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St thu hep tap hop cdc ham bién phitc bang diéu kién C - kha vi sé dua
dén 16p cdc ham chinh hinh. Dinh nghia tinh C - kha vi ctia ham bién phitc
sé dwgce trinh bay hoan toan twong tw nhw dinh nghia tinh kha vi trong giai
tich thwe. Tuy cé s “giong nhau” bé ngoai dd, gitra hai khéi niém nay ton

tai nhirng s khdc nhau rat ¢t yéu ma ta sé thiy ro trong chwong II nay.

2.1 Ham kha vi

2.1.1 Ham R? - kha vi

Giad st D 1a mién ctia mat phang R? va f(x, %) 1a ham gid tri thwe hodc phitc
xac dinh trong D, zg = xo + iy € D.
Ta c6 dinh nghia sau day.

Pinh nghia 2.1.1. Ham f dwoc goi 1a R? - kha vi tai diém (2o, y0) € D néu
ton tai ham tuyén tinh Ah + Bk ctia cdc bién thwe h va k sao cho véi h va

k di bé s6 gia cia f thda man hé thitc

f(xo+h,yo+ k) — f(z0,y0) = Ah + Bk + e(h, k)p,
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trong d6 A, B thwc hoac phite, p = Vh? + k? va e(h, k) — 0 khi p — 0.
Néu f 1a ham R? - kha vi tai diém zy = zo + iyo € D thi cac hang s6 A
va B (thire hoiic phitc) dwoc xéc dinh duy nhat va twong ttng bang

0 0
A= a—i(iﬁoayo)a B = a—g(%ayo)
va biéu thitc
0 0
df = 8_£(x0’y0>h+ a_]yc(l"o,yo)k (2.1)

dwoc goi 14 vi phdn clia ham f tai diém (zo, yo).

Bing céch st dung ky hiéu c6 tinh chit truyén théng doi véi b va k:
h =dx, k =dy, tir (2.1) ta cé

_of

0
= 9 ——(20, Yo)dx + —f(ﬂfoa Yo)dy.

d

Ta lwru ¥ rang néu cdc dao ham riéng ton tai trong mot lan can nao dé
clia diém (g, yo) va lién tuc tai diém &y thi f 14 ham R? - kha vi tai diém
dé. Ham f cé céc dao ham riéng lién tuc trong mien D dwoc goi 1a khd vi
lién tuc trong mién do.

Bay gio ta xét vi phan

fd:c + gdy (2.2)

df = dy

D6l v6i cde ham 2z =z + iy vaz = x — iy ta ¢d
dz = dxr +1idy, dz =dx —idy
va do do
dr = %(dz +dz), dy= —(dz—dz). (2.3)
Thé (2.3) vao (2.2) ta thu dwoc hé thire

U CaE
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Bang céach dat

-3 moamtia) @9
ta co
of o or or_ o1 oy
xr 0z 0z dy 0z 0z
va ¢6 thé viét biéu thitc vi phan ctia ham R? - kha vi dwéi dang
df = afd + % (2.5)

Dinh 1y 2.1.1. Phép biéu dién vi phan (2.5) ciia ham R? - khd vi f la duy

nhdt, titc la néu co
df = Adz + Bdz thi A_af B:a—]_t~
ox’ 0z
Chitng minh. Vi dz = dzx + idy, dzZ = dx — idy nén
df = (A+ B)dx +i(A — B)dy.

Tw d6 thu dwoc

af . of
Aa+B=Y. jua-p=9%.
+ ax Y Z( ) ay
Giai hé phwrong trinh nay ta thu dwoc diéu phai chiing minh. O

2.1.2 DPao ham theo phuwong
Gia st f(z) 1a ham R? - kha vi tai diém zp € D va Af 1 s6 gia ciia né tai
diém zp tng véi Az = Aree.

. A s
Ta thanh lap ty s6 A—f va xét gidi han cta n6 khi Az — 0 sao cho
z

li =1 A
Jim o= 1m0(arg z) =

trong dé ¢ 1a mot s6 ¢o dinh cho truwde.
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A
Pinh nghia 2.1.2. Gidi han cla ty so A—f khi Az — 0ma p = Alimo(argAz)
z z—

dwoc goi 1a dao ham cia ham f theo phwong ¢ tai diém 2.

0
Dao ham theo phwong ¢ dwoc ky hiéu la —f va nhw vay

2
of _ i 21
0z, N Az
@p=const
Az—0

Ta c6 dinh 1y sau day:

Pinh ly 2.1.2. Gid st f la ham R? - khd vi. Khi dé tdp hop cdc gid tri
dao ham theo phwong tai diém zy cho trudce lap thanh dwong tron véi tam
tai diém of va bdn kinh bang ’3_]_0’

0z 0z
Chatng minh. Theo gia thiét ta cé f 1a ham R? - kha vi, nén

Af = %Az + %AE + 0o(Az), (2.6)

A
trong d6 lim% =0 khi Az — 0. Do @6
z

ﬂ — g + ge_%a + E(AZ),

Az 9z 0z
A
trong d6 e(Az) = ol zz)’ va ta thu dwoc
of . Af_Of Of
2L im 2L = 2 e 2.7
92, AT 9 ot (2.7)

Cong thitc (2.7) chitng td rdng cdc gid tri dao ham cia ham f theo
A ~ M \ \ s . A . oA a \ z z
phwong tai diem zy lap day dwong tron véi tam tai diem 8_f va ban kinh
z
. af
bing | 22 . O
e |5z
Trwong hop dac biét quan trong la trwomg hop khi dao ham theo moi
phwong trung nhau. Khi d9, dwong tron da ndi trong dinh ly 2.1.2 sé€ suy

. e O
bién thanh mot diem a—(zo).
z
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2.1.3 Ham C - kha vi

Gia st D 13 mién ctia mit phang phitc C va f 1a ham bién phitc z = x + iy

xac dinh trong D. Ta c¢6 dinh nghia quan trong sau day:
Pinh nghia 2.1.3. Ham f dwoc goi 1a C - khd vi tai diém zy € D néu ton
tai gidi han

i 4 2o+ 1) = f(z0)
h—0 h
h#£0

va ta néi rang ham f cdé dao ham theo bién phitc tai diém z, va ky hiéu 13

f'(20) hay %(zo):

f/(20> _ R _ hhino f(ZO + h;L — f(20> . (28)

h#0

Dinh nghia 2.1.3 doi hdi rang gi¢i han (2.8) phai ton tai ddi v6i moi cdch
cho z dan dén zy. N6i chinh xéc hon, hé thitc (2.8) c¢6 nghia rang: Ve > 0,
30 = 6(g) > 0 sao cho khi 0 < |h| < § thi bat dang thitc

f(z0+h) = f(20)
h

— f(z0)| < ¢ (2.9)
dwrge thda man. Nhw vay ta doi hdi rang khi h — 0 (tikc 1a z — z) theo bdt
ctt dwdorng nao ty sé

f(zo+h) = f(z)
h

phai dan téi cing mot gidi han.

Tir hé thite (2.9) cling suy ra rang néu ham f(z) c¢é dao ham tai diém z
thi nd lién tuc tai diém dé. Dieu khang dinh ngwoc lai 14 khong ding.

Tt dinh nghia dao ham (2.8) va céc tinh chit clia gi¢i han trong mién

phitc suy rang céc quy tic co ban dé tinh dao ham cta tong, tich va thwong
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ctia hai ham. ctia hdm hop va ham ngwoc d6i véi cdc ham bién thire déu
dwoc bdo toan ddi véi cdc ham bién phite.

Bay gio ta chuyén sang xét van dé tw nhién 1a: tinh C - kha vi da néu
twong tmg vdi tinh chit don gidn nao clia cdec ham u(x,y) va v(z, y) 1a phan

thwe va phan 4o cia ham f(z).
Dinh 1y 2.1.3. Gia st ham
f(z) = u(z,y) +iv(z,y)

la C - khd vi tai diém z = x +iy. Khi d6 tai diém (x,y) ham u(x,y) va

v(z,y) ¢é cdc dao ham riéng theo bién x vay thda man diéu kién

ou_ou
ox Oy’
(2.10)
ou_ v
oy Oz

Cdc hé thite (2.10) dwoc goi la cdc dieu kién Cauchy - Riemann.

Chitng minh. Gid sit ham w = f(z) xdc dinh trong mién D C C va ¢6 dao
ham tai diém z € D:
fz+Az) - f(2) Aw

/ 1 — T - .
fz) = Jim, As = dim AL (2.11)

Nhw vay véi moi cach cho Az = Az + iAy dan dén 0 gii han (2.11) phai
ton tai va déeu bang mot gia tri 1a f/(2). Do d6 gidi han ay phai ton tai trong
hai trwong hop riéng sau

a) Az = Az +i0 = Az va Az — 0.

b) Az =0+ iAy = iAy va Ay — 0.

Trong trwomg hop thit nhat ta ¢6

b u(z + Az, y) —u(z,y) | v+ Az,y) —v(z,y)
fiz) = Algilo [ Az Tl Az
A — A —
i et Azy) —uy) o v(et Azy) —vley)
Az—0 AJL‘ Ax—0 Al‘
ou ov

= %(x,y) —i—’i%(aj,y). (2.12)
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Trong trwong hop thit hai:

f’(z): lim [U(l‘,y—l—Ay)—U(l‘,y)+Z,’U(l‘,y—|—Ay)—’U(l‘,y)

Ay—0 1Ay 1Ay
_ Aliyrf}o u(z,y+ ?z?g— u(z,y) N AI;I_I}O v(z,y + AAyy) —v(z,y)
= —ig—Z(x,y) + g—;(:c,y) (2.13)
T (2.12) va (2.13) ta thu dwoc
ou_ov
ou v 00 ou . 0r Dy
dr Odx 0Oy Oy @ B _@
dy ox
Dinh ly dwgce chitng minh. U

RO rang 13 cdc hé qua thu dwoc tir tinh C - khd vi 13 an twong hon nhiéu
so véi cac hé qua thu dwoc tiv tinh C - lién tuc. Ngoai viéc cdc ham u(zx,y)
va v(z,y) ¢6 cdc dao ham riéng cép 1, cdc dao ham nay con phai lién hé vai
nhau bdi cdc phwong trinh vi phan (2.10).

Nhw vay, tham chi néu u(x,y) va v(z,y) ¢6 cdc dao ham riéng cip 1 thi
n6i chung ham u + iv khong phai la ham kha vi cia z.

Tir d6, cdc hé thite Cauchy - Riemann (2.10) 1ap thanh diéu kién cin dé
ham f(z) 1a C - kha vi. Tuy nhién d6 khong phai 1a diéu kién da. Ta xét
mot vai vi du.

Ta x6t ham f(z) = /|zy|. Ham nay tri¢t tiéu trén ci hai truc va do d6
khi z =0 ta co

ou_ou_ov_ov_,
or Oy Ox Oy
va dieu kién Cauchy - Riemann thda man. Nhung ham f(z) khong C kha vi

f2) ]yl

tai diem z = 0. That vay, ta c6 —2% = Y21 vanéu = = ar, y = Br trong
z Tty
Q ~ \ \ A 7 7 N z. « .
dé «, ( 1a nhitng hang s6 con r > 0 thi he thitc d6 dan t&i —||— % khi r — 0.
a+1

Nhw vay gi¢i han khong duy nhéat va ham khong C - kha vi.
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Vi du nay ching té ring ham f(z) c6 thé khong C - kha vi néu hé ty s6
f(z) = f(=0)
zZ — 20
chung, ham f c¢6 thé khong C - kha vi cho du ty s6 trén dan dén gi¢i han

dan dén giéi han doc theo hai dirong thang vuong géc. Va néi

theo mot 1op cac dwong dac biet nao do. Chéng han, ta xét ham
zy?(z + iy)

fey=q = +v
0 néu z = 0.

f(z) = f(0)

z
thang nao qua goc toa do. Nhung trén duwong cong x = y? ta cé

Fe-f0) 1
z 4yt 2
Do d6 ham f(z) khong C - kha vi tai diém 2 = 0.
Céc hé thite (2.10) sé 1a dieu kién di dé f(z) 14 C - kha vi néu giad thiét

thém rang ca bon dao ham riéng cap 1 ctia ham u(z,y) va v(z,y) déu ton tai

néu z # 0,

Dé dang thay rang lim = 0 néu z — 0 doc theo bat cit dwong

trong 1an can diém (x,y) va lién tuc tai diém (z,y). Ta c6

Dinh ly 2.1.4. Néu tai diém (z,y) cdc ham u(x,y) va v(z,y) cd cdc dao
ham riéng lién tuc théa man cde dieu kién Cauchy - Riemann thi ham bién
phitc f(2) = u+iv cé dao ham tai diém z = x + iy.
Chatng minh. Gid stt cdec ham u va v c6 cdc dao ham riéng lién tuc tai diém
(z,). Khi d6 u va v kha vi tai diém dé, titc 1a s6 gia Au va Av twong tng
véi céce s6 gia Az va Ay cé thé biéu dién dwdi dang

ou ou

v v
Av = ’U(l‘ + Al‘,y—i— Ay) - ’U(l‘,y) = %Al‘—i_ a_yAy+ 02(10>7p —0

trong dé p = |Az| = \/Az? + Ay?, 01(p) va 02(p) (p — 0) la nhirng vo clng
bé cap cao hon so vdi p, tike 1a
i %(P)

—0, j=12
p—0 p j
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Do d4, néu lwu y rang o1 (p) + io2(p) = o(p) (p — 0) ta cé

ou ou ov ov
| LAz + Ly +i(Ear+ A
Af _Au+ilv 9z v dy y—H(@x x—i_@y y) +0(p)
Az Az +ilAy Ax + 1Ay Az
Ju , ov :
_ %(Ax—i-sz)—i- %(—Ay—HAx) . olp) p
Az +iAy p Az
_Ou v olp) P
Jor  Ox p Az
Vi ’A%’ :@:wag@:omnm d6 suy ring
i D000
arto Az Oz 0w
’ N . o3e R N , N au ,3’0
tire la tai diém z ham f ¢6 dao ham f'(z) = — +i—- O
Jxr Oz

2.1.4 Méi lién hé gitra C - kha vi va R? - kha vi

Céc diéu kién Cauchy - Riemann (2.10) ¢6 thé biéu dién dirdi dang gon gang
hon néu ta st dung khai niém dao ham hinh thitc trong 1. va 2.
Tir dinh 1y 2.1.2 suy ra rang néu f 1a ham C - kha vi tai diém 2z, € D thi
dao ham theo moi phwong tai diém d6 déu tring nhau va bang % .
Chinh xac hon ta c¢é
Pinh ly 2.1.5. Ham R? - khd vi f trong mién D la ham C - khd vi trong
mién dé khi va chi khi né théa man dieu kién
af
o
Chitng minh. 1. Gid st f la ham C - kha vi. Khi d6, theo dinh nghia 2.1.3
gi¢i han (2.8) ton tai khong phu thudc vao phwong phéap dan Az dén 0, va

0. (2.14)

ta co

Af = fl(z0)Az+ e(Az),
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trong do6 Alimoes(Az) = 0. T dé it ra

df = f'(z0)dz,
tie la
of
— =0.
0z
2. Gia st a—]_t = 0. T cong thirc (2.6) ta thu dwoc
z

Af _of

= _ 2 A

A: 0z £(82),

trong do6 Alimoes(Az) = 0. Tir d6 thay ro la gigi han (2.8) ton tai va

or.

f'(20) = 5

O

bieu kién (2.9) chinh 1& diéu kién kha vi phitc Cauchy - Riemann. Diéu
kien Cauchy - Riemann con cé thé biéu dién dwéi dang
of | .of
—+i1—=0 2.15
ox T dy (2.15)

va nhw vay ta c6 dinh 1y sau day.

Dinh 1y 2.1.6. Ham f la C - khd vi tai mot diém nao dé khi va chi khi no
la R? - khd vi tai diém do va cde dao ham riéng cia né tai diém dy lién hé
v6i nhau bang hé thite (2.15).

2.1.5 Ham chinh hinh

Tit tinh C - kha vi da dwoc dinh nghia ta chwa thé it ra nhitng két luan
ma chiing ta mong mudn khi néi dén tam quan trong ctia khéi niém nay.
Dé thu dwoc nhirng két qua d6, doi héi ham f phai 1a C - kha vi tai mot

~ A~ N e oA ~ ~ z
lan can nao d6 cua diem zy. Vi thé ta c6
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Pinh nghia 2.1.4. 1) Ham f dwoc goi 1a ham chinh hinh tai diém z, néu
né 1a C - kha vi tai mot lan can nao d6 cia diém z,. Ham f dwoc goi la
chinh hinh trong mién D néu né chinh hinh tai moi diém ctia mién ay. Tap
hop moi ham chinh hinh trong mién D dwoc ky hiéu la H(D).

2) Ham f(2) chinh hinh tai diém vé cung néu ham ¢(z) = f<§) chinh
hinh tai diém z = 0.

Phéan 2) ctia dinh nghia 2.1.4 cho phép ta xét cdc ham chinh hinh trén
cac tap hop ctia mit phang déng C.

Ta nhan xét rang cing véi thuat ngit “ham chinh hinh” nguoi ta con
dung nhtrng thuat ngir twong dwong khéac sau day:

“ham chinh hinh” = “ham chinh quy” = “ham giai tich don tri”.

