Gia st f(x) < h(x) < g(x), Vx kha gan x, va f(x) - a; g(x) — a. Khi
do h(x) —a.

11



1.3. Pinh ly. Cho f(x) 1a mot ham s6 so cdp xac dinh tai x,. Khi d6
lim f(x) = f(x,).

X—)XO

1-cos2x 1-cosm _

Vidu: 1) lim— 2.
oy SInX sin ©
2
. l+cos2x < qe < e . .
2)lim———=0c (vi lim(1+cos2x)=1+cos0=2 va limsinx =sin0 = 0)
x—0 sSin X x—0 x—0

1.4. Cac dang v6 dinh trong giéi han:
Co tatca7 dang v6 dinh trong gidi han, do la:
0 o

. . . 1°. 0. 0
0 —o0; Qoo; — ; 175 075 o,

-

1) Dang o —oo: Khi f(x) — +o0 (— o) va g(x) — +oo (= o0) thi ta noi lim (f(x) — g(x)) c6
dang v6 dinh o — 0.

2) Dang O : Khi f(x) > 0 va g(x)—o thi ta n6i lim f(x)g(x) c6 dang vd dinh O (Luu
v : f(x) = 0 khong c6 nghia 1a f(x) = 0).

3) Tuong tu cho 5 dang con lai.

Ta no6i cac dang trén la cac dang vo dinh vi khong c6 qui tac chung dé xac dinh gia tri cua
gidi han néu chi dya vao cac gidi han thanh phan.

Pé tinh cac gidi han c6 dang vo dinh, ta can bién ddi dé lam mat di dang v6 dinh, goi la
khur dang vo dinh.

2. HAM TUONG DPUONG

2.1. Pinh nghia. Cho cic ham sé f(x), g(x) xac dinh va khong triét tiéu trén mot khoang
chira x, (co thé loai trir Xp). Ta noéi f(x) twong duong véi g(x) khi x —x, ky hi¢u f(x)~ g(x) khi

X —Xo, néu lim@ =1.
XX, g(X)
Nhu vay,
f(x) ~ g(x) lim@ =1
XX, g(x)

(f(x),g(x) = 0)

Céc tinh chét sau duoc thoa:
1) f(x)~ f(x).
2) f(x) ~ g(x) = g(x) ~ f(x).

12



3) f(x) ~g(x)vagx)~hx) = f(x) ~ h(x).
2.2.Pinh1y. 1) Néu f(x) > L e R,L#0, thi f(x)~L.
2) Néu f(x) ~ g(x) va g(x) = A thi f(x) > A.

fi(x) ~gx; . %fl(X)fZ(X) ~ 8,08, (x);
thi

3) Néu {fz(x) - . ix) g

f,x) g,(x)

4) Néu f(x) ~ g(x) thi ¥f(x) ~ /g(x) (gia sir cac cin co nghia).
Chuy:
e Takhong thé viét f(x) ~ 0 hay f(x) ~ oo (ngay ca khi f(x) —0 hay f(x) —©) vi diéu
nay vo nghia!
f,(x) ~ g,(x); f(x)+£,(x) ~ g,(x) + g,(x);
fz(x) -~ gz(X)- fl(X> - fz(X) - gl(X) - gz(X)‘

Chirng minh: 1) Néu f(x) —» Le R, L= 0, thi 1im% =1 nén f(x) ~ L (¢ day L dugc xem

nhu ham hang).

2) Néu f(x) ~ g(x) va g(x) — A thi f(x) = gg(x) —->1A=A.

g(x)

f(x) ~ g,(x);

Khi do
f2 (X) - gz (X)-

3) Gia sﬁ{
£® i B

lim =
g, (x) g,(x)

1.
tr do
m—fl(x)fQ(X) = lim f,x) Jdim £,(x)
g,(x)g, (%) g,(x) g,(x)
im 0100 g B0 g 2O
g,(x)/ g, (x) g,(x) g,(x)
f,(f,(x) ~ g,(x)g,(x);
Suy ra 1 f, (%) B g,(x)
f,(x) g,(x)

4) Gia sir f(x) ~ g(x). Khi d6

lim ) i EX) iy g
Ve (x) g(x)

=11=1;

=1/1=1.

Suy ra ¥f(x) ~ yg(x).

13



2.3.Mdt s6 giéi han va twong dwong co ban:

GIOI HAN TUONG PUONG
1in01 sinx _ (x: rad) sinx ~ x khi x—0 (x: rad)
X X
lim 275X _ 1 rag) 1~ cosx~= x? khi x>0 (x: rad)
x—0 X 2 2

limtg =1 (x: rad)

tgx ~ x khi x—0 (x: rad)

e limlnx =+00; limlnx = —oo.
X—>+00 x—0"
e limtgx =+o0; lim tgx = —o0.
T T

X—>— X—>—
2 2

X—>+0 X—>—0

. lim(l + lj =e

e limarctgx =—; limarctgx = —g.

lim(l + x)i =e.

X—>0 X x—0

x—0 X

. arcsinx arcsinx ~ x khi x—0
Iim————— =1

x—0 X
lim arctgx _ 1 arctgx ~ x khi x—0
x—0 X

. e -1 e’ — 1~ x khi x>0
lim =1

x—0 X
lim Ind+x) _ 1 In(1+ x) ~ x khi x—>0
x—0 X
o + (x_ ~ 1

lim(1+x) 1=a (1+x)" =1 ~ ax khi x—=0 (a # 0)
x—0 X
e lime* = +oo; lilp e* =0. e Khi x—00:

a X"+ a, X"+ X" ~ apx™

e Khi x— 0:

a X"+ a, X"+ X" ~ apX

(m<n;a,#0;a,#0)

Vi du. Tinh cac gidi han sau:

In cos 2x

(x* —5x +4)arcsin(x® — x) _

a)L, =llm————; b) L., =1lim
1 x50 (x% + 3x)sinx 2 xol

o L. = lim 3x% —5x% +4x+2
P oxow x® _Bhx’ +14x* +1°

Gidi. a) L, = lim— 252X Khi x>0 ta c6

x>0 (x2 4+ 3x)sin x

(e*—e)1-+v4x-3)

Incos2x = In[1 + (cos2x —1)] ~ cos2x —1 ~ — (1/2)(2x)* = -2x> (1)

14




x>+ 3x ~ 3x (2)

sinx ~ X 3)
Tir (2) va (3) ta suy ra: (x> + 3x)sinx ~ 3x.x = 3x° 4)
Tu (1) va (4) ta suy ra:
Incos2x  —2x* 2
(x? +3x)sinx  3x° 3

Dodo L, = _2

3

2 : 2
b) L, = lim X =X DAresin’ =) po i g = (11 . Khi x> ta c6 t —0. Do d6

L (e —e)(1-+/4x-3)

(x* — Bx + 4) arcsin(x® — x) (t? — 3t)arcsin(t® + t)

L, = lim =lim .
L (@ —e)1-+4x-3) 0 g(et — 1)1 —1+4t)
Khi t—0 ta co6:
t* — 3t ~ —3t, (1)
arcsin(t? + t) ~t2 +t ~ t. (2)
Tu (1) va (2) ta co6:
(t* — 3t) arcsin(t® + t) ~ —3t.t ~ —3t". (3)
Mat khac,
e —1~t 4)
1
1-J1+4 =1—(1+4t)2~—%(4t)=—2t (5)
Tu (4) va (5) ta co: e(e' —1)(1—+/1+4t) ~ et(-2t) = 2et? (6)
Tu (3) va (6) ta suy ra:
(t* —3t)arcsin(t’ +t)  -3t* L3
ele — 11 -1+4t) —2et® 2e
Do do L, = i
2e

8 g6
c) L, =lim 35( 57X +4X4+2 .Khi x—>o0 ta cod
oo x° —Bx" +14x" +1

3x - 5x8 + 4x +2 ~ 3x8
x5 5%+ 14x*+ 1 ~x°

3x® - Hx® + 4x + 2 B 3x®
x® —5x" +14x* +1 x®

Suy ra — 3. Dodo L, =3.
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3. VO CUNG BE (VCB)-VO CUNG LON
3.1. VO CUNG BE (VCB)
1) Pinh nghia. Ta néi f(x) 1a mot VCB khi x—xo néu lim f(x) = 0.

XX,

2) So sanh hai VCB: Cho f(x) va g(x) 13 VCB khi x — xo. Gid stt lim fi—x; - L
ox g(x

a) Néu L = 0 thi ta ndi VCB f(x) c6 cip cao hon VCB g(x).
b) Néu L =oo thi ta néi VCB f(x) c6 cap thdp hon VCB g(x).
¢) Néu 0 <|L| < +oo thi tanéi hai VCB f(x) va g(x) c6 cting cap.
3) Bac caa VCB khi x — 0: Cho f(x) 1a mét VCB khi x—0. Ta néi VCB f(x) co cap o khi
chon x lam VCB chinh néu:
f(x) ~ ax“ khi x—0
trongdda=0 vao>0.

Nhan xét: Cac dinh nghia trong 2) va 3) tuong thich nhau khi ta so sdinh hai VCB khi
x — 0.

Vi du: Khi x—0, 1 —cos4x 1a mot VCB cép 2 vi
1
1-cos4x ~ 5(4X)2 = 8x”. vag col cueng cadp thaap cao hon

4) Tong (hiéu) hai VCB: Cho f(x), g(x) 1a hai VCB khi x— X,.
a) Néu f(x) va g(x) khong c6 cung cip thi

fx) + g(x) ~ {f(X) néu f(x) c6 cap thap hon g(x);

g(x) néu f(x) c6 cap cao hon g(x).

b) Néu f(x) va g(x) co cung cap nhung khong tuong dwong thi f(x) — g(x) 1a VCB ¢6 cing
cap voi VCB f(x), hon nita

f(x) ~ f,(x)
= f(x) - g(x) ~ f,(x) — g,(%). (*)
gx) ~ g,(x)
Dic biét, cho f(x), g(x) 1 hai VCB khi x—0 ¢6 cap lan luot 1a o, B:
f(x) ~ ax* (a#0);
g(x) ~bx" (b#0).
Khi d6
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ax” néu o < P;
f(x) — g(x) ~ {-bx" néu o > f;
(a—-b)x* néu a=p;a —-b=0.
Chu y: Truong hop hai VCB {(x) va g(x) tuong duong va f(x) ~ fi(x), g(x) ~ g1(x) thi f(x)
— g(x) 14 VCB ¢6 cép 16n hon VCB f(x) nhung (*) khong con dung.

5) Qui tic giir lai VCB cap bé nhat (Qui tic ngit bé VCB cip cao): Gia str khi x—>Xo,
VCB f(x) dugc phan tich thanh tong ctia nhiéu VCB, trong d6 chi c6 mot VCB cip thap nhét 1a
fo(x). Khi do:

f(x) ~ fo(x) khi x—0.

Chii y: Trudng hop c6 nhiéu VCB cip be nhit trong phan tich cua f(x) thi ta gop cac VCB
do lai, xem nhu 1la mot YCB va dung tinh chat 4b) ¢ trén dé khao sat cap cuia VCB d6, sau do
mai co the &p dung qui tac trén.

3.2. VO CUNG LON (VCL)
1) Pinh nghia: Ta néi f(x) 1a mot VCL khi x—x, néu lim f(x) =

X=X,

2) So sanh hai VCL: Cho f(x) va g(x) 1a VCL khi x —> x,. Gid sir lim 2% = 1

o g(x)
a) Néu L = 0 thi ta n6i VCL f(x) ¢6 cép thip hon VCL g(x).
b) Néu L =co thi ta n6i VCL f(x) ¢ cap cao hon VCL g(x).
¢)Néu 0 <|L|<+oo thi tanéi hai VCL f(x) va g(x) c6 ciing cap.

3) Bac cia VCL khi x — oo: Cho f(x) 1a mot VCL khi x — 0. Ta né1 VCL f(x) c6 cép o
khi chon x lam VCL chinh néu:
f(x) ~ ax* khi x — o
trongdoa=0 vaa>0.

Nhén xét: Cac dinh nghia trong 2) va 3) tuong thich nhau khi ta so sanh hai VCL khi
X —> 00,

Vidu: Khi x = o0, 2x> — 9x* + 5x + 19 VCL cép 3 vi

2x° — 9x* + bx + 19 ~2x°.
4) Tong (hiéu) hai VCL: Cho f(x), g(x) 1a hai VCL khi x— x,.
a) Néu f(x) va g(x) khong c6 cung cip thi

f(x) néu f(x) c6 cdp cao hon g(x);
fx) + g(x) ~ . e
g(x) néu f(x) c6 cap thap hon g(x).
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b) Néu f(x) va g(x) c6 cung cap nhung khéng tuong duong thi f(x) — g(x) 1a VCL ¢6 clng
cap voi VCL {(x), hon nira

f(x) ~ £ (x)
= f(x) - g(x) ~ f,(x) - g,(x). (*)
gx) ~ g, (x)
Dic biét, cho f(x), g(x) 1a hai VCL khi x — oo ¢6 cép lan lugt 1 o, p:
f(x) ~ ax* (a#0);

g(x) ~bxP (b +#0).

Khi do
ax” néu o > f;
f(x) - g(x) ~ < —bx" néu o < P

(a—-b)x* néu a=p;a -b=0.
Chu y: Truong hop hai VCL f(x) va g(x) tuong duong va f(x) ~ fj(x), g(x) ~ gi(x) thi f(x)
— g(x) 6 thé khong 1a VCL hoic 1a VCL ¢6 cap nho hon VCL f(x) nhung (*) khong con dung.

5) Qui tic giir lai VCL cap cao nhét (Qui tic ngat b6 VCL cap thip): Gia su khi x—x,
VCL f(x) dugc phan tich thanh tong cia nhidu VCL, trong d6 chi c6 mot VCL cép cao nhat 1a
fu(x). Khi do
f(x) ~ fu(x) khi x— X,.

Chi y: Trudong hop co nhiéu VCL cip cao nhat trong phén tich cua f(x) thi ta gop céc
VCL d6 lai, xem nhu 13 mét dai luong (c6 thé 1a VCL nhung cling c6 thé khong), va dung tinh
chét 4b) & trén dé khao sat dai luong nay, sau d6 méi c6 thé ap dung qui tic trén.

Vi du: Tinh cac gidi han sau:

— lim(J3x® —4x+ 2 —3x% +4x — 1)

X—>+00

= lim(V3x® —4x + 2 —3x% + 4x — 1)

X—>—0

L
L

L = 1(3{01(\/3;(2 _4x+2 —2x? +4x 1)
L
L
L

— lim@3/2x® + 2x% —83x+1 - 2x® + 3x + 2)

X—>0

= lim3/2x® + 9x® + 1 + 310 + 3x% — 2x%)

X—0

= lim@/2x® + 2x® —83x+1 - ¥x* + 3x + 2)

X—0

arctg(x® + 4x) + In(1 + 3tgx) —

L, =lim

x>0 arctg(4x) + cos 2x — e*

. (x* -6x+8)arctg(x® - 8) +2In(x* —4x + 5) + (x — 2)
L, = lim -

X2 (e*—e’)2-Vx+2)+2x*> -8x+9-—e*?
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Giai.

e L, =lim3x*-4x+2—+/3x* +4x-1)

Khi x— +oo ta ¢o:

A=+3x" —4x+2 ~3x> = Ix143 =x/3. (1)

Bi=/3x>+4x-1~+/3x> ~ Ix1V3=xy3 (2

(Nhu vay, theo trén ta c6 A — B khong la VCL hoac 1a VCL cap nhé hon 1, nhung chua xéac
dinh duoc cap chinh xac 1a bao nhiéu).

, , A2_B2

Ta bién d6i: A-B = .Khi x— tootaco
A+B
A'—B'= 3x"—4x+2)-(3x*+4x—1)=—8x+3~-8x (3)
A+B= 2x/3 (do(1)va(2)) (4)
Tu (3) va (4) ta suy ra:
A-B= - 8x —>—4\/§ khi x— +oo
2x+/3 3

Véy L1: ——4\3/5

o L,=lim@/3x" —4x+2-3x" +4x-1)
Ly luan twong tu khi tinh L, va cha y rang khi x— — oo ta cd
J3x% —4x+2 ~3x% = |x14/3 = —x4/3.
V3x® +4x-1~+/3x" ~ Ix143=-x/3
43
3

Tur do, ta tinh dugc L, =

o L,=1lim3x>—4x+2-2x* +4x-1)
Khi x— oo tacod

A=+3x®—4x+2~+3x% = 1x1V3. B=+2x2+4x-1~-/2x% ~ Ix12.
Suyra A-B~ Ix1(/3-v2) > +0 khi x—>ow.Viy L;=-+o.

e L,=1lim®@2x*+2x> - 3x+1-%2x° + 3x + 2)

Khi x— oo taco

A=2x +2x% -3x+1~¥2x°* = x¥2. (1)

B:=42x® +3x + 2 ~ §2x° = x¥2. )
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(Nhu vay, theo trén ta co6 A — B khong 1a VCL hoac la VCL cap nho hon 1, nhung chua xac
dinh duogc cap chinh xac 1a bao nhiéu).
3 3

Ta bién doi: A - B =%. Khi x— ootacd

A*+AB+B
A’—B’= 2xX°+2x* = 3x+1) - (2x’ + 3x +2) =2x"— 6x — 1 ~ 2%* (3)
A’ ~ x2Y4;:AB~ x*¥4;B*~ x®¥4.Suyra A*+ AB+B’~ 3x%¥4 (4
Tu (3) va (4) ta suy ra:

A- 352";193%=§ Khi x> o.
Vay Ly= %
o Ly=lm@2x" +9x* + 1 +10+3x* - 2x*)
Ly luan tuong tu khi tinh L, va sir dung cong thirc:

3, pd
arB- Lt
tlr d6 ta tinh duge Ls = 23/2.
o L =lim@2x* +2x° - 3x+1-¥x* + 3x+2)
Khi x— oo ta co:
A=32x° +2x* - 3x+1 ~ ¥2x° = x¥/2.
B = m ~ 3’/; = X.
Suyra A-B~ x32-1) > khi x> .
Vay Lg=oo.
e
Khi x—0 ta co:
« arctg(x® + 4x)~ x° + 4x ~ 4x,
In(1+ 3tgx) ~ 3tgx ~ 3x.

Suy ra arctg(x” + 4x) + In(1+ 3tgx)~ 7x
Tir d6 arctg(x” + 4x) + In(1+ 3tgx) — x°~ 7x (1)

« arctg(4x) + cos2x — e* = arctg(4x) + (cos2x — 1) — (e*— 1)
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tg(4x) ~ 4
{arc gldx) — dx = arctg(4x) -(e* — 1) ~ 3x;

e"-1~x
cos2x —1 ~ — (1/2)(2x)* = — 2x°
Suy ra arctg(4x) + cos2x —e* ~ 3x ()
Tu (1) va(2)tacod

. 2 2
arcsin(x” + 4x) + In(1 + 3tgx) — x ~7_)(_)% Khi x 0.

arctg(4x) + cos 2x — e* 3x
A 7
Vay L. = —.
ay 773
* 1 —lim (x* — 6x + 8)arctg(x® — 8) + 2In(x* — 4x + 5) + (x — 2)°
ST ()2 Vxi2) 1% 8x19 et

batt=x-2<x=t+2 . Khi x >2tacdét— 0. Do d6
. (x> —6x+8)arctg(x’ - 8) + 2In(x* —4x +5) + (x — 2)°
L; =lim -
X2 (e —e))2-Vx+2)+2x* —8x+9—e*?
. (t* —2t)arctg(t® + 6t% + 12t) + 2In(1 + t*) + t°
= lim 4
50 e’e' - D2 -Vt+4)+2t> +1-¢"

Khi t—0 ta co
« (% = 2t)arctg(t® + 6t° + 12t)~ —2t(t* + 6t* + 12t) ~ —24t>,
2n(1+ ) ~2 ¢
Suy ra (t* — 2t)arctg(t’ + 6t>+ 12t) + 2In(1+ t)~ — 22
Tir d6 (t° — 20)arctg(t+6t+12t)+2In(1+ ) + t'~ — 22> (1)
2
* (e — @2t +4) = (e’ _1)2+JttT4) - #ti ¢

2
Suy ra e’(e' —1)(2—vt+4)+2t* ~ (2 ez)t2
Ma1l-e' ~—t* nén

2
e — 12—t +4) + 22 +1—¢" ~(2 —ez)t2 )

Tu (1) va(2)tacd
(t* —2t)arctg(t’ + 6t +120) + 2In(A + t*) +t° 22t ., 8
ele' D2 -Vt+4)+2t* +1-¢" (2—6—2)‘52 e’ -8
4

Viy Lg= 888.

eZ
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4. DANG VO PINH 1°
Xét gidi han lim f(x)5™ c6 dang vo dinh 17, nghia 1a khi x— a ta ¢6 f(x) =1 va g(x) —o. Ditu

=f(x)— 1. Tacdo u—0.Suyra

1 ug(x) 1 [f(x)-1]g(x)
f(x)*® = (1 +uE™ = {(1 + u)“} = {(1 + u)“}

1
Ma A1+u) > e khi u -0 nén

. lim[f(x)-1]g(x)
lim f(x)8™ = e

X—a

Chu y: Cong thirc trén chi dugc dung cho gidi han c6 dang vo dinh 17

Vi dy. Tinh gi6i hanL = lim(cos 3x)Ex

Giai. D& thiy L c6 dang vo dinh 1”. Ap dung cong thic cho gidi han dang v6 dinh 17, ta ¢6
lim (cos 3x—1)cotg?x

L — ean

Xét L' = lim(cos 3x - 1)cotg®x . Khi x—0 ta co

1o v
cos3x—1 _5(3){)
~ _)__

cos 3x — 1)cotg?x =
( Jeotg tg’x x? 2

9

Do d6 L'=—§.Suyra L=e?2.
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C. LIEN TUC

1. PINH NGHIA VA TINH CHAT
1.1. Dinh nghia.

1) Ham ) f(x) x4c dinh trén mdt khoang chura xy duoc goi la lién tuc tai X, néu
limf(x) = f(x,).

X—Xg

2) Ham ) f(x) xac dinh trén ntra khoang (a; x,] duoc goi la li€n tuc bén trai tai x, néu
lim f(x) = f(x,).

X—>X(

3) Ham ) f(x) xac dinh trén nira khodng [xo; b) duoc goi 1a 1i€n tuc bén phai tai x, néu
lim f(x) = f(x,).

Tir cac dinh nghia trén, ta thiy
f(x) lién tuc bén trai tai x,;
() Tién tuc tai x, < | 0 Hen tue bén trdi tai x,;
f(x) lién tuc bén phai tai x,.
4) f(x) lién tuc trén (a; b) < f(x) lién tuc tai moi x, € (a; b).
f(x) lién tuc trén (a; b);
f(x) lién tuc trén [a; b) & . i .. )
i f(x) lién tuc bén phai tai a.
f(x) lién tuc trén (a; b);
f(x) lién tuc trén (a; b] < . N o (,_ )
f(x) lién tuc bén trai tai b.

f(x) lién tuc trén (a; b);
f(x) lién tuc trén [a; b] < < f(x) lién tuc bén phai tai a;

f(x) lién tuc bén trai tai b.

1.2. Pinh ly. Néu f(x) 1a mot ham s6 so cip xac dinh trén D thi f(x) lién tuc trén D.

Vi du: Pinh cac tham s0 a, b d&€ ham s6 sau lién tuc trén R:

1 - cos6x

> néu x < 0;
X
y=<ax+b néu 0 < x <1
In x -
————— néu x> 1.
X" +2x -3
Giai.
R \ e 1oa _ 1-cosbx , L1 £ L, 4. L .
e Trén (—oo; 0), y trung véi ham f(x) = ————. Vi f(x) 1a ham s6 so cap xac dinh v6i moi
X

x # 0, nén y lién tyc trén (— oo; 0).
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e Trén (0; 1), y trung véi ham g(x) = ax + b. Vi g(x) 1a ham s6 so cip xac dinh v6i moi x €
R, nén y lién tyc trén (0; 1).
Inx

—4x+3
moi x>0, x#1,nény lién tuc trén (1; +o0).

o Trén (1; +), y tring v6i ham h(x) = — . Vi h(x) 1a ham s so cdp xac dinh véi
X

Suy ra

lién tuc tai x = 0;
y lién tuc trén R < Y o (1)
y lién tuc tai x = 1.

y lién tuc bén trai tai x = 0;

e ylién tuctaix =0 <
Y o {y lién tuc bén phai tai x = 0.

limy = y(0);
lir(?y = y(0).

lim 1-cos6x be
= x—0" )(2 ’

lirg} (ax+b) = b.
L 6xp2

o lim 2 s— =Db
x—0" X

< b=18 (2)

o ) y lién tuc bén trai tai x = 1;
eyliéntuctaix=1< L R e
y lién tuc bén phai tai x = 1.
limy = y(1);
x—>1"
limy = y(1).
x—1"

lim(ax + b)= a+b;

x—>1"

&
11m21L = a+b.
1" x° +2x -3
= lim2IL = a+b
-1 x* +2x — 3
1mM =a+bh (t=x1)
t-0" t(t + 4)
= limi = a+b
t—0*
& a+b —l (3)
4

Tu (1), (2) va (3) ta suy ra:
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y lién tuc trén R <

71
a=-—-;

= 4
b = 18.

