
Chu.o.ng 1. MA TRÂ. N - D- I.NH THÚ
.
C (8+4)

I. Ma trâ.n
* Cho m,n nguyên du.o.ng. Ta go.i ma trâ.n cõ. m× n là mô.t ba’ng số gò̂m m × n

số thu.. c d̄u.o.. c viết thành m hàng, n cô.t có da.ng nhu. sau:

(ai,j)m×n =



a1,1 a1,2 . . . a1,n

a2,1 a2,2 . . . a2,n

. . . . . . . . . . . .
am,1 am,2 . . . am,n




trong d̄ó các số thu.. c
ai,j , i = 1,m, j = 1, n

d̄u.o.. c go. i là các phà̂n tu.’ cu’a ma trâ.n, chı’ số i chı’ hàng và chı’ số j chı’ cô.t cu’a
phà̂n tu.’ ma trâ.n.

* Ma trâ.n cõ. 1 × n d̄u.o.. c go. i là ma trâ.n hàng, ma trâ.n cõ. m× 1 d̄u.o.. c go. i là ma
trâ.n cô.t, ma trâ.n cõ. n× n d̄u.o.. c go. i là ma trâ.n vuông cấp n.

* Trên ma trâ.n vuông cấp n, d̄u.̀o.ng chéo gò̂m các phà̂n tu.’

ai,i, i = 1, n

d̄u.o.. c go. i là d̄u.̀o.ng chéo ch́ınh, d̄u.̀o.ng chéo gò̂m các phà̂n tu.’

ai,n+1−i, i = 1, n

d̄u.o.. c go. i là d̄u.̀o.ng chéo phu. cu’a ma trâ.n.
* Ma trâ.n vuông cấp n có các phà̂n tu.’ nằm ngoài d̄u.̀o.ng chéo ch́ınh d̄è̂u bà̆ng 0,

ngh̃ıa là:
ai,j = 0,∀i 6= j

d̄u.o.. c go. i là ma trâ.n chéo.
* Ma trâ.n chéo có

ai,i = 1, i = 1, n

d̄u.o.. c go. i là ma trâ.n d̄o.n vi. cấp n, ký hiê.u In.
* Ma trâ.n cõ. m× n có

ai,j = 0,∀i, j : i > j

d̄u.o.. c go. i là ma trâ.n bâ.c thang.
* Ma trâ.n cõ. m × n có các phà̂n tu.’ d̄è̂u bà̆ng 0 d̄u.o.. c go.i là ma trâ.n không, ký

hiê.u 0m,n.
* Ta go.i ma trâ.n chuyê’n vi.

AT = (aj,i)n×m =



a1,1 a2,1 . . . am,1
a1,2 a2,2 . . . am,2
. . . . . . . . . . . .
a1,n a2,n . . . am,n
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cu’a ma trâ.n

A = (ai,j)m×n =



a1,1 a1,2 . . . a1,n

a2,1 a2,2 . . . a2,n

. . . . . . . . . . . .
am,1 am,2 . . . am,n




là ma trâ.n có d̄u.o.. c tù. A bằng cách chuyê’n hàng thành cô.t, cô.t thành hàng.
* Hai ma trâ.n cùng cõ. (ai,j )m×n và (bi,j)m×n d̄u.o.. c go.i là bằng nhau nếu các phà̂n

tu.’ o.’ tù.ng vi. tŕı d̄è̂u bằng nhau:

ai,j = bi,j ,∀i = 1,m,∀j = 1, n.

+ Tô’ng (hiê.u) cu’a hai ma trâ.n cùng cõ. m × n là mô.t ma trâ.n cõ. m × n, trong d̄ó
phà̂n tu.’ cu’a ma trâ.n tô’ng (hiê.u) là tô’ng (hiê.u) các phà̂n tu.’ o.’ vi. tŕı tu.o.ng ú.ng:

(ci,j)m×n = (ai,j)m×n ± (bi,j )m×n

vó.i
ci,j = ai,j ± bi,j ,∀i = 1,m,∀j = 1, n.

+ T́ıch vô hu.́o.ng cu’a số thu.. c α vó.i ma trâ.n cõ.m×n là ma trâ.n cõ.m×n, trong d̄ó
mỗi phà̂n tu.’ là t́ıch cu’a α vó.i phà̂n tu.’ o.’ vi. tŕı tu.o.ng ú.ng cu’a ma trâ.n ban d̄à̂u:

(ci,j)m×n = α.(ai,j)m×n

vó.i
ci,j = α.bi,j ,∀i = 1,m,∀j = 1, n.

+ T́ıch vô hu.́o.ng có t́ınh phân bố vó.i phép cô.ng các ma trâ.n: α.(A+B) = α.A+α.B,
vó.i phép cô.ng các hê. số: (α+ β).A = α.A+ β.B, có t́ınh kết ho.. p:

α.(β ·A) = (α.β) ·A.

+ T́ıch cu’a hai ma trâ.n A = (ai,j )m×n và B = (bj,k)n×q là ma trâ.n

C = A ×B = (ci,k)m×q ,

vó.i

ci,k =
n∑

j=1

ai,jbj,k,∀i = 1,m,∀k = 1, q.

Vı́ du. .




1 3 2
2 4 7
3 5 6


×




1 3
1 −1
3 2


 =




1.1 + 3.1 + 2.3 1.3− 3.1 + 2.2
2.1 + 4.1 + 7.3 2.3− 4.1 + 7.2
3.1 + 5.1 + 6.3 3.3− 5.1 + 6.2


 =




10 4
27 16
26 16
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+ Phép nhân hai ma trâ.n có t́ınh kết ho.. p: A × (B × C) = (A ×B) × C, t́ınh phân
phối d̄ối vó.i phép cô.ng:

A × (B + C) = A×B +A × C; (A+B) × C = A × C +B × C.

Ngoài ra, nếu A có cõ. m× n, th̀ı

A× In = Im ×A = A.

II. D- i.nh thú.c
* Cho E = {1, 2, 3, . . . , n}. Ta go.i hoán vi. cu’a tâ.p E là mô.t song ánh f : E → E,

ký hiê.u

f :
(

1 2 . . . n
f(1) f(2) . . . f(n)

)

hay
(f(1), f(2), . . . , f(n))

(có tất ca’ n! hoán vi. khác nhau).

Vı́ du. . Cho E = {1, 2, 3}. Ánh xa. f : E → E xác d̄i.nh bo.’ i: f(1) = 1, f(2) = 3, f(3) = 2
là mô.t hoán vi. cu’a E, ký hiê.u là

(
1 2 3
1 3 2

)

hoă.c
(1, 3, 2).

* Cho mô.t hoán vi.

f :
(

1 2 . . . n
f(1) f(2) . . . f(n)

)

ta thành lâ.p các că.p thú. tu..

(f(i), f(j)),∀i 6= j,

sẽ có C2
n că.p thú. tu.. nhu. thế; mô.t că.p (f(i), f(j)) d̄u.o.. c go. i là nghi.ch thế nếu

(i − j)(f(i) − f(j)) < 0.

Go.i N(f) là số các nghi.ch thế cu’a hoán vi. f (có trong C2
n că.p thú. tu.. trên).

Vı́ du. . T̀ım số nghi.ch thế cu’a hoán vi.

f :
(

1 2 3 4 5
3 2 1 5 4

)
.
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Tù. hoán vi. này, ta có các că.p thú. tu..

(3, 2), (3, 1), (3, 5), (3, 4), (2, 1), (2, 5), (2, 4), (1, 5), (1, 4), (5, 4),

trong d̄ó ta có các nghi.ch thế:

(3, 2), (3, 1), (2, 1), (5, 4),

suy ra N(f) = 4
* Cho ma trâ.n (A)n,n. D- i.nh thú.c cu’a A là mô.t số thu.. c, ký hiê.u và xác d̄i.nh nhu.

sau:
det(A) =

∑

f∈Sn

(−1)N(f)a1,f(1)a2,f(2) . . . an,f(n)

trong d̄ó Sn là tâ.p tất ca’ n! hoàn vi. cu’a n phà̂n tu.’ {1, 2, . . . , n}. Nhu. vâ.y, d̄i.nh
thú.c cu’a ma trâ.n A là mô.t số:

+ bà̆ng tô’ng d̄a. i số cu’a n! ha.ng tu.’ da.ng

a1,f(1)a2,f(2) . . . an,f(n)

+ mỗi ha.ng tu.’ là t́ıch cu’a n phà̂n tu.’ ai,j mà mỗi hàng, mỗi cô.t pha’i có mô.t
và chı’ mô.t phà̂n tu.’ tham gia vào t́ıch d̄ó.

+ dấu cu’a mỗi ha.ng tu.’ phu. thuô.c vào số nghi.ch thế cu’a hoán vi. tu.o.ng ú.ng.
* Ta go.i d̄i.nh thú.c cấp 2 là giá tri. t́ınh d̄u.o.. c tù. ba’ng 2 hàng, 2 cô.t nhu. sau:

∣∣∣∣
a1,1 a1,2

a2,1 a2,2

∣∣∣∣ = a1,1a2,2 − a2,1a1,2

* Ta go.i d̄i.nh thú.c cấp 3 là giá tri. t́ınh d̄u.o.. c tù. ba’ng 3 hàng, 3 cô.t nhu. sau:

∣∣∣∣∣∣

a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

a3,1 a3,2 a3,3

∣∣∣∣∣∣
= a1,1a2,2a3,3 + a2,1a3,2a1,3 + a3,1a1,2a2,3

− a3,1a2,2a1,3 − a2,1a1,2a3,3 − a1,1a3,2a2,3

+ D- ê’ t́ınh nhanh d̄i.nh thú.c cấp 3, ta viết cô.t thú. nhất và thú. hai tiếp theo vào bên
pha’i ba’ng nói trên:

a1,1 a1,2 a1,3 a1,1 a1,2

a2,1 a2,2 a2,3 a2,1 a2,2

a3,1 a3,2 a3,3 a3,1 a3,2

th̀ı 3 phà̂n tu.’ lấy dấu cô.ng là t́ıch các phà̂n tu.’ nằm trên các d̄u.̀o.ng chéo song song
vó.i d̄u.̀o.ng chéo ch́ınh, ba phà̂n tu.’ lấy dấu trù. là t́ıch các phà̂n tu.’ nằm trên các
d̄u.̀o.ng chéo song song vó.i d̄u.̀o.ng chéo phu. (quy tắc Serrhus)
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* Ta go.i d̄i.nh thú.c cấp n là giá tri. t́ınh d̄u.o.. c tù. ba’ng:

∣∣∣∣∣∣∣

a1,1 a1,2 . . . a1,n

a2,1 a2,2 . . . a2,n

. . . . . . . . . . . .
an,1 an,2 . . . an,n

∣∣∣∣∣∣∣
= a1,1D1 − a2,1D2 + · · · + (−1)n+1an,1Dn

trong d̄ó Dk là d̄i.nh thú.c cấp n − 1 thu d̄u.o.. c tù. ba’ng d̄ã cho bà̆ng cách bo’ cô.t
thú. nhất và hàng thú. k, k = 1, n.

Vı́ du. .

∣∣∣∣∣∣∣

1 4 5 2
0 3 3 1
2 0 4 0
0 0 2 1

∣∣∣∣∣∣∣
= 1.

∣∣∣∣∣∣

3 3 1
0 4 0
0 2 1

∣∣∣∣∣∣
− 0.

∣∣∣∣∣∣

4 5 2
0 4 0
0 2 1

∣∣∣∣∣∣
+ 2.

∣∣∣∣∣∣

4 5 2
3 3 1
0 2 1

∣∣∣∣∣∣
− 0.

∣∣∣∣∣∣

4 5 2
3 3 1
0 4 0

∣∣∣∣∣∣
= 14

+ D- i.nh thú.c không thay d̄ô’i nếu ta d̄ô’i hàng thành cô.t
+ D- i.nh thú.c d̄ô’i dấu nếu ta d̄ô’i chỗ hai hàng (hoă.c hai cô.t) vó.i nhau
+ D- i.nh thú.c có hai hàng (hoă.c hai cô.t) ty’ lê. vó.i nhau nhau th̀ı bà̆ng 0
+ Thù.a số chung cu’a mô.t hàng hay cô.t có thê’ d̄u.a ra ngoài dấu cu’a d̄i.nh thú.c
+ D- i.nh thú.c không thay d̄ô’i nếu ta d̄ò̂ng thò.i cô.ng vào các phà̂n tu.’ cu’a mô.t hàng

(hay mô.t cô.t) nào d̄ó các phà̂n tu.’ cu’a mô.t hàng (hay mô.t cô.t) khác nhân vó.i cùng
mô.t số.

Vı́ du. . Gia’i phu.o.ng tr̀ınh:

∣∣∣∣∣∣∣∣∣

1 1 1 . . . 1
1 1 − x 1 . . . 1
1 1 2 − x . . . 1
. . . . . . . . . . . . . . .
1 1 1 . . . n− x

∣∣∣∣∣∣∣∣∣
= 0.

D- i.nh thú.c o.’ vế trái cu’a phu.o.ng tr̀ınh là d̄a thú.c bâ.c n nên có không quá n nghiê.m
khác nhau. Thay x = 0, x = 1, x = 2, . . . , x = n − 1 vào d̄i.nh thú.c, ta luôn có hai
hàng vó.i các phà̂n tu.’ bằng 1, nên d̄i.nh thú.c bằng 0. Vâ.y phu.o.ng tr̀ınh có n nghiê.m
x = 0, x = 1, x = 2, . . . , x = n− 1.

* D- i.nh thú.c cu’a ma trâ.n vuông A = (ai,j )n×n, ký hiê.u det(A) là d̄i.nh thú.c cấp n
cu’a ba’ng ∣∣∣∣∣∣∣

a1,1 a1,2 . . . a1,n

a2,1 a2,2 . . . a2,n

. . . . . . . . . . . .
an,1 an,2 . . . an,n

∣∣∣∣∣∣∣

và có t́ınh chất:
+ det(αA) = αn.det(A)
+ det(A×B) = det(A).det(B)

III. Ma trâ.n nghi.ch d̄a’o
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* Ma trâ.n A = (ai,j )n×n d̄u.o.. c go. i là ma trâ.n kha’ nghi.ch nếu tò̂n ta. i ma trâ.n A−1

sao cho:
A×A−1 = A−1 ×A = In.

Khi d̄ó, ma trâ.n A−1 d̄u.o.. c go. i là ma trâ.n nghi.ch d̄a’o cu’a A.
+ Ma trâ.n A kha’ nghi.ch khi và chı’ khi

detA 6= 0.

* Cho A = (ai,j)m×n. Mô.t d̄i.nh thú.c con cấp k (1 ≤ k ≤ n) cu’a A là mô.t d̄i.nh
thú.c ta.o thành tù. ma trâ.n A bằng cách bo’ d̄i m− k hàng và n− k cô.t.

* Cho ma trâ.n vuông cấp n kha’ nghi.ch

A =



a1,1 a1,2 . . . a1,n

a2,1 a2,2 . . . a2,n

. . . . . . . . . . . .
an,1 an,2 . . . an,n




Phà̂n bù d̄a. i số cu’a phà̂n tu.’ ai,j , là số Ai,j = (−1)i+jDi,j trong d̄ó Di,j là d̄i.nh
thú.c cấp n− 1 cu’a ba’ng thu d̄u.o.. c tù. ma trâ.n A bằng cách ga.ch bo’ hàng thú. i và
cô.t thú. j.

+ Cho A là ma trâ.n vuông kha’ nghi.ch cấp n và ∆ = detA 6= 0. Khi d̄ó ma trâ.n
nghi.ch d̄a’o cu’a A d̄u.o.. c xác d̄i.nh mô.t cách duy nhất bo.’ i:

A−1 =
1
∆
(
Ai,j

)T

=
1
∆




A1,1 A2,1 . . . Dn,1

A1,2 A2,2 . . . Dn,2

. . . . . . . . . . . .
A1,n A2,n . . . Dn,n




Vı́ du. . Ma trâ.n nghi.ch d̄a’o cu’a

A =




1 −1 1
2 1 1
1 1 2




là:

A−1 =
1
5




1 3 −2
−3 1 1
1 −2 3




v̀ı:

∆ = detA = (1)(1)(2)+(2)(1)(1)+(1)(−1)(1)−(1)(1)(1)−(2)(−1)(2)−(1)(1)(1) = 5 6= 0
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và:

A1,1 = (−1)1+1

∣∣∣∣
1 1
1 2

∣∣∣∣ = 1;A1,2 = (−1)1+2

∣∣∣∣
2 1
1 2

∣∣∣∣ = −3;A1,3 = (−1)1+3

∣∣∣∣
2 1
1 1

∣∣∣∣ = 1;

A2,1 = (−1)2+1

∣∣∣∣
−1 1
1 2

∣∣∣∣ = 3;A2,2 = (−1)2+2

∣∣∣∣
1 1
1 2

∣∣∣∣ = 1;A2,3 = (−1)2+3

∣∣∣∣
1 −1
1 1

∣∣∣∣ = −2

A3,1 = (−1)3+1

∣∣∣∣
−1 1
1 1

∣∣∣∣ = −2;A3,2 = (−1)3+2

∣∣∣∣
1 1
2 1

∣∣∣∣ = 1;A3,3 = (−1)3+3

∣∣∣∣
1 −1
2 1

∣∣∣∣ = 3

+ T́ınh chất:
− Cho A kha’ d̄a’o và k 6= 0, th̀ı: (kA)−1 =

1
k
A−1

− Cho A,B cùng cấp và kha’ d̄a’o, th̀ı: (A ×B)−1 = B−1 ×A−1

− Cho A kha’ d̄a’o th̀ı A−1 cũng kha’ d̄a’o và
(
A−1

)−1 = A

Phà̂n I.4: Ha.ng cu’a ma trâ.n

* Ta go.i ha.ng cu’a ma trâ.n A = (ai,j )m×n, ký hiê.u r(A) là cấp cao nhất cu’a các
d̄i.nh thú.c con khác 0 cu’a A.

