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§1. KHAI NI EM CO BAN
1.1. Cacdinh nghia
a) Mién phang
» Trong miit phing Ozy, hinh pling D gi¢i han boi céc
duong cong kintugc goi la mién phing.
Tap hgp cacduong cong kin ghi han D dugc goi la
biéncia D, ky hicu D hayT.
Dic biét, mit phing Ozy dwoc xem la m¢n phing Vi
biénd vo cung

p Mién phing D ké ci bién 8D dugc goi la mién dong,
mién phing D khéng K biénd D la mien my.

# Mién phing D duoc goi 1a mién lién théngnéu c6 !
duong cong @m trong D nodi 2 diem kat ky thuoe D.
Mién lién thong c6 bién la dwong cong kinduoc goi
la mien don lién (hinh a) c6 bién la nféu duong cong
kin roi nhau lamién da lién (hinh b).

» Chwong 1. HAm sé nhiéu bién sé

b) Lan can cia mjt diém
» Khoang cach gia 2diém M, (z,, y, ), M,(,, y,) la:

2

2
d(M17M2):M1M2 Z\/(Z’I—Z’Z) +(y1_y2) .
b Hinh tron S(M, ) mo c6 tam ..... .E/
M(z, y), ban kinhe >0 dugc ¥
goi la mot 1an ain cia diém M. .y
Nghia la:

My(,5) € S(M,2) 5 (@ — 3, + (y — 3, <=

c) Ham $ hai bién sb
» Trong mit phing Ozy cho p D C R?. )
Tuong tng f : D — R cho trong tng nmoi (z, y) € D
v6i mot gid ti z = f(z, y) € R duy nhit duoc goi la
ham $ hai bén s z, y.
» Tap D C R? duoc goi la mién xécdinh (MXD) cua har
S0, ky hiéu Df. Mién gia ti cha ham 6 la:

G = {z = f(z, y) € R‘(L y) € Df}.

VD
» Ham $ f(z, y) = 32°y — cosay CC')Df = R>.
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» Ham $ z = +/4 —2° —y* c6 MXD la hinh trondénc
tdm O(0; 0), ban kinhR = 2.

p Ham $ 2 = In(4 — 2 — y*) c6 MXD 14 hinh tron m

tam O(0; 0), ban kinhR = 2.

Chay ,
» Trong trong hop xét ham & f(x, y) ma khéng néi

thém thi ta Hiu MXD cia ham 8 1a tp tit ca cacdiém
M(z, y) € R? sao chof(z, y) c6 ngha.

» Ham c6 nhiu hon hai bén dugc dinh nghia trong ty.
1.2. Gisi han ciia ham $ hai bién sb (xem giéo trinh)
1.3. Ham $ lién tuc (xem giéo trinh)
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§2.PAO HAM RIENG — VI PHAN
2.1.Pao ham riéng
a) Pao ham riéng dép 1
« Cho ham & f(z, y) x4c dinh trén mén mo D C R?
chiradiém M (z,, y,). C6 dinh y,, néu ham § f(z, y,)
codao ham i z, thi ta @i dao hamdo ladao ham rién
theo bén 2 cia ham & f(z, y) tai (o5 Yy)-

L 0
Ky hicu: £ (z,. u,) hay £/ (z,. u,) haya—f;uo, 0y).

\ay fg{(a:07 yo): lim 0 0’ 707
T, T — 1,

» Chwong 1. HAm sé nhiéu bién sé

» Tuong ty, dao ham riéngheo bén y tai (z,, y,) 1a:

fy/(%a Y,) = lim flay, y)— flzy, yo).

Y=Y y— yo
Cha y
« Néu f(z) 13 ham & mot bién z thi f/ = 2L — &
* 9z dr

« Ham $ nhiéu hon hai bén cédinh ngha twong tr.
VD 1. Tinh caatao ham riéng ¢a ham é:
f(z, y) = 2" —32%" + 24° — 3zy tai (—1; 2).

» Chwong 1. HAm sé nhiéu bién sé
22 +1

VD 2. Tinh caaiao ham riéng¢a z = In 5 5 .
¥ +yt +1

VD 3. Tinh caatao ham riéng ¢a z = cos tai (m; 4).
Y

VD 4. Tinh caalao ham riéngea f(z,y,2) = "V sin 2.

b) Pao ham riéng dp cao
* Dao ham riéng (éu co) @ia ham & f/(z, y), fy/(a:, y)
dugc goi 14 cacdao ham riéng ép haicua f(z, ).

» Chwong 1. HAm sé nhiéu bién sé
Ky hiéu:

o (af) 9%
=1, =(%), :6_[8_]:6—

o (af) 8°f
£l =1, =(4), a—[a—] T o
0o, = (1) = 2[2)- 2
fzy - le/ o (fz)y N 8y[6$]  9ydz’

I g =) = 2[E)- 2L
fym = fiﬂ - (fy)1 o am[ayJ N 8may

« Ham $ nhiéu hon 2 bén vadao ham riéng ép cao lon
2 codinh ngha fuong tu.

VD 5. Tinh caatao ham riéng &p hai Gia ham é:
flo, y) =o'’ +a*y’ —y" tal (-1 1),
VD 6. Cho hamé f(z, y) = 2° + y* — 2y,
Gi4 tr ciadao ham riéng #p nam ) (1;—1) Ia:
A fO ;1) =480;  B. P, (1;—1) = —480;
Ty Ty
C./% 1-1)=120; D.f? (1;-1) = —120.
Ty Ty

e Pinh ly Schwarz
Néu ham 8 f(z, y) c6 caadao ham riéngfx/y/ , fy/x/ lien

tuc trong mén ms D C R? thi fz/y/ = fy/x/
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» Chwong 1. HAm sé nhiéu bién sé

VD 7. Pao ham rieng:"*") | (m >2) chaz = ¥ la:

22y
A. (_1)n 2m+n e?xfy; B. (_1)m2m+n e?xfy;
C.(~1)m2m ey, D.(—1)"2"e2 Y,
2.2. Viphéan

2.2.1. Viphan ép 1

a) S gia aia ham $

« Cho ham & f(z, y) xacdinh trong lan gn S(M,, €)
cua diém M,(z,, y,)- Choz mot sd gia Az vay mot
sd gia Ay, khi 6 hamf(z, y) c6 tronging $ gia:

IAf = f(a, + Az, y, + Ay)— [z, 3]
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b) Pinh nghia
» Néu trong lan @n S(M,, ¢) voi sb gia Az, Ay ma $

gia Af twongirng co the viét dugc dudi dang

Af =AAz+BAy+0(r), r =(Az) + (Ay)’
trong d6 A, B la nhing $ chi phy thusc vao diém
M, (7, y,) va hamf(z, y), khdng ph thuoc Az, Ay
thi dai lugng A.Az + B.Ay duogc goi la vi phancia han
SO f(z, y) tai diém M,(z,, y,)- Khi @0, f(z, y) duoc
goi I khd vi tai diém M, (,, y,)-
Ky Huldf = AAz+ BAy]

» Chwong 1. HAm sé nhiéu bién sé
Nhdén xét
* Xét nhing diém M (z, + Az, y, + Ay) dich chuyn
trénduongdi qua M, song son@z. Khido Ay = 0:
Af = f(zy + Az, y,) = f(zy, y,) = AAz + O(Ax)

. Af /
lim 2L — 4= 4= :
= Jim = = Iz, y,)

. Af
Tuong tu, Ahrn — =B=B= fy/(%: yo)'

y—0 Ay

Suy radf(z, y) = f/(z, y).Az+ f/(z, y).Ay.

o Xét f(z, y) =z = df(z, y) = Az = dz = Ax.
Tuwong tr, dy = Ay. Vay:

df(z, y) = f/ (@, y)z + f/(z, y)dy.

> Chwong 1. Ham sé nhiéu bién sé
c)binhly
* Néu ham § f(z, y) cé cacdao ham riéngrong lan én
naodo aia (z,, y,) va cacdao ham riéng nayién tuc

tai (7, y,) thi f(z, y) kha vitai (z, y,).