Tir dieu kién Cauchy - Riemann va dinh nghia 2.1.4 dé dang suy ra
Pinh 1y 2.1.7. Gid st mien D C C va H(D) tdp hop moi ham chinh hinh
trong mien D.

Khi do

1. H(D) la mdt vanh;

2. néu f € H(D) va f(z) #0Vz € D thi % € H(D);

3. néu f € H(D) va f chi nhan gid tri thuc thi f la hang so.

Chatng minh. Bang céch tinh todn tric tiép ta thu dwoc

0 _of 0Oy
0 _of dg
T dé suy ra 1) va 2).
oo s o of
bé chitng minh 3) ta nhan xét rang 92 9u cung chi nhan gia tri thue.
T oy
Nhung mat khac:
of _,;of
oxr Oy
0 0 . M
neén suy ra 8_:]; = 8_£ = (0. Vay f la hang so. O
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Dinh ly 2.1.8. (vé ham hogp). Néu f(w) la ham chinh hinh trong D* va
néu g : D — D* la ham chinh hinh trong D thi ham hop flg(2)] chinh hinh
trong D,

Chatng minh. That vay, dé thay rang

olrta)] _of 0 of og.
0z ow 0z OJw 0z
oo Of dg . Cpa e

Theo gia thiet P 0, i 0 nén suy ra f[g(z)] 1a& ham chinh hinh
trong D. O

Tiép theo, gid stt w = f(z), z € D 1a ham chinh hinh dnh xa don tri mot
- mot mién D 1én mién D*. Dieu dé cé nghia 1a theo ham da cho moéi z € D
déu twong tmg véi mot gid tri w € D* va dong thoi theo quy luat dé moi
w € D* chi twong tng véi mot gid tri z € D. T d6 xéc dinh dwoc ham
don tri z = p(w), w € D* ¢6 tinh chat 1a flp(w)] = w, w € D*. Nhuw ta biét
ham z = p(w) dwoc goi la ham nguwoc véi ham w = f(z), z € D.

Ta sé chitng minh rang néu f'(z) # 0, 2 € D thi ham z = o(w) la ham
chinh hinh trén D*.

That vay, gia st w, w4+ Aw € D*. Nho ham nguroc, cdc diém ndy twong
tng véi diém z, z + Az. Theo gid thiét ham f c6 dao ham tai diém z nén
f(2) lién tuc tai d6: Aw — 0 néu Az — 0. Do tinh don tri mot - mot ta cé

ch dieu khang dinh ngwoc lai: Az — 0 néu Aw — 0. Nhung khi dé

. Az . 1 1 .
Al R = A, Aw = fiz) (F(z) #0).
Az

Digu dé chitng td rang dao ham ctia ham ngwoc 2z = p(w) ton tai tai diem w

va bang
/ 1 *

Vi w 1a diém tly ¥ cia D*, f(2) lién tuc va f/(z) # 0 nén ham ¢(w) chinh
hinh trong D*.
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Ta xét vi du hAm w = az+b, a # 0 14 ham tuyén tinh nguyén. Ham ndy
anh xa don tri mot - mot mat phéng phttc z lén mat phéng phitc w. Ham

ngroc cia né ¢b dang

w—>b

Dé dang thdy rang ham w = az + b va ham ngwoc clia né z = chinh

“ . ~ v N 7z 1
hinh khip noi trén mat phang z va w twong tng <w’z =a,z, = 5)

Pinh ly 2.1.9. Gid s cho chuoi liy thita

> an. (2.16)
n=0
Néu bdn kinh héi tu cia chuoi (2.16) khdc 0 thi tong S(z) ciia né la mot
ham chinh hinh trong hinh tron héi tu {|z| < R, R > 0} cta nd, titc la khi
|z| < R ta co

S(z+h) = S(2)

! — 1
S'(z) = lim %

(2.17)

Chatng minh. 1. Dau tién ta chirng minh rang néu ban kinh hoi tu ctia chuoi
da cho (2.16) 1a R thi ban kinh hoi tu R* cia chudi dao ham

So(z) = Znanz”_l (2.18)

n=1

ciing bang R. That vay, hién nhién rang ban kinh R* bang ban kinh héi tu

cua chuoi

E napz".

n=0

Nhung

lim {/n|a,| = lim nw Vla,| = lim {/|ay,|
n—oo n—oo n—oo
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va do do

- -1 1
R = <lim \ n|an|) = < lim \"/|an|) = R.

2. Gid stt 2 1a diém c¢6 dinh tiy ¥ ndm trong hinh tron |z| < R. Khi d6
c¢6 thé chira sd Ry (0 < Ry < R) sao cho |z] < Ry < R. Gia st Az 14 s6 gia
tly y cia z ma |z + Az| < By < R. Vi

Az — 20
(2 + Zl S (z+A2)" T2z 4+ A2)" 24 2
cho nén
S(z+ Az) — S(2)
— <
’ Az SO(Z)’ h
< ’ Z anf(z 4+ A2)" P 2(z+ A2)" P4 2T |+
n=1
+ ’ Z an[(z 4+ A2)" 2z + A2)" P4 4 2T
n=m+1
+ ’ Z napz" ! (2.19)
n=m-+1

Xét diém z* = R;. Vi diém 2* = R; nam trong hinh tron hoi tu |z| < R
ctia chuoi (2.18) nén tir sw hoi tu tuyét déi cia chudi (2.18) trong hinh tron
|z| < R suy rang: Ve >0, 3M = M(e) sao cho Vm > M thi phan dw

o0

3" nla Ry < % (2.20)

n m+1
Do dé véim > M, ttr (2.20) thu dwoc

o0

- 1 1 €
n2 | < W R < = 2.21
Y na < DD mlanRy < S (2:21)
n=m+1 n=m+1
va
Z an[(z+A2)" 2z 4+ Az)" P 2| <
n=m-+1
= £
< WRT < < 2.922
> nladri < (2.22)

n=m-+1
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Tiép theo, tir hé thitc
lim Zan[(z + Az)”—l +2(z 4 Az)n—2 4+t z”_l} — Znanzn—1
n=1

suy rang véi s6 € > 0 da chon, tim dwoc s6 & = d(e) > 0 sao cho véi
|Az| < min(d; |Ry — z]|) thi

’ Z an(z4+ A2)" P 2(z+ A2)" 4 2T T < % - (2.23)
n=1

Béang cdch thay n > M trong (2.19), tir (2.21) - (2.23) suy rang khi
|Az| < min(d, |R; — z]) ta ¢

S(z+ Az) — S(z) e € €
N —So(z)<3+3+3—5.
Do d6
L S+ AZ) = S(2)
So(z) = Alir_r)lo x, = 5'(2).

Vi z 1a diém tiy ¥ ctia hinh tron hoi tu |2| < R nén dinh ly dwoc ching
minh. 0

Nhan zét. Vi bang phép doi bién theo cong thitc ¢t = 2z — 2, 29 # 0 chudi

S an(z — 20)" dwoc quy vé chuoi > a,t™ nén ta cé dinh 1y sau:
n=>0 n>0

Dinh 1y 2.1.9*. Téong f(z2) cia chudi liy thia Y an(z — 20)" la ham chinh
n=0
hinh trong hinh tron hoi tu |z — z| < R cta chuoi dd va dao ham f'(z) duoc

tim theo cong thitc

f'(z) = Znan(z — )"

n=1
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2.1.6 Khéng gian cidc ham chinh hinh

Gid stt mién D C C, C(D) la tap hop cdc ham lién tuc trong D va H(D) la
tap hop cdc ham chinh hinh trong D.

Khong di sdu vao chi tiét (viec d6 danh cho bo mon t6po hoc), & day chi
phéc qua viéc xdc dinh topo trong C(D). Dai véi tap hop compac K C D
bt ki va s8 & > 0 bét k¥, dit

V(K,e)={fe€C(D):|f(z)] <eVze K}.

RO rang la tap hop V(K ¢) 1a lan can cia f = 0 trong C(D). Nguoi ta
da chitng minh rang (xem [10], trang 188 191) néu {K,,} 1a day cédc tap hop

compac ctia mien D : K; C K1, U K = D sao cho moi compac K C D
=1

déu thuoe mot K, nao dé thi cde tap hop V (K, e) doi véi moi K; va e nhw
vay 1a hé 1an can co s clia phan ti 0 (tike 14 f = 0) va sé xdc dinh mot topo
ma v4i topo dé C(D) la mot khong gian topd. Ro rang la day ham f,, € C(D)
hoi tu déu trén tirng compac ctia mién D khi va chi khi VK C D, Ve > 0,

Vn da 16m suy ra
fn—feV(K,e).

Diéu d6 c6 nghia rang day f,, € C(D) cé gidi han 14 mot diém trong topo
ma V' (K, e) lap thanh hé lan can co s& ciua f = 0.

Vi H(D) la khong gian con cia khong gian C(D) nén trén H(D) ta xét
top6 cam sinh bdi topo cua khong gian C(D). Véi topo d6, H(D) la khong
gian topo. Déi véi khong gian C(D) ciing nhw H(D) ta c¢é thé xéc dinh topo
bdi métric héa. Do dé 6 thé ap dung cho khong gian C(D) va H(D) nhirng
dinh 1y quen thuoc vé khong gian métric. Chang han, tap hop con A cia
khong gian E 13 déng khi va chi khi giéi han ctia day diém bat ky cia A
thuoe A.
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2.2 Mot s6 ham chinh hinh so cap

2.2.1 Da thirc va ham htru ty

d(const dz .
% =0, = 1 va cac quy tac tinh dao ham
z

Dé ¥ dén céc dang thikc
2
ta c¢6 thé két luan rang da thitc P,(z) la ham chinh hinh ¥V z € C va

[y

P.(z) = <i akz”_k)/ = Z(n — k)agz"*L

=0

3

ol

P
Cac ham htru ty R(z) = %, trong d6 P(z) va Q(z) la cdc da thitc,

chinh hinh Vz € C\ N(Q), trong d6 N(Q) = {z € C : Q(z) = 0}. Chang
“HbchinhhintheC\{—g}néuc¢o
c

han, ham phan tuyén tinh w =
i cz +

. : 1 1
va chinh hinh trong C néu ¢ = 0 va d # 0; ham Jukovski w = 3 <z + —)
z
chinh hinh Vz € C\ {0}.

2.2.2 Hamw=2z"vaz= Vw,n €N
Ta xét cdc gia tri z; = |21]€, 2o = |z1]e2. Tir d6
wy —wy = |z1|" [em“"l — em“”]
= |z ["e™mez [emiprme2) — 1], (2.24)
Hé thirc (2.24) chitng t6 rang 2; va 23 ¢6 cling mot anh khi va chi khi

2
g01—g02:/€'—7r, ke 7.
n

Do vay, hAm w = 2" don diép trong mién D nao d6 khi va chi khi D khong

’ ~ v [N ’ S \
chita nhirng cap diem khac nhau z; va z; ma

|21] = |22|

2
arg z; = arg zs + —Wk, k€ Z.
n
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Vi du vé mién don diép ctia ham w = 2" 13 cdc hinh quat v6 han
2 2 -
Dy = {zEC:k—W <argz < —ﬂ(k—i—l),k:(),n— 1}.
n n

Ta chia mit phang phitc C thanh n hinh quat bdi céc tia di ra tir gdc
toa do

9:9k:2—7rk, E=0,1,...,n—1.
n
Gia sit Dy, 1a hinh quat
O <0 <0ry1, p>0.
tikc 1a
Dk:{zEC:z:pew,p>0,9k<9:argz<9k+1}.
Hién nhién Dy, 1a mién. Ta ky hiéu
D,’::{ze@:z:pewﬁk<9<9k+1,p>0}.

Tiép theo ta dat

0=0r+, 0 <0<0p1.

P 2T . .
T d6 néu 0 < ¢ < 0y = — thi 0, < 0 < 0,1 va nguoc lai.
n
Ta chimg minh rang: ham w = 2™ dnh za don tri mot - mot mién Dj lén
toan bé mdt phang
C*:CZ}:{wEC:w:rew,Ogg0<27r}.
That vay, ta co
ind n zn(%rk—i—w) n inw.

re? = pte™ = pre =p'e

Do do
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va tir d6 ta thu dwoce anh ctia D 1a mat phang C7.

Tt chirng minh trén ta cung thu dwoc

G

3=

p=r
i
p==
n

va tir d6 suy rang trén mién Dj ham w = 2" ¢6 ham ngwoc

0 L jet2k

z=(2)p=pe? =rve”n , k=0,1,...,n—1;, weC. (2.25)
N6i chung: ham w = 2" ¢6 ham ngwoc n-tri
z=w
1& n nhénh lién tuc (2.25) twong tmg véicacsdé k =0,1,...,n—1. Céc nhanh
(2.25) xéc dinh bdi cae s6 k= 0,1,...,n — 1 énh xa C* lén D§, D5, ..., Di

twong tng.
Dé tinh dao ham ctia nhanh thit & ta phéi xét mién Dy C Dj. Ta ky hiéu

Ch=C:\R,.

R6 rang la ham chinh hinh w = 2" 4nh xa don tri mot - mot Dy lén CF,
dong thoi ham ngwoc twong ing dwge xac dinh theo cong thire (2.25).

Ap dung quy tac dao ham ham ngwoc ta ¢ (z € Dy)

() = (), = e = = o

(zn)' ozl nw

1 1 i£+2k7\' 1 1
_ > rme n~ Zpnleila—D(et2kn) _ —, 51
n reilet2kr) g n .

2.2.3 Ham ¢°
Gia st z = x +iy. Khi do6

er e"(cosy +isiny).
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Néu z = x 1a s6 thue thi e* = €%, titc 1a khi 2 nhan céc gid tri thie thi ham
bién phitc e tring véi ham mi bién thie thong thirdomg. Diéu nhan xét nay
cing v4i mot s6 tinh chat dwoc néu dwdi day sé chitng té tinh hop ly cia
dinh nghia ham mi bién phitc vira néu.

Ta lwu y mot so tinh chat cia ham e?.

1) e* #0 Vz e C. Diéu dé dwoc suy ra tir dinh nghia va hé thitc e” # 0,
le”| = 1.

2) e* . e?2 = Mt

Chitng minh. Gid st 21 = 21 + 1y1, 20 = T2 + iyo. Khi dé

21 | p22

et - e” = e®(cosyy + isiny;)e"?(cos ya + isinys)
= M1t [cos(y1 + yo) + sin(y; + y2)] — emrteztilyityz)
— €Z1+22 )
]
621 N \ N . ~ \ 7z ~
3) - = e®17*2 Pieu nay dwoc suy ra tir dinh nghia va tinh chat 2).
eZ

4) Dang thirc e+ = % & a = 2k7i, k € Z.

Chitng minh. Gid stt o = 2kni, k € Z. Khi d6 ta c6

z+a €z+2k7ri

e — z.€2k7rz_ z

=€ =€ .

Ngwoc lai, néu e = e*, a = \ + iv thi
ez—i—)\—l—w — % = ¢* (€>\+ZV o 1) = 0.

Vi e? # 0 nén e’ = 1. Ta sé chitng minh rang khi d6 A\ = 0, v = 2k,
ke Z.

That vay, tir dang thitc e = 1 suy rang e* - e = 1 va do d6 e* = 1,
v=2km, keZ tecla\=0,v=2%kn, k€ Z Nhrvay a =0+ i2kr =
2kmi. U

A+iv
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Céc s6 2kmi, k € Z ma véi z € C bat ky ta ¢ dang thite e = ¢2
dwoc goi 1 cde chu kg cla ham e* va s6 2mi goi 1a chu ky co bdn clia no.

5) e* khong c¢é gidi han khi z — co vi lim e” =0, lim e = oc.

T——00 T—-+00

6) Ham e* don diép trong mién D C C khi va chi khi mién D khong chira

~ v o A ’ S \
nhirng cap diem khac nhau z; va 25 ma
21— 29 =2n7wi, n € 7.

Chitng minh. That vay, gid st z1, 22 (21 # 22) cung ¢6 mot anh. Khi do tir

hé thitc wy; = w9 suy ra
el =e? & 172 =1 & 2y — 29 = 2kmi.
O

Vi du vé mién don diép ctia ham mi bién phitc 1a cdc bang v6 han nam

ngang
Dk:{zEC:—oo<Rez<+oo;2k7r<Imz<2(k+1)7r,k€Z}.

7) Ham e* lién tuc trén C. That vay vi cdc ham Re(e*) = u(z,y) =
e” cosy, Im(e*) = e*siny déu lién tuc nén theo dinh 1y ta ¢6 ham e* lién tuc.

8) Ham e* € H(C). That vay cdc ham phan thwe u(z,y) = e”cosy va
phan 4o v(z,y) = e®siny déu 1a nhitng ham kha vi va thda man dieu kién
Cauchy - Riemann, nén theo dinh 1y 2.1.4 ta c6 e* € H(C).

2.2.4 Ham logarit

Gia st cho s6 phitc z € C. Khi dé moi s6 phtc ¢ € C thda man phwong

trinh e¢ = 2 dwoc goi 1a 16garit clia s6 z € C va dwoc ky hiéu 1a
Lnz = (.
Nhw vay

Inz=(<e =z (2.26)
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Giast ( =x+1iy, z=r(cosp+ising), r=|z|, p =argz, — 7 < p < 7.

