Chuwong I
MA TRAN - PINH THUC - HE PHUONG TRINH
§1. MA TRAN
1.1. Dinh nghia

e Ma tran cap m x n (doéi khi con goi la co m x n) 14 mot bang hinh
chtr nhat gdom m—hang, n—cot vi cac phan ti cla ma tran dwoc bidu dién

duéi dang sau:

ailr a2 @13 ... G1p \

a1 a9z asz ... a2n

asi as2 asz ... Q3n
\aml am?2 ams3s o Amn

Dé don gidn ta ki hiéu ma tran A c&p m x n nhu sau: A = (aij)mxn,
trong do a;; 1a phan ti ¢ hang thi ¢ va cot thit j cua ma tran A.

e Néu cAc phan tit cia ma tran A déu nhan gia tri thue, c6 nghia la
a;; € R, thi ma tran A duwoc goi la ma tran thuec.

*. Vi du:
A= (15) 1A ma tran cdp 1 x 1.

1 4
B=1|2 7 | lamatran cdp 3 x 2.
5 =3
CcoS T Inx sinz ,
A:<. >lématré}ncap2><3.
sinx + cosx 2 -3

e Ma tran hang: Ma tran co 1 xn (chi ¢6 1 hang) goi 1a ma tran hang.
*. Vidu: Matran (1 2 3 4)la ma tran hang (co 1 x 4).

e Ma tran cdt: Ma tran co m x 1 (chi ¢6 1 ¢6t) goi 1a ma tran cot.
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*. Vi du: Ma tran | 3 | 1a ma tran cot (co 3 x 1).
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e Ma tran thuwc gom tat cd cic phan tit bang 0 dwge goi 14 ma tran

khoéng.
e Ma tran cap n x n dwoc goi la ma tran vuong cap n.

e Ma tran don vi: La ma tran vudng cap n co6 cic phan tit nam trén

dwomg chéo chinh bang 1 va cAc phan tit nam ngoai duong chéo chinh deéu

1 0 ... 0

. 01 ... 0
bang 0, titc la c6 dang: [ = | . . . |- Ky hiéu la: I,, (doéi khi ta

0 0 ... 1

con ky hiéu: I).

e Ma tran con: Cho A 1a ma tran cdp m x n, ta goi M;; 1a ma tran
lap dugc tir ma tran A bang cach bd di hang i va cot j, khi d6 M;; goi la

ma trdn con cia ma tran A tng véi phan tit a;;.

1 2 3
*. Vidu: Chomatran A= |0 -1 4
3 -2 8
Tach: M (—1 4> M (0 4> M (0 —1>
a co: = ; = ; =
11 5 g 12 3 g 13 3 _9
M (2 3> M (1 3> M (1 2>
21 — _9 8 ) 22 — 3 8 ) 23 — 3 _9
M (2 3> M (1 3> M (1 2>
= 4 ) 25\ 4 ) =1, _1

1.2. Cac phép bién d8i so cAp trén hang (cdt) ctia ma tran

e Cac phép bién ddi sau day ddi véi hang (cot) cia ma tran dwoc goi
14 cic phép bién d8i so' caAp theo hang (cot) clia ma tran:
(1). Doi chd hai hang (cot) clia ma tran cho nhau.
(2). Nhan tdt cd cAc phan tit cia mot hang (cot) ciia ma tran véi mot
s6 A #£ 0.
(3). Cong vao mot hang (cot) nao dd cia ma tran mot hang (cot) khac

sau khi da nhan véi mot s6 A # 0.



1 3 4 =2

*. Vidu: Chomatrain A=| -1 2 0 1
2 -2 0 6
Khi do :
(1) Bai ch6 hang 1 cho hang 2 (cot 1 cho cot 2)ta dwoc:
-1 2 0 1 3 1 4 2
B = 1 3 4 —-21|; B = 2 -1 0 1
2 =2 0 6 -2 2 0 6
(2) Nhan tat cd cic phan ti cia hang 2 cia A cho A = 2 ta dugc:
1 3 4 =2 1 3 4 -2
c=2.|1-1 2 0 1 =1-2 4 0 2
2 =2 0 6 2 -2 0 6
(3) Cong hang 1 vao hang 2 sau khi da nhan véi A = 2 cda A ta dugc:
1 3 4 -2
D=|-1 7 4 0
2 -2 0 6

e Dinh nghia: Phan tit khac 0 dau tién cia mot hang ciia ma tran

(dwoc tinh tir trai sang phai) dwoc goi 1a phan tit co’ sé cia hang do.

e Dinh nghia: Mot ma tran dwgc goi 13 ma tran bac thang trén
néu nd thod man cac diéu kién sau:
(1). Cac hang bang khong ¢ dudi cadc hang khac khong.
(2). Phan ti co sd cia hang phia dudi nam bén phdi so véi phan tit

co s cua hang phia trén.

*. Vi du:
1 4 8 1 1 4 0 1 5
0 2 7 -3 02 0 -3 3
A - ; B et
0 0 4 5 00 4 5 1
00 0 O 00 0 2 1

e Dinh Iy: Moi ma tran déu c6 thé dwa ve dang ma tran bac thang

trén nho cac phép bién ddi so cdp theo hang cia ma tran.
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1
*. Vidul: Tim ma tran bac thang ciamatran A = | 1
2
Diing cac phép bién doi so cap ta cod
1 2 17 1 2 1 7
A— 10 3 0 3|—1]0 3 0 3
0 5 1 3 0 0 1 -2

*. Vi du2: Duwa ma tran sau vé dang ma tran bac thang

2 1 2 4
4 3 -1 0
A=
4 2 1
6 -2 0 2
2 1 2 4 2 1 2 4
0 1 -5 0 1 -5 8
A— N
0 -1 -2 -3 0 0 -7 5
0 -5 —6 —10 0 -5 —6 —10
2 1 2 4 2 1 2 4
01 -5 38 01 -5 8
— E—
00 -7 5 00 -7 5
0 0 —31 30 00 0 2

1.3. Cac phép toan ma tran

e Hai ma tran bang nhau:
Cho hai ma tran A = (ai;j)mxn, B = (bij)pxqe. Khi dy:
m =p (s6 hang)
A=B <= < n=gq (s6 cot)
aij = bjj
(T¢c 1a n6 cung cap va tirng phan tit twong wng bang nhau.)
*. Vi du:

© ot N

W ==

—_
]

—
\]



1 4 0 1 1 40 1
A=|0 2 7 =5 ; B=l0 2 7 -5
01 4 5 01 4 5

e Phép cong ma tran:
Toéng clda hai ma tran cing cap A = (@ij)mxns B = (bij)mxn cung la

ma trin cap m X n, ky hiéu la: A + B, duwoc xac dinh bdi:

A+ B= (aij +bz’j)m><n

*. Vi du:
1 1 7 6 9
A= 5| . B= 8 7 2
5) 0 2 4
Khi ay
143 4+7 046 149 4 11 6 10
A+B=]10+0 248 747 —-5+2|=10 10 14 -3
O0+1 140 442 5414 1 1 6 9

e Phép nhan mot s6 véi moét ma tran:
Cho ma tran A = (a;j)mxn v& 86 A # 0. Khi &y tich cia s A véi ma
tran A cung 1a ma tran cap m x n, k¥ hiéu la: \.A, duwoc xac dinh bdi:

ANA = (A.aij)mxn

*. Vi du:
1 4 0 1

0 2 7 =5

W (5.1 54 50 5.1 > (5 20 0 5>
©\5.0 52 57 5.(=5)/) \0 10 35 —25

e Phép nhan ma tran:

Chosé’)\:5vématrépnA:< >.Khi§ytac():

Tich cia ma tran A = (ai;j)mxn Vo1 ma tran B = (b;j)nxp la mot ma



tran cap m x p, k¥ hiéu la: A.B, dwoc xac dinh bdi:

A.B = (Cij = Za’ik'bkj)mxp
k=1

*. Vi du:

1 2 3 4 10 14 ,
ChohaimatrénAz( >VéB: TORE . Khi ay ta co:

12 16

AB (1.9+2.10+3.11+4.12 1.13+2.14+3.15—|—4.16> (110 136>

5.94+6.10+7.11+8.12 5.13+6.14+7.15+ 8.16 278 339

* Chti y: D& hai ma tran nhan dwoc véi nhau thi s6 cot cia ma tran
trude phdi bang s6 hang cla ma tran sau.

e Phép chuyén vi ma tran:

Cho ma tran A = (aij)mxn. Khi &y ma tran chuyén vi cia ma tran A la
mot ma tran c6 duwoc tir A bang cach chuyén hang thanh cot, chuyén cot
thanh hang theo diing thi tw.

K¥ hiéu la: AT. Nhu vay ta co:

a1 a19 “e A1n a1 a91 “e Am1
asq a9 ce aon, a2 a9 ce am2
A= . . . . AT =
ami1 am2 ... Umn / mxn aip, A2 ... Umn / nxm

*. Vi du:

1 9
1 2 3 4

) 2 6 10

Chomatran A= |5 6 7 8 |.Khidytaco: AT = ; »
9 10 11 12

4 12

1.4. Mot s6 tinh chdt cda phép toAn ma tran

e Dinh 1y 1: Cho chc ma tran A, B, C va cc s6 «, 3 sao cho cac phép

toan sau day duoc tao thanh. Khi 4y ta se co:



LA+ B=B+A 6. (a.8).A = a.(B.A)
2. (A+B)+C=A+(B+C) 7. a(AB)=(a.A).B=A(aB)

3. A.(B.C) = (A.B).C 8. a.(A+B)=a.A+aB

4. (A4 B).C = AC + B.C 9. (a+B).A=a.A+ A

5. A(B+C)=A.B+ A.C 10. No6i chung, A.B # B.A
e Dinh 1y 2: Cho cic ma tran A, B. Khi ay ta co:

1. (AT)YT = A

2. (A+B)T = AT + BT
3. (A.B)T = BT. AT
4. (AAT =xAT



§2. DPINH THUC

a1 a192 ce Q1n
R R . 3 az; a4z ... aon

e Cho ma tran vuong cap n c6 dang: A = . . . . Ta
an1 QAp2 ... Ann

ky hiéu M;; 1a ma tran vudng lap tir ma tran A sau khi da bo di hang thit
i va cOt thit j cia ma tran A va M;; duoc goi la ma tran con cua ma tran

A ttng véi phan ti a;;.

1 -2 3
*.Vidu: Chomatrain A= | -5 2 7 |. Khido6 ta co:
2 1 -3

M (2 7>M (—2 3>M (1 3>
nw=\, _g)Man={ )Mzl _ )

2.1. Dinh nghia

e Dinh thitc cia ma trdn A = (ai;)nxn 18 mot s6, ky hiéu 1a

ailz a2 aiz... Qin
a21 Q22 G23... Q2p
det(A) =|a31 az2 asz... as,
anl  Gp2 Ann

va dwoc xac dinh nhw sau:
(1). Ala ma tran cap 1(n =1):

A= (CL11 ) thi det(A) = a1

(2). Ala ma tran cdp 2 (n = 2):
ailz  ai2

det(A) = = a11.a22 — A12.021
= ali- det(MH) — a9i. det(Mgl)

(Chtt § rang a1 va ajo 1a chc phan ti nam cung ¢ hang 1 cia ma tran

az1 a22

A), van van, vd mot cach tong quat,
(3). Ala ma tran cdp n (n > 3) thi:
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det(A) = aii. det(MH) — a921. det(Mgl) + asq. det(Mgl) — ...+

+ (—1)i+j.a¢j. det(Mij) + ...+ (—1)"+1.an1. det(Mnl)
(Nguoi ta goi 13 phép khai trién theo hang 1).

*. Vi du:

5 6 2 3
-

2 3
RRA M
8 9 8 9

5 6

S TS

2 3
5 6|=1. ‘
8 9
=1.(45—-48) —4.(18 —24) + 7.(12—15) = 0.
e Twong tur ta cd cong thitc khai trién cia dinh thitc theo hang k nao
do:
det(A) = (—1)**ap, det(Mp1)—ago det(Mya)+. . A (—1)"TLag, det(My,)]
*. Vi du 1: Tinh dinh thitc sau bang cAch khai trién theo hang 3.

1 — 0
-2 0 1 0 1 =2
. 4 -1 2 -1

=2.(2-0)—3.(-1—0)+7.(4—4) = —1.

*. Vi du 2: Tinh dinh thitc sau bang cach khai trién theo hang 4

1 1 1
1 1 1 2 1 1 2 1 1 2 1 1
1 2 1 1 A1
1121:(—1)+ a.l2 1 1|—-b./1 1 1|+4+ec |1 2 1]—-d.|1 2 1
1 2 1 1 2 1 1 1 1 1 1 2
a b ¢ d
=—a—b—c+4d

», ’ N ’ ~ \ Y
e Chu y: Trong truong hgp n = 3 ta c6 thé dung quy tac Sarrus sau
day:
ailp a2 aiz daix a2
21 Q22 423 421 G22

asy1 asz2 aszs azr as2



T do ta co:
ailp a2 aiz|
= (11.0422.0433 + A12.0423.0431 + @13.0421.G32
az1 QAa22 Q23

— a13.022.031 — A11.0423.0432 — A12.021.A33
asy aszz a33

2.2. Mot sd tinh chidt cia dinh thirc

e Tinh chat 1: ‘A‘ = ‘AT‘
*. Vi du:

‘ 1 2 ‘ ‘ 1 3 ‘
-2 |
3 4 2 4
e Tinh chat 2: Khi ddi vi tri cia hai hang (hai cot) cho nhau thi dinh
thitc doi dau.
*. vi du: Ta co:
‘ 1

3
‘:1.5—2.3:—1
2 5

Ddi chd hang 1 cho hang 2 ta cung dwoc:
2 5
—23 - 15=1=—(-1)
1 3
e Tinh chdt 3: Dinh thitc c6 mot hang (mot cot) nao dd6 gom toan s6
0 thi bang 0.

*. Vi du:

=0

O O W

6
=0 hay 1
2

w O ©
o O O

1 2
0 0
2 7

e Tinh chat 4: Dinh thitc ¢6 hai hang (hai cot) ty 1&é nhau thi bang 0.
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*. Vidu 1:
m.a m.b m.c na b a
x Y z | =0 hay nr y x|=20
a b c nt u t
*. Vi du 2:
1 2 1 1 21 1
2 4 3|=|2 22 3|=0
3 6 9 3 23 9
e Tinh chdt 5: Néu nhan mot hang (mot cot) nao d6 cia dinh thitc

véi mot s6 A # 0 thi dinh thitc dwge nhan 1én véi s A do.

