LY THUYET CO BAN VE QUY HOACH TUYEN TiNH

CHUONG I

LY THUYET CO BAN VE QUY HOACH
TUYEN TINH

Chwong nay trinh bay cach xay dung mo hinh quy hoach tuyén tinh ctia nhiing
bai toan dang don gian. Pay 1a nhiing kién thirc quan trong dé xay duyng mé hinh cho
nhirng bai toan phirc tap hon trong thuc té sau nay. Cac khai niém vé > 16i”> dugc
trinh bay dé 1am co s& cho phuong phap hinh hoc giai quy hoach tuyén tinh. Mot vi
du m¢& dau duoc trinh bay mot cach tryc quan dé 1am 6 khai niém vé phuong an tdi
wu cta quy hoach tuyén tinh.

Noi dung chi tiét ciia chuong bao gom :

I- GIOI THIEU BAI TOAN QUY HOACH TUYEN TiNH

1- Bai toan vén dau tu

2- Bai toan 1ap ké hoach san xuét

3- Bai toan véan tai
II- QUY HOACH TUYEN TINH TONG QUAT VA CHINH TAC

1- Quy hoach tuyén tinh tong quat

2- Quy hoach tuyén tinh dang chinh tic

3- Phuong an
I1I- PAC PIEM CUA TAP HOP CAC PHUONG AN

1- Khai niém 1i va tinh chat

2- Pic diém cua tap cac phuong an

3- Phuong phép hinh hoc
IV- MOT Vi DU MO bAU
V- DAU HIEU TOI UU

1- Ma trén co sé - Phuong an co s& - Suy bién

2- Dau hiéu toi vu
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CHUONG I
LY THUYET CO BAN VE QUY HOACH TUYEN TINH

I- GIOI THIEU BAI TOAN QUY HOACH TUYEN
TINH

C6 thé tam dinh nghia quy hoach tuyén tinh 1a linh vuc toan hoc nghién ctu
cac bai toan toi wu ma ham muc tiéu (vin dé duoc quan tim) va cac rdng budc (diéu
kién cua bai toan) déu la ham va cac phuong trinh hodc bat phwong trinh tuyén tinh.
Pay chi 1a mot dinh nghia mo hd, bai toan quy hoach tuyén tinh s& dugc xac dinh o
rang hon thong qua céac vi du .

Céc budc nghién ctru va tmg dung mot bai toan quy hoach tuyén tinh dién
hinh 1a nhu sau :

a- Xac dinh van dé can giai quyét, thu thap dir liéu.

b- Lap mo hinh toan hoc.

c- Xay dung cac thuat toan dé giai bai toan di mo hinh hoa bing ngdn ngit
thuén loi cho viéc 1ap trinh cho mdy tinh.

d- Tinh toan thtr va diéu chinh mé hinh néu can.

e- Ap dung giai cac bai toan thuc té.

1- Bai toan von dau tw

Ngudi ta can c6 mot lugng (61 thiéu) chét dinh dudng i=1,2,..,m do céac thirc
an j=1,2,...,n cung cap. Gia st :

a;j la s6 luong chit dinh dudng loai i c6 trong 1 don vi thic n loai j

(i=1,2,...,m) va (j=1,2,..., n)

b; 1a nhu céu t6i thiéu vé loai dinh dudng i

¢j la gia mua mgt don vi thirc an loai j

Vén dé dat ra 1a phai mua céc loai thire an nhu thé nao dé tong chi phi bo ra it
nhat ma van dép Gng dugc yéu cau vé dinh dudng. Van dé duoc giai quyét theo mo
hinh sau day :

Goix; 20(=1,2,...,n) 1a ) lugng thire an thu j cAn mua .

Tdng chi phi cho viéc mua thirc an 14 :



la:

LY THUYET CO BAN VE QUY HOACH TUYEN TiNH

n
Zzzlcjxj :C1X1+C2X2+ ...... + C._X
j=

Vi chi phi bo ra dé mua thirc an phai 1a thap nhat nén yéu cu can dugc théa min

n
mMin Z =) CX; =CX; +CyX; + vurree + X
j=1

Luong dinh dudng i thu dugc tirthirc an 1 1a : a;;x;  (i=1—>m)

Luong dinh dudng i thu dugc tir thirc an 2 1a : appx,

Luong dinh dudng 1 thu dugc tir thitc ann 1a : ajx,

Vay lugng dinh dudng thir 1 thu dugc tir cc loai thirc an 1a :
ajxtapXyt...tapX,  (i=1->m)

Vi luong dinh dudng thi i thu duoc phai thoa yéu cau b; vé dinh dudng loai d6

nén ta c6 rang budc sau :

ai X tapXot...FapX, >b; (i=1->m)

Khi do theo yéu cau cuia bai toan ta c6 mo hinh toan sau day :

n
mMin Z = CX; =CX; +CXy +eunn+ € X
j=1

a;1 Xy +ApX, +. 3 X, 2 b,
Ay Xy + 85X, +..+ Ay X, 2 b,

A Xy +ApXy +ee+ A, X, 2 by,

x.>20 (j=1,2,...,n)

]

2- Bai toan 1ap ké hoach san xuat
Tir m loai nguyén liéu hién c6 ngudi ta mudn san xudt n loai san phdm
Gidsu:
a; 1a lugng nguyén liéu loai 1 dung dé san xuét 1 san pham loai j
(i=1,2,...,m) va (j=1,2,..., n)
b; 12 s lwong nguyén liéu loai i hién c6