VD 8. Cho hamf(z, y) = 22" — ¢°. Tinhdf(1;—1).

VD 9. Tinh vi phan ép 1 aia hamz = er Y sin(ay?).

2.2.2.Viphan ép 2

* Gia st f(z, y) 1a ham kB vi véi z, y 1a cac bén doc
lap. Céc 6 gia dz = Az, dy = Ay tly y doc lap voi
z, y néndugc xem |a Bing $ ddi vai z, y. Vi phan @a
df(x, y) dugc goi la vi phan ép 2 aia f(z, y).

Ky hi¢u va céng thc:

d*f = d(df) = !/ de® + 21/ dudy + f'/ dy*.

« Néu z, y 1a cac bén khéngdoc lap (bién trung gian

x = z(p, V), y = y(p, V) thi cdngthic trén khdng cc
dlng rira. Sauiay ta chixét trong hop z, y doc lap.

VD 10.Cho ham & f(z, y) = 2°y° + z° — 32°y°.
Tinh vi phanip haidf?(2;—1).

VD 11. Tinh vi phan ép 2 aia ham{(z, y) = In(zy?).

2.3.Pao ham aia ham $ 4n (hai bién)

« Ham z(z, y) xacdinh trénD_ C R* thoa phuong trint
F(z,y,2(z,y)) =0, Y(x,y) € DC D, (*) dugc goi la
ham & dn hai bén xacdinh boi (*).
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» Chwong 1. HAm sé nhiéu bién sé

Gia sir cac ham trédéu kha vi, dao ham 2 ¢ (*) ta duoc:
F/+Fl2 =0, F +F 2 =0.

F/ F/
Wyl = =%, ) =L (F/ 7:0).
i I gy gl

Z

VD 12. Cho hamén z(z, y) thoa phrong trinh:
xyz = cos(z 4+ y + z). Tinh zé, ij

VD 13. Cho hanén z(z, y) thoa phrong trinh nit cau:
#* +y’ +2° =20 +4y—62—2=0.Tinhz/.
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§3. CUC TRI CUA HAM HAI Bl EN SO

3.1.})inh nghia

* Ham & z = f(z, y) dat cyc tri thuc sr tai M (z, y,)
néu voi moi diém M(z, y) kha gin nhung khac/, thi
hieu Af = f(z, y) — f(x,, y,) c6 diu khongdoi.

« Néu Af >0 thi f(z,, y,) lagia trj cuc tiu va M, 13
diém arc tieu cia z = f(z, y).

« Néu Af <0 thi f(z,, y,) la gia trj cuc dai va M, 1a
diém auc dai cua z = Iz, v).

2 2
VD 1. Ham $ f(z, y):zz+y271y:[zf%] +3%

= f(z, y) > 0, ¥Y(z, y) € R? néndat cuc tiéu tai 0(0; 0).

» Chwong 1. HAm sé nhiéu bién sé
3.2.Dbinh ly

a) Piéu kién cin

* Néu ham 6 z = f(=, y) dat cyc trj tai M (z,, y,) V&
tai 6 ham 6 cddao ham riéng thi:

(g 5y) = £ (25,9) = 0.
Piém M,(z,, y,) thoa th/(;vo,yu) = fy/(zmyo) = 0 duogc
goi la diém ding, M, c6 the khong ladiém agc tri.

b) Piéu kién di
Gia sir 2 = f(z, y) codiém ding la M, va cédao han

riéng dp hai i lan cin ciadiém .
bat A= f//(M,), B=f]/(M), C= @Q/(MO).

» Chwong 1. HAm sé nhiéu bién sé
Khi do:

. |[AC-B*>0 o
* Neu = f(z, y) dat cuc tieu tai M.
450 f(z, y) 0
AC—-B*>0 .
* Néu = f(z, y) dat cuc dai tai M.
A<O0

*Néu AC — B* <0 = f(x, y) khdngdat cuc trj tai M.

« Néu AC — B* = 0 thitakhong tt¢ két luan.

3.3. Phén lai cuc tri

e Trong khdéng giarDzyz, xét miit cong S chra duong
cong(C). Chiéu S lIén mmzy ta dugc mién D C R?
vaduong cong pang (V) : ¢(z, y) = 0 (xem hinh €).

» Chwong 1. HAm sé nhiéu bién sé
Khi do, diém P, € S la
diém cao nlt (hay thip
nhat) so Wi cacdiém ¢
trong l&n é@n aia n6 va . P
hinh chéu M, € D la R
duoc goi la diém arc tri _— ~
tw dociaa hamf(z, y)

: 9% ) =0
xacdinh trén D (vi khéng ph thuoc vao(~)). Tuong
ty, diém P, € (C) ladiém cao nht (hay thip nHit) sc
V6i cac diém ¢ trong lan @n cia nd va hinh chi
M, € (v) la diém arc trj c6 diéu kign rang bgc boi
(V) : gz, y) = 0 cha hamf(z, y).

Toan cao cap A2 Cao dang

» Chwong 1. HAm sé nhiéu bién sé
3.4. Qyc tri tw do y
Cho ham & f(z, y) xacdinh trénD. Bé tim arc trj (tu

do) aia f(z, y), ta thec hién cac Ixdc sau:
* Bugc 1. Timdiém ding M, (z,, y,) bing cach gii hé:
(x5, yy) =0
(@, yy) = 0.
«Bugc2. Tinh A = fz/z/(:po, vy)» B =1l (x5, ),
C = f/(5 ) = A=AC- B

* Bugc 3. Dya vaodiéu kién du dé két luan.

VD 2. Timdiém ding aia ham 8 z = zy(1 — 2 — y).
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» Chwong 1. HAm sé nhiéu bién sé » Chwong 1. HAm sé nhiéu bién sé
VD 3. Tim arc tri cia hamz = 2 + y* + 42 — 2y + 8. 3.E. Cuc tri codiéu kién

» Cho ham & f(z, y) xac dinh trén l1an &n aia diém

VD4.Timogzctricﬁahaméz:a:3+y373xy72. . .
- M,(z,, y,) thudc duong cong(~) : p(z, y) = 0.

VD 5. Tim are trj cia z = 3a’y +y° — 32" — 3y” +2. Néu tai M, ham f(z, y) dat cuc trj thi ta néiM, 13
. 50 20 diém cuc tri c6 diéu kién coa f(z, y) vai didu kien
VD6.Chohamé&z=zy+—+— (>0, y > 0).
9 Ty ¢(z, y) =0.
Khing dinh ddng la: » Dé tim arc tri codidu kien caa ham 8 f(z, y) ta dung

A. z dat cuc tiéu tai M(2; 5) va gia ti cuc tiéu z = 39.

. . phuong phap ki haic nhéan i Lagrange.
B. z dat cuc tieu tai M(5; 2) va gia ti cuc tieu z = 30.

p) Phuwong phap khir

C. z dat cuc dai tai M(2; 5) va gia ti cuc dai 2 = 39. » Tir phuong trinho(z, ) = 0 ta ratz haic y thé vac
D. z dat cuc dai tai M(5; 2) va gia ti cuc dai z = 30. f(z, y), saudé tim arc tri cia ham ot bién.
VD 7. Timdiém arc tri cia hamz = 2%y thoa diéu kién: « Bugc 3. Tinh vi phan &p 2 ti M (z,, y,) thg Wi X
— 3=0.
Ty PL(M,) = UL da® + 21/ dudy + 1/ dy?.
b) Phwong phap nhan & Lagrange z £
. f/ f/ Céc vi phéaniz, dy phy thupc vaodiéu kién rang bgc:
Tai diem arc tri (z, y) cia f, goi A = —-L = —-L |3 / y
¢ ¢ do(zy, 4y) = @, (2, Y )z + @ (2,5, )dy = 0 (1)
nhan t Lagrange. Bé tim cyc tri ta thuc hién cac budc: (dz)* + (dy)* >0 (2).

e Bugc 1. Lap ham ph (ham Lagrangg
L(z, y, ) = f(z, y) + Ne(w, v) ]

« Buoc 4. Tur diéu kién rang bac (1) va (2), ta co:
> Néu d’L(M,) > 0 thi f(z, y) dat cuc tidu tai M,
*Bwgc2. Gidi h¢: [/ =0, I =0, I, =0 » Néu d’L(M,) < 0 thi f(x, y) dat cuc dai tai M.
= diém dimg M, (z), y,) 4ng Wi X, > Néu d>L(M,) = 0 thi M, khong ladiém arc tri.