+ Ha.ng cu’a ma trâ.n 0m×n là 0, ha.ng cu’a ma trâ.n A = (a) vó.i a 6= 0 là 1.
+ Ha.ng cu’a ma trâ.n không thay d̄ô’i qua các phép biến d̄ô’i so. cấp sau d̄ây:

a. D- ô’i chỗ hai hàng hoă.c hai cô.t cho nhau;
b. Nhân mô.t hàng (hay mô.t cô.t) vó.i mô.t số khác 0;
c. Cô.ng vào mô.t hàng (hay mô.t cô.t) vó.i mô.t hàng (hay mô.t cô.t) khác nhân

vó.i mô.t số.
D- ê’ t̀ım ha.ng cu’a ma trâ.n Amtimesn, có thê’ dùng các phu.o.ng pháp sau:

+ Phu.o.ng pháp theo d̄i.nh ngh̃ıa: t́ınh các d̄i.nh thú.c con tù. cấp 2 tro.’ lên. Gia’
su.’ ma trâ.n có 1 d̄i.nh thú.c con cấp r khác 0, t́ınh tiếp các d̄i.nh thú.c cấp r+1, nếu
tất ca’ d̄è̂u bằng 0 th̀ı kết luâ.n ha.ng ma trâ.n là r, nếu có d̄i.nh thú.c cấp r+1 khác
0 th̀ı t́ınh tiếp các d̄i.nh thú.c cấp r + 2, cú. nhu. thế d̄ến d̄i.nh thú.c cấp ló.n nhất

Vı́ du. . T̀ım ha.ng cu’a ma trâ.n

A =




1 2 3 5
3 2 4 9
1 0 1 4




Ta có d̄i.nh thú.c con cấp 2:
∣∣∣∣
1 2
3 2

∣∣∣∣ = −4 6= 0, và các d̄i.nh thú.c cấp 3:

∣∣∣∣∣∣

1 2 3
3 2 4
1 0 1

∣∣∣∣∣∣
= 0;

∣∣∣∣∣∣

1 2 5
3 2 9
1 0 4

∣∣∣∣∣∣
= 0;

∣∣∣∣∣∣

1 3 5
3 4 9
1 1 4

∣∣∣∣∣∣
= 0;

∣∣∣∣∣∣

2 3 5
2 4 9
0 1 4

∣∣∣∣∣∣
= 0

suy ra r(A) = 2
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+ Phu.o.ng pháp dùng phép biến d̄ô’i so. cấp: biến d̄ô’i ma trâ.n vè̂ da.ng bâ.c
thang

B =




b1,1 b1,2 . . . b1,r . . . b1,n
0 b2,2 . . . b2,r . . . b2,n
. . . . . . . . . . . . . . . . . .
0 0 . . . br,r . . . br,n
0 0 . . . 0 . . . 0
0 0 . . . 0 . . . 0




vó.i bi,j = 0,∀i > j hay i > r và bii 6= 0, i = 1, r th̀ı r(A) = r(B) = r.
Vı́ du. . T̀ım ha.ng ma trâ.n

A =




1 3 2 0 5
2 6 9 7 12
−2 −5 2 4 5
1 4 8 4 20




A
h2−2h1;h3+2h1;h4−h1−→




1 3 2 0 5
0 0 5 7 2
0 1 6 4 15
0 1 6 4 15


 h4−h3;h2↔h3−→




1 3 2 0 5
0 1 6 4 15
0 0 5 7 2
0 0 0 0 0




suy ra r(A) = 3
+ Ngoài ra, có thê’ t̀ım ma trâ.n nghi.ch d̄a’o qua các phép biến d̄ô’i so. cấp:

lâ.p ma trâ.n khối A|E (E cùng cõ. vó.i A, thu.. c hiê.n các phép biến d̄ô’i so. cấp CHI’

TRÊN HÀNG, nếu d̄u.a d̄u.o.. c vè̂ da.ng E|B th̀ı B là nghi.ch d̄a’o cu’a A.

Vı́ du. . A|E =




1 −1 1 | 1 0 0
2 1 1 | 0 1 0
1 1 2 | 0 0 1


 h2−2h1,h3−h1−→




1 −1 1 | 1 0 0
0 3 −1 | −2 1 0
0 2 1 | −1 0 1




h1−h3,h2+h3−→




1 −3 0 | 2 0 −1
0 5 0 | −3 1 1
0 2 1 | −1 0 1


 h2( 1

5 )
−→




1 −3 0 | 2 0 −1
0 1 0 | −3/5 1/5 1/5
0 2 1 | −1 0 1




h1+3h2,h3−2h2−→




1 0 0 | 1/5 3/5 −2/5
0 1 0 | −3/5 1/5 1/5
0 1 1 | 1/5 −2/5 3/5


 thu d̄u.o.. c kết qua’ nhu. cũ.

BÀI TÂ. P

1.1. Không t́ınh, chú.ng minh các d̄i.nh thú.c sau chia hết cho 17:
∣∣∣∣∣∣

2 0 4
5 2 7
2 5 5

∣∣∣∣∣∣
;

∣∣∣∣∣∣

3 2 3
20 9 1
55 2 5

∣∣∣∣∣∣

1.2. Chú.ng minh các d̄ă’ ng thú.c sau d̄ây (không t́ınh d̄i.nh thú.c bà̆ng d̄i.nh ngh̃ıa):
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a.

∣∣∣∣∣∣∣

0 x y z
x 0 z y
y z 0 x
x y z 0

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

0 1 1 1
1 0 z2 y2

1 z2 0 x2

1 y2 x2 0

∣∣∣∣∣∣∣
vó.i xyz 6= 0

b.

∣∣∣∣∣∣

1 x yz
1 y zx
1 z xy

∣∣∣∣∣∣
= (x− y)(y − z)(z − x)

c.

∣∣∣∣∣∣

1 1 1
x y z
x3 y3 z3

∣∣∣∣∣∣
= (x+ y + z)(x − y)(y − z)(z − x)

1.3. T̀ım x sao cho:

a.

∣∣∣∣∣∣

3 3 − x −x
2 7 3

x+ 1 3x− 7 x

∣∣∣∣∣∣
= 0 b.

∣∣∣∣∣∣

x x + 1 x + 2
x + 3 x + 4 x + 5
x + 6 x + 7 x + 8

∣∣∣∣∣∣
= 0

c.

∣∣∣∣∣∣

1 x x2

3 1 x
4 5 1

∣∣∣∣∣∣
< 0 d.

∣∣∣∣∣∣

x 1 2
1 x 3

x+ 1 2 −4

∣∣∣∣∣∣
> 0

1.4. T́ınh các d̄i.nh thú.c sau:

∣∣∣∣∣∣∣

0 1 1 0
0 0 1 1
1 0 0 1
1 1 0 0

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

1 x x x
1 a 0 0
1 0 b 0
1 0 0 c

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣∣∣

x 1 1 1 1
1 x 1 1 1
1 1 x 1 1
1 1 1 x 1
1 1 1 1 x

∣∣∣∣∣∣∣∣∣
;

∣∣∣∣∣∣

a+ x x x
a b+ x x
x x c+ x

∣∣∣∣∣∣
;

∣∣∣∣∣∣

x2 + 1 xy xz
xy y2 + 1 yz
xz yz z2 + 1

∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

1 x x2 x3

x3 x2 x 1
1 2x 3x2 4x3

4x3 3x2 2x 1

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

0 x y z
x 0 z y
y z 0 x
x y z 0

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

2 x 1 x
1 x 2 x
2 1 x x
x x 2 1

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

x 0 y 0
0 z 0 t
y 0 z 0
0 t 0 x

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣∣∣

a x x −x −x
x 2a a 0 0
x a 2a 0 0
−x 0 0 2a a
−x 0 0 a 2a

∣∣∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣∣∣

1 2 3 . . . n
2 1 2 . . . n− 1
3 2 1 . . . n− 2
. . . . . . . . . . . . . . .
n n− 1 n− 2 . . . 1

∣∣∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣∣∣

x a a . . . a
a x a . . . a
a a x . . . a
. . . . . . . . . . . . . . .
a a a a x

∣∣∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

cos(x1 − y1) cos(x1 − y2) . . . cos(x1 − yn)
cos(x2 − y1) cos(x2 − y2) . . . cos(x2 − yn)

. . . . . . . . . . . .
cos(xn − y1) cos(xn − y2) . . . cos(xn − yn)

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣∣∣∣∣

0 1 1 . . . 1 1
1 0 x . . . x x
1 x 0 . . . x x
. . . . . . . . . . . . . . . . . .
1 x x . . . 0 x
1 x x . . . x 0

∣∣∣∣∣∣∣∣∣∣∣

;
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∣∣∣∣∣∣∣

1 + x1y1 1 + x1y2 . . . 1 + x1yn
1 + x2y1 1 + x2y2 . . . 1 + x2yn
. . . . . . . . . . . .

1 + xny1 1 + xny2 . . . 1 + xnyn

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣∣∣∣∣

a1 −a2 0 . . . 0 0
0 a2 −a3 . . . 0 0
0 0 a3 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . an−1 −an
1 1 1 . . . 1 1 + an

∣∣∣∣∣∣∣∣∣∣∣

1.5. Cho A =




2 1 2
3 0 1
0 1 2


 và B =




1 −2
4 6
5 −3


. T̀ım A2, AB,A−1.

1.6. T̀ım các ma trâ.n
(

2 −1
3 −2

)n
;

(
a 1
0 a

)n
;

(
cosx − sinx
sinx cosx

)n

1.7. Cho A =
(

1 2
2 1

)
. T̀ım f(A) vó.i f(x) = x2 − 4x+ 3, f(x) = x2 − 2x+ 1.

1.8.

a. Cho A =




2 1 1
3 1 2
1 −1 0


 và B =




1 2 −2
2 3 1
1 2 2


.

1. T̀ım A−1, B−1.
2. T̀ım f(A), f(B) vó.i f(x) = x2 − x − 1

b. T̀ım ma trâ.n nghi.ch d̄a’o cu’a A =




2 1 0 0
3 2 0 0
1 1 3 4
2 −1 2 3


; B =




1 3 −5 7
0 1 2 −3
0 0 1 2
0 0 0 1


.

1.9.
a. T̀ım ma trâ.n vuông cấp hai có b̀ınh phu.o.ng bằng ma trâ.n không.
b. T̀ım ma trâ.n vuông cấp hai có b̀ınh phu.o.ng bằng ma trâ.n d̄o.n vi..

1.10. T̀ım ma trâ.n X sao cho:(
1 2
3 4

)
×X =

(
3 5
5 9

)
; X ×

(
3 −2
5 −4

)
=
(
−1 2
5 6

)
;




1 2 −3
3 2 −4
2 −1 0


×X =




1 −3 0
10 2 7
10 7 8


; X×




1 1 −1
2 1 0
1 −1 1


 =




1 −1 3
4 3 2
1 −2 5


;

(
2 1
3 2

)
×X ×

(
−3 2
5 −3

)
=
(
−2 4
3 −1

)
;

(
4 1
3 −1

)
×X ×

(
2 1
5 3

)
=
(

5 0
6 1

)
;

X ×




1 1 1
0 1 1
0 0 1


− 2

(
2 1 −1
3 0 6

)
=
(

1 0 5
−1 −2 1

)
;




1 2 2
2 5 4
2 4 5


×X +




3 5
7 6
2 1


 = 3




1 5
−1 2
−2 0


;
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1 1 1 . . . 1
0 1 1 . . . 1
0 0 1 . . . 1
. . . . . . . . . . . . . . .
0 0 0 . . . 1


×X =




1 2 3 . . . n
0 1 2 . . . n− 1
0 0 1 . . . n− 2
. . . . . . . . . . . . . . .
0 0 0 . . . 1


.

1.11. T̀ım ha.ng cu’a ma trâ.n sau:



2 1 11 2
1 0 4 −1
11 4 56 −5
2 −1 5 −6


;




2 1 1 1
1 3 1 1
1 1 4 1
1 1 1 5
1 1 1 1


;




1 3 2 0 5
2 6 9 7 12
−2 −5 2 4 5
1 4 8 4 20


;




1 2 3 14
3 2 1 11
1 1 1 6
2 3 −1 5
1 1 0 3


;




1 3 5 7 9 1
1 −2 3 −4 5 2
2 11 12 25 22 4


;




3 1 −3 1 1
2 −1 7 −3 2
1 3 −2 5 3
3 −2 7 −5 3




1.12. Biê.n luâ.n theo a số ha.ng cu’a các ma trâ.n sau:


−1 2 1
2 a −2
3 −6 (a + 3)(a + 7)


;




1 a −1 2
2 −1 a 5
1 10 −6 1


;



a 1 1 4
1 a 1 3
1 2a 1 4


;




3 1 1 4
a 4 10 1
1 7 17 3
2 2 4 3


;




1 4 3 6
−1 0 1 1
2 1 −1 0
0 2 a 4


;




1 2 −1 3 2
2 −1 a2 0 4
3 1 2 2 7
1 2 a 1 1




1.13. T̀ım các giá tri. cu’a m d̄ê’:

a. r(A) = 2 vó.i A =




3 4 5 7 1
2 6 −3 4 2
4 2 13 10 0
5 0 21 13 m




b. r(A) = 3 vó.i A =




1 2 3 −1 1
3 2 1 −1 1
2 3 1 1 1
5 5 2 0 2m+ 1




c. r(A) = 3 vó.i A =




1 4 3 6
−1 0 1 1
2 1 −1 0
0 2 m 4




d. r(A) = 2 vó.i A =




3 1 1 4
m 4 10 1
1 7 17 3
2 2 4 3




e. r(A) = 2 vó.i A =



m 1 1 1
1 1 m 1
1 1 1 m
1 m 1 1






12
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Chu.o.ng 2. HÊ. PHU
.
O
.
NG TRÌNH TUYÉ̂N TÍNH (2+2)

I. Các d̄i.nh ngh̃ıa

* Ta go.i hê. phu.o.ng tr̀ınh tuyến t́ınh m phu.o.ng tr̀ınh n â’n là hê. có da.ng



a1,1x1 + a1,2x2 + · · · + a1,nxn = b1

. . .

a2,1x1 + a2,2x2 + · · · + a2,nxn = b2

am,1x1 + am,2x2 + · · · + am,nxn = bm

(1)

trong d̄ó ai,j , bi (i = 1,m, j = 1, n) là các hê. số (thu.. c hoă.c phú.c), x1, x2, . . . , xn là các
â’n số. Hê. phu.o.ng tr̀ınh tuyến t́ınh d̄u.o.. c go. i là có nghiê.m (hay tu.o.ng th́ıch) nếu
tâ.p nghiê.m cu’a nó khác rỗng.

+ Hê. (1) có thê’ d̄u.o.. c viết du.́o.i da.ng ma trâ.n AX = B trong d̄ó:

A =



a1,1 a1,2 . . . a1,n

a2,1 a2,2 . . . a+ 2, n
. . . . . . . . . . . .
am,1 am,2 . . . am,n


; X =




x1

x2
... xn


; B =




b1
b2

... bm


 hay

du.́o.i da.ng ma trâ.n mo.’ rô.ng: A =



a1,1 a1,2 . . . a1,n b1
a2,1 a2,2 . . . a+ 2, n b2
. . . . . . . . . . . . . . .
am,1 am,2 . . . am,n bm


, khi d̄ó ha.ng

r(A) cu’a A d̄u.o.. c go. i là ha.ng cu’a hê. phu.o.ng tr̀ınh (1)

II. Hê. Cramer

* Hê. (1) có số phu.o.ng tr̀ınh bằng số nghiê.m (m = n) và d̄i.nh thú.c det(A) = 0 d̄u.o.. c
go.i là hê. Cramer.

+ Hê. Cramer có nghiê.m duy nhất d̄u.o.. c xác d̄i.nh nhu. sau: ∀i = 1, n, xi =
Di

D
, trong

d̄ó D = det(A), còn Di là d̄i.nh thú.c thu d̄u.o.. c tù.D bằng cách thay cô.t thú. i bằng
cô.t hê. số tu.. do.

