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L o1 noi dau
Loi néi dau

Nhitng kién thirc vé thudt toan va cach thiét ké, danh gia thuat toan dong vai trd quan
trong trong viéc dao tao ctr nhan, ky su cong nghe thong tin. Ngoal viéc hoc phan tich
va thiét ké thuat toan, ngudi hoc con duoc cung cap nhimg kién thirc, k¥ ning can thiét
giai cac bai toan hay gap trong tin hoc dé tré thanh nguoi 1ap trinh vién chuyén nghiép.

Vé ndi dung, cudn sach nay chia thanh cac bai twong tng sat voi chuong trinh hoc cua
sinh vién khoa Cong nghé thong tin. Sach trinh bay nhitng chién luoc thiét ké thuat toan
quan trong nhu: tham lam, chia-dé-tri, quy hoach dong, nhanh can, quay lui, va nhimng
thuat toan dua trén kinh nghiém. Trong mdi chién lugc thiét ké, bén canh viée dao siu
phan tich, chung con duoc thao luin vé do phirc tap thong qua cac bai toan cu thé. Ngoai
ra, con co cac bai tap thuc hanh va h¢ théng cac bai kiém tra cai dit cac thudt toan trén.
Trong tai liéu nay sir dung ngdn ngit C# dé minh hoa, cai dit. Tuy nhién nguoi hoc dé
dang cai dat dugc bang cac ngdn ngit 1ap trinh khac nhu: VB.NET, C/C++, Pascal... do
c6 mé ta thuat toan bang ma gia.

Khoa Cong nghé¢ thong tin
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Bai 1: Thuat toan va d¢ phwce tap
Gi6i thiéu mon hoc, phuwong phap hoc

Pay 1a module cung cap cho ngudi hoc nhitng nguyén 1y co ban vé lap trinh, cac cu
tric diéu khién, céac kiéu dir li€u, m6 hinh huéng chirc nang, cach thirc xay dung chuong
trinh con va mot so bai toan trong khoa hoc k¥ thuat.

Module nay sir dung ngon ngit C# dé minh hoa, cai dat. Tuy nhién ngudi hoc dé& dang
cai dat dugc bang cac ngon ngir lap trinh khac nhu: VB.NET, C/C++, Pascal...

Sau khi hoan thanh module nay, ngudi hoc ¢6 kha nang:

« Giai thich duoc cac nguyén 1y co ban vé lap trinh may

« Giai thich va mé ta duoc cl phap, nguyén tic hoat dong va cach str dung cac
ciu tric diéu khién, chuong trinh con. Chi ra dugc dic diém va cach sir dung
cua céc kieu dit liéu

« Mo ta dugc thuat toan va biéu dién thuat toan dudi dang luu d6

« Phan tich, thiét ké va cai dat duoc bai toan theo mo hinh huéng chirc ning

* Van dung duoc cac kién thuc da hoc dé cai dat cac bai toan don gian trong
khoa hoc k¥ thuat

 Hinh thanh thai d¢ hoc tap nghiém tac, k¥ nang lam vi¢c doc lap va ky nang
lam viéc ddc 1ap va lam viéc theo nhom.

Dé hoc t6t mon hoc nay mdi ngudi hoc phai tu xay dung cho minh mot phuong phap
hoc thich hop. Nhung phuong phap chung dé hoc mén hoc nay 1a ngudi hoc phai hiéu
that k§ cac phan Iy thuyét co s& va van dung né mot cach linh hoat vao cac trudng hop
cu thé , phai 1am nhiéu bai tap....
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Khai niém thuat toan:

Thuat toan (algorithm) la mot trong nhiing khai niém quan trong trong linh vuyc tin hoc.
Thuat ngr thuat todn dugc xuat phat tir nha toan hoc Arap Abu Ja’far Mohammed ibn
Musa al Khowarizmi (khoang nam 825). Tuy nhién lic bay gio va trong nhiéu thé ky
sau, n6 khong mang ndi dung nhu ngay nay ching ta quan ni¢m. Thuat toan noi tiéng
nhat c6 tur thoi c6 Hy lap 1a thuat toan Euclid, thuét toan tim udc chung 16n nhat ctia hai
s0 nguyén. C6 thé mo ta thuat toan d6 nhu sau:

Thuét toan Euclid .

Input: m, n nguyén duong

Output: g (uéc chung 16n nhat ctia m va n)

Phwong phap:

Budce 1: Tim r, phan du ciia m cho n

Budc 2: Néu r = 0, thi g:=n (gan gia tri ctia n cho g),va dimg lai.

Trong truong hop nguoc lai (r#0), thi m:=n; n:=r va quay lai budc 1.

Chung ta c6 thé quan ni¢m cac budc can thuc hién dé 1am mot mon an, duge mé ta trong
cac sach day ché bién mon an, 1a mot thuat toan. Ciing c6 thé xem cac budc can tién
hanh dé gap do choi bang giay, duoc trinh bay trong sach day gap do choi bang giay la
mot thuat toan. Phuong phép cdng nhan cac s6 nguuyén, chung ta da dugc hoc ¢ cap |
cling 1a cac thuat toan.

Vi viy ta c6 dinh nghia khong hinh thirc vé thuat toan nhu sau:

Thuét toan 1a mot day hiru han cac bude, mdi bude mo ta chinh xac cac phép toan, hoic
hanh dong can thuc hién ... d€ cho ta 161 gidi ctia bai toan.

(Tir diém Oxford Dictionary dinh nghia, Algorithm: set of well - defined rules for
solving a problem in a finite number of steps.)
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Cac van de lien quan dén thuat toan
Thiét ké thuit toan

Pé giai mot bai toan trén may tinh dién tir (MTDT), diéu trudc tién la chung ta phai co
thuat toan. Mot cau héi dit ra 14 1am thé nao dé tim ra dugc thut toan cho mot bai toan
da dat ra? Lop céc bai toan dugc dat ra tir cac nganh khoa hoc k¥ thuét, tir cac linh vuc
hoat dong ctia con ngudi 1a hét sitc phong phu va da dang. Cac thuét toan giai cac 16p
bai toan khac nhau ciing rat khac nhau. Tuy nhién, c6 mot s6 k¥ thuat thiét ké thuat toan
chung nhu: Chia dé tri (divide-and-conque), phuong phéap tham an (greedy method) qui
hoach dong (dynamic programmlng) Viéc nam duoc cac chién luoc thiét ké thuat toan
nay 1a hét strc quan trong va can thiét, no gitip cho ta dé tim ra cac thuat toan méi cho
cac bai toan méi duoc dua ra.

Tinh ding din ciia thuit toan.

Khi mot thuét toan duge 1am ra, ta can phai chirng minh réng, thuat toan khi duogc thuc
hién s& cho ta két qua dang v6i moi dit liéu vao hop 18. Piéu nay goi 1 chimg minh tinh
ding dén cua thuat toan. Viée chirng minh tinh ding dén cta thuat toan 1a mot cong vigc
khong dé dang. Trong nhiéu truong hop, nd doi hoi ta phai cé trinh d6 va kha ning tu
duy toan hoc tdt.

Sau day ta s€ chi ra rﬁng, khi thyc hién thuat todn Euclid, g s€ 1a uwdc chung 16n nhat
ctia hai s6 nguyén duong bat ky m, n. That vay, khi thuc hién bude 1,taco m=qn +r
;trong d6 q 13 s6 nguyén nao d6 . Néu r = 0 thi n 1a wdc ctia m va hién nhién n (do d6 g)
1a wéc chung 16n nhat ciia m va n. Néu r # 0 thi mot udc chung bat ky clia m va n ciing
1a wéc chung ciia n va r (vi =m-qn). Nguogc lai mot wéc chung bat ky ctia n va r cling 1a
wdc chung ciia m va n (vi m = qn + r). Do d6 udc chung 16n nhat ciia n va r cling 13 udc
chung 16n nhat ctia ma va n. Vi vay, khi thyuc hién 1ap lai buéc 1, voi su thay doi gi tri
clia m boi n, va su thay d6i gid tri cia n boi r, cho t6i khi r=0 ta nhan duogc gid tri cia g
1a wdc chung 16n nhét cua cac gia tri m va n ban dau.

Phan tich thuat toan .
Gia str, voi mot sb bai toan nao dé ching ta c6 mot sd thuat toan giai . Mot cAu hoi méi
xuat hi¢n 1a, chung ta can chon thuat toan nao trong sé cac thuit toan do dé ap dung.

Viéc phan tich thuat todn, danh gia do phirc tap cua thuét todn 1a nd1 dung cua phén dudi
day s€ giai quyét van dé nay.
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Panh gia hi€u qua cia thuat toan.

Khi giai mdt vén dé, ching ta can chon trong s6 cac thuat toan, mot thuét toan ma ching
ta cho la “t6t” nhat .Vay ta can lya chon thuat toan dua trén co s¢ nao? Thong thuong ta
dua trén hai ti€éu chuan sau day:

Thuat toan don gian, d& hiéu, dé& cai dit (d& viét chuong trinh)

Thuat toan sir dung tiét kiém nhat cdc nguodn tai nguyén ctia mdy tinh, va dic biét chay
nhanh nhat c6 thé duoec.

Khi ta viét mot chuong trinh chi dé sir dung mét s it 1an,va cai gia cua thoi gian viét
chuong trinh vuot xa cai gia cta chay chuong trinh thi tiéu chuan (1) 13 quan trong nhat.
Nhung cé trudng hop ta can viét cac chuong trinh (hodc tha tuc, ham) dé sir dung nhiéu
lan, cho nhiéu nguoi st dung, khi d6 gia cua thoi gian chay chuong trinh s& vuot xa gia
viét no. Chéng han, cac thu tuc sa“'lp xép, tim kiém duogc st dung rat nhiéu 1an, boi rat
nhiéu nguoi trong cac bai toan khac nhau . Trong truong hop nay ta can dya trén tiéu
chuén (2). Ta s& cai dit thudt toan c6 thé s& rat phirc tap, mién 1a chuong trinh nhin duoc
chay nhanh hon so v61 cadc chuong trinh khéc.

Tiéu chuin (2) duoc xem la tinh hiéu qua cia thuat toan. Tinh hi¢u qua cua thuat toan
bao goém hai nhan t6 co ban:

Dung luong khong gian nhé can thiét dé luu giir cac dit lidu vao, cac két qua tinh toan
trung gian va cac két qua cua thuat toan .

Thoi gian can thiét dé thuc hién thuét toan (ta goi 1a thoi gian chay). Chung ta chi quan
tam dén thoi gian thyc hién thui toan, co nghia 13 ta néi dén danh gid thoi gian thuc
hién. Mot thuat toan c6 hi€u qua dugc xem la thuat toan c¢é thoi gian chay it hon so voi
cac thuat toan khac.
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Biéu dién thuat toan bang phwong phap so do

Phwong phap liét ké tirng budc

C6 nhiéu phuong phap biéu dién thuat toan. C6 thé biéu dién thuét toan bang danh sach
cac budc, cac budc duoc dién dat bang ngdn ngir thong thuong va cac ky hiéu toan hoc.
Co thé biéu dién thuat toan bang so d6 khoi. Tuy nhién, dé dam bao tinh xac dinh cia
thudt todn nhu da trinh bay trén, thuat todn can dugc viét trén cadc ngon ngir 1ap trinh.
Mot chuong trinh 13 su biéu dién ctia mot thuat toan trong ngdn ngir 1ap trinh da chon.
Thong thuong ta dung ngdn ngilr 1ap trinh Pascal, mot ngon ngt thuong dugc chon dé

trinh bay céc thuat toan trong sach bao.

Ngon ngit thuit toan 13 ngdn ngit dung dé miéu ta thuit toan. Thong thudng ngdn ngir
thuat toan bao gom ba loai:

+ Ngon ngtr li¢t ké tung budc;

+ So do khoi;

+ Ngon ngir 1ap trinh;

Ngon ngir li¢t ké tung bude ndi dung nhu sau:

Thuat toan: Tén thuat todn va churc nang.

Vao: Dit liéu vao voi tén kiéu.

Ra: C4c dit liéu ra véi tén kiéu.

Bién phu (néu c6) gdbm tén kiéu.

Hanh ddng la cac thao tac vdi cac 1€nh ¢6 nhan 1a cac s6 tu nhién.

Vi du. Dé giai phuong trinh bac hai ax> + bx +c = 0, ta c6 thé mo ta thuat toan bang
ngon ngir 1iét ké nhu sau:

Budc 1: Xac dinh cac hé sb a,b,c.
Budc 2 :Kiém tra xem cac hé sb a,b,c c¢6 khac 0 hay khong ?

Néu a=0 quay lai thyc hién budc 1.
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Budc 3: Tinh biéu thitc A= b2 — 4*a*c,

Budc 4:Néu A <0 thong bao phuong trinh vo nghiém va chuyén sang budc 8.

~b 2 .
va chuyén sang budc 7.

Budc 5:Néu A=0,tinh x1=x2= 77,
Budc 6: Tinh x1= %;\/Z , X0= %:M va chuyén sang budc 7.

Budc 7: Thong bao cac nghiém x1 , x2 .

Budc 8: Két thuc thuat toan.
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Phwong phap so do

Phuong phép dung so d6 khéi mé ta thuat toan 14 ding mé ta theo so dd trén mit phang
cac budc cua thuat toan. So do khoi co wu diém 1a rat truc giac dé bao quat.

D¢ mo ta thuat toan bang so do khoi ta can dya vao céac nut sau day:

Mii thao tde:Bigu dien bang hinh chiv nhat,

<:> Niit diéu Fhién: Duge bisu dién bang hinh thoi trong d6 ghi

ditu kién can kidm tra trong qua trinh tinh toan.

© Niit khoi dau | két thiic: Throng duoc bidu difn bing hinh tron

thé hién s bar dau hay 1cét thie qua trinh.

——— % Cuwng ‘Doan ndi trnit nay den ot khac va od mili tén chi hwdng

Hoat dong cua thuat toan theo luu dd duoc bat dau tir nat dau tién. Sau khi thuc
hién cac thao tac hodc kiém tra di€u ki€n & moi nut thi b xir 1y s€ theo mdt cung dé dén
nut khac. Qua trinh thuc hién thuat toan dung khi gap nit két thuc hay nit cudi.

Vi du. :Dé giai phuong trinh bac hai ax+bx+c=0 ta c6 thé mo ta thuat toan bang so do
khdi sau:
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x=X=-b EEJ LR
ding S e
e Rl
2a
sai
Y
* Théngbaonghism "

Vi du bidu dién bang lvu d6 thuit toan Euclid:

N Tim 56 dirr ctia a
chia cho b

l Tra 1ai
UCSLN 1a @

Gan a=b b=r
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Ma gia (pseudocode)

Pé dién dat mot gidi thuat co thé sir dung nhiéu loai ngon ngir 1ap trinh khac nhau. Thong
thudng ngudi ta hay sir dung cac ngdn ngit 1ap trinh cip cao nhu Pascal, C, C cH,
Java . .. Nhung dé st dung cic ngon ngir d6 ta gdp phai mét s6 han ché sau :

+ Phai luon tudn thi cac qui luat chit ch& vé ct phap ciia ngdn ngir d6, khién cho viée
trinh bay giai thuat va cau trac c6 thi€n hudng ning né, go bo.

+ Phai phu thudc vao cau tric dir li€u tién dinh cua ngdn ngit, nén c6 lac khong the hién
day du cac y vé cau tric ma ta muon bicu dat.

+ Ngon ngit nao dugce chon ciing khong han da dugc moi nguoi wa thich va mudn st
dung.

Dé dién dat giai thuat mot cach tu do hon, phu hop voi tat ca m01 nguoi s dung vo1 mot
murc d6 linh hoat nhit dinh, khong qué go bo, khong ciu né vé cu phap va gan giii véi
cac ngdn ngir chuan dé khi can thiét ta c6 thé dé dang chuyén dbi ta sir dung ngdn ngir
gan giong voi mot ngdn ngir 1ap trinh nao dé goi 1a "ma gid"

Vi du viét ma gia cho thuat toan giai phuong trinh bac 2 nhu sau:

Read(a); {nhap cho den khi a=0}

Read(b);

Read(c);

A =b*b-4*a*c;

If 4 <0 then Phwong trinh vo nghiém

Else if 4 =0 Phuong trinh co nghiém kép

else Phuong trinh co hai nghiém phdn biét
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Bai 2:Phan tich thuat toan
Phan tich thuat toan

bat van de

Khi xay dung dugc thuat toan dé gidi bai toan thi cé hﬁng loat van dé duoc dit ra dé
phan tich. Thuong 1a cac van dé sau:

- Yéu ciu vé tinh dang dén cua thuat toan, thuét toan c6 cho 1i gidi dang

- Tinh don gian cta thuat toan. Thudng ta mong mudn c6 duge mot thuat toan don gian,
d@ hiéu, dé 1ap trinh. PDac bi¢t 1a nhitng thudt toan chi dung mdt vai lan ta can coi trong
tinh chat nay, vi cong stc va thoi gian bo ra dé xay dung thuat toan thudng 16n hon rat
nhiéu so véi thoi gian thyc hién no.

- Yéu céu vé khong gian : thudt toan duoc xay dung c6 pht hop v6i bd nhd cia may

- Yéu cau vé thoi gian : Thoi gian chay cua thuét toan c6 nhanh khong ? Mot bai toan
thudng c6 nhiéu thuat toan dé giai, cho nén yéu cau mét thuat toan din nhanh dén két
qua 1a mot doi héi duong nhién. . ... ... Trong phan nay ta quan tim chu yéu dén tdc
d6 cua thuét toan. Ta ciing luu ¥ rang thoi gian chay cua thuat toan va dung luong bo
nhé nhiéu khi khong can ddi duoc dé c6 mot giai phap tron ven. Ching han, thuit toan
sap xép trong sé& co thoi gian chay nhanh hon vi dir liéu duogc luu trit trong bo nhé trong,
va do do khong phu hop trong truong hop kich thude dir liéu 16n. Nguoc lai, cac thuat
toan sap x€p ngoai phu hop véi kich thudce dir li¢u 16n vi dir li¢u dugce luu tri chinh &
cac thiét bi ngoai, nhung khi do tdc d6 lai cham hon.

