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Chuong 1. Quan hé - Suy ludan toan hoc

A. Quan hé hai ngéi
1. Pinh nghia: Cho X 1a mOt tap hogp, ta néi S 1a mOt quan hé hai ngéi trén
X né€u S 13 mOt tap con cUa tich Descartes .

Néu hai phdn t a, b thda thi ta néi a c6 quan hé S véi b. Khi dé, thay vi viét

ta c6 thé€ viét 1a aSh.
2.Vidu:
- Quan hé chia hét trong tap hgp sO tu nhién.
- Quan hé bang nhau.
- Quan hé 16n hon.
3. M6t s6 quan hé thuong gap:
3.1 Quan hé tuong duong:
3.1.1 Dinh nghia: M0t quan hé hai ngdi trén tap X duQc goi 1a quan hé
turong duong néu né thda céc tinh chat sau:
i) Phan xa: xSx, v4i moi ,
ii) Poi xtg: N€u xSy thi ySx, v&i moi .
iii)  Bac cAu: Néu xSy va ySz thi xSz v4i moi .
Khi trén tap X di xdc dinh mOt quan hé tuong dudng, khi d6 thay vi vié€t xSy
ta thuOng ky hi€u .

3.1.2 Vi du:



- Quan hé bang nhau G céc tap hgp s6 mOt quan hé tuong duong vi thoa
cdc tinh chat phan xa; doi xUng; bac cau.

- Xét trong quan hé S xac dinh bdi 1a mOt quan hé tuong duong.

- GOi X 1a tip céc duOng thang trong mat phang, quan hé ciing phuong
cUa hai duOng thang bat ky trong mat phang 1a quan hé tuong duong. (Chi ¥:
Hai duOng thang dugc goi 1a cing phuong 12 hai duOng thang song song hodc
trung nhau.)

- Quan hé vudng géc gilta cdc dudng thang trong mat phang khong phai 1a
quan hé tuong duong vi khong thda tinh phan xa.

- Quan hé chia hét cho trong tdp hgp sO tu nhién khong phdi la quan hé
tuwong duong vi khong c6 tinh chat doi xUng.

- Quan hé “nguyén tO cuing nhau” trén tap hgp sO tu nhién khong 1a quan
hé tuong duong vi khong c6 tinh chat bat cau. Vidu (2, 3) = 1; (4, 3) = 1 nhung

Cho S 1a mOt quan hé tuong duong trén tap X va . Ta gQi tap hgp 1a IOp
tuong duong cUa x theo quan hé tuong duong S. Khi dé ta c6:

- V1.

- thi hodc S(x) = S(y) hoac .

TU tinh chat trén ta nhan dugc mOt phan hoach clla X qua cic 18p tuong
duong S(x). Tap hop tat ca céc 18p tuong duong nay dugc ky hi€u 1a X/S va
g0i la tap thuong clia X qua quan hé tUong duong S.

3.2 Quan hé thur tu:

3.2.1 Pinh nghia: MOt quan hé hai ng6i S trén tap X dugc goi 1a quan hé
th(r tr néu quan hé d6 c6 cdc tinh chat: phdn xa, bac cdu va phan dbi xUmg

(tUc 12 n€u xSy va ySx thi suy ra x = y v&i moi ).



Néu tap X c6 mOt quan hé th( tu bO phan S thi ta néi X 1a mOt tdp dugc sap
th tu boi S.

Ta thuOng dung ky hiéu d€ chi mOt quan hé th( tu b phan.

Vi hai phan tl, n€u x c6 quan hé v6i y ta viét (doc 1a “x bé hon hay bang
y”) hodc vié€t (doc 1a “y 16n hon hay bang x™).

Khi thi thay cho (hay) ta vi€t x < y (hay y > x) va dOc 1a “x bé hon y” (hay “y
16n hon x7).

Quan hé th( tu trong X dudc goi la quan hé thr tu toan phan (hay tuyén
tinh) n€u v3i moi ta déu c6 hodc .

MOt quan hé th( tu khong toan phan goi 1a quan hé th(r tu bG phén (hay
tling phan).

3.2.2 Céc phan ta dac biét. Quan hé thu tu tot.

Cho X 1a tap dugc sap th(r tu béi va A 1a mOt tap con cla X.

Phan t& dudc goi 1a phdn 1t bé nhat (16n nhét) cla A n€u v&i moi thi ().

Phan t dugc g0i 1a phdn 1 t6i ti€u (t6i dai) cla A néu vGi moi .

Phan t0 dugc g0i 1a cdn dudi (can trén) cUa A n€u v3i moi

Quan hé th( tu' trong X dugc goi 1a mOt quan hé thi tu t6t n€u moi tap con
khic rOng clla X d€u c6 phan tl bé nhat. Khi d6, X g0i 1a dugc sap tOt bdi .

Vidu:

a) Cho X 1a mOt tap hgp, trén P(X) ta xét quan hé bao ham . Ta chUing minh
dugc day 1a mOt quan hé th( tu bd phan trén P(X).

Ngoai ra, n€u X ch(a it nhat hai phan t& thi quan hé th( tu trén khong phai
tuy€n tinh (hay quan hé th( tU toan phan) vi {x} khong so sanh dugc vGi {y}.



b) Quan hé thr tu thong thuOng trén tap hop céic s6 nguyén 1a mOt quan hé
th( tU tuy€n tinh, nhung khong phdi quan hé thr tu tOt vi khong phdi moi tap
con khic rOng cla d€u c6 phan tU bé nhat.

Vidu: Tép {..., - 2, -1, 0} khong c6 phan tU t6i ti€u.

c¢) Quan hé chia hét trén tap hop sO tu nhién 12 mOt quan hé th(r tu bd phan,
nhung khong phdi 14 quan hé tuyén tinh.

d) Quan hé th( tu thdng thuOng trén tap hdp sO tu nhién 12 mOt quan hé th(r
tU tuy€n tinh, hon n(ta diy con 12 mOt quan hé th(r tu tOt. V&i phan tU bé nhat
12 phan t 0, nhung khong c6 phan t& 16n nhat.

e) Trong tap cac sO tu nhién 16n hon 1, sap th( tu theo quan hé chia hét cic
phan tU t0i ti€u 1a cdc sO nguyén t0.

3.3 Cac nguyén ly tuong duong:

3.3.1 Tién dé chon: VGi moi ho khong rOng cdc tdp hop khdc rOng déu cé
mOt dnh xa sao cho vOi moi .

3.3.2 Nguyén ly sap tdt: Moi t4p hop khong réng déu cé th€ duoc sap 10t
(tUrc la tOn tai mOt quan hé th(r tu 16t trén tép do).

3.3.3 B0 dé Zorn: Cho X la mOt tdp khong rbng dudc sdp th(r tu' bGi . Néu
moi tap con A cla X dugc sdp toan phdn bOi , déu c6 cdn trén thi X ¢é phdn

16i dai.

B. Suy ludn toan hoc

I. Ménh dé

1. Ménh dé so cap

Cic phét bi€u khang dinh khong th€ chia nh® dugc va c6 gi tri hodc ding (1,

true, yes) hodc sai (0, false, no) dugc goi 1a ménh dé sa cap. Gia tri clla ménh



dé so cap dudc goi 1a gia tri chan ly. Ki hiéu cdc ménh dé so cap bdi cic chlr
ciX, Y, Z,..
Trong bai gidng nay d€ bi€u thi gid tri chan 1y "ddng", "sai" ta dung T (true) va F
(false).
Vidu:
"3 ]a s nguyén t0" 12 mOt ménh d€ c6 gid tri chan 1y 1a T
"x chia hét cho 3" khong phai 12 ménh dé vi né chi trd thanh khang dinh véi x
cU th€ hodc khi thém cic lugng tUf v&i moi, tOn tai vao trudc ménh dé.
"Bao gi® cho dén thdng mudi" khong phdi 12 mOt ménh dé vi n6 khong phai 12
khang dinh.
2. Ménh dé, cong thirc ménh dé
Cac ménh dé dugc thanh 1ap tir cic ménh dé so cap bang cic phép toan ménh
dé.

a. Phép toan

Céc phép todn : hdi (), tuyén (), phtl dinh ( , _), kéo theo ( ) . Bang chan tri

X Y X Y XY X X Y
T T T F F T
T F F F F F
F T F F T T
F F F T T T

Céc phép todn trén tuong duong vGi céc lién tUr "va", "hoac", "khong", "kéo
theo"

Chd y bang chan tri cUa phép kéo theo  qua cdc cAu sau day :

Vi mat tr0i moc & hudng dong nén trii dat tron

Vi mat tr0i moc & hudng tay nén trai dat tron



Vi mat tr0i moc & hudng ddng nén trdi dat vuong
Vi mat tr0i moc & hudng tiy nén trdi dat vudng
V& mat thuc t€ khé néi dugc tinh ding sai cla 4 khang dinh dang trén. Tuy
nhién 4p dung hé todn ménh dé cé th€ thay céc cau i. ii. 1a ding va cau iii. 1 sai
va dac biét mOt cau vo nghia nhu ciu iv. 1ai 1a ding.

b. Cong thitc ménh dé

#=—C4c gia tri T, F vi cdc ménh dé€ so cdp : X, Y, Z, ... 1a cdc cong thlrc

ménh dé
#=Néu A, B, C ... 1a céic cong thUic ménh déthi(A B),(A B),( A), (A
B) 12 cic cong th(fc ménh dé.

Dua vao dinh nghia trén d€ nhan bi€t mot cong thlc. Vidu : A B A khong
1a cong thic. DE don gidn (n€u khéng nham 1an) c6 thé bo bdt cic ddu ngodc
bao ngoai.
Vidu : "Né&u anh ta cao k€u, dim chiéu va 1dng 1€ thi trOi mua".
C6 nhi€u céch d€ biu dién cau trén thanh mot cong thirc ménh dé :
Néu dat X, Y, Z, T tuong Ung 13 cdc ménh dé so cdp : "Anh ta cao kéu"; "Anh
ta ddm chiéu"; "Anh ta Idng 1&", "TrGi mua" thi ta c6 cdng thic ménh dé 1a (X
Y 7) T
Néu dat A 1a cong thlc : "Anh ta cao kéu, dim chiéu" ; B 12 cong thlc "lang 1€"
va C 1a cong thUc "Tr0i mua" thi cong thUc cho cautrénla (A B) C.
Pat A = "N&u anh ta cao kéu, dim chiéu va 1ang 1€ thi tr0i mua". Cong thlc 1a
A.
Nhu vay gid tri ca mOt céng thlc (hodc cla ménh dé) ciing dugc tinh qua gid

tri cUa cdc cdng thUc thanh phan, nhu A, B, C hodc A, B, C két hgp bdi cic



phép todn trén bang cich 1ap bang chan tri. Vi v8y cdc cong thirtc ménh dé
ciing duoc xem la mOt ménh dé.

3. Tinh tuong duong cla cic cong thie

Hai cong thlic dugc goi 1a tuong duong n€u né bang nhau voi moi bd gid tri
cUa cdc ménh dé so cdp tham gia trong cong thic (thuc chat né 1a tuong duong
16gic, nghia 1a chi tring nhau vé& mat gid tri chan 1y ch( khong tring nhau hoan
toan v&€ mat cdu tric). Ki hifu A B d€ chi hai cong thc A va B tuong
duong.

D€ ki€m tra tinh twong duong ta 1ap bang chan tri. Cdc phan sau s cho thay

cdc cach khic d€ ki€m tra tinh tuong dudng (vi du dung cic phép bi€n doi

tuong duong).
Vi du: 1ap bang chan tri cho céc cong thlc t'Ong dUOng sau :
A B A B

(A B) A B
A A
Bang cich 1ap bang chan tri ta dé& dang chiing minh dudgc cic cdp cong thiic
tuong duong sau :
Mot sO cong thic tuong duong

Tén goi Tuong duong

Luat dong nhat AT AF A

Luat nuot AT T,AF F

Luét luy dang AA AA A

Luat phU dinh kép A A

Luat hap thu A (A B AA (A B A

Luat giao hoan A B B A; A B B B

Luat két hop (A B C A B C;(A B C A B 0O




Luat phan phoi A B C (A B (A O
A B C (A B (A O
Luat De Morgan (A B) (A B) A B

CiccongthUckhdc |A A T, A A F

A B A B

TU bang céc cong thlc tuong duong trén (ma ta c6 th€ xem nhU cdc ludt) ta cé

th€ st dung d€ tim tuong duong it gon cla cac cong thUc khdc.