*. Vi du:

‘m.a m.b‘ a b‘ n.a t a t
= 1m. hay =n.
x Y Ty n.T m x m
*. Vi du:
‘2 3‘ ‘2 3‘ 4‘2 3‘
4 8| |41 42| |1 2|

e Tinh chit 6: Dinh thitc khong thay doi néu ta cong vao mot hang

(mot ¢ot) ndo d6 mot t6 hop tuyén tinh clia mot s6 hang (cot) khac.

*. Vidu 1:

a; ag as (CLl + a.as — ﬁ.ag) as as
bl bQ bg = (bl -+ Oé.bg — ﬁbg) bQ bg
C1 Co C3 (Cl + a.co — 5.03) Co C3

*. Vi du 3:
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a 1 1
1 a 1
1 1 a
1 1 1

1 a+3
1 a+3
1| a+3
a a+3

= (a+ 3).

1
a
1
1
1
0
0

0

—_ [
Q = =

1

a—1

0

1 1 1 1
1 a 1 1
= (a+ 3).

1 1 a 1
1 1 1 a

1 1

0 0 5

=(a+3).(a—1)
a—1
0 a—1

e Tinh chat 7: Dinh thitc cia ma tran tam gidc c6 dang dudi day

dwgc xac dinh la:

ail
0
0

ail
a1

asi

an1
*. Vi du 1:

a2 a3
a22 A23

0 ass

a9 0

asz2 33

an2 Qap3

o o O =
o O ot N
S W O W

A1n
A2n

a3sn

ann

12

= A11.-022.433 ...0nnp

= a11.022.433 ...0ann



*. Vi du 2:

1 0 0 0
4 3 0 0
3 2 -2 0 0|=1.3.(-2).45=-120
1 0 2 40
1 2 5 05

e Tinh chat 8: Khi tdt cd cAc phan tit cia mot hang (hay mot cot) co
dang tong cta hai s hang thi dinh thitc c6 thé phan tich thanh tong cda
hai dinh thitc. C6 nghia la:

a; as agz+ ah a1 as as a; ay ab
by by b3z + bg =1by by b3|+|b1 by g
1 co c3+ch c1 Cy C3 1 co b
ap +ay as+ah as+ah a1 as as ay ah aj
b1 bo b3 =1|by by bg|+|b1 by b3
C1 Co C3 C1 Co C3 C1 Co C3
*. Vi du:
2 1 z+4y 2 1 =z 2 1 y
0 5 2/+¢ |=0 5 2|+]|0 5 ¢
3 2 .’L’// + y// 3 2 .’L’// 3 2 y//
=15(x+y) +7(z" +¢') +10(z" +y"")

§3. MA TRAN NGHICH DAO

3.1. Dinh nghia

e Cho A 1a mot ma tran vudng cap n. Ma tran B dwoc goi 1a ma tran

nghich ddo cia ma tran A (ky hieu la: A=) néu thod man:

AB=1, va BA=I,
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*. Vi du: Cho ma tran

Xét mot ma tran B = (

2 -1 2 10
(s 5 ) (5 3) =l 1) =

3 3 = 0 1

5 1 2 -1 1 0
pa- (% )G ) laa)

= 2 3 3 0 1

Vay B chinh 1a ma tran nghich ddo cia ma tran A.

Ta co:

I Ol

e Néu A ton tai ma tran nghich ddo thi ta néi A 14 ma tran kha nghich.
e Dinh 1y (diéu kién ton tai ma tran nghich déo)

YN oA N ~) A A A . A
Diéu kién can va du dé mot ma tran A vudéng cap n ton tai ma tran

nghich dao la: det(A) # 0.

3.2. Cac phuong phap tim ma tran nghich dao

a1 a192 ce A1n

sy = N ~ . , , o asi a9 RN aon
Gia su ta can tim ma tran nghich dao cua A =

alnl aan . e a’T’LT’L

e Phuong phap 1
Ta ky hiéu C;; = (—1)"*.det(M;;) va duge goi 1a phan phu dai sd cia
phan ti a;;. Khi &y ta c6 cong thitc xac dinh ma tran nghich ddo cia ma

tran A nhw sau:

Cii Ciz ... Cu\ '
1 1 Co1 Cy ... Oy
a det(A) ) :
Cnl Cn2 cee Cnn
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*. Vi du 1: Gid sit cho ma tran A = . Ta c6: det(A) =

—_ N =
o Ot N
co W W

—1# 0. Ngoai ra ta co:
Ci1= 40 (Cio=-13 (Ci3=-5
Co1 =—16 Coy= 5 (Chy3= 2
C31=—9 (C3= 3 (C33= 1

Do d6 ta c6 ma tran nghich ddo cia ma tran A nhu sau:

40 —13 —5\7 40 16 9

1
Al=—1-16 5 2| =[13 -5 -3
-9 3 1 5 -2 -1
1 -3 4
*. Vidu 2: Giastchomatrain A= 2 1 1
-1 -2 1

Ta c6: det(A) = 0, nén ma tran A khong c6 ma tran nghich dao.

e Phuong phap 2

bay 14 phwong phap dung cac phép bién doi so cap theo hang cia ma
tran dé tim ma tran nghich ddo. Noi dung cia phwong phap nay 1a ching
ta viét vao bén phdi cia ma tran A mot ma tran dom vi cing cdp. Dung
cac phép bién ddi so cap theo hang (chi theo hang) cia ma tran dé bién
ma tran sau khi da ghép (c6 cap la: n x 2n) vé mot ma tran sao cho ma

tran dom vi nam vé phia bén trai va khi &y phia bén phdi cia ma tran nay
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chinh 14 ma tran nghich ddo can tim. Cu thé chiing ta mé ta nhw sau:

a1 a2 ... aip, 1 0 ... O
as1 Q2 ... a2, |0 1 ... O
A/l = .. )
an1 Qap2 ... Ann 0 0 ... 1
. A e
—_— bién doi .........
o« N A .
—_— bién doi .........
0O ... 0 211 ®12 ... X1
0 1 ... O|x21 x22 ... @2y
0 0 P ]. xnl an P xnn
Khi 4y ta co:
T11 I12 T1in
1 21 T22 ... Ton
A —
Ini In2 Tnn

*. Vi du: Tim ma tran nghich dao cia ma tran sau:

1 1 =3

A=1]1-1 0 2

-3 5 0

Ta co:

1 1 =3 |1 1 1 -3;,1 0 0
A= -1 0 2 — |0 1 =111 1 0
-3 5 0 0 0 8 —9'3 0 1
11 =3 1 0 1 1 0,16 24 -3
— 10 1 —-1]1 1 — 10 1 0] 6 9 -1
0 0 —-1'"-5 -8 1 0 0 -1'"-5 -8 1
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1 0 0,10 15 =2 1 0 0,10 15 -2
— !0 1 06 9 —-1|—1]01 06 9 -1
0O 0 —-1'"-5 =8 1 0O 0 1'5 &8 -1
Vay:
10 15 -2
At=16 9 -1
5 8 -1

3.3. Hang cia ma tran

e Dinh nghia: Hang cia mot ma tran A 1a cAp cao nhat cia dinh thitc

con khac 0 lap tir ma tran A. Ky hiéu la: rank(A) hay r(A)

*. Vi du: Xét ma tran sau

—_
|

w

S

|
—_

|
[\)
—_

|
[\)

Céc dinh thitc con cap ba cia A 13

1 -3 4 1 4

2 1 1}=0 2 1 41=0
-1 -2 1 -1 1 -2
-3 4 2 1 =3

1 1 4 |=0 2 1 4 =0
-2 1 =2 -1 -2 =2

Ta c6 dinh thitc con cdp hai cia A 14

‘1—3
2 1

E
Vay r(A) = 2

e Phuong phap tim hang cda ma tran
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Ching ta c6 thé dung dinh nghia dé tim hang cia ma tran, tuy nhién
phuwong phap nay rat han ché, nhat 1a khi cAp clia ma tran rat I6n. Vi thé
chiing ta sit dung phwong phap bién doi so caAp cla ma tran dé tim hang
cla ma tran, noi dung cua phwong phap nay la ching ta dung cic phép
bién ddi so cAp theo hang (ho#c cot, hodc cd hai) cia ma tran dé dwa ma
tran d6 vé dang ma tran bac thang thu gon nhit. Khi 4y hang cia
ma tran chinh 1& s6 cdc hang khac khong (hodc s6 cac cot khac khong, néu

nhdé hon) cia ma tran cudi cung.

*. Vidu 1l:
1 0 1 =2
1 1 3 -2 o
Cho ma tran A = 5 1 5 . Dung phép bien doi so cap theo
1 -1 1 4
hang cua ma tran ta co:
1 0 1 =2 1 0 1 -2 1 0 1 -2
0O 1 2 0O 1 2 0O 1 2
A— N —
0O 1 3 0 0 1 0 0 1
0O -1 0 0 0 2 0O 0 O
Vay ta co: rank(A) = 3.
1 2 1
* Vidu2: TimAdé A=]2 X —2| cohangla?2
3 —6 -3
Ta co:
1 2 1 1 1 2
2 A 2| — 13 -3 -6
\3 —6 -3 2 —2 )
1 1 2 1 1 2
— 10 -6 -12 | — |0 -6 -—12
\0 —4 A—2 0 0 A+6

bé r(A)=2 thi A+6=0=X=—6
Vay véiA=—-6  thi r(A) =2
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§4. HE PHUONG TRINH TUYEN TINH
4.1. Pinh nghia
e Hée gobm n—an s6 {x1,22,23,...,T,} vA m—phwong trinh c6 dang:
((a1121 +a1ax2 + ...+ a1pxy, = b1
ao1x1 + asoxo + ...+ agpx, = be

(4.1)

L Am1T1 + Am2Z2 + ... + ATy = bm

dwoc goi 1a hé phuwong trinh tuyén tinh.

e Néu ching ta dat

ail a2 “e A1n I bl

asq a9 “e aon, Hi%) bQ
A= X = ;. B=

Am1i Gm2 - Qmn T, bm,

thi khi &y hé phwong trinh (4.1) se dwoc viét lai theo dang ma tran nhuw

sau:
ail ai2 “e A1n I bl
asq a9 ce aon, Hi%) bQ
Am1i Gm2 - Qmn T, bm,

hay cb thé viét gon la:
AX =B

e Ma tran A duwoc goi 1a ma tran hé s6, ma tran B duoc goi 1a ma tran

hé s tu do va X dwoc goi 1a ma tran nghiém s6 ¢ dang cot.

e BO n—s0 ¢6 dang X = (a1,a9,...,q,) duge goi 1a nghiém cia hé
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(

xr1 =y
To = Qg

phuwong trinh (4.1) néu khi thay < vao hé (4.1) thi ching ta dugc
\ Tn = Qp

cac dong nhat thitc.

e Hé¢ (4.1) duwgc goi la twong thich néu nod c¢d6 nghiém, dwogc goi la
khéng twong thich néu nhu noé vo nghiém, va dugce goi 1a vo dinh néu

nhw né ¢6 hon mot nghiem.

ail ai2 cen A1n bl

o _ az1 Q2 ... Q2p | b2 L

e Ma tran A c6 dang: A = . . : : duoc goi la
Aml Am2  -+-  Qmn bm

ma tran hé s bd sung cia ma tran A.
4.2. Dinh ly vé su ton tai nghiém cia hé phurong trinh
e Dinh Iy: Hé (4.1) 1a twong thich khi va chi khi rank(A) = rank(A).
e Nhan xét:

(1). Néu rank(A) (A) thi hé (4.1) vo nghiém.
(2). Néu rank(A) = rank(A) = n thi hé (4.1) c6 nghiém duy nhit.
( (4)

h
3
@
S
=

(3). Néu rank
*. Vi du 1: Tim

< n thi hé (4.1) c6 v6 s6 nghiém.

m dé hé sau c6 nghiém.
1+ 229 —x3 + 4y =2

{ 201 — 2o+ 3+ x4 =1
r1+ Txg —4xs+ 11y =m

Ta co:

20



1 2 -1 4,2 1 2 -1 4,2
A=|2 -1 1 1|1 |—]|0O0 -5 3 —7|-3

\1 7 -4 11'm 1 7 -4 11'm

1 2 -1 4, 2 1 2 -1 4, 2
—lo -5 3 —7| -3 | — -5 —7| -3

\0 5 -3 7 !'m-2 00 0 0'm-5

D& hé c6 nghiém thi: r(A) = r(A)
Ma theo trén thi r(A4) =2 = r(4) =2
= m—-5=0=>m=25
Vay véi m = 5 thl hé phwong trinh trén c6 nghiém.

*. Vi du 2: Bién luan s6 nghiém cia phwong trinh theo tham sé a:

ar1 +ro+x3=1
r1 t+axrg+x3=1

1+ x9+axs =1

Ta co:

a 1 1,1 1 1 a1
A=11 a 1|1 | — |1 a 1|1

\1 1 a'1 a 1 11

11 a 1 11 a 1
— 10 a—-1 1—-a|0O| — |0 a-—1 1—a 0

\a 1 1 'a 0 0 2-a—a'l-a
eNew:2—a—-—a’>=0=a=1,a= -2
Khi a =1 thi:

11 1,1
A=10 0 0|0 =7r(A)=r(A)=1<3

0 0 0'0

Nén hé vo dinh (c6 vo s6 nghiém).

21



Khi a = -2 thi:

1 1 -2,1
A=10 -3 30| =1r(A)=2,r(A)=3
0 0 0'3

— r(A) # r(A) nén hé vo nghiém.
eNéw:2—-a—a?#0=a#1vaa# -2
— r(A) = r(A) = 3. Nén hé c6 1 nghiém duy nhat.
Vay: - Véi a = 1 thi hé vo dinh.

- V6i a = -2 thi hé v6 nghiém.

- Véia #1vaa# —2 thl hé ¢6 nghiém duy nhét.
4.3. Phuong phap gidi hé phuong trinh t6ng quat

e Phuong phap Gauss: Noi dung cia phuong phap nay la ching ta
diing cac phép bién ddi so cap cia hé phwong trinh dé bién doi va loai
dan &n s6 sao cho hé phwong trinh cudi ciing dé dang thu dwoc nghiém
hon. Cac phép bién ddi so cap cia hé phwong trinh gom:

(1). DB6i vi tri hai phwrong trinh cho nhau.

