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M¢ dau

T6i wu héa, dwoc khéi nguon nhir mét nganh cia Todn hoc, c6 rat nhiéu vmg dung hiéu qud
va rng rdi trong quy hoach tai nguyén, thiét ké ché tao mdy, diéu khién tw déng, qudn tri kinh
doanh, kién triic dé thi, cong nghé thong tin, trong viéc tao nén cdc hé hé tro ra quyét dinh trong
qudn 1y va phat trién cac hé thong Ién. Chinh vi vdy, cdc linh viee ciia Toi wu héa ngdy cang tré nén
da dang, mang nhiéu tén goi khdc nhau nhw Quy hoach toan hoc, Piéu khién t6i uu, Van tri: hoc, Ly
thuyét tro choi... Hién nay, mén hoc Téi wu héa dwoc dira vao gidng day trong nhiéu chwong trinh
dao tao dai hoc cho cdc nganh khoa hoc co ban, kp thudt — cong nghé, kinh 16— quan ly, sinh hoc
— nong nghiép, xa hgi — nhdn van, sinh thdai — moi truong ... voi thoi luong thong thuong tir ba
cho t6i sau hoc trinh. Déi véi sinh vién cac nganh Tin hoc, Cong nghé théng tin va Todn — Tin
ung dung, mon hoc Téi wu héa la mét mén hoc co sé khong thé thiéu. Gido trinh “Toi wu héa”
nay dwoc bién soan véi muc dich cung cdp cho sinh vién nam thir hai nganh Tin hoc cia Khoa
Céng nghé théng tin, Truong Pai hoc Néng nghiép I, mét sé kién thire co ban vé cdc linh vire
quan trong ciia Toi wu héa. Qua gido trinh nay, sinh vién can nam dwoc co s¢ Iy thuyét ¢ mét
mire d6 nhat dinh, ndm chdc cdc thudt toén t6i vu co ban dé dp dung trong viéc xdy dung cdc
phdn mém t6i wu tinh todn gidi cdc bai todn kinh té, cong nghé, ky thudt va quadn Iy.

Churong 1 gidi thiéu tong quan va ngan gon bai todn toi wu tong quat va phdn logi céc bdi
todn téi wu co ban, ciing nhw giGi thiéu mot s6 vi du va mé hinh toi wu phat sinh trong thuc té.
Phan dau trinh bay vé Quy hoach tuyén tinh bao gom chuwong II, IIl va IV. Phan nay nhdn manh
vdo viéc trinh bay cdc phwong phdp va thudt todn c¢é dién ciia Quy hoach tuyén tinh, nhw phwong
phdp don hinh (bao gom ca phwong phédp hai pha va phirong phdp don hinh cadi bién dang ma
trdn nghich ddo), phwong phdp don hinh doi ngdu, phwong phdp thé vi gidi bdi todn vdn tdi, cdc
phirong phdp cdt Gomory va nhanh cdn Land — Doig ciing nhw phirong phdp quy hoach déng gidi
bai todn quy hoach tuyén tinh nguyén. Phdn sau cia gido trinh bao gom hai chwong vé Quy
hoach phi tuyén. Chwong V trinh bay mét sé phwong phdp va thudt todn t6i wu phi tuyén khéng
¢6 rang budc va c6 rang budc, bao gom phwong phdp dwong doc nhat, phwong phdp Newton,
phwong phap huong lién hop, cdc phuong phap giai quy hoach toan phuong thong dung, phuong
phdp quy hoach tach va quy hoach hinh hoc. Chuwong VI giéi thiéu vé co sé Iy thuyét ciia quy
hoach 16i va quy hoach phi tuyén. Phan gici thiéu vé mét 16p phwong phdp diém trong gidi bdi
todn quy hoach tuyén tinh & cuéi gido trinh mang tinh chdt tham khdo, cé thé danh cho sinh vién
nghién ciru theo nhom va thao ludn. Viéc ching minh mot 56 dinh Iy kho nén dé sinh vién tu
nghién ciru, khéng cé tinh bdt bugc. Khi bién soan, chiing t6i luén c¢6 mét nguyén vong la lam sao
viéc trinh bdy cdc phwong phdp téi wu dé cdp téi trong gido trinh ciing phdi dap iing dwoc “tiéu
chudn t6i wu”, sinh vién phai hiéu dwoc va lam dwoc. Chinh vi vdy, cdc phirong phdp luén dwoc
trinh bay mét cach cu thé théng qua cdc vi du mau tir dé t6i khé, ma nhitng vi du nay c6 thé dwoc
stk dung nhiéu lan dé tiét kiém thoi gian.

Mot 6 tai liéu ngueoi hoc ¢6 thé tham khao thém vé Quy hoach tuyén tinh la: Nguyén Pirc
Nghia, Téi wu héa, Nxb. Gido duc, 2002; Phan Quoc Khdnh — Tran Hué Nwong, Quy hoach
tuyén tinh, Nxb. Gido duc, 2003. Vé Quy hoach phi tuyén cé thé doc thém mét sé chiwong lién
quan trong cdc sach tham khao sau: Bazaraa M.S, Shetty C.M, Nonlinear programming: Theory
and algorithms, John Wiley and Sons, New York, 1990; Horst R, Hoang Tuy, Global
optimization: Deterministic approaches, Springer Verlag, Berlin, 1993; Bui Thé Tam — Tréin Vii
Thigu, Cic phuwong phdp t6i wu héa, Nxb. Giao thong vén tai, 1998. Ngwoi doc ciing cé thé sir
dung Internet dé tim kiém cdc tap chi va tdi liéu lién quan.



Chuwong I

Bai toan toi wu tong quat va ing dung

1. Bai toan tbi wu tong quat va phan loai

1.1. Bai toan tbi wu tong quat

Téi uu hoa 1a mot trong nhitng linh vuc kinh dién cta toan hoc c¢6 anh huong dén hau hét
cac linh vyc khoa hoc — cong nghé va kinh té — xa hoi. Trong thuc té, viéc tim giai phap tdi wu
cho mét van dé nao d6 chiém mét vai tro hét sirc quan trong. Phuong an t6i wu 1a phuong 4n hop
ly nhét, t6t nhat, tiét kiém chi phi, tai nguyén, nguén lyc ma lai cho hi€u qua cao.

Vidu 1. Tim x € D =[-2,2, 1,8] < R" sao cho f(x) = x* — 3x + 1 — Max.

Bai toan tbi wu trén cd dang cuc dai hoa dugc giai nhu sau: Cho f°(x) = 3x*—3=0, ta co cac
diém t&i han 1a x = —1 va x = +1. Xét gia tri ham sb f(x) tai cac diém t6i han vira tim duge va tai
cac giatri x =-2,2 vax = 1,8 (céc diém dau mut cua doan [-2,2, 1,8]), ta co f(-2,2) =-3,048 , f(—
1) =3, f(1) =1, f(1,8) = 1,432. Vay gié tri x can tim 12 x = —1. Két qua ciia bai toan dwoc minh
hoa trén hinh I.1.

Hinh 1.1. B4 thi ham f(x)

Cho ham sé f- D © R" — R. Bdi todn t6i wu téng qudt ¢é dang: Max (Min) f(x), véi x €
D c R". Nhu vdy, can tim diém x = (x5, X2, ..., Xo) € D c R" sao cho ham muc tiéu f(x) dat
duoc gia tri lon nhdt doi véi bai todn Max — cuc dai hod (gia tri bé nhdt doi véi bai todn Min

— cuc tiéu hoa).



Diém x = (X4, X2, ..., Xn) € D © R" duoc goi 1a phuong 4n kha thi (hay phuong 4n chap nhan
duogc hodc phuong an, néu ndi vén tit) ciia bai toan téi wu: Max (Min) f{x), véi x € D < R". Mién
D duoc goi la mién rang budc. Cac toa do thanh phﬁn cua diém x duoc goi la cac bién quyét dinh,
con x cling dugc goi 1a véc to quyét dinh.

Xét bai toan cyc dai hod: Max f(x), véi x € D cR". Biém x* = (x;, X}, ..., X, ) € R" duge

goi 1a diém t6i wu (hay phuong 4n téi wu) toan cuc néu x* € D va f(x*) > f(x), Vx € D. Piém
X € R" duoc goi 1a diém t6i wu (hay phuong an tdi wu) dia phuong néu X € D va ton tai mot lan
can N, dit nho cta diém X sao cho f(X) > f(x), Vx € N, " D.

Déi v6i bai toan cuc tiéu hoa Min f{x), véi x € D c R", diém x* € R" duoc goi 1a diém tbi
vu (hay phuong an ti uu) toan cuc néu x* € D va f(x*) < f(x), Vx € D. Piém X € R" dugc goi
1a diém t6i wu (hay phuong an ti wu) dia phuong néu X € D va ton tai mot 1an can N, di nho cia
diém X sao cho f(X)<f(x), Vx € N, " D.

D@ thay, moi phuong an tdi wu toan cyc ciing 1 phuong an téi wu dia phuong, trong khi d6
mot phuong an t6i wu dia phuong khong nhat thiét 1a phuong 4n tdi wu toan cuc. Trén hinh L1,
diém x = 1 chi la phuong an t6i vu dja phuong khi xét bai toan cuc tiéu hoa.

Vi du 2. Xét bai toan toi uu sau: Max f(x)=8x, +6X,, v6i diéu kién rang bugc
xeD={(x,X) € R?: 4x, + 2x, < 60; 2x; +4x, <48, x; 2 0, x, > 0}.

Bai toan t6i uu trén day con dugc goi la bai toan quy hoach tuyén tinh. Nguoi ta da chung
minh dugc ring moi phuong 4n téi wu dia phuong cta bai toan quy hoach tuyén tinh ciing dong
thoi 1a phuong 4n t6i wu toan cyc.

1.2. Phén loai cac bai toan tdi wu

Cac bai toan tdi uu, cling con dugc goi la cac bai toan quy hoach toan hoc, duogc chia ra
thanh cac 16p sau:

— Bai toan quy hoach tuyén tinh (BTQHTT),

— Bai toan t6i wu phi tuyén hay con goi 1a bai toan quy hoach phi tuyén (BTQHPT), bao
gdm ca bai toan quy hoach 16i (BTQHL) va bai toan quy hoach toan phuong (BTQHTP),

— Bai toan t6i wu rdi rac, bai toan tdi wu nguyén va hdn hop nguyén.

— Bai toan quy hoach dong,

— Bai toan quy hoach da muc tiéu,

— Bai todn quy hoach ngau nhién / mo ...

Céc phuong phap toan hoc giai cac 16p bai toan ti wu tong quat nhu néu trén day dugc goi
1a cac phuong phép tdi wru toan hoc (hay cac phuong phap quy hoach toan hoc). Trong gido trinh
nay, trudc hét chung ta nghién ctru cac phuong phap giai BTQHTT, bao gém ca cac BTQHTT
nguyén va hdn hop nguyén. Sau d6, ching ta s& xem xét cac phuong phéap giai mot sé dang dic
biét cia BTQHPT. Céac phuong phap dugc xem xét chu yéu vé khia canh thu tyc tinh toan théng
qua cac vi du don gian, nhim gitp cho sinh vién nganh Tin hoc, Cong nghé thong tin khi hoc gido
trinh nay vao nam hoc thir hai ¢6 thé 1am quen véi tu duy 1ap trinh tinh toan. Phan cubi cua gido
trinh s& d¢ cap toi mot sd co sd 1y thuyét cta giai tich 16i va quy hoach phi tuyén, 14 cac van dé co



tinh chat nén tang doi vdi nhitng sinh vién quan tam va c6é hudng ti€p tuc nghién ctru linh vuc Toi
uu hoa.

2. Ung dung bai toan tdi wu giai quyét cac vin dé thyc té

2.1. Phwong phap m6 hinh hoa toan hoc

Nhiéu van dé phat sinh trong thuc té co thé giai duoc bang cach ap dung cac phuong phap
ti wu toan hoc. Tuy nhién, diém mAu chdt & day la tr bai toan thyc té can xay dyng dugc mot mo
hinh ti vu thich hop dua vao cac dang bai toan t6i uu da biét. Sau d6 cin 4p dung phwong phap
t6i wu toan hoc va quy trinh tinh toan thich hop dé tim ra 10 giai cho mé hinh da dit ra.

Céc budc can thiét tién hanh khi ap dung phuong phap mo hinh hoa toan hoc c6 thé dugc
phat biéu mot cach khai quat nhu sau:

— Trude hét phai khao sat bai toan thyc t& va phat hién van dé can giai quyét.

— Phat biéu cac diéu kién rang budc va muc ti€u cua bai toan dudi dang dinh tinh. Sau dé
lua chon cac bién quyét dinh / cac 4n sb va xay dung mod hinh dinh lugng con goi 1a mo hinh toan
hoc.

— Thu thap dit liéu va lya chon phuong phap toan hoc thich hop dé giai quyét mé hinh trén.
Trong trudng hop mé hinh toan hoc 1a mé hinh ti wu, can Iya chon phuong phap ti wu thich hop
dé giai mo hinh.

— Xac dinh quy trinh giai / thuat toan. C6 thé giai moé hinh bang cach tinh toan thong
thudng trén gidy. Pbi v6i cac md hinh 16n, bao gdm nhiéu bién va nhiéu diéu kién rang budc can
tién hanh lap trinh va giai mé hinh trén may tinh dé tim ra phuong an thoa man mé hinh.

— Panh gia két qua tinh toan. Trong trudng hop phat hién thay co két qua bat thudng, can
xem xét nguyén nhan, kiém tra va chinh stra lai m6 hinh hodc dir liéu dau vao hoic quy trinh giai
/ thuat toan / chuong trinh may tinh.

— Kiém chimg cac két qua tinh toan trén thuc té. Néu cac két qua thu duoc duoc coi 1a hop
1y, phit hop véi thuc té hay duoc cac chuyén gia danh gia 1a c6 hiéu qua hon so véi cac phuong
an trudc day thi can tim cach trién khai phuong an tim duogc trén thuc té.

RS rang rang dé giai quyét cac van dé phat sinh tir cac bai toan thuc té can co duoc sy
hop tac chat ché gilta cac chuyén gia trong linh vuc chuyén modn, cac chuyén gia Toan, Toan
tmg dung va cac chuyén gia Tin hoc, k¥ su lap trinh. Pidu nay 1a dic biét can thiét khi giai
quyét cac bai toan cho cac hé thong 1on. Viée thiét 1ap dugc mot moé hinh hop 1y, phan anh
duoc ban chét cta bai toan thuc té dong thoi kha thi vé phuong dién tinh toan ludn vira mang
tinh khoa hoc thuan tay, vira c6 tinh ngh¢ thuat. Cac thuat ngir sau thuong gap khi ap dung
phuong phap md hinh hoa toan hoc:

— Toan ung dung (4Applied Mathematics).

— Van tri hoc (Operations Research viét tit 1a OR).

— Khoa hoc quéan 1y (Management Science viét tit 1a MS).

— Ung dung may tinh (Computer Applications).

— M5 hinh tbi wu (Optimization Models). ..



2.2. Mot s6 &ng dung ciia bai toan toi wu

Nhirng ndm gan ddy, nhiéu bai toan thyc t& dwoc giai quyét bang phuong phap mé hinh hoa
todn hoc rat thanh cong. Trong sd cdc mo hinh toan hoc da dugc ap dung c6 nhiéu mé hinh tdi wu,
duogc giai quyét thong qua cc bai toan tdi uu kinh dién. Trong trudng hop ham muc tiéu ciing
nhu tit ca cac rang budc déu 13 cac ham tuyén tinh, thi bai toan t6i wu 1a BTQHTT. BTQHTT c6
thé giai dugc bang mot s phuong phap tdi wu quen biét (nhw phuong phap don hinh, phuong
phap don hinh cai bién hay cic phuong phap diém trong). BTQHTT di va dang duoc st dung
rong rii trong quy hoach tai nguyén, quan Iy sit dung dét ciing nhu nhiéu linh vuc coa quan 1y,
kinh té va quan tri kinh doanh.

Trong trudng hop hodc ham muyc tiéu hodc mot trong s cac rang budc 1a phi tuyén, ching
ta c6 BTQHPT. Trong cac md hinh t6i wu dya trén BTQHPT néi chung, va trong cac mé hinh tdi
uu trong linh vuc ndéng nghiép néi riéng, 101 giai tdi wu toan cuc c6 mot ¥ nghia quan trong.
Chang han trong thiét ké may néng nghiép, sau khi ding phuong phap phan tich hoi quy nhiéu
chiéu, ta thuong thu duoc ham muc tiéu c6 dang phi tuyén. Cac bai toan tbi uu toan cuc ciing co
thé nay sinh trong quy hoach kinh té — sinh thai ving, hay xac dinh co ciu dat canh tac — cay
trong. Bai toan dit ra 13 phai tim duoc 161 giai téi wu toan cyc. C6 rat nhidu phuong phép giai cac
16p bai toan tdi wu phi tuyén riéng biét, nhung chwa co6 phuong phap nao to ra hitu hiéu cho moi
bai toan toi wu phi tuyén, ddc biét 1a cho cc bai toan véi mot sé hay tit ca cac bién quyét dinh
nhan cac gia tri nguyén.

Sau day la cac vi du minh hoa mot ) ung dung cia bai toan tdi wu.

Vi du 3. Bai toan quy hoach sir dung dit (M6 hinh t6i wu tuyén tinh gidi bai todn quy
hoach st dung dat trén dia ban xa Dong Du, huyén Gia Lam, tinh Ha Noi)

Chung ta xét mo hinh t61 wu v6i muc tiéu can cuc dai hoa 1a hiéu qua kinh té. Dé thiét 1ap
mé hinh, trude hét chon cac bién quyét dinh. Dua vao két qua cac dir li¢u da thu duogc, ta chon
cac bién quyét dinh nhu sau: x; v6ij =1, 2, ..., 18 la dién tich cac loai cay tréng, don vi tinh 1a
ha (theo tht tu 1a: lua xuan, lua mua, ngd xuan, ngd dong, ngod bao tir dong, lac xuan, dadu xanh
xuan, dau tuong dong dét chuyén mau, dau tuong dong d4t ba vy, dua chudt xuén, dua chudt bao
ter, mudp déng Xuan, rau mui tau, rau gia vi, ddu c6 ve dong, 6t xuan, ca chua xuan, ca chua
dong), X9 1a dién tich ao hd tha ca, Xj vo1j=20,...,23 la s6 dau vat nuoi trong nam (trau, bo,
lon, gia cam). Con x,4 12 s6 cong lao dong thué ngoai, x,s 1a lugng tién vn vay ngan hang, don vi
tinh 1a nghin dong. Liic d6 ching ta ¢6 BTQHTT sau véi 33 rang budc (chua ké diéu kién khong
am cua cac bién).

Hiéu qua kinh t& can cuc dai hoa la: f(x) = 4306,14x, + 4168,73x, + 3115,21x; +
3013,11x4 + 4158,68x5 + 4860,91xs + 4295,31x; + 3706,11xg + 3788,25x9 + 12747,31%x9 +
12752,96x;; + 12064,81x;, + 79228,88x;;3 + 35961,31x;, + 10823,91x;5 + 7950,16x;6 +
7928,06%x,7 + 5738,46x15 + 11129,50%,9 + 429,00%59 + 674,00%,; + 219,50%, + 11,10x3— 15,50X54
—0,12x,5 — Max.

Cac rang bugc hay cac diéu kién han ché dugc dinh luong nhu sau:

x; < 80,88; x, < 7578; x; < 64,89; x4 < 64,89; x5< 10,50; x4 < 64,89;
X7 £ 64,89; x5 < 16,50; x9 < 4530; x;0 £ 5,50; xq; < 8,50; x5 £ 6,80; x53< 13,70;
X4 £ 14,50; x15 < 4,80; X6 < 4,50; x17 £ 4,20; x5 < 10,20; x19 < 33,11; x50 < 40,00;
X1 £ 180,00; x5, < 4280; x,3 < 18800;
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X5+ Xo + X1 T X3+ X183 £ 45,30; X3+ X6 + X7+ X0 FX2 T Xet X7 < 64,89 x4+ xg+
X4t X5 < 64,89; x;+x13 £ 80,88; x, +x13 £ 75,88;

205,5x; + 150x3 + 75,75x4 + 75x5 + 225,5%¢ + 221,5%7 + 102,7xg + 100,75%9 + 360 x;9 +
140x;; + 385x;, + 1833,6x3 + 1446,3x4 + 210,25 x5 + 410,5%,6 + 360,5 x;7+ 176x,5 + 67x9 +
20%50 + 16X51 + 9%X50 + 0,3X3 — X0y < 226149,00;

201,5x, + 150x;3 + 75,25x4 + 102,7xg + 100,75x9 + 140xy; + 2475,4xy5 + 1446,3x4 +
210,25X15 + 176X18 + 58X19 + 16X20 + 12X21 + 7X22 + 0,2X23 — X4 < 152190,00,

2871,89x; + 2691,89x, + 2243,62x3 + 2243,66x4 + 3630,89xs + 4780,06x¢ + 2229,11x; +
2401,41xg + 2326,88%9 + 16440,61x,0+ 16058,39x,; + 15960,61x,, + 68494,59x,3 + 23146,11x14
+ 13676,26x,5 + 6061,76x,6 + 11083,11x,7 + 10391,89x;5 + 18058x,9 + 1223x,¢ + 1098,5%x,; +
624,5X9, + 12X3 — 15,5%24 — X5 < 3881500;

3,5%5 + 8x¢ + 3,57 + 4,1xg+ 3,5x9 +4,16x19 + 3,5x;1 + 4x 1, + 12,1x5 + 14,4x14+ 3,42X5
+ 11,58%16 + 8x17 + 7,5%18 — 3 X20 — 2X21 — 0,95x — 0,0052x,;3 < 0; 5,1x; + 4,96x, + 3,85x; +
3,8x4>921,25;

Céc bién déu phai thoa man diéu kién khong am: x; > 0, Vj = 1,25

Bang cach ap dung phuong phap don hinh dé giai BTQHTT c6 thé tim dugc phuong an tdi
uu cia mo hinh trén nhu sau:

X1=67,18; x,=62,18; x3=25,19; x4=45,59; xs=10,50; x¢= 18,7; Xo= 2,40; X10=5,50; X1
= 8,50; x1, = 6,80; x13 = 13,70; x14= 14,50; x15 = 4,80; X16 = 4,50; x17 = 4,20; x13= 10,20; X9 =
33,11; X590 =40,00; x5; = 180; x5, = 4280; X3 = 18800; Xx,5 = 2368646. Hi¢u qua kinh té cuc dai dat
dugc 1 4325863 (nghin dong).

Vi du 4. Bai toan cwe dai hoa gia tri san xuat (M6 hinh t6i wu phi tuyén gidi bai todn cuc
dai hoad gia tri san xudt trén mot héc ta nudi cé tai huyén Van Giang, tinh Hung Yén)

Str dung sb liéu diéu tra 112 ho nudi ca ving dong trong dé thudc 4 xa thudc huyén Vin
Giang, Hung Yén, dé tim phwong trinh hdi quy mii, chiing ta nhan dwoc ham gi4 tri san xuét
(dang Cobb — Douglas) chinh la ham muc tiéu can cuc dai hoé sau day:

0,236 . 0,104 _ 0,096, 0,056 _ 0,056 _0,168x6 _0,066x7
z=1(X)=19,375 %1 """ Xy X3 " Xg X5 oooer e 5 Max

trong do:
z : gia tri san xuat binh quéan 1 ha 1 ndm (triéu dong / ha),
X, : chi phi gidéng binh quén 1 ha 1 nam (triéu déng / ha),
X : chi phi thitc an binh quéan 1 ha 1 ndm (triéu dong / ha),
X3 : chi phi lao dong binh quan 1 ha 1 nam (triéu déng / ha),
X4 : chi phi khiu hao va thué dit binh quan 1 ha 1 ndm (triéu dong / ha),
Xs : cac chi phi khac binh quan 1 ha 1 nim (triéu dong / ha),
X¢, X7: cac bién 0 — 1 gia dinh v& hinh thirc nudi,
x¢ = 1 dbi véi nudi chuyén canh, x¢ =0 ddi voi nudi téng hop,

x7 =1 v&i hinh thire nudi 1 loai ca chinh két hop véi cac loai ca khac,
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x7 = 0 véi hinh thirc nudi 2 loai ca chinh két hop v6i cac loai cé khac.

Dit: x; + xo + X3 + X4 + xs= TC, v&i TC 12 murc dau tu / téng chi phi.

Tuy theo timg mirc dau tu / tong chi phi ta c6 mot trong cac rang budc:

— Véi mue dau tu dudi 40 triéu déng /ha: x; + X, + X3+ X4 + X5 <40,

— V6i mirc dau tu 40-50 triéu dong / ha: 40 < x; + X, + X3 + X4 + X5 < 50,

— Vé&i mirc du tur 5060 triéu dong / ha: 50< X, + X, + X3 + X4 + X5 < 60,

— Véi mire dau tu 60-70 tridu dong / ha: 60< x; + X, + X3 + x4 + x5< 70,

— Vé&i mure dau tu trén 70 triéu déng /ha: x; + X, + X3+ x4 + X5 = 70.

Vi hinh thirc nu6i ta ¢6 rang budc: X5+ x7= 1(X¢, X7 chi nhan gia tri 0 hoac 1).

Trén day 1a BTQHPT, véi 5 bién lién tuc va 2 bién nguyén dang 0 — 1. Str dung phuong
phap t6i wu phi tuyén thich hop c6 tén goi 1a RST2ANU dé giai BTQHPT toan cuc hdn hop
nguyén da thiét 1ap trén day ta co két qua trong bang I.1.

Bing L1. Két qua co cau dau tu t6i vu ving dong

Pau tir (tr/ha) <40 40-50 50-60 60—70 >70
X 35-45% 39 -45% 39 -45% 35-45% 35-40%
X2 15-20% 17-25% 17 -23% 15-20% 18 -25%
X3 15-20% 15-20% 15 -20% 16 —19% 17-23%
X4 10-15% 7—-15% 8—-15% 9-13% 10-15%
X5 10-15% 10-15% 9-15% 9-15% 10— 15%
Gia tri san xudt (tr d / ha) <78,1 78,1 —88.3 88,3-97,5 97,5-106 > 106
Thu nhéap rong (tr d / ha) - 38,1-38,3 38,3-37,5 37,5-36 -

Viéc thuc hién co cdu dau tu ti wu lam gia tri san xuat (GO) ciing nhu thu nhap rong (NI =
GO — TC) ¢ tirng mirc dau tu tang 1&n ro rét so voi thuc té san xudt tai dia phuong. Dac biét, mirc
dau tu 50 triéu déng / ha cho ta thu nhap hén hop cao nhét 13 38,3 triéu d(‘3ng / ha, 16n hon 8 triéu
ddng / ha so véi trude khi ap dung co cu dau tu toi wu ciing nhu hinh thirc nuéi thich hop. Tai
mirc dau tu ndy, co cdu dau tu t6i wu 1a x; tir 19,6 — 21,5 triéu dong (chiém 39,2 — 42,2%), x, tir
8,6 — 9,8 tridu dong (17,2 — 19,6%), x5 tir 8,6 — 9,9 tridu dong (17,2 — 19,8%), x4 tir 4,7 — 6,4 tridu
dong
(9,4 — 12,8%), x5 tir 4,9 — 6,3 tridu ddng (9,8 —12,6%) véi hinh thirc nudi chuyén canh (xs= 1).

Mot cach cu thé hon, khi 4p dung phuong phap téi wu thich hop tai mirc dau
tr 50 triéu d@)ng / ha c¢6 thé tim dugc phuong an tdi wu sau: Zp. = 88,360733 voi
x1=21,498072, x,=9,528987, x3=8,758034, x4= 5,138906, x5=5,076000, xs = 1 va x; = 0.

Vi du 5. Bai toan t6i wu thong s6 sang phan loai (M6 hinh t6i wu phi tuyén gidi quyét van
dé tinh todn mot sé thong sé hinh hoc va dong hoc ciia co cdu sang phén logi dao déng)
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Vi du nay chi néu vén tit mot Gmg dung ctia md hinh t6i wu phi tuyén mot myc tiéu trong
viéc tim nghiém ctia hé phuong trinh phi tuyén phat sinh trong qua trinh tinh toan mot sé théng sd
hinh hoc va dong hoc ciia co cdu sang phan loai dao dong (can chi ¥ rang nhiéu phuong phap
tinh toan thong dung khéac cua giai tich sé da t6 ra khong hidu qua):

-
I cosQ; + v cos@, + v/3/ cos(3; + v4 cosPy —Xc1 = 0,
rsing; + v sing, + V;’ sinQ;z + v4 sings — yc; = 0,

r cos@; + v cosp, + V/3 cos((3 — o) + vscos@s —Xp; = 0,

\_T sing; + v sing, + v/3 sin((s — o) + vs sings — yp; = 0.

Trong hé phwong trinh phi tuyén trén cac thong sé di biét la: r = 0,05m;
v =0,30m; V;’ =0,15m; Vg =1,075m; v; = 1,025m; v4 = 0,50m; vs = 0,40m; x¢; = 0,365m; yc; =
0,635m; xp; = 1,365m; yp; = 0,635m; o = /8.

Dé giai hé phuong trinh phi tuyén khi ¢, = kn/8 (k =0, ..., 9), chiing ta can cuc tiéu hoa
ham muc tiéu sau:

z = (r cosQ; + v cos@, + Vg cosQs + v4c0sQs — Xc1)® + (r sing; + v sing, + vg sing; +
vasings — yer)* + (r cosgp + v cos@, + V/3 cos(s3 — @) + Vs cos@s — Xpy)* + (r sing; + v sing, +
/. . 2 .
V; sin(@; — @) + vssings — ypi)” — min
Két qua tinh toan duoc téng hop trong bang 1.2 v6i z,;, = 0.

Bing 1.2. Két qua tinh toan gia tri cac thong sb ciia sang phan loai

o1 € [0.27] ¢ € [0.7] o € [0.7] i€ [0.7] os € [0.7]
0 0,226128 0,551311 1,783873 1,666775
/18 0,199269 0,550518 1,784628 1,670250
21/18 0,170835 0,550590 1,782751 1,668853
31/18 0,143343 0,550490 1,778826 1,663697
4rt/18 0,112669 0,552073 1,770032 1,652171
51/18 0,090986 0,551991 1,759350 1,639575
6m/18 0,066036 0,553576 1,745374 1,622823
Tr/18 0,051284 0,554296 1,730174 1,602970
81/18 0,039053 0,555262 1,713242 1,581813
91t/18 0,033773 0,556277 1,695605 1,560720

Vi du 6. Bai toan thiét ké truc may (M6 hinh quy hoach phi tuyén da muc tiéu gidi quyét
bai todn thiét ké truc mdy)

Trong vi du nay chung ta dé cap téi mot mé hinh t6i wu phi tuyén hai muc tiéu.
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Muc tiéu 1 1a cuc tiéu hoa thé tich cua truc may:
fi(x) = 0,785 [x,(6400 — x,%) + (1000 — x;) (1000 — x,%)] (mm”),

Muc ti€u 2 1a cuc ti€u hoa dd nén tinh cua truc:

1 1 s 10°
f(x) = 3,298x10°° H“’O%“W X100 X }9 108 _XJ(mmM).

O day, x = (x1, X») 12 véc to quyét dinh, v6i x,, X, 1a cac bién quyét dinh sau: x, — do dai
phan giap ndi truc, x, — duong kinh trong cua truc. Cac thong s6 khac da duoc thé hién trong cac
ham muyc tiéu f}(x) va f(x).

Vay can phai chon céc gia tri cho cac bién quyét dinh (con goi 1a cac bién thiét ké) x,,
X, dé t61 wu hoa ddng thoi cac muc tiéu 1 va 2 trong cac diéu kién rang budc sau:

(gl(x)= 180 — 4,%’55:11(262(3 >0 (1.1)
J8(0=752-%20 (12)

2 (xX)=x,-402>0 (1.3)
& x)=x,>0 (1.4)

Cac diéu kién (1.2), (1.3), (1.4) 1a d& hiéu, con diéu kién (1.1) nay sinh 1a do yéu cau: Mot
mat, truc may phai chiu dyng dugc téi mic tdi da luc Fou = 12000 N. Mit khac, d6 nén két ndi
cho phép 1a 180 N/mm.

Viéc phat biéu bai toan tdi vu da muc tiéu dudi dang toan hoc (chinh 1a viéc 1ap mo hinh
toan hoc cho van dé phat sinh) 1a mét khau rat quan trong nham mo ta tot nhit hanh vi cua hé
thdng dang dugc xem xét, mit khac nham tim ra dugc cac phuong phap t6i wu hoa ¢ hiéu qua dé
di t&1 mot phuong an du tbt va mang lai 1¢i ich. Sau day, v&i muc dich tim hiéu bude dau, viec ap
dung phuong phép twong tic ngudi — may tinh giai bai toan toi wu hai muc tiéu da duogc thiét lap
trén day s& dugc trinh bay mot cach vén tat.

Trude hét, hai muc tiéu fi(x) va fy(x) dugc chuyén thanh hai ham thudc mo phan anh do
thoa méin cua nguoi ra quyét dinh d6i véi timg muc tiéu. Cac ham thudc mo nay 1a cac ham tuyén
tinh tung khtic, dugc viét dudi dang gian lugc nhu sau cho mdt s6 nut nodi suy:

(0 néuf;>6594x10°=a,
w(f)= < 0,5 néuf =4x10° =b,
L1 néuf £2,944x10°=¢,,

(0 néu £, > 0,499x10°> = a,
mB)= < 0,5 néuf,=0450x10"=b,

1 néuf <0,338x10° =c,.

\
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Luc d6 c¢6 thé ap dung phép ndi suy tuyén tinh dé tinh cac gia tri ctia p,(f;) hodc py(fy) tai
cac gia tri khac cua f) hay f,. Cac ham thuoc mo nay cho phép quy cac don vi do khac nhau cua f
va f, vao cing mot thang bac do, d6 1a do thoa dung ctia ngudi ra quyét dinh / nguoi giai bai toan.
Phén tich ham thudc mo p;, c6 thé thiy: ngudi ra quyét dinh s& c6 do thoa man 0 dbi voi moi
phuong an x = (x4, X,) lam cho f; > 6,594x10°, d0 thoa man 1 néu f, < 2,944x10° va d6 thoa man
0,5 néu f; = 4x10°. D9 thoa man 0,5 dugc coi la do thoa man téi thiéu va mic f; = 4x10° = b,
dugc goi 1a mirc wu tién twong tng ddi voi muyc tiéu f;. Tuong t chung ta ¢6 thé phan tich vé
ham thugc 1, va mic uu tién b,.

Chung ta xét ham phi tuyén g(x) = Min {u[fi(x)], pa[f2(x)]} va bai toan max—min dugc
thiét 12p cho hai ham muc tiéu riéng r€ trén dudi dang BTQHPT: Max g(x) = MaxMin{p,[f;(x)], -
[f(x)]} vai cac rang budc (1.1), (1.2), (1.3) va (1.4).

Viéc giai BTQHPT trén ddy duoc thuc hién nho mot phuong phép t6i vu phi tuyén thich
hop, dugc cai dat ty dong trén may tinh dé tim ra cdc phwong 4n ti wu ciia mé hinh phi tuyén hai
muc tiéu ban dau. Didu chinh thich hop gia tri ciia cac muc wu tién by va by, c6 thé tim duoc cac
phuong an t8i wu khac nhau. Chéng han, v&i by = 3,6x10%, b, = 0,435x10 s& nhan dugc phuong
an tbi wu x = (x4, X2) = (235,67; 67,67) voi fi(x) = 3,58x10° va f5(x) = 0,433x10°. Pay la phuong
an dugc cac chuyén gia danh gia 1a hop 1y va dugc lya chon dé trién khai trong viée thiét ké truc
may.
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Chuwong I1

Phuwong phap don hinh giai bai toan
quy hoach tuyén tinh

1. M6 hinh quy hoach tuyén tinh
1.1. Phat biéu mé hinh

V6i myc dich tim hiéu bude dau, xét mé hinh toan hoc sau day, con goi 1a mo hinh quy
hoach tuyén tinh hay bai toan quy hoach tuyén tinh (BTQHTT), ma trong d6 chung ta mudn tdi
wru hod / cyc dai hoa hay cuc tiéu hoa ham muyc tiéu:

7=f(x) = cix; + cxz +..o. Y Cxy —> Max (Min),
Véi cdc diéu kign rang bujc
faux, + apx, +..+ aA1,Xy < b]

azx; +az;x; +..+tayx, <b;

WiXp + QX2 + oo + QX < by,

\X1s X2y veey Xp = 0 (diéu kién khong am).
Vidu 1. Xét BTQHTT: Max z = 8x; + 6X,, vdi cac rang budc
4x; +2x, <60
2%, +4x, < 48
X1, Xp > 0.
Cén tim céc gia trj ciia cac bién quyét dinh x;, x, dé cac rang budc duoc thoa min va ham
muc ti€u dat gia tri 16n nhét.
Bai toan nay co ¥ nghia kinh té nhu sau: Gia sir mot xi nghiép san xudt hai loai san pham I
va II. Pé san xuét ra mot don vi san phém I can c6 4 don vi nguyén li€u loai A va 2 don vi
nguyén li€u loai B, cac chi ti€u d6 cho mot don vi san phém loai II 1a 2 va 4. Lugng nguyén li€u
duy trlr loai A va B hién c6 1a 60 va 48 (don vi). Hay xac dinh phuong an san xuat dat loi nhuan
16n nhét, biét loi nhuan / don vi san phém ban ra la 8 va 6 (don vi tién t&) cho cac san phém loai I

va IL.
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1.2. Phwong phap do thi

Phuong phéap d6 thi c6 ¥ nghia minh hoa va giup hiéu ban chit van dé.

Buée 1: V& mién cac phuong an kha thi (con goi 1a mién rang budc) 14 tap hop cac phuong
an kha thi (cac phuong an, néu ndi mét cach ngian gon). Mdi phuong 4n dugc thé hién qua bod sb
(X1, X2), thoa man tit ca cac rang budc dd co ké ca diéu kién khong 4m cua cac bién (xem hinh
IL1).

— Trudce hét chung ta v& dudng thing c6 phuong trinh 14 4x; + 2x, = 60 bang cach xac dinh
hai diém thudc dudng thang: (x; = 0, x, = 30) va (x; = 15, x, = 0).

Puong thing nay chia mit phang lam hai nira mat phing. Mot phan gdm cac diém (x;, x,)
thoa man: 4x, + 2x, < 60, phﬁn con lai thoa man: 4x; + 2x, > 60. Ta tim duoc nira mat phéng thoa
man: 4x; + 2x, < 60.

— Tuong tu, c6 thé vé dudng thiang co phuong trinh 1a 2x, + 4x, = 48 bang cach xac dinh
hai diém thudc duong thing 13 (x; = 0, x, = 12) va (x; = 24, x, = 0). Sau d6 tim nira mit phing
thod man: 2x; + 4x, <48.

XZA

30

4X1 + 2X2 =60

12 [
8
A 21 + 4x, = 48

C T~ .
Ol 3 6 15 24 X1

Hinh 11.1. Phuong phép dé thi gidi bai toan quy hoach tuyén tinh

— Luc ndy, giao cua hai nira mit phang tim duogc trén day cho ta tdp hop cac diém (x;, x,)
thoa man céac rang budc. Tuy nhién, dé thoa man diéu kién khoéng am cua cac bién, ta chi xét cac
diém nam trong goc phan tu thir nhat. Vay mién cac phuong an kha thi (néi van tit hon, mién
phuong 4n) 1a mién gii han boi tir giac OABC (con goi 1a tap 16i da dién vi 1a mién tao nén boi
giao cla cic nira mét phang).

Buée 2: Trong mién (OABC) ta tim diém (x;, x») sao cho
z = 8x; + 6x, dat gia tri 16n nhét.

Cdch 1. Dung dudng dong mirc. Tiy theo gid tri ctia x;, X, ma z c6 nhitng muc gia tri khac
nhau.
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— V& dudng dong muc: 8x; + 6x, = ¢ & mirc ¢ = 24, (ta c6 thé chon gia tri ¢ bat ky, nhung
chon ¢ = 24 12 bdi sd chung cua 6 va 8 dé viéc tim toa do cac diém cét hai truc toa do thuan loi
hon). D& dang tim duoc hai diém nidm trén dudng ddng mirc nay 1a (x; =0, x, =4) va (x; =3, X, =
0). Cac diém nam trén duong dong muc nay déu cho gia tri ham muc tiéu z = 24.

— Tuong tu, c6 thé v& duong dong muc tht hai: 8x, + 6x, = 48 di qua hai diém (x; =0, x, =
8) va (x, = 0, x; = 6). Chung ta nhan thdy, néu tinh tién song song dudng ddng muc Ién trén theo
hudng cia véc to phap tuyén f (8, 6) thi gia tri cuia ham muc tiéu z = 8x, + 6x, ting 1én.

Vay gia tri z 16n nhat dat duoc khi duong dong muc di qua diém B(12, 6) (tim dugc x; =
12,x,=6 béng cach giai hé phuong trinh 4x; + 2x, = 60 va 2x; + 4x, = 48).

Do d6, trong cac phuong an kha thi thi phuong an t6i wu 1a (x; = 12, x, = 6). Tai phuong an
nay, gia tri ham muc ti€u la l6n Nhat Zyay =8 x 12+ 6 x 6 = 132.

Nhdn xét. Phuong an t6i uvu (néu c6) cia mot BTQHTT véi mién phuong an D, 1a mot tap
16i da dién co dinh, luon dat duoc tai it nhat mot trong cac dinh cua D. Cac dinh nay con dugc goi
1a cac diém cuc bién cua tap 16i da dién D (chinh xac hon, diém cuc bién 1a diém thuoc tap 16i da
dién, ma khong thé tim duoc mot doan th'fmg nao ciling thudc tap 16i da dién nhéan diém d6 la diém
trong). Nhén xét trén day 1a mdt dinh ly toan hoc (xem thém chuong VI) da dugc chung minh
mot cach téng quat. N6i mdt cach hinh anh, mubn dat duoc phuong an tdi uu cho cac BTQHTT
thi cAn phai “mao hiém” di xét cac diém cuc bién cia mién phuong 4n.

Cdch 2. Tir nhan xét trén, d6i véi BTQHTT c6 phuong an téi wu va c6 mién phuong an D
1a tap 10i da dién c6 dinh, ta c6 thé tim phuong 4n tdi uu bang cach so sanh gia tri cia ham muc
tiéu tai cac diém cyc bién cua D. Quay lai vi du 1, ta c6 gia tri z tai O(0, 0): z (0, 0) =0, tai A(0,
12): (0, 12) = 72, tai C(15, 0): z(15, 0) = 120 va tai B(12, 6): z(12, 6) = 132 (dat Zyayx)-

Nhdn xét. Xét BTQHTT c6 phuong an tbi wu va c6 mién phuong an D 14 tap 10i da dién c6
dinh. Dé tim phuong an t8i wu, ta xuét phat tor mot diém cuc bién ndo d6 va tim cach cai thién
ham muc tiéu bang cach di t6i diém cuc bién ké t6t hon. Tiép tuc nhu vay cho toi khi tim dugc
phuong 4n tdi wu. Quy trinh giai ndy bao gdm hiru han budc do sé diém cuc bién 13 hiru han.

Dbi véi BTQHTT trong vi du 1, quy trinh giai duge minh hoa nhu sau:
0(0,0) — A(0,12) > B(12,6) dung

z=0 z="172 z=132
hoac:
0(0, 0) — C(15,0) — B(12,6)ding
z=0 z=120 z=132

Quy trinh giai BTQHTT tong quat ¢ so dd khéi gian lwoc nhu trinh bay trén hinh I1.2. Trong
so do trén, vi muc dich trinh bay vin dé don gian, chung ta khéng dé cap t6i cac trudng hop khi
BTQHTT c6 mién phuong an 1a tap rdng (lac d6 ta khong tim duoc phuong an cyuc bién xuét phat)
cling nhu khi ta khong tim dugc diém cuc bién ké t6t hon mic du diéu kién tdi wu chua thoa méan (lic
d6 ham muyc tiéu z khong bi chan).
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So dé khéi

Bat dau

Nhéap dir liéu

Tim diém cuc bién
xuat phat

<
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y

: Tim diém
Sai R
—> cwe bién ké
tot hon

Kiém tra diéu kién
t6i wu

In va lwu triv két qua

v

Hinh 11.2. So’ d6 khéi giai BTQHTT

2. Phuong phap don hinh
2.1. Tim hiéu quy trinh tinh toan

Phuong phap don hinh 1a phwong phap sb giai BTQHTT theo so d trén. Dé giai vi du da
cho, trudc hét chung ta can dwa BTQHTT vé dang chinh tic bang cac bién b khong 4m x; va x4
nhu sau:

Max z = 8x; + 6x, + 0x3 + 0x4
véi cac rang budc

4%, + 2%, + X3 =60

2x;+4x, +x4 =48

X1, X2, X3, X4 > 0.

Chii y. BTQHTT c¢6 dang chinh tic 1a BTQHTT v&i cac bién khong 4m, cac rang budc cd
du “=", h¢ s6 vé phai ctia cdc rang budc khong am. Ngoai ra, mdi phuong trinh bét budc phai co
mot bién ding doc 1ap voi hé sd +1.

Cdch ldp va bién déi cdc bing don hinh
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Dé giai BTQHTT dang chinh tic trén day, can lap mot s6 bang don hinh nhu trong bang
IL.1. Trude hét, can dién sb liéu cua bai toan di cho vao bang don hinh budc 1:

— Cot 1 1a cot hé s6 ham muc tiéu ung voi cac bién co s di chon. Phuong an Xudt phat co
thé chon 14 x; = x, = 0 (dy chinh 1a diém gbc toa do O(0, 0) trén hinh I1.1), do d6 x5 = 60, x4 =
48. Nhu vay tai budc ndy ching ta chuwa bude vao san xuat, nén trong phuong an chwa c6 don vi
san phém loai I hay loai II nao dugc san xuét ra (chi “san Xuét” ra cac luong nguyén li¢u du thira,
ta cling ndi 1a cac “san pham” loai ITI va IV), va gi tri ham muc tiéu z tam thoi bang 0.

Bdng I1.1. Céc bang don hinh gidi BTQHTT

H¢ 56 ham » , ) =8 =6 c;=0 ;=0
Bien co so Phwrong dn

muc tieu ¢; X4 X, X3 X4

Bang don hinh budc 1

0 X3 60 4 2 1 0

0 X4 48 2 4 0 1
Hang z 70=0 2,=0 2,=0 73=0 724=0
Hang Aj=c¢j—z A=8 A=06 A=0 Ay=0
Bang don hinh budc 2

8 X 15 1 12 1/4 0

0 X4 18 0 3 -1/2
Hang z zo =120 z,=8 72, =4 73=2 74=0
Hang Aj = ¢j—z; A=0 A =2 Ay=-2 Ay=0
Bang don hinh bucc 3

8 X 12 1 0 1/3 -1/6

6 Xa 6 0 1 -1/6 1/3
Hang z zy =132 8 6 5/3 2/3
Hang Aj = ¢j—z; 0 0 —=5/3 -2/3

Céc bién bu o gia tri 16n hon 0 c6 nghia 14 cac nguyén liéu loai tuong tng chua dugc sir
dung hét. Ta goi cac bién X3 va X4 la cac bién co s6 vi chung co6 gia tri 16n hon 0 con x; va x, la
cac bién ngoai co sé vi chung c6 gia tri bang 0. Vi bai toan c6 hai rang budc, tai mdi budc chi co
hai bién co s6.

— C6t 2 1a ot cac bién co so. Trong cot 3 (cot phuong an) can ghi cic gia tri ctia cac bién
co so da chon.

— Céc cOt tiép theo 1a cac cot hé sb trong cac diéu kién rang budc tuong tng véi cac bién
X1, X2, X3 Va X4 cua bai toan da cho.

Phdn tich bdang don hinh budc 1
— Hé sb ung vé6i bién x; trén hang thir nhat 1 a;; = 4 c6 nghia 1a ty 1& thay thé riéng giita
mdt don vi san pham loai I va mot don vi san pham loai I1I 1a 4 (giai thich: xét phuong trinh (hay
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rang budc) thir nhét 4x; + 2x, + x5 = 60, X, tang mot don vi thi x3 phai giam bdn don vi néu git
nguyén X,). Tuong ty ta co thé gidi thich dugc y nghia cua cac hé so6 a;; khac cho trén hang 1 va
hang 2 trong bang don hinh budc 1.

— Chiing ta xét hang z cia bang don hinh. Dé tinh z, can ap dung cong thirc
z; = (c6t hé sb6 ctia ham muc tiéu)x (cot hé sb cua bién x1) = 0x4 + 0x2 = (gia mot don vi san
ph:flm loai II)x(ty 1€ thay thé riéng loai I / loai III) + (gia mot don vi san phém loai IV)x(ty 1€
thay thé riéng loai I / loai IV) = tong chi phi phai bo ra khi dua thém mot don vi san pham loai I
vao phuong 4n san xuat méi = 0. Céc gia tri z;, v6i j = 1, 2, 3, 4, dugce tinh twong tuy va chinh la
cac chi phi khi dua thém mdt don vi sdn pham loai X; vao phuong 4n san xuat méi. Con z, la gia
tri cia ham muc tiéu dat duoc tai phuong an dang xét: zy = (cdt hé s6 ctia ham muc tiéu)x (cot
phuong an) = 0x60 + 0 x 48 = 0.

— Trén hang A, can ghi cac gia tri Aj, j =1, 2, 3, 4, tinh theo cong thirc A; = ¢; —z; = loi
nhuan / don vi san pham — chi phi / don vi san pham. Vay A; 1a "14i bién" / mot don vi sin pham
khi dua mot thém mot don vi san phém loai x; vao phuong 4n san xuit méi. Néu A;j> 0 thi ham
muc tiéu con tang dugc khi ta dua thém cac san pham loai j vao phuong an san xuat méi. Co thé
chung minh dugc A; chinh 1a dao ham riéng 0z/0x ; cua ham muyc tiéu z theo bién Xj . Nhu vay,
x; ting 1én 1 thi z tdng 1&€n 8 con X, tang lén 1 thi z tang Ién 6 .

Do A, va A, déu 16n hon 0 nén van con kha ning cai thién ham muc tiéu khi chuyén sang
(hay “xoay sang”) mdt phuong an cuc bién ke tot hon (quay lai nhén xét & muc 1.2, phan giai bai
toan bang phuong phap do thi: diém cuc bién ké cua diem O(0, 0) co the 1la A(0, 12) hay C(15,
0)).

Thii tuc xoay (pivotal procedure)

Buée 1: Chon cot xoay 1a cot bat ky co Aj> 0. Lac do bién Xj trong g voi cdt xoay dugc
chon lam bién co so méi do x;j tdng kéo theo ham muyc tiéu tdng. ¢ day ta chon dua x; vao lam
bién co s6 méi.

Buoc 2: Chon hang xoay dé xac dinh dua bién nao ra khoi tap cac bién co s& (vi tai mdi
budc sb bién co so 1a khong thay doi). Pé chon hang xoay, ta thuc hién quy tic “ty s duong bé
nhit” bang cach 14y cot phuong 4n (60, 48)" chia twong tng cho cot xoay (4, 2)" dé chon ty s6 bé
nhat. Mot didu can chi ¥ 14 ta chi xét cac ty s6 c6 mau s duong.

Vi Min {60/4, 48/2} = 60/4 dat duoc tai hang diu, nén hang xoay 14 hang du (hang tuong
ung voi bién x3). Do d6 can dua x; ra khoi tap cac bién co so.

Buée 3: Chon phan tir xoay nam trén giao ctia hang xoay va cot xoay.

Buée 4: Xoay sang bang don hinh méi, xac dinh cac bién co s méi dé dién vao cot bién
CO SO, déng thoi thay cac gia tri trong cot hé s6 ham muc tiéu. Sau do, tinh lai cac phﬁn tr cua
hang xoay bang cach 1iy hang xoay cii chia cho phan tir xoay dé c6 hang méi twong tmg.

Buéc 5: Cac phan tir con lai ciia bang don hinh méi tinh theo quy tic “hinh chit nhat”:

(Dmsi = (Dei — 2)eix (4)ea/(3)es, trong d6 (3) 1a dinh twong tmg voi phan tir xoay (xem hinh 1.3).
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2) 3)

Y Chang han: néu (1) = 4,(2)ei = 2,
(3)ei = phan tir xoay = 4, (4)ei = 2 thi
(Dmsi =4 —2x2/4 =3

(N (4)
Hinh 11.3. Quy t&c hinh chi¥ nhét

Gidi thich. Cac budc xoay trén day chi 1a phép bién dbi twong duong hé phuong trinh

4x, + 2X, + x3 =60 2.1
{ 2x| + 4%, + x4 =48 (2.2)
dé c6 he
X1+ (1/2)x, + (1/4)x3 = 15 2.17)
{Oxl +3x,— (1/2)x3 + x4 =18 (2.2%)

bang cach lay phuong trinh (2.1) chia cho 4 (phan tir xoay) dé c6 (2.1°), rdi liy (2.2) trir bot 2x
(2.1)/4 dé co (2 2’). Bay chinh la ndi dung ctia budc 4 va bude 5. Con viéc thuc hién budc 3 s€
dam bao riang gi4 tri coa cac bién co s& méi khong Am  (x; = 15,
x4 =18).

Ap dung thi1 tyc xoay cho cic phan tir nim trén hang 1 va 2 cia bang don hinh budc 1, sau
do tinh céc gia tri trén hang z; va A; tuwong tu nhu khi 1ap bang don hinh budc 1, ching ta s€ nhan
duoc bang don hinh budc 2.

Phdén tich bang don hinh budéc 2

Bang budc 2 ¢6 thé duge phan tich trong tw nhu bang bude 1. Can chi ¥ rang luc nay ta
dang & vi tri ciia diém C(15, 0) vi x; = 15 con x, = 0 (xem hinh IL.1). Tai diém nay gia tri ctia ham
muc tiéu la zog = 120 da duoc cai thién hon so voi budce 1. Ta théy A, =2 >0 nén con co thé cai
thién ham muc tiéu béng cach dua bién x, vao 1am bién co s& mdi. Thue hién cac budce xoay sang
phuong an cyc bién ké tét hon, chiing ta s& c6 bang don hinh budc 3.

Phan tich bing don hinh buéc 3
Tai bang don hinh budc 3 ta thay diéu kién t6i wu di dugc thoa méin (Aj<0,V] =ﬁ) nén

khong con kha ning cai thién phuong an. Phuong 4n t6i wu di dat duoc tai x; = 12, x, =6, x3 =0,
x4 = 0, tirc 12 tai diém cuc bién B(12, 6) v6i gia tri Zmax = 132 (xem thém hinh IL.1).

Mot 56 chii y

— Diéu kién t6i wu cho cic BTQHTT dang Max 1a A; <0, Vj .