Vidu I : ChUng minhrang (A ( A B))

A (A B
A (A B)
(A A (A B)
F (A B)
(A B)
Vidu2:ChlngminhA (A B)=A
(A F) (A B)
A (F B)
(x+0)(x+y))
B F)

F

4. Cong thirc ddng nhat ding (sai, ti€p lién)

a. DPinh nghia

A B
De Morgan
De Morgan
phan phoi

dong nhat

dong nhat

phanphGi (x + Oy =

giao hoan
nuot

dOng nhat

Né&u hoan toan ding (dOng nhat ding) hodc hoan toan sai (dOng nhat sai) vGi

mOi bd gid tri clla cdc ménh dé so cap. TruGng hgp con 1ai g0i 1a ti€p lién.




Néu A 1a dOng nhat ding thi A 1a dOng nhat sai va ngudc 1ai.

VY do 1 :A A A A, A, lacéc cong thlc dOng nhat ding, dOng nhat

sai, ti€p lién.

DE chiing minh A 13 dOng nhat ding ta ¢6 thé chlng minh bang nhi€u céch :
Lap bang chan tri (trong trudng hgp it ménh dé so cap) khi d6 cOt chan tri cla
A hoan toan bang T.

ChUng minh A T bang cédc bi€n doi tuong duong dua trén bang cic cong
thUc tuong duong & trén.

Diing mOt s& cdch chlUng minh gi4n ti€p khic nhu phdn ching. Khi d6 ta gid
thi€t c6 mOt b0 chan tri clla cdc m&nh dé€ so cap sao cho A nhan gi4 tri F, tU gid
thi€t ndy bang céc 18p ludn ta dAn vé mOt khang dinh v6 1y hodc mau thudn véi
cac két qud di biét.

Vi du: ChUing minh coéng thrc (A B) (A B) la ddng nhat ding.

Lap bang chan tri :

A B A B A B A B) (A B
T T T T T
T F F T T
F T F T T
F F F F T

Bién d6i truc ti€p: (A B) (A B) (A B) (A B) A B A B

T

Phan chiUng : Gid thiét ton tai mOt b0 gid tri clla A, B sao cho cong thlc trén
nhan gid tri cUa F. TU bdng chan tri cUa phép todn X Y (chi sai khi X ding va

Y sai) ta phdi c6 A B diing con A B sai. Hai khang dinh nay 12 mau thudn



nhau do A B diing khi va chi khi ca A 1an B diing con A B sai khi va chi khi
cd A 1an B sai. Do d6 cong thUc trén 1a dOng nhat ding.

¢. Tinh chat

: Gid s0 A, Blacéccong thrc. A BkhivachikhiA BvaB Alacéc
dOng nhat ding.

Chung minh

|

Pinh 1y nay cho thdy mdi quan hé gilta tinh tuong duong va tinh dOng nhat

dang.

Vidu:

A Avicd A Ava A A déulacédc dOng nhat ding.

A (B A)lacong thitc ddng nhat ding nhung khong thé khang dinh A B
A,vi(B A) Achilatiép lién.

5. Luét déi ngdu

Gid st A 1a mOt cong thUc chi ch(ra cdc phép todn , , ma khong chUa phép

toan . Trong A dOi chO vai trd hai phép toan , cho nhau va thay gid tri cUa

cap T, F ta dugc cong thlic A* goi 1a cong thirc dOi ngdu cla A. TU dinh nghia

dé dang thdy dugc néu B 1a cong thlc d6i ngdu cla A thi A ciing 1a d6i ngau

claB

VYdob?2 :POingduclacéng thc X (Y X)lacongthGcX (Y X)




Dinh ly: Cho A(X) va B(X) 1a cic cong thUc, trong d6 X 12 b0 cdc ménh dé
sO cap. Goi B(X) 12 cong thic d6i ngdu clia A(X). Khi d6 ta c6 :

A(CX) BX)vaB( X)= AX)

A( X) BX)va B( X) AX)

ChUng minh

ChUng minh theo dinh nghia dé quy cUa cong thlic A dung luat De Morgan.

|
Vidy
Cho AKX Y,Z)=X Y) (Y Z) A*X.Y,Z) =X Y) (Y 2)
tacé: A*( (X,Y,Z)) (XY (Y 2
(X Y) (Y Z)  (DeMorgan)
X Y) (Y 2
A

VayAX,Y,Z) A% (X, Y,Z)).

Pinh 1y : P6i ngdu cUa 2 cdng th(c tuong duong 1a 2 cong thic tuong

duong.
ChUng minh
Qui nap theo dinh nghia cla cong thic.



Vi du: A (A B A Ludt hap thy

A (A B A ciing ding va 12 hap thu
(@0ingduclaA (A B)IaA (A B),condbingduclaAlaA)
hodc cic cong thlc khac nhu cong thlc De Morgan, cong thlc phan phOi, két
hop ...
6. Ludt thay thé

Gid s A 1a cong thUc ménh dé ch(a ki hi€u ménh dé so cdp X. Khi d6 thay
mOt hodc mOt s bat kY vi tri X trong A bdi mbt cong thlrc ménh dé B nao d6 ta

s€ nhan dugc cong thlrc ménh dé mdi ki hi€u A(XIB).

Dinh ly: Néu A(X) la ddng nhat ding thi A(XIB) ciing 1a dOng nhat diing
vGi moi cong thic B bat ky.

ChUng minh

ChlUng minh theo dinh nghia cUa cong thUc dbng nhat ding.

Vidu: (A B) A ladong nhat ding. Do d6 thay A bGi ( B A) ta nhan dugc

congthltc ( B A) B) ( B A)ciing la dOng nhat diing.

7. Ludt két ludn

DPinh 1y: Néu A va A B 1a cdc cong thUc dOng nhat ding thi B ciing 1a
cong thUc dOng nhat ding




Chung minh bang phuong phép Phan chUng.

I1. bai to4an thoa duogc

MOt cong thlic ménh dé A goi 1a thod dugc néu tOn tai mOt bd gia tri cla cic

ménh dé so cap sao cho cong thUc c6 gid tri ding (T).

NhuU vay mOt cong thlic A 1a khdng thod dugc khi né khong phdi 1a dOng nhat

sai tc A khong phdi 1a dOng nhat diing. Do vy d€ gidi bai toan thod dugc ta

dua vé xét bai todn dOng nhat ding. Néu A khong 1a dOng nhat ding thi A 1a

thod dugc.

Dé thdy c6 tOn tai thudt toan tim dOng nhat ding. Vi du 1ap bang chan tri. Tuy

nhién phuong phdp nay c¢6 d6 phlc tap 16n (O(2"). Do vay ta dua ra mOt cach

khéc ki€m tra tinh dOng nhat ding vGi d0 phlc tap bé hon.
Gia thi€t can ki€m tra mOt cong thUc A la dOng nhét diing ? Gia s’
A chla 64 bién ménh dé so cdp. Néu lam theo phuong phdp liét ké
bang chan tri ta sé thu dugc bang v&i 2% dong. Gia thiét mOt mdy
tinh ki€m tra dugc gid tri cUa céng thUc v0i tOc dO 1 dong/gidy. Khi
dé d€ ki€m tra hét bang chan tri mdy tinh phdi mat 2% gidy. Moi nam
c6 365 x 24 x 3600 gidy < 512 x 32 x 4096 = 2° x 2° x 2" = 2** gidy. Do
vay thOi gian cadn la 2° nam  10° ndm = 1 ty ndm.

1. Tuy€n (h6i) so cap

Pinh nghia : Tuyén (h0i) cic ménh dé va phU dinh cla né dudc goi la tuyén

(h0i) sO cap

Dinh ly: Di€u kién can va dU d€ m6t TSC dOng nhat ding 12 trong tuyén
d6 c¢6 chlta mO6t ménh dé dOng thoi v&i phU dinh cla né va d€ mOt HSC



dOng nhat sai 1a trong hOi d6 c6 ch(ra mOt ménh dé dbng thoi vGi phu

dinh cla né.

ChUng minh (danh cho hoc sinh  nhu mbt bai tap)

|
8. Dang chudn tac tuy€n (hdi)

Dinh nghia

Gid s A 1a mOt cong thlc va A' 1a cong thlc tuong dudng cla A. Néu A' 1a
mOt tuyén cla cac HSC thi A' dudc goi 1a dang chudn tac tuyén cla A.

Gia st A" 1a cong thUc tuong dudng cla A. N&u A' 1a mOt hdi cla cac TSC thi

A' dugc goi 1a dang chudn tac hdi cla A.

Dinh ly: Di€u kién can va dU d€ A dbng nhat ding la trong dang chudn
tac hoi clla né moi TSC déu phai chlra it nhdt mOt ménh dé so cdp cing

v6i phu dinh cUa né.

Diéu kién can va di d€ A dbng nhat sai 12 trong dang chudn tac tuyén cla né

mOi HSC déu phadi ch(a it nhat m6t ménh dé so cap cung v&i phl dinh cla no.

ChUng minh (danh cho hQc sinh nhu' mOt bai tap)

|
9. Thudt toin ki€m tra hang ding
D€ xay dung dang chudn tac tuyén ta theo cic budc :

>

Khu



Diing De Morgan va phan ph&i dua vé chi 3 phép todn , , .

Pua cong thlc vé dang chudn tac
Vidu: X (Y X)= X Y X

la dang chudn tac tuyén véibaHSCla X, Y, X

12 dang chudn tac hdi véimOt TSC1a X Y X nén la dOng nhat diing.

III. Vinglr va lugng tu

1. Vingl
Xét cdc cau c6 lién quan dén bi€n nhu :

P(x):=x>3

Qxy)=x=y+3

Rx,y,z) =x+y+z=0

Céc cau trén c6 gid tri (T, F, 1, 0) chi khi x, y, z nhan gi4 tri cu thé.
P, Q, R dugc goi 1a cdc ham ménh dé, x, y, z la cac bién va "tinh chat",
"rang buOc" cla x, y, z 12 vi ng(r. Vi du d6i v&i ham ménh dé P(x), x 1a
bi€n va "I6n hon 3" 1a vi ng(r.

V@i cic gia tri cu th€ cUa x, y, z thi P, Q, R ¢6 gia tri chan ly. Vi du P(1) = F,

P4)=T.

10. Luong tu
Pé ham ménh dé nhdn gid tri ta can xét gia tri cU th€ cla cdc bi€n. Tuy nhién
mOt ham ménh dé ciing c¢6 thé dugc lugng tir hod d€ nhén gid tri.

b. Luong tu '"vGi moi"

xP(x) =1 P(x) ding v&i mOi x trong khong gian.

VY dé 3 : x.x> 012 mOt ménh dé ding. Him ménh dé P(x)1ax> 0.

Trong triOng hQp khong gian 1a h(tu han thi P(x) P(x;) P(x;) .. P(x,)



d. Luong tu "ton tai"
xP(x) =1 P(x) ding v&i mOt x nao d6 trong khong gian.

VY do 4 : X. x> =012 mOt ménh dé ding. Him ménh dé P(x) 1a x> = 0.

Trong triOng hQp khong gian 1a h(tu han thi P(x) P(x;) P(x;) .. P(x,)
e. Bi€n rang budc va tu do
Rang bulc n€u dugc 1ugng tu hod va tu do thi ngugc 1ai.
Nhu vay d€ mOt ham ménh dé tr& thanh ménh dé thi tat cd cac bi€n cla né
phdi rang budc.
Chii ¥ : Th tu cUa céc lugng tU 1a quan trong.
VYdoS o x yoxy=1(x RO} cogidtrilcon y x.xy=1co gid tri
0.

f.  Biéu thuc logic v6i luong tur
MOt bi€u thirc 1dgic (cong thitc) khong c6 cdc bi€n tu do s€ thanh mOt ménh dé
thong thudng. TU d6 ta ciing c6 th€ dp dung cic phép todn 16gic trén né va c6 thé
xét tinh dOng nhat ding hodc tinh tuong dudng cla 2 cong thUc 16gic nhu trong
dai sO ménh deé.
C6 th€ k€t hop cic 1ugng tU thanh mdt bi€u thirc 16gic :
Vi du d€ dinh nghia L 12 gidi han cla ham f(x) :

x(0O<lIx-al< lf(x)-Ll< )

Hodc c6 thé dé dang chltng minh dugc (bai tap cho sinh vién)

xP(x) x P(x)va xP(x) x P(x)
11. Dich cAu sang bi€u thirc logic

Ciing giOng nhu dich cdc cAu néi thong thuOng sang ménh dé trong tiét trudc, 3
ddy ta cling can tich ciu thanh cic haim ménh dé lién quan nhau bdi cic phép

toan 16gic. Bi€u dién tUng ham mé&nh dé mot va ndi 1ai bang phép todn.



