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Puvong cong Bezier

Muc tiéu: xay dyng dudng cong thong qua cac diém
diéu khién.

Do Pierre Bezier xay dyng (trong thoi gian lam viéc
& Renault).

Tuong ty dvong Hermit nhwng try’c quan hon

Db hoa may tinh-Ngé Quéc Viét



Puvwong cong Bezier

P(D) = Zizo.3 Bi(1) P;
Bi(t) = (%) t' (1-1)*

Po= XoYo P3= X3,¥3

p(t) = (1-t)3p, + 3(1-t)%tp, + 3(1-H)t%p, + t3p;

X(t) = (1-t)3x, + 3(1-t)2tx, + 3(L-t)t2x, + 13X,
y(t) = (1-1)3y, + 3(1-t)2ty, + 3(1-H)ty, + By,
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Puvong cong Bezier

e Duwdng Bezier co bac bat ky
e Bacduodng Bezier=s6 diém diéu khién —1
e Vidu:
— Bac 2 (quadratic): 3 CPs
— Bac 3 (cubic): 4 CPs
— Bac 4 (quadratic): 5 CPs
e Cauhoi:
— Lam cac nao thém diém diéu khién
vao dvong Bezier xac dinh?

— Lam cach nao chia dvong cong Bezier
thanh hai doan cong Bezier?
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Thuat giai Casteljau Xay dwng duwong Bezier

e Xayduyng diém trén duong cong.
Po. = (2-t) P + TP,
P, =(-t)p,+1p,
P,;=(1-t)p,+tp,
Pow> = (1) Poy + TPy,
Pix3 = (1-8) Py, + TPy,
Poi23 = (1-1) Py, + T Paag
 Chia duong cong tai p,.,

~ PoPoiPoiz Poia;
~ Po123P123 P25 P;
e Lap laivdicacgiatritdé co dvong
Bezier.
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Bac cua dvong cong

e Dung dé tang diéu khién
e Bat dauvadi
2 pi (nl_) ti (1_t)l’7-i — Z qi (nl_+ 1) ti (1_t)n+1-lg
e Xacdinhq i 12
(t+(@-t) Tp, (M) t (1) 14
=3 p, (M) (¢ (2-t)7 + i+ (2-£))
e Sosanhcachésod
q" ) =pA") + Pra("i0)
q; = (i/(n+1))p,., + (n+1-i/(n+1))p.

P2
d;

1/4

3/4

P3=04
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e Dangtong quat

VO
(1) . n!
i)™ (n—i)i!
e COong thuc tren xac dinh Iop cac duvong cong
Bezier.
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Pa thwc Bernstein

Hé s6 cla cac diém diéu khién la tap cac ham duoc
goi la Bernstein polynomials.
O bac 3 (4 diém diéu khién), ta co:

b (u) =(1—u)’
b,(u) =3u(1-u)’
b,(u)=3u’(1-u)
b,(u)=u’
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Pa thuc Bernstein

e Bac bat ky
B() = () t (-0
(™Y = nlGn — i) = (1) + (0 1)

e Phan hoach don vi

— To6ng bang 1 v&i moi t trong [0,1] -
Sizo.n BN(1) = 1 o= |
i=0..n i () (B 1/'3 2)3

e DPathwcbaccao dvoc xay dung tw cac
da th@c bac thap hon °
Bi"(t) = (") t' (1-t)™
=("vhH @™+ (L) Py
= (1-0BM(D) + 1By, (1) | :

p(t)=aB, (1) +bB,(t)+c1. (1) +d
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Xay dwng da thwc Bernsteins

P \ \ B(t) = (1-)B(t) + tB (1)

B2 = (1) Bok)
B2® = (1) B + BoX(t)
BAW = t B
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Trien khai Bezier

p(t) = f(t,t,t)

000) - I(1,1,1)

o(t) = f(t,t,t) = (1-t) f(t,t,0) +t
= (1-)[(1-1) f(t,0,0) + t f(£,0,1)] + t

= (1-1)2(1,0,0) + 2 (1-t) tf(£,0,1) + 2 f(t,1,1)