2. HAM SO LIEN TUC TREN MOT POAN
2.1. Pinh ly. Cho ham s f(x) lién tuc trén doan [a; b]. Khi d6
1) f(x) dat gia tri 16n nhat va gia tri nho nhat trén [a; b], nghia 1a
{HM,m e R,vx e[a;b],m < f(x) < M;
Ix,,x, € R, f(x,) = M;f(x,) =m

2) f(x) dat moi gi4 tri trung gian gitra gia tri 16n nhat M va gia tri nhé nhat m trén [a; b],
nghia la

vm < k <M, 3x, €[a;b],f(x,) =k

Minh hoa:

2.2. H¢ qua. 1) Cho ham s6 f(x) lién tyc trén doan [a; b]. Gia st f(a)f(b) <0, nghia la f(a)
va f(b) trai ddu. Khi 6 phuong trinh f(x) = 0 c6 nghiém trén khoang (a; b), nghia 13 ton tai x,
€(a; b) sao cho f(xq) = 0.

2) Gia str ham s6 f(x) lién tuc trén khoang (a; b) va phuong trinh f(x) = 0 v nghiém trén
khoang nay. Khi do f(x) khong do6i dau trén khoang (a; b).

Vi du 1. Chung minh moi phuong trinh dai s6 bac 1é:
aX"+ a X" . tag=0 (a,#0) (D)
v6i n nguyén duong 1€, luon luon cé nghiém thuc.

Giai. Pat f(x) = a,x" + a,. X" +..+ a9 =0.
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Khi x — —o0, f(X) ~ a,x" — —oo (do 1 1&), nén ton tai a < 0 kha bé sao cho f(a) < 0.
Khi x — +oo, f(x) ~ a,x" — o0, nén ton tai b > 0 khé 16n sao cho f(b) > 0.

Vi ham s f(x) lién tuc trén [a; b] va f(a)f(b) < 0 nén theo hé qua trén, phuong trinh f(x) =
0 c6 nhiém trén [a; b] va do d6 phuong trinh (1) c6 nghiém thyec.

Vi du 2. Giai bt phuong trinh:
(X —6x+5)1-Inx)(x—Vx> —4x+20) <0 (D

Giai. Diéu kién: x >0. it f(x) =(x* —6x+5)(1-Inx)(x—vx> —4x+20). Ta 6 f(x) lién tuc
trén (0; +o0). Hon ntra,

fx)=0 (x> -6x+5)1-Inx)(x —Vx*—4x + 20) =
x*-6x+5=0 x=1vx=5
<|1-lnx=0 Slx=e
x—Vx" —4x+20=0 X=5

Ta lap bang xét diu:
X ‘o 1 e 5 +o0
f(x) ‘ - 0 +0 - 0 -

Luuy rang, do tinh lién tyc, f(x) khong d6i dau trén moi khoang cua bang xét dau. Do d6 ta
chi can thé mot gia tri ciia mdi khoang vao f(x) dé biét dau ciia f(x) trén cac khoang nay. Tir
bang xét ddu trén ta suy ra:

f(x) < 0<x<1hay e<x<5hay x>5.
Do d6, bat phuong trinh (1) ¢6 tip nghiém 1a:
S=(0;1)uU (e;5) U (5; + ).
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D- PAO HAM VA VI PHAN

1. KHAI NIEM PAO HAM
1.1. Pinh nghia. 1) Cho ham f(x) xac dinh trén mot khoang chira xy. Khi cho xy mét ) gia
Ax kha bé thi sé gia tuong ting cua f(x) 1a Ay = f(xo + Ax) — f(xo). Lap ti s6
Ay _ f(x, +Ax) — f(x,)
AxX AX '
Néu ti s6 nay co giéi han 1a A € R khi Ax — 0 thi ta néi f(x) c6 dao ham tai x, va A 1a dao
ham cua f(x) tai x, ky hié¢u f'(xo) = A.

Nhu vay,

Ax—>0 A Ax—>0 AX

2) Tuong tu, ta dinh nghia:
e f(x) c6 dao ham bén trai tai x,, ky hiéu f'(XB) , néu ton tai gidi han hitu han:

f’(xg) _ lim f(xO + AAX) - f(xo).
Ax—0" X

e f(x) c6 dao ham bén phai tai xo, ky hieu f'(Xy) , néu tdn tai giéi han hitu han:

f’(Xg) _ lim f(xO + AAX) - f(xo).
Ax—0" X

3) f(x) c6 dao ham trén (a,b) néu f(x) c6 dao ham tai moi x, (a,b).

4) f(x) c6 dao ham trén [a,b] néu f(x) c6 dao ham trén (a,b) va c6 dao ham bén phai tai a,
dao ham bén trai tai b.

1.2. Y nghia hinh hoc ciia dao ham: Pao ham f'(x,) chinh 1a hé s6 goc cua tiép tuyén vai
duong cong (C): y = f(x) tai diém My(X,y)€(C). Do d6 phuong trinh cta tiép tuyén véi duong
cong (C): y = f(x) tai diem My(X,yo)€(C) la:

Y - ¥y = FX)x-X,)

1.3. Y nghia kinh té ciia dao ham:

1) D;nh nghia: Bién té cua dai lugng y = f(x) theo dai lugng x tai xo, ky hi¢u M,y(xy), 1a
dd bién doi cua dai lugng y khi dai lugng x tang 1én 1 don vi tai x,.

2) Biéu thirc toan hoc ciia bién té:

Gia sir tai X = X, ta cho x mot s gia 1a Ax don vi. Khi d6 d6 bién doi cia dai lugng y = f(x)
la Ay = f(x¢ + AXx) — f(X¢). Do d6 khi x tdng 1 don vi thi d bién d6i trung binh cua dai lugng y
=1(x) la
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& _ f(x, + Ax) - f(x,)
AX Ax '

Pé biét chinh xac do bién d6i cua dai lugng y = f(x) khi x ting 1 don vi tai trang thai (xo,yo) ta
phai chuyén qua gidi han khi Ax — 0. Theo dinh nghia trén, d6 bién d6i do chinh Ia bién té
M,y(Xo) cua y = f(x) theo x tai X, nén

Ay i f(x, + Ax) - f(x,)

M,y(x,) = lim ~ = lim A

=y '(x,).

Nhu vay, bién té cua dai luong y = f(x) theo dai lugng x tai X, chinh 1a dao ham y’(x() = '(Xo)
cua y = f(x) tai xo:

M, y(x,) =y '(xy)

Tong quat, bién té cta dai lugng y = f(x) theo dai lwong x chinh 1a dao ham y’ =f'(x) clay =
f(x):

Al

M,y=y

Ch y: Trong thuc té, bién t& M,y(xo) ctia y = f(x) theo x tai x, xdp xi bang do bién ddi cua
y khi dai lugng x tang lén 1 don vi tur trang thai x = x,.

Vi du: Xeét md hinh san Xuat mot loai san pham. Khi d6 ham tong chi phi C =C(Q) la
ham theo tong san pham Q. Chi phi bién té la:

MC(Q) = C*(Q).
Chang han, v6i ham tong chi phi:
C=Q+2Q%+10

ta co chi phi bién té: MC(Q) =C(Q)= 3Q%+4Q. Tai Q = 100, ta c6 MC(100) = 30400. Nhu vay,
khi dang san xuat voi tong san luong Qo = 100, néu tang tong san lugng 1 don vi thanh Q, =
101, thi tong chi phi s€ tang thém 30400 (Thuyc t€ 1a chi phi tang thém C(Q;) - C(Q,) = 30703).

3) D6 bién ddi tuyét d6i va do bién doi tuong ddi:
Xét dai lugng x. Tai x = x¢, cho x mdt ) gia Ax thi x nhan gia tri moi l1a xy+Ax. Ta noi Ax
Ny Ay aA: o . .o AX Lo . A1k
la dd bién doi tuyét doi cua x tai xo va ti sO — 1a do bién doi tuong doi cua x tai xo. P9 bien
X
d6i twong d6i thuong duoc tinh bang %.

4) Heé s6 co gifin: Hé sb co gidn cua dai luong y = f(x) theo dai luong x tai xo, ky hiéu
€yx(Xo), 1a do bién doi tuong doi cua y khi x tdng twong doi 1én 1%.

5) Biéu thirc toan hoc ciia hé so co gian:
Gia su tai X, ta cho x mdt so gia la Ax don vi. Khi do:
- Do bién doi tuyét doi cua x tai xgl1a Ax.

- Do bién doi tuong doi cua x tai xg la
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AX 100% |

Xy
- D0 bién doi tuyét ddi cua y tai xola:
Ay = f(xo + Ax) — f(Xq).
- Do bién d6i twong ddi cia y tai x, (yo = f(xo)) 1a:
AY 1000, - £ + A1) —£(x,)
Yo Yo

Do d0, tai x = x, khi x ting tvong ddi 1% thi do bién d6i twong ddi trung binh cua dai luong y =
f(x) 1a

.100%

A 100%

Yo _AY Xy
AX 100 X Yo
X,

Pé biét chinh xac do bién doi twong d6i cua dai lugng y = f(x) khi x tang 1 don vi tai trang thai
(X0,Y0) ta phai chuyén qua gidi han khi Ax — 0, Theo dinh nghia trén, do bién d6i tuong doi do
chinh 13 hé s6 co gidn gyx(Xo) cua dai lugng y = f(x) theo dai luong x tai x, nén

Syx(Xo) = llm&ﬁ = y'(Xo)ﬁ

w0 Ay, Yo

Nhu vay, hé s6 co gidn £y,(Xo) cua dai lugng y = f(x) theo dai lugng x tai X, dinh boi:

€, (Xg) = y'(xo)ﬁ

Yo

Téng quat, h¢ s6 co gian g,,(x) cua dai luong y = f(x) theo dai lwong x dinh boi:

£, (X) = y'(x)=
Yy

Vi du. Xét md hinh san xudt mot loai san phdm. Khi d6 ham cau Qp = Q(P) 1a ham giam theo
don gia P. H¢ s6 co gian SQDP thuong dugc viét tat 1a ep. Ta co:

P
b =Q'P)—<0,
€ Q Q

Hé sb co gidn ep cho biét luong cau s& giam bao nhiéu phan tram khi ta ting gia 1%.
Chéng han, v6i ham cau Qp = 1000 — 5P, hé sb co gian gpla:
P 5P

= QWP 0 ="1000_5p
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Tai Py = 120, ep(Py) = —1,5, nghia la khi dang ban véi don gia Py = 120, néu ting gia 1én 1%,
thi luong cau s giam di khoang 1,5%.

1.4. Pinh ly. Néu f(x) c6 dao ham tai x, thi f(x) lién tuc tai X,.

1.5. Chii y. Mot ham sé lién tuc tai xo khong nhat thiét ¢6 dao ham tai diém do.

2. PHUONG PHAP TiNH PAO HAM

2.1. Pinh ly. Gia stir cac ham u = u(x) va v = v(x) c6 cac dao ham u’' =u'(x); v/ = v'(x). Ta

co
L (u+tv)y=u+v
2| (ku) =ku" (k: Const)
3| (uv) =uv+uv
4 ! [/ !
u) _uv —Zuv (v #0)
\
5 ! '
1) - (v#0)
v A

2.2. Pinh Iy (dao ham ciia ham s6 hop). Xét ham hop y = flp(x)]. Néu ham y = f(u) ¢6
dao ham theo bién u la y', = f'(u) va u = @(x) c6 dao ham theo bién x la u’y = @'(x). Khi d6 ham
hop y = flo (x)] c6 dao ham theo bién x 1a y', = y',.u';.

2.3. Pinh Iy (dao ham ciia ham s ngwoc). Gia st ham sd x = g(y) ¢6 ham nguoc 13 y =

f(x). Khi do néu x = g(y) c6 dao ham theo y 1a x'y = g'(y) # 0 va ham ngugc y = f(x) lién tyc theo
bién x thiy = f(x) c6 dao ham theo x dinh boi

Ye=3
y

Vidu: 1) Tinh dao ham cta cac ham s0 y = arcsinx va y = arccosx.
2) Tinh dao ham cua ham y = arctgx va y = arccotgx.

Giai. 1) y = arcsinx (=1 < x < 1; —n/2 < y < 7/2) 1a ham nguoc cua ham x = siny. Véi mdi
—n/2<y<m/2,taco

1
x', =cosy > 0.

Do do6
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, 1 1 1 1

y X = ; = = - = .
X', cosy l1-sin’y 1-x°
Vay (arcsinx)' = = (-1 <x<1),
1-x
Tuong tu, ta co
(arccos x)'=

1
T o (-1<x<1
) ( )

2) y = arctgx (xe R, —1/2 <y < 1/2) 1a ham nguoc cua ham x = tgy. V&i mdi — n/2 <y <
/2, ta co

: 1
X' = 5 =1+tg’y =1+x%
Y cos®y
Do do
, 1 1
Y x' 1+x2
y
Vay (arctgx)' =
1+x2°
Tuong tu, ta co
, 1
(arccot gx)’ = — >
1+x

2.4. Bang dao ham:

PAO HAM HAM SO f(x) PAO HAM HAM SO f(u) v6i u = u(x)
1 [ (C)Y=0 (C: Const) cy (C: Const)
2 | (x% =ox*"! (o Const) U*) =au'u® "' (a: Const)
- Wy =2
2Vx 2u
(1)’ _ 1 (1) _v
X X u u’
3 |(e")=¢" (") =u'e"
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4 | (@") =a'lna (0<a: Const)

(a") =u'a"lna (0 <a: Const)

5 | nixiy=21
X

!

(nluly =2
u

(log, Ix1)' =

xlna

(0 <a=#1: Const)

’

(log, lul) =
ulna

(0 <a# 1: Const)

7 | (sinx)’ = cosx

(sinu)’ =u’cosu

8 | (cosx)' = — sinx (cosu)’ =—u'sinu
9 1 2 ' u, 2 2
! = = t = = ]. + t
(tgx) p—— 1+tg’x (tgu) P u'(1 + tg’u)
10 (cot gu)' — —=— = —u'(1 + cot g*u)
1 9 sin® u
(cotgx)' = ———— = —(1+cot g"x)
SN X
1 (arcsinx)’ = 1 (arcsinu)’ = 4
1-x2 1-u?
12 (arccosx)' = — 1 (arccosu) = — 4
1-x2 1-u?
13 u’
(arc tgx)' = (arctgu)’ =
g + x2 8 1+ u?
14 1 u’
(arccotgx)’ = — (arccotgu)’' = —
g 1+ x2 8 1+ u?

2.5. Pao ham ciia ham sé dang y =u’ véi u=u(x); v=v(x)

D¢ tinh dao ham cua ham so trén ta tién hanh nhu sau:

Lay logarit ca 2 vé cta y = u", ta duoc:
Iny = vlnu

Lay dao ham 2 vé cua (1), ta duoc:

Y
y

Do d6

(M

1

, u
L =v'lnu+v—.

u

y'=w'lnu+ vu—)y =(v'Inu+vou',

u

sinx

Vidu: Tinh dao ham ctia hAmy = x"".

sinx

Giai. Lay logarit ca 2 vé clia y = x

Iny = sinxInx
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Léy dao ham 2 vé cua (1), ta dugc

Y- cosxInx + Sih X
y X
Do d6
. sinx sin X
y' =x""(cosxInx + ).
X
2.6. Dao ham cua ham 4n
Xét phuong trinh
F(x,y)=0 (D

Gia st y = y(x) (x € D) 12 ham s6 thoa F(x,y(x)) = 0 v&i moi x € D. Ta noi y 1a ham 4n
dugc xac dinh bdi phuong trinh (1).

Ta co thé tim dao ham y' cta ham 4an y xac dinh boi phuong trinh (1), theo x va y, ma
khong can xac dinh biéu thirc twdng minh cta ham sb y = y(x), bang cach 1ay dao ham hai vé
cta (1) theo bién x, trong d6 y 1a mot ham theo bién x. Cha ¥ rang khi 1dy dao ham nhu vay ta
phai sir dung dinh 1y vé dao ham ham hop.

Vi du 1: Tim dao ham y' = y'(x) ctia ham an y = y(x) xac dinh boi phwong trinh tgy = xy.
Giai. Liy dao ham hai vé ctia phuong trinh tgy = xy ta dugc
(1+tg’y)y' = y +xy’
Suyra (1 +x+tg’y)y = y. Turdo

o y
1-x+tg’y’

Vi du 2: Tim dao ham y' = y'(0) cia ham 4n y = y(x) xac dinh béi phuong trinh
X —xy—xe’+y—-1=0. ?2)
Giai. Ly dao ham hai vé ctia phuong trinh x* — xy —xe’ +y — 1 = 0. ta dugc
3x*—y—xy —¢' —xe’y’ +y' =0. 3)

Thé x = 0 vao (2) tadugcy=1.Thé x =0,y =1 vao (3) ta dugc —1 —e +y' = 0. Suy ra
y'(0)=1+e.

2.6. Pao ham ciia ham s6 cho béi phwong trinh tham s6

Gia sir ham s6 y phu thudc bién sd x khéng truc tiép ma thong qua mdt bién sb trung gian

x = @(t);
y = y(t)

va ham s6 x = ¢(t) co ham nguoc t = ¢ '(x), hon nita cac ham 9,y va o ' d&u c6 dao ham. Khi
d6hamsd y = y[e ' (x)] cb dao ham theo x. That vdy, ta cd Y=y y.X;. Suy ra
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Vi du 1. Tim dao ham y'= y'(x) ctia ham s6 y = y(x) cho boi phwong trinh tham sd:

x = In(1 + t%);
y = 2t — 2arctgt.

Gidi. Ta co
9__2
y - Yy _ (2t —2arctgt) 7 1442 ¢
X (In(1 + 1;2))fB 2t '
1+t

Vi du 2. Tim dao ham y’= y'(2) ctia ham sé y = y(x) cho bdi phuong trinh tham sb:
X = 2e';
y=t+t°

¥ CYL b+t 1428
X X! (2et); Zet )

t

Giai. Ta co

Taix=2taco2e =2nént=0.Suyray'(2)=1/2.

3. VI PHAN
Cho ham s6 f(x) c¢6 dao ham tai x,. Dat
f(x, + Ax) - f(x,)

X

P(AX) =

- 1'(x,).
Khi d6, ¢(Ax) > 0 khi Ax —» 0, va
f(x, + Ax) - f(x,) = f'(x )AX + Axp(Ax) = {'(x,)AX + 0(AX)

trong d6 0(AX) = AXQ(AX) . Chu y rang

O(A%) _ (Ax) - 0 khi Ax — 0

AX

nén o(Ax) 1a mot VCB cip cao hon VCB Ax khi Ax — 0. Ta néi f(x) kha vi tai x, va vi phan
cua f(x) tai xo [a f'(X)Ax theo dinh nghia sau:

3.1. Pinh nghia. Cho ham s f(x) xac dinh trén mot khoang chtra x. Ta ndi f(x) kha vi tai
Xo néu ton tai mot héng s6 A va mot ham sd o(Ax) 1a VCB cép cao hon VCB Ax khi Ax — 0
sao cho voi moi Ax kha bé ta co
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f(x, + Ax) — f(x,) = AAX + 0(AX).

Khi d6 dai luong AAx dugc goi la vi phan cua f(x) tai diém x, ky hiéu la df(x,). Nhu vay,
df(xo) = AAx.

Ly luén trén cho thay néu f(x) c6 dao ham tai x, thi f(x) kha vi tai x, va df(xo) = f(x0)Ax.
Tong quat hon, ta c6 két qua sau:

3.2. Pinh ly. Ham sé f(x) kha vi tai x khi va chi f(x) c6 dao ham tai x,. Khi d6 vi phan cta
f(x) tai x¢ la df(xq) = f'(x0)Ax.

3.3. Biéu thirc ciia vi phan:
Tir két qua trén, ta co vi phan cua f(x) dinh boi:
df(x) = f'(x)Ax.

Nhén xét rang véi g(x) = x thi g'(x) = 1, do d6 dg(x) = 1.Ax = Ax, nghia 1 dx = Ax. Do d6 ta c6
biéu thirc cia vi phan cia f(x) nhu sau:

df(x) = f'(x)dx

Chu y. Do cong thuc trén, ta co:

df (x)

o= dx

3.4. Y nghia ciia vi phan va cong thirc tinh gin ding:
Cho ham s6 f(x) kha vi tai x,. Khi d6 voi moi Ax kha bé ta co
f(x0 + Ax) — f(xo) = f'(x0 )AX + 0(AX) .
Vi o(Ax) 12 VCB cip cao hon VCB Ax khi Ax — 0 nén khi Ax kha bé ta c6
f(x, + Ax) - f(x,) = {'(x,)Ax.

Noi cach khac, khi Ax kha bé, s0 gia Af(xo) ctia f(x) tai xo gan bang vi phan df(x) ctia f(x) tai xo
va ta c6 cong thuc tinh gan ding:

f(x, + Ax) = f(x,) + df (x,)

Vi du. Cho ham s y = arctgx. Tim céac vi phan dy va dy(1). Ap dung: Tinh gin dung
arctg(1,02).

Gidi. 1) Vi phan dy = y'dx = dx.

1+x2

1 ax=lax.
1+ %7

2) Vi phan dy(1) = y'(1)dx =

3) Ta tinh gan ding arctg(1,02) nhu sau: Bat x, = 1; Ax = 0,02. Ap dung cong thirc tinh
gan diing cho ham sd y = arctgx, ta dugc
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y(1,02) = y(1) + dy(1).
Do d¢ arctg(1,02) = arctgl + (1/2).0,02= n/4 + 0,01.

3.5. Pinh ly. Cho cac ham s u = u(x) va v = v(x) ¢6 cac vi phan 1a du va dv. Ta c6

dlu+v)=du+dv
d(ku) =kdu; (k: Const)
d(uv) =udv + vdu

d(ﬂj:M (v £ 0)

\'% V2

B W N =

4.PAO HAM VA VI PHAN CAP CAO
4.1. Pao ham cip cao

1) Pinh nghia. Gia sit ham s6 f(x) c6 dao ham f’(x). Ta con goi f '(x) 1a dao ham cip mot
cua f(x).

Néu ham s6 f '(x) lai c6 dao ham thi dao ham d6 dugc goi 1a dao ham cép hai cua f(x), ky
hiéu 1a f "'(x) hay f?(x). Nhu véy,

£ =[]

Tong quat, dao ham cuia dao ham cap (n—1) cua f(x) dugc goi 1a dao ham cip n cia f(x).ky
hiéu 1a f(x). Nhu vy,

fW(x) = 2 V)

2) Pinh 1y. Gia st cac ham u = u(x) va v = v(x) ¢6 cac dao ham cdp n 1a u™ = u™(x); v
= v"(x). Ta c6

(n)

)(n)= u(n)+ v,

a)(u+v
b) kw)™ =ku™; (k: Const)

n
o) (uv)™ = 3 Cru®v™
k=0

trong 36 u” =uvav®=v.

Vi du. Tim dao ham cap n cua cac ham so sau:

a) y=x" b)y=sinx; c)ycosx; d)y= (a: const) e) y = x’sinx.