¢j 1a lo1 nhuan thu dugc tir viéc ban mot don vi san pham loai |
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Van d& dit ra 1a phai san xuat mdi loai san phém la bao nhiéu sao cho téng loi nhuan
thu duoc tir viée ban cac san pham 16n nhat trong diéu kién nguyén liéu hién co.
Goix;>01a s0 lugng san pham thar j s& san xuat (j=1,2,...,n)
Téng loi nhuan thu dugc tir viéc ban cac san phém la:
n
Z=) CX; =CX; +CyXy +rurn+ C X
=1
Vi yéu cau loi nhuan thu dugc cao nhit nén ta can c6 :
n
max Z= Y CX; =CX; + Xy +eres + CX
=1
Luong nguyén liéu thir i=1—>m ding dé san xuat san pham thir 113 ajx;
Luong nguyén liéu thir i=1—>m ding dé san xuat san pham thir 2 13 apx,
Luong nguyén liéu thir i=1—>m dung dé san xuat san phdm tharn 13 ajx,
Vay luong nguyén liéu thir i ding dé san xuét 14 cac san pham 13
apXtapXet.. . FainXy
Vi lugng nguyén ligu thir i=1—m ding dé san xuat cac loai san pham khong thé
vuot qué luong duoc cung cap 14 by nén
a1 X HapXot... FapX, < b; (i=1,2,...,m)

Vay theo yéu cau cua bai toan ta c6 mo hinh sau day :

n
max Z= Y CX; =CX; + Xy +eres + C X
j=1

a; Xy +3,X, +.+3,X, <b,;
Ay Xy + 35X, +...+ 35X, <b,

A Xy + A Xy + e+ A, X, <bp

x.>20 (j=1,2,...,n)

]

3- Bai toan van tai
Nguoi ta can van chuyén hang hoa tir m kho dén n ctra hang ban 1¢é.

Luong hang hod & kho i 1a s; (i=1,2,...,m) va nhu cau hang hoa cia cira hang j 1a d;
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(7=1,2,....n). Cudc van chuyén mot don vi hang hoa tir kho i dén cta hang j 1a cij=0

dong.

Gia su rang tong hang hoa c6 ¢ cac kho va tong nhu cau hang hoa ¢ cac cua

hang 1a bang nhau, tic 13 :

j=1

m
i=1
Bai toan dat ra 1a lap ké hoach véan chuyén dé tién cudc 1a nho nhat, véi diéu
kién 1a mdi ctra hang déu nhan du hang va mdi kho déu trao hét hang.
Goti x;; = 0 1a luong hang hoa phai van chuyén tir kho i dén cira hang j. Cudc
van chuyén chuyén hang hod i dén tat ca cac kho j 14 :
n
D CiX
j=1
Cudc van chuyén tat ca hang hoa dén tit ca kho s& 14

C:X

m
ij7hij
=1

2

n
i j=1

Theo yéu cau cua bai toan ta c6 mo hinh toan sau day :

II- QUY HOACH TUYEN TINH TONG QUAT VA
CHINH TAC

1- Quy hoach tuyén tinh tong quat

Téng quat nhitng bai todn quy hoach tuyén tinh cu thé trén, mot bai toan quy
hoach tuyén tinh 12 mot mé hinh toan tim cyc tiéu (min) hodc cuc dai (max) cia ham
muc tiéu tuyén tinh v6i cac rang budc 1a bat dang thirc va dang thirc tuyén tinh. Dang

téng quat cia mot bai toan quy hoach tuyén tinh 1a :
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min/max z = Zn:cjxj (D
=1
ia¢j=q (iel,)
j=
iaﬂjﬁm (el) (D)
j=

x; <0 Gel,) (111)

Trong do :
o (I) Ham muc tiéu
La mét td hop tuyén tinh cua cac bién sd, biéu thi mot dai luong nao d6 ma ta
can phai quan tAm cua bai toan.
o (I) Cac rang buoc cua bai toan
La cic phuong trinh hodc bat phuong trinh tuyén tinh n bién s, sinh ra tir diéu
kién cua bai toan.

e (IIT) Cdc cdc han ché vé dau cua cdc bién so

Nguoi ta cling thuong trinh bay bai toan quy hoach tuyén tinh dudi dang ma

tran nhu sau :

dyy 9 e 9y X1 ¢ I31

dy dyp e Ap X, G, bz
A= [aij] = X = C = b=

_aml am2 amn_ _Xn_ _Cn_ _bm_

Goi a; (i=1—>m) l1a dong thlr i cila ma tran A, ta co :

10



LY THUYET CO BAN VE QUY HOACH TUYEN TiNH

ax =b,
ax<b,
a,Xx >b,
X;20

xjsO

x; tay y

min/max z(x) =c'x

(iel)

(iel,)

(iel)
(i<d)
(] € Jz)
(ie3;)

(D

(II)

(1)

Nguoi ta goi :

- A la ma tran hé s6 céc rang budc.

- ¢ 1a vecto chi phi (¢" 14 chuyén vi cua c)

- b 1a vecto gidi han cac rang budc.

2- Quy hoach tuyén tinh dang chinh tic

Bai toan quy hoach tuyén tinh chinh tic 13 bai toan quy hoach tuyén tinh ma

trong do6 cac rang budc chi c6 dau = va céc bién s6 déu khong am.

min/max z = Zn:cjxj (D
=1
S ax, =b, (i=12,..m) @) | (™)
=1
X; >0 (G=1,2,....n) (111)
min/max  z(x) =c'x (1)
Ax =b (II) rang(A)=m
x>0 (111)

Ngudi ta co thé bién d6i bai toan quy hoach tuyén tinh dang tong quét thanh

bai toan quy hoach tuyén tinh dang chinh tic nho cac quy tic sau day :

- Néu gap rang budc i c6 dang < thi nguoi ta cong thém vao vé trai cua rang

budc mot bién phu X+ > 0 dé duge dau =.

11
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- Néu gip rang budc i c6 dang > thi ngudi ta trir vao vé trai clia rang bude mot
bién phu xpi>0 dé duoc diu =.

