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C - HÊ. PHU

.
O
.
NG TRÌNH

§1. MA TRÂ. N

1.1. D- i.nh nghı̃a

• Ma trâ.n cấp m × n (d̄ôi khi còn go. i là co.̃ m × n) là mô. t ba’ng hı̀nh

chu.̃ nhâ. t gò̂m m−hàng, n−cô. t và các phà̂n tu.’ cu’a ma trâ.n d̄u.o..c biê’u diẽ̂n

du.o.́i da.ng sau: 


a11 a12 a13 . . . a1n

a21 a22 a23 . . . a2n

a31 a32 a33 . . . a3n
...

...
... . . .

...

am1 am2 am3 . . . amn




D- ê’ d̄o.n gia’n ta kı́ hiê. u ma trâ. n A cấp m × n nhu. sau: A = (aij)m×n,

trong d̄ó aij là phà̂n tu.’ o.’ hàng thu.́ i và cô. t thu.́ j cu’a ma trâ.n A.

• Nếu các phà̂n tu.’ cu’a ma trâ.n A d̄è̂u nhâ.n giá tri. thu.. c, có nghı̃a là

aij ∈ R, thı̀ ma trâ. n A d̄u.o..c go. i là ma trâ. n thu.. c.

*. Vı́ du. :
A = ( 15 ) là ma trâ. n cấp 1 × 1.

B =




1 4

2 7

5 −3


 là ma trâ. n cấp 3× 2.

A =
(

cos x ln x sin x

sinx + cosx 2 −3

)
là ma trâ. n cấp 2 × 3.

• Ma trâ.n hàng: Ma trâ.n co.̃ 1×n (chı’ có 1 hàng) go. i là ma trâ. n hàng.

*. Vı́ du. : Ma trâ.n ( 1 2 3 4 ) là ma trâ. n hàng (co.̃ 1 × 4).

• Ma trâ.n cô. t: Ma trâ.n co.̃ m× 1 (chı’ có 1 cô. t) go. i là ma trâ. n cô. t.

*. Vı́ du. : Ma trâ.n




2

3

4


 là ma trâ. n cô. t (co.̃ 3 × 1).
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• Ma trâ.n thu.. c gò̂m tấ t ca’ các phà̂n tu.’ bằng 0 d̄u.o..c go. i là ma trâ. n

không.

• Ma trâ.n cấp n × n d̄u.o..c go. i là ma trâ. n vuông cấp n.

• Ma trâ.n d̄o.n vi.: Là ma trâ. n vuông cấp n có các phà̂n tu.’ nằm trên

d̄u.o.̀ng chéo chı́nh bằng 1 và các phà̂n tu.’ nằm ngoài d̄u.o.̀ng chéo chı́nh d̄è̂u

bằng 0, tu.́c là có da.ng: I =




1 0 . . . 0

0 1 . . . 0
...

... . . .
...

0 0 . . . 1


. Ký hiê. u là: In (d̄ôi khi ta

còn ký hiê. u: I).

• Ma trâ.n con: Cho A là ma trâ. n cấp m × n, ta go. i Mij là ma trâ. n

lâ. p d̄u.o..c tu.̀ ma trâ. n A bằng cách bo’ d̄i hàng i và cô. t j, khi d̄ó Mij go. i là

ma trâ. n con cu’a ma trâ.n A u.́ng vo.́i phà̂n tu.’ aij .

*. Vı́ du. : Cho ma trâ.n A =




1 2 3

0 −1 4

3 −2 8




Ta có: M11 =
(−1 4

−2 8

)
; M12 =

(
0 4

3 8

)
; M13 =

(
0 −1

3 −2

)

M21 =
(

2 3

−2 8

)
; M22 =

(
1 3

3 8

)
; M23 =

(
1 2

3 −2

)

M31 =
(

2 3

−1 4

)
; M32 =

(
1 3

0 4

)
; M33 =

(
1 2

0 −1

)

1.2. Các phép biến d̄ô’i so. cấp trên hàng (cô. t) cu’a ma trâ. n

• Các phép biến d̄ô’i sau d̄ây d̄ố i vo.́i hàng (cô. t) cu’a ma trâ.n d̄u.o..c go. i

là các phép biến d̄ô’i so. cấp theo hàng (cô. t) cu’a ma trâ.n:

(1). D- ô’i chô’ hai hàng (cô. t) cu’a ma trâ.n cho nhau.

(2). Nhân tấ t ca’ các phà̂n tu.’ cu’a mô.t hàng (cô. t) cu’a ma trâ.n vo.́i mô. t

số λ 6= 0.

(3). Cô.ng vào mô.t hàng (cô. t) nào d̄ó cu’a ma trâ. n mô.t hàng (cô. t) khác

sau khi d̄ã nhân vo.́i mô. t số λ 6= 0.
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*. Vı́ du. : Cho ma trâ.n A =




1 3 4 −2

−1 2 0 1

2 −2 0 6




Khi d̄ó :

(1) D- ô’i chỗ hàng 1 cho hàng 2 (cô. t 1 cho cô. t 2)ta d̄u.o.c:

B =




−1 2 0 1

1 3 4 −2

2 −2 0 6


 ; B′ =




3 1 4 2

2 −1 0 1

−2 2 0 6




(2) Nhân tấ t ca’ các phà̂n tu.’ cu’a hàng 2 cu’a A cho λ = 2 ta d̄u.o..c:

C = 2.




1 3 4 −2

−1 2 0 1

2 −2 0 6


 =




1 3 4 −2

−2 4 0 2

2 −2 0 6




(3) Cô.ng hàng 1 vào hàng 2 sau khi d̄ã nhân vo.́i λ = 2 cu’a A ta d̄u.o..c:

D =




1 3 4 −2

−1 7 4 0

2 −2 0 6




• D- i.nh nghı̃a: Phà̂n tu.’ khác 0 d̄à̂u tiên cu’a mô.t hàng cu’a ma trâ.n

(d̄u.o..c tı́nh tu.̀ trái sang pha’i) d̄u.o..c go. i là phà̂n tu.’ co. so.’ cu’a hàng d̄ó.

• D- i.nh nghı̃a: Mô.t ma trâ. n d̄u.o..c go. i là ma trâ. n bâ. c thang trên

nếu nó thoa’ mãn các d̄iè̂u kiê. n sau:

(1). Các hàng bằng không o.’ du.o.́i các hàng khác không.

(2). Phà̂n tu.’ co. so.’ cu’a hàng phı́a du.o.́i nằm bên pha’i so vo.́i phà̂n tu.’

co. so.’ cu’a hàng phı́a trên.

*. Vı́ du. :

A =




1 4 8 1

0 2 7 −3

0 0 4 5

0 0 0 0


 ; B =




1 4 0 1 5

0 2 0 −3 3

0 0 4 5 1

0 0 0 2 1




• D- i.nh lý: Mo.i ma trâ. n d̄è̂u có thê’ d̄u.a vè̂ da.ng ma trâ.n bâ. c thang

trên nho.̀ các phép biến d̄ô’i so. cấp theo hàng cu’a ma trâ.n.
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*. Vı́ du.1: Tı̀m ma trâ.n bâ. c thang cu’a ma trâ.n A =




1 2 1 7

1 5 1 10

2 9 3 17




Dùng các phép biến d̄ô’i so. cấp ta có

A −→




1 2 1 7

0 3 0 3

0 5 1 3


 −→




1 2 1 7

0 3 0 3

0 0 1 −2




*. Vı́ du.2: D- u.a ma trâ.n sau vè̂ da.ng ma trâ.n bâ. c thang

A =




2 1 2 4

4 3 −1 0

4 1 2 1

6 −2 0 2




A −→




2 1 2 4

0 1 −5 8

0 −1 −2 −3

0 −5 −6 −10


 −→




2 1 2 4

0 1 −5 8

0 0 −7 5

0 −5 −6 −10




−→




2 1 2 4

0 1 −5 8

0 0 −7 5

0 0 −31 30


 −→




2 1 2 4

0 1 −5 8

0 0 −7 5

0 0 0 55
7




1.3. Các phép toán ma trâ. n

• Hai ma trâ. n bằng nhau:

Cho hai ma trâ. n A = (aij)m×n, B = (bij)p×q. Khi ấy:

A = B ⇐⇒





m = p (số hàng)

n = q (số cô. t)

aij = bij

(Tu.́c là nó cùng cấp và tu.̀ng phà̂n tu.’ tu.o.ng u.́ng bằng nhau.)

*. Vı́ du. :
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A =




1 4 0 1

0 2 7 −5

0 1 4 5


 ; B =




1 4 0 1

0 2 7 −5

0 1 4 5




• Phép cô.ng ma trâ. n:

Tô’ng cu’a hai ma trâ. n cùng cấp A = (aij)m×n, B = (bij)m×n cũng là

ma trâ. n cấp m× n, ký hiê. u là: A + B, d̄u.o..c xác d̄i.nh bo.’ i:

A + B = (aij + bij)m×n

*. Vı́ du. :

A =




1 4 0 1

0 2 7 −5

0 1 4 5


 ; B =




3 7 6 9

0 8 7 2

1 0 2 4




Khi ấy

A + B =




1 + 3 4 + 7 0 + 6 1 + 9

0 + 0 2 + 8 7 + 7 −5 + 2

0 + 1 1 + 0 4 + 2 5 + 4


 =




4 11 6 10

0 10 14 −3

1 1 6 9




• Phép nhân mô. t số vo.́i mô. t ma trâ. n:

Cho ma trâ.n A = (aij)m×n và số λ 6= 0. Khi ấy tı́ch cu’a số λ vo.́i ma

trâ. n A cũng là ma trâ. n cấp m × n, ký hiê. u là: λ.A, d̄u.o..c xác d̄i.nh bo.’ i:

λ.A = (λ.aij)m×n

*. Vı́ du. :

Cho số λ = 5 và ma trâ. n A =
(

1 4 0 1

0 2 7 −5

)
. Khi ấy ta có:

λ.A =
( 5.1 5.4 5.0 5.1

5.0 5.2 5.7 5.(−5)

)
=
( 5 20 0 5

0 10 35 −25

)

• Phép nhân ma trâ. n:

Tı́ch cu’a ma trâ.n A = (aij)m×n vo.́i ma trâ. n B = (bij)n×p là mô. t ma
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trâ. n cấp m × p, ký hiê. u là: A.B, d̄u.o..c xác d̄i.nh bo.’ i:

A.B =
(
cij =

n∑

k=1

aik.bkj

)
m×p

*. Vı́ du. :

Cho hai ma trâ. n A =
( 1 2 3 4

5 6 7 8

)
và B =




9 13

10 14

11 15

12 16


. Khi ấy ta có:

A.B =
( 1.9 + 2.10 + 3.11 + 4.12 1.13 + 2.14 + 3.15 + 4.16

5.9 + 6.10 + 7.11 + 8.12 5.13 + 6.14 + 7.15 + 8.16

)
=
( 110 136

278 339

)

*.Chú ý: D- ê’ hai ma trâ. n nhân d̄u.o..c vo.́i nhau thı̀ số cô. t cu’a ma trâ.n

tru.o.́c pha’i bằng số hàng cu’a ma trâ.n sau.

• Phép chuyê’n vi. ma trâ. n:

Cho ma trâ.n A = (aij)m×n. Khi ấy ma trâ. n chuyê’n vi. cu’a ma trâ.n A là

mô. t ma trâ. n có d̄u.o..c tu.̀ A bằng cách chuyê’n hàng thành cô. t, chuyê’n cô. t

thành hàng theo d̄úng thu.́ tu.. .

Ký hiê. u là: AT . Nhu. vâ. y ta có:

A =




a11 a12 . . . a1n

a21 a22 . . . a2n
...

... . . .
...

am1 am2 . . . amn




m×n

; AT =




a11 a21 . . . am1

a12 a22 . . . am2
...

... . . .
...

a1n a2n . . . amn




n×m

*. Vı́ du. :

Cho ma trâ.n A =




1 2 3 4

5 6 7 8

9 10 11 12


. Khi ấy ta có: AT =




1 5 9

2 6 10

3 7 11

4 8 12




1.4. Mô. t số tı́nh chấ t cu’a phép toán ma trâ. n

• D- i.nh lý 1: Cho các ma trâ. n A, B, C và các số α, β sao cho các phép

toán sau d̄ây d̄u.o..c ta. o thành. Khi ấy ta sẽ có:
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1. A + B = B + A

2. (A + B) + C = A + (B + C)

3. A.(B.C) = (A.B).C

4. (A + B).C = A.C + B.C

5. A.(B + C) = A.B + A.C

6. (α.β).A = α.(β.A)

7. α.(A.B) = (α.A).B = A.(α.B)

8. α.(A + B) = α.A + α.B

9. (α + β).A = α.A + β.A

10. Nói chung, A.B 6= B.A

• D- i.nh lý 2: Cho các ma trâ. n A, B. Khi ấy ta có:

1. (AT )T = A

2. (A + B)T = AT + BT

3. (A.B)T = BT .AT

4. (λ.A)T = λ.AT
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§2. D- I.NH THU
.́
C

• Cho ma trâ.n vuông cấp n có da.ng: A =




a11 a12 . . . a1n

a21 a22 . . . a2n
...

... . . .
...

an1 an2 . . . ann




. Ta

ký hiê. u Mij là ma trâ. n vuông lâ. p tu.̀ ma trâ. n A sau khi d̄ã bo’ d̄i hàng thu.́

i và cô. t thu.́ j cu’a ma trâ.n A và Mij d̄u.o..c go. i là ma trâ. n con cu’a ma trâ.n

A u.́ng vo.́i phà̂n tu.’ aij .

*. Vı́ du. : Cho ma trâ.n A =




1 −2 3

−5 2 7

2 1 −3


. Khi d̄ó ta có:

M11 =
(

2 7

1 −3

)
, M21 =

(−2 3

1 −3

)
, M32 =

(
1 3

−5 7

)
...

2.1. D- i.nh nghı̃a

• D- i.nh thu.́c cu’a ma trâ.n A = (aij)n×n là mô. t số , ký hiê. u là

det(A) =

∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 a13 . . . a1n

a21 a22 a23 . . . a2n

a31 a32 a33 . . . a3n
...

... . . .
...

an1 an2 . . . ann

∣∣∣∣∣∣∣∣∣∣∣∣

và d̄u.o..c xác d̄i.nh nhu. sau:

(1). A là ma trâ. n cấp 1(n = 1):

A = ( a11 ) thı̀ det(A) = a11

(2). A là ma trâ. n cấp 2 (n = 2):

det(A) =
∣∣∣∣
a11 a12

a21 a22

∣∣∣∣ = a11.a22 − a12.a21

= a11. det(M11) − a21. det(M21)

(Chú ý rằng a11 và a12 là các phà̂n tu.’ nằm cùng o.’ hàng 1 cu’a ma trâ.n

A), vân vân, và mô. t cách tô’ng quát,

(3). A là ma trâ. n cấp n (n ≥ 3) thı̀:
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det(A) = a11. det(M11) − a21. det(M21) + a31. det(M31) − . . .+

+ (−1)i+j.aij . det(Mij) + . . . + (−1)n+1.an1. det(Mn1)
(Ngu.o.̀i ta go. i là phép khai triê’n theo hàng 1).

*. Vı́ du. :
∣∣∣∣∣∣∣

1 2 3

4 5 6

7 8 9

∣∣∣∣∣∣∣
= 1.

∣∣∣∣
5 6

8 9

∣∣∣∣− 4.

∣∣∣∣
2 3

8 9

∣∣∣∣+ 7.

∣∣∣∣
2 3

5 6

∣∣∣∣

= 1.(45− 48)− 4.(18− 24) + 7.(12− 15) = 0.

• Tu.o.ng tu.. ta có công thu.́c khai triê’n cu’a d̄i.nh thu.́c theo hàng k nào

d̄ó:

det(A) = (−1)k+1[ak1 det(Mk1)−ak2 det(Mk2)+. . .+(−1)n+1akn det(Mkn)]

*. Vı́ du. 1: Tı́nh d̄i.nh thu.́c sau bằng cách khai triê’n theo hàng 3.

∣∣∣∣∣∣∣

1 −2 0

2 4 −1

2 3 −5

∣∣∣∣∣∣∣
= (−1)3+1

(
2
∣∣∣∣
−2 0

4 −1

∣∣∣∣− 3
∣∣∣∣
1 0

2 −1

∣∣∣∣+ (−5)
∣∣∣∣
1 −2

2 4

∣∣∣∣
)

= 2.(2− 0)− 3.(−1− 0) + 7.(4− 4) = −1.

*. Vı́ du. 2: Tı́nh d̄i.nh thu.́c sau bằng cách khai triê’n theo hàng 4
∣∣∣∣∣∣∣∣∣

2 1 1 1

1 2 1 1

1 1 2 1

a b c d

∣∣∣∣∣∣∣∣∣
= (−1)4+1


a.

∣∣∣∣∣∣∣

1 1 1

2 1 1

1 2 1

∣∣∣∣∣∣∣
− b.

∣∣∣∣∣∣∣

2 1 1

1 1 1

1 2 1

∣∣∣∣∣∣∣
+ c.

∣∣∣∣∣∣∣

2 1 1

1 2 1

1 1 1

∣∣∣∣∣∣∣
− d.

∣∣∣∣∣∣∣

2 1 1

1 2 1

1 1 2

∣∣∣∣∣∣∣




= −a − b − c + 4d

• Chú ý: Trong tru.o.̀ng ho..p n = 3 ta có thê’ dùng quy tắc Sarrus sau

d̄ây:
a11 a12 a13 a11 a12

a21 a22 a23 a21 a22

a31 a32 a33 a31 a32
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Tu.̀ d̄ó ta có:
∣∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣

= a11.a22.a33 + a12.a23.a31 + a13.a21.a32

− a13.a22.a31 − a11.a23.a32 − a12.a21.a33

2.2. Mô. t số tı́nh chấ t cu’a d̄i.nh thu.́c

• Tı́nh chấ t 1:
∣∣A
∣∣ =

∣∣AT
∣∣

*. Vı́ du. : ∣∣∣∣
1 2

3 4

∣∣∣∣ = −2 ,

∣∣∣∣
1 3

2 4

∣∣∣∣ = −2

• Tı́nh chấ t 2: Khi d̄ô’i vi. trı́ cu’a hai hàng (hai cô. t) cho nhau thı̀ d̄i.nh

thu.́c d̄ô’i dấu.

*. vı́ du. : Ta có:
∣∣∣∣
1 3

2 5

∣∣∣∣ = 1.5− 2.3 = −1

D- ô’i chô’ hàng 1 cho hàng 2 ta cũng d̄u.o..c:
∣∣∣∣
2 5

1 3

∣∣∣∣ = 2.3− 1.5 = 1 = −(−1)

• Tı́nh chấ t 3: D- i.nh thu.́c có mô. t hàng (mô.t cô. t) nào d̄ó gò̂m toàn số

0 thı̀ bằng 0.

*. Vı́ du. :
∣∣∣∣∣∣∣

1 2 3

0 0 0

2 7 9

∣∣∣∣∣∣∣
= 0 hay

∣∣∣∣∣∣∣

6 9 0

1 0 0

2 3 0

∣∣∣∣∣∣∣
= 0

• Tı́nh chấ t 4: D- i.nh thu.́c có hai hàng (hai cô. t) ty’ lê. nhau thı̀ bằng 0.
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*. Vı́ du. 1:
∣∣∣∣∣∣∣

m.a m.b m.c

x y z

a b c

∣∣∣∣∣∣∣
= 0 hay

∣∣∣∣∣∣∣

n.a b a

n.x y x

n.t u t

∣∣∣∣∣∣∣
= 0

*. Vı́ du. 2: ∣∣∣∣∣∣∣

1 2 1

2 4 3

3 6 9

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

1 2.1 1

2 2.2 3

3 2.3 9

∣∣∣∣∣∣∣
= 0

• Tı́nh chấ t 5: Nếu nhân mô.t hàng (mô.t cô. t) nào d̄ó cu’a d̄i.nh thu.́c

vo.́i mô. t số λ 6= 0 thı̀ d̄i.nh thu.́c d̄u.o..c nhân lên vo.́i số λ d̄ó.