Vı́ du. . Gia’i hê.:





x1 + 2x2 + 3x3 = 6
2x1 − x2 + x3 = 2
3x1 + x2 − 2x3 = 2

Do D =

∣∣∣∣∣∣

1 2 3
2 −1 1
3 1 −2

∣∣∣∣∣∣
= 30 6= 0, hê. có nghiê.m duy nhất (1, 1, 1):

x =
1
30

∣∣∣∣∣∣

6 2 3
2 −1 1
2 1 −2

∣∣∣∣∣∣
= 1; y =

1
30

∣∣∣∣∣∣

1 6 3
2 2 1
3 2 −2

∣∣∣∣∣∣
= 1; z =

1
30

∣∣∣∣∣∣

1 2 6
2 −1 2
3 1 2

∣∣∣∣∣∣
= 1

III. Các d̄i.nh lý vè̂ nghiê.m cu’a hê. (Kronecker-Kapeli)

+ (1) có nghiê.m (tu.o.ng th́ıch) khi và chı’ khi r(A) = r(A).
+ (1) có nghiê.m duy nhất (xác d̄i.nh) khi và chı’ khi r(A) = r(A) = n.
+ nếu r(A) = r(A) = r < n th̀ı (1) có vô số nghiê.m và các thành phà̂n nhiê.m phu.

thuô.c n− r tham số tuỳ ý.
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Vı́ du. . Biê.n luâ.n theo a số nghiê.m cu’a hê.:





ax1 + x2 + x3 = 1
x1 + ax2 + x3 = 1
x1 + x2 + ax3 = 1

Dùng các phép biến d̄ô’i so. cấp d̄ê’ xác d̄i.nh ha.ng cu’a A và A

A =



a 1 1 | 1
1 a 1 | 1
1 1 a | 1


 h1↔h3−→




1 1 a | 1
1 a 1 | 1
a 1 1 | 1




h2−h1−→
h3−ah1




1 1 a | 1
0 a − 1 1 − a | 0
0 1 − a 1 − a2 | 1 − a


 h3+h2−→




1 1 a | 1
0 a − 1 1 − a | 0
0 0 2 − a− a2 | 1 − a




+ Nếu 2 − a− a2 = 0, có 2 tru.̀o.ng ho.. p:

a = 1 th̀ı: A −→




1 1 1 | 1
0 0 0 | 0
0 0 0 | 0


 ⇒ r(A) = r(A) = 1 < 3, hê. có vô số

nghiê.m phu. thuô.c 2 tham số tuỳ ý.

a = −2 th̀ı: A −→




1 1 −2 | 1
0 −3 3 | 0
0 0 0 | 3


 ⇒ r(A) = 2 < r(A = 3, hê. vô

nghiê.m.
+ Nếu 2− a− a2 6= 0 ⇔ a 6= 1, a 6= −2, th̀ı r(A) = r(A) = 3, hê. có nghiê.m duy nhất.

IV. Phu.o.ng pháp gia’i hê.
+ Các phép biến d̄ô’i so. cấp cho hê. tu.o.ng d̄u.o.ng (tu.o.ng ú.ng vó.i các phép biến d̄ô’i

theo hàng cu’a ma trâ.n mo.’ rô.ng):
− D- ô’i chỗ hai phu.o.ng tr̀ınh cho nhau (d̄ô’i chỗ hai hàng cu’a ma trâ.n)
− Nhân hai vế cu’a phu.o.ng tr̀ınh nào d̄ó vó.i mô.t số khác 0 (nhân các phà̂n tu.’

trên mô.t hàng cu’a ma trâ.n vó.i mô.t số khác 0)
− Cô.ng tù.ng vế cu’a mô.t phu.o.ng tr̀ınh vó.i mô.t phu.o.ng tr̀ınh khác nhân vó.i

mô.t số (cô.ng mô.t hàng vó.i bô. i số mô.t hàng khác)

1. Áp du.ng d̄i.nh lý Carmer
Nếu hê. phu.o.ng tr̀ınh tuyến t́ınh là hê. Cramer, có thê’ áp du.ng d̄i.nh lý Carmer

hoă.c t̀ım ma trâ.n A−1, suy ra X = A−1B.

Vı́ du. . Gia’i bằng phu.o.ng pháp ma trâ.n nghi.ch d̄a’o:





2x+ 3y + 2z = 9
x+ 2y − 3z = 14

3x+ 4y − z = 16

Do det(A) =

∣∣∣∣∣∣

2 3 2
1 2 −3
3 4 1

∣∣∣∣∣∣
= −6 6= 0 nè̂ hê. là Cramer.

Vó.i A−1 =
1

det(A)



A1,1 A2,1 A3,1

A1,2 A2,2 A3,2

A1,3 A2,3 A3,3


 =

1
−6




14 5 −13
−10 −4 8
−2 1 1




nên X = A−1B = −1
6




14 5 −13
−10 −4 8
−2 1 1






9
14
16


 =




2
3
−2


, suy ra





x = 2
y = 3
z = −2.
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2. Phu.o.ng pháp Gauss (khu.’ dà̂n â’n số)
Dùng các phép biến d̄ô’i so. cấp theo các hàng, biến d̄ô’i ma trâ.n mo.’ rô.ng A thành

ma trâ.n A1 có nhiè̂u phà̂n tu.’ 0 (nhu. ma trâ.n bâ.c thang), khi d̄ó r(A) = r(A1) và
r(A) = r(A1).

+ nếu r(A1) < r(A1), th̀ı hê. vô nghiê.m
+ nếu r(A1) = r(A1) = r th̀ı lâ.p hê. phu.o.ng tr̀ınh mó.i (tu.o.ng d̄u.o.ng hê. d̄ã cho) sau

kho bo’ các hàng mà mo.i phà̂n tu.’ d̄è̂u bằng 0. Gia’i hê. này (r phu.o.ng tr̀ınh, n â’n
số) bà̆ng cách cho.n r â’n co. ba’n và n− r â’n không co. ba’n (thay bằng tham số tuỳ
ý), nếu r = n th̀ı hê. có nghiê.m duy nhất.

Vı́ du. . Gia’i các hê. phu.o.ng tr̀ınh sau:



x1 − 3x2 + 2x3 = −1
x1 + 9x2 + 6x3 = 3
x1 + 3x2 + 5x3 = 1

A =




1 −3 2 −1
1 9 6 3
1 3 5 1


 h2−h1−→

h3−h1




1 −3 2 1
0 12 4 4
0 6 3 2


 h2×1/2−→

h3−h2




1 −3 2 −1
0 3 1 1
0 0 1 0


,

suy ra





x1 − 3x2 + 2x3 = −1
3x2 + x3 = 1

x3 = 0
⇒





x1 = −1 + 3x2 − 2x3

3x2 = 1 − x3

x3 = 0
⇒





x1 = 0

x2 =
1
3

x3 = 0



x1 − 3x2 + 2x3 − x4 = 2
2x1 + 7x2 − x3 = −1
4x1 + x2 + 3x3 − 2x4 = 1

B =




1 −3 2 −1 2
2 7 −1 0 −1
4 1 3 −2 1


 h2−2h1−→

h3−4h1




1 −3 2 −1 2
0 13 −5 2 −5
0 13 −5 2 −7


 h3−h2−→




1 −3 2 −1 2
0 13 −5 2 −5
0 0 0 0 −2


 = B1. Do r(B) = r(B1) = 2 < 3 = r(B1) = r(B), hê.

vô nghiê.m.




x1 + 5x2 + 4x3 + 3x4 = 1
2x1 − x2 + 2x3 − x4 = 0
5x1 + 3x2 + 8x3 + x4 = 1
4x1 + 9x2 + 10x3 + 5x4 = 2

C =




1 5 4 3 1
2 −1 2 −1 0
5 3 8 1 1
4 9 10 5 2


 h3−h1−2h2−→

h4−2h1−h2




1 5 4 3 1
2 −1 2 −1 0
0 0 0 0 0
0 0 0 0 0




h2−2h1−→
bo’ h3,h4

(
1 5 4 3 1
0 −11 −6 −7 −2

)
, tú.c là:
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{
x1 + 5x2 + 4x3 + 3x4 = 1

−11x2 − 6x3 − 7x4 = −2.

Cho.n x3 = α, x4 = β, ta suy ra:





x1 = −14
11
α +

2
11
β +

1
11

x2 = − 6
11
α − 7

11
β +

2
11

x3 = α

x4 = β

Vı́ du. 2. Gia’i và biê.n luâ.n theo a:





ax + y + z = 1
x+ ay + z = a

x+ y + az = a2

A =



a 1 1 1
1 a 1 a
1 1 a a2


 h3↔h1−→




1 1 a a2

1 a 1 a
a 1 1 1


 h2−h1−→

h3−ah1




1 1 a a2

0 a− 1 1 − a a − a2

0 1 − a 1 − a2 1 − a3




h3+h2−→




1 1 a a2

0 a − 1 1 − a a − a2

0 0 2 − a− a2 1 + a − a2 − a3


, suy ra:

* Nếu 2 − a− a2 = 0 ⇔ (a = 1) ∨ (a = −2)
+ Nếu a = 1, th̀ı A→ (1 1 1 1), tu.o.ng d̄u.o.ng vó.i x+ y+ z = 1 nên có vô số nghiê.m

da.ng (1 − α− β; 1; 1) vó.i α, β tuỳ ý.

+ Nếu a = −2, th̀ı A→




1 1 −2 4
0 −3 3 −6
0 0 0 3,


 suy ra r(A) = 2 < 3 = r(A) nên hê. vô

nghiê.m.
* Nếu 2 − a− a2 6= 0 ⇔ (a 6= 1) ∧ (a 6= −2)

A
h2:a−1−→

h3:2−a−a2




1 1 a a2

0 1 −1 −a
0 0 1

(a + 1)2

a+ 2


, nên hê. d̄ã cho tu.o.ng ú.ng vó.i:





x+ y + az = a2

y − z = −a

z =
(a + 1)2

a− 2

⇔





x1 = −a+ 1
a− 2

x2 =
1

a+ 2

x3 =
(a + 1)2

a+ 2

Vı́ du. 3. Gia’i và biê.n luâ.n theo a, b:





ax+ y + z = 1
x + by + z = 3
x + 2by + z = 4

D = det(A) =

∣∣∣∣∣∣

a 1 1
1 b 1
1 2b 1

∣∣∣∣∣∣
= (1 − a)b; Dx =

∣∣∣∣∣∣

4 1 1
3 b 1
4 2b 1

∣∣∣∣∣∣
= −2b+ 1;

Dy =

∣∣∣∣∣∣

a 4 1
1 3 1
1 4 1

∣∣∣∣∣∣
= 1 − a;Dz =

∣∣∣∣∣∣

a 1 4
1 b 3
1 2b 4

∣∣∣∣∣∣
= 4b − 2ab− 1
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+ Nếu D = (1 − a)b 6= 0 ⇔
{
a 6= 1
b 6= 0

, hê. là Cramer, có nghiê.m duy nhất:




x1 =
−2b+ 1
(1 − a)b

x2 =
1
b

x3 =
4b− 2ab − 1

(1 − a)b

+ Nếu a = 1, hê. tro.’ thành:





x+ y + z = 1
x+ by + z = 3
x+ 2by + z = 4

⇔





x + y + z = 4
(b − 1)y = −1

(2b − 1)y = 0
, th̀ı::

− Nếu 2b− 1 = 0 ⇔ b =
1
2
:
{
x + y + z = 0

y = 2
⇔





x = 2 − α

y = 2
z = α

, α tuỳ ý.

− Nếu 2b−1 6= 0 ⇔ b 6= 1
2
:





x + y + z = 4
(b − 1)y = −1

y = 0
vô nghiê.m v̀ı (b−1)0 = −1

+ Nếu b = 0, hê. tro.’ thành:





ax − y + z = 4
x + z = 3
x + z = 4

vô nghiê.m

V. Hê. phu.o.ng tr̀ınh tuyến t́ınh thuà̂n nhất

* Hê. phu.o.ng tr̀ınh tuyến t́ınh thuà̂n nhất là hê. có da.ng

AX = 0 (II)

(B là ma trâ.n toàn số 0), khi d̄ó r(A) = r(A), hê. luôn luôn có nghiê.m:
+ nếu r(A) = n, hê. có nghiê.m duy nhất nghiê.m tà̂m thu.̀o.ng x1 = x2 = · · · =

xn = 0;
+ nếu r(A) < n, hê. có vô số nghiê.m, các thành phà̂n cu’a nghiê.m phu. thuô.c n− r(A)

tham số, nên có nghiê.m khác nghiê.m không (nghiê.m không tà̂m thu.̀o.ng).
+ Vó.i hê. có n phu.o.ng tr̀ınh, n â’n số, hê. có nghiê.m không tà̂m thu.o.ng khi và chı’ khi

det(A) 6= 0 và có nghiê.m duy nhất tà̂m thu.o.ng khi và chı’ khi det(A) = 0.

Vı́ du. . T̀ım a d̄ê’ hê.





ax1 + x2 + · · · + xn−1 + xn = 0
x1 + ax2 + · · · + xn−1 + xn = 0
. . . = 0
x1 + x2 + · · · + axn−1 + xn = 0
x1 + x2 + · · · + xn−1 + axn = 0.

có nghiê.m không tà̂m

thu.o.ng
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det(A) =

∣∣∣∣∣∣∣∣∣

a 1 . . . 1 1
1 a . . . 1 1
. . . . . .
1 1 . . . a 1
1 1 . . . 1 a

∣∣∣∣∣∣∣∣∣

h1+
∑
hi=

i=1

∣∣∣∣∣∣∣∣∣

a+ n− 1 a + n− 1 . . . a + n− 1 a + n− 1
1 a . . . 1 1
. . . . . .
1 1 . . . a 1
1 1 . . . 1 a

∣∣∣∣∣∣∣∣∣

= (a + n− 1)

∣∣∣∣∣∣∣∣∣

1 1 . . . 1 1
1 a . . . 1 1
. . . . . .
1 1 . . . a 1
1 1 . . . 1 a

∣∣∣∣∣∣∣∣∣

hi−h1=
i=1

(a + n− 1)

∣∣∣∣∣∣∣∣∣

1 1 . . . 1 1
0 a− 1 . . . 0 0
. . . . . .
0 0 . . . a− 1 0
0 0 . . . 0 a− 1

∣∣∣∣∣∣∣∣∣
= (a + n− 1)(a − 1)n−1

Hê. có nghiê.m không tà̂m thu.̀o.ng khi det(A) = 0 ⇔
[
a = 1 − n

a = 1.
+ nếu

(α1;α2; . . . ;αn−1;αn) và (β1;β2; . . . ;βn−1;βn)

là nghiê.m cu’a hê. (II) th̀ı

∀h, k ∈ R : (hα1 + kβ1;hα2 + kβ2; . . . ;hαn−1 + kβn−1;hαn + kβn)

cũng là nghiê.m hê. (II).
+ Tru.̀o.ng ho..p r(A) < n (số â’n cu’a hê.) th̀ı r(A) â’n co. ba’n d̄u.o.. c biê’u diẽ̂n qua

n− r(A) â’n không co. ba’n (lấy giá tri. tuỳ ý). Nếu cho.n n− r(A) â’n không co. ba’n
tu.o.ng ú.ng theo n− r(A) thành phà̂n cu’a n− r(A) bô. số:

(1; 0; 0; . . . ; 0); (0; 1; 0; . . . ; 0); (0; 0; 1; . . . ; 0); . . . ; (0; 0; 0; . . . ; 1)

th̀ı n− r(A) nghiê.m cu. thê’ cu’a hê. (II) d̄u.o.. c go. i là mô.t hê. nghiê.m co. ba’n cu’a
hê. .