Céc bién phu chi 1 nhimg dai lugng gitip ta bién cac rang budc dang bat diang
thirc thanh dang thirc, né phai khong anh hudng gi dén ham muc tiéu nén khong xuat
hién trong ham muc tiéu.

- Néu bién x; < 0 thi ta dit x;= -x’; v&i x’; > 0 1di thay vao bai toan.

- Néu bién xj 1 tuy ¥ thi ta ddt X; = X — X} v6i X}, X} déu=> 0 rdi thay vao
bai toan.

- Trong trudng hop trong sd cac rang budc c6 dong ma vé phai cua dong do 1a
gia tri am thi d6i ddu ca hai vé dé duoc vé phai 1a mot gia tri khong am.

Duea vao cdc phép bién déi trén ma nguoi ta cé thé néi rang bai todn quy
hoach tuyén tinh chinh tdc la bai todn quy hoach tuyén tinh ma trong dé cdc rang
bugc chi ¢6 dau =, vé phai va cdc bién so déu khéng am.

Vidu:

Bién doi bai toan quy hoach tuyén tinh sau ddy vé dang chinh tic :

min z(x) = 2X; — X, + 2X; + X, — 2X;
X; —2X, + X3 +2X, + X <7

X, +2X53 + X, =2 -1

2X5 + X, +3Xs 210

X, + X, —2X5 + %X, =20

X, , X520

X, <0

X, , X; tuyy

Bang cic thay thé :
Xq ==X (x3 20)
X, =X5-%X5  (X5,x520)
X; =X, =X} (X5,X} 20)

ta duoc :

12
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min z(x) = 2x, — (X5 — X5) + 2(X; — X3) — X}, — 2X,
X; —2(X5 = X5) + (X5 = X53) = 2X, + X5 + X =7
(X5 = X5) +2(x5 = X3) +X, =X, = -1
2(X5 —X3) — X} +3Xs —Xg =10
X; + (X3 —X3) —2(X5 - x3) = x; =20

Xy s Xs , Xg 1 X5, Xg /X5 X5 ,X5,X5,X, 20

hay :

min z(x) =2x; — (X5 = x5) + 2(x5 — X5) — X, — 2X;
X; —2(X5 = X5)+ (X5 —X5) = 2X, + X5 + X =7
_(X,z —X'Z')—Z(X'3 —Xg)—X4 +X, =1
2(x5 = x5) =X}, +3%x: — X5 =10
X, + (x5 =x5)—-2(x5 —x5)—-x, =20

’ " ! 14 1
Xy 1 Xs , Xg 1 X5, Xg X5, X5, X5 ,%X5,X, 20

3- Phuwong an
Xét bai toan quy hoach tuyén tinh chinh tic :
min/max z(X)=c'x
{AX =b (P)
x>0
e x=[X| X2 ... X,] ' 1& mot phuong an cua (P) khi va chi khi Ax =
b.
e x=[X; X2 .. Xy] ' la mot phuong an kha thi cua (P) khi va chi
khi Ax=bvax>0.
e Mot phuong an t6i wu cia (P) 1a mot phuong an kha thi cua (P)

ma gia tri cia ham muc ti€u twong g dat min/max.

13
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IT1I- PAC PIEM CUA TAP HQP CAC PHUONG AN

1- Khai niém 16i va cic tinh chat

a- T6 hop 16i

- Cho m diém x' trong khong gian R" . Diém x dugc goi 1a t& hop 15i cua cac

diém x' néu :
m
X=> oX =0, X" +a,X* 4.+ o X"
i=1
Oy, 0y peen 0, 20 o +0, +eta, =1
- Khi x 12 t6 hop 15i ctia hai diém x', x* nguoi ta thuong viét :
x=Ax+H(1-MxE (0=A<1)

Néu 0<A<I thi x dugc goi la to hop 16i that su.

- Poan thing

Tap hop tat ca cac to to hop 161 ctia 2 diém bat ky A, Be R" duoc goi 1a doan
thang ndi A va B . Ky hiéu :

dap= {x =AA + (1-A)B véi Ae[0,1] }

DPinh ly

T6 hop 16 c6 tinh chét bac cau.

b- T4p hop 16i

Tap con S cua R" duogc goi la tap hop 16i khi S chira toan b doan théng ndi

hai diémbat ky cua S.
Ax+ (1-M)y € S Vx,ye,Ae[0,1]

Tap hop rong va tap hop chi c6 mot phan tir duge xem 1a tap hop 16i.
DPinh ly
Giao clia mot sd bét ky cac tap hop 16i 1a mot tap hop 10i.

Dinh Iy
Néu S 13 mot tap hop 16i thi S chira moi t6 hop 16i cia mot ho diém bat ky

trong S.

14
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c- Piém cuc bién cia mgt tap hop 16i
Piém x trong tap 16i S < R" dugc goi 1a diém cuc bién néu khong thé biéu

dién duoc x dudi dang t6 hop 16i that su cta hai diém phan biét cua S.

d- Pa dién 16i va tap 16i da dién
Pa dién 16i
Tap hop S tit ca cac t6 hop cua cac diém x', x%,.....x™ cho trudc duoc goi 1a da

dién 101 sinh ra boi cac diém do.

Da dién 161 1a mot tap hop 16i.

Trong da dién 16i nguoi ta c6 thé loai bo dan cac diém 1a td hop cua cac diém
con lai. Khi d6 nguoi ta thu duge mot hé cac diém, gia su la yl, y2,...,yp (p<m) . Céc
diém nay chinh 1a céc diém cuc bién cua da dién léi, chung sinh ra da di¢n 16i do.

S6 diém cuc bién cua da dién 16i 13 hitu han.