— Pdi voi cac BTQHTT can cuc tiéu hod ham muc tiéu thi diéu kién tdi wu (hay tiéu chuin
dung) 1a A; >0, Vj (néu 3 j* sao cho A;. <0 thi can tiép tuc cai thién ham muc tiéu bang cach

chon cdt j* lam cOt xoay).
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— Trong thue tién giai cac BTQHTT dang tong quat c6 thé xay ra truong hop khong tim
dugc phuong an xuat phat (tirc 1a khong c6 phuong an kha thi). Lic nay c6 thé két luan mo hinh
da thiét 1ép co cac diéu kién rang budc qua chat chég, cn xem xét néi long cac diéu kién nay.

— Trong trudng hop ta tim dugc cot xoay ma khong tim duoc hang xoay thi két luan ham
muc tiéu khong bi chan trén (d6i voi cac BTQHTT dang Max) hodc khéng bi chin dudi (d6i véi
cac BTQHTT dang Min).

Trong céc truong hop trén ciing phai ding lai va két luan mo hinh quy hoach tuyén tinh da
thiét 1ap khong phu hop voi thyc té.

2.2. Khung thuit toan don hinh

Sau day 1a khung thuat toan ctia phuong phap don hinh duoc phat biéu cho BTQHTT cuc
dai hoa dang chinh tac.

Buoc khai tao

— Tim mot phuong an cyc bién ban dau.

—Tinh Aj=c¢j—z, Vj = ‘I,_n , trong d6 n la s6 bién cua bai toan dang xét.

Cdc bwoc lap

Buéc 1: Kiém tra diéu kién t5i wu. Néu didu kién t6i wu A; = ¢;— z <0, Vj = 1,n da duoc
thoa mén thi in / luu trit két qua cta bai toan va chuyén sang budc két thuc.

Buée 2: Néu ton tai mot chi sé j sao cho A >0 thi tién hanh thu tuc xoay gdm nam budc
da biét, tinh lai cac A, V) = 1,nva quay lai budc 1 (Chu y: Trong truong hop ta tim dugc cot
xoay ma khong tim dugc hang xoay thi két ludn ham muc tiéu khong bi chan, in / luu trir két qua
ctia bai toan va chuyén sang budc két thic).

Buéc két thic. Dimg.

3. Co sé toan hoc ciia phwong phap don hinh

3.1. Phit biéu bai toan quy hoach tuyén tinh dang chinh tic
Xét BTQHTTdang sau day (v6i cac rang budc déu co dau =):
Max (Min) z = ¢X; + ¢pXo + ... + CiXy
v6i hé diéu kién rang budc
aX, +a,X, + ... +a,,Xx, =b,

1n“n

a, X, +a,X, + ... +a, X, =b,

a,X; +a,,X, + ... +a,,X,=b
X; >0, Vj=1,n.
Chung ta sir dung cac ky hiéu sau (T 1a k¥ hiéu chuyén vi):
— Véc to hé s6 ham muc tidu ¢ = (¢, Ca, ..., ¢y)" € R,

— Véc to quyét dinh x = (X1, X2, ..., X,)" € R,
— Véc to hé s6 vé phai b= (b, by, ..., by)" € R™,
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— Ma tran hé s6 céc dicu kién rang budc

a11 a12 a1n
A _ a21 a22 e a2n c Rmxn
am1 am2 amn

trong do a; = (ayj, ayj, ...,amj)T la véc to cOt j cia ma tran A, Vj = ‘I,_n
Vi cac ky hiéu trén, BTQHTT duoc viét ngén gon la:
Max z=c'x, voix € D= {xe R Ax=b, x> 0}. (2.3)
BTQHTT trén day duoc goi 1a BTQHTT dang chudn tic néu hang cia A bing m va b > 0
(cac toado cua b déu khong am). Ngoai ra, néu A c6 m véc to cot 1a cac véc to don vi doc lap
tuyén tinh thi BTQHTT dang chuan tic tré thanh BTQHTT dang chinh tdc. Trong trudng hop
BTQHTT dang chinh tic, khong lam giam tinh tong quat, chung ta luén c6 thé coi m véc to cot a
, Vj=n-m+1,n la cac véc to don vi doc lap tuyén tinh,
Vi du 2. Chung ta xét lai vi du 1 cua chuong nay.
Max z =8x; +6x, +0x;3 +0x4
véi cac rang budc
4x, + 2%, + X3 =60
2X1 +4X2 +X4:48
X1, X2, X3, X4 2 0.
Pay la BTQHTT dang chinh tic. Gia sir ma trdn A dwogc phan ra theo khdi dudi dang A =
[N B] voi B la ma trdn kha nghich. Chung ta s€ st dung cac ky hi€u sau:
J=1{1,2, ..., n} la tap cac chi 36, Jp = {j: aj1a véc to cot cia B} 1a tap chi s6 cac bién co s, Iy =1
\Jg = {j : aj1a véc to cot cua N} la tap céac chi s6 cac bién ngoai co s. Luc do, co thé vibt véc to

5 s - LI A A 1A A T
quyét dinh dudi dang x = (XL , X;) va véc to h¢ s6 ham muyc tiéu ¢ = (CIl , i ) .

Trong vi du 2, ta co: Jy = {1, 2}, Jg = {3, 4}. D& dang thiy, phuong 4an ban dau

X = (XL, Xg )T = (0, 0, 60, 48)T, trong do xn = (X, xz)T = (0, O)T va xg = (X3, X4)T =

(60, 48)". Véc to hé s6 ham muc tieu 1a ¢ = (c, ¢ )T =(8,6,0, 0 véi cx = (8 6),

cg = (0 0)". Cac véc to cot cia ma tran rang budc A la:

o[-

. 4 2 10
VéyA:(alaaZaa3:a4):[N B]Vé’lN: 2 4 :B: .
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) . X
Can chu y rang: Ax=b<:>[NB]{ N
X

:|:b<:>NXN+BXB:b<:>BXB:b<:>XB:Blb.
B

Phuwong dn cuc bién

Dbi véi BTQHTT (2.3) dang chinh tic luén ¢ thé tim dugc mot phuong an xudt phat x =
©0,0,...,0,b, by, ..., bm)T, trong d6 n — m toa d¢ dAu tién déu béng 0. bay 1a mét phwong an cuc
bién. Mot cach tong quat, xét mot phéan ri tiy ¥ cia ma tran A = [N B] voi B 1a ma trédn vudng
duogc tao nén tir m véc to cot doc lap tuyén tinh cua A, N 1a ma tran duoc tao nén tir cac véc to cot
con lai. Luc d6, mot phuwong dan cuc bién cia BTQHTT tuong tng véi sy phan ra trén cua A la
mot phuong an ¢6 dang x = (XL ,Xg )T trong d6 xy =0, xg = 0. Ma tran B dugc goi 1a ma trén co
s& twong tmg vai x (c6 thé xem thém vé van dé phuong an cyc bién trong chuong VI). Nhu vay,
mot phuong an cyc bién khong cé qua m toa do0 duong. Phuong an cuc bién c6 ding m toa do
duong dugc goi 1a phuong an cuc bién khong suy bién, néu trai lai, d6 13 phuong 4n cuc bién suy
bién.
3.2. Cong thirc s6 gia ham muc tiéu

Xét BTQHTT (2.3) dang chinh tic, gia sir x 12 phuong 4n cuc bién tuong Gmg v6i phan ra
A =[N B], v6i B la ma tran co s, con X la mdt phuong an khac. bat Ax = X — x 1a véc to s6
gia cac bién quyét dinh. Chiing ta tim cach thiét 1ap cong thirc s6 gia ham muc tiéu:

T

¢'X —c'x=c'(X —x)=c"Ax.

. AX
Ta thay ngay AX = Ax = b nén AAx = 0. Ky hi¢u Ax = [A N}, ta co6 AAx =0 < [N
XB

AX
B] {A ) } =0 < NAxy + BAxg = 0 < BAxs = -NAxy <> Axg = B NAxy.
XB

AX
Vay ¢'Ax =(c¢),,¢}) L N }=c§ Axy + CL Axp = ¢} Axy — Cf B"'NAxy
X

B

= (¢~ ¢t B N)Axy = (¢, — ¢ B'N)Axy + (¢} — ¢} B'B)Axp

AX
=[c, - ctB'N, ¢l - ¢} B“B]{ N}.
AXg

PatA=[c, - cL B'N, ¢} - ¢l B'B] = [Ax, Ag], thi ¢c"Ax = AxAx. Day chinh la cong thirc
sO gia ham muc tiéu can thiét lap.

Quay lai vi du 2, trong bang don hinh budc 1, ching ta cé:

1 0]'[4 2 1 01'1 0O
A=[(8,6)—(0,0){0 1} L 4} (0,0)—(0,0){0 1} [o J]

= (87 65 07 0) = (AI, AZ; A3, A4)
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Nhdn xét. Co thé chimg minh duge rang A, =a—Z,Vj =1,n. Chang han, tuong ung voi
I o
J

bang don hinh budc 2 ta co: Az = z(x + AX) —z(xX) = ¢' (X + AX) — ¢'x = ¢'Ax = A Ax = A|Ax, +

MAX, + MAx3; + MAxg = 0Ax; + 2Ax, +  (2)Ax3; + O0Axq. RO rang
ring, 2 = A, =0, 2 a =2, a2 P2 _\ 0.
OX, OX, 0X, OX,

3.3. Tiéu chuén ti wu
Xét phuong an cyc bién x ciia BTQHTT (2.3) dang chinh tic: x = (XL, Xg )T (tuong ung
voi phan ra A =[N B], v6i B 1a ma tran co s&). Lic nay, VX € D ta cé:
¢'x <c'xeoc'x —c'x<0ec'Ax 0.
Vay tiéu chuan dé x 1a phuong 4n t6i vu 1a: ¢"Ax <0, VAX < AxAx <0, VAx

AX,

= (AN, AB) |:A j| = ANAXN T ApAXp £ O,VAX < AyAXy < O,VAX (dO Ap = 0)
X

B

Pinh Iy 1. Xét BTQHTT (2.3) dang chinh tic. Diéu kién du dé mot phuong an cyc bién x =
(%% x5 )T (twong tmg v6i phan rd A =[N B], v6i B 1a ma tran co so) la phuong an t6i uu 1a Ay
=cy - C B'N < 0. Nguoc lai, néu x 1a phuong 4n cuc bién tdi wu khong suy bién thi ta cing co
Av=c - B'N<O0.

Chitng minh

Piéu kién dii. Néu Ay < 0, thi ANAxy <0, VX € D, (cht ¥ ring xy = 0 ludn ding, nén ciing
luén c6 Axy = Xn — Xy = 0). Do Ag = 0 nén AyAxy + AgAxg < 0, VAX hay A x Ax < 0,VAx. Vay
¢'x <c'x, VX e D. Do d6 x la phuong an ti uu.

Piéu kién can. St dung phuong phap chimg minh phan ching, gia sir x 1a phuong an cuc
bién t6i wu khong suy bién va didu kién Ay < 0 khong duoc thoa mén. Luc d6 ton tai chi sb j* e
Jn sao cho Aj+ > 0. Xét phuong 4n X = x + Ax. Chung ta s& chi ra cach xay dung X sao cho X la
phuong an kha thi thoa man ¢"x > ¢"x hay ¢"Ax < 0, tir d6 suy ra x khong phai 1a phuong an tdi
uu.

That vay, chon Axy sao cho: Ax; =0, Vj € Jx,j #j* va Axj+=0>0.

AX,

Chon Axg sao cho: AAx =0 <[N B] {A } =0 < NAxy + BAxg = 0 & BAxg = -NAxy

Xg

& Axg = -B'NAxy < Axg = -B ' 0aj.

. P 4 2| | Ax, 4 2| 16 4
Trong vi du 2, ta thay: NAxy = X = X = Ox = Oxay,
2 4| | Ax, 2 4| |0 2

voi j* = 1.
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Dé X 1a phuong 4n kha thi, cAn phai c6 X > 0. D& thdy Xy > 0 theo cach xdy dung Axy.
Con X =xg + Axg = Xxg— B '0a;: . Dé X 5 > 0 phai chon 0 theo quy tic ty s duong bé nhat (nhu
d4 biét & muc 2.1 khi mo ta thu tuc xoay).

Truong hop 1: Bflaj* < 0. Luc nay, khi thuc hién “quy tic ty s6 dwong bé nhat” (lay cot
phuong an chia cho ¢t aj») ta khong nhan duoc mot ty s6 nao c¢6 mau sd duong. Bé Xy > 0,
chiing ta ¢ thé chon 6 > 0 va 1on tuy . Do d6 c¢'Ax = Aj+ — +oo khi chon 6 — +oo. Diéu nay
chiing t6 phuong an x khong phai 1a phuong an t6i vu va BTQHTT (2.3) dang chinh tic c6 ham
muc ti€u khong bi chan trén.

Truong hop 2: Véc to B 'ap ¢6 toa do dwong. Dé cho dé hiéu, xét lai vi du 1 va bang don
hinh II.1 (budc 2). Do x; va x4 1a cac bién co s& va j* =2 nén:

4 0] ., [14 0] _, [1/4 o] [2] [1/2
B= =B = =B ajx = X = .
2 1 -1/2 1 -1/2 1 4 3

N » 15 1/2 15-(1/2)6=0

Vay: Xp=xp+ Axg =xp— B 0a;» = — Ox >0
’ AL 3 1830 0
- > 0.

Chon 6 = Min {%, ?} = 6 theo “quy tic ty s6 duong bé nhat” s& dam bao X > 0.

Do x 1a phuwong 4n cuc bién khong suy bién nén x5 > 0 kéo theo 6 > 0. Cudi cing, ta co
c'AX = AXAX = ANAXN + ApAXp = ANAXN = Aj+ Axj= = OxAj= > 0. Do d0, phuong 4n x khong thé 1a
phuong an ti wu (dpcm). W

Nhan xét

— Néu ton tai chi s6 i* e Jg sao cho x;+ = 0 (nhu di biét, phuwong an cuc bién x luc ndy duoc
goi 14 phuwong dn cwc bién suy bién), thi tir didu kién X g = xg + Axg = Xg— Bfleaj* > 0 c6 thé xay
ra truong hop chon dugc 6 = 0. Do d6 ¢'Ax = 0A;« = 0, tirc 1a hai phuong 4n x va X cho cing mot
gia tri ham muc tiéu. Trong cac truong hop nhu vay c6 thé xay ra hién tuwong xoay vong: Ching
han, khi chuyén tir x sang X , roi lai chuyén tir X sang mot phuong 4n X niao d6 ma van chua cai
thién duogc gia tri cia ham muc tiéu. Sau do, lai co thé xay ra viéc chuyén tir X vé x. Nhu vy quéa
trinh giai BTQHTT theo thuat toan don hinh s& bj “treo” tai vong lip x > X — X — x. Dé khic
phuc hién tuong xoay vong c6 thé ap dung mot sb thu tuc tinh toan. Cach don gian nhat 1a ap
dung quy tic ty s6 duong bé nhat v6i su bd sung sau: Néu ¢é nhiéu chi sé ing véi ty sé diong bé
nhdt, thi chon ngau nhién mét trong cdc chi sé dé dé xdc dinh hang xoay tuwong ing.

— Trong qué trinh giai BTQHTT (2.3) dang chinh tic khi xuét phat tir mot phwong an cuc
bién, bang thi tuc xoay ta ludn chuyén tir phwong an cuc bién nay sang phuwong an cuc bién khac
cho t&i khi cac dau hidu dimg dugc théa man (tirc 13 khi tiéu chuén t6i wu dugc thoa mén hay khi
két luan dugc BTQHTT d3 cho ¢6 ham muc tiéu khong bi chan trén).

3.4. Thuét toan don hinh cho bai toin quy hoach tuyén tinh dang chinh tic
Xét BTQHTT dang chinh tic:

Max z=c¢X; + X + ... + CuXp T Copt1Xnt1 T oo T CotmXntm
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v0i cac rang bude

(aX; tapXyt ...+ amXy + Xp =b

1X; T apX;t ...+ axX, + Xni2 =b,

aAm1Xg + am2x2+ ot AmnXn + Xntm = bm

\ X1 X25 ooy Xny Xntls eees Xn+m2 0

Buwoc khai tao

— Nhép cac hé¢ s6 ham muc tiéu ¢, ma tran rang budc A va cac hé s6 vé phai b.
—batd, =cpi1, ooy dn = Cpim , tc la cg = (d4, ..., dm)T.

— Pat chi sd bién cosé: r(1)=n+1, .., r(m) =n + m.

*Géan(i):bi,Vi: 1,m.
—Dbat flag = 2.

Cadc bwoc lap
Buoc 1:
— Tinh CTX =7Z= d]Xr(1) + ..+ der(m).

m -
—Tinh z; = Zapjdp ,Vi=1,n+m.
p=1

~ Tim A = [Ax, Ag] = [¢, — ¢§B'N, ¢ — ¢ B'B], trong d6 Az = 0. Nhu vay

m
Aj = ¢j — zj, VO z :zapidp ,Vje NvaA =c¢—-17=0,VjeB, (thc 12 zy = C; B'N va

p=1

7z = i B'B).

Burde 2: Néu ton tai chi sd j € N'sao cho A; > 0 thi thuc hién thu tuc xoay.

— Xac dinh ¢t xoay: chon cit xoay s ung voi mét chi ) j co6 tinh chét A;j > 0. Thong

thuong chon j tmg véi A; > 0 16n nhét, hodc chon ngiu nhién.
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— Xéc dinh hang xoay q theo quy tic ty sé dwong bé nhat:

X .
@)~ Min{—2% va_>0.
a,

Trong trudng hop khong ton tai a, > 0, dat flag = 0 va chuyén sang budc két thuc.
— Xac dinh phan tir xoay ags.

— Tinh lai (dé chuyén sang bang don hinh m&i): by: = by/ags, ag: = ag/ag, Vj.V i # q tinh lai b;

— bqais va aj; = ajj — aqj ais, V.

—bat lai chi sb cac bién co s6: 1(q) =58, dq :=Cs, Xy = b; Vi=1,m.
— Quay vé budc 1.
Buée 3: Néu Aj< 0, Vj € N thi ditflag=1 va chuyén sang budc két thuc.



Buéc két thiic

Ghi lai dir liéu dau vao cia BTQHTT va két qua cudi cing. Néu flag = 0 thi két luan
BTQHTT c6 ham muc tiéu khong bi chan trén. Con néu flag = 1 thi két luan BTQHTT c6 phuong
an t6i vu da tim dugc. Ding.

4. B6 sung thém vé phwong phap don hinh
Xét BTQHTT dang tong quat:
Max (Min) 7 =c;x; + cx; + ... +CX
véi cdc diéu kién rang buéc
(apx; +apx; +... +ax, Ob;

Xy +ax;x;+..+ayx, Ob,

Apu1X1 + Ap2Xs + oo + pux, @b,

X190, x,00, ..., x, O0.

Trong d6 ky hiéu @ c6 thé hiéu 1a <, > hodc = ddi vdi cac rang budc. Déi véi diéu kién vé
déu ctia cac bién © 0 c6 thé hiéu 1a > 0, < 0 hodc c6 du tuy y. Mudn giai mét BTQHTT c6 dang
téng quat, trudc hét can dua no vé dang chinh tic. Cé thé nhic lai vin tit, BTQHTT dang chinh
tac 1a bai toan véi cac bién khong am, cac rang budc voi déu “=>, hé sb vé phai cua cac rang budc
khong am. Ngoai ra, mdi phuong trinh bit budc phai c6 mot bién dimg doc 1ap véi hé s6 +1.

4.1. Pua bai toan quy hoach tuyén tinh vé dang chinh tic
Vi du 3. Xét lai vi du 1, trudng hop céac rang bude déu c6 diu <.
Max z = 8x; + 6X,, v&i cac rang budc
4x, +2x, <60

2x, +4x,<48
X, Xy 20,
Pua BTQHTT vé dang chinh tic nhu di biét bang cach thém hai bién bu (slack variables)
x3 va X4. Ta c6 BTQHTT dang chinh tac:
Max z = 8x; + 6x, +0x3 + 0x4
4x, + 2%, +X, =60
2x, +4x, +x, =48
Xy, X5, X5,X, 20.
Luc ndy, trong hé hai didu kién rang budc dd c6 di hai bién dung doc lap trong ting
phuong trinh v6i hé s6 +1, nén da c6 thé tim dwoc phuong 4n cuc bién xuat phat dé bit dau qua
trinh giai bai toan.

Vi du 4. Truong hop co dicu kién rang budc voi dau > hoac =.
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Max z = 8x; + 6X,, v&i cac rang budc

4x, +2x, <60
2x, +4x,>48
Xy, X, 20,

Ta thém hai bién bu x5 (slack variable) mang dau +, x4 (surplus variable) mang dau — dé co
hé diéu kién rang budc (mang diu =)
4Xx, +2X, + X, =60
2X, +4x, —x, =48
X;,X,5,X5,X, 2 0.

Phai thém bién gia xs (x5 goi 13 lwong vi pham ctia phuong trinh thir hai) dé duoc hé diéu
kién rang budc
4x, + 2%, + X, =60
2X, +4x, — X, + X, =48
Xq5Xp, X5, X4, X 2 0.

Luc nay, do dd c6 du hai bién dung doc 1ap trong timg phuong trinh v&i hé s6 +1, nén
c6 thé tim dugc phuong an cuc bién xuat phat dé bit dau qua trinh giai bai todn bang phuong
phap don hinh véi ham muc ti€u la Max z = 8x; + 6x; + 0x3 + 0x4 — Mx;s , trong d6 M = +o
va biéu thirc — Mxs goi la lugng phat (danh thué). Bai toan di duoc dua vé dang chinh tic.
Luong vi pham x5 cang 16n thi ham muc tiéu cang giam, gia tri ciia ham muc tiéu chi c6 thé
dat Max khi x5 = 0.

Vi du 5. Truong hop c6 bién khong duong.

Max z = 8x; — 6X,

4x, +2x, + X, <60
2x, +4x, -x, =48
X, 20,x,<0,x; 20,x, >0.

Luc nay mudn giai bai toan bang phuong phép don hinh ta phai dbi bién x’, = —x,. Ta c6

BTQHTT véi cac bién déu khong am.

Max z=8x; + 6x/2

4x, — 2} + X, <60
2x, —4x), —x, =48

/
X;,X5,X5,X, 2 0.

Vi du 6. Truong hop c6 bién véi dau tuy y.

Max z = 8x; + 6X,, v&i cac rang budc
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4x, +2x, <60
2x, +4x, <48

X, 20,X, céddutuyy.
Luc nay ta viet bién x, dudi dang x, = x5 — x5 véi

{x’z =max{0,X,}
x}) =max{0,~X,}

e xg2
thi dam bao
X//

Cac rang budc s¢€ 1a
/ I
4x, +2x, —2x, + X, =60

2x, +4x, —4x}) +x, =48

/ I
X, X5,X5,X5,X, 2 0.

Bai toan véi ham muc tiéu Max z = 8x; + 6x’, — 6x"5 + 0x; + 0x4 va céc diéu kién rang budc
trén 1a BTQHTT dang chinh tic.

Két ludn. Bao gidr cling dwa dugc BTQHTT bét ky (cac bién c6 diu tuy ¥, cac rang budc co
thé <, > hay =) vé dang chinh tic. Bién c6 diu < 0 dugc thay bang mét bién c6 dau > 0, bién co
dau tuy y duoc thay béi hiéu cta hai bién déu c6 dau > 0. Rang bude < dugc dua vé = bang cach
thém mot bién bu (thiéu), rang budc > dua vé rang budc = béng cach thém mot bién bu (thira) va
mot bién gia, mdi rang budc c6 dau = c6 thém mot bién gia. S6 bién gia cia BTQHTT dang chinh

tac nhan dugc chinh 1a tong s6 cac rang budc > va =,

4.2. Phuwong phap don hinh mé rong
Phuong phap don hinh mé rong con goi 1a phuwong phap danh thué M duoc ap dung dé giai
BTQHTT c6 bién gia.
Vidu 7. Xét BTQHTT: Max z = 8x; + 6x,, v0i cac rang budc
4x, +2x, <60
2x, +4x,>48 (2.4)
Xy, X, 20.
hay: Max z = 8x; + 6x, +0x; + 0x4, VOi cac rang bugc
4x, +2x, + X, =60
2x, +4x, -x ,=48 (2.5)
Xy, Xy, X5,X, 20,

Ta c6 thé dua bai toan vé dang chinh tic sau goi 1a bai toan M:
Max z = 8x; + 6x, +0x3 + 0x4 — Mxs (trong d6 M = +o0)
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véi cac rang budc
4x, +2x, + X, =60
2X, +4x, — X ,+X, =48 (2.6)
Xy, X5, X5, X, X5 2 0.
Cach 1. C6 thé giai BTQHTT vdi cac diéu kién rang budc (2.4) bang phuong phép do thi
dé nhan duoc Kkét qué: phuong an t6i wu 1a (x1=0, X,=30) va Zyay = 180.
Cdach 2. Giai BTQHTT véi cac didu kién rang budc (2.6) bang cach 1ap bang don hinh nhu
thong thudng nhung cht ¥ hé s6 M ~ +oo (xem bang 11.2).
Tai bang don hinh cudi cing, ta thiy A;j £ 0, Vj, nén phuong 4n t6i wu da dat duge véi x, =

30,x4=72, X1 =X4 = X5 =0 va Zmax = 180.

Bdng I1.2. Cac bang don hinh giai bai toan M

He 56 hflm Bién co so Phuwong an : ° 0 0 M
muyc tieu X4 X, X3 X4 Xs
0 X3 60 4 2 1 0 0
-M X5 48 2 4 0 -1 +1
Hang z zo=—48M z,=-2M z,=—-4M 23=0 zz=M 75 =-M
Hang A A=8+2M | Ay;=6+4M | A3=0 | Ay=-M | As=0
0 X3 36 3 0 1 1/2 -12
6 X2 12 172 1 0 —-1/4 1/4
Hang z 72 3 6 0 =372 372
Hang A 5 0 0 372 -M-3/2
0 X4 72 6 0 2 1 -1
6 Xa 30 2 1 1/2 0 0
Hang z 180 12 6 3 0 0
Hang A, —4 0 -3 0 -M
Chuy

— M6t khi mét bién gia da duoc dwa ra khoi co so thi khong bao gio quay lai nita (ban doc
hdy tu chimg minh diéu nay). Do d6 ta c6 thé xod cot bién gia d6 di khoi bang don hinh.

— Néu dau hiéu dimg xuat hién (A; 0, Vj) nhung van con bién gia v6i gia tri dwong trong
s6 cac bién co so thi diéu nay chimg t6 bai toan ban diu khong thé c6 phuong an kha thi (co thé
chimg minh diéu nay bang phan chimg).

— V6i vi du trén (xem bang I1.2) ta thay qua trinh gidi chia lam hai pha: pha 1 nhim giai bai
toan M cho t6i khi bién gia (xs) duoc dua ra khoi tip cac bién co s& dé co duge phuong an cuc
bién xuét phat cho BTQHTT vdi cac rang budc (2.5) va pha 2 nham tim phuong an t&i wu cho bai
todn nay.
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4.3. Phwong phap don hinh hai pha

Tt trude téi nay, ching ta ludn gia sir raing BTQHTT dugc xem xét luén c6 phuong an va
c6 thé biét duge mot phuong an (cuc bién) ban ddu cia nd dé khéi tao qua trinh giai. Trong muc
nay chiing ta s& di xét cac truong hop khi chua biét BTQHTT c6 phuong an hay khong, ciing nhu
chua biét dugc phuong 4n cuc bién ban dau. Pdi voi nhimng truong hop nay c6 thé st dung
phuong phép don hinh hai pha. Chung ta s€ trinh bay phuong phap don hinh hai pha thong qua vi

du sau.
Vidu 8. Xét lai vidu 7.

Max z = 8x; + 6X,, v&i cac rang budc

4x, +2x, <60

2x, +4x, >48

X, Xy, 20,
hay:

Max z = 8x; + 6x, + 0x; + 0x4, vGi cac rang budc

4x, +2X, + X, =60

2x, +4x, -x, =48

X;,X,5,X5,X, 2 0.

Trude hét can tra 101 cdu hoi BTQHTT dang chuan tic trén ddy c6 phuong an hay khong,

néu c6 thi can tim mot phuong an cyc bién xudt phat ciia no.

Pha 1. Tim mdt phuong an cyc bién xuét phat bang cach xét BTQHTT sau day:
Min ® = x5, v&i cac rang budc

4x, +2x, + X, =60
2X, +4Xx, — X ,+X, =48 (2.7
Xy, X5, X5, X, X5 2 0.

Muc dich cta pha 1 1a dé giai BTQHTT véi cac rang budc (2.7) hay con goi 1a bai toan
o. Néu tim dugc phuong an tdi wu ciia bai toan ® voi cac bién gia déu nhan gia tri bang 0 thi
diéu nay chung t6 BTQHTT vdi cac rang budc (2.5) c6 phuong an. Trong truong hop do dé
dang tim dugc mot phuong an cuc bién ciia n6 (xem bang I1.3).

Tai bang don hinh cudi cing, ta thiy A;j <0, V], nén phuong an t6i wu da dat dugc voi x, =
12, x3 =36, x; = X4 = X5 = 0 vd Opin = 0. Do d6 ching ta duara két luan 1a BTQHTT véi céc rang
budc (2.5) ¢6 phuong an x; =0, x, = 12, x3 =36, x4 =0.

Nhdén xét. Mot cach tong quat, ¢6 thé khang dinh dugc rang, néu bdi todn  c¢é phwong dn
10i wu véi gid tri ham muc tiéu la 0 thi BTOHTT ban dau c6 phwong dn, trong trwong hop trdi lai
thi né khéng c6 phirong dn. Néu bai todn o cé gid tri toi wu @i = 0, thi ta cé ngay phwong dn
cwee bién xudt phat cho BTOHTT ban dau va chuyén sang pha 2 bang cach bé cdc cét ¢é bién gia

(cting nhu cdac hang ung voi bién co so la bien gia) va thay lai cac hé so ham muc tiéu.
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Bdng I1.3. Cac bang don hinh giai bai toan pha 1

, , 0 0 0 0 1
Hé s6 ham muc tiéu Bien coso | Phuwong an
X Xp X3 X4 X5
0 X3 60 0 0
Xs 48 0 -1 +1
Hang ® o= 48 ;=2 o, =4 ;=0 =1 s =1
Hang A, A==2 | =4 | A=0 As=1 As=0
X3 36 3 0 1 12 -1/2
X2 12 12 1 0 -1/4 1/4
Hang o ®y=0 0 0 0 0 0
Hang A; 0 0 0 0 1

Pha 2. Giai BTQHTT véi cac rang budc (2.5) can ctr phuong an cuc bién vira tim dugc &

pha 1 (xem bang I1.4): Max z = 8x; + 6x; +0x3 + 0x4, v&i cac rang budc

4x, +2x, + X, =60
2x, +4x, -x ,=48
X4, X,,X5,X, 2 0.

Nhdn xét. Két qua giai vi du trén bang phuong phap don hinh hai pha ciing gidng voi két

qué dat dugc khi giai bang phuwong phap don hinh md rong. Tuy nhién, khi sir dung phuong phap

don hinh hai pha, chung ta tranh dugc sy phién phirc trong viéc khai bao gia tri dwong du 16n cua

tham s6 M nhu trong phuong phap don hinh mé rong.

Bdng I1.4. Cac bang don hinh giai bai toan pha 2

PN 8 6 0 0
Hé so ham muc s , ,
. Bién co so Phuong dan
tiéu X Xy X3 X4
X3 36 3 0 1/2
Xo 12 172 1 0 -1/4
Hang z 70="72 z1=3 7, =06 73=0 74 =3/2
Hang A; A=5 A=0 A;=0 Ay =312
X4 72 0 1 1
X, 30 1 172 0
Hang z 180 12 6 3 0
Hang A; —4 0 -3 0

Tai bang don hinh cudi cing, ta thiy A;j £ 0, Vj, nén phuong an tbi wu da dat dugc voi x, =
30,x4=72,%x1=X3=0Va Zynax = 180.
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4.4. Phwong phap don hinh cai bién
Bang I1.5 1 bang don hinh tong quat & budce lap thir k. Dé hiéu bang nay chi can so sanh no
véi cac bang don hinh ngay trong bang I1.4 trén day hodc cac bang don hinh ciia bang I1.1. D&

dang nhan thiy rang cac biéu thic tinh toan déu xoay quanh ma tran B!, trong d6 B 14 ma trén co

-1
next >

s & bude k. Pé chuyén sang bang don hinh & budc 1ip thir k+1 tiép theo, can tinh dugc B

vO1 B ey 1a ma trdn co sé ¢ budc k + 1.

Bing I1.5. Bang don hinh dang tong quat

T T
cN CB
Hé so6 ham muc tiéu Bien co so Phuwong an
X\ Xg
Cp Xp B'b B'N B'B
Hang z ciB'N ciB'B
Hang A, ¢ -ctB'N ci- ciB'B

No6i dung cta phuwong phap don hinh céi bién (hay con goi 1a phuong phap don hinh dang

ma tran nghich dao) 1a viéc tinh B;;xt dugc dya vao cac thong tin can thiét va t6i thiéu nhit co
duogce tir B, Vi vy cac thong tin can thiét, phai luu trir @ mdi bude dé tim bang don hinh & budc
sau, 1a it hon nhiéu so voi phuong phap don hinh théng thuong. Chung ta trinh bay ngin gon
phuong phap don hinh qua vi du 9.

Vi du 9. Min z=-3x; — 2x; + 0x3 + 0x4 + 0x5 + 0xg

voi cac dieu kién rang bude

X +2Xp + X3 =6

2x; + Xy + X4 =8

—X; + Xy + Xs =
X5 +Xs =2

X1, X2, X3, X4, X5, Xg = 0.

Xet bang don hinh buoc 1 (bang 11.6), ta co

1000
B=] ] 0 1 =B'=1N=][a, a,]
=las, A4, As, Ag| = = =la;, | =
3, d4, d5, dg 0010 s 1, 42
000 1
1 2
_ |2 1:>T—TB’1N=7372—0000 IxN=[-3,-2]=[A, A
_11 CNCB [,][,,,]XX [’][laZ]-
0 1
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Bdng I1.6. Bang don hinh budc 1

-3 -2 00 00
H¢é so ham muc tiéu Bién co so Phuwong an

X1 X2 X3 X4 X5 Xg

0 X3 6 1 2 1 0 00

0 X4 8 2 1 01 00

0 Xs 1 -1 1 0 010

0 X6 2 0 1 0 0 01

Hang z 0 0 0 0 0O

Hang A; -3 -2 00 00O

Do A, =-3, ta ¢6 thé dua bién x, vao co s& (ky hiéu jo = 1 1a chi s6 cot ctia bién dua vao co so).

Dé xac dinh bién dua ra khoi co s, ta tinh x5 = B'b = Ib =[6, 8, 1, 2]". Sau d¢ tinh cot hé
) tuong Gmg voi cot xoay jo = 1 di xac dinh duoc ¢ trén la o = B 'a; =1Ia, =[1, 2, 1, 0]" = [au,,
an, o, o]’ ap dung quy tic ty sb duong bé nhét, xét cac ty sd 6/1, 8/2, 1/~1 va 2/0. Ty sb
duong bé nhét 1a 8/2, g v&i toa do thir 2 nén can dua bién x4 ra khoi co sd. Vay chi sd ciia hang
xoay la ip = 2 (¢ day r(2) = 4, xem lai thuét toan don hinh muc 3.4, nén hang xoay la hang 2) va
bién dua ra khéi co s& 1a xg.

Ta di tim B

next - CO thé nhan thay rang Buew = [a3, a1, as, a] = BV = [a3, a4, as, a¢]V, trong
do V = [ey, a, es, €], vOi ¢; 1a véc to don vi dang cbt c6 toa do thir i 1a 1, con o 1a cdt hé so tng

v&i bién dua vao co sé. Trong vi du trén, o 1a ¢t hé so ung véi bién x4. Co thé kieém tra dugc:

11 00 1000 (1T 1 0O
B - 0 2 0O _ 0100 y 0 2 0O
0 110 0010|0110
0 0 0 1 0 0 0 1 0O 0 0 1

V! ¢o thé tim duoc tr V theo quy tac: thay cot o = [ay, o, o, o4 boi cot
[—ou/ats, 1/0t, —0a/0n, —ag/on]" =[-1/2, 1/2, 1/2, 0]". D& dang kiém tra duoc:

171 00 1 -1/2 0 O

O 0 2 0O 0 1/2 0 O
VxV ' = X =1.

0O 110 0 1/2 1 0

0O 0 01 0 0 0 1

Mot cach tong quat hon c6 thé kiém nghiém dugc rang:
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1 o, 0 0O |1 —0,/0, 0 O
4 |0 a, 00/ |0 1a, 0O o
VxV = X =l =V
0 a; 1 0| |0 —az/a, 1 0
0 o, O ’l 0 —o,/a, 0 1
(1 —o,/a, 0 O
|0 1/a, 00
10 —as/a, 10
10 —o,/a, 0 1

Ta thdy V' 1a ma tran thu duoc tir V bang cach thay cot 2 ciia V (cot co chi sb trung véi
chi s6 cta hang xoay iy = 2) boi ¢t mdi, thu duge bang cach lay tat ca cic phan tir ctia cot 2 nhan
véi—1/ay, riéng toa do thir ip = 2 duoc thay bdi 1/aw.

Tir phan tich trén, ching ta nhan dugc cong thic tinh B! = V'B”, trong d6

V! dugc xac dinh theo quy tic nhat dinh (chi cin tong quat hoa quy tic da biét). Vi vi du 9,
trong bang don hinh budc 1 ching ta c6 B = [a3, ay, as, ag| va:

1 -1/2 0 0

0 1/2 0 O
B;:zxt = V_IB_IZ ‘

0 1/2 1 0

0O 0 01

Sau day chung ta tim cach tom tit phuong phap don hinh cai bién dudi dang bang (xem
bang I1.7). Trudce hét, xét bang don hinh bude 1 (bang I1.6). Trong bang nay chung ta bo di hang
zj, bo di céc cdt tuong ng voi cac bién ngoai co s& x; va x, thi c6 bang I.7. Can thém vao mot
hang méi Cg B~ va mdt c6t méi co cac phan tir déu bang 0, trir phan tir cudi bang 1. Ngoai ra,
viét thém vao cot xoay o ung voi bién s& dua vao co sé. Lic dau, ma trin co sé B 12 ma tran don
vi nén B™' = B. Xét ma tran F (doc 1a ma tran B! bao), thu dugc tir B bﬁng cach thém vao cot
m&i va cac phan tir tvong ing cta hang A;.

Bdng I1.7. Bang don hinh céi bién budc 1

Hé 56 ham muc tiéu cp Bién co s¢ Phirong an B Cot a (x1)
B Cot méi
0 X3 6 1 0 00 0 1
0 X4 8 01 00 0 2
0 X5 1 0 010 0 -1
0 X6 2 0 0 01 0 0
z=¢cixz=0 Hang ¢} B 0 0 00 1 -3

Pé tim céac s6 gia ham muc tiéu, ta iy —1 nhan v&i hang cudi ciia ma tran B™' bao, r6i lai
nhan voi cac cft tuong Ung a; va a, trong ma tran A (doc 1a ma trdn A mé rong), thu dugc bang
cach thém vao ma tran A hang cudi 1a hang —¢":
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1 21 0 00] 1 2]

2 10100 2 1
A=-11 0 0 1 0|=[A,A]=-10,0,0,0, 1]x| =1 1|=[-3,-2]

0 100 01 0 1

3 200 00] 3 2]

That vdy, do A =c¢; — C; Bla,vaA,=c,— Cg B 'a, nén
T -l T -l a1 a2
[A1, A] =[c1, ] — g B [a, 2] =[- g B, 1] =[-3,-2].

-c, -C,
Vay cot a 14 cot ung voi bién x;, o = B'a; =1Ia; = [1, 2, -1, 0]" = [0, a2, 03, 04]" €6 A| =
—3. Vi cot xoay da xac dinh dugc, ta tim duoc hang xoay va phan tir xoay theo quy tic thong
thudng. Sau d6 xoay sang bang don hinh cai bién méi dya trén phan tir xoay di tim duoc, ma trin
B ¢ budc méi cling c6 thé tim theo cic quy tic cia thu tuc xoay. Riéng hang cy B duoc tinh

bang céach 14y cot cg nhan (theo kiéu tich vo hudng) voi cac cot cia B (xem bang I1.8).

Bdng I1.8. Bang don hinh cai bién budc 2

Hé s6 ham muc tiéu cg Bién co sé Phuwong an B Cot a (x7)
B! Cot méi
0 X3 2 1 =12 00 0 3R
-3 X 4 0 12 00 0 12
0 Xs 5 0 12 10 0 32
0 X6 2 0 0 01 0 1
7= CpXg=—4/3 Hang ¢fB' | 0 -32 0 0 1 -1/2

beé tim cft a trong bang I1.8, trudc hét can tim so gia ham muc tiéu cho cac bién ngoai co
SO

a a
[As, Ag] = [c2, ca] — C B '[az, ] = [~ ¢§ B, —1] { 2 X }
-, -,

=_10,-3/2,0,0, 1]x —[-1/2, 3/2].

N = 2 2N
o O o = O

Vay ta xac dinh duoc bién dua vao co sé la bién x, va ct a dé dién vao bang I1.8:

1 -1/2 0 0] |2 3/2

i 0 1/2 0 O 1 1/2
a=B a= X = .
0O 1/2 1 0 1 3/2
0 0 0 1 1 1
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Sau d6 chuyén sang budc tiép theo (xem bang IL.9).

Bdng I1.9. Bang don hinh céi bién budc 3

, , B’
Hé s6 ham muc tiéu cp Bién co so Phuwong an Cot a
B Cot méi
-2 X) 4/3 2/3 -1/3 0 0 0
-3 X1 10/3 -1/3 23 0 0 0
0 Xs 3 -1 1 10 0
0 X6 2/3 -2/3 13 0 1 0
z= CyXg=—38/3 Hang ¢fB' | -1/3 —4/3 0 0 1

Chung ta di tinh cac s6 gia ham muc tiéu Gng vi cac bién ngoai co sé:

[As, A4] =[c3, C4] — C.El; Bfl[a3, a]=[- Cl.- Bfl, 1] |:_a3 a, j|

c, -C,

= [-1/3,-4/3,0,0, 1]x =[1/3, 4/3].

o O O o =~
o O O = O

Viay phuong an tdi wu di tim duge 1a x;, = 10/3, x, = 4/3, x3 = 0, x4 = 0, x5 = 3,

Xe = 2/3, v6i gié tri nh6 nhét ciia ham muyc tiéu 13 zy, = —-38/3.

Chuy

— Phuong phép don hinh cai bién cho phép tinh ma tran nghich ddo ctia ma tran co s¢ &
budc k+1 theo cong thucB,', =V,'B,' =...=V,'V,",..V,'B;". Hon nita dang ctia cic ma
tran V. Vi ciing rat don gian. Do d6 c6 thé thdy, phuong phap don hinh cai bién giam duoc khdi

luong tinh toan kha nhiéu khi so sanh v6i phwong phap don hinh.

— C6 thé ap dung phuong phap hai pha cho phuong phap don hinh cai bién. Luc ndy cic
dau hiéu dimg khong c6 gi thay d6i: Néu pha 1 két thuc v6i phuong 4n tdi uu chira bién gia nhan
gia tri duong thi bai toan khong c6 phwong an. Néu trong khi tién hanh pha 2, ta tim duogc cot
xoay ma khong tim dugc hang xoay thi bai toan c6 ham muc ti€u khong bi chan. Bai toan sé co
phuong an tdi wu néu pha 2 két thiic v6i dau hiéu t6i uvu (voi BTQHTT dang Min thi ddu hiéu t6i
wu 1a A > 0, Vj). Dé trinh bay van dé don gian, sau day ching ta phat biéu thuat toan don hinh cai

bién mot cach so bo cho truong hop da biét mot phuong an xuat phat (BTQHTT dang Min).
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Khung thudt toan don hinh cdi bién

Buwoc khai tao

— Tim mot phuong 4n cuc bién ban dau.

— Xé4c dinh céac bién co s& xp, cac hé s6 ham muc tiéu twong Ung cg. Xac dinh chi s6 cia m
bién co s6: (1), 1(2), ..., r(m).

— Tim ma tran co s¢ B ing vai cac cft voi chi sb: r(1), r(2), ..., r(m), ma trin nghich ddo B~
! ma trin bao ? voi CEB’1 la hang cudi ciia ma tran bao.

— Thiét 13p ma trin mo rong A = [N , §] va tinh cac s gia ham muc tiéu tmg véi cac
bién ngoai co sd theo cong thire: Ay = ¢ — ¢fB'N=[-cL B, 1] xN .

-batk:=1.

Cdc budc lap (budc lap thir k)

Buée 1: Kiém tra didu kién dimg.

—Néu Ay 2 0 thi bai toan c6 phuong an t6i wu, ghi lai két qua va chuyén sang budc 3.

— Néu trai lai, ton tai j €Jy sao cho A;j <0 thi chon x; la bién dua vao co s.

— Thiét 1ap cot o = B 'a;. Tim hang xoay bang quy tic ty s6 duong bé nhit. Néu khong
chon dugc hang xoay (khi a < 0) thi bai toan c6 ham muyc ti€éu khong bi chan dudi, ghi lai két qua
va chuyén sang budc 3.

Buoc 2:

— Chon dugc hang i 1am hang xoay, dua bién Xr(i) ra khoi co s¢ va tim chi s6 cua bién co s
mdi dua vao r(i) :=j. Xac dinh lai xg va cg, B va N.

— Thyec hién tha tuc xoay dé tinh lai B™, tinh lai (‘;_‘B'1 va ma tran bao B~ . Tinh céc s gia
ham muc tiéu (g véi cac bién ngoai co s theo cong thitc A, = ¢, — ¢t B'N =[- ¢f B, 1] N.

—Patk =k + 1, sau d6 quay vé budc 1.

Buée 3: Dung va in ra két qua.
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Bai 1.

Bai 2.

Bai 3.

Bai tap chwong I1

Xét BTQHTT dang Max:
Max z = 6x; + 4%,

v6i cac diéu kién rang budc
2x; + 3%, <100
4x, + 2%, <120
X1, Xo > 0.

a. Hay giai bai toan bang phuong phéap db thi.
b. Hay giai bai toan bang phuong phap don hinh.

c. Minh hoa ¥ nghia kinh té ctia bai toan trong mét tinh hudng thyc té.

Xét BTQHTT dang Min:
Min z = 3x; — X»
voi cac diéu kién rang budc
X - 2x, 24
X + X, <8
—4x; + 2%, <20
4< x; <8

X2 <4

\ X1, X2 >0.
a. Hay giai bai toan bang phuong phéap db thi.
b. Hay giai bai toan bang phuong phap don hinh.

Xét BTQHTT dang Max:
Max z = 5x; + X, + 6X3 + 2X4
voi cac diéu kién rang budc
A4, +4x, +4x3+ x4<44
8x; + 6%, +4x3 +3x4 <36
X1, X2, X3, X4 > 0.

a. Hay giai bai toan bang phuong phap don hinh.
b. Giai bai toan bang phuong phap don hinh cai bién.

c. Giai bai toan bang phan mém Excel hay phan mém Lingo.
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Bai 4. Xét BTQHTT dang Min:
Min z =2x; + X, — X3 — X4
v6i cac diéu kién rang budc
X]— Xp+2X3— X4=2
2X1+Xy — 3x3+x4=6
X tXy + X3+x4=7
X1, Xo, X3, X4 = 0.

a. Hiy giai bai toan bang phuong phap don hinh mé rong (phuong phap M).

b. Giai bai todn bang phin mém Excel hay phan mém Lingo.

Bai 5. Xét BTQHTT dang Min:
Min z = 3x; + 2x;, + 8x3
voi cac diéu kién rang budc
4
4X1 — 3X2 + 12X3 >12
< X1 + 4X3 <6

Xy — X3:2

\X1, X2, X3 = 0.

a. Hay dua bai toan vé dang chinh tic.

b. Hay giai bai toan bang phuong phap don hinh mé rong (phuong phép M).
c. Hay giai bai toan bang phuong phap don hinh hai pha.

d. Giai bai toan bang phuong phap don hinh cai bién.

e. Giai bai toan bang phan mém Excel hay phan mém Lingo.

Bai 6. Xét BTQHTT dang Max:
Max z=x; + X,

voi cac dieu kién rang bude

—X1+ X2 + X3 :1
X1 — 2X2 + X4 =0
— X+ 2x, + x5 =3

X1, X2, X3, X4, X5 2 0.

Xét phuong an (0, 1, 0, 2, 1)".

a. Tim ma tran co s¢ B twong ung v6i phuong an.
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b. Hay viét cong thirc s§ gia ham muc tiéu cho phuong an trén va cho biét phuong an di
cho ¢6 phai 1a phuong an ti wu khong?

c. Néu phuong 4n di cho khong phai 1a phuong an téi wu, hiy thyc hién thi tyc xoay va
cho biét ma tran co s& & budc tiép theo. Tim s6 gia ham muc tiéu twong (mg.

d. Giai thich tai sao bai toan trén c6 ham muc ti€u khong bi chén trén?

Bai 7. Xét BTQHTT dang chinh tic. Gia sir chiing ta da biét mot phuong an t6i wu cia né 1a x*
va B 1a ma trén co so tuong tmg v6i x*. Chimg minh rang néu ton tai chi sé j € Jy sao
cho: ¢j— CBB_laj = 0 thi bai toan da cho c6 vo sd phuong an téi wu. Hay chon mét vi du
don gian minh hoa truong hop trén.

Bai 8. Hiy kiém tra lai két qua cta vi du 3 chuong I (Bai toan quy hoach st dung dét trén dja ban
xd Pong Du, huyén Gia Lam, tinh Ha Noi) bang phan mém Excel hay Lingo.

Bai 9. Hiy lap chuong trinh may tinh biang ngdn ngir Pascal hay ngdn ngit C dé giai BTQHTT
dang chinh tac theo thuét toan don hinh giai BTQHTT da dugc phat biéu tai muc 3.4 cla
chuong II.

Bai 10. Hiy phat biéu thuat toan hai pha va 14p chuong trinh may tinh bing ngén ngit Pascal hay
ngodn ngir C dé giai BTQHTT dang téng quat. Chay kiém thtr chwong trinh trén mot s6 vi
du da biét.
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Chwong Il

14

Bai toan doi ngau va mot so irng dung

1. Phat biéu bai toan déi ngiu

1.1. Phat biéu bai to4n

Tuong tmg voi mdi BTQHTT (con goi 13 bai toan gbe) c6 mot bai toan dbi ngau. Bai toan
d6i ngau ciia BTQHTT ciing 1a moét BTQHTT. Nhu vy, bai toan gdc va bai toan d6i ngau cta né
1ap thanh mot cap BTQHTT, tinh chét cua bai toan nay c6 thé dwoc khao sat théng qua bai toan
kia. Nhiéu quy trinh tinh toan hay phén tich dugc hoan thién khi xem xét cip bai toan trén trong
mdi lién quan chit ché cua ching, mang lai loi ich trong viéc giai quyét cac van dé phat sinh tir
thyc té. V&i muc dich tim hiéu budc dau, ching ta xét bai toan gdc 1a bai todn quy hoach tuyén
tinh (BTQHTT) dang Max véi cac rang budc chi co ddu < va cac bién déu thoa man diéu kién

khong am.
Bai todn géc
Max z=cix; + cxx2 +.... T Cpxy
véi cdc diéu kién rang budc
(apx;+apx;+..+taux, < b;

ar|xXy + arX) +..t ar,Xy < bz

WuiXy T y2X2 + oo T Xy < by,

N\ X7y X2 eeey Xy = 0.

Luc d6 BTQHTT sau day duoc goi 1a bai toan d6i ngau cia BTQHTT trén.
Bai todn doi ngiu

Minu=b;y; +by: +.... +b,yu
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voi cdc diéu kién rang bugc:

v

fayrta;y:t..+auym (o}

v

apyr tapy: t ..t auPm C)

apyr tayy:t.. tauym = Cy

\ VD V25 ee0s Y 2 0.

Céc bién y, ya, ..., ym duoc goi 1a cac bién ddi ngiu. Trong trudng hop nay, do bai toan goc
c6 m rang budc, nén bai toan doi ngau c6 m bién dbi ngiu. Bién ddi ngau y; twong Gng voi rang
budc thir i ciia bai toan gdc.

1.2. Y nghia ciia bai toan déi ngiu

Vi du 1. Xét bdi todn goc

Max z = 2x; + 4%, + 3x3

véi cac rang budc

s
3X1 + 4X2 + 2X3 <60
2X1 + X2 + 2X3S 40

X; + 3%, +2x3< 80

\X1, X2, X3 = 0.

Can tim céc gia tri cua cac bién quyét dinh x,, x,, x5 dé cac rang budc duogc thoa man va
ham muyc ti€u dat gia tri 16n nhét.

Bai toan nay co y nghia kinh té nhu sau: Gia sir mot xi nghiép san xuat ba loai san pham I,
IT va III. Bé san xuét ra mot don vi san pham I can c6 3 don vi nguyén liéu loai A, 2 don vi
nguyén liéu loai B va 1 don vi nguyén liéu loai C. Cac chi ti€éu d6 cho mot don vi san phém loai II
la4, 1va3.Con cho don vi san phém loai 1T 14 2, 2 va 2. Lugng nguyén li€u dy trit loai A va B
hién c6 1a 60, 40 va 80 (don vi). Hiy xac dinh phuong an san xuét dat lgi nhuén 16n nhét, biét loi
nhuan / don vi san pham ban ra 1a 2, 4 va 3 (don vi tién t&) cho cac san pham loai I, II va III.

Gia str ¢c6 mot khach hang mudn mua lai cac don vi nguyén li¢u loai A, B va C. Bai toan
dit ra 13 can dinh gid cdc don vi nguyén liéu. RS rang rang gia cac nguyén liéu dugc quy dinh boi
gia tri ciia san pham ma chung tao nén. Néu cac san phdm ndy mang lai loi nhuan 16n trén thi
truong thi gia udc dinh cua cac nguyén lidu ndy phai cao, con néu trai lai thi gia uéc dinh cua
chung la thép. Mat khac, loi nhuén cua cac san phém thu duoc trén thi truong lai phu thudc vao
nhiéu yéu t6 nhu: gia ca cac san phadm duoc ban trén thi truong (di dugc thi truong chip nhan),
luong dy trit nguyén li¢u hién co, hé s6 chi phi san Xudt ...

Nhu vay, gid udc dinh cta cac nguyén li€u A, B va C phu thudc vao:

— Hé sb ham muc tiéu cua bai toan géc: c1=8,co=4vac;=063.

— Ma tran rang budc cac hé so chi phi san xuat:
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I
- N w
w =
N NN

— HE& s0 du trit céc loai nguyén liéu:

60
b= 140|.
80

Tuy nhién, mdi phu thudc d6 khong dé dang xac dinh duoc. Dé giai quyét van dé nay hoan
toan c¢6 thé dua vao viéc phén tich bai toan d6i ngiu. Goi y; 1a gia udc dinh mot don vi nguyén
liéu loai A, y, 1a gia uéc dinh mot don vi nguyén li¢u loai B, con y; 1a gia uéc dinh mot don vi
nguyén liéu loai C (y1, y2, y3 2 0).