Phan tich danh gia thoi gian chay cua thuét toan

- Budc dau tién phan tich thoi gian chay cua thudt toan 1a quan tam dén kich thudc dit
liéu nhu dir liéu nhap cua thut toan va quyét dinh phan tich nao 1a thich hop. Ta c6 thé
xem thoi gian chay cta thuat toan 1a mot ham theo kich thudc cia dir 1i€u nhap. Néu goi
n l1a kich thudc cta dir liéu nhap thi thoi gian thue hién T cta thuat toan dugc biéu dién
nhu mdt ham theo n, ky hiéu 1a: T(n)

- Budc thir hai trong viéc phan tich danh gié thoi gian chay cia mdt thuat toan la nhan
ra cac thao tac trtru tuong cua thuat toan dé tach biét su phan tich va su cai dat. Boi vi
ta biét rang toc do xir Iy ciia may tinh va cac bo dich cta cac ngdn ngit 1ap trinh cap cao
déu anh huong dén thoi gian chay cta thuit toan, nhung nhitng yéu t6 ndy anh hudng
khong déng déu véi cac loai may trén do cai dat thuat toan, vi vay khong thé dua vao
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chung dé dénh gia thoi gian chay cta thuat toan. Ta thay rang T(n) khongt hé dugc biéu
dieén bang giady, phut...dugc; Céach tot hon 1a bi€u dién theo so chi thi cua thuat toan

- Budc thtr ba trong viéc phan tich danh gia thoi gian chay ciia mét thuat toan 1a phan
tich vé mat toan hoc véi muc dich tim ra céc gia tri trung binh va trudng hop xau nhat
cho moi dai lugng co ban. Chang han, khi sap xép mot ddy cac phan tir, thoi gian chay
cua thuat todn hién nhién con phu thudc vao tinh chat ctaa dit li¢u nhap nhu:

Diy c6 thir tw da sip xép

Day c6 thire ty nguge véi thir tw can sap xép

ba co6 thlr tu ngau nhién
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Do phure tap cua thuat toan
O(f(x)) va danh gia thoi gian thyc hién thuat toan.

Khi danh gia thoi gian thuc hién bang phuong phap toan hoc, chung ta s& bé qua nhan
to phu thudc vao céch cai dat chi tap trung vao xac dinh do 16n cua thoi gian thuc hién
T(n).

Gia str n 14 s6 nguyén khong am. T(n) va f(n) 1a cic ham thyc khong am. Ta viét
T(n)=0(f(n)) (doc T(n) 1a 6 16n cua f(n)), néu va chi néu ton tai cac hang s6 duong c va
no sao cho T(n) <c.f(n), véi mgin >no .

Néu mot thuat toan co thoi gian thyc hién T(n) = O(f(n)) , ta nd1 thuat toan c6 thoi gian
thuc hién cap f(n) .Tu dinh nghia ky hi¢u 6 16n , ta c6 thé xem rang ham f(n) 1a can trén
cua T(n).

Vi du. Gia st T(n) = 3n2 + 4n +5. Ta c6
3n2+4n+ 5 < 3n% + 4n® + 5n° = 12n2 , vO1 moin >1.

Vay T(n) = O(nz). Trong trudng hop ndy ta noi thuat toan cé thoi gian thyuc hién cap n’ ,
hodc gon hon, thuat toan c6 thoi gian thye hién binh phuong .

D& dang thay duoc, néu T(n)= O(f(n)) va f(n)= O(f1(n)), thi T(n) = O(f1(n)). That vay,
vi T(n) 12 6 16n cta f(n) va f(n) 12 6 16n ctia f1(n) nén ton tai cac hang sd co, No,c1, N
sao cho T(n) < cp f(n) vd1 moi n > ng va f(n) < c1 f1(n) vé1 moi n >nj. Tu do6 ta c6 T(n)
< coc1f1(n) voi moi n > max(no, ni).

Khi biéu dién céip cua thoi gian thuc hién thuat todn boi ham f(n), chung ta sé chon f(n)
12 ham nho nhét, don gian nhat c6 thé duoc sao cho T(n) = 0(f(n)). Thong thudng f(n) 1a
cac ham s6 sau ddy: f(n)=1 ; f(n)= logn; f(n) =n; f(n) = nlog(n) ; f(n)= nz; n ... ; f(n) =
211

- Néu T(n)= O(1) diéu nay co nghia 1a thoi gian thuc hién thuat toan dugc chin trén boi
mot hang nao do, trong truong hop nay ta noéi thuat todn c6 thoi gian thue hién hang .

- Néu T(n)= O(n), ttrc 1a bat dau tir mot np ndo do6 trd di ta co6 T(n) < cn v6i mot hing sb
¢ nao do , trong truong hgp nay ta noéi thuat toan c6 thoi gian thuce hién tuyén tinh.

Bang sau day cho ta cac cép thot gian thyc hién thudt toan dugc st dung rong rai nhat
va tén goi cua chung .
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Ky higu O(f(x)) cna fix) Do phic tap loai
O(1) Hing
O(log) Logarit
O(n) Tuyé&n tinh
Oi(nlogn) nlogn
0O(n?) Binh phuong
Oin?) Lap phuong
0(27) Mu
O(n! Giai thira

Danh séach trén sip xép theo thir tir ting dan ctia ham thoi gian thue hién.

- Cac ham loai : 2", n!, nn thuong duoc goi la cdc ham loai mil. Thuat ton véi thoi gian
chay c6 cap ham loai mii thi toc d¢ rat cham

- Cac ham n, n3, n2, nlog 2 n thudong dugc goi 1a cac ham da thure. Thuat toan voi thoi
gian chay c6 cap ham da thic thuong chip nhan duoc
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Cac qui tic dé danh gia thoi gian thuc hién thuit toan

Sau déy 1a qui tic can thiét vé 6 16n dé danh gia thoi gian thuc hién thuét toan.

Qui tic tong : Néu T1(n)=0(f1(n)) va T2(n) = O(f2(n)) thi

T1(n) + T2(n) = O(max (fi(n) , £2(n))).

That vay , vi T1(n) , T2(n) 1an luot 13 6 16n cta f1(n) va fo(n) twong Gng do d6 ton tai
h::ing sbcy , €2 ,n1 ,n2 sao cho T1 (n) <cif1(n) ,T2(n) < c2f2(n) véi moi n >nj , moi n>n2,
bat no = max (n1,n2) .

Khi d6, véi moi n > no ta co bat déng thure sau:

T1(n) + T2(n) < (c1 + ¢2) max (f1(n), f2(n)).

Qu‘i tac nay thu(‘)rr‘lg duoc ap dung nhu sau .Gia str thudt toan cua ta dugc phan ‘the‘mh ba
phan tuan ty . Phan mdt c6 thoi gian thuc hién T1(n) dugc danh gia 1a O(1), phan hai co6
thoi gian thuc hién 1a T2(n) va cé thoi gian danh gia la O(nz), phan ba c6 thoi gian thuc
hién T3(n) c6 thot gian danh gia 1a O(n) .Khi d6 thot gian thuc hién thuat toan 1a T(n) =
Ti(n) + T2(n) + T3(n) 1a O(n2) ,vi n2 = max(1, n%, n).

Trong sach bao qudc té cac sach bao thuong duoc trinh bay dudi dang cac thu tuc hodc
ham trong ngon nglt twa Pascal. D& danh gia thoi gian thyce hién thuat todn ta can biét
cach danh gia thoi gian thuc hién cac cau Iénh trong Pascal, cac cau I¢nh trong Pascal
dugc dinh nghia d€ qui nhu sau:

1. Cac phép gan ,doc , viét, goto 1a cau 1€nh .Céc 1€nh nay dugc goi l1a cac 1€nh don .
Thoi gian thuc hién cac 1énh don 1a O(1).

2.NéuS1,S2, .....,Sn 1a cau I¢nh thi

begin S1, S2, .... ,Sn end

la cau Iénh.

Lénh nay duogc goi 1a 1énh hop thanh (hoac khéi).

Thoi gian thyc hién 1énh hop thanh dugc xac dinh boi luat tong .

3. Néu S1,S2 1a cac cau Iénh va E 1a biéu thirc logic thi :
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If E then S1 else S2

Va

if E then S1

1a cau Iénh. Céc Iénh nay duoc goi 1a 1énh if.

banh gia thoi gian thuc hién cac 1énh if : Gia sir thoi gian thuc hién cac 1énh S1,S2,
la O(fi(n)) va O(f2(n)) tuwong utng .Khi d6 thoi gian thuc hién Iénh if la :
O(max(f1(n),f2(n))).

4, Néu S1,S2, .... ,Sn 1a cac ciu 1énh , E 1a biéu thic c6 kiéu thtr tu dém duoc, va v1,v2,
... , vin la cac gia tri c6 cung ki€u véi E thi :

Case E of
vl: S1;

v2:S2;

end;

la cac Iénh.

Lénh nay duogc goi 1a 1€nh case.

Dénh gia thoi gian thuc hién Iénh case nhu 1€nh if

5. Néu S 1a cac cau lénh va E 1a biéu thirc logic thi

While E do S

La cau Iénh. Lénh nay dugc goi 1a 1énh while.

Thoi gian thyc hién 1€énh while dugc danh g,ié Gia su th‘di gian thyc hién 1€nh S (than
cua lénh while) 1a O(f(n)). Gia st g(n) 1a so toi da cac lan thyc hi¢n 1énh S , khi thuc
hién Iénh while .Khi d6 thoi gian thyc hién 1énh while 1a O(f(n)g(n)).

Néu S1, S2......, Sn 1a cac cau 1énh , E 1a biéu thirc logic thi
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Repeat S1, S2, .., Sn until E
La cau Iénh. Lénh nay duoc goi l1a 1é€nh repeat.

Gia st , thoi gian thyc hién khdi begin S1, S2....Sn end; 1a O(f(n)). Gia sir g(n) 1a s6 tbi
da céac lan 1ap. Khi do thot gian thuc hién 1énh repeat 1a O(f(n),g(n)).

V6i S 1a cau 1énh va E1,E2 1a biéu thirc cting mot kiéu tha ty dém duoc thi
For i:=EIl to E2 do S la cau 1énh ,va

for 1:= E2 downto E1 do S la cau 1énh.

Céc cau Iénh nay duogc goi la 1€nh for .

Thoi gian thyc hién Iénh for dugc danh gid twong tu nhu thoi gian thue hién 1énh while
va 1énh repeat.
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Panh gia tha tuc (hoac ham) d¢ qui.

Vi du: Panh gié thoi gian thyce hién ctia ham dé qui sau:

(ham tinh n!)

Function fact(n:integer):integer;

Begin

If n<=1 then fact :=1

Else fact:=n*fact(n-1);

End;

Trong ham nay cd cua dir liéu vao la n. Gia st thoi gian thuc hién hém la T(n) .Véin=1
chi can thyc hién 1énh gén fact:=1; do do T(1)= O(l).vV('yi n>1 ,can thyc hi¢n 1énh gén
fact:=n*(fact(n-1)). Do do6 , thoi giaan(n) s€ 1a O(1) dé thuc hi¢n phép nhan (*) va phép
gan(:=) cong va6i thoi gian T(n-1) d€ thyc hién 161 goi d¢ qui fact(n-1). Tém lai ta co
quan h¢ d¢ qui nhu sau:

T(1) = O(1);

T(n) =0(1) + T(n-1);

Thay cac O(1) béi cac hang nao d6 ta c6 quan hé dé qui nhu sau:

T(1)=CI1;

T(n) = C2 + T(n-1);

Pé giai phuong trinh dé qui, tim T(n), chung ta ap dung phuong phap thé lap. Ta co
phuong trinh d¢€ qui sau:

T(m) =C2 + T(m-1); véi m >1
Thay m lan luot boi cac 2, 3,..,n-1,n ta duoc hé céc quan h¢ sau:
T(2)=C2+T(1),

T(3)=C2 + T(2);
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T(n-1) = C2 + T(n-2);

T(n)=C2 + (n-1) ;

Bang cac phép thé lién tiép ta nhan duoc

T(n) =(n-1).C2 +T(1)

Hay T(n) = (n-1) C2 + C1;, trong d6 C1, C2 1a cac hiang nao do .

Do d6 T(n) = O(n) ;

Tir d6 ta c6 phuong phap tong quat sau ddy dé danh gia thoi gian thuc hién céc thi tuc
(ham) d¢ qui. Ta gia thiét rang cac thu tuc (ham )la dé qui truc ti€p. Piéu d6 c6 nghia
1a cac thu tuc (ham ) chi chira cac 101 goi d€ qui dén chinh n6 (khong qua mdt thu tuc
hodc ham nao khéc cd). Gia sir thoi gian thye hién thu tuc (ham ) 1a T(n), véin 1a co div
liéu vao. Khi do thoi gian thuc hién céc 161 goi d€ qui thu tuc s€ 1a T(m), voi m<n. Danh
gia thoi gian T(no) véi no 1a ¢d dir li€u vao nhd nhat c6 thé duoc (trong vi du trén do
1a T(1)). Sau d6 danh gia than cua thu tuc theo cac qui tic da néu trén ,ta s& nhan duoc
quan h¢ d¢ qui nhu sau:

T(n) = F(T(m1),T(m2),..,T(mg))

Trong d6 m1, my, ..... , mk < n. Giai phuong trinh d¢ qui nay ta s€ nhan dugc sy danh
gia cua T(n).

Bay gio ta str dung nhitng kién thuc trén dé danh gia hai vi du quen thudc sau day:
Vi du. Xac dinh d§ phuc tap thuat toan cia ham tinh day s6 Fibonaci:
Function Fibo (n : integer) : integer;

Vari,j, k: integer ;

Begin
1:=1;
1:=0;

fork:=1tondo
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Begin

Jmitjs
1:=]-1;
End;
Fibo :=7;
End;

Thoi gian thuc hi¢n cta Iénh trén 1a O(n) .

MOt bai toan thudng cé nhiéu cach giai, hay nhiéu thuét toan dé giai, voi mdi thudt toan
khac nhau c6 thé s€ c6 do phuc tap khac nhau. Banh gid d6 phuc tap thuat toan 1a mot
trong nhitng cach phan tich, so sanh va tim ra trong nhitng thuat toan dé6 mot thuat toan
to1 uu.

Vi du. X¢ét bai toan : Tinh gia tr1 da thuc :

Ly +aix +ap, vo1 X = X(

P(x) = anx" + an-1x"~
X¢ét thuat toan 1 :
Tinh gié tr1 ting hang tir ciia da thtc :

1. Véii=1 dénn tinh aixoi .

2. Tinh Pa thtrc P(x) c6 thé viét dudi dang :
P(x) = (...((anx *+ an-1)X...)x + ag.

Xét Thuat toan 2:

l.P:=an.

2.Véii=1 dénn: P :=Pxo + ani

3. Gan két qua P(x0)= P.

Chang han voin = 3.
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3;ax +ax + a0 = (((a3x + a2)x +ay) +ap)

P(x) = a3x
1. Tinh P := a3

2.1=1:P=(a3xo +ap)

1=2:P=(a3xp+az)x +ai

1=3:P=((a3xp+a2)x +aj)x +ap

3. P(x0) = ((a3xp + a2)x +a1)x +ao

Xét d6 phuec tap cua hai thuat toan trén :

Thuat todn 1: & bude 1 tacod :

1=1: ta phai thyuc hién 1 phép nhan.

1= 2 : ta phai thuc hi¢n 2 phép nhan.

1=n: ta phai thyc hién n phép nhan.

Nhu vay ¢ budc 1 ta s€ phai thychién 1 +2 + ...+ n=

O budc 2 ta ¢o : ta phai thuc hién n phép cong.

Vay & thuat toan 1 can ﬂ”%‘l +n= ﬂ"%}l

Thuat toan 2: ta phai thuc hién n 1an mdi lan Fibi héi 2 phép tinh (mot phép tinh cong va
mot phép tin~h nhan). Nhu vay thuat toan 2 can tat ca 2n phép tinh. Néu ta coi thoi gian
thuc hién moi phép tinh nhan va tinh cong 1a nhu nhau va 1a mot don vi thoi gian thi

thoi gian thyc hién thuat toan 1 14, con thoi gian thyc hién thuat toan 2 1a 2n .

Nhu vay theo phan tich & trén ta thiy rang thoi gian thuc hién thuét toan 2 it hon so véi
thot gian thyc hién thudt toan mdét. Thuat toan 2 c6 do phuc tap 1a O(n), d§ phuc tap

tuyén tinh, con thuat toan 1 thi do phtc tap 1a O(nz) dd phuec tap bac hai.

Ta nhan tha”iy réng viéc danh gia @0 phtrc tap cia mot thuat toan nao doé la viéc khong hé
don gian né doi hdi phai cé phuong phéap va cach ti€p can riéng.

23/123



Vi dy. Phan tich thuét toan Euclide tim udc s6 chung 16n nhét cta hai s6 nguyén duong
a, b.

Thuat toan Euclide :

Input : a, b 13 hai s6 nguyén duong.

Output : wdc s6 chung 16n nhét ciia hai s6 a, b.
Function USCLN(a, b)

Begin

While y <> 0
begin

r:=xmody

End;

bé danh gid do phurc tap cta thuat toan trén, ta dém sb phép chia thyc hién theo thuat
toan.
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Mt s6 phwong phap thiét ké

Trén co so 1y thuyét may Turing, ta chia duoc cac bai toan thanh 2 16p khong giao nhau
: Lop giai dugc bang thuat toan , va 16p khong gidi duoc bang thuat toan.

Déi v6i 16p cac bai toan giai duoc bang thuat toan, dua vao cac dic trung cua qua trinh
thiét ké cua thuat toan, ta c6 thé chi ra mdt s0 cac phuong phép thiét ké thuat toan co
ban sau day :

Phwong phap chia dé tri. ( Divide-and-Conquer method ).

Y tudng 14 : Chia dir liéu thanh timg mién du nho, giai bai toan trén cic mién da chia roi
tong hop két qua lai .

Chéng han nhu thuat toan Quicksort.
Phwong phap quay lui ( BackTracking method ).

Y tudng la: Tim kiém theo uvu tién. D6i véi mdi budce thuat todn, vu tién theo do rong
hay chiéu sau dé tim kiém.

Chéng han thuat toan giai bai toan 8 hau.
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Phwong phap tham lam ( Greedy Method ).

Y tudng 1a : Xac dinh trat tu x 1y dé c6 loi nhét, Sép Xép dir liéu theo trat tu
do, roi xur 1y dit li€u theo trat tu da néu. Cong strc b ra 1a tim ra trét tu do.
Chang han thuat todn tim cdy bao trim nhé nhat (Shortest spanning Trees).
Phuwong phap Quy hoach dong (Dynamic Programming method).

Phuong phap quy hoach déng dya vao mot nguyén 1y, goi 1a nguyén 1y tdi wu cia
Bellman :

- Néu 101 giai ctia bai toan 1a t6i wu thi 101 giai cta cac bai toan con ciing t6i uvu. Phuong
phap nay t6 chirc tim kiém 10i giai theo kiéu tir dudi 1én. Xuat phét tir cc bai toan con
nho va don gian nhét, t6 hop cac 10i giai cua chung dé c6 10i giai ctia bai toan con 16n
hon...va ¢t nhu thé cudi ciing dugc 101 giai ciia bai todn ban dau.