= (1-1)3(0,0,0) + 3 (1-)2t £(0,0,1) + 3 (1-t) 2 f(0,1,1) + & f(1,1,1)
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Dang ma tran cua dwong Bezier

p(1)=> B'(O)p,

T (B
p®)=(po -~ Py)
B,
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Dang ma tran cua dwong Bezier

(1) = B/ (Op

My, .. m Y 1)

-1
\mno mnn)\tn )

SEHG
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Dang ma tran cua dwong Bezier

p() =B,

My .. my Y 1)
pt)=(po ... P ¢ . i ]
\mno mnn)\t”_lj
1 -3 3 -1)
0 3 -6 3
M =
0 0 3 -3

0 0 0 1,
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n A

Hién thi dwong Bezier

Hau hét phan cirng d6 hoa chi hién thi duvdng thang hay da giac.
Vay hién thi dwdng Bezier ra sao?

Can thuat gidi thich nghi, trong dé xét tinh phang = vé doan
thang ndi gira hai diém dau cudi thay vi vé da giac.

DisplayBezier (vo,vl,v2,v3) R -

if (FlatEnough (v0,vl,v2,v3)) x
Line (v0, v3)

else

do something smart
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Hién thi dwong Bezier

DisplayBezier (V0,V1,V2,V3 )
begin
if ( FlatEnough(V0,V1,V2,V3))
Line (V0,V3) ;
else
Subdivide (V[]) = L[], R[]
DisplayBezier (LO,L1,L2,L3);
DisplayBezier (RO,R1,R2,R3);

end
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Hién thi dwong Bezier

vol

e So sanh tong do dai cla da giac diéu khién v&i do dai cba hai diém
diéu khién dau va cuoi:

+

F F
V, =V

V=V,
5 F
lti_L_?.I

o A

3

<l+e&
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buvong B-Spline

B-splines diéu khién tirng vertex (tinh cuc bd) cho
tirng doan cong. Tinh lién tyc cua dvong B-spline
luon dvoc duy tri.
Nhiéu ki€u B-splines: bac c6 thé khac nhau (linear,
quadratic, cubic,...), theo dang dong nhat hay khong
dong nhat.
V&i uniform B-splines, tinh lién tuc ludn co6 bac thap
hon mét so voi bac cia doan cong.

Linear B-splines lién tyc trong C°, cubic lién tyc trong C2, v.v.
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buvong B-Spline

Pinh nghia tvong ty nhv dvong Bezier nhwng hoan
toan dya trén tap ham co sé (blendding) khac.
Khéng di qua cac diém diéu khién (ngoai tri hai
diém dau cudi).

lh=h=h=1I h=1Ig=1y =1
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buvong B-Spline

Tap ham co s& cua dudng B-Splines v&i 4 diém diéu
khién (con goi la cubic bspline).

)= P,

P %(1—3t+3t2 %)+ Pl%(4—6t2 £3t%)+ R %(1+3t+3t2 ~3t%)+ PB%(t3)
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Cacham co so trén [0,1)

e Puvong cong ¢O0 nli  suy

07 - (interpolate) cac diém dau mut
. khong?
| B, 4 e Duong B-splines c6 nam trong
e bao déng?
04 - 1
. X(t) = P, E(1—3t+3t2 =
o +pL (a-6t2+3t%)
01 A 61
0 +P2%(1+3t+3t2—3t3)
t
+P, %(ts)
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Uniform Cubic B-Spline tren [o0,1)

Téng cac gia tri ham tréng (tai moi t) ludn bang 1.
Pudng B-Spline nam trong bao déng

Puong B-Splines khéng ndi suy cac diém dau cudi
Vivay can dvong non-uniform B-splines

Dang ma tran cla cubic B-spline.

-1 3 -3 1]¢

1 13 -6 0 4|t
xt)==|P, P P, P

(t) 6[0 S AT

1 0 0 01|
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Uniform Cubic B-Splines trén [o,m)

X(t)= 3 RB, (1

Dang tong quat:

nla s6 diém diéu khién.

d 13 bac cla dvong cong, 2 <d < n+1, d thudng bang 3 hay 4

By 4la ham co s& B-spline uniform B-spline c6 bac d-1.