> Chwong 2. Tich phan bdi
VD 8. Timdiém ouc tri cia ham 8 f(z, y) = 2z +y §1. Tich phan i hai (tich phan kép)

5 §2.Ung dung aia tich phan ki hai
Wi diéu kién z* + y* = 5. g dung p 0

§1. TICH PHAN BOQI HAI

VD 9. Timdiém ayc tri cia hamz = zy thoadiéu kién 1.1. Bai toan n dau (thé tich khéi tru cong)
2y o Xét ham 8 z = f(z, y) :
3Tt lien tuc, khéng am va )

mot mat tru cd cac
.............................................. duwong sinh song song
v6i Oz, day la mén
phing déng D trong

mpOzy. /| i i | 12

Toan cao cap A2 Cao dang 5
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> Chwong 2. Tich phan b
« Pé tinh tré tich kfdi try, ta chiimén D thanhn phan 1.2. Tich phan Wi hai
khong dim 1én nhauA S, i = 1; n. Di¢n tich ndi phan a) Binh nghia
ciing ky héu la AS.. Khi d6, khéi try congduoc chic « Cho ham & f(z, y) xa4cdinh trén mén D dongva b
thanhn khéi try nho. Trong ndi phan AS; ta By diém chan trong m@zy. Chia mén D mot cach tly y thar
M (z;; y,) thy y va tié tich V caa kibi tru la: n phan khéng dm I1én nhau, din tich ndi phan 1A AS,,

n i=1;n. Ly n diém tay y M (z; y,) € AS,. Khi d9,
Ve flz;y)A B ’
i=1

I = Zf(%? y,)AS. dwgc goi 1a tong tich phancua

* Goi d. = max{d(A,B)|A,B c AS} la dirong kinhcia i=1 7
f(z, y) rén D (&ng Wi phan hach AS. va cacdiém
ASi,Tacc'):V: hzn OZf zz,y chon M ).

> Chwong 2. Tich phan b
« Néu gioi han I = lim Z f(a,y)AS, tn i hiu « Néu ©n tai f f F(z, y)dzdy, ta ndif(z, y) kha tichtrér
maxd, HO i D
han, khéng pl thuoc vao phan heeh AS, va cach cbn mién D; f(z, y) la ham a@di diu tich phanz, y 1a ca
diém M, thi & thyc I duoc goi Ia tich phan i hai cia bién tich phar
ham $ f(z, y) trén mén D. Ky higu I = f f(z,y)dS. Nhén xél
D

‘ ,, > f f dzdy = S(D) (dién tich cia mén D).
* Chia mén D boi cic duong thang song songdi Oz, D
Oy taduoc AS, = Az, Ay, haydS = dzdy.

b) Dinh Iy ‘
Vay [l = ff f(z, y)dS = ff f(z, y)dzdy. « Ham f(z, y) lién tic trong mén D déng vabj chan thi
D D kha tich trongD.
> Chwong 2. Tich phan bdi hai

1.3. Tinh chit ciia tich phan kji hai 1.4. Phrong phap tinh tich phan Wi hai
Gia sr cac tich phanwbi day déu ton tai.

» Tinh chdt 1. ff f(z, y)dzdy = ff f(u, v)dudv. 1.4.1.bua vé tich phan Gp
D D

a) Coéng thire tinh tich phan kap

« Tinh chit 2
ff z,y) £ g(z,y)]dzdy = ff fdzdy + ff gdzdy; = Néu mién Iéy tich phai D la:
D={(z,y):a<z<b, y(z) <y <y,()}
ffkfxydxdy*kfffxydxdyke]R thi ta co:
. Tlnh chdt 3 :
Néu chia mén D thanhD,, D, boi duong cong co din ff f(z,y)dzdy = fdl’ f f(z,y)dy
tich king O thi: D a

[ #@yydady = [[ f.y)dedy+ [[ fe,y)dady.
D D, D,

Toan cao cap A2 Cao dang 6
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» Chwong 2. Tich phan béi hai ) » Chwong 2. Tich phan béi hai
= Néu mién liy tich phai D 1&: 2)Neu D ={(z,y):a<z <D, y(z) <y <y,(z)}
D=A{(z,y):z(y) Sz <y, c<y<d} vaf(z, y) = u(z)v(y) thi:
thi ta cé: b 4,(2)
i o) ff f(z,y)dzdy = fu(m)dm f v(y)dy.
ff f(z,y)dzdy = fdy f f(z,y)dz. ’ D a 4 (@)
D c oz ) Neu D = {(z,y): ,(y) <z < ,(y), c <y < d}
Chay vaf(z, y) = u(z).u(y) thi:
1) Néu mién D 1a hinh cli¥ nhat, d 2,(y)
D={(z,y):a <z <bc<y<d}=]a; b x][c; d] thi: fff(x,y)dzdy = fv(y)dy f u(z)dz.
b d d b D c ()
f f Fl,y)dwdy = f dz f F,y)dy= f dy f F(z,y)dz. 4)Néu D la mién phirc tap thi ta chieD ra thanh nbing
D 4 . . mien don gian.

» Chwong 2. Tich phan béi hai » Chwong 2. Tich phan béi hai

VD 1. Cho I = [ f(z,y)dndy. Xac dinh @i tich pha | |VD 2. Tinh tich phart = [ 6zydrdy.
5 D D
lap voi mien D gigi han boi y =0, y = 22, x =a > 0. Trongi6, D = [0; 2] x[—1; 1.
20 i_ Y daf == x=75 VD 3. Tinh tich phan’ = ff(2x+y)dmdy.
D
-— Trongid, D ={y <z <1-y, —2<y<0}.
Rl R~ = VD 4. Tinh tich phanl = ffydxdy, trongdé mién D

D

0 a X 0 a X e b A \ o .2

[ Hinh b giéi han bdi cacduongy =z +2, y = z°.

» Chwong 2. Tich phan béi hai » Chwong 2. Tich phan béi hai
b) Poi thir tu lay tich phan

y l
y = 3(x)

Toan cao cap A2 Cao dang 7
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» Chwong 2. Tich phan béi hai
VD 5. Déi tht tu lay tich phan trong tich phan s

» Chwong 2. Tich phan béi hai
1.4.2. Phrong phap doi bién
7— jdzj )y + jd:cjf(:c,y)dy. a) Cong thirc déi bién tong quat
0 ? 122 » Dt 2 = z(u, v), y = y(u, v).
’ Khi d6 mién D, tré thanh:
Dzy ={(z, y): 2 = 2(u,v), y = y(u,v), (w,v) € D }.

/ /
u v
!