Chung ta hay di xét bai todn doi ngau:

Min u = 60y, + 40y, + 80y3

voi cac diéu kién rang budc

4
3yit2yat y32 2
4y1+ y2+3y;2 4

2y1 +2y2+ZY3 >3

KYI: Y2, Y3 > 0

That vy, u = 60y, + 40y, + 80y; chinh 13 tong chi phi phai bé ra néu nguoi khach hang
mudn mua 60 don vi nguyén liéu loai A, 40 don vi nguyén liéu loai B va 80 don vi nguyén liéu
loai C. Tat nhién nguoi khach hang mudn tong chi phi u cang bé cang tot.

Xét rang budc thir nhat. Vé trai 1a 3y, + 2y, + y; chinh 1a sb tién khach hang phai bo ra dé
mua 3 don vi nguyén li€u loai A, 2 don vi nguyén li€u loai B va 1 don vi nguyén li¢u loai C. Pay
1a s6 nguyén liu can thiét dé san xuit ra mot don vi san pham loai I. RS rang rang, ngudi khach
hang khong thé mua duoc sé nguyén liéu nay thip hon lgi nhuan ma mot don vi san pham loai A
mang lai khi dugc ban ra trén thi truong (2 don vi tién t8). Diéu nay din dén rang budc thir nhat
3y; + 2y, + y3 > 2. Tuong ty chiing ta c6 thé 1ap luan duoc ¥ nghia kinh té cua rang budc thir hai
cling nhu rang budc thtr ba cua bai toan ddi ngiu.

1.3. Quy tic viét bai toan ddi ngiu tong quat
Xét cip bai toan gbe va bai toan ddi ngau trong vi du 1 dugc cho trong bang I1L.1.
Nhan xét. BTG 1a bai toan Max = BTDN la bai toan Min.
— Céc hé s6 ham muc tiéu caa BTG = Céc hé s6 vé phai cia BTDN.
— Cac hé s6 vé phai cia BTG = Cac hé s6 ham muc tiéu cia BTPN.

— Ma tran hé s6 cuia BTG la A = Ma tran hé s cia BTDN 1a A™.
— Bién > 0 cua BTG (3.2) = Rang budc > cia BTDN (3.2).
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— Rang budc < BTG (3.1) = Bién > 0 cia BTDN (3.1°).

Bing III.1. Cip bai toan gbc va bai toan ddi ngiu

Bai toan géc (BTG) Bai todn d@6i ngdu (BTDN)
Max z =2x; + 4%, + 3x;3 Min u = 60y, + 40y, + 80y;
véi cac rang budc: véi cac rang budc:
3x; + 4%, +2x3560 3y +2y,+ y32= 2
2x; + Xo+2x3<40 3.1 4y + y,+3y; 2> 4 3.2)
X; + 3%, +2x3< 80 2y1+ 2y, +2y; 2 3
X1, X2, X3 =0 (3.2) Y, Y2, Y3 > 0 (3.17)

Tir cac nhan xét trén ddy, ching ta xem xét cac quy tic viét bai todn d6i ngiu cho mot
BTQHTT dang tong quat.
Xét bai toan gbc 1a BTQHTT dang tong quat sau déy:

Z=CX; t Xy t.... T cXy, — Max
voi cac dieu kién rang bude:
fanx] +apXy + ...+ agpX, C)] b]

1X; T apX; ...+ anX, ® b2

Am X+ amXs T ... FagX, O by

\x;0 0, x,0 0, Xy 00,

Trong do, ky hiéu ® co thé hiéu 1a <, > hodc = dbi véi cac rang budc. Ddi véi diéu kién vé
déu cua cac bién, ky hidu © 0 c6 thé hiéu 1a > 0, < 0 hoic c¢6 dau tuy ¥.

Sau day 14 cdc quy tdc viét bai todn déi ngdu tong qudt:

Quy tic 1: BTG 1a bai toan Max = BTN la bai toan Min.

Quy tc 2: Cac hé s6 ham muc tiéu ciia BTG = Cac hé sb vé phai cia BTDN.

Quy tic 3: Cac hé s6 vé phai cia BTG = Céc hé s6 ham muc tiéu cia BTDN.

Quy tdc 4: Ma tran hé sd cia BTG 1a A = Ma tran hé sb cia BTDN la A”.

Quy tic 5:

—Bién > 0 cia BTG = Rang budc > cia BTDN.

—Bién < 0 cia BTG = Rang budc < ciia BTDN.

— Bién c6 déu tuy y cia BTG = Rang budc = ciia BTDN.

Quy tic 6:

— Rang budc < BTG = Bién > 0 cia BTPN.

— Rang budc > BTG = Bién < 0 cia BTDN.

— Rang budc = BTG = Bién c6 dau tuy ¥ ciia BTPN.
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Chii y. Céc quy tic viét bai toan ddi ngiu tdng quat trén day duoc ap dung khi bai toan gbc
da cho 1a BTQHTT dang Max. Trong muc 1.4 (tinh chat 1) ngay tiép theo, ching ta s& mo rong
cac quy tic nay cho BTQHTT dang Min. Bang II1.2 sau day cho biét cach viét bai toan ddi ngau

trong mot trudng hop cu thé.

Bing I11.2. Viét bai toan d6i ngau cho bai toan gbc dang Max

Bai todn goc (BTG)

Bai todn doi ngau (BTPN)

Max z =2x; + 4x; + 3x3
véi cac rang budc:
3x; + 4x, +2x3560
2x; + xp+2x3=40 (3.3)
x; + 3x, +2x3> 80

X120,%<0, x;ddutuy y. (3.4)

Min u = 60y, + 40y, + 80y;
véi cac rang budc:
3yit+2y,+ y32 2
4y + y,+3y;< 4 3.4)
2y + 2y, +2y3=3

y120, y, déu tuy y, y; < 0. (3.3%)

1.4. Céc tinh chit va y nghia kinh té ciia cip bai toan déi ngiu

Trong phan nay chiing ta s& nghién ctru cac tinh chét cta cip bai toan ddi ngiu da duogc
phat biéu & muc 1.1 va ¥ nghia kinh té ctia ching théng qua mét vi du don gian.

Vi du 2. Xét lai cap bai toan gdc va bai toan ddi ngiu trong vi du 1 (bang II1.1).

Tinh chat 1. Bai toan d6i ngau cua bai toan doi ngau lai chinh 1a bai toan goc.

Tinh chét nay c6 thé dugc chimg minh mot cach tong quat. Tuy nhién, dé trinh bay van dé

don gian, hdy xét bai todn goc sau:
Max z=2x; + 4x, +3x3
v6i cac rang bugc
(3x, + 4%, +2x3< 60
2x; + X +2x3540

X; + 3%, +2x3< 80

(X1, X2, X3 2 0.
Luc d6, bai toan dbi ngiu la:
Min u = 60y, + 40y, + 80y;
vé6i cac diéu kién rang budc:
3yi+2y, + y3> 2
4y, + y,+3y; > 4
2y + 2y, +2y3> 3

Y1, Y2, 3= 0.
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hay:
Max t = — 60y; — 40y, — 80y;
v6i cac diéu kién rang budc
(3Cy) +26y2) + ()
4-y) + (y2) T3(-y3)
2-y1) t2(=y2) t2(-y3)
Lyl, Va2, ¥32> 0.

IN

IN

IA

~2
— 4
-3

Chung ta di tim bai todn doi ngau cho BTQHTT trén theo cac quy tic di biét, voi cac bién

d6i ngiu duoc ky hiéu 1a x;, X, va .
Minv=-2x; — 4x,— 3x3
véi cac rang budc
—3x; — 4x,— 2x32>2-60
-2X; — Xo— 2x32>2-40
3%, — 2x32>— 80

7X1 —

X1, Xo, X3 2> 0.

Dit z = — v, dé thdy rang day chinh 1a bdi todn goc d cho ban dau:

Max z =2x; + 4x, + 3x3
v0i cac rang budc:

3x; + 4x, +2x3 <60

2x; + Xy +2x3 <40

X; + 3x, +2x3 <80

X1, Xo, X3 2 0.

Bing I1I.3. Viét bai toan d6i ngéu cho bai toan gbc dang Min

Bai todn goc (BTG)

Bai todn doi ngau (BTPN)

z = 60x, + 40x, + 80x3; — Min
véi cac diéu kién rang budc:

3X1+2X2+ X3Z 2

4X] + X+ 3X3 <4 (35)
2X] + 2X2 + 2X3 =3
X120, X, ddu tuy ¥, x;< 0. (3.6)

u=2y; + 4y, +3y; > Max
véi cac rang budc:

3}’1 + 4Y2 + 2Y3 <60

2}’1 + y2 + 2Y3 = 40 (36’)
Yi + 3}72 + 2y3 >80
¥120,y,<0,y; déutuyy. (3.5")

Tinh chét 1 khing dinh vai trd binh ding cta bai toan gdc va bai toan dbi ngau. Boi vay, co

thé goi cac BTQHTT nay 14 cdp bai todn doi ngau (ma khong can phai phan biét dau 1a bai toan
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gbc, con dau 1a bai toan d6i ngau). Hon nita, c6 thé bd sung vao cac quy tic viét bai toan d6i ngau
nhu trong nhan xét sau day.

Nhdn xét. Cac quy tic viét bai toan d6i ngu tong quat & muc 1.3 ciing c6 thé doc theo
chidu nguoc lai. Ching han, quy tic 1 ciing c6 thé dugc hiéu 1a “BTG la bai toan Min = BTDN
1a bai toan Max”. Pdi voi cac quy tic khac cling c6 diéu twong tu (vi du minh hoa trong bang
1I1.3).

Tinh chdt 2. V&i moi phuong 4n x ciia bai toan gdc (bai toan Max) va v6i moi phuong an y
ctia bai toan dbi ngau (bai toan Min), ta ludn ¢6 z(x) < u(y).

Tiép tuc xét vi du 2 dé minh hoa tinh chét nay. Bang I11.4 sau diy cho biét phuong an tdi
wu ciia bai toan gdc (sau khi dua bai toan gdc vé dang chinh tic bang cach s dung 3 bién bu
“thiéu” x4, Xs va X¢). Con bang IIL5 trinh bay két qua giai bai toan dbi ngiu bang phuong phap

don hinh mé rong (sau khi thém véo ba bién bu “thira” y, ys, Ve va ba bién gia y7, ys, yo).

Bing II1.4. Phuong 4an toi wu cua bai toan gbe

i i =2 =4 =3 cs=0 cs=0 | c=0
HEé 56 ¢ Bién coso | Phuong dn

X1 X2 X3 X4 X5 X6
4 X2 62 1/3 1 0 1/3 -1/3 0

3

162
3 X3 3 5/6 0 1 —-1/6 2/3 0
0 X6 262 —-5/3 0 0 -2/3 -1/3 1
Hang z 762 23/6 4 3 5/6 2/3 0
Hang A; -11/6 0 0 —5/6 -2/3 0

Tinh chat 2 c6 thé dugc minh hoa trong hai bang II1.4 va IIL5. Vi moi phuong an x cua

bai toan gdc va moi phwong 4n y ciia bai toan déi ngiu ta déu co z(x) < 762 <u(y).

Vé mit ¥ nghia kinh té, c6 thé 1ap luan dé 1y gidi tinh chat nay nhu sau: Véi moi phirong
dan dinh gid nguyén liéu thi “tong chi phi (phia muén mua) phdi bé ra dé mua cdc don vi nguyén
liéu dé khéng bao gio thap hon dwoc tong loi nhudn mang lai khi ding cdc don vi nguyén liéu dé
dé san xudt ra san phcfm va tiéu thu chung trén thi truong”. That vay, z(x) = 60x; + 40x, + 80x;
chinh 14 téng loi nhuin mang lai trong mot phuong an san xuit. Con u(y) = 2y, + 4y, + 3y;la
tong gia tri woc dinh cta ngudn du trir nguyén liéu dugc sir dung trong cac phuong an san xuét.
RS rang, mot phuong an dinh gia hop 1y ngudn nguyén lidu s& phai thoa man u(y) > z(x). Trong
trudng hop téng quat, chung ta co thé thay cum tir “ngudn du trit nguyén liéu” boi cum tir “ngudn
du trir tai nguyén” c6 y nghia tong quét hon.
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Bing I11.5. Phuong 4n tbi wu ctia bai toan ddi ngau

Hésé | Bién | Phwong | 60 40 80 0 0 0 M M M
Cg CO SO an
Y1 Y2 Y3 Y4 Ys Ye y7 Ys Yo
B yB
M ¥ 2 2 1 ~1 0 0 1 0 0
M Vs 4 1 3 0 ~1 0 0 1 0
M Yo 2 2 0 0 ~1 0 0 1
Hang u; 9M M | 5SM | 6M | -M | - M | —-M M M M
Hang A 60— | 40— | 80- M M M 0 0 0
9M | 5M | 6M
60 Vi 2/3 1 2/3 13 | —1/3 0 0 1/3 0 0
M Vs 4/3 0 —-5/3 | 5/3 4/3 -1 0 —4/3 1 0
M Yo 5/3 0 2/3 4/3 2/3 0 -1 —-2/3 0 1
Hang u; 40+3M 60 40— 20 | =20 | =M | -M 20— M M
M | +3M | oM 2M
Hang A 0 M 60— | 20- M M ~20 0 0
3M 2M +3M
60 Vi 1 1 1/4 3/4 0 ~1/4 0 0 1/4 0
0 V4 1 0 —5/4 | 5/4 1 ~3/4 0 ~1 3/4 0
M Yo 1 0 32 12 0 12 ~1 0 | —12 1
Hang u; 60+M 60 15+ | 45+ 0 -15 | -M 0 15— M
3M2 | M2 +M/2 M/2
Hang A 0 25— | 35— 0 15— M M | -15+ 0
3IM2 | M2 M/2 IM/2
60 Vi 5/6 1 0 2/3 0 —~1/3 1/6 0 13 | -1/6
0 V4 11/6 0 0 53 1 —13 | =56 | -1 1/3 5/6
40 V2 2/3 0 1 1/3 0 13 | =23 0 | —13 | 23
Hang u; 762 60 40 | 531 0 | -62|-162 0 62 | 162
2 2 2 M- M-
Hang A 0 0 262 0 62 162 M ) )
i 62 | 162

Tinh chat 3. Néu ton tai hai phurong 4n x* ctia bai toan goc va y* ctia bai todn doi ngiu sao

cho z(x*) = u(y*) thi x* chinh 1a phuong 4n t6i wu ctia bai toan gbc, con y* 1a phuong an t6i uu

cua bai toan doi ngau. Nguogc lai, néu x* la phuong an toi vu cla bai toan goc, con y* la phuong
an toi uu cua bai toan d6i ngau thi z(x*) = u(y*).

Tinh chit nay dwoc minh hoa rd trong cic bang II1.4 va IIL5. Luc ndy, z(x*) = u(y*) =

76%. V& mit ¥ nghia kinh té, tinh chit nay chi ra rang téng chi phi thap nhat phdi bé ra néu
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muon mua cdc don vi nguyén liéu (trong mét phieong dn dinh gid toi wu) chinh bang tong loi
nhudn cao nhdt khi sir dung cdc don vi nguyén liéu @6 (trong mot phirong dn san xudt t6i wu).
Khéng thé ton tai mot phuong an dinh gia cho phép tong gia wéc dinh nho hon dugc tong loi
nhun 16n nhat.

Mot cach téng quat, gia tri cac tai nguyén ciia mdt cong ty dugc udc dinh dya trén trinh do
t6 chirc san xudt, trinh d6 cong nghé va gia tri thi trudng clia cac san phim ma cac tai nguyén nay
tao nén tai thoi diém hién tai. Quy tac nay to ra dac biét can thiét trong viéc danh gia tai nguyén /
tai san ciia mot cong ty. D6i véi cac cong ty 1am an thua 15 thi gia ude dinh cac tai nguyén thudng
kha thap, con cac cong ty 1am an phat dat thi gia udc dinh cac tai nguyén thudng cao.

Tinh chdt 4. Xét cap phuong an toi wu (x*, y*) cia cip bai toan dbi ngiu. Néu mot diéu
kién rang budc hay diéu kién vé déu duoc thoa man khong chat (khong xay ra diu =) trong mot
bai toan, thi diéu kién twong tmg trong bai toan kia phai dugc thoa man chat (xay ra ddu =). Tinh
chat nay con duoc goi 1a tinh chat g léch bi: Néu trong mot diéu kién xay ra do léch dwong thi
trong diéu kién twong g d6 1éch 1a bang 0.

Trude hét, chung ta hdy minh hoa tinh chat nay qua vi du 2. Tir bang I11.4 ta thay X; =0,

X5 =6§, X3 = 16%. Con bang 1115 cho biét y; = g, Y, = %, y,=0.
Déi véi bai toan gde ta co

(3X: + 4X, +2x} = 60 (thoa man cht) (3.7)

2Xx; + X, +2X; =40 (thoa man chat) (3.8)

X; + 3x; +2x; <80 (thoa man khong chat) (3.9)

< x; = 0 (thoa man chat), (3.10)

X, = 6% > 0 (thoa man khong chat) (3.11)

KXZ = 16% > 0 (thoa man khong chat). (3.12)
Con ddi véi bai toan dbi ngiu ta co

(3y; + vy, + y;>2(thoa man khong chit) (3.10")

4y, + y, + 3y, =4 (thoa man chat) 3.11°)

2y! + 2y} + 2y, =3 (thoa min chat) (3.12)

< y; = g > 0 (thoa man khong chat), (3.7)

Y, = % > 0 (thoa man khong chit), (3.8”)

Y5 = 0 (thoa man chat). (3.9’)

N
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Chung ta di phan tich y nghia kinh té cua cac cip diéu kién twong tmg. Xét cip diéu kién
twong tmg: X;+ 3X,+ 2X; < 80 (3.9) thoa man khong chat nén y; = 0 (3.9%) thoa man chat.
Diéu nay c6 nghia la trong phuwong an san xuat t6i wu lugng nguyén liéu loai C chwa dugc sir
dung hét. Do d6 gia udc dinh cua cac don vi du thira ra dugc coi 1a bang 0. Xét cip didu kién
twong Ung: X,= 62 > 0 thoa man khong chat (3.11) nén 4y; + y,+ y;= 4 thoa man chat
(3.11°). Piéu nay c6 nghia la néu mot loai san pham duoc dua vao san xuat trong phuong an san
xudt t6i uu thi tong gia wéc dinh cac don vi ctia cac loai nguyén liéu tao nén mot don vi san phdm
loai nay chinh br:ing loi nhuan ma don vi san phém do6 mang lai.

Nguoc lai, xét cap didu kién tuong ng: y;= 2 >0(3.7°) thoa man khong chat nén 3 x;+
4x, +2x; =60 (3.7) thoa man chat. Nhu vay, néu gia wdc dinh toi wu cho mdi don vi nguyén
lidu loai A 1a duong thi didu nay ching t6 nguyén lidu loai A dang duoc str dung hét (vét can)
trong mot phuong an san xuat toi wu. Con khi xét cap diéu kién twong tng: 3y + y; + y;>2
(3.10”) thoa man khong chat nén x;= 0 (3.10) thoa man chat. Diéu nay chimg t6 rang, néu tong
gia udc dinh cac don vi cua cac loai nguyén li€u tao nén mot don vi san phém loai nao d6 cao hon
loi nhuan ma mot don vi san phdm loai ndy mang lai thi loai san phim nay khong dwoc san xut
ra trong phuong an san xuét toi wu.

Tinh chét 5. Phuong an t6i uu cua bai toan d6i ngau co thé tim dugc trong bang don hinh
t6i wu cua bai toan gdc va nguoc lai.

Xét vi du 2. Phuong én toi uu cta bai todn d6i ngdu y; = £, y; = 2, y; =0 c6 thé tim
duoc trong hang z; cua bang II1.4 ing véi cac cot bién bu x4, X5 v Xe. Diéu nay co thé duogc giai
thich nhu sau: Tai tinh huéng phuong an san xuat toi vu, néu chung ta mudn “san xuat thém” mot
don vi nguyén li€u nao do6 (xem lai chuong II, muc 2.1), thi phai bé ra mét chi phi twong ng cho
trong hang z. D6 chinh la gid uéc dinh (bién) cua mdi don vi nguyén liéu (con goi 1a gia bong
shadow price).

Tuong tu, phuong an tdi uu caa bai toan goc X;=0, x; = 6%, X3= 16% c6 thé tim duge

trong hang cudi (hang Aj) cua bang I11.5 ing véi cac cot bién bl y4, ys v ye.

2. Chirng minh mét s tinh chit ciia ciip bai toan ddi ngiu
Dé trinh bay van dé don gian, xét cip bai toan dbi ngau sau day.
Bdi todn goc: Max z=c'x, véix € D= {x € R™ Ax <b, x > 0}.
Bai todn d6i ngau: Minu=b"y, véiy e E={y e R™ ATy>¢, y>0}.

Cac ky hiéu dugc st dung nhu sau:

C, 1 b, Y4
C X b

c= 2 , X = 2 , b — 2 , y — y2 ,
CI'] Xn bm ym
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A= " | 1a ma tran hé s6 cac diéu kién rang budc.

2.1. Pinh 1y ddi ngiu yéu

Pinh 1y 1. Véi moi phuong an x cua bai toan gdc va véi moi phuong an y cua bai toan dbi
ngiu ta luén c6 z(x) < u(y). Hon nita, néu ton tai hai phuwong 4n x* ciia bai toan gdc va y* cua bai
toan ddi ngiu sao cho z(x*) = u(y*) thi x* chinh 1 phuong 4n t4i uu ciia bai toan gdc, con y* 1a
phuong an t6i wu cua bai toan dbi ngau.

Chitng minh

TrAx<b,x>0vaA'y>c,y>0suyray (Ax — b) < 0 hay y'Ax < y'b. Mit khAc:
X'(A'ly—c)20=x"Ay > x'c = yA'x = (x"Ay)" > (x"¢)" =c¢'x. Vay y'b > y'Ax > ¢"x. Do d6
u(y) > z(x) v6i moi phuong 4n x va y cua cip bai toan dbi ngau.

Dé chimg minh phan sau ciia dinh 1y, gia sir x* 1a phuong 4n cta bai toan gbc, con y* la
phuong 4n cua bai toan ddi ngdu véi z(x*) = u(y*). Can chirng minh x* va y* 1a cac phuong an
t6i wru cua cdp bai toan d6i ngiu. Gia s x* khong 1a phuong an tdi wu cia bai toan gde thi phai
ton tai phuong 4n x ciia bai toan gdc sao cho z(x*) < z(x). Tir d6 ta c6 u(y*) < z(x), mau thuin véi
phan diu cua dinh Iy (dpcm).

Nhu vay, tinh chét 2 ctia cip bai toan di ngiu da duoc chimg minh.

2.2. Pinh 1y d6i ngiu manh

Pinh ly 2. Néu x* 1a phuong 4n ti wu cta bai toan gde, con y* 1a phuong an ti wu cta bai
toan ddi ngau thi z(x*) = u(y*).

Churng minh

Trude hét xét bai toan géc: Max z=c'x, véix € D= {x e R Ax<b, x>0}, ¢cd thé dua
duogc vé dang chinh tic bang cach sir dung cac bién bu. Vi ky hiéu véc to bién bu 1a x, bai toan
géc dang chinh tdc duoc viét nhu sau: Max z = T'X vdi cac rang bugc Ax + Ixg = b, x = (XT,

xs') > 0, trong d6 T' =(c, cl) Vvéi cs 1a véc to 0.
Ky higu A = [A 1], bai toan géc dang chinh tac dugc viét lai dudi dang sau:
Max z= C'X, v0i cac rang budc: AX-= b, X >0.
Vi du 3. Bé hinh dung viéc chirg minh cu thé hon, chung ta xét lai BTQHTT ¢ vi du 1,
chuong II.
Bai toan géc.' Max z = 8x; + 6%,
véi cac rang budc
4x; +2x, <60
2% +4x, < 48

X1, X2 >0.

54



Phuong an t6i wru cia bai toan goe 1a (X}, x;)" = (12, 6)".
Dang chinh tic ctia bai toan gdc 1a:
Max z = 8x; + 6X, + 0x3 + 0x4
v6i cac rang bude
4x; +2x,+x3 =60
2x; +4x, +x4=48
X1, X2, X3, X4 = 0.
Phuong 4n tdi wru ciia bai toan trén 1a (X, X5, X;,X;)" =(12,6,0,0)".
Bai todn déi ngau: Min u = 60y, + 48y,
véi cac rang budc
4y, +2y, > 8
2y, +4y, > 6
v, y2 =0.
Phuong an t6i uru cia bai toan ddi ngau 1a (y:,y;)" = (5/3, 2/3)".

Nhu vay, trong vi du 3 ta co X! = (XT, XST) = (X1, X2, X3, X4) VOIi X' = (X1, X2),
Xs = (x3,X4), C©= (CT, CST) =(c1, €, €3, C4)T véic=(ci, Cz)T =, 6)T ) cs' = (Cs, 04)T =(0, O)T va

_ 4 210
AZIA H{z 4 0 1}‘

Céc véc to c0t cua ma tran rang buoc A 1a:

_ |4 5. — 2 5. — 1 — 0
ai 2 s 2 4 5 3 0 5 4 1 .
Van st dung cac ky hiéu & myc 3 chuong II, chiing ta c6 A =[N B]vatcT =[ENT, Eg].
DodoA=[Ax, As] =[G ~GB 'N, G -~ G B B]véidy =Q —GB N vaAs=7¢ -

T, B 'B.DdivéicotjthiA=T;- ¢ B 'a;.
Vi x* 1a phuong an t6i wu cua bai toan gdc (v6i B 1a ma tran co s twong tng), nén ta co: A

<0,Vj > g B 'a;>t;,vj =1,n+m
= G B 'a;>c;,vj =1,n = & B 'A>c"
= (G B 'A)'=AN T BH >c
bat y= (E; B ")"thi ATy > c. Chiing ta s& chi ra ring y 1a phuong an cua bai toan ddi
ngau: Min u="b"y, v6i cac rang budc ATy > ¢,y > 0. Do ¥ thoa min diéu kién A"y > c, chi con
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can chung minh y > 0. That vay, do cB'a j > Cj
Vi=n+1,n+mnén y'=¢C B 'T>cs' =0. Nhu trong vidu 3, véi @;=(1,0) va a,=(0,1)"
tacd CpB '@;>T; v6ij =3, 4, trong d6 cs = (c3, ¢4)' = (0,0)". Vay y >0.

Budc tiép theo, ta di chirng minh rang z(x*) = u(y ) hay can ching minh: ¢ 'x* =b'y =
yheocx*=G B 'boc'x*=1T x;(do x;=B 'b). Piéu nay la ding. Do d6, theo phan 2
cia dinh 1y 1, ¥ phai 1a phuong 4n tdi wu ciia bai toan ddi ngau. Vay, néu x* va y* 1a cac phuong
an toi wu cua cap bai toan dbi ngiu thi z(x*) =u(y ) = u(y*) (dpcm). B

Nhu vy, tinh chat 3 cta cip bai toan dbi ngiu da dugc chimg minh.

Nhan xét

~Taco: (y*)' =y =T B 'I> ¢’ =0 z5=C B 'T=(Zust, ooor Zusm) = Cs' = (Catls ovor
Coim)’ = (0, .., 0). Nhu vay, tinh chit 5 ciing da duoc chimg minh: Phwong 4n tdi uu cia bai toan
d6i ngau c6 thé tim dugc trong bang don hinh tdi wu cta bai toan gbc (trén hang zj).

— Ta ¢6 minh hoa hinh hoc cho dinh 1y 1 va 2 vé gia tri cac ham muc tiéu cua cip bai toan
d6i ngau trén truc sé (xem hinh I11.1). Ta c6 thé thay ngay, néu bai toan gbc c6 phuong 4n tbi wu
thi bai toan d6i ngau ciing c6 phuong an toi wu (dinh 1y 2). Hon nita, néu bai toan gbc co phuong
an va ham muyc tiéu khong bi chin trén mién phuong an thi bai toan ddi ngiu s& khong co phuong
an (dinh 1y 1). Can nhic lai rang, ta c6 thé chon tuy ¥ mot trong hai bai toan ctia cip bai toan ddi
ngau 1a bai toan gbc, bai toan con lai 1a bai toan d6i ngau.

2(x) 2(x")

A

|
|
u(y*) u(y)

A 4

Hinh I1l.1. Gig tri cdc ham muc tiéu cda cap bai toan dbi ngéu

2.3. Pinh ly d9 1éch bu
Pinh Iy 3. Gia sit x* va y* 14 cac phuong an ti wu cta cip bai toan ddi ngiu. Lac do (x*,
y*) thod man hé

y (Ax-b)=0,
x"(c—ATy)=0.
Churng minh

Véi x = x* vay = y*, theo dinh Iy 2 ta c6 z(x) = u(y) hay y'b =b'y = ¢'x = x"c. Mat khéc:
yAx=x"Aly
=y (Ax- b)=x'(Aly- ¢)=y'(Ax- b)+x" (c— A'y)=0
y (Ax-b)=0
j—
x"(c—ATy)=0
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Cha ¥ rang: y'>0,Ax—b<0,x>0,c— A’y <0. Vay ching ta ¢6 diéu phai chimg minh. W

Nhdn xet. Dinh 1y 3 chinh 14 hé qua cua dinh 1y 2. Ngoai ra, tir dinh 1y 3 s€ suy ra duoc
tinh chit 4 cia cap bai toan doi ng'c:lu. Vi muc dich minh hoa, chiing ta xét vi du 3 trén day. Luc
nay, diéu kién: y'(Ax -b)= 0

o yz)(r 2}?}{60}] ~0 © Gy {4x1 +2x, —60} 0
2 4]x, 48 2x, +4x, -48
& yi(4x,+ 2x,— 60) +y, (2x;+4x, — 48)=0.
Do 4x; + 2%, £ 60, 2x; +4x, < 48,y; 20 vay,> 0 nén néu 4x, + 2x, < 60 thi y2 =0, cOn
néu y;> 0 thi 4x, + 2x, = 60 ... Thét vay, do y; =5/3>0néntaco4x;+2x,=60,do y,=2/3>
Onéntacod2x; +4x, =48.

Tuong tu, diéu kién:

T T ATy — 8| |4 2|vi|)_
x(c—-Ay=20 Q(XI’XZ)[L} {2 4}{)’2D 0

8-4y, +2y,

= (Xl, X2)|: :| =0 & X1(8 — 4}’1 — 2y2) + X, (6— 2y1 — 4y2) =0.

6-2y, +4y,

Do 4y, + 2y, > 8, 2y; + 4y, > 6, x; > 0 va x, > 0 nén néu 4y, + 2y, > 8 thi x, = 0, con néu
x> 0 thi 2y, + 4y, =6 ... That vay, do x; =12>0néntaco 4y; +2y, =8,do X, =6>0nén
taco2y,+4y,=6.

3. Thuit toan don hinh déi ngiu
Trong muc nay chiing ta xét mot phuong phap cho phép giai mdt 16p BTQHTT mot cach
kha tién loi. Phuong phap nay duoc xay dung dua trén tinh chat cta cap bai toan doi ngau.

3.1. Quy trinh tinh to4n va phit biéu thuit toin
Trude hét, ching ta trinh bay thuét toan thong qua mét vi du minh hoa dé thdy dugc mbi
lién quan gitra cap bai toan doi ngau, dong thoi nam dugc ban chat cua phuong phap don hinh doi
ngau.
Vi du 4. Xét cip bai toan d6i ngau.
Bdi todn goc:
Min z = 3x;+ 2%,
véi cac rang budc
X, +2X, >4
X, +X%X,2>3
2%, + %X, 24
X;,X, 2 0.
Néu giai tryc tiép bai toan trén bang phuong phap don hinh, thi can dua bai toan vé dang
chinh tac voi 8 bién (thém ba bién bu “thira” va ba bién gia). Mot phuong phap khac nhu da biét
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1, truée hét tim cach giai bai toan dbi ngu (chi véi 5 bién), sau d6 s& tim dwoc phuong 4n tdi wu
cua bai toan goc.
Bai todn doi ngdu:
Max u = 4y,+3y,+ 4y;
v0i cac rang bugc
Y, +Y,+2y, <3
2y, +Y,+y; <2
Y1:Y2,Ys 20.
Viét bai toan ddi ngu dudi dang chinh tic:
Max u = 4y, +3y,+ 4ys + Oy + Oys
v0i cac rang bude
Y, +Y,+2y,+y, =3
2y, +Y,+Yy;+Yys =2
Y1:Y2:Y3:Y4, Y5 2 0.
Cach 1. Giai bai toan dbi ngau bang phuong phap don hinh. Két qua dugc cho trong bang
I11.6. Theo tinh chét 5 cta cdp bai toan ddi ngau, ta co phuong an t6i wu cia bai toan goc 1a X; =

1, X =2 VOi Zyin = 7.

Bing II1.6. Giai bai toan ddi ngiu

Hé s6 . c =4 =3 c;=4 =0 cs=0
ha ) . Bién co so Phuwong an
am muc tieu YI V2 Vs Vs vs
0 V4 3 1 1 2 1 0
0 ¥s 2 2 1 1 0 1
Y 0 0 0 0 0
Aj 4 3 4 0 0
4 Y3 3/2 12 12 1 12 0
0 ¥s 12 32 12 0 12 1
Ui 6 2 2 4 2 0
Aj 2 1 0 -2 0
4 Y3 4/3 0 1/3 1 2/3 -1/3
4 N 13 1 13 0 13 2/3
u 4 8/3 4 4/3 4/3
J, 2013
Al 0 13 0 —4/3 —4/3
4 V3 1 -1 0 1 1 -1
3 Y2 1 3 1 0 -1 2
Yi ; 5 3 4 1 2
Al -1 0 0 -1 -2

Cdch 2. Giai bai toan gdc bang phuong phap don hinh déi ngau.
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Trude hét dwa Bai todn goc vé dang sau:
Min z = 3x;+ 2x, + 0x3 + 0x4 + 0X5
v0i cac rang bude
—X; = 2X, + X5 =—4
—X; =X, +X, =-3
—2X; =Xy + X =—4
Xq5Xg, X5, X4, X5 2 0.

Ngi dung toém tdt cia phiong phdp don hinh @i ngau: Trong phuorng phap don hinh,
ching ta dich chuyén dan tir phwong an kha thi, toc 12 x;> 0, Vj nhung diéu kién Aj 20, Vj chua
dugce thod man, t6i phuong an t6i v, tic 1a X >0 va A; 20, Vj. Trong phuong phap don hinh d6i
ngau, ching ta dich chuyén dan tir phuwong 4n khong kha thi (nhung doi ngdu kha thi), tac 1a diéu
kién x; > 0,V] khong dugc thod man nhu’ng ludn c6 A > 0, Vj, t61 phuong an t6i wu, tirc 14 co Xj =

0 va A; 2 0, Vj. Minh hoa hinh hoc cua van dé nay s& duoc trinh bay & muc 1, chuong IV, trong
phan phu'ong phap cit Gomory g1a1 BTQHTT nguyen

Quy trinh giai bai toan gbc dang chun tic trén day bang phuong phap don hinh ddi ngau
dugc mo ta trong bang I11.7.

Bing II1.7. Giai bai toan gdc bang phuong phap don hinh déi ngiu

He 56 , 3 2 0 o [ o0
L B Bien co so Phuwong an
ham muc tiéu X4 X5 X3 X4 X5
0 X3 -4 -1 -2 1 0 0
0 Xy -3 -1 -1 0 1 0
0 Xs -4 -2 -1 0 0 1
b7 0 0 0 0 0 0
A 3 2 0 0 0
0 X3 -2 0 =32 1 0 -12
Xy -1 0 -1/2 0 1 -1/2
3 X 2 1 12 0 0 —-1/2
Zj 6 3 3/2 0 0 -3/2
A 0 172 0 0 32
2 X5 4/3 0 1 -2/3 0 1/3
X4 -1/3 0 0 -1/3 1 -173
3 X1 4/3 1 0 1/3 0 -2/3
Z; 4 2 -1/3 0 —4/3
20/3
A 0 0 1/3 0 4/3
2 X5 2 0 1 0 -2 1
X3 0 0 1 -3 1
3 X 1 1 0 0 1 -1
Zj ; 3 2 0 -1 -1
A 0 0 0 1 1

Sau ddy 1a khung thuét toan ctia phwong phap don hinh dbi ngdu dwoc phat biéu cho
BTQHTT: Minz=c'x, véix € D= {x € R Ax=b, x> 0}.
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Buoc khai tao

— Tim mdt phuong an d6i ngau kha thi x = B'b twong tmg v6i ma tran co sé B trong mot
phan rd nao 46 A =[N B]: diéu kién xj 20, Vj co thé khong dugc thoa mén nhung ludn cd A =
0, vj.

—Tinh Aj=c¢j—z, Vj = 1,n , trong d6 n 1a s bién cua bai toan dang xét.

Cdc buoc lap

Buéc 1: Kiém tra didu kién t8i wu. Néu didu kién t8i wu x;> 0, Vj = 1,n da duoc thoa man
thi in / luu trit két qua cta bai toan va dimg.

Buée 2: Néu ton tai mot chi s6 j sao cho Xj < 0 thi tién hanh thu tuc xoay gdm nam budc
trong tu voi nim bude da biét trong thi tuc xoay cua phuong phap don hinh véi cac khac biét
sau:

— Trudc tién chon hang xoay 1a hang véi bién Xj cO gia tri am (thong thuong véi tri tuyét
d6i 16n nhat, hodc chon ngiu nhién).

— Sau d6 chon cot xoay theo quy tic ty s6 4m 16n nhat (cc ty sé duoc tao ra bang cach lay
hang A; “chia” cho hang x; va chi xét céc ty s6 ¢6 mau sb am). Néu khong tim dugc cot xoay thi
két luan bai toan khong c6 phuong an kha thi, in / luu trit két qua cia bai toan va chuyén sang
bude két thuc.

— Néu tim duoc cot xoay thi thyuc hién cac budc tiép theo cua thu tuc xoay.

— Tinh lai cac A;, Vj = 1,n va quay lai budc 1.

Nhan xét

— Ky hiéu céc s6 gia ham muc tiéu cho bai toan gdc va bai toan ddi ngau lan luogt 1a Ajva

Al So sanh hai bang I11.6 va IIL.7, ta thdy tai mdi bang don hinh cua cac budc twong tng ludn

co:
Xy = _Afl Yy, =4,
Xy = _Aé Y, =4,
X, =—Al va {1y, =A,
X, ==y Ya=4,
X, = —A, Ys =8,

Ching han trong bang don hinh bugc 1 ctia bang I11.7 va IIL6 ¢6

X, =-A, =0 y,=4,=0
X2=—A/5=0 y,=A,=0
X,=-A1=-4 va {y,=A,=0
X, =—A, =-3 Y,=A, =3
X5=—A/3=—4 Ys =4, =
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— Viéc thyuc hién giai bai toan gdc bang phuwong phap don hinh dbi ngiu theo bang II1.7
thuc chat 1a viéc giai bai toan d6i ngau bang phuong phap don hinh. Diéu nay ciing giai thich 1i
do tai sao khi thyc hién thu tuc xoay ctia phuong phap don hinh ddi ngau can trudc hét xac dinh

hang xoay roi sau d6 méi xac dinh cdt xoay.

3.2. Co sé ciia phwong phéap don hinh déi ngiu

Phuong phap don hinh dbi ngiu c¢6 thé dwoc chitng minh mot cach chit ch nhu trinh bay
sau day.

Xét bai todn goc: Min z = f(x) = ¢'x voi x eD = {x eR™ Ax > b, x > 0}. D& dang dua bai
toan nay vé dang chinh tic: Min z= €'X véi cic rang budc AX=b X >0, trong do A=A
1], € =(c", ¢ va X =(x", x,")', v6i chi s6 dudi s dung dé ky hiéu cac chi s6 bu (xem lai cac
ky hiéu ¢ dinh 1y 2, vi du 3).

Chung ta xét mot véc to X thoa min A X =b. Bang cach phan i A =[N B], X =
(XI, , ig )" va cho X y =0, chung ta c6 X 5 =B 'b. Céc véc to cot aj, Vj €lg, cuaB dugc goi la:

— Co s¢ goc chdp nhdn néu X =B 'b > 0, nhung khong nhét thiét
TB'A<c (3.13)

— Co s6 ddi ngdu chdp nhin néu G B'A< C', nhung khong nhét thiét
Xg=B"b>0.

Chung ta kiém tra lai cac budc cta thuét toan don hinh ddi ngﬁu da biét & trén (ban doc tu
d6i chiéu voi bang I11.7). Gia sit, X = (X3, X5 )" 1a mot phuong 4n d6i ngau kha thi, tic 14 cic
véc to cot a;Vvj e€lg la co so d6i ngadu chip nhan. Do (3.13) nén
Aj=c;j— G B '@ 20.Néu Xp=B'b >0 thi X la phuong 4n t6i wu. Chil y rdng, thuat toan don
hinh d6i ngau duoc bat diu véi ma tran B =1, do d6 ¢6 X5 =B 'b=-1Ib. Trong vi du 4, ta co:

X, -1 0 O 4 —4
xs=|X, |=| 0 -1 0 (x|3|=]-3].
X o 0 1 4 -4

Néu Xp=B"'b > 0 chua duoc thoa man thi ton tai X4 <0 voi q €lg (nhu trong vi du 4,

bang I11.7). Lic d6 ching ta cin thyc hién thu tuc xoay.
Truwong hop 1: Vi € T (J 1a tip cac chi sd cua cac véc to cot ciia ma trdn A ), Xgi = 0.
Diéu nay c6 nghia la tt ca cac toa do thir q ctia cac véc to B! a;vjel déu khong 4m. Chiing ta
s& chi ra rang bai toan gdc khong c6 phuong 4n, hay bai toan déi ngiu c6 ham muc tiéu khong bi
chin trén. Xét véc to y= (G B ')'. D& dang chitng minh dugc day ding 1a phuong an ciia bai

toan d6i ngau. That vdy, theo (3.13) ta c6:
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A'y<T. (3.14)

Dit U, 1 véc to hang q trong ma trin B'vaxéty =y — 06U, voi 6 > 0 nao do. Thé thi
(y)'a;=(y"'-0u,)a;=y'a;-0U,/a;<y'a;(doU,a;= X >0). Theo (3.14), ta c6
y'a;< T;,nén (y')'a;< T Dodd ATy’ < T hay V' ciing la phuong 4n ciia bai toan dbi
ngiu. Mit khéc, gia tri cia ham muc tiéu trong bai toan d6i ngau 1a u(y') = (y)b=(y" -
U, )b =¥ b - 0U,'b=u(y)-0X ,—> +o0 khi 6 — +0.

Dé chimg minh bai toan gbc khong c6 phuong an co thé 1ap luan ngin gon hon. That vay,
ta co Ziqjij = Xq<0(do B'AX = B'b). Néu bai toan gbc co6 phuong an véi cac toa do
khéng am thi day la diéu vo Iy vi X, X;>0,V j e J.

Truong hop 2: 3j € J sao cho X g = 0. Ta chon cdt xoay theo “quy tac ty s6 am 16n nhat”,
ttre 1a chon chi s6 s sao cho:

As . Ai
—=Min{—1.
s 90 (X

Tiép tuc thuc hién thu tuc xoay nhu di phét biéu trong thuat toan don hinh dbi ngau, ching

X

ta s& chuyén dugc sang phuong an ddi ngéu kha thi méi (ban doc ty ching minh). Trong phwong
an méi X , s& 1a bién co s6 thay chd cho bién X "

Vi mdi phuong 4n dbi ngiu kha thi tim dwogc trong qué trinh giai twong tmg véi mot ma
tran co s& B trong mot phan 1 nao d6 A = [N B], nén s6 phuong an dbi ngiu kha thi dugc xem
xét 12 mot sd hiru han. Do d6, sau mot sd hiru han budc, chung ta s€ két thic viéc giai BTQHTT
bang phuong phap don hinh d6i ngau.

4. Bai toan van tai

4.1. Phat biéu bai toan vin tai

Bai toan van tai dugc ap dung rat rong ri trong linh vuc 1ap ké hoach phan bd san pham
hang hoa (dich vu) tir mot sb dia diém cung / cip phat t6i mot sb dia diém cdu / tiéu thy. Thong
thudng, tai mdi dia diém cung (noi di) chi c6 mét s6 Iwong gidi han hang, con mdi dia diém cau
(noi dén) can mot sd luong nhit dinh hang dé dap mg nhu cau tiéu thy. Vi cac cung duong van
chuyén hang da dang, voi cudc phi vén tai khac nhau, muyc tiéu dit ra la xac dinh phuong an véan
tai toi uu. Noi cach khac, van dé dit ra 1a can xac dinh nén van chuyén tr mdi dia diém cung tdi
mdi dia diém cau bao nhiéu don vi hang nham thoa mén nhu cau cia tung dia diém tiéu thu déng
thoi dat tong chi phi van tai 1a nho nhét.

Vi du 5. Ta c6 3 diém cung cip hang C, D, E va 4 diém cau S, T, U va V véi luong hang
cung va cau tai moi diém ciing nhu cude phi van tai trén mot don vi hang cho mdi cung dudng
nhu trong bang I11.8.

Tir diém cung i dén diém cau Jj ta c6 cudce phi van tai / mot don vi hang la c;; da biét, chéng
han nhu ¢;; 1a 3 USD / mét don vi hang. Can thiét 1ap phuong an van tai hang dap tng dugc cung
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cau va tong chi phi van tai 1a nho nhat. Chu y rang bai toan van tai dang xét c6 tong cung bang
tong cau, nén dugc goi 1a bai toan van tai can bang thu phat. Day 1a dang don gian nhit trong cac
dang bai toan van tai.

Bdng I11.8. Cac dir liéu cua bai toan van tai

Diém cung Lwong hang Diém céu Lwong hang
C 5000 S 6000
D 6000 T 4000
E 2500 U 2000

Téng 13500 \ 1500
Téng 13500
Cuc phi véan tai / don vi hang c; (USD) dén
Noi di

S T U V

C 3 2 7 6

7 5 2 3

E 2 5 4 5

Khdi ni¢m bdang vin tdi

Bang van tai ¢c6 m hang, n cot gém mxn 6, m 1a sb diém cung, n la s6 diém cau véi cude
phi c;; dugc ghi trong 6 (i, j) cho cung duong (i, j). Khi m = 3, n = 4 nhu trong vi du trén, ta cé
bang vén tai I11.9.

Bdng I11.9. Bang van tai

3 Cung 1: 5000
2 7 6
7 Cung 2: 6000
5 2 3
2 Cung 3: 2500
5 4 5
Caul: 6000 Céu 2: 4000 Céu 3: 2000 Cau4: 1500  Tdng: 13500

Ta can tim phuong an phan hang vao céac 6 (i, j) sao cho tong theo hang hay cot déu khép
v6i cac lugng cung, cau va tong chi phi van tai 1a nho nhat. Mdi 6 (i, j) biéu dién mot cung dudng
véan chuyén hang tir diém cung i vé diém cau j.

Cdc phwong phdp tao phwong dn xudt phdt

C6 mot s6 phuong phap tao phuong an xuét phat. Ta nghién ctru hai phuong phap sau day.

Phuong phdp "géc tdy bac"
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Phuong phap nay dugc phat biéu nhu sau:

— Phén phat hang tbi da vao goc tay bic ctia bang van tai.

— Sau khi (hang) cung hodc (cOt) ciu da thoa man thi ta thu gon bang vén tai bang cach bo
bt hang cung hodc cot cau do di (chi bo mdt trong hai thtr “hoac” hang “hoac” cét, ¢ day la toan
tur “hodc” loai trir, OR exlusive).

— Tiép tuc 1ap lai hai budc trén ddy cho t6i khi hang duoc phan phdi hét vao cac 6.

4
A

Bang phwong phap “gdc tiy bic” ta tao dugc phuong an trong bang I11.10.

Bing II1.10. Phuong an xuat phat v6i phuong phap “goc tiy bac”

3 2 7 6
5000
7 5 2 3
1000 4000 1000
2 5 4 5
1000 1500

Téng chi phi van tai: £ CPVT = (3x5 + 7x1 +5x4+2x1 +4x1 + 5x1,5)x 1000 =
55500.

Phurong phdp cuede phi toi thiéu

Phuong phap nay duoc phat biéu tuong ty nhu phuong phap "goc tiy bic" nhung uu tién
phan phat hang vao 6 c6 cudce phi bé nhat (néu c6 nhiéu 6 nhu vy thi chon 6 bat ki trong s6 do).
Luc nay ta c6 phuong an xuat phat 1a phuong an cho trong bang IIL11.

Bing II1.11. Phuong an xuat phat v6i phuong phéap cude phi téi thiéu

3 2 7 6

1000 4000
7 5 2 3

2500 2000 1500
2 5 4 5

2500

Téng chi phi van tai: X CPVT=3x1+2x4+7x25+2x2+3x1,5+2x2,5) x 1000 =
42000.

Mot s6 nhdn xét

— Phuong phap cudc phi tdi thiéu thudng cho phwong an xuét phat tot hon phuong phap
“g4c tAy bac”.

— Bang van tai twong tng véi vidu 5 c6 s 6 sirdung la 3 +4—1=7—1=6. Mot cach
tong quat bang van tai m hang, n ¢t c6 s6 6 st dunglam+n— 1.
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— Bai toan van tai ciing 1a BTQHTT. Trong vi du dang xét, néu ky hiéu Xjj la lugng hang
can duoc van chuyén trén cung dudng (i, j), chinh 1a luong hang can dién vao 6 (i, j), thi ching ta
BTQHTT sau:

3 4
Min z :ZZC”X” = 3X11 + 2X12+ 7X13 + 6X14+ 7X21 + 5X22

+ 2Xo3 1+ 3Xo4 + 2X31 + S5X30+ 4X33 + 5X34
v0i cac rang bude
/X1 + X2+ X3 T X4 =5000
X1 T Xop + Xp3 + X4 = 6000

X3 + X3 + X33+ X34 =2500

X1 * Xz + X31 = 6000 (3.15)
< X12 + X2 + X3 =4000
Xi3 + X3 + X33 =2000
X14 + Xo4 + x34= 1500

KXUZO’ Vi= 1,_3,ij 1,4

Poi tén bién: Xl = X11, X2 = X12, X3 = X13, X4 = X14, X5 = X021y eeey X12 = X34, thi bai toan trén
day la BTQHTT 12 bién, vdi ma tran A cac hé so rang budc nhu sau:

1111 0000 0000
0000 1111 0000
0000 0000 1111

A=|10 00 1000 1000
0100 0100 0100
0010 0010 0010
0001 0001 000 1

(Ma tran A g&m 12 véc to cot dwoc ky hiéu la A;y, Ay, ..., Aszy)

Hé cac rang budc co6 7 phuwong trinh. Néu iy téng 4 phuong trinh cudi trir di téng cac
phuong trinh the 2 va 3 thi dugc phuong trinh ddu. Mat khéc, do bai toan van tai 1a c6 phuong an,
nén néu goi A la ma trdn mo rong ciia ma tran A (5\ thu duoc tor A bé“mg cach thém mdt ¢t cac
hé s6 vé phai cta hé (3.15)) thi hang A = hang;& < 6. Sau déy, chiing ta s& chi ra rang, hang A =
hang A =6.

M&i phuong an xuét phat (xem bang I11.10 va III.11) tim dwoc cta bai toan van tai trén
day chinh 1a mot phuong 4n cyc bién xuit phat khi giai BTQHTT. Bai toan vén tai ¢6 thé hoan
toan giai duoc bang phuong phap don hinh. Tuy nhién, do c6 cdu triic dic biét, bai toan van tai co
thé duoc giai bang cac phuong phap khac véi cac thuit toan chuyén dung. D6 1a cac phuong phap
phan phéi va phuong phap thé vi.
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Phdt bieu bai todn vdn tdi tong qudt
Trong mdt mang ludi cung cap va ti€u thu mot mat hang cé m diém cung, véi cac luong
2 1 b m n
cung la aj, ay, ..., a, va n diém cau, vdi cac luong cau la by, by, ..., b,. Gid st Zai = 2 bj , tirc
i1 =
la tong cung va tong cau bang nhau, thi ta c6 bai toan van tai can bang cung cau hay con goi la
bai todn van tai can bang thu phat.
Cho biét cjjla cudce phi / trén mot don vi hang van chuyén tir diém cung i t6i diém cau j.

Ky hiéu x;; 1a luong hang can van chuyén tir diém cung i t6i diém cau j, ching ta c6 bai toan van
tai cn bang thu phat tong quat sau dy:

m n
Minz= ) Y ¢X;

i=1 ij=1

véi cac rang budc

4.2. Céc tinh chét ciia bai toan vén tai

Tinh chdt 1. Bai toan van tai can bang thu phat ludén c6 phuong an tdi vu.

Churng minh

Chung ta d chi ra rang bai toan van tai can bang thu phét luén c¢6 phuong an xuét phat (tim
dugc ching han bang phuong phap “goc tiy bac” nhu trong vi du 5 va bang I11.10). Hon nita, ng
v6i moi phuong 4n van tai thi ham muc tiéu (hay tong chi phi van tai twong tng) luén ludn bi
chin dudi boi 0. Theo nhan xét & cudi muc 2.2, d6i véi mot BTQHTT chi 6 thé xay ra ba truong
hop: i) bai toan c6 phuong an t6i wu, ii) bai toan khong co phuong 4n va iii) bai toan c6 phuong
an nhung ham muc tiéu khong bi chin. Tir d6 suy ra, bai toan vén tai can bang thu phat ludn co
phuong an ti wu (dpcm). W

Dé nghién ctru tinh chit 2 cta bai toan van tai, trudc hét ching ta xem xét cac dinh nghia
sau day.

Pinh nghia 1. M6t tap hop céc 6 trong bang van tai dugc noéi la tao nén mot chu trinh khép
kin néu c6 thé tim duoc mot duong di khép kin xudt phat tir mot 6 nao d6 thudc tap hop trén lai
tro vé 0 xudt phat sau khi lan luot di qua cac 6 khac trong tap hop (mdi 6 di qua dung mot 1an)
doc theo cac hang hay cac cdt cia bang vén tai, budc nay theo hang thi budc sau phai theo cot
hodc nguoc lai. Nhu vay, s 6 tdi thiéu trong mot chu trinh khép kin 1a 4.