Chang han thuat toan “chiéc tai xach” (Knapsack).
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Bai 3: Co ban vé thuit toan chia deé tri

Co ban veé thuit toan chia dé tri

Chia dé tri 1a mot k¥ thuat thiét ké thuét toan bao gom viéc chia mot bai toan can giai
ra thanh nhitng bai toan con nhé hon c6 cing mot loai van dé, giai timg bai toan con d6
mot cach 1an luot va doc 1ap, sau d6 két hop cac 10i giai con thu duoc nhd cach do dé
thu dugc 101 gidi cua bai toan nguyén thuy. Hai cau hoi ty nhién ndy ra 1a “Vi sao ai do
lam viéc nay?” va “Chung ta can giai cac bai toan con nhu thé nao?”. Tinh hiéu qua cia
k¥ thuat chia dé tri nam & cu tra 16i cho cau héi thir hai.
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So’ A6 chung cua thuit toan
Y twéng thuit toan:
C6 1& quan trong va ap dung rong rii nhat 1a k¥ thuat thiét ké “Chia dé tri”. N6 phan ra
bai toan kich thudc n thanh cac bai todn con nhd hon ma viéc tim 101 gidi cua chung la
cung mot cach. Lo1 gidi cua bai todn da cho dugc xay dung tir cac bai toan con nay. Ta
c6 thé noi van tat y tudng chinh ctia phuong phap nay 1a : chia dir liéu thanh tirng mién
da nho, giai bai toan trén cac mién da chia roi tong hop két qua lai.
Dé c6 dugc mé ta chi tiét thuat toan chia dé tri ching ta can phai xac dinh :

1. Kich thudc t6i han ng (Bai toan c6 kich thudc nho hon ng s& khong can chia

nho)
2. Kich thudce cia moi bai todn con trong cach chia
3. SO lugng cac bai toan con nhu vay

4. Thuét toan tong hop 10i giai cua cac bai toan con

Cac phan xac dinh trong 2 va 3 phu thudc vao 4. Chia nhu thé nao dé khi tong hop co
hiéu qua (thuong la tuyén tinh)

So dd tong quat thuit toan chia dé tri
(Viét theo twra Pascal):
Procedure D and C(n)
Begin
Ifn (n0 Then
Giai bai toan mot cach truc tiép
Else
* Chia bé~i toan thanh r bai toan con kich thudc n/k
* For (Moi bai todn trong r bai toan con) Do D _and C(n) ,
» Tong hop 101 gidi cta r bai toan con dé thu dugc 101 gidi cua bai todn goc
End;

(Viét theo tya C#:)
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Néu goi D&C (R) - R 1a mién dir liéu - 1a ham thé hién cach giai bai toan theo phuong
phap chia dé tri thi ta co thé viét :

void D&C(R)

{ If ( R di nho)

giai bai toan;

Else

{ Chia R thanh R1, ..., Rm;
for 1= 1;1<=m; it++)
D&C(R);

Tong hop két qua ;

}

b
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Tim kiém nhi phan

Bai toan :

Cho mang gdém n phan tir 43 dugc sap xép ting dan va mot phan tir x. Tim xem X ¢o
trong mang hay khong? Néu c6 x trong mang thi tra ra két qué 1a 1, néu khong tra ra két
qua la 0.

Dung thudt toan tim kiém nhi phan,

Phan tich thuit toan :

S6 x cho trudce

+ Hoic 1a bang phan tir ndm & vi tri gitta mang

+ Hodc 12 ndm & nira bén trai (x < phan tir & giita mang )
+ Hodc 1a nam & nira bén phai (x > phan tir & giita mang )
MO ta thuat toan:

Input: mang a[1..n]

Output: + 1 néu x thudc a

+ 0 néu x khong thudc a

Tu nhéan xét do ta co giai thuat sau:
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Tknp (a, x, Piu, Cubdi)
If (Piu > Cubi)
return 0 ; {ddy tré-ng}
Else
{ Gitta = (Pdu + cudi) / 2;
If (x == a[Gitra])
Return 1;
else
if (x > a[Giira])
Tknp(a, x, Gitta + 1, Cudi) ;
else

Tknp(a, x, Pau, Gitta- 1) ;

Panh gia d¢ phire tap thoi gian cia thuat toan

Truong hop tét nhat: Twong tmg voi sy tim duoc y trong 1an so sanh dau tién, tic 13 x=
a[gilra] (x nam & vi tri gitta mang)

=>Ta c6 : Ttét (n) = O(1)
Truong hop xau nhat: Do phire tap 1a O(log n)
That vay, Néu goi T(n) 1a d§ phuc tap cua thuat toan, thi sau khi kiém tra diéu kién (x

== a[gifra]) va sai thi goi d¢ qui thuat todn nay vai dir li¢u gidm nura, nén thda man cong
thirc truy hoi :
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T(n) = 1 + T(n/2) véi n>=2 va T(1) =0
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Bai toan Min_Max

Bai toan

Tim gia tri Min, Max cua doan a[l..r] cia mang a[1..n]

Phan tich thuat toan

i

1

)

6

7

8

ali]

10)

()

15

19

Tai mbi bude, chia doi doan can tim rdi tim Min, Max cua tirng doan, sau d6 tong hop
lai két qua . Néu doan chia chi ¢6 1 phan tir thi Min = Max va bang phan tu do

Minh hoa :

Tim gia tri Min, Max trong doan a[2..7] cua mang a[1..7] .

Ky hiéu :

MinMax(a,l,r,Min,Max) cho Min va Max trong doan a[l..r]
MinMax(a,2,7,Min,Max) cho Min =0 va Max=15 trong doan a[2..7]
MO ta thuat toan:

Input : a[l.r], (I1<1)

Output: Min = Min (a[l]...,a[r]),

Max = Max (a[l],..,a[r]).

MinMax(a,l, r, Min, Max)

if (1==1)

{

Min = afl];
Max = a[l];
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Else

{

MinMax(a,l, (I+r) / 2, Minl, Max1);
MinMax(a,(I+r) /2 + 1, r, Min2, Max2);
If (Minl < Min2)

Min = Minl;

Else

Min = Min2;

If (Max1 > Max2)

Max = Max1;

Else

Max = Max2;

b

Do phirc tap thuat toan

Goi T(n) 1a sb phép toan so sanh can thyuc hién. Khi d6 ta co:

T(n/2)+ T(n/2)+2;n>2
I:n=2
On=1

I(n)= {{
Vi n=2% | thi:

T(n) =2+ 2T(n12) = 2+ 22+ 2 Tw2?) = 211(2) + 517 2
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k+1

:zlezi_zk_lzz

Vay T(n) € O(n).

k—1
-2 —2=32-2
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Bai 4: Cac bai toan sir dung thuat toan chia
deé tri ( Divid and Conquer )

Thuat toan nhan 2 ma tran
Bai toan :

Cho hai ma tran A, B v&i kich thudc n*n, ta c6 ma tran C chira két qua ctia phép nhan
hai ma tran A va B. Thuat toan nhan ma tran c6 di€n nhu cong thirc dudi day:

Phan tich thuit toan

V&i mang mot chiéu (kich thude n phan tir), ma tran C duoc tinh trong thoi gian (n), gia
sir rang phép cong vo hudng va phép nhan 1a cac phép tinh co ban (co thoi gian tinh 1a
hang s6). V&i mang hai chiéu (kich thudc n*n) thi thoi gian dé tinh phép nhan ma tran
AB 1a (n).

Dén cudi nhitng ndm 1960, Strassen dua ra mot giai phap cai tién thuat toan trén, nd co
tinh dot pha trong lich st cta thuat toan chia dé tri, tham chi gay ngac nhién khong kém
thuat toan nhan sb nguyén 16n dugc phat minh & thap ky trude. ¥ tudng co ban cia thuat
toan Strassen ciing twong tu nhu thuat toan trén. Ung dung thiét ké chia dé tri, mdi ma
tran A, B, C ta chia thanh 4 ma tran con va biéu dién tich 2 ma trin AxB = C theo céc
ma tran con do:

Trong d6 :
Ci1=A11B11 + A12B21

Ci2=A11Bi12+ A12B22
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C21 =A21B11 + A22B21
C22=A21B12 + A22B22

Néu theo cach nhan thong thuong, thi cach chia dé tri nay din dén cong huc truy hoi :
T(n) =8T(n/2) + O(nz). Pang tiéc 1 két qua nay cho 16i giai T(n) thude O(n3 )

Nhung theo kham phé cta Strassen, chi cAn 7 phép nhan dé qui n/2x n/2 ma tran va

O(n?) phép cong trir vo hudng theo cong thirc truy hdi :
T(n) = 7T(n/2) + 18 (n/2)*> € O(n'¢” ) = O(n>¥1)

Cu thé, dé nhan 2 ma trdn vudng cép 2 , theo Strassen chi cin 7 phép nhan va 18 phép
cong (trr) cac s0. BéE tinh :

- PAu tién tinh 7 tich :

m] = (aj2-a22) (b21 +b22)
mp = (a11 +a22 ) (b11 +b22)
m3 = (a11-a21) (b11+bi12)
m4 = (ar1 +a12) b2

ms5 =aj] (b12—b22)
me = a22 (b21 —bi11)
m7 = (a21 +a22 ) b1

- sau do tinh cjj theo cong thurc :
Cl1=m] +m2—m4 +meg
C12 =m4 + ms

Cc21 =me t+ m7y
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c22 =m2 —m3 +ms—m7
MO ta thuat toan:
strass(a, b, ¢, n)

if (n==2 ) nhan2(a,b,c);
else

{

tach(a,all,al2,a21,a22,n);

tach(b,b11,b12,b21,b22,n);

tach(c,cl1,c12,c21,c22,n);
strass(all,b11,d1,n/2);
strass(al2,b21,d2,n/2);
cong(dl,d2,c11,n/2);
strass(all,b12,d1,n/2);
strass(al2,b22,d2,n/2);
cong(d1,d2,c12,n/2);
strass(a21,b11,d1,n/2);
strass(a22,b21,d2,n/2);
cong(dl1,d2,c21,n/2);
strass(a21,b12,d1,n/2);
strass(a22,b22,d2,n/2);
cong(d1,d2,c22,n/2);

Hop(cll,c12,c21,c22,c,n);

38/123



}

Cung véi phat minh cta Strassen, c6 mot s nha nghién ctru ¢ gang tim kiém thuét toan
dé xac dinh dugc hang s6 o, khi d6 do phuc tap tinh toan phép nhan hai ma tran kich
thude n*n 1a O(n™). Dé thuc hién duoc diéu nay, viéc dau tién phai tién hanh 13 nhan hai
ma tran kich thudc 2*2 véi 6 phép nhan co ban. Nhung vao nam 1971 Hopcroft va Kerr
da chirng minh diéu nay 1a khong thé vi phép nhan hai ma tran khong c6é tinh chat giao
hoan. Vi¢c ti€p theo phai thuc hién 1a tim cach nao dé nhan hai ma tran 3*3 vo6i nhi€u
nhat chi 21 phép nhan co ban. Néu thuc hién dugc viéc nay cd thé sir dung thuat toan
nay dé suy ra thuat toan dé quy nhan hai ma trin n*n véi thoi gian 13 O(nlog321) nhanh
hon thuat todn ciia Strassen vi log321<logy7. Khong may man 1 diéu nay khong thé
thuc hi¢n. Trong sudt mdt thap ky trudce khi Pan phat hi¢n ra cach dé nhan hai ma tran
kich thudc 70*70 vol 143640 phép nhan co ban — so sanh véi 343000 phép nhan néu
str dung thuat toan c6 dién va qua thuc 1a log70143640 bé hon mot chut so vol 1g7. Phat
hién nay dugc goi 1a cude chién tranh cia so thap phan (decimal war). Nhi¢u thuét toan,
ma trong d6 hi€u suat tiém céan cao, dugc tim ra sau d6. Vi du nhu ta da bi€t cudl nam
2525813). Hiy tuong tuong rang,
2525813) pia.

1979, phép nhan ma tran cé thoi gian tinh toén 1a O(n
ngay sau do thang 1 nam 1980 thol gian tinh cua phép nhan ma tran 1a O(n

thirc tiém can thoi gian tinh toan tdi nhat cia thuat toan nhan ma tran kich thudc n*n

dugc Coppersmith va Winograd phat minh ra nam 1986 la O(n23 76). Tai vi cac hing sb

lién quan b1 an nén khong mot thuét todn nao dugc tim ra sau thuat toan ctia Strassen
dugc nghién ctru va sir dung.
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Thuat toan sap xép
Bai toan

Cho T[1..n] 1 mot mang n phan tir. Van dé dit ra 13 sip xép cac phan tir ny theo thir ty
tang. Chung ta da c6 thé giai quyét van dé nay bang cac phuong phap selection sort hay
insertion sort hodc la heapsort

Nhu chung ta d3 biét thoi gian dung selection sort hay insertion sort dé sip xép mang T
trong ca hai truong hop: x4u nhat va trung binh déu vao c& n’. Con heapsort vao khoang
nlogn.

C6 mot s giai thuat dic biét cho bai toan nay theo mo hinh chia dé tri d6 1a mergesort
va quicksort, chung ta sé lan lwot di nghién cuu chung.

MergeSort

Chia dé tri tiép cdn t&i bai todn nay bang viéc tach mang T thanh hai phan ma kich
thude cua ching sai khac nhau cang it cang tt, sip xép cac phan nay bang cach goi dé
qui va sau d6 tron ching lai (cha ¥ duy tri tinh thir ty). Dé 1am duoc diéu nay ching ta
can mot giai thuat hi¢u qua cho viéc tron hai mang da duoc sép U va V thanh mdt mang
méi T ma kich thuéc ctia mang T bang tong kich thudc ctia hai mang U va V. Van dé
nay co thé thuc hién tot hon néu ta thém vao cac 6 nhd ¢ san & cudi cua mang U va 'V
cac gia tri cAm canh (gi4 tri 10n hon tat ca cac gia tri trong U va V, gia str 1a)

Hinh sau chi ra cac budc cua mergesort.
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Mang da duoc sap theo thir thy ting

Giai thuat sép Xép nay minh hoa tat ca cc khia canh cua chia dé tri. Khi sd luong céc
phan tir can sap 1a nho thi ta thuong sir dung cac giai thuat sap xép don gian.

Khi s6 phan tir da 10n thi ta chia mang ra 2 phan, tiép dén tri timg phan mot va cudi cling
1a ket hop céc 101 giai.

* P§ phtrc tap thuat toan:

Bai toan chia thanh cac budc

Véi mbi lan merge thtr i, d phire tap bai toan 1a On)

S6 1an merge 13 O(log n)

Thoi gian tong cong: O(n logn)

Nhu vy hiéu qua ctia mergesort twong tu heapsort. Trong thuc té sip xép tron co thé
nhanh hon heapsort mdt it nhung né can nhiéu hon by nhd cho cac mang trung gian U
va V. Ta nh¢ lai heapsort ¢6 thé sap x€p tai cho (in-place), va cam giac né chi st dung

mot it bién phu ma théi. Theo 1y thuyét mergesort ciing c6 thé 1am duoc nhu vay tuy
nhién gia thanh co6 tdng mot chut it.
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Quicksort

Giai thuat nay dugc phat minh bdi Hoare, n6 thuong duogc hiéu nhu 1a tén €01 cua no
- sép xép nhanh, hon nita nd ciing dya theo nguyén tic chia dé tri. Khong gidng nhu
mergesort nd quan tim dén viéc giai cac bai toan con hon 1a su két hop giira cac 1oi giéi
cua chung. Buoc dau tién cua giai thuat nay la chon 1 vat trung tam (plvot) tur cac phan
tir cila mang can sap. Tiép dén vat trung tdm s& ngdn mang nay ra 2 phan cac phan tur
16n hon Vat trung tam thi dugc chuyen Ve bén phai nd, ngugc lai thi chuyén vé bén trai.
Sau d6 mdi phan cua mang du:oc sap xép doc lap bang cach goi dé qui giai thuat nay.
Cubi cing mang s& duoc sap xép xong. Pé can bang kich thudc cua 2 mang nay ta co
thé str dung phan to & gitra (medlan) nhu la vat trung tam . Pang tiéc 13 viéc tim phan ¢
glu’a cling mét 1 thoi gian dang ké. Dé giai quyét diéu d6 don gian la chung ta s dung 1
phan tir tuy ¥ trong mang can sap nhu 13 vat trung tdm va hi vong né la tot nhdt c6 thé.

Viéc thiét ké giai thuat ngan cach mang bang vat trung tim voi thoi gian tuyén tinh
khong phai 1a sy thach d6 (co thé lam dugc). Tuy nhién di€u d6 1a can thiét d€ so sanh
voi1 cac giai thuat sap x€p khac nhu 1a heapsort. Van dé dat ra 1a mang con TJ[i..j] can
dugc ngdn boi vat trung tam p=T][1]. Mot cach lam c6 thé chap nhén dugc 1a: Duyét qua
tung phan tr cia cua n6 chi mgt 1an nhung bat dau tir hai phia (dau va cuéi mang). Khi
do khéi tao k=i; I=j+1, k tang dan cho dén khi T[k] > p, 1 gidm dan cho dén khi T[1] (
1. Tiép dén hoan vi T[k] va T[1]. Qua trinh nay ti€p tuc cho dén khi k ( 1. Cudi cung do61
cho T[1] va T[1] cho nhau va luc nay ta xac dinh dang vi tri cua phan tir trung tam.

* Mo ta thuat toan:

quicksort(L)

{

if (length(L) < 2) return L

else

{

pick some x in L // x 14 phan tir chot
LI={yinL:y<x}
[2={ymL:y>x}
[L3={yinL:y=x}

quicksort(L1)
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quicksort(L2)

return concatenation of L1, L3, and L.2

}
b

Hinh v€ sau cho thay su lam vi¢c cua pivot va quicksort.
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Hinh 4.2
Quicksort s& khong hiéu quéa néu str dung viéc goi dé quy ctia cac bai toan con ma khong

chu ¥ dén su can bang kich thudc cia chung. Tinh hudng xau nhat 1a khi T di dugc sip
trude ma goi quicksort va thoi gian dung quicksort dé sap 1a ((n2).
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Goi t(n) 1a thoi gian trung binh dung quicksort dé sap mang n phan tir T[1..n]. 1 12 gia tri
tra vé khi goi pivot(T[1..n],1). Theo pivot() thi | nam giita 1 ( n va xac suat 1a 1/n. Thoi
gian dé tim vat trung tAm g(n) 1 tuyén tinh. Thoi gian dé dung dé qui dé sap xép hai
mang con kich thudce (1-1) va (n-1) twong ung 1a t(n-1) va t(n-1). Nhu vay véi n du 16n ta
co:

t(n)= li(g{ﬂ}+i{ﬂ 1) +t(rn=1))

L]

Hay 13 rang hon ta chon n0 1a gia tri du 16n dé st dung cong thirc trén. Nghia 1a néu n <
n0 thi ta dung sap x€p chén. Khi d6 goi d 1a hang s6 sao cho g(n) < dn v61 n>no.

1 b
—E (glr)+ié(n—11+2(n—-10N
Tacotin)2dn+% = v&i n>nl
Ei}f(k}
< dn =% &0 viai n>ng (2.4)

Véi cong thirc kiéu nhu 2.4 qua 1a kho phén tich d6 phuc tap. Ta du doan n6 tuong tu
mergesort va hi vong no 1a nhu vay tirc 1a vao ¢c& O(nlogn).

That vay ta c6 dinh 1y sau:

Pinh Iy: Quicksort can nlogn thoi gian dé sdp xép n phan tir trong trwong hop trung
binh.

Chung minh

Goi t(n) 1 thoi gian can thiét dé sap n phan tir trong trudng hop trung binh.
a, ng 1a cac hang s giéng nhu cong thic 2.4

Ta chimg minh t(n) = cnlogn v&i moi n > 2. véi ¢ 1a hing sé.