Y Yy

b Néu JacobienJ = O,y) _

O(u,v)
fff(l’, y)dzdy = fff(z(u, v), y(u, v)).|J|dudv.
DI:I/ D‘mv

= ( thi ta co:

» Chwong 2. Tich phan béi hai » Chwong 2. Tich phan béi hai
VD 6. Bing cachddi bién « — U+ v7 y = UV o o VD 7. Tinh din tich hinl phang gidi han bai 4 parapol
2 2 y=a’2=2" x=y> 30 =y".

mien D = D, tro thanhD,, = {1 <u <3, 2 <w <5},

Hay tinh tich phar = f f (2% — y®)dady.
D
O(z,y) x, 1 1
Chuy.J = L=l Y = = .
O(u,v) y; I'] O(u,v) u; u;
Az,y) v; vz'/

» Chwong 2. Tich phan béi hai

» Chwong 2. Tich phan béi hai

b) Péi bién trong toa d cuc T=rcosy — —
A bat. | V('rlr:OM,gp:(O:E, OM).
Trong mPzy, xét mén D. Iz / _ y - ism@ o
V& 2 tia 04, OB tiép xdc i oo\ Khi @6, mién D tré thanh:
midn D va 5 ” D, ={(r, @):r(p)<r<n(p), a <p<B}
(@,&) =aq, (E:,OaB‘) =0. (e A(z,y) x! 1:‘/ cosp —rsing
. = Tacd =—=|" =] =r,
z 4 ? a(r,p) yi ys/o sing rcosy "
Khi do: ™ ity Vav
oM <om<om, T2 AL
MeDs ooy 6, nle)
a< (OI, OM) <B. fff(m, y)dzdy = fdnp f f(rcosep, rsing).rdr.
Dy a ()

Toan cao cap A2 Cao dang 8
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» Chwong 2. Tich phan béi hai

» Chwong 2. Tich phan béi hai
m ) 4)Néu cuc O nam trén bién aa D thi:
1) béi bién trong badd cuc theong dung khi biénwa D B r(e)
la duong tron hac elip. 1= fdkp f f(rcos g, rsin)rdr.
.. T=r R o 0
2)betimr(p), n(p) tathay; vao phrong
y=rsme R . |lz=racosyp
trinh aia biénD. 5) Neu bién @¢ia D laelip thi tadat:
y =rbsiny
3) Néu arc O niam trong D va i tia tir O chi cit bién =D ={(r¢):0<p<2m 0<r <1},
7 2n r(p) 2m 1
D tgi 1diémthi: I = fdap f f(rcosy,rsinp)rdr. J—abr = [ — abfdtpff(mcostp, rbsin @)rdr.
0 0

0 0

» Chwong 2. Tich phan béi hai

» Chwong 2. Tich phan béi hai
VD 8. Hay béu dién tich phanl = f f F,y)dady VD 9. Hay béu din tich phanl = f f Fz,y)dwdy
D D
trong ba do cuc. Biét mién D gigi han ki hinh tron c trong ba do cyc. Biét mién D nim ngoaiduong tron
bién 1a(C) : 2* 4+ y* —2y = 0 va raim trongg6c phin tr (C)):2” +y* =2z vanimtrong(C,) : 2* +y° = 4a.
thir hai. y - 3 -
=" il
7 =2sing 2 D =
©
D 1 o x
o= o x il

» Chwong 2. Tich phan béi hai

2 e §2.UNG DUNG CUA TiCH PHAN B QI HAI
VD 10. Tich phan/ = ff 4_[5] _[%] dwdy, Voi 2.1. Tinh dién tich hinh phing
P 2 9 Dién tich.S caa hinh pling D |a: ,
mién D giéi han boi (E): [g + %] =1 va ndm S = f f dady. .
trong goc phn tr thir nhit c6 gia ti la: =
A (533w B.(3v5 - 8)m: VD 1. Tinh dén tich hinh
C.(3-22); D.(3-2V2r. , Sﬁzgg—sz,lj ia; Eﬁ; N
Véy:§33+2. )D1§
2 :
-10

Toan cao cap A2 Cao dang
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» Chwong 2. Tich phan béi hai
2.2. Tinh thé tich khdi tru
Cho hinh w1 V' c6 cacduong sinh song songsv Oz,
hai day gisi han boi cac nit z =0, z = f(z, y) Voi
f(z, y)>0valiénuc V(z, y) € D.
Khi d6, thé tich aia khbi try la:
V= f f f(z,y)dzdy.
D

2

VD 2. Tinh tré tich V

gidéi han boi phan hinh ta
2* + yQ” =1

va hai nat phing

r+y+2—2=0,z=0.

Tuesday, December 07, 2010

» Chwong 2. Tich phan béi hai
VD 3. Tinh tté tich khdi V' giéi han boi cac mit
P4y =4—z, 2 +y* <2vaz=0.

» Chwong 2. Tich phan béi hai
2.3. Khéi lwgng ciia ban phang (tham khao)
Xét mot ban phing chém mién D c R? (d6ng va b
chan) cokhai liong riéng(mat do khdi luong) ki diém
M(z,y) € D la hamp(z,y) lién c trénD.
Khi d6, khdi lwong aia ban phing la:

m = ffp(m, y)dxdy.

2.4. Momen finh (tham khao)

a)Pinh nghia

Momen Inh aia mpt chit diém c6 ki luong m dit tai
diém M(z,y) trong Ozy di véi cac tuc Oz, Oy thec

thatgla: (M, =my, M,_, = ma.

» Chwong 2. Tich phan béi hai

b) Céng thirc tinh

Momen inh aia hin phing chém dién tich D trong
mpOzy ¢ khoi luwong riéngtai diém M(z,y) € D 1a
hamp(z,y) lién tuc trén D la:

M,_, = ffyp(aﬁ7 y)dxdy, M__, = ff zp(z, y)dzdy.
D D

2.5. Trong tam ciia ban phing (tham khio)
Xét mot ban phing chém mién D c R? (d6ng va b
chan) cokhai lugng riéngtai diém M(z,y) € D 1a han
p(z,y) lién wc trénD.
Khi d6, toadd trong tamG cia bin phing la:

» Chwong 2. Tich phan béi hai

[ wote.y)dady

Vg = W = % fD f zp(x, y)dady,

fj yp(z, y)drdy X
Yo = W = fD f yp(z, y)dzdy.

Nhdn xet i ) . )
Khi ban phang dong chit thi p(z,y) 1a hang $ nén:

T, = ﬁD)fo rdrdy, y, = ﬁ‘/]’)f ydxdy.

» Chwong 2. Tich phan béi hai
2.6. Momen quan tint (tham khao)
a) binh nghia
Momen quan tinhi@ mot chit diém cé kbbi lugng m
dat tai diém M(z,y) trong Ozy ddi véi cac tuc Oz, Oy

va gc toadd O theo thir ty |&:

I = my?, [y = ma?, I,=1, +I1/ = m(z* + ).

b) Cbng thikc tinh
1, = [[ve(x.y)dzdy, I, = [[ 2°0(x,y)dvdy,
D D

I, = ff (172 + yQ)p(z, y)dzdy.
D

Toan cao cap A2 Cao dang
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8§1. Tich phandwong loai 1 P Goi d dai cung thr i 1a As,.. Trén cung th i lay diém

82. Tich phandwong loai 2 ) n
................................ thy y M, (x(t,), y(t,)). Tong I =" f(M,)As, duoc

i=1

§1. TICH PHAN PUONG LOALI | goi la tong tich phanduwsng logi 1 cua hamf(z, y) trér
duong congL.
1.1.Pinh nghia . - Ay
« Gia sir duong congL trong mit phing Ozy c6 phrong P Gioi han  lim 3 7 f(M;)As; ton tai hiru han duoc

mazAs;—0 i

S 4 L 2 1
trinh tham 8 o = z(t), y = y(t) Vi ¢ € [a; b] va f(z, ) goi 1a tich phan d@uwong logi 1 cia ham f(z, y) trér
la ham & xacdinh trénL. Chia L thanhn cung khon dusna conal,
dam Ién nhau bi cacdiém chiaing wi: uong cong.
a=t <t <<t =b. Ky higu 1a [ f(z,y)ds hay [ f(z,y)dl.
L L

» Chwong 3. Tich phan dwong

» Chwong 3. Tich phan dwong

Chuay 1.2. Phrong phéap tinh tich phandwong loai 1
1) Tich phaniuong loai 1 c6 #t ca cac tinh cht cuatich a) Pudng congL c6 phrong trinh tham sb
phan xaatinh. Néu duong cong ¢ phrong trinhtham $:
2) Tich phandusng laai 1 khong pla thuse vao chbu z = 1(t), y= y(t), Wia<t<bthi
cuaduong conglL, ngha la: 2 2
- f,y)ds = [ (), yOW(=]) +(y]) dt
J fds = [ ftayyis. { f
AB BA
3) Néu dudng congL tron ting khic va hamés f(z, y) VD 1. Tinh tich phanl = fxds. Trongdo, L la cung
L
lién e trén thi [f(x’ y)ds ton tal. tron co plwong trinh:z = cost, y = sint, % <t< g

» Chwong 3. Tich phan dwong

» Chwong 3. Tich phan dwong

VD 2. Tinh tich phanl = f(a:fy)dl. Trongdo, L la b) Pwong congL c6 phirong trinh téng quat
L ? , N I \.
doan thing rbi diém A(0; 2) vadiém B(—2;—3). * Néu L cé phrong trinhy = y(z) véi a < 2 < b thi:
b
2
ds = 41 ") da.
VD 3. Tinh tich phan/ = [ (1-24%)2ydl. Trongdo, L [ fa)ds = [ foy@) 1+ (oL) do
L

14 dogn thing i diém A(L;—3) vadiém B(L; 7). * Néu L c6 phrong trinhz = z(y) véi a < y < b thi:

b
;o 2
Chiy , 9 [ fayds = [ fatw)) (=) +1 du.
Phrong trinh tham & ciaduong thing AB 1a khdng du 2 o
nhat, nhung két qua tinh tich phan an khéng thaydoi.