Xét vi du 5 va bang I11.9, lac d6 cac 6 (1,1), (1,2), (2,2), (2,1) tao nén mdt chu trinh khép
kin vi chung ta c6 thé tao nén mot dudng di qua 4 6 nay nhu sau: 6 (1,1) > 6 (1,2) - 6 (2,2) >
6(2,1)>06(,1).
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Pinh nghia 2. Mot tap hop mot s6 6 cua bang van tai dugc ndi 1a khong tao nén dugc mot
chu trinh khép kin nao 1a mot tap hop céc 6 co tinh chat: khong mot tdp con ndo cta né co thé tao
nén mét chu trinh khép kin.

pé léy vi du vé tap hop mot 6 6 cua bang van tai khong tao nén dugc mdt chu trinh khép
kin nao, chiing ta tiép tuc xét vi du 5 va cdc 6 sir dung trong phirong dn ¢ bang I11.10. Do 1a cac 6
(1, 1), (2, 1), (2,2), (2, 3), (3,3) va (3, 4). bay 1a cac 6 khong tao nén dugc mot chu trinh khép
kin nao. That vay, gia sir co mot s6 6 nao do6 trong tap hop 6 6 trén tao nén mdt chu trinh khép
kin, thi chu trinh nay khong thé di qua 6 (1, 1) (vi trong s6 6 6 trén 6 (1, 1) dimg mot minh trén
hang 1, tandi 6 (1, 1) 13 6 treo trén hang 1). Xét tiép 5 6 con lai 1 cac 6 (2, 1), (2, 2), (2, 3), (3, 3)
va (3, 4), thi chu trinh ciing khong thé di qua 6 (2, 1) (vi trong s6 5 6 trén 6 (2, 1) dimg mot minh
trén cot 1, ta n6i 6 (2, 1) 12 6 treo trén hang 1). Tuong tu, c6 thé 1ap luan ring 6 tiép theo (2, 3)
khong thé nam trong chu trinh cho t&i khi con lai 3 6 cudi cung (2, 3), (3, 3) va (3, 4). Do ba 6
nay khong thé tao nén duoc chu trinh khép kin nao (vi sé 6 t6i thiéu trong mét chu trinh khép kin
1a 4), nén diéu gia sir ban dau vo ly. Vay cac 6 (1, 1), (2, 1), (2, 2), (2, 3), (3, 3) va (3, 4) khong
tao nén dugc mot chu trinh khép kin nao.

Tinh chat 2. Néu tap hop gém mét sb 6 cia bang van tai khong tao nén dugc mot chu trinh
khép kin nao thi cc véc to cOt clia ma tran A tuong ing véi cac 6 trén 1a cac véc to doc 1ap tuyén
tinh va nguoc lai.

Churng minh

Trudce hét ta di chirng minh chiéu nguoc lai, tirc 1a néu tap hop gém mot s6 6 cua bang van
tai khong thod man gia thiét cua tinh chat 2 (tr mot ) trong sb ching c6 thé tao nén dugc mot
chu trinh khép kin nao do) thi cac véc to cot ciia ma trin A tuong ung vdi cac 0 trén la cac véc to
phu thudc tuyén tinh

Dé hinh dung cu thé hay xét lai vi du 5 va cac véc to ¢t twong tmg véi cac 6 (1,1), (1,2),
(2,2), (2,1) tao nén mot chu trinh khép kin 1a Ay, Ay, Ay va Ay Dé théy ré'lng véc to nay phu
thudc myén tinh vi r.'?lng A1 —Apt+ Ay — Ay =0. Hon nira, néu c6 bd sung vao 4 6 trén day mot
s6 6 nira dé tao thanh mot tap hop moi thi cac véc to cot twong ing véi cac 6 cla tp hop nay
ciing phu thudc tuyén tinh vi ching chira mét tap con cac véc to phu thudc tuyén tinh. Véi cac 6
tao nén mot chu trinh khép kin bat ki ching ta ciing c6 1ap luén tuong tu.

Bay gio chiing ta di chimg minh néu tap hop gdm mot sb 6 ciia bang vén tai khong tao nén
duoc mét chu trinh khép kin nao thi cac véc to cdt cia ma tradn A tuong tng vdi cac 6 trén 1a cac
véc to doc lap myén tinh. D& hinh dung cu thé, xétvidu Svacaco (1, 1), (2, 1), (2, 2), (2, 3), (3,
3) va (3, 4) khéng tao nén dwgc mét chu trinh khép kin nao trong bang III.10. Can phai chi ra
rﬁng cac véc to cOt twong ing A1, Ayy, A, Ay, Azz va Azy clla ma tran A, 1a doc lap tuyén tinh.
Xét dang thirc véc to sau:

O Ay 0 A gy + A 5y + 0 Ay + 0 A G + 0, Ay, =0 (3.16)

Do 6 (1, 1) 12 6 treo trén hang 1 trong s nhitng 6 trén nén toa d¢ thir nhét cia A,y 1a 1, con
toa do thir nhét cta tat cac cac véc to con lai phai béng 0 (hay quan sat lai cAu tric dic biét cua
ma trin A va hé (3.15)). Tu (3.16) suy ra rang o, = 0. Viy (3.16) trd thanh
0y ALy + 0 A, + 0 Ay + 0 A L + 0, Ay, =0. Lap luan tuong tu, do 6 (2, 1) 1a 6 treo trén

cot 1 trong s6 5 6 con lai nén toa do thirn + 1 (n =3 trong vi dy 5) cua no béng 1, con toa do thu

67



n+1 clia 4 véc to khac bang 0. Do d6 a,; = 0. Cir nhur vay, cudi ciing sé chimg minh dugc céc hé
sb oij trong (3.16) déu béng 0. Ching ta da chira réng Ai1, A, A, Axs, Asz va Asy la cc véc to
ddc lap tuyén tinh. W

Tinh chdt 3. Mot phuong an cuc bién cua bai toan van tai 1a mot phuong an tng véi m + n
— 1 6 str dung khong tao nén mét chu trinh khép kin nao.

Churng minh

Cho A 14 ma tran cac hé sb rang budc cua bai toan van tai, trudc hét chung ta di ching
minh: hang A = hang A=m+n-1. Thét vay, do bai toan van tai luén c6 phuong an nén hang A
= hang A. Chung ta con phai chi ra rang: hang A = hang A =m+n-1.Péhinh dung cu thé, xét
lai vi du 5 véi hé rang budc (3.15) gom 7 phuong trinh. Ta thdy ngay, phuong trinh dau 1a hé qua
ctia 6 phuong trinh sau. Tir hé rang budc, sau khi bé bét di phuong trinh ddu, c6 thé biéu dién
dugc:
21 =85 — (X +Xp5 +X5y)
31 =83 = (Xgy + X5 +Xgy)
1 =Dy = (Xp + X5
12 =Dy = (Xy +Xg5)
13 = D3 = (X5 +X35)
1a =Dy = (X +X3,).

Nhu vay, trong hé phuong trinh rang budc da cho co thé coi 6 bién X215, X31, X11, X12, X13 Va
X14 12 cac bién co so, cac bién con lai 1a bién ngoai co so. Do d6 hang A = hang A=6. Trong bai
toan van tai tong quat, co thé chon cac bién Xa1, Xa1, ..., Xmi, X115 X12, X13, ...Va X1, 14 céc bién co so.
Vay ta c6 hang A = hang A =m+n-1.

Do hang A =m + n — 1, nén mot phuong an cuc bién ctia bai toan van tai c6 cac bién co s
ung voi m +n — 1 véc to ¢t doc 1ap tuyén tinh ciia ma trdn A. Vay tinh chét 3 duge suy ra tu tinh
chit2. m

Xét vi du 5 va cdc bang II1.10, bang II1.11. Cic phuong an xuét phat tao nén bang phuong
phap “goc tdy bic” hay phuong phap cude phi cuc tiéu 1a cic phuwong 4n cuc bién vi cac 6 sir
dung cta chung khong tao nén chu trinh khép kin nao.

4.3. Phuong phap phan phoi gidi bai toan van tai

Chung ta c6 thé 4p dung phuong phap “nhay trén d4” (tam dich tir Stepping Stone Method),
hay chinh thtrc hon con goi 1a phwong phép phan phdi (Distribution Method) dé giai bai toan van
tai.

Phuong phap “nhay trén da” 1a mot quy trinh tinh toan nham timg budc cai thién phuong
an van tai di co dé cudi cuing tim duoc phuong an van tai t6i wu.

Xdc dinh higu sudt ciia cdc 6 chwa sir dung
Quay lai bang van tai I11.10 véi phuong an xuat phat tim dugc theo phuong phép “goc tdy

bac”. Trong bang do chi c6 mot so 6 da sur dung, ta coi chiing nhu cac hon da nho 1€n trong mot cai
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a0. Xét mot 6 (i, j) bat ky chua sir dung trong phuong an da c6. Ta can tinh hiéu suat gj(ela viét tat
cua tur effect) cta 0 (i, j) theo cac budc sau:

— Pau tién ta can tim mot duong di 6 tinh chat: di qua dung mot 6 chwa sir dung 14 6 (i, j)
(6 Xuét phat) va mot b6 0 d3 st dung khac, mdi bude phai di theo hang hodc theo cot xen k& nhau
(khong duogc di lién hai budc trén mot hang hay mot cot) dé cudi cung quay vé 6 (i, j). Didu nay
gidng nhu dang ¢ trén thuyén, mudn ra khoi thuyén ma khong uét ta phai nhay qua cc hon da
nhé 18n trong ao dé cudi cung lai quay vé thuyén (vi viy phuong phap c6 tén la phuong phap
“nhay trén da”). Mot diéu thi vi nita 1a con dudng nhay trén cac hon da nhu vay 1 duy nhat.

Toém lai xuat phat tir 6 (1, 2) chang han, ta s& c6 duong di nhu sau: (1,2) = (2,2) = (2, 1)
— (1, 1) = (1, 2). Trén duong di nay chi duy nhit c6 mot 6 chua st dung (xem bang I11.12).

Bing II1.12. Tinh hiéu suit cac 6 chua st dung

___l___2, 7 6 5000
soqo !
.
7 5 2 3 6000
10do- = = = = —4604 1000
) 5 (2 4 5 2500
1000 1500
6000 4000 2000 1500 13500

— Panh du cong trir xen k& tai cac dinh trén dudng di ma trong d6 6 chua sir dung duoc
danh ddu +. Gia sir ta can luan chuyén mot don vi hang theo duong di di xac dinh ma van thoa
man dugc cung cAu (trc 1a cac 6 mang diu +: 6 (1,2) va 6 (2, 1) c6 thém mot don vi hang, cac 6
mang déu —: 6 (2, 2) va 6 (1, 1) rit b6t di mot don vi hang). Luc nay téng chi phi s& thay doi mot
luong tién 1a: e, =+cp —Cp+Cy—c =2 —5+7—3 =+1. Néi cach khac, téng chi phi van tai s€
tang thém 1én 1 USD cho mdi mot don vi hang ludn chuyén theo duong di trén. Nhu vay ta di

tinh duoc hidu sudt cua 0(1, 2): e; = 1. Mot cach tuong tu, ta co:
613:7*2"‘7*3:"‘9,614:6*5+4*2+7*3:+7,
ez4=3—5+4—2=0,e31=2—7+2—4=—7,e32=5—5+2—4=—2.

Chi ¢6 hai 6 v6i hiéu suat am 1a 6 (3, 1) va 6 (3, 2) (xem bang I11.12) c6 thé Iya chon dé
dua vao sir dung trong phuong 4n méi (dé lam giam tong chi phi vén tai). Ta quyét dinh trong
phuong an maéi s€ chon 6 (3, 2) dé dua vao st dung, mdi don vi hang dua vao sir dung tai 6 (3, 2)

s& 1am tong chi phi giam 2 USD. Ky hiéu e = es,.

Chii y. C6 thé ching minh duogc eij = Ajj vO1 Ajj 1a gia tri trén hang A Umg v6i ¢t x;i néu giai

bai toan van tai baing phuong phap don hinh (xem thém muyc 4.5 cing chuong).
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Xdc dinh lwong hang dwa vao 6 chon

Nhu trén di phan tich, mot don vi hang dua vao 6 (3, 2) lam giam tong chi phi van tai 2
USD. Ta cin tim q, lwong hang t6i da c6 thé dua vao 6 (3, 2). Puong di qua 6 (3, 2) va mot s6 6
da duoc sir dung 13: (3, 2) = (2,2) = (2, 3) = (3, 3) = (3, 2), v6i cac 6 dugce danh dau cong trir
xen k& (6 (3, 2) mang dau +). Luong hang q duoc tinh theo quy téc:

q = min {c4c luong hang tai cac 6 mang ddu —} = min {lwong hang tai 6 (2, 2), lwong hang
tai 0 (3, 3)} = min {4000, 1000} = 1000.

Viy trong phuong an mdi, lugng hang tai cac 6 mang diu + (cac 6 (3, 2), 6 (2, 3)) duoc
tang thém 1000 don vi, con tai cic 6 mang dau — (cac 6 (2, 2) va 6 (3, 3)) luong hang giam di
1000 don vi (xem bang II1.13). Phuong 4n méi gdm 6 6 sir dung (6 (3, 3) tng v&i q = 1000 da bi

loai ra).

Bdng I11.13. Phuong an van tai sau hai budc

3 2 7 6 500
5000
7 5 2 3 6000
1000 3000 2000
2 (=5) 5 4 5 2500
1000 1500
6000 4000 2000 1500 13500

Tong chi phi van tai dugc tinh boi: & CPVT = (3x5 + 7x1 + 5x3 + 2x2 + 5x1 +
5% 1,5)x 1000 = 53500, hodc £ CPVT méi =X CPVT cii — exq = 55500 — 2 x 1000 = 53500.

Diéu kign téi wu

Quy trinh trén dugc thuc hién cho téi khi tAt ca cc hiéu suét eij 20,V 0 (1,]) la cac 6 chua
st dung. Pay chinh la diéu kién t6i wu hay dieu kién dung. Diéu kién nay thuc chat la dieu kién
Ajj > 0 ding véi moi bién ngoai co s xij khi giai bai toan bang phuong phap don hinh (xem muc
4.5 cung chuong).

Chung ta di kiém tra diéu kién t6i wu dbi véi phuwong an van tai trong bang I11.13. Can tinh
cac hiéu sut cho cac 6 chwa sir dung trong phwong 4n méi:

ep=2-5+7-3=+1; e3 =7-2+7-3=+19;
614:6—5+5—5+7—3:+5; €24 :3—5+5—5:—2;
631:2—7+5—5:—5; €33 =4-5+5-2=+2.

Do d6 phuong an trong bang I11.13 chua phai 1a phuong an t6i wu. Chiing ta quyét dinh sir
dung 6 chon (3, 1) trong phuong 4n méi vi e3; = —5. Tim dugce q = 1000 theo quy tic da biét. Co
hai 6 ng v&i q tim duoc, chung ta chi bo di 6 (2, 1) con phai gir lai 6 (3, 2) dé dua vao st dung.
Phuong an van tai tim dugc sau ba buoc dugc cho trong bang I11.14.
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Bdng I11.14. Phuong an van tai sau ba budc

3 2 7 6 5000
5000
7 5 2 3 (=2) | 6000
4000 2000
2 5 4 5 2500
1000 0 1500
6000 4000 2000 1500 13500

To6ng chi phi van tai: £ CPVT = 53500 — 5 x 1000 = 48500.

Tiéptuctinhcéchiéusuét: ep="+l;e3=7-2+5-5+4=9,¢4,=6-5+2-3=0; ¢y
=7-2+5-5; ey=3+5+5-5=-2;e535=4—- 5+5-2=+2.

Chon 6 (2, 4) dua vao sir dung va tinh q = 1500. Tir 46 c6 phuong 4n méi sau bén budc

nhu trong bang I11.15

Bing I11.15. Phuong an van tai sau bon budc

3 2 (C4) 7 5000
5000
7 5 2 6000
2500 2000 1500
2 5 4 2500
1000 1500
6000 4000 2000 1500 13500

Tdng chi phi van tai: ¥ CPVT = 48500 — 2x 1500 = 45500.

Tiép tuc tinh cac hiéu suét:
ep=2-5+2-3=-4;
€y=6-3+5-5+2-3=2; € =7-2+5-5=45;
e3=4-5+5-2=+42; ey =5-5+5-2=43.

Ta c6 e, = —4 va chon 6 (1, 2) 1am 6 chon v6i g = 1500 va chuyén sang phuong an méi
nhu trong bang I11.16

613:7—2+5—5+2—3:+4;

Bdng I11.16. Phuong an van tai sau nam budc

3 2 7 6 5000
3500 1500
7 5 2 3 6000
2500 2000 1500
2 5 4 5 2500
2500
6000 4000 2000 1500 13500

Tdng chi phi van tai: X CPVT = 45500 — 4x1500 = 39500
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Luc nay e; > 0, V 0 (1, j) chua sur dung. biéu kién toi vu di duge thoa man. Phuong an van
tai tdi wu cho trong bang I11.16 véi tdng chi phi nhé nhit 1a 39500.

Bii todn vin tii khéng cin bang thu phit

Trudng hop tong lugng cung 16n hon tong lwong cau, can bd tri thém mot diém (cot) cau
gid ma moi chi phi vén tai dén do6 déu duogc coi bang 0. Tuong tu, n€u cau vugt cung thi can bo tri
mot diém (hang) cung gia va coi moi chi phi van chuyén tir 46 di déu bang 0. Lic d6 ta co bai
toan vén tai cAn bang thu phat véi cac cudc phi trong cac 6 trén cot cau gia hodc trén cac hang
cung gia déu bang 0. Chu ¥ rang lic nay, bang van tai méi s& c6 thém mot cot cau gia (ndm bén
phai ciing) hodc mot hang cung gia (ndm dudi cung). Dé tim phuong an xuit phat, chung ta van
thuc hién cac phuong phéap “géc ty bac” hodc phuong phap cude phi t6i thiéu nhung can vu tién
phan hang vao cic 6 ctia bang van tai ban dau trudce khi phan hang vao céac 6 trén cot gia hay hang
gia.
4.4. Phuong phap thé vi giai bai toan van tai

Phuong phap “nhay trén d4” hay phuong phap phan phdi c6 mot nhugc diém 14 viée tinh
hiéu suét cta cac 6 kha dai dong. Vi vdy, ta s& nghién ctru phwong phap thé vi nhim tinh cac hiéu
suét €ij ngan gon hon.

Xét phuong 4n xuat phat tim dugc bang phuong phap cudc phi cuc tiéu cho trong bang
I11.17 (v6i tong chi phi van tai 1a 42000).

Bing II1.17. Phuong 4n van tai xuét phat

3 2 7 6 5000
1000 4000

7 5 2 3 6000
2500 2000 1500

2 5 4 5 2500
2500
6000 4000 2000 1500 13500

Tacde;s=7—2+7—3=+9. Ta tim cach tinh e;; bang cach khac nhanh hon nhu trinh bay
sau day.

Trudc hét can xdy dung hé théng s6 thé vi hang va cot {u;, v}, trong do u; voi
i=1,2,3lacac thé vi hang, con vj véij =1, 2, 3,4 1a cac thé vi ¢ot. Co thé gan cho mot thé Vi
bét ky gia tri 0 (hodc mot gia tri bat ky khac), thé vi nay thudng dwoc chon ¢ hang hay cot c6
nhiéu 6 st dung nhét. Chéng han chon u, = 0. Céc thé vi khac dugc tinh bai cong thuc:

ui+ vj =c¢j, V 0 (i, j) st dung.

Chonw,=0 = vi= 7 (Fca—w); V3= 2 (Fep—Ww);  va= 3 (Feu—w);

u=-4 (=ci—vi); uw=-5 (=c37—Vy); V2= 6 (Scin—w).

Cong thirc téng quat dé tinh cac hiéu sudt cho cic 6 (i, j) chua st dung la:
eij = Cij — (ui T vj). Chéng hantaco ez =ci3—(u; +v3)=7— (-4 +2)=9. Cac hi¢u suét khac
duogc tinh tuong tu (xem bang I11.18).
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Bing I11.18. Tinh toan cac thé vi va cac hiéu suit

vi=17 vV, =6 vy3=2 vi=3

u=-4 3 2 7 6 5000
1000 4000

bu=0 7 5 (1 2 3 6000
2500 2000 1500

u=->5 2 5 4 5 2500
2500
6000 4000 2000 1500 13500

Trong bang II1.18 ta thdy e;, = — 1 < 0. Chon 6 (2,2 ) dé dua vao st dung tmg véi q =
2500, ta chuyén sang phwong 4n m&i va tinh lai cac hé thong sb thé vi nhu trong bang I11.19.

Bing II1.19. Tinh toan cac thé vi va cac hiéu suat cho phuong an méi

V1:6 V2:5 V3:2 V4:3

u=-3 3 2 7 6 5000
3500 1500

u, =0 7 5 2 3 6000

2500 2000 1500

u=—4 2 5 4 5 2500
2500
6000 4000 2000 1500 13500

Chonuw,=0=v,=5(=5-0);v;=2(=2-0);v4 =3(=3-0);, w=-3(=2-5;v,=6
E3-(3))su=-4(=2-6).

Téngchiphivéntéi:ZCPVT=(3 x35+2%x1,5+5%x25+2%x2+3 x1,5+2x%x2)5) x
1000 = 39500 (tinh cach khac, ¥ CPVT médi =42000 — 1 x 2500).

Tiép tuc tinh toan cac hiéu suét:
en=ci— (W+v)=7-(-3+2)=8;
ey=ciu— (U +tvy)=6— (-3+3)=6;
e=cCy— (Wt+v)=7-(0+6) =1;
en=cp— (B3+tv)=5-(-4+5)=4;
en=cn— (B3t+tvy)=4—-(—4+2)=6;

eu=cCy— (Wtv)=5-(-4+3)=6.
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Ta théy eij > 0, V 0 (1, j) chua s dung nén diéu kién tbi wu d3 duoc thoa man. Phuong an
t6i wu cho trong bang I11.19, v6i tong chi phi van tai nhé nhit 1a 39500.

Chu y

— Pdi voi bai toan vén tai can cuc dai hoa ham muc tiéu thi tiéu chuin dung sé 1a e; <0,
V6 (i,j) chua st dung.

— Déi véi bai toan van tai co 6 cAm (cung dudng khong duoc sir dung) thi dit cude phi M
=+ oo cho cdc 6 cAm voi bai toan Min hodc M = — oo vé6i bai toan Max.

4.5. Co sé ciia phwong phap phan phdi va phuwong phap thé vi

Xét lai vi du 5 voi bai toan van tai dugce cho trong bang II1.20. Viét bai toan dudi dang
BTQHTT nhu sau:

3 4
Minz=3 > cx,

i=1 j=1

=3x11 +2X12 + TX13 +6x15 T TXo1 + 5xn2

+2Xo3 + 3Xp4+ 2X31+ SX3p+ 4X33 + SXa4
véi cac rang budc

(X1 + X2 + Xi3 + X44

= 5000
Xp1 T X2+ Xo3 T Xo4 = 6000
X31 T X321 X33 T X34 =2500
X11 + X1 + X3 = 6000
< X12 + X2 + X537 =4000
X13 + X3 + X33 =2000
+ X024 + X34 = 1500
x>0, vi=13,Vj="14.
Bdng I1I1.20. Bang van tai trong vi du 5
3 2 7 6 Cung 1: 5000
7 5 2 3 Cung 2: 6000
2 5 4 5 Cung 3: 2500
Caul: 6000 Céu 2: 4000 Céu 3: 2000 Céau4: 1500  Tong: 13500

Co s6 ciia phwong phdp phén phoi

Chon phuong an tim dugc bang phuong phap goc tiy bic (xem bang I11.10) 1am phuong 4n
cuc bién xuat phat, ching ta c6 bang don hinh xuat phat nhu sau (bang I11.21).
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Bing I11.21. Bang don hinh xuat phat giai bai toan van tai

CB XB 3 2 7 6 7 5 2 3 2 5 4 5
X11 X12 X13 X14 X21 X22 X23 X24 X31 X32 X33 X34

3 X1 5000 1 1 1 1 0 0 0 0 0 0 0 0
7 X1 1000 0 -1 -1 -1 1 0 0 0 1 0 0 0
5 X2 4000 0 1 0 0 0 1 0 0 0 1 0 0
2 X3 1000 0 0 1 +1 0 0 1 1 -1 -1 0 0
4 X33 1000 0 0 0 -1 0 0 0 -1 1 1 1 0
5 X34 1500 0 0 0 1 0 0 0 1 0 0 0 1

A = ¢ — 7 0 1 9 1 710 ] 0| 0|0 |-7[=2]01]0

Chung ta s& chimg minh rang cac hiéu suat ejj cua cac 0 (1, j) chua str dung chinh 1a céc gia
tri A= cjj— z;; dugc tinh ¢ hang cudi cua bang II1.21. Chéng han, chiing ta s& chi ra rﬁng en =Ap.

That véy, cot hé s6 cta X, 13 cac hé s ma A, biéu thi tuyén tinh qua cic véc to co s6 Ay,
Asr, Ax, Ags, Asz va Asy. Xét vée to cdt o tmg voi Xy, ta co: o' = (o1, 0y, O3, O, Ois, Og) = (1, —
1,1,0,0,0) vamatrancos6 B= [A;; Az Axn A Asz Al

Theo céac phan tich ¢ chuong II, muc 3.3, ta c6 o = B~ A hay A, = Ba. Vay c6 thé viét
A = 1A + 00Ay + a3An + oA + asAss + 0Ass va cach biéu didn A, dudi dang to hop
tuyén tinh ctia cic véc to cot co s (trong ma tran B) 1a duy nht.

Xét chu trinh di qua 6 (1, 2) va mot s6 6 trong cac 6 da st dung (1, 1), (2, 1), (2, 2), (2, 3),
(3, 3) va ((3, 4). Chu trinh nay 1a duy nhét: (1,2) = (2,2) = (2,1) = (1,1) = (1,2). Do d6 ta ¢
ngay: Ap—Apn+Ay—-A;=0
o, =10, =-10, =1

SAp=A;-Ay+ Ay :>{
o, =0s=0=0

= Ajp=C1p—Z;p = C12 — (C110; + €210 + C22013 + Co30L4 + C330Ls + C340Ls)
=2-(3xl-7x1+5x1)=2-3+7-5=1
= Ap=cp—ciitcy—Ccn=en.

Tuong tu, khi xét chu trinh di qua 6 chua st dung (3,1) va cac 6 (2,1), (2,3) va (3,3) thi co
Az = Ay — Asz + Ass. Tur @6 cling chi ra duge As; = 31— ¢t Cuz—C33 =€33 =>A3= 2-7+2
—4=-1.

Theo bang don hinh TI1.21, ta ¢6 As; = — 7 va As; = — 2, cic A con lai déu khong am. 4p
dung thii tuc xoay, chon cdt xoay 14 cot twong tng vai bién xs,, tirc 14 s& dua 6 (3,2) vao sir dung.
Theo quy téc ty s6 duong bé nhat, hang xoay dugc chon la hang tng véi bién x33 ung voi lugng
hang Min trong céc 6 mang diu — trong chu trinh di qua cac 6 (3,2), (2,2), (2,3) va (3,3). Két qua
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nay ciing di duogc chi ra trong bang I11.12. Sau d6 ching ta s& chuyén sang bang don hinh & budc
tiép theo cho két qua tinh toan tring véi két qua trong bang I11.13 khi giai bai toan van tai theo
phuong phap phan phdi.

Co s6 ciia phwong phdp thé vi

Xét bai toan van tai trong vi du 5:

3 4
Min z :chijxij =3x1+ 2X2t 7TX13+ 6X14 1+ 7Xo1 + 5x9
i1 j=1
+ 2Xp3+ 3Xo4 + 2X31 + 5X3 + 4X33+ 5X34
v0i cac rang bude
[ XitXtX3tXg = 5000
X1 X0 X031 X4 = 6000
X3+ X3tXs3txss = 2500
X11 X1 +X31 = 6000
< X12 +X2 +X30 =4000
X13 +X23 +X33 = 2000
X14 +X24 +X34 = 1500
\XijZO, VIZ 1,3,Vj: 1,4

Pay 1a BTQHTT véi phwong trinh cudi ciing 1a hé qua ctia cac phwong trinh dung trén. Goi
uj, Uy, Uz la cac bién d6i ngﬁu cua 3 phuong trinh dau va Vi, V2, V3, V4 1 cac bién d6i ngﬁu cua 4
phuong trinh sau. Luc d6 ta c6 bai toan ddi ngau sau cia BTQHTT da cho.

Max w = 5000u; + 6000u, + 2500u3 + 6000v; + 4000v, + 2000v; + 1500v,

véi cac rang budc
u, +v, <3
u,+v,<2
u, +v, <7
u,+v,<6

u, +v, <5
Cac bién doi ngﬁu u;, v; dugc goi 1a cac the vi.

Pinh Iy 4. Didu kién cin va du d& mot phuong én van tai {x; >0, Vi=1,m va Vj=1,n}

la phuong an t8i wu, 12 tOn tai mot hé théng s6 thé vi {ui, Vi=1,m, vj, ¥j = 1,n } thoa man h¢
diéu kién sau:

{ui+vj£cij,v _ vi=1,n

i=1,m,
U +v,=¢;, V(i,j):  X;>0.
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Churng minh
Truée hét, ching ta s& chi ring v6i hé thong thé vi {u;, Vi=1,m, v;, Vj= 1,n} thu duoc
Umg v6i phuong én van tai {x;} da cho, taluén c6 A; =e; =c; —(u; +V;), V6 (i, )).

Dé cho dé hiéu, chung ta xét lai vi du 5 va bang I11.12. Lic nay, hé théng thé vi duoc xac
dinh tr hé phuong trinh:

u, +v, =3
u,+v, =7
u,+v,=5
U, +v, =2
u, +v, =4
u, +v, =5.

Bing II1.12. Tinh hiéu suit cac 6 chua st dung

3 2 7 6 5000
5000
7 5 2 3 6000
1000 4000 1000
2 -7 5 (-2) 4 5 2500
1000 1500
6000 4000 2000 1500 13500

Hé phuong trinh gdm 6 phuong trinh va 7 n, hang clia ma tran hé s6 (nhu da biét) 14 hang
A" = 6. Vay hé c6 vo $6 nghiém phuy thudc vao mot tham $6 (trc 1a, cac gia tri clia cac an co s&
xéac dinh duy nhét khi cho 4n ngoai co s¢ / an tu do nhan mot gia tri tiy ¥). Gia sir v4 = 0 (¢ day
v4 duoc coi 14 an ty do), lac d6 ta co:

u,=5-v, u,=5
V,=4-u,=-1+v, u, =—1
u,=2-v,=3-v, - u,=3
vV, =5-u, vV,=5
V,=7-u,=4+v, v, =4
u,=3-v,=-1-v, u, =-1.

Do d6, khi cho mét thé vi chon bét ky nhan mét gi tri tity ¥ thi luén tinh dugc cac thé vi
con lai mot cach duy nhat. Hon nira c;j — (u; + v;) luén khong thay doi du thé vi dau tién chon gia
tri nao (hdy quan sat ki hé phuong trinh trén dé suy ra diéu nay). Nhu vay c6 thé chon v, = 0 dé
viéc tinh toan dugc don gian.
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Theo cach xdy dung y = (uy, Us, U3, V1, Vo, V3, V4)' trén ddy thi co y = (cgB~ ") v6i B 1a ma
tran co s& (gdm cac cot véc to co so ctia ma tran A). Theo tinh chét cua cip bai toan d6i ngiu ta
co: A =¢; - C‘q3B'1Aij =C; - yTAij . Chang han:

Ay =C,, —(U,,U,,U,,V,,V,,V,,V,)(1,0,0,1,0,0,0)" =c,, —(u, +V,).

Mot céch tong quat, ching ta c6 A; =€; =¢; — (U, +V,) Umg véi tat ca cac 6 (i, j). Tu day,

theo dinh Iy 1 cua chuong I, va dua theo 16i ching minh dinh 1y 2 cia chwong III (can thay BTG
1a bai toan Min, con BTDN Ia bai toan Max), chung ta c6 thé chi ra dugc (ban doc hay tu ching
minh): diéu kién cin va di dé mot phuong an van tai 1a t6i wu 1a hé thdng sb thé vi tuong tng
phai thoa man:

U, +V; =g Vi:r Vj=1,_n
u, +v;=¢; Vv(i,j): X; > 0.

bay chinh 1a dpcm. ®

Bai tap chuwong I11

Bai 1. Xét BTQHTT Max z = 2x; + 5x, + 8x3, v&i cac diéu kién rang budc
6x; + 8x, + 4x3 <96
21+ X+ 2x3 < 40
5x;+ 3x,+ 2x3 < 60
X1, Xo, X3 2> 0.

a. Giai bai toan trén bang phuong phap don hinh.
b. Hay viét bai toan d6i ngau va tim phuong an ti wu clia no.
c. Hay phat biéu y nghia kinh té cua cap bai toan ddi ngau.

Bai 2. Xét BTQHTT
Max z = -2x; — 6X, + 5x3 — X4 — 4Xs, VO1 Cac diéu kién rang budc

X1 — 4X2+ 2X3 — 5X4+9X5 =3
Xo— 3X3 + 4x4—5X5 =6
X — X3 + X4— X5 = 1
X1, X2, X3, X4, X5 2 0.
a. Viét bai toan dbi ngau.
b. Ap dung Iy thuyét dbi ngdu, chimg minh riang x* = (0, 0, 16, 31, 14) 1a phwong 4n ti vu
cua BTQHTT da cho.
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Bai 3. Xét BTQHTT

Min z = x; + X5 + X3 + X4 + X5, V01 cac di€u kién rang budc

3X1 + 2X2 + X3 =1
5X1 + X2 + X3 + X4 =3
2x1+ 5x + x3 + x5=4

X1, X2, X3, X4, X5 = 0.
a. Viét bai toan ddi ngau.
b. Cho biét bai toan gbc co phuong an tdi wu 1a x* = (0, 1/2, 0, 5/2, 3/2). Hiy tim phuong
an tbi wu cua bai toan dbi ngau.
Bai 4. Xét BTQHTT
Min z = 5x, + 5x,, v6i cac diéu kién rang budc
{xxl + 5x,>7
51+ AXp >3,
a. Viét bai toan dbi ngau.
b. Ap dung Iy thuyét d6i ngdu, tim gia trj t5i wu cua bai toan dbi ngdu va bai toan gdc tiry
theo A.
Bai 5. Giai BTQHTT sau day bing thuét toan don hinh d6i ngau:
Min z = 2x, + 5Xa, v6i cac diéu kién rang budc
6x; + 8x,>96
2x;+ X, =40

X1, X2 >0.

Bai 6. Giai BTQHTT sau diy bang thuat toan don hinh d6i ngau:
Min z = 3x, + 4x, + 2X3 + X4 + 5Xs, vGi cac diéu kién rang budc
X|— 2X— X3 t X4 + X5 £-3
X — Xp— X3+ X4 + x5 <2
X1+ Xp —2%x3 +2x4—-3x5 < 4

X1, X2, X3, X4, X5 2 0.

Bai 7. Hiy phat biéu thudt toan don hinh d6i ngau va 1ap chwong trinh may tinh bang ngon ngi
Pascal hay ngén ngit C dé giai BTQHTT dang tong quat. Chay kiém thir chuong trinh
trén mot sd vi du da biét.

79



Bai 8. Xét bai toan van tai voi cac dit kién cho trong bang (ching han cude phi van chuyén c; = 5).
a. Khong giai bai toan, hiy ching to rang né nhat dinh c6 mot phuong an vén tai toi vu ma
cac thanh phan déu 1a sé chan.
b. Chiing minh rﬁng phuong an x;; =X, = Xp; = Xp4 = X33 = X34 = 0, X13 = Xpp = X3 = 2, X14 = X31
= X3, = 4 12 t6i wu. Sau d6 cho biét bai toan c6 cac phuong an téi vu khac hay khong?

3 1 2 2 Cung 1: 6
5 2 5 6 Cung 2: 4
6 4 8 8 Cung 3: 8
Caul: 4 Cau2: 6 Cau3: 4 Caud: 4 >= 18

Bai 9. Hiy giai bai toan 1ap ké hoach vay ba ngan hang dé thuc hién cac du an dau tu trong bon
linh vuc khac nhau, biét sé tién cac ngan hang cé thé cho vay ciing nhu 13i sut / ndm cac ngan
hang tinh cho tig du 4n (thoi han thuc hién cac hop dong cho vay 1a mot nam).

a. Str dung phuong phéap phan phéi.

b. Str dung phuong phap thé vi.

c. Str dung phan mém Lingo.

6% 3% 5% 8% Ngan hang 1: 60
4% 5% 4% 6% Ngén hang 2: 50
7% 6% 6% 4% Ngan hang 3: 30
Duan1: 40 Duan 1: 20 Duan1: 50 Duéan 1: 30 > = 140

Bai 10. Trong mot bai toan van tai cho biét véc to cung la a= (30, 10 + 9, 45, 30), véc to caulab
=(25,20+9,6,7,22,35) va ma tran chi phi van chuyén C = [cjj] nhu sau:
30 11 5 35 8 29
12 5 2 51 9
135 20 6 40 8 33
19 2 4 30 10 25
Ky hiéu g(5) l1a gia tri tdi wu cta ham muc tiéu cta bai toan phu thugc vao tham sb 8.
Cht’rng minh rang g(8) 1a ham nghich bién trén QOan 0<o6< 227 (day la nghich ly v@n tai trong
mot sO trudong hop, khi lwong hang can van chuyén tang 1€n thi tong chi phi van chuyén lai c6 thé
duoc rut bét di).

Bai 11. Hay phat biéu thuat giai theo phuong phéap thé vi cho bai toan vén tai can bang thu phat

va lap chuong trinh may tinh bang ngdn ngit Pascal hay C. Sau d6 chay thir nghiém
chuong trinh cho mot s6 vi du kiém thur.
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Chuwong IV
Quy hoach nguyén

1. Phwong phap cit Gomory gidi bai toan quy hoach tuyén tinh nguyén

1.1. Phat biéu bai toan quy hoach tuyén tinh nguyén

Vi muc dich tim hiéu budc dau, xét md hinh toan hoc sau day, con goi 1a mé hinh quy
hoach tuyén tinh nguyén hay bai toan quy hoach tuyén tinh nguyén (BTQHTT nguyén), ma trong
d6 chung ta mudn tdi wu hod / cuc dai hoé hay cuc tiéu hoa ham muc tiéu véi diéu kién céc bién

quyét dinh 1a cac bién nguyén:
z=cix;tex;+.... tex, — Max (Min),
véi cdc diéu kién rang buéc
ranx;+apx; .. tapx, < b,

ayx;tayx;+..+tayx, <b,

< ApiX; + ApoXy + oo + @y < by,

X1y X2y oeey X = 0 (diéu ki¢n khong am)

X1y X2y eeey X, BGUYén (diéu kién nguyén).

\
Trong trudng hop tong quat, BTQHTT nguyén co thé bao gom céc rang budc dang >, <

hodc dang =, cac bién c6 thé c6 ddu >0, <0 hodc dau tuy ¥.
Vidu 1. Xét BTQHTT: Max z = x; + 4x,
v6i cac rang bude

(2x; t4x,< 7

10x; +3x, <15

X1, XzZ 0

(X1, X2 nguyén .
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Can tim cac gia tri nguyén cia cac bién quyét dinh x,, x, dé cac rang budc duoc thod man
va ham muyc ti€u dat gia tri 16n nhat.

1.2. Minh hoa phwong phap Gomory bang db thi

Ching ta di tim phuong 4an t6i wu cho BTQHTT nguyén trong vi du 1 bing
do thi.

Bude 1: V& mién cac phuong an kha thi (con goi 1a mién rang budc) 1a tap hop cac phuong
an kha thi (cac phuong an, néu ndi mot cach ngan gon). Mdi phuong an duoc thé hién qua bo sb
(X1, X2), thoa man tat ca cac rang budc da co ké ca diéu kién khong am va diéu kién nguyén cua
cac bién (xem hinh IV.1).

— Trude hét ching ta v& dudng thang c6 phuong trinh 13 2x, + 4x, = 7. Puong thing nay
chia mat phang 1am hai nira mit phang. Mot phan gém cac diém (x,, x,) thoa man: 2x; + 4x, < 7,

ph::fln con lai thoa man: 2x; + 4x, > 7. Ta tim dugc nira mat phéng thod man: 2x; +4x, < 7.
A
X2

10X1 +3X2= 15

B(39/34;20/17)
1 |D____F_ 2%y + 4%, = 7

3
>

0 1 15 7/2 X1

Hinh IV.1. Phuong phap dé thj gidi BTQHTT nguyén

— Tuong tu, c6 thé tim nira méat phang thoa mén: 2x, + 4x, < 48.

— Luc ndy, giao cua hai nira mat phang tim duoc trén cho ta tap hop cac diém (x,, x,) thoa
mén cac rang budc. Tuy nhién, dé thoa mén diéu kién khong 4m va didu kién nguyén cua cic
bién, ta chi xét cac diém nam trong géc phan tu thir nhat c6 cac toa do déu nguyén. Vay mién cdc
phirong én kha thi la mién gom cdc diém véi toa dd nguyén dwoc gidi han boi tir gide OABC.

Buée 2: Trong mién (OABC) ta tim diém (x;, x;) v6i cic toa d6 nguyén sao cho
z =X, + 4x, dat gia tri 16n nhat. D& thay do la diém F(1, 1)

Két ludn. Trong cac phuong an kha thi thi phwong an t6i wu 1a (x; = 1, x, = 1). Tai phuong
an nay, gia tri ham muc tiéu 14 16n nhit zyy =1 x 1 +4 x 1 =5.

Tém tit phwong phdp Gomory

Chung ta quy dinh goi BTQHTT nhu cho trong vi du 1 nhung bo qua diéu kién nguyén cuia
cac bién 1a BTQHTT khéng nguyén twong ung v6i BTQHTT nguyén di cho. Trudc khi giai
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BTQHTT nguyén cho trong vi du 1 bang bang don hinh theo phuong phap Gomory, ching ta c6
thé mo ta phuong phap nay bang d6 thi nhu sau:

— Khi giai BTQHTT khéng nguyén ching ta chi xét cac diéu kién rang budc sau:

2x,+4x, <7
10x; +3x, < 15
X1, Xo = 0.

Ta c6 z(0) = z(0, 0) = 0, z(C) = z(1,5, 0) = 1,5, z(B) = z(39/34, 20/17) = 199/34 va z(A) =
z(0, 7/4) = 7. Vay phuong an t6i uu (chua xét dieu kién nguyén 1a (0, 7/4) vOi Zpax = 7.

— Tuy nhién phuong an (0, 7/4) chua thoa man diéu kién nguyén do toa do x, = 7/4 chua
nguyén. Ching ta dwa thém vao diéu kién x, < 1 hodc x, > 2. Chiing ta goi hai diéu kién b sung
nay 1a hai 14t cit L; va L,". Lam nhu vdy, tuy ching ta thu hep mién phwong 4n cuia BTQHTT
khong nguyén, nhung van giit nguyén mién phuong an cuia BTQHTT nguyén da cho. Vay mién
rang budc trd thanh

2x; +4x, < 7
10x; +3x, < 15
x, <1 (Ly) hoacx, =22 (Ly)
X1, X 2> 0.
Mién ndy chinh 1a mién
ODEC =mién OABC N {mién {(x;, X,) € R* x, < 1} U mién {(x,, X,) € R x,>2}}.

Nhin  vao hinh IV.1 ¢6 thé nhan thdy ngay rang didu  kién
X, > 2 ¢6 thé bo qua. Do d6 c6 thé n6i, mien ODEC thu duwoc tir mién OABC bang nhat cdt L;: (x> <1).

— Giai BTQHTT khong nguyén v6i mién phuong an thu hep ODEC, xudt phdt tir phwong
dn doi ngdu kha thi A(0, 7/4) dé dat téi phwong dn t6i wu la diém E(6/5, 1) VOi Zmay = 26/5.
Phuong &n nay cé toa do x; = 6/5 khong nguyén.

— Luc nay chang ta sir dung 1at cat L,: x; < 1 va lat cat L,’: x; > 2, va khong 1am thu hep
mién phuong 4n kha thi cia BTQHTT nguyén di cho. D& théy, lat cit L,” c6 thé bo qua (xem
hinh IV.1). Mién phuong an thu hep cia BTQHTT khéng nguyén chinh 1a mién ODFG duoc quy
dinh boi cac rang budc sau:

2x; +4x, <7

10x; +3x, < 15

x, <1 (L) hoac x; < 1(Ly)
Xy, Xo 2 0.

Mién ODFG thu dwoc tir mién OABC bang nhdt cdit L;: (x; <1) va Ly: (x; <1).
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— Tiép tuc giai BTQHTT khong nguyén véi mién phuong an ODFEG, xudt phdt tir phwong
dn doi ngau kha thi E(6/5, 1) dé dat téi phicong dn t6i wu la diém F(1, 1) c6 cac toa d6 nguyén
VOi Zmay = 5. Vi cac mién phuong an OABC va ODFG chtra ciing cac diém cé toa dd nguyén nhu
nhau, nén day ciing chinh 1 phuong an t6i wu cia BTQHTT nguyén da cho trong vi du 1.

1.3. Giai bai toan quy hoach tuyén tinh nguyén bang bing

Xét BTQHTT nguyén dang chinh tic.

Vidu 2. Max z=x,; + 4x,+ 0x; + 0x4, v&i cac rang budc

2X1 + 4X2 + X3 =7
10X1+3X2 +X4 =15
X1, X2, X3, X4 2 0
X1, X2, X3, X4 NgUyeN .

— Trudce hét giai BTQHTT khéong nguyén tuong tng (xem bang IV.1).

Nhu vy, phuong an t6i uu & bude 2 chua thoa man didu kién nguyén. Xét phuong trinh
(xem bang IV.1, bang tht 2):

1X + X +lx _r < X +1x +1x !
2 1 2 4 3 4 2 1 4 3 4 .

Bdng IV.1. Céc bang don hinh giai BTQHTT nguyén

He so”'fzdm Bién co s¢ Phuwong an ot et a0 “0
muyc tieu ¢; X X, X3 X4
Bang don hinh budc 1
0 X3 7 2 4 1 0
0 X4 15 10 3 0
Hang z 70=0 71=0 2,=0 z3=0 74=0
Hang A;=c¢j — z A=1 A=4 A;=0 Ay=0
Bang don hinh buéc 2
4 X, 7/4 1/2 1 1/4 0
0 X4 39/4 17/2 0 —-3/4
Hang z z0="7 z1=2 72,=4 z3=1 z,=0
Hang Aj=c¢j — z A=-1 A=0 A=—1 A=0

Mot cach tong quat ching ta c6 theé viet: X, + Z;erxj =z, , trong d6 Jy la tép cac chi so
iein
twong rng voi cac bién ngoai co s¢. Con X, 1a bién co sé nam trong phuong trinh dang xét. Gia st

z, =[2J+frj thi co:
X+ 21z 1+ X =[z, 1+f, & x + 2 [z, ]x, -z, 1=, - > f. x;.

j€in jein j€in
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V& trai bét budc 1a sé nguyén theo diu kién cia BTQHTT nguyén nén vé phai phai 1a sb
nguyén nho hon 1 (do vé phai frO <1). Vay vé phai luén nho hon hoic bang 0.

Trong vi du trén ta co: x, + Z [z, Ix; =[z,,1= 1, — Z Sox; Néu dat vé phai 1a — xs

jetl3} jetl3)
(voi didu kién xs nguyén va x5 > 0), thi ¢ phuong trinh méi sau day:
—fo+x =—f, @—lx —lx +Xx ——E 4.1)
je{l,3} v ’ . 2 ] 4 ’ ’ 4‘ ‘
Chii y. Khi thém vao cac rang budc phuong trinh trén, mién phuong an cia BTQHTT
nguyén van giit nguyén (vi phuong trinh (4.1) 1a hé qua cia cac diéu kién rang budc cua
BTQHTT nguyén).

Mait khac, ta c6:

%x1 +x2+%x3=£ . 4.2)

Tr(4.1)va(4.2)suyrax, +xs=1.Doxs>0néntacox, < 1 (déy chinh 1a 14t cdt L, trong
muc 1.2, da duoc mlnh hoa trén mit phing 0x,x,). Nhu vay, khi bd sung phuong trinh (4. 1)
ching ta thu hep mién phuong 4n ciia BTQHTT khong nguyén, nhung van giit nguyen mién
phuong an ciia BTQHTT nguyén di cho. Vay phuong trinh (4.1) ciing dugc coi 1a l1at cat L. Luc
nay ching ta c6 bang don hinh IV.2 véi phuong an dbi ngau kha thi da c6 (xem chuong III, muc
3). Chiing ta s& sir dung phuong phap don hinh ddi ngau dé tiép tuc qua trinh giai va tim phuong
an toi uu thoa man diéu kién nguyén (xem bang IV.2).

Bing IV.2. Céac bang don hinh giai BTQHTT nguyén (tiép)

H¢ 56 ham muc y . , 1 4 0 0 0

. Bien co so Phwong an

tieu X1 X2 X3 X4 X5

Bang don hinh bucc 3

4 X5 7/4 12 1 1/4 0 0

0 X4 39/4 17/2 0 —3/4 1 0

0 Xs -3/4 -12 0 —1/4 0 1

z; 7 2 4 1 0 0

A -1 0 -1 0 0
Bang don hinh bucc 4

4 X5 1 0 1 0 0 1

0 X4 -3 0 0 =5 1 17

1 X1 32 1 0 12 0 -2

z; 1172 1 4 172 0 2

A 0 0 -1/2 0 -2
Bang don hinh budc 5

4 X5 1 0 1 0 0 1

0 X3 3/5 0 0 1 -1/5 -17/5

1 X1 6/5 1 0 0 1/10 —3/10

Z; 26/5 1 4 0 1/10 37/10

A 0 0 0 —1/10 -37/10
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— Ta nhan thiy: phuong an t6i wu ¢ budc 5 chua thoa méin diéu kién nguyén. Xét phuong
trinh thr 3 trong bang don hinh thi 5 (bang IV.2) dé 1am co so cho viéc dua vao lat cat L:
—lx —lx + X :—1.
10°* 10°° "° 5
Tir day chung ta tiép tuc qua trinh giai sir dung phuong phap don hinh dbi ngiu (xem bang
IV.3):

Bing IV.3. Cac bang don hinh giai BTQHTT nguyén (tiép)

He 56 ham muc Bién co , 1 4 0 0 0 0
L , Phuong an
tieu N X, Xy X3 X4 Xs Xg
Bang don hinh budc 6
4 Xy 1 0 1 0 0 1 0
0 X3 3/5 0 0 1 -1/5 -17/5 0
1 X1 6/5 1 0 0 1/10 —-3/10 0
0 Xg -1/5 0 0 0 -1/10 —7/10 1
Z; 26/5 1 4 0 1/10 37/10 0
A 0 0 0 -1/10 -37/10 0
Bang don hinh budc 7
4 X) 1 0 1 0 0 1 0
0 X3 1 0 0 1 0 -2 -2
1 X1 1 1 0 0 0 -1 1
0 X4 2 0 0 0 1 7 -10
Z; 5 1 4 0 0 3 1
A 0 0 0 0 -3 -1

— Phuong an tdi vu ¢ budc 7 di thoéa man diéu kién nguyén. Vay phuong 4n tbi wu cua

BTQHTT nguyén la x; =1, X, =1 va zy=5.

1.4. Khung thuit toan cit Gomory
Xét BTQHTT nguyén

Max z=cX; + Xy + ... + CuXy
véi hé diéu kién rang budc

a,X, +a,x, +..+a, x, =b,

In“*n

a,X, +a,Xx, +..+a, X, =b,
a X, +a_,X,+..+a_x =b_

x;2 0, Vj=1n vanguyén.

Véi cac ky hiéu ma tran nhu da biét, BTQHTT trén duoc viét lai nhu sau: z = Max z, vdi

cdc rang buoc Ax = b, x >0 va co cdc tog do nguyén, b > 0. Voi ky hiéu D = {x: Ax =b, x > 0},
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khung thuat toan cit Gomory c6 thé duoc phat biéu nhu sau cho BTQHTT nguyén dang Max voi
mién rang budc gidi ndi khac rong.

Buwdoe khai tao

Giai BTQHTT: Max z = ¢'x, vdi x € D bang phuong phap don hinh dé thu dugc phwong
an t6i vu x'. Patk := 1 va D, = D.

Cdc bwoc ldp (budc lap tha k)

Bude 1: Néu x* ¢6 céac toa dd nguyén thi chuyén sang budc két thic.

Burde 2: Néu trai lai x* ¢6 it nhat mot toa do khong nguyén thi can chon ra mot bién co s&

X, c0 gia tri khong nguyén dé xay dung rang budc bd sung (lat ct thir k): — Z frj X; + X, =—f
jedn

ro’
Buée 3: Giai bai toan thu duoc bang phuwong phap don hinh ddi ngiu dé tim ra phuong 4n
t6i wu. Pat k: = k+1 va chuyén vé bude 1.

Buéc két thirc. In / luu trit két qua va dimg.

2. Phuong phip nhanh cin Land — Doig gii bai toan quy hoach tuyén tinh nguyén

2.1. Minh hoa dé thi
Vi du 3. Gidi BTQHTT nguyén: Max z = 3x; + 4x,
v0i cac rang bude
Tx; + 16X, <52
3 - 2%, <9
X1, X2 0
X1, Xp nguyén.

Can tim cac gia tri nguyén cua cac bien quyét dinh x;, x, d¢ cac rang budc duogc thoa man
va ham muc tiéu dat gié tri 16n nhat.

Budce 1: VE mién rang budc / mién cac phuong an kha thi 1a tap hop cac phuong an kha thi
(cac phuong an, néu ndi mot cach ngan gon). Mbi phuong an dugc thé hién qua bd so (x;, X;),
thod man tat ca cac rang budc da co ké cé di€u kién khong am va dicu kién nguyén cuia cac bién
(xem hinh IV.2).

— Trudce hét chung ta v€ nira mat phang thod man: 7x; + 16x, < 52.

— Sau d6 tim ntra mat phang thod man: 3x; — 2x, < 9.

— Luc nay, giao ctia hai nira mat phang tim dugc trén cho ta tap hop cac diém (x, X,) thoa
man cac rang budc. Tuy nhién, dé thod man diéu kién khong am va dieu kién nguyén cua cac
bién, ta chi xét cac di€ém nam trong géc phan tu thir nhat cé cac toa do déu nguyén. Vay mién cdc

phirong én kha thi la mién gom cdc diém véi toa dé nguyén dwoc gidi han boi tir gide OABC.
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A Xy

A(0, 52/16) F(2, 19/8)
G(4/7, 3)/_
2
/—1
H(2, 2)
0 . X
, /C(3.0) 52/7
7X1 + 16X2 =52
3X1 - 2X2 =9

-9/2
Hinh IV.2. Phuong phép dé thi gidi BTQHTT nguyén

Buée 2: Trong mién (OABC) ta tim diém (x;, X;) voi cic toa do nguyén sao cho
z = 3X; + 4x, dat gia tri 16n nhat. Ta s€ chung t6 phuong an to1 vu 1a di€m H(2, 2) vOi . = 14.
2.2. N§i dung co ban ciia phwong phap nhanh cén

Trude hét, chung ta quy dinh goi BTQHTT, nhu cho trong vi du 3 nhung bo qua diéu kién
nguyén cua cac bién, 1a BTOHTT khéng nguyén tuong tmg voi BTQHTT nguyén da cho. Chung
ta c6 thé mé ta phwong phap nhanh can Land — Doig bang phuong phap dd thi (xem hinh IV.2 va
hinh IV.3), trong d6 LP; 14 ky hi¢u cia BTQHTT véi ham muyc tiéu di cho va mién rang budc D;.