P, la cac diém diéu khién

Moi B, 4 khac zero trong mot mién nhd cac gia tri t, vi vay co tinh
cyc bo.
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Cac ham co so cua Cubic B-spline

B0,4 a|1,4 B524 B3,4 B4,4 BS,4 B6,4

A

-3 -25 -2 -15 -1 -05 C:) 0,5 :’L 15 2 25 3 35 4 45 5
| i

0,7 1
0,6 -
0,5 1
0,4
0,3 1
0,2 1
0,1 1
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Xac dinh dvong cong

0,25 -
0,2 -
0,15 -
0,1 -

0,05 A
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S dung Uniform B-splines

Tai gia tri t trén dvong uniform cubic B-spline, co 4
ham co sé& khac zero.
Moi ham co's& la tinh tién cba of B, ,
Xét khoang o<t<1
Chung ta chon phanth¢tv cva B, ,
Chung ta chon phanth(bacia B, ,
Chung ta chon phan th haicua B, ,
Chung ta chon phan thi nhat cta B, ,
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Uniform B-spline tai t bat ky

e Khoang gia tri tham s6 nquyén tw i dén j+1 clng tvong ty
nhuv khoang t o déna.
— Gia tritham s6 dvoc doi di mot khoang i
— Tap cac diém diéu khién khac can dvogc xac dinh.
e DE xac dinh cubic B-spline tai gia tri t bat ky:
— Tim s6 nguyén |&n nhat ma nhd hon hay bang t: i = floor(t)

- 3
- Xacdinh X(t):ZPHkBkA(t_i)
k=0

e Mién xac dinh hgp Ié cla t: o<t <n-3, v&i n la s6 di€m diéu
khién.
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Lap lai dvong B-Spline

e DE I3p lai dvang B-Spline, s dung cac diém diéu khién &
phan dau duvdng cong dé tinh toan cac gia tri tai tai cudi
duong cong:

3
Z I:)(|+k)modn I)

k=0

e Cacgiatrithamsolahoplé
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B-splines va tinh noi suy, lien tuc

e Uniform B-splines khong ndi suy cac diém diéu
khi€n, ngoai tru:

— Lap lai mot diém diéu khiém 3 [an

— TAat cd dao ham triét tiéu tai diém diéu khién do.

— D& ndi suy nhirng diém c6 dao ham khac zero, ching ta
can s& dung non-uniform B-splines v&i cac diém nut lap
lai.

e Uniform B-splines thuoc 2

— Tat ca cac ham blending |a C?, téng cac ham blending la

C'2
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Ve dvong B-splines

e Cachthychiéntvong ty nhv dvong Bezier
— Udcluong tap cac gid tritham sb t va ndi cac doan thang
e Tuy nhién, kho xac dinh cac voc lvong (vé so lvong, gia tri).
— DUng nguyén tac chia dé tach dueng cong thanh cac doan ngan, sau
do6 néi cac diém diéu khién.
e Nguyén tac subdivision cho B-splines nhu thé nao?
e Thay vi subdivision, hay xem qua trinh tach la qua trinh tinh
chinh:
— Thém cac diém diéu khién, va knots, gitra cac diém san co.
— S& dyng thuat giai Oslo dé vé duong B-Spline.
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Tinh chinh Uniform Cubic B-splines

* Y tudng chinh: phat sinh 2n-3 di€m diéu khién méi:
— Thém diém diéu khién mdi vao gilra trng doan cong: P, ,, P, ,,
P .. P

2,3/ n-2,n-1

— Thay déi cac diém diéu khién hién hanh: P'_, P’ , ..., P’

e Bd diém dizdu khién dau va cusi )
e Rules: , 1 1
Ri=5R+P) Pi=C(R +6R+R,)

e Néu duong cong co6 chu trinh, thi phat sinh 2n diém diéu
khi€n mai bang cach tinh cac toa dé trung binh .
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Tw B-spline thanh Bezier

e (Ca duvong B-spline va Bezier la dang dvong cubic, vi vay ¢
thé bién doi qua lai.

e Nhac lai, mét diém trén dwdng cong c6 thé biéu dién béi ma
tran: .