(2). Nhan mot s6 A # 0 vao mdt phuwong trinh.

(3). Cong vao mot phuong trinh cia hé mot phuwong trinh khéac sau
khi da nhan v&i mot s6 khac 0.

e Nhan xét: Vi cic phép bién ddi so cap clia hé phwong trinh giéng
nhur cac phép bién d6i so cdp theo hang cia ma tran. Do vay chiing ta co
thé ding cac phép bién doi theo hang (chi theo hang) cia ma tran dé
tim nghiém cia hé phwong trinh. Cu thé: Dung cac phép bién doi so cAp
theo hang cia ma tran dé dwa ma tran hé s6 bo sung ve dang ma tran bac
thang thu gon nhit, khi &y ma tran cudi cting se cho ta hé phwong trinh
twong dwong véi hé phwong trinh ban dau va do d6 ta dé dang c6 dwoc

nghiém cia hé ban dau.

22



*. Vi du 1: Giai hé phuong trinh:
21+ 4xo + 323 =4
3r1 + 9 — 203 = —2
Ay + 11z + T3 =7

Ta co:
2 4 3 4 2 4 3 4
A=13 1 2|2 —|[3 1 -2|-2
\4 11 7'7 0 29 2929
2 4 3,4 2 4 3,4
— 0o 10 13]16| — |0 10 13|16
\0 29 29'29 0 0 87'174
Nhu vay ta co:
201+ 4xo + 323 =4 r1 =1
1022 4+ 1323 = 16 <= { 2o =—1
8723 = 174 T5 =2
*. Vi du 2: Giai hé phuong trinh sau:
3r1 — dxg + 2x3+ 4y = 2
Tx1 —4x0 + 23+ 324 =5
5r1 — Txo — 43 — 614 = 3
Ta co:
3 -5 2 4,2 1 6 -3 —5 —1
A=|7 -4 1 35| —|7 -4 1 315
\5 -7 -4 —6'3 5 7 -4 -6 3
1 6 -3 -5 -1 1 6 -3 -5 —1
— |0 —46 22 38|12 | — |0 —46 22 38|12
\0 —23 11 19'sS8 0O 0 0 0'-4

Co: r(A) =2var(A)=3
= r(A) # r(A)
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Vay hé phuwong trinh da cho trén 14 vo nghiém.

*. Vi du 3: Giai hé phuong trinh sau:

(21 + 29— 3x3 — 224+ 325 =1

201 4+ 2x9 +4x3 — x4 + 325 =1
3r1 + 3x9 +bx3 — 214+ 35 =1

\ 221 4+ 229 + 823 — 324+ 925 =6

Ta co:

11 3 -2 31 11 3 -2 3 1
— 2 2 4 -1 3|1 0o 0 -2 3 =-3]0
A= —
3 3 5 =2 3|1 0O 0 -4 4 —-6|-2
2 2 8 =3 96 0 0 2 1 3 4
11 3 -2 3 1 11 3 -2 3 1
0o 0 -2 3 =-3]0 0o 0 -2 3 =30
— —
0O 0 0 -2 0]-2 0O 0 0 -2 0]-2
0 0 O 4 0 4 0 0 0 0 O
T4t cd cac dinh thitc con cap 4 cia A =0
1 3 =2
Taco: [0 —2 3 |=440=r(A)=r(A)=3
0 0 -2
Vay r(A) =r(A) =3 <5=mn (s6 4&n). Nén hé c6 vo s6 nghiém.

r1+x2+3x3 —2x4+ 35 =1 (1)

Hé da cho twong dwong véi: —2x3+ 324 — 325 =0 (2)
—2:1,’4 = -2 (3)
(3): Ty =1
3—-3
(2)=> @9 = ———2
—2 3xs — 3
(1): - To -|-2 Ts

bat: axo=s, xz5=1t; s,t€R

t; LL’4:1

DO W

Ta co: x1=—s5+ =t 'x—3
. 1 — 9 2a 3_2
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Vay nghiém tong quat ciia hé phwong trinh la:
3 3 3 3
s+ St—2 s, 224 1, t); Vs, teR
( S + 2 27 S’ 2 2 Y Y )’ S? E

4.4. Hé Cramer

e Dinh nghia: Hé phuwong trinh tuyén tinh c6 dang:
((a11x1 +a1229+ ...+ a1px, = by
ao1x1 + asoxs + ...+ agpx, = bs

(4.4)

L @p1T1 + ApaTs + ...+ ATy = by

va thod man diéu kién:

ail a2 ce A1n

21 A22 ... Q2n
det(A4) =| . . .| #0

an1 aAn2 Ann

duoc goi la hé Cramer.
e Dinh 1y: Hé Cramer c6 nghiém duy nhit va dwgc xac dinh nhw sau:
det(Aj)
LL’j =
det(A)

Trong d6 A la ma tran cac hé s6 cua hé, A; 1a ma tran suy tir A bang

cach thay cot thit 7 bdi cot hé s6 tu do.
e Hé qua:
+ Néu det(A) = det(4;) =0, Vj=T1,n thl hé vo dinh
) { det(A) =0
+ Néeu thi hé v6 nghiém.
35, det(A4;) #0
*. Vi du 1: Giai hé phuong trinh:
201+ 4xo + 323 =4
3r1 + 19 — 203 = —2
A1 + 11z + T3 =17
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Ta co:

4 3 2 4 3

det(A)=13 1 —-2[=29 det(A2) =1|3 -2 —-2|=-29

4 11 7 4 7 7

4 4 3 2 4 4
det(A))=|—2 1 —2|=29 det(43)=|3 1 —2|=58

7T 11 7 4 11 7
Do d6 nghiém cia hé phwong trinh la:

xlz%zl;xgzg—%g:—l;xgz%:2

*. Vi du 2:

1+m)z+y+z=1
Giai va bién ludn hé phwong trinh sau: ¢ z+ (1+m)y+2=m

z+y+ (1+m)z=m?

Ta co:
14+m 1 1 34+m 1 1
D= 1 1+m 1 =(3+m 1+m 1
1 1 14+m m+ 3 1 14+m
1 1 1 1 1 1
=(m+3)|1 1+4m 1 |[=m+3)|0 m 0|=m*(m+3)
1 1 1+m 0 0 m

+NéeuD=0—m=0Vm=-3
r+y+z=1
Khim =0tadwgche ¢ z+y+2=0

r+y+z=0
Ta co:
1 1 1,1 1 1 1,1
A=]1 1 10| — |0 0 0|-1
1 1 1'0 00 0'—1

1 =r(A) # r(A) = 2 nén hé vo nghiém
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—2x+y+z=1
Khi m = -3 ta dwoc he ¢ * —2y+ 2= -3

r+y—22=9
Ta co:
2 1 1,1 1 1 -2,9
A=|11 -2 1|-3|— |1 —2 1/|=-3
\1 1 -2'9 2 1 11
1 1 -2, 9 1 1 -2 9
—lo -3 3|-12] —10 -3 3]|-12
\0 3 -3'19 o 0 o7

2 =1(A) # r(A) = 3 nén hé vo nghiém.
+ Néu D #0=m#0Am # —3 = hé¢ la h¢ Cramer c6 nghiém duy
nhat.

1 1 1
D,=|m 14m 1 | =m((2-m?
m? 1 1+m

D,=] 1 m 1 [=m2m—1)

1+m 1 1
D,=| 1 1+m m|=m(m3+2m?—m—1)
1 1 m?

Vay nghiém cia hé la:

D, 2-m? D, 2m-1 D, m*+2m*—m-—1
r=—=—"71; = =——2=—— =

D mm+3)Y" D mm+3) D m(m + 3)
Két luan:

+ Néu m # 0 vd m # —3 hé c6 nghiém duy nhat.
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2 — m?2 o2m — 1 m3+2m2—m-—1

m(m-l-?));y:m(m-i-?));zz m(m + 3)

+ Néum =0V m = —3 hé vo nghiém.
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4.5. Hé phuong trinh thuin nhat

e Dinh nghia: Hé phuong trinh c¢6 dang:

(a1121 + a9+ ... +a1px, =0

as1x1 + assxs + ...+ agpx, =0

(4.5) 4

L Gm1T1 + GmoTo + ...+ Gy =0
dwoc goi 1a hé phuong trinh tuyén tinh thuan nhat.

e Nhan xét:

(1). Taluén co: rank(A) = rank(A), do vy hé thuan nhat (4.5) luén
c6 nghiém. Ta cung thay ngay rang: X = (0,0,...,0) la mot nghiém cuia
hé (4.5). Nghiém nay duwgc goi la nghiém tam thudng cua hé.

(2). Hé (4.5) mudn c6 nghiém khong tam thuong thi phai co: rank(A) <
n (c6 nhia la: hang cia ma trdn nhd hon sd &n cia hé). Dic biét, khi s6
phwong trinh bang s6 &n thi hé c6 nghiém khong tim thwong néu nhw
det(A) = 0.

(3). Trong truwomg hop rank(A) < n thi rank(A) dn cia hé dwoc goi
14 &n co ban va [n —rank(A)] an con lai dwoc goi 1a &n khong co ban. Cac
an khong co ban c6 thé nhan nhung gia tri tuy ¥.

(4). Khi chon cac gia tri cu thé cho cac an khong co ban ta se thu
duwoc cac gia tri cu thé cho cAc &n co ban va khi 4y ta c6 duwoc cac nghiém
cia hé (4.5). Tap gom rank(A) nghiém doc 1ap tuyén tinh dwoc goi la tap
nghiém co ban cua hé (4.5).

*. Vi du 1: Tim hé nghiém co ban cia hé phrong trinh thudn nhét
sau:
(21 4+ 229 — 223+ 24 =0
201 +4x0 + 2203 — 24 =0
r1 + 229 +4x3 — 224 =0

( 4x1 + 819 — 223+ 24 =0
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Ta co:

1 2 -2 2 0 1 2 -2 2 0
— 2 4 2 -110 0O 0 6 -3 |0
A = —_

1 2 4 =20 0 0 6 -3 |0

4 8 =2 1 0 0O 0 6 -3 O

1 2 -2 1 0

0O 0 2 -—-1]|0 1 2 -2 110
— e

0 0 O 010 0 0 2 -11/0

0 0 O 0 0

~ ~ r1+ 2x9 — 223+ 24 =0
He da cho se twong duwong v4i he ()
2LE3 — Ty = 0

N A
Ta chon 1, x4 lam an co ban

To, 23 lam an khong co ban
1 = —2I9
Khi d6 ta co: (x) <
Ty = 273
Cho 2 = 1,23 = 0 ta c¢6 nghiém cia hé da cho la: (—2,1,0,0)

Cho 2 = 0,23 = 1 ta c¢6 nghiém cua hé da cho la: (0,0,1,2)
Vay hé nghiém co ban cia hé da cho la: {(—-2,1,0,0); (0,0,1,2)}
*. Vi du 2: Véi gia tri ndo cua k thi phwong trinh sau :
3r+y+10z2=0
20 +y+52=0
r+4y+72=0
a. Chi ¢6 nghiém tam thudng.

b. Chi c6 nghiém khoéng tim thuong.

Gidi:
3 1 10

Ta c6 dinh thitc ciahé la: D=2 k 5 |=11k+ 11
1 4 7

a. Dé hé chi c6 nghiém tam thuong thi D # 0 <= 11k +11 # 0 = k #
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b. Khi D=0 11k+11 =0 =k = —1 thi ta c6: r(4) < 3
= Hé c6 vo s6 nghiém nén hé c¢6 nghiém khong tam thudong.
*. Vi du 3: Tim hé nghiém co ban cua hé phuong trinh sau:
(21 4+ 29+ 3x3 — 204 + 325 =0

201 4+ 229 +4x3 — x4+ 325 =0

3r1 +3x9+5x3 — x4 +3x5 =0

L 221 + 229 + 8x3 — 3x4 + 925 = 0

Ta co:
1 1.3 -2 30 11 3 -2 3 0
_ 2 2 4 -1 3|0 0 0 -2 3 -=-3|0
A= -
3 3 5 —1 3|0 0 0 -4 4 -6|0
\2 2 8 -3 90 0 0 2 1 3 0
11 3 -2 3 0 1 3 -2 3 0
0 0 -2 3 -=-3|0 0 0 -2 3 -=-3|0
—_— —_—
0 0 -2 010 0 0O -2 010
\0 0 4 0 O 0 0O 0 0 0
x1 + 2xo + 3x3 — 224 + 325 = 0(1)
Hé da cho twong dwong véi: ¢ —2x3 + 314 — 3x5 = 0(2)
—2%4:0(3)
(3)?%4:0
(2)?%’3 _731}5
(1)?%’2:%%5—%1
bat: x1=s, x5=1t ; s,teR

Nghiém t6ng quat cda hé la: X = (s, 3t — s, 52,0, 1)

Ta c6: (r(A)=3,n=5=k=5—-3=2)

Chon s=1,t=0= 2, = (1,—-1,0,0,0)
s=0,t=1=25=(0,3,32,0,1)
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Vay hé nghiém co ban cia hé phwong trinh la:

3 =3

{xlz(l,—l,0,0,0) ; x2:<0a§a7a

0,1)}

32



BAI TAP CHUONG I

Bai 1: Thuc hién cac phép tinh sau:

[ N A H RO O

1 -1 1 3 2 =5
Béui2:ChoA=< >; Bz( >

2 3 0 1 -4 1
1. Tinh 2A — B.

2. Tim ma tran chuyén vi cia A, B.
3. Tim ma tran X thod A+ X = B.

Bai 3: Hay tim ma tran f(A) véi:

b/f(x):x?’-l—x—lvéA:(_S 1>
1 3

1 2 3
1 1
4 =2

a/f(r)=a2>-3x+3vaAA=]0
0
Bai 4:
a) Hay tim tat cd cAc ma tran giao hoan véi ma tran A dudéi day.
1 00
1)A:<1 2); 2)A=10 1 0

-1 -1
3 1 2
b) Hay tim tat cd cAc ma tran cap hai c6 binh phwong bang ma tran

don vi.