V6ii=1, D; 1a mién rang budc quy dinh bai:
Tx; +16x, <52
3X1 — 2X2 <9
X1, X2 > 0.
2.3. Khung thuat toan nhanh cin Land — Doig
Khung thuét toan nhanh cin Land — Doig c6 thé duoc phat biéu nhu sau cho BTQHTT
nguyén dang Max c6 mién rang budc gidi ndi khac rong.
Buwoc khai tao
— Pua bai toan vé dang chinh tdc LP; va dat Record = — oo.

— Xét tap hop cac BTQHTT khéng nguyén can giai S = {LP,}. Patk : = 1.
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Giai LP1, c6 phuong an tdi uu 13 B(4, 3/2) v6i Zmax =18. Do phuong an cé toa
d6 khong nguyén nén dat Record = — co. Chia BTQHTT nguyén tuong tng voi
LP1 thanh hai bai toan can ctr toa do x2 = 3/2.

/

Xay dung LP, véi mién rang budc
D, = {x € D;: x, 2 2}. LP; ¢6 phuong a4n
t6i wu 12 D(20/7, 2) V6i Zmax = 116/7.
Chia BTQHTT nguyén tuong tng vdi
LP; thanh hai bai toan can cur toa do
X1 = 20/7.

T~

Xay dung LP; véi mién rang budc
D; = {x € D;: x, < 1}. LP; ¢6 phuong an
t6i wu 12 E(11/3, 1) V6i Zpay = 15. Chia
BTQHTT nguyén tuong ung véi LP;
thanh hai bai toan can cur toa do x; = 11/3.

-

N

-

AN

Xay dung LP4 Xay dung LPs voi Xay dung LPs voi Xay dung
v6i mién rang mién rang budc Ds = mién rang budc D LP; véi
budc Dy = {x {x e Dy x;<2}. ={xeDsx < mién rang
€ Dy: x; > 3}. LPs c6 phuong an ti 3} LPg c6 phuong budc D; =
LP, c6 mién wu la F(2, 19/8) voi an toi yu 1a K3, {x € Dy xy
phuong 4n la Zmax= 31/2. Chia 1) €6 cdc toa do >4}, LP; ¢6
mién rong. BTQHTT nguyén nguyen me"‘:"_: mién
Loai b6 bai fuong tmg véi LPs ;3'1“}1 It{”f X phuong én
toan LPy. thanh hai bai todn (1) va Record 13 mién
can cir toa do x, = .toz’m' Lp rong. Loai
19/8 khong nguyén. & bo bai toan

Xay dung LPo v6i mién rang budc Do
= {x € Ds: x, <2}. LPy c6 phuong an
t6i wu c6 cac toa do nguyén la H(2, 2)
VO1 Zmax = 14. Luu trit x* =
(2,2) va Record = 14. Loai b6 bai
toan LPy.

Xay dung LPg véi mién rang
bu@c Dg = {X € DS: Xy 2 3} LPg
¢6 phuong an t6i wu 1a G(4/7, 3)

VO1 Zmax = 96/7 < Record = 14.
Loai bo bai toan LPs.

\ Dung

Hinh IV.3. M6 t& phuwong phap nhanh can Land — Doig

Cadc bwoce lap (buoc lap thir k)
Buée 1: Giai 1an luot timg bai toan LP; €S bang phuong phap don hinh va xét cac truong

hop sau day:
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i) Néu bai toan khong c6 phuong an thi loai bai toan ra khoi tap S.

ii) Néu bai toan co phuong an vdi toa dd nguyén thi so sanh zpa,voi Record hién co:

— Néu 7, < Record thi loai bo bai toan ra khoi tap S.

— Néu 7, > Record thi dat lai Record = z,,,, va ghi lai phuong an toi wu sau do loai bai
toan ra khoi tap S.

iii) Con néu bai toan c6 phuong an t6i wu nhung c6 it nhit mot toa d6 khong nguyén thi so
sanh z,.x vo1 Record hién co:

— Néu Zpa < Record ta loai bo bai toan ra khoi tap S.

— Néu zpa > Record ta chia bai toan thanh hai bai toan cin ctr vao mot toa do khong
nguyén bat ky cuia phwong an tdi vu tim duoc.

Bueéc 2: Thiét 1ap méi tap S gom tt ca cac bai toan thu dugce tir bude 1. Kiém tra xem S ¢
bao nhiéu bai toan: Néu S khac rdng thi dit k := k+1 va quay vé budc 1, con néu S 1a tap rdng thi
vé bude két thac.

Buéc két thirc. Ding va in ra Record.

3. Giai bai toan quy hoach tuyén tinh nguyén bang quy hoach déng

3.1. Bai toan nguwoi du lich

Dé hiéu rd cac khai niém co ban cua quy hoach dong, trude hét ching ta hiy xét bai toan
ngudi du lich. Trong bai toan nguoi du lich, chung ta muén xac dinh dudng di ngin nhat tir mot
dia diém xuit phat (diém gdc) dé di t6i diém can dén (diém dich) trén mot mang hanh trinh du
lich.

Vi du 4 (Bai toan ngudi di du lich). C6 mot nguoi di du lich, xuat phat tir nat 1 va két thiic
hanh trinh & nat 10 theo hanh trinh véi so d6 nhu trén hinh IV 4.

300 200

400

Hinh IV.4. So' dé hanh trinh dudng di
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Ngudi du lich xuét phat tir nut 1. Trong giai doan dau anh ta chi dugce quyén (va bét budc)
chon mdt trong ba nt (thanh phé) 2, 3, 4 dé vao tham quan. Giai doan tiép theo, anh ta chi duoc
chon mot trong ba nut 5, 6, 7 dé du lich. Trong giai doan tiép ndi, anh ta co quyén vao mot trong
hai nat 8 hodc 9 trude khi két thiic hanh trinh tai nat 10.

Nhu vay, trong mdi giai doan nguoi di du lich chi dwoc quyén di vao mot thanh phd (mdi
thanh phd duoc coi 1a mot trang thai cua giai doan d6). Hay tim cach xac dinh duong di ngin nhat
ttr nt 1 t61 nat 10 thoa mén cac diéu kién dit ra cua bai toan.

Nguyén tic téi wu Bellman trong quy hoach dong

Str dung nguyén tic t6i vu Bellman trong quy hoach dong dé giai bai toan ngudi du lich,
chung ta chia bai toan thanh nhiéu giai doan, tirc 14 thanh nhiéu bai toan nho. Tai mdi giai doan ta

can tim phuong an t6i vu la cac phuong an tot nhat cia tinh trang hién cé, xét trong moéi quan hé
v&i cac phuong an toi uu da tim duoc cua cac giai doan trudc.

Ta c6 thé giai quyét bai toan dan theo ting giai doan theo cach tinh toan tién hodc tinh toan
lui. Dé giai bai toan nay, ta 4p dung cach tinh toan lii (Backward Computing) véi cac ky kiéu va
dir kién cho trong bang IV 4.

Bdng IV.4. Dit kién cua cac giai doan trong bai toan nguoi du lich

Giai doan Pau vio Pau ra Puong di toi wu Khoang cach toi dich
. 8 10 8 — 10 150
Giai doan 1 9 10 910 100
5 8 558 400
Giai doan IT 6 6—9 300
7 758 275
2 5 256 600
Giai doan III 3 6 335 600
4 7 436 500
1 2 152 700
Giai doan IV 3 153 775
4 1>4 650

Gidi thich. Str dung nguyén tic tdi wu Bellman, dé tim dudng di ngin nhat tir nit 4 t6i nat
10 chung ta tim dugc phuong an ti wu 1a di tir nat 4 toi nit 6 cho giai doan III Lic nay khoang
cach ngin nhat tir ntit 4 t&i nat 10 1a d(4,10) = d(4,6) + min d(6,10) = 200 + 300 = 500. Diéu nay
1a do hai Iya chon khéc 13 di tir nat 4 t&i ntt 5 hay 7 thi déu cho khoang cach tir nut 4 t6i dich 1a
nuat 10 16n hon (ching han néu di qua nat 5 thi d(4,10) = d(4,5) + min d(5,10) = 175 + 400 = 575).

Trong bang IV.4, tai giai doan IV, ta thiy khoang cach ngin nhat téi dich 1a 650. Di nguoc
lai, tir diém gdc t6i diém dich ta xac dinh duoc duong di ngan nhitla: 1 -4 — 6 — 9 — 10 véi
tong chiu dai 1a 650.

3.2. Quy trinh tinh toan téng quat

— Trude hét, can chon cac bién trang thai (State variables) nhu mé ta trong bang IV.5.
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Bing IV.5. Céc bién trang thai ctia bai toan quy hoach dong

, , Grt . r th/( 5 B ’ b./(
Bien So trang thai Cac trang thai (nut) 1a fryco the xay ra’c.’ua cac bren
trang thai
X4 1 1 X4 = 1
X3 3 2,3,4 X3:2, X3:3, X3:4
X2 3 59697 X2:5, X2:63 X2:7
X1 2 8,9 X1:8, X1:9
X0 1 10 Xo = 10

Bién trang thai mo ta trang thai ctia h¢ thong trong timg giai doan.
— Xac dinh ham muc tiéu: Pat F(x;) 1a khoang cach ngin nhat t&i dich tinh tai giai doan i.
Theo bang IV 4, ta thay:

50 s . 8 400 Vi x,=5

O =

F(x)) = v Vi Fa(x2) = | 300 véi x,=6
100 voi x, =9

275 voi x,=T.

Muc dich ctia bai toan 1a can tim dugc gia tri F4(xs) = F4(1).

— Lap ham truy toan: Fi+1(Xi+1) = Min {F;(x;) + i (u;)}, Min tim theo moi to hop thich hop x;
va u;, trong d6 u; 1a bién diéu khién dé diéu khién chuyén trang thai tir trang thai x; sang x;;; va
fi(u;) 12 hiéu ng cua bién diéu khién tac dong 1én ham truy toan (va 1én ham muc tiéu néu tinh
dén bai toan cudi cung). Theo biéu thirc ciia ham truy toan ta thdy, néu Fi(x;) + fi (u;) 12 ham phi
tuyén thi phai dung k¥ thuat t6i wu thich hop dé tim ra Fi(Xis) .

Sau day ching ta di tim cic ham truy toan Fi, (i) v6i quy trinh tinh todn lii dé giai bai
toan theo timg giai doan, nham cudi cung tim ra duoc F4(x4) = F4(1).

Giai doan 1: Trong giai doan nay, mudn chuyén tir ntit 10 (xo = 10) vé niit 8 (x; = 8) ching
han, thi bién diéu khién u, phai c6 gia tri 150 (u = 150). Hiéu tng gdy nén bdi u, 1a f(ug) = 150.
Diéu nay c6 nghia 1a néu chuyén tir nat 10 nguoc vé nat 8 thi can di quang dudng c6 chidu dai 1a
150.

Xi Xo=10 g fo(uo) Fi(x1)
xX; =8 +uy, =150 150 150 150
X1 =9 +uy=100 100 100 100

Chu y. Khong phai bai toan nao ciling cé u; trung voi hiéu ung fi(u;) cua nd. Noéi chung,
bién dieu khién u; c6 thé giy ra hiéu ung fi(u;) khac vai u; ca vé d¢ 16n ciing nhu don vi do.

Giai doan 2:
X2 x; =8 X =9 Fi (x)) + fi(u) Fa(xp) =
X; =8 X =9 Min{F;(x;) +fi(up)}
+u,; =250 +u; =400 400 500 400 =150+ 250
6 - +u; =200 — 300 300=100+ 200
+u; =125 — 275 — 275=150+ 125
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Giai doan 3:

X3 Xa Fa(x2) + f2(uy) F3 (x3) = Min
5 6 7 Xy = 5 Xy = 6 Xy = 7 {Fz(Xz) +
f(up)}
2 u, =275 | u,=300 - 675 600 - 600
u, =200 - u, =350 600 — 625 600
4 u, =175 | u,=200 | u, =275 575 500 550 500
Giai doan 4:
X4 X3 = 2 X3 = 3 X3 = 4 F;(Xg,) + f;(u3) F4 (X4) = Min
X3=2 X3=3 x;=4 {F3(x3) + f3(u3)}
1 u;=100 u; =175 u; =150 700 775 650 650
Pap s6: Fy(xs) = F4(1) = 650 v6i dudng di ngan nhit trén hinh IV.5.
X4—1 ; X3 4 ; X2—6 ; X1=9 ; X0=10
uz = 150 u, = 200 u; =200 uog =100
<------ <------ <------ <------

Hinh IV.5. Buong di ngén nhét 1—»4—6—59—»10
3.3. Ap dung quy hoach ddng giai bai toan quy hoach tuyén tinh nguyén
Vidu 5. Giai BTQHTT nguyén: Max z = 8x; + 5x; + X3
voi diéu kién rang budc
{?»xl +2x,+x,< 13

x,x ,x >0 vanguyén.

Dé phi hop véi cach ky hiéu & muc 3.2 trén day, chiing ta viét lai bai toan trén nhu sau:
Max z = 8ug + 5u; + uy, v6i diu kién rang budc

{3140 +2u, +u, <13

up,u ,u, 20 vanguyen.

Ky hléu 1a1 X() = 0, Xl = Xo + 3110, Xz = X1 + 2111 = 3110 + 2111, X3 = Xz +u = 3110 + 2111 +
u,. Goi cac bién trang thai 1a X, X,, X3 va cac bién diéu khién 13 o, uy, u. Cac hi€u ing gay nén
boi cac bién diéu khién 1a f(ug) = 8uy, f(u;) = 5uy, f(u,) = u,,

f

X():O X1

N
>

Bién diéu khién
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Thiét 1ap ham truy toan Fi,(Xi+1) = Max {Fi(Xi) + f; (u))} v6i Fo(Xo) = 0. D thay: F; (X))
= Max f(up), F, (X3) = Max {f(uy) + f(u;)} va F;3(X;3) =Max {f(uy) + f(u;) + f(u,)} = 8up + Su; +
u, . Muc tiéu cubi cung 1a cuc dai hoa z = F5 (X3). Trong vi du nay, ching ta ap dung cach tinh

toan tien.

Giai dogn 1: (Coi Fo(Xp) =0)

Xo=0 fo(uo) = 8ug Fi(X1) = Max {Fo(Xo) + fo(uo) } U tdi uu
X u=0,1,...,
[13/3]

0 0 0 0 0

3 1 8 8 1

6 2 16 16 2

9 3 24 24 3

12 4 32 32 4

13

Giai doan 2:
X
X, 306 | 9 | 12| Fa(X)=Max{F(X)+ i)} | utdivu
up :0’ 19 s [(13_X1)/2]

0 . 0 0
1 _ _ _ _ _ _
2 S 5 1
3 o | - | - | - 8 0
4 . 10 2
5 T I R 13 1
6 Lo | - | - 16 0
7 P R N 18 2
8 T 21 I
9 3 - | o | - 24 0
10 N R 26 2
1 4 | - | 1| - 29 1
12 U I T R 32 0
13 s | - | 2| - 34 3
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Giai doan 3:

X5 F3(X3) = Uz
s ol -T2]3Tals]e] 7 [s8]o]ron]n]i] MxiFaX) | i
Bu=01,.., 13-X, * hw)) uu

o ol - - -T1-[=-1=-1-T=1=1-1-1]-1- 0 0
YA I NP I R R B I (U R S R B 1 1
22 =fo | = ||| |=|=]-|-]-1|- 5 0
3031 o === -1]-|=|-]-1]-]- 8 0
4 a2l 1ol =] |=|=|-]-1]-]- 10 0
s s 3|2 lt]o|-|-1|-|=|-]-1]-]- 13 0
6 |64 |3 |2|1lo| - |=|=|-|-|-|- 16 0
7 0715|4321 ]o|-|-|-]-1]-]- 18 0
8 8| -6 |5 |al3|2|1|o|-|-|=-]-]- 21 0
9 ol -7 |6 5|43 2]1|0|-1]-1]-]- 24 0
o |1w0|-|8|7]6|s5|a|3|2[1]o]-|-]|- 26 0
| -|ols8|7|6|ls5]4|3[2]1]0]|-]- 29 0
2 2| -|1w|l9o|8|7]6] 5 [4]3]|2]1]0]- 32 0
13 |13 -|1tflw]o|8|7]6|5]|4]3]2 0 34 0

Dap so: u; =0,u; =2,09 =3 va Znax = 34.

3.4. Bai toan cai tui

Mot nha tham hiém c6 n do vét cin mang theo nguoi. Cac dd vat d6 dugc dung trong mot
chiéc thii c6 thé chira nhidu nhit 13 b (kg). Biét d6 vat th j co trong lugng aj (kg) va co gia tri 1a
¢j (don vi tién &), j = 1, 2, ..., n. Hoi nha thdm hiém can mang theo cac loai d6 vat nao va véi s6
lwong 14 bao nhiéu dé tong gia tri sir dung cua chiing 1a 16n nhat?

Goi x; 1a s6 lwong d6 vat loai j ma nha thim hiém quyét dinh mang theo. Luc d6 chiing ta
¢6 bai toan sau:

Max z=cx; + CoXp + ... + CoXy
v&i rang budc
{alxl +ax,+...tax, <b

X1, X2, ..., Xy = 0 va nguyén.

Céac diéu kién dugc mdc dinh 1a b va ¢, a;, Vj 1a cic sb nguyén duong.
R rang rang vi du 5 1a trudng hop riéng ciia bai toan cai tai. Chung ta s& s dung phuwong
phap phuong trinh truy toan ciia quy hoach dong dé giai bai toan cai tai, nhu trinh bay sau day:

i) Trude hét dat Fo(y) =0,v y= 0,b. 4.3)
ii) Vk=1,n,Vy=0,b, ta dinh nghia ham sb
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k k S
Fy(y) = Max {chxj :Zajx/. <y,x; 20, Vj= l,k} . 4.4
J=1 J=]

Nhu vay, Fi(y) la gia tri lon nhat cia ham muc tiéu khi cdc do vat dwoc chon tir k logi dau
tién va tiii chi chiva han ché t6i y (kg).
— Khi k=1 thi cong thuc (4.4) trén day trd thanh:

Fi(y) =Max{cix; : x, =0, 1, ..., [y/a;]} = ci[y/a], y = 0,b.

~ Vk=2n, (4.4) dugc viét dudi dang:

k k-1 P
Fy(y) = Max {chxj 1 ax, Sy—ax,voix; 20, Vj= l,k}
j=1

Jj=1 J

k-1 k-1
=Zv\/lec3x{ckxk +Max{ E ¢;x;1 ) a,x, <y—ax, voix, 20, Vj= l,k—l}},
Yk =Yk . s

Jj=1 Jj=1

k-1 k-1
i\k/leczc{ckxk +Max{Zc].xj :Zajxj <y-a.x,, véix; 20, ijl,k—l}}trong do Ji= {0,

J=1 J=1

1, ...[y/a]}. Vay ta c6 phuong trinh truy toan sau V k= 1,n :

Fi(y) = Max {e,x, +F o (y —a,x )} véi = {0, 1, ...[y/a]}. (4.5)

Két lugn. Thuc hién lan luot cac cong thuc (4.3) va (4.5) voi k =0,_n, Yy =ﬁ, chung ta
s& tim duoc phuong 4n t6i wru cho bai toan céi tai.

Chung ta s& tién hanh giai lai vi du 5 bang phwong phap vira néu trén. C6 thé nhdn thdy
rang cdc bang thiét ldp sau day la kha giong véi cdc bang trong muc 3.3.

Giai doan 1: Coi Fy(y) =0, Vy = ﬁ va tinh Fy(y).

y [y/ai] Fi(y) = cily/ai] X, t0i uu
0 0 0 0
1 0 0 0
2 0 0 0
3 1 8 1
4 1 8 1
5 1 8 1
6 2 16 2
7 2 16 2
8 2 16 2
9 3 24 3
10 3 24 3
11 3 24 3
12 4 32 4
13 4 32 4
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Giai dogn 2: Tinh Fy(y)

X2

7

to1 uu

Fa(y)
Max{cyx; + Fi(y — a2x0)}

10
13
16

18

21

24
26

29
32
34

. [y/az]

X2:0,1, ..

10

11

12
13

Giai doan 3:

vNJ,‘@WOIOOOOOOOOOOOO
>
N’
[
m o+ =
A © 0w — < O O o [
S5 oS -0 ® — = N A Q& 0o
EJ{

x|

s

[ | [ I s =)

| [ e R

[ | [ N =R B o\

| © —~ N o

[ I O = &N en <

ey [ | © = &N o0 < n
<
B
!

- [ . . | © —= &N o0 T »n O
— [ N R S —~ N o »n O >~
=)

__3 — N Nt W\ O~ ®
<

[ B NN <\ O >~ 0 &

[ I S st v o~ o oo 2

o -

N <t v O >~ 0 N

o — o w o~ o & o9

S — A e O~ 0 o & - d @

> SO —~ & o © ~ 0 o & - d @
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Sau khi hoan thanh giai doan 3, dé tim phwong 4n t6i wu cia bai toan chung ta 1am nhu sau:
Can cu bang giai doan 3 thi z,,x = Max F;3(y;) = 34 Gng v6i y; =13 va x; = 0. Lai can ctt bang
giai doan 2 thi y, = y; — azx3 = 13 — 1x0 = 13 va x, = 2. Dya vao bang giai doan 1 thi y; =y, —
X, = 13 — 2x2 =9 va x; = 3. Do d6 phuong an toi wu la x;3 = 0,X=2, X =3 va Zax = 34.

Cac nhan xét

i) Tai giai doan 3 ta chi can xét hang tuong ng véi gia tri y = 13 1a du.

ii) Néu ta danh sd bién trang thai y tai mdi giai doan 1 yo, y1, y2, ys thi ¢6 so d6 diéu khién
sau, ma trong d6 mdi gia tri cua bién diéu khién Xj €O thé giy nén mot hodic mot sb gid tri cua bién
trang thai y;, j =1, 2, 3.

Yo Y1 Y2 Y3
Bién diéu khién ;x1 ;xz ;x3

iii) Xét bai toan cai tii v6i rang budc dang dang thirc
z = 8x; + 5%, + X3 > Max
v6i rang budc dang ding thirc
{3){1 +2%x, +x3=13
X1, X2, X3 2 0 va nguyén.

Dé giai bai toan nay chiing ta c6 thé ap dung phuong phap néu trén, nhung phdi ddit Fo(0) =
0 va Fo(y) = — oo ¥y # 0. Didu nay la do trong phuwong trinh truy toan: Fi(y) =

Max {8x, + Fy(y —3x,)}, v6i ;= {0, 1, ...[yy/3]}, ta phai c6: y — 3x; = 0. Néu tréi lai, rang budc

X1 €d4

d'flng thirc 3x; + 2x, + x3 = 13 khong dugc thoa man.

iv) Thay vi hé thirc truy toan Fi(y) = MaJX {Ckxk +F . (y—-a,.x, )} trong dé
Je=10, 1, ...[y/a]} Vk = 1,n, c6 thé st dung hé thirc Dantzig:

Max{F _,(y).c,+F.(y-a,)}.y > a,

(4.6)
Fo(y)y<a,.

Fk (y) = {
Thét vay, ta co

k-1
7%

ax; <y-a.X,,véix; 20, nguy?n, Vj =W}

Fi(y) = Max {Zk: CX;:

=1 =1

Do d6 néu y < a thi x, = 0, va Fi(y) = Fx_(y). Con néu y > aj, thi ta viét:

k-1 k-1
Fk(y)=Max{chxj +C (X, —1)+c 1Y ax, <y-a, —a,(x, —1)}.
i=1

=1

Néu dit Xf( = x — 1 thi thdy ngay
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F.,(y), khix, =0

Fi(y) = Max
W(y) {Ck +Fk(y—ak ), khi X, 1.

v) Ap dung hé thirc Dantzig (4.6) cho vidu 5 véic,=8,c;=5,¢c3=1,a,=3,a,=2, a3 =1
chuing ta thu duoc cac cot Fo(y), Fi(y), Fo(y), F5(y) nhu trong bang IV.6 sau day:

Bing IV.6. Bang tong hop tinh toan truy toan

y Foy) | Fity) | 1) | Fay) | j2(y) | Fs(y) | Js(y)
0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 3
2 0 0 0 5 2 5 2
3 0 8 1 8 1 8 1
4 0 8 1 10 2 10 2
5 0 8 1 13 2 13 2
6 0 16 1 16 1 16 1
7 0 16 1 18 2 18 2
8 0 16 1 21 2 21 2
9 0 24 1 24 1 24 1
10 0 24 1 26 2 26 2
11 0 24 1 29 2 29 2
12 0 32 1 32 1 32 1
13 0 32 1 34 2 34 2

Céc chi s6 ji(y) dugc tinh nhu sau: Khi k = 1 thi j;(y) = 0 néu Fi(y) =0 va j;(y) = 1 néu Fy(y) #
0. Voik>1 ta co:

) ( )_ jk—1(y) khi Fk—'](y):Fk(y)
Tk khi B (y) £ F(y).

Ta thay ji(y) chinh la chi sé 16m nhdt cia bién sé dwong néu tii c6 trong lirong ¢ mikc y khi
xét giai doan k (khi chi c6 thé chon mang theo k loai d6 vat dau ti€n). Theo bang IV.6 ¢O Zyax =
34tmg voiy =13 vaj3(13)=2nén x; =0.

Dé tim X;, trudc hét dat gia trj ban dau x; = 1. Do j5(13) = j3(13 —ay) = j5(13 = 2) = js(11) =
2 nén X, = X, + 1 =2 (that vay, khi y = 11 thi chi sO 16n nhét ctia bién sb dwong 1a 2 va khiy =
11 + a, = 13 thi chi s6 nay van 14 2 nén gié tri clia x, bit budc phai ting 1én 1 don vi). Tiép tuc xét
J3(11) =2 # j5(11 — ay) = j5(11 = 2) = j3(9) = 1 = j3(9) nén tai mirc trong luong tai la y = 9 thi chi
s0 16m nhét ctia bién s6 duong 1a 1 (chi dung d6 vt loai 1). Vay ta c6 X, = 2. Pé tim X, trudc
hét dat gia tri ban dau X} := 1. Do j3(9) = j3(9 — a)) = j3(9 — 3) =j3(6) = 1 nén X} = x;+1 =2.
Tiép tuc ¢6 j3(6) =j3(6 — a1) =j3(6 —3) =js(3) = 1 nén X = X;+1=3.D0 j5(3) = 1 #js(3 —a)) =
j3(3 —3) =j3(0) =0 nén x; = 3. Dung.

Khung thudt todn gidi bai todn cdi tui

Buwéce khai tao
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— Nhépgj,a, Vj=1,2,...,nvab. Datk :=0.

— Néu rang budc dang < thi dit Fo(y) =0, Yy = 0,b.

— Néu rang budc dang = thi dit Fo(0) = 0 va Fo(y) =— o0, Vy = 1,b .
Cadc bwoc lap

Buoc I: Patk =k + 1.

Buoc 2: Vy= ﬁ

1) Tinh Fi(y) theo h¢ thirc truy toan:
Fu(y) = l)\(/lgx {Ckxk +F . (y—a,x, )} trong d6 J,= {0, 1, ...[y/a]}

hodc theo hé thirc Dantzig:

Max {F,_,(y).c,+F (y—a,)},y > a,

Fo(y)=
Fea(y)y <ay.

i) Tinh ji(y):

Khi k =1 thi j;(y) = 0 néu F,(y) = 0 va j,(y) = 1 néu F,(y) # 0.

jk—1(y) khi Fk—1(y)= Fk(Y)

Con voik>1 thi jk(y)z{k khi F,y(y)#F(y)
k—1 k )

Buée 3: Néu k < n thi quay vé budc 1.

Buée két thic
) Zmax = Fu(b). Gia sit ju(b) =m <nvam>0, thico X, = x__, =...= x,.,=0.

bat b :=b,i=m.
ii) Néu goi s 1a s6 nguyén khong am sao cho:
jn(0) = ju(b —a) = ju(b—2a;) = ... = ju(b — sxa;)
{jn(b — sxa;) # Jo(b— (st1)xa;
thi x;=1+s.

iii) Pat b’ := b — (s+1)xa;, i == ju(b)). Néu i > 0 thi quay vé budc ii), con néu tréi lai thi in /

luu trit két qua va ding.

3.5. Hop nhit héa cic rang budc ciia bai toan quy hoach tuyén tinh nguyén
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Vi du 6. Xét BTQHTT nguyén véi mién rang budc cho bai

3x, +2x, <10 3x, 4+ 2x, +x, =10 (4.7)
X, +4x, <11 - X +4x, +x,=11 (4.8)
3x, +3x, <13 3x,+3x, +x, =13 (4.9)
x,,x, >0 va nguyén. X, Xy, X5 > 0 VA NGUYEN. (4.10)



Hé rang budc trén c6 ba rang budc dang dang thirc (khong ké diéu kién nguyén khong am
clia cac bién). Dé dua BTQHTT nguyén trén day vé bai toan cai thi, ching ta cin hop nhéat hoa
cac rang budc nay thanh mot rang budc dang dang thirc. Trudce hét chung ta xét cach hop nhat hoa
hai dang thurc.

Pinh ly 1. Xét hé hai phuong trinh

n
2 aix; =b,
i

n 4.11)
D a,x, =b,.
=1
Trong do, cac hé ) 2;;>20,b;>0, Vj= 1,_n vaVvi= 1,_2
Néu t; va t, thoa man cac diéu kién:
~ t,beNva(t,t)=1 4.12)
— t; khong la wéc cia b, (4.13)
< — t, khong la udc cia b, (4.14)
— t;>by—amin, t2>b1— anm, (4.15)
(trong 46 a, = Min {ay;, V j = 1,0 vai=l1,2.

thi tdp nghi€ém nguyén khong am cua hé (4.11) s€ trung voi tdp nghi€ém nguyén khong am cua

phuong trinh )" (t,a,; +t,a, x; =t,b, +t,b, . (4.16)
j=1

J

Churng minh

RO rang moi phuong an nguyén khong am cua (4.11) ciing 1a phuong an nguyén khéng am
ctia (4.16). Chiing ta s& di chimg minh chiéu nguoc lai: moi phuong an nguyén khoéng am cua
(4.16) ciing 1a phuong an nguyén khéng am cua (4.11).

*

Gia st x* = (X, X;, ..., X,) 1a phuong an nguyén khong am ciia (4.16) (can chii y ring
lic d6 ludn ton tai chi s6 k sao cho Xx; > 0). Pat y; => a,x; —b,, i=1,2. D& dang kiém tra
j=1

dugc y; va y; la cac nghiém nguyén ciia phuong trinh tiy, + tyy, = 0. Tir d6, theo gia thiét (4.12)
cta dinh 1y suy ra: y; =—(y,/t)t, = — qt, , v6i q 1a mot s6 nguyén. Do d6 y, =—(y; /)t = qt,.

Chung ta s& chi ra q = 0. That vy, néu q > 1 thi:

-2 —tq= y: =< —y: =b1 —Za”XT =< qt2 =b1 —Za”X}‘.
j=1 j
Mit khac: b, —qt, =Y a,x; #0 (do gia thiét (4.14))
=1

n
= Y a,x; >a_, (do ton tai chi s k sao cho X; > 0)
=1
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mau thuan véi (4.15).

in

n
=tH<b -Yax <b -a,
=

Connéu q <1 thit, <y} va dan t6i t; < b, — ap, cling mau thuin voi gia thiét (4.15).

Vay q=0,nén y, =y, =0, tuc la
2.a;X; =b,
=1

n
D a,x; =b,.
=1

Chung ta da hoan thanh viéc chiing minh dinh ly 1. ®

Quay lai vi du 6, dé hop nhat hoa cac rang budc (4.7), (4.8) va (4.9) chung ta tién hanh
nhu sau:

Trudce hét ching ta hop nhat héa hai phuong trinh dau bang cach nhan (4.7) voi t; = 12 va
nhan (4.8) vdi t, = 11 (cac sb nay thoa man diéu kién néu trong dinh 1) va cong cac két qua lai dé
c6: 47x; + 68x, + 12x5 + 11x4 = 241. Luc do hé cac rang budc trong vi du 6 1a tuong duong voi
hé sau:

47x, +68x, +12x, +11x, =241 (4.17)
3x,+3x, +x,=13 (4.9)
X,,%,,X;,%,, x5 20 vanguyen. (4.10)

Tt @6, nhan (4.13) vai 15 va (4.9) véi 242 roi cong lai, theo dinh 1y néu trén chung ta thu
dugc hé rang budc tuong tuong:
{143 1x, +1746x, +180x; +165x, +242x, = 6761

X5 %,,%5,%,,X 20 va nguyen.

Qua trinh hop nhat hoa cac rang budc di hoan thanh.
Nhdn xét. Viéc hop nhat héa cac rang budc nhanh chong 1am cac hé sb cia cac phuong
trinh hop nhét tré nén rat lén. Ngoai ra, viéc thyc hién hop nhét hoa nhu trén cin ct dinh ly 1 doi

hoi didu kién: cac hé s6 a; > 0,b;>0, Vj=1,n vaVi=1,2.
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Bai tap chwong IV

Bai 1. Giai BTQHTT nguyén bang phuong phap cit Gomory:
Max z = 6x; + 4x, + X3, vOi cac diéu kién rang budce
31+ 2x+ x3< 20

6x;+ S5xo+ x3 <25

X3+ 3x,+ 3x3 < 10

X1, X2, X3 2 0 va nguyén.

Bai 2. Giai BTQHTT nguyén bang phuong phap cit Gomory hodc phuong phap nhanh can Land
— Doig:

Min z = —2x; — X», vdi diéu kién rang budc
X1 — X <3

2X1 — X2 <8
X; t4x,<24

X1 +2X2S 14

X1, Xo 2> 0 va nguyén.

Kiém tra lai phwong 4n t6i wu tim dugc bang cach sir dung phin mém Lingo.

Bai 3. Giai BTQHTT hdn hop nguyén bang phuong phap thich hop:
Max z = 5x; + 8x,, voi diéu kién rang budc
6x; + 5%, <30
9%, +4x, <36
X;+2x, <10

X1, Xo 2 0, X, nguyén.

Bai 4. Hay phat biéu thuét toan cat Gomory va lap chuong trinh may tinh bang ngén ngir Pascal
hodc C dé giai BTQHTT nguyén. Sau d6 chay kiém thir chuong trinh trén mot sé vi dy.

Bai 5. Hiy phat biéu thuat toan nhanh can Land — Doig va 1ap chwong trinh méay tinh bang ngén
ngit Pascal hoic C dé giai BTQHTT nguyén. Sau d6 chay kiém thir chuong trinh trén
moét sb vi du.

Bai 6. St dung phan mém thich hop giai BTQHTT nguyén:

Max z = 90x; + 40x, + 10x3 +37x4, v6i cac diéu kién rang budc
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15x; + 10x, + 10x; +15x4 < 80

20x; + 15x, +10x, < 100
< 20x; + 20x, +10x4 < 120

15x;+ S5xp,+ 4x;3 +10x4 < 70

X1, X2, X3, X4 = 0 va nguyén.

Bai 7. St dung quy hoach dong dé tim duong di ngan nhat cho bai toan sau:
Di t6i thanh phd

Di tir thanh phé 2 3 4 5 6 7 8 9 10 11 12
1 5 4
2 10 5 7
3 6 8 10
4 9 6 4
5 8 3
6 5 7
7 4 10 6
8 12 5 2
9 7
10 3
11 6

Bang dir kién trén dugc hiéu nhu sau: Chéng han, tir thanh phé 2 chi c6 thé di t6i cac thanh
phé sat gan 13 5, 6, 7, 8 v6i cac khoang cach twong ting 14 8, 10, 5, 7.

Hay kiém tra két qua thu dugc bang cach sir dung phdn mém Lingo.
Bai 8. Hiy tim dudng di dai nhat cho cac dit kién trong bai 7.

Bai 9. Giai bai toan cai tui sau:
Max z = 8x; + 5X» + x5 + 12x4, voi diéu kién rang budc
3x1 + 2xp+ x3 +4x4< 23
X1, X2, X3, X4 = 0 va nguyén.

Bai 10. Phat biéu thuat giai bai toan cai tai bang phuwong phap quy hoach dong v6i hé thire truy

todn Dantzig va 1ap chuong trinh may tinh. Sau d6 chay kiém thtr chuong trinh trén mot

s0 vi du.
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Chuwong V
M6t s6 phwong phap quy hoach phi tuyén

1. Céc khii niém co ban ciia bai toan tdi wu phi tuyén

1.1. Phat biéu bai toan t6i wu phi tuyén

Cho cac ham sb f, gi:R"—>R,j=1,2, .., m Bai toan tdi wu téng quat c¢6 dang chinh tac
nhu sau:

Max (Min) f(x),
VJi cdc rang bujc
(i) gi(x) <0, j=1,2, ..,k
{(ii) 8i(x) =0, J=k+1, k+2, ..., m.

Néu ham muc tiéu f(x) hogc it nhat mot trong cac ham rang budc g(x), j = 1,
2, ..., m 1a phi tuyén thi chung ta c6 bai toan tbi uu phi tuyén, hay con goi 1a bai toan quy hoach
phi tuyén (BTQHPT). Céc dang khac cuia bai toan t6i uu c6 thé dua vé dang chinh tic trén day
theo nhiing quy tic nhat dinh.

Véi ky hiéu D  R" 1a mién rang budc (hay mién cac phuong an kha thi) cho bdi cac rang
budc (i) va / hodc (ii) thi BTQHPT c6 thé viét gon hon nhu sau: f{x) — Max (Min), véi x € D.
Trong truong hgp D = R", ta co6 BTQHPT khong rang budc. Néu trai lai, D 12 tap con thyc sy cua
R" thi c6 BTQHPT c6 rang budc.

Vi du 1. Bai toan sau 1a BTQHPT khong c6 rang budc:
Min z ={(x) = le2 + 3x22 +4xX, — 6X; — 3X5.
Trong khi d0, bai toan sau day la BTQHPT c6 rang budc:
Min f(x) = 2x,% + 3%,% + 4x,X2 — 6X; — 3%,
véi cac rang budc
X, + X, <1
2x, +3x, <4

Xy, X, 20,
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Pinh nghia 1. Piém x = (x, X, ..., X,) € D < R" duoc goi 1a phuong an kha thi (hay
phuong an, néu noi vén tit) cua bai toan tdi wu: Max (Min) f{x), véix € D —R". Céc toa d6 thanh
phan cta diém x dugc goi 1a cac bién quyét dinh.

Pinh nghia 2. D6i voi bai toan cuc dai hoa: Max f(x), véi x € D < R", diém
X* = (X3, Xy, ..., X, ) € R" dugc goi 1a diém t6i uu (hay phuong an t6i wu) toan cuc néu x* € D
va f(x*) > f(x), Vx € D. Diém X e R"duoc goi la diém tdi uu (hay phuong an tdi uu) dia phwong
néu X e Dva f(X) 2 f(x), Vx € N; N D v6i N; 1a mét 1an cdn @ nho cua diém X . Béi voi bai
toan cuc tiéu hoa: Min f{x), véi x € D — R", diém x* € R" dugc goi la diém ti wu (hay phuong
an t6i vu) toan cuc néu x* € D va f(x*) < f(x), Vx € D. Piém X € R" duoc goi 1a diém tdi uu
(hay phuong an t6i wu) dia phuong néu X € D va f(X ) < f(x), Vx € N, N D v6i N, 1a mot 1an can
da nho cua diém X .

Céc phuong an tdi uu dia phuong hay toan cuc déu dugc goi chung 1 phwong an tdi uu. D&
thdy, moi phuong an ti uu toan cuc ciing 1a phuong an t6i wu dja phuong, trong khi d6 mot
phuong an t6i wu dia phuong khong nhét thiét 1a phuong 4n tdi wu toan cuc. Trong cac BTQHPT
g dung, phuong 4n tdi wu toan cuc c6 mot ¥ nghia quan trong. Ching han trong thiét ké may,
sau khi ding phuong phap phéan tich hdi quy nhiéu chiéu, ta thuong thu dugc ham muc tiéu f(x)
c¢6 dang phi tuyén va sau d6 phai tim kiém phwong 4n t6i vu toan cuc. Cac BTQHPT toan cuc
cling c6 thé nay sinh trong quy hoach kinh té — sinh thai ving, chuyén ddi co cdu cay trong va
nhiéu linh vuc kinh té — k¥ thuat khéc.

C6 nhiéu phuong phap giai cac 16p BTQHPT, nhung chua c6 phuong phép nao to ra hitu
hiéu cho moi BTQHPT. Boi vay 1y thuyét va thuat toan t6i wu phi tuyén 1a mot khoa hoc dang
ngdy cang phat trién phong phii ca vé chiéu sau ciing nhu chiéu rong.

1.2. Phan loai cac phwong phap giai bai toin quy hoach phi tuyén toan cuc

Céc phuong phép giai BTQHPT toan cuc dugc phan ra thanh hai 16p: phuong phap tat dinh
(deterministic methods) va phuong phap ngiu nhién (stochastic methods).

Phuong phép tit dinh sir dung cac tinh chat giai tich ciia ham muyc tiéu va cdc ham rang
budc. Mot sd dang bai toan t8i wu toan cuc véi nhitng tinh chét giai tich nhét dinh ctia ham muc
tiéu va cac ham rang budc c6 thé giai duoc bang cac phuong phép tt dinh thich hop, chiang han
nhu phuong phép quy hoach toan phuong, quy hoach tach, quy hoach 16i, quy hoach d.c... Trong
cac truong hop d6 phuong an tdi uu toan cuc ¢ thé tim duoc sau mot s hitu han bude tinh toan
v6i d6 chinh xac chon trudc. Tuy nhién, dbi voi nhidu 16p bai toan tdi wu toan cuc phuong phap
tat dinh to ra khong c6 hiéu qua.

Trong khi d6, cac phwong phip ngiu nhién nhu: phwong phip da khéi tao (multistart), mod
phong t6i (simulated annealing), thut giai di truyén (genetic algorithm), ky thuat tim kiém ngiu
nhién c6 diéu khién (controlled random search technique)... c6 thé ap dung dé giai cac bai toan
t8i wu toan cuc dang bét ky, khong doi hoi cac tinh chét dic biét ciia ham muc tiéu hay cac ham
rang budc. Cac phuong phap ngau nhién dic biét to ra co hiéu qua déi voi cac BTQHPT nguyén
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va hdn hop nguyén. Tuy nhién, cdc phuong phap niy thudng chi cho phuong an “gan” tbi wu kha
tdt sau mot sd hiru han budc ma khoéng kiém soat duoc dd chinh xac cia phuong an tim dugc.

Dé bat dau nghién ctru vé quy hoach phi tuyén, trong chuong nay, ching ta s& gi6i han
trong viéc tim hiéu mot s6 khai niém co ban ciing nhu 1am quen véi mot sé phuong phap co dién
trong ti wu phi tuyén.

1.3. Bai toan quy hoach 16i

Pinh nghia 3. Tdp [6i 1a tap S < R" c6 tinh chit: moi doan thing ndi x', x* € S déu
nam trong S. N6i cach khac, S « R 1a tap 16i khi va chi khi V x', x* € S, V A € [0,1] thi x
=ax'+(1-2)x*€eS.

Vi du 2. Céc tap S sau day 1a tap 16i:
i) S = {x=(x1, X2, X3) € R’: 2x; —x, + 3x3 = 5}.
i) S={x=(x1, X2,, X3) € R3: 2%, — x5 + 3x3 <5%.

iii) S = {x=(x;, %, x3)" € R>: Ax < b} la tap 15i, v6i

X1
A= {2 -1 3] <= x|, bzf }
31 2 . 10

Trong trudng hop iii) S 1a giao cua cac ntra khong gian dong.

iv) S = {xe R: x = (x1, X,): X;” + Xo” < 9}.

Cdc tinh chit ciia tdp 16i

Cho céc tap 16i S;, S, = R™. Khi dé:

1)S; N S, 1a tap 10i.

2)S+S,={x:x=x"+x*vdix' €S}, x* € S,} 1a tap 16i.

3) S, — S, ciing 1a tap 10i.

Chitng minh

Chung ta chimg minh tinh chat 2 ching han theo huéng sau: Dox € S; +S, nénx =x' +
Xvoix' €S, X € SuyeS +Snény=y +y' véi y' €S, y° € S,. D& dang ching minh
dugc VA e[0,1]thi Ax+(1-A)ye S;+S,. A

Pinh nghia 4. Cho tap 16i khac rdng S < R". Ham s f: S — R duoc goi 1a hdm 16i néu V
x', x*eS, VA € [0, 1] thi f(rx'+ (1 —)x%) < Af(x") + (1-V)f(x7) .

Vidu 3.

i) Xét ham s6 f: S =R — R véi f(x) = x°. Pay la mot ham 16i. That vay, d& thiy S 1a tap
16i. Ngoai ra, fAx" + (1 — L)x?) < M(x") + (1-Mf(x?), VA € [0, 1] va V x', x*€S (xem hinh V.1).
Chang han v6i A = 1/3, x; =—1, x, =2 taco Ax' + (1 = Vx> = (1/3) x (=1) + (2/3) x 2 =1 va f(hx; +
(1-0)x2) = f(1) =1 < (1/3)f(=1) + 2/3)f(2) = (1/3) + (2/3) x 4 =3.
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X

0.8 1.8

-0.51-0.2
Hinh V.1. D thi ham 1diy = X

ii) Ham s hai bién f: S © R — R véi f(x, y) = x* + y* 1a ham 16i néu S 14 tap 16i khac rong.

Pinh nghia 5. BTQHPT toan cuc: f(x) — Min véi x € S, trong d6 S  R" 1a tap 16i va f(x)
1a ham 161, dwoc goi 12 bai toan quy hoach 16i (BTQHL).

Pinh ly 1. B6i véi BTQHL, moi phuong an tbi vu dia phuong ciing 1a phuong an t6i wu toan
cuc. BTQHTT i truong hop riéng BTQHL nén né ciing co tinh chét trén.

DBinh 1y nay s€ dugc ching minh ¢ chuong VI.

1.4. Ham nhiéu bién kha vi cap mot va cap hai

Pinh nghia 6 (ham kha vi cap mét). Cho tap khac réng S < R" va hamsé f:S— R. Ham
f dugc goi la ham kha vitai X € S néu Vx € S ta ludn co

00 1)+ VIGRY (xR0 + - Kxaxx %),

trong d6 lim o(X,x —X)=0 va Vf(X) la véc to gradient ctia f tai X :
X—>X

Vi | AR A A |
ox,  ox, T oox, |

Nhdén xét. C6 thé chirng minh duoc rang néu f 13 ham kha vi (cdp mot) va néu X 1a phuong
an t6i wu (dia phuong) thi Vf(X)=0.

Vi du 4. Xét ham s6 hai bién f(x,,x,)=x> +x2.

Vf(x)z[i, i} =(2x,,2X%,)".

OX, OX,
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Véi X=(1, 1) taco VF(X)=(2,2)".

2X,

)
Vay f(x1,x2>=f<f1fz)+[zx } (X, —X;,%, = %,)" +0([x —X]) hay
2

F(x,,x,)=f(1, 1)+[ﬂ (x, —1,%, —1)T+o(\/(x1 1) +(x, —1)2).

o i} = (0,0)".

Tai diém cuec tiéu (0, 0) c6 Vf(0,0)= ,
O0X, OX,

(0,0)
Pinh nghia 7 (ham kha vi cap hai). Xét tap khac rong S < R”, va ham f: S — R. Ham f dugc
goi 1a kha vi cép hai tai X néu ton tai véc to gradient Vf(X)va ma tran di xtmg cép n, dugc goi

14 ma tran Hessian H(X ), sao cho:
f(x)=f(X)+ VF(X) (x - X)+ %(x —X) H(X)(x = X) +||x —i||2 a(X,x —X)
dung Vx € S, trong d6 lim o(X,x —X)=0.

Vi du 5. Xét ham s6 hai bién f(x,,x,)=x? + x2. Pay la ham kha vi cAp hai v6i ma tran

Hessian sau:

Hx) - | /0 o*ffoxex, {2 0}

0% Jox,ox, o*f/oxz | L0 2

= f(Xh XZ) = f(i 1» YZ) +

[22} (X =X, %, =X,) +%(X1 =X, X, _iz){z O}{

X.]—i.] e
o ] iy )

X, =X,
2. Mt s6 phuwong phap giai bai toan quy hoach phi tuyén khong rang budc

Cac phuong phap giai tich giai BTQHPT khong rang budc chia thanh hai 16p: phuong phap
khong st dung dao ham va phuong phap s dung dao ham. Trong muc nay ching ta s€ nghién
ctru mot 6 phuong phéap sir dung dao ham nhu phuong phap duong dbc nhit (con goi 1a phuong
phép gradient), phuong phap Newton va phuong phap hudng li€n hgp thong qua viéc trinh bay
cac thuat toan va vi du.

2.1. Phuong phap dwong dc nhat

Phuong phap dudng dbc nhat (The steepest descent method) 1a mot trong cac phuong phap
co dién thong dung nhat giai BTQHPT khéng rang budc nhiéu bién. Xét BTQHPT khong rang
budc tong quat: Min f(x), x = (X}, Xa, ..., x,) € R". Ta goi véc to d 1a huéng giam cta ham f: R" —
R tai x néu 3 8 > 0 sao cho f(x + Ad) < f(x), V A € (0, §).
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Gia stir ham f 1a kha vi tai x. Ngoai ra gia st rang Vf(x) # 0. Lac dé, co thé chimg minh
duge huéng d = —VF(x)/|Vf(x)| 1a huéng giam nhanh nhét, tire 1a d 13 16 gidi cua bai toan Min
f (x, d), trong d6 f (x, d) 1a dao ham theo hudng d tai x, véi diéu kién ||d|| <1.

That vay, do fkha vi tai x nén:

f(x +d)=f(x)+ Vf(x)" (Ad) + [d]| o(x,Ad) (5.1

voi lim a(x,Ad)=0. Vay dao ham theo hudng d tai x chinh la
r—0"

f/(x,d)=lim

f(x+Ad)-f(x) _ Vixd.
r—0" A

Do ||d|| < 1, nén theo bat ding thirc Schwartz ta c6 Vf(x)'d > —||Vf(x)||||d|| > —||Vf(x)||.

Vi d = —Vf(X)/"Vf(X)" taco Vf(x)'d = —||Vf(X) ,nén d 1a hudéng giam nhanh nhét ciia ham

ftai x. Néu biéu thirc ||kd|| a(x,Ad) dugc coi la bang 0 trong cong thirc (5.1), thi véi mot gia tri A
> 0 cb dinh va vé6i didu kién ||d|| < 1, f(x + Ad) dat gia tri cyc tiéu tai d =-Vf(x)/|Vf(x)]. Tuy
nhién, biéu thirc ||Xd|| a(x,Ad) khong nhat thiét phai bang 0, nén sau khi hudng giam nhanh nhat
d da dugc chon, cin x4c dinh A > 0 dé cuc tidu hoa fix +1.d).

Sau déy 1a thuat toan cua phuong phap dudng déc nhat. Dya trén 1y thuyét vé dnh xa thudt
todn déng, c6 thé chirng minh dugc thuat toan nay hoi tu toi diém X c¢6 V(X)) = 0 voi diéu kién
diy diém {x*} duoc phat sinh trong thuat toan déu nam trong mét tap gidi ndi. Néu ham f(x) la

ham 16i thi X s& la phuong an t&i uu toan cuc cia BTQHPT khéng rang budc di cho.
Thudt todn dwong doc nhit
Buoc khai tao

Chon & > 0 1am sai s6 két thiic. LAy mot diém xuét phat x', dat k :=1 va chuyén sang cac

budce lap.

Cdc buwoc lap (budc lap thi k)

Buée 1: Néu |VF(x*)|> & thi dat d* = — Vf(x*) va chuyén sang budc 2.

Bude 2: Tim A* 1a phuong 4n t6i wu cua bai toan cuc tiéu hoa ham mot bién f(x* + AdY)
(phu thudc vao bién A > 0). Pat x*' = x* + 1*d*, k := k+1 va chuyén vé budc 1.

Bue két thiie. Néu |VF(x* )| <e thi dimg.

Vi du 6. Giai BTQHPT: Min f(x) = (x; — 2)* + (x; — 2x,)* bang phuong phap duong doc
nhit. Qua trinh giai dwoc tom tat trong bang V.1 (cic véc to dugc viét dudi dang hang) va dugc
minh hoa trén hinh V.2.
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Bing V.1. Tém tit cac budc 1ap trong phuong phap dudng dbc nhit

Butclapk | x* f(x¥) VE(x) Vi) | df=-wik) | A

1 (0;3) 52 (—44:24) 50,12 (-44724) 0,062
2 (2,7:1,51) 0,34 (0,73;128) | 1,47 ~0,73;1,28) | 0,24
3 (2,52;1,2) 0,09 (0,80;-0,48) | 0,93 (0,80;-0,48) | 0,11
4 (2,43;125) | 0,04 (0,18;0,28) | 0,33 (0,18;0.28) | 0,31
5 2,37;1,16) | 0,02 (0,30;-0,2) | 0,36 ~0,30;-02) | 0,12
6 (2,33;1,18) | 0,01 (0,08,0,12) | 0,14 (0,08,0,12) | 0,36
7 (2,3:1,14) 0,009 (0,15:-0,08) | 0,17 ~(0,15;:-0,08) | 0,13
8 2.281,15) | 0,007 (0,05,0,08) | 0,09 ~(0,05;0,08)

Chii y. Phuong phap duong ddc nhit t6 ra kha higu qua trong cac budc lap ¢ giai doan dau.
Tuy nhién, cang gan t6i diém dimg thi thudt giai cang t6 ra kém hiéu qua khi no chi dich chuyén
dugc cac bude vudng goc kha ngan (xem thém hinh V.2). Biéu nay dugc giai thich kha dé dang
do tai budc lap thir k ham muc tiéu giam di mot lugng 1a

MVEC)Td =2 [ ()

2.2. Phwong phap Newton

A X2

Hinh V.2. Minh hoa phwong phap duéng déc nhat

Trong phwong phap dudng ddc nhét, quy tic dich chuyén cho boi x*' = x* + A*d* véi d* =

— V(x"). Trong phuong phap Newton, ta ciing c6 quy tic dich chuyén twong ty vdi A* dugc thay
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thé boi H(x") ", trong d6 H(x") 1a ma tran Hessian duoc tinh tai diém x* voi diéu kién ma tréan nay
kha nghich. Gia sir rang dy {x*} hoi tu t6i X voi VF(X) =0 va H(X) xac dinh duong, trong d6
f(x) 1a ham kha vi cdp hai. Lic d0, v6i cac diém x* kha sat X , H(x") ciing xac dinh duong nén la
ma tran kha nghich.

Sau ddy, chung ta giai thich y nghia cta quy tic dich chuyén: X' = x* — H(x*) " x VA(x") trong
phuong phap Newton. Ddi v6i ham kha vi cap hai ching ta c6 thé viét:

f(x)=f(xk)+Vf(xk)T(x—xk)+%(x—x")TH(xk)(x—xk)+”x—x"H2 a(x*,x —x"),

trong do, lim a(x*,x —x*)=0. Boi vay, ¢6 thé xap xi f(x) bsi:
X=X

q(x) = f(x*)+ VF(x*)" (x — x" )+%(x —x*)TH((X*)(x = x*) = f(x).