Vi du: "Moi ngudi déu c6 mOt va chi mOt ngudi ban tOt nhat"
C6 thé tach thanh 2 ham ménh dé : “moi ngudi déu c6 mOt ngudi ban tOt nhat”
va
“mOi ngUdi déu c6 chi mOt ngudi ban tdt nhat”. Pay 12 2 hAm ménh dé c6 lién
quan dén nhau va c6 th€ bi€u dién dugc bdi mOt ham ménh dé : B(x,y) ="y la
ban tOt nhat cla x"

x yBxy zz y  B(x32)

Vi du: (bai tap cho sinh vién)

"Tat cd su t& déu hung d{" x(P(x) QX))
"MOt sO su ti khong udng ci phé" x(P(x) R®x))
"MOt sO sinh vat hung d{f khong udng café " x(Qx) R®X))

P(x) = "x la su't0", Q(x) = "x hung d{", R(x) = "x udng ca phé
Cénphan biét x(P(x) R(x))va x(P(x) R(x)) (bai tap)

IV.Céc phuong phap ching minh

1. Céc qui tac suy dién

Pinh 1y 12 m6t ménh dé c6 th€ chling minh 1a ding dan. PE chltng minh tinh
ding cla ménh dé ta c6 thé xudt phat tU cic ménh dé dugc chdp nhdn ding
ban dau goi 1a tién dé va tUr nhi€u phuong phidp bang nhi€u qui tac suy ludn
toan hoc ta rit ra cic ménh dé ding ti€p theo kéo thanh diy va két thic thanh
ménh dé can chUng minh. Trong thuc t€ ta thuOng xudt phdt tU nhitng ménh
dé trung gian (hodc cic b6 dé) dia dugc chlng minh 1a ding dan.

Bdng sau 1a mOt sO qui tac suy ludn quan trong thudng dat trén cd s& cic dOng
nhdt ding trong 16gic ménh dé va ldgic vi tU. Chiing ta c6 thé xiy dung rat
nhi€u cic qui tac suy dién nhu vy dua trén cdc dOng nhat ding tuy nhién ta chi

xét cdc suy di€n tuong dOi don gidn dé nhd va dé dp dung.



Tén goi Pong nhat ding Qui tac suy dién

Cong p (9 P P ¢

Rf{t gon (P g9 p P qp

Két luan (modus ponens) | (p q) p) (q P 49.p ¢

K&t lugn ph dinh (P @ @ p P g, q P
(modus tollens)

Tam doan luan i (9@ 1) (p 1 P 9.9 r p r
Tam doan luan tuyén (@ 9 p q P q, p ¢

Cacvidu:

Mat trdi moc G hudng dong hodc qua dat vudng 1a mOt dinh ly.

Tam giéc 12 da gidc ¢6 3 canh va 3 géc. Do vay tam gidc 1a da gidc c6 3 canh.

Ta da bi€t 2 dinh 1y : 3 14 sO 1& va n€u n 12 mOt sO 1€ thi n+1 chia hét cho 2. Vay
4 = 3+1 chia hét cho 2 vi 3 1a mOt sO 18.

n 12 m6t s6 1& thi n+1 chia hét cho 2. 8+1 khong chia hét cho 2 vay 8 khong
phai 12 s0 1€.

D3 biét : néu nim chia chan cho 4 thi 12 nim nhudn va n€u nim nhudn thi thang
2 ¢6 29 ngay. Vay thdng 2 nim 2000 c6 29 ngay.

Hién nay tr0i dang mua hodc c6 nhi€u may. N€u hi€n nay tr0i khong mua thi
c6 nhi€u may.

Suy ludn cé c0 s@ : Cic suy ludn ding qui tac suy dién dua trén cong thlc
dong nhat ding.

Nguy bi€n : Cic suy ludn ding qui tac suy dién dua trén dOng nhat sai hodc
ti€p lién

MOt suy ludin c6 cO s c6 thé dan dén két qud ding hodc sai tuy thudc vao cic
gid thié€t ding hodc sai. MOt nguy bién ludn ludn dan dén két qua khong dugc

chap nhan (ludn ludn sai).




Vi du vé suy ludn cé cO sO :
Cat chan cao cio, ho nhdy cao cao khong nhdy vay tai cio cio nam G chan.
Néua=bthia?=ab a’>-b’=ab-b’>=b(a-b). Matkhic a’-b’>=(a-b)*(a +
b). Pongidna-btadugca+b=b 2=11acdc suy ludn c6 cO sG nhung dan
dén cdc k€t qua sai vi da s& dung nham gid thiét.
Vi du vé nguy bién :
Né&u c¢6 tién t6i s€ mua 0 td, vi tdi mua & td nén tdi c6 ti€n. SU dung sai cong
thic: (p 9 @ p)
Néu n 1a sO nguyén t6 thi n> 1a s6 1&. Vi 81 1a sO 1& nén 9 1a sO nguyén t6. SU
dung sai cong thUc: (p q) q) p)
S(ra ¢c6 mau trang, con co cling ¢c6 mau trang, vay slfa 1a con cd. SU dung sai
congthUc:(p q ¢ @) ( 1)
Dua trén céc qui tac suy dién ta c6 cdc phudng phéap chltng minh sau.
12. Cac phuong phap chiing minh

Can chUng minh p

Dung phan chUng. Gid thiét p F.Vi p Fding p sai. Vidu : cén 2
1 VO ty.

Can chlng minhp q
rOng : Chi ra p sai
tam thuOng : Chi ra q diing
truc ti€p : Dung trung gian tUp dénq. Vidu:nlé n?1é.
gian ti€p : DUa trén cong thlfc p  q q p. Ta sé chUng minh q p
bang truc ti€p hodc bang mOt cich bat kY nao d6. TW désuyrap q. Vidu:

néu 3n + 2 1& thi n 18.



Ciach chUing minh nay ciing ¢6 th€ dugc quan niém nhu chling minh bang phan
chimg, chUtng minh bang mau thudn phu thulc viao cdch trinh bay. Chltng minh
bang phan chling khi ta quan niém ménh d€ p  q nhu mOt ménh dé p khong
can phan chia. Chltng minh bang mau thudn (hodc ciing goi 1a phdn chling) khi
ta gid thiét p ding va q ding khi d6 suy ra dugc p, tlc dan d€n mau thudn vi
c6 p vd p. Minh hoa cho nhén xét nay 1a chling minh A (B A) 1a hang
ding :
Phan chUng : gid thiftA (B A)=F A=TvaB A=F B=TvaA=
F, nhu vy tacé A =T va A = F => méu thuan
Gisnti€p: xemp=Avaq=B A, gidthiét qtdcB A=F B=T,A=F
thc pvayp q
Mau thudn : Gid thit cé6ptc A=T,va qtlkc B A =Ftlc A = F dan dén
mau thuan.
Can chlng minh (p; p» ... p.) ¢
ChUng minh tUng truGnghdp:(pr @) > Q) ... (P Q).
Vi du : Néu n khong chia hét cho 3 thi n> 1 (mod 3). Tdch n thanh 2
truOng hop chia 3 du' 1 va chia 3 du 2.
Can chlng minhp g
ChUng minhp qvaq p.
Vi du : Cho R 1a mOt quan hé tuong duong. Céc di€u sau diy la tuong
duong
aRb
[a]r = [b]r
[a] [b]

Can chlng minh xP(x)



ChUng minh bang kié€n thié€t : Chi ra x. Vi du : v4i moi n, tOn tai n s6 nguyén
lién ti€p 1a hop sO. TUc n x (x +i) 1a hgp sO (i=1..n). LAy x = (n + 1)! + 1.
Truc ti€p hodc phdn chlng : Vi du x* - 3x + 1 = 0 ¢6 nghiém trén [0, 1]. 4p
dung dinh 1y d0i ddu. Hodc can chlng minh v3i bat ky day 5 sO lién ti€p ludn
tOn tai mOt sO chia hét cho 5.

Can chlng minh  xP(x) diing

ChUng minh truc ti€p hodc qui napnéux N.

VY do6 : n.142+..+ n = n(n+1)/2. C6 n/2 cdp n+1 (n chan) hodc (n+1)/2

cap n (n 1€, thém 0).
Can chlng minh  xP(x) sai
ChUng minh x P(x), tUc chi ra phdn vi du.

VY do7 : chUing minh v6i mOi x nguyén tO x + 2 1a nguyén t0.

V. Phuong phap quy nap
1. Phuong phap qui nap

a. PhuoOng phéap
Quy nap toan hoc 1a phuong phép rat quan trong, thuOng dung d€ chlng minh
cidc ménh dé dang nP(n) trong d6 n 1a mOt sO nguyén dUong iy .
Qué trinh chUng minh P(n) 1a ding vGi moi s6 nguyén duong n bao gOm hai
budc:
BUGc c0 sd. Chi ra ménh dé P(1) 1a diing.
BUGc quy nap. Chlng minh phép kéo theo P(n)  P(n+1) 13 ding v&i moi sO
nguyén duong n, trong dé P(n) dudc goi 1a gid thiét quy nap.
Theo céch viét cla céc quy tac suy 1y kY thudt chlng minh nay c6 dang nhu sau:
(P(1) n(P() P(n+1)) nP(n)



Khi s& dung quy nap todn hoc d€ chltng minh dinh 1y, trudc tién ta chi ra P(1) 1a
diing. Sau d6 ta biét P(2) 1a ding, vi P(1) suy ra P(2). Tiép theo P(3) ding vi P(2)
suy ra P(3). C(r ti€p tuc nhu vay ta c6 P(k) ding v3i moi k nguyén duong tiy y.
C6 thé€ gidi thich phuong phdp nay bang hinh dnh cla diy ngudi x€p hang lién
ti€p nhau. Gid s c6 mOt tin mat va n€u mOt ngU0i trong diy bi€t tin nay thi 1ap
tUc anh ta s& ti€t 10 cho ngUdi dlUng sau minh. Khi d6 n€u ngudi 1 biét tin mat
nay thi P(1) l1a dding, sau d6 P(2) ciing ding vi ngu®i mOt néi cho ngudi hai,
ngU0i hai 1ai néi cho ngudi 3, tUc 1a P(3) ding v..v. C nhu vay, theo quy nap
toan hoc, moi ngUQi trong hang déu bié€t di€u bi mat. MOt cach minh hoa khac
12 mOt day quan c@ do-mi-nd c¢6 nhan 1a 1,2,3,.. dang dUng trén mat ban. Gid s
P(n) 12 ménh dé “quan d6-mi-nd n bi d6”. N&u quan 1 bi d6, tlc 1a P(1) ding, va
né€u quén n d0 thi quan (n+1) ciing d0, tlc 1a n€u P(n)  P(n+1) la ddng, thi khi
d6 tat ca cac quan dd-mi-nd déu bj do.

b. Tinh ding dan clia phuong phip qui nap
P& chling minh phudng phdp quy nap todn hoc 1a ding dan ta can gidi thich
ching dua trén tién dé sap t6t cla tap cdc sO nguyén.
Tién dé phat bi€u : Moi tap s6 nguyén khong am luén cé phdn tr nhé nhat.
Gia sU ta da chUng minh P(1) 14 ding vi ménh dé P(n)  P(n+1) ciing da duogc
chUng minh 13 ding v3i moi sO nguyén duong n. Gid thiét c6 it nhat mot sO
nguyén dudng sao cho P(n) 1a sai. Khi d6 tap S bao gOm céc sO nguyén duong n
ma P(n) sai 12 khong rOng. Theo tién dé€ sap tot, S c6 phan t& nho nhat, gia st 1a
k. Vi P(1) ding nén k > 1. Do 0 < k-1 < k nén k-1 khong thuOc S, tUc 1a P(k-1)
ding. Nhung vi ménh d€ P(k-1)  P(k) 12 ding, ta suy ra P(k) 1a ding. Pi€u nay
vO 1y vi k thubc S. Do vay, P(n) 1a ding v&i mOi n nguyén duong.
(Vi du vé tién dé sap t6t : Chiing minh : néu a 1a mOt s6 nguyén va d 1a mot s6
nguyén duong khi d6 c6 duy nhat cic sO nguyén qvarsaocho0 r<dvaa=

dq +r.