*. Vı́ du. :
∣∣∣∣
m.a m.b

x y

∣∣∣∣ = m.

∣∣∣∣
a b

x y

∣∣∣∣ hay
∣∣∣∣
n.a t

n.x m

∣∣∣∣ = n.

∣∣∣∣
a t

x m

∣∣∣∣

*. Vı́ du. : ∣∣∣∣
2 3

4 8

∣∣∣∣ =
∣∣∣∣

2 3

4.1 4.2

∣∣∣∣ = 4.

∣∣∣∣
2 3

1 2

∣∣∣∣ = 4

• Tı́nh chấ t 6: D- i.nh thu.́c không thay d̄ô’i nếu ta cô.ng vào mô.t hàng

(mô.t cô. t) nào d̄ó mô. t tô’ ho..p tuyến tı́nh cu’a mô.t số hàng (cô. t) khác.

*. Vı́ du. 1:
∣∣∣∣∣∣∣

a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

(a1 + α.a2 − β.a3) a2 a3

(b1 + α.b2 − β.b3) b2 b3

(c1 + α.c2 − β.c3) c2 c3

∣∣∣∣∣∣∣

*. Vı́ du. 2:
∣∣∣∣∣∣∣

2 1 3

4 5 7

6 1 5

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

2 1 3

4 + (−2).2 5 + (−2).1 7 + (−2).3

6 1 5

∣∣∣∣∣∣∣
= −20

*. Vı́ du. 3:
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∣∣∣∣∣∣∣∣∣

a 1 1 1

1 a 1 1

1 1 a 1

1 1 1 a

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣

a + 3 1 1 1

a + 3 a 1 1

a + 3 1 a 1

a + 3 1 1 a

∣∣∣∣∣∣∣∣∣
= (a + 3).

∣∣∣∣∣∣∣∣∣

1 1 1 1

1 a 1 1

1 1 a 1

1 1 1 a

∣∣∣∣∣∣∣∣∣

= (a + 3).

∣∣∣∣∣∣∣∣∣

1 1 1 1

0 a − 1 0 0

0 0 a − 1 0

0 0 0 a − 1

∣∣∣∣∣∣∣∣∣
= (a + 3).(a− 1)3

• Tı́nh chấ t 7: D- i.nh thu.́c cu’a ma trâ.n tam giác có da.ng du.o.́i d̄ây

d̄u.o..c xác d̄i.nh là:
∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 a13 . . . a1n

0 a22 a23 . . . a2n

0 0 a33 . . . a3n
...

...
... . . .

...

0 0 0 . . . ann

∣∣∣∣∣∣∣∣∣∣∣∣

= a11.a22.a33 . . . ann

∣∣∣∣∣∣∣∣∣∣∣∣

a11 0 0 . . . 0

a21 a22 0 . . . 0

a31 a32 a33 . . . 0
...

...
... . . .

...

an1 an2 an3 . . . ann

∣∣∣∣∣∣∣∣∣∣∣∣

= a11.a22.a33 . . . ann

*. Vı́ du. 1:
∣∣∣∣∣∣∣∣∣

1 2 3 4

0 5 6 −2

0 0 3 1

0 0 0 −2

∣∣∣∣∣∣∣∣∣
= 1.5.3.(−2) = −30
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*. Vı́ du. 2:
∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0

4 3 0 0 0

3 2 −2 0 0

1 0 2 4 0

1 2 5 0 5

∣∣∣∣∣∣∣∣∣∣∣∣

= 1.3.(−2).4.5 = −120

• Tı́nh chấ t 8: Khi tấ t ca’ các phà̂n tu.’ cu’a mô.t hàng (hay mô.t cô. t) có

da.ng tô’ng cu’a hai số ha.ng thı̀ d̄i.nh thu.́c có thê’ phân tı́ch thành tô’ng cu’a

hai d̄i.nh thu.́c. Có nghı̃a là:
∣∣∣∣∣∣∣

a1 a2 a3 + a′
3

b1 b2 b3 + b′3

c1 c2 c3 + c′3

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

a1 a2 a′
3

b1 b2 b′3

c1 c2 c′3

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣

a1 + a′
1 a2 + a′

2 a3 + a′
3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

a′
1 a′

2 a′
3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣

*. Vı́ du. :
∣∣∣∣∣∣∣

2 1 x + y

0 5 x′ + y′

3 2 x′′ + y′′

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

2 1 x

0 5 x′

3 2 x′′

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

2 1 y

0 5 y′

3 2 y′′

∣∣∣∣∣∣∣
= 15(x + y) + 7(x′ + y′) + 10(x′′ + y′′)

§3. MA TRÂ. N NGHI.CH D- A’O

3.1. D- i.nh nghı̃a

• Cho A là mô. t ma trâ. n vuông cấp n. Ma trâ.n B d̄u.o..c go. i là ma trâ. n

nghi.ch d̄a’o cu’a ma trâ.n A (ký hiê. u là: A−1) nếu thoa’ mãn:

A.B = In và B.A = In
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*. Vı́ du. : Cho ma trâ.n

A =
(

2 −1

3 3

)

Xét mô.t ma trâ. n B =
( 3

9
1
9

−3
9

2
9

)

Ta có:

A.B =
(

2 −1

3 3

)
.

( 3
9

1
9

−3
9

2
9

)
=
(

1 0

0 1

)
= I2

B.A =
( 3

9
1
9

−3
9

2
9

)
.

( 2 −1

3 3

)
=
( 1 0

0 1

)
= I2

Vâ.y B chı́nh là ma trâ. n nghi.ch d̄a’o cu’a ma trâ.n A.

• Nếu A tò̂n ta. i ma trâ. n nghi.ch d̄a’o thı̀ ta nói A là ma trâ. n kha’ nghi.ch.

• D- i.nh lý (d̄iè̂u kiê. n tò̂n ta. i ma trâ. n nghi.ch d̄a’o)

D- iè̂u kiê. n cà̂n và d̄u’ d̄ê’ mô. t ma trâ. n A vuông cấp n tò̂n ta. i ma trâ. n

nghi.ch d̄a’o là: det(A) 6= 0.

3.2. Các phu.o.ng pháp tı̀m ma trâ. n nghi.ch d̄a’o

Gia’ su.’ ta cà̂n tı̀m ma trâ.n nghi.ch d̄a’o cu’a A =




a11 a12 . . . a1n

a21 a22 . . . a2n
...

... . . .
...

an1 an2 . . . ann




• Phu.o.ng pháp 1

Ta ký hiê. u Cij = (−1)i+j. det(Mij) và d̄u.o..c go. i là phà̂n phu. d̄a. i số cu’a

phà̂n tu.’ aij . Khi ấy ta có công thu.́c xác d̄i.nh ma trâ.n nghi.ch d̄a’o cu’a ma

trâ.n A nhu. sau:

A−1 =
1

det(A)




C11 C12 . . . C1n

C21 C22 . . . C2n
...

... . . .
...

Cn1 Cn2 . . . Cnn




T
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*. Vı́ du. 1: Gia’ su.’ cho ma trâ.n A =




1 2 3

2 5 3

1 0 8


. Ta có: det(A) =

−1 6= 0. Ngoài ra ta có:

C11 = 40 C12 = −13 C13 = −5

C21 = −16 C22 = 5 C23 = 2

C31 = −9 C32 = 3 C33 = 1

Do d̄ó ta có ma trâ. n nghi.ch d̄a’o cu’a ma trâ.n A nhu. sau:

A−1 =
1
−1




40 −13 −5

−16 5 2

−9 3 1




T

=




40 16 9

13 −5 −3

5 −2 −1




*. Vı́ du. 2: Gia’ su.’ cho ma trâ.n A =




1 −3 4

2 1 1

−1 −2 1




Ta có: det(A) = 0, nên ma trâ.n A không có ma trâ. n nghi.ch d̄a’o.

• Phu.o.ng pháp 2

D- ây là phu.o.ng pháp dùng các phép biến d̄ô’i so. cấp theo hàng cu’a ma

trâ.n d̄ê’ tı̀m ma trâ.n nghi.ch d̄a’o. Nô. i dung cu’a phu.o.ng pháp này là chúng

ta viế t vào bên pha’i cu’a ma trâ.n A mô.t ma trâ. n d̄o.n vi. cùng cấp. Dùng

các phép biến d̄ô’i so. cấp theo hàng (chı’ theo hàng) cu’a ma trâ.n d̄ê’ biến

ma trâ. n sau khi d̄ã ghép (có cấp là: n × 2n) vè̂ mô. t ma trâ. n sao cho ma

trâ.n d̄o.n vi. nằm vè̂ phı́a bên trái và khi ấy phı́a bên pha’i cu’a ma trâ.n này
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chı́nh là ma trâ. n nghi.ch d̄a’o cà̂n tı̀m. Cu. thê’ chúng ta mô ta’ nhu. sau:

A/I =




a11 a12 . . . a1n

a21 a22 . . . a2n
...

... . . .
...

an1 an2 . . . ann

∣∣∣∣∣

1 0 . . . 0

0 1 . . . 0
...

... . . .
...

0 0 . . . 1




−→ . . . . . . . . . biến d̄ô’i . . . . . . . . .

−→ . . . . . . . . . biến d̄ô’i . . . . . . . . .

−→




1 0 . . . 0

0 1 . . . 0
...

... . . .
...

0 0 . . . 1

∣∣∣∣∣

x11 x12 . . . x1n

x21 x22 . . . x2n
...

... . . .
...

xn1 xn2 . . . xnn




Khi ấy ta có:

A−1 =




x11 x12 . . . x1n

x21 x22 . . . x2n
...

... . . .
...

xn1 xn2 . . . xnn




*. Vı́ du. : Tı̀m ma trâ.n nghi.ch d̄a’o cu’a ma trâ.n sau:

A =




1 1 −3

−1 0 2

−3 5 0




Ta có:

A/I =




1 1 −3

−1 0 2

−3 5 0

∣∣∣∣∣

1 0 0

0 1 0

0 0 1


 −→




1 1 −3

0 1 −1

0 8 −9

∣∣∣∣∣

1 0 0

1 1 0

3 0 1




−→




1 1 −3

0 1 −1

0 0 −1

∣∣∣∣∣

1 0 0

1 1 0

−5 −8 1


 −→




1 1 0

0 1 0

0 0 −1

∣∣∣∣∣

16 24 −3

6 9 −1

−5 −8 1



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−→




1 0 0

0 1 0

0 0 −1

∣∣∣∣∣

10 15 −2

6 9 −1

−5 −8 1


 −→




1 0 0

0 1 0

0 0 1

∣∣∣∣∣

10 15 −2

6 9 −1

5 8 −1




Vâ.y:

A−1 =




10 15 −2

6 9 −1

5 8 −1




3.3. Ha.ng cu’a ma trâ. n

• D- i.nh nghı̃a: Ha.ng cu’a mô.t ma trâ. n A là cấp cao nhất cu’a d̄i.nh thu.́c

con khác 0 lâ. p tu.̀ ma trâ. n A. Ký hiê. u là: rank(A) hay r(A)

*. Vı́ du. : Xét ma trâ. n sau

A =




1 −3 4 2

2 1 1 4

−1 −2 1 −2




Các d̄i.nh thu.́c con cấp ba cu’a A là

∣∣∣∣∣∣∣

1 −3 4

2 1 1

−1 −2 1

∣∣∣∣∣∣∣
= 0

∣∣∣∣∣∣∣

1 4 2

2 1 4

−1 1 −2

∣∣∣∣∣∣∣
= 0

∣∣∣∣∣∣∣

−3 4 2

1 1 4

−2 1 −2

∣∣∣∣∣∣∣
= 0

∣∣∣∣∣∣∣

1 −3 2

2 1 4

−1 −2 −2

∣∣∣∣∣∣∣
= 0

Ta có d̄i.nh thu.́c con cấp hai cu’a A là
∣∣∣∣
1 −3

2 1

∣∣∣∣ = 7

Vâ.y r(A) = 2

• Phu.o.ng pháp tı̀m ha.ng cu’a ma trâ. n
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Chúng ta có thê’ dùng d̄i.nh nghı̃a d̄ê’ tı̀m ha.ng cu’a ma trâ.n, tuy nhiên

phu.o.ng pháp này rấ t ha.n chế , nhấ t là khi cấp cu’a ma trâ.n rấ t lo.́n. Vı̀ thế

chúng ta su.’ du.ng phu.o.ng pháp biến d̄ô’i so. cấp cu’a ma trâ.n d̄ê’ tı̀m ha.ng

cu’a ma trâ.n, nô. i dung cu’a phu.o.ng pháp này là chúng ta dùng các phép

biến d̄ô’i so. cấp theo hàng (hoă. c cô. t, hoă. c ca’ hai) cu’a ma trâ.n d̄ê’ d̄u.a ma

trâ. n d̄ó vè̂ da.ng ma trâ. n bâ. c thang thu go.n nhấ t. Khi ấy ha.ng cu’a

ma trâ.n chı́nh là số các hàng khác không (hoă. c số các cô. t khác không, nếu

nho’ ho.n) cu’a ma trâ.n cuố i cùng.

*. Vı́ du 1. :

Cho ma trâ.n A =




1 0 1 −2

1 1 3 −2

2 1 5 −1

1 −1 1 4


 Dùng phép biến d̄ô’i so. cấp theo

hàng cu’a ma trâ.n ta có:

A −→




1 0 1 −2

0 1 2 0

0 1 3 3

0 −1 0 6


 −→




1 0 1 −2

0 1 2 0

0 0 1 3

0 0 2 6


 −→




1 0 1 −2

0 1 2 0

0 0 1 3

0 0 0 0




Vâ.y ta có: rank(A) = 3.

*. Vı́ du. 2: Tı̀m λ d̄ê’ A =




1 2 1

2 λ −2

3 −6 −3


 có ha.ng là 2

Ta có: 


1 2 1

2 λ −2

3 −6 −3


 −→




1 1 2

3 −3 −6

2 −2 λ




−→




1 1 2

0 −6 −12

0 −4 λ − 2


 −→




1 1 2

0 −6 −12

0 0 λ + 6




D- ê’ r(A) = 2 thı̀ λ + 6 = 0 ⇒ λ = −6

Vâ.y vo.́i λ = −6 thı̀ r(A) = 2
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§4. HÊ. PHU
.
O.NG TRÌNH TUYÉ̂N TÍNH

4.1. D- i.nh nghı̃a

• Hê. gò̂m n−â’n số {x1, x2, x3, . . . , xn} và m−phu.o.ng trı̀nh có da.ng:

(4.1)





a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2

. . . . . . . . . . . . . . .

am1x1 + am2x2 + . . . + amnxn = bm

d̄u.o..c go. i là hê. phu.o.ng trı̀nh tuyến tı́nh.

• Nếu chúng ta d̄ă. t

A =




a11 a12 . . . a1n

a21 a22 . . . a2n
...

... . . .
...

am1 am2 . . . amn




; X =




x1

x2
...

xn




; B =




b1

b2
...

bm




thı̀ khi ấy hê. phu.o.ng trı̀nh (4.1) sẽ d̄u.o..c viế t la. i theo da.ng ma trâ.n nhu.

sau: 


a11 a12 . . . a1n

a21 a22 . . . a2n
...

... . . .
...

am1 am2 . . . amn







x1

x2
...

xn




=




b1

b2
...

bm




hay có thê’ viế t go.n là:

A.X = B

• Ma trâ.n A d̄u.o..c go. i là ma trâ. n hê. số , ma trâ. n B d̄u.o..c go. i là ma trâ. n

hê. số tu.. do và X d̄u.o..c go. i là ma trâ. n nghiê.m số o.’ da.ng cô. t.

• Bô. n−số có da.ng X = (α1, α2, . . . , αn) d̄u.o..c go. i là nghiê.m cu’a hê.
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phu.o.ng trı̀nh (4.1) nếu khi thay





x1 = α1

x2 = α2

. . .

xn = αn

vào hê. (4.1) thı̀ chúng ta d̄u.o..c

các d̄ò̂ng nhấ t thu.́c.

• Hê. (4.1) d̄u.o..c go. i là tu.o.ng thı́ch nếu nó có nghiê.m, d̄u.o..c go. i là

không tu.o.ng thı́ch nếu nhu. nó vô nghiê.m, và d̄u.o..c go. i là vô d̄i.nh nếu

nhu. nó có ho.n mô.t nghiê.m.

• Ma trâ.n A có da.ng: A =




a11 a12 . . . a1n

a21 a22 . . . a2n
...

... . . .
...

am1 am2 . . . amn

∣∣∣∣∣

b1

b2
...

bm




d̄u.o..c go. i là

ma trâ. n hê. số bô’ sung cu’a ma trâ.n A.

4.2. D- i.nh lý vè̂ su.. tò̂n ta. i nghiê.m cu’a hê. phu.o.ng trı̀nh

• D- i.nh lý: Hê. (4.1) là tu.o.ng thı́ch khi và chı’ khi rank(A) = rank(A).

• Nhâ.n xét:

(1). Nếu rank(A) 6= rank(A) thı̀ hê. (4.1) vô nghiê.m.

(2). Nếu rank(A) = rank(A) = n thı̀ hê. (4.1) có nghiê.m duy nhất.

(3). Nếu rank(A) = rank(A) < n thı̀ hê. (4.1) có vô số nghiê.m.

*. Vı́ du. 1: Tı̀m m d̄ê’ hê. sau có nghiê.m.




x1 + 2x2 − x3 + 4x4 = 2

2x1 − x2 + x3 + x4 = 1

x1 + 7x2 − 4x3 + 11x4 = m

Ta có:
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A =




1 2 −1 4

2 −1 1 1

1 7 −4 11

∣∣∣∣∣

2

1

m


 −→




1 2 −1 4

0 −5 3 −7

1 7 −4 11

∣∣∣∣∣

2

−3

m




−→




1 2 −1 4

0 −5 3 −7

0 5 −3 7

∣∣∣∣∣

2

−3

m − 2


 −→




1 2 −1 4

0 −5 3 −7

0 0 0 0

∣∣∣∣∣

2

−3

m − 5




D- ê’ hê. có nghiê.m thı̀: r(A) = r(A)

Mà theo trên thı̀ r(A) = 2 ⇒ r(A) = 2

⇐⇒ m − 5 = 0 ⇒ m = 5

Vâ.y vo.́i m = 5 thı̀ hê. phu.o.ng trı̀nh trên có nghiê.m.

*. Vı́ du. 2: Biê.n luâ.n số nghiê.m cu’a phu.o.ng trı̀nh theo tham số a:





ax1 + x2 + x3 = 1

x1 + ax2 + x3 = 1

x1 + x2 + ax3 = 1

Ta có:

A =




a 1 1

1 a 1

1 1 a

∣∣∣∣∣

1

1

1


 −→




1 1 a

1 a 1

a 1 1

∣∣∣∣∣

1

1

1




−→




1 1 a

0 a − 1 1 − a

a 1 1

∣∣∣∣∣

1

0

a


 −→




1 1 a

0 a − 1 1− a

0 0 2− a − a2

∣∣∣∣∣

1

0

1− a




• Nếu: 2 − a − a2 = 0 =⇒ a = 1, a = −2

Khi a =1 thı̀:

A =




1 1 1

0 0 0

0 0 0

∣∣∣∣∣

1

0

0


 =⇒ r(A) = r(A) = 1 < 3

Nên hê. vô d̄i.nh (có vô số nghiê.m).
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Khi a = -2 thı̀:

A =




1 1 −2

0 −3 3

0 0 0

∣∣∣∣∣

1

0

3


 =⇒ r(A) = 2, r(A) = 3

=⇒ r(A) 6= r(A) nên hê. vô nghiê.m.

• Nếu: 2 − a − a2 6= 0 =⇒ a 6= 1 và a 6= −2

=⇒ r(A) = r(A) = 3. Nên hê. có 1 nghiê.m duy nhất.

Vâ. y: - Vo.́i a = 1 thı̀ hê. vô d̄i.nh.