Vı́ du. . T̀ım hê. nghiê.m co. ba’n cu’a





x1 + 2x2 − 2x3 + x4 = 0
2x1 + 4x2 + 2x3 − x4 = 0
x1 + 2x2 + 4x3 − 2x4 = 0

4x1 + 8x2 − 2x3 + x4 = 0.
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A =




1 2 −2 1
2 4 2 −1
1 2 4 −2
4 8 −2 1


 h2−2h1−→

h3−h1
h4−4h1




1 2 −2 1
0 0 6 −3
0 0 6 −3
0 0 6 −3


 h3−h2−→

h2:2
h4−h2

(
1 2 −2 1
0 0 2 −1

)
ú.ng

vó.i hê.:{
x1 + 2x2 − 2x3 + x4 = 0

2x3 − x4 = 0
⇔
{
x1 = −2x2

x4 = 2x3.
+ Cho.n (x2, x3) = (1, 0), ta có: nghiê.m (−2; 1; 0; 0)
+ Cho.n (x2, x3) = (0, 1), ta có: nghiê.m (0; 0; 1; 2)
* Gia’i th́ıch cách t̀ım ma trâ.nghi.ch d̄a’o o.’ phà̂n IV, chu.o.ng 1

Cho ma trâ.n vuông A =



a1,1 a1,2 a1,3 . . . a1,n

a2,1 a2,2 a2,3 . . . a2,n

. . . . . .
an,1 an,2 an,3 . . . an,n


 có det(A) 6= 0. Xét hê.

n phu.o.ng tr̀ınh 2n â’n:





a1,1x1 + a1,2x2 + a1,3x3 + · · · + a1,nxn + xn+1 = 0
a2,1x1 + a2,2x2 + a2,3x3 + · · · + a2,nxn + xn+2 = 0
a3,1x1 + a3,2x2 + a3,3x3 + · · · + a3,nxn + xn+3 = 0
. . . . . . . . . . . . . . . . . .

an,1x1 + an,2x2 + an,3x3 + · · · + an,nxn + xn+1 = 0

có da.ng ma trâ.n
A×X +X ′ = 0 ⇔ A ×X = −X ′ (1)

vó.i X =




x1

x2

x3
...
xn




và X ′ =




xn+1

xn+2

xn+3

...
x2n




v̀ı det(A) 6= 0,∃A−1 nên: (1)⇔ X = −A−1 ×X ′ ⇔ X +A−1 ×X ′ = 0 (*)

Hê. có ma trâ.n hê. số:




a1,1 a1,2 a1,3 . . . a1,n | 1 0 0 . . . 0
a2,1 a2,2 a2,3 . . . a2,n | 0 1 0 . . . 0
a3,1 a3,2 a3,3 . . . a3,n | 0 0 1 . . . 0
. . . . . . . . .
an,1 an,2 an,3 . . . an,n | 0 0 0 . . . 1


 = (A|E)

Gia’ su.’ qua các phép biến d̄ô’i so. cấp trên các hàng, ta d̄u.a d̄u.o.. c ma trâ.n vè̂ da.ng




1 0 0 . . . 0 | b1,1 b1,2 b1,3 . . . b1,n
0 1 0 . . . 0 | b2,1 b2,2 b2,3 . . . b2,n
0 0 1 . . . 0 | b3,1 b3,2 b3,3 . . . b3,n
. . . . . . . . .
0 0 0 . . . 1 | bn,1 bn,2 bn,3 . . . bn,n


 = (E|B)
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ú.ng vó.i hê.:





x1 + b1,1xn+1 + b1,2xn+2 + b1,3xn+3 + · · · + b1,nx2n = 0
x2 + b2,1xn+1 + b2,2xn+2 + b2,3xn+3 + · · · + b2,nx2n = 0

x3 + b3,1xn+1 + b3,2xn+2 + b3,3xn+3 + · · · + b3,nx2n = 0
. . . . . . . . .

xn + bn,1xn+1 + bn,2xn+2 + bn,3xn+3 + · · · + bn,nx2n = 0

có da.ng X +B ×X ′ = 0, suy ra B = A−1

BÀI TÂ. P

2.1. Gia’i các hê. phu.o.ng tr̀ınh sau:





3x− 5y + 2z + 4t = 2
7x− 4y + z + 3t = 5
5x+ 7y − 4z − 6t = 3





2x + y − z = 1
x − y + z = 2

4x + 3y + z = 3



x + y − 3z = −1
2x+ y − 2z = 1
x + 2y − 3z = 1
x + y + z = 3





2x+ 3y − z + 5t = 0
3x− y + 2z − 7t = 0
4x+ y − 3z + 6t = 0
x− 2y + 4z − 7t = 0





x− 2y + 3z − 4t = 4
y − z + t = −3

x+ 3y − 3t = 1
−7y + 3z + 3t = −3





2x+ y − 3z = 4
x + 2y + z = 1

3x− 3y + 2z = 11





x + 3y + 4z = 8
2x + y − z = 2
2x + 6y − 5z = 4





x − y + 2z − 3t = 1
x + 4y − z − 2t = −2
x − 4y + 3z − 2t = −2
x − 8y + 5z − 2t = −2




2x+ 3y − z + t = 2
2x+ 3y + z = 4
2x+ 3y + 2z = 3
2x+ 3y = 5





3x + 4y + 5z + 7t = 1
2x + 6y − 3z + 4t = 2
4x + 2y + 13z + 10t = 0
2x + 21z + 13t = 3





x+ y + 5z = −7
x+ 3y + z = 5

2x+ y + z = 2
2x+ 3y − 3z = 14




2x− 5y + 4z + 3t = 0
3x− 4y + 7z + 5t = 0
4x− 9y + 8z + 5t = 0
3x− 2y + 5z − 3t = 0





3x + y − 3z + t = 1
2x − y + 7z − 3t = 2
x + 3y − 2z + 5t = 3

3x − 2y + 7z − 5t = 3





x+ 2y + 3z − t = 1
3x+ 2y + z − t = 1
2x+ 3y + z + t = 1
5x+ 5y + 5z = 2




8x+ 6y + 5z + 2t = 21
3x+ 3y + 2z + t = 10
4x+ 2y + 3z+ = 8
3x+ 5y + z + t = 15
7x+ 4y + 5z + 2t = 18





x1 + x2 = 1
x1 + x2 + x3 = 4

x2 + x3 + x4 = −3
x3 + x4 + x5 = 2

x4 + x5 = −1



x1 + 2x2 + 3x3 + 4x4 = 0
7x1 + 14x2 + 20x3 + 27x4 = 0
5x1 + 10x2 + 16x3 + 19x4 = −2
3x1 + 5x2 + 6x3 + 13x4 = 5

2.2. Gia’i và biê.n luâ.n theo a các hê. sau:
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(a+ 1)x + y + z = 1
x+ (a + 1)y + z = a

x+ y + (a + 1)z = a2





ax + y + z + t = 1
x + ay + z + t = a

x + y + az + t = a2




x − y + az + t = a

x + ay − z + t = −1
ax+ ay − z − t = −1
x + y + z + t = −a




2 −1 1 −1
2 −1 0 −3
3 0 −1 1
2 2 −2 a


×



x
y
z
t


 =




1
2
−3
−6




2.3. Cho hê. phu.o.ng tr̀ınh





ax1 − 3x2 + x3 = −2
ax1 + x2 + 2x3 = 3
3x1 + 2x2 + x3 = b.

a. T̀ım a d̄ê’ hê. trên là hê. Cramer; ú.ng vó.i giá tri. cu’a a vù.a t̀ım, t̀ım nghiê.m cu’a hê.
theo b.

b. T̀ım a, b d̄ê’ hê. trên vô nghiê.m.
c. T̀ım a, b d̄ê’ hê. trên có vô số nghiê.m, t̀ım nghiê.m tô’ng quát cu’a hê..

2.4. T̀ım m d̄ê’ các hê. phu.o.ng tr̀ınh sau d̄ây:
a. có nghiê.m


2 3 1
3 7 −6
5 8 1


×



x
y
x


 =




7
−2
m


;




3 6
4 8
2 7


×

(
x
y

)
=




−9
12
m


;




3 2 5
2 4 6
5 7 m


×



x
y
z


 =




1
3
5


;




3 7 5
2 3 1
6 9 3


×



x
y
z


 =




−m
2
5


;





3x+ 4y + 5z + 7t = 1
2x+ 6y − 3z + 4t = 2
4x+ 2y + 13z + 10t = m

5x + 21z + 13t = 3

;





mx+ 2y + 3z + 2t = 3
2x+my + 3z + 2t = 3
2x+ 3y +mz + 2t = 3
2x+ 3y + 2z +mt = 3
2x+ 3y + 2z + 3t = m

b. vô nghiê.m:





2x− y + z − t = 1
2x− y − 3t = 2
3x − z + t = −3
2x+ 2y − 2z +mt = −6

;





x+ y + (1 −m)z = m+ 2
(1 +m)x− y + 2z = 0

2x −my + 3z = m+ 2

c. vô d̄i.nh:





mx1 + x2 + x3 + · · · + xn = 0
x1 +mx2 + x + 3 + · · · + xn = 0
x1 + x2 +mx3 + · · · + xn = 0
. . . . . . . . .

x1 + x2 + x3 + · · · +mxn = 0



3x+ 2y + z + t = 1
2x+ 3y + z + t = 1
x+ 2y + 3z − t = 1

5x+ 5y + 2z = 2m+ 1

;





3x + 2y + z = 3
mx + y + 2z = 3
mx − 3y + z = −2

;





x+my − z + 2t = 0
2x− y +mz + 5t = 0
x+ 10y − 6z + t = 0
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d. có nghiê.m duy nhất:




x+ 3y − z + t = 1
3x+ 3y − z +mt = 2
2x+ 2y + z + t = 3
5x+ 3y + 2t = 1

;





x + y + z +mt = 1
x +my + z + t = 1

mx+ y + z + t = 1
x + y +mz + t = 1

;





x + 4y + 3z + 6t = 0
−x + z + t = 0
2x + y − z = 0

2y +mx = 0
2x + 5y + 3z + 7t = 0

2.5. Chú.ng minh hê. sau có nghiê.m duy nhất, t̀ım nghiê.m d̄ó:





x2 + x3 + x4 + · · · + xn−1 + xn = 1
x1 + x3 + x4 + · · · + xn−1 + xn = 2
x1 + x2 + x4 + · · · + xn−1 + xn = 3
. . . . . . . . .

x1 + x2 + x3 + x4 + · · · + xn−1 = n

2.6. T̀ım d̄iè̂u kiê.n theo a d̄ê’ hê. sau có nghiê.m duy nhất





x1 + ax2 = 0
x1 + (1 + a)x2 + ax3 = 0

x2 + (1 + a)x3 + ax4 = 0
x3 + (1 + a)x4 + ax5 = 0

x4 + (1 + a)x5 = 0

2.7. Biê.n luâ.n theo a số nghiê.m cu’a hê. phu.o.ng tr̀ınh:



(a− 3)x + y + z = 0
x+ (a − 3)y + z = 0
x+ y + (a − 3)z = 0

;





ax + ay + z = a

ax + y + az = 1
x+ ay + az = 1

;





ax + ay + (a + 1)z = a

ax + ay + (a − 1)z = a

(a+ 1)x + ay + (2a + 3)z = 1
;





x− y + az + t = a

x+ ay − z + t = −1
ax+ ay − z − t = −1
x+ y + z + t = −a

2.8. T̀ım nghiê.m nguyên du.o.ng (nếu có) cu’a hê. phu.o.ng tr̀ınh sau:{
x+ y + z = 100
x+ 15y + 25z = 500

;
{

x+ 2y + 3z = 14
2x+ 3y − z = 5

;

{
x + 3y − 3z = 1

3x− 3y + 4z = 4
;





x− y + z + t = 2
2x+ y − 3z + 2t = 2
3x− 2y + z + t = 3

2.9. T̀ım các d̄a thú.c bâ.c 3 f(x) biết:
a. f(−1) = 0; f(1) = 4; f(2) = 3; f(3) = 16;
b. f(−1) = 5; f(1) = 5; f(3) = 45; f(−4) = −25.

2.10. T̀ım nghiê.m tô’ng quát và hê. nghiê.m co. ba’n cu’a hê. phu.o.ng tr̀ınh sau:



23





2x− y + 5z + 7t = 0
4x− 2y + 7z + 5t = 0
2x− y + z − 5t = 0

;





x+ y − 4z = 0
2x+ 9y + 6z = 0
3x+ 5y + 2z = 0
4x+ 7y + 5z = 0

;





x + 2y + 4z − 3t = 0
3x+ 5y + 6z − 4t = 0
4x+ 5y − 2z + 3t = 0
3x+ 8y + 24z − 19t = 0

;





x + 8z + 7t = 0
2x+ y + 4z + t = 0
3x+ 2y − z − 6t = 0
7x+ 4y + 6z − 5t = 0

2.11.
a. Trong mô.t x́ı nghiê.p sa’n xuất, có 15 công nhân d̄u.o.. c chia làm 3 bâ.c (I,II,III),

hu.o.’ ng lu.o.ng tháng là̂n lu.o.. t là: 600.000, 500.000, 400.000 d̄ò̂ng. Mỗi tháng x́ı
nghiê.p phát 7,7 triê.u d̄ò̂ng tiè̂n lu.o.ng. Ho’i trong x́ı nghiê.p ấy, số công công mỗi
bâ.c có thê’ là bao nhiêu?

b. Mô.t ho.. p tác xã nông nghiê.p có 300 ha d̄ất, 850 công lao d̄ô.ng và 65 triê.u d̄ò̂ng
tiè̂n vốn dành cho sa’n xuất vu. hè thu vó.i du.. d̄i.nh trò̂ng các loa. i cây I,II,III có chi
ph́ı sa’n xuất cho mỗi ha giao trò̂ng nhu. sau:

Loa.i cây Vốn bằng tiè̂n (d̄ò̂ng) Lao d̄ô.ng (công)
I 200.000 2
II 150.000 3
III 400.000 5

-ooOoo-



24

Chu.o.ng 3

HÀM NHIÈ̂U BIẾN & TÍCH PHÂN KÉP
I. Hàm nhiè̂u biến
1. Khái niê.m

* Cho D ⊂ R2. Mô.t ánh xa.

f : D → R
(x, y) 7→ f(x, y) = z ∈ R

d̄u.o.. c go. i là hàm hai biến xác d̄i.nh trên D, D d̄u.o.. c go. i là miè̂n xác d̄i.nh
cu’a hàm hai biến f(x, y).

Vı́ du. .
+ Miè̂n xác d̄i.nh cu’a hàm z = f(x, y) =

√
1 − x2 − y2 là tâ.p

D =
{
(x, y) ∈ R2 : x2 + y2 ≤ 1

}

(h̀ınh tròn tâm O bán ḱınh 1).
+ Miè̂n xác d̄i.nh cu’a hàm z = f(x, y) = ln(x+y) là tâ.pD =

{
(x, y) ∈ R2 : x+ y > 0

}

(nu.’ a mă.t phă’ ng nằm ph́ıa trên d̄u.̀o.ng thă’ ng y = −x trên mă.t phă’ ng xOy.
* Cho hàm hai biến z = f(x, y). Trên mă.t phă’ ng Oxy, mỗi că.p (x, y) d̄u.o.. c biê’u diẽ̂n

bo.’ i mo.t d̄iê’m M(x, y), nên ta có thê’ xem z = f(x, y) là hàm các d̄iê’m M(x, y), ký
hiè̂u z = f(M).

* Cho hàm hai biến z = f(x, y) có miè̂n xác d̄i.nh D. Trong không gian Oxyz, xét
các d̄iê’m P (x, y, z) tho’a mãn (x, y) ∈ D và z = f(x, y). Khi M cha.y trên miè̂n D,
các d̄iê’m P va.ch trong không gian mô.t mă.t cong d̄u.o.. c go. i là d̄ò̂ thi. cu’a hàm
hai biến x = f(x, y).

* Cho D ⊂ Rn = {(x1, x2, . . . , xn) : xi ∈ R, i = 1, ..., n}. Mô.t ánh xa.

f : D → R
(x1, x2, . . . , xn) 7→ f(x1, x2, . . . , xn) = z ∈ R

d̄u.o.. c go. i là hàm n biến f(x1, x2, . . . , xn) xác d̄i.nh trên D (D d̄u.o.. c go. i là miè̂n
xác d̄i.nh).

* Cho hàm hai biến z = f(x, y) xác d̄i.nh trong khoa’ng ho.’ U cu’a Mo(xo, yo) (không
cà̂n xác d̄i.nh ta. i Mo). Số L d̄u.o.. c go. i là gió.i ha.n cu’a f(x, y) khi M(x, y) dà̂n
d̄ến Mo(xo, yo) nếu vó.i mo.i dãy d̄iê’m Mn(xn, yn) thuô.c U dà̂n d̄ến Mo(xo, yo), ta
d̄è̂u có: lim

n→∞
f(xn, yn) → L. Ta ký hiê.u:

lim
x→xo

y→yo

f(x, y) = L.

* Hàm số z = f(x, y) xác d̄i.nh trong miè̂nD d̄u.o.. c go. i là liên tu.c ta. i Mo(xo, yo) ∈ D
nếu:

lim
x→xo

y→yo

f(x, y) = f(xo, yo).
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2. D- a.o hàm và vi phân hàm nhiè̂u biến

2.1. D- a.o hàm riêng
* Cho hàm số z = f(x, y) xác d̄i.nh trên khoa’ng ho.’ U cu’a Mo(xo, yo), khi d̄ó ∆x =
x−xo và ∆y = y−yo d̄u.o.. c go. i là̂n lu.o.. t là số gia cu’a biến số x và y, ∆xz = f(xo+
∆x, yo)−f(xo, yo) và ∆yz = f(xo, yo+∆y) d̄u.o.. c go.i là̂n lu.o.. t là số gia riêng cu’a hàm
z = f(x, y) theo x và theo y ta. i Mo(xo, yo), còn ∆z = f(xo+∆x, yo+∆y)−f(xo , yo)
d̄u.o.. c go. i là số gia toàn phà̂n cu’a hàm z = f(x, y) ta. i Mo(xo, yo).

* Nếu lim
∆x→0

∆xz

∆x
và lim

∆y→0

∆yz

∆y
tò̂n ta. i hũ.u ha.n th̀ı các gió.i ha.n d̄ó d̄u.o.. c go. i là các

d̄a.o hàm riêng cu’a hàm x = f(x, y) ta.i (xo, yo) cu’a biến x và biến y, ký
hiê.u là̂n lu.o.. t là:

z′x(xo, yo) = f ′x(xo, yo) =
∂z

∂x
(xo, yo) = lim

∆x→0

∆xz

∆x

z′y(xo, yo) = f ′y(xo, yo) =
∂z

∂y
(xo, yo) = lim

∆y→0

∆yz

∆y

* Nếu hàm z = f(x, y) có các d̄a.o hàm riêng theo biến x và biến y ta. i ∀(x, y) ∈ D,
ta nói z = f(x, y) có các d̄a.o hàm riêng theo biến x và theo biến y trong
miè̂n D, ký hiê.u là:

f ′x(x, y) = z′x =
∂z

∂x
; f ′y(x, y) = z′y =

∂z

∂y

Vı́ du. . T́ınh các d̄a.o hàm riêng cu’a
+ z = xy , x > 0:

z′x = (xy)′x = yxy−1;
z′y = (xy)′x = xy. lnx

+ z = e
x
y :

z′x =
(
e

x
y

)′
x

= e
x
y .

[
x

y

]′

x

= e
x
y .

1
y
;

z′y =
(
e

x
y

)′
y

= e
x
y .