Toan cao cap A2 Cao dang 11



DH Co6ng nghiép Tp.HCM
dvntailieu.wordpress.com

» Chwong 3. Tich phan dwong

Dac biéet
* Néu L c6 phrong trinhy = . € R Véi a < z < b thi:

b
ff(z,y)ds:ff(a:,a)da:
L a

* Néu L c6 phrong trinhz = o € R Vi a < y < b thi:

[ fay)ds =
L

b
[ flosy)dy.

Tuesday, December 07, 2010

VD 4. Tinh tich phan/ = f (z+y)ds véi L 1a AOAB

L
c6 caadinh O(0; 0), A(1; 0), B(1; 2).

y

B
2

» Chwong 3. Tich phan dwong
c) Puwong conglL trong tea dj cuc

Néu phrong trinh @a duong conglL duoc cho trongda
d6 cuc r = r(yp) Vi o < ¢ < thi ta xemyp la tham 8.

Khi d8, phrong trinh @éa L la:
z=r(p)cosp, y =r(p)sing, a <o <f.

bat f = f(r(p)cosp, r(p)siny), ta cd cdng tic:

8
ff(m,y)ds = ff.,/rQ —1—(7’;)2 dy
L Q

» Chwong 3. Tich phan dwong

VD 5. Tinh tich phanl = f Va2 +y? ds véi L 1a
L

duong tron c6 phong trinh(0) : 22 + 4> — 4y = 0.
y

4

» Chwong 3. Tich phan dwong
1.3.Ung dung aia tich phandwang loai 1

a) Tinh d9 dai cunc L

b0 dai aia cungl lafl = fds.

y £
o=
VD 6. Tinhd¢ dai cung tror =& 6
2?4+ y* — 2z = 0 tir diém !/ I
I
§ £ dén ’_ﬁ o 11 3 x
2 2 \ ! 2
l
va khongi| qua dc O. A -
LAY

b) Tinh khoi lwgng vatr ong tam aia day cungL

« Néu mot day cungZ c6 ham rat do khdi luong p(z, y
phu thuoe vaodiém M e L thi khbi luong aia day la:

m = fp(x, y)ds.
L
* Trong tdmG cua day cungl (tng Wi p(z,y) la:
1 1
z, =— [ zp(z,y)ds, =— x,y)ds
o m{ p(z,y)ds, y, m{yp( Y)

VD 7. Cho not day thép c6 ghg nra duong tronvéi
phuong trinhz? + 3> =1, y > 0. Biét hammat d6 khdi
lwong lap(z,y) = 2y.

Tim khdi lwong va tong tdm éa day thép.

Toan cao cap A2 Cao dang
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§2. TICH PHAN PUONG LOAL Il -

» Chwong 3. Tich phan dwong

> -
2.1. Bai toan né diu F(M;) = P(M,)i +Q(M,).j e B
Tinh cong sinh ra dart F = F(M) tac ding lén clat vaAd A =Az.i+ Ay.j. y ‘a“'" W

diém M(z, y) di chuyén doc theodwong congL. Tl :
« Néu L ladoan thing AB thi céng sinh ra la: Khi d6, congl¥ sinh ra la:
—_— ) —— —_— n n o o_, - A% !
W:F.AB:‘FHAB cos(F,AB). WzZW] :ZF(M{)AFlAj .

« Néu L 1a cungAB thi ta chial thanhn cung ni boi =t =t Ax. i g

cacdiém chiad= A, A,..., A = B. Trén ndi cung :Xn:[P(Mi)A% +Q(Mi)Ayi]'
i=1

n

J VayWw = lim > [P(M,)Az, + Q(M,)Ay,].
Chieu F(M,), A, A, lan luogt 1€n tuc Oz, Oy taduoc: maz|A;_ A|—=0 =1 ' ' '

=177

A A taBydiém M (z,, y,) tay y.

» Chwong 3. Tich phan dwong

» Chwong 3. Tich phan dwong

2.2.Pinh nghia (tich phandwéng theo ba dj) Nhdn xet
« Cho hai ham & P(z, y), Q(z, y) xacdinh trénduang r Tich phanduong lai 2 c6 fit ca cac tinh cht nhu tich
cong L. ChiaL nhr bai toan n¥ dau. Khi do: phan xaatinh.
n A A A téna tict » Tich phanduong loai 2 phy thuc vao chéu caa L vi
L= Do |POM)A7, +Q(M )y, | duge go ta éng tic khi thayddi chiéu thi A_, A = (Aa,, Ay,) aéi ddu, dc
phanduwong logi 2 aia P(z, y), Q(z, y) trén L. d6 khi viét tich phan taan ghi rédiém dau va cui:
-Gisihan  lim 7 tn tai hiru han duoc goi I iP(xa y)dz + Q(z,y)dy = —i P(z,y)dz + Q(x,y)dy.
7er:‘A[71Al‘—>U AB BA
tich phandwong lagi 2 cia P(z, y), Q(z, y) trénL. b Tir dinh nghia ©ng tich phan, ta cé éhviét:
Ky hiéu la: f P(z,y)dz + Q(z,y)dy. f P(z,y)dz + Q(z,y)dy = f P(z,y)dr + f Q(z,y)dy.
L AB AB AB
> Chwong 3. Tich phan dwéng
pinh Iy 2.3. Phrong phép tinh tich ph&n dwong loai 2

a) Puong conc L ¢ phirong trinh tham sé

Néu hai ham & P(z, y), Q(z, y) lién tuc trong mén mo Néu dusng con( L c6 phrong trint tham $

chira duong congl tron tirng khac thi én tai tich phau z=x(t), y = y(t) thi:
duong logi 2 cia P(z, y), Q(z, y) doc theoL. t
- [ Pdz+Qdy = [[P(t), u(t)e/+Qa(t),y(t))y} ] dt.
Chay 5 .
5 3 A
Néu L ladwong cong phing va kin 4y theo chéu duong ,, A
(ngeoc chidu kimdaong ho) thi ta ding ky Hu: VD 1. Tinh tich phan’ = f dr + zdy.
L
fP(:a y)dz + Q(z,y)dy. Trongdé L la cung c6 phong trinh tham &
L

r=2t% y=2-3¢
roi tir diém A(0; 2) dén diém B(2; 5).

Toan cao cap A2 Cao dang 13
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VD_2. Tinh tich phanl = j;za:dx —dy voi L la elip + Néu duong congL c6 phrong trinhz = z(y) thi:
L
2 2 Yz
T+ Y 113y theo chéu drong. f Pdz 4 Qdy = f[P(w(y)w)éU; + Q(w(y%y)]dy
a v B Y ‘
A
b) Pudng congL c6 phwong trinh tdng quat Ddc bigt
« Néu dudng congl c6 phrong trinhy = y(z) thi: « Néu duong congL c6 phrong trinhy = o € R thi:
T Tp
f Pdx + Qdy = f[P(x, y(z)) + Q(z, y(x))y;]dm f P(z,y)dz + Q(z,y)dy = fp(l'» a)dz.
AKE Ty x@ Ty

] » Chwong 3. Tich phan dwong
* Néu duong congL c6 phrong trinhz = o € R thi:

» Chwong 3. Tich phan dwong
2.4. Cong thrc Green (lién I¢ véi tich phan kép)

Yp P . A a A
a) Xacdinh chiéu trén bién
AB U > Puong congL dugc i 1a

Jord 8 5 kho ‘:t. ong Jordan
VD 3. Tinh tich phan — f(w p)dn+ (54 )y, ordan néu n6 khong ca Jordan Khéng Jord
L > Cho mén D 1a mién da lién,
Trongdé L 1aduong ndi 2 diem O(0; 0) va A(1; 1) voi: lién théng, b chan cé bién

0D Jordan kin tron ting
khic. Chéu drong aia 0D
o At v oA la chiéu ma khi di chugn doc
VD 4. Tinh tich phanl = i dz + daydy v6i BA c¢ theo bien ta ty mien D T
nam vé phiabén tay tréi

1) L ladwong thing y = z; 2) L laduong congy = z°.