X +a
Gidi. a) Voi y=x", taco
vy =nx"",y"=nn- Dx"? y" =n(n - 1)(n-2)x"", ...,

y®=n(n-1)n-2)..3.2.1 =n!,
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y® =0; vk >n.

b) V61 y = sinx, ta co

y'=cosx=sin(x+g),

"=cos(x + Z)=sin(x+ = + EZy=sin(x +21).

y'=cos(x + Z)=sin(x + = + Z)=sin(x + 22)
Téng quat, y(n) = sin(x + ng ).

c) Tuong tu, v6i y = cosx, ta co: y(“) =cos(x + ng ).

1
d)Véi y =
X+ a

,taco
! 1 4 2
Y =gy = (P
(x+a) (x+a)
Ta ching minh
(n) _ n n!
T o
V61 n=1, (1) dang.
Gid su (1) dung véi n =k, nghia la
k!
y(k) - (_1)k k+1°
(x+a)

Véin=k+1,taco

aern) _ [ e K! _ _qye e Dix 4 af 1 _(k+D!
y B k+1 | 20k+1) k+2
(x+a) (x+a) (x+a)
Viy (1) ciing dung véin =k + 1. Ta két luan
n!

ﬁ v61 moi n >1.

y™ = (D"
(x+a

e) Patu=x’, v=sinx = y =uv. Theo cac két qua trén ta c6
u' =2x,u"=2,uk)=0, Vk > 3;

v™ =sin(x + mg ).

Suy ra
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y' =2xsinx + x2 sin(x + g) = x?sin(x + g) — 2xcos(x + g).
Vo1 n>2tacod
n
y(n) — (uv)(n) — Z Cﬁu(k)V(n_k) — uv(n) + Clllufv(n—l) + Ciunv(n—Z)
k=0
2 . T . T . T
= x“sin(x + nE) +2nxsin(x+ (n-1) E) +nn-1sin(x +(n - 2) E).

= x%?-n?+ n)sin(x+ng) - 2nx cos(x + ng).

Két luan

y™ = (x% —n? + n)sin(x + ng) — 2nx cos(x + ng),Vn >1.

4.2. Vi phan cip cao
Gia st ham s6 f(x) c6 vi phan df(x)= f(x)dx. Ta con goi df(x) 1a vi phan cip mot cua f(x).

’ Néu ham sb f '(x) kha vi thi df(x) = f '(x)dx c6 vi phan va vi phan d6 dugc goi 1a vi phan
cAp hai cua f(x), ky hiéu d*f(x). Ta c6

d*(x) = d(df(x)) = d[f "(x)dx] = f "(x)dx.dx= f ""(x)dx".

Vay d*f(x) = f?(x)dx”. Téng quat, vi phan cia vi phan cip (n — 1) cua f(x) dugc goi 14 vi phan
cap n cua f(x), ky hiéu d"f(x). Ta c6

d*f(x) = £™(x)dx™

Vi du. V6i y = sinx, ta co dy = y™ dx"= sin(x + ng )dx".

5. QUI TAC L’HOSPITAL
1 vt TS . . fx) i, 0
5.1. Pinh ly (Qui tac L’Hospital). Xét gioi han lim—— c6 dang vd dinh — hodac —
XA g(x) 0 0
(nghia 1a: f(x)—0, g(x)—0 hoic f(x)—>o0, g(x)—>o). Gia sir ton tai gidi han
. f'(x
lim ,( ) =L.
x—A g (X)
. f
Khi do lim - .
x—A g(X

5.2. Chii y. 1) Néu sau khi st dung Qui tic L’Hospital ma gi6i han van con dang vo dinh
% hodc % thi ta co thé si dung tiép qui tic nay. Luu y: Nén két hop v6i qui tic thay thé ham
o0
tuong duong dé viéc tinh dao ham duoc dé dang hon.
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2) Qui tac L’ Hospital chi dugc ap dung truc tiép cho gidi han thudc hai dang v6 dinh %

v P e g g A g , A 4 A A A . A 4
va —. Poi voi cac dang v dinh khac, muon ap dung ta can dua vé mdt trong hai dang vo dinh

o0

trén ma ta c6 thé tom tit trong bang sau:

BANG AP QUI TAC L’HOSPITAL TiM GIOI HAN
DANG VO GIOI HAN BIEN POI QUI TAC
DINH L’HOSPITAL
0/0 '
L =1lim —f(x) L =lim f,(x)
x—>A g(x) x—A g (X)
00/00 L - lim f(x) L = lim f,(X)
x—A g(x) x—>A g (X)
XA x—A i N x—A 1 !
£
hay hay
L= gﬁ? L - lim &%
i XA 1 !
£x) ()
00 — 00 L= lirg[f (x) — g(x)] 1 1 1 1
L-1lim8® 0 [g(x)_f(x)j
x—A 1 N XlAIIA1 1 4
fx)g(x) (f(x)go;)j
K = lim L 11 1,]
x—A (1)
g(x)
0 . X K/\
1 L= }(1_1)&1 f(X)g( ) L e ;}R[f(x)_l]g(x) hay
K =1lim _ 8% (x) '
x—>A( 1 j
f(x)-1
1% '
0 ) x) K K= limm
0 L =1limf(x)®* —_— oA
x—A lim g(x)1Inf(x) —
OOO L =e x—>A Eg(x)j
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Vi du. Tinh cac gidi han sau:

In | cos(™X) |
n cos(2)

L, =lim& —¢ —2%X L, = lim
x>0 X —sInX x>l X
tg(=-)
2
1 9 10
L, = lim(— - cot g°x). L, = lim x"¢".
x—0 X X—>—00
. [3F+4% )¢ _ 3
L5 = L1£1(} [T] L 6 = )1{1_{?()( — 2)1n|s1n(2—x)l

L7 — hm(cot gX)ln(1+2x)
x—0"

. e —e " -2x
Giai. DL, =lim—————
x>0 X —sInXx
L Hospital, ta co:

. Ta thidy L, c¢6 dang v6 dinh % Ap dung Qui tic

e*—e*_9xL'Hosp . e*te*_9L'Hosp  e*_¢*
lim 1

L, =lim - 1im—
x>0 X —SInX x>0 1 -—cosx x>0 gin X
L'Hosp X 4 aX
- = _ limi =9,
x=>0  cosX
In | cos(n—x) [ ) % )
2)L, = linll—z. Ta thay L, c6 dang vo dinh —. Ap dung Qui tac L’Hospital, ta
= X o0
t e
g( 5 )
co:
T . ,TX
—sin(—)
2 2
In | cos(™) | cos(™%) o
L, =lim 2 _ _lim——2 - _limsin(Co)cos() = 0.
x—1 tg(LX) x—1 E x—1 2 2
2 2
9, X
cos”(—)
2

3L, = lin.}(i2 —cot g’x). Ta théy L; ¢6 dang v6 dinh o0 — 0. Ta bién doi
X—> X
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1 9 1 1 tgzx—x2 (tgx +x)(tgx —x)
S oeotgX =5 == 2, 2 .
X x“ tg'x x“tg"x x“tg"x
Khix — 0, tacd tgx +x~2x va xtg’x ~x". Do d6

1 tgx+x)(tgx —x) 2x(tgx—-x) 2(tgx-x)

T_COthXZ S 2 2g - g4 - gs

X x“tg x X X

tgx—x

X3

Suyra L, = 2111101 . Ta thay bay gio gii han L; c¢6 dang vo dinh % Ap dung Qui tic

L Hospital, ta co
2 2
t—g)(:2lim(1+tgx) 1=glimtgx—g.

3 =

L, =2lim 5

x—0 X x—0 3X2 3 =0 x 3

4)L, = lim x'%*. Ta thdy L, c6 dang v6 dinh 0.c0. Ta bién d6i

X——0

10

— lim| ——| =(K,)".

X—>—0

10
L = lim x"%e* = lim

4 X—>—© X—>—0 e_

X —_
e 10

trong d6 K, = lim LX Ta th?iy K4 c6 dang v6 dinh iy Ap dung Qui tic L Hospital, ta co
X—>—0 _ Cx)

el()

K4 = lllzli: llm?: 0.

e 10 — " e 10

Suy ra L,= (K4)'* = 0.

1

5)L, = 1im[3 ;4 j . Ta thay Ls c6 dang v6 dinh 1”. Ta ¢

x—0

L, =1lim (&z‘lxji ~ e}{%iln[y;‘;x]

x—0

Xét gioi han

5 x>0 x x—0 X

x x In(3*+4*)-1In2
K :limlln(3 +4 ]:Iim ( ) .

Ta thdy Ks c6 dang vo dinh % . Ap dung Qui tic L’Hospital, ta co:

| (3" 4X) In2 3*In3+4%In4

n + —In X X

K, = lim lim mlim— 3w Imdvlnd 1,0
x—0 x>0 X x—0 1 2 2
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Suy ra
L, = =e™2 =12 =23

3
6) L, = lim (x — 2)"Sn2- . 4 thay s ¢6 dang vo dinh 0. Ta co

x—2"
3 lim #ln(x—Q)
L = ].lm(X — 2)lnlsin(2—x)l = ex92+lnlsm(2—x)l
6 +
X2
Xét gidi han
. 3 ) In(x -2
K, = lim In(x —2)=3lim ( )

x->2" In | sin(2 — x) | 2" Inlsin(2-x)|°

Ta thay K¢ c6 dang vo dinh =, Ap dung Qui tic L’Hospital, ta co
Q0

1
In(x-2 ; _
K, = 3lim (-2 g xo2 _gpesn@ox 1y
-2 Inlsin(2-x)1  xo2 B cos(2 — x) X2t 2-x cos(2-x)
sin(2 — x)

Suy ra L, = e =€’

. 1 z , A ,

7L, = lim(cot gx) 120 g thdy L, c6 dang vo dinh o”. Ta c6
x—0"

lim (1+2x)In(cot gx)

x—>0"

)ln(1+2x) —e

L, = lim(cot gx

x—0"
Xét gid1 han
K, = limIn(1 + 2x) In(cot gx) .

x—0"
Ta thdy K; c6 dang vo dinh 0.c0. Khi x — 0, ta c6 In(1+2x) ~ 2x, do d6
In(1+2x)In(cotgx) ~ 2x In(cotgx).
Suy ra

K, = lim 2xI n(cot gx) = 2lim "2 *%'&%).

X

Ta thiy bay gio gi6i han K, ¢6 dang v6 dinh iy Ap dung Qui tic L’Hospital, ta c6
o0
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L

_ sin®’x ) ,
K, = 21im DOOU8X) _ gy COBX oy X oy —2lim—X_ -0,
x—0* 1 00 i x-0" SIN X COS X x-0" X COS X x-0" COS X
X x>
Suyra L, =e =¢’ =1.
6. KHAI TRIEN TAYLOR

6.1. Pinh 1y (Taylor). Cho ham s6 f(x) ¢ dao ham dén cdp n + 1 lién tuc trén doan [a,b].
Khi d6 véi mdi x, € [a,b], ta co

n) n+1)

n+1
2' o ( 1)'(X %) (D)

Vi moi x € [a,b], trong d6 ¢ nam giira X, va x. Ta goi (1) la khai trién Taylor dén cép n cia f(x)
tai Xo voi phan du dudi dang Lagrange:

f(n+1) (C)
(n+1)!

Chu ¥ rang R,(x) 1a mét VCB cép cao hon VCB (x — xo)" khi x — X, nén ta c6 thé viét
R,(X) = o((x — X¢)"). Nhu vay, (1) con dugc viét dudi dang:

R (x) = (x—x,)"" |

n)
F30) = Fix,) + (X°)<x %)+ (X°)<x P44l (XO)(x %P +ol(x—x 1) | (1)

Ta goi (1') 1a khai trién Taylor dén cip n cua f(x) tai x, v6i phan du dudi dang Peano.

6.2. Khai trién MacLaurin. Kl}ai trién Taylor ,cﬁa’f(x) tai xo = 0 duoc goi 1a khai trién
MacLaurin cua f(x). Nhu vay, khai trién MacLaurin dén cap n cua f(x) dinh boi:

' " (n) (n+1)
f(O)x+f(0)x2+...+f (O)x“+f (C)X
! 2! n! (n+1)!

f(x) =£(0) + (2)

hay

f(x) =1(0)+ x'+ox") | (2)

1 n (n)
! 2! n!

trong d6 ¢ nam giira 0 va x; o(x") 14 mot VCB cip cao hon VCB x" khi x — 0.

6.3. Khai trien MacLaurin ctiia mgt so ham so cap:
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. X 2 Xn Xn+1 .
e =1+—+—+...+—+ e
1! ! n! (n+1)!
2 n
X =1+ =+ >+ ..+X—+o(xn)
1! 2! n!
X3 X5 X2k+1 X2k+3 T
SINX=X—— 4+ — — ...+ (=1 + sin[c + (2k + 3) =]
3! 5! Ck+1D! 2k +3)! 2
X3 X5 2k+1
SINX=X—— 4+ — — ...+ (=1 + o(x22)
3! 5! 2k +1)!
4 6 k k42
COSX=1—X2 * _2 Fo+ (—DE X + X cos[c +(k + D]
2! 4! 6! 2k)! 2k +2)!
2 4 6 k
cosx=1-2 42 2 4 L1k x +o(x2)
2! 4! 6! (2k)!
n+1
L :1+X+X2+...+X“+X—2
1-x (1-o)"
11 =1+x+x2+..+x" +o0o(x") (x<1
— X
L o x+x?- +(—1)nxn+(—1)n+1i
1+x (1 + c¢)"2
11 =1-x+x%—...+(=1D"x" + o(x™) (x>-1)
+ X
2 3 n n+l
Inl-x)=-x-—-> % _ X :
2 3 n (n+1)A-0)*
2 3 n
Inl-x)=-x->—-2 _ -2 |ox" (x <1)
2 3 n
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X2 X3 Xn Xn+1
Inl+x)=x-—"—+—+ ...+ D" =—+ (D"
n{l+x)=x 2 3 =D n ( )(n+1)(1+c)n+1
2 3 n
11’1(1+X)=X—XE+X§+...+(—1)D_1X—+O(XH) (x >-1)
n
X3 X5 . 2k+1 -
tgx =x——+——. -1 —+ !
arctgx = x 3 3 + ( ) T o(x“*™)
1 3 2 5 6 T T
tox =X+ —X"+—X" +0(x —— <X < —
g 3 T (x7) (2 2)

6.4. Ung dung

1) Tinh xap xi. Ta thuong dung khai trién MacLaurin dé tinh xap xi gia tri cua ham f(x)
sau khi chon n di1 16n dé phan du R,(x) c6 tri tuyét d6i khong vuot qua sai s6 cho phép.

Vi du. Tinh cos25° chinh xac dén 0,00001.

Giai. Xét khai trien MacLaurin cua cosx:

X2 X4 6 X2k+2

cosx=1-—+" -4  + (-1 x*
21 4! 6' (2k)' 2k +2)!

Phan du cua khai trién 1a:

cos[c + (k + D)x]

2k+2

R (x) = ——coslc + (k + 1)n]

2k + 2)!
Véix = 2502@, ta co:
36
2k+2 2k+2 2k+2
IR.(0)1 = cosfe+(k+Dnf <2 1 (5“j
2k +2)! 2k +2)! 2k +2)!
Chon k=2, ta co:
2k+2
1(5
IR, (x)I<—| 22|  <0,00001
6!\ 36 '
Vay ta co thé tinh cos25° chinh xac dén 0,00001 nhd cong thic:
X2 X4
cosx~1-—+—
2' 4!
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nghia la

) G
cos 25° = cos5—7c ~1- 3; + 36' ~ 0,90632
2) Tinh gi6¢i han dang v6 dinh:

Vi du. Tinh cac giéi han sau:

2 -2cosx — x? + 2x*

L, =lim
x>0 x(x — tgx)
X 3 2 .
LzzlimGe + X 3?( 6x 6.
x>0 X — SIn X

. 3x — 3arctgx — x° + x*
L, =lim 5 5
0 6In(1 — x) + 6x + 3x” + 2x

2-2cosx — x2 + 2x*

Giai. 1) L, =lim . Khi x > 0, taco
x>0 x(x — tgx)
2 4
2-2cosx — x> +2x* = 2-2(1 - ~ X—+0(X5))—X2+2X4=§X4+0(X5)~§X4,
2! 4! 12
X3 5 X3 . X3 X4
X—tgx =x—(X+—+0(x°)) = —— +o(x*) ~ —— = x(x — tgx) ~ ——.
3 3 3
nén
23,
2-2cosx —x" +2x" 12> .23
x(x — tgx) _x4 4
3
23
VayL, = - 22,
ay L, 4
. 6e* +x’-3x"-6x-6
2)L, = lim € +Xx X X .Khi x = 0, ta co
x>0 X —sInXx

2 3
6e* +x° —3x° —6X—6=6(1+X+%+%+0(X3))+X3—3X2—6X—6=2X3 +o(x*) ~ 2%°,
3 3 3
X—sinx:x—(x—%+o(x4)):%+o(x4)~X—.

nén
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66X+X3—3X2—6X—6~2X3

- - —> 12
X —sinx x’
6
Vay L, = 12.
: 3x — 3arctgx — x* + x*
3)L, = lim X .Khi x — 0, ta co

0 6In(1 — x) + 6x + 3% + 2x°

3
3x —x* + x* — 3arctgx - x°* + x* =3x—x3+x4—3(x—%+0(x4)) =x* +o(x*) ~x*,

2 3 4
6In(1-x) +6x+3x" +2x° = 6(—X—XE —% _XZ +0(x*)) +6x + 3x” + 2x° = —gx4 +o(x*) ~ —gx4.

Suy ra
3x—x’ +x' —3arctgx -x’ +x* ¥’ L2
61n(1 - x) + 6x + 3x* + 2x° _§X4 3
2
A 2
\% =-=.
ay L, 3
7. UNG DUNG

7.1. Tinh don diéu - Cyec tri - Tinh 18i 16m - Piém uén - GTLN - GTNN
Sinh vién ty 6n
7.2. Bai toan 14ap ké hoach san xuat dé dat lgi nhuén tdi da

Bai todn: Gia sir mot xi nghi€p san xuit doc quyén mot loai san pham. Biét ham cau la
Qp=D(P) (P 1a don gia) va ham tong chi phi la C=C(Q) (Q 1a san lugng). Hay xac dinh muc san
lugng Q dé xi nghi¢p dat loi nhuan t6i1 da.

Phwong phdp gidgi: Véi mirc san luong Q, dé ban hét san pham, xi nghiép can ban theo
don gia P sao cho Qp = Q. Do do

D(P)=Q <« P=D"(Q).
Khi do:
- Doanh thu cta xi nghiép la:
RQ=P.Q=D(Q.Q
- Loi nhuan cua xi nghiép la:
1(Q) =R(Q) - C(Q) =Q.D™(Q) - C(Q)
Ta can xac dinh gia tri Q > 0 d¢ m(Q) dat cuc dai. Thong thuong ta chi can tim Q = Q, > 0 sao

cho '(Qp) = 0 va n"(Qp) < 0, hon nita, d¢ phu hop vdi thuc té, tai Q = Q ta phai 6 loi nhuan,
don gi4 va tong chi phi déu duong.
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Vi du: Mot xi nghi€p san xuat doc quyén mot loai san phém. Biét ham cdu Qp =
656 - %P (P 1a don gia) va ham téng chi phi la C = Q’ — 77.Q% + 1000Q + 40000 (Q Ia san
lugng). Hay x&c dinh mirc san lugng Q dé xi nghi¢p dat lgi nhuan tdi da.

Giai. V&1 muce san lugng Q, dé ban hét san pham, xi nghi€p can ban theo don gia P sao
cho:

Ww=Qs 656—%P =Q< P=1312-2Q.

Khi do:
- Doanh thu cua xi nghi¢p la:
R(Q)=P.Q=(1312-2Q)Q.
- Loi nhuan cua xi nghiép la:
Q) =R(Q) - C(Q)
= (1312 -2Q)Q — (Q*— 77Q* + 1000Q + 40000)
=—Q’ +75Q%+ 312Q — 40000.
Can xéc dinh gia tri Q > 0 dé 7(Q) dat cuc dai. Ta co:
T(Q) = —3Q*+ 150Q + 312.
Suy ra:
T(Q)=0< —3Q°+150Q +312=0
< Q=-2(loai) hay Q = 52.

Ta cing c6: n"(Q) = — 6Q + 150 nén n"(52) < 0. Suy ra n(Q) dat cuc dai tai Q = 52. Khi do ta
c6 cac s6 liéu sau déu phu hop:

- Loinhuanla ©t=38416> 0.

- PongialaP=1208 > 0.

- Téng chi phi 1a C = 24400 > 0.
Két luan: Dé dat loi nhuan cao nhét, xi nghiép can san xuat voi mirc san lugng Q = 52. Khi dé
lgi nhuan twong ting la © = 38416.

7.3. Bai to4n thué doanh thu

Bai toan: Gia st mot xi nghiép san xuit doc quyén mot loai san pham. Biét ham cau la
Qp=D(P) (P 1a don gia) va ham tong chi phi la C=C(Q) (Q 1a san lugng). Hay xac dinh mure thué
t trén mot don vi san pham dé c6 thé thu duoc nhiéu thué nhat tir xi nghiép.

Phwong phap giai: Vi mic thué t trén mot don vi san pham, xi nghiép s& dinh muc san
luqng Q phu thuQc vao t sao cho dat lgi nhuan t61i da. V61 muc san lugng Q, d€ ban hét san
pham, xi nghiép can ban theo don gia P sao cho Qp = Q. Do do

D(P)=Q = P=D(Q).
Khi do:

48



- Doanh thu cta xi nghiép la:
R(Q) =P.Q=D(Q).Q
- Tién thué xi nghiép phai ndp la: T(t)= Qt.
- Loi nhuan cua xi nghiép la:
1(Q) =R(Q) - C(Q) - Qt=D"(Q).Q-C(Q) -Qt

Nhu dé noi ¢ trén, ta can xac dinh Q sao cho n(Q) dat cuc dai. Khi d6 Q=0Q® (Q phu
thuge vao t) va tién thué ma xi nghi€p phai nop 1a T = Q(t)t. bé thu dugc nhiéu thué nhat tr Xi
nghiép ta can xéac dinh gid tri t > 0 d& T = Q(t)t dat cyc dai. Chua y rang dé phu hop véi thuc té,
tai gid tri t tim dugc ta phdi c6 san luong, don gia, 1gi nhuan va téng chi phi déu duong.

Vi du. Mot xi nghi€p san xuit doc quyén mdt loai san pham. Biét ham cau 1a Qp= 2000 —
P (P 1 don gia) va ham tong chi phila C= Q +1000 Q + 50 (Q la san lugng). Hay xac dinh
mirc thué t trén mot don vi san pham dé co6 thé thu dugc nhidu thué nhat tur xi nghiép.

Gidi. Vi muc san luong Q, dé ban hét san pham, xi nghiép can ban theo don gia P sao
cho:

Qb=Q<2000-P=Q <« P=2000-Q.

Khi do:

- Doanh thu cta xi nghiép la:

R(Q) =P.Q=(2000-Q)Q.

- Tién thué xi nghiép phai nop la: T(t) = Qt.

- Loi nhuan cua xi nghiép la:

1(Q) =R(Q)- C(Q) - Qt
(2000 — Q)Q — (Q* + 1000 Q + 50) — Qt
—2Q*+ (1000 — t) Q — 50.
Murc san lugng dugce dinh ra sao cho ©(Q) dat cuc dai. Ta co:

n'(Q)=-4Q+ 1000 —t.

Suy ra:
Q) =0 < —4Q+1000—-t=0 < Q:1002—t.
Vi 1"(Q) = — 4 < 0 nén n(Q) dat cuc dai tai Q = 1000=% ' hi do tién thué ma xi nghiép phai
ndp la:
T(t) = Qt = M.

Ta can xac dinh giatrit>0 dé T(t) dat cuc dai.

Ta co
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1000 - 2t

T)= —,

Suy ra

T'(t) =0 < W —0 e t= 500.

Vi T"(t)=— 1/2< 0 nén T(t) dat cuc dai tai t= 500. Khi dé ta co6 cac s6 liéu sau déu phu hop:
- Sanluong 1a Q=125 > 0. Tién thué thu dugc 1a T = 62500.
- DongidlaP=1875>0.
- Loi nhuan la = 31200 > 0.
- Téng chi phi 1a C = 140675 > 0.

Két luan: Dé thu dugc nhiéu thué nhat tir xi nghiép, can dinh muc thué trén mot don vi san
pham la t = 500. Khi d6 tién thué thu dugc la T = 62500.