Ta cé
e¢ =z & " =r(cos ¢ + isin p)
& e®(cosy +isiny) = r(cos p + isinp)
e =r>0,
=
Yy =@+2km, kel
r =lnr
=
y =¢+2kn, kelZ.
Nhw vay
Inz=(=x+iy=Inr+i(p+2kn), keZ,
hay la

Lnz = In|z| +darg z + 2kmi, k€ Z. (2.27)
Ta ky hieu
Inz = In|z| +iargz
va goi do la gid tri chinh cia Ln z. T d6
Inz=1Inz+2kmi, keZ.

Tir hé thire (2.27) suy ra rang: moi s6 phitc z # 0,00 déu cd vo $6 gid
tri logarit, trong dé hai gid tri logarit bat ky la khdc nhau mot bdi nguyén
ctia 2mi. Néu z 14 s6 thue dwong thi gid tri chinh cia logarit tring véi In |z|
va do d6 né biéu dién s6 thue triung véi 1ogarit ¢6 dién: Chang han In1 =0,
lne=1,...

Nhung, ngoai cdc gid tri thwe do, 16garit cia cdc s6 thwe dwong con
c6 vO s6 céc logarit phitc dwoc tinh theo cong thite (2.27). Chang han:
Inl = 2kmi, Lne =1+ 2kme, ...
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Ta lwu y hai tinh chat dac biét cua logarit s6 phite
a) Ln (2122) = Ln z; + Ln 29,

b) Lnﬁ =Lnz — Ln 2.
%)

Céc dang thitc nay can dwoc hiéu mot cch wée 1&: dé 1a dang thite gita cac
tap hop. Néi cach khédc; vé trai c6 thé sai khdc vé phai mot boi nguyeén ciia
271 hodic vé phai bang vé trdi véi viee chon s6 hang 2kmi trong vé trai mot
cach thich hop.

Bay gio ta xét 1ogarit voi tw cdch la mot ham.

Ta dat

Co=C\ {0}
va dwa vao xét ham

Lnk : CO — C,
Lngz = In |z| + iarg z + 2kmi.

D6 la ham don tri. Mat khéc vi —7 < arg z < 7 nén
Ln,Cy C Dy, = {w €eC: 2k+ 1) <Imw < 2k + 1)7T}

14 bang v6 han nam ngang cé beé rong 2.

Ta sé chitng to rang
LniCy = Dy,
tirc 14 chitng minh rang Vw € Dy, 32 € Cy sao cho
Lngz = w.
Gid st w =u +iv € D;. Khi d6
v =+ 2kw, —7 <vy <.
Ta dat z = e = e"(cos vy + isinvy). Khi dé ta thu dwoc

Lngz = In|z| + iarg z + 2kmi
=u+i(vg + 2k7) = u +iv = w.
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Nhw vay

Lnk:C(lé—n)>Dk.

Vi Dy, 14 mién don diép ctia Lng nén tai dé né ¢ ham nguwoc
Ll’llzl . Dk — CQ.
do la ham
Ln; ' (w) = e®.

Ham nay don tri.

Ta nhan xét rang ham Lngz khong lién tuc trong Cy, ma cu thé 1a né
khong lién tuc trén phan am truc thwe R™. That vay vi Vz = 29 < 0 va
VU(xo,€) la € - 1an can cla xg, Iz € U(z0,€) sao cho Im(Lngz) sé gan vai
(2k+1)m va 32 € U(xg, €) sao cho Im(Lngz) sé gan véi (2k —1)w. N6i chinh
x4c hon khi 2 — 2 € R~ ma Im 2z > 0 (twong tng: Im 2z < 0) thi Lngz dan
dén In |zo| + (2k + 1)7 (twong ing: dan dén In |zo| + (2k — 1)7).

Cac ham Lngz dwogce goi la cde nhdnh (don tri) cia ham da tri Ln 2.

Mot cach tw nhién ta dwa vao tap hop
C*:{zEC:—W<argz<7r}
1a mat phang phitc C cit bd phan am truc thuc va xét ham

Ln) = Ln,

c*
Ro rang la
Ln)C* = DY) = {w eC:(2k—1)r <Imw < (2k + 1)7}

Ham Ln} lién tuc trén C*. Dé chitng minh diéu d6 ta chi cin chitng minh

rang

Inz = In|z| +iargz
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lien tuc trén C*. Nhung diéu d6 13 hién nhién vi phan thwe In|z| lién tuc
trén C* (tham chi né lién tuc ca trong Cy) va phan 4o arg z lién tuc trén C*
nhw ta da ching minh trong chwong trudc. Nhw vay: ham Lngz lién tuc
trén C* = C\ R™. D6 la cdc nhanh don tri lién tuc trén C* ctia ham logarit
Ln z.

Trong mién C* ta thu dwoc v6 sé nhdnh don tri lién tuc. Moi nhanh Lnyz
hoan toan dwoc dic trung bdi diéu la: Céc gia tri clla né thudoe mot bang vo
han nam ngang Dy xdc dinh.

Tir 1ap luan trén ciing suy ra rang ham w = Lngz 4anh xa don tri mot -
mot va lién tuc mién C* lén Dy, va ham ngwoc clia né z = e¥ ¢é dao ham

#£ 0 tai moi diem w € Dy. Do d6 theo quy tac dao ham ctia ham nguroc ta cé

<Lnkz)/ 11 (2.28)
2 (ew)w ev  z

Ta nhin manh rang & day ta tinh dao ham khong phai ctia ham da tri

Ln z ma la cia nhanh don tri cia né twong tng véi gia tri k& nao do.

2.2.5 Ham liiy thira 2%, o € R

Ham luy thtra 2, o € R dwgce dinh nghia theo cong thirc

w= 2% = eozlnz — ea[ln|z|+i(argz+2k7r)]
— |z|a€z‘o¢(argz+2k7r)’ keZ (2.29>
hay la
w = pe @0 e 7.2 = pe?. (2.30)

Ta xét cac trwrong hop sau day.

ia2km

1*. Néu « 1a s6 nguyén thi e =1va

o

w = (pe)* =z

trong d6 z® dwoc hiéu theo nghia thong thwong 13 tich clia o thira s6 2.
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2. Néu o = ig, trong dé p > 0, ¢ > 0 1& nhirng s6 nguyén, thi gitra céc
q

s0 & vé phai ctia (2.30) chi ¢ céc gid tri twong ing véi k=0,1,...,q—11a
khéc nhau:

w = pe 0T —01,...,q—1.

1
Dic biét 1a khi @ = =, n € N thi ham w = 2% da dwoc xét trong 2).
n
3*. Néu a 14 s6 vo ty thi déi véi cde gid tri k& khdc nhau cdc ham x4c
dinh béi (2.29) hay (2.30) 1a khéc nhau. That vay gia tri acgumen cia céc

gid tri 2% bang
0, = ab + 2k

va trong cédc gia tri dé khong cé céc gid tri nao khdc nhau mot boi nguyén cua
271 vi néu véi ki, ke nguyén va ky # ks ma 0y, — 0, = 2kTa — 2kyma = 2n,
trong d6 n-nguyen thi

o

kL —ky

«

14 s hiru ty. Vo ly. Dieu d6 chitng té rang 2@ 1a ham v6 s6 tri. D6 1a Cdc
nhdnh lién tuc cia ham vo sO tri w = 2°.
Tiép theo ta c6 (2 = pe®)

ea[ln p+i(0+2km)]

(0%
(za)/ _ (ealnz)/ — eozlnz . ; = « —e[lnp+’i(6+2k7r)]
]

a—1

YIn p+i(0+2km)] _ az

= qel®!

’ N ’ / — ’ T . /
tirc 1a dang thitc (zo‘) = az® ! ding d6i véi moi nhénh cia 2%

2.2.6 Cac ham so cap khac

Cac ham chinh hinh so cap da xét: ham phan tuyén tinh, ham e* va In z,
ham Jukovski dong mot vai tro co ban trong viée khdo sét cdc ham so cap

co ban khéc.
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That vay, khi biét ham f(2) va ¢(z) ta cling sé biét cad ham f[p(2)] va
©[f(2)]. Cé thé khang dinh rang moi ham so cdp co bdn khic déu cé thé
biéu dién dwéi dang hop mot s6 nao dé cac ham so cap ma ta da nghién ciu.

Chang han ta xét cac ham Iwong gidc bién phitc

sinz S (2.31)

cosz %, (2.32)

tgz et sz, (2.33)
oS 2

cotg z o SBE (2.34)
sin z

Néu z = x 1a s6 thue thi theo dinh nghia va cong thitc Euler ta cé

1
sinz = % [(cosz + isinz) — (cos(—x) + isin(—x))| =sinz, cosz = cosx.

1

Nhuw vay khi z = 2 13 s6 thire ham bién phitc sin z triing véi ham sin x quen
thuoc. Twong tw nhw vay déi véi ham cos z va tg z.

Lwru ¥ rang céc ham lwong gidc (2.31) bao toan nhiéu tinh chdt ctia hAm

lrong gidc bién thwe nhwung khong phdi moi tinh chat déu dwoc bdo todn.

e+et .. e—et
~ 1,54; sint =

~ —1, 177, nghia la khong

Chéang han cosi = ;
thé ndi cos z va sinz ¢é modun bi chan.
Ham w = cos z dwge xét nhw 1a hop cua ba ham sau day:
i _ . _ 1< 1)
21 =12; zZg=¢€"' w=—=(z2+—.
2 z9
Do dé viéc khao sat ham cos z dwoc dwa ve khao sdt cdc ham da dwoc
nghién ctru.
T hé thite (2.32) va cdc tinh chat ctia ham e ta rit ra tinh C - kha vi
ctia ham cos z.
Twong tw, ham w = sin 2 14 hop cia bon ham sau day:

. z9 1 1
z1 =1z, zg =€t z23=—, w:—(z3+—)
1 2 23
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nén viéc khao sat ham w = sin z cing dwoc dwra vé khao st cdc ham da xét
O trén.

Tir hé thitc (2.31) va (2.32) suy ra rang ham cos z va sin z 14 nhitng ham
tuan hoan véi chu ky 27 va 14 nhitng ham C - kha vi:

(cosz) = —sinz; (sinz) =cosz.

Dai véi ham tg 2, theo dinh nghia ta co:

D6 14 ham tuan hoan véi chu ki co s& 7. Bang cdch sit dung (2.31) va
(2.32) ta c6

1 €2iz -1

2= 5 gt

(2.35)

Do d6 viéc khdo sat ham tg z dwoc dira ve khao sat cdc ham “trung gian”

da dwoc xét sau day

. X 22—1
21 =2z, zZm=e€t;, w=—i- .
29+ 1

Bay gio, ta chuyén sang xét ham liiy thira tong quat
w=2z2% o€cR".
mot cdch chi tiét hon.
Ta dat

SO — ealogz.

Ham nay la hop ctia ba ham trung gian sau day

z1=logz; 29 =az;; w=e?.

Ciing nhw & cdc phan trén, ta cé thé dinh nghia khai niém nhénh lién tuc
ctia hAm z® trong mién D. Moi nhanh lién tuc ctia ham log 2 trong mién D

sé xac dinh mot nhanh lién tuc clla ham 2 trong mién dé.
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Dé dang thay rang anh cia goc
D:{zEC:a<argz<b,b—a<27r,b,a€R} (2.36)
qua dnh xa w = 2%, a € RT 1a mot trong cdc goc sau:
D* ={w: aa+2rak < argw < ab+ 2rak, k€ Z}. (2.37)

That vay, qua énh xa z; = logz anh ctia D sé la mot trong céc bang vo

han sau:
D(z1) ={z1 € C:a+2kr <Imz <b+2kr keZ},

trong d6 s6 nguyén k diroc xéc dinh bang viéc chon nhanh lién tuc cia log 2

trong géc (2.36). Qua anh xa zo = az; thi anh cia D(z;) sé la bang v6 han
D(z) = {22 ceC:aa+2kma <Imzy < ab+ 2]€7TO(}

voi dieu kién a(b — a) < 27.

T d6 suy ra diéu phai chitng minh.

2.2.7 Nhanh chinh hinh cta ham da tri

Theo dinh nghia, ham chinh hinh f trong mién D dwoc goi 14 mot nhdnh
chinh hinh ctia ham da tri F(z) néu tai moi diém 2 € D gid tri ctia ham f(2)
tring véi mot trong cdc gid tri cia F(z) tai diém Ay.

Ta sé giai thich khai niém nhdnh chinh hinh déi v4i mot vai ham don
gian.

Truwge hét ta xét ham w = /2 trong mien D = C \ {[0, ooe’®]}, trong dé
{0, 00€e™} 14 tia arg 2 = a. Ta da thdy rang nhanh don tri lién tuc ctia ham
/z ¢ thé tdch dwoc trong mién D néu trong dé ham arg z c6 thé tach cdc
nhanh don tri lién tuc (xem 1.5). Gia st 2o 1a diém c6 dinh nao d6 thuoe D

va g = arg 2o la mot trong cac gid tri clia arg z tai zg. Ta xét ham

arg 2o, Z = 2o,
we(2) = (2.38)
Ayzmargz, z€D,z# 2
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nhw da lam trong 1.5. Ta ky hiéu w.(z) 1a gid tri ctia ham can {/z tai diém

z trong tmg véi gia tri . (2) tai diém ay. Khi d6
wy(2) = \"/|z|[cosgp*—(z) —l—z’singp*—(z) : (2.39)
n n

Hién nhién, vi {/]z] va ¢.(2) 1a nhitng ham don tri lién tuc nén w,(z) don
tri lién tuc.
Ta chitng minh rang w.(z) 14 ham chinh hinh trong D (xem 2.2.2).
That vay, ta ky hiéu r = |z|, ¢ = p.(z). Khi d6

Rew.(z) = u.(r,p) = {‘/Fcos%,
Imw,(2) = vi(r,p) = C/Fsin%,

va dé dang thiy rang

Ou, 1 w  Ou, 1
= cos —, — = sin = |
do  pifrr-t n’  Or  pfprl n
a N n B n
Y _—\/77 'nf, Ov —\/Fcosf
Oy n n Oy n n
T do6 suy ra
Ou,  10v.
or  rdp’
LOu,  Ov,
rdp  Or

D6 chinh 1a diéu kién Cauchy - Riemann. Nhw vy ham v va v thda man
diéu kién Cauchy - Riemann trong D. Vi u va v kha vi lién tuc trong D theo
r va ¢ nén w,(z) la mot nhdnh chinh hinh cta ham {/z trong D.

Ta xét cdc ham w,,(z) xdc dinh bdi dang thiic

W (2) = v/ |z|<cos #m(2) + isin QOmn(Z)) m=0,1,...,n—1, (2.40)
n

trong dé ham ¢,,(z) dwoc xdc dinh nhw (5.8), 1.5. Khi m = 0 ta thu dwoc
ham @, (z) trong (2.38). Dé dang thiy rang cdc ham nay déu la nhirng nhdnh
chinh hinh ctia ham {/z.
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Tir Iy luan trén day va muc 1.5.3 ta cé thé két luan rang trong mién D
khong chita diém z = 0 ham da tri /z c6 thé tach n nhanh chinh hinh dwoc
xdc dinh bdi (2.40).

Ciing twong tw nhwr & muc 5, dé dang chitng té rang trong mién D bat
ky c6 chira géc toa do ta khong thé tdch nhanh chinh hinh ctia ham da tri
Yz

Néu ttr tap hop cdc nhdnh chinh hinh ctia ham da tri F'(2) ta mudn tach
mot nhanh xdc dinh thi can dait ra diéu kién bo sung. Diéu kién d6 thong
thwong dwoc cho bdi gid tri clia nhanh can tach tai mot diém nao d6 cila

mién D.

Vidu 1. Cho ham w = /z, D = C\R". Hay téch nhdnh chinh hinh w,,(z)
ma wy,(—1) = —1. Tim gia tri ctia nhdnh d6 tai diém z = 8.
Vi wy,(—1) = —1 nén ta c6 thé dit

o = arg zp = arg(—1) = 3.
Khi dé ham @,(2) 1a

3, z=-1,
Pm(z) =
Ayipargz, z€D,z#—1

va nhanh chinh hinh can tach la

W (2) = W( oS gpm?)(z) + isin gomg(z) )

., . ’ . oA . N
Gi4 tri ciia né tai diem z = 8 bang

3 — = 3T — =
Wi (8i) = \3/§<Cos ' 3

:2<cos%r+isin5g) = —\/§—i—z’.

Bay gio ta chuyén sang xét viéc tdch nhanh chinh hinh ctia ham logarit.

Ciing twong tw nhw trén, dé dang chitng minh rang nhdnh chinh hinh cta
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ham 1ogarit cé thé tach dwoc trong mien D néu trong dé cé thé tach dwoc
nhénh don tri lién tuc cia ham arg z.

Cling nhw trén, gid st z 1a diém cd dinh cia D = C\ [0, 00e™] va
arg zo = o la mot trong céc gid tri cua Argzo. Ta dat
arg zo, z = 2o,

pa(2) =
Ay pargz, 2z €D, z2# 2

va w,(z) 1a gid tri cia w = Ln z = In|z|+iArg z twong tng véi arg z = p.(2).
Khi d6

wi(z) = In|z| +ip.(2).