Ngoai ra, dé thay diéu kién can dé q(x) dat gié tri cyc tiéu la: Vq(x) = 0 < VAx") + H(x")(x
— x5y = 0. Gia st ma tran H(x") kha nghich thi diém tiép theo nén xem xét chinh l1a diém x*"' = x*
— HE5'VAE).

C6 thé ching minh duoc phuong phap Newton hoi tu (kha nhanh) véi diéu kién diém xuét
phat x' ndm sat gan X v6i VA(X) = 0 va ma tran H(X) 1 kha nghich. Dé khic phyc diéu kién
ngit nghéo nay, phuong phap Newton cai bién di dugc dé xuat. Tuy nhién day 1a thuat giai phirc
tap, xin danh cho cac ban doc quan tam ty tim hiéu.

Vi du 7. Giai bai toan Min f(x) = (x; — 2)* + (x; — 2x,)* bang phuong phap Newton. Qua
trinh giai dugc minh hoa trén hinh V.3 va duoc tém tit trong bang V.2.

Hinh V.3. Minh hoa phuwong phap Newton

112



Bing V.2. Tém tit cac budc 1ap trong phuong phap Newton

lapk | X | vix) | HE H(x") —HEY 'V | x
1 (0;3) (~44; 50 -4 18 4 (0,67;-2,67) | (0,67;
52 24) -4 s} EL 50} 0,33)
2 (0,67:0,33) | (<939 | 12323 -4 18 4
3,13 ~0,04) 4 8} WL 23,23} (0,44; 0,23) (1,11;
115 -4 1(8 4 0,56)
3 (1,11;0,56) | (-2.84; Ty 8} %L 11,5}
0,63 ~0,04) - (0,3; 0,14) (1,41;
_ - 0,7)
4 | (1,41:0,7) | (-0,8; 618 4 L[s 4}
0,12 —0,04) | L4 8] |334[4 618 (0,2;0,1) (1,61;
0,80)
5 (1,61;0,8) | (-0,22; (3,83 4] 1 [8 4}
0,02 ~0,04) | -4 8] | 16,64]4 3,88 (0,13; 0,07) (1,74;
0.87)
6 (1,74;0,87) | (-0,07; (2,81 -4 1 (8 4
0,005 0) _4 8} WL 2,31} (0,09; 0,04) (1,83;
i 0,91)
7 (1,83;0,91) | (0,0003;
0.0009 -0,04)

2.3. Phwong phap hwéng lién hop

Pinh nghia 8 (hudng lién hop). Cho H 1a mot ma tran d6i xtng cép nxn. Cac véc to d', &,
..., d* duoc goi 1a cac hudng lién hop (twong tmg voi ma trdn H) néu chung 1a doc 1ap tuyén tinh
va (d)'Hd' =0, V i #].

Vi du 8. Xét BTQHPT: Min f(x) = —12x, + 4x,> + 4x,” — 4x,X,. Ham f(x) 1a ham kha vi cip
hai v6i ma tran Hessian sau day:

8 4
H= .
-4 8
Chung ta s& xay dung cac hudng lién hop cin ctr ma tran H va tién hanh cyc tiéu f(x) theo
cac hudng lién hop. Trude hét chon huéng d' = (1, 0)". Xuét phat tir diém x' = (=1/2, 1)" dé cuc
tiéu hoa f(x) trén huéng d', ta thu duge diém x* = (1/2, 1)".
Xay dung hudng d* = (a, b) lién hop véi d' cin ctr diéu kién (d')"Hd* = 8a — 4b = 0. Ta chon d*
= (1, 2). Xuat phat tr x> dé cuc tiéu héa f(x) trén huéng d’, ta thu duoc diém x°* = (1, 2)". C6 thé
chting minh duoc day chinh 13 diém cuc tiéu cua f(x). Ngoai ra, ciing ¢6 thé ching minh duoc

rang, trong vi du 8 khi xuét phat tir diém x' tiy y va v6i cac hudng lién hop tity chon, phuong an
t6i wu trén cling lubn dat dugc sau dung hai budc (xem hinh V.4).
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X2

X1

3
>

Hinh V.4. Cyec tiéu héa theo cac huéng lién hop

Sau day la thudt toan cua phuong phap hudng li€n hop (the conjugate direction
method) do Zangwill dé xuat. C6 thé chirng minh dugc thuat toan s& ludn tim ra dugc phuong
an t6i wu ddi véi cac BTQHPT c6 ham muc tiéu dang f(x) = x"Hx + p'x, voi p 1a véc to cot n
toa d6, H 12 ma tran déi xung cép nxn. Ngoai ra, néu BTQHPT khong c6 ham muc ti€u dang
trén thi thuat toan van hoi ty téi diém X c6 VA(X) =0 néu tap A ={x: f(x) < f(x")} 1a tap gisi
ndi trong d6 x' 1a diém xudt phat cua thuit toan. Tuy nhién, day 1a cac van dé kha phirc tap,
ban doc ¢c6 thé xem thém trong cac sach tham khao vé van dé dnh xa thudt toan dong. Dé
thdy, néu ham f(x) 12 ham 15i thi thuat toan s& cho phuong 4n tdi vu toan cuc.

Thudt toan hwong lién hop Zangwill

Buwoc khai tao

Chon & > 0 1am sai s6 két thuc. Léy mot diém xudt phat x!, dat y1 =x,d'=- Vf(yl), datk
=j =1 va chuyén sang cac budc lip.

Cadc bwoc lap

Buéc 1: Tim M 1a phuong an t6i uwu cua bai toan cuc tiéu hoa ham mot bién
f(y' + Ad) (phu thudc vao bién A > 0). Pt y'™' =y + Md. Néu j = n thi chuyén vé budc 4, néu trai
lai chuyén vé budc 2.

Buoce 2: bat d = — Vf(yjﬂ) va (i la phuong an t61 wu cua bai toan cuc tiéu hoa ham mot
bién f(y'"' + pd) (phu thudc vao bién p > 0). Pat z' =y + pd, i = 1 va chuyén vé budc 3.

Buée 3: Néu HVf(Zi )“< & thi dimg v6i Z'. Néu trai lai, dat p' 13 phuong an tdi wu cia bai
=7+ pd. Néui<

j thi thay i béi i+ 1 va 1ap lai bude 3. Néu trai lai, dat ' = 2" — y*!, thay j boi j + 1 va chuyén

toan cuc tiéu hoa ham mot bién f(z' + pd') (phu thude vao bién p > 0). Dit z

vé bude 1.
Bude 4: Baty' = x" = y™! Pit d' =— Vf(y"), thay k boi k+1, dat j = 1 va chuyén vé budc 1.

Vi du 9. Giai BTQHPT: Min f(x) = (x; — 2)* + (x; — 2x,)* bang phuong phap huéng lién
hop. Qua trinh giai dugc tom tit trong bang V.3.

114



Bing V.3. Tom tit cac budc lap trong phuwong phap hudng lién hop

Buéce liap k=1 x'= (0;3)" fix') =52
j y.] dj 7\‘] yj+l d l’:l Zl, f(Zl) l,l,l ZZ, f(ZZ)
L3 (44 — 10062 | 7 | |ops5 | @521 |- (2.46;1.23)
24 0,73;
2| @7:151) ) 1,51) 0,090 0,0013 0,045
1,5 | (234 |~ - -
(-0,24; 1,00) | 128 -
-0,28) -
Buée lap k =2 X’ = (2,341,097 f(x’) = 0,039
iy @ R B | R G 2, 1(2)
PI@3ELID | Coas; (0,10 | 229 |36 |@LOD |- -
0,64) 1,15) | 0,08; 0,004
0,04)

7! trén hudng d' > d&® > A\ > tim y3 o y2 trén hudéng =7 y2 - X2

Nhu vy tai budc lip k = 1, ta ¢6 quy trinh tinh sau: x' — y' — d' — A' — tim y* xuét phat
tir y' trén huéng d' =—V(y') > d —> i — tim z' tir y* trén hudéng d = -V(y?) — p' — tim 2> tir

Sau d6 chuyén sang budc lipk =2: x> > y' > d' > 1A' 5y >d > i — z'. Tai day

thugt giai dimg do [Vf(z')| = 0,09, va phuong 4n t6i wu tim duge la: z' = (2; 1,01) véi gia trj

ham muc tiéu I1a 0,004 (xem hinh V.5).

X2

Hinh V.5. Minh hoa phwong phap huwéng lién hop
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3. Thiét lap Diéu kién t6i wvu Kuhn — Tucker cho cic bai toin quy hoach phi tuyén c6 rang bujc
Trong muc ndy, voi muc dich tim hiéu budc dau, chung ta s& nghién ctru cach thiét lap diéu
kién t6i vu Kuhn — Tucker d6i v6i cac BTQHPT c¢6 rang budc va xem xét nd qua mot sé vi du cu
thé ma khong di sau vao viéc chiing minh cac diéu kién nay mot cach chat ché. Co thé noi ré'mg,
diéu kién Kuhn — Tucker 14 diéu kién co ban nhat trong 1y thuyét tdi wu phi tuyén va 1 co so cho
nhiéu phuong phap ti wu phi tuyén c6 dién.
3.1. Ham Lagrange
Xét BTQHPT tong quat:
Min (Max) f(x), voix e D= {x e R": g(x)< 0, Vi=1,m }. (5.2)
Luc d6, ham (d6i ngdu) Lagrange twong tng voi bai toan trén c6 dang sau:

F(x,k):f(x)+k1g1(x)+x1g1(x)+ "'+}\‘mgm(x)’

v6i didu kién A; > 0, Vi=1,m (cac s6 A; >0, Vi= 1,m, duoc goi la cac nhan tir).

Ky hiéu
A, g9:(x)
A X
=12 | vaceo = | 9% | ti Foxn)=f(x) + ATG(x).
A In(R)
Pit A = s, ham Lagrange dugc dinh nghia trén day duoc viét lai dudi dang

F(X,Sz)zf(x)+28izgi(x), v6i §° =(s?,82,...,8% ). Ching ta goi cac diém (x, 1) = (x, s°) Ia
i=1

diém dung ciia ham Lagrange néu diém (x, s) € R""™thoa man hé diéu kién sau day:

oF — "

= -ovi=tn L P TGO
! o 10X T OX;

oF . —

—=0,VI :1, .q. = i =

os 8,0,(x)=0,vi=1,m.

Pinh 1y 2. Cho X 1a phuong an téi vu cia BTQHPT (5.2) v6i ham muc tiéu f(x) va céac
ham rang budc g;(x), Vi = 1,_m , 1a cac ham kha vi. Xét tdp cac chi 6 I duoc xac dinh bsi [ = {i:
gi(X)=0}. Giad su cac véc to Vgi(X), Vi € I 1a doc lap tuyén tinh. Lac do, tdn tai véc to m toa do
A= 0 sao cho (X, X) 1a diém dirng cua ham Lagrange.

Nhu vy, tap cac diém dimg clia ham Lagrange lu6n can duge chu trong xem xét. Trong sd
cac véc to X e R sao cho tdn tai véc to m toa do A>0 dé (X, X) 1a diém dung cta ham
Lagrange, c6 thé tim dugc cac phuong an tdi wu dia phuong cia BTQHPT (5.2). Hon nita, theo
dinh 1y 1 trong muc 1.3 cua chuong nay, néu BTQHPT (5.2) 1a BTQHL, thi véi mdt kha nang kha
16n c6 the tim dugc phuong an toi uu toan cuc trong s6 cac diém dung trén. Chiing ta tam thoi
cong nhén dinh 1y nay va s€ trinh bay 161 chirng minh trong dinh Iy 33 chuwong VI tiép theo.
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3.2. Thiét 1ap diéu kién Kuhn — Tucker

Xét hé diéu kién bao gdm diéu kién diém dimg ctia ham Lagrange va diéu kién rang budc
cua BTQHPT (5.2):

of &, 0g(x) . T m

oM T Tov=tn V() + 370,V (0)=0
i=1

3g,(x)=0,%i =1, & 17G(x)=0

g,(x)<0,vi=1,m G(x)<0

% 20,Vi=1,m 220.

Heé diéu kién trén day dwoc goi 13 diéu kién Kuhn — Tucker cia BTQHPT (5.2).
Vi du 10. Thiét lap diéu kién Kuhn — Tucker cho BTQHPT sau:
Min f(x) = (x; + 1)* + (xo— 1)?

véi diéu kién x = (x4, X) € D la mién rang budc dugc xac dinh bdi

X)=X,-2<0
X, —2<0 g1§ ; ! 1<0
X)=x,-1<
X,-1<0 < gz() 2 <0
X)=-X, <
X, X, >0 9 !
g,(x)=-x, <0.

C6 thé kiém nghiém dugc rang trong vi du nay chiing ta c6 BTQHL véi ham Lagrange: F(x,
A) = (1% + (x0—1)2 + Ay(x1=2) + Aa(xo-1) — Aaxi— haxa, (L= 0,Vi= 1,4).

bicu kién Kuhn — Tucker ctia bai toan nay dugc viét nhu sau:

2(x,+1)+A, =2, =0 (5.3)
2(x, —1)+h, =4, =0 (5.4)
A (X, —2)=0 (5.5)
(X, =1)=0 (5.6)
Ay(—Xx,)=0 (5.7)
Ay(=x,)=0 (5.8)
X, -2<0 (5.9)
x,-1<0 (5.10)
—x, <0 (5.11)
~x, <0 (5.12)
Apshgshg Ay 0. (5.13)

T (5.3) va (5.7) suy ra: x;[(2(x;+ 1)+A;] =0 = x; =0 = theo (5.5) c6 A; = 0.
Tur (5.4) va (5.8) suy ra: x;[2(x,— 1) +4,] =0 =

X, =0= tir(5.6) c6 L, =0
2(x, 1)+, =0 = 1i(5.68) ¢6 x,=1,1, =0.
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Vi diéu kién: A=A, =0, ta théy trong hai diém x1=0,x=0)va(x;=0,%x,=1) chi co
diém (x; =0, x,=1) (V6i &, = A, =0, A3 = 2, A4 = 0) thoa man diéu kién dimg ciia ham Lagrange.
Vay phuong 4n t6i wu toan cuc 13 x; = 0, X, = | tng v6i f, = 1 (xem hinh V.6).

A\ 4

X4

Hinh V.6. Minh hoa diéu kién Kuhn — Tucker

Vi du 11. Xét BTQHPT: Min f(x) = x,°+ x,%, véi rang budc g(x) = —(x—1)’ + x,>< 0.

Lap ham Lagrange F(x, L) = x;° + x°+ A [x— (x;—1)'] va thiét 1ap diéu kién Kuhn —
Tucker:

2x, = 3M(x, =1 =0 (5.14)
2X, + 20X, =0 (5.15)
Ax2 —(x, —171=0 (5.16)
x2 —(x,—1)*<0 (5.17)
A >0. (5.18)

Tir didu kién (5.15) suy ra x, = 0. Do diéu kién (5.16) nén x; = 1 (vi néu trai lai thi A =0 va
theo (5.14) ¢6 x; = 0, do d6 (5.17) khong thoa man). Vi x; =1 ta c6 (5.14) khong dugc thoa man.
Vay hé diéu kién Kuhn — Tucker v6 nghiém. Tuy nhién, bai toan trén ddy c6 phuong an ti vu tai
diém x; = 1 va x, = 0 v6i fiy, = 1 (xem hinh V.7).

A
X2

r (x1— 1) =x%>0
2

\ 4

Hinh V.7. Minh hoa diéu kién Kuhn — Tucker vo nghiém
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Diéu nay khong mau thuan véi dinh 1y 2 néu trén, do tai X = (1, 0) véc to gradient
-3(x, 1)
2X,

Vg(?){

0 . . \
} :{ } phu thude tuyén tinh, vi vy X khong bat budc théa man dieu
(1,0)
kién Kuhn — Tucker.
Vi du 12. Xét BTQHPT: Min f(x), v6i diéu kién rang budc
g,(x)<0,vi =1,m

< 1h (x)<0,vk =1,r
~h, (x)<0,vk =1,r.

Ky hiéu cdc nhan tir 1a ; ing véi gi(x), p Gng v6i hy(x) va - tng voéi — hy(x). Luc d6 co
ham Lagrange:

F (X, h) =00+ 320,00+ X h ()= X pih, ().

Thiét lap diéu kién Kuhn — Tucker nhu sau:

g (x)=0,Vi=1m

up h (x)=0,vk =Lr

ue h (x)=0,vk=Lr
g.(x)<0,Vi=1,m

h, (x)<0,vk=1,r

~h, (x)<0,Vk=1r

A2 0,Vi=1m; pf >0,u >0,Vk=1r.

bat p, =p, —p, , lac d6 ham Lagrange c6 dang

FOGAR) =F(X)+ D g, (X)+ D mh(x).
i=1 k=1
Do d6, diéu kién Kuhn — Tucker duoc viét 1a

(of &, 6g(x) <« oh (x) —
——+ > = ——==0,vj=1,n
oXj ; "oox ;“k OX, :

Ag.(X)=0,Vi=1,
< g,(x)<0,vi=1,m

h(x)=0,vk =1,r
X >0,Vi=1,m.
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Vi du 13. Viét didu kién Kuhn — Tucker cho BTQHPT sau:

Min f(x), v6i xeD cho bdi cac diéu kién rang bude

g,(x)<0,vi =1,m
x, 20,vj=1,n.

n

Thiét 1ap ham Lagrange: F(x,2.) =f(X)+Zkigi(X)—ka+ij =0, trong d6 A; > 0, Vi =
i=1

j=1

1,n +m . Tir d6 c6 thé viét duoc diéu kién Kuhn — Tucker nhu sau:

of &, 09,(x) Lo
—+ 7\. L _7\- f :Osv :1ln
axl ; I 8X m+j J

A,9,(x)=0,Vi=1,m
A x =0,Vi=1,n

m+]°7)

g,(x)<0,vi=1,m

X; >0,vj=1,n

A, 20,Vi=1,m+n.

4. Mt s6 phuwong phap giai quy hoach toan phwong

4.1. Bai toan quy hoach toan phwong
Vi du 14. Xét BTQHPT sau:
Min f(X) =x; — X, — X3 + %(xlz +x° + X32) — 4X1X— 2X7X3,
véi cace rang bude
X;+ X, +X; <1
4x, +2x, =X, <0
Xy Xy, X5 20.

E? 1 112 -2 0 D1 1
X, -1 0o -1 1/2 -

Luc d6, c6 thé viét BTQHPT da cho vé dang:
Min fi(x) =p'x + x'Ox, v6ix e D= {x e R": Ax < b, x > 0).

Bai toan quy hoach toan phuong (BTQHTP) tong quat 1a bai toan c6 dang trén day,
V6ip=(P1, P2y ..., Pa) s X = (X1, X2, ..., Xn)', Q 12 ma tran d6i xtmg cdp n: Q = [qij]n V1 gji
=q;i Vi, Vj . Co thé ching minh dugc néu Q xéac dinh dwong thi BTQHTP trd thanh
BTQHL.
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4.2. Phat biéu diéu kién Kuhn — Tucker cho bai toan quy hoach toan phwong
Xét BTQHTP: Min f(x) = > p,x; + > > q,X X,
j=1 =1 i=1
véi diéu kién rang budc

1,m

Zaijxj —b. <0,Vi
j=1
X; >0,vj=1,n.

Thiét 1ap ham Lagrange: F(x) = f(x) + iki(iaijxj —b,.)—zn:s X (dé phan biét
=

i=1 j=1

chiing ta ky hiéu s; = Ay Vj = 1,n ). Diéu kién Kuhn — Tucker dugc viét la:

af m B .__ ”
§+inal]—s‘,_o,vj-1,n §7f+zk

pr .a..—sjzo,ijl,_n

i
i=1

y x. —-b)=0Vi=1m n _
1(jzz;a4/x/ 1) s VI ,m Zayxj+sn+i_b[:()’vl':1’m
J=1

x,=0,Vj=1 —
s:x] > VJ N < ijjZO,VJZI,n
Zayxj -b.<0,Vi=1Lm A, =0,Vi=1,m
j=1
— > i =
x, 20,5 =1,n X 20.v7=Ln

A 20,Yi=Lm, s,20,Yj=Ln+m.

n
Trong d6 sn+i =b, — Y_a,x; dugc goi 1a bién bu ing v6i rang bude thir i,Vi=1,m.
=

4.3. Phuwong phap Wollfe gidi bai toan quy hoach toan phwong
Véi muc dich trinh bay don gidn, ching ta nghién ctru phuong phap Wolfe thong
qua vi¢c giai vi du sau.
Vidu 15. Xét BTQHPT
Min f(x) = 2x,% + 3%,> + 4x,X, — 6X; — 3%, V6i cac rang budc
X, + X, <1
2x, +3x, <4
Xy X, 20.
Piéu kién Kuhn — Tucker dugc viét nhu sau:
4x, +4X, + A, +21, =S, =6
4x, +6x, +A, +3A, -5, =3
X, +X,+8, =1
2x, +3X, +s, =4
X8, =0, x,8,=0, A,5, =0, A5, =0

X;,X5,81,8,,83,S4,Aq, Ay 2 0.
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Pé tim phuong 4n thoa min diéu kién trén, trudc hét, chiing ta tam thoi bo qua
diéu kién d6 1éch bu (1a didu kién x;s; = X282 = A183 = A284 = 0). Luc ndy, hé diéu kién
trén tré thanh hé phuong trinh tuyén tinh. 4p dung bai toan o (nhu trong pha 1 cua
phuong phép hai pha giai BTQHTT), c6 thé tim dugc phwong an cho hé phuong trinh
tuyén tinh. Tuy nhién trong qua trinh giai ching ta s& tuan thu mot quy tdc dam bdo
diéu kién dé léch bii ludn duge thoa mén tai mdi bude lap.

Pua vao hai bién gia A, A, chung ta c6 BTQHTT dang bai toan o sau day:

Min ® = A + A, v&i cac rang budc

4x, +4x, + A, +2h, -5, + A, =6
4x, +6x, +A, +31, -s, +A, =3
X, +X,+8, =1

2x, +3X, +s, =4
X1,X5,51,8,,55,8,, Ay, Mg, AL, A, 20.

Bdng V.4. Phuong phap Wolfe giai BTQHTP

I;Ié@ Bién Phurong 0 0 0 0 0 0 0 0 1 1
C CO SO an X4 X3 M Ay Sy Sy S3 | sq | Ay A,
1 A, 6 4 4 1 2 -1 0 0 0 1 0
1 A, 3 4 6 1 3 0 -1 0 0 0 1
0 S3 1 1 1 0 0 0 0 1 0 0 0
0 S4 4 2 3 0 0 0 0 0 1 0 0
A -8 -10 -2 -5 1 1 0 0 0 0
1 A, 4 4/3 0 1/3 0 -1 2/3 0 0 1 -2/3
0 X5 1/2 2/3 1 1/6 1/2 0 -1/6 0 0 0 1/6
0 S3 1/2 1/3 0 -1/6 | 172 0 1/6 1 0 0 -1/6
0 S4 52 0 0 =172 | =32 0 1/2 0 1 0 -1/2
A - 4/3 0 -1/3 0 1 -2/3 0 0 0 5/3
1 A, 3 0 -2 0 -1 -1 1 0 0 1 -1
0 X1 1/3 1 3/2 1/4 3/4 0 -1/4 0 0 0 14
0 S3 1/4 0 -1/2 -1/4 | -3/4 0 1/4 1 0 0 —1/4
0 S4 52 0 0 -1/2 | =32 0 1/2 0 1 0 -1/2
A 0 2 0 1 1 -1 0 0 0 0
1 A, 2 0 0 1 2 -1 0 -4 10 1 0
0 Xy 1 1 1 0 0 0 0 1 0 0 0
0 ) 1 0 -2 -1 -1 0 1 4 0 0 -1
0 S4 2 0 1 0 0 0 0 2 |1 0 0
A 0 0 -1 -2 1 0 4 0 0 1
0 M 2 0 0 1 2 -1 0 410 1 0
0 X) 1 0 1 0 0 0 0 0 0 0 0
0 Sy 3 0 -2 0 -1 -1 1 0 0 1 -1
0 S4 2 0 1 0 0 0 0 -2 11 0 0
A 0 0 0 0 0 0 0 0 1 1
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Quy tic dim bdo diéu kién dp léch bi

Ta goi cac cap bién (X1, 1), (X2, $2), (A1,83 ), (A2, S4) 1a cac cap bién dbi

bu

twong tng. Trong qué trinh giai theo phuong phap don hinh, can tuan theo quy tic:

Néu c6 mot bién doi bu nao d6 nam trong s6 bién co s0o, thi bién do1 bu twong Uing

phai ndm ngoai co s¢. Chang han, néu x; c6 mat trong co so thi s; khong dugc c6 mat

trong co s¢ dang xét va nguoc lai (xem bang V.4).

Néu diéu kién do 1éch bu khong thé thuc hién dugc thi diéu d6 c6 nghia 1a diéu

ki¢n Kuhn — Tucker 1a v6 nghiém.

Pdp so. V&i BTQHPT trong vi du 15, x; =1, x; = 0 l1a phuong an théa man

diéu kién Kuhn — Tucker véi f(x*) = — 4. C6 thé chimg minh duoc day 1a phuong an

t6i wu (do BTQHTP di cho 1a BTQHL).

4.4. Giai bai toan quy hoach toan phwong bing bai toin bu
Bai toan bu la bai toan: Hay tim cac véc to o va z dé hé sau dugc thoa man
o=Mz+q

®'z=0 (hay oz =0,Vi=1,n)
®>0,z>0.

Trong d6 M 14 ma tran cap nxn, M = [m;j Jaxn » q 12 véc to cot da cho, q = (q1, qo, ...

T \ \ ’ r A A A \
Qn) , ® va z 1a cac véc to ¢t n toa d) can tim.

Vi du 16. Cho

1.2 1 o, z,
M=|2 0 3 |,q=|-1|.Haytim o=| o, | vaz=|Z, | sao cho:
3 4 2 1 o, z,

o, 1 2 1| |z 1
o, =12 0 3 |x|z,|+|-1
{ L@ 3 4 2 zZ, 1
0,2, = 0,Z, =0,Z; =0

® >0,z >0,Vi=1,3.

\
o, =2, +22, -2, +1
0, =22, +32, -1
&0, =32, -4z, + 2z, +1
oz, =0,vi=13
o,z 20,Vi=1,3.
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Duwa diéu kign Kuhn — Tucker ciia BTQHTP vé bai todn bu

Xét BTQHTP: Min f(x) =p'x + x'Qx, vdix € D= {x € R™ Ax <b, x >0}, trong do:
p=(P1, P2 ---, Pn)’ va Q 13 ma tran d6i ximg cdp n, Q = [qij]n - Trong truong hop Q 1a ma tran
xac dinh duong thi ta c6 BTQHL. BTQHTP trén duoc viét tudng minh hon nhu sau:

n
Minz=ij +ZZq” iX; , VOl cac rang budc
j=1

i=1 j=1

Zax—b <0,Vi=1,m

)

X; 20,vj=1,n, hay -x,<0,vj=1,n

Thiét 1ap ham Lagrange:

T d6 c6 thé viét duge diéu kién Kuhn — Tucker nhu sau:

P, +22q., I+ZaIJ : sj:O,Vj:1,_n S, _ZZqIJ l+Za”kI +p;, i=1,n
Zaux]+s L Vi=1m Za”x]+b,,v i=1n
x.s.=O,VJ=1,_n < x.s.=O,VJ=1,_m

rs., =0,Vi=1m As..,=0,Vi=1m

X;,); 20,1, X, %, > 0,Vi, V]
§;20,vj=1,m+n. §;20,vj=1,m+n.

Vay chiing ta co thé thiét 1ap bai todn bi tuong tng voi hé diéu kién trén
nhu sau:

o=Mz+q
®,z, =0,Vi
o,z 20,Vi,
trong do:
_p1 | _S1 | _X1 1 - ~
2 e 2 —
P, S, X, REY 4, ay 1
2 2 a
q: pn ’0‘): sn 7Z_ Xn VaM— q1n qnn a‘ln mn
_a11 a1n 0 O
b1 S }\41
. . :
| by | ' Spim | | L ~9m1 mn O |
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Chung ta s¢ dua hé

o=Mz+q o=Mz+q+Z,
w,z, =0,Vi (5.19) véhé Jwz =0,Vi (5.20)
®,,z, 20,Vi ®;,z; 20, Vi.

Trong h¢ trén véc to (cot) Zo = (2o, 2o, ---, Zo)T dugc goi la véc to gia. bé giai hé

(5.19), can xét trude tién hé (5.20). ap dung cac thi tuc xoay trong cac bang don hinh véi
cac quy tac dic biét nham dua zg ra khoi co so, trong khi van dam bao dugc cac diéu kién
do 1éch bu va diéu kién khong 4m cua cac bién o; va z, Vi = 1n, chung ta s€ tim duoc
nghi¢m cua h¢ (5.19).

Vidu 17. Xét BTQHTP

Min f(x1, X2) = — 6x; + 2x1” — 2XX, + 2X,” Vi rang budc

X, +X,<2
Xq, X, 20.
6 2 1 > X
Tacép=_ ,Q= R , =8, [, Z=| X, 9A=[1 1],B=[2]
0 -1 2 N
SS 1

Viét diéu kién Kuhn — Tucker dudi dang bai toan bu:

s 1 [4 -2 1] [x,] [-6
32 = —2 4 1 X X2 + O
S, -1 -1 0| [ A 2

S, X, =S,X, =S\,

A

\ X4,X,,S,,S,,8;5,A, > 0.

Dé giai hé nay, chung ta dua thém vao cot bién gia Zo = (zo, zo, zo)" dé c6 hé:
—4X, +2X, +8, — A, -2, =—6

+2X, —4x,+8, - A, -2, =0

Xy +X,+8, -2, =2.

X4,X,,8;,8,,85,A, 20

Trong do diéu kién d0 1éch bu: s1x1 = $pXp = s34 = 0 s€ duogc théa man bfmg cach
ap dung quy tdc thiee hién thii tuc xoay cho bdi todn bir néu ngay sau ddy trong cac bang
don hinh (xem bang V.5).

Quy tic thwe hién thii tuc xoay cho bai todn bu

— Trudce hét, dé dam bao diéu kién khong 4m cua cac bién trong hé trén day, can

dua zy vao co sé thay cho bién co s& nhan gia tri am co6 tri tuy¢t doi 1on nhat.
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— Sau d6, dé dam bao diéu kién do 1éch b, can tuan theo quy tic: Budc trude chon
hang nao lam hang xoay thi budc sau chon cot v6i chi s6 ctia hang d6 1am cot xoay (va ap
dung quy tic ty s duong bé nhat dé chon hang xoay) cho t6i khi bién z, bi loai ra khoi

co 0. Quy tac nay con cé tén goi la “thu tuc xoay bu”.

Bing V.5. Giai BTQHTP bang bai toan bu

Co so Phuwong an X X A S S S3 Zp
S =6 —4 -1 0 0 -1
S 0 2 -1 1 0 -1
S3 2 1 0 0 1 -1
Z 6 4 -2 1 -1 0 0 1
S2 6 6 -6 0 -1 1 0 0
S3 8 5 -1 1 -1 0 1 0
Z 2 0 2 1 —-1/3 -2/3 0 1
X| 1 1 -1 0 -1/6 1/6 0 0
S3 3 0 4 1 -1/6 —-5/6 1 0
Z 1/2 0 0 1/2 —-1/4 -1/4 —-172 1
X 7/4 1 0 1/4 1/8 —1/24 1/2 0
X5 3/4 0 1 1/4 —1/24 | -5/24 1/4 0
A 1 0 0 1 -12 -1/2 -1 2
X 372 1 0 0 1/4 1/12 1/4 -1/2
X5 1/2 0 0 12 -1/12 172 -1/2

Pdp s6. Phuong an thoa man diéu kién Kuhn — Tucker 1a x,* = 3/2, xo* = 1/2 voi
f(x*) =— 11/2. Vi BTQHTP dang xét 1a BTQHL nén day 1a phuong an ti wu toan cuc.

Chii . Xét BTQHTP véi cac phuong an cyc bién khong suy bién. C6 thé chimg minh

dugc (tat nhién can mat thém nhi€u thoi gian): néu ma tran Q nura xac dinh duong va néu thu

tuc xoay bu khong thé thuc hién duoc (do cac phan tir trén cot xoay déu khong duwong) thi

BTQHTP ¢6 ham muc tiéu khong bi chan dudi. Ngoai ra, néu ma trn Q la xac dinh duong

thi quy trinh giai trén day luon dung sau hiru han budc.

5. Quy hoach tach va quy hoach hinh hgc

Trong muc ndy chiing ta s& nghién ctru hai phuong phap téi uu c¢6 dién, tuy nhién

ching duoc ap dung kha rong rii dé giai nhidu bai toan t6i wu phat sinh tir thyc té.

5.1. Quy hoach tach

Chung ta xét cac bai todn quy hoach tach (BTQHT), trong dé6 ham muc tiéu ciing

nhu cdc ham rang budc 1a tong ctia cdc ham s6 chi phu thudc vao mot bién so:

Max(Min) z= ) f(x,), v6i cic rang budc
=1
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> g,(x,)<0,vi=1,m
j=1

X4y Xpye, X, 20,

Céac ham £i(xj), g1j(Xj),. - ., gmi(X;j), tuy theo j, co thé 1a tuyén tinh hodc phi tuyén. Ching
ta ky hidu N = {j: £i(x;), 21i(Xi)- - .» Emi(X;) khong ddng thoi 1a cac ham tuyén tinh}.

Sau déay chiing ta s& chi ra rang: Céc bai toan quy hoach tach co6 thé dugc giai gan
dung bang cach sir dung phuong phép don hinh. Phuong phap giai nay dugc minh hoa
thong qua vi du sau.

Vidu 19. Max z=x; + X, véi rang budc

3x, +2x5 <18
Xy, X, = 0.

Dﬁ.y la BTQHT Vo1 fl(Xl) = X1, fz(Xz) = X24 (n = 2) va gll(Xl) = 3x; — 18, g12(X2) =
2)(22 (m =1). Céan chu y réng, cac gia tri cua cac ham fi(x;) va gii(x;) 1a cac ham tuyén
tinh s€ dugc tinh dung. Trong khi do, cac ham phi tuyén tinh f5(x7) va gia(x2) s€ dugc tinh
gin dung bang phuong phap ndi suy, hay con goi la phuong phap xap xi tuyén tinh hoa
timg khuc. Ching ta trinh bay phuong phép nay nhu sau: Xét ham phi tuyén mot bién sb
y = u(x) xac dinh trén doan [a, b]. Trudc hét chia [a, b] ra thanh cac doan nho thich hop
boi cac diém ludi W =a, Ho, ..., W = b. Trén tirng doan nho [, W], ham u(x) voi x =
A+ (1= M, YA €0, 1] duoe xap xi boi: u(hp + (1 — Mper) = y(x) = Au(py) + (1 —
Mu(ue1), (xem minh hoa hinh V.8).
A
y

X
N
>

Hi U2 Mt X Ui+t Hi

Hinh V.8. X4p xi tuyén tinh héa tirng khic
2 9 e k
Mot cach tong quat hon, Vx € [a, b] ta c6 thé viét: x = thut , trong d6 A > 0, V't
t=1
=1k va Zkt =1 voi nhiéu nhat hai h¢ so A, ké nhau 1a duong. Luc d6 ham xap xi tuyén
=1

k
tinh tirng khuc ctia u(x) trén [a, b] 1a ham sau: y(x) = Zktu(ut ).
t=1

Do d6, Vj €N, ta c6 thé viét biéu thac xdp xi ham phi tuyén f(x;)) =~

K; K; L . A .
fj(xj):;kjtf(xjt) voi ;kjt =14, 20 Vvt =1,k,, trong d6 c6 nhiéu nhat hai hé so A; ké
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nhau 1a duong va {x; , t = 1,k } 1a tdp cac diém lu6i img véi bién x; trén doan [a; , b; ].
kJ
Tuong tu, d6i v6i ham gij(x;) cling co thé viét: gii(xj) = §,(x,) = ijtg(xjt ).
t=1
Tiép tuc xem xét viée giai vi du 19. V&i bién x,, ta 6 2x,> < 18 nén 0< X, <3.
Tuong tng voi bién x, chon cac diém lué6i noi suy 1a x; = 0, X2 = 1, Xp3 = 2, Xp4 = 3 thi
c6 bang gia tri cac ham s f(x2) va g12(x2) tai cac nut ndi suy (bang V.6).

Bdng V.6. Tinh gia tri cac ham

Xat (X2 212(X21)
0 0 0
1 1 2
2 16 8
3 81 18

Vay ching ta ¢c6 BTQHTT sau:
MaxZ =X, +0x A, +1x Ay, +16x A, +81x A,
v6i diéu kién rang budc
3X; +0x Ay +2%X Ay +8x Ay +18xA,, +5, =18
Aoy +hgy + Aoy + Ay, =1
X15S1, Mgqy Mgy Ay Ay 2 0.

Bing V.7. Phuong phap don hinh co s¢ han ché gidi BTQHT

Heé sb cg Bién co s& Phuong 4n 1 0 1 16 81 0
X1 Aot A2 A3 Ras S1
0 s 18 3 0 2 8 18 1
0 Mo 1 0 1 1 1 1 0
z; 0 0 0 0 0 0 0
A 1 0 1 16 81 0
0 S| 10 3 -8 -6 0 10 1
16 A3 1 0 1 1 1 1 0
z; 16 0 16 16 16 16 0
A 1 -16 -15 0 65 0
81 Moa 1 3/10 —4/5 -3/5 0 1 1/10
16 Ao 0 -3/10 9/5 8/5 1 0 -1/10
z; 81 39/2 -36 -23 16 81 13/2
A -37/2 36 24 0 0 -13/2

Chung ta can giai BTQHTT véi 6 bién trén ddy, dong thoi phai thoa méan diéu kién
co so han ché: tdn tai nhiéu nhat mot chi sOt e {1, 2, 3}sao cho cac hé $O Aor va Ao 12
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duong. Nhu vay, tai mdi budc bién doi bang don hinh, can tim dugc cot xoay va hang
xoay thoa mén diéu kién co sé han ché (trong trudng hop tong quat, diéu kién co so han
ché can xem xét tng v6i mdi chi s6 j € N).

Qua trinh giai két thic hodc khi tiéu chuan téi vu dugc thoa mén, hodc khi khong
tim dugc cdt xoay va hang xoay. Luc d6 ching ta dat duoc phuong an gan ding t6t nhét
c6 thé tim duoc ciia BTQHT di cho (xem bang V.7).

Pdp sé. Tur két qua thu dugc trong bang V.7, ta thiy phuong an tét nhat tim duoc 1a
X1 =0, X =3 v6i z = 81. Phuong an nay dung la phuong an toi vu cia BTQHT d4 cho.

Chii y. C6 thé chimg minh duoc rang: Néu trong BTQHT, cac ham fi(x;) 1a 16i ngit
va cac ham g;j(x;) 1a 16, Vj eN, Vi=1,m, thi phuong an tim dugc cho bai toan xap xi
theo phuong phap trén dy bao gid ciing 1a phuong an cia BTQHT ban dau. Ngoai ra,
néu gidn cach gitra cac diém ludi cang nho thi phuong an tot nhat tim duoc cia bai toan
xap xi va phuong an téi wu cia BTQHT da cho cang dugc dam bao 1a sat gan nhau.
Trong mdt sd trudng hop dic biét, ching ta thu duge phuong an téi vu mot cach chinh
xac ngay ca khi gidn cach cac diém ludi tham chi con kha 1on (nhu trong vi du trén).

5.2. Quy hoach hinh hgc

Quy hoach hinh hoc 14 mét trong cac phwong phép ti wu c6 dién, tuy nhién cho téi
ngay nay né van la mot trong cac phuwong phép tdi vu duoc sir dung trong mot sd bai toan
cong nghé — k¥ thuat. Trong khudn khd ciia gido trinh nay, chung ta s& trinh bay phuong
phap quy hoach hinh hoc mét cach vén tit théng qua mot sd vi du (dé tim hiéu vé co s&
ctia phuong phap nay can doc thém vé bai toan dbi ngiu Lagrange va diéu kién tdi vu
Kuhn — Tucker).

Vidy 20. Min z=xx; " + 3%, 7%, x4 8 x,2

-1
X3

véi cac rang budc
-1 -1 -1
X7 +X, +X; <1

-1/2,,3/4 -1,25
1,5%,779%, " +2x,X; X537 <1

X4, Xy, X5 > 0.
BTQHPT trén day con dugc goi 1a bai toan quy hoach hinh hoc (BTQHHH).
BTQHHH tong quat dugc phat biéu nhu sau:
Min z = i u; (x), trong do u = Cioxfio1 X g = 1,N,
o1
véi cac rang bude
{gxx)stw =

,m
X = (X4, Xp,..0,X,) >0,
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p
trong d6 gi(x) = > g;(x) véi gii(x) = cij .. x3" -
i=1

Tét ca cac hé sd ¢ cling nhu ¢;; dugc gia thiét 1a duong.

Déi chiéu véi vi du 20 ta co:

—Voiig=2thic,=3,ay =1/3,a = 1/4 vaay;=-1/7.

—V6ij=2thi ga(x)=1,5x1 x> vacip = 1,5, ap1=—1/2, a2 =3/4, vi a;ps = 0.

Dé trinh bay phuong phap giai BTQHHH mét cach d& hiéu, trude hét chung ta nhéc
lai mot sb bat drfmg thuec.

— Bét dang thie CO — si:

IN

U, +U, +...+ Uy > (U
N

1 &
Uyl ) véiug, g, ..., un> 0.

— Bat dang thirc C6 — si ¢o trong so:
]
N 7.
> (UTugz..ugt )T vaiug, ug, .., un> 0.

0L Uy + Ol,Uy + ..o+ Ol U

Oy + 0Ly + ...+ Oy

1

N N 1
bat a, +a, +...+ oy =\ thi %(Zaiui)z(nu;’ ).
i=1 i=1

. , N N N
Tir d6, néu ky hiéu %:yi cingco Yy, =1 va dyu >[Jur .
i=1 i=1 i=1
N N U Yi . N B )
bat Ui=yju; thico: D U, > H{—'J voi diéu kién >y, =1 (ddy la bat dang thuc
i=1 i1 U Yi i=1

Co — si v6i cac trong s y; dd chuan hod). Ciing c6 thé viét bat dang thic nay dudi dang:

%

N N A , B , 9
DU > H(i U, j (day 1a bat dang thirc Co — si vdi céc trong sO o; chua chuan hod).
i i=1 \ A

i=1 i

Vi du 21. X¢ét BTQHHH khong c6 rang bude
Min z =X, "Xy 'x3 '+ 2XX5 + X1X5 + 4X X2, VO diéu kién x;, X5, X3> 0.

Dat U1 = X171X271 X37l . U2 = 2X2X3 . U3 = X3X1, U4 = 4X1X2 thi
- iu_ S (x11x21x31 T“ [2x2x3 jyz (x3x1 jys £4x1x2 jy“
= 2 Y, Ys Y4
Y4 Y, Ys Y,
IBICIC (O pe—
1 2 3 .
Y1 Y Y3 Y4

Céan chon yi, 1=1,2, 3, 4, sao cho
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Y +Y;+Y,=0
“Yi+Y,+Y, =0
—Yi+Y,+Yy;=0
YitY, +Ys+Y, =1

(5.21)

< y,=2/5y,=1/5y,=1/5,y, =1/5.

Chii y. Piéu kién (5.21) duoc goi 1a diéu kién chuan. Néu sb biéu thuc tich trong
ham muyc tiéu 1a N = n +1, v6i n 13 s6 cac bién x;, va cac phuong trinh cta diéu kién
chudn 1a doc 1ap tuyén tinh thi hé (5.21) c6 nghiém duy nhit. Con néu
N > (n+1) thi viéc giai hé (5.21) kho khian hon. Tuy nhién, c6 thé chimg minh dwogc rang:
cac bién yj s€ duogc xac dinh mot cach duy nhat trong tng v6i gia tri Zuin.

2/5
Tiép tuc giai vi du 14, ta co: z> (gj (10)"°(5)"° (20)"° =5x2"°. Dau “=" xay ra

Tt d6 c6 hé sau:

-1,-1,-1 2 2/5 6/5

XXy Xy =—=xb5x27° =2
5

2X2X3 :%X5X21/5 :21/5

X X, :%x5x21/5 =2

4X1X2 :%X5X21/5 :21/5

6
-Inx, =Inx, —=Inx, ==In2
5
4
Inx, +InXx, =——=In2
5
1
Inx, +Inx; ==In2

Inx, +1nx, =—%In2

Inx, =—zln2
5 X, = 22/5
7 1
& Inxzz—gInZ & ax, =27"°
3 X3:23/5.
Inx, ==In2
5
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Vi du 22. Xét BTQHHH c6 rang bude

Min z = x; 'xs x5+ 2x1X5 + X;X2X3, V6i diéu kién rang budc

1 X1/2
+222

2.2
X1 X5 X3

<1

Xy, X5, X5 > 0.

Xét hai bat ding thuc

N1 Y2 3
Z=u +uy tuy, = (%} [Z—zj [1—3} > (5.22)
1 2 3

VvOi cdc diéukién: y, + y, +y, =1,

s Vs
A A
va U, +ug > [Mj {%J R
Y4 Vs (5.23)

trong do: A=y, +Y;.
Tur (5.22) va (5.23) ta co:

u Y1 u Y2 u Y3 u Ya u Y5
z> (u +w+us)(uy+us) > (—1j (—2] (—3j E—“J [—Sj A
Y4 Y, Y3 Y4 Ys
Y1 Y2 Y3 Ya Ys
1 2 1 1 2 4+Ys
5 B G G G o
Y4 Y, Y3 Y4 Ys

X;Y1 +Y2+Y3—2Y, X;('] 12)y1+Y3=2y4+(1/2)ys X;y1 +Y2+Y3—Ys .

Dé 7 dat Zuin , cO thé chtirng minh duogc r?mg yi,1=1,2, 3, 4 phai thoa man diéu
kién chuén sau day:

3/1"')/2"'3/321 y1:%( —y5)

“YitY,tYs _2y4 =0 PN Y, 237(1 +YS) (5.24)
—(172)y, +y, -2y, +(1/2)y; =0 Ys=7(1+Ys)

=Y +Y,+Y;-Ys=0 Ya=3%Ys-

Vi diéu kién (5.24) ta co

o YF( 8 YT 4 VoV o \rg
= () (55 (75 B () () o0
1-vy, 1+y, 1+y; Ys Ys 2

C6 thé chimg minh duoc Min z = Max D(y;). Dé co duge diéu nay thi dau “=" bat
bugc phai xay ra trong ca (5.22) va (5.23), trc 1a phai co:
Uj U, Ug _ Uj+Uy,+Ug
Vi Y2 Vi Vi+YotYs
U, Usg U, +uUy u,+us 1 2

=u,+U,+u, =M

Yo Ys YetYs A A 3y
Do d6:
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Cv-ly-12y -1
( U, =X X, X3 =y,M

u, =2x,X; =y,M

U =X XXg = Y3M

| u4:x1’1x;—2i_2><1
3y. 3 2
\ ug =2x,%x; —g.
X, /12=1=X%x,=2
=< X, =342 = zmin=%+18\/§.
x, =3/2.

Bai tap chwong V

Bai 1. Cho diém x* = (1, -2, 3), hiy xac dinh diém x*"' bang cac phuong phap duong doc nhat,
Newton va hudng lién hgp Zangwill vai cac ham muyc ti€u sau:

a. f(x) = X2+ %% + x3%
b. f(x) = 2% + 2X1X5 + 3%5° + Xa.
c. f(x) = exp(x,” + x> — X3 — X; + 4).
Bai 2. Tim cuyc tiéu ctia cic ham sb bang duong ddc nhat:
a. f(x) = 1 — 2x; — 2%, — 4x,%, + 10x,” + 2x,°.
b. f(x) = X+ X2 — 3%, — 2%, + 2.

Bai 3. Tim cuc dai ciia ham sb sau bang phuong phap duong déc nhat va phuong phap Newton:
f(x) = 4%, + 6%, — 2X1X> — 2X,° — 2Xo°.

Bai 4. Bit dau tir diém x' = (1, 1) cyc tiéu hoa ham sau bang phuong phap Newton hay phuong
phap hudng lién hop Zangwill: f(x) = x> + XX, — X,°X,".

Bai 5. Bit dau tir diém x' = (2, 1) cuc tiéu héa ham sau bang phuong phap Newton hay phuong
phap hudng lién hop Zangwill: fi(x) = (1 — x;)* + 5(x, — x,°)%

Bai 6. Phat biéu lai cac thudt toan dudng déc nhat, Newton va huéng lién hop Zangwill, sau d6
1ap chuong trinh may tinh sir dung ngén ngit Pascal hay C chay kiém thir cho cac bai tap trén (bai
1 t61 bai 5).
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Bai 7. Hay giai cac BTQHTP sau ddy bing phuong phap thich hop (phwong phap Wolfe hoic
phuong phap thiét 1ap bai toan bu):

a. Min f(x) = x12 + X22 — 8x1 — 4xy, vbi cac rang bude
{xl +x, <2
X1, Xo = 0.
b. Min f(x) = X12 + X22 — XXz — 3%y, V01 cac rang budc
{xl +x, £2
X1, X 2> 0.
c. Min f(x) = 2x:% + 4x5% — 4x1X2 — 15%; — 30xa, v0i céc rang budc
{xl +2x, <30

X1, X > 0.

Bai 8. Hay giai cac BTQHTP sau ddy bing phuong phap thich hop (phwong phap Wolfe hoic
phuong phap thiét 1ap bai toan bu):

a. Min f(x) =2x; —4x, + x12 —2X1Xy + X22, v6i cac rang budc

-X1t X <1
X1*2X2 <4
Xl,Xzzo.

b. Min f(x) = —4x; — 6x2 + X;” — 2XX2 + Xo°, V6i cac rang budc
2xX;+ X5 £2
-x1+ X, <4
X1, X2 > 0.
c. Min f(x) = 5x; + 6x, — 12x3 + 2)(12 + 4x22 + 6)(32 —2X1Xy — 6X1X3 + 8X5X3
véi cac rang bude
X +2X, +xX326
X1+ X +x3516
—X; + 2%, <4

X1, X2, X3 >0.

Bai 9. Lap chuong trinh méy tinh phuong phap Wolfe hodc phuwong phap thiét 1ap bai toan bu sir
dung ngon ngit Pascal hay C, sau d6 chay kiém thtr cho bai tap 7.

Bai 10. Giai cac bai toan sau ddy bang phuong phap quy hoach tach:

a. Min f(x) = exp(x;) + X12 +4x; + 2)(22 — 6%y + 2X3
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V01 cac rang budc sau
X2+ exp(x,) + 6x3 < 15
Xt — X, t5x3<25
0<x,<4,0<x,<2,0<x;.
Cho biét cac diém ludi1a 0, 2, 4 cho x; va 0, 1, 2 cho x,.
b. Min f(x) = exp(2x; + x2%) + (x5 — 2)*
V01 cac rang budc sau
{xl + X +x356
X1, X, X3 2> 0.
bang cach dbi bién thich hop véi cac diém ludi tiy chon.

Bai 11. Giai cac bai tap sau day bang phuong phap quy hoach hinh hoc:
a. Min f(x) = 2x; ' + x2% + x; x5 > + 4x,%, voi diéu kién x;, x5 > 0.
b. Min f(x) = 5x1x[1X32 + X172X371+10X23+ 2x171xzx{3 , VO1 diéu kién x1, X5, x3> 0.
¢. Min f(x) = 4x, %y 0’5, voi diéu kién: x; + 2)(22 <1vaxy, x>0.

Bai 12. Hiy tim hiéu co s& va phat biéu cac thuat toan téng quat cho quy hoach tach va quy
hoach hinh hoc.
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Chuwong VI

Mot s6 van dé co s& ciia ly thuyét
quy hoach 10i va quy hoach phi tuyén

Xét bai toan quy hoach phi tuyén téng quat:
Min (Max) f(x), véi diéu kién

xeD={xeR" ¢g(x)<0, i=1m;; g(x)=0,i=m; +1,mpx

Véc to x = (Xq,...... X,) € D duogc goi 1a véc to quyét dinh hay phuong an kha thi (hodc
phuong 4n, néu vin tit hon), xj la cac bién quyét dinh,Vj = 1,n. Ngudi giai bai toan can tim mot
vée to x* € D sao cho: f(x*) < f(x), Vx € D cho bai toan cyc tiéu hoa hodc f(x*) > f(x), Vx € D
cho bai toan cyc dai hoa.

1. T4p hep 16

Trong phan nay ching ta nghién ctru cac khai niém co ban cia giai tich 16i bao gém céc
van d¢ sau lién quan dén tap hop 101 (con goi van tat la tap 101):

— Bao 16i ctia mot tap hop.

— Bao d6ng va mién trong cua tap 16i.

— Siéu phang tach va siéu phing tua cua tap 10i.

— Non 16i va non déi cuc.

1.1. Bao 16i

Trong chuong V, ching ta da biét, tap 16i 1a tap S < R" ¢o tinh chit: moi doan th:flng ndi x',
x* € S déu nam trong S. Néi cach khac: S < R" 1a tap 16i khi va chi khi x=Ax'+(1-A)x* € S,
Viel0,1],Vx',x*eS .

Xét cac tap 16i Sy, S, = R™ Liic d6, S; N S, 16, S; + S, 16i va S; — S, ciing 1a tap 10i.

Pinh nghia 1. Xét tip S < R" va cac diém x' , x4 .., x* € S. Diém

k k _ > N 2
X =Z1:xjx1 (véinj =1,,20,Vj = 1,k) duoc goi 1a mdt 16 hop I6i cia céc diem x', X, ..,
j= j=

x*. Bao 16i (Convex hull) cia S, ky hiéu 1a H(S), gdm tit ca cac diém x e R" duoc biéu dién dudi
dang mot td hop 16i ciia mot s6 diém nao d6 cua S.

Vi du 1. Bao 16i cta 3 diém x', x* va x> khong thang hang trong R’ 1a mot tam giac. Bao 16
ctia mot hinh vanh trang khuyét trong R* 1a mot hinh khuyén.
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Pinh Iy 1. Bao 16i H(S) ciia mot tip S « R™ 1a tap 16i nho nhét chira S. N6i cach khac moi
tap 16i chtra S déu chira H(S).
Chitng minh

. - k A K
Taco HS) ={x e R I x' € S, Vj= 1,k sao chox = ZXJX' vGi Z?x,j =1,4,20,vj=
j=1 =1
1,_k}. Can chimg minh véi moi tap 101 Ama S < A thi H(S) c A.