BA
phuong trinhy = vz vadiém A(1; 1), B(4; 2).

b

» Chwong 3. Tich phan dwong

» Chwong 3. Tich phan dwong

b) Cong thirc Green , VD 5. Tinh tich phar = ¢ zdy — yds.
Cho mén D (xacdinh nhr myuc a). Nu P(z,y), Q(z,y) T
va caadao ham riéng liénuc trén mén mo chira D thi: 72 y2 ) .
- - Trongdd, L 1a(E): 5 t5= 1 lay theo chéu duong.
§ Py)dz + Q.y)dy = [ (@ — P)dwdy. @ b
9D D
= H¢ qua VD 6. Tinh tich phan
Dién tich @ia mén D duoc tinh theo cong tre: I= 9§(x arctanz + y?)dz + (z + 2zy + yPe ¥)dy
c
1
S(D) = 5 f«’vdy — yda. Vi C laduong tronz? +° — 2y = 0.
oD

Toan cao cap A2 Cao dang 14
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» Chwong 3. Tich phan dwong

VD 7*. Tinh I = SEM
L Tty
1) L laduong cong kin khéng bao quanbagoadd O;

2) L laduong cong kin bz quant gic toads O.

trong céac trong hop:

Gidi. 1) Cac hamP =

5 , Q= 5 QVéCéOiaO
x —l—y o4y

ham riéng liénic trénR? \ {(0; 0)} nén &p dng Green:

I= f”dy ydr ff(Q/ P/)dxdy 0.

Lery

Tuesday, December 07, 2010

2) Ham P = ——, Q= —"— khong liéntuc i
T +y 5 +y

0(0; 0) nén ta khéng &puthg cong tlic Greenduoc.

Gia st L ¢0 pheong trinh tronggado cuc lar = r(y).

Khi d6, phrong trinh tham & cia L 1a:
z =r(p)cosp, y=r(p)sing, 0<p < 2w,

b dx = m/dr + m/d@ = cospdr —rsinpdy |

0 nén

dy = y/dr + y/dnp = sin pdr + rcospdyp

zdy — ydz = 12 cos® pdy + r? sin? pdp = r’de

N fﬁxdy ydx fr2dap:2ﬁl
L T +y 0 r?

» Chwong 3. Tich phan dwong

Céach khac v

Xét mign D gi¢i han boi L va
(C):2* +y* =a® (a>0)

(nam trong L). Khi d6, chiu a

cua L va C nguogc nhau.

2.5.Didu kign dé tich phan dwong khong phu thugc
vaoduong lay tich phan
a) binh ly ) )
Gia sir cAc ham & P, Q va cacdao hamriéng dp qia
chding lién ¢ trong mén ms don lién D. Khi d6, bon
ménh dé sau tong duong:

1) Py/ =Q/, Y(z,y) € D.
2) fP(x,y)der Q(z,y)dy =0 doc theo noi duong
L
conc kinL nam trong D.

3) f P(z,y)dz + Q(z,y)dy, trongd6 43 nam trong D,

AB
chi phy thudc vao haidau mat A, B makhong ph
thugc vaoduong rdi gitta A véi B.

4) Biéu thac P(z,y)dz + Q(z,y)dy lavi phan toan phn
cua hamu(z, y) naodoé trong mén D.

VD 8. Tinh 1 = [ gz + 2"Lqy. Biét L 12
I x +y z- +y

duong tron tiing khac Bi diém A(—1;—1) va B(—2;—2)

nam trong mén D khéng clira gbc toado O.

VD 9. Tich phanduong nao saday khong ph thujc vac
cacduong ton trng khac i haidiem A, B ?

AT = [ (g’ +20)dz + (5" + 2y — 2)dy.
AB

B.I= f (4zy® + 220 — V)dz + (y* + 627y —1)dy.
AB

C.I= f (4ay® + 22)dz — (y* + 2y — 2)dy.
AB

D.I1= f (4ay® + 22 — 1)dz — (y* + 62%> — 1)dy.

—

AB

Toan cao cap A2 Cao dang
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» Chwong 3. Tich phan dwong
b) Hé qua

Néu P(z,y)dz 4+ Q(z,y)dy 1a vi phan toan pin cia han
u(z, y) ndodé trong mén mo don lién D thi:
[ Pla,y)de + Q(z,y)dy = u(B) - u(4).
AB

VD 10. Cho bét u(z,y) = e —ye” + 2241 ¢6 vi phal
toan pn ladu = (e¥ —ye" + 2)dz + (ze” —e”)dy.
(1,0)
Hay tinhl = f (¥ —ye” + 2)dx + (ze” — e )dy.
(L.1)
B.l=-2;

A I=-1, C.I=1, D.I=2.

Tuesday, December 07, 2010

» Chwong 3. Tich phan dwong

(32)
VD 11, Tinh tich phan/ = [ w thec
(1.1) (‘T + y)

mot duong tron tirng khic khéng it (d) : = +y = 0.

}" D
B
2 ,,,,,,,,,,,,,
|L1
A B
! ”L\ill I, 1€
o 1 3 X
(d):x+y=0

» Chwong 4. Phwong trinh vi phan

§1. Phrong trinh vi phan cap 1
8§2. Phrong trinh vi phan cap 2
§1. PHUONG TRINH VI PHAN C AP |

1.1. Khai nigm co ban vé phwong trinh vi phan cap 1

e Phrong trinh vi phan ap 1 la phlrong trinh cé dng
tong quatF(z,y,y') =0 (*). Néu tr (*) ta giai duoc
theoy’ thi (*) trs thanhy' = f(z,y).

+ Nghiém aia (*) c6 cing y = y(z) chira hing $ C' dugc
goi la nghigm tong quat Khi thé diéu kien y, = y(z,)
cho trge (throng i 1a diéu kién dau) vao nghém
tong quat tadugc giad ti C;, cu thé va nghgm lic nay
dugc goi la nghiém riéng caa (*).

VD 1. Cho phrong trinh vi phan) —z = 0 (*).
2
Xét héméy=%+0,tac():
y' — z = 0 thoa phrong trinh (*).
2
Suy ray = % + C' 1a nghém tong quéat aa (*).
2
Tz =2 y=1vaoy = %—FC, taduoc:
QCQ
C=-1=y= o 1 1&a nghém riéng aa (*) tng Woi

diéu kien dau y(2) = 1.

1.2. Mgt sb phwong trinh vi phan cip 1 o ban
1.2.1. Phrong trinh vi phan cip 1 véi bién phan ly
» Pheong trinh vi phén &i bién phan ly c6 dng:
[f(2)dz + g(y)dy =0 ()]
» Phuwong phap giii i
Lay tich phan hai & cha (1) tadugc nghém tong quat
[ 1@z + [ glw)dy = C.

VD 2, Gidi phrong trinh vi phan-"%_ 4 Y%
142 1+ y2

=0.

VD 3. Giai phuong trinh vi phan)’ = xy(y + 2).

VD 4. Giai ptvp 2*(y + 1)dz + (z° —1)(y — 1)dy = 0.