Hién nhién vi trong D ci In|z| 1an ¢.(z) déu don tri lién tuc nén w,(z) don
tri lién tuc trong D. Ta con can chimg minh rang w.(z) 1a ham chinh hinh
trong D (xem 2.2.3).

bat
Rew,(2) = u.(r,p) = logr,
Imw,(2) = vi(r, ) = pu(2) = @.
Khi dé
Ou, :l’ Ou, _o, v, _o, Ov, _1
or r Oy or Oy
Do dé

Ou, B 1 0w, 1 Ou, B 0v,

or  rdp’ rop  or

Nhuw vay trong D céc diéu kién Cauchy - Riemann dwoc théa man. Vi u,

va v, kha vi lién tuc trong D nén w,(z) la nhanh chinh hinh cta w = Ln z

trong D. Cung twong tw cac ham
Wi (2) = In|z| +ilp.(2) + 2mm], m=0,£1,£2,...
la nhirng nhanh chinh hinh cia ham l6garit, trong d6 we(z) = w.(2).
Ciing twong tir nhw doi véi ham cin, ham logarit cé thé tdch dwoc thanh
cdc nhdnh chinh hinh trong mién D bat ky khong chita géc toa do z = 0,

con néu mién D D {0} thi viéc tach dé 14 khong thwe hién dwoc.
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2.3 Ham chinh hinh va dnh xa bao giac

Trong muc nay ta sé lam quen véi s mo ta hinh hoc déi véi cdc ham chinh
hinh. Cu thé hon ta sé lam quen véi mot trong nhitng van dé co ban cia,
Iy thuyét ham bién phitc 1a viéc nghién citu cdc ham chinh hinh bang cach
xuat phdt tir dic tinh cia cdc dnh xa ma cdc ham dé da thwe hién - goi 1a
anh xa bao gidc.

Bai todn co ban ctia 4nh xa bao gidc la bai toan sau day. Gia s cho hai
mién D va D*. Hay tim ham f : D — D* thwc hién 4nh xa don tri mot -
mot va bao gidc mién D 1én mién D*.

T d6 cling sé ndy sinh ra nhitng van dé ton tai va duy nhat déi véi ham

f ma ta sé nghién cttu ky trong chwong VII.

2.3.1 Y nghia hinh hoc ctia acgumen ctia dao ham

Gid st ham w = f(z) € H(D), f'(z0) # 0, 29 € D. Khi d6, theo dinh nghia,

ta cé:

Aw ~
/ T — i
f(z0) = Allr_r)lo X Ae*, A#0 (2.41)
va tir d6 suy ra
: Aw /
Alir—r}o <argA—z) =« = arg f'(20). (2.42)

Gia st v = y(t), t € [a,b] 1a cung tron Jordan di qua diém z. Tai diém
20 = Zo(to) ta c6 '(to) # 0.

Anh clia v qua énh xa w = f(2) la cung ' = f(v) di qua diém wy. Cung
dé ¢6 phwong trinh 1a w = f[y(¢)], t € [a, b].

Theo quy tac vi phan ham hop, ta cé:

w' = f'(7(to))¥ (to) # 0. (2.43)
Tir hé thitc (2.43) suy ra rang ' ¢6 tiép tuyén tai diém wy va

arg f'(29) = argw’(ty) — argy'(to) (mod 27). (2.44)
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Nhw vay, vé mit hinh hoc, arg f/(z0) bang géc quay clia cung « tai diém
2o qua anh xa f(z).

Néu hai dwong cong cé tiép tuyén v, va 7, giao nhau tai diém 2z thi qua
dnh xa w = f(2) tiép tuyén cta nhitng dwomg cong niy sé quay mot géc
nhw nhau va bang arg f'(z0). Do d6 néu géc gitra 1 va 7o bang ¢(71,72) thi
goc o(T'1,Ty) gitra cac anh Ty = f(71) va Ty = f(72) cling sé bang o(71,72)-
Nhu vay, ve do 1ém va hudng géc gitta hai dwong cong cat nhau tai mot
diém 1& bang géc gitra cdc dirong cong anh twrong ng clia ching qua 4nh xa

w = f(Z), f/(ZO> # 0.

Pinh nghia 2.3.1. Gi sit 7, va v, 14 hai dwong cong di qua diém vo6 ciing
2z = oo. Khi d6 géc gitta cdc anh ctia v v 75 qua dnh xa ¢ = ~ tai diém
z

¢ = 0 dwoc goi la gbéc gitra hai dwong cong v, va v, tai z = oo.

Vi du 1. Gi st hai tia 7, va 7 xudt phat tir diém hitu han z,. Khi d6 géc
gitta 1 va 7, tai diém 2 = co bang gdc gitra hai tia dé tai diém 2y véi dau
nguroc lai.

Dé don gidn, ta dat zo = 0. Gia sit

argz} =, =12

ZE7;

Khi d6 géc gitta 1 va ¥ (theo hwémg tir 4, dén 7o) tai diém 2z = 0 1a
bing o = @y — 1. Anh clia céc tia 7 va 2 qua anh xa ¢ = 1/z la %
va Yo va argdge% = —;. Do dé géc gitta 71 va ¥, tai diém ¢ = 0 bang
(—p2) — (—¢1) = —a va theo dinh nghia 2.3.1 géc gitra hai tia v, va v, tai
diém oo bang —a.

Bay gio ta néu ra mot so dieu kién di ve sw bao toan géc tai diém zy qua
dnh xa w = f(z) lién tuc tai lan can diém zy khi 29 = oo hay khi f(z) = oo.

1. Gid st zp = oo va f(z9) # 0o. Ham ¢ = 1/z anh xa cdc dwong cong
xuat phét tir diém zy = oo thanh céc dwong cong xuat phat tir diem ¢ = 0.
Do d6, dé c6 s bao toan cdc géc tai diém zy = oo qua dnh xa w = f(2) chi

can céc goc tai diem ¢ = 0 dwoc bao toan qua anh xa w = f<%) Va dé
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dwoce dieu db ta chi can ¢ sy ton tai dao ham khéc 0 ctia ham f(1/¢) tai
diem ¢ = 0, tikc 13

tim L) = 00) _ i) - p(oo) £ 0.

¢—0 C —0 z—0

2. Gid st zp # 00 con f(zy9) = oco. Trong trirong hop nay cic dwong
cong xuat phét tir diém zy dwoc d4nh xa thanh cdc dwong cong di qua diém
w = o0o. Do db dé cdc géc tai diém zy bdo toan qua dnh xa f(z) dieu kien du

1a céc géc tai diém z, dwroc bao toan qua dnh xa ( = — = m Va dé ¢
dieu do, diéu kién di 1a ton tai gidi han hitu han sau d;;: )
1 1
S fe) g,y
z— 2 2=z f(2)(z — 20)

lim

zZ—20

3. Bay gio gid st 29 = oo va f(z) = oo. Dé bdo toan cic géc tai diém
1

20 = oo qua anh xa w = f(z) diéu kién di 13 céc géc tai diem (= — = 0
20
1 ~ N ’ N N b N N .
bao toan qua anh xa ( = — 1 Va deé cé dieu do, dieu kién du la ton tai
N ¢
giéi han htru han
1/f(1/¢) —1
iy YFA/Q) —1/f(e0) _ . 2 40,
¢—0 C— 0 Z—00 (z)

2.3.2 Y nghia hinh hoc ctia médun dao ham

Bay gio tir diém zy € D ta ké tia theo hwdng vecto don vi 5 va lay trén tia
d6 diém 2. Ta 1ap ty s6 khodng céch gitra cdc anh f(z) va f(z) véi khodng
cach gitta cc diém z va z.

Giéi han ctia ty s nay khi z dan dén 2 theo tia dwoc goi 1a hé s6 co
gian ctia anh xa f tai diém zy theo hwéng vecto § va ky hiéu 1a mj’:(zo). Néu
z=2zy+ 5t, 0 <t < oo thi

5 : 45t —
m}(zo) = lgrol (=0 T§i| f(20)]

= |/"(z0)!.
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Nhw vy, néu ham f kha vi tai diém 2o thi do co gian tuyén tinh tai diém
2o theo hwéng § qua anh xa f, f'(z) # 0labang | f(20)|, (mF(z0) = | f'(2)o)|)
va khong phu thuoc vao hwdéng s.

Bay gio gia st v la dwomg cong Jordan nhw trong 1. vaI' = f(v) la anh

cla né.

|dzo| = (dad + dy2)"?dt = ds,,
dwo| = (du? + dv?)Y*dt = doy
0 0

\ ~ ~ PR DS \ . ’ [N S 7
14 nhirng yéu t6 do dai lan hrot ctia v va I tai cdc diém zg va wy twong ing
nén
dO’Q
dSQ

| (z0)] (2.45)

Hé thitc (2.45) chitng t4 rang qua énh xa w = f(z) hé s6 co gian tuyén tinh
tai diém 2 clia mot cung v bat ky di qua diém dé khong phu thudc vao dang
va hwéng cua 7.
2.3.3 Anh xa bao giac
Bay gio ta c6 thé phat biéu dinh nghia 4nh xa bao gidc.
Dinh nghia 2.3.2. Anh xa topo

w = f(z) = u(z) +iv(2),

bién mién D ctia mat phang phitc (z) 1én mién D* ctia mit phang phitc (w)
dwoc goi 1a dnh za bdo gidc trong mién D néu tai moi diém z € D, géc gitra

cac dwong cong dwrge bao toan (ci vé do lém va hwdng) va do co gian 1a déu.

Tir 2.3.1 va 2.3.2 ta cé thé phat biéu nhitng dieu kién ma ham bién phitc
can thoa man dé né 1a 4nh xa bao gidc.

Pinh 1y 2.3.1. Gid st dnh za topo w = f(z) chinh hinh trong mién D va
f'(2) #0,Vz€ D. Khi dé dnh za w = f(z) bdo gidc trong mién D.
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Chitng minh. Vi f'(z) # 0, Vz € D nén dd co gian la déu qua dnh xa do.
Ta can ching minh rang géc gitta cac dirong cong diroc bdo toan qua anh
xa d6. That vay, gia st 2o 1a diém tly ¥y thuoe D, v; va 7, 1a hai cung tron
Jordan xuat phat tir 2o, & day v : 2 = z1(t), t € [a,b], 20 = 21(to), 21(to) # O
va yp 1 2z = 29(7), T € [ag,ba], 22 = 22(70), 25(70) # 0, va gbc gitra 1 va
72 1& ©(71,72). Ta ky hiéu anh cia 71 va v, twong ng qua dnh xa f la
[y = f(m1), T2 = f(72). Hai cung I'y va I'y deu di qua diém wo = f(20) va c6
phwong trinh twong tng 1a wy(t) = f[z1(t)], z1(to) = 20 va wa(7) = flz2(7)],
22(10) = 2z0. Theo gid thiét ta c6 wi(ty) # 0 va wh(r) # 0. Dieu d6 ching
td rang tai diém wy = f(z) hai cung I'; va Ty ¢6 tiép tuyén. Ta ky hiéu géc

gitra cac anh T’y va Iy 1a o(T'1,T'y). Trén co s& (2.45) ta cd

arg f(z0) = argws (to) — arg 21 (to) (mod 27),

(2.46)
arg f(zo) = arg we(70) — arg z2(1p)(mod 27).
Tir (2.46) suy ra rang véi su sai khdc s6 hang 2k7 ta ¢6
arg wy (fo) — argwi (o) = arg 21 (o) — arg z(mo)
hay la
w1, T2) = (y1,72)-
0

Tir dinh 1y vira chitng minh suy ra rang tinh chinh hinh va dao ham khdc
khong la dieu kién di dé ham f la dnh xa bdo gide. Dieu dé dwoc luan chitng

trong dinh ly sau day.

Pinh ly 2.3.2. Gid st ham w = f(z) thuc hién dnh za bio gidc mién D
lén mién D*. Khi d6 ham f € H(D) va f'(z) # 0 véi moi z € D.

Chitng minh. Dat Aw = Af = f(z+ Az) — f(z), Vz,z+ Az € D. Theo
diéu kién cta dinh 1y, f 1a bdo gidc nén tai diém 2y € D bat ky 4nh xa
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w = f(2) ¢6 tinh chit bao toan géc va do co gian déu. Do dé v&i moi 21, 29

thuoc lan can cua zg, véi sw sai khac dai lwong vo cung bé, ta cé:

a) arg Awy — arg Aw; = arg Azo — argAz;
va do do
A’wg Aw1
= = 2.4
arg An arg As a, (2.47)
b)
A’wg Aw1
= = A#£0 2.48
trong do6

A21 = Z1 — 20, AZQ = Z92 — 20,
Awy = f(z1) = f(20), Awz = f(22) — f(20)-
T hé thive (2.47), (2.48), v6i sw sai khac dai lwong vo cing bé, ta ¢

A’wg . Aw1
AZQ N AZl

=A™ (2.49)

Vi 21, 25 14 nhitng diém tly ¥ trong lan can diém zp nén hé thikc (2.49)
chitng t4 ton tai
. Aw
A0 Az
va do d6 ton tai dao ham f/(29). Vi A # 0 nén

lim aw f'(z0) # 0.

Az—0 AZ

Vi 2o 1a diém tiy v thuoc D, nén f chinh hinh trong D. O

2.3.4 Anh xa lién tuc va 4dnh xa chinh hinh

Tit cdc muc 2.3.1 - 2.3.3 clia tiét ndy, ta thiy rang dnh xa chinh hinh véi

dao ham khéc 0 dwoc dic trung boi hai tinh chat
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1. Tinh chat bao toan géc;
2. Do co gian déu.
Mot bai toan dwoc dat ra tw nhien la:

I) Moi anh xa lién tuc
w=u+iv (2.50)

6 tinh chat bao toan gée ¢ phai déu 1a chinh hinh khong? (N6i cach khéc:
tinh chat bao toan goc ¢6 kéo theo s co gian déu khong ?)

Hoac bai toan twong tu:

IT) Moi éanh xa lién tuc ¢6 do co gian déu ¢ phai la chinh hinh hay khong ?

CA hai van de trén day déu c6 1oi giai hop 1y néu ngay tir dau ta gid thiét
rang doi véi dnh xa da cho (2.50) cdc ham v va v déu ¢6 dao ham riéng lién

tuc.

Pinh 1y 2.3.3. Gid st phan thuc u(z) va phdn do v(z) cia dnh za f(z) =
u(z) +iv(z) ¢d cdc dao ham riéng cap maot lién tuc va dnh za f(z) cd tinh
chat bdo toan géc tai moi diém z € D. Khi d6 f € H(D) va f'(z) # 0.

Chitng minh. Ta c6
. Aw of Of _,.
lim —— = 2L 4 ZLe2e
A0 Az 9z oz
trong d6 ¢ = Alim0 argAz.
A
Theo didu kién ctia dinh 1y, khi ¢ dinh 2 thi arg< lim. A—w) khéng phu
z— z
thuoc vao ¢ nén
ow
— =0
0z
]

Pinh nghia 2.3.3. Anh xa R? - kha vi f dwoc goi 1a phdn chinh hinh (déi
chinh hinh) trong mién D néu

of _

0
0z

tai moi diem z € D.
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Hién nhién rang néu f € H(D) thi ham f 1a phan chinh hinh trong D.
Pinh ly 2.3.4. Gid st u(z) va v(z) ¢d cdc dao ham riéng cap 1 lién tuc trong
mién D va tai moi diém z € D né ¢é dé co gian déu, tic la ’lim—w # 0
khong phu thuéc vao ¢. Khi dé dnh za w = f = u + iv la chinh hinh hodc
phdn chinh hinh.

Chitng minh. T hé thie (2.7) ta ¢

Aw |2 ow|2 |O0w|? ow Ow
lim 27| = |52+ [S2] + 2Re{ 52 - Setie ).
WAzl Tl TlaEl TR e 8
T diéu kién cua dinh 1y ta it ra

dw dw_
0z 0z

o, ) N . Ow . Ow

Ta seé chitng minh rang hoac Frie 0, Vz € D hoac Fh 0,VzeD.
Z z

Thét vay, néu ca hai hé thitc vira néi dong thoi dwoc théa man tai mot
diém nao d6 thudc D thi cdc dao ham riéng ctia f theo x v y déu bang 0 tai

diém d6. Nhwng dieu dé khong thé xay ra do dieu kién ctia dinh ly. Vi céc

0 Of o .. NS
hém—fv?a—{ deu lién tuc nén cac tap hop
0z 0z
0 0
Elz{zeD:—w:O}, EQZ{zeD:—"fzo}
0z 0z

deu 14 nhitng tap hop déng trong D. Nhwr vay mién D 14 hop ctla hai tap
hop dong khong giao nhau E; va Es. Do D lién thong nén mot trong hai
tap hop nay phai 1a tap hop tréng. O

Trong trwong hop néu xét d4nh xa lién tuc tity y nao dé thi hai van de
dat ra trén day sé trd nén rat khé khan. Tuy nhién, bang cdch ting dung céc
phwong phép ctia ly thuyét ham bién thuc déi véi bai toan I, D. Menchoff !

da chitng minh dwoc rang

'D. Menchoff, Sur la représentation conforme des domaines planes, Math. Ann. 1926.
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Néu dnh za don diép lién tuc w = f(z) ¢ tinh chdt bio toan géc thi f(z)
la ham chinh hinh.

Thé nhung dén nay nguwodi ta chwa 1o tinh don diép trong phép ching
minh dinh Iy trén can thiét dén mitc ndo. Con ddi véi bai todn II thi né da
dwoc gidi quyét tron ven. H. Bohr? da chitng minh dwroc rang

Néu dnh za don diép lién tuc w = f(2) ¢6 do co gian déu tai moi diém
z € D thi hodc f(z) la ham chinh hinh hodc f(z) la phdn chinh hinh.