: e k 1 \
Tucla,chox' € S « A,Vj=1k va ZXJ. =1, &, 20, can phdi ching to6 rang:
i=1

k
X = ijxj € A. (6.1)
J=

Ta ching minh két luan (6.1) bang phép quy nap. V&i k = 1, (6.1) hién nhién dung. Gia st
(6.1) dung v6i k = s, can chimg minh (6.1) dang voik=s+ 1.

s+1

Thét vay, chox' € S ¢ A ,Vj= 1,5+1 VE‘IZ?\.J- =1,%,20. Chung ta s& chi ra rang x =
=]

s+1 s+1 S

Z?»jxj € A. Taco ijxj = Z?»jxj + . x>, trong d6 co thé gia st rang 0 <A, <1. Pat
j=1 j=1 j=1

D A=A, theo gia thiét quy nap c6 x' = > (A, /A = Ax' € A, Vay ax' + (1- )x*" € A
j=1 j=1 j=1

s+1

hay ijxj + A X = ijxj € A (dpcm). ®
j= j=

Chii y. Ttr dinh 1y 1, ta thiy ngay, H(S) 1 giao cuia tit ca cac tap 16i chira S.

Pinh nghia 2. Cho x', X2, ..., x5 x5 e R™ Luc d6 bao 15i cua x', x% ..., x*, x*! duoc ky
hidu 1a H(x', x?, ..., x*, x*'") 1a mot da dién loi. Néu x*"'— x', x*—x', ..., x* = x' 12 c4c véc to doc
1ap tuyén tinh thi Hx', X% ..., x*, x*'") dugc goi 1a mot don hinh k chiéu véi cac dinh x', ..., x*,
Xk+1.

Pinh ly 2 ( Dinh ly Carathéodory).
Cho mét tap bat ky S « R™. Néu x eH(S) thi c6 thé tim duoc cac diém x', x*,....x"" €S
sao cho x thudc bao 16i H(x', x% ..., x" x"™).

N6i cach khac, ton tai cac diém x', x%,.... X" €8S sao cho x duoc biéu dién boi t6 hop 10i

n+1 ) N1
ciax', x%,....x"" x = Z?»J.X’ voi A; 20 va Zki =1.
j=1 j=1
Churng minh
K k )
Giasux eH (S)thix= Y Ax véi D A, =1,2,20,x¥€S.
j=1 j=1
Truong hop 1: k< n+1 thi khong co gi can ching minh nira.
Truong hop 2: k> n+1. Theo gia thiét do x', x% ..., x* eR", nén x> —x', x> —x!, x*—x'1a k

— 1 véc to phy thudc tuyén tinh. Lic d6 3 p,, ps, ..., i khong dong thoi bang 0, sao cho
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ZuJ =0. bat y, = —Zuj thi ¢ Zujx' 0 voi 2“1 0, trong d6 p; khong dong

=1 j=1
thoi bang 0. Vay ton tai it nhat mot chi sé i sao cho ;> 0.

Luc do, ta co:

k . k . k .
x=Y Ax =3+ Locz TS J (%) — oy ¢ (6.2)
=] =1 =1
ding V o € R, nén (6.2) van diing Va. > 0.
A _ K
Chon o =min—véi ;> 0 thi (A —op;)20,vj=1k v z ; —oap,) = 1. Trong cac

H;

hé s (A —ap) coit nhat mot hé s6 (A, — ap,, )=0. Theo (6.2), x dugc biéu dién dudi dang t6

j*
hop 16i cia k — 1 diém. Qua trinh nay dugc tiép tuc cho t6i khi x dugc biéu dién duéi dang t6 hop
16i ciia n + 1 diém (dpcm). W

1.2. Bao déng va mién trong ciia tip 10i

Chung ta da duoc hoc vé khai niém bao dong va mién trong ctia mét tip hop S. Bao dong
cta S duoc ky hiéu 1 ¢/ S, con mién trong cta S 1a int S.

Pinh Iy 3. Xét tap 16i S < R" véi int S khac réng. Cho x'€ ¢l S va x*Sint S. Lic dé,
Vie(0, 1) talubncox= Ax' +(1-A)x* intS.

Viéc chiing minh dinh ly nay khéng qua kho, danh cho ban doc ty chiing minh hodc xem
thém trong tai li¢u tham khao.

Chung ta c6 thé minh hoa ¥ tuéng ching minh trén hinh V1.

Hinh VI.1. Minh hoa dinh ly 3.

Hé qua 3a. Néu S 1a tap 16i thi int S ciing 1a tap 16i.

Hé qua dugc dé dang ching minh truc tiép tir dinh 1y 3.

Hé qua 3b. Néu S 1a tap 16i va int S khéac rdng thi ¢l S ciing 15i.

Chitng minh

Cho x' va x*€ ¢l S, iy z e int S thi Ax*+(1-A)zeint S,VAe(0,1) va
pux' +(1- p)[kxz +(1 —X)ZJ cint S, Vp €(0,1). Cé dinh p va cho A —1 ta c6 ux' + (1-p)x* €
cl S (dpcm). W

Hé qua 3c. Néu S 1a tap 11 va int S khéc rdng thi bao dong clia mién trong ctia S tring véi bao
dong caa S, tuc la cl (int S) = ¢l S. Ngoai ra ta cling c6: int (cI S)=int S .
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Churng minh

Chung ta ching minh phin dau. RS rang rang cl (int S) < cl S. Chung ta con can chimg
minh cl S ccl (int S). That vay, gidsix e clSvay e intSthi Ax+(1-A)y € int S. ChoA — 1, ta
co x € cl (int S) 1a dpem.

Phan tht hai cta hé qua duge chimg minh nhu sau: Trude hét, d& thay rang int S < int (cl S).
Giasirx' € int (cl S), ta can chimg minh x' € int (S). That vay, lay x> € int S sao cho x* # x' va xét
€

Z“X1 - x?

nita, x' = Ay + (1 — A)x?, véi A = 1/(1+A) €(0, 1), nén theo dinh 1y 3 thi x' € int S (dpcm). W

y=(1+Ax - A% voi A = ,& >0nho tiy y. Do |y -x'|=2/2 nény e cl S. Hon

1.3. Siéu phing tich va siéu phing tua ciia tap 10i

Pay 14 cac kién thirc co so trong mon tdi wu hoa, dugc sir dung nhiéu trong viée thiét 1ap
cac diéu kién t6i wu va cac mdi quan hé dbi ngdu. Trong phan nay chung ta s& thiy rang: véi mot
tap 16i S dong va mot diém y ¢ S, ta ludn tim dwoc mot diém duy nhiat X € S sao cho khodng

cach tir X t&i y 14 bé nhit (tic 1é1||y - X" =Min ||y —x||), ciing nhu tim dugc mét siéu phing phan
xeS

tach (ni ngan gon hon, siéu phang tach) y va S.
Pinh Iy 4. Xét tap 16i dong S = R" va mot diém y € R" sao cho y¢S. Lic d6 ton tai duy

nhét mot diém X €S véi khoang cach ||y —i” =Min ||y - X|| X dugc goi la diém cuec tiéu. Ngoai
xeS

ra, ta c6: X 1a diém cuc tiéu khi va chi khi (x-X )" (X—y) >0, Vx € S.

Hinh VI.2. Minh hoa diém cuwc tiéu

Viéc chung minh dinh 1y 4 danh cho ban doc ty tim hiéu (xem hinh minh
hoa VI1.2).

Dinh nghia 3.

Siéu phdng 13 tap hop tit ca diém x € R" sao cho p'x = o, voi p € R"\ {0} va a e R cho
trude (p duoc goi 1a véc to phap tuyén cua siéu phang). Siéu phang H = {x: p* x = a} chia khong
gian ra 1am hai nira khong gian (déng): H ={x:p' x >a} vaH ={x:p' x <a}.

Xét hai tap hop khac réng S;, S,  R". Siéu phang H = {x: p" x = a} duoc goi 1a siéu
phang tich S; va S;néup'x<a, VX € S;vip'x > a, Vx € S,.

Ngoai ra, néu S;US, & H thi H dugc goi 14 siéu phing tach chinh (properly) S, va S,.

H dugc goi la tach chat (strictly) Sy va S, néu
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{VX€S1 pTX>a

VxeS,:p'x<a
H duogc goi la tich manh (strongly) S, va S, néu

{38>03VX€S1,pTXZOL+S

vxeS,,p'x<a

(xem hinh VI.3).

H tach khéng chinh
\81\\\

Sz

H tach manh

Hinh VI1.3. Minh hoa céc kiéu siéu phang tach

Siéu phing tich mét tdp 16i va mét diém

Pinh Iy 5. Cho tap 16i dong khac réng S < R" va mot diém y € R" sao cho y¢S. Luc d6
tdn tai véc to n toa do p# 0vaa eR sao cho: pTy >, pTx <a,VxeS.

Chitng minh

Theo dinh 1y 4 ta thiy: 3X €S sao cho (x — X )'(y — X) <0, do d6

X' (y-X)<x'"(y—-X).
1 <12 - - o\ o -
Mat khac: [y X" =@y -X)'(y- %) =y'(y-X)-X'(y - X)
<Yy -X)-x'(y-X) =@ —x )y~ X),
—112 — —

Hay: |y —X[" <(y-%'(y-X)=(y-X)'(y ~x).

bitp =y - X ta cod ||y —X”zs p'(y — x), tir d6 c6 p'y > ||y —X||2+ p'x. Lai dat
a=sup {p'x:x € S} thitacodpem: p'y>avap'x<a, VvxecS. H

Hé qua 5a. Cho tap 16i dong khac rong S = R™. Luc d6 S 14 giao cua tit ca cac nira khong
gian chira S.

Chitng minh

Ta chi cAn chimg minh ring giao G cua tit ca cic nira khong gian (d6ng) chira S 1a tip con
cua S. That vay, gia su diéu nguoc lai, trc 1a 3y € G sao choy ¢ S. Liuc do6 theo dinh 1y 5 trén
day, ton tai mot nira khong gian chira S nhung khong chtra y. Diéu ndy mau thuin véi dinh nghia
tap G. &

Hé qua 5b. Cho tap 16i déng khac réng S — R" va mot diém y e R" sao cho
ye S. Lic do, ludn ton tai
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i) Mot siéu phang tach chit S va y.

ii) Mot siéu phing tich manh S va y.

iii) Véc to p sao cho: p'y > sup {pTX ‘X € S} .
iv) Véc to p sao cho: p" y<inf {pTX X € S} .
Viéc chirng minh danh cho ban doc.

Pinh ly 6 (Dinh ly Farkas).

Cho A 1a ma tran cép mx n, ¢ 1a véc to n toa d§. Luc d6 chi c6 ding mot trong hai hé sau
c6 nghiém:

Ax<0 . Aly=c .
Hel: ¢ voi x 1a vée to thudc R". Hé 2: véiy eR™,
cx>0 y>0
1 2 3 2
Gidi thich. Cho A = L 5 6} vac= |4 |. Lic nay, theo dinh ly 6 chi c6 dung mot trong
6

hai hé sau c6 nghiém:

X
A 1 2 3] 0] .
Hé 1: X, | < 0 va 2x; +4x, + 6x3 > 0.

4 5 6
3
1 4 2
Hé2 2 5 {yq: 4| va y;20,y,2>0.
3 6|Y2d |g

Churng minh

Gia st hé 2 ¢6 nghiém. Lic d6 3 y > 0 sao cho A'y = c. Gia sit Ax < 0, ta co
¢'x=y'Ax <0 (doy" > 0va Ax < 0). Vi vay hé 1 vo nghiém.

Gia str hé 2 vo nghiém. Pat S = {x: x = Ay, y > 0}, ta thiy ngay S 1a tap 16i dong. Liic nay
theo do hé 2 vo nghiém nén ¢ ¢ S. Theo dinh 1y 5 (vé siéu phang phan tach mot tap 16i va mot
diém), ton tai véc to p sao cho: p'c > o, p'’x <a, ¥XeS.Vi0eS nénp'c>a>0. Vay c'p=
p'c > 0. Ngodi ra, ta c6 a>p ATy =y Ap, Vy > 0. Vi c4c toa dd cia y c6 thé chon dwong va 16n
tuy y nén bét budc phai co Ap <0.

Chung ta da chi ra véc to n toa dd p sao cho: Ap < 0 va ¢'p> 0. Vay hé 1 c6 nghiém
(dpcm). H

Hé qua 6a. Cho ma tran cép mxn A = [ajj]mxn , ¢ 12 Véc to n toa d§. Liuc do co dung mot
trong hai hé sau c6 nghiém: Hé 1: Ax<0, x> 0, ¢'x>0. He2: Aly>¢c, y>0.

Churng minh

Xét ma tran [A" —I] thay cho A" trong chirng minh cia dinh 1y Farkas. ®
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Hg¢ qua 6b. Cho A la ma tran cép mxn, B 1a ma tran cép Ixn, ¢ 1a véc to n toa do. Lac do co
dting mot trong cac hé sau ¢6 nghiém:

Hé 1: Ax<0,Bx=0,c'x>0.Hé2: A'y+B'z=c,y>0.

Chung minh

Xét[AT B' —B']thay cho A" trong dinh Iy Farkas. ®

Pinh nghia 4 (Siéu phang twa cia tdp 16i tai diém bién). Xét tap khac rdng S — R™. Gia sir

X €68, v6i oS 1a bién cua S. Siéu phang H = {x eR":p'(x-X)= o} duoc goi 1a siéu phang tya

ctia S tai X néu mot trong hai truong hop sau luén xay ra:

siéu phéng twa H

Y1 Y2

Hinh VI1.4. Siéu phang twa tai diém bién

Siéu phang tya (xem hinh VI.4) duoc goi 14 siéu phang tua chinh (proper supporting plane)
néu S khong 1a tap con cta H.

Chii y: D6i vé6i tap khac rong bat ki S « R" ¢6 thé xay ra cac truong hop sau:

— Tai mot diém c6 duy nhat mét siéu phing tua.

— Tai mot diém c6 nhiéu siéu phfmg tua.

— Tai mot diém khong co siéu phang tua.

— Tai hai diém c6 thé c6 cung mot siéu phang tua.

Pinh 1y 7. Cho tap 16i khac rdng S  R", X € 6S. Liic d6 t6n tai mot siéu phang tua cia
S tai X, tirc 1a tdn tai véc to n toa dd p # 0 sao cho pT(x -X)<0,vx eclS.

Chitng minh

Gia sir X € S thi ton tai mot diy {y,} cac diém trong R" khong thudc bao déng cua S sao
cho yx =X khi k — . Theo dinh 1y 5, néu yi ¢ S thi 3 py sao cho p'kx vk > p'ix, Vx ecl S.
Khong 1am giam tinh tong quét, co thé gia sir ||pk || =1.

Xét diy {p} < R". Ta thay ngay déy la day gioi noi (do do dai ctia véc to py ludn bang 1).
Vay tir ddy nay co thé trich ra dugc mot ddy con hoi tu, dé cho don gian ching ta ky hiéu d6 1a
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day {pi}x sao cho p.— p khi k — oo. Luc d6 véi day con ndy ta luén ¢6 p'i yi > p X, Vx € cl
S.Cédinhx € cIS.Doyy > X néncopyc—p X,suyrap X >p'x hayp' (x-X)<0, Vx €
cl S. Vay ta c6 dpcm. B

Chii y. P& chimg minh p'y y« — p'x khi yy—> X can phdi ching minh | p'y yi —

p'X " — 0. That vay
| Peyc—p i tp yi—p'X | < | peyi=—p"wi | ] P yi—p'X ”
< ok =P xvill + o' |l X[ < & + e
V6i €1, & 14 cac sb duong nho tuy ¥ chon trude khi k kha 16n.
H¢ qua 7a.
Cho tap 16i khac rong S c R”, X ¢ S. Liic d6 ton tai véc to p # 0 sao cho p'(x =X ) < 0, Vx
eclS.
Churng minh
Néu X ¢ cl S thi hé qua duogc chung minh dya trén dinh 1y 5. Mat khac, néu X e oS thi
hé qua chinh 1a ndi dung cua dinh 1y 7 trén day. B
Siéu phing tich hai tap 16i
Pinh 1y 8. Cho hai tap 16i khac rong khong giao nhau S;, S, — R™. Luc d6 ton tai mdt siéu
phang tach H v6i phuong trinh p'x = o phan tach hai tap 16i trén, theo nghia sau: ton tai véc to p

# 0 sao cho inf {p'x Vi x € S;} >sup {p'x vdixeS,}.

pX=a

Hinh VI.5. Siéu phéng phan tach hai tap 16i

Chung minh

Cho hai tap 16i khac rong khong giao nhau S;, S, c R™. Xét S=8,-S, = {x: x=x' - x°
voix' €Sy, x* €S, thi S 1a tap 16i.

Ngodira, 0 ¢ S (vi S; N S, 1a tap rdng). Theo dinh 1y 5 (vé siéu phdng phdn tach mét tip
16i va mét diém) thi tim dugc mot véc to n toa d6 p # 0 sao cho pTX > pT 0=0, Vx € S (xem hinh
VI.5). Vay Vx' € S, Vx* € S thip'(x' —x*) > 0 hay p'x' > p'x* (dpcm). W

HE qua 8a.

Cho hai tap 16i khac rSng Si, S, < R" véi diéu kién int S; khac r5ng va Sinint S, rSng.

Lic d6 tdn tai mot véc to p # 0 sao cho

inf {p'x vdix € S;} >sup {p'x véix € S,}.
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Churng minh

Thay S, boi int S, va ap dung dinh Iy 8 véi chi ¥: sup {p'x v&i xeS,}=sup {p'x v&i
xeint S,} thi cé dpcm. W

Hé qua 8b.

Cho hai tap 16i khac rdng S, S, « R" v6i didu kién int Sy, int S, khac réng va int S; M int

S, rong. Liic d6 ton tai véc to p # 0 sao cho
inf {p'x vix € S;} >sup {p'x véix €S,}.

Pinh 1y 9 (Dinh ly Gordan).

Cho A 12 ma trén cp mxn. Luc d6 ¢6 dang mot trong hai hé sau c6 nghiém: Hé 1: Ax < 0 vé6i
x € R™ Hé 2: A'p=0véi véc to p > 0 (p c6 cac toa dd khong am) va p = 0.

Chitng minh

Gia str hé 1 c6 nghiém sao cho Ax < 0. Ta di chirng minh hé 2 v6 nghiém. That vay, gia s
diéu nguoc lai diing: ton tai véc to p # 0 sao cho A'p =0 va p > 0. Luc d6 p'Ax < 0 hay x'A'p <
0. Piéu nay khong thé xay ra do A"p = 0.

Bay gio gia st hé 1 v nghiém. Ching ta xét hai tdp sau: S; = {z: z= Ax,x € R"} c R"va
S, = {z: z< 0} R™. Ta thiy S; va S, 12 hai tap 16i khac rdng khong giao nhau. Theo dinh 1y 8 (vé
siéu phang tach hai tdp 16i khdc rong khéng giao nhau), lac d6 ton tai véc to p = 0 sao cho p'Ax
> pTz véimoix € R" vaz e ¢l S,. Do céc toa do ctia z ¢6 thé chon gia tri &m co tri tuyét ddi lon
tuy y nén bit budc phai cé p > 0. Mit khac, néu chon z = 0 thi ¢c6 p"Ax > 0, Vx € R". Néu chon x

—— A"p thi— |A'p| >0, dodd ATp=0. Vay hé 2 6 nghiém (dpem).

Pinh 1y 10 (Dinh Iy tach manh). Cho hai tap 16i khong giao nhau S;, S, trong R” véi S, 1a
tap gioi noi. Luc do, tdn tai véc to n toa dd p=0va ) duong € sao cho inf {p'x véix € S;} > ¢
+sup {p'x voixeS,}.

Chitng minh

Viéc ching minh danh cho ban doc ty tim hiéu hodc xem sach tham khao (xem hinh VL.5).
¥ tuong cua chimg minh nhu sau: Dat S =S, — Sy, thi S 1a tap 16i va 0 ¢ S. Hon nita, S 14 tap
dong (hidy tu ching minh diéu nay). Theo dinh 1y 5, ton tai véc to p # 0 va mot s6 € sao cho Vx e
Sthip'x>evap 0<e Doddoe>0. Tudiycop'x=p'(x' —x’) >¢ hay p'x' > e+ p'x’, Vx'
€S, va Vx> €S, (dpcm). W
1.4. No6n 16i va nén ddi cuc

Pinh nghia 5.

Xét mot tap hop khac rdng S < R™ S duoc goi 1a non (cone) véi dinh 0 néu
VA >0thitr x € Sludncé Ax € S. No6n S duge goi 1a nén 16i néu S 1 tép 16i.

Cho mot tap hop khac r5ng S = R". Noén dbi cuc (polar cone) cua S, dugc ky hi€u 1a S*, 1a tap
hop {p e R" :p'x <0,vx e S} . Néu S la tap rdng thi nén déi cuc s¢ 1a R”.
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Pinh Iy 11. Gia st C 1a non 16i, dong, khac réng. Luc d6 C** = C.

Hinh V1.6. Minh hoa nén dbi cuc

Chung minh (xem minh hoa trén hinh VI.6)

R rang C  C**. Chung ta di chimg minh chiéu nguoc lai bang phan ching.

Gia sir x € C** nhung x ¢ C. Theo dinh 1y 5 (vé siéu phang phdn tach mét tap 16i va mot
diém), lac @6 ton tai véc to p # 0 va mot sé thuc a sao cho: p'y <o, Vy e Cvap'x>a. Doy=0
eC,néna=0vap'x>0.

Béy gid chung ta s& chimg minh p € C*. Thét vay, néup ¢ C* thi tontai ¥ e C sao cho pTy
> 0. Do p' (LY ) c6 thé chon 16n tuy ¥ tuy thudc vao A nén diéu nay mau thuan v6i khang dinh: p'y
<a, Vy € C. Vay p € C*. Mit khic x € C**, nénp'x <0.

Diéu nay trai v6i khing dinh: p'x > 0. Ta ¢6 dpcm. W

Chii y. C6 thé chirng minh duoc rang dinh 1y 6 1 hé qua cta dinh 1y 11.

2. Ung dung giai tich 18i vao bai toan quy hoach tuyén tinh

2.1. Piém cwc bién va huéng cue bién

Pinh nghia 6. Cho tap 16i khac rong S < R". x € S duoc goi la diém cyc bién cua S, néu tir
x=2x'*(1-W)x*véix', x> €S vad e (0, 1) taludn c6 x =x"' =x%

Pinh nghia 7. Cho tip 16i khac rong S < R™. Mot véc to n toa o d # 0 duoc goi 1a mot
hudng ciia S, néutirx € Sva A >0 taluén c6 x + Ad € S . Hai hudng d' va d* dwoc goi 1a phan
biét néu d' # ad’, Vo > 0. Mot huéng d duge goi 1a hudng cuc bién néu n6 khong thé biéu dién
dudi dang t6 hop tuyén tinh dwong ciia hai hudng phén biét, tirc 13 néu d = A,d" + A,d” v6i A, va
A2 >0 thid'= ad® voi o dwong nao do.

Diic truwng ciia diém cwc bién va hwéng cwe bién ciia tip da dién 16i

Xét BTQHTT: Max z =c'x, v6i x € D = {xe R Ax =b, x > 0}. Chung ta luén c6 thé sip
Xép lai cac c¢ot ciia ma tran A (la ma tran cép mxn va c6 hang bﬁng m) dudi dang A =[N B],
trong d6 B 1 ma tran co sé cAp mxm c6 hang 13 m, N 1a ma tran cdp mx(n — m). Luc d6 cac rang
budc trén c6 thé viét duge dudi dang Nxy + Bxg =b vdi xy, xg > 0.

Pinh Iy 12 (vé ddc trung cia diém cuc bién).
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Cho D = {x: Ax =b, x > 0}, trong d6 A 1a ma trin cip mxn va c6 hang bang m. Mot diém

, \ X
x 1a di€m cuc bién ctia D khi va chi khi A c6 thé dugc phan ra thanh [N B] sao cho: x :{ N } =
XB

0 . \
l:B . b} , trong d6 B 1a ma tran kha nghich cap mxm thoa man diéu kién B'b>0.

Quay lai BTQHTT & chuong I ta thdy x 13 véc to cac toa do tmg véi cac bién co s (basic
variables) va xx 1 véc to cac toa do Gmg voi cac bién ngodi co s& (nonbasic variables).

Churng minh

A A A o Xy 0 s
Gia stir A c6 thé dugc phan ra duéi dang [N B] sao cho: x = = 5 |’ trong do6 B 1a
Xg -

ma tran kha nghich cdp mxm thoa man B™'b > 0.

R& rang rang x € D. Ta di chting minh x 1a diém cyc bién. Gia sir x = Ax' + (1-L)x” véi x',

x> e Dva\ € (0, 1), trong d6:

Lo 0 o | X X2
Thé thi: L =R +(1-2) .
B™'b Xyo X,y

Do X1, X212 0 nén x;; = x5; = 0. biéu nay kéo theo xj; =X, = B'b (vi xl, x% e D), nén ta
c6 x =x' =x°. Vay x 1a diém cuc bién cta D.

Nguoc lai, gia sir x 1a diém cuc bién cua D. Khéng lam giam tinh tong quat, gia s x = (0,
ooy O, Xnkt 1y eees xn)T trong d6 X, k+1, ..., Xy 12 cac $b duong. Ta di chiing minh k véc to ¢t sau
cung A, g+, ..., Ay cia ma trin A la doc lap tuyén tinh.

n

Gia str diéu trai lai: tdn tai cac $6 Ao rst y eery Apn kKhOng déng thoi bﬁng 0 sao cho Z ijj

j=n—-k+1
=0.Dat L= (0, ..., 0, hnxs1, ., An)' va xdy dung hai véc to: x' =x +aAl > 0vax’=x — ok >0
v&i o > 0 chon thich hop. Ta thiy Ax' = Z (xj + aM)A; = Z XiAj + o Z AiAj = b.
j=n—-k+1 j=n—-k+1 j=n—-k+1

Tuong tu, ta cling c6 Ax*=b. Vay x', x> € D va do a > 0 nén x', x* 14 hai véc to phan biét. Hon
nira, ta c6 x = (1/2)x' + (1/2)x*. Két qua thu duoc hoan toan trai véi gia thiét x 1a diém cuc bién
cua S.

VAy Ap i1, ..., An 12 k véc to ot doc 1ap tuyén tinh. Do d6 c6 thé chon trong s6 (n — k) véc
to cOt con lai cila ma tran A, (m — k) véc to c¢Ot hop voi k véc to da cé thanh hé m véc to doc 1ap

tuyén tinh. Vi vay, A c6 thé duoc phan ra dudi dang [N B] trong d6 B = [A,_m+15 ..., Ayl [ ma
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tran c¢6 hang lam. Do Ax=bnén [N Blx=b. To dé c6 x5 =(0, ..., 0, Xp4s1, ..., Xn) =B 'b, &

day xp c6 m toa d6. Do x;> 0 v6ij=n—k +1,n nén B 'b>0. Pay la dpcm. W

H¢ qua 12a.

S6 cac diém cuc bién cta D 13 hiru han.

(Danh cho ban doc tg chiing minh)

Pinh Iy 13. Cho D = {x € R™ Ax =b, x > 0} khéc rdng, trong d6 A 1a ma tran cip mxn va
c6 hang bang m va b 1a véc to c6 m toa d9. Khi d6 D c6 it nhat mot di€m cuc bién.

Chitng minh

Gia st x € D, khong 1am giam tinh tong quat gia sit x = (0, ..., 0, Xp k1 ..., Xn)" VOi xj > 0,
Vi=n-k+1,n.Néu Ay, ..., A, 12 k véc to doc 1ap tuyén tinh thi k < m va x 1a diém cuc
bién. Néu trai lai, Ay i1, -.nr Ay phu thudc tuyén tinh thi ton tai cic O Ay sty «or An (trong do co it

n

nhat mot s6 dwong) sao cho Z AA; =0.Chon o= min {xj/A;: A >0} =x/A; . Xeét diém

jen—k+1 n-k+1<j<n

X véi cac toa do:

j

) X; —axj, Vj=n-k+1,n
X. =
0, Vvj=1,n-k.

DE thdy x| >0,Vj =n—k+1,n va x; =0véij=1,n-k.Honnita x| =0.

Ta cling co: i A; XJ( = i Aj(xj — o)) = i Xj Aj — o i AA; = b. Nhu

j=n—k+1 j=n—k+1 j=n—k+1 j=n—k+1
vay chiing ta da xay dung dugc diém x' € D véi nhidu nhét (k —1) toa d6 dwong. Qua trinh nay
duoc tiép tuc cho téi khi thu duge diém x* e D ¢6 cac toa do duong tuong ting véi cac véc to doc
1ap tuyén tinh (dpcm). ®
Pinh ly 14 (vé ddc trung ciia huwéng cuc bién).
Cho D = {x: Ax =b, x > 0} khac rdng, trong d6 A 1a ma trn cap mxn va c6 hang bang m, b

1a véc to ¢ m toa do. Mot véc to d 12 mot hudng cuc bién khi va chi khi A dugc phan ra thanh [N
- e
B] sao cho: B™'A;< 0 v6i cot Ajnao do ciia N, va d 14 véc to ty 1§ véi véc to d = { B‘J1 A } , trong
- j

d6 e; 1a véc to (n —m) toa do co tat ca cic toa do bang 0 trir toa do thir j bang 1.

Chitng minh

Néu B'Aj<0thid> 0. Ngoaira, Ad=0(do Ad=[N Bld=Nxe+Bx(B'A))= A —
A;=0) nén d 1a mot hudng cua D.

Bay gid chiing ta s& chimg minh d 14 huéng cuc bién. That vay, gia sa d = A,d' + A,d* véi
A, A2 >0 vad', d® 14 cac hudng ciia D. Chi y rang d c6 it nhit (n — m — 1) toa d bang 0 nén cac
toa d9 twong ung cia d', d* ciing bang 0. Do d6 ta co thé viét:

e. \ e , -
d1=a{ J}Vad2=a2[ J:|,V0'1(11,OL2>0.
12

22
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Do Ad' = Ad’>= 0 nén ¢6 thé rat ra duoc di, =dyp = —B’lAj. Vay d'va & trung nhau, hay d
1a hudng cyc bién. Tir d6 ¢6 d 1a hudng cuc bién.

Ta di chitng minh chiéu nguoc lai. Gia st d la hudng cuc bién cua D. Khong lam giam
tinh téng quat, gia st d= (0,...,61.,...,0,6”_“1,...,an )" véi cac toa do d,>0,Vi= m
va i=j. Ching ta s& chimg minh A, 1, ..., A, 1a cac véc to doc 1ap tuyén tinh. Gia st diéu tréi lai

dang thi tdn tai cac $6 Akt -y Ay KON déng thoi bé“mg 0 sao cho Z AMA =0.Dat A= (0,

i=n—-k+1

ey 0, Mgt 1y oens KH)T va chon o > 0 da nho sao cho ca hai véc to d' = d+orvad®=d-oanr khong

am. Ta thdy Ad' =Ad+aAL=0+a > XA, =0. Tuong ty ciing c6 Ad>=0.Dod', d*>0

i=n—-k+1
nén ching 1a cac huéng phéan biét ciia D (cha ¥ ring a > 0 va A = 0). Ngoai ra, d= (1/2)d' +
(1/2)d’. Piéu nay mau thudn voi gia sir d 13 hudng cuc bién ciia D. VAy Ay 1, ..., A, 12 céc vée
to doc 1ap tuyén tinh.

Do hang cia A = m nén k < m. Nhu véy trong sb (n — k) véc to cot con lai (trir cot Aj) ciia ma
tran A s€ c6 (m — k) véc to cft hop vdi k véc to da co thanh hé m véc to doc 1ap tuyén tinh. Khong
lam gidm tinh tong quat, gid su d6 1a hé A, 41, ..., Ay, Lic d6 A dugc phan rd dudi dang [N B]
trong 6 B = [Ap m+1, ..., An] 1d ma trdn vudng khong suy bién voi hang 1a m. Vay Ad=Bd+ Aid;
= 0, trong d6 d 1a véc to m toa do cudi cla a, con d i 1a toa do thirj cua d (cén chuy réng: néu
cot A; cling nam trong so cdc cot cua B thi do cac cOt Ay mii, ..., Ay 1a dOc 18p tuyén tinh nén ta co
ngay d =0 vad =0, tréi v6i gia thiét d 1a huong cua D). T docd d = —d;B'A;vadods d co

dang d = aj { }.Dé thdy d >0 va aj > (0, nén B’lAj <0 (dpcm). W

j
-B™ A,
Hé qua 14a.
S6 céc hudng cuc bién cua D 1a hitu han.
(Danh cho ban doc tu chirng minh)

2.2. Biéu dién tap 15i da dién qua diém cwc bién va huéng cuc bién

Theo dinh nghia, mot tap 16i da dién 1a giao cua mot s6 hitu han céc ntra khong gian dong.
C6 thé coi day 1a biéu dién ngodi cia tip 16i da dién. Con biéu dién trong cia tdp 16i da dién
(duoc Gmg dung rong rai trong quy hoach tuyén tinh va phi tuyén) thong qua cac diém cuc bién va
hudng cuc bién dugc phat biéu ngan gon nhu sau: Mdi diém cua tap 10i da dién D = {x: Ax =b, x
> 0} duogc biéu dién dudi dang t6 hop 16i cua cac diém cuc bién ciia D va mot td hop tuyén tinh
khong am cia cac hudng cuc bién cia no.

Pinh ly 15. Xét tap 16i da dién khac rong D = {x: Ax =b, x > 0} = R”", trong d6 A 1a ma
tran cép mxn va cé hang béng m. Gia st x', ..., x* 1a cac diém cuc bién caa D va d', ..., d" la cac

huéng cuc bién cua D. Lic d6 x € D khi va chi khi x c6 thé biéu dién duéi dang

k . u . ) [
XIZXJXJ+Z1MJCIJ,V('HZ7\.]=1, (6.3)
i= = i=
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220, Vj=1,

=~

, (6.4)
>0, vj=1,u. (6.5)
Chitng minh
Kk . u -k —_
Ching ta xdy dung tap A={ijxJ +Zude :ij =1, 420, Vi=1,k va p; > 0,
=1 j=1 j=1
Vj = 1Lu }. C6 thé chimg minh dugc A 14 tap 16i, dong va khac réng. Ngoaira A < D.
Pé chimg minh D c A bang phuong phap phan chimg, ta gia sir diéu ngugc lai: 3z € D
maz ¢ A . Theo dinh Iy 5 (vé siéu phcfng tach mot tap 16i va mot diém), lac d6 ton tai mot sb o va
mot véc to n toa dd p # 0 sao cho:

k . u .
pz>avap (Y Ax +> ud)<a, (6.6)

j=1 j=1
v6i cac A, pthod man (6.3), (6.4) va (6.5). Vi co thé chon duong va 16n tuy ¥ nén (6.6) dugc
thoa man chi khi p"d < 0, Vj =1,u . Ciing tir (6.6) khi chon cac s& Aj, p; thich hop thi s& ¢6 p'x’

<a, Vi=1,k.
Vay, tn tai p sao cho p'z > p'x, Vj = 1,k ,vap'd<o0, vj= 1u. (6.7)
Xét diém cuc bién X xac dinh bai p’ X = Max{p"x’: j = 1, ..., k}. Theo dinh 1y 12 (vé ddc

. 0
trung cua diém cuc bién) thi X :{8"1 b} trong @6 A = [N B] va B™'b > 0. Khong lam giam tinh

tong quat, c6 thé gia str rang B'b > 0. Luc d6,doz e Dnén Az =bva z' = (2", z3") 2 0. Tur
d6 cONzy+Bzg=bvazg=B'b—B'Nzy. Viy0<p'z—p'X =pn'zy + ps (B'b — B'Nzy) —

pe'B'b=(px' —ps'B'N)zx. Do zy> 0, nén tdn tai mot toa do J <m,saochoz>0va
px' —ps BA;>0. (6.8)
Chung ta s& chirng minh rang yi= B’IAJ- 1a véc to c6 it nhat mot toa do dwong. That vdy, gia

&

st diéu nguoc lai y; < 0. Xét véc to d= [ } trong do e; 1a véc to don vi c6 (n — m) toa do véi

i
toa do thur j 1a 1. Theo dinh 1y 14 (vé dac trung ciia hudng cuc bién) thi @ 1a mot huéng cuc bién
ctia D. Do p'd’ < 0 (theo (6.7)) nén pi— pBTB_lAj < 0. Piéu méau thuin voi py' — pBTB_lAj >(0da
biét & trén (xem (6.8)). Vay véc to'y; c6 it nhat mot toa do duong.
. 0 € = R
Chung ta di xay dung véc to x = 5 + A v | trongd6 b =B bvai= Mln { by
— j <i<m

yij > 0} = b /yi> 0. Ta thdy x c6 nhiéu nhit m toa d6 duong (toa do thir r bang 0, con toa do thir j
bang ). C6 thé chiing minh dugc x € D (vi Ax = B(B"'b—AB 'A)) + LA = b).
= Aj.

n-m-+i

Mit khéc, ta c6: y;=B'A; < By, = A< ZyijA
=]
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Do y,j # 0 nén tir day suy ra  Anmeis .5 Anmie 1> Anomertts ---, An, Ajla hé véc to doc 1ap
tuyén tinh. Theo dinh 1y 12 (vé ddc trung ciia diém ciee bién) thi x 1a diém cuc bién. Ngoai ra, ta
cling co:

T T T xej T T T TR-1
p'x=[p\ Pps]x By |T1Pi PR =APLY, =P X+ AP, ~PZB7A).

DoL>0va p; - p;B’1Aj >0 nénp'x > p'X. Pidu nay mau thuin vai tinh chit cta diém
cuc bién X (d xac dinh boi pX = Max {p'x: j = 1, ..., k}). Vay diéu chiing ta di gia sa: 3z € D
vaz ¢ A la sai. Noi cach khac D < A (dpcm). B

H¢ qua 15a.

Tap 16i da dién D = {x: Ax = b, x > 0} khac rdng, v6i A 1a ma tran cp mxn va c6 hang
bang m, c6 hudng cuc bién khi va chi khi D 1a khong gidi noi.

Chumg minh (danh cho ban doc tim hiéu) ¢6 thé dugc suy ra ngay tir dinh 1y 16.

2.3. Piéu kién tdi wu trong phwong phap don hinh giai bai toan quy hoach tuyén tinh

Pinh 1y 16 (diéu kién t6i wu).

Xét BTQHTT: Min z = c¢'x, v6i x € D = {x € R™ Ax =b, x > 0} khac rdng, trong d6 A la
ma trin cép mxn va c6 hang béng m. Gia st x', ..., x* 1a cac diém cuc bién cuia D vad', ..., d" 1a
cac huéng cuc bién cia D. Piéu kién can va du ¢&¢ BTQHTT c6 phuong an tdi wu la ¢'d > 0,
Vi=1,u.

Ngoai ra, néu BTQHTT thoa man diéu kién trén thi phuong an tdi uu dat duoc tai it nht
mot diém cuc bién.

Churng minh

Theo dinh 1y 15, BTQHTT duoc phat biéu lai nhu sau:

k u
Min ¢'x = CT(ijXj + ZHde ),

j=1 j=1
k - -

trong d6, > A, = 1(6.3), 42 0,¥j =1,k (6.4)va >0, Vj=1,u (6.5).
j=1

Boi vy, néu BTQHTT c6 phwong 4n téi wu voi ham muc tidu bj chan dudi, thi ¢'d > 0,
Vj= 1u (Néu trai lai, 3 j sao cho ¢"d< 0. Luac d6 do c6 thé chon K> 0 va lén tuy y, sé co6 ngay
c'x > — o). Nguoc lai, néu c'd > 0, Vj= 1,_u thi mudn dat gia tri Min ¢"x chi can cho Wi =
0,Vj= 'I,_uvé chon phuong an tdi wu tai diém cuc bién x' xé4c dinh boi ¢’ x'= Min{ X ji=1,..,

k} (dpcm). W
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Tiéu chudn t6i wu va thudt todn

Xét BTQHTT nhu cho trong gia thiét ctia dinh 1y 16. Theo dinh 1y nay ching ta s& tim
kiém phuong an t6i wu X trong cic diém cuc bién (trong truong hop BTQHTT c6 phuong 4n).
Tir dinh 1y 12 ta thiy, diém cuc bién X dugc chobdi X "= (X}, X5)=(b", 0) trongdé b =B
'b > 0, twong tng vé&i viéc A phan ra thanh A =[N B]. Gia st x = (X, X5) € D, liic d6 ta co:
Nx, +Bx, =b < x; =B'b-B'Nx,.

Do d6, c'x=c\Xy +CiXg = GGB b+ (cf —cgB N )x = c'X+(c —ciB'N)xy .
Vay ¢’x 2 ¢"X néu ¢ —IB-'N > 0 (do xx > 0).

Nguoc lai, gia sir diéu kién ¢, —ciB™'N > 0 khong duoc thoa mén, tic 1a 3 j € Jy sao cho
A e .
c,—CsBTA, <0.Pity; =B'A; vad = { ! }.Xét diém:

x=X +Ad. (6.9)
Liic d6 ta co: c'x=c'x+2(c —cgBA,). (6.10)

D@ thdy ¢'x < "X néu chon A > 0. Xét hai truong hop sau day:

Truong hop 1:y; <0. Do Ax = A(X + M) =AX +AAd = AX =Db nén x sé& la phuong an
(kha thi) néu x > 0. Diéu nay ludn xay ra vix = X + Ad; v6i A >0 va d > 0. Tur (6.10) ta thiy ham
muc tiéu ¢'x khong bi chin dudi.

Truwong hop 2: Piéu kién yj < 0 khong théa man. Dat b=B'b= Xg , chon A theo quy tac:

1<i <m
yij rj

b, b At A g
A= Min {—':yij >0}:—“20 , trong do yjj 1a toa do thiricuay; .
Ky hiéu céc bién co so ing véi ma tran co s¢ B 1a Xg, s Xg, s--s Xgpy » thi ta co:

b -2y, vi=Tm

rj

=0,Vi#], i¢{B,,...B, }=J,.

D thay x 1a diém cuc bién ¢6 nhiéu nhat m toa d duong. Néu b >0 thi A > 0 va do do
cx <X, Vay néu X 1a phuong an cyc bién khong suy bién thi x 14 phuong 4n cuc bién tdt hon

X.

Chii y. Trong phan nay ching ta dd nghién ctru mot cach kha chi tiét co s& (giai tich 16i)
cua phuong phap don hinh. Trong cac BTQHTT c¢& trung binh, phuong phdp don hinh luén té ra
rat hiéu qua. Tuy nhién trong cac BTQHTT c¢& 16n (v6i sé bién 16n va nhiéu rang budc), c6 thé sir
dung mot phuong phap khac: d6 1a phuong phap diém trong do Karmarkar dé xuét. Phuong phap
nay sé duoc gidi thiéu trong phan cubi ctia chuong VI.

151



3. CAc tinh chit ctia ham 16i

3.1. Céc dinh nghia va tinh chét co ban

Chung ta d3 biét trong chuong V khai niém ham 16i: Cho mot tap 16i khac réng S « R".
Ham f: S — R duoc goi 13 ham 16i néu ta ludn c6 f(Ax' + (1- L)x?) < Af(x") + (1- Mf(x?D), VA e
[0, 1], Vx', x*€S.

Pinh nghia 7. Xét ham 16i f: S — R. Liic d6 tap S, = {x € S:f(x)<a} véi aeR duge
goi 1a tap mirc dudi a trong tng véi ham 16i f.
[ f(x1,%2) = X12+X22

X2

N
>

> Saia = {(X1,X2): X¢2+%,° < 3/4}
Hinh VI.6. Minh hoa ham 16i va tap mirc duéi
Vidu 2. z=f(x,y)=x>+y* S © R* > R la ham 15i néu S 1a tap 16i khac rdng. Tap mirc
S3/4 dugc minh hoa trén hinhVI1.6.
Ta théy Vo, S, 10i néu f 1a ham 16i. That vay, cho x, X, € S < S va xét x = Axy + (1-
M)xa, VA € (0, 1). Do f1a 161 nén: f(x) < Af(x;) + (1-A)f(x) < Ao + (1-A)a = o VAy x € S,.
Pinh Iy 17 (tinh chat lién tuc ciia ham 16i).
Néu f: S — R 1a ham 16i thi f 12 ham lién tuc trong int S.
(Chtng minh: Danh cho ban doc tu tim hiéu).

Dao ham theo hwéng ciia ham 16i
Pinh nghia 8. Cho tap khac rong S — R" va ham f: S — R. Luc d6 dao ham tai X €S theo
hudng d € R" duge ky hiéu va dinh nghia boi
£(x.d)= lim & ”“i)‘f(x) .

A—0"

Vi du 3. Xét ham hai bién f(x;,x;) = x> +x3. Hiy tim dao ham f(X,d) tai diém
X =(X,,X,)=(1,1) theo huéng d = (2, 1/2).

X, + 20 + (X, + 20)% | = (x? + X3 2
f(i,d):m[u ) (2{ Floeded) 20,200
2

Tai (1, 1) ta c6 f(X ,d) = dxVf(1,1) = 5.
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Pinh 1y 18. Cho mdt tap 16i khac réng S < R" va f: S — R 1a ham 16i. Lac d6, V X € S va
huéng bat ky d € R” sao cho X+Ad €S v6i A > 0 du nho, ludn ton tai dao ham theo hudng:
f(X +Ad)-f(X)

f(X,d)= lim . .
Chirng minh

Chon A, > A; > 0 va du nhd. Do f1a ham 161 nén ta co:

f(¥+k1d)=f{i—1(i+xzd)+[1 —%Ji}si—;f(ijtxzd)jtp —;”—1}(?).

2 2 2

Ta diy suy ra: f(x+kf)—f(X)Sf(x+x;d)_f(x)
! 2

[f(X+Ad)—f(X)]/A phu thuéc A > 0 la ham khoéng giam. B6oi vay ta ¢6 gidi han:

Nhu vay, ham so0

lim f(x+2d)—f(X) :inff(mxd)—f(i)

A—0" Iy >0

(dpcm). H

3.2. Du6i vi phan ciia ham 16i
Pinh nghia 9. Cho f: S — R 14 ham 15i. Luc d6:
Epigraph cta fa tap hop Epi f = {(X, y):xeS,y>f(x)} ¢ R™.
Hypograph cua f'1a tap hop Hyp f = {(X, y):xeS,y< f(x)} cR™.
Xem minh hoa hinh VI.7.

y)\

0 Hyp f x

Hinh V1.7. Minh hoa Epigraph va Hypograph

C6 thé ching minh dugc tinh chat sau day: Cho f: S —R 1a ham 161, lac d6 Epi f 1a tap 10i
va nguoc lai.

Pinh nghia 10 (khdi niém dwoi vi phan).

Xét tap 161 khac rong S < R" va f: S — R 1a ham 16i. Luc d6 véc to & € R duoc goi la dudi
vi phan cua ftai X néu f(x)>f(X)+&"(x-X),VxeS.

Vi du 4. i) Xét ham y = f(x) = x*. Lac d6 véc to &= (2X) e R' chinh 1a dudi vi phan cua
ham da cho tai X (trén hinh VI.8a: &' =tga. ).
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A A
y y n
169] [ 4
I
/CYJ) S ,
&l =tga |
fx) |, f(X) o A
X X
0 X ox 0 X x
a) f(x) = x* b) f(x) = I x|

Hinh VI.8. Minh hoa hinh hoc dw&i vi phan
ii) Xét ham y = f(x) = [x|. VX #0, véc to E=sign X e R' chinh 12 dudi vi phan duy nhit
cia ham d3 cho tai X (trén hinh VI8b: &'= tg% = 1 tai X > 0). Con tai

X =0, ton tai v6 s6 dudi vi phan & e [-1, 1] R".

Pinh Iy 19 (vé su ton tai dwdi vi phan).

Cho f: S — R 1a ham 16i. Luc d6 voi VX < int S ludn ton tai véc to & sao cho siéu phing
H = {(x,y): y =f(X)+&"(x —Y)} la siéu phang tya cia Epi f tai (X,f(X)) tic 1a
f(x)=f(X)+&"(x =X), Vx e€S.Do do, & chinh la dudi vi phan tai X .

Chitng minh

Ta da biét Epi f la tap 16i va (X,f(X))eo(Epi ), bién cia Epi f. Ngoai ra
theo dinh ly 7 (vé siéu phcfng twa cua tdp I6i tai diém bién), lic do tdn tai véc to
p=1(&,,n) # 0,saocho V(x,y)eEpi f ludn cé:

el (x—%)+n"(y ~ (X)) <0 . 6.11)

R rang p khong thé duong duoc vi néu tréi lai chon y dwong di 16n thi suy ra (6.11) 1a sai.
Ta di chimg minh p # 0 bang phuong phap phan chimg. Gia str p = 0 thi co:

£ (x—X)<0,vx eS. (6.12)

Vi X eintSnén 3 %> 0 sao cho x =X + A&, € S. Do d9, thay vao (6.12) ta c6: AEJE, <0,
suy ra £)&, <0 hay & =0. Vaytacod p=(&,,u)=(0,0). Diéu ndy mau thuin véi gia thiét p =
0.Do d6 u<0. Dt £=&;/|p|. Tir (6.11) ta c6:

ET(x=X)-y+f(X)<0 (6.13)
dung moi (x,y) € Epi f. Vay H = {(X, y):y=f(X)+&"(x - X)} chinh 12 siéu phing tua cia Epi f
tai (X,f(X)). Hon nita, néu dit y = f(x) trong (6.13) thi c6: f(x)>f(X)+&"(x —X), Vx € S. Do

do6, & chinh la dudi vi phan tai X (dpcm). ®
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Hé¢ qua 19a.

Cho f:S— R1aham 16i ngit va X € intS. Luc d6 ton tai dudi vi phan & tai X sao cho:
f(x)>f(X)+E&"(x—X), Vxe Svax#X.

Chitng minh

Theo dinh 1y 19, ton tai dudi vi phan & sao cho:

f(x)=f(X)+ET(x —X), VX €S. (6.14)

Gia sir ton tai X#X sao cho f(X)=f(X)+&(x—X). Do f 1a ham 16i ngit nén
VA € (0,1)tacé:

A +(1-2)% < M (X)+ (1= 2)F(R) =F(X)+ (1 - L)ET (X - X). (6.15)

biat x =AX+(1-1)X trong (6.14) thi ta c:

FAX+(1-2)% |2 f(X)+(1-1)e" (X — X), diéu ndy mAu thudn véi (6.15). Vdy ching ta
c6dpcm. H

Chii y. Tai X c¢6 thé c6 nhiéu dudi vi phan (xem hinh VL.8b véi X = 0). Ngoai ra, diéu
khéng dinh nguoc lai cua hé qua 19a 1a khong ludn ding. Ttc 1a, néu f :S — R1a ham xac dinh
trén tap 16i S khic rdng va VXeintS, luon ton tai duéi vi phdn & sao cho:
f(x)>f(X)+E&"(x=X), V xe S vax # X, thi f khong nhét thiét 1a ham 16i trong S. Tuy nhién,
ching ta lai c6 dinh 1y sau.

Pinh 1y 20. Cho f:S— RI1a ham xac dinh trén tap 16i khac réng S — R". Néu
VXeintS, luon ton tai dudi vi phan & sao cho: f(x)>f(X)+ET(x-X), Vxe S va
x # X, thi f1a ham 16i trong int S.

Chitng minh

Cho x', x* € int S va cho A € (0, 1). Theo hé qua 3a cua dinh Iy 3, int S ciing 14 tap 16i nén
x =Ax'+ (1 —A)x* € int S. Tir gia thiét cua dinh 1y suy ra rang ton tai du6i vi phan & cia ham f

tai x = Ax' + (1 — L)x>. Do d6 c6 cac bit ding thirc sau:
FX) 2 A"+ (1= )X |+ (1-2)ET (X" = x*),
)2 F[ax! + (1= [+ 2T (X - x').

Nhan hai vé ciia cac bit ding thirc trén theo thir tw v6i A va (1 — L) rdi dem cong lai, ta thu
duge: Af(x")+(1-M)f(x*) 2 f[Ax' +(1-A)x* | (dpem). m

3.3. Ham 16i kha vi
Trong chuwong V, chung ta da biét dinh nghia ham kha vi cdp mot: Xét tap khac réng S <
R va f:S>R. Lac d6, f la kha vi tai XeS néu Vx e S thi

155



f(x)=f(X)+ VF(X)" (x —X)+ |[x = X| a(X,x =X), trong d6 lima(X,x-X)=0, conVf(X)

duogc goi la véc to gradient cua f

A o I J= (e
ox,  ox, T oox, |

n

Bé d@é. Cho f:' S — R 1a mot ham 16i. Gia st f kha vi tai X €intS, lic d6 ton tai duy nhét
mot dudi vi phan cua f'tai X la: & = VF(X).

Chitng minh
Theo dinh 1y 19, ta di biét tai X €intS t6n tai dudi vi phan. Ky hiéu & 1a dudi vi phan
cia ftai X, taco f(x)>f(X)+&"(x—X). Patx=X +Adtacod
f(X+Ad)>f(X)+AE7d . (6.16)
Do fkha vi tai X nén
f(X+2d)=f(X)+AVF(X) d + ||| (X, 1d) . (6.17)
Ly (6.16) trir (6.17) ta ¢6 0> A[&" = VF(X)" |d -4 d] a(X,%d). Chia ca hai vé cho A
(gid st A > 0) ta co:

0>[& - VF(X)] d —[d] (%, 1dl). (6.18)

Cho qua gi¢i han (6.18) khi A — 0, ta thu dugc 0> [€ - f(Y)]T d . Vid c6 thé chon bét ky,
ta chon d = &~ VF(X) thi c6: 02[& - Vf(X)[. Vay &= VF(X) (dpem). m

Pinh 1y 21. Cho tap 16i m& khac rdng S « R" va f: S — R 1a ham kha vi trong S. Liic d6:

f1a ham 161 < f(x)>f(X)+ Vf(X)"(x -X),VX,x €S (6.19)

o [Vix) - Vi(x')] ( -x")20,vx' x? €8. (6.20)

Dbi véi trudong hop f1a 16i ngit, trong (6.19) va (6.20) can thay dau > bai dau >.

Chitng minh

Trudc hét, ching ta chirng minh (6.19). Cho f 13 ham 16i, theo dinh Iy 19 va bd dé trén ta
thu duoc ngay f(x)>f(X)+ VF(X)"(x —X), VX,x € S. Chidu ngugc lai dugc suy ra tir dinh 1y 20
va bo dé trén.

Chung ta di chimg minh (6.20). Cho f 13 ham 15i thi theo (6.19) s& co:

f(x")>f(x?)+ VI(x*) (x" =x?) va f(x®)>f(x")+ VF(x")(x* =x").
Cong hai bat dang thirc trén s& c6 [Vf(x2 )= V(X' )]T (x* =x")>0.
Nguoc lai, cho Vx',x* € S. Theo dinh 1y gi4 tri trung binh, véi x = Ax' + (1 — L)x* ddi véi

mot gia tri nao do A (0, 1) ta co
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f(x*)—f(x")= VF(x)"(x* -x") . (6.21)
Theo gid thiét, ta c6 [ VF(x) - VF(x)] (x—~x")20 hay:

(1-2)[ Vf(x) - VF(X’ )]T (x2=x") 20 VI(x)"(x2-x")> Vi(x") (x? -x").