VD 5. Giai ptvp =y’ +y = y2 thoa diéu kién y(1) = %

Toan cao cap A2 Cao dang
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» Chwong 4. Phwong trinh vi phan

1.2.2. Phrong trinh vi phan ding cip cap 1

a) Ham déng cp hai bién sb o ’
« Ham hai bén f(z,y) dugc goi la ding cip bac n néu

v6i moi k > 0 thi f(kz, ky) = k" f(z,y).
Ching han, ham é:
flz,y) =

2z 4+ 3y

ladiang cp bac 0,

2
f(ary) = 223 13 ding dip bic 1,
5z —y

f(z,y) = 32* — 2y ladang cip bac 2.
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» Chwong 4. Phwong trinh vi phan

b) Phwong trinh vi phan ding cip
« Phrong trinh vi phanting cip cip 1 c6 dng:
y' = f(z,y) (2).
Trongdo, f(z,y) 1a ham é ding dip bic 0.
Phwong phép giii
Buwéc 1. Biénddi (2) = ¢ = kp[g].
X
BmeZ.Détuzgéy':uJﬂw'.
X
du _ dz

o(u)—u =z
(p(u) = u == 0 == ) (day I ptvp c6 in phan ly)

Budc 3. (2) = u+ au’ = ¢(u) =

» Chwong 4. Phwong trinh vi phan
- Ty + y2
Ty '

VD 6. Giai phwong trinh vi phan,’ =

VD 7. Gidi phuong trinh vi phan,’ = Tty

Wi diéu kien dau y(1) = 0.

» Chwong 4. Phwong trinh vi phan

1.2.3. Phrong trinh vi phan toan phan
* Cho hai ham & P(z,y), Q(z,y) va cacdao ham rién
cia ching liénc trong mén mo D, thoa diéu kién
Qé = Py/, ¥(z,y) € D. Néu tn tai hamu(z,y) sao cho
du(z,y) = P(z,y)dz + Qz,y)dy
thi phrong trinh vi phan coahg:
[P(z,y)dz + Qz,y)dy = 0 (3)|
duogc goi la phuong trinhvi phan toan phn.
« Nghiém tdng quét aa (3) 13lu(z, y) = C|.
Nhdn xét
/(@) = Pz,y), v (z,9) = Qx,y).

Phwong phap giii
Budc 1. Tir (3) ta céu/ = P (3a) véué =Q (3n).

Buwéc 2. Lay tich phan (8) theo bén z taduoc:
u(w,y) = [ P@y)de = o(z,y)+ C(y) (39).
Trongt6, C(y) 1& ham theo i y.

Buwdc 3. Dao ham (8) theo bén y taduoc:
) =l +C'(y) (30).

v =

Budc 4. So sanh (B) va (3) ta timduoc C(y).
ThayC(y) vao () taduoc u(z, y).

» Chwong 4. Phwong trinh vi phan

VD 8. Cho phrong trinh vi phan:
(3y* 4 2zy + 22)dx + (2° + 62y + 3)dy = 0 ().
1) Ching © (*) la phueong trinh vi phan toan gh.
2) Giai phuong trint (*).

VD 9. Giai ptvp (z +y — 1)dz + (¢ + z)dy = 0.

Toan cao cap A2 Cao dang
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» Chwong 4. Phwong trinh vi phan » Chwong 4. Phwong trinh vi phan

1.2.4. Phrong trinh vi phan tuyén tinh cip 1 Nhdn xét. B(z) — fq(x).ef’( o f q(z) d.
* Phrong trinh vi phan tugn tinh ép 1 ¢6 dng: Cha v A(z)
/ — Lhuy 5 .
'+ ply = aa) (4] ~ Khitinh cac tich phan trén, taghhiing $ 13 0.
* Khi ¢(z) = 0 thi (4) dugc gi la phuong trinh vi pha » Phrong phép hin thién ling $ la di tim nghém
tuyén tinh dp 1thudn nhit. . — [ p()dz
¥ , P tong quat aéa (4) drsi dang:ly = C(x)e J v .
Phuong phap giii . ) A A . .
(phwong phap bén thién hing sf Lagrange VD 10. Trong phrong phap kin thién ling 9, tadi tim
2 — | p(z)dx hi¢ té at @ ! 2£:4 1 dudi d .
Budc 1. Tim biu thic A(z) = e [t . nghigm fong quat Bay’ + T v duol dang
. 2)dz C(z). C(x).
Buwdc 2. Tim béu thic B(z) = fq(x).efm ) dx. Ay= (ZZ), B.y= %,
X X
Buwdc 3. Nghiém tong quat lay = A(x)[B(x) + C]. C.y= Cla). D.y—— Cz)
X Wi

» Chwong 4. Phwong trinh vi phan » Chwong 4. Phwong trinh vi phan

. . 1.2.5. Phrong trinh vi ph&n Bernoulli
VD 11. Giai phuong trinh vi phany’ — z°y = 0 « Phrong trinh vi phan Bernoulli céadg:
Y  n _ 9 N
toadiéu kien g, = —". b+ p@)y = alely® ()]
* Khi o = 0 haic o = 1 thi (5) la tugn tinh dp 1.
* Khi p(z) = g(z) = 1 thi (5) la pt c6 in phan ly.

Phuwong phép giii (véi a khdc0val)
Buéc 1. Véi y = 0, ta chia hai & choy®:

)= L+ pe)L = g(a)
Yy Yy

—sinz

VD 12. Giai phuong trinhy’ + ycosz = e

=9y +pla)y' ™ = qla).

» Chwong 4. Phwong trinh vi phan » Chwong 4. Phwong trinh vi phan

§2. PHUONG TRINH VI PHAN C AP II

Bugc2. Pitz =y = 2/ = (1—a)y'y *, taduoc:
(5)A:>‘Z/ + (1 —a)p(e)z = (1—ag(z) 2.1. Cac ang phuong trinh vi phan cip 2 khuyét
(day laphuong trinf tuyen tinh ép 1). i
2.1.1. Phrong trinh khuyét y vay’

« Phrong trinh vi phan khudt y vay’ c6 ding:

VD 13. Giai phuong trinh vi phan,’ +% =y’ = f(z) (L.

i didu kigndauz =1, y = 1. Phurong phép gii
« L4y tich phan hai & (1) hai &n:
" _ r_ -
VD 14. Giai phuong trinh vi phan)’ — 22y = 2*y”. y =fla)=y = ff(z)dx = ¢(@) + €,
=y= fgp(:p)d:c +Cx = Y(z) + Ciz + C,.

Toan cao cap A2 Cao dang
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» Chwong 4. Phwong trinh vi phan

VD 1. Giai phuong trinh vi phan,” = 7.

VD 2. Giai ptvp 3" = ** véi y(0) = —57 y'(0) = g

Tuesday, December 07, 2010

2.1.2. Phrong trinh khuy ét y
* Phrong trinh vi phén khuit ¢ c6 cing:

I = fy) ()]

Phuwong phap gii , )
*Dit 2 = ' dua (2) \& phuong trinh tugn tinh ép 1.

/

VD 3. Giai phuong trinh vi phan)” = z — £
T

/

VD 4. Giai pt vi phany” — —Z —a(e=1)=0

Wi diéu kien y(2) = 1, y'(2) = —1.

2.1.3. Phrong trinh khuy ét x
« Phrong trinh vi phan khudt z c6 ding:
L =rw.yv) 3]
Phwong phép giii
*Pit 2 =y ta co:

G _dedy_ d
der dy dz dy
Khi d6, (3, tro thant ptvp vi bién s5 phan ly

" /

y:z:

VD 5. Giai phrong trinh vi phar(1 — y)y” + 2(3)* = 0.
VD 6. Giai phuong trinh vi phany” + 2y/(1—2y) =0

Wi diéu kien y(0) =0, 4/(0) = %

2.2. Phrong trinh vi phan cip 2 tuyén tinh
\6i hé sb hing

2.2.1. Phrong trinh thuan nhét

« Phrong trinh thién nhit c6 cing:

v + aly/ +a,y =0, (al, a, € R) (4).

Phiwong phép giii. Xét phrong trinhdac treng aia (4):
ki’ +ak+a, =0 (5).
» Truwong hop 1
Phrong trinh (5) c6 hai ngbin thyc phan bit &, £,.
Khid6, (4) c6 hai nglm rigngy, = ¢"*, y, = "

— o
2—6

va nghém tong quat 1dy = C’lekll' + 02€k21'.