O day, gid thiét “don diep” déng vai tro cdt yéu. That vay, xét vi du

ham

z khilmz >
Z khilmz <

fz) = i’
0.

Ham f(z) lién tuc trén C nhung khong don diép. Ham f(z) ¢6 do co gian

déu vi rang
A A
lim’A—Z’:lim’A—z’:lkhi Imz >0,
Aw AZ
AW L |AZ) ) <0
hm’Az’ hm’Az’ 1khilmz <0

Thé nhung f(z) khong chinh hinh va ciing khong phan chinh hinh trong
mit phang phitc (2).

2.4 Céac dang ciu so cip

Gia stt D 1a mién ctia mit phang bién phitc z, D* 13 mién clia mat phing
bién phitc w. Theo dinh nghia, phép dong phoi f : D — D* dwoc goi la mot
phép ddang cdu néu cd dnh za f lan dnh za nguoc f~1 déu chinh hinh. Phép
dang cau mieén D lén chinh né dwoc goi 1a phép tu dang cdu.

Ve sau anh xa bao gidc (don diép) f bién mién D 1én mién D* con dwoc

< 1N J ~ -, N N [EEEN ~ . g9 ~
goi la dang cdu (bdo gidc), con D va D* dwgce goi la nhitng mién dang cdu

2H. Bohr, Uber streckentreue und conforme Abbildung, Math. z., 1918, s, 403
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vdi nhau. Trong muc nay ta sé trinh bay céc dang cdu don gidn nhét thuwe
hién bdi cdc ham so cap hoiic t6 hop ciia cdc ham &y cing mot vi du dé tién
lam quen véi cach gidi bai todn tim cic dang cau bién mieén nay 1én mien kia.
Dong thoi thong qua viée trinh bay dé, chiing t6i muén di dén mot két luan
la: qué trinh gidi bai todn tim dang cau bién mot mien cho trwde lén mien
khic dwoc tién hanh gan giong nhir qué trinh tim nguyén ham ctia mot ham
cho triréc ma & day céc dnh xa so cap sé dwoc trinh bay ¢ vai trdo nhw mot
“bang tich phan co ban”.

Khi gidi cdc bai todn dnh xa bdo gidc ta thwomg sit dung hai tinh chat
sau day cua anh xa bao gidc (sé dwoc trinh bay ky trong 7.1):

(i) Anh xa ngwoc véi dnh xa bao gide 1a énh xa bio gisc.

(ii) Hop cua hai énh xa bao gidc la 4nh xa bao gidc.

2.4.1 Ding cdu phan tuyén tinh

Anh xa phan tuyén tinh da dwoc dé cap dén trong chwong I. O day, ta sé
trinh bay cdc tinh chit co ban nhat cia dnh xa do.

Anh xa phan tuyén tinh dwoc xdc dinh béi hé thite

_az—i—b

= — d—>b 0 2.51
w=ST0 ad—be £, (2:51)

trong d6 a, b, ¢, d 1a cdc sé phite.
Véi dieu kién ad — be # 0 ta ¢6 w # const. Trong cong thire (2.51) néu
c=0con d# 0 thi

D6 1a mot ham nguyeén.

Dinh 1y 2.4.1. Anh za phin tuyén tinh (2.51) 1o mét phép dong phéi bién
C len C.

Chatng manh. 1. Trirong hop ¢ = 0 13 hién nhién.
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2. Ta xét treong hop ¢ # 0. Giai phwong trinh (2.51) doi véi z ta ¢6

dw—b
= d—> 0. 2.52
i= o a ¢ # (2.52)

D6 la ham ngwoc cua (2.51). Anh xa (2.52) don tri trong mat phang C va
13 4nh xa phan tuyén tinh. Do d6 (2.51) don tri mot - mot trén C.

Tinh lién tuc cta (2.51) tai cdc diém z # ——, oo 1a hién nhién. Bang
c
cach dat

C

ta thdy rang (2.51) lién tuc trén C. Dinh 1y dwoc chitng minh. O
Dinh 1y 2.4.2. Anh za phin tuyén tinh bdo gidc khdp noi trén C.

Chitng minh. 1. D&i v6i 2 # —d/c, oo tinh bao gidc dwoc suy tir cho 14 tai

’ oA
cdc diem ay

dw _ ad — be 20
dz  (cz+d)?
2. Bay giv gia st hai dwong cong 71 va v, di qua diém 2z = —d/c va a 1

gbc gitra v, va 7y, tai diém ay. Tt 2.3.1 suy ra rang géc gitta cdc anh 7} va

75 clia v va 7 tirong ing qua anh xa (2.51) tai diém w = oo (twong ting

véi z = —d/c) 1a bang a vi
1 c
li = I 0.
z—>lfrdl/c az + b(Z 1 d/C) z—>lfrdl/c az+b 7é
cz+d
Trwong hop z = oo ciing dwoc chitng minh twwong ti. O

DPinh nghia 2.4.1. Anh xa phan tuyén tinh bién mién D 1én mién D* dwoc
goi 1a dang cdu phdn tuyén tinh, con céc mién D va D* dwoc goi la nhitng

. < A ’ 7.
mién dang cau phan tuyén tinh véi nhau.
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DPinh ly 2.4.3. Tdp hop moi dang ciu phan tuyén tinh lap thanh mot nhém,
nghia la
1. Hop (tich) cdc dang cdu phan tuyén tinh la dang cdu phan tuyén tinh.
2. Anh za nguoc cia dang cdu phan tuyén tinh la ding cdu phdan tuyén
tinh.

Chatng minh. Dieu khang dinh 2) 13 hién nhién.

Ta chitng minh 1). Gia st

a1z + by
C—m, a1d1—61C17éO,
as( + by
= — do — b 0.
w C2C+d2, Q202 2027'é
Khi d6
a1z + by
———+b
. a2C1z + dy o
a1zt b
— +d
C2C1z + dy T
. (a1a2 + Clbg)z + (blaz + d1bg) . az + b
(a102 + Cldg)z + (6102 + dldg) cz + d ’
trong d6 ad — be = (a1dy — bycy)(azdy — bacs) # 0. O

Nhin zét. Hién nhién rang nhém cdc dang cau phan tuyén tinh la nhém
1
khong giao hodn. That vay, gia st w(z) = =, p(2) = z + 1.
z
Khi dé

Do do

w(p(2)) # p(w(z)).

Vi qua phép chiéu néi cd dwomg thang 1an dwong tron trén C déu twrong

7 7. N N A v A . ~ 3 ~ 7 . N
ng voi dwomg tron trén mat cau Riemann nén ta cé the quy wée goi duwong
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thang hay dwrong tron trén mat phang phitc déu la “dwong tron” trén C (ta
xem dwong thang trén C la dwong tron trén C di qua diém 0o), va goi hinh
tron, phan ngoai hinh tron va mira mit phang (hinh tron véi ban kinh vo
ciing) deu 1a “hinh tron” trén C.

S(a, R) = {|]z — a| < R} — hinh tron,

S*(a,R) = {|z — a| > R} — phan ngoai hinh tron,

P(R,p) = {z € C:Re(e ¥z) > R} la nita mit phang.

That vay, dit et = cosp +isinyp, z = = + iy, ta cé
P(R,¢) = {(z,y) € R*: 2z cosp + ysinp > R}.
D6 1a nita mit phang;

Pinh 1y 2.4.4. Pang cdu phan tuyén tinh bdt ky bién “hinh tron” (“dwong
tron”) thanh “hinh tron” (twong #ng thanh “dwdng tron”).

No6i cach khéc: “hinh tron” va “dwong tron” deu la bat bién ctia nhém
cac dang cau phan tuyén tinh.
Chitng minh. Anh xa phan tuyén tinh ¢6 thé bidu dién dwdi dang hop cua
cac anh xa:

bc — ad
w= 24+ E=
c c

1 d
Za C_Z+Ea

trong d6 c6 hai d4nh xa tuyén tinh va danh xa £ = 1/¢. Da6i véi cde dnh xa
~ . ’ N oA oA 9 ' ’ ’ . 9 1
tuyen tinh dinh ly 2.4.4 1a hién nhién. Ta chi can xét phép nghich dao w = —.
z
1. Ta xét triromng hop hinh tron S(a, R). Anh cta né sé la
1
)— - a) <R, |l—aw| <R, |1-aw}<R2w?
w

= 1 — 2Re(aw) + |a®||w]? < R*|w]?,

Tiép theo ta xét ba trirong hop sau
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a) |a| > R. Ta ¢6

(la]* = R*)|w|* — 2Re(aw) +1 < 0

2 aw laf®
-2
Flwl = 2R+ e — ey
laf® 1
< —
(aP— 22  Jaf- R
:>’ a ’2 _ R?
O lap =Rl T (o2 - R2P
3 R
=~ PR - R

D6 1a hinh tron.
b) Gia stt |a| < R. Twong tw nhw trén ta cé

- R
R? — |a|?

a
CReE

w
c) Gid stt |a| = R. Dit a = |ale’¥, ¢ = arga, ta co:

1 A 1
Re(aw) > 5= Re(ePw) > Sl

D6 14 nitra mit phang.
2. Doi v6i phan ngoai hinh tron A*(a, R) dinh ly dwoc xét twong tu.
3. Bay gio ta xét phép dnh xa nita mat phang Re(e™*%z) > —R, R > 0.
Anh ctia né sé la
Re(e_wl) >—-R= Re(e_wﬂ) >—R
w |wl?

= Re(e"w) > —Rjwl|?,
va do do

2R|w|* + 2Re(ew) > 0

=|w|? + 2Re<£w) + L > L
2r") T AR T AR
e |2 1 e 1
j’“ 2R |~ aR? "‘” 2rR |~ 2R’
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D6 1a phan ngoai hinh tron. Phép anh xa nita mit phang Re(e™%2) > R > 0

dwoc xét twong tu. O

Nhan zét 2.4.1. Trong moi trwong hop, diém a dwoc 4nh xa thanh diém 1/a.

Diém nay thuoc anh hinh tron S(a, R) cling véi mot 1an can nao d6 clia né.
Dinh 1y 2.4.5. Anh za phin tuyén tinh bién mién thanh mien.

Chitng minh. Gid stit B 1a mién, w = o(z) 14 4nh xa phan tuyén tinh, D =
©(B).

1. Chitng minh D la tap hop mé. Véi moi wy € D, ton tai duy nhat
diém zy € B sao cho p(z9) = wp. Gia st U(zg) C B 1a lan can ctia diém 2
(hinh tron véi tam zp néu zp # oo hodc phan ngoai hinh tron néu zp = o).
Khi d6 theo dinh 1y 2.4.4 ta c6 ¢(U(z)) 1a “hinh tron” chita diém wy cling
véi mot 1an can nao d6 cia né. Nhuw vay wy 1a diém trong ctia D va do d6
D la tap hop md.

2. Chitng minh D la tap hop lién thong. Vi B la tap lién thong nén tir
dinh 1y 2.4.1 suy ra rang D 1 tap hop lién thong.

Nhw vay D la tap hop mé lién thong, nghia la: D 14 mot mién. 0

Dinh 1y 2.4.1, 2.4.2 va 2.4.4 13 nhirng tinh chit dic trieng cla dnh xa
phan tuyén tinh.

Ngoai tinh bao gidc va bdo toan dwong tron, nhém cic dang cau phan
tuyén tinh con c6 nhitng bat bién khac nira.

Déang cau phan tuyén tinh (2.51) chita ba tham s6 phitc 13 ty s6 ctia ba
trong bon hé s6 a,b, ¢, d v4i hé s6 thit tw (# 0). Cdc tham s6 nay dwoce xdc
dinh don tri bdi diéu kién: ba diém cho trwée 2y, 29, 23 clia mat phang phitc
(2) bién thanh ba diém wy, ws, w3 clia mit phang phite (w). Dieu dé dwoc

suy ra tir dinh ly sau day.

Pinh 1y 2.4.6. Ton tai dang cdu phdn tuyén tinh duy nhdt bién ba diém
khdc nhau z1, 29, 23 € C thanh ba diém khdc nhau w1, We, W3 € C twong wng.
Dang cdu dé dvoc zdc dinh theo cong thitc

W—wy Ww3—Wy  Z—Z1 23— 2

= : (2.53)

w— Wy W3 — W1 Z— 29 23— 21
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Chatng minh. 1.Tinh duy nhdt. Gia sit ta cé hai dang cdu wy(z) va wo(2)
thoa man céc dieu kién cta dinh ly. Gid stt G(w) 1a 4nh xa ngwoc clia wo(2).
Ta xét 4nh xa ([w;(2)]. D6 1a mot dang cau phan tuyén tinh. Dang cau

N 7 oA N N \
nay c6 ba diém bat dong 21, zo va 23 vi

wy(zg) = wg, k=123,
@(wk) = Zk, k = 1,2,3.

s az+b
Do dé dat = thi
o d6 néu dat Gfwi(2)] il
azr +b
= k=1,2,3
CZk—i-d Zky ) Sy 9y

hay la
czi+(d—a)z,—b=0, k=123

Da thitc bac hai & vé trdi chi c6 thé ¢ ba nghiém khac nhau (z; # 29 # 23)
khi moi hé s6 ctia né déu bang 0, titc la a = d, b = ¢ = 0 va Glwi(2)] = 2
hay 1a wi(z) = wa(z).

2. Dang cidu phan tuyén tinh théa man dieu kién cia dinh 1y dwoc xic
dinh theo cong thite (2.53). That vay, gidi phwong trinh (2.53) doi v6i w
ta thu diroc ham phan tuyén tinh. Ngoai ra khi thé cap z = z; va w = w;
vao (2.53) thi ca hai vé clia (2.53) déu bang 0. Thé cip 2z = 23 v w = w3
vao (2.53) ta thu dwoc ca hai vé déu bang 1 va cudi cing, thé cip z = 29 va

w = wy ta thu dwoc ci hai vé déu bang oo. O

Trong hinh hoc, biéu thitc

Z— 21 23— X1

\ =

2 — 2y 23— 2o

. N . . \ oA \
dwoc goi 14ty s0 phi diéu hoa clia bon diém z, 21, 2o va 23.
oA Y N N N \ v N M
Néu bon diém zy, 29, 2, 23 ndm trén mot dwong tron (hodc dwdomg thang)

thi ty s6 phi diéu hoa 14 mot s6 thwe. That vay
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a) Néu céc diém 21, 29, 2, z3 nam trén dwong thang ¢ = ( + te'®, —oo <
t < ootaco z = CO -+ tlem, 2o = CO -+ tgem, z = CO -+ toem, z23 = CO + tg@m
va tir do

Z— 21 23— 21

(21, 22,2, 23) = :
Z — 29 23— 29
Cto—t ls—1t

= : e R.
to—to T3 — 1o

z oA N A \ \ s
b) Néu cdc diem z, 21, 22, 23 nam trén dwong tron ¢ = (o + re', r > 0,
0<t<2m tacdz = o+ re’?, 2o = (o +re™?, z3 = ( +1re? va tir d6 ta

z

CO

eiQOO — eiﬁol eiQOS — eiﬁol

Z1,R2,2,23) = — - L -
( 1 <2, < 3) evro — elP2 evrs — eglp2

e

jeater jP0=¢1 _;P0=¥1 je2ten 83—l _;$3=01
2 e 2 — 2 e 2 e 2 —e 2

jeotes [ o0l _yeozer| T seates [ e3—ea _;$3—%2
el 2 el 2 —e 2 el 2 2 —e 2

sin LA sin L
= g : g c R.
sin Yo~ P2 sin LR
2 2

Tir dinh 1y 2.4.6 ta it ra mot tinh chit quan trong nita clia dang cau
phan tuyén tinh.

Hé qua 2.4.1. Ty s6 phi dicu hoa la mét bat bién cia nhém cdc dang cdu
phan tuyén tinh.

Pinh nghia 2.4.2. 1. Hai diém 2 va z* dwoc goi 1a déi ztng véi nhau qua
duong tron T = {|z — 20| = R} C C néu ching c6 cdc tinh chat sau:

a) z va z* cling nam trén mot tia di tir 2o;

b) |z — 20| - |2* — 20| = R%

2. Moi diém trén dwong tron I' diroc xem 1a d6i xitng véi chinh né qua
I.
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Tir dinh nghia 2.4.2 suy ra rang céc diém déi xitng qua dwong tron I' lién
hé v4i nhau bdi hé thike
R2

zZ — 20

w = 29+
That vay, tit biéu thitc vira viét suy ra
lw — 20| |2 — 20| = R?
va
arg(w — z9) = arg(z — 2¢).

Trong hinh hoc so cdp ta biét rang hai diém z va z* déi xitng véi nhau
qua dwong tron I' khi va chi khi moi dwong tron v € C di qua z va z* déu
truc giao voi I

Ta ¢6 dinh 1y sau.

Dinh 1y 2.4.7. Tinh déi ming twong ho gitta cdc diém la mot bt bién cia

nhém cdc ddang cdu phan tuyén tinh.
Chatng minh. Két luan cta dinh 1y dwroc suy tir dinh 1y 2.4.2 va 2.4.4. O

Tir si bat bién ctia tinh ddi ximg gitta cdc diém suy ra rang trong truong
hop khi dwong tron bién thanh dwrong thang, tinh déi xing trung véi khéi
niém doi xitng thong thwong.