Siéu phing - Nira khong gian

A=[a;j]mn 12 ma tran cép m.n
A (i=1,2,...,m) la hang th{r i cia A
Siéu phéng trong R" 14 tip cac diém x=[x,Xa,.....,Xs]" thoa
A;x=b;
Ntra khong gian trong R" 1a tap cac diém x=[x,Xa,.....,Xs]  thoa
A; x> b;

Siéu phang va nira khong gian déu 1a cac tap hop 16i.

Tap 16i da dién , ‘

Giao cua mot s6 hiru han cac nira khong gian trong R" dugc goi 1a tap 10i da

dién.

15



LY THUYET CO BAN VE QUY HOACH TUYEN TiNH

Tap 10i da dién 1a mot tap hop 16i.

Néu tap 10i da dién khong réng va gidi ndi thi d6 1a mot da dién 16i

2- Pic diém cia tip hop cac phwong an
Pinh Iy
Tap hop cac phuong 4n ciia mot quy hoach tuyén tinh 1a mot tap 16i da dién.
Néu tap hop 16i da dién nay khong rong va gidi ndi thi d6 1a mot da dién 161,
sb diém cuc bién cua nd 1a hitu han.

Dinh 1y
Tap hop cac phuong an tdi uu clia mot quy hoach tuyén tinh 1a mot tap 16i.

Xét quy hoach tuyén tinh chinh tic

min/max z(x) =c'x (1)
Ax =b (1)
x>0 (1)

Gia st A=[aijJm.n c6 cap m.n, m < n, rang(A)=m .
Goi A (5=1,2,...,n) cot thur j cua ma tran A, quy hoach tuyén tinh chinh tic trén
c6 thé viét :
min/max z(X) =C,X; + C,X, + ...+ C,X,
X, A' + X,A% + ...+ X,A" =b
{x >0
Goi S={X=[X1,X2,....Xn]' = 0/ x;A'+ x,A™ ...+ x,A"=b} 12 tap cac phuong an
cua bai toan.

0
n

x? = [Xf,xg,...,x ]T e S 1a mot phuong an khac 0.

DPinh ly

Diéu kién can va du dé x° 1a phuong an cuc bién ( diém cyc bién cia S) 13 cac
cot Al g véi X? >0 1a doc lap tuyén tinh.

Hé¢ qua

S6 phuong an cuc bién ciia mot quy hoach tuyén tinh chinh tic 1 hitu han. S&
thanh phan > 0 cia mot phuong an cuc bién t6i da 1a bang m.

Khi s6 thanh phan > 0 ctia mot phuwong an cuc bién bang ding m thi phuong

an d6 dugc goi la mdt phuong an co so.

16
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DPinh ly
Néu tap cac phuong an ctia mot quy hoach tuyén tinh chinh tic khong rong thi
quy hoach tuyén tinh dé c6 it nhat mot phuong an cuc bién.
Bo dé
Néu
X la mot phuong an ti uu ciia quy hoach tuyén tinh.
x', x* 1a cac phuong 4n cia quy hoach tuyén tinh.
X 1a t& hop 13i thuc su ctia x', x>
thi x', x* cling 14 phuong 4n t6i wu ciia quy hoach tuyén tinh.
Pinh ly
Néu quy hoach tuyén tinh chinh tic c6 phuong an tbi wu thi thi s& c6 it nhét
mdt phuong an cuc bién 1a phuwong an tdi uu.
Vi du : xét quy hoach tuyén tinh chinh tic
max z(X) = 2x; + 3X,
4X, +2X, + X3 =5
{xl +3x, =1
X1, X5,X3 20
Véihé¢ A' A? ta tinh duge X' = [E 1 OT
3 10
Véihé A' A’ tatinh duge x2 =t 0 1]
T
Vi hé A% A? ta tinh duge X° = {O % ?}
Vi cac thanh phin cta phuong 4n cuc bién 1a > 0 nén ta chi xét x> va x° . Khi
do :
2(x*)=2.143.0=2
2(x°)=2.0+3.1/3=1

Vay x? = [1 0 l]T 1a mot phwong an tbi wu.

DPinh ly
Piéu kién can va du & mot quy hoach tuyén tinh c6 phuong an t6i wu 1a tap

cac phuong an khong rong va ham muc ti€u bi chan.

17
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Pinh ly
Néu tap cac phuong an ctia mot quy hoach tuyén tinh khong rdng va la mot da
dién 16i thi quy hoach tuyén tinh d6 s& co it nhat mot phuong an cuc bién 1a phuong
an ti uu.
3- Phuong phap hinh hoc
Tur nhitng két qua trén ngudi ta cé cach giai mot quy hoach tuyén tinh hai bién
bang phuong phap hinh hoc théng qua vi du sau :
Vidu : xét quy hoach tuyén tinh
max z(x) = 3x; + 2X,
X; =X, 2 -4
X, +2X, <14
5x, +2x, <30

X;, X, 20

X2

St

\

A,B,C,D,0 1a cac diém cuc bién. Gia tri ham muc tiéu tai d6 1a :
7(A)=3.6+2.0=18
z(B)=3.4+2.5=22
z(C)=3.2+2.6=18
z(D)=3.0+2.8=8
7(0)=3.0+2.0=0

Phuong an tdi wu cta bai toan dat dugc tai B : x;=4 va x,=5

IV- MOT Vi DU MO PAU

Xét bai toan quy hoach tuyén tinh :

18
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min z(x) =-5x, —4x, — 3x;
2X, +3X, + X5 <5