- Vo.́i a = -2 thı̀ hê. vô nghiê.m.

- Vo.́i a 6= 1 và a 6= −2 thı̀ hê. có nghiê.m duy nhất.

4.3. Phu.o.ng pháp gia’ i hê. phu.o.ng trı̀nh tô’ng quát

• Phu.o.ng pháp Gauss: Nô. i dung cu’a phu.o.ng pháp này là chúng ta

dùng các phép biến d̄ô’i so. cấp cu’a hê. phu.o.ng trı̀nh d̄ê’ biến d̄ô’i và loa. i

dà̂n â’n số sao cho hê. phu.o.ng trı̀nh cuố i cùng dê’ dàng thu d̄u.o..c nghiê.m

ho.n. Các phép biến d̄ô’i so. cấp cu’a hê. phu.o.ng trı̀nh gò̂m:

(1). D- ô’i vi. trı́ hai phu.o.ng trı̀nh cho nhau.

(2). Nhân mô.t số λ 6= 0 vào mô.t phu.o.ng trı̀nh.

(3). Cô.ng vào mô.t phu.o.ng trı̀nh cu’a hê. mô. t phu.o.ng trı̀nh khác sau

khi d̄ã nhân vo.́i mô. t số khác 0.

• Nhâ.n xét: Vı̀ các phép biến d̄ô’i so. cấp cu’a hê. phu.o.ng trı̀nh giống

nhu. các phép biến d̄ô’i so. cấp theo hàng cu’a ma trâ.n. Do vâ. y chúng ta có

thê’ dùng các phép biến d̄ô’i theo hàng (chı’ theo hàng) cu’a ma trâ.n d̄ê’

tı̀m nghiê.m cu’a hê. phu.o.ng trı̀nh. Cu. thê’: Dùng các phép biến d̄ô’i so. cấp

theo hàng cu’a ma trâ.n d̄ê’ d̄u.a ma trâ. n hê. số bô’ sung vè̂ da.ng ma trâ.n bâ. c

thang thu go.n nhất, khi ấy ma trâ. n cuố i cùng sẽ cho ta hê. phu.o.ng trı̀nh

tu.o.ng d̄u.o.ng vo.́i hê. phu.o.ng trı̀nh ban d̄à̂u và do d̄ó ta dê’ dàng có d̄u.o..c

nghiê.m cu’a hê. ban d̄à̂u.
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*. Vı́ du. 1: Gia’i hê. phu.o.ng trı̀nh:




2x1 + 4x2 + 3x3 = 4

3x1 + x2 − 2x3 = −2

4x1 + 11x2 + 7x3 = 7

Ta có:

A =




2 4 3

3 1 −2

4 11 7

∣∣∣∣∣

4

−2

7


 −→




2 4 3

3 1 −2

0 29 29

∣∣∣∣∣

4

−2

29




−→




2 4 3

0 10 13

0 29 29

∣∣∣∣∣

4

16

29


 −→




2 4 3

0 10 13

0 0 87

∣∣∣∣∣

4

16

174




Nhu. vâ. y ta có:




2x1 + 4x2 + 3x3 = 4

10x2 + 13x3 = 16

87x3 = 174

⇐⇒





x1 = 1

x2 = −1

x3 = 2

*. Vı́ du. 2: Gia’i hê. phu.o.ng trı̀nh sau:




3x1 − 5x2 + 2x3 + 4x4 = 2

7x1 − 4x2 + x3 + 3x4 = 5

5x1 − 7x2 − 4x3 − 6x4 = 3

Ta có:

A =




3 −5 2 4

7 −4 1 3

5 −7 −4 −6

∣∣∣∣∣

2

5

3


 −→




1 6 −3 −5

7 −4 1 3

5 7 −4 −6

∣∣∣∣∣

−1

5

3




−→




1 6 −3 −5

0 −46 22 38

0 −23 11 19

∣∣∣∣∣

−1

12

8


 −→




1 6 −3 −5

0 −46 22 38

0 0 0 0

∣∣∣∣∣

−1

12

−4




Có: r(A) = 2 và r(A) = 3

=⇒ r(A) 6= r(A)
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Vâ.y hê. phu.o.ng trı̀nh d̄ã cho trên là vô nghiê.m.

*. Vı́ du. 3: Gia’i hê. phu.o.ng trı̀nh sau:





x1 + x2 − 3x3 − 2x4 + 3x5 = 1

2x1 + 2x2 + 4x3 − x4 + 3x5 = 1

3x1 + 3x2 + 5x3 − 2x4 + 3x5 = 1

2x1 + 2x2 + 8x3 − 3x4 + 9x5 = 6

Ta có:

A =




1 1 3 −2 3

2 2 4 −1 3

3 3 5 −2 3

2 2 8 −3 9

∣∣∣∣∣

1

1

1

6


 −→




1 1 3 −2 3

0 0 −2 3 −3

0 0 −4 4 −6

0 0 2 1 3

∣∣∣∣∣

1

0

−2

4




−→




1 1 3 −2 3

0 0 −2 3 −3

0 0 0 −2 0

0 0 0 4 0

∣∣∣∣∣

1

0

−2

4


 −→




1 1 3 −2 3

0 0 −2 3 −3

0 0 0 −2 0

0 0 0 0 0

∣∣∣∣∣

1

0

−2

0




Tất ca’ các d̄i.nh thu.́c con cấp 4 cu’a A = 0

Ta có:

∣∣∣∣∣∣∣

1 3 −2

0 −2 3

0 0 −2

∣∣∣∣∣∣∣
= 4 6= 0 =⇒ r(A) = r(A) = 3

Vâ.y r(A) = r(A) = 3 < 5 = n (số â’n). Nên hê. có vô số nghiê.m.

Hê. d̄ã cho tu.o.ng d̄u.o.ng vo.́i:





x1 + x2 + 3x3 − 2x4 + 3x5 = 1 (1)

−2x3 + 3x4 − 3x5 = 0 (2)

−2x4 = −2 (3)
(3)=⇒ x4 = 1

(2)=⇒ x3 =
3 − 3x5

2

(1)=⇒ x1 =
−2x2 + 3x5 − 3

2
D- ă. t : x2 = s, x5 = t; s, t ∈ R

Ta có: x1 = −s +
3
2
t − 3

2
; x3 =

3
2
− 3

2
t; x4 = 1
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Vâ.y nghiê.m tô’ng quát cu’a hê. phu.o.ng trı̀nh là:

(−s +
3
2
t − 3

2
, s,

3
2
− 3

2
t, 1, t); ∀s, t ∈ R

4.4. Hê. Cramer

• D- i.nh nghı̃a: Hê. phu.o.ng trı̀nh tuyến tı́nh có da.ng:

(4.4)





a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2

. . . . . . . . . . . . . . .

an1x1 + an2x2 + . . . + annxn = bn

và thoa’ mãn d̄iè̂u kiê. n:

det(A) =

∣∣∣∣∣∣∣∣∣∣

a11 a12 . . . a1n

a21 a22 . . . a2n
...

... . . .
...

an1 an2 . . . ann

∣∣∣∣∣∣∣∣∣∣

6= 0

d̄u.o..c go. i là hê. Cramer.

• D- i.nh lý: Hê. Cramer có nghiê.m duy nhất và d̄u.o..c xác d̄i.nh nhu. sau:

xj =
det(Aj)
det(A)

Trong d̄ó A là ma trâ. n các hê. số cu’a hê. , Aj là ma trâ. n suy tu.̀ A bằng

cách thay cô. t thu.́ j bo.’ i cô. t hê. số tu.. do.

• Hê. qua’:

+ Nếu det(A) = det(Aj) = 0, ∀j = 1, n thı̀ hê. vô d̄i.nh

+ Nếu

{
det(A) = 0

∃j, det(Aj) 6= 0
thı̀ hê. vô nghiê.m.

*. Vı́ du. 1: Gia’i hê. phu.o.ng trı̀nh:




2x1 + 4x2 + 3x3 = 4

3x1 + x2 − 2x3 = −2

4x1 + 11x2 + 7x3 = 7
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Ta có:

det(A) =

∣∣∣∣∣∣∣

2 4 3

3 1 −2

4 11 7

∣∣∣∣∣∣∣
= 29

det(A1) =

∣∣∣∣∣∣∣

4 4 3

−2 1 −2

7 11 7

∣∣∣∣∣∣∣
= 29

det(A2) =

∣∣∣∣∣∣∣

2 4 3

3 −2 −2

4 7 7

∣∣∣∣∣∣∣
= −29

det(A3) =

∣∣∣∣∣∣∣

2 4 4

3 1 −2

4 11 7

∣∣∣∣∣∣∣
= 58

Do d̄ó nghiê.m cu’a hê. phu.o.ng trı̀nh là:

x1 = 29
29 = 1; x2 = −29

29 = −1; x3 = 58
29 = 2

*. Vı́ du. 2:

Gia’i và biê. n luâ.n hê. phu.o.ng trı̀nh sau:





(1 + m)x + y + z = 1

x + (1 + m)y + z = m

x + y + (1 + m)z = m2

Ta có:

D =

∣∣∣∣∣∣∣

1 + m 1 1

1 1 + m 1

1 1 1 + m

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

3 + m 1 1

3 + m 1 + m 1

m + 3 1 1 + m

∣∣∣∣∣∣∣

= (m + 3)

∣∣∣∣∣∣∣

1 1 1

1 1 + m 1

1 1 1 + m

∣∣∣∣∣∣∣
= (m + 3)

∣∣∣∣∣∣∣

1 1 1

0 m 0

0 0 m

∣∣∣∣∣∣∣
= m2(m + 3)

+ Nếu D = 0 −→ m = 0 ∨ m = −3

Khi m = 0 ta d̄u.o..c hê.





x + y + z = 1

x + y + z = 0

x + y + z = 0

Ta có:

A =




1 1 1

1 1 1

1 1 1

∣∣∣∣∣

1

0

0


 −→




1 1 1

0 0 0

0 0 0

∣∣∣∣∣

1

−1

−1




1 = r(A) 6= r(A) = 2 nên hê. vô nghiê.m
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Khi m = −3 ta d̄u.o..c hê.





−2x + y + z = 1

x− 2y + z = −3

x + y − 2z = 9

Ta có:

A =




−2 1 1

1 −2 1

1 1 −2

∣∣∣∣∣

1

−3

9


 −→




1 1 −2

1 −2 1

−2 1 1

∣∣∣∣∣

9

−3

1




−→




1 1 −2

0 −3 3

0 3 −3

∣∣∣∣∣

9

−12

19


 −→




1 1 −2

0 −3 3

0 0 0

∣∣∣∣∣

9

−12

7




2 = r(A) 6= r(A) = 3 nên hê. vô nghiê.m.

+ Nếu D 6= 0 ⇒ m 6= 0 ∧ m 6= −3 ⇒ hê. là hê. Cramer có nghiê.m duy

nhất.

Dx =

∣∣∣∣∣∣∣

1 1 1

m 1 + m 1

m2 1 1 + m

∣∣∣∣∣∣∣
= m(2 −m2)

Dy =

∣∣∣∣∣∣∣

1 + m 1 1

1 m 1

1 m2 1 + m

∣∣∣∣∣∣∣
= m(2m − 1)

Dz =

∣∣∣∣∣∣∣

1 + m 1 1

1 1 + m m

1 1 m2

∣∣∣∣∣∣∣
= m(m3 + 2m2 −m − 1)

Vâ.y nghiê.m cu’a hê. là:

x =
Dx

D
=

2 −m2

m(m + 3)
; y =

Dy

D
=

2m − 1
m(m + 3)

; z =
Dz

D
=

m3 + 2m2 −m − 1
m(m + 3)

Kết luâ.n:

+ Nếu m 6= 0 và m 6= −3 hê. có nghiê.m duy nhất.
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x =
2 −m2

m(m + 3)
; y =

2m − 1
m(m + 3)

; z =
m3 + 2m2 − m − 1

m(m + 3)

+ Nếu m = 0 ∨ m = −3 hê. vô nghiê.m.
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4.5. Hê. phu.o.ng trı̀nh thuà̂n nhấ t

• D- i.nh nghı̃a: Hê. phu.o.ng trı̀nh có da.ng:

(4.5)





a11x1 + a12x2 + . . . + a1nxn = 0

a21x1 + a22x2 + . . . + a2nxn = 0

. . . . . . . . . . . . . . .

am1x1 + am2x2 + . . . + amnxn = 0

d̄u.o..c go. i là hê. phu.o.ng trı̀nh tuyến tı́nh thuà̂n nhấ t.

• Nhâ.n xét:

(1). Ta luôn có: rank(A) = rank(A), do vâ. y hê. thuà̂n nhấ t (4.5) luôn

có nghiê.m. Ta cũng thấy ngay rằng: X = (0, 0, . . . , 0) là mô. t nghiê.m cu’a

hê. (4.5). Nghiê.m này d̄u.o..c go. i là nghiê.m tà̂m thu.o.̀ng cu’a hê. .

(2). Hê. (4.5) muốn có nghiê.m không tà̂m thu.o.̀ng thı̀ pha’i có: rank(A) <

n (có nhı̃a là: ha.ng cu’a ma trâ.n nho’ ho.n số â’n cu’a hê. ). D- ă. c biê. t, khi số

phu.o.ng trı̀nh bằng số â’n thı̀ hê. có nghiê.m không tà̂m thu.o.̀ng nếu nhu.

det(A) = 0.

(3). Trong tru.o.̀ng ho..p rank(A) < n thı̀ rank(A) â’n cu’a hê. d̄u.o..c go. i

là â’n co. ba’n và [n− rank(A)] â’n còn la. i d̄u.o..c go. i là â’n không co. ba’n. Các

â’n không co. ba’n có thê’ nhâ.n nhu.̃ng giá tri. tuỳ ý.

(4). Khi cho.n các giá tri. cu. thê’ cho các â’n không co. ba’n ta sẽ thu

d̄u.o..c các giá tri. cu. thê’ cho các â’n co. ba’n và khi ấy ta có d̄u.o..c các nghiê.m

cu’a hê. (4.5). Tâ.p gò̂m rank(A) nghiê.m d̄ô.c lâ. p tuyến tı́nh d̄u.o..c go. i là tâ. p

nghiê.m co. ba’n cu’a hê. (4.5).

*. Vı́ du. 1: Tı̀m hê. nghiê.m co. ba’n cu’a hê. phu.o.ng trı̀nh thuà̂n nhấ t

sau:





x1 + 2x2 − 2x3 + x4 = 0

2x1 + 4x2 + 2x3 − x4 = 0

x1 + 2x2 + 4x3 − 2x4 = 0

4x1 + 8x2 − 2x3 + x4 = 0
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Ta có:

A =




1 2 −2 2

2 4 2 −1

1 2 4 −2

4 8 −2 1

∣∣∣∣∣

0

0

0

0


 −→




1 2 −2 2

0 0 6 −3

0 0 6 −3

0 0 6 −3

∣∣∣∣∣

0

0

0

0




−→




1 2 −2 1

0 0 2 −1

0 0 0 0

0 0 0 0

∣∣∣∣∣

0

0

0

0


 −→

(
1 2 −2 1

0 0 2 −1

∣∣∣∣∣
0

0

)

Hê. d̄ã cho sẽ tu.o.ng d̄u.o.ng vo.́i hê.

{
x1 + 2x2 − 2x3 + x4 = 0

2x3 − x4 = 0
(∗)

Ta cho.n x1, x4 làm â’n co. ba’n

x2, x3 làm â’n không co. ba’n

Khi d̄ó ta có: (∗) ⇐⇒

{
x1 = −2x2

x4 = 2x3

Cho x2 = 1, x3 = 0 ta có nghiê.m cu’a hê. d̄ã cho là: (−2, 1, 0, 0)

Cho x2 = 0, x3 = 1 ta có nghiê.m cu’a hê. d̄ã cho là: (0, 0, 1, 2)

Vâ.y hê. nghiê.m co. ba’n cu’a hê. d̄ã cho là: {(−2, 1, 0, 0) ; (0, 0, 1, 2)}

*. Vı́ du. 2: Vo.́i giá tri. nào cu’a k thı̀ phu.o.ng trı̀nh sau :




3x + y + 10z = 0

2x + y + 5z = 0

x + 4y + 7z = 0

a. Chı’ có nghiê.m tà̂m thu.o.̀ng.

b. Chı’ có nghiê.m không tà̂m thu.o.̀ng.

Gia’i:

Ta có d̄i.nh thu.́c cu’a hê. là: D =

∣∣∣∣∣∣∣

3 1 10

2 k 5

1 4 7

∣∣∣∣∣∣∣
= 11k + 11

a. D- ê’ hê. chı’ có nghiê.m tà̂m thu.o.̀ng thı̀ D 6= 0 ⇐⇒ 11k + 11 6= 0 ⇒ k 6=
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−1

b. Khi D = 0 ⇐⇒ 11k + 11 = 0 ⇒ k = −1 thı̀ ta có: r(A) < 3

⇒ Hê. có vô số nghiê.m nên hê. có nghiê.m không tà̂m thu.o.̀ng.

*. Vı́ du. 3: Tı̀m hê. nghiê.m co. ba’n cu’a hê. phu.o.ng trı̀nh sau:




x1 + x2 + 3x3 − 2x4 + 3x5 = 0

2x1 + 2x2 + 4x3 − x4 + 3x5 = 0

3x1 + 3x2 + 5x3 − x4 + 3x5 = 0

2x1 + 2x2 + 8x3 − 3x4 + 9x5 = 0

Ta có:

A =




1 1 3 −2 3

2 2 4 −1 3

3 3 5 −1 3

2 2 8 −3 9

∣∣∣∣∣

0

0

0

0


 −→




1 1 3 −2 3

0 0 −2 3 −3

0 0 −4 4 −6

0 0 2 1 3

∣∣∣∣∣

0

0

0

0




−→




1 1 3 −2 3

0 0 −2 3 −3

0 0 0 −2 0

0 0 0 4 0

∣∣∣∣∣

0

0

0

0


 −→




1 1 3 −2 3

0 0 −2 3 −3

0 0 0 −2 0

0 0 0 0 0

∣∣∣∣∣

0

0

0

0




Hê. d̄ã cho tu.o.ng d̄u.o.ng vo.́i:





x1 + 2x2 + 3x3 − 2x4 + 3x5 = 0(1)

−2x3 + 3x4 − 3x5 = 0(2)

−2x4 = 0(3)
(3) ⇒ x4 = 0

(2) ⇒ x3 = −3
2 x5

(1) ⇒ x2 = 3
2
x5 − x1

D- ă. t: x1 = s, x5 = t ; s, t ∈ R

Nghiê.m tô’ng quát cu’a hê. là: X = (s, 3
2 t − s, −3

2 t, 0, t)

Ta có: (r(A) = 3, n = 5 ⇒ k = 5− 3 = 2)

Cho.n s = 1, t = 0 ⇒ x1 = (1,−1, 0, 0, 0)

s = 0, t = 1 ⇒ x2 = (0, 3
2 , −3

2 , 0, 1)
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Vâ.y hê. nghiê.m co. ba’n cu’a hê. phu.o.ng trı̀nh là:

{x1 = (1,−1, 0, 0, 0) ; x2 = (0,
3
2
,
−3
2

, 0, 1)}
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BÀI TÂ. P CHU
.
O.NG I

Bài 1: Thu.. c hiê. n các phép tı́nh sau:

a)
(

3 2 1

0 1 2

)
.




1

2

3


, b)




2

1

3


 . ( 1 2 3 ), c)

(
1 1

0 1

)n

Bài 2: Cho A =
(

1 −1 1

2 3 0

)
; B =

(
3 2 −5

1 −4 1

)

1. Tı́nh 2A −B.

2. Tı̀m ma trâ.n chuyê’n vi. cu’a A, B.

3. Tı̀m ma trâ.n X thoa’ A + X = B.

Bài 3: Hãy tı̀m ma trâ.n f(A) vo.́i:

b/ f(x) = x3 + x − 1 và A =
(−3 1

1 3

)

a/f(x) = x2 − 3x + 3 và A =




1 2 3

0 1 1

0 4 −2




Bài 4:

a) Hãy tı̀m tấ t ca’ các ma trâ. n giao hoán vo.́i ma trâ. n A du.o.́i d̄ây.