Dung phuong phéap qui nap dé c¢/m:

- V61 moi n nguyén duong: (2 <n <n0)
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Dé thfi}-‘ t(n) < cnlogn

£a) 5
Choncﬁ”l‘:'g” 2 <n=n0)
- Budc qui nap
Gia thiét rang: t(k) < cklogk v&i moi 2<k <n
ta chi ra ¢ sao cho t(n) < cnlogn
Lay a = t(0) +t(1)

Tw 7.2 taco

o n-1
=3tk

tin) = dn + 7 k0

sy [sm) +e(1) +i‘ls(;:)]

# k=0

Theo gia thiét qui nap : t(k) = cklogk

n-1
tin) =dn +2—ﬂ +E[Z cklog R:J

M M
— K2

2a 2e %

Zdn+—+— | xlog xdx
L
2 2 1 :

o e Bl ogm
nooon 2 4

dnt—+—
M b

2a  2e{nlogn n°
2 4

2
= dn +—a+m10g i
A 2
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o
=cn10gm—(%—d——f]n

5 2
t(n) = cnlogn véi digu kién 13 [2 " J_ 0.hay e =2d + 4an2

Tt d6 ching ta chi xem xét voi nhitng n > ng thod man:

gd+4—‘12
c= {22y +1) (2.6)

Két hop ca 2 diéu kién trong (2.5) va (2.6) ta c6

[Ed +—4I£l:[:l:I +1£ 21) I,max {—im} R HU}J
¢ = max (i +1) HREE o T

Hay ta c6 t(n) < cnlogn v&i moi n > 2, va nhu vy dinh ly dugc chiing minh.

Nhu vay quicksort ¢6 thé sip xép 1 mang n phan tir khac nhau trong trudng hop trung
binh 1a O(nlogn). Cau hoi dét ra la lidu co6 thé stra d6i quicksort dé no sép xép v6i thoi
glan O(nlogn) trong truong hop xau nhat hay khong. Cau tra 10i 1a c¢6 thé!!!. Tuy nhién
néu viéc tim phan tir & giita cia T[i..j] 1a tuyen tinh va lay no lam vét trung tam (pivot)
(Finding the median) thi quicksort ciing can O(n2) dé sip xép n phan tir trong truong
hop x4u nhét (khi tit ca cac phan tir cia mang can sap 1a bang nhau).
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3

Bai toan hoan doi
Bai toan

a[1..n] 12 mot mang v6i phan gém n phan tir. Ta can chuyén m phan tr dau tién cia
mang v&i phan con lai cia mang ( n-m phan tr) ma khong dung mdt mang phu .

Chéng n,voin=8a[8]=(1,2,3,4,5,6,7,8)

Néum=3,thikétquala: (4,5,6,7,8, 1,2, 3)
Néum=5,thikétquala:(6,7,8,1,2,3,4,5)
Néum=4,thikétquala:(5,6,7,8,1,2,3,4)

Phan tich thuit toan

Néu m = n- m : Hoan doi cac phan tir ctia 2 nira méang c6 d6 d6 dai bang nhau :
Néum <>n-m :

-Néum <n - m : hodn d61 m phan tir dau vé1 m phan tir cudi cua phan con lai. Sau do
trong mang a[ 1..n-m] ta chi can hoan d61 m phan tir dau véi phan con lai.

- Néum>n-m: hodn d6i n-m phan tur dau tién véi n-m phan tu sau. Sau do trong mang
a[n-m+1 . .n] ta hodn d61 n-m phan tir cuéi mang vdi cac phan tir cia phan dau.

Nhu vay, bang cach 4p dung phwong phap chia dé tri, ta chia bai toan thanh 2 bai toan
con:

- Bai toan thtr nhat 13 hoan doi hai mang con c6 d6 dai bang nhau, cu thé 1a phan tr dau
va cuoi cia mang cho nhau bang cach doi cho tung cdp phan tur tuong Uimg.

- Bai toan thir hai cing dang v&i bai toan da cho nhung kich thudc nho hon, nén co thé
goi thuat toan d¢ qui dé€ giadi va qua trinh goi d¢ qui sé dung khi dat t61 sy hoan doi 2
phan c6 d¢ dai bang nhau

Thuat toan

// Hoan d6i m phan tur

Input : a[l..n], m. (m <=n)
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Output : a[1..n] véi tinh chat m phan tir ddu mang a ( mang nhap ) nam cudi mang két
qua, n-m phan tr cuéi mang nhdp nam & dau mang két qua.

Do phirc tap thuat toan

Ki hiéu : T(i, j) 1a s6 phan tir can doi chd dé hoan doi ddy i phan tir va day j phén tir, ta
c6 cong thuc truy hoi sau:

iinéui=j

I'G,j)=<1j+T@G-j,j), néui>j

i+T(i,j—i). neui<j

=> T(i,j) =i+ j — UCLN(i,j) (Udc chung 16n nhét cua i, j)
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Bai 5: Co bén vé thuat toan Quay Lui (Back
Tracking)

So d6 chung ciia thuit toan quay lui
Y twéng

Nét dic trung clia phuong phap quay lui 13 cac budc hudng t6i 101 giai cudi cung cua
bai toan hoan toan duoc lam thir

Tai mdi bude, néu c6 mot lya chon thi ghi nhan lai lya chon nay va tién hanh cac budc
thir ti€p theo. Con nguoc lai khong co lya chon nao thich hop thi quay lai budc thur

trudce, x6a bo sy ghi nhan va quay lai chu trinh thir véi cac lua chon con lai

Hanh dong nay duoc goi 1 quay lui, thuat toan thé hién phuong phap nay goi 14 thuat
toan quay lui

Diém quan trong cua thuat toan la phai ghl nhé tai mdi budce di qua dé tranh trung lap

khi quay lui. D& thay 1a cac thong tin nay can duoc luu trit vao mot ngin xép, nén thuat
toan thé hién y thiét ké mot cach dé quy.

So d6 chung ciia thuit toan

Loi giai cua bai toan Ehu:(‘rng biéu dién boéng mot vec to gdm n thanh phan x =‘(x1,...,xn)
phéi théa man cac di€u kién nao d6. D€ chi ra 101 giai x, ta phai xay dung dan cac 101
giai xj

- Tai mdi bude i:

+ D3 xay dung xong cac thanh phan x1,.., xi-1

+ Xay dung thanh phan xj bang cach lan luot thir tat ca cac kha ning ma x;

c6 thé chon :

Néu mét kha ning j nao d6 phu hop cho xi thi xac dinh xi theo kha ning j. Thuong phal

c6 thém thao tac ghi nhan trang thai moi cia bal toan dé ho trg cho bude quay lui. Néu
1=n thi ta c6 dugc mot 101 gidi, nguoc lai thi tién hanh budc i+1 dé xac dinh xj+1 .
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Néu khong c6 mot kha nang nao chap nhan duge cho xi thi ta i lai bude trude (budc
1-1) d€ xéc dinh lai thanh phan xi-1.

bé don gian, ta gia dinh cac kha nang chon lua cho cac xi tai mdi budc 1a nhu nhau, do
do ta phai c6 thém mot thao tac kiém tra kha nang j nao 1a chap nhan duoc cho x;.

Mo hinh ctia phuong phap quay lui c6 thé viét bang thi tuc sau, véi n 1a sb budc can
phai thyc hién, k 1a s6 kha ndng ma xi ¢4 thé chon lya.

Try(i)

for(j=1—-k)

If ( xj chép nhan dugc kha nang j)
{

Xac dinh xj theo kha nang j;

Ghi nhan trang thai moi;
if(1<n)

Try(i+1);

else

Ghi nhan nghiém;

Tra lai trang thai cli cua bai toan;
b

Ghi chu:

Tim nghiém bang phuong phéap quay lui c6 thé chuyén vé viéc tim kiém trén cdy khong
gian céc trang thai, voi cay dugce xay dung tirng mirc nhu sau :

» Céc con cua goc (thudoc mirc 1) 1a kha ndng c6 thé chon cho x1
* Gia str xi-1 1a mgt nat & muc thi i-1, khi d6 cac nut con cua xj-1 1a cac kha nang
ma xi ¢ thé chon, mdt khi da tim dugc cac thanh phan xi,.., xi-1.
Nhu vay, moi nut xi cua cay bi€u dién mot 101 gidi bo phan, do 1a cac nat nam trén dudng

di tir gbc dén nut do
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Ta c6 thé noi viéc tim kiém nghiém bang phuong phéap quay lui chinh 13 tim kiém theo
chiéu sau trén cay khong gian céc trang thai.

M 1

Midc

)

ad

Midc 3

Chung ta s& nghién ctru mét sd cac vi du minh hoa cho thuét toan quay lui
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Bai toan ngua di tuan

Bai toan

Cho ban co c6 n x n 6 . Mot con ngua dugc phép di theo luat co vua, dau tién duge dit ¢
0 cb toa do x0 , y0. Van dé 1a hay chi ra cac hanh trinh (néu cd) ciia ngua — B¢ 1a ngua
di qua tat ca cac 6 cia ban cd, moi 6 di qua ding mot lan .

Phan tich thiét ké thuat toan

Cach giai quyét rd rang 13 xét xem c6 thé thuc hién mot nudc di tiép nira hay khong. So
do dau tién c6 thé phat thao nhu sau:

Try(i)

for(j=1—>k)

If ( xi chap nhan duoc kha ning k)

{

Xac dinh xj theo kha nang cua k;

Ghi nhan trang thai maoi;

If (i<n?)

Try(i+1);

Else

Ghi nhan nghiém;

Tra lai trang thai ci cua bai toan;

b

Dé mo ta chi tiét thuét toan, ta quy dinh vé kiéu dit liéu luu trit va cac thao tac:
« Biéu dién ban co .

» Cac kha nang chon lya cho xi ?
 Cach thuc x4c dinh xi theo j.
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« Cach thic ghi trang thai méi, tra vé trang théi cii
* Ghi nhén nghi¢m....

* Ta‘sé biéq dién ban cd bang 1 ma trn Vuéng cip n : int h[n][n]; S¢ di thé hién mdi 6
co l?éng 1 s06 nguyén thay cho gia tri l?oole (dé danh dau 6 da duogc di qua chua) 1a vi ta
muon lan do theo qua trinh dich chuyén cia con ngua

Ta qui udc nhu sau :

h[x][y] = 0 = O <x,y> ngua chua di qua;

h[x][y] =1= O <x, y> ngua di di qua ¢ bude thir i (1 <i<n?).

* Cac kha niang chon lwa cho xj ? D6 chinh 1a cic nudc di clia ngya ma xj c6 thé

chap nhan duogc.

Vi cap toa d6 bit dau <x,y> nhu trong hinh v&, c6 tat ca 8 6 <u,v> ma

con ngya c6 thé di dén. Gia sir chung duoc danh sb tir 0 dén 7 nhu hinh sau:

Toa I 2 3 + 5 Toa do

dd (a,b)
(a,b)
(-2.-1) 4 3 ] (-2,1)
i-1,-2} 5 2 2 (-1,2}

hing x [0 3
—
(1,-2) 6 1 4 {1.2)
2,-1) T 0 5 (2,1)
oot ¥

( 8 buoce di co the co cua con ngua )

Mot phuong phap don gian dé co dugc u, v tir x, y 1a ta diung 2 méang a va b luu trit cac
sai biét ve toa d§. Néu ta dung mdt chi s6 k dé danh s6 "budc di tiép " thi chi tiét do
duoc thé hién bdi : u=x +a[k]; v=y + b[k]; k=0,7 .
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Diéu kién "chap nhan dugc" cé thé duge biéu dién két hop cia cac diéu kién:

- O méi phai thudc ban co (1 <u<nva 1 <v<n)va chuadi qua 6 do,

nghia 1a h[u,v] = 0;

* Pé ghi nhan nudce di hop 1€ ¢ budce i, ta gan h[u][v] =1; va dé huy mdt nudce di thi

ta gan h[u][v] = 0.

* Ma tran h ghi nhan két qua nghiém. Néu c6 <x,y> sao cho h<x,y> = 0 thi d6 khong
ph?,i 1a 161 giai cua bai toan , con ngugc la h chira duong di ciia ngua. Vay thuat toan co
thé mo ta nhu sau :

Input n, //Kich thude ban co

X, y;//Toa d0 xuét phat & budc i

Output h;

Mo ta :

Try(i, x, y)

for(k = 0; k <=7; k++)

{
u=x+alk];
v =y + b[k];

if (1 <=u,v<=n &&h[u][v] ==0)
{

h[u][v] =1i;

if (1 <n*n) Try(i+1,u,v);

else

xuat_h(); // In ma trn h
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h[u][v] =0;
b
}

Thu tuc nay xuat tat ca cac 101 gidi, néu co.

Thu tuc d¢€ qui dugc khéi dong bﬁng mot 1énh goi cac toa do dau xo, yo la tham 6. 0
xuat phat co tri 1, con cac 0 khac dugc danh dau con trong.

H[xo ][yo ] = I; Try(2,x,y );

Cac mang a va b c6 thé khéi dau nhu sau :

int a[8]= {2,1,-1,-2,-2,-1,1,2};

int b[8]= {1,2,2,1,-1,-2,-2,-1};

* Céc 101 giai sau 1a mot s6 két qua cho tir thuat toan trén :

n= X= y=|
1 6 15 10 21
14 |9 20 |3 16
19 |2 7 22 11
8 13 24 17 4
25 18 3 12 23

n=6 x=2 y=3
36 |17 |6 29 |8 11
19 130 |1 10 |5 28
16 35 18 7 12 9
23 |20 (31 |2 27 |4
34 |15 |22 |25 |32 |13
21 24 i3 14 3 26
:(2,3), (3,2)...

*Voin =35, cac toa do xuat phat sau khong co6 101 giai
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Bai toan 8 quan hau
Bai toan

Chung ta can dat 8 con hiu vao ban co 8 * 8 sao cho chiing khong tan cong nhau, tirc 1a
khong c6 cdp con hau nao nam cung hang, cung cot, cung duong chéo.

Bai toan nay 13 mét vi du ndi tiéng vé viéc ding cic phuong phap thir va sai va phuong
phap quay lui.

Phén tich va thiét ké thut toin

Mau chét cta thudt toan rd rang 1a xét xem c6 thé dit quan hau tiép theo nhu thé nao.
Theo luat cd vua, mdt quan hau c6 thé an cac quan khac néu nam trén cung 1 duong,
duong nay cé thé 1a :

- Hang,

- Cot,

- Cac duong chéo (di qua toa dd vi tri cua hau).

Suy ra rang mdi hang chi co thé chtra 1 va chi 1 quan hau. Nén viéc chon vi tri cho quéan
hau thtr 1 c6 thé gidgi han dugc & hang thir i. Nhu thé tham s0 1 tr¢ thanh chi hang, va qua
trinh chon vi tri cho quan hau tién hanh trén toan gia tri c6 thé co6 cia céac cot j.

Ta quy udc :

x[i] // Chi quan hau thr i : ndm ¢ hang i.

x[1] =j // quan hau thtr 1 dat ¢ cot j;

Dé quan hau i (trén hang i) chdp nhan cot j thi cot j va 2 dudng chéo qua 6 <i,j> phai
con trong ( tic 1a khong ¢6 quan hau khac chiém linh)

Luu y rang trong 2 duong chéo :

- Puong chéo nguoc (vuong goc véi duong chéo chinh) : tat ca cac 6 déu co tong 2 toa
do 1 vaj la hang so;

- Puodng chéo thun (song song v6i dudng chéo chinh) : gdm tat ca cac 6(i,j) ma c6 hiéu
cac toa do (i-j) la hang so.
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Cat g Pudng chéo (i + j)

Butng chéo

(i-j) L

Hiang 1+—— ><

Do d6 ta s& chon cac mang Boole 1 chiéu dé biéu dién cac trang thai nay :
a[j] =1 : C6 nghia l1a khong c6 quan hau nao ¢ cdt.

b[i+j] =1 : C6 nghia 1a khong c6 quan hau nao ¢ duong chéo nguoc (it]) .
c[i-j] =1 : Cb nghia la khong c6 quan hau nao & duong chéo thuan (i- j) .
Vi:

1<1j<8—-2<1+j<16Va-7<i-j<7.

Nén ta co thé khai bao :

int x[8],

a[8],

b[15],

c[15];

Vi cac dir liéu da cho, thi 1énh dat quan hau s€ thé hién boi :

x[ 1]=j; // dat quan hau thir 1 trén cot j.

a[ j ] = 0;//Khi dat hau tai cot j , thi cdt j khong con tréng nira

b[ i+ j ] = 0;//Cac duong chéo twong tmg ciing khong con c[ i - j ] = 0;//trong nita .

Con 1énh D01 quan hau 1a :
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//Lam cho hang i va cac dudng chéo tuong ung tré thanh tréng

a[j = 1
b[itj]=1;
c[i-j]=1;

Con diél{ kién an toanladcotoadd (1,]) nﬁmqé hang V'f‘l cac duong ghéo chua bi chiém
(duogc thé hién bang gia tri True). Do d6, co6 thé dugc thé hién boi biéu thuic logic : a[ji |
&&b[it+]j]&&c[i-]]

Try (i)

{

for j=1;j<=8;j+¥)

if (a[j] && b[it+j] && ¢ i[ -j])

{

x[1] = J; a[j] = 0; b[i+j] = 0;

cfi-j] =0;

if (i<8)

try (i+1);

else

Xuat(x);

/* Sau khi in 1 101 giai xong, tra lai tinh trang ban dau con trong cho hang a[ j], duong
chéo i+j va duong chéo i-j, dé tim 101 giai khac */

a[jl1=1;
blitj] = 1;
clif]=1;
}
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}
Ghi chu :

Thuat toan nay tim duoc tit ca 92 10i giai. Thuc ra 13 chi co 12 16i giai khac nhau that
su, do 1a vi thuét toan khong ghi nhén tinh doi xtng.
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Bai toan tim kiém dwong di trén do thi

G = (V, U) 1a don @6 thi (c6 huong hoac v6 hudng). V = {1 ., n} 1a tdp cac dinh, U la
tap canh (cung). Véis, t € V, tim tit ca cac dudng di tir s dén t.

Céc thuat toan tim kiém co ban :

Thuét toan DFS : Tim kiém theo chiéu sau.

Thuét toan BFS : Tim kiém theo chiéu rong.

Thuéat toan DFS ( Depth First Search)

Y twéng

Thuat toan DF S tién hanh tim 7kié'm trong do thi theo chiéu sau. Thuat toan thuc hién
viéc tham tat ca cac dinh c6 thé dat duogc cho tdi dinh’t tir dinh s cho trudc. Binh duoc
tham cang muon s¢ cang sc"rm duoc duyét xong (co ché LIFO -Vao Sau Ra Trudc). Nén
thuat todn co thé t6 churc bang mdt thu tuc dé quy quay lui

Mo ta thuat toan

Input G = (V,U), s, t

Output Tét ca cac duong di tir s dén t (néu c6). DFS (int s) ?

for (u=1;u<=n;utt)

{

if (chdp nhan dugc)

{

Ghi nhan no;

if (u # t) DFS(u);

else In duong di;

bo viéc ghi nhén;
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}

b

Thuat toan BFS ( Breadth First Search)

Y twéng

Thuat toan BFS tién hanh tim kiém trén d6 thi theo chiéu rong. Thuit toan thyuc hién
viéc tham tat ca cac dinh c6 thé dat dugc cho tdi dinh t tir dinh s cho trude theo ting
muc ké. Binh dugc tham cang som thi s€ cang sdém duogc duyét xong (co ché FIFO -
Vao Trudc Ra Trude).