Bai 5: Tinh cac dinh thirc sau:

311 1
246 427 327
13547 13647 1 3 1 1
. b) | 1014 543 443]; ¢) o d)
28423 28523 11 3 1
—342 721 621
1 11 3
1 2 3 4
2 3 4 1
3.4 1 2
41 2 3

33



Bai 6: Chirng minh

a b c 1
b c a 1
a) =0
c a b 1
b+c c+a a+b
5 & 51
a+b b+ c c+a a b ¢

b) a1 +by bi+c aata|=2|ar b
as +by by +co o+ as as by ¢

Bai 7: Biét cac s6 204,527,255 chia cho 17. Chitng minh:

2 0 4
D=5 2 7| chiahét cho 17.
2 5 5

Bai 8: Tim ma tran X thod man phwong trinh sau:

20 (7 g)x =0 )

3 1 0 1
by [ -1 -1 2|x=|2
1 1 1 3
Bai 9: Tinh ma tran nghich ddo cia cic ma tran sau:
2 1 1 1 1 -3
a) A=[12 1|; b B=|-10 2 |
1 1 2 -3 5 0

Bai 10: Dung phuong phap Gauss - Jordan tinh ma tran nghich ddo cia

cac ma tran sau:
1 -2 1 -1

-1 4 -2 3
2 0 1 3
-2 6 0 5

11 2
a) A=123 2 |; b A=
1 3 -1

Bai 11: Chitng minh rang néu A 14 ma tran vuong thod man:
A2 —3A+T1=0thi A~! =3I — A.
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Bai 12: Tim hang cua cic ma tran sau:

1 3 2 0 5
1 2 3
2 6 9 7 12
a) A=1|2 3 4|; b) A= ;
-2 -5 2 4 5
3 5 7
1 4 8 4 20
1 3 5 -1
2 -1 3 -2 4
2 -1 -3
c) A= d)A=[4 -2 5 1
5 1 -1 7
2 -1 1 8
77 9 1
Bai 13: X4c dinh hang cia ma tran sau theo m
3 m 1 2 -1 2 1 -1 1
1 4 7 2 m -1 1 -1 -1
a) A= b) A=
1 10 17 4 1 m 0 1 1
4 1 3 3 1 2 2 -1 1
Bai 14: Dinh m dé hang cia ma tran
1 7 17 3
m 4 10 1 .
a) A= bang 2.
3 1 1
2 2 4 3
2 1 0 6 1
3 2 0 0 2 .
b) A= bang 4.
1 2 3 40
m —1 2 3 1

Bai 15: Gidi cac hé phwong trinh sau bang phwong phap Cramer.
(z+y+z=1 (20 —y—22=5
a) ¢ r4+2y+3z2=—-1; b) dx+y+2z=1
(2 +4y +92=-9 (8T —y+2=5

(X9 — 3x3 +4x4 = =5
(11— 29+ 23=06
r1 — 2x3+ 314 = —4
C)< 21x+ 20 +23 =3 d)<
311 + 229 — dxg = 12

L 1+ T2 +2x3 =5

( 421 + 3292 — D23 =5
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Bai 16: Gidi cac hé phuong trinh sau bang phwong phap Gauss.

a)

3r1 — dxy + 223+ 4y = 2

Tx1 —4x0+ 23+ 324 =5

5LE1 —7$2—4$3—6$4 =3

)

b) 4

(21 + 229 + 323 — 224 = 6
201 — 229 — 203 — 314 = 8
31+ 219 —x3+ 2204 =4

(| 221 — 329+ 223+ x4 = —8

Bai 17: Gidi va bién luan hé phuwong trinh sau:

a)

mr+y+z=1

r+yt+z=1

r+my+z=1; b) ax+by+cz=d

rT+y+mz=1

Bai 18: Xac dinh m dé hé

a) 4

b) 4

Bai 19: Chitng té hé

\

(20 —y+2=0

\

(3x+y—22=m

2r + 4y — z = —2 ¢6 vO sO nghiém.

dr —2y —3z =1

a’z + b%y + 2z = d?

r+y+22=0 c6 nghiém khong tam thuwong.

Sr—y+mz=0

2c —y—z=a

—r—y+2z=c

b+c=0.

—x 42y — z = b ¢b nghiém khi va chi khi a +

Xac dinh tap nghiem trong truwong hop twong thich.

Bai 20: Tim hé nghiém co ban cia cic hé phuong trinh sau.

a) 9

(

r1 + 229 +4x3 — 324 =0
3r1 + dxg + 63 — 4y =0
41 + 5x9 — 223 + 324 =0

)

3r1 + 8x9 + 24x3 — 1924 =0
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b) 4

(

\

T, — 209+ 3x3 — x4 + 225 =0
—x14+2x9 —r3+2x4 —25=0

201 —4xo + 623 — 2004 + 425 =0
—2x1 +4x9 — 203+ 224 — 225 =0



Chuwong II
KHONG GIAN VECTO - KHONG GIAN UECLID
§1. KHONG GIAN VECTO
1.1. M6t s6 dinh nghia

Cho V la mot tap hop va K la mot truong. Trén V' ta xac dinh hai phép
toan nhu sau:

e Phép cong:
+ : VxV—V

(z,y) — x4y

e Phép nhan ngoai:
.o KxV —V
(A y) — Ay

Khi 4y V clung v&i hai phép toan trén duwoc goi 14 mot khong gian vecto

trén trueomg K (hay goi tat 1a khong gian vecto) néu thod man cac tinh chéat

sau day:
(D). z+y=y+x, Vr,yeV
(2). (@+y)+z=x+Wy+2), VryzeV
(3). Ton tai Oy sao cho: z+0y =0y +x =2, VreV
(4). Vo € V, ton tai phan tit (—z) € V sao cho: x + (—z) = 0y
(5). lxx=z, VeV
(6). a.(f.z) = (a.0).x, VxeV;Va,feK
(7). a(z+y) =az+ay, Vr,yeV;VaeK
(8). (a¢+pB)x=ax+px, VreV;Vo fecK

e Moi phan tit cia V dwoc goi 1a mot vecto.

e Phan tit 0y duwoc goi la phan tir khoéng cia khong gian vecto V.

e V4i moi z € V, phan tit (—x) € V dwgc goi 1a phan ti ddi cia x.

e Khi K = R thi V duoc goi la khong gian vecto thuce, va khi K = C

th1 V duwoc goi la khong gian vecto phic.
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1.2. Mot s6 vi du

*. Vi du 1: Tap céc s6 thuc R v4i hai phép toan cong va nhan thong
thuwong giwa cic s6 thuce 1a mot khong gian vecto thure.
*. Vi du 2: Xét R™ la tap ma moi phan tit 14 mot bo n s6 thwe ¢od thit

tu (z1,%2,...,2Tn), cOn goi 1a mot vecto n thanh phan. Xeét:
= (1,T2,...,Tn) V&Y= (Y1,Y2, -, Yn)
Phép cong va phép nhan véi tich vo huéng duoce dinh nghia nhu sau:
r+y=(r1+y, T2+ Y2, .., Tn + Yn)

kr = (kxi,kxa, ... kxy), k€ R

Ta thay tap R"™ v&i phép cong va phép nhan dwoc dinh nghia nhu trén 1a
mot khong gian vecto. That vay:
Lx+y=(z1+y,T2+y2,. ., Tn+ Yn)
= (y1 +T1,y2 + T2, .., Yn + Tp)
=y+zx
2. Véiz,y,z€ R", z = (21,22,...,2,) thi ta co:
(x4+y)+z=(x1+y, 22+ Y2,y Tn +Yn)+ (21,22, ..., 2,)
= (21, 2T2,.. ., Tn) + (Y1 + 21,02 + 22, ..., Yn + 2Zn)
=z+(y+2)
3.V6i O = (0,0,...,0) € RV € R", ta cb:
(1,22, ..., 2,)+(0,0,...,0) =(0,0,...,0)+(z1,22,...,2n) = (X1, T2,...,Tp)

4. Tién dé (4) thod man v&i phan tit ddi cia x € R™ la:

—r = (—x1,—T2,...,—Tp)
5. Ta co:
l.e =1(x1,29,...,2,) = (Lxy, Lag, ..., Lz,) = (21,22, ...,T,) =

6. Véia,8 € R,Vxr € R™ ta co:
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a.(f.x) = a.(B.x1,B.xo, ..., 0.2,) = a.0.(x1,T2,...,2,) = a.f.x
7. V6i k € R ta co:
k(z+y) = (k(z1+y1), k(z2 + y2), ... k(@0 + yn))
= (kx1 + kyy, kxo + kya, . .., kxy + kyn)
= (kx1, kxa, ... kxy) + (kyi, kya, - . ., kyn)
= kx + ky
8. Véia; 8 € R,Vxr € R™ ta co:
(a+ B).x=(a+0).(x1,z2,...,2p)
= (.x1, .29, ..., 0.xy) + (B.21, 822, ..., 0.24)
= a.(r1,%2,...,2n) + B(T1, T2, ..., xy)
=a.x+ [B.x
*. Vi du 3: Tap hop cac ma tran vuong cung véi hai phép toan cong
cac ma tran va phép nhan mot s6 thuc véi ma tran dwoc dinh nghia nh
sau:
Cho A = (@ij)nxn, B = (bij)nxn 1& cAc ma tran vuéng cap n, k € R Khi
do:
A+ B = (aij + bij)nxn
kA= (k.aij)nxn

la mot khong gian vecto thue.

*. Vi du 4: Goi P" la tap cac da thitc ¢6 bac nhd hon hodc bang n,

(n 1 s6 nguyén dwong), xac dinh nhu sau:
P,={p | p=ao+ait+ast* + -+ a,t"}

Véi phép cong va phép nhan duoc dinh nghia:
Gid st k € R va p,q € P,, titc la:

p=ao+ait+agt® + -+ apt”

q=bo + bit + bot? + - - + b, t"
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Thi:
p+q=(ag+bo)+ (a1 + b))t + (ag + b)t? + -+ + (an + by)t"

kp = kag + (kay)t + (kao)t* + - - - + (ka, )t"

Ta dé dang kiém tra dwoc tap cac da thitc c6 bac nhé hdn hodc bang n,
cing véi phép cong da thitc va phép nhan da thitc véi mot s6 thue dwoc
dinh nghia nhw trén 14 mot khong gian vecto.

1.3. Mot s6 tinh chit

Cho V 13 mot khong gian vecto trén triwromg K. Khi ay ta co:
(1). Phan ti khong 14 duy nhat.
(2). V6i moi z € V, phan tit ddi cia z 1a duy nhat.
(3). Ve € V ta co: Og.x = Oy.
(4). VA € K ta co: A.0y = 0y.
(5). Ve € V tacod: (—x) =(—1).x
1.4. Khong gian vecto con
e Dinh nghia
Cho V' la mot khong gian vecto trén truong K, W # ¢ 1a mot tap hop
con cia V. Khi &y W duwoc goi 14 mot khéng gian vecto con cida V néu thoa
man hai diéu kién sau day:
(1). Ve,ye Wtaco: z+ye W
(2). Ve e W, VAe Ktaco: Az e W
*. Vidu 1: Tap Msxo chc ma tran vuong cap 2 1a mot khong gian
vecto, bay gid ta xét W 1a tap cAc ma tran cap 2 c6 dang: (2 g) ,a,b € R.

Ta co:
1. W # ¢ (hién nhién).

0 a 0 ¢
2. VéiVA,BEW,tﬁ:cla:A:( >,B:( >thitacé:
b 0 d 0

0 a 0 ¢ 0 a—+c
A+B:( >+( );( >6W
b 0 d 0 b+ d 0
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0 a
3. VéiVAEW,tli’cla:A:<b 0> va A € K ta co:

0 a 0 Aa
A.A:A.( > :( > eWw
b 0 Ab 0

Vay W la mot khong gian con cia Moyo
*. Vi du 2: Xét hé phuwong trinh tuyén tinh thuan nhat m phuwong
trinh » &n s6 & dang ma tran Az =0 . Goi W 1a tap nghiém cia hé. Mai
nghiém 14 mot bo n s6 thwe: x = (21, x9,...,2,) € R™. Nén W C R".

1. W # 6.
2. Gid sit z,y € W, thi:

Alx+y)=Ax+ Ay =0
3. Gid st x € W, \ € R thi:
A(Ax) =0

Vay W dong kin d6i v&i phép todn cong va nhan vdi s6 thue.

Do d6 W la mot khong gian con cua R™

e Dinh ly
Cho V' la mot khong gian vecto trén truong K, W la mot tap hop con
cia V. Khi 4y néu W 1a mot khong gian vecto con cia khoéng gian vecto V

thi W cung 14 mot khong gian vecto trén truong K.
§2. CO' SG VA SO CHIEU
Trong bai nay chiing ta xet V' la mot khong gian vecto trén truong K.
2.1. Doc lap tuyén tinh va phu thudc tuyén tinh

Cho H = {x1,x2,23,... ,2,} la hé (hay con goi la: Tap) gom cac vecto
cia V. Khi 4y ta c6 cac dinh nghia sau:

e TS hop tuyén tinh:
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Vecto y € V dwoc biéu dién duéi dang:

n
y:Zak.xk =21 +asxo+ ...t anxy,, o € K@GE=1,...,n)
k=1

duwoc goi 1a mot t6 hop tuyén tinh cia cac vecto z; € V. Hay con goi vecto
y dwoc bieu dién tuyén tinh qua hé H.

*. Vi du 1: Trong khong gian vecto R, xét cic vecto:

e1 = (1,0,0);e2 =(0,1,0);e3 = (0,0,1) va =z = (2,1, 1)
Ta c6: x =2(1,1,1) = 2(1,0,0) + 1(0,1,0) + 1(0,0, 1)
=21+ l.eg+ 1l.eg

Do d6 x 1a mot t6 hop tuyén tinh cia ey, es, €3

*. Vi du 2: Xéac dinh k sao cho x = (7,—2,k) 14 t6 hop tuyén tinh
cua:

B={u=(23,5),v=(378),w=(1,-61)}
Ta phdi tim k dé cho x c6 thé bicu dién thanh t6 hop tuyén tinh:
x = au+bv+ cw
(7,-2,k) = a(2,3,5) + b(3,7,8) + (1, —6, 1)
(7,—2,k) = (2a+ 3b+ ¢,3a + 7b — 6¢,5a + 8b + ¢)

Ta c6 hé phuong trinh:
20+3b+c=7
3a+Tb—6c=—-2 (%)

ba+8b+c=k

Ta co:
2 3 1,7 2 3 1 7 3 1 7
A(S?ﬁzﬁo;z”fﬁ P | P
5 8 1!k 0 2 —-3'k-32 0 0 'k—15
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20 +3b+c=7
Hé () se twong dwong vGi: { 5b — 15¢ = —25

Oc =k — 15
+ Néu k # 15 thi hé vo nghiém.