1) A =
(

1 2

−1 −1

)
; 2) A =




1 0 0

0 1 0

3 1 2




b) Hãy tı̀m tấ t ca’ các ma trâ. n cấp hai có bı̀nh phu.o.ng bằng ma trâ.n

d̄o.n vi..

Bài 5: Tı́nh các d̄i.nh thu.́c sau:

a)
∣∣∣∣
13547 13647

28423 28523

∣∣∣∣ ; b)

∣∣∣∣∣∣∣

246 427 327

1014 543 443

−342 721 621

∣∣∣∣∣∣∣
; c)

∣∣∣∣∣∣∣∣∣

3 1 1 1

1 3 1 1

1 1 3 1

1 1 1 3

∣∣∣∣∣∣∣∣∣
; d)

∣∣∣∣∣∣∣∣∣

1 2 3 4

2 3 4 1

3 4 1 2

4 1 2 3

∣∣∣∣∣∣∣∣∣
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Bài 6: Chu.́ng minh

a)

∣∣∣∣∣∣∣∣∣

a b c 1

b c a 1

c a b 1
b+c
2

c+a
2

a+b
2

1

∣∣∣∣∣∣∣∣∣
= 0

b)

∣∣∣∣∣∣∣

a + b b + c c + a

a1 + b1 b1 + c1 c1 + a1

a2 + b2 b2 + c2 c2 + a2

∣∣∣∣∣∣∣
= 2

∣∣∣∣∣∣∣

a b c

a1 b1 c1

a2 b2 c2

∣∣∣∣∣∣∣

Bài 7: Biế t các số 204, 527, 255 chia cho 17. Chu.́ng minh:

D =

∣∣∣∣∣∣∣

2 0 4

5 2 7

2 5 5

∣∣∣∣∣∣∣
chia hế t cho 17.

Bài 8: Tı̀m ma trâ.n X thoa’ mãn phu.o.ng trı̀nh sau:

a)
(

2 5

1 3

)
X =

(
4 −6

2 1

)

b)




3 1 0

−1 −1 2

1 1 1


X =




1

2

3




Bài 9: Tı́nh ma trâ.n nghi.ch d̄a’o cu’a các ma trâ. n sau:

a) A =




2 1 1

1 2 1

1 1 2


; b) B =




1 1 −3

−1 0 2

−3 5 0


;

Bài 10: Dùng phu.o.ng pháp Gauss - Jordan tı́nh ma trâ.n nghi.ch d̄a’o cu’a

các ma trâ. n sau:

a) A =




1 1 2

2 3 2

1 3 −1


; b) A =




1 −2 1 −1

−1 4 −2 3

2 0 1 3

−2 6 0 5




Bài 11: Chu.́ng minh rằng nếu A là ma trâ. n vuông thoa’ mãn:

A2 − 3A + I = 0 thı̀ A−1 = 3I − A.
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Bài 12: Tı̀m ha.ng cu’a các ma trâ. n sau:

a) A =




1 2 3

2 3 4

3 5 7


; b) A =




1 3 2 0 5

2 6 9 7 12

−2 −5 2 4 5

1 4 8 4 20


;

c) A =




1 3 5 −1

2 −1 −3 4

5 1 −1 7

7 7 9 1


 d) A =




2 −1 3 −2 4

4 −2 5 1 7

2 −1 1 8 2




Bài 13: Xác d̄i.nh ha.ng cu’a ma trâ.n sau theo m

a) A =




3 m 1 2

1 4 7 2

1 10 17 4

4 1 3 3


 b) A =




−1 2 1 −1 1

m −1 1 −1 −1

1 m 0 1 1

1 2 2 −1 1




Bài 14: D- i.nh m d̄ê’ ha.ng cu’a ma trâ.n

a) A =




1 7 17 3

m 4 10 1

3 1 1 4

2 2 4 3


 bằng 2.

b) A =




2 1 0 6 1

3 2 0 0 2

1 2 3 4 0

m −1 2 3 1


 bằng 4.

Bài 15: Gia’i các hê. phu.o.ng trı̀nh sau bằng phu.o.ng pháp Cramer.

a)





x + y + z = 1

x + 2y + 3z = −1

x + 4y + 9z = −9

; b)





2x− y − 2z = 5

4x + y + 2z = 1

8x− y + z = 5

c)





x1 − x2 + x3 = 6

21x + x2 + x3 = 3

x1 + x2 + 2x3 = 5

; d)





x2 − 3x3 + 4x4 = −5

x1 − 2x3 + 3x4 = −4

3x1 + 2x2 − 5x4 = 12

4x1 + 3x2 − 5x3 = 5
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Bài 16: Gia’i các hê. phu.o.ng trı̀nh sau bằng phu.o.ng pháp Gauss.

a)





3x1 − 5x2 + 2x3 + 4x4 = 2

7x1 − 4x2 + x3 + 3x4 = 5

5x1 − 7x2 − 4x3 − 6x4 = 3

; b)





x1 + 2x2 + 3x3 − 2x4 = 6

2x1 − 2x2 − 2x3 − 3x4 = 8

3x1 + 2x2 − x3 + 2x4 = 4

2x1 − 3x2 + 2x3 + x4 = −8

Bài 17: Gia’i và biê. n luâ.n hê. phu.o.ng trı̀nh sau:

a)





mx + y + z = 1

x + my + z = 1

x + y + mz = 1

; b)





x + y + z = 1

ax + by + cz = d

a2x + b2y + c2z = d2

Bài 18: Xác d̄i.nh m d̄ê’ hê.

a)





3x + y − 2z = m

2x + 4y − z = −2

4x− 2y − 3z = 1

có vô số nghiê.m.

b)





2x− y + z = 0

x + y + 2z = 0

5x− y + mz = 0

có nghiê.m không tà̂m thu.o.̀ng.

Bài 19: Chu.́ng to’ hê.





2x − y − z = a

−x + 2y − z = b

−x − y + 2z = c

có nghiê.m khi và chı’ khi a +

b + c = 0.

Xác d̄i.nh tâ.p nghiê.m trong tru.o.̀ng ho..p tu.o.ng thı́ch.

Bài 20: Tı̀m hê. nghiê.m co. ba’n cu’a các hê. phu.o.ng trı̀nh sau.

a)





x1 + 2x2 + 4x3 − 3x4 = 0

3x1 + 5x2 + 6x3 − 4x4 = 0

4x1 + 5x2 − 2x3 + 3x4 = 0

3x1 + 8x2 + 24x3 − 19x4 = 0

; b)





x1 − 2x2 + 3x3 − x4 + 2x5 = 0

−x1 + 2x2 − x3 + x4 − x5 = 0

2x1 − 4x2 + 6x3 − 2x4 + 4x5 = 0

−2x1 + 4x2 − 2x3 + 2x4 − 2x5 = 0
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Chu.o.ng II

KHÔNG GIAN VECTO
.
- KHÔNG GIAN UECLID

§1. KHÔNG GIAN VECTO
.

1.1. Mô. t số d̄i.nh nghı̃a

Cho V là mô. t tâ. p ho..p và K là mô. t tru.o.̀ng. Trên V ta xác d̄i.nh hai phép

toán nhu. sau:

• Phép cô.ng:
+ : V × V −→ V

(x, y) 7−→ x+y

• Phép nhân ngoài:

. : K × V −→ V

(λ, y) 7−→ λ.y

Khi ấy V cùng vo.́i hai phép toán trên d̄u.o..c go. i là mô. t không gian vecto.

trên tru.o.̀ng K (hay go. i tá̆t là không gian vecto.) nếu thoa’ mãn các tı́nh chấ t

sau d̄ây:

(1). x + y = y + x, ∀x, y ∈ V

(2). (x + y) + z = x + (y + z), ∀x, y, z ∈ V

(3). Tò̂n ta. i 0V sao cho: x + 0V = 0V + x = x, ∀x ∈ V

(4). ∀x ∈ V, tò̂n ta. i phà̂n tu.’ (−x) ∈ V sao cho: x + (−x) = 0V

(5). 1K .x = x, ∀x ∈ V

(6). α.(β.x) = (α.β).x, ∀x ∈ V ; ∀α, β ∈ K

(7). α.(x + y) = α.x + α.y, ∀x, y ∈ V ; ∀α ∈ K

(8). (α + β).x = α.x + β.x, ∀x ∈ V ; ∀α, β ∈ K

• Mỗi phà̂n tu.’ cu’a V d̄u.o..c go. i là mô. t vecto..

• Phà̂n tu.’ 0V d̄u.o..c go. i là phà̂n tu.’ không cu’a không gian vecto. V.

• Vo.́i mỗi x ∈ V, phà̂n tu.’ (−x) ∈ V d̄u.o..c go. i là phà̂n tu.’ d̄ố i cu’a x.

• Khi K = R thı̀ V d̄u.o..c go. i là không gian vecto. thu.. c, và khi K = C

thı̀ V d̄u.o..c go. i là không gian vecto. phu.́c.
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1.2. Mô. t số vı́ du.

*. Vı́ du. 1: Tâ.p các số thu.. c R vo.́i hai phép toán cô.ng và nhân thông

thu.o.̀ng giu.̃a các số thu.. c là mô. t không gian vecto. thu.. c.

*. Vı́ du. 2: Xét Rn là tâ. p mà mỗi phà̂n tu.’ là mô. t bô. n số thu.. c có thu.́

tu.. (x1, x2, . . . , xn), còn go. i là mô. t vecto. n thành phà̂n. Xét:

x = (x1, x2, . . . , xn) và y = (y1, y2, . . . , yn)

Phép cô.ng và phép nhân vo.́i tı́ch vô hu.o.́ng d̄u.o..c d̄i.nh nghı̃a nhu. sau:

x + y = (x1 + y1, x2 + y2, . . . , xn + yn)

kx = (kx1, kx2, . . . , kxn), k ∈ R

Ta thấy tâ. p Rn vo.́i phép cô.ng và phép nhân d̄u.o..c d̄i.nh nghı̃a nhu. trên là

mô. t không gian vecto.. Thâ. t vâ. y:

1. x + y = (x1 + y1, x2 + y2, . . . , xn + yn)

= (y1 + x1, y2 + x2, . . . , yn + xn)

= y + x

2. Vo.́i x, y, z ∈ Rn, z = (z1, z2, . . . , zn) thı̀ ta có:

(x + y) + z = (x1 + y1, x2 + y2, . . . , xn + yn) + (z1, z2, . . . , zn)

= (x1, x2, . . . , xn) + (y1 + z1, y2 + z2, . . . , yn + zn)

= x + (y + z)

3.Vo.́i O = (0, 0, . . . , 0) ∈ Rn; ∀x ∈ Rn, ta có:

(x1, x2, . . . , xn)+(0, 0, . . . , 0) = (0, 0, . . . , 0)+(x1, x2, . . . , xn) = (x1, x2, . . . , xn)

4. Tiên d̄è̂ (4) thoa’ mãn vo.́i phà̂n tu.’ d̄ố i cu’a x ∈ Rn là:

−x = (−x1,−x2, . . . ,−xn)

5. Ta có:

1.x = 1(x1, x2, . . . , xn) = (1.x1, 1.x2, . . . , 1.xn) = (x1, x2, . . . , xn) = x

6. Vo.́i α, β ∈ R,∀x ∈ Rn ta có:
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α.(β.x) = α.(β.x1, β.x2, . . . , β.xn) = α.β.(x1, x2, . . . , xn) = α.β.x

7. Vo.́i k ∈ R ta có:

k(x + y) = (k(x1 + y1), k(x2 + y2), . . . , k(xn + yn))

= (kx1 + ky1, kx2 + ky2, . . . , kxn + kyn)

= (kx1, kx2, . . . , kxn) + (ky1, ky2, . . . , kyn)

= kx + ky

8. Vo.́i α; β ∈ R,∀x ∈ Rn ta có:

(α + β).x = (α + β).(x1, x2, . . . , xn)

= (α.x1, α.x2, . . . , α.xn) + (β.x1, β.x2, . . . , β.xn)

= α.(x1, x2, . . . , xn) + β.(x1, x2, . . . , xn)

= α.x + β.x

*. Vı́ du. 3: Tâ.p ho..p các ma trâ. n vuông cùng vo.́i hai phép toán cô.ng

các ma trâ. n và phép nhân mô.t số thu.. c vo.́i ma trâ. n d̄u.o..c d̄i.nh nghı̃a nhu.

sau:

Cho A = (aij)n×n, B = (bij)n×n là các ma trâ. n vuông cấp n, k ∈ R Khi

d̄ó:

A + B = (aij + bij)n×n

k.A = (k.aij)n×n

là mô. t không gian vecto. thu.. c.

*. Vı́ du. 4: Go. i Pn là tâ. p các d̄a thu.́c có bâ. c nho’ ho.n hoă. c bằng n,

(n là số nguyên du.o.ng), xác d̄i.nh nhu. sau:

Pn = {p | p = a0 + a1t + a2t
2 + · · ·+ antn}

Vo.́i phép cô.ng và phép nhân d̄u.o..c d̄i.nh nghı̃a:

Gia’ su.’ k ∈ R và p, q ∈ Pn, tu.́c là:

p = a0 + a1t + a2t
2 + · · · + antn

q = b0 + b1t + b2t
2 + · · · + bntn
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Thı̀:

p + q = (a0 + b0) + (a1 + b1)t + (a2 + b2)t2 + · · · + (an + bn)tn

kp = ka0 + (ka1)t + (ka2)t2 + · · · + (kan)tn

Ta dê’ dàng kiê’m tra d̄u.o..c tâ. p các d̄a thu.́c có bâ. c nho’ ho’n hoă. c bằng n,

cùng vo.́i phép cô.ng d̄a thu.́c và phép nhân d̄a thu.́c vo.́i mô. t số thu.. c d̄u.o..c

d̄i.nh nghı̃a nhu. trên là mô. t không gian vecto..

1.3. Mô. t số tı́nh chấ t

Cho V là mô. t không gian vecto. trên tru.o.̀ng K. Khi ấy ta có:

(1). Phà̂n tu.’ không là duy nhất.

(2). Vo.́i mỗi x ∈ V, phà̂n tu.’ d̄ố i cu’a x là duy nhất.

(3). ∀x ∈ V ta có: 0K .x = 0V .

(4). ∀λ ∈ K ta có: λ.0V = 0V .

(5). ∀x ∈ V ta có: (−x) = (−1).x

1.4. Không gian vecto. con

• D- i.nh nghı̃a

Cho V là mô. t không gian vecto. trên tru.o.̀ng K, W 6= φ là mô. t tâ. p ho..p

con cu’a V. Khi ấy W d̄u.o..c go. i là mô. t không gian vecto. con cu’a V nếu thoa’

mãn hai d̄iè̂u kiê. n sau d̄ây:

(1). ∀x, y ∈ W ta có: x + y ∈ W

(2). ∀x ∈ W, ∀λ ∈ K ta có: λ.x ∈ W

*. Vı́ du. 1: Tâ.p M2×2 các ma trâ. n vuông cấp 2 là mô. t không gian

vecto., bây gio.̀ ta xét W là tâ. p các ma trâ. n cấp 2 có da.ng:
( 0 a

b 0

)
, a, b ∈ R.

Ta có:

1. W 6= φ (hiê’n nhiên).

2. Vo.́i ∀A, B ∈ W , tu.́c là : A =
(

0 a

b 0

)
, B =

(
0 c

d 0

)
thı̀ ta có:

A + B =
(

0 a

b 0

)
+
(

0 c

d 0

)
=
(

0 a + c

b + d 0

)
∈ W
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3. Vo.́i ∀A ∈ W , tu.́c là : A =
( 0 a

b 0

)
và λ ∈ K ta có:

λ.A = λ.

(
0 a

b 0

)
=
(

0 λ.a

λ.b 0

)
∈ W

Vâ.y W là mô. t không gian con cu’a M2×2

*. Vı́ du. 2: Xét hê. phu.o.ng trı̀nh tuyến tı́nh thuà̂n nhấ t m phu.o.ng

trı̀nh n â’n số o.’ da.ng ma trâ.n Ax = 0 . Go. i W là tâ. p nghiê.m cu’a hê. . Mỗi

nghiê.m là mô. t bô. n số thu.. c: x = (x1, x2, . . . , xn) ∈ Rn. Nên W ⊂ Rn.

1. W 6= φ.

2. Gia’ su.’ x, y ∈ W , thı̀:

A(x + y) = Ax + Ay = 0

3. Gia’ su.’ x ∈ W , λ ∈ R thi:

A(λx) = 0

Vâ.y W d̄óng kı́n d̄ố i vo.́i phép toán cô.ng và nhân vo.́i số thu.. c.

Do d̄ó W là mô. t không gian con cu’a Rn

• D- i.nh lý

Cho V là mô. t không gian vecto. trên tru.o.̀ng K, W là mô. t tâ. p ho..p con

cu’a V. Khi ấy nếu W là mô. t không gian vecto. con cu’a không gian vecto. V

thı̀ W cũng là mô. t không gian vecto. trên tru.o.̀ng K.

§2. CO
.
SO

.’ VÀ SÓ̂ CHIÈ̂U

Trong bài này chúng ta xét V là mô. t không gian vecto. trên tru.o.̀ng K.

2.1. D- ô. c lâ. p tuyến tı́nh và phu. thuô.c tuyến tı́nh

Cho H = {x1, x2, x3, . . . , xn} là hê. (hay còn go. i là: Tâ.p) gò̂m các vecto.

cu’a V. Khi ấy ta có các d̄i.nh nghı̃a sau:

• Tô’ ho..p tuyến tı́nh:
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Vecto. y ∈ V d̄u.o..c biê’u diẽ̂n du.o.́i da.ng:

y =
n∑

k=1

αk.xk = α1.x1 + α2.x2 + . . . + αn.xn, αi ∈ K (i = 1, . . . , n)

d̄u.o..c go. i là mô. t tô’ ho..p tuyến tı́nh cu’a các vecto. xi ∈ V. Hay còn go. i vecto.

y d̄u.o..c biê’u diẽ̂n tuyến tı́nh qua hê. H.

*. Vı́ du. 1: Trong không gian vecto. R3, xét các vecto.:

e1 = (1, 0, 0); e2 = (0, 1, 0); e3 = (0, 0, 1) và x = (2, 1, 1)

Ta có: x = 2(1, 1, 1) = 2(1, 0, 0) + 1(0, 1, 0) + 1(0, 0, 1)

= 2.e1 + 1.e2 + 1.e3

Do d̄ó x là mô. t tô’ ho..p tuyến tı́nh cu’a e1, e2, e3

*. Vı́ du. 2: Xác d̄i.nh k sao cho x = (7,−2, k) là tô’ ho..p tuyến tı́nh

cu’a:

B = {u = (2, 3, 5), v = (3, 7, 8), w = (1,−6, 1)}

Ta pha’i tı̀m k d̄ê’ cho x có thê’ biê’u diẽ̂n thành tô’ ho..p tuyến tı́nh:

x = au + bv + cw

(7,−2, k) = a(2, 3, 5) + b(3, 7, 8) + c(1,−6, 1)

(7,−2, k) = (2a + 3b + c, 3a + 7b − 6c, 5a + 8b + c)

Ta có hê. phu.o.ng trı̀nh:




2a + 3b + c = 7

3a + 7b− 6c = −2

5a + 8b + c = k

(∗)

Ta có:

A =




2 3 1

3 7 −6

5 8 1

∣∣∣∣∣

7

−2

k


→




2 3 1

0 5
2

−15
2

0 1
2 −3

2

∣∣∣∣∣

7
−25
2

k − 35
2


→




2 3 1

0 5
2

−15
2

0 0 0

∣∣∣∣∣

7
−25
2

k − 15



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Hê. (∗) sẽ tu.o.ng d̄u.o.ng vo.́i:





2a + 3b + c = 7

5b − 15c = −25

0c = k − 15
+ Nếu k 6= 15 thı̀ hê. vô nghiê.m.