[
x

y

]′

y

= e
x
y .

(
− x

y2

)
= − x

y2
.e

x
y

+ z = Arctg xy;

z′x = (Arctg xy)′x =
(xy)′x

1 + (xy)2
=

y

1 + x2y2
;

z′y =
(xy)′y

1 + (xy)2
=

x

1 + x2y2

2.2. Vi phân
* Vi phân toàn phà̂n cu’a hàm hai biến z = f(x, y) là: dz = z′xdx+ z′ydy, có thê’ ú.ng

du.ng d̄ê’ t́ınh gà̂n d̄úng giá tri. cu’a hàm số phú.c ta.p theo công thú.c số gia hũ.u ha.n
nhu. sau:

f(xo + ∆x, yo + ∆x) ' f ′x(xo, yo) · ∆x+ f ′y(xo, yo) · ∆y + f(xo, yo)
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Vı́ du. . T́ınh gà̂n d̄úng các số sau: a. A = (0.998)3.001; b. B =
√

(4.001)2 + (2.997)2
a. Xét z = f(x, y) = xy ta. i Mo(1; 3). Ta có:

+ f(x, y) = xy ⇒ f(1, 3) = 3.12 = 3
+ f ′x(x, y) = yxy−1 ⇒ f ′x(1, 3) = 3.12 = 3
+ f ′y(x, y) = xy. lnx ⇒ f ′y(1, 3) = 13. ln 1 = 0

Cho.n ∆x = −0.002,∆y = 0.001, khi d̄ó:

A = (1 − 0.002)3+0.001 = f(1 − 0.002, 3 + 0.001) = f(xo + ∆x, yo + ∆y)

' f ′x(xo, yo) · ∆x+ f ′y(xo, yo) · ∆y + f(xo, yo) = 3 · (−0.002) + 0 · (0.001) + 1 = 0.994

b. Xét z = f(x, y) =
√
x2 + y2 ta. i Mo(4, 3). Ta có:

+ f(x, y) =
√
x2 + y2 ⇒ f(4, 3) =

√
42 + 32 = 5

+ f ′x(x, y) =
x√

x2 + y2
⇒ f ′x(4, 3) =

4
42 + 32

=
4
5

= 0.8

+ f ′y(x, y) =
y√

x2 + y2
⇒ f ′x(4, 3) =

3
42 + 32

=
3
5

= 0.6

Cho.n ∆x = 0.001,∆y = −0.003, khi d̄ó:

B =
√

(4.001)2 + (2.997)2 =
√

(4 + 0.0001)2 + (3 − 0.003)2 = f(xo + ∆x, yo + ∆y)

' f ′x(xo, yo) · ∆x+ f ′y(xo, yo) · ∆y + f(xo, yo)

= 0.8 · 0.001 + 0.6 · (−0.003) + 5 = 4.999

* Nếu các d̄a.o hàm riêng z′x, z′y (d̄u.o.. c go. i là d̄a.o hàm riêng cấp 1) cũng có d̄a.o
hàm riêng th̀ı các d̄a.o hàm riêng d̄ó d̄u.o.. c go.i là d̄a.o hàm riêng cấp 2 cu’a
z = f(x, y), d̄u.o.. c ký hiê.u và xác d̄i.nh nhu. sau:

z′′xx = f ′′xx(x, y) =
∂2f

∂x2
= (z′x)

′
x;

z′′xy = f ′′xy(x, y) =
∂2f

∂x∂y
= (z′x)

′
y;

z′′yx = f ′′yx(x, y) =
∂2f

∂y∂x
= (z′y)

′
x;

z′′yy = f ′′yy(x, y) =
∂2f

∂y2
= (z′y)

′
y

+ Nếu z = f(x, y) có các d̄a.o hàm riêng cấp 2 liên tu. c trong miè̂n D th̀ı trong miè̂n
d̄ó: z′′xy = z′′yx.

* Nếu z = f(u, v) là hàm kha’ vi và u = u(x, y), v = v(x, y) có các d̄a.o hàm riêng
u′x, u

′
y, v

′
x, v

′
y trong miè̂n D th̀ı trong miè̂n d̄ó tò̂n ta. i các d̄a.o hàm riêng

z′x = z′u · u′x + z′v · v′x;
z′y = z′u · u′y + z′v · v′y
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Vı́ du. . Cho z = eu sin v vó.i u = xy, v = x2 + y2. T́ınh z′x, z′y.
V̀ı: z′u = eu sinv; z′v = eu cos v; u′x = y; u′y = x; v′x = 2x; v′y = 2y, nên:

+ z′x = z′u ·u′x+z′v ·v′x = eu sinv ·y+eu cos v ·2x = yexy sin(x2+y2)+2xexy cos(x2+y2)
+ z′y = z′u ·u′y+z′v ·v′y = eu sinv ·x+eu cos v ·2y = xexy sin(x2+y2)+2yexy cos(x2+y2)

1.3. Cu.. c tri. cu’a hàm hai biến
* Cho hàm z = f(x, y) xác d̄i.nh, liên tu. c trong miè̂n D. Ta nói z d̄a.t cu.. c d̄a. i

(tu.o.ng tu.. , cu.. c tiê’u) d̄i.a phu.o.ng ta.i Mo(xo, yo) ∈ D nếu tò̂n ta. i khoa’ng ho.’ U
cu’a Mo(xo, yo) trong D sao cho f(xo, yo) ≥ f(x, y) (tu.o.ng tu.. , f(xo, yo) ≤ f(x, y))
vó.i mo.i (x, y) ∈ D.

+ Quy tắc t̀ım cu.. c tri.: Gia’ su.’ z = f(x, y) có d̄a.o hàm riêng liên tu. c d̄ến cấp
2 trong khoa’ng ho.’ chú.a Mo(xo, yo) và có f ′x(xo, yo) = f ′y(xo, yo) = 0. D- ă.t A =
f ′′xx(xo, yo), B = f ′′xy(xo, yo), C = f ′′yy(xo, yo), th̀ı:

+ Nếu B2 −AC < 0, A < 0 th̀ı z = f(x, y) d̄a.t cu.. c d̄a.i ta. i (xo, yo);
+ Nếu B2 −AC < 0, A > 0 th̀ı z = f(x, y) d̄a.t cu.. c tiê’u ta. i (xo, yo);
+ Nếu B2 −AC > 0 th̀ı (xo, yo) không pha’i là d̄iê’m cu.. c tri.;
+ Nếu B2 −AC = 0 th̀ı không kết luâ.n d̄u.o.. c.

Vı́ du. . T̀ım cu.. c tri. cu’a hàm số:
a. z = f(x, y) = x2 − xy + y2 + 3x− 2y + 1
b. z = x3 + y3 − 3xy

a. Ta có: z′x = 2x− y + 3; z′y = −x + 2y + 2; z′′xx = 2; z′′xy = −1; z′′yy = 2.

Gia’i
{
z′x = 0
z′y = 0

⇔
{

2x− y + 3 = 0
−x+ 2y − 2 = 0

⇔





x = −4
3

y =
1
3

Ta.i d̄iê’mMo

(
−4

3
,
1
3

)
, ta có: A = z′′xx

∣∣∣
Mo

= 2, B = z′′xy

∣∣∣
Mo

= −1, C = z′′yy

∣∣∣
Mo

= 2,

nên: B2 −AC = (−1)2 − 2 · 2 = −3 < 0.

Suy ra hàm 2 biến d̄a.t cu.. c tiê’u ta. i Mo

(
−4

3
,
1
3

)
vó.i zmin = −4

3
.

b. Ta có: z′x = 3x2 − 3y; z′y = 3y2 − 3x; z′′xx = 6x; z′′xy = −3; z′′yy = 6y.

Gia’i
{
z′x = 0
z′y = 0

⇔
{

3x2 − 3y = 0
3y2 − 3x = 0

⇔
[
x = y = 0
x = y = 1

Ta.i d̄iê’m Mo(0, 0), ta có: A = z′′xx

∣∣∣
Mo

= 0, B = z′′xy

∣∣∣
Mo

= −3, C = z′′yy

∣∣∣
Mo

= 0,

nên: B2 −AC = 9 − 0 = 9 > 0. Vâ.y Mo(0, 0) không pha’i là cu.. c tri..
Ta.i d̄iê’m M1(1, 1), ta có: A = z′′xx

∣∣∣
Mo

= 6, B = z′′xy

∣∣∣
Mo

= −3, C = z′′yy

∣∣∣
Mo

= 6,

nên: B2 − AC = 9 − 36 = −27 < 0. Suy ra hàm 2 biến d̄a.t cu.. c tiê’u ta. i M1(1, 1) vó.i
zmin = −1.

BÀI TÂ. P

3.1.1. Cho hàm f(x, y) =
x − y

x + y
. Chú.ng minh:

lim
x→0

(
lim
y→0

f(x, y)
)

= 1; lim
y→0

(
lim
x→0

f(x, y)
)

= −1
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trong khi d̄ó lim
x→0
y→0

f(x, y) không tò̂n ta.i.

3.1.2. Cho hàm f(x, y) =
x2y2

x2y2 + (x − y)2
. Chú.ng minh:

lim
x→0

(
lim
y→0

f(x, y)
)

= lim
y→0

(
lim
x→0

f(x, y)
)

= 0

, trong khi d̄ó lim
x→0
y→0

f(x, y) không tò̂n ta.i.

3.1.3. Cho hàm f(x, y) = (x + y) sin
1
x

sin
1
y
. Chú.ng minh lim

x→0

(
lim
y→0

f(x, y)
)

và

lim
y→0

(
lim
x→0

f(x, y)
)

không tò̂n ta.i, nhu.ng lim
x→0
y→0

f(x, y) = 0

3.1.4. Tı́nh các gió.i ha.n sau:

lim
x→0
y→0

x+ y

x2 − xy + y2
; lim
x→0
y→0

x2 + y2

x4 + y4
; lim
x→0
y→0

(
xy

x2 + y2

)x2

; lim
x→0
y→0

(x2 + y2)x
2y2

3.1.5. Cho hàm

f(x, y) =




xy
x2 − y2

x2 + y2
nếu x2 + y2 6= 0

0 nếu x2 + y2 = 0.

Chú.ng minh f”yx(0, 0) 6= f”xy(0, 0).
3.1.6. Nghiên cú.u cu.. c tri. d̄i.a phu.o.ng cu’a các hàm sau:
a. z = x4 + y4 − x2 − 2xy − y2 + 1
b. x = 2x4 + y4 − x2 − 2y2 − 1

II. Tı́ch phân hai ló.p

1. D- ı̀nh ngh̃ıa, t́ınh chất
Xuất phát tù. các bài toán thu.. c tế (nhu. t́ınh thê’ t́ıch vâ.t thê’ h̀ınh tru. , d̄u.̀o.ng ḱınh

mô.t miè̂n), ta có d̄i.nh ngh̃ıa sau:
* Cho hàm z = f(x, y) xác d̄i.nh trong miè̂n hũ.u ha.n D trong xOy. Phân hoa.ch
D thành n miè̂n nho’ tuỳ ý có tên và diê.n t́ıch ∆s1,∆s2, . . . ,∆sn. Trên mỗi ∆Si
(i = 1, . . . , n), lấy Mi(xi, yi) tuỳ ý và go. i tô’ng

In =
n∑

i=1

f(xi, yi)∆si

là tô’ng t́ıch phân cu’a f(x, y) trong D.
Nếu khi d̄u.̀o.ng ḱınh ló.n nhất cu’a các miè̂n ∆si dà̂n d̄ến 0 (max di → 0) mà In dà̂n
d̄ến mô.t gió.i ha.n xác d̄i.nh I, không phu. thuô.c cách chia miè̂n D (phân hoa.ch) và
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cách cho.n Mi(xi, yi) trong mỗi miè̂n ∆si th̀ı gió.i ha.n d̄ó d̄u.o.. c go. i là t́ıch phân
hai ló.p cu’a f(x, y) trong miè̂n D và ký hiê.u là:

∫∫

D

f(x, y)ds = lim
max di→0

n∑

i=1

f(xi, yi)∆si

trong d̄ó f(x, y) là hàm du.́o.i dấu t́ıch phân, D là miè̂n lấy t́ıch phân, ds là
yếu tố diê.n t́ıch, x, y là biến t́ıch phân.

+ Khi t́ıch phân hai ló.p tò̂n ta. i, ta có thê’ chia D bo.’ i lu.́o.i các d̄u.̀o.ng song song vó.i
Ox,Oy, khi d̄ó ∆si là h̀ınh chũ. nhâ.t, yếu tố diê.n t́ıch ds bằng dx, dy:

∫∫

D

f(x, y)dxdy = lim
maxdi→0

n∑

i=1

f(xi , yi)∆si

+ Diê.n t́ıch miè̂n D d̄u.o.. c t́ınh bà̆ng:

S(D) =
∫∫

D

dxdy

+ Tô’ ho.. p tuyến t́ınh nhũ.ng hàm kha’ t́ıch trên D cũng kha’ t́ıch trên D và:
∫∫

D

[αf1(x, y) ± βf2(x, y)]dxdy = α

∫∫

D

f1(x, y)dxdy ± β

∫∫

D

f2(x, y)dxdy

+ Nếu f(x, y) kha’ t́ıch trên D th̀ı |f(x, y)| cũng kha’ t́ıch trên D và:

∣∣∣∣∣∣

∫∫

D

f(x, y)dxdy

∣∣∣∣∣∣
≤
∫∫

D

|f(x, y)|dxdy

+ Chia D thành 2 miè̂n D1,D2 rò.i nhau bo.’ i mô.t d̄u.̀o.ng L. Nếu f(x, y) kha’ t́ıch trên
ca’ D1,D2 (kê’ ca’ biên L) th̀ı nó kha’ t́ınh trên D và:

∫∫

D

f(x, y)dxdy =
∫∫

D1

f(x, y)dxdy +
∫∫

D

f(x, y)dxdy

+ Nếu f(x, y) kha’ t́ıch trên D và m ≤ f(x, y) ≤M,∀(x, y) ∈ D, th̀ı:

∃µ ∈ [m,M ] : µ =

∫∫

D

f(x, y)dxdy

S(D)
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+ Nếu f(x, y), g(x, y) kha’ t́ıch trên D và thoa’ mãn f(x) ≤ g(x) th̀ı:
∫∫

D

f(x, y)dxdy ≤
∫∫

D

g(x, y)dxdy

2. Cách t́ınh t́ıch phân hai ló.p
+ Nếu hàm số f(x, y) liên tu. c trên miè̂n D = {a ≤ x ≤ b;ϕ(x) ≤ y ≤ ψ(x)} trong d̄ó

ϕ(x) và ψ(x) liên tu. c trên [a, b] th̀ı:

∫∫

D

f(x, y)dxdy =
∫ b

a

[∫ ϕ(x)

ψ(x)

f(x, y)dy

]
dx

Vı́ du. 1. T́ınh thê’ t́ıch h̀ınh tru. gió.i ha.n bo.’ i các mă.t:

x = 0, x = 1, y = −1, y = 1, z = 0, z = x2 + y2.

Ta có: V =
∫∫

D

f(x, y)dxdy =
∫ 1

0

[∫ 1

−1

(x2 + y2)dy
]
dx =

∫ 1

0

(
2x2 +

2
3

)
dx =

4
3

Vı́ du. 2. T́ınh thê’ t́ıch h̀ınh tru. gió.i ha.n bo.’ i mă.t

z = f(x, y) = xy2, mă.t z = 0, x = 0, x = 1, y = −2, y = 3.

Ta có: V =
∫ 1

0

xdx ·
∫ 3

−2

y2dy =
x2

2

∣∣∣
1

0

y3

3

∣∣∣
3

−2
=

35
6

Vı́ du. 3. T́ınh thê’ t́ıch h̀ınh tru. gió.i ha.n bo.’ i các mă.t:

x = 1, x = 2, y =
x2

2
, y = x2, z = 0, z = xy.

Ta có: V =
∫∫

D

xydxdy =
∫ 2

1

[∫ x2

x2
2

xydy

]
dx =

∫ 2

1

3x5

8
dx =

63
16

.

Vı́ du. 4. T́ınh
∫∫

D

xdxdy, vó.i D là miè̂n gió.i ha.n bo.’ i các d̄u.̀o.ng y = x và y = x2.

Miè̂n D d̄u.o.. c xác d̄i.nh: D = {0 ≤ x ≤ 1; x2 ≤ y ≤ x}, nên:∫∫

D

xdxdy =
∫ 1

0

[∫ x

x2
xdy

]
dx =

1
12

.

Vı́ du. 5. T́ınh I =
∫∫

D

(x − y)dxdy, trong d̄ó D d̄u.o.. c gió.i ha.n bo.’ i các d̄u.̀o.ng

y = ±1, x = y2, y = x+ 1.
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Miè̂n D d̄u.o.. c xác d̄i.nh: D = {−1 ≤ y ≤ 1; y − 1 ≤ x ≤ y2}, suy ra:

I =
∫ 1

−1

[∫ y2

y−1

(x − y)dx

]
dy =

∫ 1

−1

(
y4

2
− y3 +

y2

2
− 1

2

)
dy =

−7
15

.

+ Cho f(x, y) liên tu. c trênD d̄óng và bi. chă.n, là a’nh cu’aD′ qua ánh xa.

{
x = x(u, v)
y = y(u, v)

.