4x, + X, +2x5 <11

3X; +4X, +2X; <8

Xy, X5,X3 20

Pua bai toan vé dang chinh tic bfmg cach dua vao céac bién phu wi, wa, w3 > 0
(1am cho céc rang budc bat dang thirc thanh dang thirc ) . Ta duoc :
min z(x) =- 5x, —4x, — 3X;
2X; +3X, + X3 +W; =5
4%, + X, +2X5; + W, =11
3X; +4X, +2X; + W5 =8
X1r Xy, X3, Wy, Wy, W5 >0
Thuc hién viéc chuyén vé ta dugc bai toan ban dau nhu sau
min z(x) =- 5x, — 4x, —3X,
w, =5-2x, - 3x, — X;
w, =11 -4x, — X, — 2X;4 @
W, =8 —-3X; —4X, —2X,
Xy, X5, X3,W,,W,,W; >0
Mot phuong an kha thi xuat phat ( chua 1a phuong an t6i wu ) ctia bai toan 1a
X1=X=x3=0
w1=5 wy=11 w3 =&
Gia tri tvong ing cia ham muc tiéu la z(x) = 0

Nguoi ta s& cai tién phuong an xuat phat nay dé dugc mot phuong an méi tot
hon, né 1am cho gia tri ctia ham muc tiéu giam xudéng. Ngudi ta 1am nhu sau :

Vi hé s6 cua x; trong ham muyc tiéu la 4m va cé gia tri tuyét ddi 16n nhit nén
néu ting x; tir bang 0 1én mot gia tri dwong ( cang 16n cang t6t ) va dong thoi van giir
X; va x3 bang 0 thi gia tri ciia ham ctia ham muyc tiéu s& giam xudng. Khi d6 cac bién &
vé trai ciia bai toan (I) s& bi thay d6i theo nhung phai thoa > 0 . Su thay ddi ctia chung
khong anh huong dén sy thay doi ctia ham muc tiéu. Thuc hién ¥ tudng trén ta dugc :

w, =5-2x,20
w, =11-4x, >0
w,;=8-3x, 20

X, =X;=0
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X
IA

; (dong 1 dugc chon)

U
X
IN

Suy ra:

X
IN

X
IA
w| o -l>|ﬁ N

.. 5 . R R A (o
Nguoi ta chon X, = 5 nén nhan dugc mot phuong an tot hon dugc xac dinh

nhu sau :
X, =X3=W,; =0
5
X, == W,=1 w;==
2
o , s A1 25
Gia tri tuong trng ctia ham muc tiéu la z(X) = Y

Budc tiép theo 13 bién ddi bai toan (I) thanh mot bai toan twong duong bang
cach tr dong 1 ( dong dugc chon ) tinh x; theo cac bién con lai va thé gia tri nhan
dugc vao cac dong con lai, ta dugc :

: 25 5 7
min z(X)=-—+ =W, + =X, —

2 TNt
w=2-Lw 3 1y
1 2 2 1 2 2 2 3
W, =1+ 2w, +5x, (ID)
w, =14 3w, +1x _1x
3 2 2 1 2 2 2 3

X1, X5, X3,W,W,,W; >0
Thyc hién twong tu nhu trén, ngudi ta ting x3 tir bang 0 1én mot gia tri duong
cho phép va dong thoi van giit x, va w bang 0 thi gia tri ciia ham cta ham muyc tiéu
s& giam xudng. Khi d6 cac bién & vé trai cua bai toan (II) s& bi thay doi theo nhung

phai thod > 0 . Ta dugc :

5 1
1_5—2X320
X; <5 .
w,=1>0 = ‘. <1 = X; <1 (dong 3 dugc chon)
w —l—lx 0 o

Khi d6 nguoi ta chon x3=1 nén thu dugc mét phuong an tdt hon duoc xac dinh

nhu sau :
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X, =W; =W; =0
X; =2 X3=1 w,=1
Gia tr1 tuong Ung ciia ham muc tiéu la z(x)=-13
Budc tiép theo 1a bién d6i bai toan (IT) thanh mot bai toan twong duong bing
cach tir dong 3 ( dong dwoc chon ) tinh x3 theo cic bién con lai va thé gia tri nhan
dugc vao cac dong con lai, ta dugc :
min z(x) =-13+ w, + 3X, + W,
X, =2-2W; —2X, + W,
w, =1+2w,; +5x, (TIT)
Xz =1+3w,; +X, —2w,
X1, X5, X3,W,W,,W; >0
Pén day vi khong co hé sd nao ciia ham muc tiéu 13 4m nén khong thé lam
giam gia tri cia ham muc tiéu theo cach nhu trén nita. Phuong an thu dugc ¢ bude sau
cung chinh 1a phuong an téi wru cta bai toan.
Poéi véi bai todn max, thay cho viéc lam tang bién c6 hé s6 am trong ham muc
tiéu nguoi ta lam tang bién cé hé s6 dwong cho dén khi cdc hé s6 trong ham muc tiéu

hoan toan am.

V- DAU HIEU TOI UU

1- Ma trén co sé - Phwong an co sé - Suy bién
Xét bai toan quy hoach tuyén tinh chinh tic
min/max z(x)=c'x

Ax =b (P)
x>0

a- Ma tran co sé&
Ngudi ta goi co sé ctia bai toan quy hoach tuyén tinh chinh tic (P) 1a moi ma
tran B khong suy bién (c6 ma tran nghich dao) mxm trich ra tir m ¢t ctia ma tran rang

bude A. Cac cdt con lai dugce goi la ma tran ngoai co sd, ky hi¢u la N .

b- Phuong an co s¢ - Phwong an co sé kha thi
B 1a mdt co s¢ cua bai toan (P).