+ Nếu k = 15 thı̀ hê. có vô số nghiê.m.

Vâ.y Vo.́i k = 15 thı̀ x là tô’ ho..p tuyến tı́nh cu’a u, v, w

• D- ô.c lâ. p tuyến tı́nh:

Hê. các vecto. H = {x1, x2, x3, . . . , xn} d̄u.o..c go. i là d̄ô. c lâ. p tuyến tı́nh

nếu:

α1.x1 + α2.x2 + . . . + αn.xn = 0 ⇐⇒ αk = 0, ∀k = 1, . . . , n

*. Vı́ du. 1:

Hê. (B) =
{
b1 = (1, 3, 4); b2 = (1, 3, 3); b3 = (1, 4, 3)

}
là d̄ô. c lâ. p tuyến

tı́nh. Thâ. t vâ. y, gia’ su.’ ta có: α1.b1 + α2.b2 + α3.b3 = 0. Khi ấy:

α1(1, 3, 4) + α2(1, 3, 3) + α3(1, 4, 3) = (0, 0, 0)

⇐⇒(α1 + α2 + α3, 3α1 + 3α2 + 4α3, 4α1 + 3α2 + 3α3) = (0, 0, 0)

⇐⇒





α1 + α2 + α3 = 0

3α1 + 3α2 + 4α3 = 0

4α1 + 3α2 + 3α3 = 0

⇐⇒





α1 = 0

α2 = 0

α3 = 0

*. Vı́ du. 2: Trong không gian Rn hê. vecto. B = {e1, e2, . . . , en} vo.́i:

e1 = (1, 0, 0, . . . , 0)

e2 = (0, 1, 0, . . . , 0)

. . . . . . . . .

en = (0, 0, 0, . . . , 1)

B là d̄ô. c lâ. p tuyến tı́nh.

Thâ. t vâ. y:

Xét k1e1 + k2e2 + · · ·+ knen = 0
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⇒ k1(1, 0, 0, . . . , 0)+k2(0, 1, 0, . . . , 0)+· · ·+kn(0, 0, 0, . . . , 0) = (0, 0, . . . , 0)

⇒ (k1, k2, . . . , kn) = (0, 0 . . . , 0)

⇒ k1 = k2 = · · · = kn = 0

Vâ.y {e1, e2, . . . , en} là d̄ô. c lâ. p tuyến tı́nh.

• Phu. thuô.c tuyến tı́nh:

Hê. H = {x1, x2, x3, . . . , xn} không d̄ô. c lâ. p tuyến tı́nh d̄u.o..c go. i là phu.
thuô.c tuyến tı́nh, có nghı̃a là tò̂n ta. i ı́t nhấ t mô. t αi 6= 0, i = overline1, n

sao cho:

α1.x1 + α2.x2 + . . . + αn.xn = 0

*. Vı́ du. 1: Trong R2 hê. vecto.:

B = {x1 = (3,−6); x2 = (−2, 4)} là phu. thuô.c tuyến tı́nh.

Thâ. t vâ. y:

α1.x1 + α2.x2 = 0

⇐⇒α1(3,−6) + α2(−2, 4) = (0, 0)

⇐⇒ (3α1 − 2α2,−6αx1 + 4αx2) = (0, 0)

Ta có hê. phu.o.ng trı̀nh:

{
3x1 − 2x2 = 0

−6x1 + 4x2 = 0
(∗)

Có:

det(A) =
∣∣∣∣

3 −2

−6 4

∣∣∣∣ = 0

(∗) là hê. phu.o.ng trı̀nh thuà̂n nhấ t có det(A) = 0 nên hê. có nghiê.m

không tà̂m thu.o.̀ng, chă’ng ha.n x1 = 2, x2 = 3.

Dó d̄ó B d̄ã cho là phu. thuô.c tuyến tı́nh.

*. Vı́ du. 2: Trong P2 hê. vecto. B = {p1, p2, p3} vo.́i

p1 = 1 + 3x + 3x2 p2 = x + 4x2

p3 = 5 + 6x + 3x2 p4 = 7 + 2x − x2

B là phu. thuô.c tuyến tı́nh.

Thâ. t vâ. y: Xét

λ1p1 + λ2p2 + λ3p3 + λ4p4 = 0
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Tu.̀ d̄ó ta có hê. sau




λ1 + 5λ3 + 7λ4 = 0

3λ1 + λ2 + 6λ3 + 2λ4 = 0

3λ1 + 4λ2 + 3λ3 − λ4 = 0

Ta có: 


1 0 5 7

3 1 6 2

3 4 3 −1


→




1 0 5 7

0 1 −9 −19

0 0 24 55




⇒ r(A) = r(A) = 3 < 4 (số â’n)

⇒ Hê. có vô số nghiê.m, nên B phu. thuo.c tuyến tı́nh.

• Mô.t số nhâ.n xét

(1). Mo. i hê. con cu’a hê. d̄ô. c lâ. p tuyến tı́nh cũng là hê. d̄ô. c lâ. p tuyến

tı́nh.

(2). Hê. gò̂m duy nhất mô. t vecto. M = {x} là phu. thuô.c tuyến tı́nh

khi và chı’ khi x = 0 vı̀ αx = 0 ⇐⇒ α = 0 hay x = 0.

2.2. Co. so.’ và số chiè̂u cu’a không gian vecto.

Cho M là mô. t tâ. p ho..p gò̂m các vecto. cu’a V. Khi ấy ta có các d̄i.nh nghı̃a

sau:

• Hê. sinh (tâ. p sinh): Tâ.p M d̄u.o..c go. i là tâ. p sinh cu’a V (hay tâ.p

M sinh ra V ) nếu mo. i vecto. cu’a V d̄è̂u d̄u.o..c biê’u thi. tuyến tı́nh qua các

vecto. cu’a M, và khi tâ. p M gò̂m mô.t số hu.̃u ha.n các phà̂n tu.’ thı̀ M d̄u.o..c

go. i là tâ. p sinh hu.̃u ha.n.

*. Vı́ du. 1:

Hê. (B) =
{
b1 = (1, 3, 4); b2 = (1, 3, 3); b3 = (1, 4, 3)

}
là hê. sinh (hu.̃u

ha.n) cu’a không gian R3. Thâ. t vâ. y, vo.́i mo. i x = (x1, x2, x3) ∈ R3, ta có:

x = λ1b1 + λ2b2 + λ3b3

⇔ (x1, x2, x3) = λ1(1, 3, 4) + λ2(1, 3, 3) + λ3(1, 4, 3)
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Khi d̄ó λ1, λ2, λ3 là nghiê.m cu’a hê. phu.o.ng trı̀nh




λ1 + λ2 + λ3 = x1

3λ1 + 3λ2 + 4λ3 = x2

4λ1 + 3λ3 + 3λ3 = x3

⇒





λ1 = x3 − 3x1

λ2 = 7x1 − x2 − x3

λ3 = x2 − 3x1

Ta có: x = (x3 − 3x1).b1 + (7x1 − x2 − x3).b2 + (x2 − 3x1).b3

Do d̄ó B là hê. sinh cu’a không gian R3

*. Vı́ du. 2: Trong P 3 xét hê. {B = p1, p2, p3, p4}, vo.́i:

p1 = 1 + 2x − x2 ; p2 = 3 + x2

p3 = 5 + 4x − x2 ; p4 = −2 + 2x− 2x2

Ta có: ∀p ∈ P3; p = a0 + a1x + a2x
2 + a3x

3, xét:

p = λ1p1 + λ2p2 + λ3p3 + λ4p4

Tu.́ d̄ó ta có hê. :




λ1 + 3λ2 + 5λ3 − 2λ4 = a0

2λ1 + 4λ3 + 2λ4 = a1

−λ1 + λ2 − λ3 − 2λ4 = a2

Hê. này có ma trâ. n hê. số là



1 3 5 −2

2 0 4 2

−1 1 −1 −2




và ma trâ. n bô’ sung là

A =




1 3 5 −2

2 0 4 2

−1 1 −1 −2

∣∣∣∣∣

a0

a1

a2



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Ta có:

A =




1 3 5 −2

2 0 4 2

−1 1 −1 −2

∣∣∣∣∣

a0

a1

a2


→




1 3 5 −2

0 −6 −6 6

0 0 0 0

∣∣∣∣∣

a0

a1 − 2a0

a2 + 2
3a1 − 1

3a0




Ta suy ra r(A) = 2

r(A = 3) nếu a2 + 2
3
a1 − 1

3
a0 6= 0

r(A = 2) nếu a2 + 2
3a1 − 1

3a0 = 0

Vâ.y hê. B d̄ã cho không sinh ra P3

• Co. so.’ : Tâ.p M gò̂m hu.̃u ha.n các phà̂n tu.’ d̄u.o..c go. i là co. so.’ cu’a V

nếu M vu.̀a d̄ô. c lâ. p tuyến tı́nh vu.̀a là tâ. p sinh cu’a V.

*. Vı́ du. : Trong kgông gian vecto. R3 trên tru.o.̀ng số R hê. :

(B) =
{
b1 = (1, 3, 4); b2 = (1, 3, 3); b3 = (1, 4, 3)

}
là mô. t co. so.’ cu’a không

gian vecto. R3.

Ta d̄ã biế t nó là mô. t hê. sinh theo vı́ du. trên. Bây gio.̀ ta cà̂n chu.́ng minh

nó là mô. t hê. d̄ô. c lâ. p tuyến tı́nh.

Xét: α1b1 + α2b2 + α3b3 = 0

⇒ α1(1, 3, 4) + α2(1, 3, 3) + α3(1, 4, 3) = (0, 0, 0)

Khi d̄ó α1, α2, α3 là nghiê.m cu’a hê. phu.o.ng trı̀nh




α1 + α2 + α3 = 0

3α1 + 3α2 + 4α3 = 0

4α1 + 3α2 + 3α3 = 0

⇒





α1 = 0

α2 = 0

α3 = 0

Nên B là d̄ô. c lâ. p tuyến tı́nh.

Vâ. y B là mô. t co. so.’ cu’a không gian vecto. R3

Nhâ.n xét: Mô.t không gian vecto. có thê’ có nhiè̂u co. so.’ , tuy nhiên số

các vecto. trong các co. so.’ là bằng nhau.

• Số các vecto. trong mô.t co. so.’ nào d̄ó cu’a V d̄u.o..c go. i là số chiè̂u cu’a

V. Ký hiê. u là: dim(V ). Lúc này ta nói: V là mô. t KGVT có số chiè̂u hu.̃u

ha.n.
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*. Vı́ du. 1: Trong Rn xét ho. vecto. B = {e1, e2, . . . , en} trong d̄ó:

e1 = (1, 0, 0, . . . , 0)

e2 = (0, 1, 0, . . . , 0)

. . . . . . . . .

ei = (0, . . . , 0, 1, 0, . . . , 0)

. . . . . . . . .

en = (0, 0, . . . , 1)

Ho. B sinh ra Rn vı̀ mo. i x = (x1, x2, . . . , xn) ∈ Rn ta có thê’ viế t:

x = x1e1 + x2e2 + · · ·+ xnen

Ho. B là d̄ô. c lâ. p tuyến tı́nh, vı̀ ta có:

α1e1 + α2e2 + · · · + αnen = (0, 0 . . . , 0)

⇒ α1 = α2 = · · · = αn = 0

Vâ.y dimRn = n và B là mô. t co. so.’ .

B d̄u.o..c go. i là co. so.’ chı́nh tá̆c cu’a không gian vecto. Rn

*. Vı́ du. 2:

Trong không gian Pn các d̄a thu.́c có bâ. c nho’ ho.n hay bằng n, xét ho. :

S = {1, x, x2, . . . , xn}

Ho. S sinh ra Pn vı̀ mo. i d̄a thu.́c p có bâ. c không lo.́n ho.n n d̄è̂u d̄u.o..c viế t

du.o.́i da.ng:

p = a0 + a1x + a2x
2 + · · ·+ anxn; ai ∈ R

Ho. S là d̄ô. c lâ. p tuyến tı́nh vı̀:

α1.1 + α2x + α3x
2 + · · · + αnxn = 0; ∀x

⇒ α1 = α2 = · · · = αn = 0
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Vâ.y dim(Pn) = n + 1 và S là mô. t co. so.’ cu’a Pn.

Co. so.’ S này d̄u.o..c go. i là co. so.’ chı́nh tá̆c cu’a Pn.

2.3. Toa. d̄ô. cu’a mô. t vecto.

• Gia’ su.’ B = {e1, e2, . . . , en} là mô. t co. so.’ cu’a V và x ∈ V. Khi ấy vı̀

B là co. so.’ cu’a V nên B là mô. t hê. sinh cu’a V, do d̄ó mo. i vecto. cu’a V d̄è̂u

biê’u thi. tuyến tı́nh qua B. Ta gia’ su.’ rằng:

x = x1.e1 + x2.e2 + . . . + xn.en, vo.́i xi ∈ K (i = 1, . . . , n)

Khi ấy bô. n−số (x1, x2, . . . , xn) d̄u.o..c go. i là toa. d̄ô. cu’a vecto. x d̄ố i vo.́i

co. so.’ B, ký hiê. u là: (x)B hay xB . Ta ký hiê. u: [x]B =




x1

x2
...

xn




và go. i là toa.

d̄ô. cô. t cu’a vecto. x d̄ố i vo.́i co. so.’ B.

*. Vı́ du. :

Trong không gian vecto. R3, cho vecto. x = (1, 3, 7) và mô. t co. so.’ cu’a R3

là

(B) =
{
b1 = (1, 3, 4); b2 = (1, 3, 3); b3 = (1, 4, 3)

}
.

Ta có biê’u diẽn cu’a vecto. x qua co. so.’ B là:

x = λ1b1 + λ2b2 + λ3b3

↔ (1, 3, 7) = λ1(1, 3, 4) + λ2(1, 3, 3) + λ3(1, 4, 3)

⇒





λ1 + λ2 + λ3 = 1

3λ1 + 3λ2 + 4λ3 = 3

4λ1 + 3λ2 + 7λ3 = 7

⇒





λ1 = 4

λ2 = −3

λ3 = 0

Vâ.y to.a d̄ô. cu’a x d̄ố i vo.́i co. so.’ (B) là: (x)B = (4,−3, 0).

2.3. Ha.ng cu’a mô. t hê. vecto.

• D- i.nh nghı̃a
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Cho H = {x1, x2, . . . , xm} là mô. t hê. vecto. trong không gian vecto. V.

Khi ấy ta nói H có ha.ng là k, ký hê.u là: rank(H), nếu nhu. trong H tò̂n

ta. i k vecto. d̄ô. c lâ. p tuyến tı́nh và mo. i (k + 1) vecto. nào cu’a H cũng d̄è̂u

phu. thuô.c tuyến tı́nh.

• Nhâ.n xét

(1). Rank(H) = k khi và chı’ khi tò̂n ta. i k vecto. cu’a H d̄ô. c lâ. p tuyến

tı́nh và mo. i vecto. cu’a V d̄è̂u biê’u thi. tuyến tı́nh qua các vecto. d̄ó.

(2). Ha.ng cu’a H d̄úng bằng ha.ng cu’a ma trâ.n vo.́i các hàng cu’a ma

trâ.n này chı́nh là các vecto. cu’a H. Do vâ. y ta có thê’ dùng phu.o.ng pháp

biến d̄ô’i so. cấp theo hàng (cô. t) cu’a ma trâ.n d̄ê’ tı̀m ha.ng cu’a mô.t hê. vecto..

*. Vı́ du. :

Trong không gian R4 cho hê. vecto.

(H) =
{

h1 = (1, 0, 1,−2); h2 = (1, 1, 3,−2); h3 = (2, 1, 5,−1); h4 = (1,−1, 1, 4)
}

Khi ấy ta có ma trâ. n lâ. p tu.̀ các vecto. cu’a (H) nhu. sau:

A =




1 0 1 −2

1 1 3 −2

2 1 5 −1

1 −1 1 4




Dùng phép biến d̄ô’i so. cấp theo hàng cu’a ma trâ.n ta có:

A −→




1 0 1 −2

0 1 2 0

0 1 3 3

0 −1 0 6


 −→




1 0 1 −2

0 1 2 0

0 0 1 3

0 0 2 6


 −→




1 0 1 −2

0 1 2 0

0 0 1 3

0 0 0 0




Vâ.y ta có: rank(H) = 3.

§3. CHUYÊ’N CO. SO.’ - MA TRÂ. N CHUYÊ’N CO. SO.’

Mô.t vấn d̄è̂ d̄u.o..c d̄ă. t ra là vo.́i hai co. so.’ cho tru.o.́c cu’a mô.t không gian

vecto. thı̀ mố i liên hê. giu.̃a chúng nhu. thế nào?. Tu.̀ co. so.’ này ta có thê’ tı̀m
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d̄u.o..c co. so.’ kia thông qua mô.t mố i quan hê. nào d̄ó hay không?

Gia’ su.’ trong không gian vecto. n chiè̂u V chúng ta có hai co. so.’ (B) và

(C) nhu. sau:

(B) = {b1, b2, b3, . . . , bn}

(C) = {c1, c2, c3, . . . , cn}

Vı̀ (B) là mô. t co. so.’ cu’a V nên mo. i vecto. cu’a V sẽ d̄u.o..c biê’u thi. tuyến

tı́nh qua các vecto. cu’a (B), mà (C) ⊂ V nên mo. i vecto. cu’a (C) cũng sẽ

d̄u.o..c biê’u thi. tuyến tı́nh qua (B). Chúng ta gia’ su.’ rằng:

c1 = p11.b1 + p21.b2 + p31.b3 + . . . + pn1.bn

c2 = p12.b1 + p22.b2 + p32.b3 + . . . + pn2.bn

c3 = p13.b1 + p23.b2 + p33.b3 + . . . + pn3.bn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

cn = p1n.b1 + p2n.b2 + p3n.b3 + . . . + pnn.bn

Mô.t cách tô’ng quát ta có:

cj =
n∑

k=1

Pkjbk ; ∀j = 1, n

• Phép biến d̄ô’i thê’ hiê. n o.’ trên go. i là phép biến d̄ô’i co. so.’ tu.̀ co. so.’ (B)

sang co. so.’ (C) cu’a không gian vecto. V

Khi d̄ó ta d̄ă. t ma trâ. n hê. số :

P =




p11 p12 p13 . . . p1n

p21 p22 p23 . . . p2n
...

...
... . . .