Nếu
x(u, v), y(u, v) liên tu. c và có các d̄a.o hàm riêng liên tu. c

J(u, v) =

∣∣∣∣∣∣∣

∂x

∂u

∂x

∂v
∂y

∂u

∂y

∂v

∣∣∣∣∣∣∣
6= 0,∀(u, v) ∈ D′

th̀ı: ∫∫

D

f(x, y)dxdy =
∫∫

D′

f [x(u, v), y(u, v)]|J(u, v)|dudv

Chă’ ng ha.n khi d̄ă.t
{
x = r cosϕ
y = r sinϕ

th̀ı:

J(u, v) =
∣∣∣∣
cosϕ −r sinϕ
sinϕ r cosϕ

∣∣∣∣ = r

khi d̄ó:
∫∫

D

f(x, y)dxdy =
∫∫

D′

f(r cosϕ, r sinϕ)rdrdϕ

Vı́ du. 6. T́ınh t́ıch phân I =
∫∫

D

e−x
2−y2dxdy trong d̄ó D là d̄u.̀o.ng tròn d̄o.n vi..

Ta có: I =
∫ 2π

0

dϕ

∫ 1

0

e−r
2
rdr =

∫ 2π

0

1
2

(
1 − 1

e

)
dϕ = π

(
1 − 1

e

)
.

Vı́ du. 7. T́ınh t́ıch phân I =
∫∫

D

(x + 2y)dxdy, trong d̄ó D là h̀ınh b̀ınh hành gió.i ha.n

bo.’ i các d̄u.̀o.ng
x + y = 1, x+ y = 2, 2x − y = 1, 2x− y = 3.

Ta có: D′ = {(u, v) : 1 ≤ u ≤ 2, 1 ≤ v ≤ 3} và J =

∣∣∣∣∣∣

1
3

1
3

2
3

−1
3

∣∣∣∣∣∣
= −1

3
6= 0, nên:

I =
∫∫

D′

− 1
3

(
u+ v

3
+

4u− 3v
3

)
dudv

= −1
9

∫ 2

1

[∫ 3

1

(5u− v)dv
]
du = −1

9

∫ 2

1

(10u− 4)du = −11
9
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Vı́ du. 8. T́ınh I =
∫∫

D

ydxdy vó.i D là miè̂n:

a. H̀ınh qua.t tròn tâm O, bán ḱınh a nằm trong góc phà̂n tu. thú. 2.
b. Miè̂n gió.i ha.n bo.’ i các d̄u.̀o.ng cong có phu.o.ng tr̀ınh trong hê. toa. d̄ô. cu.. c là: r =

2 + cosϕ, r = 1.

a. I =
∫ π

π
2

sinϕdϕ
∫ a

0

r2dr =
a3

3

∫ π

π
2

sinϕdϕ =
a3

3
.

b. I =
∫ 2π

0

[∫ 2+cosϕ

1

rdr

]
sinϕdϕ =

1
2

∫ 2π

0

(3 + 4 cosϕ+ cos2 ϕ) sinϕdϕ = 0.

Vı́ du. 9. T́ınh I =
∫∫

D

√
4 − x2 − y2dxdy trong d̄ó:

D là nu.’ a trên cu’a h̀ınh tròn (x − 1)2 + y2 ≤ 1.

D- ă.t
{
x = r cosϕ
y = r sinϕ

th̀ı D′ = {(r, ϕ) : 0 ≤ r ≤ 2 cosϕ, 0 ≤ ϕ ≤ π

2
}, khi d̄ó:

I =
∫ π

2

0

[∫ 2 cosϕ

0

√
4 − r2rdr

]
dϕ =

8
3

∫ π
2

0

(1 − sin3 ϕ)dϕ =
8
3

(
π

2
− 2

3

)
.

III. T́ıch phân 3 ló.p
1. D- i.nh ngh̃ıa, t́ınh chất

Cho f là mô.t hàm bi. chă.n, xác d̄i.nh trên mô.t tâ.p V d̄o d̄u.o.. c trong R3. Chia V
thành hũ.u ha.n nhũ.ng tâ.p Vi d̄o d̄u.o.. c, không có d̄iê’m trong chung. Lâ.p tô’ng t́ıch phân

n∑

i=1

f(ξ, η, τ )∆Vi (1)

o.’ d̄ây ∆Vi là thê’ t́ıch tâ.p Vi, và (ξ, η, τ ) là mô.t d̄iê’m tuỳ ý thuô.c Vi.
* Go.i D là số ló.n nhất trong các d̄u.̀o.ng ḱınh d(Vi) cu’a phép phân hoa.ch {Vi}1≤i≤n.

Nếu

lim
D→0

n∑

i=1

f(ξ, η, τ )∆Vi

tò̂n ta. i th̀ı giá tri. này d̄u.o.. c go. i là t́ıch phân ba ló.p cu’a hàm f trên tâ.p V và
d̄u.o.. c ký hiê.u là ∫∫∫

V

f(x, y, z)dxdydz,

hàm f d̄u.o.. c go. i là kha’ t́ınh trên V .
+ T́ıch phân ba ló.p có các t́ınh chất hoàn toàn tu.o.ng tu.. nhu. t́ıch phân hai ló.p.

2. Cách t́ınh t́ıch phân ba ló.p
+ Nếu miè̂n lấy t́ıch phân là mô.t h̀ınh hô.p

V = [a1, b1] × [a2, b2] × [a3, b3],
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th̀ı: ∫∫∫

V

f(x, y, z)dxdydz =
∫ b1

a1

[∫ b2

a2

(∫ b3

a3

f(x, y, z)dz

)
dy

]
dx

Vı́ du. . T́ınh I =
∫∫∫

V

xyzdxdydz vó.i V = [0, 1]× [2, 4] × [5, 8].

I =
∫ 1

0

xdx ·
∫ 4

2

ydy ·
∫ 8

5

zdz =
x2

2

∣∣∣
1

0
· y

2

2

∣∣∣
4

2
· z

2

2

∣∣∣
8

5
=

1
2
· 6 · 39

2
=

117
2

+ Nếu miè̂n là mô.t thê’ tru. mo.’ rô.ng (gió.i ha.n bo.’ i 2 mă.t ψ1(x, y), ψ2(x, y), mă.t tru.
có d̄u.̀o.ng sinh song song Oz, d̄u.̀o.ng chuâ’n là biên

Dxy = {(x, y) : a ≤ x ≤ y, ϕ1(x) ≤ y ≤ ϕ2(x)}

vó.i ϕ1, ϕ2 liên tu. c trên [a, b] th̀ı:

∫∫∫

V

f(x, y, z)dxdydz =
∫ b

a

[∫ ϕ2(x)

ϕ1(x)

(∫ ψ1(x,y)

ψ2(x,y)

d(x, y, z)dz

)
dy

]
dx

Vı́ du. . T́ınh
∫∫∫

V

(1− x− y)dxdydz vó.i miè̂n V gió.i ha.n bo.’ i các mă.t phă’ ng toa. d̄ô. và

mă.t phă’ ng x + y + z = 1.
Ta có: V = {(x, y, z) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 − x, 0 ≤ z ≤ 1 − x − y}, nên:

I =
∫ 1

0

[∫ 1−x

0

(∫ 1−x−y

0

(1 − x − y)dz
)
dy

]
dx =

∫ 1

0

[∫ 1−x

0

(1 − x− y)2dy
]
dx

=
∫ 1

0

1
3
(1 − x)3(1 − x3)dx =

1
12

* D- ô’i biến trong t́ıch phân ba ló.p: Cho f liên tu.c trên miè̂n d̄óng, d̄o d̄u.o.. c và

bi. châ.n V ⊂ R3, vó.i V là a’nh cu’a V ′ qua d̄o.n ánh





x = x(u, v,w)
y = y(u, v,w)
z = z(u, v,w).

Nếu các hàm

số x = x(u, v,w), y = y(u, v,w), z = z(u, v,w) liên tu.c, có các d̄a.o hàm riêng liên
tu.c trên V ′ và nếu

J(u, v,w) =
D(x, y, z)
D(u, v,w)

=

∣∣∣∣∣∣

x′u x′v x′w
y′u y′v y′w
z′u z′v z′w

∣∣∣∣∣∣
6= 0
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th̀ı ta. i mo.i d̄iê’m (u, v,w) ∈ V ′, ta có:

∫∫∫

V

f(x, y, z)dxdydz =
∫∫∫

V ′

f [x(u, v,w), y(u, v,w), z(u, v,w)]|J(u, v,w)|dudvdw

+ Nếu theo toa. d̄ô. tru. :





x = r cosϕ
y = r sinϕ
z = r,

th̀ı:

J(r, ϕ, z) =

∣∣∣∣∣∣

cosϕ −r sinϕ 0
sinϕ r cosϕ 0

0 0 1

∣∣∣∣∣∣

nên ∫∫∫

V

f(x, y, z)dxdydz =
∫∫∫

V ′

f(r cosϕ, r sinϕ, z)rdrdϕdz

Vı́ du. . T́ınh I =
∫∫∫

V

(x2 + y2)zdxdydz trong d̄ó V là miè̂n gió.i ha.n bo.’ i các mă.t

x2 + y2 = 1 và z = 2.
H̀ınh tru. tròn xoay V d̄u.o.. c xác d̄i.nh bo.’ i: V = {(r, ϕ, z) : 0 ≤ r ≤ 1, 0 ≤ ϕ ≤

2π, 0 ≤ z ≤ 2}, suy ra:

I =
∫ 2

0

zdz ·
∫ 2π

0

dϕ ·
∫ 1

0

dr = π.

+ Nếu theo toa. d̄ô. cà̂u:





x = r cosϕ sin θ
y = r sinϕ sin θ
z = r cos θ,

th̀ı:

J(r, ϕ, θ) ==

∣∣∣∣∣∣

cosϕ sin θ r cosϕ cos θ −r sinϕ sin θ
sinϕ sin θ r cos θ sinϕ r cosϕ sin θ

cos θ −r sin θ 0

∣∣∣∣∣∣

nên
∫∫∫

V

f(x, y, z)dxdydz ==
∫∫∫

V ′

f(r cosϕ sin θ, r sinϕ sin θ, r cos θ)r2 sin θdrdϕdθ

Vı́ du. . T́ınh I =
∫∫∫

V

(x2 + y2)dxdydz trong d̄ố V là miè̂n gió.i ha.n bo.’ i mă.t cà̂u

x2 + y2 + z2 = 1 và mă.t nón x2 = y2 − z2 = 0 (z > 0).
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Gia’i hê.

{
x2 + y2 + z2 = 1
x2 + y2 − z2 = 0,

giao tuyến là d̄u.̀o.ng tròn





x2 + y2 =

(√
2

2

)2

z =
√

2
2suy ra:

V = {(r, ϕ, theta) : 0 ≤ r ≤ 1, 0 ≤ ϕ ≤ 2π, 0 ≤ θ ≤ π

4
}

và f(x, y, z) = x2 + y2 = r2 sin θ, nên

I =
∫ 1

0

r4dr ·
∫ 2π

0

dϕ ·
∫ π

4

0

dθ =
1
5
2π
∫ π

4

0

(1 − cos2 θ)d(− cos θ)

=
2π
5

(
cos3 θ

3
− cos θ

∣∣∣
π
4

0

)
=

8 − 5
√

2
30

π

* Ú
.
ng du.ng cu’a t́ıch phân kép

+ Diê.n t́ıch cu’a mô.t h̀ınh phă’ ng D d̄óng, d̄o d̄u.o.. c, bi. châ.n trong R2

S(D) =
∫∫

D

dxdy

+ Thê’ t́ıch miè̂n V d̄o d̄u.o.. c, d̄óng, bi. châ.n

V =
∫∫∫

V

dxdydz

Nếu V là h̀ınh tru. cong, xét D là h̀ınh chiếu cu’a V xuống mă.t phă’ ng,
z = f(x, y) là mă.t trên h̀ınh tru. cong:

V =
∫∫

D

f(x, y)dxdy

Nếu V là thê’ tru. mo.’ rô.ng, xét D là h̀ınh chiếu cu’a D lên xOy, z =
ψ1(x, y), z = ψ2(x, y) là mă.t du.́o.i, mă.t trên cu’a V :

V =
∫∫∫

D

f(ψ1(x, y), ψ2(x, y))dxdy

Vı́ du. 1. T́ınh diê.n t́ıch h̀ınh gió.i ha.n bo.’ i các d̄u.̀o.ng thă’ ng x = 1, x = 2 và các d̄u.̀o.ng

y =
a2

x
, y =

2a2

x
(x > 0)
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D = {(x, y) : 1 ≤ x ≤ 2,
a2

x
≤ y ≤ 2a2

x
}, suy ra:

S(D) =
∫∫

D

dxdy =
∫ 2

1

[∫ 2a2
x

a2
x

dx

]
dx =

∫ 2

1

(
2a2

x
− a2

x

)
dx = a2 ln 2

Vı́ du. 2. T́ınh thê’ t́ıch vâ.t thê’ V gió.i ha.n bo.’ i các mă.t

x2 + y2 = 2, z = 4 − x2 − y2, z = 0.

V là h̀ınh tru. cong, mă.t trên có phu.o.ng tr̀ınh z = 4 − x2 − y2, h̀ınh chiếu D cu’a
V lên mă.t phă’ ng xOy là h̀ınh tròn x2 + y2 ≤ 2. Vâ.y

V =
∫∫

D

(4 − x2 − y2)dxdy =
∫ 2π

0

·
∫ √

2

0

(4 − r2)rdr = 6π

+ Cho S là mă.t cong có phu.o.ng tr̀ınh z = f(x, y), trong d̄ó f liên tu. c, có d̄a.o hàm
riêng liên tu. c trên miè̂n d̄óng, bi. châ.n, d̄o d̄u.o.. c, th̀ı diê.n t́ıch mă.t cong S là:

S =
∫∫

D

√
1 + f ′x

2 + f ′y
2dxdy

Vı́ du. . T́ınh diê.n t́ıch phà̂n mă.t cà̂u x2 + y2 + z2 = a2 nằm trong mă.t tru. x2 + y2 = a2.
Mă.t tru. cắt mă.t cà̂u thành hai ma’nh d̄ối xú.ng nhau qua mă.t phă’ ng xOy, mỗi

ma’nh này la.i d̄u.o.. c các mă.t phă’ ng toa. d̄ô. chia thành 4 ma’nh bằng nhau. Vó.i z ≥ 0, ta

có: z =
√
a2 − x2 − y2, suy ra 1 + z′x

2 + z′y
2 =

a2

a2 − x2 = y2
, nên

S = 8
∫∫

x2+y2≤a2,x≥0,y≥0

a√
a2 − x2 − y2

dxdy = 8x
∫ 2π

dϕ0 ·
∫ a

0

rdr√
a2 − r2

= 4πa2

BÀI TÂ. P
3.2.1. Tı́nh ∫∫

D

x ln ydxdy

vó.i D là h̀ınh chũ. nhâ. t:
0 ≤ x ≤ 4, 1 ≤ y ≤ e.

3.2.2. Tı́nh ∫∫

D

(cos2 x + sin2 y)dxdy
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vó.i D là h̀ınh vuông:
0 ≤ x ≤ π

4
, 0 ≤ y ≤ π

4
.

3.2.3. Tı́nh

I =
∫ 2

1

[∫ x2

x

(2x − y)dy

]
dx.

3.2.4. Tı́nh ∫∫

D

(x − y)dxdy

vó.i D là h̀ınh gió.i ha.n bo.’ i:

y = 2 − x2, y = 2x − 1.

3.2.5. Tı́nh ∫∫

D

(x+ 2y)dxdy

vó.i D là h̀ınh gió.i ha.n bo.’ i các d̄u.̀o.ng thă’ ng:

y = x, y = 2x, x = 2, x = 3.

3.2.6. Tı́nh ∫∫

D

ex+sin y cos ydxdy

vó.i D là h̀ınh chũ. nhâ. t:
0 ≤ x ≤ π, 1 ≤ y ≤ π

2
.

3.2.7. Tı́nh ∫∫

D

(x2 + y2)dxdy

vó.i D là miè̂n gió.i ha.n bo.’ i các d̄u.̀o.ng

y = x, x = 0, y = 1, y = 2.

3.2.8. Tı́nh ∫∫

D

ln(x2 + y2)dxdy

vó.i D là miè̂n h̀ınh vành khăn giú.x hai d̄u.̀o.ng tròn

x2 + y2 = e2 và x2 + y2 = e4.
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3.2.9. Tı́nh ∫∫

D

(x2 + y2)dxdy

vó.i miè̂n D gió.i hàn bo.’ i d̄u.̀o.ng tròn x2 + y2 = 2ax.
3.2.10. Tı́nh ∫∫

D

x3ydxdy

vó.i D là miè̂n gió.i ha.n bo.’ i các d̄u.̀o.ng

y = 0 và y =
√

2ax − x2.

3.2.11. Tı́nh ∫∫

D

sin(x + y)dxdy

vó.i D là miè̂n gió.i ha.n bo.’ i các d̄u.̀o.ng

y = 0, y = x, x + y =
π

2
.

3.2.12. Tı́nh ∫∫

D

x2(y − x)dxdy

vó.i D là miè̂n gió.i ha.n bo.’ i các d̄u.̀o.ng

x = y2 và y = x2.