7.4. Bai toan thué nhip khau

Bai toan: Cho biét ham cung va ham cau clia mot loai san pham trong thi truong noi dia
lan luot 1a Qs = S(P) va Qp = D(P) (P la don gia). Biét rang gia ban cia loai san pham do trén
thi trudng qubc té cong véi chi phi nhap khau (nhung chua tinh thué nhap khau) 1a P, < Py,
trong d6 P, 1a don gi4 tai diém can bang cua thi trudng ndi dia. Mot cong ty duoc doc quyén
nhap loai san pham trén. Hay xac dinh murc thué nhap khau t trén mot don vi san pham dé thu
duoc tir cong ty nhiéu thué nhat (Gia sir khéi luong nhap khau cua cong ty khong anh hudng
dén gia ban trén thi trudng qudc té).

Phwong phdp gidi: Goi t 1a muc thué nhap khau trén mot don vi san pham. Mitrc thué t
phai thoa diéu kién t > 0 va t + P, < Py. Do duoc doc quyén, cong ty s& nhap san pham trén dé
ban vdi don gid P thoa t + Py <P < P véi ) lugng 1a Qp — Qs = D(P)-S(P). Khi d6 lgi nhuan
ma cong ty thu dugc la:

n(P) = (P — P, —)[D(P) — S(P)].

T4t nhién cong ty s& chon don gia dé 1oi nhuan dat cao nhat. Do d6 ta can xac dinh P sao cho
n(P) dat cuc dai. Khi d6 P = P(t) (P phu thudc vao t) va tién thué ma cong ty phai nop la:

T(t) = t[D(P(t)) — S(P(1))].
bPé }hu duogc nhiéu thué nhat tir géng ty ta can x4c di,nh giatrit>0 dé T(t) dat cuc dai. Muc
thué t phai thoa t + P; <Pgva d€ phu hgp vai thue t&, ta phai c6 cac dai lugng twong tmg nhu
don gia, lugng cung, lugng cau déu duong.

Vi du. Cho biét ham cung va ham cau cua mot loai san phém trong thi truong ndi dia lan
lugt 1a Qs = P — 200 va Qp = 4200 — P (P la don gia). Biét rang gia ban cua loai san pham do6
trén thi trudng qudc te cong voi chi phi nhap khau (nhung chua tinh thue) la P; = 1600. Mot
cong ty dugc doc quyen nhap loai san pham trén. Hay xac dinh mirc thué nhap khéu t trén mot
don vi san pham dé thu duoc tir cong ty nhidu thué nhat.

Giai. Trudc hét ta tim don gia tai diém can bang trong thi trudng ndi dia. Ta cé:

Qs=Qp < P—-200=4200-P < P=2200.

Vay don gia tai diém cin bang trong thi trudng ndi djala Py = 2200.
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Goi t1a muc thué nhap khau trén mot don vi san pham. Diéu kién: t > 0; 1600 + t < 2200 (*).
Khi d6: Bon gia P théa 1600 +t <P <2200 (**) vata co
- Luong hang ma cong ty nhéap vé la:
Qp — Qs = (4200 — P) — (P — 200) = 4400 — 2P.

- Loi nhuan ma cong ty thu dugc la:
n(P) =P —-P;—1t)[ Qp Qs] = (P — 1600 — t)( 4400 — 2P)

=—2P*+2(3800 + t)P — 4400(1600 + t).
Don gia P dugc dinh ra sao cho n(P) dat cuc dai. Ta co6:

m'(P) =— 4P+ 2(3800 + t).
Suy ra:
T(P)=0<>—4P+2(3800+ 1) =0« P = 1900 + %
Vi 1"(P) = — 4 < 0 nén n(P) dat cuc dai tai P = 1900 + % Khi d6 tién thué ma cong ty phai
ndp la:
T(t) =t[ Qp — Qs] =t (4400 — 2P) = t(600 — t).
Ta can xac dinh t dé T(t) dat cuc dai. Ta co:
T'(t) = 600 — 2t.
Suy ra
T'(t)=0< 600-2t=0<t= 300.

Vi T"(t)= - 2< 0 nén T{(t) dat cuc dai tai t= 300 v6i T(t) = 90000. Kiém tra ta thiy diéu kién (*);
(**) duogc thoa va céc so li¢u sau déu phu hop:

- PongialaP=2050>0.

- Luong cung Qs = 1850 > 0.

- Luong cau la Qp =2150>0.

Két luan: Dé thu dugc nhiéu nhat thué nhap khau tir cong ty, can dinh muc thué trén mot
don vi san pham 1a t = 300. Khi d6 tién thué thu dugc la T = 90000.

7.5. Bai toan thué xuét khiu

Bai toan. Cho biét ham cung va ham cau cta mot loai san pham trong thi truong ndi dia
lan luot 1a Qs = S(P) va Qp = D(P) (P 1a don gia). Biét rang gia ban cua loai san pham d6 trén
thi truong qudc té trir di chi phi xudt khau (nhung chua trir thué xuat khau) 1a P, > Py, trong do
Py la don gia tai diém can bang cua thi truong noi dia. Mot cong ty duge doc quyen xuat khau
loai san pham trén. Hay xac dinh muc thué xuat khau t trén mot don vi san pham dé thu dugc tir
cong ty nhiéu thue nhét (Gia str khéi lwong xuét khau cta cong ty khong anh huong dén gia ban
trén thi truong quéc té).
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Phwong phap gidi: Goi t 1a mirc thué xuat khau trén mot don vi san pham. Muc thué t
phai thoa diéu kién t > 0 va P;— t > Py. Do dugc doc quyén, cong ty s& thu mua san pham trén
voi don gia P thdéa Py <P <Py —t véi ) luong 1a Qs — Qp = S(P) — D(P). Khi d6 l¢gi nhuan ma
cong ty thu duoc la:

n(P) = (P; — P —t)[ S(P) - D(P)].

TAt nhién cong ty s€ chon don gid mua dé 1oi nhuan dat cao nhat. Do d6 ta can xéac dinh P sao
cho 7(P) dat cyc dai. Khi d6 P = P(t) (P phu thudc vao t) va tién thué ma cong ty phai nop la:

T(t) = t[S(P(t)) — D(P(V)].

Pé thu duoc nhidu thué nhét tir cong ty ta can xac dinh gid tri t > 0 dé T(t) dat cuc dai. Mirc thué
t phai thoa P;—t > Pyva dé phu hop voi thuc té, ta phai c6 cac dai lugng tuong ung nhu don giad
mua, luong cung, luong cau déu duong.

Vi du. Cho biét ham cung va ham cau cia mot loai san phém trong thi trudng ndi dia lan
lugt 1a Qs = P — 200 va Qp = 4200 — P (P la don gia). Biét rang gia ban cua loai san pham d6
trén thi truong quoc té trir chi phi xuat khau (nhung chua trir thué) 1a P, = 3200. Mot cong ty
dugc doc quyén xuat khau loai san pham trén. Hay xac dinh mirc thué xuét khau t trén mot don
vi san phdm dé thu duoc tir cong ty nhiéu thué nhat.

Giai. Trude hét ta tim don gid tai diém can bang trong thi truong ndi dia. Ta co

Qs=Qp < P—-200=4200—-P < P=2200.

Vay don gia tai diém can bang trong thi truong nodi dja 1a Py = 2200.
Goi t la murc thué xuit khau trén mot don vi san phflm. Piéu kién: t > 0; 3200 — t > 2200 (*).
Khi dé: Cong ty s€ thu mua vdi don gia P thoa:
2200 <P <3200 —t (**)

- Luong hang ma cong ty xuét khau la:

Qs - Qp = (P —200) — (4200 — P) = 2P — 4400.
- Loi nhudn ma cong ty thu dugc la:

n(P) =(P;—P—1)(Qs—Qp) = (3200 — P —t)(2P — 4400)

= — 2P* + 2(5400 — t)P — 4400(3200 — t).

Pon gia P dugc dinh ra sao cho n(P) dat cuc dai. Ta co
7'(P) = — 4P+ 2(5400 — 1).
Suy ra:
T(P) =0 <> —4P+2(5400— 1) =0 <> P = 2700—%.

Vi "(P) = — 4 < 0 nén n(P) dat cuc dai tai P = 2700 - % Khi d6 tién thué ma cong ty phai
ndp la

T(t) = t(Qs — Qp)=t (2P — 4400) = t(1000 — t).
Ta can xac dinh t dé T(t) dat cuc dai. Ta co

T'(t)= 1000 — 2t.
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Suy ra
T(t)=0< 1000-2t=0<t= 500.

Vi T"(t)= — 2< 0 nén T(t) dat cyc dai tai t= 500 v&i T(t) = 250000. Kiém tra ta thiy diéu kién (*)
duogc thda va cac so li€u sau déu phu hop:

- DPon gidla P =2450> 0 va thoa (**).
- Luong cung Qs = 2250 > 0.
- Luong cau 1a Qp = 1750 > 0.

Két luan: Pé thu duge nhiéu nhat thué xuét khau tir cong ty, can dinh mtrc thué trén mot
don vi san pham 1a t = 500. Khi d6 tién thué thu duoc 1a T = 250000.

BAI TAP

1. Tinh céc gidi han sau:

. (1-cosx)?
a)lim——M—
-0 In(cos4x)

V1+3sinx +4/1+tgx — 2

b)lim

x>0 sin 2x
. 1-cosx+In(1+tg*2x) + 2arcsin® x
c)lim —
x—0 1 - cos4x +sin” X

arcsin(x® + tg?3x) + 2arcsin’® x

d)lim

x50 1-cos®2x + sin? x

o lim (x? +2x + 4)(1 — cos 2x) + (e = 1) + x*
x>0 In(cos 4x) + x° '

£)lim (x? +3x + 4)In(cosx) + cos 2x — 1
x>0 (x% + 2x + 2)(sin2x + x?%)?

&) lim (cos2x —e*)(x®> +1—cosXx)

50 X(cos3x —cosx)In(1 + e — cos x)

(x* — D(x* - 2x + sin 7‘2") +sin n2x R

h)li
)xir1n ™ —e’)(x* -1 +1In’x

(x+DIn(x +2) + x° + 4x% + 5x + 1 + eV’

i)lim
1 (14cosT)X+1) - Vx2+2x+2+1

 1im tg(x® —83x -2 +V7+x -3 +x° - 3x* +4
. X2 x(e*™ —e*) + sinx + cosmx — 1
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2. Tinh céc gidi han sau:

a)lim(\/x2 +xVx? + X —\/X2 +xVx®—x).

X—>+00

b)lim(\/x2 + XV + X —\/X2 +xXVx? —X)

X—>—0

O)lim@/3x® +3x2 +x+1 -3 —x2 +1)

X—>0

D limx(¥/2x% + x2 + 2x + 1 + ¥1 — x* — 2x%)

X—>0

e)limx(%/x3 FxVx*+1+2x+1+31-%x%-%%)

X—>0

3. Tinh céc gidi han sau:

2
a)lim w . b) lim(sin x + cos x)©t&*
x>0 ( X°—-Hx+1 x—0
¢)lim(cos 2x + x*)*'%" d)lim(cos 2x + x?)*&™
x—0" x—0"

o 3
e)lim(cos 2x + x*)©'&*
x—0
4. Pinh cac tham sb a, b dé cac ham sb sau lién tuc tai cac diém duge chi ra:
2

e“* —cos2x »
néu x # 0;

a)y=9 x°+4x tai x = 0.
a néu x = 0.
ln(co;s3x) néu x <0
b'e
b)y=Jax+b nfu 0 < x <1; taix=0vax=1.
1 .
arctg(————— néu x> 1.
g(X2+2X—3)

5. Pinh cac tham so0 a, b d€ cac ham so sau lién tuc trén R:

arctg ———— néu x # 2;
a)y= (x—2)
a néu x = 2.
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sin mx »
m neu x < ]_,
X —

b) y =<ax®* + bx +1 nfu 1 < x <2
2 —

In(x* —4x +5) néu x> 9.

2-2+x

6. Tim dao ham y’ = y'(x) cua cac ham sd sau:
) 1 In2x
a) y=(xcos2x)*sn3x b)y = (X+ —j
X

7. Tim dao ham y’ = y'(x) cta cac ham an y = y(x) dinh boi:
a) y= x+arctgy.

b)y =1 + ye*.

¢) x> +1ny - x%¥ = 0. Tt d6 x4c dinh y'(0).

d) ycosx + sinx + Iny = 0. T d6 xac dinh y'(g).

8. Tim cac dao ham y' = y'(xo) va y"" = y"(Xo) cua cac ham s0 y = y(x) duoc cho dudi dang tham
sO sau:
) {x = In(1+t)

tai x, =In2
y = 2t — 2arctgt

x = arctgt
b) 2 tai x, = —
y= - 3
2
_ t
o) %7 2 tai x, = 2
y=t+t’

9. Chtng minh rang ham s6

xsinl khi x # 0

y= X

0 khix =0
lién tuc tai x = 0 nhung khong c6 dao ham bén trai 1an dao ham bén phai tai diém nay.
10. Chting minh réng ham sb
X sinl khi x =0

0 khi x=0

co dao ham trén R.

11. Cho y = ¥x . Tim dy va dy(32). Tinh gin ding ¥/31.
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12. Cho y = arctgv/x . Tim dy va dy(1). Tinh gin ding arctgy/1,05 .

13.Tinh cac gidi han sau:

2)lim X —acsinx . b)lim 2tgx — tg2x
x>0 X = th x—0 X(]. — COS 3X)
o lim 2(tgx — sinx) — x° &) lim In | S%n 2x |
x50 x° x>0 In | sin 3x |
: 1 1 In(l +x 1
e)lim (——— -~ im (— =
) x50 (ln(l + X) X)' f)lggl ( X)
g)limx"e* h)lim (In(x —1))¥*>
X—>=0 x—1"
. In(x-2)
i) lim (sin 3x)* """ ) hm(wj
x—>07 x—2" x+1
2 Cain? B
k)lim 2+ —sin X Dlim — > aretex
x>0 1—e* 0 28" =X —2x -2

14. Tim dao ham cap n cua cac ham so sau:

a) y = xsinx b)y = x2cosx
c)y = x%* d)y=£
eX
+1
e)y = x*lnx f)y:zx—
X" +2x -3
15. Tim khai trién MacLaurin cta cac ham s sau:
1 /\, /\/
a)y = —— dén s6 hang x°.
1-sinx

b) y = cos(sin2x) d&n s6 hang x°.
¢) y = arctg(sin3x) dén s6 hang x°.
d) y = In(cos2x) dén s6 hang x°.

e) y = arctg(l — cosx) dén s6 hang x°.

N . e R . N , \ A A A 5
16. Tim khai trién Taylor tai x, ciia cdc ham s6 sau dén s6 hang (x — X¢):
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a) y = xsinx; XO=% b) y = x*cosx; X0=g

c) y= x°e* ; X,=1 dy-= eix;x():l

e) y= x4lnx;XO=1. f)y = X—+1'XO= )

17. Tinh gan dtng chinh xac dén 10°;

a) cos41° b) Inl1,5.
18. Xac dinh cép cua cac voO cung bé sau day khi chon x lam vo6 cung bé chinh:
a) 2—2cosx — x2 + 2x*, b) 2x — 21n(1 + x) — x°.
¢) x — 3tgx + x°. d) 30x — 15arctg2x + 40x> — 96x°.

19. Tim cac khoang tang giam va cyc tri cia cac ham sO y sau day, dong thoi tim gi tri 16n
nhat va nhé nhat cuay trén tap D tuong ing:
a) y= x(1-2Vx) ;
D=[1/4,1];[1/4,1); (1/4, 1); (1/4 , 1]; [1/4 , + 0) .

25
b) y= ex /2—x—61n|x|
D=[1,4];(1,4];[1,4);1,4);[1, +00); (=00, -1).
2_
C) y= x3ex Sx

D =[4/3,2]; (4/3,2); [4/3,2); (4/3,2); (—,4/3); [2, +0); R.
d) y= vl+x—x/4
D=[1,4];[1,4);(1,4];(1,4); (1, +0); [4,+00).

. 5x—1
Q) y= L
x“=3x+2

D =[-2,0]; (-2, 0); [-2, 0); (=2, 0]; (2, + o0); (= o0, 0]
B x* +1
hy= x? +1

D=[-1, 1]; [-2, 0); (=2, 0]; (=2, 0); R.

x2 +1
g y=

x* +1
D=[-1,1]; [0, 2); (0, 2]; (0, 2); R.

20. Tim cac khoang 161 16m va diém uon cua d6 thi ctia cdc ham s6 sau day:
2

X -1/ X
a) y= — +Inx; byy= xe )y =(x+2)e"™
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21. Mot xi nghigp san xuat doc quyén mot loai san pham. Biét ham cau Qp =300 — P (P la don
gid) va ham tong chi phi la C = Q’ —,19Q2 +333Q + 10 (Q 1a san lugng). Hay xac dinh muc san
lugng Q dé xi nghi¢p dat lgi nhuan toi da.

22. Mot xi nghiép san xuit doc quyén mot loai san pham. Biét ham cau la Qp= 2640 — P (P 1a
don gi4) va ham tong chi phila C = Q> + 1000 Q + 100 (Q 1a san luong). Hay xac dinh muc
thué t trén mot don vi san pham dé co thé thu duge nhiéu thué nhat tir xi nghiép.

23. Cho biét ham cung va ham cau ctia mét loai san pham trong thi truong ndi dia 1an luot 1a Qg
=P - 200 va Qp = 1800 — P (P la don gia). Biét rang gia ban cta loai san phim do trén thi
truong quoc té cong véi chi phi nhap khau (nhung chua tinh thue) la P;=500. Mot cong ty duoc
doc quyén nhép loai san pham trén. Hay xac dinh muc thué nhap khau t trén mot don vi san
pham dé thu dugc tir cong ty nhiéu thué nhat.

24. Cho biét ham cung va ham cau cia mot loai san pham trong thi trudng nodi dia 1an luot 1a Qg
= P-20 va Qp =400 — P (P la don gia). Biét rang gia ban cua loai san pham d6 trén thi truong
quoc té trir chi phi xudt khau (nhung chua trir thué) 1a P, =310. Mot cong ty dugc doc quyén
xuat khau loai san pham trén. Hay xac dinh murc thué xuét khau t trén mot don vi san pham dé
thu duoc tir cong ty nhiéu thué nhat.
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CHUONG 2

PHEP TINH TICH PHAN HAM MOT BIEN
A-TICH PHAN BAT PINH

1. KHAI NIEM VE TiCH PHAN BAT PINH
1.1. Pinh nghia nguyén ham. Ham s6 F(x) 1a mot nguyén ham cua f(x) trén (a,b) néu
F'(x)=1(x), Vxe(ab).
4
Vidu. 1) XT 12 mot nguyén ham cua x° trén R.
2) cosx 1a mdt nguyén ham cia — sinx trén R.

Khi n6i dén nguyén ham ciia f(x) ma khong chi rd khoang (a,b) thi ta hiéu d6 1a nguyén
ham cua f(x) trén cac khoang xac dinh cua f(x).

1.2. Pinh ly. Cho F(x) la mt nguyén ham cua f(x) trén (a,b). Khi 6
1) Véimoi hing sé C, F(x) + C ciing 1a nguyén ham cua f(x) trén (a, b).
2) Nguoc lai, moi nguyén ham cia f(x) trén (a,b) déu c6 dang F(x) + C.

1.3. Pinh nghia tich phan bat dinh

Tap hop tit ca cac nguyén ham cua f(x) dugc goi 1a tich phan bt dinh cua ham f(x), ky
hiéu 1a j f(x)dx . Néu biét F(x) 1a mot nguyén ham cia f(x) thi:

[fGodx = F(x) + C.

4
Vi du. J.xgdx =XT+C; Isinxdx = —cosx + C.

1.4. Tinh chét
1) Néu f(x) c6 nguyén ham thi
(I f(x)dx)' - f(x).
2) 2)[ f'(x)dx = f(x) + C.
3) Véi k 1a hang sd, ta co
j kf(x)dx = k j f(x)dx + C.

4) [[f(x)+g(ldx =[ f(x)dx +] g(x)dx.
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1.5. Bang cac tinh phan co ban

a+l dX
IX“dX:X +C (-1 # a : Const) J- = 2/x +C
a+1
cdx 1
—=-—+C X _nixi+C
* X X X
e*dx = e*+ C X dye
J Ia X= 1 (0 <a=#1: Const)
[ sinxdx = — cosx + C j cosxdx = sinx + C
| dX = [+ tg®x)dx | dX = [(1+ cotgx)dx
COS X Sll’l X

= tgx +C

—cotgx +C

[texdx =-1Inlcosx| + C

J-cotgxdx: Inlsinx| + C

dx

Jd—x: arcsinE + C J.——fn‘x+\/x + ‘+C
Va? - x? a Vx? +h
(0< a: Const) (h: Const)
dx 1 X dx 1 X+a
= _—arctg—+C =—1 +C
J‘212+X2 a ga Iaz_xz 2anx—a

(0 # a: Const)

(0 # a: Const)

X — a

dx 11
IZ 2:2:%1n

+ C
X + a

X a

(0 # a:Const)

I\/a2 - x2%dx :%X\/a2 - x? 4+ %aQ arcsin = + C
a

(0 < a: Const)

[vx*+hdx :%X\/ﬁ Tha %h.ln I x+ VX2 1+ h1+C

(h: Const)

Chi y. Néu j f(x)dx = F(x) + C thi vdia=0va bla cac hang s, ta co

[f(ax +Db)dx

Vi du. Ie3"‘4dx Ll
3
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2. CAC PHUONG PHAP TINH TiCH PHAN
2.1. Phwong phap phén tich

Mubn tinh tich phan bt dinh ciia mot ham s6 f(x) ta ding céc tinh chét cta tich phan va
phan tich f(x) dé dua tich phan can tinh vé c4c dang tich phan co ban.

Vi du. Tinh céc tich phan sau:

1) .[X+1dx= J.X1/2dX+J.\/;dX= %X X+2\/;+C.

Jx
4

2)‘[XZX+4dX=‘[ x? +4

3

= X——4x+8arc1;g§+C.
3 2

x* -16+16 16

X“ +4

dx
x2 +4

dx=J.(x2—4+

)dx = Ix2dx - 4jdx + 16J.

3) J.sin 5x.sin 3xdx = l I (cos 2x — cos 8x)dx = lJ.cos 2xdx — 1 I cos 8xdx
2 2 2

= isin2x—isin8x+0.

1--cos4dx dx

4) jsinzzx dx:j 5

= l.f(l—cos4x)dx = 1x—lsin4x+C.
2 2 8
5) I(l +2x2)%dx = J.(l +4x% +4x)dx = x + %XS + §X5 +C

6) I(1+ 2x)"%dx = %1—11(1+ 2x)1 +C = 2—12(1+ 2x)'! + C.

2.2. Phuwong phap déi bién s6
1. Doi bién s6 dang 1: Gia sir tich phan c6 dang: I = j f [u(x)]u'(x)dx, trong d6 u(x) va
u'(x) lién tyc. Pat t =u(x) = dt = u'(x)dx. Ta co
I=[fluG)]u'(x)dx = [f(tdt (1)
Tinh tich phén sau cing trong (1) theo t, sau d6 thay t = u(x) dé suy ra L.
2. POoi bién s6 dang 2: Xét tich phan I = _[f (x)dx . Dat x = ¢(t), trong do ¢(t) cd6 dao ham
¢'(t) lién tuc va x = @(t) c6 ham nguoc t = ¢ '(x). Khi d6 dx = ¢'(t)dt va
I= j f(x)dx = j flox)] ¢ (t)dt 2)
Tinh tich phéan sau ciing trong (2) theo t, sau d6 thay t = ¢'(x) dé suy ra I.
Vi du. Tinh cac tich phan sau:

DI= j x2(8 + 2x°)*dx.
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bit t=3+2x° = dt = 6x’dx :>x2dX=%.