ChUng minh : Gid sU S 1a tap cdc s6 nguyén khdng Am dang a - dq trong d6 q 1a
mOt s6 nguyén. Tap nay khong rong vi -dq ¢ th€ 16n tiy y bang cdch chon q Am
c6 tri tuyét doi dU 16n. Theo tinh dugc sap tot, S c¢6 sO nhd nhat lar = a - dq.
R& rang r < d, vi n€u nguoc 1ai ta xét sO a- d(qo+1)=(a-dqy) -d=r-d 0tlc
1a a - d(qo+1) thuOc tap S ma lai nhd hon r. P6 1a di€u vd ly. Do vay c6 céc sO
nguyén g, rsao choa=dq+rva0 r<d. Tinh duy nhat cUa q va r cho c6 thé
dugc chiing minh dé dang)

Chii ¥ : @ budc cO sé thay cho 1 ¢6 thé 1a mOt k nao dé, khi d6 & budc qui nap
can chUng minh P(n) P(n+1)vGin k.

Vi du

Vidu:1+2+...+n=n(n+1)/2

Vi du : Moi s nguyén 16n hon 1 déu c6 th€ phan tich thanh tich cUa cic thira sO

n

ng. to
Vi du : S6 hang day Fibonaci f(n) =
Vi du: Mau ngua giong nhau
Vidu:a"=1.a"=1 Gid s0ding v&i n.a™' =a"™a=a"a""' *a"
Vi du: Cac sO diéu hoa Hy, k = 1,2,3,... dugc dinh nghia nhu sau :
Vi du: Chiing minh rang: trong d6 n 1a sO nguyén khong am.
ChUng minh
Gid st P(n) 1a ménh dé « «.

Budc cO sG : P(0) 1a ding vi .

Budc quy nap : Giad si P(n) ding, tlc 1a ta c6 . PE chling minh P(n+1)

ding, ta thuc hién cc phép bi€n dGi nhu sau:



(do gid thi€t quy nap)

(vi ¢6 2" s6 hang mbi s6 khong nhd hon 1/2™)

D6 1a diéu can chling minh. Nhu vay bat dang thiic vé cdc sO diéu hoa ding

~

vOi cac sO nguyén khong am.

|

VY do 8 : Bang quy nap todn hoc chlng minh dinh ludt DeMorgan t6ng
quat:

trong d6 A,, A,,...,A, 12 cdc tap con cUa tap toan th€ U van 2.

Gid s P(n) 1a dang thlc can chling minh.

Budc cO s : Ro rang P(2) la ding vi chinh 1a dinh luat DeMorgan ma ta da
chUng minh trong chuOng 1.

Budc quy nap : Giad st P(n) 1a ding, tlc 1a :

PE chlng minh P(n+1) ding ta gid sU A, A,....,A,, A. 12 cdc tap con cUa tap

toan th€ U. Khi d6 st dung gid thi€t quy nap ta cé:

Day chinh la di€u can chlng minh.

Chuong . Tinh todn va xac sudt

I. Tinh toan



1. Nguyén Iy cOng:

Gid s d€ lam cong viéc A c6 thé dugc ti€n hanh theo mdt trong k phuong
phap

- Phuong phédp 1 c6 n; ciach lam

- Phuong phédp 2 c6 n, cach lam

- Phuong phap k c6 ny cach lam
Khi d6 sO cach lam cOng Viéc Ala:n; +n,, . ng

- Phét bi6u & dang tap hop:v6i A B=  thilA BIl=IAl+BI

VD1: MOt khéa hoc ¢6 3 danh sdch 1ua chon céc bai thuc hanh. Danh séch th(
nhat ¢6 10 bai, danh séch th(r 2 c6 15 bai va danh sach th(r 3 ¢6 25 bai. MOi hoc
sinh dugc chon mot trong 3 danh sich mOt bai d€ thuc hanh. Héi mOi hoc sinh
c6 bao nhiéu cach 1ua chOn bai thuc hanh.

Giai
C6 10 céch Iua chon trong DS th 1, 15 cach lua chon trong DS th(r 2, va 25 cich
lua chon trong DS th(r 3.

Vay tOng cOng c6 10+15+25 = 50 cach 1ua chon.

VD2. M6t sinh vién c6 th€ chon bai thuc hanh mdy tinh tU mOt trong ba danh

sach twong Ung c6 23, 15 va 19 bai.

Giai
Vi vay, theo quy tac cOng c6 23 + 15 + 19 = 57 céch chon bai thuc hanh.



VD3. Chiing ta cdn chon mOt sinh vién todn nim th(r 3 hay nim th( 4 di du mot
hOi nghi. HOi c6 bao nhiéu cdch chon Iua mOt sinh vién nhu thé biét rang c6
100 sinh vién todn hoc nim th(r 3 va 85 sinh vién todn hOc nidm th( tu' ?

LOi gidi :

Ta c6 th€ thuc hién mOt trong 2 viéc chon lua khic nhau: chon mOt sinh
vién todn nim 3, hoac chon mOt sinh vién to4n nim 4.

DPE thuc hién cong viéc th( nhat ta c6 100 cach, va d€ thuc hién cong viéc
th(r 2 ta c6 85 cich. Vay d€ chon mOt sinh vién todn theo yéu cau ta c6 100+85 =
185 céch.

VD4. An c6 3 4o tay dai, 5 4o tay ngan. PE chon 1 cdi 4o thi An c6 mdy céch.

2. Nguyén ly nhan:
Gia sir mot cong viéc dugc thuc hién qua n budc lién ti€p
- budc 1 c6 m, cach

- budc 2 c6 m, cach

- budc n cé m, cach.

Khi d6 sO cach chon thuc hién cong vi€éc 1a: m; . m, ... m,

VD1. C6 4 phudng ti€n di 1ai t& Ha nOi d&n TP HCM 1a: 6 6, tau hda, tau thly,
va mdy bay. C6 2 phuong ti€n di t TP HCM ra Cén ddo la: mdy bay va tau
thQy. HOi ¢ bao nhiéu cdch di tir HN ra Coén ddo néu bat bubc phai qua TP
HCM.

Giai



- MOi céch di tr HN vao TP HCM c6 2 cich ra con ddo .

- Vay Cé6 4 cé4ch di tr HN vao TP HCM => c6 4x2 = 8 céch ra cdn ddo.
VD2. Ngu0i ta c6 th€ ghi nhin cho nhiing chi€c ghé trong mot gidng dudng
bang mOt ch{f cdi va mOt sO nguyén duong khong vuot qua 100. Bang cich nhu
vay, nhi€u nhat c6 bao nhiéu chi€c ghé€ c6 thé dugc ghi nhin khac nhau?

Giai

ThU tuc ghi nhan cho mOt chi€c gh€ gbm hai viéc, gan mOt trong 26 ch{r c4i
va sau d6 gan mOt trong 100 sO nguyén dudng. Quy tac nhan chi ra rang c6
26.100=2600 cich khidc nhau d€ gan nhian cho mdt chi€c gh€. Nhu vay nhi€u

nhdt ta c6 th€ gan nhin cho 2600 chiéc ghé.

VD3. Gid s ta phai di t& mOt dia di€m A d€n moOt dia di€m C, ngang qua mOt
dia di€ém B. D& di ti A dén B ta c6 8 cich di khac nhau, va c6 6 cich di tU B dén
C. HAi c6 bao nhiéu cich d€ di tir A dén C ?

Loi gidi.

MOt céch di tU A d€n C gOm 2 viéc: di ti A dén B, r6i di tU B dén C. Viéc th(r
nhat (di tr A dén B) c6 8 cich thuc hién, viéc th( hai c¢é 6 cach thuc hién. vay,

theo nguyén ly nhan, sO cdch di tUr A dén C 12 8 x 6 = 48.

3. Nguyén ly bu tru

Khi hai cong viéc c6 th€ dugc lam dOng thoi, ta khong thé dung quy tac
cOng d€ tinh sO cach thuc hién nhiém vu gbm cd hai viéc. D€ tinh ding sO
cdch thuc hién nhi€m vu nay ta cdng s6 cach 1am mbi mOt trong hai viéc roi trir
di sO cach lam dOng thdi cd hai viéc. Ta c6 th€ phat bi€u nguyén 1y d€m nay
bang ngdn ngl tap hdp. Cho A;, A, 1a hai tdp hitu han, khi d6
A Al =1A11+ 1A, 1A Al



TU d6 v3i ba tap hgp hitu han A, A,, A;, ta co:
IA] A2 A3| = |A1| + |A2| + |A3| |A] A2| |A2 A;l |A; A]l +|A1 A2
Asl

VD1. Trong mét 18p hoc c¢6 50 sinh vién, c6 30 ngudi bié€t ti€ng anh, 20 ngudi
bi€t ti€ng phap. Trong sO cic sinh vién bi€t ngoai ng(r c6 10 ngudi bi€t ca ti€ng
anh va ti€ng Phép. HAi trong 16p ¢ bao nhiéu sinh vién khong biét ngoai ng(r.

Giai
Theo cong thlic ta ¢6 sO sinh vién bié€t it nhat 1 trong hai ngoai nglt 12 30+20-

10=40 => s0 sinh vién khong bi€t ngoai ng(r 1a 50-40 = 10.
4. Hoan vi, chinh hop, td hop

a. Hoan vi
Hoén vi cUa n phan tU khic nhau 13 mOt cach sap x€p c6 th(f tu n phan
do.
Cong thUc tinh: P, = n!

Vi du 1: MOt ban c6 4 hoc sinh, hdi ¢ bao nhiéu céch sdp chd ngbi cho 4 hs dé.

2

Giai:
MO0i phuong an 1ua chon d€ x€p cho ngbi 12 mOt hodn vi tr 4 hoc sinh. Vay ¢6

4! =24 céch.

Vi du 2. Trong mdét 18p hoc, thdy gido phat phi€u tham da véu ciu hoc sinh ghi
thit tv 3 mén Todn, Ly, Héa dang hoc theo muic dd véu thich gidm ddn. Héi cé
bao nhiéu cdch ghi khdc nhau 7

b. Chinh hop



Chinh hgp chdp k ttn phant (1 k  n) 1a mOt cach sap x€p cé thr tu k
phan t& cUa n phan t&, mOi phan t& khong duge 13y 1ap 1ai.
Cong thUc tinh:

Vi du 1. MOt nha hang ¢6 5 mén #n chU Iuc, can chon 2 mén dn chl luc khic

nhau cho mmoix ngay. HGi c6 bao nhiéu céch chon.

Vi du 2. Trong mét trudng dai hoc, ngodi cdc mén hoc bit bude, cé 3 mén ur
chgn, sinh vién phdi chon ra 2 mén trong 3 mén dd, | mén chinh vd | mén phu.
Hdi ¢c6 mdy cdch chon ?

Vidu 3. Tir5 chirsé 1.2, 3.4, 5¢6 thé tao ra bao nhiéu sé gom 2 chir 8 khic
nhau ?

c. T hop

TG hgp chdpk tnphantr(1 k n)Ila cich chon khong phin biét th(r
tU cUa k phan t(r 18y tU tdp n phan t& da cho, mOi phan t( khong dugc 18y
13p lai,

Cong thUc tinh:

Vi du: C6 bao nhiéu cach tuy€n 5 trong sO 10 cau thU cdu 16ng d€ di thi dau?

Vidu 1. Cd 5 hoc sinh, cdn chon ra 2 hoc sinh d€ di tryc 1dp, hdi cd mdy cdch
chon 7

Bii 72. D€ thi tric nghiém cé 10 cdu héi, hoc sinh cdn chon trd 13i 8 cdu .
a) Héicd miy cdch chon wiy ¥ ?

b)  Héicé miy cdch chon n€u 3 cdu ddu 13 bat bude 7

¢)  Hoicd méiy cdch chon 4 trong 5 ciu ddu va 4 trong 5 cdu sau 7
araua fofe %ol B I.I.l.lLr SLELLL LLIML LLls SRR Lrl.l.l.ll.l. La =T I.I.l.'Lr SLELLLE Wl Ll LI.LI. LI.LIJ h.':l] hl—:lc "“n.h Ln.l. LLI.
toan gqudc. Cd miy cdch chon.
a) Tivv?
b)  Sao cho 2 hoc sinh A v& B khéing cing di ?

¢)  5Sao cho 2 hoc sinh A vA B cing di hode elng khéng di?



5.NGUYEN LY DIRICHLET.
5.1 M6 dau:
Gia st c6 mOt dan chim b0 ciu ¢ 5 con bay vio chubng.

Nhung chi ¢6 4 chuOng. Di€u gi sé sdy ra?