+ Néu k = 15 thi hé c¢6 vo s6 nghiém.

Vay Véi k = 15 thi z 1a t6 hop tuyén tinh cia u, v, w

e Doc lap tuyén tinh:

Hé cac vecto H = {x1,x9,23,...,2,} dwoc goi la doc 1ap tuyén tinh

néu:
ar1.x1 +as.x9+ ... tap,.r, =0<= ar =0,Vk=1,...,n

*. Vidu 1:
Hé (B) = {bl = (1’3a4);b2 = (1’3a3);b3 = (1’4’3)} la d@C lép tuyé,n
tinh. That vay, gid sit ta co: ay.b; + as.by + a3.b3 = 0. Khi ay:
a1(1,3,4) + az(1,3,3) + as(1,4,3) = (0,0,0)
<:>(Oé1 + as + ag, 3a1 + 3as + 4as, daq + 3as + 30&3) = (0, 0, 0)

o1 +ax+a3 =0 a; =0
<< 3a; +3as+4a3 =0 <= < as =0
4daq + 3as + 3as =0 az3 =0

*. Vi du 2: Trong khong gian R™ hé vecto B = {e1,ea,...,e,} V6i:

61:<1,0,0,...,0)
62:<0,1,0,...,0)

B 14 doc lap tuyén tinh.
That vay:
Xeét kier + koeg + -+ kpe, =0
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= £1(1,0,0,...,0)4k(0,1,0,...,0)+ - +kn(0,0,0,...,0) = (0,0,...,0)
= (K1, Ko, k) = (0,0...,0)

=ki=k=---=k,=0

Vay {e1,ea,...,e,} 1a doc lap tuyén tinh.

e Phu thudc tuyén tinh:

Hé H = {z1,22,23,... ,2,} khong doc 1ap tuyén tinh dwgce goi 1a phu
thuoc tuyén tinh, c6 nghia 13 ton tai it nhat mot «; # 0,7 = overlinel,n
sao cho:

o1.x1 +as.xs+ ...+ oy, =0

*. Vi du 1: Trong R? hé vector:
B ={x1=(3,-6);22 = (—2,4)} 1a phu thudc tuyén tinh.
That vay:
a1.21 + ag.x9g =0
<—a1(3,—6) + az(—2,4) = (0,0)

< (a1 — 20, —6ax; + daxs) = (0,0)

3:121 — 2LE2 =0
Ta c6 h¢ phwong trinh: ()
—6x1 4+ 429 =0
Co:
det(A) ‘ o2 ‘
(S == —_=
-6 4

() 1& hé phuwong trinh thuin nhdt c¢6 det(A) = 0 nén hé c6 nghiém
khong tam thwong, chdng han 21 = 2,5 = 3.
D6 d6 B da cho 1a phu thudc tuyén tinh.
*. Vi du 2: Trong P; hé vecto B = {p1, p2,p3} voi
p1 =1+ 3z + 322 po = x + 422
p3 = 5 + 62 + 32 py =7+ 2w — 22
B 14 phu thudc tuyén tinh.
That vay: Xet

Ap1 + Aop2 + Azps + Aaps = 0
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Tw do ta c6 he sau
M A3 +TA =0
3AM + A2 +6A3+2X4 =0
3A +4X 4+ 33— =0

Ta co:
1 0 5 7 1 0 5 7
3 1 6 2 — 10 1 -9 -19
3 4 3 -1 0 0 24 55

= 1r(A) =r(A) =3 < 4 (s6 an)

= Heé c6 vo s6 nghiém, nén B phu thuoc tuyén tinh.

e Mot s6 nhan xét
(1). Moi hé con cia hé doc 1ap tuyén tinh cung 1a hé doc lap tuyén
tinh.
(2). Hé gom duy nhat mot vecto M = {z} la phu thudc tuyén tinh
khivachi khiz =0viar=0<=a=0 hay z=0.

2.2. Co sd va s6 chiéu ctda khéng gian vecto

Cho M 13 mot tap hop gom cac vecto cida V. Khi 4y ta c6 cac dinh nghia
sau:

e Hé sinh (tap sinh): Tap M dugc goi la tap sinh cia V (hay tap
M sinh ra V) néu moi vecto ciia V déu dwoc biu thi tuyén tinh qua cac
vecto cia M, va khi tap M gom mot s6 huwu han cic phan ti thi M dwoc
goi 1a tap sinh huu han.

*. Vidu 1:

He (B) = {by = (1,3,4);by = (1,3,3):b3 = (1,4,3)} 1a hé sinh (hiru
han) cia khong gian R3. That vy, véi moi x = (21, 22, 23) € R3, ta co:

T = A1b1 + Aaby + A3bs
o (21,29, 73) = M (1,3,4) + Ma(1,3,3) + As(1,4,3)
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Khi d6 A1, A2, A3 1& nghiém cia hé phwong trinh
A+ X+ A3 =124 A1 =23 — 311
3)\1+3)\2+4)\3:$2 = )\2:7$1—$2—$3
AN + 3X3 + 3)X3 = z3 A3 = To — 311
Ta c6: x = (:L’g — 3:131).51 -+ (7:121 — X9 — LL’3).bQ -+ (LL’Q — 3$1).b3
Do db B 1a hé sinh cia khong gian R3
*. Vi du 2: Trong P? xét hé {B = p1,p2, p3,pa}, VOi:
p1 =142z — 22 ; po = 3 + 22
p3 =5 +4dx — a2 ps = —2+ 2x — 222

Taco: Vp€ Ps; p=ag+a1x+ axx? + azx3, xét:

P = A1p1 + A2p2 + A3ps + A4ps
Ti¢ d6 ta cb he:
)\1 + 3)\2 -+ 5)\3 — 2)\4 = Qo
2)\1 + 4)\3 + 2)\4 = a7
—)\1+)\2—)\3—2)\4:CL2

Hé nay c6 ma tran hé s6 1a

1 3 5 =2
2 0 4 2
-1 1 -1 =2

[N A A [N
va ma tran bo sung la

A= 2 0 4 2|
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1 3 5 =2 ag 1 3 5 =2 ag
A= 2 0 4 2|az|—=]0 -6 —6 6 a; — 2ag
-1 1 -1 —2'a 0 0 0 0 'ax+3a— za0

Ta suy ra r(A) = 2
(A =3)
A =2)
Vay hé B da cho khong sinh ra Ps

néu CL2+%CL1 - %ao #0

r(A
1 M 2, _ 1o —
r neu ag + $a1 — 3a0 =0

e Co sd: Tap M gom huu han cic phan ti dwoc goi 1a cor s& cia V
néu M vira doc lap tuyén tinh vira 1a tap sinh cia V.
*. Vi du: Trong kgong gian vecto R? trén truong s R hé:
(B) = {b1 = (1,3,4);b2 = (1,3,3);b3 = (1,4,3) } 1a mot co sd ctia khong
gian vecto R3.
Ta da biét n6 1a mot hé sinh theo vi du trén. Bay gid ta cin chitng minh
n6 14 mot hé doc lap tuyén tinh.
Xeéet: a1b1 + asbs + azbs =0
= a1(1,3,4) + a2(1,3,3) + az(1,4,3) = (0,0,0)
Khi d6 «aq, ag, a3 1a nghiém cia hé phwong trinh
ay +az +az3=0 a; =0
3o +3as +4a3=0 =< ay =0
4daq + 3as + 3a3 =0 az =0
Nén B la doc lap tuyén tinh.

Vay B la mot co sd cla khong gian vecto R3
Nhan xét: Mot khong gian vecto c6 thé cd nhieu co sd, tuy nhién s6
cAc vecto trong cic co sé la bang nhau.

e SG cac vecto trong mot co sd nao do cia V dwoc goi la s6 chiéu cia
V. K hiéu la: dim(V). Lic nay ta n6i: V 1a mot KGVT c6 s6 chiéu huu

han.
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*. Vi du 1: Trong R™ xét ho vecto B = {ej,ea,...,e,} trong do:

€1 :<1,0,0,...,0)
62:<0,1,0,...,0)

Ho B sinh ra R™ vi moi = (21, 2a,...,7,) € R" ta c6 thé viét:
r=2x1€1 +x0€0 + -+ xp€N
Ho B 1a doc 1ap tuyén tinh, vi ta co:
are; + ages + -+ ane, = (0,0...,0)

a1 =ay=---=qa, =0

Vay dim R™ = n va B la mot co s6.
B dwoc goi 1a co sé& chinh tic cia khong gian vecto R™
*. Vi du 2:

Trong khong gian P, cac da thitc ¢c6 bac nhé hon hay bang n, xét ho:
S={l,z,2%...,2"}

Ho S sinh ra P, vi moi da thitc p ¢6 bac khong 16n hon n déu dugce viét
duéi dang:

p=ap+ax+axi+- - +ax"a; €R

Ho S la doc 1ap tuyén tinh vi:
a1.l + asx + a3x2 + -+ ayr™ =0;Va

a1 =ay=---=qa, =0
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Vay dim(P,) =n+ 1 va S la mdt co s cua P,.

Co s¢ S nay duoc goi 1a co sé chinh tAc cia Py,.
2.3. Toa dd cia mot vecto

e Gid sit B = {e1,€9,...,e,} 1a mot co sd cia V va x € V. Khi ay vi
B 13 co sd cda V nén B la mot hé sinh cida V, do d6 moi vecto cia V deéu

bi¢u thi tuyén tinh qua B. Ta gid si rang:

r=mxy.e1+ T2+ ...+ Tpep, Véix, e K (i=1,...,n)
Khi &y bo n—s6 (x1,x2,...,x,) duoc goi la toa do cla vecto x d6i véi
L1
Z2
co s& B, ky hiéu la: (z)p hay xp. Ta ky hiew: [z]p = | . | va goi la toa
Tn

do cot cla vecto x doi véi co sd B.
*. Vi du:
Trong khong gian vecto R3, cho vecto x = (1,3,7) vd mot co sé cia R3
la
(B) ={b1 = (1,3,4);b2 = (1,3,3); b5 = (1,4,3) }.
Ta c6 biéu dien cia vecto = qua co s¢ B la:

T = Ab1 + Aobsy 4+ A3b3

o (1,3,7) = Mi(1,3,4) + A\a(1,3,3) + A3(1,4,3)
A1+ A+ A3 =1 A =4
=< 3N F+3+4A3=3 =< A=-3
AN + 3N +TA3 =7 A3 =0
Vay toa do cia x d6i vdi co sé (B) la: (z)g = (4, —3,0).
2.3. Hang cia mot hé vecto

e Dinh nghia
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Cho H = {x1,x2,... ,2,»} 1& mot hé vecto trong khong gian vecto V.
Khi ay ta n6i H ¢6 hang 1a k, ky héu la: rank(H), néu nhu trong H ton
tai k vecto doc lap tuyén tinh va moi (k + 1) vecto nao cia H cung déu
phu thudc tuyén tinh.

e Nhan xét

(1). Rank(H) = k khi va chi khi ton tai k vecto cia H doc 1ap tuyén
tinh v& moi vecto cia V deéu biéu thi tuyén tinh qua cac vecto do.

(2). Hang cua H dang bang hang cla ma tran vGi cic hang cia ma
tran nay chinh 1a cac vecto cia H. Do vay ta c6 thé dung phwong phap
bién d6i so cap theo hang (cot) cia ma tran d€ tim hang cia mot hé vecto.

*. Vi du:

Trong khong gian R* cho hé vecto

(H) = {m =(1,0,1,—-2);ho = (1,1,3,—2); hg = (2,1,5, —1); hy = (1, —1, 1,4)}

Khi &y ta ¢6 ma tran lap tir cac vecto cia (H) nhu sau:

1 0 1 -2

1 1 3 =2
A=

2 1 5 -1

1 -1 1 4

Dimng phép bién ddi so cap theo hang cia ma tran ta co:

1 0 1 -2 1 0 1 -2 1 0 1 -2

0O 1 2 01 2 O 0O 1 2
A— N N

0O 1 3 0O 0 1 3 0O 0 1

0O —-1 0 0O 0 2 6 0O 0 O

Vay ta co: rank(H) = 3.
§3. CHUYEN CO SO - MA TRAN CHUYEN CO SO

Mot van dé dwgc dat ra la véi hai co sd cho trude ciia mot khong gian

vecto thi maéi lien hé gitra chting nhu thé nao?. Tt co sd nay ta cd thé tim
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dwoc co sd kia thong qua mot moi quan hé nao d6 hay khong?

Gid st trong khong gian vecto n chiéu V' chiing ta ¢6 hai co s¢ (B) va
(C) nhu sau:

(B) = {blaanb3a cee 7bn}
(C) = {ClaCQaC3a o 7cn}

Vi (B) 1a mot co sé cia V nén moi vecto cia V se dwgc bicu thi tuyén
tinh qua cac vecto cia (B), ma (C) C V nén moi vecto cia (C) cung se
dwoc biéu thi tuyén tinh qua (B). Ching ta gid sit rang:

¢1 = p11-b1 + p21.b2 + p31.b3 + ... + pn1.bn
C2 = p12-b1 + p22.by + p32.b3 + ... + pp2.by
c3 = p13-b1 + pa3.ba + p33.03 + ... + Pr3.bn

Cn = pln-bl +p2n-52 +p3n-b3 + ... +pnn-bn
Mot cach tong quat ta co:
n
¢j=> Pyby ;Vji=Tn
k=1
e Phép bién ddi thé hién ¢ trén goi 1a phép bién ddi co sd tit co sd (B)

sang co s¢ (C) cua khong gian vecto V

Khi d6 ta dat ma tran hé so:

P11 P12 P13 ... Pin

P21 P22 P23 ... DP2n
P = . . . .