3\5
Suy ra I= Jt dt— w+0.
30
2) 1= Iﬂdx
+x—-3

Pit t=x"+x-3=dt =(2x+1)dx.Suyra
1:I%:ln‘t‘+0:1n‘x2+x—3‘+0.

xdx

3) I=|———— Tacd
) J.xz+x—3 aco
_ j 2x+1 4¢ ——j :—lnlx rx-3l-17J
x> +x-3 X +X— 2
J=[— & )
Xét IX T <_3 Tacd
x2+x—3:(x+1)2—5.
2 4
Suy ra
d d d(x+l) 1 x+l—E
J=[5——=] == 2 - m—2—-2 |, ¢
x+x-3 S 1p 13 1, (Ji3) o M18 | 1 13
2 4 (X+§) - T 9 9 9
nl2x+1-418]
‘2x+1+\/7‘
Vay
Ll axoglo L jp2x+1-413]
2 215 |2x+1+ 13|
d
4)I:j Xdax

\/1+X4.

bat t=x" :dt:2xdx:>xdx:%. Suy ra
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=1= J. ——ln‘t+\/1+t2 C:llnx2+ 1+x* +C.
\/1+t2 2 2
5)1 J‘ln X+1dx.
xInx
DéttZInx:dt=%.Suyra
X
In?

= +In[lnx|+C.

I=Izjtzsldtzj(u%)dt=§+ln\t\+cz

J- 3X+5

vdx +1

2_
bat t=\/4x+1:>x=t 1 1:>dx=%tdt.8uyra

3t241
1=j7

+51

3
—tdt = I( t2 + )dtzt—+1—?=%\/(4x+1)3+%\/4x+1+0.

8

1= J‘\/a2 —x%dx (0 < a: Const).
bat x = asint, (—g <t< gj < t=arc sin>. Khi d6
a

Va2 —x% =alcost |= acost;dx = acos tdt.

Suy ra
I:ja cos“tdt==a j(1+cos2t)dt=—a (t+=sin2t) +C==a“t+=-a“sin2t + C.
2 2 2 2 4
Mat khac,

ia2 sin 2t = %a2 sintcost = %a2 sintacost = %X\/&Z - x2.

Vay 1= %a2arcsin§+%xxla2 -x* +C.

a

2.3. Phwong phap tich phén tirng phan

Cho cac ham s u = u(x) va v= v(x) colcalc dao ham v’ = u'(x) va v’ = v'(x) lién tuc. Khi
dé (uv)' =u'v+uv' nén uv'=(uv)' — vu'. Suy ra

juv'dx = j(uv)’dx —_[ u'vdx = uv — I u'vdx.
Ta da chimg minh cong thuc tich phan timg phan:
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Juv'dx =uv — Ivu'dx

Ta con viét cong thirc trén dudi dang:

Iudv = uv—jvdu

Chi y. 1) Pé tinh j g(x)h(x)dx bang phuong phap tich phan timg phan c6 2 cach dat:
u = g(x) _ du = g'(x)dx
dv =h(x)dx  |v= j h(x)dx (thuong chon C = 0)

hoac
u = h(x) du = h'(x)dx
dv =gdx  |v=[gxdx (thutng chon C = 0)
Ta thudng chon cach dit nao dé tinh duoc I vdu .

2) Dbi voi mot s bai toan, sau khi ap dung tich phan ting phén, ta dugc mo hé thirc cd
dang

j f(x)dx = F(x) + a j f(x)dx, (1 # o : Const).
Khi d6
jf dx——F(x)+C

3) Cac tich phan sau day dugc tinh bing phuong phép tich phén timg phan véi cach dat
tuong ung (¢ day p(x) la da thue theo x c6 a 1a hang s6):

LOAI CACH PAT
_[ p(x)sin axdx, J. p(x) cos axdx,_[p(x)ea"dx, u =p(x); dv = sinaxdx (cosaxdx, e"dx,...)
Ip(x) In axdx, I p(x)arctgaxdx, j p(x)arcsin axdx,... | U= Inax (arctgax,arcsinax,...); dv = p(x)dx

Vi du. Tinh céc tich phan sau:
u=x {du =dx
=

V =8Iin X

DI= 3
) IXCOSXdX' bat {dv = cos xdx

Suy ra I =xsin x—jsinxdx =xsinx + cosx + C.

2) 1= . Pit dx

sin? x dv =

xdx u=x {du:dx
=

— v = —cot gx
sin” x

Suy ra
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cos X d(sinx)

I= —xcotgx+Jcotgxdx = —xcotgx+_[

sin x sin x

u = sin X du = cos x dx
3 1I= Iex sinxdx . Pjt =
X

dv = e*d v =e"

Suy ra I=¢" sinx—J-eX cos xdx.

%/_J

I1
u = cos X du = —sin x dx
Tinh I, : Dat =
i dv = e®dx v =e"

Suy ra Ilzexcosx+_[exsin xdx =e*cosx + L. Vay

I=e*sinx —e*cosx - I.

Tudo 1= %ex(sinx—cosx) + C.

du:d—X
u=Inx X
_ [ o _ . 5 = .
4)I—Ix Inxdx (-1# a:Const). Dat {dv=x“dx <o+ .Taco
V:
a+1
o+l a+1 a+1 o o+l a+l
I lnx—jX d—X - X Inx - X—dx - X lnX—X—2+
a+1 a+1l x a+1 a+1 a+1 (a+1)
0= x2 du:2)§dx
— | x2e3x 5 B = e
5) 1 Ixe dx. bat dv = 6% dx v=- . Suy ra
2 3x
1=%*¢ —gj.xe“dx.
Il
u=x du:g})((
Tinh I;: Ddt gy = 3% - V:e3 Taco
3x 3x
- Xxe —1.|.e3"dx:Xe —1e3"+C
'3 3 3
Vay
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x%e?* 2 xe®* 1 1

I-= — ——e*)+C = —e**9x2-6x+2)+C
3 3 3 9 27
du — dx
u = arc tgx N 1+ x?
6)Izjxarctgxdx.Dat dv = x 1452 -Taco
V:
2
1+x? 1+x* dx 1+ x2 1
I= arct = arctgx — —x + C.
=[5 1+x 2 S
7)I=I a? —x’dx (0 < a: Const)
I du - Xax
u=+a“ -x =
bit = Va® —x* Taco
dv = dx
V=X
2 2 2
)—a dx

X s . X
Va? - x? a

I-= lX\/a2 - x% 4 la2 arcsin — + C.
2 2 a
8)I = I\/XZ +hdx = (h: Const)

xdx

]2

bat {3__;( +h \/X +h .Taco
VvV = dX V=x

2
I=xVx®’+h dx = xvx®>+h — de
J.\/x +h I Vvx?+h

=xe2+h—ij2+hdx+hj d X +hihlnlxsvx®+hl-L

Suy ra

Izéxx/x2+h+%h.ln|x+\/x2+h| + C.
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3. TICH PHAN HAM HU'U TI
3.1. Tich phan cia cac phan thirc don gidn

Xét cac tich phan c6 dang sau:

5

Ikzj A dx,szj. QMX+N —dx
X-—a (x +px+q)

trong d6 A, M, N, a, p, q € R; k, m nguyén duong va p2 —4q<0.

1) I, =J' —dx dugc tinh nhu sau:
X—a
I = A dx = Aln[x—a|+C.
X—a
A A

I = dx = - +C (k > 1).

: j(x_a)k T (k-1)(x-a) ”
2) Tinh tich phan J, =J. Mx + N dx:

(xz + PxX + q)m

2 2
Taco x>+ px + q :[x+gj +[q_pZ]'

2 2

Vip®—4p <0nén q—pZ>O.Bét a= q—pZ.Thuchiéndéibién

t:x+g:>dt=dx.

Tacd x*+px+q=t'+a’va Mx+N= Mt+(N—M7] Do do

Mt+[ _Mp)
Mx + N 2 M, 2tdt Mp dt
h=|l—"——dx= dt =— +(N——j
1 '[X2+px+p '[ t2 + a2 2'[t2+a2 2 jt2+a2
2
jM ( )arctg +C =—1n( +a2)+l(N—@jarctg£+C
t2 + a2 2 a 2 a 2 a
ZMln(x2+px+q) 2N - Mp arctg 2x +p +C
2 2ta-p* g
3) Tinh tich phan Jm:j Mx+N —dx (m>1):
(x2+px+q)

Bién dbi giéng nhu J; ta duoc
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Mt+(N—N;pj

¢ Mx+N ~ dt . M 2tdt (_ij
J = dx = m =—|———+|N
" '[(x2+px+q)m *=] (t2+a2) 2 (t2+a2)m+ 2 '[(t2
—_ _

K

m

Ta tinh K, bang cach ddi bién u = t2 + a? = du = 2tdt.

2tdt du 1 1
Km:_‘. 2 2m:,[m:_1 ar+tC=- 2 _ _2\m1
(t"+a”) u (m —1)u (m -1t +a”)
Tatinh L = I (1:201—t2)m bang cong thire truy hdi nhu sau:
+a
4) Tinh tich phan L_ = J.(’(:Qf#)m (m nguyén duong)
1 2mt
Dét u= (tZ + a2)m = du = - (tZ + a2)m+1 dt .Ta co
dv =dt v=t
2
L_ = t m+2m_[ ¢ m+1dt,
(1:2 +a2) (t2 +a2)
L
(t* +a%) —a’ dt 5 dt 2
:I 2 2\m+1 :I 2 2\m _[ 2 2\m+1 _Lm_aLm+1
(t*+a”) (t* +a”) (t*+a”)
Do do
L = e t a0 +2mL_-2ma’L_
+ a
Suy ra
1 t 2m -1 1
m+l 2 (42 am T _2Lm
2ma“ (t° +a”) 2m a

Pay 1a cong thirc truy hdi dé tinh L,, trong do

dt 1 t
L = = —arctg— + C.
! It2+a2 a ga

3.2. Tich phan cac ham hiru ti
Ham hiru ti 1a mot ham sb ¢o dang:

_P(x) by +bix+..+byx™

(1)

f(x)

Q)  ap+ayx+..+a,x"
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voi a;, b; € R va a,, by, = 0 va P(x), Q(x) khong c6 nghiém chung.
Ta thay néq béac cua P(x) 16n hon hodc bang bac cua Q(x) (m > n) thi bang cach chia tir
cho mau ta c6 thé bi€u dién (1) dudi dang:
P,(x)
Q)

trong d6 P(x), Px(x) 1a cac da thire theo x v61 bac cua Py(x) bé hon bac cua Q(x). Vi Py(x) la da
thizc nén tich phan Py(x) tinh dugc d& dang. Vi vay ta gia thiét ring f(x) c6 dang (1) véi bac cua

f(x) =P(x) +

tir bé hon bac ctia mau (m < n). Khi do6 duoc phan tich thanh tong cic phéan thirc don

(x
Q(x)
gian nhu sau:

Pé minh hoa, ta gia st Q(x) co6 bac 10 va dugc phan tich dudi dang:
Q(x) = (x —a)(x — b’ (x* + px + q)(x* + x + 5)°
(p2—4q<0; r2—4s<0). Khi do
P(x): A . B, . B, . B, N Cx+D N Ex+F N E,x +F,
Qx) x-a x-b (x-b? (x-b)’ x*+px+q x+rx+s &>+rx+s)’’

trong d6 A, By,.., E;, F, € R Pé cac dinh cac hé sd trénta c6 2 cach nhu sau:

Cach 1 (Phuong phap hé s0 bat dinh): Nhan hai Ve cho Q(x) roi dong nhat hé s cua cac
) hang cung bac ¢ hai ve, dua dén hé phuong trinh tuyen tinh ddi voi A, By,.., Ey, F,  Giai hé
phuong trinh nay ta tim dugc A, By,.., Es, Fs.

Cach 2 (Phuong phap gia trj riéng): Cho x nhén 10 gia tri tuy ¥ (s6 10 ung Vol 5O luong
céc hé s6 can xac dinh) rdi thé vao dang thirc trén dé duoc mot hé phuong trinh tuyén tinh dbi
voi A, By,.., E,, F,  Giai hé phuong trinh nay ta tim duoc A, By,.., E,, F,.

Vi du. Tinh céc tich phan sau:
X+2

a)l = dx, b) I=
I xtroxdvox®?+2x+1 I

X4+1

Gidi. a)I = I ! X+2 dx . Ta phan tich

roxdrox? +2x+1

X+ 2 B X+ 2 A N B +CerD
x*roxdrox? +9x+1 (x+1)2(x2+1) x+1 (x+1)2 x2+1
o x+2=Ax+Dx%>+1) +Bx%+1)+(Cx + D)(x + 1) 1)
Tu (1) taco
chonx=-1 = B=1/2.

chonx =0 =>A+B+D=2.
chonx = 1 =4A+2B+4C+4D=3.
chonx = -2=-5A+5B-2C+D=0.

69



Ta co hé

3
A +D = — A-1
4A + 4C + 4D =2 <:C=-
54 -2¢ + D =-2 |p-1
2 2
Vay
1
X +2 1 1 1 Frg 111 1 2x 1 1

X4+2x3+2x2+2x+1_x+1 E(x+1)2 x2+1_XJr1 E(x+1)2_§x2+1 §X2+1'

Suy ra

1
I_'[X+1 (X+1)2 IX +1 J‘xz+1dX

=hﬂx+1|——————§hﬂx4J)+2amQ§+C

dx

x*+1

b)I:j . Tacd

.KL+1:(X4+2X2+1)—2X2:(X2+1f—%XJ§f
:(x2+XJ§+1Xx2—XJ§+1)
Ta phan tich
1 Ax+B Cx+D
X4+1:X2+\/§X+1+X2—\/§X+1
S A+0x° +(-AV2+B+CV2+D)x*+ (A-BV2+C+DV2)x+B+D=1
Pong nhét cac hé s6 twong tng & hai vé ta dugc:

1=(Ax+B)(x? —xvJ2 + 1)+ (Cx + D)(x% + x4/2 + 1)

1
/2
A+C=0 1
_AVZ+B+Cy2+D=0 B=35
=
A-BJ2+C+DV2=0 Cco_
B+D=1 22
p_1
2
Vay
= [
2\/_ x2 +x2 +1 zf —xJ2+1

L L
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Ta co
J2
1, 2x+42 Ja, A+
I == —————dx+

1_5 X2 +xV2+1 ?J. \/7 ﬁf

x4+ (O

=%ln(x2 +xv/2 +1) + arctg(x</2 + 1) + C.

Tuong tu,
I - éln(xz _xv2 1+ 1) - arctg(xy/2 - 1) + C.

Do do

1 X2 +xy2+1 1

= In + arctg(x\/§ +1)+ iarctg:_g:(x\/a -1)+C
42 X-x/2+1 242

22

I

4. TICH PHAN HAM LUQNG GIAC
Xét tich phan dang 1 = IR(sin X, cos x)dx, trong d6 R 1a mt ham hitu ti ddi véi sinx, cosx.

4.1. Phuong phap tong quat
Thuc hién phép ddi bién

t:tgg, (-t<x <)

Khi d6 dx = % va ta c6 cong thuc
J’_

: 2t —t? 2t
SINX = —— ,CO0SX = 5 ,tgx = 5

1+t 1+t 1-t

Do d6 I ¢6 dang tich phan ham hitu ti di xét & phan trudc.

X

tg—+1
1
Vidu: 1= I dx = arctgL +C

2sinx —cosx+5 /5

J5

4.2. Mot s6 phwong phap khac

Sau day ta xét mot s6 dang co thé d6i bién dé dua vé cac tich phan ham hitu ti don gian
hon:

1) Tich phan dang 1 = JR(sin x).cos xdx
bit t=sinx = dt = cosx dx. Khido 1= _[R(t)dt.

2) Tich phan dang I = IR(cos X).sin xdx.

71



it t = cosx = dt = —sinxdx. Khi d6 I=[R(tdt.
3) Tich phan dang I = j R(tgx)dx.

Pt t = tgx = dt = (1+ tg’)dx hay dx=1dtt2
+
Khi do 1= [0 g,
1+t

4) Tich phan dang I = I (sin x)*"(cos x)*™ dx. Ding cdng thirc ha bac:

. 9 1—cos2x 9 1+cos2x . 1.
sin XZT, cos X:T, smx.cosx:ésm2x

5) Tich phan dang I = IR(sinZ x,c0s” x)dx.

Pat t =tgx = dt = (1 + tg’x)dx hay dx= . dtt2
+
Ta c6 cong thirc
2
sin” x = —— ,cos’ x = ~,tg’x = th.
1+t 1+t 1-t

6) Tich phan dang jsin ax cos bxdx; J. sin ax sin bxdx; I cos ax cos bx dx.

Ta dung cong thirc bién doi tich thanh tong:

sin ax cos bx = %[sin(ax — bx) + sin(ax + bx)]
sin ax sin bx = %[cos(ax — bx) — cos(ax + bx)]

cosaxcos bx = %[cos(ax — bx) + cos(ax + bx)]
Vi du. Tinh céc tich phan sau:
dx
a)|sin® x cos® xdx; b)| ——MM—;
J. J. sin? x cos?® x

c)J. sin 7x.sin 5x dx d)J. sin® x.cos® xdx

Giai. a)l = 'fsinz x cos® xdx = _[(1 —sin? x).cos xdx.

Pit t =sinx = dt=cosxdx. Ta c6

3 5 - 3 . 5
I:Jtz(l—tQ)dtZt——t——‘rC:Sln X _sin'x o
3 5 3 5

b)jL bit

sin* x cos? x
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dt

t =tgx = dt = (1 + tg’x)dx hay dx= N

9 "

+t
Taco
dt

dx 14t tt+2t* +1 2 1

I sin* x cos® x I 22 ¥ 1 I t* I t? tt
1+t% ) 1+t
=t—g—i3+C=tgx—l— 13 +C.
t 3t tgx  3tg’x

o)l = jsin 7x.8in5xdx = lJ.(cos 2X — cos 12x) dx = lsin 2% — isin 12x + C.
2 4 24

dI = Isin“ x.cos® xdx. Ta cO

2
I:J- 1-cos2x 1+coSZXdX - lj(l_COSZX)(l—COSZ 2x)dx
2 2 8

= 1_|.(1—c0s2x)sim2 9xdx = lj(l_coszx)wdx
8 8 2

= 1_1€;f(1 — cos4x — €08 2xX + cos 2x cos 4x)dx

= ix - Lsin4x - isin2x + ij(cost + cos 6x)dx
16 64 32 32

= ix—isin4x—isi112x+Lsin6x+C.
16 64 64 192

5. TICH PHAN HAM VO Ti
5.1. Phép thé lwong giic
Xét cac tich phan dang:

1HI= _[R(x,\/az — x2)dx (0<a: Const)

Ppit X =asint (—E <t< E) St= arcsinE.
’ 2 2 a

Tacdé dx = acostdt; va® — x* = acost.

2) 1= IR(X,\/X2 +a2jdx (0 <a: Const).
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Dat x =atgt (-~ <t <2) < t = arctg .
2 2 a

Ta ¢6 dx = a(l + tg2t)dt; Vx? +a? = —°>

cost

3) 1= J.R(X, Vx% —a?)dx (0<a: Const).

bat x = (OSt;tESTC)@t:aI'CCOSi.
cost 2 X
Tacodx = a s1n2tt dt; va® —x*> =altgtl.
cos

Vi du. Tinh cac tich phan sau:

a)j—d“az_xzx; b)| dx .
X x2(x+\/1+x2)

[L2 2
Giai. a)l = Iudx Dit x =asint (—g <a< g) &t = arcsin .
X a

Taco dx = acostdt, va® —x*> = acost. Suyra

2 .9
I:J‘ac:iittdt:ajwdt :aj dt —a.[sindt:aJ. dt +acost+C

sint sint sint
I
Xétl.Bétu=tg£:dt: 2du . Tacod
2 1+u
du t
L=|—=Inlul=Inltg—1+C.
u 2
Vay
t sinE 2sin2£
I:alnltg§I+acost+C —aln|—2|+acost+C =aln|— 2 |+acost+C
cos— 2sin—cos—
2 2 2
=aln 1__C0St +acost+C
sint
2 2
Vi sin1::§,cos1::u nén
a a
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X = tgt (—g<t<g) < t = arctgx.

1

Tacd dx = (1 + tg®t)dt; V1 + x* = .
cos

.Suy ra

1+ tg*t)dt _ I costdt

. 9 .
cost

Dit u =sint = du = costdt. Ta co

1 —1+l2)du=1n\u+1\—1n|u|—1+0=1n|Sint+1|— 1

du
I_Iu2(1+u)_ju+1 u u u ‘ sint ‘ sint—lrC

|x+\/1+x2| \/1+x2
BEEE

tgt

= +C.
Jl+tgt J1+x?

Vi sint = nén I =1n

5.2. Tich phan mot s6 ham vé ti

1) Tich phan dang
Isz X,m/ax+b ,m,n}ax+b dx,
cx+d cx +d

trong d6 R(x, y, z, ...) 1a ham hiru ti; m, n, ... 1a cac ) nguyén duong; a, b, ¢, d, 1a cac héng $6.

Pé tinh tich phan nay ta dung phép doi bién:

t:k,ﬂ
cx +d

voi k 1a boi s0 chung nhd nhat cta cac chi so can m, n, ...

dx

Vidu. TinhI= I\/Zx—l—‘%/Zx—l

Giagi. Daitt =¥2x -1 = t* =2x -1 = dx = 2t*dt.Taco
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2t3dt t2dt
I- _gftdt
=J2x—1+2%/2x—1+2zn‘\/2x—1—1‘+c

2) Tich phén dang: I = IR(X, Vax? + bx + ¢)dx

Bién do6i

=2.[(t+1+t_i1)dt=t2+2t+2ln‘t—1‘+C

ax2+bx+c=a(x+£)2+c——.
2a

batt=x+ 21, ta dua duogc tich phan vé dang phép thé lugng giac.
a

Vidy. Tinh 1= |

dx
V2 +4x+7)°

Giai.Ta co
dx

\/[(x L2 4 3]3 .

-

bitt=x+2=dt =dx.Tacéo

I= jL
V@2 +3)°

bat t =\/§tgu (—Egu SE): dt = \/ggu .Suy ra
2 2 cos“u
@rar -3

cos®u

Izlj.cosudu:lsinu+0=1
3 3 3

dx

(mx + n)r\/ax2 +bx+c

3) Tich phan dang I = J.

Dung phuong phap d6i bién dit m x +n = %

Vi dy. Tinh tich phan I = | (x> 0).

dx
X\/x2 -2x-1
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Giai. Dat

Taco

dt

e e e
1 j;_gq_ 2—(1+1t)>
t\Vt? t

77
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B -TICH PHAN XAC PINH - TICH PHAN SUY RONG

1. TICH PHAN XAC PINH

1.1. Dinh nghia. X¢ét ham s6 f(x) lién tuc trén doan [a,b]. Chia doan [a,b] thanh cic doan nho
bai cac diem x, Xj.,..., X, hhu sau:

a=X)<X] <X9<..<X,_1<X,=Db

Trén mdi doan nho [x;_1,x;] lay mot diém ¢; tiy ¥ x,, <&, <x, (i=1,n) vadit

Ax, =x, -x_, (i=1n).

Lap tong
[ =f(e)x, —x)+f(e)x, —x)+..+f(e Nx, -x )= Zf(si)Axi.
i=1
Xét gidi han:

n

Iim I = lim E f(e )AX..
n—>+o0 n n—>+w é 1 1
max Ax; -0 max Ax; 0 i=1

Néu gidi han trén tdn tai, hiru han va bé’lng I € R thi ta n6i f(x) kha tich trén [a,b] va I dugc goi

1a tich phan xac dinh cua f(x)trén doan [a,b], ky hi¢ula I = Tf (x)dx.
Ta goi:
e A lacan duoi;
e blacan trén;
e f(x) la ham s l4y tich phan;
e f(x)dx 1a biéu thtc dudi dau tich phan.

Chi y. 1) Tich phan xac dinh khong phu thudc vao ky hiéu bién s6 dudi dau tich phan, nghia
la

b b b
j f(x)dx = j f(t)dt = j f(udu = ...
2) Tacling dat

Tf(x)dx =0;
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Tf(x)dx = —Tf(x)dx.
a b

1.2. Céc tinh chét cia tich phén xac dinh

b b
1) [kfxdx = k.[f(x)dx (k = const)

b b b
2) Hf(x) + g(x)] dx= j f(x)dx + jg(x)dx .
a a a
3) Véia, b, ¢ bat ky ta co
b c b
[fodx = [f(x)dx + [ f(x)dx.
a a C
(Gia str cac tich phén trén déu ton tai).

) b b
4)Néu f(x) 2 g(x), Vxe[a,b], thi [f(x)x > [gxdx.
a a

b
Dic biét, néu f(x) > 0, Vxe [a,b], thi j f(x)dx > 0.