Khi 6, bang cach hoan vi cac cot cia A ngudi ta co thé luon ludn dit A dudi dang :
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A=[B N]

Do dd, nguoi ta cling phan hoach x va ¢ nhu sau :
x' = [ xB xn ]
c'=[cp ox]

Mot phuong 4n x cua bai toan (P) thoa :

Xg

Ax=b < [B N][ }:b < Bxg +Nx, =b

XN
Phwong an co s&
Nguoi ta goi mdt phuong an co sé tuong ing véi co sé B 1a mot phuong an
dac biét, nhan duogc béng cach cho :
xn=0
Khi d6 xp dugc xac dinh mot cach duy nhét bang cach giai hé phwong trinh
tuyén tinh bang phuong phap Cramer :
Bxg=b< x5= B'b
Phwong an co sé kha thi
Mot phuong an co s& 1a phuong an co s kha thi néu :
xg=B"'b>0
Co s6 tuong trng voi mdt phuong an kha thi dugc goi 1a co sé kha thi .
Vi du : xét bai toan quy hoach tuyén tinh dang chinh tic :
min/max z(X) = X; — X, + X3 — X4 + X5 + X
2X, +2X, + X5 = 20
- 3X; +4x, —4X, + X, =10
X; +2X, + X5 +3X, =28
;20 (=1,2,...,6)
Ma tran rang budc la
Xy X, X3 X4 Xg Xg
2 0 O 2 1 0
A=|-3 4 0 -4 0 1
1 2 1 3 0 O
C6 thé chon ba cot bat ky va kiém chimg xem d6 c6 thé 1a co sé khong.

Mot co s& dugc chon va sap xép lai la
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X Xg X3 X4 X, X,
7 0 0 2 2 O
0o 1 0 -4 -3 4
o 0 1 3 1 2
Céac cOt Xs X¢ X3 tao thanh mot ma trin co s¢ . Cac bién tuong tmg dugc goi
1a cAc bién (trong) co sd .
Céc cot x; X2 X4 tao thanh mot ma trdn ngoai co sé. Céc bién tuong ung dugc
goi 12 cac bién ngoai co s6.
Mot phuong &n co s¢ kha thi ctia bai toan 1a :

X1 X2 X3 X4 X5 X6
0 0 | 28 0 [ 20 10

c- Suy bién

Mot phuong 4n co sé kha thi dwoc goi 13 suy bién néu xg = B'b > 0 ¢6 nhing
thanh phan bang 0. Sy suy bién 1a mot hién twong thuong xay ra trong mot sd bai toan
nhu bai toan van tai, dong dir liéu, duong di ngin nhat....... Dy 1a hién tugng kha
phtc tap (c6 nhiéu cach giai quyét s& dugc xét sau). Vi vdy trong nhitng phan tiép
theo ta gia sit rang phuong an co s& kha thi 1a khong suy bién, tirc 1a xg = B'b > 0 (

duong thuc su ) .

2- Déu hiéu t6i wu

Theo trén, khi mot bai toan quy hoach tuyén tinh c6 phuong an tbi uu thi ton
tai mot co so kha thi (téi wu) B* , tc 1a phuong an co s¢ x* twong tmg voi B* 1a
phuong an tbi uu.

Van dé bay gio 1a xac dinh mot thu tuc dé tim B*. Chiing ta s& thdy rang thi
tuc d6 duoc suy ra mot cach tryc tiép tir viée ching minh dau hiéu t6i uu sau day.

Pinh Iy 4 (diu hiéu tdi wu)
Xét bai toan quy hoach tuyén tinh chinh tic

min/max z(x) =c'x

Ax=b
x>0
Diéu kién can va du dé mot phurong dn co s6 kha thi x ¢6 dang :
X =B'b>0
X =
Xy =0
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cua bai todn la phwong dn toi vu la :

—T X e N ,
Cn=Cy —CeB'N <0 doi véi bai toan max
=T L. , N , .
Cn=Cy —CeB'N >0 doi véi bai toan min

Vi :
A=[ B | N ]
c'=[cs | on]

Nguoi ta thuong goi :
cn la chi phi ngoai co so
cg la chi phi co sé
cn 13 chi phi truot giam

csB'N 14 luong gia gidm chi phi

Ching minh (cho bai toan max)
Piéu kién di
Gia st x* 1a mot phuong an co so kha thi véi ma tran co s& B va thoa

-7

Cn =Cy —CiB™N<O
thi can chimg minh x* 1a phuwong an tdi wu, nghia 1a chtirng minh rang véi moi phuong
an bat ky cua bai toan ta ludn co :

z(x) < z(x*)

Xét mot phuong 4n kha thi x bat ky , x thoa :

XB
Ax=b B N]{XN}_b
—
x>0

Xg 20 x, 20
B 1a ma tran co s¢ cua phuong an co s¢ kha thi x*

B ¢6 ma tran nghich déo 1a B!

Bxg +Nx, =b
=

Xg 20 x4, 20

B'Bx, +B'Nx, =B  (B'B=1I)
=

Xg 20 Xy, 20
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Xz +B'Nx, =B™.b
=

Xg 20 x, =0

Xy = B'b-B'Nx,
—

Xg 20 xy, 20

Tinh gié tri ham muc ti€u d6i véi phuong én x ta dugc :

72(x) =c'x
X
=[cg cg] P l=caxg +CuXy
XN

=i B'b- B’leN)+ '

CaB7'b — cgB7INx, + Cy X,
= cgB'b + (¢ - cgB'N)x, (1)
Vi x* 1a phuong &n co s& kha thi tuong tmg véi ma tran co s¢ B nén
X; =B'b>0
Xy =0
Tinh gi4 tri ham muyc tiéu d6i voi phuong an co ban x* ta duogc :

z(x*) =c'x*
Xy . .
a8 -e e
XN
=CiXs =CaBb  (vixy=0) @)
To(l)va(2)tacod:

72(x)<z(x*) vicy-c3B'N <0

Vay x* 1a phuong an ti vu.