» Truwong hop 2
Phrong trinh (5) c6 ngkdm kép thrc k.

Khi d6, (4) c6 hai nglim riéngy, = ¢*

T kx
s yQ = e

va nghém tong quat 1dy = C\e™ + C,ze™.

» Trwong hop 3
Phrong trinh (5) c6 hai nghim phic lién hyp
k= o +if.
Khi dé, (4) c6 hai ngkéim riéng:
y, = €*" cosPux, y, = e sin Bz
va nghém tong quaét la:

y = e (Cl cosBz + C, sin B:c)

VD 7. Giai phuong trinh vi phany” + 2y’ — 3y = 0.

VD 8. Giai phuong trinh vi phany” — 6y’ + 9y = 0.
VD 9. Giai phuong trinh vi phany” 4 16y = 0.
VD 10. Giai phuong trinh vi phan,” + 2y’ + 7y = 0.

VD 11. Tim nghém tong quéat éa phrong trinh:
y// _ y/ +y= 0.

Toan cao cap A2 Cao dang
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2.2.2. Phrong trinh khong thuan nhit
* Phrong trinh khéng than nhat cé ding:

y" + a0y + ay = f(x), (al, a, € R) (6).

a) Phwong phép ghi téng quat
» Néu (4) c6 hai ngléim riéng y,(z), y,(z) thi (6) cc
nghiém tong quét Iély =C\(z)y,(z) + 02($)y2(z).|

*Dé tim C, (z) vaC,(z), ta gii hé Wronsky
Cy(@)y, (z) + Cy(2)yy(z) = 0
Cl(@)y(z) + Cy(z)yy(z) = ().

Tuesday, December 07, 2010

VD 12. Giai phwong trinh vi phan,” +y = L (a).
COS T

Giai. Xét phrong trinh thén nhit y” +y = 0 (b) ta co:
FP4+1=0=>k=+i=>a=003=1
=y, = cosz, y, = sinz la 2 nghém riéng a@a ().
Nghiém tong quat éa @) c6 cng:
y = C\(v).cosz + C,(7).sin z.

Ta c6 I8 Wronsky:
cos z.C|(z) + sin 2.0 (z) = 0
1

COST

—sinz.C|(z) 4 cos 2.C)(z) =

» Chwong 4. Phwong trinh vi phan

_ sin z cos .0 () + sin’ z.Cy(z) =0
—sinz cos2.C;(z) + cos” 2.C}(z) = 1

sin x

Cl(z) =
= 1(1:) CcoS T

Cy(z)=1

C

1
Cy(z) =2+ C,.

(z) = ln‘cos z‘ +C,

=

Vay phuong trinh (a) ¢6 ngim tong quaét 1a:
Y= (1n|cos:c| + Cl)cos:c + (:c + Cz)sin:c.

b) CAC PHUONG PHAP GIAI PAC BIET
»  Phwong phap d@ng nghiém
e Dinh ly
Nghiém tng quat @a phuong trinh khong than nkit
(6) bang tong nghém tong quat aa phuong trinh thidn
nhat (4) i 1 nghém riéng @a (6).
VD 13. Cho phrong trinh vi phan:
y' =2y +2y = 2+ 2%)e" ().
1) Ching © (*) ¢6 1 nghém riéng lay = 2%¢".
2) Tim nghém tong quét aa (*).
VD 14. Tim nghém ting quét éa phrong trinh vi phan
y" +y' = 2sin 2z + 4 cos 2z,
bit 1 nghém riéng lay = — cos 2z.

>  Phwong phép chbng chit nghiém
> Dinh ly
Cho phrong trinh vi phan:
y' +ay +ay = f(2)+ H@) (7).
Néu y, (z) vay,(z) lan luot Ia nghém riéng @a
y" +ay' +ay = fi(2), y" +ay +ay = f(z)
thi nghém riéng @a (7) la:
lv = v,(2) +v,(2)]

VD 15. Tim nghém tong quéat éay” — ' = 2cos” z (¥).
Cho bty —y' =1 vay” —y' = cos2z lan luot c6

nghiém riéngy, = —z, y, = —lcos 2x —lsin 2z
i Y 'Y 10 10 i

> Phuong phap tim nghiém riéng ciaa phuong trinh
vi phan tuyén tinh cap 2 voi hé so hang

Xét plwong trinhy” +a.y' + a,y = f(z) (6)
\ﬁ/ + aly/ + a2y = 0 (4)'

e Truwong hep 1: f(x) cé dzng €”Py(X)
(P (r) lada thrc bac n).

Bwac 1. Nghiém riéngcua (6) cc dang:
y — xnbeﬂ.’lan (m)
(Q,(z) lada thic day du bac n).

Toan cao cap A2 Cao dang
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» Chwong 4. Phwong trinh vi phan

Budc 2. Xacdinh m:
1) Néu o khéng & nghiém cia phrong trinhdic trung
cua (4) thim = 0.
2) Néu a 1a nghiém don cua phrong trinhdic trung
cua (4) thim = 1.
3) Néu a la nghiém kép cia phrong trinhdic trung
cua (4) thim = 2.
Buéc 3. Thé y = 2" e Q (z) vao (6) vadong nhit thic
tadugc nghém riéng én tim.

Tuesday, December 07, 2010

VD 16, Tim nghém riéng ¢a phrong trinh vi phan:
y" -2y -3y =e¥(2" +1).

Giai. Tacof(z) = ¢ (2” +1), a =3, P(z) = 2” + 1.
Suy ra nghéim riéng cé dng:
y=a"e"(Az’ + Bx + C).

Do « = 3 la nghém don aia phrong trinhdac treng
k> —2k—3=0nénm=1.
Suy ra nghém riéng c6 dng y = ze** (Ax” + Bz + C).

» Chwong 4. Phwong trinh vi phan

Thé y = ze™ (Az® + Bz + C) vao phrong trinhda cho
ddng nHit thire taduoc:

gelpo L9
12 16 32

. . 1 1
Vay nghém riéng lay = ze*" | — 2> — —2 + —
ay ngng glay [12 16 39

VD 17. Tim chng nghém riéng @a phrong trinh vi phan
y// +2y/+y — xe.’r, _"_26—.1:.

e Trwong hep 2
f(x) c6 ding &[P,(x)cogBx + Qun(X)singx]
(P (z) lada thic bic n, Q () lada thic bac m).

Budc 1. Nghiém riéngcé dang:
y = 2’e"[R (v)cos Sz + H (r)sin fz]
(R (z), H, () lada thic ddy du bic k = max{n, m}).

Bwéc 2. Xacdinh s:

1) Néu a + i3 khéng langhiém ciaa phrong trinhdic
trung aia (4) this = 0.

2) Néu o + i3 1a nghém aia phrong trinhdic trung
cua (4) this = 1.

Buéc 3.Thé y = 2°¢™[R, (z)cos Bz + H, (z)sin Bz]

vao (6) vadong nhit thirc tadugce nghém riéng
VD 18. Tim chng nghém riéng @a phrong trinh vi phan
y" +2y" — 3y = e’ cosz + 3z’ sinz.

VD 19. Tim cang nghém riéng @a phrong trinh vi phan
y" —2y' + 2y = e’[(z* +1)cosz + xsinz].

VD 20. Tim nghém tong quét éa phrong trinh vi phan
y" +y = 3sinz (¥).

Gidi. Tacok> +1=0=k = +i.

Nghém tong quéat éay” +y =0 la:

» Chwong 4. Phwong trinh vi phan

y=C cosz+C,sinz (1).
Mat khdc:a =0, 3=1=s=1k=0.
Dang nghém riéng @a (*) lay = x(Acosz + Bsinz).

Thé y = z(Acosz + Bsinz) vao (*), taduoc:
3 3z
A=—— B=0=y=——cosz (2).
5 y 5 @
Tir (1) va (2), ta c6 nghin tong quat la:

. 3
y=C cosz+C, sinz — 2L cos .
2
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