3.2.13. Tı́nh ∫∫

D

f(x, y)dxdy

vó.i D là miè̂n gió.i ha.n bo.’ i d̄u.̀o.ng

x2

a2
+
y2

b2
= 1,

còn hàm du.́o.i dấu t́ıch phân

f(x, y) =
∫ c

√
1− x2

a2 − y2

b2

0

tdt.

3.2.14. Tı́nh ∫∫

D

r2drdϕ
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vó.i D là miè̂n:
a. Các d̄u.̀o.ng tròn r = a và r = 2a.
b. D- u.̀o.ng r = a sin 2ϕ.

3.2.15. Tı́nh ∫∫

D

r sinϕdrdϕ

vó.i D là miè̂n:
a. Qua.t tròn gió.i ha.n bo.’ i các d̄u.̀o.ng r = a, ϕ =

π

2
, ϕ = π.

b. Nu.’ a d̄u.̀o.ng tròn r ≤ 2a cosϕ, 0 ≤ ϕ ≤ π

2
.

c. Nu.’ a d̄u.̀o.ng tròn r = 2 + cosϕ và r = 1.
3.2.16. Su.’ du.ng công thú.c d̄ô’i biến trong toa. d̄ô. cu.. c, t́ınh các t́ıch phân:

a.
∫ R

0

[∫ √
R2−x2

0

ln(1 + x2 + y2)dy

]
dx

b.
∫ R

0

[∫ √
Rx−x2

−
√
Rx−x2

√
R2 − x2 − y2dy

]
dx

3.2.17.
a. Tı́nh ∫ 1

0

[∫ 2x

x

dy

]
dx

bà̆ng cách dùng các biến mó.i
{
x = u(1 − v)
y = uv

b. Tı́nh ∫∫

D

dxdy

nếu D gió.i ha.n bo.’ i các d̄u.̀o.ng

xy = 1, xy = 2, y = x, y = 3x.

3.2.18. Tı́nh các t́ınh phân ba ló.p sau:

a. I =
∫∫∫

V

(
x2

a2
+
y2

b2
+
z2

c2

)
dxdydz vó.i V gió.i ha.n bo.’ i mă.t

x2

a2
+
y2

b2
+
z2

c2
= 1.

b. I =
∫∫∫

V

(x2 + y2)dxdydz, vó.i V d̄u.o.. c gió.i ha.n bo.’ i các mă. t x2 + y2 = z2, z = 2.

c. I =
∫∫∫

V

(x2 + y2)dxdydz, vó.i V d̄u.o.. c gió.i ha.n bo.’ i các mă.t x2 + y2 = 2z, z = 2.
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3.2.19. Tı́nh I =
∫∫∫

V

xyzdxdydz, vó.i V nằm trong góc phà̂n tám thú. nhất, gió.i ha.n

bo.’ i các mă. t sau, vó.i 0 < a < b, 0 < α < β, 0 < m < n:

z =
x2 + y2

m
, z =

x2 + y2

n
, xy = a2, xy = b2, y = αx, y = βx

-ooOoo-
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Chu.o.ng 4

PHU
.
O
.
NG TRÌNH VI PHÂN

I. Phu.o.ng tr̀ınh vi phân cấp 1

1. Khái niê.m chung
* Ta go.i phu.o.ng tr̀ınh vi phân cấp 1 là phu.o.ng tr̀ınh có da.ng

F (x, y, y′) = 0 (I)

hoă.c
y′ = f(x, y) (Io)

trong d̄ó x là biến số, y là hàm cu’a x, và y′ là d̄a.o hàm cu’a y.
* Nếu có hàm y = ψ(x) tho’a mãn phu.o.ng tr̀ınh (I) hay (Io) th̀ı y = ψ(x) d̄u.o.. c go. i

là nghiê.m cu’a phu.o.ng tr̀ınh (I) hay (Io).
* Nếu có hàm y = ψ(x,C) hoă.c hê. thú.c Φ(x, y,C) = 0 tho’a mãn (I) hay (Io) vó.i C

tùy ý trong miè̂n nào d̄ó cu’a R, và vó.i mỗi d̄iè̂u kiê.n d̄à̂u y(xo) = yo vó.i (xo, yo)
thuô.c miè̂n xác d̄i.nh cu’a phu.o.ng tr̀ınh, chı’ có duy nhất giá tri. C = Co làm cho
y = ψ(x,Co) hay Φ(x, y,Co) = 0 tho’a mãn d̄iè̂u kiê.n d̄à̂u, th̀ı y = ψ(x,C) hoă.c
Φ(x, y,C) = 0 d̄u.o.. c go. i là nghiê.m tô’ng quát cu’a phu.o.ng tr̀ınh (I) hay (Io).

* Nếu y = ψ(x,C) hay Φ(x, y,C) = 0 là nghiê.m tô’ng quát cu’a (I) hay (Io), cho
C = Co (giá tri. cu. thê’ xác d̄i.nh) th̀ı y = ψ(x,Co) hay Φ(x, y,Co) = 0 d̄u.o.. c go. i
là nghiê.m riêng cu’a (I) hay (Io). Nếu nghiê.m y = ψ(x) không pha’i là nghiê.m
riêng nhâ.n tù. nghiê.m tô’ng quát vó.i bất kỳ giá tri. C nào (kê’ ca’ C = ±∞) th̀ı ta
go.i nó là nghiê.m kỳ di. cu’a (I) hay (Io).

+ (D- i.nh lý tò̂n ta. i và duy nhất nghiê.m): Cho phu.o.ng tr̀ınh (Io). Nếu f(x, y)
liên tu.c trong miè̂n nào d̄ó chú.a d̄iê’m (xo, yo) th̀ı tò̂n ta. i ı́t nhất mô.t nghiê.m
y = ψ(x) sao cho yo = ψ(xo) và nếu f ′y(x, y) liên tu.c ta.i (xo, yo) th̀ı y = ψ(x) tò̂n
ta.i duy nhất.

2. Các loa.i phu.o.ng tr̀ınh vi phân cấp 1

2.1. Phu.o.ng tr̀ınh biến số phân ly

Là phu.o.ng tr̀ınh mà nếu thay y′ =
dy

dx
th̀ı có thê’ biến d̄ô’i vè̂ da.ng f1(y)dy =

f2(x)dx. Lấy t́ıch phân bất d̄i.nh 2 vế th̀ı gia’i d̄u.o.. c phu.o.ng tr̀ınh.
Vı́ du. 1. Gia’i phu.o.ng tr̀ınh:

ydy = (x2 + 1)dx.

Lấy t́ıch phân hai vế cu’a phu.o.ng tr̀ınh d̄ã cho:∫
ydy =

∫
(x2 + 1)dx ⇔ y2

2
=
x3

3
+ x +

C

2
⇔ y2 =

2
3
x3 + 2x+ C

Vı́ du. 2. Gia’i phu.o.ng tr̀ınh:

(y − x2y)dy + (xy2 + x)dx = 0.tag1

Ta có: (1)⇔ y(x2 − 1)dy = x(y2 + 1)dx (2)
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+ Nếu x2 − 1 ≡ 0 ⇔ x ≡ ±1 th̀ı dx = 0, nên (2) tho’a mãn. Vâ.y x = ±1 là nghiê.m
cu’a (1).

+ Nếu x2 − 1 6≡ 0 ⇔ x 6≡ ±1: (2)⇔ y

y2 + 1
dy ==

x

x2 − 1
dx. Lấy t́ıch phân 2 vế:

∫
ydy

y2 + 1
=
∫

xdx

x2 − 1
⇔ 1

2
ln |y2 + 1| =

1
2

ln |x2 − 1| + 1
2

ln |C|

⇔ y2 +1 = C(x2 − 1) (∀C 6= 0). Vâ.y (1) có nghiê.m:

[
y2 + 1 = C(x2 − 1),∀C 6= 0

x = ±1

Vı́ du. 3. Gia’i phu.o.ng tr̀ınh:
y′ = 3x2y (1)

Ta có: (1)⇔ dy

dx
= 3x2y ⇔ dy = 3x2ydx (2)

+ Nếu y ≡ 0 th̀ı y′ = 0, nên (2) tho’a mãn. Vâ.y y = 0 là nghiê.m cu’a (1).

+ Nếu y 6≡ 0: (2)⇔ dy

y
= 3x2dx. Lấy t́ıch phân 2 vế:

ln |y| = x3 + ln |C| ⇔ ln |y| = ln |Cex
3
| ⇔ y = Cex

3
, ∀C 6= 0

Vâ.y (1) có nghiê.m: y = Cex
3

(vó.i C tùy ý).
2.2. Phu.o.ng tr̀ınh vi phân d̄ă’ ng cấp cấp 1

Là phu.o.ng tr̀ınh có da.ng y′ = f(x, y) vó.i f(λx, λy) = f(x, y),∀λ 6= 0.
D- ă.t y = ux, ta có: u′x+ u = y′ = f(x, y) = g(u), ta d̄u.a vè̂ phu.o.ng tr̀ınh có biến

số phân ly u′x = g(u)− u.
Vı́ du. 6. Gia’i phu.o.ng tr̀ınh:

y′ =
x + y

x − y
(1)

D- ă.t y = ux⇒ y′ = u′x+ u, ta có:

(1)⇔ u′x+ u =
x + ux

x − ux
⇔ u′x =

1 + u

1 − u
− u⇔ 1 − u

1 + u2
du =

dx

x
.

Lấy t́ıch phân 2 vế:

∫
du

1 + u2
− 1

2

∫
2udu
1 + u2

= ln |x| + 1
2

ln |C| ⇔ arctgu− ln |1 + u2|
2

=
ln |Cx2|

2

Vâ.y (1) có nghiê.m:
2Arctg

y

x
= ln |C(x2 + y2)|,∀C 6= 0

Vı́ du. 5. Gia’i phu.o.ng tr̀ınh:

y′ =
y2

x2
− 2 (1)

D- ă.t y = ux⇒ y′ = u′x+ u, ta có:
(1)⇔ u′x + u = u2 − 2 ⇔ u′x = u2 − u− 2 (2)
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+ Nếu u2 − u − 2 ≡ 0 ⇔
[
u = −1
u = 2

th̀ı u′ = 0, (2) tho’a mãn, vâ.y
[
y = −x
y = 2x

là các

nghiê.m cu’a (1)

+ Nếu u2 − u− 2 6≡ 0 ⇔
{
u 6= −1
u 6= 2

th̀ı (2) tu.o.ng d̄u.o.ng vó.i:

du

u2 − u− 2
=
dx

x
⇒ 1

3
ln
∣∣∣∣
u− 2
u− 1

∣∣∣∣+
1
3

lnC ⇔ ln
∣∣∣∣
u− 2
u+ 1

∣∣∣∣ = Cx3

⇔ y−2x = Cx3(y+x),∀C 6= 0. Suy ra các nghiê.m cu’a (1) là:

[
y − 2x = Cx3(y + x)

y = −x
vó.i C tùy ý.
2.3. Phu.o.ng tr̀ınh vi phân tuyến t́ınh cấp 1

Là phu.o.ng tr̀ınh có da.ng y′ + p(x)y = q(x) trong d̄ó p(x), q(x) là các hàm liên tu. c
trên [a, b].

Cách gia’i thu.. c hiê.n qua các bu.́o.c:
− Gia’i phu.o.ng tr̀ınh tuyến t́ınh thuà̂n nhất (q(x) = 0), ta có: y ≡ 0 hoă.c

dy

y
= −p(x)dx ⇒ y = Ce−

∫
p(x)dx, vâ.y nghiê.m là: y = Ce−

∫
p(x)dx

− T̀ım nghiê.m riêng y∗ cu’a phu.o.ng tr̀ınh không thuà̂n nhất (q(x) 6= 0) bà̆ng
cách d̄ă.t y∗ = C(x).u(x) vó.i u(x) = e−

∫
p(x)dx, suy ra

y∗ = e−
∫
p(x)dx.

∫
q(x)e

∫
p(x)dxdx.

− lâ.p nghiê.m tô’ng quát cu’a phu.o.ng tr̀ınh không thuà̂n nhất da.ng y = y + y∗

Vı́ du. 6. Gia’i phu.o.ng tr̀ınh:
y′ − 2xy = x

+ Gia’i phu.o.ng tr̀ınh thuà̂n nhất y′ − 2xy = 0, ta có nghiê.m:

y = 0 hoă.c
dy

y
= 2xdx⇒ ln y = x2 + lnC ⇒ y = Cex

2
.

+ Nghiê.m riêng cu’a phu.o.ng tr̀ınh không thuà̂n nhất là:

y∗ = ex
2
.

∫
x.e−x

2
dx = ex

2
.

(
−1

2
e−x

2
)

= −1
2
.

Vâ.y (1) có nghiê.m tô’ng quát: y = y + y∗ = Cex
2 − 1

2
vó.i C tùy ý.

Vı́ du. 7. Gia’i phu.o.ng tr̀ınh:
y′ + 2xy = xe−x

2
.

+ Gia’i phu.o.ng tr̀ınh thuà̂n nhất y′ + 2xy = 0, ta có nghiê.m:

y = 0 hoă.c
dy

y
= −2xdx⇒ lny = −x2 + lnC ⇒ y = Ce−x

2
.
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+ Nghiê.m riêng cu’a phu.o.ng tr̀ınh không thuà̂n nhất là:

y∗ = e−x
2
.

∫
x.e−x

2
.ex

2
dx = e−x

2
.

∫
xdx =

x2e−x
2

2
.

Vâ.y (1) có nghiê.m tô’ng quát là: y = y + y∗ = Ce−x
2
+
x2e−x

2

2
vó.i C tùy ý.

2.4. Phu.o.ng tr̀ınh Bernoulli
Là phu.o.ng tr̀ınh có da.ng y′ + p(x)y = q(x).yα.

D- ê’ gia’i, gia’ thiết y 6≡ 0, chia 2 vế cho yα, rò̂i d̄ă. t z =
y1−α

1 − α
(là hàm theo x, z 6≡ 0),

gia’i phu.o.ng tr̀ınh tuyến t́ınh cấp 1 theo z.
Vı́ du. 8. Gia’i phu.o.ng tr̀ınh:

y′ + 2xy = 2x3y3.

+ Nếu y ≡ 0 th̀ı y′ = 0: (1) tho’a mãn nên y = 0 là nghiê.m cu’a phu.o.ng tr̀ınh

+ Nếu y 6≡ 0 (1)⇒ y′y−3 + 2xy−2 = 2x3. D- ă. t z = −1
2
y−2 (là hàm theo x, z 6≡ 0),

th̀ı: z′ = y′y−3, phu.o.ng tr̀ınh tro.’ thành z′ − 4xz = 2x3 (3)
Gia’i (3). Phu.o.ng tr̀ınh thuà̂n nhất:

z′ − 4xz = 0 ⇒ dz

z
= 4xdx⇒ z = Ce2x

2

và nghiê.m riêng

z∗ = e2x
2
∫

2x3e−2x2
dx = e2x

2
[
−1

2

(
x2 +

1
2

)
e−2x2

]
=

1
2

(
x2 +

1
2

)
.

Vâ.y (3) có nghiê.m tô’ng quát: z = z+z∗ = Ce2x
2− 1

2

(
x2 +

1
2

)
, nên (1) có nghiê.m




1
y2

= −2Ce2x
2
+ x2 +

1
2

y = 0
, vó.i C tùy ý.

BÀI TÂ. P
4.1.1. Gia’ i các phu.o.ng tr̀ınh vi phân sau (da.ng d̄u.a vè̂ biến số phân ly):

(xy2−x)dx+(y+x2y)dy = 0; y′+sin
x + y

2
−sin

x − y

2
= 0; y′ = 2x+y+4;

y′ =
√
y − x+ 1; y′ = ex+y−1; xy′ = ey−1;

2x2

1 + 2x2
dx+

5y
y2 + 1

dy = 0;

(1 + e2x)y2dy = exdx (biết y(0) = 0); y′ = ey−4x (biết y(1) = 1)
4.1.2. Gia’ i các phu.o.ng tr̀ınh vi phân sau (da.ng d̄ă’ ng cấp cấp 1):

y′ =
y2

x2
− 2; y′ = e

y
x +

y

x
; xy′ = y ln

y

x
; y′ =

2xy
x2 − y2

;

(x2+2xy)dx+xydy = 0; xy′ = y−√
xy; y′ =

y

x

(
1 + ln

y

x

)
; y′ =

y

x
+
x

y
;
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y′ =
y

x
+ cos2

y

x
; x3y′ = y(x2 + y2); y′ =

y

x
+ sin

y

x
(biết y(1) =

π

2
);

xy′ − y = xtg
y

x
(biết y(1) =

π

2
); y′ =

y

x
+
y2

x2
(biết y(−1) = 1);

y′ =
y

x
+

1
2

(y
x

)3

(biết y(−1) = 1);

4.1.3. Gia’ i các phu.o.ng tr̀ınh vi phân sau (da.ng tuyến t́ınh cấp 1):
y′ + 2y = 4x; (1 + x2)y′ − 2xy = (1 + x2)2; xy′ − y

1 + x
= x;

xy′ + y = x2 cosx; y′ + 2xy = xe−x
2
; y′ cosx + y sinx = 1;

xy′−xy = (1+x2)ex; y′+exy = e2x; y′− 1
x ln x

y = x lnx; y′− 2
x
y = 4x2;

y′ + xy = 3x; y′ +
y

x
= 3x3; y′ + 2y = cosx; y′ − 2y = sinx;

xy′ + y = ex (biết y(1) = 0); (x + 1)xy′ − y = x(x + 1) (biết y(1) = 0)

II. Phu.o.ng tr̀ınh vi phân cấp 2
1. Khái niê.m chung

* Ta go.i phu.o.ng tr̀ınh vi phân cấp 2 là phu.o.ng tr̀ınh có da.ng

F (y′′, y′, y, x) = 0 (II)

hay
y′′ = f(y′, y, x) (IIo)

trong d̄ó y là hàm số theo biến x, còn y′, y′′ là d̄a.o hàm cấp 1,2 cu’a y, và nghiê.m
cu’a phu.o.ng tr̀ınh là hàm y = ψ(x) hay Φ(x, y) = 0 tho’a mãn phu.o.ng tr̀ınh d̄ó.