Piéu kién cin
Xz =B7'b>0 , .
Gia st x* = la phuong an téi vu véi ma tran co sé B, can
Xy =0
. I T T _ ~Tp-t
chimg minh rang: v =Cy —CgB™N < 0.
(cn 12 vecto c6 n-m thanh phéan)

Ta s& chimg minh diéu nay bang phan ching.
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Gia su rﬁng ton tai mot thanh phén Cs cla Cy ma cg > 0. Dya vao c¢s nguoi ta
xay dung mot vecto x nhu sau :
| Xe = X, —B'Nx,
Xy=6I, 20

Trong d6 0>0 va I, 1a mdt vecto ¢6 (n-m) thanh phan bang 0, trir thanh phan

Xy =6I, >0
X = A PR (*)
Xg =Xg —B7NOI, =B~b — B NI,

thir s bang 1 . Vay

Do B'b > 0 nén ngudi ta c6 thé chon 6>0 di nho dé xg >0
Vay x dugc chon nhu trén s€ thoa :

x>0 3)
Ta kiém ching x thoa rang budc ciia bai toan bang cach tinh

B N]Eﬂ _ Bx, +Nx,
N

Ax

B(x; — B *N6I, )+ Nel,
= B(B'b —B"'NeI, )+ NeI,
= BB~'b — BB'N6I, + NI,
= b — NI, + NI,
=b 4
Tir (3) va (4) cho thay x 1a mot phuong an kha thi cia bai toan
Bay gio ta chi ra mau thuan bang so sanh gia tri ham muc tiéu tai x va x* . Ta
co:
72(x) =c'x

X
[cf o] 7® | =cixg +cix,
XN

= ¢ (xg =B 'Nx, )+ cixy

T

= CgX5 — CAB7INX, + Cp X,

= CagXp + CuXy — CaB'NxX, + Ci X, (vi cixy =0)

e c;]{x’é} L] - BN,

X
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— X" + Bl = c"x" +cnl,8
= 7(x*) +Cs0 > z(x*)  (viCs0>0)

Vay x* khong phai 1 phuong an tdi uu nén mau thuan véi gia thiét .

Chuy
Qua viéc chitng minh dinh Iy dau hiéu t6i wu ta thdy rang tir mot phwong dn
co $6 kha thi chwa t0i wu c6 thé tim duge cdc phwong dn kha thi cang lic cang tot
hon nho lap lai nhiéu lan cong thirc (*). Van dé duoc dat la dai luwong 6 duoc chon
nhie thé nao dé nhanh chéng nhdn dwoc phirong dn t6i wu.
Bo dé
Xét bai toan quy hoach tuyén tinh chinh tic
max z(x) =c'x
Ax=b
{x >0
v6i B 1a mot co so kha thi nao d6 va x° 1a phuong an co sé tuong tmg, tirc 13
o {xg =B'b>0

X2 =0 } va z(x°)=cgB'b

-7

Xét ey =Cy —CgB'N .

Néu t6n tai mot bién ngoai co so x, sao cho Cs>0 voi Csla thanh phan thir s
cia Cy thi :

a- Hodc la nguoi ta c6 thé lam tang mot cach vo han gié tri ciia x; ma khong di
ra khoi tap hop cac phuong 4n kha thi, va trong truong hop nay phwong an tdi wu ctia
bai toan khong gidi noi.

b- Hodc 13 ngudi ta c¢6 thé xac dinh mot co so kha thi khac 1a B ¢6 phuong an co s
kha thi X twong ng vdi né 1a tt hon , tirc 1a :
2(x") <2(x)

Ching minh

Trong qua trinh chimg minh dinh 1y dau hiéu ti uu ta c6 phuong an méi dugc
xac dinh nhu sau :

Xy =6I, >0

X X, —x® —BN6L =B'b — B'N6I
B — B s = 5
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Ky hiéu :
N=B"'N
Ns 1a cOt s cua N
b=B7b

Xg :E—GNS}

Nhuvaytacod: X =
Xy =6l

s
Hai truong hop c6 thé xay ra nhu sau :
a- Truong hop Ns <0
Trong trudng hop nay x, c6 thé nhan mot gia tri 6 1on tuy ma van dam bao xp
> 0, nghia 12 x 1uon ludn thoa > 0 . Khi d6 nhu d3 biét gia tri ham muc tiéu twong Gmg

la

|
(@]
@
(@]
=2

X
z(x) T{ B}:CET,XB+C,IXN
= 7 (B'b - B'NL, )+ 461,

= czgB'b — cgB'NBI, + cy 61,

2(x°) + (¢ — cIB NI,

2(x°) + Cn oI,
= 7(x°) +cB
véi CsB co thé 16n vo han thi gia tri cua ham muc tiéu 1a khong gidi noi.
b- Trudng hop ton tai i=1—m sao cho Nis >0
( Nis > 0 1a thanh phin tht i coa Ns)
Trong truong hop ndy gia tri ctia 6>0 ma X, ¢6 thé nhan khong thé ting vo han

N
vi phai dam bdo xg>0. Gia  tri 16n nhat O cua 0 ma x; c6 thé nhan dugc xac dinh

nhu sau :

IS

6:min{P—E,Nis >0}= b

(Vi=1—->m)

Phuong an co s¢ kha thi méi c6 cac thanh phan nhu sau :

AN —

A XBZb—éNs
X A
Xn =01

S
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va gid tri ham muc ti€u tuong Ung 1a :
z(x) = 2(x°) + B.¢cs > z(x°)
Ghi chu :
Trong trudng hop bai toan khong suy bién, néu 8 dugc xac dinh mot cach duy

nht thi phuong 4n méi X c¢6 dang m thanh phan khac 0. That vay :

- Bién x, dang bang 0 trong phuong an x° tré thanh duong that su vi

- Bién x, dang duong that sy bay gio nhan gia trj :

)/Er =Er—éNrs=Br—Pr Nrs =Er—5r =0

Nrs

AN AN
Vay phuong a&n méi X la mgt phuong an co so. N6 tuong ung véi co s6 6 B

duoc suy ra tir B bang cach thay thé cot r bang cot s.