Thi du :
1) Trong bat ky mOt nhém 367 ngudi thé nao ciing c6 it nhat hai ngudi c6 ngay
sinh nhat giGng nhau bdi vi chi c6 tat ca 366 ngay sinh nhat khac nhau.
2) Trong kY thi hoc sinh gidi, di€m bai thi dugc ddnh gid bdi mOt sO nguyén
trong khodng tir 0 dén 100. HAi rang it nhat c6 bao nhiéu hoc sinh du thi d€ cho
chac chan tim dugc hai hoc sinh c6 két qud thi nhu nhau?
Theo nguyén ly Dirichlet, sO hQc sinh c@n tim 14 102, vi ta ¢6 101 két qua
di€m thi khic nhau.
5.2 Nguyén ly Dirichlet t&ng quat:
Ménh dé: Néu cé N dé vat duoc dat vao trong k hp thi sé tén tai mét
hép chita it nhdt IN/k[ dé vét.
© day, ]x[ 1 s6 nguyén nhO nhat c6 gia tri 10n hon hodc bang x.
Thi du 5:
1) Trong 100 ngudi => c6 it nhat 9 ngudi sinh cling mOt thang.
Vi x€p nhiing ngUdi sinh cling thang vao mOt nhém. C6 12 thang tat ca.
Vay theo nguyén ly Dirichlet, tOn tai mOt nhém c6 it nhat ]1100/12[ = 9 ngudi.

2) C6 nim loai hoc béng khic nhau. HAi rang phdi c6 it nhadt bao nhiéu sinh

vién d€ chac chan rang ¢ it ra 12 6 ngudi ciing nhan hoc béng nhu nhau.

Giai
GOoi N 12 50 sinh vién, khi d6 ]N/5[ = 6 khi va chi khi 5<N/5 6 hay 25

<N 30. Vay sO N can tim 1a 26.



II. X4c sudt

1) X4c suat clia bién co

Trong cudc séng hang ngay, khi néi vé bién c6 ta thudng ndi bi€n cO nay cé
nhiéu khd nang xdy ra, bi€n c0 kia cé it khd nang xdy ra, bi€n cd nay cé nhiéu
kha nang xdy ra hon bién c0 kia. Todn hoc di dinh lugng héa cdc khd nang nay
bang cach gén cho moi bi€n cd moét s6 khdong 4m, nho hon hay bang 1, goi 1a
x4c sudt cla bién c6 dé. Xac sudt cla bién ¢6 A duge ky hiéu 1a Pl4), né do
luong khd nang khdch quan su xuat hién cla bi€n ¢ A.

Dinh nghia 1
Gia st ! = {wi.wa...., wn}1a khong gian mAu ma cdc k&t qud c¢6 cling kha
nang xudt hién. Khi dé xdc sudt clia bi€n c6 A dugc xé4c dinh bang cong thitc
m ,}zﬂz ”-’_1_
[} A

& day |4l = 1413 s6 phén t cla A.

Nhu vay xdc sudt cla bi€n cO A 1a ti sO gilra s6 két qud "4 thudn 1gi cho bién
c6 A va tbng sO cac két qud dong kha nang n cé thé xdy ra khi thuc hién phép
thir dé.

Vidul

Gieo mot con xuc xac can d6i, ddng chat va quan sat s6 chdm xudt hién.

a) Mo ta khong gian mau.

b) X4c dinh cdc bién c0 sau:

A: “Xuat hién mat chan chdm”,

B: “Xudt hién mat 1é chdm”,

(': “Xuat hién mat cé s6 cham khéng nho hon 2.

¢) Tinh x4c sudt cUa céc bién c0 trén.

Loi gidi

a) Ky hiéu & 12 k&t qua: “Con xtc xac suat hién mat k cham”, & = 1.2, 3.4.5.6,
Khi d6 khéng gian mau

0 = {1.2,3.4.5,6}.

b) Ta co

A={2.46},B={1,35},C={23456)

¢) TU cAu b, ta suy ra



4] _ 3
P(A) = — = =,
(4) 1 6

1B _3
PB)=— = -,
B) 1 6

Il _ 3
P(C) = — ==
D=Ta "
Vidu 2

MOt coéng ty can tuy€n hai nhan vién. Cé 6 ngudi ndp don, trong dé c¢é 4 nam va
2 nit. Gia st rang kha nang tring tuyén cla 6 ngudi 1a nhu nhau. Tinh x4c sudt
dé€ ca hai ngudi trung tuyén déu 1a nam.

Loi gidi

S6 trudng hop c6 thé 1a CF. Cac trudng hop nay 1a déng kha ning. S6 céch
chon 2 nam tring tuyén trong 4 nam la i, Vay xdc sudt can tim la

¢ 62
cz 15 5
Vidu 3

Gieo d6ng thoi hai con xtc xac can d6i dong chat, moOt con mau do va mot con
mau xanh. Tinh x4c suat d€ cé it nhat mOt con xtic xac xuat hién mat 5 chdm.
Loi gidi

Ta co

Q= {(i.j):1<ij<6}

trong d6 7-7) 1a két qua: “Con xtic xic mau dé xudt hién mat i chdm, con xtc
xac mau xanh xudt hién mat 7 chdm”.

Khi d¢ [£2] = 36,

Goi A 12 bién ¢6: “Cé it nhat mOt con xtic xac xuat hién mat 5 chdm”.

Ta co

A={(1.5).(2.5).(3,5), (4.5). (5. 5). (6.5). (5. 1), (5.2). (5. 3). (5.4). (5. 6) }.

2) C4c tinh chat cUa x4c suat

Ta c6 cdc tinh chat sau day cla xdc sudt:
JP(0) =0 P(Q) =1 0 < P(4) <1,

e P(AUB)=P(A) +P(B) - P(AB),

e Néu A, B 13 hai bién c0 xung khac thi



P(AUB)=P(A) +P(B).

e VGi ba bién c0 4. B. €' bat ky ta cé
PIAUBUC)=P(A)+P(B)+P(C)-P(AB) - PlAC)—-P(BC)+P(ABC).
e Néu ba bién c6 4. B. €' d6i mét xung khac, ta cé

PlAUBUC)=P(A) +P(B)+PB(C).

dP(A)=1-P(A)

e Néu A C BthiF(A) <P(B),

o N&u A1 Az, ... A, 1 cdc bién 8 bat ky, khi d6 ta cé

o Néu A1 Az, .. A, 14 cée bién ¢6 xung khic timg d6i mot, nghia 1a AiAd; =1
véimoi® 7 J, ta c6

PlA; U Ag - UA) =P(A) +P(As) +--- +P(A,).

Vidu 4

MOt chi€c hdp c6 9 thé danh s6 tir 1 dén 9. Rut ngau nhién hai thé réi nhan hai
sO ghi trén hai thé v4i nhau. Tinh x4c sudt d€ két qud nhén dugc 14 mot s6
chan.

Lo gidi

Goi A 13 bién c6: “Rut duge mot thé chan va moét thé 18”7, B 1a bién cd: “Rut
dugc hai thé chan”. Khi d6 A LU B 1a bién c6: “Tich hai sO ghi trén hai thé 1a m6t
sO chan”.

Vi ¢6 4 thé chan va 5 thé 1é nén

clcl 20
PlA) = —= = —.
c).,j 36
76
P(B) = F—g =35

Mat khdc, vi <1 & 13 hai bi€n 6 xung khac nén
P(AUB)=P(A) +P(B).
Do dé
P(AU B) =P(4) +P(B)
20 Gi
36 36
26
36
13
TR



Vidu5

MOt hdp dung 4 vién bi xanh, 3 vién bi d6 va 2 vién bi vang. Chon ngau nhién 2
vién bi.

a) Tinh xéc sudt dé€ chon dugc 2 vién bi cling mau.

b) Tinh x4c suat d€ chon dugc 2 vién bi khdc mau.

Loi gidi

a) Goi A 1a bién cO: “Chon dugc 2 vién bi xanh”, B 1a bién cO: “Chon dugc 2
vién bi dd”, €' 1a bién cb: “Chon dugc 2 vién bi vang” va H 1a bién cO: “Chon
dugc 2 vién bi cing mau”. Khi d6H = AL B LI C' va c4c bién c6 <. 5.C d6i mot
xung khac.

Ta co

P(4) = E_i _ %
(1) - E—j _ %
P(C) = E— _ %

Vi ba bién c6 4. B. €' 36i mdt xung khac nén
PlAUBUC)=PA)+P(B)+PC).
Do dé

b) Vi H 1a bién c6: “Chon dugc 2 vién bi cing mau” nén H 1a bién c6: “Chon
dugc 2 vién bi khdc mau”. Vay
_ D 13
m —1_m -1 -
PH)=1-PH)=1 5= 1%

Vidu 6

Gieo dong thoi ba con xtc xac can d6i dong chat. Tinh x4c suat d€ it nhéat cé
mOt con xtic sac ra 3 cham.

Loi gidi

Khéng gian mau

Q= {(i.j.k):1<i jk <6}



& day (i.7. %) 1a két qua: “Con xdc x&c th( nhat xudt hién mat i chdm, con xtc
xac th hai xudt hién mat J chdm va con xtic xac th( ba xudt hién mat &
cham”.

Goi A 13 bién c¢6: “It nhat mOt con xtc sac ra 3 chdm”. Khi d6 A 1a bién c6:
“Khéng c6 con xuc sac nao ra 3 chdm”, do d6

A={(i.jk):1<i k<6, 5. k3

Suyra
— A s
PA) = 151 =
Do do
g3
P(A) =1-P(A) =1- 2 = 99116.

Vidu?7

Trong hom c6 10 chi tiét, trong d6 c6 2 chi ti€t hdng. Tim xéc suat d€ khi lay
ngau nhién ra 6 chi tiét thi c6 khéng qua mot chi ti€t hdng.

Loi gidi

Goi A 1a bién c6: “Trong 6 chi ti€t 1y ra c¢6 khoéng qua 1 chi ti€t hdng”, B la
bi€n cb: “Trong 6 chi ti€t 1dy ra khong cé chi ti€t nao héng”, €' 1a bién cO:
“Trong 6 chi ti€t 1dy ra ¢ 1 chi ti€t hdng”. Vi bién c6 A xay ra khi it nhat c6 mot
trong hai bién c¢6 Bva ' xdyranén A = B I C,

Dé thay hai bién c6 B va ' xung khac véi nhau nén ta cé
P(BLUC)=PB)+PC).

Do dé

P(A) =P(B) + P(C).

Theo dinh nghia x4c suat

~il3
P(B)=—
E'll_il
2 x
P(C) = Tf
IE']H
Vidu 8

MOt ngudi bé ngau nhién n 14 thu vao n phong bi d4 dé san tén ngudi nhan dé
gUi cho nngudi. Tinh x4c sudt d€ khong ¢6 moét 14 thu ndo bd dung phong bi cla
no.

Loi gii

Goi i 1a bién c8: “La thu th(r i bd ding phong bi clland”, t = 1. 2... .. n,



Khi d6 41U Az U--- U A; 13 bién c6: “Cé it nhat mot 14 thu bd diing phong bi
cla nd”. Do dé A = A1 LU Az U--- U A, 13 bién c6: “Khong cé mot 14 thu ndo bo
dung phong bi clia né”.

Ta co
PlA)=1-PF(A; U A U---10A,).
Mt khac
Xétl =11 < -+ <1 =1 Kkhi d6 sO trudng hop ¢6 thé x3y ra khi ta bo thu vio n
phong bi 1an! con s6 trudng hop thudn 10i cho bién ¢ i - - Ai 1a(n — k)l Do
dé ta céd
iy O R R o G Vs
PlA;, ... A4, )= = L-!("j'_ g I
TU dé
PlA)=1—-PlA; UAU---1UA)

T l-_].},'.._'_-_

=1_§ k|
N
=1+Z§ TP DR

k=0

Chuong 3. MA TRAN

Trong todn hoc, mOt ma trdn 13 bang ch( nhat ch(ta d{ li€u (thudng 1a sO thuc
hodc s6 phlc, nhung c6 thé€ 1a bat ky dit liéu gi) theo hang va cOt.

Trong dai sO tuy€n tinh, ma tran ding d€ 1uu trlt cic hé s cla hé phuong trinh
tuy€n tinh va bi€n d6i tuyén tinh.

Trong 1y thuy€t d6 thi, ma trén thuOng ding d€ bi€u di€én do6 thi (vi dU: ma trén
k€), luu trf trong sO cho d0 thi c6 trong sO...