M0o ta thuit toan

Input G=(V,E), s, t€V;

Output

Puong di tir s dén t.

Mo ta:

Thuat toan c6 khong qué n budc 1ap; mot trong hai truong hgp sau xdy ra :

- Néu v6imoi i, t 2 Ai : khong co duong di tir s dén t;

- Nguoc lai, t ? A(m) voi m nao d6. Khi do tdn tai duong di tir s téi t, va do 1a

mot dudng di ngan nhét tir s dén t.

Trong trudng hop ndy, ta xac dinh duoc cac dinh trén dudng di bang cach

quay nguoc lai tir t dén cac dinh trude t trong ting cac tap trudc cho dén khi gip s.
Minh hoa :

Cho don db thi c¢6 huéng :

62/123



Mot s6 bai toan khac

Bai toan liét ké cac day nhi phan d¢ dai n

Bai toan:

Liét ké cac ddy co chiéu dai n dudi dang x1x2...xn , trong d6 xi €{ 0,1 }.

Phén tich, thiét ké thuat toan:

Ta c6 thé sir dung so d6 tim tat ca cac 10i giai ciia bai toan. Ham Try(i) xac dinh xi, trong
doé xi ch‘i c6 1 trong 2 gid tr‘j l1a 0 hay 1. Cac gié tri nay mac nh’ién dugc chap nhan ma
khong can phai thod man diéu kién gi. Nén Ham try(i) c6 the viét nhu sau :

Try (1) =

{

for G =0;j <= 1;j++)

{

x[i] =J;
if(i<n)
Try (i+1);
else
Xuat(x);
}

}

Cay khong gian céc trang thai cta bai toan ¢ thé mé ta boi
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Bai toan liét ké cac hoan vi

Bai toan:

Liét ké hoan vi ctia n s6 nguyén duong dau tién

Phén tich, thiét ké thuat toan:

Ta biéu dién cac hoan vi dudi dang aj ... an; ai €{1,..,n} va aj # aj néu i #j. Vo1 moi 1, aj
chap nhan gia tri j n€u j chua dugc sir dung, va vi vay ta can ghi nhé j da dugc st dung
hay chua khi quay lui. D€ lam di€u nay ta dung mot day cac bién logic bj v61 quy udce :

e ;]; néu j chita sit dung
vi=ln:b =4 » _
0:néu ngugce lai.

Sau khi gan j cho ai , ta can ghi nhd cho bj ( bj = 0) va phai tra lai trang thai cii cho bj (
bj = True) khi thuc hién viéc in xong mdt hoan vi. Ta chtl y rang day cac bién bj s€ duoc
khéi dong bang 1

Thuét toan c6 thé viét nhu sau :

Try( i)

{

for (j=1;j <=n;j++)

if (b[j])
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{

ai] =J;

b[j] = 0; // Ghi nhan trang thai m&i

if (i <n)

Try(it+1);

else

Xuét();

b[j] = True; // Tra lai trang thai cli

}

}

Bai toan liét ké t6 hop

Bai toan:

Liét ké cac td hop chap k cta n phan tir

Phén tich, thiét ké thuat toan:

Ta s& biéu dién t6 hop duéi dang x1...xk ; Trong d6 :
I<=x1,X2, ..., Xn<=n

Ta nhafn} xét rang v6i moi j €{1,..n}: Xj f:hép nhan j =7 €{ ci_1+}, - n-k+i}.Cé’c gia tri j
tl{éa dicu kién trén mac nhién dugc chap nhan, nén ta khong can dung cac bién booole
deé ghi nh¢ nira.

Thuét toan c6 thé viét nhu sau :

Try(i)

for(j=1;j<=n;j+t)

if(x[i-1]+1<=j<=n-k+i)
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{

x[i] =J;

if (i <k) Try(i+1);
else

Xuat(x);

}

M
o

\5
N

Tim duodng di tir dinh (1) d&én dinh (4) : A(0) = {1};

A1) =1{2,3,5} A(2) = {6} AQ) = {4}

Puong di ngan nhat tim duoc 144 26?5?21, ¢6 chidu dai 1a 3.
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Bai 6: Co ban vé thuat toan nhanh can va
cac bai toan

So d6 chung ciia thuit toan

Y twéng:

Vi cac bai toan tim phuong an tdi wu, néu ching ta xét hét tit ca cac phuong an thi mat
rat nhiéu thoi gian, nhung néu st dung phuong phép tham an thi phuong an tim duoc
chua hin d3 1a phuong 4n t6i wvu. Nhanh cén 1a k¥ thuat xdy dung cy tim kiém phuong
an tdi vu, nhung khong Xay dung toan bd cay ma su dung g1a tri can de han ché b6t cac
nhénh. Cay tim kiém phuong an ¢ niit gbc biéu dién cho tap tat ca cic phuong
an c6 thé c6, mdi nat 14 biéu dién cho mot phuong 4n nao d6. Nut n c6 cac niit con twong
g véi cac kha ning c6 thé Iya chon tdp phuong an xuit phat tir n. K¥ thut nay goi la
phan nhanh.Y tuéng chinh ctia nd nhu sau :

.....

cuc bd - chang han cO giad nho nhat tai th01 diém d6 ). Panh gia nhanh can 1a phuong
phap tinh gi4 ciia phuong an ngay trong qué trinh x4y dung cac thanh phan cua phuong
an theo hudéng dang xay dung co thé tot hon phuwong an mau hay khong. Néu khong ta
lya chon theo hudng khéc.

Vi mbi nut trén cay ta s& xac dinh mot gia tri can. Gia tri can 12 mot gid tri gﬁn voi gia
cua cac phuong an. Voi bai toan tim min ta s€ xac dinh c¢an dwdi con véi bai toan tim
max ta s& xac dinh cn trén. Can dudi 1a gia tri nhé hon hodc bang gia ciia phuong an,
nguoc lai can trén 1a gi tri 16n hon hodc bang gia cia phuong an.

M6 hinh chung
Gia sur bai toan tdi vu cho 1a :

Tim Min{f(x) : x ? D};

ﬁﬂ1 _"sIm[['(\} x =D}

.1

Vai X = <da=(a,,-,a, ]'E n,4: cP{x) |.4:|-:: sorwi=1n. P la mot tinh

chit trén I IA: .
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Nghiém cua bai toan néu co sé& dugc biéu dién dudi dang :x = (x1,...,Xn). Trong qua trinh
liét ké theo phuong phap quay lui, ta xdy dung dan céc thanh phan cta nghiém.

Mot bo phan i thanh phan (x1, .., xi) s& goi 1a mét 101 giai (phuong an) bd phan cép i. Ta
goi Xj 1 tap cac 1oi giai bo phan cap i, moii=1,n .

banh gia can la tim mot ham g xac dinh trén céc Xi sao cho :
g(xl,...,x1)<Min {f(a):a=(al,..,an)€ X ,xi=ai,moii=1,n.
Thu tuc quay lui stra lai thanh tha tuc nhanh cén nhu sau :

Try (i)

forG=1->n)

if( Chap nhan dugc )

{

Xéc dinh xi theo j;

Ghi nhan trang thai moi;

If (i==n)

I4
.....

else

{

Xéc dinh can g (x1,...,Xi)
If g (x1,...,Xi) < £
Try (i+1);

}

// Tra bai toan vé trang thai cii
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Bai toan nguwoi du lich

Bai toan:

Mot nguoi du lich mudn tham quan n thanh phé T1,.., Tn . Xuat phat tir mdt thanh phé
nao donguoi du lich mudn dén tat ca cac thanh phd con lai, mdi thanh phd di qua dung

1 14n rdi quay tré lai thanh phd xuat phat.

Goi C jj 1a chi phi di tir thanh phd Ti dén thanh phé Tj. Hiy tim mot hanh trinh thoa yéu
cau bai toan sao cho chi phi 1a nhé nhét.

Phén tich, thiét ké thuit toan

Goi [] 1a mot hoén vi caa {1,.., n} thi mgt thanh phé thoa man yéu cau bai toan c6 dang

CTT1() — T[](2) — ... = T (n) .

Néu ta ¢6 dinh mot thanh phd xuat phat, chang han T1, thi ¢6 (n-1)! Hanh trinh
Bai toan chuyén vé dang :

Tim Min{f(az,.., an ) : (a2,.., an ) 1a hoan vi cua {2,..,n}}.

Vi f(al,..., an) = C1, a2 + Ca2,a3+...+ Can-1,an + Can,1

Céch giai bai toan s& két hop danh gia nhanh can trong qué trinh liét ké phuong an cia
thuat toan quay lui.

Thiét ké thuat toan:

Input C = (Cij)

Output - x* = (x1,...,xn) / Hanh trinh t5i uu
- P = f(x*) // Gi tri toi wu

Try (i)

forG=1->n)

if( Chap nhan duoc )

{
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Xéc dinh xi theo j;
Ghi nhan trang thai moi;
if(i ==n)

.....

else

{

Xac dinh can g(x1,.., Xi)

If g(x1,.., x{)< £*)

Try (i+1);

b

// Tra bai toan vé trang thai cii

b

o Néu ta cb dinh xuét phat tu T1, ta duyét vong lp tir j = 2.

o banh gid nhanh cén :

bat : CMin = Min{Cij : 1, € {1,..,n}

Gia st vao budc i ta tim duoc 101 giai bo phan cap i 1a (x1,...xi ), tirc 13 da di

qua doan duong T1 -> T2 -> ... ->Ti, twong g vai chi phi :

Si=C1, x2 + Cx2x3F...1 Cxn-1,xn + Cxn,1

Dé phat trién hanh trinh ‘p(f) phan nay théph mot hanh trinh ddy du, ta con phai di qua
n-i+1 doan duong nira, gdm n-i thanh phd con lai va doan quay lai T1. Do chi phiq moi
mot trong n-i+1 doan con lai khong nhé hon CMin, nén ham danh gia can c6 thé xac
dinh nhu sau :

g(X1,...,%Xi)=Si+(n-i+1)CMin

o Diéu kién chap nhan duoc cta j 1a thanh phd Tj chua di qua.
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Ta dung mot mang logic Daxet[] dé biéu dién trang thai nay
Daxet[ j]=7?1; T j da duoc di qua

0; T j chua dugc di qua

Mang Daxet| ] phai dugc bang 0 tt ca.

0 Xéc dinh xi theo j bang ciu 1énh gan : xi =j

Cap nhat trang thai maéi : Daxet[j] = 1.

Cap nhat lai chi phi sau khi tim dugc xi : S= S+ C

4
.....

Tinh chi phi hanh trinh vtra tim duogc :
Tong =S + Cxn,1 ;

Néu (Tong < f*) thi

Lgtu =x;

f* = Tong;

o Thao tac huy bo trang thai : Daxet[j] = 0.
Tra lai chi phi cii : S = S- Cx-1xi

Thu tuc nhanh cén viét lai nhu sau :
Try(i)

forG=2->n)

if(!Daxet[j])

{

x[1] =j; Daxet[j] = 1;

S =S+ C[x[i-1]][x[i]];
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if(i==n)

{

//Cap nhat toi uu

Tong =S + C[x[n]][x[1]];
if(Tong < f*)

{

Lgtu =x;

f* = Tong;

else

{

g =S + (n-i+1)*Cmin; //Danh gia can

if (g <f¥)

Try(it+1);

}

S =S - C[x[i-1]][x[i]];
Daxet[j] = 0;

}

Minh hoa

Ma tréan chi phi:
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w3 14 1

o 4 22 20

=117 9 o 16
2 7T e 12
i 15 11 5 &
(1)
=
v’”
(1.2) rr' (1.3) (1.£) (1.5)
S=3:g=11 S=14: g=22 S=lf:g=26 S=15:g=23
L
(1,2,3) ! (1,2.4) (1,2.5)
=T, p=13 r 8=25; p=31 8=23;p=129
,
T S g = [® (=22):
Rk Er g ol p S
(123:4) (12,3.5) . Cat cdc nhinh iy

§=23;g=27 S=ll;g=15 T
(1,23.45) (1,23.5.4) et
8=3%pg=137 S=16; pg= 18

Cip nhdt:
fe=35+9 =44
Hanh trinh TU mdi

[—32-33—34—35

Cip nhdt:
fe=16+6=22
Hunh trinh mdi :
2223554
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Bai toan cai tui xach

Bai toan

C6 n loai do vat, mdi loai c6 sd lugng khong han ché. P vit loai i, dic
trung bdi trong lugng Wi va gia tri st dung Vi, véimoi i € {1,..,n}.

Can chon cac vat nay dat vao mot chi€c tui xach co6 gioi han trong luong m, sao cho tong
gia tri su dung cac vat dugc chon 1a 16n nhat.

Phén tich va thiét ké thuit toan :
(2, eegui, )= fluyeeu, ) = ZH:I': Huyyoeu, ) e D

bt Dz«!u = (t,,-u, ) N' :z.!e!u'! = m:.x

Vil f:D—= R

Bai todn chiéc tii xach chuyén veé bai toan sau :

Timx* e D:*=fix*) = {f(u):ue D

Cho nén ta s& két hop danh gia nhanh cin trong qua trinh 1iét ké cac 10i giai theo phuong
phap quay lui.

Mo hinh ban dau c6 thé sir dung nhu sau :
Try(i)

forG=1->1)

if(Chap nhan duoc)

{

X&éc dinh xi theo j;

Ghi nhan trang thai moi;
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if(i==n)

I4
.....

else

{

Xac dinh can trén g;

if( g(x1,..., xi) <= f*)

Try(i+1);

b

Tra lai trang thai cli cho bai toan;

}

0 Cach chon vat :

i il T | n
Xétmang don gid © Dg = T

Ta chon vat theo don gia giam dan.
Khong mét tinh tong quat, ta gia st cac loai vat cho theo th ti giam dan cta don gia.
o Panh gia can trén :
Gia su da tim duoc 101 gidi bd phan : (x1,...,x1)

5= Zrl =S + xjvj.

i=l

Khi do :
- (Gia tri cua tai xach thu duoc :

- Tuong Umg voi trong lugng cac vat da dugce xEp vao chiée ti :
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m-TL=m- Z:r:_,.u'_,. .
=1

TL= Ex_,.u‘_,. =TL + xjw; .
i=1

- Do d0, gidi han trong lugng cua chiéc thi con lai 1a :

Ta thdy ddy 13 mot bai toan tim max. Danh sach cac dd vat duoc sip xép theo thi tw
giam cia don gia dé xét phan nhanh. 1. Nut gdc biéu dién cho trang thai ban
dau cta ba 16, & d6 ta chua chon mot vat nao. Téng gia tri (TGT) dugc chon TGT=0.
Can trén cua nat gdc CT = W * Pon gia 16n nhat. 2. Nut gbe sé cO cac nut con
tuong tng véi cac kha ning chon db vat c6 don gia lon nhat. Vi mdi nit con ta t1nh
lai cac thong sb: TGT TGT (cii) + sd do vat duoc chon * gia tri moi
vat. W =W (ci) - sb6 do vat duoc chon * trong lugng mdi vat. :
CT =TGT + W (méi) * Pon gia cta vat s& xét ké tiép.

3. Trong c4c nut con, ta s€ wu tién phan nhanh cho niit con nao c6 cén trén l6n hon
trude. Cac con clia niit nay tuong tng véi cac kha nang chon do vat co don gia 16n tiép
theo. V&i mdi nut ta lai phai xac dinh lai cac thong s6 TGT, W, CT theo cong thirc da
noéi trong budce 2. 4. Lap lai budc 3 véi chi y: ddi v6i nhitng nat co cén trén
nhé hon hoic bing gi4 16n nhat tam thoi ciia mot phuong an da duoc tim thay thi ta
khong can phan nhanh cho nit dé nira. 5. Néu tat ca cac nut déu da dugc phan
nhanh hodc bi cat bo thi phuong an c6 gia 16n nhat 13 phuong an can tim. Vi du
: V6i bai toan cai ba 16 di cho, sau khi tinh don gia cho cac do vat va sap xép cac do vat
theo thir tw giam dan cua don gia ta dugc bang sau.

Loai dd vit | Trong lugng Gid tri Ban gid
b 10 25 25
a 15 30 20
d 4 6 15
G P 2 1
Goi x1, x2, x3, x4 13 86 lugong can chon twong Gng cua cac dd vat b, a, d, c. Nut

géc A biéu dién cho trang thai ta chua chon bat ctr mdt d6 vat nao. Khi do téng gia tri
TGT =0, trong lugng cua ba 16 W=37 (theo dé ra) va can trén CT = 37%2.5 =92.5, trong
d6371a W, 2.5 1a don gia ciia d6 vat b. Véi d6 vat b, ta c6 4 kha nang: chon 3 do
vat b (X1=3), chon 2 d6 vat b (X1=2), chon 1 d6 vat b (X1=1) va khong chon dd vét b
(X1=0). Ung v&i 4 kha nang nay, ta phan nhanh cho nut goc A thanh 4 con B, C, D va
E. Véi nit con B, ta 6 TGT = 0+ 3*25 = 75, trong d6 3 1a s6 vét b dugc chon,
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25 1a gié tri cuia moi dd vat b. W = 37- 3*10 = 7, trong d6 37 1a tronh lugng ban dau
ctia ba 16, 3 14 s6 vat b duogc, 10 13 trong lugng mdi d6 vat b. CT = 75 + 7*2 = 89, trong
do6 75 1a TGT, 7 1a trong lugng con lai cia ba 16 va 2 1a don gia cta dd vat a. Tuong tu
ta tinh dugc cac thong s6 cho cac nut C, D va E, trong do cén trén tuong tng 1a 84, 79
va 74. Trong cac nut B, C, D va E thi ntt B ¢6 can trén 16n nhét nén ta sé phan
nhanh cho nit B trudc véi hy vong s& co duge phuwong an tot tir hudng nay. Tir nit B
ta chi c6 mot nut con F duy nhat ung véi X2=0 (do trong lugng con lai cia ba 16 1a 7,
trong khi trong luong ctia mdi do vat a 1a 15). Sau khi xac dinh cac thong sé cho nut F
ta c6 can trén cua F 13 85.5. Ta tiép tuc phan nhanh cho nut F. Nut F ¢6 2 con G va H
tuong (mg véi X3=1 va X3=0. Sau khi xac dinh cic théng s6 cho hai nit nay ta thay
can trén ctia G 1 84 va cua H 13 82 nén ta tiép tuc phan nhanh cho nut G. Nut G ¢6 hai
con 1a I va J twong tmg véi X4=1 va X4=0. Pay 1a hai nut 14 (biéu dién cho phuong
4n) vi v6i mdi nut thi sb cac do vat da duoc chon xong. Trong do nut I biéu dién cho
phuong an chon X1=3, X2=0, X3=1 va X4=1 vdi gia 83, trong khi ntt J biéu dién cho
phuong an chon X1=3, X2=0, X3=1 va X4=01 voi gia 81. Nhu vdy gia 16n nhat tam
thoi ¢ day 1a 83. Quay lui 1én nait H, ta thay can trén ctia H 1a 82<83 nén cit tia nut
H. Quay lui 1én nit C, ta thay can trén ciia C 1a 84>83 nén tiép tuc phan nhanh
cho niit C. Nut C ¢6 hai con 14 K va L tng véi X2=1 va X2=0. Sau khi tinh cac thong s6
cho K va L ta thdy 4n trén ctia K 1a 83 va cua L 1a 75.25. Ca hai gid tri nay déu khong
16n hon 83 nén ca hai nat nay déu bi cat tia. Cudi cung cac nit D va E ciing bi cit tia.
Nhu vay tat ca cac nut trén cay déu da dugc phan nhanh hoic bi cit tia nén phuong an
t6t nhat tam thoi 12 phuong 4n can tim. Theo d6 ta can chon 3 dd vét loai b, 1 do vat loai
d va mot do vat loai ¢ véi téng gia tri 1a 83, téng trong luong 1a 36.
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Bai 7: Co ban vé thuit toan Tham Lam

Thuat toan Tham Lam

Dic trung ciia chién luwgc tham lam

So d6 thuét toan
Pic trung ciia chién lwgc tham lam

Phuong phép tham lam 13 k§ thuat thiét ké thuong dugc dung dé giai cac bai toan t6i wu.
Phuong phép duoc tién hanh trong nhiéu budc. Tai mdi budc, theo mot chon lua nao dd
( xac dinh bang mot ham chon), s& tim mot 101 giai t6i uu cho bai toan nho twong tng.
Loi giai cua bai toan duoc bd sung dan timg bude tir 101 gidi cla cac bai toan con. Loi

.....