Ta minh hoa viéc &p dung tinh bat bién ctia cac diém d6i xing qua dang

cau phan tuyén tinh bang cic dinh ly sau day.

Pinh ly 2.4.8. Dang cdu phdn tuyén tinh bat ky bién nika mdt phang trén
lén hinh tron don vi déu cé dang

Nz —
€z>\

— . Ima >0, (2.54)
z—

w =

trong dé X € R la s6 thuc tuy 4.
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Chatng minh. Gia st dang cdu phan tuyén tinh w = w(z) dnh xa nira mat

phang trén Im z > 0 1én hinh tron {|w| < 1} sao cho w(a) = 0 (Ima > 0).
Ta nhan xét rang diém w = 0 va w = oo sé& twong ing véi cac gid tri lien

hop clia 2z, do d6 ¢ # 0 (vi néu ¢ = 0 thi diém oo sé twong ng véi diem oo).
Céc diém w = 0, w = oo sé twong ng véi cac diem —= va ——. Do d6

a c
s ... b d _ az—

co the viet —— =a, ——=avaw = — —

a c cz—a
Vi cdc diem cua truc thwe ¢6 anh nam trén dwomg tron dom vi, tire la

|lw| =1 khi z = x € R, cho nén

=N
cr—al lel
aF_a

vd a = ce”. Nhu viy w = e

zZ—«
Ta chitng minh rang d6 1a dang cau phai tim. That vay, néu z = x € R
thi hién nhién |w| = 1. Néu Imz > 0 thi z gin o hon so véi @ (tire 1a
|z —a| < |z—al) vado dé |w| < 1. O

Nhan xét 2.4.2. Trong anh xa (2.54) géc quay ctia cdc diromg cong tai diém
o 1a bing \ — g Wi tir (2.54) ta ¢6

argw'(a) = X — g
Pinh 1y 2.4.9. Dang cdu phan tuyén tinh bat ky bién hinh tron
{|z| <1} lén hinh tron {Jw| < 1} déu ¢d dang

N (2.55)

w=e —
1—az’

trong do |a) < 1, A € R la s6 thwe tiy 1.
Chatng minh. Gia sit dang cau phan tuyén tinh w = w(z) bién hinh tron
{|]z] < 1} 1én hinh tron {|w| < 1} sao cho w(a) = 0 (Ja| < 1). Theo tinh
chat bdo toan diém déi xing, cdc diém w = 0, w = oo twong ing véi céc
diém lién hop 2z = a va 2 = —, |a| < 1. Do dé:
a
b d

——:O[’ —_— =
a c

1
-, |Oé|<1,
«
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va

w=— = —
1 c az—1
Z— =
Q
ao z—
c 1—az

Vi cdc diém ctia dwong tron don vi phai bién thanh cdc diém cia dwong
tron don vinén |w| = 1khi |2/ =1. Viz-Z=|2|? nén 2z = 1 khi |z| =1. Vi
s0 1 —az va 1 — oz lién hop véi nhau va |1 —az| = |1 —@z| nén néu |z| =1
thi

1 —az|=|1—-az| |z| =]z —azZz| = |z — a.

Do dé khi |z| =1 thi ta c6:

Z—Q

_):1.
1—az

Nhung khi dé |w| = 1 cho nén ’%’ —1va 2= e, X € R. Nhu vay ta
c

thu dwoc (2.55). ‘
Ta can chitng minh rang dé 1a dang cau mudn tim. That vy néu z = e
va a = rie’® thi
e _ el —if

= A A 1.
’ 1 —rie . et

B ’1 — riefe B
= remiBeif |

|w
Néu z = re? (r < 1) thi

|z —al* = |1 —@z|*> = 1% — 2rrycos(0 — B) + 17 — (r3r? — 2rircos(f — 3) + 1)
=(r?*-1)1-7?)<0

vaido dé |z —al? — |1 —az? < 0va |w| < 1. O

Nhan xét 2.4.3. Vi

dw N
— =e—F0, <1,
<d2)z:oc € 1— |Oé|2 |OZ|
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cho nén vé mat hinh hoc A bang géc quay clia 4nh xa (2.55) tai diém «:

A= [arg Z—Z} o

Tt cong thite (2.55) ta con rut ra hé thirc
(1%
dz

N 7’ A o~ A . oA AN .« A N N .
va do d6 do gian dan dén oo khi diém o dan dén bién ctia hinh tron don vi.

) B 1
Z=a N 1— |Oé|2

Nhan zét 2.4.4. Phép ding cdu bién hinh tron {|z] < R} lén hinh tron
{lw| < R'} ¢6 dang

N 2 —
w = RR/€Z>\_72,
az — R

la| < R,\ € R.
Vidul. Giase Uy ={|z| <1}, Us={|z—1| <1} va D =U; NU,;. Tim
dang cau bién mien D lén nita mat phang trén.
Gidi. Giao diém ctia céc cung tron gi¢i han mién D 1a cac diém sau:
1 V3, V3
i— i— -
2 2

N 1
a=— a* = —
2 ’ 2

Gia st cung tron di qua diém z = 1 dwoc ky hiéu 1a 6; va cung tron di
qua diém z = 0 14 §,. Ta 4p dung cdc anh xa trung gian sau
1. Anh xa

= 2 2
o)
2=z +i—=
22

bién mien da cho D thanh mot géc trong mat phang z; véi dinh 1a 2, = 0.

. : . . s _ sy 2w
Vi goc gitra hai cung tron d; va ds tai cac diém a cting nhw a* déu bang 3
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s o2 PR
nén do md cua géc vira thu dwge bang 3 Deé dang thay rang

V3
2(1) = 2 2 L, Y3
1 V3 2 2
1= (5+%5)
zl(O):—%—z’?

va do d6 géc - anh thu dwoc c6 canh di qua diém z;(1) va 21(0). Ta ky hiéu
gée dé ka D(z).

2. Anh xa quay 2, = e 3 2; bién géc D(z1) thanh géc c6 mot canh trung

V3

véi phan dwong ctia truc thiee, con canh kia di qua diém 3 + 27 .
3/2

3. Anh xa ¢an tim ¢6 dang w = 7,
< o o6 A6 me 2t 3 ‘)
md — - - =7!
ge ¢6 do mb —=- 5 =
Hop nhét 1) - 3) ta thu dwoc

<22—1—|—2’\/§)3/2
w=—|—-—~-
22— 1—iV3

va hién nhién d6 chi 14 mot trong cdc ham thire hién 4nh xa phai tim.

Vi du 2. Anh xa mien D 1a géc {0 < argz < 73,0 < 3 < 2} véi nhat
cat theo mot cung clia dwong tron don vi tir diém 2z = 1 dén diém z = 7,
0 < o < 3 (hay vé hinh) 1én nita mat phang trén.
Gidi. Ta st dung cac d4nh xa trung gian sau day
1. Anh xa z = 2% bién géc da cho thanh géc D(z) ¢6 dd mé bing =
v6i nhat cdt thuoe dwong tron don vi di tir diém z = 1 dén diém z = €'5™.
2. Anh xa phan tuyén tinh
21— 1
z1+1

Z9 =

bién mién D(z;) thanh nita mat phang trén véi nhéat cat theo truc 4o tir goc

toa do dén diém itg—n. Ta ky hiéu midn anh d6 1a D(z.).

26
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3. Anh xa z3 = 25 bién mién D(zp) thanh mit phang véi nhét cit theo

< — tg? %W oo) C R. Ta ky hiéu mién thu dwoc 1a D(z3).

Hién nhién ham can tim c¢6 dang

t gm_1 t
w = Z3+g Zl/ﬂ‘i_l +g2/3
Dé két thiic tiét nay, ta ching minh rang dnh za phan tuyén tinh (2.51)
b ~ b v A A / z - \ J N
w = L—l—i—_d’ ad—bc # 0 bién nta mdt phang trén 1én chinh nd khi va chi khi
cz

moi hé s6 a,b,c,d deu la nhitng sé thwc thda man diéu kién ad — be > 0. Gia
stt 4nh xa (2.51) bién nita mat phang trén 1én chinh né. Ta xét ba diém khéc
nhau 21, 22 va 23 clia truc thue trong mit phang z. Anh ctia ba diém nay la
nhitng diém bién clia nira mit phang Imw > 0, tikc 1a cdc s6 wy = w(z),
k =1,2,3 1a nhitng s6 thwe. T d6, ta thu dwoc hé phwong trinh véi cde hé
s6 thue dé xéc dinh a, b, ¢, d. Do d6 véi s chinh xdc dén mot thira sé nao dé
tir hé phwrong trinh tuyén tinh vira thu dwoc dé dang suy ra rang cdc hé s6
cua (2.51) déu la thwe. Viw = u+iv, 2 = x +iy nén khi y > 0 ta cé v > 0.
Thay w = u+ v, z =  + iy vao (2.51) ta ¢

_ y(ad — be) .
(cx + d)? + (cy?)

Twr d6 suy ra ad — be > 0.
Ngwoc lai, néu céc hé s6 a, b, ¢ va d déu thwe thi truc thie ciia mat phang
(z) dwoc dnh xa lén truc thue ctia mit phang (w) va vi ad — be > 0 nén mia

mat phang trén diroc dnh xa 1én nita mat phang trén.

2.4.2 Anh xa w=¢* va z = logw

Néu cho trwéde mien D va ham f € H(D) thi ta khong thé tim ngay mot
thuat toan cho phép tim anh D* ctla mién D qua 4nh xa f.

Dai v6i cac dwong cong sw viée ¢6 gian don hon. That vay néu z = z(t)
14 phwong trinh clia dwong cong trong mat phang z thi phwong trinh cta

dwong cong - anh 1 f[2(¢)]. Do d6 dé kho sat anh ctia mot mien cho trwrée
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tot hon ca 1a tién hanh nhiwr sau: ta chon mot ho dwong cong “phtt” mién da
cho va tim 4nh ctla ho dwong cong d6. Tat nhién, viéc chon ho dirdng cong
dwoc xédc dinh bdi dang cu thé ciia ham da cho va mién da cho.

Bay gio ta 4p dung phwong phap dé dé khdo sat mot s6 ham so cap.

Daéi véi anh xa w = €* va z = logw ta da c¢é dip dé cap dén trong chwong
I1. Ta Iwu ¥ rang 4nh xa w = e* don diép trong mién D nao d6 khi va chi khi
mién nay khong chita nhitng cap diém khac nhau z; va 2, lién hé véi nhau
bdi hé thire

21—22:2/€7T’i, keZ.

Pinh ly 2.4.10. Vi s6 nguyén n bit ky (n € Z) ham w = €* dnh za bdo
giac bang vo han

D, ={a+2nm <Imz<b+2nm,b—a<2r}, ne’ (2.56)
lén goc
A = {a < argw < b}. (2.57)

Ham z = logw dnh xa bao gidc goc A = {a < argw < b} lén mot trong
cdc bang vo han D,, (sé n dwoc xdc dinh béi cdch chon nhdnh chinh hinh

ctia ham légarit trong goc A).

Chitng minh. 1. Dé chitng minh phan thit nhat ta xét ho cdc dwomg thang
song song v&i truc the:

{M={ z=zx+ia,0 € R}, —o0o<z<+00.
Anh clia céc dwong thang nay qua anh xa e* ¢é phwong trinh la:

w ="t =" " = (dit ¥ = 1)

=t acR, 0<t<oo.

Hién nhién rang w = te' 1a phwrong trinh cla tia {argw = a}.
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Bay gio ta cho a bién thién lién tuc tir a+2n7 dén b+2n7. Khi dd, dwong
thang A sé quét hét bang Dy v tia anh cta dwong thang A ciing sé quay lién
tuc ngroc chieu kim dong ho tir vi trf argw = a dén vi trf argw = b. T d6
suy ra anh cta bang (2.56) véi b —a < 27 la gbc (2.57).

2. Ta chitng minh phan thit hai cia dinh 1y.

Ta dit w = re®. Khi dé mot trong céc gid tri clia 2 sé 1a: log r+i(p+2nm),

n € Z. Do d6 tix z = x + iy suy ra
x = logr,
Yy =@ +2nm.

Khi r bién thién tir 0 dén oo thi z bién thién tir —oo dén +oo. Do dé
néu b — a < 27 thi nhu ta da biét ham logw cé thé tdch nhanh chinh hinh
trong géc a < argw < b va mo6i nhanh nay sé 4nh xa bao gidc géc (2.57) lén

bang D, twong tng nao do. O

Nhin zét 2.4.5. Khi énh xa bang a < Imz < b lén géc clia mat phang w thi
mot phan clia mat phang w sé dwoc pht nhiéu lan néu b —a > 27 va lic nay

anh xa khong don diép.

Bay gio ta xét anh clia cdc dwong thang song song véi truc do. Phuong

trinh ctia nhitng duwong thang nay cé thé biéu dién dwéi dang
Aiz=c+1iy, —oo<y<oo.
Tt d6 rit ra anh cua A qua éanh xa e® ¢6 phwong trinh

ez _ ec—i—zy — ec . ezy.

ver = ;. —00 <y < oo.

Hién nhién dé 1a phwong trinh ctia dwong tron
{lw] = e}

dwroc vong quanh nhieu lan. Moi doan thang c6 do dai 27 sé twong tng véi

mot 1an vong quanh day dd. Tt dé ta mit ra
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Dinh 1y 2.4.11. Véi s6 nguyén n € Z bdt ky, ham w = e* dnh xa bdo gidc
hinh chw nhat

R={c<Rez<d,a+2nm <Imz<b+2nm,b—a <27} (2.58)
lén hinh quat vong
Q= {e <|w| <ea< argw < b}. (2.59)

Ham z =logw dnh za bio gidc hinh quat vong (2.59) lén mot trong cdc
hinh chiwe nhat (2.58) (s6 n dwoc xdc dinh béi viéc chon nhdnh chinh hinh

cta ham légarit trong hinh quat).

Vi du 3. Anh xa bing vo6 han ndm ngang {0 < y < 27} v6i nhét cit
{—oo <z <a,y=H} lén bang {0 < v < 2H} (hinh II.1)

Hinh I1.1
Giai

1. Ham z; = e™*/2H

anh xa mién da cho 1én nita mit phang trén véi nhét
cat theo doan truc 4o [0, bi], b = e™/2H_ Ta ky hiéu mién thu dwoc 1a D(zy).
2. Ham 2y = /27 + b2 = Vem™/H + ema/H gnh xa mién D(z;) 1én mra mit

phang trén.

Ham 4nh xa can tim c¢6 dang

2H H
w=—1Inz = —ln[e”z/H + em/H].
T T
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Vi du 4. Anh xa mién giéi han bdi dwong tron don vi va dwomg thdng A
tiép xtic v6i dwong tron tai diém z = i 1én nira mat phang trén.

Gidi ,

1. Ham z; = z+z bién diém chung cta duwong tron va dwong thang A
thanh diém z; = oo. Tir tinh chat bao toan dwong tron va tinh bao gidc cla

4nh xa phan tuyén tinh suy ra anh ctia mién D(z) 14 bang vo6 han:
D(z1) ={0 < Rez < 1}.

2. Ham zy = 7z; dnh xa bang D(z;) thanh bang D(z3) = {0 < Rezy <

T}

3. Ham z3 = ¢™/2

29 quay bang vira thu dwoc thanh biang nim ngang
D(Zg) = {O <Imzg < 7T}.

Tir d6 dé dang suy rang ham

w = e = € z—1
la 4nh xa phai tim.
2.4.3 Ham Jukovski
Ham
= 1( + 1) (2.60)
w = 5 z . )

dwoc goi 1a ham Julovski. Ham nay chinh hinh tai moi diém z # 0, co; trong
do
dw 1 <1 1 )
dz 2 22
va c6 cuc diém don tai cdc diém z = 0; co. Do dé ham Jukovski don diép
tai moi diem z # 41 vi w(z) # 0 khi 2 # 41 va khong don diép tai diém
z = =*1.
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Ta lwru y rang ham Jukovski don diép trong mién D nao dé khi va chi khi
mien D khong chita nhitng cap diém khéc nhau z;, 2 lién hé véi nhau bédi
déng thitc 212, = 1.

1

Ta nhan xét rang vi w(z) = w(—) nén anh cta mién D va mién D =
z

1 p
{t =—-:z€ D} la trung nhau. Deé khao sat anh xa (2.60) ta xét cdc ho
z
dwong cong la: ho cic dwong tron {|z] = r} va ho céc tia {argz = ¢}.
Dau tién ta tim anh cia ho dwomg tron.

Ta dit 2z = re, w = u + v va thu dwoc

1 . 1 .
u+iv= 3 <re“9 + —6_2‘9),

,
hay la
1 1
u= 5(7“—1— —) cos 0
. (2.61)
(= 7)sind
= -(r——)sin
v=g\r S
Ta xét dwong tron
v(p) = {z = pe”,0 <0 < 27}, (2.62)

(p > 01a 86 c6 dinh). Tir (2.61) suy ra rang qua dnh xa Jukovski, anh cta

dwong tron (2.62) 1a elip

(2.63)

vGi cac ban truc la

va véi cée tiéu diem 1a w = 1 (vi a®(p) — b*(p) = 1). Béng cach khir tham
s0 0 tlr phwong trinh (2.63) ta thu dwoc dang chinh tic ctia phwong trinh
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elip

p#1. (2.64)

1
1. Truong hop 0 < p < 1. Vikhi p <1 dai lwvong » — — < 0 cho nén tw

r
(2.63) suy ra rang khi vong quanh dwomg tron v(p) theo hwéng dwong thi
elip twong tng trong mit phang w sé chay theo hwéng am. That vay khi
0<9<gtacéu>()v?agiémtfra(p) dén 0, con v < 0 va gidm tir 0 dén
—b(p). Khi g < 0 < thi u tiép tuc gidm tir 0 dén —a(p) con v tang tir —b

~ . 37T v N ~ N v N ~ e
den 0. Khi7® <t < > u tang tr —a den 0, con v tang tr 0 den b; cuoi

ciing khi s <t < 27 ta cé v tang tir 0 dén a, con v gidm tir b dén 0.