Trong 1&p trinh, ma tran thudng dugc 1uu trlt bang cic mang hai chiéu.


http://vi.wikipedia.org/wiki/To%C3%A1n_h%E1%BB%8Dc
http://vi.wikipedia.org/wiki/M%E1%BA%A3ng_(c%E1%BA%A5u_tr%C3%BAc_d%E1%BB%AF_li%E1%BB%87u)
http://vi.wikipedia.org/wiki/L%E1%BA%ADp_tr%C3%ACnh_m%C3%A1y_t%C3%ADnh
http://vi.wikipedia.org/w/index.php?title=%C4%90%E1%BB%93_th%E1%BB%8B_c%C3%B3_tr%E1%BB%8Dng_s%E1%BB%91&action=edit&redlink=1
http://vi.wikipedia.org/wiki/Ma_tr%E1%BA%ADn_k%E1%BB%81
http://vi.wikipedia.org/wiki/Ma_tr%E1%BA%ADn_k%E1%BB%81
http://vi.wikipedia.org/wiki/%C4%90%E1%BB%93_th%E1%BB%8B
http://vi.wikipedia.org/wiki/L%C3%BD_thuy%E1%BA%BFt_%C4%91%E1%BB%93_th%E1%BB%8B
http://vi.wikipedia.org/wiki/Bi%E1%BA%BFn_%C4%91%E1%BB%95i_tuy%E1%BA%BFn_t%C3%ADnh
http://vi.wikipedia.org/wiki/H%E1%BB%87_ph%C6%B0%C6%A1ng_tr%C3%ACnh_tuy%E1%BA%BFn_t%C3%ADnh
http://vi.wikipedia.org/wiki/H%E1%BB%87_ph%C6%B0%C6%A1ng_tr%C3%ACnh_tuy%E1%BA%BFn_t%C3%ADnh
http://vi.wikipedia.org/wiki/%C4%90%E1%BA%A1i_s%E1%BB%91_tuy%E1%BA%BFn_t%C3%ADnh
http://vi.wikipedia.org/wiki/S%E1%BB%91_ph%E1%BB%A9c
http://vi.wikipedia.org/wiki/S%E1%BB%91_th%E1%BB%B1c

Ma trén thong dung nhdat 12 ma tran hai chi€éu. T6ng quat héa cUa khai niém ma
tran hai chi€u 12 ma trén khéi. Trong 13p trinh, ma trén khoi dugc 1uu tr( bang
cdc mang nhi€u chiéu.
I. MOt s6 khai niém co ban
1. Dinh nghia ma trén

Ma trdn cdp mxn 1a bang s0 thuc hinh ch{f nhat c6 m dong va n cot .

Ky hiéu:

Trong do:
a;; : 1a mOt phan t& cUa ma trdn & dong th( i va cOt th j.
a; : ¢6 thé 14 sO thuc, sO phlc hay ham s0,...
i: chi sO dong.
j: chi s6 cOt.
m, n : 14 cdc sO nguyén duong.
mxn: g0i 1 kich thu@c cla ma tran A.
Ta thuOng diing céc ch cdi A, B, C,..., X, Y, Z d€ ky hi€u cic ma tran.

Va thuong duQc viét dudi dang rut gon: A = (a;))mxn hodc A = [Qij]mxn

Vidu:



2. Ma tran vuédng
Né&u sO dong va cOt cUa ma trdn A bang nhau va bang n, thi A dugc goi 1a ma

tran vudng cap n.

(o, ay ... ap, )
e s PO N
kﬂnl L ﬂnn’j
1 -= 0 2
_ -2 5 3 -1
A = 2 -4 -1 5
2 =7 4 2

+ Néu m=1: ta c6 ma trdn cOt (n dong, 1 cOt) C = (a;) .
+ N€u n=1: ta c6 ma tran dong (1 cbt, n dong) B = (a))my1.
+ Ma tran khong: Ky hiéu 1 O,,: gdm toan s0 0.

0
0

- - EE_DDD
00 ... 0 ™ oo o

Trong ma trdn vuéng cdc phan tu:

8=

a1, ay, ..., ay, thubc dudng chéo chinh.

A1ny A2n-1)s ---» Ay thubc dUOng chéo phu.



3. Ma tra@n tam gidc trén

L4 ma tran ma céc phan t& nam phia dudi dudng chéo chinh déu bang 0.

(6, dyy . )
0y ... s,

4-|? & 71 92
- - - A=|0 2 5
0 0 .. a.) loo4

4. Ma tran tam gidc duoi

La ma trdn ma céc phan t& nam phia trén dudng chéo chinh déu bang 0.

(0, 0 ... 0 )

oy Qo .. O

1 00
=11 2 10
a1 Gz - Oy ) 2 30

2

5. Ma tran duong chéo

MOt ma tran vudng cap n vUa la tam gidc trén vira 1a tam gidc dudi dugc goi 1a

ma tran duong chéo.

c:rnﬂ D

420 % 300
: A=|0 0 0
0 0 a,, 00 4

6. Ma tran don vi
Né&u céc phan tU trén dudng chéo d€u bang 1 goi 1a ma trdn don vi cép n.

Ky hiéu: I, hodac L



I, =

o o O e
oo = 2
o o= a2
T o B S

1 00
L=]0 10

o 0o 1.
7. Ma trén chuyén vi

Ma trén chuyén vi: Ky hiéu A",

L2 ma tran dugc thanh 1&p tU ma tran ban dau bang cich chuyén dong

thanh c6t va ngugc 1ai:
A = (aij)nxm ® AT = (aij)mxn
1 2
A=10 -1 o [1 0 3}
32 ~ 2 -1 2
IL. Cic phép todn trén ma tran
1. Phép cOng va phép trtr hai ma tran

Cho hai ma trén A = (8 V2 B = (bj)mn 12 hai ma trdn cling cdp mxn . T6ng

cUa hai ma trén A va B 12 mOt ma tran cap mxn, ta viét:

C=A+/-B= (Cij)mxn Vél Cij = ajj +/- bij 5 1= lm,] =1..n.

[23—1 4} {1—12—2}
A= : b=
Vidu5:Cho 2 1 3 -2 -1 41 3

301 2
C’=H+E=[ J

Ta cé: 4 5 4 1

Tinh chat:

* A+B = B+A.



* (A+B)+ C = A+(B+ C).

*O+A=A+0 =A.

* A+(-A) = (-A)+A = 0.
Trong d6 O 12 ma tran O cdp mxn.

2. Nhin mét s0 khdc 0 véi m6t ma trén

Cho s0 thuc k va ma trn A = (@;)mw. Tich cUa sO thuc k v&i ma trdn A 1a
mOt ma trén c8p mxn trong d6 cdc phan tl cla ma trdn mdi bang tich cla s

thuc k vGi phan tU twong Ung cUa ma tran A, tUc 12 kA = (kay) .

301 2 & 0 2 4
A= 2.4 =
Vi du 6: Cho 4 5 41 , ta co: & 10 & 2

Chii y:
Néu a=-1suyra(-1).A = (-1).(aj)mm = -A. Luc do6 (-A) dudc goi1 la ma
tran dOi cUa cla ma trén A.
Cdc tinh chét:
*a.]A+B] = a.A+a.B
* (a+b).A = a.A+b.A.
% a.(b.A) = (ab).A.
*1.A=A.
3. Phép nhén hai ma tr@n

Cho ma tran A = (a;)mnm ¢6 cAp mxn va ma tran B = (by)u, 6 cdp nxp.

Tich cUa hai ma tran A va B 12 mOt ma tran cap mxp, ta viét:

¢, =2.ab, ,i=lm;k=1.p
C=AB= (Cik)mxp Vél j=l .



SO dd mé ta phép nhan hai ma trén:

Dong i
COt k
Ma trén két qua: Vi tri:
Cy=dong 1, cOt 1 = tOng (dong 1 x cOt 1)
Cp,=dong 1, cOt 2 = tOng (dong 1 x cOt 2)

Cy; =dong 1, cOt 3 = tOng (dong 1 x cOt 3)

C(dong m, cOt n) = tGng (dong m x cOt n)
Piéu kién nhan dugc cla hai ma trén:

L3 sO phan t(f trén dong clla ma trén A phdi bang s phan t( trén cOt cla

ma tran B tuong Ung.



10

101

A= . B=0 1
0 1-1 ’

Vidu 7: Cho ~1) tmhC=AB

Tacé:cy =11+00+11=2
cp=10+01+1.(1)=-1
cn=01+10+()1=-1

2 -1
=C=
=00+ 11+ (1).(-1)=2 -1 2y

Tinh chat:
Cho A, B, C 1a c4c ma tran trén truOng K:
(A+B)C = AC+BC.
A(B+C) = AB+AC.
(AB).C=A.(B.C).
ILA=AI=A v6illamatran don vi.
(AB)T = B"A”.

AB ! BA : nghia Ia phép nhan hai ma tran khong giao hoén.

1 2 n -1
A= o 8=

Vidu8:Cho +° 4 6 7
1 2%0 -1y (12 13 0 -1y1 2y (-3 -4
ABz = Ej‘i: =
(2 c6: 3 406 7)7 124 25), & 703 4]\ 27 40
= Ah# B4

4. Cdc phép bién d6i so cap

i) DGi chd hai dong (hodc hai cOt) clla ma tran.



ii) Nhan mOt dong (hay mOt cOt) cho mOt s6 khac khong.

iii) Nhan mOt dong (hay mOt cOt) mOt sO khac khong rOi cOng vio mOt

dong (hay mOt cOt) khéc.

Luu y: Phép bi€n d6i so cap khong lam thay dGi ma tran.
Bai tap.

1. Cho:

N

va
Tinh A+B, A-B,
2. Cho

va

Tinh A+B, A-B,



Chuong 3. PHUONG PHAP TINH

I. SO xap xi va sai s0

1. S6 xap xi

Xap xi ham: khi khdo sét, tinh todn trén mOt ham f(x) kha phlc tap, ta c6 thé
thay ham f(x) b&i ham g(x) don gidn hon sao cho g(x) = f(x). Vi€c 1ua chon g(x)
dugc goi 1a phép xap xi ham.

2. Sai s6

Danh gi4 sai sO : khi gidi bai todn bang phuong phap gan ding thi sai sO xudt
hién do su sai 1éch gilra gi4 tri nhan dugc v&i nghiém thuc cla bai todn. Vi
vay ta phdi ddnh gi4 sai s6 d€ tUr d6 chon ra dugc phuong phép t0i Uu nhat.

Ta c6 khai niém vé sai s6 nhU sau:

Gia sir x la so gan dung cua x* (x* : s0 ding),
Khidé A=|x—x'| goilasaiso thye sy cuax
Vi khong xac dinh dugc A nén ta xét dén 2 loai sai soO sau:

*

- Sai s6 tuyét d6i: Giasr 3Ax > 0du be sao cho |x — x"[< Ax

Khi do Ax goi la sai sO tuyét doi cua x
AX

x|

-SaisOtwong doi: §x =

II. Gidi gan ding cac phuong trinh

Gibi thiéu
P& tim nghi€m gan ding cUa phuong trinh f(x) = 0 ta ti€n hanh qua 2 budc:
- Nghi€m va khodng phan ly: xét tinh chat nghiém cUa phuong trinh, phuong

trinh c6 nghiém hay khdng, c6 bao nhiéu nghi€m, cdc khodng ch(fa nghi€ém néu



c6. B6i v&i budc nay, ta c6 thé dung phuong phap do thi, k€t hgp vdi céc dinh
1y ma todn hQc ho trg.
- Chinh x4c ho4 nghiém: thu hep dan khodng ch(ra nghiém d€ hdi tu dugc dén
gi4 tri nghiém gan ding v&i d chinh xdc cho phép. Trong buGc nay ta c6 thé€ dp
dung mOt trong cdc phuOng phap:

+ Phuong phép chia doi

+ Phudng phdp l1ap

+ Phuong phép ti€p tuyén

+ Phuong phép day cung

1. Nghiém va khodng phan ly
a. Phuong phép do thi:
+ TruOng hgp ham f(x) don gidn
- V& db thi f(x)
- Nghiém phuong trinh 12 hoanh d6 giao di€m cla f(x) v&i truc x, tU d6
suy ra sO nghiém, khodng nghiém.
+ TruGng hgp f(x) phlc tap
- Bién d6i tuong dudng f(x)=0 <=> g(x) = h(x)
- V& d0 thi cla g(x), h(x)
- Hoanh d0 giao di€m cla g(x) va h(x) 1a nghiém phuong trinh, ttr d6 suy

ra sO nghi€m, khodng nghi€m.

b. Dinh 1y 1:
Gid s f(x) lién tuc trén (a,b) va c6 f(a)*f(b)<0. Khi d6 trén (a,b) tOn tai mOt sO
1& nghiém thuc x € (a,b) cla phudng trinh f(x)=0. Nghiém la duy nhat néu f’(x)

tOn tai va khong dGi dau trén (a,b).