Céc 10i giai theo phuwong phap tham lam thudng chi 1a chap nhan dugc theo didu kién
nao do, chua chac la to1 uvu.

Cho truéc mot tap A gSm n ddi tuong, ta can phai chon mdt tap con S cua A. V&1 mot
tap con S dugc chon ra théa man cac yéu cAu cua bai toan, ta goi la mdt nghiém chép
nhan duoc . Mot ham muc tiéu gén moi nghi¢m chép nhan dugc véi mot gia tri. Nghiém
tdi wu 1a nghi¢m chép nhan dugc ma tai d6 ham muc ti€u dat gia tri nho nhét (16n nhét).

Dic trung tham lam ctia phuong phap thé hién boi : trong mdi budc viée xur li s& tuan
theo mét sy chon lya trudce, khong ké dén tinh trang khong tot c6 thé xdy ra khi thuc
hién lya chon luc dau.

So d6 chung ciia thuit toan

. Pic diém chung cua thuat toan tham lam

- Muyc dich xay dung bai toan giai nhiéu 16p bai toan khac nhau, dua ra quyét dinh dya
ngay vao thuat toan dang co, va trong tuong lai s€ khong xem xét lai quyét dinh trong
qua khur. - > thudt toan dé dé xuat, thoi gian tinh nhanh nhung thuong khong cho két qua

ding.

- Loi gidi can tim c6 thé moé ta nhu 1a by gom hiru han cac thanh phan thoa man diéu
kién nhat dinh, ta phai giai quyét bai toan mdt cach t61 vu -> ham muc tiéu

- b€ xay dung 101 giai ta c6 mot tap cac ung cir vién
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- Xuat phét tir 10 giai réng, thuc hién viéc xay dung 1oi gidi timg budc, mdi budce s& lya
chon trong tap ung ctr vién dé€ bo xung vao 101 giai hién co.

- Xay dung dugc mdt ham nhan biét duoc tinh chép nhan duogc cua 101 giadi hién c6 ->
Ham Solution(S) -> Kiém tra thoa man diéu ki¢n .

- Mot ham quan trong nita : Select(C) cho phép tai mdi budc cua thuat toan Iwa chon
ung cu vién co trién vong nhat dé bé xung vao 101 giai hién c6 -> dya trén can cur vao
anh hodng ctia né vao ham muc ti€u, thyc té 1a ing cur vién d6 phai giap ching ta phat
trién tiép tuc bai toan.

- Xay dung ham nhan biét tinh chép nhan dugc cia tng ct vién dugce lya chon, dé co thé
quyét dinh bo xung tng ctr vién dugc lya chon bdi ham Select vao 101 gidi -> Feasible(S
ax).

So d6 thuét toan

* mnput A[1..n]

* output S /101 giai;

greedy (A,n)

S=0;

while ( A <> 0)

{

x= Chon(A); A = A-{x}

if( S U {x} chap nhan duoc )

S=SU {x};
Return S;
§
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Bai toan ngwoi du lich

Bai toan

Mot ngudi du lich mudn t}}am quan n thanh ph T1,.., Tn. Xuat phiit tor mot th:,inh phd
nao do, pgu:("ri du lich muon di qua tat ca cac thanh phd con lai, moéi thanh pho di qua
ding 1 1an roi quay trd lai thanh pho xuat phat.

Goi Cij 1a chi phi di tir thanh phd Ti dén Tj . Hay tim mot hanh trinh thoa yéu

cau bai toan sao cho chi phi 1a nhé nhét.

Phan tich, thiét ké thuit toan:

bay la ,béi toan tim chu trinh ¢6 trong s6 nho nhat trong mcf):[ don d6 thi c6 hu('):ng co
trong so. Thuét toan tham lam cho bai tpén 1a chon thanh pho ¢6 chi phi nho nhat tinh
ttr thanh pho hi¢én thoi dén céc thanh phd chua qua

Input C= (Cyj)

output TOUR // Hanh trinh tdi wu,

Mo ta :

COST;//Chi phi tuong ing

TOUR :=0; COST :=0; v :=u; // Kho1i tao

Moi k := 1 ->n ://Thim tit c4 cac thanh phd

// Chon canh ké)

- Chon <v, w> 1a doan ndi 2 thanh ph6 c6 chi phi nho nhét tinh tir thanh phé v dén céc
thanh pho chua qua.

- TOUR :=TOUR + <v, w>; //Cap nhat lo1 gidi
- COST := COST + Cvw ; //Cap nhat chi phi
// Chuyén di hoan thanh TOUR := TOUR + <v, u>; COST := COST + Cyw

Minh hoa:

80/123



ol
1
1

TS . =
o |

[ T T e B N 8
T ek B ek L

L D e

1.0 =F 051 =8 =1

::::W:E: \

2. TOUR == 20057 =1 =2 1
—=w=5 R 2
5/"5/’/

J.TOUR =412 <255}
COST =40 =5

—=w=23 1

4. TOUR = {=1 2>, =2 5>.<5 3=} 2z &
CUST =8u=d

81/123



I

‘-1\\\

-

o

== w=4;

TR oo
g
-

9. TOUR ={=1 2> <25>+5 3> -3 4=}
CEOST =T u=1;
TOUR ={=1 2>, <2 5>=<53><34> <4 1>}
COST =14

Do phirc tap thuat toan

Thao tac chon dinh thich hop trong n dinh dugc t6 chic bang mét vong lap
dé duyét. Nén chi phi cho thuat toan xac dinh bai 2 vong lap 10ng nhau, nén
T(n) € O (n?).

Cai dat thuat toan

int GTS (mat a, int n, int TOUR[max], int Ddau)

{

int v, //Dinh dang xet
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k, //Duyet qua n dinh de chon
w; //Dinh duoc chon trong moi buoc

int mini; //Chon min cac canh(cung) trong moi buoc int COST; //Trong so nho nhat cua
chu trinh

int daxet[max]; //Danh dau cac dinh da duoc su dung
for(k = 1; k <=n; k++)

daxet[k] = 0; /Chua dinh nao duoc xet

COST = 0; //Luc dau, gia tri COST ==0

int 1; // Bien dem, dem tim du n dinh thi dung

v = Ddau; //Chon dinh xuat phat la 1

1=1;

TOURJi] = v; //Dua v vao chu trinh daxet[v] = 1; /Dinh v da duoc xet
while(i < n)

{

mini = VC;

for (k =1; k <=n; k++)

if(!daxet[k])

if(mini > a[v][k])

{

mini = a[v][k];

w=k;
¥
V=W,
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i++;

TOUR[i] =v;
daxet[v] = 1;

COST += mini;

b

COST += a[v][Ddau];
return COST;

}
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Thuit toan Dijkstra — Tim dwong di ngin nhit trong do thi
6 trong so

Bai toan

Cho G = (V,E) 1a don dd thi lién théng (v6 hudng hoic c6 hudng) c6 trong sd

V ={1,..,n} 1a tdp cac dinh , E 1a tap cac canh (cung).

Cho s € E. Tim duong di ngin nhét di tir so dén cac dinh con lai. Giai bai toan trén bang
thudt toan Dijkstra .

Phin tich, thiét ké thujt toin

Thuat toan Dijkstra cho phép tim duong di ngan nhat tir mot dinh s dén cac dinh con lai
cua do thi va chiéu dai (trong s6 ) twong ung. Phuong phéap cua thuat toan la xac dinh
tuan tu dinh c6 chiéu dai dén s theo thu ty ting dan. Thuat todn dugc xay dung trén co
sO gan cho moi dinh c4c nhan tam thoi. Nhan tam thoi cua céac dinh cho bi€t can trén cua
chiéu dai duong di ngan nhat tir s dén dinh d6. Nhan cta céc dinh s€ bién doi trong cac
budc 1dp, ma & moi budce 1ap s€ c6 mot nhan tam thoi trd thanh chinh thire. Néu nhan
ctia mot dinh nao d6 tré thanh chinh thure thi d6 ciing chinh 1a chiéu dai ngan nhat cua
duong di tir s dén dinh do.

Ky hi¢u :

* L(v) dé chi nhin cua dinh v, tic 14 cin trén cua chiéu dai dudng di ngén

nhat tir sO dén v.

* d(s0 ,v) : chiéu dai duong di ngén nhat tir sO dén v.

* m(s0 ,v) 13 trong s6 cua cung (canh) (s,v).

Thuat toan Dijkstra tim chiéu dai dudng di ngin nhét tir dinh s dén n-1 dinh

con lai dugc mo ta nhu sau:

input: G, s0

Output : d(s0,v), moi v #5s0 ;

Mo ta:
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o Khoi dong :
L(v) =0, moi v # s0; /Nhan tam thoi
S = {so}; //Téap luu trit cac dinh c6 nhan chinh thirc
0 Budc 0 :
d(s0,s0 ) =L(s0) = 0;
S = {s0}; // sO ¢c6 Nhan chinh thurc
o Buoc 1:
- Tinh lai nhan tam thoi L(v), v khong thudc S :
Néu v ké véi s0 thi
L(v) = Min{L(v), L(s0) + m(s0,v)};
- Tim s thudc S va ké véi s0 sao cho :
Lis; y=Min{L(v): ¥v e 3§, }:

(Khi do: disps; y=Lis;))
-S=5u{s):/S={sp.5% } ;s cOnhin chinh thic

o Budc 2:
- Tinh lai nhan tam thot L(v), v? S :

-Tim s: ¢ § va ké vdis; hoic s sao cho :
Lisz y=Min{Liv): ¥v g §];
{ Khidd : diss: y=Lisz) ) F0=d(s0s:) = disg.s:)
Néu L(ss) = Min{L(sj), Lisj) + m(sj,s2}} thi duting di tir s dén s, di qua dinh
s; 12 ngdin nhilt, vi s 14 dinh ding ké trude sa.
-S=Su{s)}: M S={sp. 8. %} Ms:cd nhin chinh thic

Néu v ké véi s1 thi L(v) = Min{L(v), L(s1) + m(s1,v)};
Tinh chit tham lam cta thuat toan Dijkstra 14 tai mdi budc, chon si khong thudc S va si

1a dinh ké véi sj, v6i j = 0,i-1 sao cho L(si ) = Min{L(v) : v ? S }. Minh hoa : Xét d0 thi
c6 huong G :
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Puong di ngan nhat tir dinh s = 1 d&én cac dinh con lai :

Béang cac budc di.

Butdic Chiéu dii cla duding di ngiin nhil
lip Puting di ngiin dén tir dinh s (=1) dén cdc dinh khic : tsnn[)
nhit 1 duing di | dinh 1 2 3 4 5 f
tir dinh 1

Budcl | 123 3 : 20 15 ol &l a0

Budc2 | 12322 7. . 19 ~ 25

Budcd | 12326 6 - - - 29 25

Budcd | 12932 624 4 = — = 29 -

Budcs | 1232 225 5 - - - - 29 -
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Bai 8: Co ban vé thuit toan Quy hoach
dong

So d6 chung ciia thuit toan

Quy hoach dong c6 nhimng nét gidbng nhu phuong phap “Chia dé tri”, nd doi hoi viéc
chia bai toan thanh nhitng bai toan con kich thudc nho hon. Nhu ching ta da thay trong
chuong trude, phuong phap chia dé trj chia bai toan can giai ra thanh cic bai toan con
doc 1ap, sau do6 cac bai toan con nay dugc giai mot cach dé quy, va cudi cing tong hop
cac 101 giai cua cac bai toan con ta thu duoc 10i giai cua bai toan dit ra. Piém khac co
ban ctia quy hoach dong v6i phuong phap chia dé tri 1 cic bai toan con 1a khong doc
1ap v&i nhau, nghia 1a céc bai toan con cung c¢6 chung cac bai toan con nho hon. Trong
tinh hudng d6, phuong phap chia dé tri sé t6 ra khong hiéu qua, khi n6 phai lap di lap lai
viéc giai cac bai toan con chung d6. Quy hoach dong s& giai mot bai toan con mot 1an
va 101 gidi ctia cac bai todn con s€ dugc ghi nhan, dé thoat khoi viée giai lai bai toan con
modi khi ta doi hoi 11 gidi ctia no.

Quy hoach dong thuong duogc ap dung dé giai cac bai toan to1 wu. Trong cac bai toan toi
uu, ta co mot tap cac 101 giai, ma moi 101 gidi nhu vay dugc gan véi mot gia tri so. Ta
can tim 101 giai véi gia tri sO to1 uu (nho nhat hoac 16n nhat). Lo1 giai nhu vay ta s€ goi

7
.....

Viéc phat trién giai thuat dya trén quy hoach dong c6 thé chia lam 3 giai doan:

« Phan ra: Chia bai toan can giai thanh nhiing bai toan con nhé hon c6 cling dang
v6i bai toan ban dau sao cho bai toan con kich thudc nhé nhat c6 thé giai mot
cach truc tiép. Ban than bai toan xuat phat c6 thé coi 13 bai toan con ¢o kich
thudc 16n nhat trong ho cac bai todn con nay.

* Ghi nhén 101 gidi: Luu trir 101 gidi ciia cac bai todn con vao mot bang. Vi¢c lam
nay 1a can thiét vi 10i giai cta cac bai toan con thuong dugc sir dung lai rat
nhiéu lan, va diéu d6 nang cao hiéu qua cia giai thuat do khong phai giai lip lai
cing mot bai toan nhiéu lan.

« Tong hop 10i giai: Lan lugt tir 10i giai clia cac bai toan con kich thudc nho hon
tim cach x4y dung 10i giai clia bai toan kich thudc 16n hon, cho dén khi thu
duoc 101 giai ctia bai toan xuét phat (1a bai toan con c6 kich thudc 16n nhat). K§
thuat gidi cac bai toan con cua quy hoach dong la qua trinh di ttr dudi 1€n
(bottom — up) 1a diém khac quan trong véi phuong phap chia dé tri, trong d6
cac bai toan con dugc tri mot cach d¢ quy (top — down).

88/123



Yéu cau quan trong nhét trong vi¢c thiét ké thuat toan nho quy hoach dong la thyuc hién
khau phan ra, tc 1a xac dinh dugc cAu triic cua bai toan con. Viéc phan ra can dugc tién
hanh sao cho khong nhing bai toan con kich thudc nhé nhét co thé giai dwoc mot cach
tryc tiép ma con c6 thé dé dang viée thuc hién tong hop 10i giai.

Khéng phai luc nao viée ap dung phuong phap quy hoach dong dbi véi bai toan tdi wu
hoé cling dan dén thuat toan hi¢u qua. Co6 hai tinh chat quan trong ma mot bai toan toi
uu can phai thoa man dé cé thé ap dung quy hoach dong dé giai no la:

« CAu trac con t6i wu: Tinh chét nay con dugc goi 1a tiéu chuan t6i wu va co thé
phat biéu nhu sau: Dé giai duc bai toan dat ra mot cach t8i wu, moi bai toan con
cling phai dugc gidi mot cach t6i wu. Mic du su kién nay co vé la hién nhién,
nhung né thudng khong duge thoa man do cac bai toan con la giao nhau. Diéu
d6 dan dén 1a mot 101 giai 6 thé 1a “kém tdi wu hon” trong mot bai toan con
nay nhung lai c6 thé 13 101 giai t6t trong mot bai toan con khac.

« S6 luong cac bai toan con phai khong qué 16n. R4t nhiéu cac bai toan NP — kho
c6 thé giai dugc nho quy hoach dong, nhung viéc lam nay 1a khong hiéu qua do
sO lwgng cac bai toan con ting theo ham mii. Mot doi hoi quan trong d6i véi
quy hoach dong 1a tong s6 cac bai toan con can giai 1a khong qua 16n, cing 1dm
phai bi chan bdi mdt da thic cua kich thudce dir li€u vao.
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Bai toan thwe hién diy phép nhan ma tran

Nhu di biét, tinh cia ma trdn A = (aik) kich thuéc p x q véi ma tran B = (bkj) kich thudc
q x r la ma tran C = (cjj) kich thudc p x r véi cac phan tir dugc tinh theo cong thirc:

ci=2r 1apb,l <1<p,1<j<q.

Chung ta c6 thé sir dung doan chuong trinh sau day dé tinh tich cta hai ma tran A,B:
fori=1->p

forj=1->r

{

clij]=0

fork=1->qdo

c[ij] =c[ij] +a[ik] *b[k,];

}

R rang , doan chuong trinh trén doi hoi thuc hién tat ca pqr phép nhan dé tinh tich cua
hai ma tran.

Gia str ta phai tich tich cta nhiéu hon 13 hai ma tran. Do phép nhan ma tran c6 tinh két
hop, ta c6 thé tich tich ctia cac ma tran.

M =MiM3...Mn

Theo nhiéu cach khac nhau, chéng han
M =(...((M1M2)M3)...Mn)

= (MI(M2(M3...(Mn-.1Mn)...)))
=(...(M1M2)(M3Ma4))...),v.v...