Pn1 DPn2 DPn3 o DPnn

e Dinh nghia
Ma tran P dwogc xac dinh & trén goi 14 ma tran chuyén co sd tir co

s¢ (B) sang co s¢ (C).
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*. Vi du:
Trong R3 cho cac co sd sau day:
(B)={by=(1,3,4) ; by=(1,3,3) ; bs=(1,4,3))
(C)={c1=(1,1,1) ; c2=(2,2,0) ; ¢3=(3,0,0)}
Ta biéu dién cac vecto trong co s¢ C qua cd sd B:
+ c1 = Aby 4+ Aabo 4+ A3b3
(17 1, 1) = )‘1(17 374) + )‘2(17 3, 3) + )‘3(1747 3)
Khi d6 A1, A2, A3 1& nghiém cia hé phwong trinh

MA+A+A3=1 A= —2 —9

M+ 3 +4X3=1 = Ao =5 j[cl]]g: 5

AN 43X 4303 =1 Ay = —2 —2
+ Co = )\15/1 + )\/252 + )\gbg

(2,2,0) = X,(1,3,4) + X,(1,3,3) + (1, 4,3)
Khi d6 A}, A5, A5 1a nghiém cua hé phwong trinh

AN+ A+ =2 A =2 -6
ANy + 30, +3)\; =0 Ay = —2 —4
+ Cc3 = )\/1/51 + )\/2/52 + )\gbg

(3,0,0) = N/(1,3,4) + N2(1,3,3) + NI(1,4,3)
Khi d6 AY, \J, A 1a nghiém cua hé phwong trinh

M A+ A5 =1 1=-2 -9
BA 43N 44X =1 = M =5 = [es]p=| 12
AN/ 4+ 30 4+ 30 =11 N =2 —9
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Khi &y ta c6 ma tran chuyén co sd tir (B) sang (C) nhu sau:

-2 -6 -9
P = 5 12 21
-2 -4 -9

va ma tran chuyén co sé tir (C) sang (B) la:

e Nhan xét
(1). Néu x € V thi ching ta c6: [z]g = P.[z]c
(2). Ma tran P kha nghich, nghia 13 ton tai ma tran P~1.
(3). Tur (1) va (2) ta co: [z]c = P71.[z], v&i P! chinh 1a ma tran
chuyén co sd tir co sd (C) sang co s (B).

*. Vi du: Trong R? xét hai co ¢cd B = {u1,us} va B’ = {v1,v2} v6i:
up =1(2,2) ; wue=(4,-1)
vy =(1,3) ; wvy=(-1,-1)

a) Hay tim ma tran chuyén co s¢ P tir B sang B’

b)

c) Cho w = (3,—5), hay tinh ma tran toa do [w]|p va tinh [w]p:

Hay tim ma tran chuyén co sé tir B’ sang B

d) Tinh [w]p: truc tiép va kiém tra lai két qud trén.
Giai:
a) Ta c6 bieu dién cia B’ qua co s¢ B 13
+ V1 = QU1 + Qous
- (1,3) = a1(2,2) + az(4, 1)

2000 +4ap =1 0412% %
Do do: = o, [v1]B = ( _2>

20[1—0[2:3 QQZ?

4 vy = frur + Paus
— (=1,-1) = p1(2,2) + B2(4,-1)
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{2514-452_—1 {51_71 St
Do do: = N [UQ]B = ( >
201 — B2 = —1 B =0 0

Vay ma tran chuyén co sd P tir B sang B’ 1a
13 -1
p— ( 10 2 >
—2
= 0

b) Ma tran chuyén co sé tir B’ sang B 1a

c) Bay gio ta tinh [w]|p va [w]p: ,
w = )\1%1 + )\QUQ
- (3’ _5) = )‘1(2’ 2) + )‘2(4’ _1)
20 +4X =3 A= T
Do do: = — [w]p = (
2M1 — Ay = =5 Ay = £

Mat khac ta co:
0 =5 =17
_ 2 1
[w]B/ZPl-[w]B:(—_lo —_65>( §O>:(
5 10 5

d) Tinh [w]p/ truc tiép

o= (G5) =0 () ()

A =—4

Ta suy ra:
Al — A2 =3
=
5 Ao = —T7

BAp — Ay = —

Vay
o= (%)

§4. KHONG GIAN EUCLID
4.1. Pinh nghia
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e Cho V la mot khong gian vecto, u va v 1a hai vecto cua V. Tich vo

huéng cia u, v 1a mot s6 thue, ki hiéu 1a < u,v >, thod man cac tién dé

sau:
(). <u,u> >0 va <u,u>=0&u=0
(2). <u,v>=<v,u>
3). <utv,w>=<uw>+ < v,w>
(4). <ku,v>= k<u,v>

e Khi do khong gian vecto V' cung véi tich vo hwdng goi la khong gian co
tich vo hwéng. Néu V hwu han chiéu thi V' dwoc goi 1a khong gian Euclid.
*. Vi du 1: Trong khong gian R™, xét hai vecto

u= (U, U2,...,Up), U= (V1,V2,...,0)
Ta dinh nghia tich v6 hwéng nhw sau:
< U, v > = U1 + UV + -+ Uupv, (%)

Khi d6 khong gian R™ ciing véi tich vo huwéng duoc dinh nghia nhuw trén
la mot khong gian Euclid

e Tich vo huéng () goi la tich vo huéng Euclid cia R™.

*. Vi du 2: Trong khong gian vecto cdc ham s6 lién tuc trén [a, b],

thi tich vo huéng cia hai ham f va g c6 thé dinh nghia bdi:

b
<fig>= / f(2)g(x)dx

e V 1a mot khong gian ¢6 tich vo hudng va u € V thi s6 ||u]| duoc xac
dinh bdi :
llul| = v< u,u >
goi 1a dd dai cda vecto u (hay chudn cia u)

*. Vi du: Trong R", u= (u1,us,...,u) ta co

lull = Ju? +u + .2
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goi la do dai Euclid cia u € R™
e B4t ding thitc Cauchy - Schwarz (C - S):
Néu u va v 13 hai vecto trong mot khong gian ¢6 tich vo hudéng thi ta

c6 bat dang thitc Cauchy - Schwarz:
<u,v > < ful]f[v]|

e Dai lwgng ||u — v|| dwgc goi 1a khodng cach giwra hai vecto u , v. Ki
hieu la
d(u,v) = |ju— |
4.2. Tinh truc giao - Qua trinh truc giao hod Gram-Smidt
4.2.1. Dinh nghia
e Trong mot khong gian c6 tich vo hudng, hai vecto u va v goi la truc
giao néuw: < wu,v>=0

*. Vi du: Trong P, xét tich v6 hudng

1
<pa>= [ palo)is
1
Véi: p=2x, q=x>

1 1
<p,q>:/ x.x2dx:/ 23dr =0

-1 -1

Ta co:

Vay hai vecto p, q trong P> la hai vecto truc giao.

e Mot ho vecto trong khong gian c6 tich vo huwéng goi la mot ho truc
giao néu bat ky hai vecto khac nhau nao cia ho cung truc giao.

e Mot ho vecto truc giao trong d6 moi vecto deu co6 chuan la 1 goi 1a
mot ho true chudn.

4.2.2. Qua trinh truc giao hod Gram - Smidt

e Cho uy,us,...,u, cac vecto doc lap tuyén tinh cia khong gian c6 tich
vo huéng V. Khi do6 ta c6 thé xay dung mot hé cac vecto {vy,va,...,v,}

truc giao theo cong thirc sau day:
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Budce 1: Dat
Ui

V] =
[|uall

Buéc 2: Tim vy sao cho ho {vy, v} trire chuan. Ta dat
Vg = Ug + QU1
va tim « sao cho
<wvg,v1 >=0, ticla <wus+avy,vy >=0

= < U,V > Fa<wv,v; >=0

< Ug, V1 >
> a0=——"—"=—< U2,V >
< v1,V1 >
Do do:
Vo = Ug— < U, V1 > V1
it
V2 Uo— < U2, V1 > V1
’U2: =
o2l [luz— < uz,v1 > v

Buée 3: Gid st da xay dung dwoc ho truc chuan
{v1,v9, ..., 051}
Ta xay dung tiép vy d& cho ho
{v1,v9, ..., 0k}

14 ho trirc chudn
Ta dat:
v = U + B1v1 + Bova + -+ Br_1Vk—1
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va tim cac 8, j=1,...,k—1,sao cho

<wvg,v;>=0, j=1,2,..., k-1
=< Uk, Vj >+6j <wj,v; >=0
< Uk, V5 >

6] <0, > yUj = ] y 4y )

Do do6 vy dwoc xac dinh:

Vg = Up— < Uk, V1 > V11— < Uk,V2 >V — - — < Uk, V-1 > Vkp—1

Sau do ta dat:

v Vi Up— < Uk,V1 > V11— < U,V >V — -+ — < Uk, V-1 > Vk—1

k pu— pu—
Hokl]  Jur— < ug,v1 > v1— < up,v2 > V2 — -+ — < Up, Vp—1 > Vg—1|
Tiép tuc qué trinh d6 cho t&ikhi k = n ta dugce ho truwe giao {vy, va, ..., v, }

*. Vi du: Cho trong khong gian Euclid R? ho vecto S = {u1,ua,us},
véi
Uy = (1, 1, 1), Uo = (0, 1, 1), Us = (0, 0, 1)
Hay trirc chuan hoa Gram - Smidt ho vecto {uy,usz, us}
Budce 1: Dat

V1 =

Ml VEFT T

Uy (1,1,1) ( 1 1 1 )

Buéce 2:

Vay:

Budéce 3:
uz— < uU3z,v1 > v1— < U3,V > Vs

V3 =
||U3— <uz,v1 > v1— < ug,vy > UQH
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uz— < uU3z,v1 > v1— < U3,V > Vs

- L (L Ly (2L

w302 -0 )

Vay ta duoc ho vecto trire chuan 1a {vy, ve, v3} véi:

77)
)
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BAI TAP CHUONG II

Bai 1: Khong gian vecto

a) Dat Crla,b] 1a tadp hop cic ham s6 lién tuc tx [a,b] — R

Ta dinh nghia : Vf, g € Cgla,b],Va € R
o(f +9)(x) = f(z) +g(x),Vz € [a,b]
o(af)(z) = af(z),Vz € [a,b]

Chitng minh Cgla, b] 1a khong gian vecto.

b) Tap tat ca cic bo ba s6 thue (z,y, z) véi cac phép tinh
(@, y,2) + (@, y,2) = (e + 2" y+y, 2+ 7)
k(z,y,z):= (kx,y,2)

hoi tap cho trén cé 1a khong gian vecto cia R? khong ?

Bai 2: Cac tap dudi day c¢6 phai la khong gian con cua P3 khong:

a) Cac da thitc ag + a1x + asx? + azz® trong A6 ag =0 ?

b) Cac da thitc ag + a1z + asx? + azz® trong d6 ag + a; + as + a3 = 07

Bai 3:

1. Hay biéu dién vecto x thanh t6 hop tuyén tinh cia u,v, w

a) x = (7,-2,15);u=(2,3,5);v=(3,7,8);w = (1,-6,1)

b) z=(0,0,0,0);u= (4,1,3,-2);v=(1,2,-3,2);w = (16,9,1, —3)

2. Hay biéu dién cac da thitc sau thanh t6 hop tuyén tinh cia
pr=2+4+x+42%ps=1—1x —32%;p3 = 3+ 22 + 5z?

a) 5+ 9x + 52

b) 2 + 622

Bai 4: Xac dinh m sao cho x 1& t6 hop tuyén tinh cia u, v, w:
a) u=(2,3,5);v=1(3,7,8);w=(1,-6,1);x = (7,—2,m)

b) u=(3,2,5);v=1(2,4,7);w = (5,6,m);z = (1,3,5)
c)u=(3,4,2);v=(6,8,7);w=(4,1,m);x = (9,12,1)

Bai 5: 1. Mdi ho vecto duéi day co6 sinh ra R3 khong
a) vy = (1,1,1); vo = (2,2,0); v3 = (3,0,0)
b) V1 = (1,3,3); Vg = (1,3,4); V3 = (1,4,3); Vg4 = (6,2,1)
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2. Hoi cac da thite sau c¢b sinh ra P3 khong
pr=142r—2%2 : py=3+2°
ps=>5+4r—2% ; py=-2+ +2x — 222

Bai 6: Nhung hé vecto sau, hé nao doc 1ap tuyén tinh, hé ndo phu thuoc
tuyén tinh

a) {uy = (1,0,0,2); wuy=(-1,0,2,1); wuz3=(0,0,2,3)}

b) {v1 =(2,1,0,1); vy =(4,2,0,2); wv3=(1,2,5,0)}

c) {w; =(1,2,-1); we=(1,0,-1); w3=(-1,-2,2)}

Bai 7: Tap nao trong P, dudi day 1a phu thudc tuyén tinh
a) 2 —x+4x% 34+ 6x+22% 1+ 10z — 42
b)3+x+2% 2—-x+5x% 4322

c) 1+ 3z + 322  x+42%  5+6x+32% 74+ 2x — a2
Bai 8: Cho X,Y,Z € R"

Pit A= X +Y.B=Y +2,C =7+ X

Néu X,Y, Z doc lap tuyén tinh

Chitng minh A, B, C cung doc lap tuyén tinh.

Bai 9: Cho A, Ay, A — 3 doc lap tuyén tinh trong R™. Chitng minh hé
{Al 4+ Ag, Ay — Ag, Ay + 2A3} doc lap tuyén tinh.