4)Néu m < f(x) <M, Vx e[a,b] thi

1 b
b—a-!f(X)dX <M.

m <

1

Ta goi
g0 b_a

b
j f(x)dx 13 gid tri trung binh cua f(x) trén [a,b].
1.3. Pinh Iy (Tich phin xéc dinh véi cin trén bién thién).
Gia sir ham s6 f(x) lién tuc trén [a,b]. Khi d6
X
F(x) = [f(t)dt
a
la mdt nguyén ham cua f(x) trén [a,b], nghia la F'(x) = f(x), Vxe [a,b].
Chii y. Tir két qua trén ta suy ra v6i o(x) 1a ham kha vi, ta c6

o(x)
[ £t | = fpx)px).

a

Vi du. Tinh giéi han sau:
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j (t2 - 2t)(In cos t)(e® — 1)dt

L =1lim- =
x—0 X

Giai. Ta thay L c6 dang vo dinh 0/0. Ap dung Qui tic I’'Hospital ta c6

_[ (t% - 2t)(In cost)(e®* — 1)dt [I (t* - 2t)(In cos t)(e** — 1)dtJ
L= }(1_1)1(1) 0 m = lim

x—0 !
X (X1o)

1
) —2x%| - =x? 3x22x
. x* = 2x))(Incos(x?))Ee®* - 1(x%) .. ( 2 j
=lim =lim =—.
x—0 10X9 x—0 1OX9 5

1.4. Pinh ly (Cong thirc Newton — Leibniz).

Néu ham s6 f(x) lién tyc trén [a,b] va F(x) 1a mot nguyén ham cua f(x) trén [a,b] thi

b
[f(xdx = F(x)|?= F(b) - F(a)

Vi du.
TC T TC
1 = arctgx| .= arctgl — arct DD=—+—=—.
)f T g‘ g gD ="+ =1
2) j—dx = jlnzxd(znx) =§ln3x e=
W 41— cos 2x 1 o n 1 n2
3)ISin2XdX= I—d X — —sin 2x =—(——>)= .
) 2 2 . 24 2 8
4 4 4 x-2[" 4
4)j j( [ln|x—2|—ln|x—1ﬂ —1In —In=.
32X —3x+2 3 X-— 2 3 x—l3 3

1.5. Phwong phép doi bién s6
b

Dang 1: Xét tich phan I = j f(x)dx véi f(x) lién tuc trén [a,b]. Dat t = ¢(x) théa
a

1) ¢(x) c6 dao ham lién tuc trén [a,b].

2) f(x)dx tré thanh g(t)dt trong d6 g(t) 1a mot ham lién tuc trén doan c6 hai dau mat 1a ¢(a)
va @(b).
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Khi do6

b b(b)
jf(x)dx = J‘ g(t)dt.
a d(a)

b
Dang 2: X¢ét tich phan jf (x)dx véi f(x) lién tyc trén [a,b]. Dat x = @(t) thoa
a

1) o(t) c6 dao ham lién tuc trén [o,B].

2)a=¢@(a) vab=o(p).
3) Khi t bién thién trén [o,B] thi x bién thién trén [a,b].
Khi d6

b B
[fodx = [f[o®)]p'()dt .

Vi du. Tinh céc tich phan sau:

2 3 /2 2 1/x
a)J-\/4—x2dx; b)_fx\/1+xdx; c)f Lsidx; d)je—2dx.
0 0 o 1+sin”x 1 X

Giai.

2
a)I:j\/4—x2dx. Pit x = 2sint (- /2 <t < n/2). Ta co dx = 2costdt; V4 — x> = 2cost.
0

Déi can
X 2
t |0 w2
Suy ra
/2 /2 . /2
I=4I cos2tdt=4j%t:2{t+3m2t} =
0 0 0

3

b)I = j xv1 + xdx. Pat

0

t=+l+x = x=t2-1= dx = 2tdt.

Poi can

Suy ra

2 5 3 116
I:j2(t2—1)t2dt=2(—-—) -2
] 5 3| 15
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Cos X

c)Iz.[gd bat t=sinx = dt = cosxdx.

1+sin”“x
Doi can
X /2
t |0 1
©odt
Suy ra I:j 5 :arctg‘é——
ol+t
l/x
d)I = j_dx bit t——:>dt———dx
X x2
Poi can
x |1 2
t |1 1/2
Suy ra

1.6. Phwong phap tich phén tirng phan
Gia sit u = u(x) va v = v(x) 1a nhitng ham s6 c6 dao ham lién tuc trong [a,b]. Khi d6 tir

cong thuc tich phan ting phan trong tich phan bat dinh ta suy ra cong thirc tich phan timg phan
trong tich phan xac dinh nhu sau:

b b
Iudv = - I vdu
a a
Vi du. Tinh céc tich phan sau:
e 21 /2 1
a)Ilnxdx; b)J.xcosxdx; c)I e*cosxdx; d)Iarctgxdx.
1 o 0 0

Giai. a)l = j Inx dx. Dit
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{u:lnx du:d—X

= X
dv = dx
V=X
Suy ra
e
dx
[=xInx|] - |x—=e-x|{=e—-e+1=1.
X
1

27
b)I= I x cos xdx. Pat

u=x du =dx
=
dv = cos xdx v =sinx

Suy ra
T
. 2n . 21
I= xsinx| = — Ismxdx = cosx| = 0.
0
n/2
c)I= J. e* cosxdx. Dat
0
u=e* du = e*dx
: .
dv = cos xdx v =sinx
Suy ra
/2 n/2 n/2
I=e*sinx| - I e*sinxdx = "2 — I e® sin xdx.
0 0
[N —
Il
XétI;. bat
u=e* du = e*dx
. =
dv = sin xdx V =-C0SX
Suy ra
/2
I, =—e*cosx g/z + I e*cosxdx=1+1.
0

e¥2 1

Vay I=e"2-(1+1). Dodé I=
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1
dI= Iarctgxdx. bat
0

u = arctgx du = 5
1+x
dv =dx
V=X
Suy ra
1 1d(1+x? 1
I=xarctgx‘$—.[idx =E—1I(—2):£—lln‘1+x2‘ :E—llnz.

01+x2 4 27 1+x 4 2 o 4 2

Vi du. Chtrng minh rang néu ham s6 f(x) lién tuc trén [—a,a] thi

. 0 néu f(x) 1a ham so 1é

j f(x)dx =

a
A 2[f(x)dx néu f(x) la ham s6 chén
0

Giai. Tacd
a 0 a
j f(x)dx = j f(x)dx + j f(x)dx
-a -a 0
I

Xétl. batt=—x= dt=-dx. Taco

I= ])' f(x)dx =— fff (-t)dt =]l. f(-t)dt.
-a a 0

Suy ra

:T f(x)dx = j.f(—t)dt + Tf(x)dx = Tf(—x)dx + :Tf(x)dx = _T[f(—x) + f(x)]dx
—a 0 0 0 0 0

0 néu f(x) 1a ham so6 18

a
2 j f(x)dx né&u f(x) 1a ham s6 chin
0

2. TICH PHAN SUY RONG
2.1. Tich phén suy réng véi can & vo han (loai I)

2.1.1. Pinh nghia. Gia sir ham s6 f(x) xac dinh trén [a; +00) va kha tich trén mdi doan hiru
han [a,b]. Ta dinh nghia
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Tf(x)dx =lim [fxdx (1)

va goi la tich phdn suy réng ciia ham s f(x) trén [a; +o0). Tich phan suy rong d6 dugc goi la hdi
tu (twong ung, phdn ky) khi gidi han trong v€ phai cta (1) ton tai va hitu han (tuong tng, khong
c0 gidi han hoac c6 gis1 han vo cung).

Twong tu dinh nghia tich phan suy rong ctia ham s6 f(x) trén [ oo; a):

a

j f(x)dx = lim Tf(x)dx

u—>—x0
—o0

va trén (— oo; +o0):
+o0 a +o0 a t
j f(x)dx = j f(x)dx + j f(x)dx = lim j f(x)dx + lim j f(x)dx (*)

(a dugc chon tuy y, tich phan suy rong s€ khong phu thudc vao cach chon a).
Trong (*), néu ca hai gidi han déu tOn tai hitu han thi tich phén suy rong I f(x)dx moi hoi ty.
Nguoc lai, néu c6 it nhat mot trong hai gidi han khong tdn tai (hoac bﬁng vO cung) thi I f(x)dx
phan ky.

. Ta thdy rang tich phén suy rong la giéi han cua tich phén xac dinh khi cho can tich phan
dan t61 vo cyc. Vi vay dé tinh tich phan suy rong ta c6 thé dung cong thirc Newton-Leibniz nhu
sau:

Tf(x)dx =F(x)

™ _ F4e0) - Fla),
a

trong do6 F(x) 1a mdt nguyén ham cuia f(x) va F(+00) = lim F(x).

Tuong tu, ta co
T P(490) - F(—0)
—00

a
—00

_T f(x)dx =F(x)

=F(a) - F(-x) va Tf(x)dx =F(x)

v6i F(+0) = lim F(x); F(—0) = lim F(x).
Vidu 1.

dx
a) = arctgx
'([1+x2 g

+00
0

= lim arctgx — arctg0 = g

X—>+00

0
dx 0
b):[ T = arctgx »

= arctg0 — lim arctgx = g

X—>—0
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c) = + =Tc..

J.1+x J‘1+x J‘1+x

Vi du 2. Chirng minh rang I = jd—f héi tu voi o > 1 va phan ky voi o < 1.
1 X

Giai. 1) Véia #1taco
°° 1 . 1 1
| =-lm ;
1 oc 1)

1

_Néuo <1 thi lim-— 1

W = -0 = 1 =+ nén I, phan ky.
x>+ (o x* ¢

—Néu o> 1 thi lim;=031a = 1 nén I, hoi tu.
X—>+00 ((X—l)Xa_l a-1
2) Véia=1taco
Ood +00
= j — = lnx = lim Inx —In1 =+ nén I, phan ky.
1 X X—>+00

2.2. Tich phan ctia ham khong bi chan (loai IT)
2.2.1. Dinh nghia. 1) Néu ham sb f(x) lién tuc trén [a, b) va khong bi chan tai b, nghia la
lim f(x) = o (khi d6 x = b con dugc goi 1a diém bat thuong cia f(x)), thi ta dat

x—>b~
b t
j f(x)dx = lim [f(x)dx
t—>b” 2

2) Néu ham s6 f(x) lién tuc trén (a, b] va khong bi chin tai a, nghia 1a lim f (x) = o (nghia

x—at

1a x = a 1a diém bt thuong cia f(x)), thi ta dit

j f(x)dx = lim j f(x)dx

u—a’

3) Néu ham sé f(x) khong bi chin tai diém ¢ e(a,b) va lién tyuc tai moi x € [a,b]\{c} thi ta
dat

t—oc u—c’

_Tf(x) dx = jf(x) dx + _tff(x) dx = lim j f(x)dx + lim j f(x)dx (*)
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4) Néu cac gi6i han trén ton tai va hitu han thi ta ndi cac tinh phan suy rong tuong tng hoi
b

tu, nguoc lai ta ndi ching phan ky. Cha ¥ rang trong (*), tich phan suy rong J.f (x)dx chi hoi tu
a

khi ca hai gi6i han tuong (mg déu ton tai hitu han.

Chu y. Néu F(x) 1a mot nguyén ham cua f(x) thi ta cling c¢6 cong thirc twong ty nhu cong
thirc Newton-Leibniz nhu sau: Vi F(x) 1a mot nguyén ham cua f(x), ta co

a) Néu ham s f(x) lién tuc trén [a,b) va c6 diém bat thuong 1 x = b thi
b _
[fodx =Fx)| = F(b) - Fea),
trong d6 F(b") = lirg;F(x) )
b) Néu ham sb f(x) lién tuc trén (a, b] va ¢ diém bat thuong 1a x = a thi

" =F(b)-Fa"),

b
j f(x)dx = F(x)

trong d6 F(a®) = lim F(x).

X—a

Vidu 1.Xét J = del c6 diém bat thuong x = 1. Ta ¢6
1VX~
xdx (X_1)+1 B dx 2 | 3
J‘E—J‘ (X_l) dx = 1/x—1dX+J. x_1_§ (X—].) +2Jx-1+C.

J:(§H+2EJ

Vay Jhoituval=8/3.

_2 .9 tml 206 1) q|_8
_3+2 35{{3 (t 1) + 2t 1j_3.

2
1+

d

( X1)2 c6 diém bat thuong 1a x = 1. Ta c6
X p—

2
Vidu 2. Tich phan suy rong I = _[
0

¢ dx 2 dx
I‘!u—n”!(x—lf
I I,
1 T
I = dX2=- 1 :lim( ~1 ]—1:+oo.
o(x—l) X—l‘0 x>l | x—-1

Vay I, phan ky nén I ciing phan ky (ta khong can khao sat I).
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b
Viidy 3. Chiimg minh ring J, = [ dx
X f—

a

(a<b) hoi tyu khi o <1 va phan ky khi a > 1.

o

Gidi. 1) Véia # 1 tacod

5 =T dx | 1 b _ 1 + lim 1 -
© L (x-a) (a-1)x-a)"|  (a-1)(b-a)" = (a-1)x-a)"

—Néu o <1 thi lim 1 —0=J, = 1 nén I, hoi ty.
woa (0 -1)(x —a)*" (@ -1)(b-a)"

—Néu o >1thi lim 1
x—>a’ (oc - 1) (x—a)**!

=400 = J =+ nén J, phin ky.

2) Voia=1tacod

b
J ZI T nix-al _=In(b-a)- lim In|x -a |= + nén J, phan ky.

o
aX—a a x—a’

3. UNG DUNG CUA TiCH PHAN
3.1. Tinh dién tich hinh phing

Dién tich hinh phé}ng gidi han bdi cac duong théng X =a,x=Db,y=fi(x), y = f(x), voi
f1(x), £2(x) 1a cac ham so lién tuc trong [a,b] dugc tinh theo cong thirc:

S= T|f1 (x) - £y (x)|dx (1)

’Dé tinh tich phan trong (1) ta cin giai phuong trinh hoanh d6 giao diém fi(x) = f(x) dé
tim tat ca cac nghiém x,< x; <...< X, thudc [a,b]. Khi do

X, X, b
S = | [ £, — o)l dx| + | [ [£;0) = F, (0] dx| + ... +| [ [£; (%) = £(x)] dx

Vi du 1. Tinh dién tich S cuia hinh phang gidi han boi cac duong y=x+1vax +y = 3.
Giai. Phuong trinh hoanh d6 giao diém

1
-2

X2+1:3—X<:>|:X
X

Suy ra dién tich can tim Ia

3 2

X X
242 2
(3+2 X)

1
S = j[(x2 +1) - (3-x)]dx
-2

1
J. (x2 + x - 2)dx
22
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Vi du 2. Tinh dién tich S cuia hinh phing gidi han boi cac dudng y = x* — 2x* + 2x va y
2
=X".

Giai. Phuong trinh hoanh d6 giao diém

2

—o2x2 4 2x =x2 o x(x2-83x+2)=0 |x =1

Suy ra dién tich can tim la

1

2 4 1 4 2

S = I(x3—3x2+2x)dx+j(x3—3x2+2x)dx = {2—x3+x2} + {Z—x3+x2}

0 1 0 1
_A Lt
|4 4| 2’

3.2. Tinh thé tich

1) Trong khéng gian Oxyz v6i h¢ toa do truc chuan cho vat thé c6 thé tich V. Gia sir S(x)
1a dién tich cua thiét dién dugc tao boi mot mat phing vuodng goc voi truc Ox tai diém c6 toa do

X (trén Ox). Khi do néu vat thé €161 han boi hai mét phang x=avax=>b (a<b)vaS(x) lién tuc
trén [a, b] thi

V= ‘1'2 S(x)dx

2) Thé tich vat thé tron xoay do hinh phang giéi han boi cac duong y = f(x), truc hoanh,
X =a, X = b (a <b) quay xung quanh Ox dugc tinh theo cong thurc

V= nT[f(x)]Z dx

Vi du. Tinh thé tich vat thé tron xoay do hinh phang gi6i han boi cac duong sau:
a) y =2Jx ,y=0,x=0, x =4 quay quanh Ox.

b) y*=4 —x, x = 0 quay quanh Oy.
Giai.

4
a)V = nf4xdx = 2nx*|§ = 32r.

b) Ta co: y2 =4—X<:>X=4—y2
Puong cong x = 4 — y* giao vdi truc tung Oy tai cac diém co tung d6 1a nghiém cua
phuong trinh
4-y'=0c y==2.

Suy ra thé tich can tim 1a
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2 2 5 9
V=7II(4—y2)2dy=nj.(16_8y2+y4)dy =ﬂ(16y—%y3+y?) _ 37541'c

-9 -2 -2

4. KHAI NIEM VE PHUONG TRINH VI PHAN

4.1. Pinh nghia. Phuong trinh vi phan cip 1 1a phuong trinh giita bién x, ham chwa
biét y = y(x) va dao ham y' = y'(x):

F(x,y,y)=0 (1)
Néu tir (1) ta tinh dugce y' thi (1) con duogc viét dudi dang:
, d
y' = f(x,y) hay d—i = f(x,y) (2)

Ta con bién doi (2) vé dang:
P(x,y)dx + Q(xy) dy = 0 (3)
Trong (3) ta c6 thé xem y 1a ham, x 1a bién hodc y 1a bién, x 1a ham déu duoc.
4.2. Nghiém tong quat va nghiém riéng
Xét phuong trinh vi phéan cip 1:
Fx,y,y)=0 ()
1) Nghiém tong qudt cia (1) trén mién D < R*1a ho ham y = ¢(x,C) phu thudc ho hang
s0 CeC thoa hai tinh chat:
Tinh chat 1: V&i moi CeC, y = ¢(x,C) 1a nghiém cua (1), nghia 1a y = ¢(x,C) thoa
(D).
Tinh chét 2: Vi moi (xo,y0) € D, t6n tai duy nhat Cy eC sao cho nghiém y = ¢(x,C)
thoa y(xo) = yo.
Thong thuong, nghiém tong quat duoc viét dudi dang ham an:
d(x,y,C) =0.
2) Nghiém riéng cua (1) thoa diéu kién ban dau y,,_, =y, (hay y(xo) = yo) 1a nghiém y
= 90(x,Co) dugc suy tir nghiém tong quat y = ¢ (x,C) bang cach xac dinh hang s6 C dua
vao diéu kién do.
Thong thudng, nghiém riéng duoc viét dudi dang ham an:
D(x,y,Co) = 0.
Giai mot PTVP la tim nghiém téng‘quét ctia nd. Néu c6 kém theo diéu kién ban dau,
thi ta phai tim nghiém riéng thod man diéu kién do.
4.3. Phuwong trinh vi phin tich bién (hay cé bién phan ly). D6 1a phuong trinh co
dang:
My (ON(y)dx + Ma(x)Na(y)dy = 0 (1)
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Cach giai. Vi My(x)N;(y) # 0, chia hai vé ctia (1) cho dai lwong nay, ta duoc:

M NG,

y=0
M, (x) N;(y)

Suy ra nghiém tong quat 1a:

M09 gy [RaW gy
M2 (%) Nl (y )

Néu M,(x) = 0 tai x = a thi bang cach thir tryc tiép ta thdy x = a, y tuy ¥ thudc mién
xac dinh, cling 1a mgt nghiém cua (1).

Néu Ny(y) = 0 tai y = b thi bang cach thir tryc tiép ta thdy y = b, x tuy y thudc mién
xac dinh, cling 1a mdt nghiém cua (1).

Vi du. Giai phuong trinh vi phan:

(xy’ +y)dx + (x* —x’y)dy = 0 )

Giai. Ta viét lai phuong trinh (2) nhu sau:
(x+ 1)y* dx + x*(1 —y)dy =0 (2"

Gia st xy # 0. Chia hai vé caa (2') cho x°y* ta dugc:

* lax+ 1 Yay -o.
X y
Nghiém tong quat 1a
x+1 1-y
dx + dy =C,
.[Xz Iyz Y
o 1x 1 1 X| X4y
nghiald Inlx|-=-=- Inlyl=C hay In|~|- =C.
X ¥y y Xy

Ngoai ra, bang cach thir truc tiép ta thdy x = 0 (y tuy y); y = 0 (x tuy y) ciing 1a hai
nghiém cua (2).
4.4. Tim ham s6 y = y(x) tir h¢ s6 co gidn g,
Nhu da xét & chuong 2, néu hai dai luong x va y lién h¢ nhau theo mot ham kha viy =
y(x) thi ta tim dugc hé s6 co gidn &y, nhu la mot ham theo x dinh boi:
. x dyx
€y :y(x)—:—y—.
Y y dxy

Do dé, néu biét hé sb co gian gy, = &(x) 1a mot ham theo x, ta ¢c6 mot phuwong trinh vi phan tach
bién:
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dy ey
y X

¢6 nghiém tong quat 1a
e(x)
Inlyl= j “Hdx + C
X

Vi du. Biét hé so co gian ctia ham cau Q = Qp 1a

P
&p =~ T o
1000 -P
Hay xac dinh ham cdu Qp biét Qp(0) = 2000.
Giai. Ta co

dQP _ P

dPQ 1000-P
Suy ra

dQ dp

Q  1000-P

Lay tich phéan hai vé ta dugc In|Q| = In|1000 — P| + C. Tir d6 suy ra Q = A(1000 — P). Tir diéu
kién Q(0) = 2000, ta c6 A =2. Vay Qp = 2(1000 — P).

4.5. Phwong trinh vi phan tuyén tinh cp 1 13 phuong trinh c6 dang:

y' +p(¥)y = q(x) (1)
Néu q(x) = 0 thi ta c6 phuong trinh vi phén tuyén tinh thuan nhét cap 1:
y' +pX)y=0 ()

Cich giai. 1) Phuong trinh vi phan tuyén tinh thuan nhat cép 1:

y' +p(x)y=0 )
c6 nghiém tong quat la:
—Ip(x)dx
y = Ce
2) Phuong trinh vi phén tuyén tinh cép 1:
y' + p()y = q(x) (1)

c¢6 nghiém tong quat cia (1) 1a
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—.[p(x)dx Ip(x)dx
y=e j q(x)e dx + C

Chii y. a) Dung phuong phap bién thién hang s Lagrange ta tim nghiém tong quét
cua (1) dudi dang:

—J‘p(x)dx
y = C(x)e

Ip(x)dx
trong d6 C'(x) = q(x)e .
b) Ta c6 thé ghi nhé cong thiic nghiém tong quat cua phuong trinh (1) dudi dang:
y =ux)v(x,C)
trong do

—| p(x)dx
u(X):eJ.p ;V(X,C):Iq(x)dx+C

u(x)

Chirng minh. 1) Xét phuong trinh vi phan tuyén tinh thuan nhét cap 1:

y' +px)y =0 )
Trude hét, xét truong hop y # 0. Ta viét lai (2) nhu sau:
dy =-p(x)y hay dy = —p(x)dx
dx y
Nghiém tong quat 1a:
j by __ j p(x)dx

y

-1 p(x)dx
hay 1n|y|=—j p(x)dx +ln|C|=1n|CeI | (C = 0)

—| p(x)dx .
Tu d6 y =Ce I voi C # 0. Cha y rang y = 0 cling thoa (2) nén day cling 1a mot
nghiém cta (2). Suy ra nghiém tong quat cia (2) 1a:

- | p(x)dx . .
y = Ce -[ v6i C 1a hang so6 tuy y.