Mit khac, do tich ma tran khong c6 tinh chit giao hoan, nén ta khong dugc thay doi thir
tu cua cac ma tran trong biéu thure da cho.
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MB3i cach tinh tich cac ma tran d6 cho doi hoi mot thoi gian tinh khac nhau. Pé danh
gi4 hiéu qua ctia cac phuong phap chiing ta dém sb phép nhan can phai thyc hién. Trong
doan chuong trinh trén, ta théy dé tinh tich ctia hai ma tran ta con phai thuc hi¢n cung
mot s6 nhur vay cac phép cong va mot sé phép gan va tinh chi sd, vi thé, s6 luong phép
nhan 13 mot chi s6 danh gia kha chinh xac hiéu qua ctia phuong phap.

Vi du: Tinh tich M = ABCD cutia bdn ma trén, trong d6 A c6 kich thude 13 x 5, B ¢6
kich thudc 5 x 89, C c6 kich thude 89 x 3 va D ¢ kich thude 3 x 34. Sur dung céch tinh

M = ((AB)C)D),

Ta phai thuc hién lan luot tinh
AB 5785 phép nhan

(AB)C 3271 phép nhan
((AB)C)D 1326 phép nhan

Va tong cong 1 10582 phép nhan
T4t ca c6 5 phuong phap khac nhau dé tinh tich ABCD:
1. ((AB)C)D 10582

2. (AB)(CD) 54201

3. (A(BC))D 2856

4. A(BC)D) 4055

5. A(B(CD)) 26418

Phuong phap hiéu qua nhét (phuong phap 3) doi hoi khdi luong phép nhén it hon gan
19 lan so v&i1 phuong phap toi nhat (phuong phap 5).

Dé tim phuong phap hiéu qua nhat, chung ta co thé liét ké tat ca cac cach dlen dau ngodc
vao biéu thirc tich ma trén da cho va tinh 5O lugng phép nhan doi hoi theo mdi cach. Ky
hiéu T (n) 14 s6 cach dién cac dau ngodc vao biéu thire tich cia n ma tran. Gia st ta dinh
dat dau ngodc phan tach dau tién vao giira ma tran tht i va ma tran thir (i + 1) trong biéu
thure tich, tirc la:

M= (M1 M3 ... Mi)(Mi+1 Mi+2 ... Mn)
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Khi d6 c6 T(i) cach dit dau ngodc cho thira sb thr nhat (M1 M2 ... Mi) va T(n-i) cach
dit dau ngodc cho thira s6 thir hai (Mi+] Mi2 ... Mn) va tir 46 T(i)T(n-i) cach tinh biéu
thirc (M1 M2 ... Mi)(Mi+] Mi+2 ... Mn). Do i c¢6 thé nhan bat cr gia tri nao trong khoang
tir 1 dén n-1, suy ra ta c6 cong thire truy hdi sau dé tinh T(n):

Két hop v6i didu kién dau hién nhién T(1) = 1, ta c6 thé tinh cac gia tri ctia T(n) v6i moi
n. Bang dudi day cho mot so gia tri cua T(n).

n 1
Tin) 1 1

[

10 15
17 | 4862 267444

LA e
Lh

Pt | LD

Gia trj ciia T(n) dugc goi 13 sé Catalan. Cong thirc sau ddy cho phép tinh T(n) qua hé sb
t6 hop:

T(n) = Cyy 0 >2
T 6 T(n) = T(n) = 4™2. Nhu vay, phuong phap duyét toan bo khong thé sir dung dé

tim cach tinh hiéu qua biéu thure tinh ctia n ma tran, khi n 16n.
Bay gid, ta xét cach ap dung quy hoach dong dé giai bai toan dit ra.
* Phan ra (Xac dinh ciu triic con tdi uu).

Budc dau tién phai thyc hién khi mudn ap dung quy hoach dong dé giai bai toan dat ra la
tién hanh phan r bai toan hay phat hién ciu triic con t6i wu. Nhan thay rang: Néu cach
tinh t8i wu tich ctia n ma tran doi hoi dit dau ngodac tach dau tién gilta ma tran thir i va
th (i+1) cta biéu thire tich, thi khi d6 ca hai tich con (M1 M2 ... Mi) va (Mi+1 Mis2 ...
Mn) ciing phai duoc tinh mot cach tdi wu. Khi d6 s6 phép nhan can phai thyc hién dé
nhan diy ma tran sé& bing tong sé phép nhan can thuc hién dé nhan hai diy con (M1 M2
... Mi) va (Mi+1 Mis2 ... Mn) cong v6i s6 phép nhan can thuc hién dé nhan hai ma tran
két qua tuong tng voi hai ddy con nay. Vi vay dé xé4c dinh cach thuc hién nhan téi vu ta
can giai quyét hai van dé sau:

- Can dat dau ngodc phan tach dau tién vao vi tri nao (xéc dinh i);

- Thuc hién viéc tinh t6i wu hai tich con (M1 M3z ... Mi) va (Mi+1 Mi+2 ... Mn) bang
cach nao.

Viéc tinh mdi tich con rd rang c6 dang gidng nhu bai toan ban dau, vi thé c6 thé giai mot
cach d¢ quy bang cach ap dung céach giai nhu doi véi day xuat phat. Van deé thur nhat co
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thé dugc giai bang cach xét tit ca cac gia tri ¢6 thé cta i. Nhu vay, bai toan nhan diy ma
tran thoa méan doi hoi vé cau tric con ti vu: Pé tim cach tinh t6i uu viéc nhan diy ma
tran (M1 M2 .. Mp) chiing ta c6 thé sir dung céch tinh toi wu cta hai tich con (M1 M2 ...
Mi) va (Mi+1 Mi+2 ... Mn). Noi cach khac, nhitng bai todn con phai dugc gidi mot cach
t6i wu ciing nhu bai toan ban dau. Phan tich ny cho phép ta sir dung quy hoach dong dé
giai bai toan dat ra. Xét ho cac bai toan:

Tim mjj 1a s6 phép nhén it nhat can thyuc hién dé tinh tich
Mi+1 Mi+2 ... Mj), 1 <1<j<n

Loi giai can tim s& 1a mip

* Tong hop 10 giai.

Gia st kich thudc cua cac ma tran dugc cho boi vée to d[0 ... n], trong d6 ma tran Mi co
kich thuéc di.jxdi,i=1, 2, 3, ... n. Ta s& xdy dung bang gia tri mi j 1an luot theo ting
duong chéo cia nd, trong d6 dudng chéo thir s chtra cac phan tir mi j v6i chi sb thoa
mén j - i = s. Khi d6, duong chéo s = 0 s& chira cac phan tir mij(i=1,2,...n)tuong
ung voi tich ¢6 mot phén tu Mi. Do d6, mij=0,1=1, 2, ... n. Duong chéo s = I chua
cac phan tir mij+] tuong Ung voi tich MiM; + 1, do ¢ day khong co sy lya chon nao khéc,
nén ta phai thuc hi¢n dj - 1didj + 1 phép nhan. Gia str s > 1, khi d6 duong chéo thir s chira
cac phan tr mij+s trong tng véi tich Mi Mi+1 ... Mi+s. Bay gio ta ¢6 thé lia chon viée
dat dau ngodc tach dau tién sau mot trong sO cac ma tran Mi, Mi+1, ..., Mi+s-1. Néu dat
dau ngoac dau tién sau Mk, i <k < i+s , ta can thuc hién mik phép nhan dé tinh thura sb
thtr nht, mk+1,i+s phép nhan dé tinh thira sé thir hai, va cudi cung 1a di-1dkdi+s phép
nhén dé tinh tich ctia hai ma tran thira sé dé thu duoc ma tran két qua. Pé tim céch tinh
t6i wu, ta can chon cach dat ddu ngodc tach doi hoi it phép nhan nhat.

Nhu vy, dé tinh bang gid tri mi j ta c6 thé sir dung quy tic sau day:
s=0;mij=01=1,2,...,n

s=1;mij+1=dididi+1,1=1,2,...,n-1

1 <s <n; mij+s = min{mik + mk+1, j+s + di-1dkdi+s: 1 Sk <its},1=1,2,...,n—s.

Luu ¥ rang, dé dé theo ddi ta viét ca cong thirc cho trudng hop s = 1, ma dé thay 1a cong
thirc cho truong hop tong quat van ding cho s = 1.

Vi du 2: Tim cach tinh téi vu cho tich cua bén ma tran cho trong vi du 1.
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Taco d= (13,5, 89, 3, 34). Véis =1, ml2 = 5785, m23 = 1335 va m34 = 9078. Tiép
theo, vdi s = 2 ta thu duoc

mi3=min(mi] +m23 + 13 x5x 3, mi2 +m33+ 13 x 89 x3)
=min(1530, 9256) = 1530

m24 = min(m22 + m34 + 5 x 89 x 34, m23 + m44 + 5 x 3 x 34)
= min(24208, 1845) = 1845

Cudi cing v6is =3 ta co

mi4=min(mi] + mp4 + 13 x 5x 34), {k=1}

mi2 + m34 + 13 x 89 x 34, {k=2}

mi3 +m4q + 13 x 3 x 34, {k=3}

=min(4055, 54201, 2856) = 2856.

Bang gia tri m dugc cho trong hinh v€ dudi day

i=1 2 3 4
i=1 0 3783 1530 2836
2 0 1335 1845 5=3
3 0 aavs 5=2
3 0 5=
s=0)

14
.....

Pé tim 10i giai tdi uu, ta sir dung bang hi j ghi nhan cach dat dau ngodc tach dau tién cho
gia tri mi j.

Vi du 3: Céac gia tri cta hi j theo vi du 1 dugc cho trong bang dudi day:
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i=1 2 3 1

i=1 1 7 1 3
7 2 3 3 5=3
3 3 1 s=2
4 1 s=1
s=0)

Ta c6 sb phép nhan can thuc hién 1a m14 = 2856. Diu ngoac dau tién can dat sau vi tri
h14 =3, thc 1a M = (ABC)D. Ta tim cach dat dau ngoac dau tién dé c6 m13 tuong Gng
v6itich ABC. Ta co h13 =1, ttrc 1a tich ABC dugc tinh t61 uvu theo cach: ABC = A(BC).

Bay gi0, ta tinh sb phép toan can thuc hién theo thuat toan vira trinh bay. Véi mdis>0,
c6 n— s phan tir trén dudng chéo can tinh, dé tinh mdi phan tir d6 ta can so sanh s gia tri
sd twong tng véi cac gia tri co thé cia k. Tir d6 suy ra s6 phép toan can thuc hién theo
thuat toan la co

St (=) =nEi s - XS
n’(n—1)/2=n(n—1)2n—1)/6
(n3 - n) /6
0(r’)
Thuat toan trinh bay ¢ thé mé ta trong hai thii tuc sau:
procedure Matrix-Chain(d,n)
{m[1,j] - chi phi t6i wu thuc hién nhan day Mi . .. Mj;
h[1,j] - ghi nhan vi tri dat dau ngoac dau tién trong cach thuc hién nhan day Mi . . . Mj}
begin
for i: = 1 to n do m[i,j]: = 0; /khoi tao
for s: =1 ton do // s = chi s6 cua duong chéo
fori:=1ton-sdo

begin
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jo=1+s-1;m[ij]=+7;
fork:=1toj-1do

begin

q: = m[i,k] + m[k+1,j] + d[i-1]*d[k]*d[j];
1f(q<m[i,j]) then

begin

m[i,j] = q; h[i,j] =k;

end;

end;

end;

end;

Thu tuc d¢ quy sau day st dung mang ghi nhan h dé dwa ra trinh ty nhan téi wu.
procedure Mult(i,j);

begin

if(i<j) then

begin

k=hij];

X =Mult(i,k); { X =M[i] /... M[k] }

Y = Mult(k+1,j); { Y =M[k+1]...M[j] }
return X*Y; { Nhan ma tran X va 'Y }
end

else
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return M[i];

end;
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Bai 9: Cac bai toan sir dung thuat toan Quy
hoach dong

Tap déc 16n nhat trén cay

Pé phat biéu bai toan ta can nhic lai mot s6 khai niém. Gia sit G = (V,E) 1a don db thi
v6 hudng voi trong so trén dinh c(), V. Mot tap con cac dinh ctia d6 thi dugc goi la tap
ddc 1ap, néu nhu hai dinh bat ky trong U 1a khong ké nhau trén G.

Néu U 1a tap doc 1ap, thi ta goi trong sé ciia U 14 tong trong s6 cua cac dinh trong nd. Ta
s€ goi tap doc lap voi trong s6 16m nhét 1a tap doc lap 16n nhét. Bai toan tap doc lap 16n
nhit trén d6 thi 1a mot bai toan kho. Tuy nhién, khi do thi G 1 cdy bai toan nay co thé
gidi hi€u qua bdi thuat toan quy hoach dong.

Bai toan phat biéu nhu sau: Cho cdy T = (V,E) véi trong s trén cac dinh ¢(), V. Hiy tim
tap doc lap 16n nhat cua T.

Dung cay T ¢6 gdc tai dinh r, va duyét cay theo thir ty sau (postorder). Xét dinh tuy y
v6i k con wl, w2, ..., wk. Ta c6 thé tao tap ddc 1ap cua cady con goc tai theo hai cach,
phu thudc vao vi¢e ta c6 chon dinh vao tap doc 1ap hay khong:

. Neu ta khong chon vao tap doc lap, thi ta co the két hop cac tap doc lap cua cac cay
con gbc tai wl, w2, ..., wk dé tao tap doc 1ap gdc tai , boi vi khong co canh nbi giita cac
cay con nay.

« Con néu ta chon vao tap doc lap thi ta chi co thé st dung cac tap doc lap khong chira

g0c cua cac cay con tuong Ung vo1 wl, w2, ..., wk, do va bat ky con wi nao cua no
khong cung chon vao tap doc 1ap

ozo
2N s
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Do d6, voi mdi dinh thuat todn phai tinh cac thong tin sau:
1. big() = trong lwong 16n nhét cua tap doc lap cua ciy con cb gdc tai .

2. bibnotroot() = trong lwong 16n nhat cua tap doc 1ap khong chira cta ciy con c6 gdc
tai .

Tai dinh , thuat toan s& goi dé quy tinh big(wi) va bignotroot(wi) v6i mdi ciy con gdc
tai cac con wl, w2, ..., wk cua . Sau d6 tinh bignotroot() va big() st dung cong thirc d¢
quy tuong tng véi hai tinh huong mo ta ¢ trén:
bignotroot(v) = Y*_ big(w;)
big(v) = max {bignotroot(v),c(v) + Y*_ , bignotroot(w,)}

Néu 14 14 thi bignotroot() = 0 va big() = c().

Ttr cac phan tich trén dé dang xay dung thuat toan tinh big(), V véi thdi gian O(n), trong
don=.

Ta x¢&t cach thyc hién d¢ quy cua thuat toan R rang trong s cua tap doc 1ap 10’n nhét
tai dinh s€ hoac la bang trong luong cua tat ca cac tap doc 1ap cua cac ciy con goc tai
wl, w2, ..., wk hodc bang tong trong lugng ctia va trong luong cia cac cdy con gdc tai
cac dinh la chau cua . Tu do6 ta c6 thuat toan d¢€ quy sau:

function MaxISTree(r);

(* Tim tap doc 1ap 16n nhat cua cay con gdc tai r *)

(* Con(r) - danh sach céc con cua root *)

(* Chau(r) - danh sach cac chau cua root *)

begin

if Con(r) = then return c(r) (* rln 1, *)

else

begin

bignotroot: = 0;

forw Con(r) do
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bignotroot: = bignotroot + MaxISTree(w);

bigr: = c(1);

foru Chau(r) do

bigr: = bigr + MaxISTree(u);

return max(bignotroot, bigr);

end;

end;

Lénh goi MaxISTree(root) (root 1a goc clia cay T) s& thuc hién thuat toan. Tét nhién thu

tuc dé qui nay 1a khong hiéu qua. Do ¢ day chi c6 O(n) bai toan con can giai, ta co thé
viét lai n6é dudi dang thu tuc dé qui ¢6 nhd dé co6 dugce thuat toan véi thoi gian tinh O(n).
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Bai toan day con lén nhat

Trong chwong 2 ta di trinh bay thuat toan chia dé tri dé gia bai toan day con 16n nhat
v6i thot gian tinh 0 (n log n). Bay gio ta xét thuat toan quy hoach dong dé giai bai toan
nay. B¢ don gian ta chi xét cach tinh tong cua ddy con 16n nhat.

Phén ra. Goi si 12 tong ctia ddy con 16n nhat trong diy

al, a2, ...., ai,

1=1,2,...,n.R0 rang sn la gia tri can tim.

Tong hop 10 gidi. Trude hét, ta c6 sn = al. Bay gio gia siri> 1 va sk 1a da biét véi k =
1,2,...,1- 1. Ta can tinh si 1a tong ctia day con 16n nhat ctia day con 16n nhat ctia day al,

a2, ..., ai-1, ai.

RS rang ddy con 16n nhat cua diy nay hoic 1 co chira phan tir ai hodc 1a khong chuta
phan tr ai, vi thé chi c6 thé 12 mot trong hai day sau day:

* Day con 16n nhét cta day al, a2, ..., ai-1.
« Ddy con 16n nhat cta ddy al, a2, ..., ai két thic tai ai.
T d6 suy ra

si =max {si-l.ei },

Trong d6 ei la téng cua day con lon nhat cia day al, a2, ..., ai két thuc tai ai.
Luu ¥ rang dé tinh ei, i= 1, 2, ..., n, ta cling c6 thé str dung cong thirc dé quy sau:
el =al;

ei = max {ai, ei-1 +ai },1> 1.

Tir d6, ta co6 thuat toan sau dé giai bai toan dat ra:
procedure Maxsub(a);

begin

smax: = afl]; (* smax - tong ciia déy con Ién nhat *)
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maxendhere: = a[1];

imax: = 1; (* imax - vi tri két thiic ciia ddy con Ién nhat )
fori:=2tondo

begin

u: = maxendhere + af[i];

v: = ali];

if (u > v) then maxendhere = u else maxendhere = v;
if (maxendhere > smax) then

begin

smax: = maxendhere;

max: = i;

end;

end;

end;

D@ thay thuat toan Maxsub c6 thoi gian tinh 1a O(n).

102/123



Bai toan diy con chung dai nhat

Ta goi ddy con ctia mot diy cho trudc 1a diy thu duoc tir ddy di cho bang viéc loai bo
mot sb phén tir. MGt cach hinh thtrc, gia sir cho day X = <x1, x2, ..., xm>, ddy Z = <zl,
22, ..., zk> duogc goi 1a ddy con cua diy X néu tim duoc diy cac chisd 1211 <i2 < ...<
itk?nsaochozi=xij,j=1,2, ...,k Chéng han day Z = < B, C, D, B> 1a day con cua
diy X =<A, A,B,C, B, C,D, A, B, D, A, B> véi déy chi s6 14 <3, 4, 7, 9>.

Cho hai ddy X va Y ta néi ddy Z la ddy con chung ctia hai diy X va Y néu Z 1a diy con
cla ca hai ddy nay. Vi du, néu X=<A,B,C,D,E,F,G>vaY=<C, C,E, D, E, G, F>
thi day Z = <C, D, F> la day con chung cua hai day X va Y, con day <B, F, G> khong la
diy con chung ctia chiing. Dy <C, D, F> khong 1a diy con chung dai nhét vi né c6 do
dai 3 (s6 phan tir trong ddy), trong khi d6 diy <C, D, E, G> 1a ddy con chung ctia X va
Y c6 dg dai 4. Day <C, D, E, G> 1a day con chung dai nhat vi khong tim dugc day con
chung c6 do dai 5.