Bai 10: Cho hé {u; = (1,2,3);us = (0,1,1)} trong R?
a) Chitng minh hé {uy,us} doc 1ap tuyén tinh

b) Tim vecto uz d&€ {uy, us, us} doc lap tuyén tinh

Bai 11: Tim m dé cac vecto sau day phu thudc tuyén tinh trong R3
vy = (m, _71, _71),1;2 = (%,m, _71),1)3 = (_71, %,m)

Bai 12: Ho nao dudi day 1a co sd cla R3:

a) (1,0,0) ; (2,2,0) . (3,3,3)

b) (1,6,4) ; (2,4,-1) ; (-1,2,5)

c) (1,0,2) ; (2,1,0)

Bai 13: Ho nao dudi day la co sd trong P,
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a)l—3z+22% ; 14+ax+42® ; 1-—-Tx
b) 1+ + 22 . x4+ a? . x?
c) —4+x+32%2 ; 6+ 5x+ 222 . 844z + 22
Bai 14: Chitng minh hé {uy, us, us, us} véi:
wp = (1,1,0,1);u9 = (2,1,3,1);u5 = (1,1,0,0); us = (0,1, —1, —1)
La co sé cia R*
Tim toa do cua vecto X = (0,0,0,1) trong co s¢ do
Bai 15: Cho {u; = (1,1,0);us = (0,1,3)} trong R? . Hé {uy,us} c6 phai
14 co s¢ clda R? ? Tim vecto us € R® d&€ {uy,us,uz} 14 co sd cia R?
Bai 16: Tim hang cua hé vecto
a) {ur = (1,2,-1,0,0); up = (0,2,3,3,2):u3 = (1,2, —1,0,5); us = (2,6,1,3,7)}
b) {u; = (4,2,0,2);us = (2,—1,—4,7);us = (1,—-2,—-5,8);uy = (—1,3,7,—11)}
c) {ur =(1,2,0);u2 = (0,1,0);us = (—1,—1,0)}
Bai 17: Xac dinh s6 chiéu va mot co sd cia khong gian nghiém cia cac
he sau:
201 + 22 +3x3 =0
a) ¢ 1+ 2wy =0
xo+x3=0
3xr1+x2+x3+714=0
b { ox1 — 2x9 +x3 — 24 =0
Bai 18: Tim mot co sd va s6 chieu cia khong gian con cia R? sinh bdi
cac vecto sau:
a) (1,-1,2); (2,1,3): (—1,5,0)
b) (2,4,1);(3,6,-2); (—1,2,3)
Bai 19: Cho W ={X = (a,a — 20, ,7) : a, 3,7 € R}
1. Chitng minh W 14 khong gian vecto con cia R*

2. Tim mot co sé va so chiéu cia W
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Bai 20: Xét trong R? hai co s¢ B = {uy,us,us} va B’ = {v1,v2,v3}
trong do
up = (—=3,0,—3),us = (—3,2,1),uz = (1,6,—1)
vy = (—6,—6,0),v2 = (—2,—6,4),v3 = (—2,-3,7)

N A ~ \
a) Tim ma tran chuyén co sd tix co s¢ B sang B’

)
b)

c) Cho w = (—5,8,—5), tinh ma tran toa do [w]|p va tinh [w]|p/

N A ~ \
Tim ma tran chuyén co sd tir co s¢ B’ sang co s¢ B

d) Tinh true tiép [w]p: , va kiém tra lai két qua trén.

Bai 21: Lam lai bai 20 v&i
wi=(2,1,1) ; wus=(2,-1,1) : uz=(1,21)
v =(3,1,-5) ; wuy=(1,1,-3) ; wv3=(-1,0,2)

Bai 22: Trong Py xét cic co s¢ B = {p1,p2} , B' ={q1,q2} v6i
p1=6+3r , p2=10+2x
Q=2 ., Q2 =34+ 2x
a) Tim ma tran chuyén co sd tit B’ sang B
b)

c¢) Tinh tric ti€p [p]p va ki€m tra lai két qud trén

Tinh ma tran toa do [p]p véi p = —4 + x r6i suy ra [p|p

d) Tim ma tran chuyen co sd tit B sang B’

Bai 23:

1. V&1 hai ma tran trong My
uyp u2 U1 V2
u = , U=
us Ug V3 Vg
Hay chitng minh rang biéu thitc
< U,V >= U1.V1 + UV2 + U3V3 + U4V4

la mot tich vo hudng.

2. Ap dung dé tinh tich vé huéng clia

()=o)
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Bai 24: Trong P, xét tich vO hudng
< p,q >= apbg + a1b1 + azbs
Chitng minh rang p = 1 — x + 222 v ¢ = 22 + 22 true giao
Bai 25: Chitng minh rang
u; = (1,0,0,1), wus =(-1,0,2,1)
us =(2,3,2,-2), wus=(-1,2,—-1,1)
1a mot ho trurc giao trong R* d6i véi tich vo huéng Euclid

Bai 26: Trong R> xét tich vo hudéng Euclid. Hay truc chuan hod Gram
- smidt cac vecto sau

a)u; = (1,1,1),us = (—1,1,0),uz = (1,2, 1)

b) u; = (1,0,0),us = (3,7,—2),us = (0,4,1)

Bai 27: Trong P, xét tich vO hudng

<pg>= / p(x)q(z)dz

—1

Hay trirc chudn hoa Gram - smidt ho vecto {1, z, z%}

Bai 28: Trong R3 xét tich vo huéng < u,v >= ujv1 + 2ugvs + 3usvs

Hay truc chuan hoa Gram - Smidt ho vecto sau

{u; = (1,1,1,),us = (1,1,0),us = (1,0,0) }
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Chuwong I11
LY THUYET CHUOI
§1. CHUOI SO
1.1. Cac dinh nghia

e Cho mot day vo han cac s6 w1, us, us, ..., Un,... Khi &y biéu thitc
(t6ng vo han):

Ur +ug+us+...+u, +...

o
duoc goi 1a mot chudi s6. Ky hidula: » wu, (L.1)
n=1
e u,, dwoc goi 1a s6 hang thit n (ddi khi ta goi 14 s6 hang t&ng quat)

cia chuoi (1.1)

n
e Ta dat 5, = Zuk =u; +us + ...+ u, va duoc goi la téng riéng
k=1
thit n cia chuoi (1.1)
e Néu day tong riéng {S,} co gi¢i han hiru han khi n — oo, c6 nghia

1a lim S, =S (huwu han) thi ta néi rang chudi (1.1) 14 hoi tu, S dugce goi

n—oo
o0
N A X o N .
13 tong cua chuoi va viét S = E U
n=1

e Mot chudi khong hoi tu dwoc goi 14 chudi phan ky.

*. Vi du:
I 1 ,
Xét chuoi so ;m ta co:
n 1 1 1 1 1
S, = = — 4+ — 4+ —
kzlk(k+1) 2 3 32 T amr
(1 1 1 1 N 1 1 - 1 1
S\l 2 2 3 3 4 n n-+1
o n-+1



Do do ta co:

lim S,, = lim (1— L >:1

n— 00 n— 00 n-+1

1
Vay chuoi da cho 1a hoi tu va ta co: Z —+1) = 1.
n(n

*. Vi du:
o0
Xeét chudi so Z n ta co:

n=1

Sp=>) k=1+243+...4n
k=1
n(n+1)

2

Do do ta co:

n— o0 n— o0 2

lim S,, = lim (M> = +00

Vay chudi da cho 14 phan ky.
2. Diéu kién can dé& chudi s6 hoi tu

e Dinh ly
Néu chubi (1.1) héi tu thi s6 hang tong quat u, phai dan vé 0 khi

n — 0o, c6 nghia la: lim w, = 0.

e Nhan xét
(1). Néu lim w, # 0 thi chudi (1.1) phan ky.
(2). bieu Ti;éor? dugce néu trong dinh 1y chi 1a diéu kién can ma khong
phai 1a diéu kién du c6 nghia 1a néu lim w, = 0 thi chudi (1.1) chwa chéic

~ n—oo
da hoi tu.

*. Vidu 1:
n—1

ta co:
+2

Xeét chudi so Z

n—1
3n + 2

Uy =
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Do do:

n—1
li n = li ===0
s U A 5 2 7&
N ~ 9 X Ao x.oo n_]- ~ N
Theo diéu kié huoi hoi tu = ch han ky.
eo diéu kién can cua chuoi hoi tu = ¢ u01nz_:13n+2p an ky
R | ,
*. Vi du 2: Xét chuoi s6 Z—, ta co:
n:ln
1
Uy = —
n
Do do:
1
lim u, = lim — =0
n— o0 n—oo n
1 .
Nhung Z — phan ky. That vay
n:ln
Ta co:
Spp -Gy =+ 4yt oyttt n 1
S on ~ 2n ' 2n on  2n 2

Néu chuodi s6 hoi tu thi S, Ss, cing dan t&i mot gidi han khi n — oo,

titc 1a lim (Sa, — S,,) = 0, diéu nay mau thuan véi Ss, — S, > %
n—oo
1.3. Mot s8 tinh chdt cia chudi hoi tu

e Tinh chat 1
Néu chuoi Z U, hoi tu v A 1a mot hang sd thi chuoi Z A, cung hoi

n=1 n=1
tu, ngoai ra ta co:
o0 o0
S :A.(Z@
= 3
*. Vi du: Tim tong cda chudi s6 sau o
n=0
1
Ta ¢6 : Z o hoi tu va c6 tong S = 1_1% = 2 (Céap s6 nhan lui
n=0

vO han)
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= 3 =1
= Z;)Q—n: ZQ_:

e Tinh chat 2

oo

Néu chuoi Z Uy VA Z u, hoi tu thi chuoi Z(un + v,) cung hoi tu,

n=1

o
> (un +v3) ZuwZvn
n=1

’ N ~) .
*. Vi du: Tim tong cua chudi so sau

ngoai ra ta co:

o.¢]

> (5 +30)
o 3n 5n
Ta co:
<1 1 3
Z—n hoi tu va c6 S = T =3
—3 1-1 2
<1 1 5
Z—n hoi tu va c6 S = T ==
~5 1-4 4
> /1 1 3 5 11
= — — | = = — - = —
§(3n+5n) Z_: +Z 5177

e Tinh chat 3
Tinh hoi tu hay phan k¥ cia chudi khong thay doi néu nhuwr ta bét di
mot s6 huu han cAc hang tit dau tién cda chudi.
§2. CHUOI SO DUONG

2.1. Dinh nghia

oo

e Chuoi s6 Z u,, dwoc goi 13 chuoi dwong néu nhw: u,, > 0, Vn.

n=1

e Nhan xét
Twong tu nhw chuodi s6 dwong chiing ta cung c6 dinh nghia chuoi s6 Am
o0

(u, < 0,VYn). Tuy nhién, néu chuoi Z Uy, 1& mot chuoi am thi bang cach

n=1
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o

xét chuodi Z(—un) ta se c6 dwoc mot chudi s6 dwong. Do vay, khong mat
n=1

tinh tdng quat ching ta chi can xét dén chubi s6 duong.

2.2. Hai dinh 1y so sanh cta chudi s duwong
e Dinh 1y 1:

o0 o0
Cho hai chudi s6 dwong Z Uy VA Z Un,.

Gid st ta ¢d u, < v,, Vn > No(Ny € N). Khi ay:
o0

o0
(1). Néu chudi » v, hoi tu thi chudi Y u, ciing hoi tu.

n=1 n=1
o0 o0

(2). Néu chudi » ~ u,, phan ky thi chudi » v, cing phan k¥.
n=1 n=1

*. Vi du: Xeét su hoi tu cia chudi sé

n=1
Ta co:
1 < 1 VYn > 1
Uy = < — =, Vn
/n.3n 3n
Ma i i hoi tu
n::l 3n . .

hoi tu.

1
In.3n

o0
[N A~ ’
Theo tiéu chuan so sanh = E
n=1

e Dinh Iy 2:

o0 o0
Cho hai chuo6i s6 dwong E Uy VA E vn,. Gid st ton tai gigi han

lim 2% — K Khi &y:

n—o0 Uy,

o0 o<
(1). Néu K = 0 va chudi Z v, hoi tu thi chuoi Z u,, cung hoi tu.
n=1

n=1

o0 0
(2). Néu 0 < K < +oo thi hai chuoi Z Uy VA Z v, cung hoi tu hodc
n=1 n=1

cung phan ky.
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o o0
(3). Néu K = +oo va chuoi Zvn phan ky thi chudi Zun cung

phan ky.

*. Vi du: Xeét su hoi tu hay phan ky cia chudi s6 sau

> 1
;m(uﬁ)

Ta co:
1 1
ln(l—l——) ~ — khin— o
n n
n 1+
lim <% = lim = lim (n+1) = o0
n—oo Up, n—oo E n—oo
Ma,
1 > 1
S = phinky = Y In (1 n —) phan ki
n=1 n n=1 n

2.3. Cac tiéu chudn dé& xét su hdi tu, phan ky cda chudi s6

duong
o<
Gid sit ta can xét sur hoi tu hay phan ky cda chuoi s6 dwong Z Up
n=1

e Tiéu chudn D’Alembert
S . u .o~ ,
Gia st rang lim "+l _ D, Khi ay ta co:
n—oo Uy,

(1). Néu D > 1 thi chudi da cho phéan ky.
(2). Néu D < 1 thi chudi da cho hoi tu.

*. Vidul:

x n

X x n N K ,

Cho chuoi s6 dwong E — Dung tiéu chuan D’Alembert ta co:
n!

n=1
(n+1)"+!
lim Untl _ lim —(n:nl)!
n—00 Uy, n— o0 =
mn.
_ g (0D e D
n—oo n" (TL -+ 1)' n— 00 nn

70



Vay chuoi da cho l1a phan ky.

*. Vi du 2:
xe x — 1 N7 A .
Cho chuoi s6 dwong Z 3n (1 + ﬁ) Dung tiéu chuan D’Alembert ta
n=1
co:
n+1
(L4 7
n+1 n
lim Untl _ lim i +1n
n—00  Up, n—oo 1 1
Fir
1 n+1
.1 (1 + n+1) le 1
= lim — =--==-x<1
3e 3

Vay chuoi da cho la hoi tu.

Nhan xét: Trong truong hgp D = 1 thi chiing ta chwra thé khang dinh
chuoi da cho 14 hoi tu hay phan ky.

e Tiéu chuan Cauchy
Gid st rang lim u, = C. Khi ay ta co:
n—oo

(1). Néu C > 1 thi chuoi da cho phan ky.
(2). Néu C < 1 thi chuoi da cho hoi tu.

*. Vi du, 1:

Cho chuoi s6 dwon i L Dung tiéu chuan Cauchy ta co:
lim ¥Yuw, = lim 7 3" = lim 3 =0<1
n—oo no n—oo (n + ]_)Tl o n—oo 1 + 1 -

Vay chudi da cho 13 hoi tu.

*. Vi du, 2:
< - et 1 ,
Cho chuoi s6 duwong Z (1 + —) om Dung tiéu chuan Cauchy ta co:
n
n=1
lim i, = i ”(1+1)"2 tim (1+ )nl €1
m Yu, = lim — — = lim — - = —
n— oo n— oo n n—oo n 2 2



Vay chuoi da cho l1a phan ky.

Nhan xét: Trong trong hop C = 1 thi chiing ta chwa thé khing dinh
chuoi da cho 14 hoi tu hay phan ky.

e Tiéu chudn Tich phan
Gid st f(z) 14 mdt ham s6 khong am, khong tang trén khodng [1, +00)

va, f(z) kha tich trén moi doan [1, A], (A > 1). Khi d6:
+o00 0
(1). Néu tich phan [ f(x)dz hdi tu thi chudi s6 Z f(n) hoi tu.
1 n=1
+o00 "
(2). Néu tich phan [ f(z)dz phan ky thi chudisé Y _ f(n) phéan ky.