* Hàm y = ψ(x,C1, C2) hoă.c Φ(x, y,C1, C2) = 0 tho’a mãn phu.o.ng tr̀ınh (II) hay
(IIo) vó.i C1, C2 là hà̆ng số tùy ý trong tâ.p con nào d̄ó cu’a R, và vó.i mỗi d̄iè̂u
kiê.n y(xo) = yo và y′(xo) = y′o ta t̀ım d̄u.o.. c duy nhất că.p số C10, C20 sao cho y =
ψ(x,C10, C20) hay Φ(x, y,C10, C20) = 0 tho’a (II) hay (IIo) d̄u.o.. c go. i là nghiê.m
tô’ng quát cu’a các phu.o.ng tr̀ınh d̄ó.

* Nếu y = ψ(y,C1, C2) hay Φ(x, y,C1, C2) = 0 là nghiê.m tô’ng quát cu’a (II) hay
(IIo), cho C1 = C01, C2 = C02 vó.i C01, C02 là hai số xác d̄i.nh cu. thê’ th̀ı y =
ψ(x,C01, C02) hay Φ(x, y,C01, C02) = 0 d̄u.o.. c go. i là nghiê.m riêng cu’a phu.o.ng
tr̀ınh d̄ó.

+ (D- i.nh lý tò̂n ta.i và duy nhất nghiê.m): Trong phu.o.ng tr̀ınh (IIo), nếu hàm
f(y′, y, x) liên tu.c trong miè̂n nào d̄ó chú.a d̄iê’m (y′o, yo, xo) th̀ı tò̂n ta. i mô.t nghiê.m
y = y(x) cu’a (IIo) sao cho y + o = y(xo), y′o = y′(xo) và nếu f ′y.f

′
y′ cũng liên tu.c

trong miè̂n chú.a d̄iê’m (y′o, yo, xo) th̀ı nghiê.m ấy là duy nhất.
2. Các loa.i phu.o.ng tr̀ınh vi phân cấp 2 thu.̀o.ng gă.p

2.1. Phu.o.ng tr̀ınh vi phân cấp 2 gia’m cấp d̄u.o.. c
+ Phu.o.ng tr̀ınh có da.ng y′′ = f(x) (thiếu y, y′)

Cách gia’i: t́ıch phân 2 là̂n.
Vı́ du. 1. Gia’i phu.o.ng tr̀ınh:

y′′ = x+ 1.
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Ta có: y′ =
∫

(x + 1)dx =
x2

2
+ x+ C1, suy ra:

y =
∫ (

x2

2
+ x+ C1

)
dx =

x3

6
+
x2

2
+ C1x +C2 vó.i C1, C2 tùy ý.

+ Phu.o.ng tr̀ınh có da.ng y′′ = f(y′, x) (thiếu y)
Cách gia’i: d̄ă.t y′ = z (hàm theo x) ⇒ y′′ = z′. Nên: z′ = f(z, x) là phu.o.ng

tr̀ınh cấp 1 cu’a z theo x, gia’i ra nghiê.m tô’ng quát z = ψ(x,C1), thay z = y′, ta có:
y′ = ψ(x,C1) gia’i ra nghiê.m tô’ng quát cu’a phu.o.ng tr̀ınh ban d̄à̂u.
Vı́ du. 2. Gia’i phu.o.ng tr̀ınh:

y′′ = y′ + x.

D- ă.t y′ = z (hàm theo x) ⇒ y′′ = z′, suy ra z′ − z = x. D- ây là phu.o.ng tr̀ınh vi
phân tuyến t́ınh cấp 1 cu’a hàm z theo x vó.i p(x) = −1, q(x) = x nên có nghiê.m:

z =
[∫

q(x)e
∫
p(x)dxdx+ C1

]
e−

∫
p(x)dx =

[∫
xe−xdx + C1

]
ex = C1e

x − (x + 1).

Thay z = y′, ta có: y′ = C1e
x − (x + 1) ⇒ y = C1e

x − x2

2
− x+ C2 vó.i C1, C2 tùy ý.

+ Phu.o.ng tr̀ınh có da.ng y′′ = f(y, y′) (thiếu x)
Cách gia’i: d̄ă.t y′ = z (hàm theo y), d̄a.o hàm theo x, ta có: y′′ = z′y · y′ = z′ · z,

nên: z′ · z = f(y, z).
Gia’i phu.o.ng tr̀ınh cấp 1 cu’a z theo biến y, ta có: z = ψ(y,C1), thay z = y′ rò̂i gia’i

tiếp phu.o.ng tr̀ınh y′ = ψ(y,C1) ta có nghiê.m tô’ng quát cu’a phu.o.ng tr̀ınh d̄ã cho.
Vı́ du. 3. Gia’i phu.o.ng tr̀ınh:

(1 − y)y′′ + 2(y′)2 = 0 (1)

D- ă.t y′ = z (theo y) ⇒ y′′ = z′y′ = z′z (vó.i z′ =
dz

dy
), ta có:

(1 − y)z′z + 2z2 = 0 (2)

+ Nếu z ≡ 0 ⇒ z′ = 0: (2) tho’a mãn nên z ≡ 0 là nghiê.m cu’a (2)⇒ y′ = 0 ⇒ y = C1

(vó.i C1 tùy ý) là nghiê.m cu’a (1)
+ Nếu 1 − y ≡ 0 ⇔ y ≡ 1 ⇒ y′ = 0: (1) tho’a mãn nên y = 1 là nghiê.m (1) (tru.̀o.ng

ho..p riêng cu’a nghiê.m y = C1)
+ Nếu y 6≡ C1 ⇔ z 6≡ 0:

(2)⇒ (1 − y)
dz

dy
= −2z ⇒ dz

z
=

2dy
y − 1

⇒ ln |z| = 2 ln |y − 1| + ln |C1|

Suy ra: z = y′ = C1(y − 1)2 ⇒ dy

(y − 1)2
= C1dx⇒ − 1

y − 1
= C1x+ C2.

Vâ.y (1) có nghiê.m:


 y = − 1

C1x + C2
+ 1;C1 6= 0, C2 tùy ý

y = C1, C1 tùy ý

2.2. Phu.o.ng tr̀ınh vi phân tuyến t́ınh cấp 2 vó.i hê. số hằng
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Là phu.o.ng tr̀ınh có da.ng y′′ + py′ + qy = f(x) trong d̄ó p, q là hằng số thu.. c. * D- ối
vó.i phu.o.ng tr̀ınh thuà̂n nhất (f(x) = 0):

Gia’i phu.o.ng tr̀ınh d̄ă.c tru.ng: k2 + pk + q = 0. (DT)
+ Nếu (DT) có 2 nghiê.m thu.. c phân biê.t k1, k2 th̀ı nghiê.m tô’ng quát cu’a phu.o.ng

tr̀ınh thuà̂n nhất là:
y = C1e

k1x + C2e
k2x.

+ Nếu (DT) có nghiê.m kép k1 = k2 th̀ı nghiê.m tô’ng quát cu’a phu.o.ng tr̀ınh thuà̂n
nhất là:

y = (C1 + C2x)ek1x.

+ Nếu (DT) có 2 nghiê.m phú.c k1 = α + βi, k2 = α − βi th̀ı nghiê.m tô’ng quát cu’a
phu.o.ng tr̀ınh thuà̂n nhất là:

y = eαx(C1 cosβx +C2 sinβx).

* D- ối vó.i phu.o.ng tr̀ınh không thuà̂n nhất y′′ + py′ + qy = f(x) (vế pha’ i có da.ng d̄ă. c
biê.t):
Bu.́o.c 1: Gia’i phu.o.ng tr̀ınh thuà̂n nhất tu.o.ng ú.ng, t̀ım nghiê.m tô’ng quát du.́o.i da.ng:
y = C1y1(x) +C2y2(x)
Bu.́o.c 2: T̀ım nghiê.m riêng y∗ cu’a phu.o.ng tr̀ınh không thuà̂n nhất d̄ê’ suy ra nghiê.m
y = y + y∗

+ Nếu f(x) có da.ng Pn(x)eax (Pn(x) là d̄a thú.c bâ.c n):
− Nếu a không pha’i là nghiê.m cu’a (DT) th̀ı y∗ có da.ng:

y∗ = (anxn + an−1x
n−1 + · · · + a1x + ao)eax

− Nếu a là nghiê.m d̄o.n cu’a (DT) th̀ı y∗ có da.ng:

y∗ = x(anxn + an−1x
n−1 + · · · + a1x+ ao)eax

− Nếu a là nghiê.m kép cu’a (DT) th̀ı y∗ có da.ng:

y∗ = x2(anxn + an−1x
n−1 + · · · + a1x+ ao)eax

+ Nếu f(x) có da.ng eax[Pn(x) cos bx + Qm(x) sin bx]: (Pn(x), Qm(x) là các d̄a thú.c
bâ.c n,m), d̄ă.t h = max{m,n}:
− Nếu a+ bi không pha’i là nghiê.m cu’a (DT) th̀ı y∗ có da.ng:

y∗ =
[
(ahxh + · · · + a1x+ ao) cos bx + (bhxh + · · · + b1x + bo) sin bx

]
eax

− Nếu a+ bi là nghiê.m cu’a (DT) th̀ı y∗ có da.ng:

y∗ = x.
[
(ahxh + · · · + a1x + ao) cos bx+ (bhxh + · · · + b1x+ bo) sin bx

]
eax

D- ê’ xác d̄i.nh các số ai, bi o.’ trên, ta dùng phu.o.ng pháp hê. số bất d̄i.nh: t́ınh y∗′, y∗′′

rò̂i thay y∗, y∗′, y∗′′ vào phu.o.ng tr̀ınh không thuà̂n nhất, d̄ò̂ng nhất hai vế và gia’i hê.
phu.o.ng tr̀ınh theo ai, bi.
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+ Nguyên lý chò̂ng chất nghiê.m: Nếu y1(x), y2(x) là̂n lu.o.. t là nghiê.m riêng cu’a
các phu.o.ng tr̀ınh y′′ + p(x).y′ + q(x).y = f1(x) và y′′ + p(x).y′ + q(x).y = f2(x) th̀ı
y1(x) + y2(x) là nghiê.m riêng cu’a y′′ + p(x).y′ + q(x).y = f1(x) + f2(x).

Vı́ du. 1. Gia’i phu.o.ng tr̀ınh:
y′′ − 2y′ − 3y = e4x (1)

Phu.o.ng tr̀ınh d̄ă.c tru.ng k2 − 2k − 3 = 0 có nghiê.m
[
k1 = −1
k2 = 3

nên phu.o.ng tr̀ınh

thuà̂n nhất: y′′ − 2y′ − 3y = 0 có nghiê.m y = C1e
−x + C2e

3x, C1, C2 tùy ý.
Vế pha’i (1) có da.ng Pn(x)eax vó.i n = 0, a = 4 6= k1, k2 nên nghiê.m riêng có da.ng

y∗ = aoe
4x, suy ra:

{
y∗′ = 4aoe4x

y∗′′ = 16aoe4x
. Thay vào (1), ta có:

16aoe4x − 8aoe4x − 3aoe4x = e4x ⇒ ao =
1
5
, suy ra:

y = y + y∗ = C1e
−x + C2e

3x +
1
5
e4x, ∀C1, C2.

Vı́ du. 2. Gia’i phu.o.ng tr̀ınh:
y′′ − 2y′ + y = 6xex (2)

Phu.o.ng tr̀ınh d̄ă.c tru.ng k2 − 2k + 1 = 0 có nghiê.m kép k1 = k2 = 1 nên phu.o.ng
tr̀ınh thuà̂n nhất: y′′ − 2y′ + y = 0 có nghiê.m y = (C1x + C2)ex, C1, C2 tùy ý.

Vế pha’i (2) có da.ng Pn(x)eax vó.i n = 1, a = 1 = k1 = k2 nên nghiê.m riêng có da.ng

y∗ = x2(a1x + ao)ex, suy ra:
{
y∗′ = [a1x

3 + (3a1 + ao)x2 + 2aox]ex

y∗′′ = [a1x
3 + (6a1 + ao)x2 + (6a1 + 4ao)x + 2ao]ex

.

Thay vào (2), ta có:
{

6a1 = 6
2ao = 0

⇒
{
a1 = 1
ao = 0

⇒ y∗ = x3ex nên (2) có nghiê.m:

y = y + y∗ = (C1x+ C2)ex + x3ex = (C1x + C2 + x3)ex,∀C1, C2

Vı́ du. 3. Gia’i p[hu.o.ng tr̀ınh:
y′′ + y = 4xex (3)

Phu.o.ng tr̀ınh d̄ă.c tru.ng k2 + 1 = 0 có nghiê.m k = ±i nên phu.o.ng tr̀ınh thuà̂n
nhất: y′′ + y = 0 có nghiê.m y = e0x(C1 sinx + C2 cosx) = C1 sinx + C2 cosx, C1, C2

tùy ý.
Vế pha’i (3) có da.ng Pn(x)eax vó.i n = 1, a = 1 6= k1, k2 nên nghiê.m riêng có da.ng:

y∗ = (a1x + ao)ex, suy ra:
{
y∗′ = (a1x+ a1 + ao)ex

y∗′′ = (a1x+ 2a1 + ao)ex
.

Thay vào (3), ta có: 2a1x + 2a1 + 2ao = 4x. D- ò̂ng nhất 2 vế:{
a1 = 2
a1 + ao = 0

⇒
{
a1 = 2
ao = −2

⇒ y∗ = (2x− 2)ex nên (2) có nghiê.m:

y = y + y∗ = (C1 sinx + C2 cosx) + (2x − 2)ex,∀C1, C2

Vı́ du. 4. Gia’i phu.o.ng tr̀ınh:
y′′ − y = 2ex − x2 (4)

Phu.o.ng tr̀ınh d̄ă.c tru.ng k2 − 1 = 0 có nghiê.m k = ±1 nên phu.o.ng tr̀ınh thuà̂n
nhất: y′′ − y = 0 có nghiê.m y = C1e

x + C2e
−x, C1, C2 tùy ý.
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Theo nguyên lý chò̂ng chất nghiê.m, nghiê.m riêng cu’a (4) là tô’ng hai nghiê.m riêng

cu’a hai phu.o.ng tr̀ınh sau:
{
y′′ − y = 2ex (4a)
y′′ − y = −x2 (4b)

Vế pha’i (4a) có da.ng Pn(x)eax vó.i n = 0, a = 1 = k1 nên nghiê.m riêng có da.ng:

y∗1 = x(ao)ex = aoxe
x, suy ra:

{
y∗1

′ = (aox+ ao)ex

y∗1
′′ = (aox+ 2ao)ex

.

Thay vào (4a), ta có: (aox + 2ao − aox)ex = 2ex ⇒ ao = 1, nên y∗1 = xex

Vế pha’i (4b) có da.ng Pn(x)eax vó.i n = 2, a = 0 6= k1, k2 nên nghiê.m riêng có da.ng:

y∗2 = a2x
2 + a1x+ ao, suy ra:

{
y∗2

′ = 2a2x+ a1

y∗2
′′ = 2a2

(4b)⇒





a2 = 1
a1 = 0
ao = 2

⇒ y∗2 = x2 +2.

Suy ra nghiê.m riêng cu’a (4) là: y∗ = y∗1 + y∗2 = xex + x2 + 2 và nghiê.m tô’ng quát:

y = y + y∗ = C1e
x + C2e

−x + xex + x2 + 2,∀C1, C2

BÀI TÂ. P
4.2.1. Gia’ i các phu.o.ng tr̀ınh vi phân cấp 2 sau (da.ng gia’m cấp):

xy′′ = y′; xy′′ = y′ ln
y′

x
; x2y′′ = y′

2; y3y′′ = 1; y′′(ex + 1) + y′ = 0;

(x ln x)y′′ − y′ = 0; x2y′′ + 3xy′ = 0; 1 + y′
2 = 2yy′′; yy′′ − y′

2 = 0
4.2.2. Gia’ i các phu.o.ng tr̀ınh vi phân cấp 2 sau (da.ng tuyến t́ınh vó.i hê. số hà̆ng):
y′′−2y′+y = ex; y′′−5y′+6y = e2x; y′′−2y′+2y = 2x2; y′′+y′−2y = xex;
y′′ − 3y′ + 2y = ex(2x + 3); y′′ − y′ − x; y′′ − 6y′ + 5y = 3ex + 5x2;
y′′ − 5y′ = 3x2 + sin5x; y′′ + y = sinx cos 3x; y′′ − 2y′ − 3y = 3 − 4ex

-ooOoo-
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ho.c Huế.
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