Bai toan ddy con chung dai nhat duoc phat biéu nhu sau: Cho hai diy X =
<x1,x2,....xm>va Y = <yl,y2,....,yn>. Can tim diy con chung dai nhit cia hai diy X
vayY.

Thuat toan truc tiép dé giai bai toan dat ra 1a: Duyét tat ca cac diy con cta diy X va
kiém tra xem mdi diy nhu vay c6 13 ddy con ctia diy Y, va giit lai ddy con dai nhat. Mdi
diy con cua X twong tng véi diy chi sb <il,i2, ..., ik>1a tap con k phan tir cta tap chi
sb {1,2,...,m}, vi thé co tat ca 2m day con cua X.Nhu vay thuat toan truc tiép do1 hoi
thoi gian ham mii va khong thé Gmg dung duoc trén thue té. Ta xét 4p dung quy hoach
dong dé xay dung thuat toan giai bai toan nay.

Phanrd . V6imdi 0 ?i? mva0 ?j? nxét bai todn C(i,j); tinh C[i,j] 1a do dai cta day
con chung dai nhat cua hai day.

Xi=<x1,x2,...,x1>
va
yi=<yl,y2,...y1>

Nhu vay ta dd phan bai toan can giai ra thanh (m+1)x(n+1) bai toan con. Ban than bai
toan xuat phat 1a bai toan con c6 kich thudc 16n nhat C(m,n).

Tong hop 101 giai. Rd rang

c[o,j]=0,j =0,1,...,n va ¢[1,0]=0,i=0,1,...,m.
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Gia str i>0,j>0 ta can tinh c[i,j] 1a 46 dai cta ddy con chung 16n nhét cta hai diy Xi va
Yi c6 hai tinh huong:

Néu Xi =Yi thi ddy con chung dai nhit ctia Xi vaYi sé& thu dugc bang viéc bd sung Xi
vao day con chung dai nhat cua hai day Xi-1va Yj-1

Néu Xi Yi thi ddy con chung dai nhét cua Xi va Yj sé& la ddy con dai nhit trong hai day

con chung dai nhét cta (Xi va Yi) va cua (Xi-1 va Yj) . Tir d6 ta c6 cong thirc sau dé
tinh C[i,j].

c[iy]
0,
[i—1-1]+1

max {c[iyj — 1].e[i — 1]} nOu i=0 hoZc j=0nOu i,j >0 vp xi=yjnOu i,j >0 vu xi yj

>

i

ThuEt to,n txm d-y con chung dpi nhEt ¢i thO m« t§ nh sau.
Procedure LCS(X,Y);
begin

for i :=1 to m do ¢[1,0]:=0;
forj: =1 to n do c[0,j:=0;
fori: =1 tom do

forj: =Itondo

if xi = yi then

begin

c[ij]==c[i-1,j-1]+1;
b[i,j]:=/;

end
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else

if c [i-1,j] > c[ij-1] then
begin

cij]=c[i-1,j];

blijl:=7?7;

end

else

begin

c[ij]:=c[ij-1];

blij]:=?;

end;

end;

Trong thii tuc m6 ta ¢ trén ta s dung bien b[i,j] dé ghi nhn tinh hudng toi wu khi tinh
gia tri ¢[1,j]. St dung bién nay ta c6 theé dua ra dady con chung dai nhat cia hai day X va
Y nho thu tuc sau day:
Procedure Print LCS (b,X.1,));
begin

if(i=0)or (j=0) then return;

if b[1,j]=/ then

begin

print LCS (b,X,i-1,j-1);

print xi; (* §a ra ph©n t6 x1 *)

end
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else

if bfi,j]= ? then
PrintLCS (b,X,i-1,j)
else

Print LCS (b,X,i,j-1);
end;

Dé dang danh gia duoc thoi gian tinh cua thuat todan LCS 1a 0(mn).
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Bai 10: Bai tap va tong ket
Bai tap tong két
Théo ludn vé khai niém thuit toan

- Nguoi hoc dua ra mot sb bai toan trong thuc té dugc giai quyét nhu qué trinh thyc hién
cua mot thuat toan.

- Phan tich céac dac trung cua thuat toan qua céac vi du trén.
- Chon mdt bai toan dé biéu dién thuat toan bang mot sé phuong phap.
Thao luin vé tw twong thiét ké thuit toan chia dé trj

- Nguoi hoc tim mot s6 bai toan trong thyc té, sau d6 thao luan phan tich thanh cac bai
todn nho theo tu tudng cta thuat toan chi dé tri.

- Nhén xét cong viée thuc hién cac bai toan nho so voi bai toan ban dau
- Nhan xét vé viéc tong hop két qua tir nhirng bai toan nhod

=> Tir d6 rat ra két luan vé so dd chung ctia thuat toan chia dé tri.
Théo ludn vé do phirc tap tinh toan trong thuit toan chia dé tri
- Phan tich do phtrc tap thuat toan ctia cac bai toan con

- So sanh véi d6 phirc tap tinh toan ctia bai toan ban dau

=> Tl d6 rit ra két luan vé uu diém cua thuat toén chia de tri.

Cac bai toan sir dung phwong phap chia dé tri

Céc nhom bao cédo cac bai toan da dugc phan cong

Bai toan tim kiém nhi phan

* So sanh tim kiém tuan tu va tim kiém nhi phan:

- Nhic lai phuong phép tim kiém tuan tu
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- So sanh vu nhugc diém ctia 2 phuong phép, chi 16 qua vi du cu thé.
* Cai dat thuat toan:

int tknp(int a[max],int x,int 1, int r)

{

int mid;

if( 1> r) return 0;

mid = (I+1)/2

if (x ==a[mid] ) return 1;

if ( x > a[mid] ) return tknp(a,x,mid+1,r);
return tknp(a,x,l,mid-1);

b

* Panh gia d0 phuec tap thuat toan:

a) Truong hop tot nhat: Tuong Gmg voi su tim dugc y trong 1an so sanh dau tién, tic 13
y=x[Middle] (y nam ¢ vi tri gitta mang)

=>Ta cou : Ttoat (n) = O(1)

b) Truong hop xau nhat: Do phirc tap 1a O(log n)

That vy, Néu goi T(n) 1a d6 phirc tap cua thuat toan , thi sau khi kiém tra diéu kién ( x
== a[giﬁ’a])‘ va sai thi goi d€ qui thuat toan nay véi dit li€u gidm nira, nén théa man cong
thirc truy hoi :

T(n)=1+T1n/2) voin>=2vaT(1)=0

Bai toan mang con 16n nhit

- Phét bicu bai toan

- Tu tudng giai thuat

- Cai dat
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- Banh gi4 d6 phuec tap thuat toan
Thuat toan nhan 2 ma tran

- Phat biéu bai toan

- Tu tudng giai thuat

- Cai dat

- Panh gid do phuc tap thuat toan
Thuat toan sip xép

- Phat biéu bai toan

- Tu tuong giai thuat

- Cai dat

- Panh gia d6 phuc tap thuat toan
Bai toan hoan doi

- Phat biéu bai toan

- Tu tuwong giai thuat

- Cai dat

- Banh gi4 d6 phuec tap thuat toan
Nhic lai cac thuit toan khac va cac bai toan

Trén co so 1y thuyét may Turing, ta chia duoc cac bai toan thanh 2 16p khong giao nhau
: Lop giai dugc bang thuat toan , va 16p khong gidi duoc bang thuat toan.
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Déi v6i 16p cac bai toan giai duoc bang thuat toan, dua vao cac dic trung cua qua trinh
thiét ké cua thuat toan, ta c6 thé chi ra mdt s0 cac phuong phép thiét ké thuat toan co
ban sau day :

a) Phuong phap chia dé tri. ( Divide-and-Conquer method ).

Y tudng 14 : Chia dir liéu thanh timg mién du nho, giai bai toan trén cic mién da chia roi
tong hop két qua lai .

Chéng han nhu thuat toan Quicksort.
b) Phuong phép quay lui ( BackTracking method ).

Y tudng la: Tim kiém theo uvu tién. D6i véi mdi budce thuat todn, vu tién theo do rong
hay chiéu sau dé tim kiém.

Chéng han thuat toan giai bai toan 8 hau.

c¢) Phuong phap tham lam ( Greedy Method ).

Y tuwong 1a : Xac dinh trat tu xr Iy dé c6 loi nhét, Sip xép dit liéu theo trat tu
do, rdi xu 1y dit li€u theo trat tu da néu. Cong strc b ra 1a tim ra trat tu do.

Ching han thuat toan tim cdy bao trum nho nhat (Shortest spanning Trees).
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d) Phuong phap Quy hoach dong (Dynamic Programming method).

Phuong phap quy hoach déng dya vao mot nguyén 1y, goi 1a nguyén 1y tdi wu cua
Bellman :

- Néu 101 giai ctia bai toan 1a t6i wu thi 101 giai cta cac bai toan con ciing t6i wu. Phuong
phéap nay to chirc tim kiém 101 giai theo kiéu tir dudi 1€n. Xuat phat tir cac bai toan con
nhé va don gian nhat, t0 hop cac 101 gidi ciia chung dé co6 161 giai cua bai toan con 16n
hon...va ctr nhu thé cudi cung dugce 161 giadi cua bai toan ban dau.

Chang han thuat toan “chiéc ti xach” (Knapsack).

Cac bai tap

Viét chuong trinh cai dat thuat toan tim kiém nhi phan

- Bai todn : Cho mang a[l..n] du’O’c sap xép theo thir tw khong giam va x. Tim x trong
mang a, néu cé tra vé giatri 1, néu khong co tra vé giatri 0

- Phan t ich thuat toan :

S6 x cho trudce

+ Hodc 1a bang phan tr nam & vi tri giita mang a

+ Hodc 1a nim & nira bén trai (x < phan tir ¢ gitta mang a )
+ Hodc 1 ndm & nira bén phai (x > phan tir ¢ gitta mang xa)
- Cai dat thudt toan:

int tknp(int a[max],int x,int I, int r)

{

int mid;

if( 1> r) return 0;

mid = (I+1)/2

if (x == a[mid] ) return 1;

if ( x > a[mid] ) return tknp(a,x,mid+1,r);
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return tknp(a,x,l,mid-1);

- M6 rong:

Stra do1 doan chuong trinh trén vo1 yéu cau trd vé vi tri tim dugc ctia x trong mang a,

néu khong tim thdy tra vé gia tri -1

Viét chwong trinh cai dat thuat toan mang con lém nhit
- Bai toén:

Tim gid tri Min, Max trong doan a[l..r] cia mang a[1..n].

- Phan tich thuat toan:

+ Tai moi1 budce, chia déi doan can tim r61 tim Min, Max cua tirng doan, sau dé tong hop

lai két qua.
+ Néu doan chia chi ¢6 1 phan tir thi Min =Max va bang phan tir 46

Vi du:

1 1 2 3 4 3 O 7

L
=
o
L
o

ali] 10

19

MinMax(a,2,6,Min,Max) cho Min = 0, Max = 9 trong doan a[2..6]
- Cai dat thuat toan:

Input : a[l.r], (1<=71)

Output: Min = Min(a[l]..a[r])

Max = Max(a[l]..a[r])
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void MinMax(int a[.], int L, int r, int &Min, int &Max )

I
int Minl Min2? Max1 Max2;

if(l==r)
[
Min = a[l]:
Max=a[l]:
)
else
{
MinMax(a,l,(l41)/2 , Minl, Maxl);
MinMax(a,(l+r) /2 + 1,r, Min2, Max2?);
if (Minl < Min2)
Min = Minl:
else
Min = Min2;
if (Max1 = Max2)
Max = Maxl1;
else
Max = Max2;
)

Bai 3. Viét chwong trinh cai dit thuat toan sip xép QuickSort
- Bai todn:

Dung thuét toan QuickSort (QS) dé sap xép cac gia tri trong mot mang cac so theo thir
tu,chang han tang dan.

- Phan tich thuat toan:

Chon ngau nhién mdt phan tir x.

Duyét ddy tir bén tréi ( theo chi s6 i ) trong khi con aj < x.
Duyét day tir bén phai ( theo chi s j ) trong khi con aj > X.

D041 cho ai va aj néu hai phia chua vugt qua nhau.
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. tiép tuc qua trinh duyét va doi chd nhu trén trong khi hai phia con chua vuot qua
nhau ( tuc la con co 1 =j).

Két qua phan hoach diy thanh 3 phén :
+ag<=x véik =1, .., j (Ddy con thap);
+am >=x vO1 véi m =1, ...,n (Day con cao);
+ap=xvoih=j+1, ..., 1+l

(Vi thé phuong phép nay con goi 1a phwong phap sip xép bang phan hoach)

Tiép tuc phan hoach cho phan trai (ddy con thap nho hon x) cho phan phai ( 16n hon x)
. cho dén khi cac phan hoach chi con lai mot phan tir, 14 sap xép xong.

Thuat toan thé hién ¥y tudong dé qui va cach thiét ké chia dé tri.

- Thuat toan QuickSort

Input : a[1..n]

Output : a[1..n] khong giam.

BAI TOAN THUAT TOAN NHANH CAN

Bail:

C6 n dd vat, mdi vat i dic trung boi trong lu:o‘ng wi va gia tri st dung vi, véi moi 1 thudc
{1,. ,n} Can chon cac vat nay dit vao mot chiée tai xach c6 gidi han trong luong m, sao
cho tong gia tri str dung cac vét duoc chon 1a 16n nhat.

Bai2:

Cho 3 ky tu A, B, C va n 1a mot s6 nguyén duong.

Xac dinh chudi tao ra tir 3 ky tu trén, voi chiéu dai n, théa diéu kién khong c¢6 2 chudi
con lién ti€p nao gidng nhau va sao cho so ky tu B 1a it nhat.
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Bai 3:

.....

10x +5x, +3x,+6x, — Max
a5x, +3x,+ 2x, +4x, <8

2, x,,x,,x, e N
Bai 4:
Gia st ¢6 n cong viée va n thg. Chi phi trd cho nguoi tho i dé€ 1am cong vige

j 1a Cij . Mdi cong viéc chi do mdt tho thuc hién va nguoc lai.

Tim cach thué cac tho 1am viée sao cho tong chi phi 1a nhé nhat.

115/123



Tai lieu tham khdo
Tai liéu tham khao

[1] Cu tric dit liéu va thuét toan, Pinh Manh Tudng, Nha xuat ban khoa hoc va k¥
thuét, 2000

[2] Thiét ké va danh gia thuat toan, Tran Tudn Minh, Khoa Toan Tin, Truong Pai hoc
ba Lat

[3] Thiét ké thuét toan, Vii Pinh Héa, DS Trung Kién, Pai hoc su pham Ha Noi

[4] Cam nang thudt todn, Robert Sedgewick, Chu bién dich: GS. Hoang Kiém, NXB
KH-KT, 1996.

[5] Data Structures & Algorithms in Java — SAMS, Robert Lafore, 2001.
[6] Algorithms, Robert Sedgewick, Addison-Wesley Publishing, 1983
[7] Garey M.R., Johnson D.S. Computer and intractability.

[8] NIKLAUS WIRTH , “Algorithms + data structures = Programs”,

Prentice-Hall INC,1976

116/123



Tham gia dong gop

Tai liu: Thiét ké va danh gid thuat toan

Bién tap boi: Khoa CNTT DHSP KT Hung Yén

URL: http://voer.edu.vn/c/018b828¢

Gidy phép: http://creativecommons.org/licenses/by/3.0/
Module: Loi néi dau

Céc tac gia: Khoa CNTT DHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/el172a546

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Gi61 thiéu mon hoc, phuong phéap hoc

Céc tac gia: Khoa CNTT DHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/22d8cab1

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Khai niém thuat toan:

Céc tac gia: Khoa CNTT DHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/831f7a7e

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Cac van dé lién quan dén thuat toan

Céc tac gia: Khoa CNTT DHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/ate7c577

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Phuong phap li¢t ké ting budc

Céc tac gia: Khoa CNTT DHSP KT Hung Yén

URL: http://www.voer.edu.vh/m/e86a25c0

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Phuong phap so dd
Céc tac gia: Khoa CNTT DHSP KT Hung Yén
URL: http://www.voer.edu.vih/m/7c66c8e4

117/123



Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Ma gia (pseudocode)

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/b9271¢c28

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Phan tich thuat toan

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/ea2dcead

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: O(f(x)) va danh gia thoi gian thyc hién thuat toan.
Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/58162913

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Cac qui tic dé danh gia thoi gian thuc hién thuat toan
Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/cbf4ebdf

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Panh gia thu tuc (hodc ham) d¢ qui.

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vin/m/0b681842

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Mot s6 phuong phap thiét ké

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/f7896daf

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Co bdn vé thuét todn chia dé tri

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/a0b79¢29

Gidy phép: http://creativecommons.org/licenses/by/3.0/

118/123



Module: So d6 chung cua thuat toan

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/61b5ac67

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Tim kiém nhi phan

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/73ca63fa

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai toan Min_Max

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/cc6375¢ea

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Thuat toan nhan 2 ma tran

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/9cldSall

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Thuat toan sip xép

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/ff96502¢

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai todn hoan do6i

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/17{63522

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: So d6 chung ciia thuat toan quay lui

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/f648aacc

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai toan ngya di tudn

119/123



Céc tac gia: Khoa CNTT BDHSP KT Hung Yén
URL: http://www.voer.edu.vin/m/d17c1b89
Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai toan 8 quan hau

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/a5ale2a6

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai toan tim kiém duong di trén do thi

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/78261337

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Mot s6 bai toan khac

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/524d191a

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: So d6 chung cua thuat toan

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/5631b6e2

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai toan nguodi du lich

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/c2e097f6

Gidy phép: http://creativecommons.org/licenses/by/3.0/
Module: Bai toan cai tai xach

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/f702460d

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Thuat toan Tham Lam
Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

120/123



URL: http://www.voer.edu.vn/m/b658e813
Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai toan nguodi du lich

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/fc6110ad

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Thuat toan Dijkstra — Tim duong di ngan nhat trong d thi c6 trong sd
Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/483d2e18

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: So d6 chung cua thuat toan

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/4b084e80

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai toan thyc hién day phép nhan ma tran

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/a3625765

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Tap doc 16n nhat trén cay

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/67dc577¢

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai todn day con 16n nhat

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/9807ec5f

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai toan ddy con chung dai nhat
Céc tac gia: Khoa CNTT BDHSP KT Hung Yén
URL: http://www.voer.edu.vn/m/43b6¢702

121/123



Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Bai tap tong két

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/e4dda311

Gidy phép: http://creativecommons.org/licenses/by/3.0/

Module: Tai liéu tham khao

Céc tac gia: Khoa CNTT BDHSP KT Hung Yén

URL: http://www.voer.edu.vn/m/8ead09dc

Gidy phép: http://creativecommons.org/licenses/by/3.0/

122/123



Chwong trinh Thu vién Hoc liéu Mé Viét Nam
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