...

pn1 pn2 pn3 . . . pnn




• D- i.nh nghı̃a

Ma trâ.n P d̄u.o..c xác d̄i.nh o.’ trên go. i là ma trâ. n chuyê’n co. so.’ tu.̀ co.

so.’ (B) sang co. so.’ (C).
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*. Vı́ du. :

Trong R3 cho các co. so.’ sau d̄ây:

(B) =
{
b1 = (1, 3, 4) ; b2 = (1, 3, 3) ; b3 = (1, 4, 3)

}

(C) =
{
c1 = (1, 1, 1) ; c2 = (2, 2, 0) ; c3 = (3, 0, 0)

}

Ta biê’u diẽ̂n các vecto. trong co. so.’ C qua co.’ so.’ B:

+ c1 = λ1b1 + λ2b2 + λ3b3

(1, 1, 1) = λ1(1, 3, 4) + λ2(1, 3, 3) + λ3(1, 4, 3)

Khi d̄ó λ1, λ2, λ3 là nghiê.m cu’a hê. phu.o.ng trı̀nh




λ1 + λ2 + λ3 = 1

3λ1 + 3λ2 + 4λ3 = 1

4λ1 + 3λ2 + 3λ3 = 1

⇒





λ1 = −2

λ2 = 5

λ3 = −2

⇒ [c1]B =




−2

5

−2




+ c2 = λ1b
′
1 + λ′

2b2 + λ′
3b3

(2, 2, 0) = λ′
1(1, 3, 4) + λ′

2(1, 3, 3) + λ′
3(1, 4, 3)

Khi d̄ó λ′
1, λ

′
2, λ

′
3 là nghiê.m cu’a hê. phu.o.ng trı̀nh





λ′
1 + λ′

2 + λ′
3 = 2

3λ′
1 + 3λ′

2 + 4λ′
3 = 2

4λ′
1 + 3λ′

2 + 3λ′
3 = 0

⇒





λ′
1 = −2

λ′
2 = 5

λ′
3 = −2

⇒ [c2]B =




−6

12

−4




+ c3 = λ′′
1b1 + λ′′

2b2 + λ′′
3b3

(3, 0, 0) = λ′′
1 (1, 3, 4) + λ′′

2 (1, 3, 3) + λ′′
3(1, 4, 3)

Khi d̄ó λ′′
1 , λ′′

2 , λ′′
3 là nghiê.m cu’a hê. phu.o.ng trı̀nh





λ′′
1 + λ′′

2 + λ′′
3 = 1

3λ′′
1 + 3λ′′

2 + 4λ′′
3 = 1

4λ′′
1 + 3λ′′

2 + 3λ′′
3 = 1

⇒





λ′′
1 = −2

λ′′
2 = 5

λ′′
3 = −2

⇒ [c3]B =




−9

12

−9



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Khi ấy ta có ma trâ. n chuyê’n co. so.’ tu.̀ (B) sang (C) nhu. sau:

P =




−2 −6 −9

5 12 21

−2 −4 −9




và ma trâ. n chuyê’n co. so.’ tu.̀ (C) sang (B) là:

P−1 =




4 3 3

−1
2

0 1
2

−2
3 −2

3 −1




• Nhâ.n xét

(1). Nếu x ∈ V thı̀ chúng ta có: [x]B = P.[x]C
(2). Ma trâ. n P kha’ nghi.ch, nghı̃a là tò̂n ta. i ma trâ. n P−1.

(3). Tu.̀ (1) và (2) ta có: [x]C = P−1.[x]B, vo.́i P−1 chı́nh là ma trâ. n

chuyê’n co. so.’ tu.̀ co. so.’ (C) sang co. so.’ (B).

*. Vı́ du. : Trong R2 xét hai co. co.’ B = {u1, u2} và B′ = {v1, v2} vo.́i:

u1 = (2, 2) ; u2 = (4,−1)

v1 = (1, 3) ; v2 = (−1,−1)

a) Hãy tı̀m ma trâ.n chuyê’n co. so.’ P tu.̀ B sang B′

b) Hãy tı̀m ma trâ.n chuyê’n co. so.’ tu.̀ B′ sang B

c) Cho w = (3,−5), hãy tı́nh ma trâ.n toa. d̄ô. [w]B và tı́nh [w]B′

d) Tı́nh [w]B′ tru.. c tiếp và kiê’m tra lai kế t qua’ trên.

Gia’i:

a) Ta có biê’u diẽ̂n cu’a B′ qua co. so.’ B là

+ v1 = α1u1 + α2u2

↔ (1, 3) = α1(2, 2) + α2(4,−1)

Do d̄ó:

{
2α1 + 4α2 = 1

2α1 − α2 = 3
⇒

{
α1 = 13

10

α2 = −2
5

−→ [v1]B =
( 13

10
−2
5

)

+ v2 = β1u1 + β2u2

↔ (−1,−1) = β1(2, 2) + β2(4,−1)

53



Do d̄ó:

{
2β1 + 4β2 = −1

2β1 − β2 = −1
⇒

{
β1 = −1

2

β2 = 0
−→ [v2]B =

( −1
2

0

)

Vâ.y ma trâ.n chuyê’n co. so.’ P tu.̀ B sang B′ là

P =
( 13

10
−1
2

−2
5 0

)

b) Ma trâ.n chuyê’n co. so.’ tu.̀ B′ sang B là

P−1 =
(

0 −5
2

−10
5

−65
10

)

c) Bây gio.̀ ta tı́nh [w]B và [w]B′ , ta có

w = λ1u1 + λ2u2

→ (3,−5) = λ1(2, 2) + λ2(4,−1)

Do d̄ó:

{
2λ1 + 4λ2 = 3

2λ1 − λ2 = −5
⇒
{

λ1 = −17
10

λ2 = 8
5

−→ [w]B =
( −17

10
8
5

)

Mă. t khác ta có:

[w]B′ = P−1 .[w]B =
( 0 −5

2
−10
5

−65
10

)
.

( −17
10
8
5

)
=
(−4

−7

)

d) Tı́nh [w]B′ tru.. c tiếp

w =
(

3

−5

)
= λ1

(
1

3

)
+ λ2

(−1

−1

)

Ta suy ra: {
λ1 − λ2 = 3

3λ1 − λ2 = −5
⇒
{

λ1 = −4

λ2 = −7

Vâ.y

[w]B′ =
(−4

−7

)

§4. KHÔNG GIAN EUCLID

4.1. D- i.nh nghı̃a
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• Cho V là mô. t không gian vecto., u và v là hai vecto. cu’a V . Tı́ch vô

hu.o.́ng cu’a u, v là mô. t số thu.. c, kı́ hiê. u là < u, v >, thoa’ mãn các tiên d̄è̂

sau:

(1). < u, u > ≥ 0 và < u, u > = 0 ⇔ u = 0

(2). < u, v > = < v, u >

(3). < u + v, w > = < u, w > + < v, w >

(4). < ku, v > = k < u, v >

• Khi d̄ó không gian vecto. V cùng vo.́i tı́ch vô hu.o.́ng go. i là không gian có

tı́ch vô hu.o.́ng. Nếu V hu.̃u ha.n chiè̂u thı̀ V d̄u.o..c go. i là không gian Euclid.

*. Vı́ du 1. : Trong không gian Rn, xét hai vecto.

u = (u1, u2, . . . , un), v = (v1, v2, . . . , vn)

Ta d̄i.nh nghı̃a tı́ch vô hu.o.́ng nhu. sau:

< u, v > = u1v1 + u2v2 + · · ·+ unvn (∗)

Khi d̄ó không gian Rn cùng vo.́i tı́ch vô hu.o.́ng d̄u.o..c d̄i.nh nghı̃a nhu. trên

là mô. t không gian Euclid

• Tı́ch vô hu.o.́ng (∗) go. i là tı́ch vô hu.o.́ng Euclid cu’a Rn.

*. Vı́ du. 2: Trong không gian vecto. các hàm số liên tu. c trên [a, b],

thı̀ tı́ch vô hu.o.́ng cu’a hai hàm f và g có thê’ d̄i.nh nghı̃a bo.’ i:

< f, g > =
∫ b

a

f(x)g(x)dx

• V là mô. t không gian có tı́ch vô hu.o.́ng và u ∈ V thı̀ số ||u|| d̄u.o..c xác

d̄i.nh bo.’ i :

||u|| =
√

< u, u >

go. i là d̄ô. dài cu’a vecto. u (hay chuâ’n cu’a u)

*. Vı́ du. : Trong Rn, u = (u1, u2, . . . , un) ta có

||u|| =
√

u2
1 + u2

2 + . . . u2
n
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go. i là d̄ô. dài Euclid cu’a u ∈ Rn

• Bất d̄ă’ng thu.́c Cauchy - Schwarz (C - S):

Nếu u và v là hai vecto. trong mô.t không gian có tı́ch vô hu.o.́ng thı̀ ta

có bấ t d̄ă’ng thu.́c Cauchy - Schwarz:

< u, v > ≤ ||u||.||v||

• D- a. i lu.o..ng ||u − v|| d̄u.o..c go. i là khoa’ng cách giu.̃a hai vecto. u , v. Kı́

hiê. u là

d(u, v) = ||u− v||

4.2. Tı́nh tru.. c giao - Quá trı̀nh tru.. c giao hoá Gram-Smidt

4.2.1. D- i.nh nghı̃a

• Trong mô.t không gian có tı́ch vô hu.o.́ng, hai vecto. u và v go. i là tru.. c

giao nếu: < u, v > = 0

*. Vı́ du. : Trong P2 xét tı́ch vô hu.o.́ng

< p, q >=
∫ 1

−1

p(x)q(x)dx

Vo.́i: p = x , q = x2

Ta có:

< p, q >=
∫ 1

−1

x.x2dx =
∫ 1

−1

x3dx = 0

Vâ.y hai vecto. p, q trong P2 là hai vecto. tru.. c giao.

• Mô.t ho. vecto. trong không gian có tı́ch vô hu.o.́ng go. i là mô. t ho. tru.. c

giao nếu bấ t kỳ hai vecto. khác nhau nào cu’a ho. cũng tru.. c giao.

• Mô.t ho. vecto. tru.. c giao trong d̄ó mo. i vecto. d̄è̂u có chuâ’n là 1 go. i là

mô. t ho. tru.. c chuâ’n.

4.2.2. Quá trı̀nh tru.. c giao hoá Gram - Smidt

• Cho u1, u2, . . . , un các vecto. d̄ô. c lâ. p tuyến tı́nh cu’a không gian có tı́ch

vô hu.o.́ng V . Khi d̄ó ta có thê’ xây du..ng mô.t hê. các vecto. {v1, v2, . . . , vn}
tru.. c giao theo công thu.́c sau d̄ây:
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Bu.o.́c 1: D- ă. t

v1 =
u1

||u1||

Bu.o.́c 2: Tı̀m v2 sao cho ho. {v1, v2} tru.. c chuâ’n. Ta d̄ă. t

v2 = u2 + αv1

và tı̀m α sao cho

< v2, v1 >= 0, tu.́c là < u2 + αv1, v1 >= 0

⇒ < u2, v1 > +α < v1, v1 >= 0

⇒ α = −< u2, v1 >

< v1, v1 >
= − < u2, v1 >

Do d̄ó:

v2 = u2− < u2, v1 > v1

D- ă. t:

v2 =
v2

||v2||
=

u2− < u2, v1 > v1

||u2− < u2, v1 > v1||

Bu.o.́c 3: Gia’ su.’ d̄ã xây du..ng d̄u.o..c ho. tru.. c chuâ’n

{v1, v2, . . . , vk−1}

Ta xây du..ng tiếp vk d̄ê’ cho ho.

{v1, v2, . . . , vk}

là ho. tru.. c chuâ’n

Ta d̄ă. t:

vk = uk + β1v1 + β2v2 + · · ·+ βk−1vk−1
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và tı̀m các βj , j = 1, . . . , k − 1 , sao cho

< vk, vj >= 0, j = 1, 2, . . . , k − 1

⇒< uk, vj > + βj < vj, vj > = 0

⇒ βj = −< uk, vj >

< vj, vj >
= − < uk, vj >, j = 1, 2, . . . , k − 1

Do d̄ó vk d̄u.o..c xác d̄i.nh:

vk = uk− < uk, v1 > v1− < uk, v2 > v2 − · · ·− < uk, vk−1 > vk−1

Sau d̄ó ta d̄ă. t:

vk =
vk

||vk||
=

uk− < uk, v1 > v1− < uk, v2 > v2 − · · ·− < uk, vk−1 > vk−1

||uk− < uk, v1 > v1− < uk, v2 > v2 − · · ·− < uk, vk−1 > vk−1||

Tiếp tu. c quá trı̀nh d̄ó cho to.́i khi k = n ta d̄u.o..c ho. tru.. c giao {v1, v2, . . . , vn}
*. Vı́ du. : Cho trong không gian Euclid R3 ho. vecto. S = {u1, u2, u3},

vo.́i

u1 = (1, 1, 1), u2 = (0, 1, 1), u3 = (0, 0, 1)

Hãy tru.. c chuâ’n hoá Gram - Smidt ho. vecto. {u1, u2, u3}
Bu.o.́c 1: D- ă. t

v1 =
u1

||u1||
=

(1, 1, 1)√
12 + 12 + 12

=
( 1√

3
,

1√
3
,

1√
3

)

Bu.o.́c 2:

v2 =
u2− < u2, v1 > .v1

||u2− < u2, v1 > .v1||

u2− < u2, v1 > .v1 = (0, 1, 1)− 2√
3

( 1√
3
,

1√
3
,

1√
3

)
=
(−2

3
,
1
3
,
1
3

)

Vâ.y:

v2 =
3√
6

(−2
3

,
1
3
,
1
3

)
=
(−2√

6
,

1√
6
,

1√
6

)

Bu.o.́c 3:

v3 =
u3− < u3, v1 > v1− < u3, v2 > v2

||u3− < u3, v1 > v1− < u3, v2 > v2||
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u3− < u3, v1 > v1− < u3, v2 > v2

= (0, 0, 1)− 1√
3

( 1√
3
,

1√
3
,

1√
3

)
− 1√

6

(−2√
6
,

1√
6
,

1√
6

)

=
(
0,

−1
2

,
1
2

)

Vâ.y:

v3 =
√

2
(
0,

−1
2

,
1
2

)
=
(
0,

−1√
2
,

1√
2

)

Vâ.y ta d̄u.o..c ho. vecto. tru.. c chuâ’n là {v1, v2, v3} vo.́i:

v1 =
( 1√

3
,

1√
3
,

1√
3

)

v2 =
(−2√

6
,

1√
6
,

1√
6

)

v3 =
(
0,

−1√
2
,

1√
2

)
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BÀI TÂ. P CHU
.
O.NG II

Bài 1: Không gian vecto.

a) D- ă. t CR[a, b] là tâ. p ho..p các hàm số liên tu. c tu.̀ [a, b] → R

Ta d̄i.nh nghı̃a : ∀f, g ∈ CR[a, b], ∀α ∈ R

•(f + g)(x) = f(x) + g(x), ∀x ∈ [a, b]

•(αf)(x) = αf(x), ∀x ∈ [a, b]

Chu.́ng minh CR[a, b] là không gian vecto..

b) Tâ.p tấ t ca’ các bô. ba số thu.. c (x, y, z) vo.́i các phép tı́nh

(x, y, z) + (x′, y′, z′) := (x + x′, y + y′, z + z′)

k(x, y, z) := (kx, y, z)

ho’i tâ. p cho trên có là không gian vecto. cu’a R3 không ?

Bài 2: Các tâ. p du.o.́i d̄ây có pha’i là không gian con cu’a P3 không:

a) Các d̄a thu.́c a0 + a1x + a2x
2 + a3x

3 trong d̄ó a0 = 0 ?

b) Các d̄a thu.́c a0 + a1x + a2x
2 + a3x

3 trong d̄ó a0 + a1 + a2 + a3 = 0?

Bài 3:

1. Hãy biê’u diẽ̂n vecto. x thành tô’ ho..p tuyến tı́nh cu’a u, v, w

a) x = (7,−2, 15); u = (2, 3, 5); v = (3, 7, 8); w = (1,−6, 1)

b) x = (0, 0, 0, 0); u = (4, 1, 3,−2); v = (1, 2,−3, 2); w = (16, 9, 1,−3)

2. Hãy biê’u diẽ̂n các d̄a thu.́c sau thành tô’ ho..p tuyến tı́nh cu’a

p1 = 2 + x + 4x2; p2 = 1 − x − 3x2; p3 = 3 + 2x + 5x2

a) 5 + 9x + 5x2

b) 2 + 6x2

Bài 4: Xác d̄i.nh m sao cho x là tô’ ho..p tuyến tı́nh cu’a u, v, w:

a) u = (2, 3, 5); v = (3, 7, 8); w = (1,−6, 1); x = (7,−2, m)

b) u = (3, 2, 5); v = (2, 4, 7); w = (5, 6, m); x = (1, 3, 5)

c) u = (3, 4, 2); v = (6, 8, 7); w = (4, 1, m); x = (9, 12, 1)

Bài 5: 1. Mỗi ho. vecto. du.o.́i d̄ây có sinh ra R3 không

a) v1 = (1,1,1); v2 = (2,2,0); v3 = (3,0,0)

b) v1 = (1,3,3); v2 = (1,3,4); v3 = (1,4,3); v4 = (6,2,1)
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2. Ho’i các d̄a thu.́c sau có sinh ra P3 không

p1 = 1 + 2x− x2 ; p2 = 3 + x2

p3 = 5 + 4x− x2 ; p4 = −2 + +2x− 2x2

Bài 6: Nhu.̃ng hê. vecto. sau, hê. nào d̄ô. c lâ. p tuyến tı́nh, hê. nào phu. thuô.c

tuyến tı́nh

a) {u1 = (1, 0, 0, 2); u2 = (−1, 0, 2, 1); u3 = (0, 0, 2, 3)}
b) {v1 = (2, 1, 0, 1); v2 = (4, 2, 0, 2); v3 = (1, 2, 5, 0)}
c) {w1 = (1, 2,−1); w2 = (1, 0,−1); v3 = (−1,−2, 2)}

Bài 7: Tâ.p nào trong P2 du.o.́i d̄ây là phu. thuô.c tuyến tı́nh

a) 2− x + 4x2; 3 + 6x + 2x2; 1 + 10x− 4x2

b) 3 + x + x2; 2− x + 5x2; 4 − 3x2

c) 1 + 3x + 3x2; x + 4x2; 5 + 6x + 3x2; 7 + 2x − x2

Bài 8: Cho X, Y, Z ∈ Rn

D- ă. t A = X + Y, B = Y + Z, C = Z + X

Nếu X, Y, Z d̄ô. c lâ. p tuyến tı́nh

Chu.́ng minh A, B, C cũng d̄ô. c lâ. p tuyến tı́nh.

Bài 9: Cho A1, A2, A − 3 d̄ô.c lâ. p tuyến tı́nh trong Rn. Chu.́ng minh hê.
{A1 + A2, A1 − A2, A1 + 2A3} d̄ô. c lâ. p tuyến tı́nh.

Bài 10: Cho hê. {u1 = (1, 2, 3); u2 = (0, 1, 1)} trong R3

a) Chu.́ng minh hê. {u1, u2} d̄ô. c lâ. p tuyến tı́nh

b) Tı̀m vecto. u3 d̄ê’ {u1, u2, u3} d̄ô. c lâ. p tuyến tı́nh

Bài 11: Tı̀m m d̄ê’ các vecto. sau d̄ây phu. thuô.c tuyến tı́nh trong R3

v1 = (m, −1
2 , −1

2 ), v2 = (−1
2 , m, −1

2 ), v3 = (−1
2 , −1

2 , m)

Bài 12: Ho. nào du.o.́i d̄ây là co. so.’ cu’a R3:

a) (1, 0, 0) ; (2, 2, 0) ; (3, 3, 3)

b) (1, 6, 4) ; (2, 4,−1) ; (−1, 2, 5)

c) (1, 0, 2) ; (2, 1, 0)

Bài 13: Ho. nào du.o.́i d̄ây là co. so.’ trong P2
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a) 1− 3x + 2x2 ; 1 + x + 4x2 ; 1− 7x

b) 1 + x + x2 ; x + x2 ; x2

c) −4 + x + 3x2 ; 6 + 5x + 2x2 ; 8 + 4x + x2

Bài 14: Chu.́ng minh hê. {u1, u2, u3, u4} vo.́i:

u1 = (1, 1, 0, 1); u2 = (2, 1, 3, 1); u3 = (1, 1, 0, 0); u4 = (0, 1,−1,−1)

Là co. so.’ cu’a R4

Tı̀m toa. d̄ô. cu’a vecto. X = (0, 0, 0, 1) trong co. so.’ d̄ó

Bài 15: Cho {u1 = (1, 1, 0); u2 = (0, 1, 3)} trong R3 . Hê. {u1, u2} có pha’i

là co. so.’ cu’a R3 ? Tı̀m vecto. u3 ∈ R3 d̄ê’ {u1, u2, u3} là co. so.’ cu’a R3

Bài 16: Tı̀m ha.ng cu’a hê. vecto.

a) {u1 = (1, 2,−1, 0, 0); u2 = (0, 2, 3, 3, 2); u3 = (1, 2,−1, 0, 5); u4 = (2, 6, 1, 3, 7)}
b) {u1 = (4, 2, 0, 2); u2 = (2,−1,−4, 7); u3 = (1,−2,−5, 8); u4 = (−1, 3, 7,−11)}
c) {u1 = (1, 2, 0); u2 = (0, 1, 0); u3 = (−1,−1, 0)}

Bài 17: Xác d̄i.nh số chiè̂u và mô. t co. so.’ cu’a không gian nghiê.m cu’a các

hê. sau:

a)





2x1 + x2 + 3x3 = 0

x1 + 2x2 = 0

x2 + x3 = 0

b)

{
3x1 + x2 + x3 + x4 = 0

5x1 − 2x2 + x3 − x4 = 0

Bài 18: Tı̀m mô.t co. so.’ và số chiè̂u cu’a không gian con cu’a R3 sinh bo.’ i

các vecto. sau:

a) (1,−1, 2); (2, 1, 3); (−1, 5, 0)

b) (2, 4, 1); (3, 6,−2); (−1, 2, −1
2 )

Bài 19: Cho W = {X = (α, α − 2β, α, γ) : α, β, γ ∈ R}
1. Chu.́ng minh W là không gian vecto. con cu’a R4

2. Tı̀m mô.t co. so.’ và số chiè̂u cu’a W
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Bài 20: Xét trong R3 hai co. so.’ B = {u1, u2, u3} và B′ = {v1, v2, v3}
trong d̄ó

u1 = (−3, 0,−3), u2 = (−3, 2, 1), u3 = (1, 6,−1)

v1 = (−6,−6, 0), v2 = (−2,−6, 4), v3 = (−2,−3, 7)

a) Tı̀m ma trâ.n chuyê’n co. so.’ tu.̀ co. so.’ B sang B′

b) Tı̀m ma trâ.n chuyê’n co. so.’ tu.̀ co. so.’ B′ sang co. so.’ B

c) Cho w = (−5, 8,−5), tı́nh ma trâ.n toa. d̄ô. [w]B và tı́nh [w]B′

d) Tı́nh tru.. c tiếp [w]B′ , và kiê’m tra la. i kế t qua’ trên.