Vi du 1. Tach nghiém cho phuong trinh: x* -x+5=0
Giai: fix)=x"-x+35
F(x)=3x"-1, f(x)=0<=>x==1/4/3

Bang bién thién:

X - —1/-3 1/43 =
f(x) - 0 - 0 -
}"CD{U o0
f(x) / \ CT /
-0

Tir bang bién thién, phuwong trinh ¢é 1 nghiém x < —1/4/3

fi-1)* f{-2) <0, vy phuong trinh trén c6 | nghiémx € (-2, -1)

Vidu 2. Tach nghiém cho phuong trinh sau: 2*+x-4=0
Giai: 2"+ x-4=0<« 2"=-x+4

Ap dung phuong phap do thi:

1 2 4

TU d6 thi => phuong trinh c6 1 nghiém x € (1, 2)

2. Chinh x4c héa nghiém

2.1. Phuong phdp day cung

Gia sU [a, b] 1a khodng nghi€m phuong trinh f(x)=0. Goi A, B 1a 2 di€m trén
d6 thi f(x) c¢6 hoanh dd tuong Ung 14 a, b. Phudng trinh dudng thang qua 2 di€m
A(a,f(a)), B(b, f(b)) c6 dang:

y—-f(a) x
f(b)—f(a) b

—a
—a



Khi d6, Day cung AB cat truc x tai diém c6 toa do (x;, 0)

0-f(a) x,-—a

Do do: =
f(by—f(a) b-a

_(b—a)f(a)
f(b)-f(a)

X

- Neéu f(a)*f(x,) <0 => thay b = x, ta c6 khodng nghi€m mdi 12 (a, x,)

- Né&u f(b)*f(x,) <0 => thay a=x, ta c¢6 khodng nghi€m mdi 1 (x,, b)
Ti€p tuc 4p dung phudng phap diy cung vao khodng nghi€m mdi ta dugc gid tri
X,. Lai ti€p tuc nhu thé ta nhan dugc céc gid tri X, X,, ... cang ti€n gan vdi gid

tri nghi€m phuong trinh.

+ Y nghia hinh hoc

Lt




Vi du 9. Gidi phuong trinh x> + x - 5 = 0 bang phuong phap diy cung
Giai:

- Tach nghiém: Phuong trinh c6 1 nghiém x€(1, 2)

- Chinh x4c hod nghi€m:

f(1)=-3<0, f2)=5>0

a b X f(x)

1 2 1.333 -0.447
1.333 1.379 -0.020
1.379 1.385 -0.003
1.385 1.386 -0.000
1.386 1.386

2.2 Phuong phdp tuyén tinh (NewTon)
Trong muc nay, ta xét lai phuong trinh  f(x)=0 .
Gid s(f rang ta da tim dugc mOt khodng nghiém (a,b) clia phuong trinh trén 1a

khodng, dong thoi £ ( x) va ’( x) lién tuc va khong d6i dau trén doan (a, b) .

Khi d6, vGi x, 12 xap xi ban dau dugc chon, ta xay dung diy {#n }—o= theo

cong thuc: _ f(=,)
:‘Uri+l - ‘(Ln 7 f,i' (II.' )
n >0

Ta c6 thé chimg minh duoc, voi mot s6 diéu kién thich hop phuong phap Newton hoi tu,

chéng han véi diéu kién sau

Pinh li 1.3.1. Néu phuong L‘f”(m)‘ < M,Vx € [a,b] la khoang li nghiém, dong thoi
f @, f" @) lién tuc va khong doi diu trén doan [a,b], véi z, € [a,b] sao cho f(z)-f" (o) >0
(z,,dwoc goi la diém Fourier, thuong dwgc chon la mot trong hai dau mut a hodc b). Khi do day
. }H:E xdy dung nhir trén hgi tu dén nghiém = cia phirong trinh f (z) = 0 va ta c6 wdc luong

*

T

2

<

Tpe1 — Ty — Ty

2m

voi m, M la hai hang sé thoa man

0<m< ‘f’ (x)

,Vz € [a,b]



Nhan xét: N€u nhu viéc tinh todn f’(x) tai mOi di€m qué phlc tap va ta thay
f’(x) khong
thay d6i 16n thi ta thay diy xdp xi & trén nhu diy dudi day, thuOng dugc goi la

phuong phap Newton cdi ti€n:
f(z,)

f'(z,)

:‘Cn+l = :r;ra _

n >0

Dinh 1y 1.3.1 ¢ on cho thdy phuong phap Newton c6 tOc dd hdi tu bac hai. Vi
thé€, néu phuong phap Newton lam vi€c thi n6 hdi tu dén nghi€mnhanh hon bat
ki phuong phap nao khéc.
Vi du: Dung phuong phap Newton giai phuong trinh 2z’ — 22 —10 =0 voi d§ chinh xac
10, biét khoang li nghiém 1a (2, 3).
Giai
Pit f(z) = 2’ — 2z —10. Khi dé ta cé:

f @)= 32" -2
") =6z
D@ thay rang f(3) f”(3) > 0 nén ta chon z, = 3. Ta xdy dung day {z,} ___ nhu sau:
F ) ) —2z, —10
wn+l = mn o 1 =&, — 2—
f (Jrn) . —2
n>0
Véi z, = 3, ta tinh dugc
zr, = 2.5600 f(z)=1.6572
z, = 2.4662 f(z,) = 0,0668
z, = 2.4621 |f (z5)] = 1.2501.107"

Chon m = 10, M = 18 khi do6

.
‘xﬂ g

= |$3 — Iy |H
2m

—~—

- A - A *
Vi the ta c6 thé chon =z =~ z..

2
<

< §|0.0041|2 = 10
20



2.3 Phuong phdp chia doi

a. Y tuéng
Cho phuong trinh f{x) = 0, f(x) lién tuc va trdi dau tai 2 dau [a,b]. Gia su
fla) <0, fib) < 0 (néu ngugc lai thi xét —f(x)=0 ). Theo dinh ly 1, trén [a,b]
phuong trinh ¢é it nhat 1 nghiém p.
Cach tim nghiém .
bit [ag, bg] = [a, b] va lap cac khoang lé:-ng nhau [a;, b;] (i=1,2,3,...)
[a;, (a.1* bi)/2] néu f((am+ b.i)/2) >0
[a;, bi] =
(a1 bi1)/2,bi] néu f{(au+bi1)/2) <0

Nhu vay:
- Hoac nhan dugc nghiém ding ¢ mot bude nao do:
u=(ap;+ by )2 néu f((ai.+ bi.y)/2)=0

- Hodc nhan dugc 2 day {a,} va {b,}, trong do:

{a,}: la diy don diéu ting va bi chin trén
{ba}: la diy don diéu giam va bi chin dudi

nén 3lim a_=1lim b_=p langhiém phuong trinh

n—e i

Vi du 6. Tim nghiém phuong trinh: 2*+x - 4 =0 bang pphap chia doi
Giadi:
- T4ch nghi€m: phuong trinh c6 1 nghi€ém x € (1,2)
- Chinh xéc hod nghi€m: d4p dung phuong phép chia doi ( (1) < 0)

Bang két qua:



: .a +b
B I K
1 2 +
1.5
1.25 -
1.375 +
1.438 +
1.406 +
1.391 -
1.383 +
1.387 -
1.385 -
1.386 1.387
lima, = limb, =1.386

n—a n—l1

K&t luan: Nghi€m cla phuong trinh: x ~ 1.386
2.4 Phuong phdp lap
- Y tudng:

Bién d6i tuong duong: fix) =0 <=> x=g(x)

Chon gia tri ban dau xo ekhoang nghiém (a.b),

tinh x; =g(xg), x%=g(x)), ..., %= g(xy,) ]

Nhur vay ta nhan duge diy {x,}, néu diy nay hoi tu thi ton tai gio1 han

ne IM X, =1 (la nghiém phuong trinh )

- Y nghia hinh hoc
Hoanh d0 giao di€m cla 2 d0 thi y=x va y= g(x) 12 nghiém phuong trinh

s C

yt _ y |
Y=Xx B ___: y=x

| 1

= g(x) ya

a y=g A/ |

A e

B S

e R

¢! ! ! ~ ! 1 1
HX % X X X XX X

Hinh a Hinh b



Trudng hgp hinh a: hdi tu d€n nghiém p

Trudng hgp hinh a: khong hoi tu d€n nghi€m p (phan ly nghi€m)

Sau diy ta xét dinh 1y vé di€u ki€n hoi tu dén nghi€m sau mOt qua trinh 1dp.
Pinh Iy (di€u kién da)

Gid si ham g(x) xéc dinh, khdvi trén khodng nghi€m [a,b] va mOi gid trig(x)
déu thuOc [a,b]. Khi d6 n€u Iq > 0 sao cho tri tuy€t dbi cla g’(x)<q<1 Vx (a,b)
thi:

+ Quad trinh 18p hOi tu dén nghiém khong phuthudc vao x, €[a,b]

+ Gidi han limx, = n khi n —o 12 nghi€m duy nhat trén (a, b)

Luuy:

- Pinh 1y ding n€u ham g(x) x4c dinh va khavi trong (-c0,+), trong khi dé di€u
kién dinh Iy thod man.

- Trong truGng hgp t6ng quit, d€nhan dugc xap xi xn v4I dOchinh xdc echo

trudc, ta ti€n hanh phép 1ap cho d€n khi 2 xap xilién ti€p thodman:

1-g

£

|xn+] _xn| =

Vidu 7. Tim nghiém: X -x-1=0 bing phuong phap lap
Giai: - Tach nghiém: phuong trinh co mot nghiém = (1.2)

- Chinh xac hoa nghiém:

3 « 3 x+1
X" =Chon g(x)=¥x+F1l x="—— x=3x+1

X

1 1
"x)==3 — <1 vxe(l2)
gl 3',’[x+l}' “©

=> dp dung phuong phap lap (chon x;= 1)

X g(x)=3x+1
I 1.260
1.260 1312
1312 1322
1322 1.324
}_.3 24 1.325
}.325 ! 1325

-3

Nghiém phuong trinh x = 1.325



Bai tap

1. Tim nghiém gan ding cdc phuong trinh:

a. x> =x+5=0 b.x’ 3x-1=0 c.xX-4x-1=0 d.x +x-5=0
bang phuong phép chia doi vGi sai s6 khong qua 102,

2. Tim nghi€ém gan ding cdc phuong trinh:

a. X =x+5=0 b.x* -x-1=0 cx-4x-1=0 d.x +x-5=0

bang phuong phép day cung v4i sai sO khong qué 107,

I11. Gidi hé phuong trinh dai s6 tuy€n tinh

1. Phat biu bai todn

Cho hé phuong trinh tuyén tinh:
anx tapx: t.. 1 apX, = ain
d31X) T dxnXy T ... T 8xXy = 8op4)
dn1 X + Ay X Tt dpp¥n = Aape

Hé¢ phuong trinh trén co thé duoc cho béi ma trin:

dy) djz wee dlp Alp#l

dz) da Y dap+
J'Sirm+| i

dy) iy dyy A+

Vin dé: Tim vecto nghiém X = (XXX



2. Phuong phap Gauss

- N&i dung phuong phdp

- Bién d6i Ma triin A vé ma trin tam gidc trén

- A=

0

apz

A3z

apz

L]
a 12

0

din

day

dpp

din

d

ann

dn+

A+

dnn+]

dn+1

a'asl

1
d o+l

Cach bién d6i A — A’: Thuc hién n-1 lan bién déi

Lan bién ddi i (Iam cho a; =0; j =i+ 1 — n) bing cich:

dong j=dong j +dong i * m (m=-a;/a;

- Tim nghiém theo qua trinh nguoe: x, = n,; = ... = X

Vi du: Gidi hé phuong trinh dai sO tuy€n tinh dugc cho b3i ma trdn sau

.
1 2 -1
2x|2 1 0
1x|-1 3 2
1x'-2 0 5
r 2 -1
o -3 2
1710 0 1373
13
0 0 1773
\

-7

-14/3
=713

5 0
-8
-1/3

10/3
o

5/3
4/3

=x=1;3=1; u=1; ;=1

Viay nghiém hé phuong trinh x = (LLLI)

