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Bai toan :

Cho hai ma tran A, B v&i kich thudc n*n, ta ¢c6 ma tran C chira két qua ctia phép nhan
hai ma tran A va B. Thuat toan nhan ma tran c6 di€n nhu cong thirc dudi day:

R

c 2 AiBy

i = k=l

Phan tich thuit toan

V6i mang mot chiéu (kich thude n phan tir), ma tran C duoc tinh trong thoi gian (n), gia
su rang phép cong vé hudng va phép nhan 1a cac phép tinh co ban (c6 thoi gian tinh 1a
hang s6). V&i mang hai chiéu (kich thudc n*n) thi thoi gian dé tinh phép nhan ma tran
AB la (n).

Dén cudi nhitng ndm 1960, Strassen dua ra mot giai phap cai tién thuat toan trén, nd co
tinh dot pha trong lich st cta thuat toan chia dé tri, tham chi gay ngac nhién khong kém
thuat toan nhan sb nguyén 16n dugc phat minh & thap ky trude. ¥ tudng co ban cia thuat
toan Strassen ciing twong tu nhu thuat toan trén. Ung dung thiét ké chia dé tri, mdi ma
tran A, B, C ta chia thanh 4 ma tran con va biéu dién tich 2 ma trin AxB = C theo céc
ma tran con do:

lCI 1 l:J‘_I 2 ‘{I 1 ‘{I 2 II'-':i\‘l 1 II'-'i'-'l"

|_C2I C:: |_‘4'2I ‘4: |_32I E:

Trong do6 :
Ci1=A11B11 + A12B21

Ci2=A11Bi12+ A12B22
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C21 =A21B11 + A22B21
C22=A21B12 + A22B22

Néu theo cach nhan thong thuong, thi cach chia dé tri nay din dén cong huc truy hoi :
T(n) =8T(n/2) + O(nz). Pang tiéc 1 két qua nay cho 16i giai T(n) thude O(n3 )

Nhung theo kham phé cta Strassen, chi cAn 7 phép nhan dé qui n/2x n/2 ma tran va

O(n?) phép cong trir vo hudng theo cong thirc truy hdi :
T(n) = 7T(n/2) + 18 (n/2)*> € O(n'¢” ) = O(n>¥1)

Cu thé, dé nhan 2 ma trdn vudng cép 2 , theo Strassen chi cin 7 phép nhan va 18 phép
cong (trr) cac s0. BéE tinh :

- PAu tién tinh 7 tich :

m] = (aj2-a22) (b21 +b22)
mp = (a11 +a22 ) (b11 +b22)
m3 = (a11-a21) (b11+bi12)
m4 = (ar1 +a12) b2

ms5 =aj] (b12—b22)
me = a22 (b21 —bi11)
m7 = (a21 +a22 ) b1

- sau do tinh cjj theo cong thurc :
Cl1=m] +m2—m4 +meg
C12 =m4 + ms

Cc21 =me t+ m7y
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C22 =m2 —m3+ms5—m7y
MO ta thuat toan:

strass(a, b, ¢, n)

if (n==2 ) nhan2(a,b,c);
else

{
tach(a,all,al2,a21,a22,n);
tach(b,b11,b12,b21,b22,n);
tach(c,cl1,c12,c21,c22,n);
strass(all,b11,d1,n/2);
strass(al2,b21,d2,n/2);
cong(dl,d2,c11,n/2);
strass(all,b12,d1,n/2);
strass(al2,b22,d2,n/2);
cong(dl,d2,c12,n/2);
strass(a21,b11,d1,n/2);
strass(a22,b21,d2,n/2);
cong(dl,d2,c21,n/2);
strass(a21,b12,d1,n/2);
strass(a22,b22,d2,n/2);
cong(dl,d2,c22,n/2);

Hop(cl1,c12,c21,c22,c,n);
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}

Cung véi phat minh cta Strassen, c6 mot s nha nghién ctru ¢ gang tim kiém thuét toan
dé xac dinh dugc hang s6 o, khi d6 do phuc tap tinh toan phép nhan hai ma tran kich
thude n*n 1a O(n™). Dé thuc hién duoc diéu nay, viéc dau tién phai tién hanh 13 nhan hai
ma tran kich thudc 2*2 véi 6 phép nhan co ban. Nhung vao nam 1971 Hopcroft va Kerr
da chirng minh diéu nay 1a khong thé vi phép nhan hai ma tran khong c6é tinh chat giao
hoan. Vi¢c ti€p theo phai thuc hién 1a tim cach nao dé nhan hai ma tran 3*3 vo6i nhi€u
nhat chi 21 phép nhan co ban. Néu thuc hién dugc viéc nay cd thé sir dung thuat toan
nay dé suy ra thuat toan dé quy nhan hai ma trin n*n véi thoi gian 13 O(nlog321) nhanh
hon thuat todn ciia Strassen vi log321<logy7. Khong may man 1 diéu nay khong thé
thuc hi¢n. Trong sudt mdt thap ky trudce khi Pan phat hi¢n ra cach dé nhan hai ma tran
kich thudc 70*70 vol 143640 phép nhan co ban — so sanh véi 343000 phép nhan néu
str dung thuat toan c6 dién va qua thuc 1a log70143640 bé hon mot chut so vol 1g7. Phat
hién nay dugc goi 1a cude chién tranh cia so thap phan (decimal war). Nhi¢u thuét toan,
ma trong d6 hi€u suat tiém céan cao, dugc tim ra sau d6. Vi du nhu ta da bi€t cudl nam
2525813). Hiy tuong tuong rang,
2525813) pia.

1979, phép nhan ma tran cé thoi gian tinh toén 1a O(n
ngay sau do thang 1 nam 1980 thol gian tinh cua phép nhan ma tran 1a O(n

thirc tiém can thoi gian tinh toan tdi nhat cia thuat toan nhan ma tran kich thudc n*n

dugc Coppersmith va Winograd phat minh ra nam 1986 la O(n23 76). Tai vi cac hing sb

lién quan b1 an nén khong mot thuét todn nao dugc tim ra sau thuat toan ctia Strassen
dugc nghién ctru va sir dung.
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