2) Xét phuong trinh vi phan tuyén tinh cép 1:
y' +px)y =qXx) (D
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Dung phuong phap bién thién hang s6 Lagrange ta tim nghiém tong quat cua (1)
dudi dang:

—Ip(x)dx
y = C(xe
Khi do:
—| p(x)dx —| p(x)dx
;/:C'(x)eI +c<x)eI ([ px)dey

—J‘p(x)dx —J.p(X)dX
= C'(x)e +C(x)e (—p(x))
Thé vao (1) ta dugc:

_J.p(x)dx —J.p(x)dx _jp(X)dX
C'(x)e + C(x)e (-p(x)) + p(x)C(x)e =q(x)
Suy ra

- | p(x)dx Ip(x)dx
C'(x)e J =q(x) hay C'(x) = q(x)e

Ip(x)dx
Do do: C(x) = [qxe dx+C,

Suy ra nghiém tong quat cua (1) 1a

—J‘p(x)dx jp(x)dx
y=e J.q(x)e dx +Cy

Vi du. Giai phuong trinh vi phan:
xy' +y = 3x> (3)
Giai. Bién déi (3):

y’+1y=3x
X

Pay la phuong trinh vi phan tuyén tinh cap 1 dang y’ + p(X)y = q(x) nén c6 nghiém tong
quat la: y =u(x)v(x,C), trong do:
_J'p(x)dx —J‘idx . oL
ux)=-e =e = e il gl |y 1= Z (o = £1)
X

(0]

v(x,C):j@dmczj3—de+C=lj3x2dx+czlx3+c
u(x) o o
X

nghia la
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—lx3+C) hay y=x2+9
X o X

y =
Chii y: Khi giai cac phuong trinh trén ta thuong dung cac dong nhat sau:
ekln|A(x)| | A(X) Ik: G(A(X))k,

o knlacol _ 1 & (= 1)

AR E - AG)E

BAI TAP

1. Tinh cac tinh phan sau:

C) J‘\IZ};+ 5 d

5

x3 . dx .
D RRre S

d) [x2¥x® - 8dx: &) [~ h[5d 2 ax
ve¥ +1

100
o) j(arctgxl Ix: h) j x+1)dx . i) J~ xdx :
1+X X1+Xe q}X_Xz
. r(x+4)dx dx dx
) |—=—=:; K) | ——; )| —F——.
J‘\/x2—2x J~X\/x2 +1 J.x2\/x2+1
2. Tinh céc tinh phan sau:
dx CoS X cos® x + cos® x
a ; dx ; c dx;
)I4sinx+3cosx+5 J.5—c0sx )J.sin2x+sin4x *
sinx + sin®x sin X
d) [=—————dx o) | | dx;
cos2x 4sin®x + 9cos? x 1+ cosx + cos2x
dx dx ) ) . X . X
; h) ; i) |sinx.sin—sin—dx;
& J‘sin?’x jcos X ) ’[ 2 3
j) Icos2 3x.sin? 5xdx. k) I Smx 1) J.tidx

cosx V1+sin®x

3.Duing phuong phap tich phan ting phan dé tinh céc tich phan sau:
a) j x%arctgxdx ; b) j sin(In x)dx ; C) J.ln(x +1+x?)dx;

xarctgx . X arcsin x
; e) | arcsin f dx ;
)I(1+x2)2 )'[ x+1 I,/(l X)3
4. Tinh tich phan cac ham phan thtrc hiru ti sau:
5x + 3

b)jz—dx; N 3 x+4 dx ;
X -2x+5 +6x2 +11x+ 6

)J- 6x+5

x +4x+9
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d x? 1 dx : xdx :
”4 “8x% 416 ©) x3 +1 f)Ix
3 1
)I X + h) I—4
(1+x) (1+X2)
5. Tinh tich phan cac ham v ti sau:
1+f 5x — 3
a) b) | ———dx;
I1+\/_ I\/2x2+8x+1
d)J- dx . e)J' 3x+2 dX,

X\/5X2—2X+1’ (X+1)\/X2+3X+3

6. Dung phuong phéap d6i bién, tinh:

sin® x cos 2xdx ;

S0 a

28
a) in’/l—xdx; b)
-7

4 3
d) J. 3xVx? - 7dx; e) I2x2\/9—x2 dx;
0

242

) j- xdx h) J~arcs1n\/_
VO —4x ’ o VX(1—x)
7. Tinh cac giéi han sau:

XS

)I 3x+4
V=x*+6x—

Dj(x+ 1)3\/(x2 + 2x—1)3dx.

@T X dx
3 1+x
%
3
dx
) £ (2x2 +1)\/x2 +1

In2

i [ Ve -1dx.
0

0
[ (8 + 8t +2)(cos t — 1) s in2tdt [ (¢ =1 In(cos t)dt
a)lim -2 b) lim X
Nim 12 ) 10
8. Ap dung cong thtrc tich phan timg phan, tinh:
1 2 1
a) [xe® dx; b) leogzxdx; c) .[ arccos xdx ;
0 1 0
d) Ixarcsinxdx; )Illnxldx f) f XSInX g
1 1 k] cos? x
e 3

9. Khéo sat sy hdi tu va tinh cac tich phan suy rong sau (néu co):
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40 +00 +00
a) J- _ dx b) J- dxs; c) J- arc tgxdx

9 X +x-2 o 1+x 0(1+x2)3/2’
T dx ? x T xdx
d | ———; e) | —dx; .
)_[o(x%l)2 )_[oe" ) im
10. Khao sat sy hoi tu va tinh cac tich phan suy rong sau (néu c6):
0 x 1 -2
e x—-1 dx
a) | —dx b) | ——dx; c) | ——
_'"1 x? _'[1 ¥x5 _'[1X\/x2—1
1 1 1
dx dx
d)| ————; e) | —— In(1 - x)dx .
)!;(2—)()\/; )'£x3+x2 f)'([

11. Tinh dién tich cac hinh phang dugc gi6i han bai cac duong:

1
a)y=4x — x> va truc Ox; b)y=§X2+1, y=0x=-2,x=3
2 3, H2 .
)y=—,y=2x,y=0,x=4; d)y=x"+2x"+xvay=2x+2;
X
0 y=—2Ey-2x Dy-y=a
1+x2° ’ 1+x2° '

12. Tinh thé tich ctia cac vat thé tron xoay do hinh phang gidi han boi cac dudng:
a) y=Inx,y=0,x=1, x =2 quay quanh truc Ox;
b) x=ye’, x=0,y =0,y =1 quay quanh tryc Oy.

13. Gidi cac phuong trinh vi phén sau:

a) \/1+y’dx+xylnxdy =0. b) J1-y*dx+ yJ1-x*dy =0.
) xy/1+ y*dx+ yV1-x*dy =0. d) y'+cos(x +2y)=cos(x—2y)-

14. Xac dinh ham cau Q=Qp biét hé sb co gian la

P
=—— véi Qp(0)=1000;
P 500-P R
2
b) ep = % véi Qp(0) = 2500000.

a) ¢
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15. Giai cac phuong trinh vi phan sau:

a) y'Nx*+4x—-1-3y=0. b) y'tg2x+4y=0.

¢) y— Y —cos® xtg - d) (1+x%)y'+y = arctgx.
sin x 2

e) xy'+2y = cos’ x. f) (xInx)y'-2y =xIn’ x.
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CHUONG 3
PHEP TiNH VI PHAN HAM NHIEU BIEN

1. KHAI NIEM VE HAM NHIEU BIEN
1.1. Pinh nghia ham nhiéu bién

Cho tap hop khac rong D < R’ Néu tmg v&i moi cap s6 thuc (x,y) cua D c6 mét va chi mot
s6 thue f(x,y) thi ta noi ham f= f(x,y) 1a ham theo hai bién x, y ¢4 mién xac dinh 1a D.

1 . \
Vidu: Him z = —————1a ham theo hai bién x,y c6 mién xac dinh la
4-x2% - y
D= {(xy)e R4 —x"—y*> 0} = {(x,y)eR’| X’ +y <4}.
Dinh nghia twong ty cho ham 3 bién.
1.2. P6 thi ham ciia ham hai bién
Cho ham hai bién z = f(x,y) c6 mién xic dinh 1a D. Do thi cua z = f(x,y) la tap
G = {(x,y,2)e R| (x,y)e D, z=f(x,y)}. Sau déy la d thi cia mot s6 ham hai bién.

2 2 .2
1) Elipsoid X—2+y—+—=1:
a® b

2

2
2) Paraboloid z = X—z + %:

O
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3) Mét n6n bac hai: z =

A A = r A . X
Tong quat hon, mit nén bac hai z? = —+

Tl

4) Mit tru bac hai:
2 2
Mt try elip: = +Y_ =1
e paz b2

F\ r\\ r\\ }\\ f\\ [\\"\\\ \\ \\

===

- Mit tru parabol: y? = 2px
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1.3. Gi¢i han ciia ham hai bién

S6 L dugc goi 1a gidi han ciia ham z = f(x, y) khi (x,y) — (a,b) néu véi moi & > 0 cho trudc

nhé bao nhiéu tiy y, ¢6 thé tim & > 0, sao chonéu 0 <p<dvéip = Jx-a?+(y-b? la
khoang céach giita cac diém (x,y) va (a,b), thi bt dang thirc:

[fix,y)-L| <e
dugc thoa man. Ky hiéu  lim : f(x,y)=L hay lim f(x,y)=L

(x,y)—>(a,b X—a
y—b

Vi du: Tim cac gioi han sau:

. 1l-cosx . .1

a)lim == b) lim (x* + y*)sin—
o = xy

Giai.

>1m1_y1m(1_ﬂ limx [ 1im 176055 |_g 1_g
e Xy e (xy) 2o s () 2

b) lim (x* + y*)sin—. Ta c6
x—0 Xy
y—0

2

(x <x*+y®> > 0 khi (x,y) - (0,0).

+y?)sin 1
Xy
Theo gidi han kep ta suy ra

lim (x* + yz)sini =0.
e xy

1.4. Sy lién tuc ciia ham hai bién.
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Ham f(x,y) duoc goi la lién tuc tai diém Mo(a,b) néu f(x,y) x4c dinh trén mQt mat tron chira
My(a,b) va hm f (x,y) =f(a,b).

(x,y)—>

Néu f(x,y) lién tuc tai moi diém My(a,b)eD thi ta néi f(x,y) lién tuc trén D.

2. PAO HAM RIENG
2.1. Pao ham riéng cép 1

Xét ham hai bién = f(x,y), néu cb dinh y, xem y nhu 1a mot héng s6, ham f tré thanh ham
theo bién x. Pao ham ctia ham mot bién d6 duoc goi 1a dao ham riéng (cap 1) cua f theo bién x,

ky hi¢ula f'; hay ﬁ Viay
ox

é(x,y) 1im f(x+Ax,y) - f(x,y) .
ax Ax—0 AX

Tuong tu, ta dinh nghia dugc dao ham riéng (cép 1) cua f theo bién y, ky hiéu la £’y hay
of
oy

Nhan xét: Cac quy luat tinh dao ham riéng hoan toan gidng véi cac quy ludt tinh dao ham
ctia ham mat bién sd, chi co diéu can luu y 1a dao ham riéng tinh theo bién sd nao.

Vi du: Tim cac dao ham riéng ctia ham sé:

Z= arctgz_

X

3 -
Xx__72__ y

z =|arctgel | = = X - )
X ( ngx (yj2 X2+y2 X2+y2
1+ BRI

Giai.

X
o 1
’ y X X
Zy:(amtg_} = S i me et e S
X), 1L (Y X°+y X“ +y
X x”

2.2. Pao ham riéng cap 2.

Pao ham riéng cip 2 ciia ham f = f(x, y) 1a dao ham riéng ctia dao ham riéng cip 1 cua
né. Cu thé:

2
1) Dao ham riéng cap 2 cua f theo bién x, ky hi¢ula f’, hay %E , dinh béi:
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o0*f o (of
f”z — ff 14 h —
e =), hay ox*  0x (GXJ

2

. . y of . ,
2) Dao ham riéng cap 2 ciia f theo bien y, ky higula ', hay R dinh bei:

2
f!l2 _ (f!)l hay a_fz. — i 8_f )
y v oy® oyl\oy

3) Céc dao ham riéng cép 2 cua f theo hai bién x, y dinh béi:

" . o*f o (of
o fI =(f), hay =—(—j

oxody oy\ox)
o*f o [ of
f" — f! ! ha
* w = Y Oyox 8x(8y}

Chii y: Véi gia thiét f)'('y va f;x lién tuc, ¢ thé ching minh duogc rang:
f” _ f”

(Pinh 1y Schwarz). Didu nay chung t6 dao ham riéng cap 2 theo hai bién x, y khong phu thudc
vao thur tu lay dao ham, néu chung lién tyc. Tir do, két qua trén cling ding cho cac dao ham
riéng cép cao hon néu chiing lién tuc. Khi d6 dao ham riéng cap k ciia f(x,y) dinh boi:

off ¢ apf off  o° (o7
OxPOy* P ayk P = oy*PoxP  oxP oy :

Vi du: Tim c4c dao ham riéng cap 2 cuia ham so:

z=arctgz.
X
Giai. Trong vi du trudc ta da biét:
foly et
y X +y
Do do:
oy y 2xy
=z )= | -2 2) = 21\ 2
Xty (x +y)
'y x ) 2xy
:(Zy)y: —2 zj :——2
X +y (x +y)

103



=(z, ), = [—Lj _ xX+y'-2yy  y -X
- (e

x? +y°

!
" (7Y = X _x2+y2—2xx_ y? - x°
zy, = (z, ), = =

x* +y”

3. PAO HAM RIENG CUA HAM HQP
3.1. Truwong hop f=f(x, y) v6i x = x(t), y = y(t):

Trong trudng hop nay, ham hop f(x(t),y(t)) co dao ham theo bién t dinh boi:

daf _ of dx dx of dy
dt oxdt ﬁy dt
Dac biét, khi y = y(x), ham hop f(x,y(x)) c6 dao ham theo x dinh bé1:
daf 8f of dy
dx 6x 8y dx

3.2. Truwong hop f=f(x, y) v6i x = x(u,v), y = y(u,v):

(x2 + yz)2 (x2 + y2)2 .

Trong truong hop nay, ham hop f(x(u,v),y(u,v)) c6 cac dao ham riéng theo u, v dinh boi:

of _of ox 8f6y
ou 8X6u 0y ou
o _oox ooy
ov 0OxoOv 0Oy ov

Vidu 1. Choz=x"" véiy=e" Tim dz.
dx
Giai. Ta co:
dz o0z oz oz oz dy
dx  ox dy dx
6z 2sin 2siny-1
= ( SINYY = 2(siny)x“S"Y
ZX ‘95‘ = % — 2sin(e)x2sne)-1
va ( 2Slny) _ z(cosy)XZSlny In x X
oy
dy d
- =—(e¥)=¢"
dx dx

Vidu2: Choz=x™" véix=Int,y=arctgt. Tim % .
Giai. Ta co
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d_ozdx  ozdy
dt ox dt oy dt

Oz 0 2si . 2siny-1
va —(X smy) _ 2(sm )X siny
ox  ox Y
92 _ 9 (k257  9(cos y)x® ™ Inx
dy 0Oy
dx = i(ln t) = 1
dt dt t
dy d
— = —(arctgt) =
dt dt e
= dz _2 sin(arctgt)(ln t)?sin@rctet)-1 | Lz cos(arctgt)(In t)2s@ e n(In t)
dt ¢t 1+t
e 2sin 7 N 0z 0z
Vidu3. Choz=x"" véix=u+v,y=uv. Tim —,—.
ou’ ov
Giai. Ta co

0z _0n0x 0zly 0z _020x 020y
du Oxdu dyou dov Oxov Oy ov’

OZ 0 2si . 2siny-1

—:—(X s1ny):2(81n )X siny

ox  ox Y

% = ai(xzsmy) = 2(cos y)x25™Y In x
y

x_20 1Y 9 )=

6u_8u(u+V) L u 6u(UV) v

%zi(u+v)=1;@=i(uv):u

ov  ov ov  ov

%z _ 2sin(uv)(u + v)252-1 4 9y cos(uv)(u + v)252 In(u + v)
_, J0u

% = 2sin(uv)(u + v)25 1 4 9y cos(uv)(u + v)252W In(u + v)

4. PAO HAM RIENG CUA HAM AN

4.1. Pinh nghia. Cho phuong trinh f(x,y) = 0, trong d6 f(x,y) 1a mot ham hai bién x4c dinh
trén D « R% Néu y = y(x) 1a mot ham sb xac dinh trén (a,b) sao cho (x,y(x))e D va f(x,y(x)) = 0
v6i moi x € (a,b) thi ta ndi y = y(x) 14 mot ham an xéac dinh bai phuong trinh f(x,y) = 0.

Vidu: y =v1-x%;y =—J1-x? 1a hai ham 4n x4c dinh bdi phuwong trinh x* + y* = 1.
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4.2. Pinh 1y. Cho phuong trinh f(x,y) = 0, trong d6 f(x,y) 1& mot ham hai bién c6 cac dao
ham riéng lién tuc trén D < R* va (Xo,y0)€ D 1a mot nghiém ciia phuong trinh. Khi d6, néu
£(x9,¥¢) # 0 thi v6i mot s6 £ > 0 bat ky da nho, tdn tai 8 > 0 sao cho:

1) V&i mdi x € (xo — 8, X + &), phwong trinh f(x,y) = 0 c6 duy nhat mot nghiém y = y(x)
€ (Yo—& Yo t€).

2) Ham s6 y = y(x) 12 ham 4n xac dinh boi phuong trinh f(x,y) = 0 ¢6 dao ham trén (x, -5,
Xo + ) dinh béi:
fe(x,y)

y(x) =-2
£(x,y)

voly = y(X).
Vi du. Cho phuong trinh 2y — siny — 2x = 0. Tinh dao ham ham an y = y(x) xéc dinh boi

phuong trinh trén tai xo = 0. (BS: 2)
Giai. Dat f(x,y) =2y —siny — 2x . Tacé f = -2; f}’, =2-cosy. Suyra

, f 2
Y =-X=_—=
fy 2—cosy

Taix=xp=0tacd 2y —siny=0nény=y,=0. Do do
2 2

,O = = =
¥y 2—-cosy 2-cos0

4.3. Pinh 1y. Cho phuong trinh f(x,y,z) = 0, trong d6 f(x,y,z) 1 mot ham ba bién c6 cac dao
ham riéng lién tyc trén D R’ va (X0,Y0,Zo)€ D la mdt nghi¢ém ctia phuong trinh. Khi d6, néu
f!(Xg,¥0,%0) % O thi véi mot s & > 0 bat ky da nho, ton tai & > 0 sao cho:

1) Voi mdi (x,y) € (X0 — 8, Xo + 8)x(yo — 8, yo + 8), phuwong trinh f(x,y,z) = 0 c6 duy nhat
mot nghiém z = z(x,y) € (zp — &, zo + €).

2) Ham s6 z = z(x,y) 1a ham 4n xé4c dinh boi phuong trinh f(x,y,z) = 0 ¢6 dao ham riéng trén
(x0 =3, X0 + 8)(yo — 8, yo + 5) dinh boi:
fi(x,y,2)

f,(x,y,2)
f,(x,y,2))’

z. (X,y) =— Fxy.2)’

z;, (x,y) =-—

Vo1 z = z(X,Y).

Vi du. Tim cac dao ham riéng cap 1, 2 cta cic ham 4n ham an z = z(x,y) x4c dinh boi cac
phuong trinh:

a) Xyz =x+y+z

b) x+y+z=¢%

c) x/z=In(z/y)+ 1.

Giai. Sir dung cong thtrc trén ta tinh dugc:
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, :_yz—l S - xz—-1_ , 2y(yz-1)

a)z L g == : =

* xy-1"7 xy-1"% " (xy-1?’
S _2x(xz-1)  , Xyz—-xX-y+z

2 _—, _—

Vo (xy-1)2 Y (xy — 1)?

1 e”

ro_ A e
b)z, =z}, = = _1,ZX2 =2 = Ly = & _1°
c)z z 17l = z :

X x4z 7 y(x+z)’

2 2 2 2

. Z N X7 - XZ

2 — 2 — -

x (x+2)°> 7Y yz(x+z)3’ ¥ oy(x+2)?
5. VI PHAN

Cho ham f = {(x, y) c6 cac dao ham riéng lién tuc tai diém Mo(X0,¥0). Khi d6 véi moi Ax,
Ay kha bé, ta co:
f(xotAX,yotAy) — (X0,y0) = £i'(X0,y0)AX + 1,'(X0,y0)Ay + o(p)

. 0(p) .
trong d6 P = \JAX® + Ay va gl_f)l(l)Tp =0, nghia 1a o(p) 1a VCB cap cao hon p khi p — 0.

5.1. Vi phén toan phan
bat df(xe,yo) = fi'(X0,y0)Ax + £(X0,¥0)Ay. Ta goi df(X,yo) 1a vi phan toan phén cua f(x,y)
tai (Xo,¥o)-
Tong quat, vi phan toan phan cua cia f(x,y) dinh boi:
df = f{'Ax + £,'Ay.
Chu y rang véi g(x,y) = X, ta co:
dg = g/'Ax + g,'Ay = Ax.

Do d6 dx = Ax. Tuong tu, dy = Ay. Do d6 vi phan toan phan cia f(x,y) c6 biéu thirc nhu sau:

df = f dx + ! dy

Khi Ax va Ay khé bé, ta co:
f(Xo+AX,yotAy) — f(X0,¥0) = £i'(X0,y0)AX + £(X0,y0)Ay

Suy ra cong thirc tinh gan dung:

fx,+ Ax, y,+ Ay) =~ f(x,,y,) + df(x,,y,)

107



Vidu. Cho z=x". Tim dz; dz(2,3). Tinh gin dung A =2,02*"".
Gidi:
o dz=1z/dx +z/dy = yxX’ 'dx + x’Inxdy.
o dz(2,3)=3.2"'dx + 2’In2dy = 12dx + 8In2dy.
e Dit (x0,y0) = (2,3); (Ax;Ay) = (0,02;-0,03). Theo cong thirc tinh gan dung, ta co:
A = z(XgTAX,yotAY) = z(X0,y0) + dz(Xo,y0) = 2(2,3) + dz(2,3)
~ 8 +12.0,02 + 8.In2.(-0,03) = 8,24 — 0,24In2
5.2. Vi phan cép 2.

Vi phan cép 2 cta ham f(x, y), ky hiéu d*f, 1a vi phan cua vi phan toan phan cia no, nghia
la

d*f = d(df)
Ta co:
d’f =d(f/dx + f,'dy) = (f/dx + f,'dy),'dx + (f,dx + f,'dy),'dy
= (£)dx + () dydx + (£),/dxdy + (£,),'dy’ = f,dx* + 2f, dxdy + f ,dy”

Vay:

d*f = f", dx* + 2f] dxdy + L dy”

hay

2 2 2 2
f=| Pax+ Lay| £=9t a1 290 gxdy + 2L gy
[0):4 oy ox® 8X8y oy

5.3. Vi phan cép n.
Vi phan cép n ctia ham f(x, y), ky hiéu d"f, 1a vi phan cta vi phan cap n-1 ctia nd, nghia la
d"f=d(d"'f)

Tong quat, ta ¢6 cong thire tinh vi phan cap n trong trudng hop cac dao ham riéng déu lién
tuc nhu sau:
af = Sdxs d Z cr 0L gxrrgy
(6x Y j X ka o ety

Vi du. Cho z = 2x’cos’y — 3x” + y*. Tim vi phan cip 2 ciia z.

Giai. Véi z = 2x’cos’y — 3x” + y7, ta c6:
r_ 2 2
e Z =06xcosy—6x.
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° 7, =-— 2x7sin2y + 2y.

« z,= 12xcos’y — 6.

o Zp =— 6x’sinly.

o Z',= — 4x’cos2y + 2.
y

Suy ra:

d’z = z', dx? + 2z dxdy + 2;2 dy”® = (12xcos’y—6)dx’—12x*sin2ydxdy+(—4x>cos2y+2)dy?

6. CUC TRI
6.1. Pinh nghia. Xét ham f(x,y). Ta noi f(x,y) dat cwe dai (cue tiéu) tai M(xo,yo) néu véi
moi diém M(x,y) kha gan My(xo,y0), M # M, ta co:
f(x, y) < f(x0,¥0)
[f(x, y) > f(X0,y0)]-
Cuc dai hay cuc tiéu dugc goi chung 13 cwre tri.
6.2. Cach tim cue tri:

Qui tac tim cyc tri cia ham f(x,y) gom cac budc sau:
Buéc 1: Tim cac diém dirng:

. f. =0
Giai hé
f; =0.