2. Truong hop r > 1. Trong trwong hop nay hwémg cua dwong tron
(2.62) va elip - anh ctia n6 trong mat phang w la tring nhau va chay theo
hwéng dwrong.

3. Truwong hop r = 1. Trong triwvomg hop nay dwong tron {|z| = 1} cing
bién thanh elip v&i cdc ban truc a(p) = 1, b(p) = 0 nghia la bién thanh nhat
cat [-1,+1] C R.

Bay gio ta xét cac tia

z=re 0<r<oo (2.65)

(e 1a 86 ¢6 dinh). Qua dnh xa Jukovski anh cua tia (2.65) 1a dwong cong

1 1
u = —<7“—|——) COs v,
r

1< 1) !
V=—|\T— —)sinca.
r

Béng cdch khir tham s6 r tir (2.66) ta thu dwoc

0<7r<+00 (2.66)

u? v?

km
oo o =1, a# 5 kelZ. (2.67)

Durong cong (2.67) 14 dwomg hypechon véi tiéu diém tai w = £1, dé dang

chitng minh rang céc cap dwong kinh déi xitng véi nhau qua céc truc toa do
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(lap nén tir cdc ban kinh
z=2r(cosatisina), 0<r<1)

dwoc 4nh xa thanh cdc hypecbon khong ké dinh, véi tieu diem +1 va céc
bén truc |cosal, |sin .
Khi o =0 ta c6

_1 +1) —0 (0<r<1)
u—2<7“ ) v = <r )

Do d6 4nh ctia dirdong kinh ndm ngang ctia hinh tron don vi 14 khodng vo
han cta truc di tir diém —1 dén diém +1 qua oo.

Khia:gtacé

1/1
u =0, ’UI——(——T), 0<r<l

Tt d6 dé dang suy ra anh ctia dwong kinh thang ding 1a toan bo truc 4o
trir gée toa do.

Hién nhién ring qua anh xa Jukovski hai ho dwomg cong (2.64) va (2.67)
truc giao véi nhau do tinh bao gidc ciua danh xa (2.60).

Ta ¢6 dinh 1y sau day:

Dinh ly 2.4.12. Ham Jukovski w = %(z + %) :
1. Anh za dwéng tron {|z| = p} thanh elip (2.64) 0 < p < 1.
2. Anh za béo gidc hinh tron don vi {|z| < 1} Ién toin b midt phdng
ddng trir nhdt cat theo doan [—1,+1] C R.
Chitng minh. 1. Dieu khang dinh thit nhat 14 hién nhién.
2. Via(p) = %(,0—1— %), b(p) = —% <,0— %), nén nhw ta da néi & trén elip
(2.64) chay theo hwéng am khi vong quanh dwong tron theo hwéng dwong.
a) Khi p — 0 ta ¢6

lima(p) = oo, limb(p) = oo,
p—0 p—0

lim(a(p) — b(p)) = lim p = 0.

p—0
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T d6 suy ra rang khi p — 0 thi cdc elip to dan ra va tron dan lai.
b) Khi p — 1 —0 ta c6

Jim alp) =1, lim b(p) = 0.
Tir d6 suy ra rang céc elip anh co - det dan thanh doan [—1,+1] C R.
Ta xét suw twong ing gitta dirong tron don vi va cdc b ctia nhat cit
[—1,+1].
Khir—-1-0va0<f<mthiv— —0. Khir—-1—-0van <60 <2,
ta c6 v — +0. T d6 suy ra rang nira dirdong tron trén bién thanh bo dwéi

ctia nhat cit, con mta dirdong tron dwedi bién thanh bo trén. O

Pinh ly 2.4.13. Ham Jukovski (2.60) dnh xa bdo gidc phdn ngodi cia hinh
tron don vi lén toan b6 mdt phang w véi nhdt cat theo doan [—1,+1] cia

truc thuc.

Chitng minh. Hién nhién dieu két luan ctia dinh 1y c6 thé suy ngay tir cho 1a

w(z) = w(l)

z
Phép chitng minh trire tiép dwroc tién hanh nhw sau. Ta xét ho duwong

tron {|z| = p, p > 1}. Anh ctia ho nay qua anh xa (2.60) 13 nhing elip chay
theo hwéng dwwong va véi cac ban truc la

o) =5(0+2). o) =5(0—5):

a) Khi p — 140 tacé
lima(p) =1, limb(p) =0.

Do dé céc elip (2.60) co - det dan thanh doan [—1, +1]. Ta xét sy twong ng
gitta dwomg tron va nhat cit [—1,+1]. Khip — 1+0, va 0 < 6 < 7 ta cb
v—+0vakhip—1+0vanr<8<2rtacdév— —0.

Tir d6 mit ra két ludn: mia dwong tron trén bién thanh bo trén ciia nhat

cat va mira dwomg tron dwdi bién thanh b dwdi clia nhat cat [—1, +1].
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b) Khi p — oo ta ¢
lima(p) =00, limb(p) = o0

1 = iml =
lim[a(p) — b(p)] =1 , =0

Do dé céc elip - anh to dan ra va tron dan lai. O

Nhan zét 2.4.6. Tai cac diém z = +1, anh xa Jukovski khong bo gidc. That
vay tir (2.60) ta c6

+

€
Z(z

2 2
- (Z ) (2.68)

) 2P +1-2z
) _z2+1+2z

1
w—1 5
w+1 1

>—~+

Bay gio ta dat

z—1 9 14w
T = w=Y 2.69

o= w= 1Y (2.69)

Tir d6 ta suy ra rang d4nh xa Jukovski 1a hop ctiia ba 4nh xa (2.69). Anh xa
thit nhat va thit ba bao gidc khip noi trén C, 4nh xa thit hai khong bdo gidc
tai diem ¢ = 0 (twong ing véi diém z = 1) va tai diém ¢ = oo (twong ting
véi diem z = —1).

Bay gio ta xét dnh xa ngwoc véi dnh xa Jukovski. Giai phwong trinh

(2.60) déi véi z, ta tim dwoc
z=w+ vVw? -1
nhw vay ham

w=z+vz2—-1 (2.70)

\ \ . s N . N N N N . X oA ~
1& ham ngwoc déi véi ham Jukovski. Ham nay 1a ham da tri: moi diem z sé

twong tmg véi hai gid tri wy va ws lién hé véi nhau bdi hé thite

w1 = 1.
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Trong mién D = C \ [~1,+1] ham (2.70) c¢6 thé tach thanh hai nhanh
chinh hinh: mot nhénh sé d4nh xa bao gidc phan ngoai doan [—1, +1] lén phan
ngoai hinh tron don vi, con nhénh kia dnh xa phan ngoai doan [—1,+1] lén
phan trong ctia hinh tron don vi.

Ta nhan xét rang hai nhanh chinh hinh vira néi trén day khong thé dwoc
dac trung bdi dau cia can thite. That vay, ta xét nhdnh thit nhat: nhénh
dnh xa mien D = C\ [~1,+1] Ién phan ngoai hinh tron don vi. Tai diém
z = 216 nhan gi4 tri (24+1/3), va tai diém z = —2 né nhan gia tri —(2++/3).

Vi du 5. Anh xa ma mét phing trén cit bd mia trén ciia hinh tron don vi

va tia { = 0,y > 2} 1én m¥a mit phang trén (hinh I1.2).

Hinh I1.2

Gidi. Ta st dung céc d4nh xa trung gian sau day
1. Ham

1 1
a=3(+3)
dnh xa mién D(z) lén nita mat phang trén trir nhat cit theo truc do di tir
Zz’. Ta ky hiéu mién nay 1a D(z).
2. Ham z, = 2? 4nh xa mién D(z;) 1én toan bo mit phang 2, trir nhat
cat <— 0, —3) va [0,00). Ta chi mién thu dwoc 1a D(23).

16
2 +9/16

3. Anh xa phan tuyén tinh z = bién mién D(z5) thanh mién
%)
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D(z3) = C\ R*. Tir céc 4nh xa 1) - 3) suy ra rang:

B VAA+ 1722+ 4

w:\/g_

2(224+1)
) 2 P
Vi du 6. Anh xa phan ngoai elip 9 + 6= 1 lén phan ngoai hinh tron don

vi.
Gidi. Ta sir dung cdc d4nh xa trung gian sau day:

1. Vi elip da cho c¢6 tiéu diém tai cdc diém
c==+v25—16 = £3,

NN N , FANEN . PR )
nén dau tién ta dung anh xa z; = 3 va thu dwoc elip véi tieu diem £1.
2. Ham 2o = 2z; + \/z% — 1 anh xa hinh elip vira thu dwoc lén hinh tron

{|22] < 3}. .
3. Anh xa dong dang w = 32 cho ta anh ctia mién vira thu dwrgc 14 hinh

tron don vi. Nhw vay 4nh xa can tim 1a

z+v22 -9
3

w =
Vi du 7. Anh xa hinh quat Q = {|z| <l 0<argz < E} trong d6 n € N
n
lén chinh né sao cho cac doan
{|z] < a,argz =0}, 0 < <1}
va
s
{lz| v argz = —,0 < < 1}
n

bién thanh doan ban kinh twong tng.

Ta st dung cdc d4nh xa trung gian sau:

1. Ham z; = 2" 4nh xa hinh quat @ lén mia trén cta hinh tron don
vi. Doan bén kinh [0, a] bién thanh doan [0, "], doan [0, ae’™"] thanh doan

[0, —a™].



172 Chwong 2. Ham chinh hinh

2. Ham 2z, = %(22 + Z%) bién mién vira thu dwoe thanh nita mat phang
dwdi va doan [—a™, a”] bién thanh phan bién tir —%(a” +a™") dén %(a” +
a™") di qua oo. Ta ky hiéu phan bién dé 1a A(«).

3. Ham ngwoc cia ham Jukovski z4 = z3 + /2% — 1 bién mién vira thu
dwroc 1én mika trén cta hinh tron don vi va dwong kinh nam ngang 13 anh
ctia phan bién tir —1 dén +1 (qua oo).

Anh xa hop trong két qua bing

w=(a" + of”)_l/”\/z” — 24 /(2 22 — (o a2,

2.4.4 CiAc ding cdu so cidp khac

Céc dang céu so cap dwoc nghién citu trong 2.4.1, 2.4.2 va 2.4.3 mang lai
cho ta mot du trit cuc ky quan trong cc dnh xa co ban. Nho céc dang cau
nay ta cé thé xay dung cac anh xa thirc hién bdi cdc ham so cap khéc. That
vay, khi biét cdc 4nh xa w = f({) va ¢ = ¢(z) ta sé biét ca dnh xa f[p(2)]
(phép hop cac dnh xa).

Anh xa so c¢ip co ban bat ky déu ¢6 thé bidu didn dwéi dang hop mot so
nao do cac anh xa ma ta da nghién citu trong 1. 2. va 3. That vay, ta xét
cdc d4nh xa so cap thwe hién bdi cdec ham lwong gide sau day:

1. Ham w = cos z. Theo dinh nghia ta c6

Cos z = %~ (2.71)

Anh xa nay 1 hop cta ba 4nh xa

a)( =iz; b)w=¢e% ¢)w= %(w + i), trong dé moi anh xa trung gian
deu da dwoc khao sat & trén.

Gid sit qua d4nh xa a) anh ctia mién D 1a mién D;, qua énh xa b) anh
cia mién Dy 1a Dy va qua énh xa ¢) anh clla mién Dy 1a mién D*. Anh xa
a) don diép khap noi, anh xa b) don diép trong mién D; khi va chi khi D,

khong chira nhitng cap diém ¢; va ¢, lién hé véi nhau bdi hé thire

G — G =2kmi, kel
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hay la
21—22:2/€7T, keZ.

Anh xa ¢) don diép trong mién Dy khi va chi khi Dy khong chira nhirng cap

diém lién hé v6i nhau bédi hé thite
wiwy = 1,
hay 1a D khong chita nhitng diém ma
o L gt — pilzaitz)
titc 14 D khong chita nhirng diém ma
21 + 29 = 2k

Tir d6 suy ra rang énh xa (2.71) don diép trong mién D nao dé khi va chi
khi mién D khong chita nhitng diém ma z; — 25 = 2km, hoiic 2 + 2z = 2km.

2. Ham w = sin z. T hé thirc
inz = oos (- 3)
sinz=cos (z— =
2

N z . z yad . ’ . ~ v
suy rang anh xa w = sin z khéac v4i 4nh xa cos z bdi phép dich chuyén mat
<
phang z.
4 . ~ 7 N A « X 7 7 ~ [N A
Anh xa w = sin z cing ¢6 thé biéu dien qua cdc anh xa da nghién ciru &

trén. Ta biét rang, theo dinh nghia

. ot _ iz
sinz = ———— (2.72)
va do d6 d4nh xa nay 14 hop ciia bon dnh xa:
a) z1 =1z; b) zo =e€*; ¢) z3 = —izy; d) w= %(Zg + Zig) = sin z,
trong d6 moi dnh xa vira viét déu da dwoc nghién citu.
3. Anh xa w = tgz. Theo dinh nghia ta cé
tgz = sin = (2.73)
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va do d6 tir (2.71) va (2.72) rit ra:

eiz _ e—iz €2iz -1
tgz = —4— = —227
er? + W ez + 1

Do d6 4nh xa (2.73) 1a hop ctia ba anh xa quen biét sau day
. 29 — 1
a) z1=21z;b) zo=¢€";¢) w=—1 .
) ! ) 2 ) Zo+1
4. Cung twong tw, anh xa w = cotg z cung la hop cia ba anh xa quen

biét 1
a) z1 = 2iz; b) zo = €*; ¢) w = 2T

zZ9 — 1 ’
z s 7 . M ~ z
trong d6 moi anh xa trung gian deu da dwoc xét.
5. Ham w = 2%, o € R. Ta c¢6 2* = ™. Anh xa nay 1a hop ctia cac

anh xa trung gian sau day:
a) z1=1Inz; b) z=az; c¢)w=e> (2.74)
Vidu: Ta tim anh cua géc
D(z)={a<argz <bb—a<2r}

qua anh xa w = z% (tikc la dnh xa (2.74)).

Qua anh xa a) géc D(z) bién thanh mot trong cdc bang sau
D(z) = {a+2kr < Tmz < b+ 2kr k € Z}

(s6 k dwoc xdc dinh bang viéc chon nhdnh cta logarit trong géc D(z)).
Qua 4nh xa b) bang D(z1) bién thanh bang

D(z) = {aa + a2km < Imzy < ab+ oa2km, k € Z}

voi dieu kién 1a a(b — a) < 27
Do d6 qua dnh xa w = 2* géc da cho ¢6 anh la mot trong cdc goc sau

{aa + a2k < argw < ab+ a2k, k € Z}

néu b —a < 27 va a(b —a) < 27.
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2.4.5 Mot s6 vi du
Céc anh xa bdo gidc da xét & trén 1a nhitng 4nh xa “mau”. Nho cdc anh xa
dé, ta cé thé tim 4nh xa bdo gidc cidc mién don gidn khéc.
Vi du 8. Tim dnh xa bao gidc hinh tron {|z| < 1} 1én hinh tron {|jw| < 1}
thda man cdc diéu kién
w(zo) = wo; argw'(zp) = a.
Gidi. Ham

¢ =glz) ="

1— 729z
dnh xa hinh tron {|z| < 1} 1én hinh tron {|¢| < 1} va thdéa man diéu kién zq
bién thanh 0 va arg ¢'(z9) = a.
Ham
w — W

¢ = h(w)

dnh xa hinh tron {w < 1} 1én hinh tron {|¢ < 1} thda man diéu kién wq bién

1—@0’(1]

thanh 0, arg h/(wg) = 0. Tir d6 suy ra rang ham w = w(z) xéc dinh bdi hé
thire

w — Wy ia © T R0

1-— Wow 1-— Z0Z
sé 1& 4nh xa muon tim.

Vi du 9. Anh xa hinh quat Q) = {z ceC:0<argz < %} lén hinh tron
{Jw| < 1} sao cho cac diém z = /% v 2z = 0 bién thanh cdc diém w = 0 va
w = 1 twong &ng.

Gidi. Ham z; = 2z* 4nh xa hinh quat da cho lén nira mat phang trén
Imz; > 0. Khi d6 cdc diém z = /8 bién thanh z; = ¢™/2 = va diém 2 = 0
bién thanh diém z; = 0. Bay gio ta 4nh xa nita mat phang trén vira thu
dwoc 1én hinh tron {|zs] < 1} sao cho diém z; = i bién thanh tam cda hinh
tron
21— 1
21+ .

Zgzk
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S6 k dwoc xéc dinh tir diéu kién 14 diém z; = 0 bién thanh diém 2z, = 1. Dé

dang thdy rang k = —1. Tir d6 suy ra rang ham:

2t —i =2t
2241 142t

w =

13 4nh xa can tim.