1 n=1

*. Vi du:

o0
X e 1 e LA i
Cho chuoi s6 duong E —. Ta xét ham so:
n=1 n

N N ~ 7 . . N A ’, A N
Ham s6 nay thod man cac gid thiét cia tiéu chuan tich phan. Ngoai ra ta
co:

+o00

+/Oof(x)dx: / édm
1 1

A
1
= lim —dr= lim (InA—Inl) =400
A—+4o0 €T A—+4o0
1
+ 00

1 . o am
Nhu vay tich phan suy rong / —dx phan ky. Do do6 chuoi so6 da cho
x

1
cung phan ky.

Nhan xét: Trong thuc hanh ching ta thuong dat f(x) = u,, cd nghia
14 chiing ta thay bién n trong s6 hang tong quat cia chudi bang bién x ta

se co6 dwgc ham f(z).

§3. CHUOI CO DAU BAT KI
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3.1. Chu6i dan dau

e Dinh nghia

Chuoi dan dau la chuoi s6 c6 mot trong hai dang sau:

ul—uQ+U3—U4—|—...—|—(—1)"+1un—|—... (31)

hay
—u1—l—uQ—U3—|—U4—...—|—(—1)"un—|—... (32)
trong do ux > 0, Vk.

e Nhan xét

Tt chubi (3.2) chiing ta c6 thé chuyén vé chudi (3.1) va nguoc lai. Do
vay ta chi can xét dén chuoi (3.1)

e Dinh 1y Leibnitz

Cho chu6i dan dau (3.1) va gid sit rang hai diéu kién sau day thod man:
(1) up >ug >us > ... >up > ...
(2). lim uw, =0

n—oo
Khi 4y chudi da cho (3.1) 1a hoi tu va tong cia nd khong viegt qua s6
hang dau tién u;.

*. Vi du:
X ~ = (_1)n+1
Cho chuoi dan dau Z -
n=1 n
dinh 1y Leibnitz nén n6 hoi tu.

. Chudi nay thod man cac diéu kién cia

e Dinh nghia

Mot chuoi dan dau dang (3.1) thod man dinh 1y Leibnitz dwoc goi 1a
chuoi Leibnitz.

3.2. Chudi c6 ddu bat ky - Hoi tu tuyét doi

e Dinh ly

o0 o<
Néu chudi s6 dwong Z |u,| hoi tu thi chudi s6 Z u,, cung hoi tu.

n=1 n=1
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e Nhan xét
(1). Dinh 1y trén chi 14 diéu kién di ma khong phai 1a diéu kién can,
o0
c6 nghia 13 chudi s6 Z u,, hoi tu khong nhat thiét phai can diéu kién chudi
n=1
o0
s6 duwong Z |ty | hOT tu.

n=1

(2). Néu dung tiéu chuan D’Alembert hay tiéu chudn Cauchy ma ta

o0 o0
biét dwgc chudi s6 dwong Z |u,,| phan ky thi ta cung c6 chuoi so Z U,

n=1 n=1
phan ky.
*. Vidu: Xétsu hoitu hay phan k3 cﬁachu6isau§:(—1)"(2n_1)n
° rabd . " A yp y 3n+2
n=1
SRR A N (i -\
Dung tiéu chuan Cauchy xét chuoi Z lun| = Z (3 " 2) , ta co
n
n=1 n=1
2n — 1\n 2n—1 2
i = 1 (2 2) = 1 2,
ite VU= SV Bnr2) TS B2 T3

o0
Suy ra chuoi Z |t | 12 hoi tu.
n=1

Vay chudi da cho 13 hoi tu
e Dinh nghia

Chuoi s6 Zun duge goi 1a hoi tu tuyét ddi néu chuoi s6 dwong

n=1

o0 o0 o0
E |uy] hoi tu. Néu chuoi so E U, hoi tu ma chuoi s6 dwong E [t

n=1 n=1 n=1

o0
phan ky thi chudisé Y ~u, dwgc goi la ban hoi tu.

n=1

§4. CHUOI HAM
4.1. Cac dinh nghia
e Cho mot day vo han cac ham s6 uy(z), us(x), us(x), ... ,u,(x),... Khi
Ay biéu thitc:
up(x) +ug(x) +ug(z) + ...+ uy(z) + ...
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duge goi 1a mot chudi ham. Ky hieula: » un(z) (4.1)

n=1

e u,(z) dwoc goi 1a s8 hang thit n (do6i khi ta goi 14 s6 hang t8ng
quéat) cia chuodi (4.1)

e Ta dat S,(z) = zn:uk(x) =uy(x) +uz(z)+ ...+ uy(x) va dugce goi la
téng riéng thit n cgglchu& (4.1)

e Khi z = z¢p € R thi chuoi ham (4.1) se tré thanh chudi s6 i U (7o),

n=1

néu chuéi s6 nay hoi tu thi zg dwge goi 13 di€m héi tu cda chudi ham
(4.1).

e T4ap hop tat cd cac diem hoi tu cia chudi ham (4.1) dwgc goi 1a mién

hoi tu cda chudi ham (4.1).

e Néu ton tai lim S, (z) = S(z) thi S(x) dwoc goi 1a tong cia chudi
(4.1).

*. Vi du: Tim mién hoi tu ciia chuoi ham sau

=1
Zl+$"

n=1

Ta co:
1

n 1+ 2"
T e 1 G D I X
s

n—oo un(x) n—oo ]_ + xn—l—l

+ Néu|z| <1,tacd lim u,(x)=1#£0

Theo diéu kién can dé chubi hoi tu, suy ra chuoéi da cho la phan ky.
" - 1
+ Néu |z| > 1, tacd lim M:—<1
o n—oo |uy(z)| ||
Neén chuoi da cho 1a hoi tu
+ Néuz =1, taco lim u,(z) =

n—oo

Nén chud6i da cho 14 phan ky.
+ Néu z = —1, thi u,(z) khong x4c dinh khi n 1&

£0

N | —

Vay mién hdi tu cia chuéila D = (1, +00)
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§5. CHUOI LUY THUA
5.1. Dinh nghia

e Chuoi luy thira 14 chudi ham c6 dang:

Zan(az—b)":ao—i—al(x—b)—|—...—|—an(x—b)”-|—... (5.1)

n=0

trong d6: b € R, ar € R (Vk > 0).

e Néu ta didt y=x-b thi chuoi (5.1) se trd thanh chuoi Z any”  (5.2)

n=1

e Ta thay rang moi chuoi luy thira c6 dang (5.1) déu dwa vé dwoc dang
chuoi (5.2). Do vay chiing ta chi cin xét dén chudi (5.2), va khi 4y cac tinh
chit co6 duge cia chuoi (5.1) se duge suy dan tir cAc tinh chit cia chudi
(5.2).

e D& thdy rang chudi (5.2) c6 mot diém hoi tu 1a y = 0 (suy ra, mot
diém hoi tu cda (5.1) 1a x=b). Do vAy mién hdi tu cia cd hai chudi trén
luoén khéic rong.

5.2. Ban kinh héi tu - Khoang hoi tu

e Dinh ly Abel

Néu chuoi luy thira (5.2) hoi tu tai y = yo # 0 thi nd hoi tu tuyét ddi
tai moi y thod man |y| < |yol.

e Hé qua

Néu chuoi luy thira (5.2) phan ki tai y = y; # 0 thi n6 phan ky tai moi
y thod man |y| > |y1].

e Nhan xét

Theo dinh 1§ Abel va hé qud trén thl ton tai mot s6 r > 0 sao cho:

(1). Chuoi (5.2) hoi tu tai moi y thod |y| < r.
(2). Chuoi (5.2) phan ky tai moi y thod |y| > r.
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S6 r nay duwgce goi 1a ban kinh héi tu cia chuodi (5.2). Khi &y khoang
(—r,r) dugc goi 1a khodng hoi tu cia chuoi (5.2). Mién hoi tu cia chuoi
(5.2) 1a hop ciia khodng hoi tu véi cac diém hoi tu cda (5.2) xét tai hai

di€m mut cta khodng hoi tu.
5.2. Quy tdc tim ban kinh héi tu

e Dinh Iy D’Alembert

Intll — D thi ban kinh héi tu ciia (5.2) dwge xac dinh nhu

QA

Néu lim

n—oo

sau:
(1). Néu D =0 thl r = 400 (quy uwéc)
(2). Néu 0 < D < 400 thi r =
(3). Néu D = +oo thi r =0 (quy uéc).
e Dinh 1y Cauchy
Néu lim ¥/|a,| = C thi ban kinh hoi tu cia (5.2) duoc xac dinh nhu
sau: T
(1). Néu C =0 thi r = +oo (quy uée)
(2). Néu 0 < C < 4o0 thi r =5
(3). Néu C = +oo thl r =0 (quy wdc).
5.3. Mot s8 tinh chdt cda chudi luy thira

e Tinh chit 1
Tong S(y) cia chudi luy thira (5.2) 14 mot ham s6 lién tuc trong khodng

hoi tu (—r,7).

e Tinh chat 2
Ta c6 thé 14y tich phan ting s6 hang cia chudi (5.2) trén doan [a, b]

nao dé nam trong khodng hoi tu cia chuoi. C6 nghia la:

b b

/S(y)dyz/ (i aw”) dy

a a
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:/b(a’o)dy"‘/b(aly)dy-l-/b(a2y2)dy+...+/b(any")dy+.__

Y Y Y
/S / ap dt+/ alt dt+
0 0 0

2, A2 3 An  piy1
+ =yt 4.+ +... (5.3
vty 1Y (5.3)

o\c@

Y
(azt?) dt +. +/ (ant™) dt + .
0

Chuoi (5.3) cung 1a chudi luy thira c6 khodng hoi tu 1a (—r, 7).

e Tinh chat 3
Ta c6 thé 14y dao ham ting s6 hang cia chudi (5.2) trong khodng hoi

tu cda chuoi. Co6 nghia la:

/ o0 !
{S(y)] = (Z any"> =ay +2.a0.y +3.a3.y* ...+ nany”t+... (5.4)
n=0

Chuoi (5.4) cung 1a chudi luy thira c6 khodng hoi tu 1a (—r, 7).

*. Vi du: Tim mién hoi tu cia chudi luy thira

> (z+2)"
y e2r —

n=1
Ta co: | |
. Un+1 . n.3" 1
1 =1 — = —=R=3
neo [up| | nieo (n+ 1)3nFL 3

Vay chuoi c6 khodng hoi tu 1a
—d<r+2<3=>-H<r<l1

Véi x = —5 ta co6 chudi

i (= hoi tu

n=1
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Véix =1 ta ¢6 chudi

=1
> — phanky
n
n=1
Vay mieén hdi tu cia chuoila D =[-5,1)
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BAI TAP CHUONG III
Bai 1: Tim s6 hang tong quat cia chudi

Lo+ =4 =+<-+...

o

w

12 7123 1234

3! 5! 7!
24+246 2.4.6.8+
1 1.3 1.3.5
317367360 "

11 1
T 1+ —=+—=+—+.

o

D

Vb V9 VI3
Bai 2: Tim tong riéng va tong (néu cbd)cia cic chudi s6 sau
TP S
1.3 35 57
R I -
' 45 5.6 6.7 n(n+1)
31—+1+ 1+
246 4.6.8  6.8.10
3n? +3n+ 1
4. 5. tg———
§:7ﬁm+&P ;%W6g2+n+1
o0 1 o0
G.ES@ﬂ_l 7.Z}Vn+2—2dn+1+¢@
.35 .3
' 2n ' n2+1
n=0 n=0
1 — n+ 1
10 11.
Zn2—|—3n+2 ;n3—6n2+11n—6
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3n — 14 2n
12. Z :2_1 13. ) —

n=0
14. i 2n5_713n 15. i(—mn;_l
n=1 n=2

\ . \ oS oA A~ X . A ~ 7 . ’ X .
Bai 3: Dung diéu kién can dé chuoiso hoi tu, hay chitng minh cic chudi

sO sau phan ky:

-1 .
1. 7237;_’_2 2. Zsznn

n=0
> 1 . on+1.,1
3.) (- 5 4> (—)"=
n=0 n=1
n > 1
6.
:2ln2n n:l\/__”n_l

> n
1-;m QZW

/14 n\2 Vn+l—-+vn—-1
5 30 (L) Ly
n=1 1+n2 n=1 n%
=1 1 > 1
5. E —sin — 6. E _—
n:lnSln\/H n=1 42" =3
=, on 4 3 =1 n+1
7. 8. —1
712_314"-1—271 ;\/ﬁnn—l

o. Lyl L1y
1112 13 14

241 +22+1 +23+1 N
54+1 52+1 53+1
Bai 5: Dung tiéu chuan tich phan dé xét su hoi tu cla cac chudi sau

1 1
I 99 T 10m19 T 29mag T

1 1 1
2.
2In2Inln2 + 3In3Inln3 + 41In41Inln4 +

10.
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<1

3'T§nlnn
< 151
4.2%

n=2

Bai 5: Dung tiéu chuan D’alembert hay Cauchy, xét su hoi tu cia cac

chudi sau
o0

1 - "
1.y :2 f"l 2.3 1+ %)"%

n=0 n=0
= 3n 41, = n 1
3 4 —tg—
2(571—2) " ;) on)! I 5n
= n" = n?+5
5D 3 6. —5m
n=0 n=1
= (3n+1)! =, 3".(n!)?
7 Z n 2 8 Z
‘= 8".n — (2n)!
=1 1\ = 7. (n!)?
9.5 —(1--) 10
= n n 2n? +2n +1
1.3 ( ) 2.3 ( )
nz_:l 2n + 1 ; 5n? +2n+1
13 i1.3.5....(2n—1)
’ 2n _ |
=  2(n-1)
2 22 23 24
14. 1+2T0+3T0+4T0+
10 102 103
ST TRRCTS
Bai 6: Xét s hoi tu cia cac chudi sau:
= n—+1 > n+1
1. 2. 1) —
nz_:l(—l)" n—n nzjl( )2n2—5
5 > Ty . > 2n—1
20 ) 2 (VG

S
Il
=
=

n—
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o) n2n2
5. Zl(—n —
> n!
) 1"
’ nz_:l( V135 =)
Z x.lnn
24+ n

L Z (xn—’_S?L)n

n:

10. Z sin™

xlnn
x2+n

Bai 8: Tim mién hoi tu cia cac chu01 luy thira sau:

(2 —2)"

2. )
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