X(t) =P MT

— Plavector cac diém diéu khién.

B-spline hay M
— TlavectorcOtcha: 3, t3 t, 1

e Dé dang xac dinh duoc ma trdn Mg e gesier Nh@M bién doi
cac diém diéu khién B-spline thanh cac diém diéu khién
Bezier

— Mlamatran hoac M Bezier
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B-spline sang Bezier Matrix

1 4 1 0
110 4 2 O
MB—spIinHBezier:g 0 2 4 0
0141
Posaer | [1 4 1 O] Pogqpine
Plecier | 110 4 2 0 Plg_gpiine
Precsier | 60 2 4 0 Pg ging
Pogesier ] 10 1 4 1] Pg gpiine
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Non-Uniform B-Splines

Uniform B-splines la trwong hop dac biét cua B-
splines

Méi ham blending giéng nhau

Cac ham blending starts voi t=-3, t=-2, t=-1,...

Méi ham blending khac zero for 4 units of the
parameter

Non-uniform B-splines c6 cac ham blending
starting va stopping & cac gia tri khac nhau, va
ham blending cing khong giong nhau.
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B-Spline Knot Vectors

Knots: xac dinh ddy cac gia tri tham s6 ma tai do cac ham
blending sé dugc bat hay tat.

Gia tri Knot ludn tang, va c6 n+d+1 trong tap do tao nén mot
knot vector: (t,,t,,...,t . )voit, <t <. <t
Mot dudng cong chi dvoc xac dinh cho nhirng gia tri tham so
gittat, vat,,

n+d

Cac gia tri tham s6 nay &ng vai vi tri cac doan cla dwdng cong
giao nhau.
Co mét diém diéu khién cho tirng gia tri trong knot vector

Cac ham blending dugc dinh nghia dé quy theo dang the knots
va bac cla dvong cong.
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Cac ham B-Spline Blending

N e RCE

0 otherwise crd-1 —

. —1
( = )Bkﬂ,dl(t)

1:k+d _tk+1
e Quan hé dé quy bat dau vai B-splines bac 1, va xay dung
dan cho cac bac cao hon.

B, ,(t)

e SU dung thuét gidi Cox - de Boor.
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Uniform Cubic B-splines

Uniform cubic B-splines dvoc tao voi knot vector co dang
(-3,-2,-1,0,1,...,n+1)

Méi ham blending la khac zero trén khodng tham s6 c6 dé
dai 4.

Tat cd ham la sy dich chuyén lan nhau.

— Mo6i ham |a dvoc tao ra do doi mot don vi tlr ham trudc dé.

— By 4()=By,, f(t+1)

Cac ham blending la két qua cba phép toan convolving voi
chinh n6 d lan.
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B0,2(1)

B2,2()

1,2

12 19
1
.
0,8 A
08 1
0,6 1 g
‘-
0,4 1
04 7
0,2 1
02 1
0
© 8 = 8 © & 2 8 % 15 =2 g °
S 4 % <4 3 ¢ & ° 3 ° & 0 g 5 g ~ g 92 &g v g =5 g ° & g g -
D ' ' i o ; o < ’ b < i < s s
t
:
B22
t+3 —3<t< -2
l B t
08 02()
1 <
06 [— —_— [— <_
04
0,2
0
= 8 7 g 3. &8 ° & =z &
o ’ o ’ < B < ° S
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08 1

07 1

06 1

05 1

04 1

03 1

02 1

01 1

08
07
06
05
04
03
02

01

1r@+3f
B, 5(t) =3 —2t° —6t -3
t2
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B0,4

0,7 1

0,6 1

0,5 1

0,4 1
S 0,3 -

v

0,2 1

0,1 1

0 m

80
90
¥'0
2o

2'o-
¥'0-
9'0-
8'0-

2'T-
v'T-
9'T-
8'T-

A A
v'e-
9'c-
8'c-

Db hoa may tinh-Ngé Quéc Viét

42



(t+3) ~3<t<-2

3 (t)_1<—3t3—15t2—21t—5 —2<t<-1
6] 3432 -3t+1 —1<t<0
(1-t) 0<t<1
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