Moi nghiém (xo,yo) ctia hé trén dugc goi la mot diém dirng cua f(x,y).
Budc 2: Tim cac dao ham riéng:

A=1"); B=1]; C=1)
X y

Piat A=B*-AC.
Budce 3: Xac dinh cuec tri:
Véi mdi diém dirmg M(xo,y0) tim duoc ¢ Bude 1, xét:
A = A(X0,¥0); A = A(X0,¥0)-
Ta co:

A>0 f khong dat cuec tri tai Mo(Xo,yo)

A<0 |A>0 |f datcuec tiéu tai My(Xo,Yo)

A <0 |f datcuwc dai tai My(Xg,Yo)

A=0 Chura thé khang dinh f ¢é dat cwe tri tai My(Xo,yo) hay khong

Vi du. Tim cyc trj cia ham z = x*+ y° — 6xy.
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Giai. Budc 1: Tim diém dimg

_1 2.
Z;:O; 3X2_6y:0 y_EX, y:lxz X:0,y:0
l_0<:> 2 6 _O<:> 1 < 2 < X_2 _2
20 1BToex=0 gt er ex=0 3k -g=0  FTRYT

Viy 7 ¢6 2 diém dimg: M,(0,0) va My(2, 2).
Budc 2: Vi x’+y° — 6xy, ta co:
o z/=3x"—6y.

o Z{:=3y2-— 6X.

e A= Z22:6X.
e B=1z =-6.
[ ] C: Zy2: 6y.

e A=B’-AC=136(1-xy)

Budc 3: Xac dinh cuc tri:
e M;(0,0): A=36(1-xy)=36>0nén z khong dat cuc tri tai M,(0,0).

o M,(2,2): A=36(l-=xy)=-108 <0; A=6x=12>0 nén z dat cuc tiéu tai My(2,2) voi
7(2,2)=-8.

7. CUC TRI CO PIEU KIEN

_7.1. Dinh nghia. X¢ét ham f(x,y). Ta néi f(x,y) dat cwe dai (cwe tiéu) tai My(xo,yo) VOi
diéu kién:
o(x,y) =0 *)
néu hai tinh chét sau duoc thoa:
1) DPiém Mo(x0,¥0) c6 toa d0 thoa (*), nghia 1a @( xo,y) = 0.
2) Véimoi diém M(x,y) c6 toa do thoa (*), kha gan My(Xo,yo), M # My, ta co:
f(x, y) < f(x0,y0)
[f(x, y) > f(X0,y0)]-
Cuc dai c6 diéu kién hay cuc tiéu c6 diéu kién dugc goi chung 1 cue tri ¢6 diéu kién.
7.2. Céch tim cuec tri c6 diéu Kién:
Pé tim cuc tri cia ham f(x,y) voi diéu kién:
o(x,y) =0 (*)
ta c6 2 phuong phép:
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1) Phwong phap thé:

Tu (*), ta tinh y theo x (hodc x‘theo y) 1oi thé vao f(x,y) ta dugc ham mot bién. Cuc tri cta
ham mgt bién do6 cho ta cuc tri c6 di€u kién cua f(x,y).
Vidu : Tim cyc tri cua ham z = x> + y2 thoa diéu kién rang budc x +y =10 (*).
Giai. Tu diéu kién (*)tasuyra:y=10-x. Thé vao z ta dugc ham mét bién:
z; =%+ (10 —x)* = 2x* — 20x + 100.
Ham z, dat cuc tiéu tai x = 5 véi z(5) = 50. Do d6, véi diéu kién (*), z dat cyc tiéu tai (x,y)=(5,5)
voi z(5,5) = 50.

2) Phuwong phap nhan tir Lagrange:

Phuong phap nhan tir Lagrange gém céac budc sau:
Budce 1: Lap ham Lagrange:
Lix.y) = f(x.y) + 2 (x.y),
Trong d6 A 1a tham s thuc, goi 1a nhan tir Lagrange.

Budc 2: Xac dinh cac diem dirng va nhan ti:

oL,
— f' X, +7\‘ ' X, _ 0;
oL,
_f ! o
Giaihe | oy 7 (x,¥) + Lo, (X,¥) = 0;
(P(X, Y) = O

tim tt ca cac diém ding cing voi cac gia trj twong Gmg ctia nhan tir A.
Bude 3: Tim vi phan cip 2:
0’L 0’L
d’L, = —tdx® + 2—~dxdy +
X 0xX0y oy

o°L,

2

dy?

Buéc 4: Xac dinh cue tri c6 diéu kién:
Véi mbi diém dimg Mo(xo,yo) cting véi nhan tr A tim dugc & Budc 2, xét:

D= d’L, (%,,¥,)
trong d6 dx, dy thoa rang budc biéu thi bang phwong trinh:

do(x,,y,) =0

hay (P;; (X(), Yo )dX + (P; (XO7 Yo )dy =0 (**)
Ta c6: Cho dx, dy thay doi, khong dong thoi bang 0 thoa (**). Khi d6
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D khong d6i dau khi dx, dy | D> 0 | f dat cuc tiéu tai My(xo,y,) v6i diéu kién (*)
thay doi D <0 | fdat cwc dai tai My(Xo,yo) v6i diéu kién (*)

D d6i dau khi dx, dy thay doi f khong dat cuec tri tai My(Xo,yo) v6i diéu kién (*)

Vi du. Tim cyc tri ciia ham z = x + 2y théa diéu kién rang budc x>+ y* = 5.
Giai. Piéu kién da cho duoc viét lai nhu sau:
X' +y' = 5=0 (*)
Budc 1: Lap ham Lagrange:
Li(x,y) =x + 2y + Mx* + y* = 5).

Budce 2: Xac dinh cac diém dung va nhan ta:

Ta co:
aaLh =0 Xz_%; 1
aI)j 1+2\x = 0; ) (x,y) = (-=1,-2); L = —:
=0 e 24Dy =0 eiy=-i e 12
2 2— = (X7 ):(1,2);7\‘:__-
o(x,3) = 0. x“+y —-5=0. }ﬁ:l_ y 9
4

Vay L, c6 hai diém dirng: M;(—1, —2) tng v&i A, = 1/2 va My(1,2) tng véi A, = —1/2.
Budc 3: Tim vi phan cép 2:
d’L, = 62—L;dx2 + Z&dxdy + 62—L;dy2 = 20dx”® + 20dy>.
ox 0x0y oy
Bude 4: Xac dinh cuc tri ¢6 diéu kién:
ox,y)=x> +y’-5= 0y = 2x; ¢y = 2y;do(x,y) = 2xdx + 2ydy
e Tai M;(—1,-2) ung v&i A, = 1/2:
D, = d’L, (-1,-2) = 24,dx” + 2),dy” = dx* + dy”,
trong do6 dx, dy thoa: de(—1,-2) = 0, nghia Ia
(2xdx + 2ydy)|(x’y):(71;2) =0

hay —2dx —4dy = 0 (**)
Ta thay D, >0 voi moi dx, dy khong ddng thoi bang 0 thoa (¥*). Do d6, z dat cuc tiéu tai M, (—
1,-2) véi dicu kién (*), trong do z(—1,-2) =-5.

e Tai My(1,2) ung v6i A, =—1/2:
D, = dzsz (1,2) = 21,dx* + 2\, dy”* = ~(dx* + dy*),

trong d6 dx, dy thoa: do(1,2) = 0, nghia la
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(2xdx + 2ydy)‘(x,y):(l’2) =0

hay 2dx + 4dy = 0 (¥**)
Ta thdy D, < 0 v6i moi dx, dy khong dong thoi bing 0 théa (***). Do d6, z dat cuc dai tai
M,(1,2) v6i diéu kién (¥), trong d6 z(1,2) = 5.

8. GIA TRI LON NHAT- GIA TRI NHO NHAT
8.1. Pinh nghia. Cho ham s f(x,y) xac dinh trén D. Ta dinh nghia:
1) M € R la gia tri 16n nhit (GTLN) cua f(x,y) trén D néu
V(x,y) € D,f(x,y) < M;
{H(Xl,yl) e D,f(x,,y,) =M.
2) m € R 1 gia trj nho nhat (GTNN) cua f(x,y) trén D néu

V(x,y) e D,f(x,y) > m;
i(x,,y,) € D,f(x,,y,) = m.

8.2. Pinh Iy. Cho ham sb f(x,y) lién tyc trén mién dong, bi chin D (D déng néu D chira
luén phan bién; D bi chdn néu D nam trong mét duong tron nao do). Khi do f(x,y) dat GTLN va
GTNN trén D.

8.3. Cach tim GTLN va GTNN

Cho ham sb f(x,y) c6 cac dao ham riéng lién tuc trén mién doéng, bi chdn D. Khi do f(x,y)
lién tuc trén D, do d6 dat GTLN va GTNN trén D. Céch tim cac gia tri d6 nhu sau:

Buérc 1: Tim céc diém dimng
fo=0 7 ‘
Giai hé £ -0 tim tat ca cac diém dung thudc phan trong ctia D (trc 1a thuoc D nhung
y - .
khong thudc bién D).
Budre 2: Tim cic diém nghi ngd trén bién D
Gia su bién D c6 phuong trinh dinh bdi:
o(x,y) =0 *)

Khi d6 cac diém thudc bién D ma ta nghi ngd tai d6 ham sb f(x,y) dat GTLN, GTNN duoc xéac
dinh nhu sau:

e Néu dung phuong phap thé thi d6 1a cac diém Gmg véi cac gia tri ddu mut va cac gia tri
tai d6 dao ham cuia ham mot bién triét tiéu.

e Néu dung phuong phap Nhan tir Lagrange thi d6 1a cac diém ding ctia ham Lagrange.
Buwdére 3: Xac dinh GTLN va GTNN

So sanh gia tri cia f(x,y) tai cac diém dimg tim dugc trong Bude 1 va tai cac diém nghi
ngo tim dugc trong Budce 2, khi d6 gia tri 16n nhat trong ching chinh la GTLN va gia tri nho
nhat trong chiing chinh 1a GTNN.

Vi du: Tim GTLN va GTNN ciia ham s6 :
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Z=x2+y2—xy+x+y
trén miénDdinhbéi:xSO;ySO;x+y2—3.

Giai. Budc 1: Mién D duoc biéu dién nhu sau:

y
A
> X
z, = 2x-y+1=0
, x=y=-1
z, = 2y - x+1=0
Vay z chi c6 mot diém dung My(—1, —1) thudc phﬁn trong cua D, trong do
z(-1,-1)=-1 (1)

Budc 2: Xét bién D ta co:
e Trén OA: y=0,-3 <x <0. Ham z tr¢ thanh:
7Z1=X+tx=7/'=2x+1 (z// =0 x=-1/2)
Céc diém nghi ngo trén OA 1a:
x=-3 —>(-3,00véiz(-3,0) =6
x=0 — (0,0) vé6i z(0,0) = 0
x=-12 —(-1/2,0) v6i z(-1/2,0) = -1/4
e Trén OB: x =0, -3 <y <0. Ham z tr¢ thanh:
L=y +ty=2'=2y+1(z=0y=-1/2)
Céc diém nghi ngo trén OB 1a:
y= -3 —(0,-3)v6iz(0,-3)=6
y=0 — (0,0) da xét trén OA
y=-1/2 —(0,-1/2) v6i z(0,-1/2) = -1/4
e Trén AB: y=—-x—3, -3 <x<0. Ham z tr¢ thanh:
Z3=3X2+9x+6:>z3’=6x+9
7z =0=x=-32(y=-3/2)
Céc diém nghi ngo trén AB la:
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X =-3 — (-3,0) da xét trén OA
x=0 — (0, - 3) da xét trén OB (4)
x=-32 —>(-3/2,-3/2) v6i z(-3/2,-3/2) = -3/4
So sanh (1)-(4) ta suy ra GTLN va GTNN cua z trén D nhu sau:
GTLN = 6 =z(-3,0) = z(0,-3);
GTNN =-1=z(-1,-1).

9. MOT SO BAI TOAN KINH TE
9.1. Bai toan lap ké hoach san xuit trong diéu kién canh tranh hoan hao

1. Bai toan: Mot xi nghi¢p san xuét hai loai san pham. Pon gi4 cta hai loai san pham trén
thi truong 1an luot 1a Py; P, va ham tong chi phi 1a C=C(Q1,Q2) (Q1, Q2 1a cac san luong). Hay
dinh cac mic san lwong Q; va Q, dé xi nghiép dat loi nhudn cao nhat.

2. Phwong phap giai: Diéu kién vé cac muc san luong Q1, Qz1a Q; >0; Q,>0. Khido
- Doanh thu la R = P1Q; + P,Q,.
- Loinhuéan la:

n=R-C=PQ; +P,Q, - C(Q,Q).

Dé dat lgi nhuin cao nhat, can xac dinh cac murc san lugng Q;, Q, duong sao cho tai do =«
dat cuc dai. Luu y can kiém tra lai cac dai lugng khac nhu chi phi, 191 nhuan phai duong dé phu
hop véi thuc té.

3. Vi du: Mot xi nghiép san xuét hai loai san phém véi céac don gia trén thi truong lan luot
la P, =56 va P, =40. Ham tong chiphila C= 2Q1 +20Q,Q, + Q2 Hay dinh cac muc san lugng
Qi, Q, dé xi nghiép dat loi nhudn cao nhat.

Giai. Piéu kién vé cac mirc san luong Q;, Q,1a Q;>20; Q,>0. Tacod
- Doanh thu la R=P;Q;+P,Q, = 56Q; + 40Q..
- Loinhuanla
n=R~-C=(56Q; +40Q,) - (2Q,"+2Q;Q, + Q)
= 56Q; +40Q; - 2Q,;" - 2Q,Q, - Q,°
Ta can xac dinh cic muc san lugng Q;, Q, duong sao cho tai d6 = dat cuc dai.

o X¢éthé:

T, =0©{56—4Q1—2Q2=O®{2Q1+Q2=28©{le8>0

R;QQZO 40_2Q1_2Q2:O Q1+Q2= Q2=12>O

Vay = chi c6 mot diém ding 13 (Q;Q,) = (8;12).
115



e Taco

A:ng%=—4;B—nQQ QC—n :—2;

A=B’~AC=-4<0.
Suy ra 7 dat cuc dai tai (Q;Q,) = (8;12). Khi do:

- Chiphila C=2Q;*+2Q,Q,+Q,*>0.

- Loinhuanla nm=464>0.
Két luan: Dé dat loi nhudn cao nhét, can dinh mirc san lugng cua hai loai san phém lan luot 1a
Qi =8vaQ,=12.

9.2. Bai toan lap ké hoach san xuit trong diéu kién san xuit doc quyén

1. Bai toan: Mot xi nghi€p san xuit doc quyén hai loai san phém. Biét ham cdu cta hai
loai san pham trén 1an luot 1a Qp; = Dy(P1,P,); Qpa = Da(P1,P,) (P, P, 13 cac don gia) va ham
téng chi phi 1a C = C(Q1,Q,) (Qy, Q; 1a cac san lugng). Hay dinh cdc muc san lugng Q; va Q, dé
xi nghiép dat loi nhuan cao nhat.

2. Phwong phap giai. Diéu kién vé cac muc san lugng Q1, Qz 1a Q1 20; Q2 0. Do san
xuit doc quyén, v6i cac muc san lugng trén, dé tiéu thu hét san pham, xi nghiép s& ban vdi cac
don gia Py, P, sao cho:

Qp, =Q, - {Dl(Pl,Pz) = Q,
QD2 =Q, D,(P,,P,) =Q,

Giai h¢ trén ta duogc

P, =P(Q,,Q,)
P2 = Pz(Qv Q2)

Khi do;
- Doanh thu la R = P;(Q;,Q,) Qi+ P»(Q1,Q,)Q>.
- Loi nhuan la:

n=R-C=P(Q1,Q2) Qit P5(Q1,Q2)Q; — C(Q1,Qy).

Pé dat loi nhuin cao nhat, can x4c dinh cac murc san lugng Q;, Q, duong sao cho tai do =«
dat cuc dai. Luu y can kiém tra lai cac dai lugng khac nhu: don gid, chi phi, loi nhudn phai
duong dé phu hop véi thuc te.

3. Vi du: Mot xi nghiép san xuat doc quyen hai loai san pham véi cac ham cau lan luot la:

1230 - 5P, + P,

Q, = 14
qQ - 1350 + P, — 3P,
D: 14
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va ham tong chi phi la C= Q2+ 0Q,Q, + QA Hay dinh cac muirc san lugng Q,, Q, dé xi nghiép
dat lo1 nhuan cao nhat.

Giai. Diéu kién vé cac muc san lugng Q1, Q2 1a Q2 0; Q; 2 0. Do san xuit doc quyén,
v6i cac mirc san luong trén, dé tiéu thy hét san pham, xi nghiép s& ban véi cac don gia Py, P,
sao cho:

1230 - 5P, + P,

Q, = =Q,
b, =Q 14
Q, =Q,  |1350+P, - 3P
2 14 =Q

-5P, + P, =14Q, —1230 P, =360-3Q, -Q,
=
P, - 3P, =14Q, — 1350 P, =570 -Q, - 5Q,

Khi do:
- Doanh thu la
R=PQ;+P,Q,=(360-3Q;—Q,)Q; + (570 — Q; - 5Q,)Q>
=-3Q" - 5Q," ~2QiQ; +360Q; +570Q;
- Loi nhuan la
1=R—-C =-4Q,> - 6Q,"—3Q,Q, +360Q; + 570Q.
Ta can xac dinh cic muc san lugng Qy, Q, duong sao cho tai d6 =n dat cuc dai.

e Xéthé:

ﬂ;;zl =0 -8Q, -3Q, +360 =0 Q, =30
= =

nézz =0 -12Q, -3Q, +570=0 Q, =40
Vay  chi c6 mot diém ding 13 (Q;Q,)= (30;40).

e Taco:

_ . " — _ A =—R2 -
A=np =-8B=ny = -3,C= an 12:A=B*-AC=-87<0.

Suy ra 7 dat cuc dai tai (Q;Q,) = (30;40). Khi do
- Chiphila C=Q+Q,Q,+Q,>0.
- Loinhuanla m=16800> 0.

Két luan: Dé dat loi nhuan cao nhat, can dinh mic san luong cua hai loai san phérn lan luot 1a
Q; =30 va Q,=40.

9.3. Bai toan nguoi tiéu dung.

1. Bai toan: Mot nguoi danh mot so tién B dé mua hai loai san pham c6 don gia lan luot 1a
P, va P,. ham hiru dung tng voi hai loai san pham trén la U = U(xy,X;) (X1,X, 1an luot 1a so
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lugng cua cac san phém). Hay xac dinh ) lugng cua hai loai san phém trén sao cho ham hiru
dung dat gia tri cao nhat.

2. Phwong phap giii: Goi x;,x; lan luot 1a sb luong cua cac san phém. Piéu kién: x; > 0;
X > 0.

Khi @6 x,P; +x,P,=B. Do dé dé ham hitu dung dat gia tri 16n nhét ta can tim cuc dai cia
ham htru dung U = U(x,,X;) voi dieu kién x,P; + x,P, =B.

3. Vi du: Mot nguoi mudn ding s6 tién 4.000.000d dé mua hai mit hang co don gia
400.000d va 500.000d. Ham hitu dung cua hai mét hang trén la U = (x + 5)(y +4) (x, y lan luot
1a s6 lwong hai mat hang). Hay xac dinh s6 luong cAn mua cta hai mat hang trén dé ham hiru
dung dat gia tri cao nhét.

Giai. Vé6i x, y 1an luot 1a s6 lugng hai mat hang, ta co diéu kién: x > 0; y > 0. Khi d6
400000x + 500000y = 4000000 < 4x+5y =40(*)

Ta can tim x, y > 0 dé ham hitu dung U = (x + 5)(y + 4) dat cuc dai v6i didu kién (*).

T (*)tasuyra: y=8-— %x. Thé vao U, ta duoc
4
U =x+512- gx).

, , 4 4 8
Taco U, =(12—gx)—g(x+5)= S—EX.

U/'=0<x=5>0(y=4>0).

U]”Z —§< 0.
5

Do d6 U, dat cyc dai tai x = 5. Suy ra ham htru dung U dat cuc dai tai (x,y) = (5,4) voi
U(5,4) = 80.

Két luan: Bé ham hiru dung dat gia tri cao nhat, nguoi do can mua hai mat hang trén voi )
luong lan lugt 1a 5 va 4. Khi do6 gia tri ham hiru dung 1a U(5,4) = 80.

BAI TAP

1. Tinh céc gidi han sau:

2 1
X + . s
a) 11m% b) hm(l + Xy)X2+2xy
x—>0 X% + y x—0
x—0 y—3
xXsiny + ysinx x? — y?
C) hm B 3 d) hm 5 9
X—>0 X" +y x>0 X7 4y
y—© y—

2.Tim vi phan toan phan cap 1 va cap 2 cua cac ham so sau:
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a)z=x+y —3xy b)z:arctgx+y.
1-xy
2 2
X J—
X“+y
3.Tinh gan dung cac gia tri sau nho vi phan cép 1:
a) (2,01 b) (2,02)>" ¢) sin29°c0s62°.
4. Tim dao ham duoc chi ra cta cac ham sd sau:
a) z = In(e* + &) voi y = x°, tinh 22,92
ox dx
dz

b)z=¢"% vé6ix=sint,y =t’, tinh T

_ 2 2 g . , 0z 0z
€) Z=Xy—Xy VOi X=ucosv,y = usinv, tinh P
u

5.2) Tim df(t) véi =2, x=e',y = Int.
X

b) Tim df(x,y) v6i f =u’lny, u=2,v =x% + y2.
X

6. Tim dao ham dén cap da chi ra cia cac ham s6 sau:

o’z 0’z
a) z = In(x +/x% + y%), tinh y,y

0’z

b) z = xIn(xy), tinh axTay
_ Bainy + visi tinh 0z
¢) z=X’siny +y’sinx , tin 8X38y3.
2.2

7.Cho hamsb z = =Y. Chtng minh rang:
X + y

0’z 0’z oz
X +y —=2_—.
ox ox0y 19):¢
, dy d2y ro N LA R . . : _ A X—Y
8. a) Tinh FRt voiy la ham an xac dinhboix +y=e " .
x dx
2

b) Tinh %,% véiy 1a ham 4n xéc dinh boi x —y + arctgy = 0.
X X

¢) Tinh %, % y6i 7 1a ham 4n xéc dinh boi zIn(x + 2)- 2 = 0.
ox 0y zZ

d) Tinh d*z v6i z 12 ham an xé4c dinh boi x +y +z = ¢”.
9. Tim cuc tri cua cac cac ham so sau:
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a)z=8/x+xly +ty(x>0,y>0).
b)z=e(x+y +2y).
)z=x’+xy+y —2x—y.
d)z=2x"+2xy+y’ —x+y+2.
e) z=2x" + 6xy — 6x — 3y° — 30y + 2.
f) z=x>+3xy’ — 15x — 12y.
h)z=x*+y* - 2x* + 4xy - 2y”.

10. Tim cuec tri c6 diéu kién cua cac cac ham s sau:
a) z=6-4x— 3y, véi didu kién x* + y* = 1.
b) z=xy khi x* +y* = 1.

o)d)z=x"+y khig+§:1.
11. Tim gia tri 16n nhét va gia tri nho nhat ctia ham s6 sau trén mién da cho:
a)z=x +y —3xytrénmién 0<x <2;-1<y <2.
b)z=x"+y’ —xy—x—y trénmiénx>0;y>0; x+y <3.
c)z=xy” trénmién x*+y*> <1.
d)z=x>+2y’ —x trén mién x> +y* <25,

12. Mét xi nghiép san xuat hai loai san phém v6i cac don gia trén thi truong lan luot 14 P; = 60
va P, =75. Ham tong chi phi 1a C = Q,*+ Q,Q, + Q,”. Hiy dinh cac muc san lugng Q,, Q, dé xi
nghi¢p dat lgi nhudn cao nhét.

13. Mot xi nghi€p san xuét doc quyén hai loai san phém véi cac ham cau 1an luot 1a:

Qp, =40-2P, + P,
Qp,, =15+P, - P,

va ham téng chi phi ,12‘1 C= Q12 +QQ, + sz. Hay dinh cac muc san luong Qy, Q; dé xi nghiép
dat lo1 nhuan cao nhat.

14. Mot ngudi mudn dung sb tién 178.000.000d dé mua hai mit hang c6 don gia 400. 000d va
600.000d. Ham hitu dung cua hai mét hang trén la U = (x + 20)(y + 10) (x, y 1an Iuot 1a s6 lugng
hai mat hang). Hay xac dinh s6 luong can mua cta hai mit hang trén dé ham hitu dung dat gia
tri cao nhat.
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