Vi du 10. Tim 4nh xa phan tuyén tinh bién mién nhi lién gi¢i han bdi hai
dwomg tron v = {|z — 3| =9} va I' = {|z — 8| = 16} 1én vanh dong tam vai
tam tai diém w = 0 sao cho ban kinh ngoai ctia vanh bang 1.

Gidi. Diém w = 0 v& w = oo dong thoi ddi xttng véi nhau qua hai dwong
tron bién ctia vanh dong tam. Tir d6, theo dinh 1y 2.4.7 cdc nghich anh cia
w =0 vd w = oo cling sé dong thoi déi xitng qua hai dwong tron I' va v. Ta
x4c dinh cdc nghich dnh nay. Vi tam cta I’ va v ndm trén truc thirc nén céc
diém can tim cling nam trén truc thwe. Ta ky hiéu cdc diém ay 1a 21 va .
Theo dinh nghia 9.2 ta c6

(.%'1 — 3)(1‘2 — 3) = 81, (.%'1 — 8)(1‘2 — 8) = 256.

Giai hé phwong trinh nay ta c¢é: x; = —24, xo = 0 (hoac z1 =0, o = —24).
Mot trong hai diém vira tim dwoc can dwoc dnh xa lén diém w = 0, con diém
kia lén diém w = oco.
a) Gid stt w = 0 khi z = —24 va w = oo khi z = 0. Khi d6
z+24

=k 2.75
w=kt2 275

trong d6 hé s6 k can dwoc xdc dinh. Vi d4nh xa (2.75) bién diém z = 0 thanh
diém w = oo nén phan trong ctia méi dirdmg tron trong mat phang z sé dwoc
4nh xa l1én phan ngodi ctia anh twong tng. Vi~ nam trong I' nén qua dnh
xa (2.75) ban kinh cia anh dwong tron v sé 16n hon ban kinh ciua anh dwong
tron I. T d6 hé s6 k can dwoc xédc dinh sao cho |w| = 1 khi z € 7. Chang

han ta xét diém z = 12 € . Gi4 tri w twong tng sé 1a

w=3k; |w|=3k=1 haylak=1/3.



2.4. Cdc dang céu so cap 177

Nhw vay, trong trwvong hop nay ta co:

1 z+24
w= —

o eR. 2.76
3, ¢ @ (2.76)

b) Néu ta doi héi w = 0 khi 2 = 0 va w = oo khi z = —24 thi cing twong
tw nhw & trén ta co:

Y 2
w= e —2_. (2.77)
z+24

Nhan zét 2.4.7. Trong diéu kién clia bai toan nguoi ta chi cho triréc ban
kinh ngoai ctia vanh tron. Ta sé chitng té rang khi d6 béan kinh trong cling
hoan toan xac dinh.

That vay, bang cdch thé vao (2.76) ho#c (2.77) mot diém bat ky nam trén
dwong tron cé anh 1 dwrong tron trong ctia vanh tron, dé dang thdy rang
ban kinh trong bing 2/3. Tir d6 suy ra rang mién nhi lién da cho chi c¢6 thé
4nh xa lén vanh tron ma ty so gitta ban kinh trong va ban kinh ngoai bang
2/3.

Vi du 11. Anh xa bang v6 han {0 < z < 1} v&i cdc nhét cit doc theo céc
tia
1 . 1
{xzi,h1<y<oo} va {x:+§,—oo<y<h2}.
trong d6 hy < hy (Hinh I1.3) 1én m¥a mit phang trén.
Gidi. Ta st dung céc d4nh xa trung gian sau day:
1. Ham 2; = 2miz d4nh xa mién D(z) 1én mién D(z;) la bang nam ngang

{0 < Tm 2, < 27} v6i hai nhat cat (—oo, mi — 2mhy] va [mi + 2why, 00).

2. Ham z; = e* dnh xa mién D(z;) 1én mién
D(z) = C\ [(~00, —e*™]U [e*™2, o0].

T d6 suy ra rang dnh xa can tim cé dang

e27riz + e—27rh1
w= e27riz + e—27rh2 ’
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Vi du 12. Anh xa mitn gi¢i han bdi cde dudomg tron {|z—1] = 1}; {|z—2| =
2} véi nhat cét theo doan {y = 0,2 < # < a} (a < 4) 1én mra mit phang
trén (hinh I1.4).
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Hinh I1.3 Hinh I1.4
Gidi. Ta sir dung cdc d4nh xa trung gian sau day:
4 N - - g
1.z = —. Qua 4nh xa nay mién D(z) da cho cé anh 1a bing thing
z

, 4 C i
ding {m < = < 27} v6i nhét cat theo doan [—W ,27] Ta goi mien d6 la
a
D(21>.

2. Ham 2y = cos z; sé 4nh xa mién D(z;) 1én toan bo mat phang trir hai
nhét cit theo truc thwe. That vay, phwong trinh cta dwomg thang z = 7,
r = 27 c6 thé viét dwdi dang

Miz=m+it, —oco<t< oo

Ao z=2m+1il, —oo<t<o0.
khi 2z; bién thién trén \; thi

zl}/\l = cos(m + it) = coswcht — i sin wsht = —cht.
Va do db z» vach nén nhat cat tia (—oo, 1].
Twong tw khi z; bién thién trén Ay thi
21}/\2 = cos(2m + it) = cht,

va do dé 29 vach nén nhét cit [1,00).

T do6 suy ra

A7
1+ cos—
w = z .
A7 A7
COS — — COS —

z a
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13 4nh xa mudén tim.

Vi du 13. Anh xa nira mét phing trén cit bd nira hinh elip 1én mira mit
phang trén (hay vé hinh!).

Gidi. Ta st dung cdc d4nh xa trung gian sau day:

1. Him 2z = é ¢ = +v/a% — b2 bién hinh elip da cho thanh elip véi tiéu
diém 1a 41 va —1. Elip cat truc thuc tai hai diém +
bi

a2 — b2

——— va cat truc 4o
2 — 12

tai diém

. Z4+ V22 + b2 — a?
2. Him 2 = 21 +/2} — 1 =

o« N . N
bién mién vira thu dwoc

W2 _ 2
lén nira mat phang trén cit bo mia hinh tron tam z; = 0 va ban kinh 1a
a+b
R=-21%_
W2 — b2

N 22 ., . N ~ o 2 ~
3. Ham z3 = 7 sé anh xa mién vira thu dwroc 1én nira mat phang trén

cat bd nira hinh tron don vi va

21 _z—l—\/zQ—l—b?—a?X Va2 — b2

BTR a2 — 12 a+b
VAR =@
a-+b

4. Tiép theo ta sit dung anh xa Jukovski

N v} < ~ .z . N PN , N .
va thu dwoc mira mat phang trén. Thé gid tri 23 vao biéu thite vira viét ta
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co

Liz+V22+0b02—a? a+b
2425{ a+b Z 4+ z2+62—a2}
242V R - a2+ 224 —a® + (a+b)?

2(a+b)(z+ V22 +1? — a?)
_ 22(z+ V22 +b? —a?) + 2b(a + D)
2@+ b)(z+ V22 + b2 —a?)

z
a+b+z—|— 2102 a2

Ap dung 4nh xa dong dang va sau vai phép bién dai ta cé

bla+b)
z2+Vz22+ 02— a?
_az—b\/ZQ—i-bQ—aZ.

a2_62

w=(a+b)zy =2+

D6 la anh xa phai tim.
Vi du 14. Anh xa mién {|z| > 1} v&i cdc nhat cit theo cdc doan thing
la, —1] va [1,b], trong d6 —oo < a < —1, 1 < b < oo 1én hinh tron don vi.
Gidi
1. Ham Jukovski z; = %(2 + %) dnh xa mién D(z) 1én phan ngoai doan
thang [4, B] C R, trong d6
1 1 1 1
A=z(arg) B=3(+3)
A+ B 2
s )T B
dwoce 1én phan ngoai doan [—1,1]. Tir dé it ra

w=z2p+4/25 -1

Vi du 15. Anh xa mia bing {z > 0,0 < y < 2h} véi nhét cit theo tia
{z > h,y = h} (Hinh II.5) 1én bang v6 han {0 < Imw < 1}

s¢ 4nh xa mien vira thu

2. Ham tuyén tinh z, = <21 —

13 4nh xa muon tim.
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Hinh 1.5

Gidi. Ta st dung cdc d4nh xa trung gian sau day:
z b A~ b v 7. ~ ~ N
1. Ham z; = o anh xa mién D(z) lén mira bang v4i do rong la 7.

2. Loi dung tinh chat cia ham e*, ta xét d4nh xa
zy = e

bién mién thu dwoc trong mit phang z, 1én nita mit phang trén cit bo nita
hinh tron don vi va nhét cat {Imzy > €™, Rezy = 0}. Ta goi mién dé la
D(z3).

3. Ham

1 1
Z3 = 5 <22 + 2—2), <’i€7r/2 — zshg)

bién mién D(zp) 1én mién D(z3) 14 nm¥a mat phang trén trir nhét cit theo
truc 4o di tir diem ishg.

4. Dén day ta thay 16 1a dé c6 bang nam ngang rong 2 ta can bién mién
D(z3) 1én mat phang v&i nhat cit theo phan dwrong truc thire va sau d6 dung

anh xa logarit. Nhw vay,
24 = Z§

dnh xa D(z3) 1én mién D(z;) 14 mit phang trir hai nhét cit
<—oo,—sth va [0, 00).

Z4

5. Ham z5 = dnh xa mién D(z4) lén mat phang véi nhét cit

mw
Z4 + ShZZ

theo phan dwong truc thie. Tir cdc 4nh xa trung gian trén day ta suy ra

-1 Sh2g
2h
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2.5 Bai tap
1. Cho ham
231 +1i) —y3(1 —1)
f(z) = vy
0 khi z = 0.

khi z # 0,

Chitng minh rang;
1) f(2) lién tuc tai diém z = 0.
2) Ham f(z) théa man cdc diéu kiéen Cauchy - Riemann tai diém (0, 0)

nhung dao ham tai diém dé khong ton tai.
2. Chitng minh rang céc ham

((zy?(x + 1y)

D A =] @Y

L0 khi z = 0;

(24353 B/3yA8

khi z # 0

+1 néu z # 0,
2) f2(2) _ l'2 + y2 l'2 + y2
\O khi z =10
déu khong cé dao ham tai diém z = 0.
3. Tim mién ma tai d6 ham
f(2) = |2* = y?| + 2ilay]

chinh hinh.

[Tra 1oi: Ham chinh hinh khi

7r om N
0<argz < o TLagz < I(f(z) = z*) va khi

7r< <37r 3
—_ I‘ _— _—
g MBS T

4. Gid st z = p(cosp +ising) va f(z) = u(p,¢) + iv(p, ¢). Khi d6 ham

<argz < I(f(x) = —2?%).]

f(z) 1a C - kha vi khi va chi khi u(p, ¢) va v(p, ¢) 1a ham kha vi cia p, ¢ va
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cdc dao ham riéng cia ching thoa man hé thire
Ju 10v dv  10u
5 " 03’ 05 e
5. Chitng minh rang ham dang

_az+ B

C pBz+a’
trong d6 a, 3 1a nhitng s6 phitc tiy ¥ théa man hé thitc aa — 55 = 1 4nh xa
dwomg tron don vi {|z] = 1} 1én chinh né. Néu 33 — a@ = 1 thi phan trong

dwong tron don vi dwoc bién thanh phan ngoai.

6. Tim nhitng diém trén mat phang z ma

b
1. ’az + ’ = const,
cz+d
az+b
2. arg = const,
cz

trong d6 a, b, ¢, d 1a nhitng hang s6 phitc.

7. Chitng minh rang anh ctia dwong thang hay dwomg tron v qua dnh xa
P b p
phan tuyén tinh w — “Zi ~ ¢ # 0 1a dudmg thing khi va chi khi diém
cz

20 = —g €.

c
8. Chitng minh rang géc tai oo gitta hai dwong thang song song 1a bang 0.
9. Chitng minh rang 4 diém nam trén dwong thang hay dwomg tron khi va
chi khi ty s6 kép ctia ching 1& mot s6 thue.
_ld] 1a bat bién d6i véi cdc dnh xa
R? — |z|? '
phéan tuyén tinh w = w(z) bién hinh tron {|z| < R} lén chinh né, nghia la

|dw| B |dz|
-l " -

10. Chitng minh ring dai lwong

w=w(z).

X . Z N ~ o« N AN 7 . 7’ 7 z
11. Chirng minh rang dai lwong I—| la bat bien doi véi cac phép anh xa
mz

phéan tuyén tinh bién nira mat phang trén Imz > 0 lén chinh né.
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12. Chttng minh réng dwong thiang qua cdc diém bat dong cla énh xa
o )
¥ 2 13 bién thanh chinh no.

Z—1

w =

13. Tim dang tong quat ctia 4nh xa phan tuyén tinh cé hai diém bat dong

ZlVéZQ.
(Traloi: 1) w= Az néu 2 =0, 2z, = 00, A € C;
9) LTEL_ AT 4ccq)
w — 29 z — 29

14. Day diém (z,) xéc dinh nhw sau: 2z 1a diém cho trwde, 2,11 = f(zn),
n € N, trong d6 f 14 ham phan tuyén tinh cé hai diém bat dong. Hay khdo
sat s hoi tu cua day doé.

Chi dén. Gid st o, 8 € C 13 hai diém b4t dong cta f. Ap dung bai 13
va cach cho day dé chitng minh rang

Zn+1 — & 1 1620—0[
o — AP O — g = arg A.
Znp1 — B A 20— 3

Tiép dé 1a qua giéi han dang thite khi n — oo.

Lo ' a  néu |A| <1, ' L,
Tra loi 1) lim z, = ; 2) lim z, khong ton tai néu

n—eo B mnéu Al >1 n—eo

|A| = 1.

15. Gia st hinh tron don vi dwoc 4nh xa lén chinh né sao cho diém zy ctia
né bién thanh tam. Chitng minh rang khi dé mta dwong tron don vi dwoc
4nh xa thanh mta dwomg tron khi va chi khi cdc ddu miit clia né nam trén
dwong kinh di qua z.
Chi dan. St dung cong thitc

1-— EOZ

N 1
va diéu 1a w(zp) = 0, w(_—) = 0.

20

16. Tim anh ddi xitng cua dwomg tron v* = {z € C : |z — 2| = 2} qua dwong
trony={2z€C: |z -1 =1}
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Trd loi. D6 1a dwomg tron Apolonius déi véi cde diém 1 va 2: |w — 2| =
2w = 1J.

Chi dan. Phép bién doi doi xitng qua dwong tron v hoadn toan dwoc xéc
dinh bdi ham

17. Chitng minh rang moi duwong tron di qua diém +1 déu chia m#t phang
C thanh hai mién don diép ctia ham Jukovski.
Chi dan. Xét dirong tron v bat ky qua £1 va 21, 20 € 7 sao cho 212 = 1.

Tiép theo, xét 4nh xa

z+1

- —1

w =
bién mot trong hai mién ctia mat phang z (giéi han bdi ) lén mra mit
phang trén. Tir diéu kién 2,20 = 1 suy ra w; = —ws.

18. Tim anh cta hinh chtt nhat P = {z € C: 0 < Rez < 7,0 < Imz < b}

qua anh xa w = cos z.

Trd Io4. Anh 13 niva dwéi cta hinh elip v6i cée ban truc chb va shb.

N 1
19. Chitng minh rang cdc canh cua hinh vuong véi dinh 7 <n + 5) <i 1 +i),

thda man dieu kien ——— < 1.

n € N ham — . .
| sin 2| | sin z|

Chi dan. Khi wéc lwrong ham trén cdc canh nam ngang z = x4 <n+ i)ﬂ

hay st dung bat dang thirc

1
sh<n+ i)ﬂ > shg > 1.
20. Gid st f(2) = u(z2) +iv(z) € H(D). Chitng minh rang cdc ho dwong
cong u(z,y) = C, v(x,y) = C (C la hing s6 tuy ¥) tric giao véi nhau.
Chi dan. Ching minh rang (grady,gradv) = 0, trong d6 gradu =

(5 33) 0= (5 )
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21. Gid st f(z) € H(D). Chitng minh rang |f(z)| = const khip noi trong
mién D thl ham f(z) = const trong D.
Chi dan. Lay dao ham riéng theo z, theo y dang thic u? + v? = C? roi

ap dung dieu kién Cauchy - Riemann.

22. Tim anh ctia mién D = {z eC: —g < Rez < g,—oo <Imz < oo}
qua anh xa w = sin z.

Trd 16, Anh D* 1a toan b6 miit phang phitc véi nhat cat theo truc thwe
tir diem w = —1 dén diém w = +1 qua oo.
23. Vi gia tri nao cia « thi cac tap hop gid tri sau day trung nhau:

1. (a®)® va a®

2. (a3)™ va a3

k
[Trd loi. 1. o = ———, k,m=0,£1,£2,...
2m +1
2.a=——, kkm=0,£1,4+2,...
«@ 3m_17 7m ) ) ) )]
24. Chitng minh rang

1. i"'=e
2 (_1)2 — €(2k+1)7r’
3. (=1)VZ = cos(2k + D)mv/2 +isin(2k + 1)nv/2, k € Z.

—7r/2€—2k7r’
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