Bài 21: Làm la. i bài 20 vo.́i

u1 = (2, 1, 1) ; u2 = (2,−1, 1) ; u3 = (1, 2, 1)

v1 = (3, 1,−5) ; u2 = (1, 1,−3) ; v3 = (−1, 0, 2)

Bài 22: Trong P1 xét các co. so.’ B = {p1, p2} , B′ = {q1, q2} vo.́i

p1 = 6 + 3x , p2 = 10 + 2x

q1 = 2 , q2 = 3 + 2x

a) Tı̀m ma trâ.n chuyê’n co. so.’ tu.̀ B′ sang B

b) Tı́nh ma trâ.n toa. d̄ô. [p]B vo.́i p = −4 + x rò̂i suy ra [p]B′

c) Tı́nh tru.. c tiếp [p]B′ và kiê’m tra la. i kế t qua’ trên

d) Tı̀m ma trâ.n chuy’en co. so.’ tu.̀ B sang B′

Bài 23:

1. Vo.́i hai ma trâ. n trong M2

u =
(

u1 u2

u3 u4

)
, v =

(
v1 v2

v3 v4

)

Hãy chu.́ng minh rằng biê’u thu.́c

< u, v >= u1.v1 + u2v2 + u3v3 + u4v4

là mô. t tı́ch vô hu.o.́ng.

2. Áp du.ng d̄ê’ tı́nh tı́ch vô hu.o.́ng cu’a

u =
(−1 2

6 1

)
, v =

(
1 0

3 3

)
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Bài 24: Trong P2 xét tı́ch vô hu.o.́ng

< p, q >= a0b0 + a1b1 + a2b2

Chu.́ng minh rằng p = 1 − x + 2x2 và q = 2x + x2 tru.. c giao

Bài 25: Chu.́ng minh rằng

u1 = (1, 0, 0, 1), u2 = (−1, 0, 2, 1)

u3 = (2, 3, 2,−2), u4 = (−1, 2,−1, 1)

là mô. t ho. tru.. c giao trong R4 d̄ố i vo.́i tı́ch vô hu.o.́ng Euclid

Bài 26: Trong R3 xét tı́ch vô hu.o.́ng Euclid. Hãy tru.. c chuâ’n hoá Gram

- smidt các vecto. sau

a) u1 = (1, 1, 1), u2 = (−1, 1, 0), u3 = (1, 2, 1)

b) u1 = (1, 0, 0), u2 = (3, 7,−2), u3 = (0, 4, 1)

Bài 27: Trong P2 xét tı́ch vô hu.o.́ng

< p, q > =
∫ 1

−1

p(x)q(x)dx

Hãy tru.. c chuâ’n hóa Gram - smidt ho. vecto. {1, x, x2}

Bài 28: Trong R3 xét tı́ch vô hu.o.́ng < u, v >= u1v1 + 2u2v2 + 3u3v3

Hãy tru.. c chuâ’n hoá Gram - Smidt ho. vecto. sau

{u1 = (1, 1, 1, ), u2 = (1, 1, 0), u3 = (1, 0, 0)}
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Chu.o.ng III

LÝ THUYÉ̂T CHUÕ̂I

§1. CHUÕ̂I SÓ̂

1.1. Các d̄i.nh nghı̃a

• Cho mô.t dãy vô ha.n các số u1, u2, u3, . . . , un, . . . Khi ấy biê’u thu.́c

(tô’ng vô ha.n):

u1 + u2 + u3 + . . . + un + . . .

d̄u.o..c go. i là mô. t chuỗi số . Ký hiê. u là:
∞∑

n=1

un (1.1)

• un d̄u.o..c go. i là số ha.ng thu.́ n (d̄ôi khi ta go. i là số ha.ng tô’ng quát)

cu’a chuỗi (1.1)

• Ta d̄ă. t Sn =
n∑

k=1

uk = u1 + u2 + . . . + un và d̄u.o..c go. i là tô’ng riêng

thu.́ n cu’a chuỗi (1.1)

• Nếu dãy tô’ng riêng {Sn} có gio.́i ha.n hu.̃u ha.n khi n → ∞, có nghı̃a

là lim
n→∞

Sn = S (hu.̃u ha.n) thı̀ ta nói rằng chuỗi (1.1) là hô. i tu. , S d̄u.o..c go. i

là tô’ng cu’a chuỗi và viế t S =
∞∑

n=1

un

• Mô.t chuỗi không hô. i tu. d̄u.o..c go. i là chuỗi phân kỳ.

*. Vı́ du. :

Xét chuỗi số
∞∑

n=1

1
n(n + 1)

ta có:

Sn =
n∑

k=1

1
k(k + 1)

=
1

1.2
+

1
2.3

+
1

3.4
+ . . . +

1
n(n + 1)

=
(

1
1
− 1

2

)
+
(

1
2
− 1

3

)
+
(

1
3
− 1

4

)
+ . . . +

(
1
n
− 1

n + 1

)

= 1 − 1
n + 1
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Do d̄ó ta có:

lim
n→∞

Sn = lim
n→∞

(
1− 1

n + 1

)
= 1

Vâ.y chuỗi d̄ã cho là hô. i tu. và ta có:
∞∑

n=1

1
n(n + 1)

= 1.

*. Vı́ du. :

Xét chuỗi số
∞∑

n=1

n ta có:

Sn =
n∑

k=1

k = 1 + 2 + 3 + . . . + n

=
n(n + 1)

2

Do d̄ó ta có:

lim
n→∞

Sn = lim
n→∞

(
n(n + 1)

2

)
= +∞

Vâ.y chuỗi d̄ã cho là phân kỳ.

1.2. D- iè̂u kiê. n cà̂n d̄ê’ chuỗi số hô. i tu.

• D- i.nh lý

Nếu chuỗi (1.1) hô. i tu. thı̀ số ha.ng tô’ng quát un pha’i dà̂n vè̂ 0 khi

n → ∞, có nghı̃a là: lim
n→∞

un = 0.

• Nhâ.n xét

(1). Nếu lim
n→∞

un 6= 0 thı̀ chuỗi (1.1) phân kỳ.

(2). D- iè̂u kiê. n d̄u.o..c nêu trong d̄i.nh lý chı’ là d̄iè̂u kiê. n cà̂n mà không

pha’i là d̄iè̂u kiê. n d̄u’ có nghı̃a là nếu lim
n→∞

un = 0 thı̀ chuỗi (1.1) chu.a chá̆c

d̄ã hô. i tu. .

*. Vı́ du. 1:

Xét chuỗi số
∞∑

n=1

n − 1
3n + 2

ta có:

un =
n − 1
3n + 2
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Do d̄ó:

lim
n→∞

un = lim
n→∞

n − 1
3n + 2

=
1
3
6= 0

Theo d̄iè̂u kiê. n cà̂n cu’a chuỗi hô. i tu. ⇒ chuỗi
∞∑

n=1

n − 1
3n + 2

phân kỳ.

*. Vı́ du. 2: Xét chuỗi số
∞∑

n=1

1
n

, ta có:

un =
1
n

Do d̄ó:

lim
n→∞

un = lim
n→∞

1
n

= 0

Nhu.ng
∞∑

n=1

1
n

phân kỳ. Thâ. t vâ. y

Ta có:

S2n − Sn =
1

n + 1
+

1
n + 2

+ · · ·+ 1
2n

>
1
2n

+
1
2n

+ · · ·+ 1
2n

=
n

2n
=

1
2

Nếu chuỗi số hô. i tu. thı̀ Sn, S2n cùng dà̂n to.́i mô. t gio.́i ha.n khi n → ∞,

tu.́c là lim
n→∞

(S2n − Sn) = 0, d̄iè̂u này mâu thuẫn vo.́i S2n − Sn > 1
2

1.3. Mô. t số tı́nh chấ t cu’a chuỗi hô. i tu.

• Tı́nh chấ t 1

Nếu chuỗi
∞∑

n=1

un hô. i tu. và λ là mô. t hằng số thı̀ chuỗi
∞∑

n=1

λun cũng hô. i

tu. , ngoài ra ta có:
∞∑

n=1

λun = λ.

( ∞∑

n=1

un

)

*. Vı́ du. : Tı̀m tô’ng cu’a chuỗi số sau
∞∑

n=0

3
2n

Ta có :
∞∑

n=0

1
2n

hô. i tu. và có tô’ng S = 1
1− 1

2
= 2 (Cấp số nhân lùi

vô ha.n)
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⇒
∞∑

n=0

3
2n

= 3.

∞∑

n=0

1
2n

= 3.2 = 6

• Tı́nh chấ t 2

Nếu chuỗi
∞∑

n=1

un và
∞∑

n=1

un hô. i tu. thı̀ chuỗi
∞∑

n=1

(un + vn) cũng hô. i tu. ,

ngoài ra ta có:
∞∑

n=1

(un + vn) =
∞∑

n=1

un +
∞∑

n=1

vn

*. Vı́ du. : Tı̀m tô’ng cu’a chuố i số sau

∞∑

n=0

( 1
3n

+
1
5n

)

Ta có:
∞∑

n=0

1
3n

hô. i tu. và có S =
1

1 − 1
3

=
3
2

∞∑

n=0

1
5n

hô. i tu. và có S =
1

1 − 1
5

=
5
4

⇒
∞∑

n=0

( 1
3n

+
1
5n

)
=

∞∑

n=0

1
3n

+
∞∑

n=0

1
5n

=
3
2

+
5
4

=
11
4

• Tı́nh chấ t 3

Tı́nh hô. i tu. hay phân kỳ cu’a chuỗi không thay d̄ô’i nếu nhu. ta bo.́t d̄i

mô. t số hu.̃u ha.n các ha.ng tu.’ d̄à̂u tiên cu’a chuỗi.

§2. CHUÕ̂I SÓ̂ DU
.
O.NG

2.1. D- i.nh nghı̃a

• Chuỗi số
∞∑

n=1

un d̄u.o..c go. i là chuỗi du.o.ng nếu nhu.: un > 0, ∀n.

• Nhâ.n xét

Tu.o.ng tu.. nhu. chuỗi số du.o.ng chúng ta cũng có d̄i.nh nghı̃a chuỗi số âm

(un < 0, ∀n). Tuy nhiên, nếu chuỗi
∞∑

n=1

un là mô. t chuỗi âm thı̀ bằng cách
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xét chuỗi
∞∑

n=1

(−un) ta sẽ có d̄u.o..c mô.t chuỗi số du.o.ng. Do vâ. y, không mất

tı́nh tô’ng quát chúng ta chı’ cà̂n xét d̄ến chuỗi số du.o.ng.

2.2. Hai d̄i.nh lý so sánh cu’a chuỗi số du.o.ng

• D- i.nh lý 1:

Cho hai chuỗi số du.o.ng
∞∑

n=1

un và
∞∑

n=1

vn.

Gia’ su.’ ta có un ≤ vn, ∀n ≥ N0(N0 ∈ N). Khi ấy:

(1). Nếu chuỗi
∞∑

n=1

vn hô. i tu. thı̀ chuỗi
∞∑

n=1

un cũng hô. i tu. .

(2). Nếu chuỗi
∞∑

n=1

un phân kỳ thı̀ chuỗi
∞∑

n=1

vn cũng phân kỳ.

*. Vı́ du. : Xét su.. hô. i tu. cu’a chuỗi số

∞∑

n=1

1
3
√

n.3n

Ta có:

un =
1

3
√

n.3n
≤ 1

3n
= vn; ∀n ≥ 1

Mà
∞∑

n=1

1
3n

hô. i tu.

Theo tiêu chuâ’n so sánh ⇒
∞∑

n=1

1
3
√

n.3n
hô. i tu. .

• D- i.nh lý 2:

Cho hai chuỗi số du.o.ng
∞∑

n=1

un và
∞∑

n=1

vn. Gia’ su.’ tò̂n ta. i gio.́i ha.n

lim
n→∞

un

vn
= K Khi ấy:

(1). Nếu K = 0 và chuỗi
∞∑

n=1

vn hô. i tu. thı̀ chuỗi
∞∑

n=1

un cũng hô. i tu. .

(2). Nếu 0 < K < +∞ thı̀ hai chuỗi
∞∑

n=1

un và
∞∑

n=1

vn cùng hô. i tu. hoă. c

cùng phân kỳ̀.
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(3). Nếu K = +∞ và chuỗi
∞∑

n=1

vn phân kỳ thı̀ chuỗi
∞∑

n=1

un cũng

phân kỳ.

*. Vı́ du. : Xét su.. hô. i tu. hay phân kỳ cu’a chuỗi số sau

∞∑

n=1

ln
(
1 +

1
n

)

Ta có:

ln
(
1 +

1
n

)
∼ 1

n
khi n −→ ∞

lim
n→∞

un

vn
= lim

n→∞

1 + 1
n

1
n

= lim
n→∞

(n + 1) = ∞

Mà
∞∑

n=1

1
n

phân kỳ ⇒
∞∑

n=1

ln
(
1 +

1
n

)
phân kỳ

2.3. Các tiêu chuâ’n d̄ê’ xét su.. hô. i tu. , phân kỳ cu’a chuỗi số

du.o.ng

Gia’ su.’ ta cà̂n xét su.. hô. i tu. hay phân kỳ cu’a chuỗi số du.o.ng
∞∑

n=1

un

• Tiêu chuâ’n D’Alembert

Gia’ su.’ rằng lim
n→∞

un+1

un
= D. Khi ấy ta có:

(1). Nếu D > 1 thı̀ chuỗi d̄ã cho phân kỳ.

(2). Nếu D < 1 thı̀ chuỗi d̄ã cho hô. i tu. .

*. Vı́ du 1. :

Cho chuỗi số du.o.ng
∞∑

n=1

nn

n!
. Dùng tiêu chuâ’n D’Alembert ta có:

lim
n→∞

un+1

un
= lim

n→∞

(n+1)n+1

(n+1)!
nn

n!

= lim
n→∞

(n + 1)n+1.n!
nn.(n + 1)!

= lim
n→∞

(n + 1)n

nn
= e > 1
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Vâ.y chuỗi d̄ã cho là phân kỳ.

*. Vı́ du 2. :

Cho chuỗi số du.o.ng
∞∑

n=1

1
3n

(
1 +

1
n

)n

Dùng tiêu chuâ’n D’Alembert ta

có:

lim
n→∞

un+1

un
= lim

n→∞

1
3n+1

(
1 + 1

n+1

)n+1

1
3n

(
1 + 1

n

)n

= lim
n→∞

1
3

(
1 + 1

n+1

)n+1

(
1 + 1

n

)n =
1
3
.
e

e
=

1
3

< 1

Vâ.y chuỗi d̄ã cho là hô. i tu. .

Nhâ.n xét: Trong tru.o.̀ng ho..p D = 1 thı̀ chúng ta chu.a thê’ khă’ng d̄i.nh

chuỗi d̄ã cho là hô. i tu. hay phân kỳ.

• Tiêu chuâ’n Cauchy

Gia’ su.’ rằng lim
n→∞

n
√

un = C. Khi ấy ta có:

(1). Nếu C > 1 thı̀ chuỗi d̄ã cho phân kỳ.

(2). Nếu C < 1 thı̀ chuỗi d̄ã cho hô. i tu. .

*. Vı́ du. 1:

Cho chuỗi số du.o.ng
∞∑

n=1

3n

(n + 1)n
. Dùng tiêu chuâ’n Cauchy ta có:

lim
n→∞

n
√

un = lim
n→∞

n

√
3n

(n + 1)n
= lim

n→∞

3
n + 1

= 0 < 1

Vâ.y chuỗi d̄ã cho là hô. i tu. .

*. Vı́ du. 2:

Cho chuỗi số du.o.ng
∞∑

n=1

(
1 +

1
n

)n2

.
1
2n

Dùng tiêu chuâ’n Cauchy ta có:

lim
n→∞

n
√

un = lim
n→∞

n

√(
1 +

1
n

)n2

.
1
2n

= lim
n→∞

(
1 +

1
n

)n

.
1
2

=
e

2
> 1
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Vâ.y chuỗi d̄ã cho là phân kỳ.

Nhâ.n xét: Trong tru.o.̀ng ho..p C = 1 thı̀ chúng ta chu.a thê’ khă’ng d̄i.nh

chuỗi d̄ã cho là hô. i tu. hay phân kỳ.

• Tiêu chuâ’n Tı́ch phân

Gia’ su.’ f(x) là mô. t hàm số không âm, không tăng trên khoa’ng [1, +∞)

và f(x) kha’ tı́ch trên mo. i d̄oa.n [1, A], (A > 1). Khi d̄ó:

(1). Nếu tı́ch phân
+∞∫
1

f(x)dx hô. i tu. thı̀ chuỗi số
∞∑

n=1

f(n) hô. i tu. .

(2). Nếu tı́ch phân
+∞∫
1

f(x)dx phân kỳ thı̀ chuỗi số
∞∑

n=1

f(n) phân kỳ.

*. Vı́ du. :

Cho chuỗi số du.o.ng
∞∑

n=1

1
n

. Ta xét hàm số :

f(x) =
1
x

Hàm số này thoa’ mãn các gia’ thiế t cu’a tiêu chuâ’n tı́ch phân. Ngoài ra ta

có:
+∞∫

1

f(x)dx =

+∞∫

1

1
x

dx

= lim
A→+∞

A∫

1

1
x

dx = lim
A→+∞

(ln A − ln 1) = +∞

Nhu. vâ. y tı́ch phân suy rô.ng

+∞∫

1

1
x

dx phân kỳ. Do d̄ó chuỗi số d̄ã cho

cũng phân kỳ.

Nhâ.n xét: Trong thu.. c hành chúng ta thu.o.̀ng d̄ă. t f(x) = ux, có nghı̃a

là chúng ta thay biến n trong số ha.ng tô’ng quát cu’a chuỗi bằng biến x ta

sẽ có d̄u.o..c hàm f(x).

§3. CHUÕ̂I CÓ DÁ̂U BÁ̂T KÌ
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3.1. Chuỗi d̄an dấu

• D- i.nh nghı̃a

Chuỗi d̄an dấu là chuỗi số có mô. t trong hai da.ng sau:

u1 − u2 + u3 − u4 + . . . + (−1)n+1un + . . . (3.1)

hay

−u1 + u2 − u3 + u4 − . . . + (−1)nun + . . . (3.2)

trong d̄ó uk > 0, ∀k.