(1 2 1 3 5
0 3 2 7 8
0o 5 1 7 13

Lo 3 7 14

i 2 w3 5
0 3 2 7 8
0 0 133 -143 -1/3
0 0 0 4913 49/13




IV. N&i suy va phuong phéap binh phuong cuc ti€u
1. Da thUc n0i suy

a. Pa thlc ndi suy Lagrange

Gia sir f{x) nhin gia tri y; tai cac diém tuwong tmg x; (i= 0,n), khi d6 da thirc
ndi suy Lagrange cua fix) la da thire béac n va duoc xac dinh theo cong thire sau:
L,(x) = Xy:p,(x)
i=0
(x—xpHx =% )X =% WX =Xy ) (x—%,)  TS(x)

Pn{x}: {K,- _KD}{K!_ -X, }-"{xi —Ki_]}{xi _xi+|}...[xi_ =X B MS

Bat W(x) = (x - xo)(x - x)... (X - Xq)
Suyra: TS(x)= wo z MS=W'(x;)

S |

L (x)=W( <~ |
= = g[x_xi YW'(x;)

Vi du 1. Cho ham f{(x) thoa man:

X; ‘ 0 1 2 4
fix;) ‘ 2 3 -1 0
Tim ham ndi suy cua f{x), tinh f{5)




Giai:

Cichl: W(x) =x(x-1)(x-2)(x-4)
W?(0)=(-1) (-2)(-4) = -8
W ()=1(-1)(-3)=3
W(2)=2(1)(-2)=+4
Wi 4)=4(3)(2)=24

2 3 1

+ + )
—8) 3x-1) 4x-2)

Lax) = x(x—1)x—-2)x —4) :
x

= é{—{x—l}{x—l}fx—4}+ du(x—2Wx—4)+xi(x—1)x—4))

(x=4)N=(x=D(x=2)+4x(x=2)+x(x=1))

1
4
(x —4)(4x* - 6x-2)

1
4

Cich 2:
_ 2(x-l}(x-2}(x-4} +3x{x—2){x—4] _]x{x =1)(x=4)
(=D(=2)(-4 1(=1)(=3) 2(1)(=2)

La(x)

= %{x —4)(4x* - 6x-2)

b. Pa thlc n0i suy Lagrange v&i cdc mOc céch déu

Gia sir ham f(x) nhin gia tri y; tai cic diém twong vmg x; (i =0,n) cich déu

mét khoang h.
Pat t=—%  khido:

X - Xo= h*t x; - g =h *i

x - Xi-1 = h(t- (i-1)) X -X =h

X = X;p = h(t =(i+1)) e, v

X - Xo = h{t - n) Xi - Xa = -h(n - i)

ERIT L T T _ o HEEL

Pu(x, +ht)= tt-D*. . *t-G-Dt=(G+1)*..*(t—n)

i—D*.. =1 *1*2*  *(n—j)
_ tt=D*._.*(t-n)
(t=)*i{(n =)* (=D




i Yi("l)n_i
La(xp + ht)=t(t-1) ... (t - n) E}(t "i)i!(ﬂ --i)!

Ln(xg + ht) =

t(t—1)...t—n) & (=D y'c,
n! ;’ t—1

Vi du 2. Tim ham néi suy cua f{x) thoa man:

X 0 2 4
f(xq) 5 -2 1

Giai:
Cich 1:
Wix) =x(x-2)(x-4)
W (0)=(0-2)(0-4)=-8
W'(2)=(2-0)(2-4)=-4
W(4)=(4-0)(4-2)=8
g 2 4 1
8(x=0) (x=2)(—-4) (x—-4).8

5 2 1
x{x—E}(x—4]+(a—(x_2}+4{x_4]}

La(x) = x(x = 2)(x — 4X )

0O | == 00 |m= 00|

(S(x=-2)x—D+4x(x—-4)+x(x=-2))

(10x* —48x + 40) = i(sxf — 24x + 20)



Ciach 2:
t(t-1)—2) 53 -2C, 1G

L(2t)="— =0~ T 2
_M=De=2)s, 4 1
- 2 t t—1 t—2

- —é (At =Dt —2)+4t(t-2)+t(t—1)

— %[lml —~24t +10)=5t" =12t +5

Viy LE(X}=§J€2 —6x+5

c. NOi suy Ayken

Khi tinh gi4 tricUa ham tai mOt di€m x=c nao d6 bat kyma khong can phdi xic
dinh bi€u thirc cUa f(x). Khi d6 ta c6 th€ap dung bang n0i suy Ayken nhu sau:

- Xay dung bang noi suy

c-Xg XX Xg-Xa et Xg-Xn d,

X1-Xp Cc-Xy Ni-Xa X=X da
dy

X»-Xop X2-X) C-X2 . XrXp

Xo-Xg XXy Xp-Xo e c-X, d,

Wic) = (c- xo){ c- xy)...( c- xu) : Tich cac phfm tir trén duomg chéo

W2 (xi) = (xi - xo)( xi —x1)... (i = Xir) (X5 - Xis1) oo (X5 - Xa)

(e~ x3) W7(x5) = (x5 - x0)( %5 — %) .. (X5 - Xiq) (- XX - X)) oo (X5 - Xp)
d; = (c-x;) W’(x;) : Tich céc phan tir trén dong i (i=0,1, ...,n)

fc) = Lufc) = W(0). Sy — Y
© L) =W S

= Y
o)~ Wie) 2 -
i=0



Vi du3.Tinh f (3. 5) khi biét f(x) thodmin

Giai

X; 1 2 4 5
Yi 3 2 -1 0
Xay dung bang noi suy Ayken

2.5 -1 -2 -3 -4 60
1 1.5 -1 -2 -3 -9
2 1 0.5 -1 -2 2
3 2 1 -0.5 -1 3
- 3 . 1 -1.5 -36

W(3.5)=1.40625
5
f3.5)xLi(3.5)= -2+7-=

Chohamfix)va hla hi;mg s0, khi do:

NOi suy Newton
Af(x) = f (x + h) - f{x) dwgc gol la sai phin cip 1 d6l vél budc h.

A’f(x) = A[Af(x)] : sai phin {:;ip 2
Tﬁng quat: Af(x) = A[A! fix)] : sai phin ::E'ip k

Ciach lap bang sai phan:
xi | fxy | Afixy | AMixpy | A AM(x;)
X Yo
X) ¥i Afi{xg)
X2 y2 Af(xyy | A'fixq)
X3 vy | Af(x2, | AMix;) | AP(x,)
x, , Af(Xq1y A(xq

Sai phan



d.2 Cong thic nbi suy Newton

Gia sir ham f(x) nhén gia tri y; tai cic méc x; cich déu mot khoang h. Khi
do ham ndi suy Newton 1a mét da thirc bac n duoe xdc dinh nhu sau:

La(x) = Copo(x) + Cipi(x) + ... + Cagpul(x)  (*)

Trong do: @y(x)=1:

X — X
¢, (x)= h o ey(x)= hIol

(x=xgfx=-x,)

*

(X =Xo)(xX—X)..(x =X, )
h™n!
I & cace ham odx) eo tinh chét san:

* Xdc dinh cdc hé s6 C;(i= 0.n)

P, (x)=

Sai phan cip 1 ciia Ly(x) :

(1) ALi(x) = CoA@o(x) + CiAQy(x) + CrAQxAx) + ... + CuAPu(x)
= C1po(x) + Copi(x) + ... + Coyi(X)

Sai phén cip 2 cuia Ly(x) :

(2) A’Lu(x) = C1AQo(x) + C2A@i(x) + ...+ CoA@pi(X)

= Cg{pu{}{} + C;[pl{x] i R o qu}n_ﬂ:x}

Sai phin cap n ciia Ly(x) :
(n) A"Ly(x) = Cuo(x) = C,
Thay x = xg vao (*), (1), (2), ..., (n) ta duge:

CD - Ln{x{l) 3 Cl = "I!"Ln(xﬂ} 3 C2= ﬁan(xu} 3 ey Cn= ﬁn]—-n':xﬂ}



Vi Ly(x) = f(x) nén:
La(xo) = fixo) ; ALu(x0) = Af{xo)

A’Li(xp) = A’f(x0) 5 ...; A"Lu(xg) = A"f(xg)

Viy :
X—Xg 42 (X =xy Nx=x,)
Ln{x} zf{xn}'l'.&ftxn} +_ﬁf‘[xﬂ} hzzl
+ ...+ ﬁ"f{x“} fx—x,}}[x— x‘}'"tx _xu—]}

h"n!

Vi du: Xay dung ham nQi suy Newton thodman:

Giai

Lip bang sai phan:

X; fix) | Af(x) | Aix) | A'Rx) | A'Mix)

1 2

2 - 2

3 3 1 -1

- 7 2 1 2




Ham nd1 suy Newton:

L [x}_'2+jx—xn_{x—xD‘J[x—x|}+2{x—x¢}[x—x]}{x—x3}
T T 2! 3!

(X=X NX =X WX =X, WX =—x,4)

Al

-4

e. Phudng phap binh phuong cuc ti€u
GidsUco 2 dai lugng (vat 1y, hod hoc, ...) x va y ¢6 lién héphuthubc nhau theo

mOt trong cdc dang di biét sau:

-y=fax+b
-y=a+bx+cx’ Tuyén tinh

-y =a + bcosx + csinx

Phi tuyén tinh

nhUng chua xdc dinh dugc gid tricUa cdc tham sOa, b, c. PExdc dinh dugc céc
tham sOnay, ta tim cdch tinh mOt sOcdp gid tritvong Ung (xi,yi), i=l, 2, ...,n
bang thuc nghiém, sau d6 dp dung phuong phap binh phuong bé nhat.

* TruOng hgp: y =ax + b

GOi ¢i sai sOtai cdc diém xi: ei= yi- a — bxi.

~

Khi d6 tOng binh phuong cic sai sO:

=

Szznr.
1=1

Muc dich cUa phuong phap nay 12 x4c dinh a, b sao cho S 14 bé nhat. Nhu vay a,
b 1a nghiém héphuong trinh:



@

Taco: S=3(yi +a +b’x; - 2ay; - 2bxy; + 2abx;)

B _ 3 (2a—2y. +2bx.)

Pﬂ 1 1

£ -

a5 2 2

E=Z[2bxi = 2x,y, + 2ax;)
o1 Q-

na+bixi =zn:yi
i=1

@ - i=1
aixi +|:|i:=-tl-2 =ix-.yj
i=1 i=1

i=1

Gidi héphuong trinh ta dugc: a, b

* Truong hop v =a + bx + ex’
Goi & sai so tai cic diém x;

& =yi-a-bx;-ex]

S=73 & Khids tOng binh phuong céc sai sO:

i=1

Céc hésOa, b xdc dinh sao cho S Ia bé nhat. Nhuvay a, b, ¢ 13 nghi€ém cla

héphuong trinh:
5 n n 2 n
. ==0 na +bd x;+c¢d x;”"=> vy,
ca ( i=1 i=1 i=1

{ §=ﬂ' = HZK;+bZXi2+CZXf=ZIK;3’j

i=1 i=1 i=1

i=] i=] i=]

L %=D l“ aixij"'hz“:xij"‘cixi‘l:ixizyi
. i=]



Gidi héphuong trinh ta dugc a, b, ¢

* Truomg hop: y = ae™
Lay Logarit co sdehaivé: Lny=Ina+ bx
PitY=Iny; A=Ilna; B=b; X=x
Ta dua vé dang: Y =A +BX
(iai hé phuong trinh ta dugec A, B=>a= c'q} b=B
* Truong hop v = ax”
Lay Logarit co sd 10 hai vé:  Lgy = lga + blgx
batY=Igy; A=lga;B=b; X =1gx
Ta dwa vé dang: Y =A +BX

Giai hé phwong trinh ta duge A, B=>a= 10*, b=B

Vi du: Cho bi€t cic cdp gid triclia x va y theo bang sau:

Giai Xi | 0.65 0.75 0.85 0.95 1.15

o | +1.96 1.06 1.17 1.29 1.58
Taco: y=ae

. . . ~~vhiém cua v dang ae™
Lay Logarit coso e hai ve: Lny =Ina + bx

PitY=Iny;A=lna;B=b; X=x

Ta dua védgng: Y=A+BX

Xi=x ’ 065 075 085 095 115

Yi=Iny; | -0.04 006 0.18 025 046

X ‘ X ‘E)(i‘:’i‘ LY
4.35 ‘ 3.93 ‘ 0.92 ‘ 0.89




Phuong phdp binh phuong bé nhat: A, B 1a nghi€m héphuong trinh

nA +BY X, =

i=1 i

Y,

{ 5A +4.35B =0.89
435A+393B=0092
Giai hé phuong trinh ta duge: A=-069, B=1

Suyra:a=e*=% b=B=l

Viy fix)= ;—e *
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