Nguoi ta noi rang hai co so B va B 1a ké nhau, chung tuong tmg véi nhiing

diém cyc bién ké nhau trong tap hop 16i S cac phuong an kha thi ciia bai toan.

CAU HOI CHUONG 1

1- Trinh bay cac budc nghién ciru mot quy hoach tuyén tinh.

2- Pinh nghia quy hoach tuyén tinh chinh téc.

3- Trinh bay khai niém vé phuong 4n cia mot quy hoach tuyén tinh.

4- Trinh bay co s& 1y thuyét ctia phuong phap hinh hoc giai mot quy hoach tuyén tinh

hai bién.
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BAI TAP CHUONG 1

1- Mot nha may can thép c6 thé san xuat hai loai san pham : thép tam va thép cudn.
Néu chi san xut mot loai san pham thi nha may chi c6 thé san xuat 200 tan thép tim
hodc 140 tan thép cudn trong mot gio . Loi nhuan thu duge khi ban mot tan thép tim
1a 25USD, mét tin thép cudn 13 30USD. Nha may lam viéc 40 gio trong mot tuan va
thi truong tiéu thu tdi da 12 6000 tan thép tAm va 4000 tan thép cudn .

Van dé dit ra 1a nha may can san xuit mdi loai san pham 13 bao nhiéu trong
mot tuan dé dat loi nhuan cao nhat. Hay trinh bay bai toan quy hoach tuyén tinh cho

van dé trén.

2- C6 3 ngudi cung phai di mot quang duong dai 10km ma chi c6 mot chiée xe dap
mot chd ngdi. Tée do di bd ciia nguoi thir nhat 13 4km/h, ngudi thir hai 13 2km/h,
nguoi thir ba 1a 2km/h. Téc d6 di xe dap ctia ngudi thir nhat 1a 16km/h, ngudi thi hai
la 12km/h, nguoi tha ba 1a 12km/h.

Van dé dit ra 1 1am sao dé thoi gian nguoi cudi cung dén dich 1a ngén nhét.

Hay trinh bay bai toan quy hoach tuyén tinh cho van dé trén.

3- Mt nha may san xuét ba loai thit : bo, lon va ctru véi luong san xuit moi ngay la
480 tan thit bo, 400 tan thit lon, 230 tan thit ctru. Mdi loai déu c6 thé ban dugc ¢ dang

tuoi hodc ndu chin. Tong luong cac loai thit c6 thé ndu chin dé ban 1a 420 tin trong
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gio va 250 tAn ngoai gio. Loi nhuan thu dugc tir viéc ban mot tan mdi loai thit duoc

cho trong bang sau day :

Tuoi Nau chin trong gio Nau chin ngoai gid
Bo 8 14 11
Lon 4 12 7
Clru 4 13

Hay trinh bay bai toan quy hoach tuyén tinh dé nha may san xuat dat loi nhuan

cao nhat.

4- Mot xuong moc 1am ban va ghé. Mot cong nhan 1am xong mdt cai ban phai mat 2
gid, mot cai ghé phai mat 30 phat. Khach hang thudng mua nhiéu nhét 1a 4 ghé kém
theo 1 ban do d6 ty 1¢ san xuét giira ghé va ban nhiéu nhét 1a 4:1. Gia ban mot cai ban
1a 135USD, mot cai ghé 1a 50USD. Hay trinh bay bai toan quy hoach tuyén tinh dé
xudng moc san xuit dat doanh thu cao nhit, biét ring xuong c6 4 céng nhan déu lam

viéc 8 gid moi ngay.

5- Mot nha may san xuét hai kiéu mil. Thoi gian dé 1am ra mot cai mil kiéu thir nhat
nhiéu gép 2 1an thoi gian 1am ra mot cai kiéu thtr hai. Néu san xudt toan kiéu mi thu
hai thi nha may lam duoc 500 cai mdi ngay. Hang ngay, thi truong tiéu thy nhidu nhét
1a 150 cai mil kiéu thir nhat va 200 cai kiéu thtt hai. Tién 1ai khi ban mot cai mii kiéu
thir nhat 1a 8USD, mdt cai mil thir hai 14 SUSD. Hay trinh bay bai toan quy hoach

tuyén tinh dé nha may san xuét dat 1gi nhuén cao nht.

6- Trong hai tudn mdt con ga mai dé dugc 12 trimg hodc ap duoc 4 trimg nd ra ga
con. Sau 8 tuan thi ban tat ca ga con va trimg véi gia 0,6USD mot ga va 0,1USD mot
tring. Hiy trinh bay bai toan quy hoach tuyén tinh b tri 100 ga mai d¢ trimg hodc ap

trimg sao cho doanh thu 13 nhiéu nhét.

7- Giai nhitng bai toan quy hoach tuyén tinh sau day bang phuong phéap hinh hoc :
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max z = X, — X,

3X, +X, >3 minw =—-x, + X,
— — <

X, +2x, >4 X; —2%, <6

a)- ) b)- X; —2X, <4
— <

XimX = -X; +X, <1

X; <5 X;,X, <0

X, <5

min w =-2X, — X,
max z = 5x; + 6x,
) X, —2X, >2 9 X; +2X, <6
C)- -

—2X1+3X222 Xl_X223

X, X, tuy y
1 X, wyy X;,X, >0

max z =3x; —4X
max z = 3x, + 2X, ' 2

X; —X,>2-4
2X; + X, <2 2X, +X, <14
e)- f)-
3x, +4x, >1 X; <6
X; <6
X, X, 20 '
X;,X, 20

min/ max z(x) = 4x, + 3X,
2X, — 3%, 2 -12

2X, +3X, <24

g)- 3x, —-x, <14

X; +4x, =29

2X, +X, 24

X, X, 20
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