• Nhâ.n xét

Tu.̀ chuỗi (3.2) chúng ta có thê’ chuyê’n vè̂ chuỗi (3.1) và ngu.o..c la. i. Do

vâ. y ta chı’ cà̂n xét d̄ến chuỗi (3.1)

• D- i.nh lý Leibnitz

Cho chuỗi d̄an dấu (3.1) và gia’ su.’ rằng hai d̄iè̂u kiê. n sau d̄ây thoa’ mãn:

(1). u1 ≥ u2 ≥ u3 ≥ . . . ≥ un ≥ . . .

(2). lim
n→∞

un = 0

Khi ấy chuỗi d̄ã cho (3.1) là hô. i tu. và tô’ng cu’a nó không vu.o..t quá số

ha.ng d̄à̂u tiên u1.

*. Vı́ du. :

Cho chuỗi d̄an dấu
∞∑

n=1

(−1)n+1

n
. Chuỗi này thoa’ mãn các d̄iè̂u kiê. n cu’a

d̄i.nh lý Leibnitz nên nó hô. i tu. .

• D- i.nh nghı̃a

Mô.t chuỗi d̄an dấu da.ng (3.1) thoa’ mãn d̄i.nh lý Leibnitz d̄u.o..c go. i là

chuỗi Leibnitz.

3.2. Chuỗi có dấu bấ t kỳ - Hô. i tu. tuyê. t d̄ố i

• D- i.nh lý

Nếu chuỗi số du.o.ng
∞∑

n=1

|un| hô. i tu. thı̀ chuỗi số
∞∑

n=1

un cũng hô. i tu. .
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• Nhâ.n xét

(1). D- i.nh lý trên chı’ là d̄iè̂u kiê. n d̄u’ mà không pha’i là d̄iè̂u kiê. n cà̂n,

có nghı̃a là chuỗi số
∞∑

n=1

un hô. i tu. không nhất thiế t pha’i cà̂n d̄iè̂u kiê. n chuỗi

số du.o.ng
∞∑

n=1

|un| hô. i tu. .

(2). Nếu dùng tiêu chuâ’n D’Alembert hay tiêu chuâ’n Cauchy mà ta

biế t d̄u.o..c chuỗi số du.o.ng
∞∑

n=1

|un| phân kỳ thı̀ ta cũng có chuỗi số
∞∑

n=1

un

phân kỳ.

*. Vı́ du. : Xét su.. hô. i tu. hay phân kỳ cu’a chuỗi sau
∞∑

n=1

(−1)n
(2n − 1

3n + 2

)n

Dùng tiêu chuâ’n Cauchy xét chuỗi
∞∑

n=1

|un| =
∞∑

n=1

(2n − 1
3n + 2

)n

, ta có

lim
n→∞

n
√

un = lim
n→∞

n

√(2n − 1
3n + 2

)n

= lim
n→∞

2n− 1
3n + 2

=
2
3

< 1

Suy ra chuỗi
∞∑

n=1

|un| là hô. i tu. .

Vâ. y chuỗi d̄ã cho là hô. i tu.

• D- i.nh nghı̃a

Chuỗi số
∞∑

n=1

un d̄u.o..c go. i là hô. i tu. tuyê. t d̄ố i nếu chuỗi số du.o.ng

∞∑

n=1

|un| hô. i tu. . Nếu chuỗi số
∞∑

n=1

un hô. i tu. mà chuỗi số du.o.ng
∞∑

n=1

|un|

phân kỳ thı̀ chuỗi số
∞∑

n=1

un d̄u.o..c go. i là bán hô. i tu. .

§4. CHUÕ̂I HÀM

4.1. Các d̄i.nh nghı̃a

• Cho mô.t dãy vô ha.n các hàm số u1(x), u2(x), u3(x), . . . , un(x), . . . Khi

ấy biê’u thu.́c:

u1(x) + u2(x) + u3(x) + . . . + un(x) + . . .
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d̄u.o..c go. i là mô. t chuỗi hàm. Ký hiê. u là:
∞∑

n=1

un(x) (4.1)

• un(x) d̄u.o..c go. i là số ha.ng thu.́ n (d̄ôi khi ta go. i là số ha.ng tô’ng

quát) cu’a chuỗi (4.1)

• Ta d̄ă. t Sn(x) =
n∑

k=1

uk(x) = u1(x) + u2(x) + . . . + un(x) và d̄u.o..c go. i là

tô’ng riêng thu.́ n cu’a chuỗi (4.1)

• Khi x = x0 ∈ R thı̀ chuỗi hàm (4.1) sẽ tro.’ thành chuỗi số
∞∑

n=1

un(x0),

nếu chuỗi số này hô. i tu. thı̀ x0 d̄u.o..c go. i là d̄iê’m hô. i tu. cu’a chuỗi hàm

(4.1).

• Tâ.p ho..p tấ t ca’ các d̄iê’m hô. i tu. cu’a chuỗi hàm (4.1) d̄u.o..c go. i là miè̂n

hô. i tu. cu’a chuỗi hàm (4.1).

• Nếu tò̂n ta. i lim
n→∞

Sn(x) = S(x) thı̀ S(x) d̄u.o..c go. i là tô’ng cu’a chuỗi

(4.1).

*. Vı́ du: Tı̀m miè̂n hô. i tu. cu’a chuỗi hàm sau

∞∑

n=1

1
1 + xn

Ta có:

lim
n→∞

∣∣∣un+1(x)
un(x)

∣∣∣ = lim
n→∞

∣∣∣ 1 + xn

1 + xn+1

∣∣∣ =
1
|x|

+ Nếu |x| < 1 , ta có lim
n→∞

un(x) = 1 6= 0

Theo d̄iè̂u kiê. n cà̂n d̄ê’ chuỗi hô. i tu. , suy ra chuỗi d̄ã cho là phân kỳ.

+ Nếu |x| > 1 , ta có lim
n→∞

|un+1(x)|
|un(x)|

=
1
|x|

< 1

Nên chuỗi d̄ã cho là hô. i tu.
+ Nếu x = 1, ta có lim

n→∞
un(x) =

1
2
6= 0

Nên chuỗi d̄ã cho là phân kỳ.

+ Nếu x = −1, thı̀ un(x) không xác d̄i.nh khi n le’

Vâ. y miè̂n hô. i tu. cu’a chuỗi là D = (1, +∞)
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§5. CHUÕ̂I LUỸ THU
.̀
A

5.1. D- i.nh nghı̃a

• Chuỗi luỹ thu.̀a là chuỗi hàm có da.ng:

∞∑

n=0

an(x− b)n = a0 + a1(x − b) + . . . + an(x− b)n + . . . (5.1)

trong d̄ó: b ∈ R, ak ∈ R (∀k ≥ 0).

• Nếu ta d̄ă. t y=x-b thı̀ chuỗi (5.1) sẽ tro.’ thành chuỗi
∞∑

n=1

anyn (5.2)

• Ta thấy rằng mo. i chuỗi luỹ thu.̀a có da.ng (5.1) d̄è̂u d̄u.a vè̂ d̄u.o..c da.ng

chuỗi (5.2). Do vâ. y chúng ta chı’ cà̂n xét d̄ến chuỗi (5.2), và khi ấy các tı́nh

chấ t có d̄u.o..c cu’a chuỗi (5.1) sẽ d̄u.o..c suy dẫn tu.̀ các tı́nh chấ t cu’a chuỗi

(5.2).

• Dẽ̂ thấy rằng chuỗi (5.2) có mô. t d̄iê’m hô. i tu. là y = 0 (suy ra, mô. t

d̄iê’m hô. i tu. cu’a (5.1) là x=b). Do vâ. y miè̂n hô. i tu. cu’a ca’ hai chuỗi trên

luôn khác rỗng.

5.2. Bán kı́nh hô. i tu. - Khoa’ng hô. i tu.

• D- i.nh lý Abel

Nếu chuỗi luỹ thu.̀a (5.2) hô. i tu. ta. i y = y0 6= 0 thı̀ nó hô. i tu. tuyê. t d̄ố i

ta. i mo. i y thoa’ mãn |y| < |y0|.

• Hê. qua’

Nếu chuỗi luỹ thu.̀a (5.2) phân kỳ ta. i y = y1 6= 0 thı̀ nó phân kỳ ta. i mo. i

y thoa’ mãn |y| > |y1|.

• Nhâ.n xét

Theo d̄i.nh lý Abel và hê. qua’ trên thı̀ tò̂n ta. i mô. t số r ≥ 0 sao cho:

(1). Chuỗi (5.2) hô. i tu. ta. i mo. i y thoa’ |y| < r.

(2). Chuỗi (5.2) phân kỳ ta. i mo. i y thoa’ |y| > r.
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Số r này d̄u.o..c go. i là bán kı́nh hô. i tu. cu’a chuỗi (5.2). Khi ấy khoa’ng

(−r, r) d̄u.o..c go. i là khoa’ng hô. i tu. cu’a chuỗi (5.2). Miè̂n hô. i tu. cu’a chuỗi

(5.2) là ho..p cu’a khoa’ng hô. i tu. vo.́i các d̄iê’m hô. i tu. cu’a (5.2) xét ta. i hai

d̄iê’m mút cu’a khoa’ng hô. i tu. .

5.2. Quy tá̆c tı̀m bán kı́nh hô. i tu..

• D- i.nh lý D’Alembert

Nếu lim
n→∞

∣∣∣∣
an+1

an

∣∣∣∣ = D thı̀ bán kı́nh hô. i tu. cu’a (5.2) d̄u.o..c xác d̄i.nh nhu.

sau:

(1). Nếu D = 0 thı̀ r = +∞ (quy u.o.́c)

(2). Nếu 0 < D < +∞ thı̀ r = 1
D

(3). Nếu D = +∞ thı̀ r = 0 (quy u.o.́c).

• D- i.nh lý Cauchy

Nếu lim
n→∞

n
√
|an| = C thı̀ bán kı́nh hô. i tu. cu’a (5.2) d̄u.o..c xác d̄i.nh nhu.

sau:

(1). Nếu C = 0 thı̀ r = +∞ (quy u.o.́c)

(2). Nếu 0 < C < +∞ thı̀ r = 1
C

(3). Nếu C = +∞ thı̀ r = 0 (quy u.o.́c).

5.3. Mô. t số tı́nh chấ t cu’a chuỗi luỹ thu.̀a

• Tı́nh chấ t 1

Tô’ng S(y) cu’a chuỗi luỹ thu.̀a (5.2) là mô. t hàm số liên tu. c trong khoa’ng

hô. i tu. (−r, r).

• Tı́nh chấ t 2

Ta có thê’ lấy tı́ch phân tu.̀ng số ha.ng cu’a chuỗi (5.2) trên d̄oa.n [a, b]

nào d̄ó nằm trong khoa’ng hô. i tu. cu’a chuỗi. Có nghı̃a là:

b∫

a

S(y)dy =

b∫

a

( ∞∑

n=0

anyn

)
dy
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=

b∫

a

(a0) dy +

b∫

a

(a1y) dy +

b∫

a

(
a2y

2
)
dy + . . . +

b∫

a

(anyn) dy + . . .

D- ă. c biê. t ta có:

y∫

0

S(t)dt =

y∫

0

(a0) dt +

y∫

0

(a1t) dt +

y∫

0

(
a2t

2
)
dt + . . . +

y∫

0

(antn) dt + . . .

= a0y +
a1

2
y2 +

a2

3
y3 + . . . +

an

n + 1
yn+1 + . . . (5.3)

Chuỗi (5.3) cũng là chuỗi luỹ thu.̀a có khoa’ng hô. i tu. là (−r, r).

• Tı́nh chấ t 3

Ta có thê’ lấy d̄a. o hàm tu.̀ng số ha.ng cu’a chuỗi (5.2) trong khoa’ng hô. i

tu. cu’a chuỗi. Có nghı̃a là:

[
S(y)

]′
=

( ∞∑

n=0

anyn

)′

= a1 + 2.a2.y + 3.a3.y
2 . . . + n.an.yn−1 + . . . (5.4)

Chuỗi (5.4) cũng là chuỗi luỹ thu.̀a có khoa’ng hô. i tu. là (−r, r).

*. Vı́ du. : Tı̀m miè̂n hô. i tu. cu’a chuỗi luỹ thu.̀a

∞∑

n=1

(x + 2)n

n.3n

Ta có:

lim
n→∞

|un+1|
|un|

= lim
n→∞

n.3n

(n + 1)3n+1
=

1
3
⇒ R = 3

Vâ.y chuỗi có khoa’ng hô. i tu. là

−3 < x + 2 < 3 ⇒ −5 < x < 1

Vo.́i x = −5 ta có chuỗi
∞∑

n=1

(−1)n

n
hô. i tu.
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Vo.́i x = 1 ta có chuỗi
∞∑

n=1

1
n

phân kỳ

Vâ. y miè̂n hô. i tu. cu’a chuỗi là D = [−5, 1)
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BÀI TÂ. P CHU
.
O.NG III

Bài 1: Tı̀m số ha.ng tô’ng quát cu’a chuỗi

1.
1
2

+
3
4

+
5
6

+
7
8

+ . . .

2.
1
2

+
4
4

+
7
8

+
10
16

+ . . .

3.
2
3

+
32

72
+

42

112
+ . . .

4.
2
1

+
22

1.2
+

23

1.2.3
+

24

1.2.3.4
+ . . .

5.
3!
2.4

+
5!

2.4.6
+

7!
2.4.6.8

+ . . .

6.
1
3

+
1.3
3.6

+
1.3.5
3.6.9

+ . . .

7. 1 +
1√
5

+
1√
9

+
1√
13

+ . . .

Bài 2: Tı̀m tô’ng riêng và tô’ng (nếu có)cu’a các chuỗi số sau

1.
1

1.3
+

1
3.5

+
1

5.7
+ . . .

2.
1

4.5
+

1
5.6

+
1

6.7
+ · · ·+ 1

n(n + 1)
. . .

3. 1
2.4.6

+
1

4.6.8
+

1
6.8.10

+ . . .

4.
∞∑

n=1

3n2 + 3n + 1
n3(n + 1)3

5.
∞∑

n=0

arctg
1

n2 + n + 1

6.
∞∑

n=1

1
4n2 − 1

7.
∞∑

n=1

(
√

n + 2− 2
√

n + 1 +
√

n)

8.
∞∑

n=0

3
2n

9.
∞∑

n=0

n

n2 + 1

10.
∞∑

n=1

1
n2 + 3n + 2

11.
∞∑

n=4

n + 1
n3 − 6n2 + 11n − 6
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12.
∞∑

n=2

3n − 5
n(n2 − 1)

13.
∞∑

n=0

1 + 2n

3n

14.
∞∑

n=1

2n − 3n

5n
15.

∞∑

n=2

(−1)n 1
n2 − 1

Bài 3: Dùng d̄iè̂u kiê. n cà̂n d̄ê’ chuỗi số hô. i tu. , hãy chu.́ng minh các chuỗi

số sau phân kỳ:

1.
∞∑

n=0

n − 1
3n + 2

2.
∞∑

n=0

sinn

3.
∞∑

n=0

(−1)n 1
2

4.
∞∑

n=1

(n + 1
n

)n
.
1
e

5.
∞∑

n=2

n

ln2n
6.

∞∑

n=1

1
√

n −
√

n − 1

Bài 4: Dùng các tiêu chuâ’n so sánh xét su.. hô. i tu. cu’a các chuỗi sau:

1.
∞∑

n=1

n

100n2 + 2
2.

∞∑

n=1

1√
n(n + 1)

3.
∞∑

n=1

( 1 + n

1 + n2

)2

4.
∞∑

n=1

√
n + 1 −

√
n − 1

n
3
4

5.
∞∑

n=1

1
n

sin
1√
n

6.
∞∑

n=1

1
4.2n − 3

7.
∞∑

n=1

2n + 3n

4n + 2n
8.

∞∑

n=2

1√
n

ln
n + 1
n − 1

9.
1
11

+
1
12

+
1
13

+
1
14

+ . . .

10.
2 + 1
5 + 1

+
22 + 1
52 + 1

+
23 + 1
53 + 1

+ . . .

Bài 5: Dùng tiêu chuâ’n tı́ch phân d̄ê’ xét su.. hô. i tu. cu’a các chuỗi sau

1.
1

9 ln 9
+

1
19 ln 19

+
1

29 ln 29
+ · · ·+

2.
1

2 ln 2 ln ln 2
+

1
3 ln 3 ln ln 3

+
1

4 ln 4 ln ln 4
+ . . .
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3.
∞∑

n=2

1
n lnn

4.
∞∑

n=2

ln 1
n

n2

Bài 5: Dùng tiêu chuâ’n D’alembert hay Cauchy, xét su.. hô. i tu. cu’a các

chuỗi sau

1.
∞∑

n=0

n.lnn

n2 − 1
2.

∞∑

n=0

(1 +
1
n

)n 1
2

n

3.
∞∑

n=0

(
3n + 1
5n − 2

)2n 4.
∞∑

n=0

n!
(2n)!

tg
1
5n

5.
∞∑

n=0

nn

3n.n!
6.

∞∑

n=1

n2 + 5
2n

7.
∞∑

n=1

(3n + 1)!
8n.n2

8.
∞∑

n=1

3n.(n!)2

(2n)!

9.
∞∑

n=1

1
5n

(
1 −

1
n

)n2

10.
∞∑

n=1

7n.(n!)2

n2n

11.
∞∑

n=1

( n

2n + 1

)n

12.
∞∑

n=2

(2n2 + 2n + 1
5n2 + 2n + 1

)n

13.
∞∑

n=1

1.3.5. . . . (2n− 1)
22n(n − 1)!

14.
2
1

+
22

210
+

23

310
+

24

410
+ . . .

15.
10
1!

+
102

2!
+

103

3!
+ . . .

Bài 6: Xét su.. hô. i tu. cu’a các chuỗi sau:

1.
∞∑

n=1

n + 1
(−1)n

√
n − n

2.
∞∑

n=1

(−1)n n + 1
2n2 − 5

3.
∞∑

n=1

(−1)n+1(
n

3n − 1
)n 4.

∞∑

n=1

(−1)n(
2n − 1
3n + 2

)n
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5.
∞∑

n=1

(−1)n 2n2

n!
6.

∞∑

n=1

(−1)n−1

√
2n − 1

7.
∞∑

n=1

(−1)n n!
1.3.5....(2n− 1)

8.
∞∑

n=1

(−1)nln
n + 1

n

9.
∞∑

n=1

x.lnn

x2 + n

Bài 7: Tı̀m miè̂n hô. i tu. cu’a chuỗi hàm:

1.
∞∑

n=1

(x + 2)n

n.3n
2.

∞∑

n=1

1
1 + xn

3.
∞∑

n=1

xn

1 + x2n
4.

∞∑

n=1

(n − 1)
x.nx

5.
∞∑

n=1

(xn +
1

2n.xn
) 6.

∞∑

n=1

cosnx

2nx

7.
∞∑

n=1

1
lnnx

8.
∞∑

n=1

(−1)n+1

1 + n2x

9.
∞∑

n=1

(−1)n.n

xn + n2
10.

∞∑

n=1

sinn(
x.lnn

x2 + n
)

Bài 8: Tı̀m miè̂n hô. i tu. cu’a các chuỗi lũy thu.̀a sau:

1.
∞∑

n=1

xn

n
2.

∞∑

n=1

(x − 2)n

n2
)

3.
∞∑

n=1

(
xn

2n + 3n
) 4.

∞∑

n=1

2n2
xn

5.
∞∑

n=1

n!
nn

xn 6.
∞∑

n=1

(x − 4)n

√
n

7.
∞∑

n=1

(−1)n−1

n.2n
xn 8.

∞∑

n=1

(
n + 1
2n + 1

)n(x− 2)2n

9.
∞∑

n=1

(x + 5)2n−1

n2.4n
10.

x + 1
1!

+
(x + 2)2

3!
+

(x + 1)3

5!
+ ..1.
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