Tir (6.21) s& co: f(x*)>f(x")+ VF(x")"(x* =x"). Theo dinh ly 20, ta c6 dpcm. ®

Ham 16i khd vi cdp hai

Chung ta nhac lai khai niém ham kha vi cap hai trong chuong V. Xét tap khac rong S < R”
va ham f: S — R. Luc d6, ham f dugc goi 1a kha vi cép hai tai X néu ton tai véc to gradient
Vf(X)va ma tran dbi xing cép n, dugc goi la ma tran Hessian H(X ), sao cho:

f(X) = (%) + VE(R) (X =)+ ~(x =X H(R)(x %)+ [x - X (%, x %),

dung Vx € S, trong d6 lim a(X,x —X)=0.

Pinh ly 22. Néu S 1a tap 16i mo khéac rdng va f: S — R 1a ham kha vi c4p hai thi: ham f10i
khi va chi khi H(X ) ntra xac dinh duong vdi moi X €S.

Chung minh

Cho f 12 ham 16i va X €S. Can chimg minh rang x" H(X )x > 0 Vx €R". Do S la tap mo,
nén khi lay x bét ky thi X + Ax €S néu chon A dii nho. Theo dinh Iy 21 va theo gia thiét di cho,

ta co:

f(X +Ax) > f(X)+ AVF(X) x (6.22)
va  f(x)=Ff(X)+AVF(X)" x + %xszH (X)X + A2 ||x||2 a(X,AX). (6.23)

Lay (6.22) trir (6.23) ta c6: %XZXTH(Y)X + A2 ||x||2 a(X,Ax)> 0. Chia hai vé cho A va cho

A — 0, ta thu duoc x" H(X )x > 0.
Nguoc lai, gia st x" H(X)x > 0 dang Vx € R" va VX € S. Theo dinh 1y vé gia tri trung
binh, ta co:

f(x)=f(X)+ VE(X)"(x _y)+%(x CXTHE) X %),

trong d6 X =AX + (1 —A)x vsi A € (0, 1). Vi Xe S nén %(X—X)TH()“()(X—X)ZO, suy ra

f(x)>f(X)+ VF(X)"(x —X) (dpcm). W
Vi du 5. Xét ham mot bién f(x) = x* + 2x + 1 xac dinh trén R. Do H(X) = f”(X)=6X

khong 1a (nira) x4c dinh duong tai X =—1 nén f(x) = x’ + 2x + 1 khong phai 1 ham 15i.
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. 20
Vi du 6. V6i ham hai bienf(x)=x? + x5 ta c6 H( X) = {O 2} la (ntra) xac dinh duong

nén f(x) la ham 16i.
Chu y
Ma tran H(X ) 1a x4c dinh dwong néu x" H(X) x>0, V x €R", x # 0.
Ma tran H(X ) 14 nira xac dinh duong néu x" H(X)>0, V x R".
C6 thé kiém tra H(X ) 1a x4c dinh duong theo céac cach sau:
— Theo dinh nghia.
— Cac dinh thuc con chinh cua H(X ) ludn c6 gia tri duong.

— Céc gia tri riéng tim tir phuong trinh dic trung det(H-AI) = 0 déu c6 gia tri duong.

3.4. Cuc dai va cyec tiéu ciia ham 16i
Cho ham f:ScR" —»R. Chung ta mudn cyuc tiéu hod (cuc dai hoa) ham f(x) véi

xeScR", lic d6 ¢ bai toan tdi uu sau: M inf(x)
Vidu 7. Min f(x,,X,)=(x,-3/2)* +(x, —5)*, véi cac rang budc

X, + X, < 2
2x, +3X, <11
-X, <0
-X, <0.

Dé théy, mién rang budc S 1a tap 16i da dién, S 1a td hop 16i ctia bbn diém cuc bién (0, 0),
(0,2),(1,3)va (5,5, 0).

Xét bai toan cyc tiéu hoa Min f(x). Mot s6 khai niém sau duoc coi 1a d3 biét: S duoc goi
1a mién phuong an kha thi hay mién rang budc. Piém x €S dugc goi 1a phuong 4n kha thi hay
phuong 4n (néu ndi vin tit). X e Sdugc goi 1a phuwong an tdi wu toan cuc néu f(X)<f(x),
VxeS. Piém XeS duoc goi 1a phuong 4n tdi wu dia phuong néu f(X)<f(x), Vxe S N
N(X) voi Ne(X) 1a mot 1an can € du nho nao do6 cua X .

Pinh 1y 23 (cuee tiéu héa ham 16i).

Cho f:ScR" - R, vdi S la tap 16i khic rdng. Xét bai toan cuc tiéu hoa l\ﬁlelsp f(x). Gia
sit X € S 1a mot phwong an t6i wu dia phuong. Luc do:

—Néu f1a ham 16i thi X 1 phuong an t6i uu toan cyc.

— Néu f15i ngat thi X 13 phwong 4n t6i wu toan cuc duy nhat.

Chung minh

Gia str £1a ham 16i va X € S 13 mot phuong an tdi wu dia phuong. Do d6 ton tai mot 1an can

dt nhdé Ni(X) ciia X sao cho

f(X)<f(x), Vxe S A N(X). (6.24)
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Chtng minh bang phan chimg, gia sir diéu nguoc lai: X khong 13 phuong an t6i wu toan
cuc, thé thi 3 X e S sao cho f(X) < f(X). Vi f1a ham 16i nén vé6i A € (0, 1) ta co:

f(AX+(1-2)X) S A (X)+ (1= 2)F(X) < Af (X) + (1 - 2 )f (X) = f(X). (6.25)
Do A > 0 c6 thé chon kha nho, nén A% +(1-A)X e SAN (X), ta ¢6 (6.25) mau thuin véi
(6.24).

Gia sir £ 1a 16i ngit, thi theo phan trén, X 14 tdi wu toan cyc. Can chirng minh né 1a phuong

an toi uu toan cuc duy nhat. Gia sir ton tai mot phuong an x € S va c6 f(x) = f{( X ), thé thi

f(%x +%XJ <%f(x)+%f(i) ~f(X).

.1 1 A X g . -
Ngoai ra, EX + EX € S. Diéu nay mau thuan véi tinh toi vu toan cuc cia X (dpcm). B

Pinh 1y 24 (cuee tiéu héa ham 16i).

Cho f:ScR" — Rl1a ham 16i, xét bai toan cuc tiéu hoa I\{(Igisn f(x). Luc d6: XeS la
phuong an td1 wu khi va chi khi Vx €S, ludn ton tai mot dudi vi phan & cua f tai X sao cho
ET(x-X)=0.

Churng minh

Minh hoa hinh hgc cta dinh 1y duoc thé hién trén hinh VL9 (voi x < X thi ta chi ra dugc
duéi vi phan & = tg o va diéu kién &'(x —X)>0 dugc thoa man).

A

ol «x i X
Hinh VI.9. Diéu kién ti wu cho bai toan Min
Gia st £'(x-=X)>0, Vx € S, trong d6 & 1a dudi vi phan cta ftai X. Do f1a ham 15i, ta
co: F(x)2f(X)+&T(x —X)>f(X), Vx € S. Vay X 1a phuong an t6i wu.

Nguoc lai, gia sit X 1a phuong an t6i wu ctia bai toan. Chung ta xdy dyng hai tap sau day
trong R™:

tap A ={(x-%X,y):xeR",y > f(x)-f(X)]
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va tap A, ={(x-X,y):xeS,y<0}.

Dé dang kiém tra dugc A, va A, 1a cac tap 16i. Ngoaira, Aj N Ay =D vi néu trai lai thi ton
tai (x, y) sao cho x € S va 0 >y > f(x) —f(X ), mau thuan v&i gia thiét X 1a phuwong an tbi wu.
Theo dinh 1y 8, s& c6 mot siéu phang phan tach A va A,, tic 1a ton tai véc to (&, p) #0 va mot

s6 vb hudng o sao cho:
Er (X —X)+py <o tmg véix € R, y > f(x) - f(X), (6.26)

va E (X —X)+py >a tmgvéix € S,y<0. (6.27)
Trong (6.27) cho x = X vay =0 thi co a < 0. Trong (6.26) cho x = X vay =€ >0 thi c6
pe < o. Do € ¢6 thé chon tily ¥, nén u < 0 < o.. Tém lai ta c6 p < 0 va o= 0.
Gia st p = 0, thi tir (6.26) c6 &J(x—-X)<0, Vx. Pit x = X + & thi suy ra: 0 >
& (x —X) =g, ||2 hay &, = 0. Do (&, ) # (0, 0) nén p < 0. Chia ca hai vé cua (6.26) va (6.27) cho
—pvadat—&y/ p=Eg, chung ta co:

y >ET(x —X) tmg véix € R”, y > f(x) — f(X), (6.28)

va E"(x-X)-y >0 tngvéix € S,y <0. (6.29)

Trong (6.29) cho y = 0 thi ta ¢c6 &' (x-X)>0, V x € S. Tu (6.28) suy ra ngay
f(x)>f(X)+&"(x —X), Vx € R". Vay & la dudi vi phan ctia ham ftai X sao cho &' (x —X)>0,
¥V x € S(dpcm). B

H#é qua 24a. Trong diéu kién cua dinh 1y trén, néu S 1 tip md va X 1a phwong an ti vu thi
ton tai du6i vi phan &=0tai X.

H#é qua 24b. Trong diéu kién cua dinh 1y trén, néu f kha vi thi X 13 phwong an t6i wu khi
va chi khi VF(X)"(x —X)>0,Vx €S. Ngoai ra, néu S 1 tip mé thi X 1a phuong an t6i wu khi va
chi khi Vf(X)=0.

Viéc chimg minh hai hé qua nay kha dé dang, duoc danh cho ban doc.

Vi du 8. Xét bai toan t6i vu Minf(x,,X,) = (X, =3/2)* +(x, —5)
v6i mién rang budc

X, +X,<2
2x, +3x, <11
—X, <0

—X, <0.

bay la BTQHL (xem minh hoa hinh VI.10).
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\ 4

o) C(11/2,0) x4

Hinh VI.10. Bai toan quy hoach I6i

Piém B(1, 3) 1a phwong an t6i wu vi :
of /ox 2(x,-3/2 -1
o] B 1)
of Jox, 1) 2(x, —95) 1) -4
Trén hinh VI.10 ta théy, tai X=(1,3), V x thudc mién rang budc S, luén co

V£(1,3)"(x =X)>0.Do d6 X =(1,3) 1a phuong an t5i wu toan cyc.

Xét diém X = (0, 0) c6 Vf(o,O){ o] Do d6 ton tai xe S sao cho x —X hop véi

V£(0,0) goc ti hay VF(0,0)" (x —X) < 0. Vay X =(0,0) khong 1a diém tdi uu.
Pinh 1y 25 (cyc dai héa ham 16i).
Cho f:S < R" — R 1a ham 101, xét bai toan cyuc dai hoa M ast(X) .Néu X € S 1a phuong 4n

t6i vu dia phuong thi &' (x —X)<0,Vx € S, trong d6 & 1a mot dudi vi phan bat ky cia ftai X .

\ 4

0 a X X=b X
Hinh VI.11. Cuwc dai hoa ham 15i
Chitng minh
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Giasir X € S 1a phuong an ti wu dia phuong (xem hinh VI.11). Luc d6 ton tai mot 1an can
Ni(X ) sao cho f(x) < f(X), Vx eS N Ng(X).Liyx e Svar>0dunhothi X +A(x—X) e S
N Ny(X ). Do d6 X +A(x —X)] <f(X).

Cho & 1a dudi vi phan cta ftai X, do f1a ham 16i nén:

f[X+A(x —=X)]-f(X) = 1ET (x - X).

Tir céc bat dang thirc trén day suy ra A&T(x —X)<0. Chia ca hai vé cho A chung ta co
ET(x —=X)<0(dpcm). W

HE qua 25a.

Néu ngoai cac diéu kién ctia dinh 1y 25, ta gia thiét diéu kién f 1a ham kha vi thi: tr X e S
1a phwong 4n t6i wu dia phuwong suy ra Vf(X)"(x -X)<0,Vx eS.

Viéc kiém nghiém hé qua nay danh cho ban doc.

Chii ¥. Piéu kién néu trong dinh 1y chi 1a diéu kién can chir khong phai diéu kién du.

Vi du 9. Xét bai toan: Max y = x° véi xe S =[—1,2] . D& thiy yua. = 4 dat tai X =2. Trong
khi d6 tai X =0 thi Vf(X)=0nénVf(X)(x-X)<0,Vx eS. Tuy nhién, tai X=0 ham y = x*
khong c6 cuc dai.

Pinh ly 26.

Cho f:ScR" - R 1a ham 16i, S 1a mot tap 16i da dién compact. Xét bai toan: Max f(x)
v6i x € S. Luc do ton tai mot phuong an t61 ru toan cuc X voi X 1a mot diém cuc bién nao d6
cua S.

Chung minh

Theo dinh 1y 17, f 14 ham lién tuc. Vi S 1a tdp compact nén ham f s€ dat max tai mot diém
x' €S. Néu x’ 1a diém cuc bién cta S thi dd ching minh xong. Néu x’ khong 1a diém cuc bién
cua S thi co:

K K _

x' = inxi sao chol;, >0va in =1, v6i x; la cac diém cuc bién cia S, i= 1,k ,

i=1 i=1

- f(x’)=f(zk:xixi)szk:kif(xi)sf(x’)ixi —f(x')

i=1 i=1

= f(x,)="f(x')= ham f dat cuc dai tai diém cuc bién x; (dpcm). W

4. Cac Diéu kién tbi wu Fritz — John va Kuhn — Tucker

4.1. Bai toan t6i wu khdng cé rang budc

Pinh 1y 27. Xét ham f:R" - Rkha vi tai X. Néu ton tai huéng d sao cho
Vf(X)'d <Othi 3 &>0sao cho: f(X+Ad)<f(X) véi moike(0,8). Vi vay, d dugc goi la
hudng giam cia ftai X .

Churng minh
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Do f kha vi tai X, nén f(X+Aid)=Ff(X)+AVf(X)'d +k||d||oc(¥;7ud), trong do
o(X;Ad) — 0 khi A — 0. Tt d6 co:

f(X +2d) - f(X)
a

= Vf(X)"d + |d]|a(X; 2d).

Do Vf(X)'d <0 va a(X;Ad)—0 khi A — 0, nén 3 & > 0 sao cho f(X+1d)<f(X) véi
moiA €(0,38) (dpcm). W

Chii y. Néu hudng d 12 hudng giam thi ta c¢6 thé dich chuyén mot bude twong ddi ngin trén
hudng d dé ham muc ti€u giam di.

Hé qua 27a. Trong diéu kién cua dinh 1y trén, néu gia s thém X 13 diém cyc tiéu dia
phuong cua bai toan I\X/in f(x) thi Vf(X)=0.

Churng minh

Cho X 1a cuc tiéu dia phuong. Gia sa Vf(X)=0, dat d = —Vf(X) thi c6 ngay
Vf(X)'d <0. Theo dinh Iy 27, 3 §>0sao cho: f(X+Ad)<f(X) v6i moi € (0,8). Pidu nay
mau thuan véi gia thiét X 13 cuc tiéu dia phuong. Vay bit budc Vi(X)=0. ®

Pinh 1y 28 (diéu kién can dé cé cuc tiéu dia phwong).

Cho f:R" — R 1a ham kha vi cép hai tai X. Néu X 1a cyc tiéu dia phuong ciia bai toan
I}(/in f(x) thi Vf(X)=0 va H(X) la nta xac dinh duong.

Churng minh

Do f 12 ham kha vi cAp hai nén ta c6 khai trién Taylor t6i vi phan cép hai la:
f(X+1d)=f(X)+AVF(X)'d + %k2dTH(¥)d +2 ||d||2 o(X,Ad),

v6i a(X,Ad) — 0 khi A—0. Theo hé qua 27a, ta c6 Vf(X)=0. Mit khac, bang cach lam twong
ty nhu trong chimg minh ctia dinh 1y 27 (chuyén vé mét s s6 hang, chia hai vé cho A va lay giéi
han khi . — 0), ta c6: d'H(X)d>0,Vvd
= X'H(X)x >0,¥x =Ad = H(X)la nira xac dinh duong (dpcm). W

Pinh 1y 29 (diéu kién di dé cé cuc tiéu dia phwong).

Cho f:R" - R 1a ham kha vi cp hai tai X, Vf(X)= 0 vaH(X)xac dinh duong. Lic do,
X s& 1a cuc tiéu dia phuong. Néu ngoaira fla 16i tai X thi X 1a cuc tiéu toan cuc.

Chitng minh

Gia str X khong 1a cyc tiéu dia phuong, thi ta xay dung dugc diy {x,} hoi tu téi X sao cho
f(x*) < f(X). Ta ¢6 khai trién Taylor t6i vi phan cp hai tai X nhu sau:

f(x*)=f(X)+ VF(X)" (x" —¥)+%(xk —X)THE)(x* = %)+ [x* —XHZ o(X, X" —X),
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v6i a(X,x* —X) — 0 khi 2 — 0. Ky higu d* = (x* —X)/[x* -x

, ta s€ co
%(dk ) H(X)d* + a(X;x* —X)<0,Vk . (6.30)

Do “dk H = 1 nén c6 thé trich tir day {d*} ra mot day con {d*}s hoi tu téi véc to
d nao d6 véi |d|| =1 khi k — +oo. Tir (6.30) suy ra (d)"H(X)d <0. Diéu nay mau thudn vdi gia
thiét H(X ) x4c dinh duong. Vay X la cuc tiéu dja phuong.

Cho f18i thi f(x)>f(X)+ Vf(X)(x —X), V x € R". Do Vf(X)=0, nén f(X)<f(x),Vx e
R" (dpcm). W
4.2. Bai toan tdi wu ¢6 rang bude

Xét bai toan tbi uu Minf(x), véi hamf :Sc R" —R lakha vitai X €S,

Pinh nghia 11.

Cho mdt tap khac rdng S « R" va X e cl S. Non cac huéng chip nhén cia S tai X 1a tap D
= {d :d#0,X+Ad eS, VL e (0,6)} v6i mot s6 8 >0 nao db. d e D duoge goi la hudng chép
nhan.

Xét ham f kha vi tai X, lic @6 Fo= {d : VF(X)"d <0} dugc goi 1a nén céc huong cai thign
(Cht y rang: khi dich chuyén trén huéng d véi do dai budce dich chuyén 1a A di bé tir X t6i diém
x=X +Ad,taco f(X+Ad)<f(X)).

Pinh 1y 30. Xét bai toan M isn f(x), voi S khic rong va f :Sc R" — R 13 ham kha vi tai
X €S. Luc d6, néu X 1a diém tbi wu dia phuong thi FynD =@.

Churng minh

Gia str diéu nguoc lai: 3d € Fo " D. Vid € Fy nén theo dinh 1y 27, d 1a huéng giam, tirc
la 3 6; >0 sao cho :

f(X+21d)<f(X), ¥ 1€(0,8,). (6.31)

Do d € Dnén 3 4, > 0 sao cho:

X+MdeS,V 1e(0,8,). (6.32)

Tir (6.31) va (6.32) suy ra X khong thé 1a diém t6i wu dia phuong (dpcm). ®
Ta xét BTQHPT c6 rang budc dugc goi 1a bai toan P M isn f(x), véi S =
{x eX:g,(x)<0,Vi= m} , trong d6 g : R" — R va X la tap mé khac rdng. Theo dinh 1y 30,

diéu kién can dé X 1a cyc tiéu dia phuong 1a Fon D = @.
DPinh ly 31. Xét bai toan P. Gia su:

— X la phuong an tbi vu dia phuong.
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— T1a tap céc chi sb cac rang budc dugc thoa man chit tai X : 1 ={i 1g,(X) = 0} .

— T4t ca cic ham f, g;, Viel lakhavitai X, con g;lién tuc tai X,Viel.

Luc d6 FynG, =, trong do: G, = {d 1Vg,(X)'d<0,Vie I} la tdp cac hudng giam
cho tit ca cac ham rang budc gi(x) ma g,(X)=0, con F, = {d :VE(X)'d < 0} la nén cac hudng
cai thién tai X .

Chitng minh

Giastrd € Go. Do X € X, voi X 1a tdp mé nén 3 8, > 0 sao cho X+ Ad € X, VA €(0,3,). Do
g,(X) <0valaham liéntuc Vi ¢ 1 nén38,>0sao cho g(X +Ad )<0, VA e(0,8,)va Vi gl .Cudi
cing néud € Gy={d: Vg,(X)'d <0,Vi €| thi theo dinh Iy 27 s& ton tai 8> 0 sao cho g(X +Ad )
<gi(X), Viel,VAe(0,8,). Tucac phan tich trén day, taco X +Ad € S, VA e(0,3), trongdo 5=
Min {8y, 85, &;}. Vay d € D, v6i D 1a non cac hudng chép nhan cua S tai X .

Nhu vay ching ta di ching minh dugc Gy < D. Theo dinh 1y 30, do X 14 diém t6i wu dia
phuong nén Fp N D = &. Tu day suy ra Fo N Gp = (dpcm). B

Vi du 20. Xét bai toan Min f(x) = (x,-3)* + (x,—2), v6i cac didu kién rang budc

xf+x2<5 g,(x)=x2+x5-5<0
1 +X,<3 - g,(x)=x,+x,-3<0
12 g;(x)=-x,<0

X, >0 g,(x)=-x,<0.

Tai X =(2, 1)" co:

o 2% =3) | (-2 o |2x] |4 |1
V“”‘[Z(xz —ZJ‘ H Vg‘x’{zxj{z} ng(x"H

Do g,(X)=0,9,(X)=0, G, ={d:Vg,(X)d <0,Vg,(X)d <0} nén X = (2,1)" c6 kha
ning 1a phuong téi wu vi F, "G, =@ (xem hinh VI.12).

Xo A

o)

Hinh VI.12. Minh hoa trwong hop F, "G, =
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4.3. Piéu kién t6i wu Fritz — John

Dinh ly 32.

Cho tap mé khac réng X < R" va cdc ham £ R® > R, g: R" —> R ,véi i = 1,m. Xét bai
todn P: Minf(x) véi § = {x e X:g,(x)<0,Vi =1,_m} .

Xét diém XeS. Ky hiéuI= {i: g,(X)=0}. Gid st cac ham f, g;,Vi el kha vi tai X,
con g lién tuc tai X, Vi ¢ 1. Luc d6, néu X 1a diém cuyc tiéu dia phuong cua bai todn P thi ton tai

ugvau;, Viel, sao cho:

u,VF(X)+ Zungi(i): 0

Uy, U; 20, uy,u, khong dong thoi bang 0,Yi =1,m.

Ngoai ra, néu gia thiét thém g; ciing kha vi tai X,Vi ¢ I, thi ta co:

u,VFf(X) + iungi(i) =0
i=1
u,g,(X)=0,vi =1,m
Ug,U, 20, uy,u, khongdong thoibang 0,Vi =1,m.
Churng minh
Néu X la phuong 4n tdi wu dia phuong thi Fy N G, = & nén 3 d sao cho:
Vi(X)'d <0vaVg,(X)'d<0,Viel hay Ad<O0, véi A 1d ma trin c6 cic hang la
VE(X)",Vg,(X)",Vi el . Vay h¢ Ad <0 vo6 nghi¢m.
Theo dinh 1y 9, c6 ding mét trong hai hé sau c6 nghiém: h¢ 1: Ad <0, hé 2: ATp =0vap
>0.Vay3 p>0vap=0saocho ATp = 0. Do d6 ton taiug vau; >0, Vi € 1, sao cho:
u, U

[VE(X),...,Vg,(X),...]x| 7 |=0 véip=| " [>0.
u, u

Nhu véy ching ta d4 chimg minh xong phan dau cua dinh 1y 32. Phan sau ciia dinh 1y ¢
thé dugc ching minh bang cach dit u; =0, Vi ¢ (dpcm). W

4.4. Piéu Kién t6i wu Kuhn — Tucker
Dinh ly 33. Cho tdp m& khéac rong X < R" va cac ham f, g, : R" — R, Vi =1,m. Xét bai

todn P: Minf(x) véi S = {XeX:gi(X)SO,Vi =1,_m}.Cho XeS.
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Ky higu I = {i 1g,(X) = O} . Gia str cac ham f, g,,Vi €l kha vi tai X, con g; lién tuc tai
X,Vigl. Ngoai ra, gia st Vg,(X),Vi el 1a cac véc to doc lap tuyén tinh. Lac do, néu X 1a

diém cuc tiéu dia phuong cua bai toan P thi 3 u;, V i € I sao cho:

Vi(X)+ > u,Vg,(X)=0 véi u;>0,Viel

iel

Hon nita, néu Vi gl , g; cling kha vitai X thi 3u;, Vi=1,m sao cho:

u,g;(x)=0,vi =1,
u, >0,vi =1,m
Churng minh

Ta di chimg minh phan d4u cua dinh ly. Theo dinh Iy 32, ton tai Uy, 0, Vi el sao cho
u,VFf(X) + Zﬁngi(i) =0. Mit khéc, ta thdy u, #0 (vi néu ug = 0 thi cic véc to g, (X),Vi €l

iel
1a phu thudc tuyén tinh, mau thudn véi gia thiét). Chia ca 2 vé cho ug va dat u, =G, /u, thi phan
dau cua dinh 1y dugc ching minh xong. Dé chimg minh phan sau cua dinh 1y, ta chi can dit u; =
0, Vigl (dpcm). ®
Tom lai, néu X 1a phuong 4n t6i uu dia phuong thi X thoa man diéu kién Kuhn — Tucker

dugc viet mot cach ngan gon hon nhu sau:

VF(X)+Vg(X)u =0

u'g(x)=0
u=>0.
trong 6 Vg(X) la ma tran véi céc cot 1a Vg, (X), Vi=1,m, conu= (u, uy, ..., uy)" 1a véc to

m toa 9. Vay diéu kién Kuhn — Tucker 14 diéu kién can dé X 1a phuong an t61 wu dia phuong.
Pinh 1y 34. Cho tap mé khéac réng X < R" va cac ham f, g, :R" - R, Vi =1,m. Xét bai
todn P: Minf(x) véi $ = {x € X:g,(x)<0,Vi =1,_m} .Cho X €8S.

Ky hiéu I = {i:g;(X)=0}. Gia st cic ham f, g;,Vi €| 1a cdc ham 16i va khd vi tai X.

Luac d6, néu 3 u;> 0, V i e I sao cho: VF(X)+ Z:ungi (X)=0, thi X 1a diém cuc tiéu toan cuc
iel
cua bai toan P.
Chitng minh
Gia str x cling 1a mot phuong an (kha thi) cia bai fodn P. Liac do, Vi €l ta cd gi(x) <
gi(X). Do g; 1a ham 16i tai X nén:
9i[X+A(x =X)] = g;[Ax + (1 —2A)X] <Maximum {gi(x), gi(X)}=gi(X), VA € (0, 1).
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Diéu nay c6 nghia 1a ham g; s& khong tang khi ta dich chuyén tir diém X trén huéng x — X
mdt budce tuong ddi ngan. Theo dinh ly 27, ta 6 Vg,(X)"(x —X) < 0. Nhan cac bat dang thirc
ndly v6i w va cOong lai, ta nhan duogc: [z uvg (X)'I(x-x)<0. Tu gia

iel

thiét, Vf(X)+ > u,Vg,(X)=0, suy ra Vf(X)"(x —=X)=0. Do fla ham 16i tai X, nén ta c6 f(x) >

iel

f(X) (dpcm). W

MG rgng diéu kign toi wu Kuhn — Tucker

Dbi v6i cac BTQHPT tong quat hon, khi cac rang budc co dang bat dang thuc va / hoic
dang thac, c6 thé chiing minh dugc dinh 1y sau day (ban doc c¢6 thé xem thém trong cac tai liéu
tham khao)

Pinh Iy 35 (diéu kién téi wu can va di).

Cho tap mo khac rSng X < R". Xét bai toan P: Min f(x) v6i x € S dugce xac dinh bai cac
diéu kién rang budc sau:

g,(x)<0,i=1m
h,(x)=0, i=1r
xeXcR".

Gia st X € Svacacham f, g,,Viel (voil= {i :gi(i)=0}) la kha vi tai X, con cac
ham g; 1a lién tuc tai X,Vi ¢, cac ham h; 1a kha vi lién tuc tai X, Vi =1,r. Ngoai ra, gia su
Vg,(X),Viel vaVh,(X),Vi = 1,r 1a céc véc to dc 1ap tuyén tinh.

Ltc d6, néu X 1a diém cuc tiéu dia phuong cua bai toan Pthidu;, Vi e [, vav, Vi=1,r,
sao cho:

Vi) + Y u,vg, (%) + Y v,Vh,(X) =0

iel i=1
u, 20,viel.
Néu ngodi ra, cac ham g, :R" - R,Vi ¢ | ciing kha vi tai X € S, thi diéu kién Kuhn —

Tucker (diéu kién can) dé X € S 1a phuong an tdi wru ¢ thé duoc viét nhu sau:

m r
VE(X)+ > u,Vg,(X)+ > v,Vh,(X)=0

i=1 i=1
u,g;(x)=0, Vi=1,

u, >20,vi=1m.

Nguoc lai, cho X € S va cac diéu kién sau day dugc thod man:
~3u; 20, Viel va3 v, Vi =1,r, sa0 cho: VF(X)+ > u,Vg,(X)+ > v,Vh,(X)=0.
iel i=1

—Céacham f, g,,Vi el la cdc ham 16i va kha vi tai X,
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—Vied= {i TV > O} , cac ham h; 12 164, con Vi eK = {i HARS O} , cac ham —h; 1a 10i.
Lic d6, X 1a diém cuc tiéu toan cuc cta bdi todn P.

Vi du 11. Xét BTQHL: Min f(x) = x,> + x,7, v0i céc rang budc

2 2
X3 +X;<9
-Xx, <0
-X, <0

X, +2x, =4.

D@ thiy:

v =| 2 | vg. =| % | vg, =| M vg. =[© |vh |
HE N A P B [ e T e P

Vay diéu kién Kuhn — Tucker ¢ dang:

p
2x, 2x, -1 0 1
+U, +u, +U, +V, =0
2X, 2x, 0 -1 2

u,(xj +x5-5)=0

A=

Uy(—x;)=0
Us(=x;)=0
L u, 20.

o 4/5 L ) _18/5 1
Xét X = . Ttr hé trén ta c6 u=w,=u;=0. Vay +V, =0 hay v; =-8/5.
8/5 16/5 2

4/5 .
Do d6 theo dinh 1y 35, X = {8 /5} la phuong an toi vu toan cuc.
Vidu 12. Xét BTQHL:

Min f(x)=2x2 +3x5 +4x,x, —6x, — 3X,
4 4
-6 3] |+ 1[x, x,] X
X, | 2 4 6] X,

X, +X, <1
2x, +3x, <4
-X, <0

-X, <0.

véi cac rang budc

Luc nay diéu kién Kuhn — Tucker ¢6 dang:
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([4x, +4x, -6 1 2 -1 0
+U, | [+U,| . |+U, +u, =0
6x, +4x, -3 1 3 0 -1

u,(x; +x,-1)=0
{u,(2x, +3x, —4)=0
u,x, =0

u,x ,=0

(U, 20,vi =1,4.

1 3 -2 1 0
Xétf=[0}.Tfrhédiéukiéntréntac()u2=u3=0nén{ 1:|+U1|:1:|+U4|: 1}=0. Do do
\ N b e ‘
u=2vauy=1.Viy X= 0 la phuong an toi uwu toan cuc.

5. Mt s6 phwong phap hwéng chip nhan giai bai toan quy hoach phi tuyén

Trong muc ndy chung ta trinh bay vén tit mot sd phuong phap hudéng chip nhan giai
BTQHTT thong qua mdt vai vi du don gian. Cac phuong phap nay déu hoi tu t6i cdc diém théa
mén diéu kién Kuhn — Tucker. Vi vay, néu céc gia thiét cua dinh 1y 34 hay 35 duoc théa man thi
day chinh 1a cac diém tdi uu toan cuc.

5.1. Phwong phap huéng chip nhan

Trude hét can nhic lai mot sb khai niém sau day. Xét bai toan t6i wu Min f(x) véix € S, trong
do f: R" — R va S 1a tap 16i khac rdng, S < R". Mot véc to d = 0 duoc goi 1a mot hudng chdp nhan tai
X € Snéu3d>0saocho X +Ad € S ding VA € (0, 8). Ngoai ra, d dugc goi 1a hudng cdi thién tai
X €S,néu3d &>0saocho X +Ad e Svaf(X +Ad) <f(X), dung VA € (0, §).

Nbi dung ciia phuong phép huéng chap nhan, hay con duogc goi 1a phuong phap hudng kha
thi (method of feasible directions) nhu sau: Tai mdi budc lap, ing v6i phuong an x* hién cé, phai
xay dung dugc mot hudng cai thién d*. Sau d6, can xéac dinh do dai budc dich chuyén, A >0, dé
dich chuyén tir x* sang phuong 4n méi x**' trén huéng d*, can ctr bai toan t6i wu v6i mot bién A
(duoc goi 1a bai todn tim kiém trén hudng): Min f(x* +1d*), sao cho x* + Ad* € S. Tur d6, tim
duoc gia tri t6i wu cia A va nhan duge phuong an x*' = x* + Ad* t6t hon (hodc it nhat tit bang)
phuong an x*,

Vi du 13. Xét BTQHPT: Min f(x)=8x? +10x2 +12x,x, +50x, —80x,
v0i cac rang bude

9,(x)=x,+x,-1<0
9,(x)=x,-1/2<0
Xy, X, 2 0.
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Ta thay:
o*f | ox? o*f 1 ox,0x, 16 12 , A

H(x1,x2) = = xac dinh duong nén day 1a BTQHL.
o*f | ox,0x, 0°f/ox> 12 20

Buée lgp 1: Xét x' = (0, 0), ta co:

i:16x1 +12x, +50

0X, 50
. — Vf(0,0)= 50|
— =20x, +12x, - 80 -
0X,

D@ dang kiém tra dugc Vx = (X4,X,)€ S, trong do S 1a mién rang budc di cho, ta co:

d(x) = Vf(0,0)" (x —x") = (50,—80)[)(1 } = 50x, — 80X, .
X3
Xo A
A(0,1)
B(1/2,1/2)
ONVf  c(1/2,0) X1

HinhVI.13. Minh hoa phwong phap huéng chip nhan
Tur d6 c6: @(0) = 0 (xem hinh VI.13), ®(B) =15, ®(A) =— 80 va ®(C) = 25. Do O(A) <
0, x' = (0, 0) chwa phai 12 phuong 4n t6i wu. Chon hudng d'= OjA = (0,1) 12 hudng chap nhan. Dé
tim d6 dai bude dich chuyén A > 0, chiing ta xét bai toan sau: Minf(x" +Ad") =101% —80A , voi
diéu kién rang budcx' +Ad" €S hay A € [0, 1]. T dd c6L =1.Do d6 x> =x"+ 1xd' = (0, 1).
Buée lap 2: Xét diém x* = (0, 1), ta co

Vf(0,1):{16& +12x2+50} _ { 62} .

20x, +12x, -80 -60

Xét bai toan Min d(x) = VF(0,1)" (x —x*) = (62x, — 60x, + 60) véi x =(X,,X,) € S. D&
dang tinh dugc ®(0) = 60, ®(A) = 0, ®(B) = 61 va ® (C) = 91 nén Min O(x) = 0 dat dugc tai
A(0, 1), Do d6, v&i moi huéng chap nhan d luén c6 VF(0,1)"d > 0. Vay ta dimg tai phuong an

tdi wu x> = A(0, 1) do khong con kha nang cai thién dugc ham muyc tiéu.
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5.2. Thuit toan Frank — Wolfe giai bai toan quy hoach 16i ¢6 mién rang budc 1a tip 16i da
dién

Vi du 13 minh hoa cho thuat todn Frank — Wolfe, mot trong cac phuong phap hudng chép
nhan giai BTQHPT: Min f(x) véi x € S = {x: Ax < b}, trong d6 S duogc gia thiét 1a gidi noi.

Buwoc khai tao

Tim mot diém x' €S (néi chung x' 1 diém cuc bién ), datk := 1.

Cdc bwoc ldp (budc 1ap thi k)

Buéc 1: Tinh VE(x").

Buée 2: Xac dinh ham d(x) = VF(x*)" (x —x*).

Giai bai toan Min ®(x) voix € S.

Buoc 3:

i) Gia sir p = Min d(x) = ®(x') va p>0 thi dimg véi x* 1a phuong an t6i wu.

ii) Néu p< 0 thi d* = x' — x* chinh 14 huéng giam tét nhét.

iif) Néu [VF(x*)"(x' =x*)| <& thi dimg véi x' 1a nghi¢m gén diing c6 d¢ chinh xdc ¢, trong
d6 ¢ 1a s6 dwong kha nho tuy y chon trudc.

Budc 4:

Huéng cai thién 12 hudng d* = (x' — x¥). Tim d6 dai budc dich chuyén A > 0 bang céach sir
dung k¥ thuat toi wu thich hop dé giai bai toan Minf(x* +Ad*) véi diéu kién x* + Ad* € S va tim
ra A. Tinh x*"' = x* + Ad*, dat k :==k + 1 va quay vé& budc 1.

Chii y. Dé giai bai toan & budc 4 phai c6 ky thuat tdi wu thich hop cho BTQHPT véi mot
bién A. K§¥ thuét nay duoc goi 1a ki thuat tim kiém trén hudéng (line search technique).

5.3. Phwong phap gradient rut gon

Trong muc nay, ching ta trinh bay phuong phap gradient rit gon (the reduced gradient
method) dé giai BTQHPT sau ddy: Min f(x) véi x € D = {x e R"-
Ax = b, x> 0}, trong d6 A la ma tran cép mxn, f(x) la ham kha vi lién tuc. Ngoai ra, diéu kién
khéng suy bién duoc gia st 1a dung, tc 1a m véc to cot bat ki cia A 1a doc 1ap tuyén tinh va mdi
diém cuc bién cua D déu c6 diing m toa dd duong (do d6, mdi phuong an x ciia bai toan déu c6 it
nhit m toa d6 duong).

Gia sir x 12 mot phuong 4n cuc bién cia bai toan. Luc d6 c6 thé phanrd A =[N B] véi B la
ma tran kha nghich,x" =[x{,x5] véi véc to bién co so xg > 0. Véc to gradient ciing dugc phan
13 mdt cach tuong tmg: VF(x)" =[V,f(x)",V,f(x)"]. D& dang chiing minh dugc rang d la mot
hudng cai thién tai x néu Vf(x)'d <0va Ad =0, toa d6 thir j cua d Ia d>0 néu toa do thir j cia

x 1ax;=0.Patd" = [d,d}], thi 0 = Ad = Ndy + Bds dugc théa min véi dg = — B 'Ndy.

Piat r’ =[r],ral= Vi(x)" =V,f(x)"'B'A=[V, f(x)" =V f(x)'B'N, 0], thi r' dugc

goi 1a véc to gradient rat gon. Luc d6 dé dang nhan duoc:
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VE(x)'d = V f(x)"d +Vaf(x)'dg =[V,f(X)" = Vf(x)'B'NId, =rqd,. (6.33)

Dé xay dung huéng cai thién d, can chon dy sao cho ryd, <0va dj> 0 mot khi x; = 0, sau
d6 chon dg =— B"'Ndy.

Vay chung ta c6 quy tdc xdy dung hudng cdi thién nhu sau: “véi mdi toa do j ung véi bién
Xj ngoai co s¢ chon d; = —1; néu 1; < 0, chon d;j = — xjr; néu ;> 07”. Quy tac nay s& dam bao rang d;
> 0 mot khi x; =0 va VE(x)'d <0 (néu dy # 0 thi ddu bét dang thirc 12 nghiém ngit).

Nhdn xét. Néu d # 0 thi d 1a hudng cai thién ham muc ti€u. Con d = 0 khi va chi khi x la
diém thoa man diéu kién Kuhn — Tucker.

That vdy, x la diém Kuhn — Tucker khi va chi khi ton tai céc véc to u va v

sao cho:
u' =(ug,uy)>(0,0)

[Vaf ()7, Vi f () 1+ VT (B,N) — (u] ]} ) = (0,0) (6.34)

T _ T _
ugXg =0,uyx, =0.

Do xg > 0, ul>0 nén uix,=0 khi va chi khi ul=0. T (6.34) suy ra
v =V f(x)'B™" va ul =V f(x)" +VvIN =V f(x)" =V f(x)' B'N. Do d6 uy = ry. Vay
diéu kién Kuhn — Tucker tré thanh ry > 0 va rgx, =0. Nhu vay, x la diém Kuhn — Tucker khi
va chi khid =0.

Sau day chung ta trinh bay thuat toan gradient rat gon. Viéc chirng minh tinh hdi tu cua
thuat toan t6i diém Kuhn — Tucker 14 khong dé dang nhung ciing khong qua kho, xin danh cho

ban doc tu tim hiéu.

Thudt todan gradient rut gon

Buoc khai tao

Chon mdt diém x' théa mdn Ax' =b, x' > 0. Patk = 1.
Cdc budc ldp (budce lap thi k)

Bude 1: Dat Iy 1a tdp m toa d6 16n nhét cta x,, B = {aij e L} vaN={a:j ¢ L},

M= Vi(x*)" -V f(x*)'B7A,

Sk
dj:{—rj . Vjiel*,r <0

—Xjr]- ’ Vjﬁlk,rj >0.

NéuVj & Iy, d;= 0 thi dimg.

Néu trai lai, dat (d*)" =[d,d}], v6i dy x4c dinh nhu trén va ds = — B"'Ndy.
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Buée 2: Giai bai toan tim kiém trén hudng Min f(x; + Ady) v6i 0 < A < Ayax, trong do

A =

max

—X" _
Min{d—k‘:d;‘<0} khi d“> 0
j

" khi d*> o0.

Pt x = x* + A** véi A* 1a phuwong an t6i wu cua bai toan trén va k = k+1, sau d6 chuyén
vé bude 1.

Vi du 14. Giai bai toan sau dy bang phuong phéap gradient riit gon.
Min f(x) = 2x? + 2x3 - 2x,X, — 4X, — 6X,, véi diéu kién rang budc
X, +X, +X; =2

X, +9X, +X, =95
Xy, Xy, X5,X, 20

Qua trinh giai dugc tom tit trong bang VI.1.

Bing VI.1. Tom tat cac budce lap trong phuong phap gradient rat gon

Budc . . . Hudng tim kiém Tim kiém trén huéng
- X f(x") I
lap k rk dk ;\‘k XkH
1 (0,0,2,5) 0 3,4} | (-4,-6,0,0) (4,6,-10, 5/34 | (10/17,15/17,
—34) 9/17,0)
2 (10/17,15/17, | —6,436 | {1,2} | (0,0,57/17, | (2565/1156, | 68/279 (35/31,
9/17,0) 4/17) —~513/1156, 24/31,3/31,0)
—513/289,0)
3 (35/31, 706 | (1,20 | (0,0,0,1) (0,0,0,0)
24/31,3/31,0)

Phuong phap gradient rit gon trén day 1a do Wolfe dé xuét. Sau nay, Abadie va Carpentier
da dwa ra phuong phap gradient tong quat dé giai cac BTQHPT véi rang budc phi tuyén.

5.4. Phwong phap don hinh 16i Zangwill

Phuong phap sau day do Zangwill dé xuét, ban dau dé giai cic BTQHPT véi ham muyc tiéu
10i va cac rang budc tuyén tinh. Phuong phap nay kha giéng voi phuwong phéap gradient rat gon,
chi khac & mot diém: tai mdi bude ldp chi c6 ding mot bién ngoai co so thay doi gia tri, cac bién
ngoai co so khac déu giir nguyén gia tri. Cac gia tri cua cac bién co s cling dugc thay d6i twong
tu nhu trong phuong phap don hinh. Tén ciia phuong phap vi vy 1a “phuong phép don hinh 16i”.

Gia sir x la mot phuong an cuc bién cua bai toan Min f(x) véi x € D = {x € R":
Ax = b, x>0}, trong d6 A 12 ma tran cap mxn, f(x) 1a ham kha vi lién tuc. Ngoai ra, ciing nhu trong
phuong phap gradient rit gon, chiing ta gia sir diéu kién khéng suy bién 1a dung, tirc 13 m véc to cot

bét ki cua A 1a doc lap tuyén tinh va mdi diém cuc bién cua D déu cb ding m toa d6 duong (do do,
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mdi phuong 4n x ctia bai toan déu cé it nhit m toa d6 duong). Bing cach phan rd ma trin A va x mot
cach thich hop, ching ta nhan duwoc: VFf(x)'d=  V f(x)'d, +Vyf(x)'dg =

[V f(x)" = Vgf(x)'B'NIdy =rqdy, = > rd, v6il la tdp céc chi so cua cac bién co s¢ (I =

jel
Jp). Dé xay dung huéng cai thién d, can chon ry va dy sao cho ryd, <0vad; >0 mot khi x; = 0,
sau d6 chon dg = — B"'Ndy.

Vay chung ta cd quy tic xdy dung hwéng cdi thién nhu sau: “Trude hét tinh
o =Max {-1j: ;< 0} vd B =Max {xr;; 1;>0}. Néu o= B =0 thi x 1a diém Kuhn — Tucker. Néu
trai lai, trc 1a c6 it nhat mot trong hai s6 o, B 1a duong thi cho o =—r,,d, =1 vadj=0, Vj gl vaj#
v, khi >3, vacho B =xr,,d, =1 vadi=0Vj ¢l vaj=v,khi a <f. Liac d6 huéng d 1a mot
hudng cai thién”.

Nhdn xét. Trong truong hop o > B chi c6 duy nhat mét bién ngoai co s& x, ¢6 gia tri ting
1én, cac bién ngoai co s¢ khac khong thay ddi gia tri. Con khi o < B chi ¢6 duy nhat mot bién
ngoai co so x, ¢o gia tri giam di, cac bién ngoai co s khac khong thay doi gia tri. Trong ca hai
trudng hop, cac bién co sd c6 gia tri thay ddi trén hudng dg= — B 'Ndy. Nhu vdy khi a > B, do d,
=1vadi=0,Vj¢lvaj#v,néndg=- B 'a, véi a, 12 véc to cot ciia A tuwong mg vdi x,. Con khi
a<Bthidg=B'a,dod,=—1vadj=0,Vjelvaj=v.

Ta di ching minh rang khi o = = 0 thi x 1a diém Kuhn — Tucker. That vay, x 1a diém

Kuhn — Tucker khi va chi khi ton tai cac véc to u va v sao cho:

u” =(uf,u})=(0,0)
[Vaf ()7, ¥, f(x) 1+ v (B,N) - (u],u}) = (0,0)

ugxg =0,uyx, =0.

Day chinh 1a diéu kién (6.34) da biét & muc 5.3. Do xz > 0, Ug >0 nén ulx, =0 khiva
chi khi ul=0. Tu (634) suy ra Vv' ==V f(x)'B'va u =V f(x)'+Vv'N=
V f(X)" =V f(x)"B'N. Do d6 uy = ry. Vay diéu kién Kuhn — Tucker tro thanh r, >0va
ryXy = 0. Diéu nay ding khi va chi khia = B =0.

Sau day ching ta trinh bay thut toan don hinh 16i Zangwill. Viéc ching minh tinh hoi tu
ctia thuat toan t6i diém Kuhn — Tucker 14 khong dé dang nhung khong qué kho, xin danh cho ban

doc tu tim hiéu.

Thudt gidi phwong phdp don hinh 16i
Buwéc khdi tgo. Chon mot diém x' thoa man Ax' =b, x' > 0. Patk == 1.

Cdc buwdc lap (budc lap thi k)
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Bude 1: Pat 1, 1a tip m toa d6 16n nhét cia x,, B= {a;:j € I} vaN = {a;: j & L.},
r'= Vi(x*)" -V f(x*)'B7'A.

Tinh oo = Max {-1j: 1; < 0} va B = Max {xjrj: 1; > 0}:

— Néua=p=0, dimg.

~ Néua > B,a=-r,thiditd,=1vadi=0,Vj e *vaj=v,

— Connéua<P,B=xrthiditd, =—-1vadj=0,Vje“vaj=v.
(trong d6 I* 1a tap chi sd cac bién ngoai co sd)

Pat (d*)" =[d ,dg], voi dy xé4c dinh nhu trén va dg = — B'Ndy .

Bude 2: Giai bai toan tim kiém trén hudng Min f(x + Ady) v6i 0 < A < Ay, trong do

7\‘max = j

X
Min{d—k’:djk<0} khi d*“>0
o khi d*> 0.

Pat x*' = x* + A" v6i A 12 phwong 4n t6i wu cua bai toan trén, thay k := k+1, sau d6
chuyén vé budc 1.

Vi du 15. Giai bai toan sau day bang phuwong phap don hinh 19i.
Min f(x) = 2x? + 2x3 — 2x,X, — 4X, —6X,, véi diéu kién rang budc

X, +X, +X; =2
X, +9X, +X, =5
Xq, Xy, X5,X, 20.

Qua trinh giai dugc tom tit trong bang VI.2.

Bing VI.2. Tom tit cac bude lip trong phuong phap don hinh 16i

Budc . . . Huéng tim kiém Tim kiém trén huéng
B X f(x) I

lap k * d 2k el
1 (0,0,2,5) 0 {3, 4} (-4,-6,0,0) 0,1,-1,-5) 1 (0,1,1,0)
2 (0,1,1,0) -4,0 {2, 3} (-28/5,0,0, (1,-1/5, 35/31 (35/31

2/5) —4/5,0) 24/31,3/31,0)
3 (35/31,24/31, 7,16 {1, 2} (0,0,0,1)
3/31,0)
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6. Gi6i thiéu phwong phap diém trong gidi bai toan quy hoach tuyén tinh

Phuong phap don hinh nhu ching ta da nghién ctru trong chuong II dugc coi la ra doi vao
nam 1947, khi Dantzig c6ng bd phuong phap don hinh giai cac bai toan 14p ké hoach cho khong
quan My. Trudc d6, vao nam 1939, nha toan hoc ngudi Nga Kantorovich (dugc giai thuong
Nobel vé khoa hoc kinh t& nim 1975), da dé cap t6i thuat toan giai cac BTQHTT trong quyén
“Céc phuong phap toan hoc trong t6 chirc va ké hoach hoa san xuat” in tai Nha xuat ban Dai hoc
qudc gia Leningrad. Tuy 1a mdt cong cu tuyét voi trong viée giai quyét cac bai toan thuc té trong
rat nhiéu linh vyec, thuat todn don hinh lai khong 13 mot thuat toan da thic.

Nam 1984, Karmarkar cong bd phuwong phép diém trong giai BTQHTT c6 dé phirc tap da
thire. Khac han phuong phap don hinh, xdy dung diy cac diém bién tot din 1én vé gia tri ham
muc tiéu, phuong phap diém trong xdy dung day cac diém trong hoi tu vé diém bién 13 phuong an
t6i wru. Pay 1a mot phuong phap cd co so toan hoc twong ddi phirc tap. Dé trinh bay van dé nay
mot cach d& hiéu, chung ta s& tom luoc phuong phap diém trong theo kiéu phuong phap huéng
chép nhan va minh hoa no béng mét vi du cu thé.

6.1. Bai toan ellipsoid x4p xi
Pinh nghia 12. Xét BTOHTT (goc): Min f(x) = ¢'x, véi x € D c R”, D duoc xac dinh boi
cac diéu kién rang budc
Ax=b (6.35)
x > 0. (6.36)

Mot phuong an kha thi X* = (x},X5,...,x§ ) € D duoc goi 1a nghi¢m trong cia BTQHTT

trén néu x* > 0, tirc 1a x¥>0, Vi=1,n.

Dé cho don gian, ta ciing goi nghiém trong x* 1a diém trong twong doi, hay ngan gon hon,
diém trong cia D (do x* luén nim trong da tap tuyén tinh {x e R"
Ax =b}). Néu thay diéu kién (6.36) trong BTQHTT trén boi diéu kién sau day:

i=1 i

(v — kY
x € EX= {xeR”:Z[xi kxij <p’, vdi 0<pﬁl}, (6.37)

thi chiing ta c6 bai toan elloipsoid xap xi cia BTQHTT d4 cho.

Bai todn ellipsoid xdp xi: Min f(x) = ¢'x v6i cac rang budc

Ax=b (1)
K 2
" (X, =X 2
erk={XeR":Z[ — 'J <p?, vo’sz']}.
i=t X;
EX chinh 1a mot  ellipsoid cd tam tai X< = (Xf,XS,...,Xﬁ) vOoi cac ban truc
pr, pxg,..., pXﬁ.Trong truong hop X? =X; =...=XE thi EX tré thanh hinh cu.

Vidu 16. Xét BTQHTT: Min z=—x; — 2%, + 0x3 + 0x4

voi cac rang bugc
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X1 +Xp + X3 =3
— X1 +X2 +X4 =1
X1, X2, X3, X4 20

Xo A

)

Hinh VI.14. Minh hoa phwong phap diém trong gidi BTQHTT

Trén hinh VIL.14, hinh chiéu cia mién D trén mat phiang Ox;x, la mién
duogc gidi han bdi tor giac OABC (ban doc c6 thé tu minh chung minh diéu nay). Piém x' = (1, 1,
1, 1) Ia mot diém trong cua D, con hinh chiéu cta no trén mit phéng toa d0 Ox;x, 1a diém
X' Joxx, = (1, 1). Pudng tron C ¢6 tam tai (1, 1) 1a hinh chiéu cua ellipsoid E' (lac nay 13 hinh cau

(x1=1)* + (xo=1)* H(x3—1)* + (x4~1)* = p) trén mit phing Ox;x:

4 (x 1Y
E'= X€R4ZZ( '1 jsz .
i=1

Luc d6, bai toan ellipsoid xAp xi (goi van tit 1a bai todn xdp xi) s& ¢ dang sau:

Min z=—-x; — 2x, + 0x3 + 0xy4, VOi cac rang budc

X1+X2+X3 =3
—X; +Xp +X4 = 1

X € {X€R4 :i(xi1_1j <p® c)Z‘t:(xi —1) sz}

i=1

C6 thé thdy ngay rang néu p < 1 thi Vx € E' ta luén ¢6 x > 0, con néu p < 1 thi Vx € E' ta
lubn c6 x > 0. Nhin hinh VI.14, ta thiy mién rang budc cta bai toan x4p xi 1a mién S* =D N E* 1a
mién con cua mién D. Ta di giai bai toan xap xi trén ddy (bai toan xap xi budc 1) dé nhan duogc
mot diém trong x* t6t hon diém trong x'. Theo phuong phap huéng chdp nhan da biét, dé xay
dung x* = x' + Ad' nhu vay, trudc hét can xac dinh dugc hudng cai thién (t6t nhat co thé) d' va
sau d6 can xac dinh budc dich chuyén A.
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Xdc dinh hwéng cdi thi¢n va buwéc dich chuyén

Trueong hop 1: Trude hét, ta di tim hudng cai thién cho truong hop E' ¢6 dang cau co tam tai
x' Vi tat ca cac toa d déu bang 1 (nhu trong trudng hop dang xét ciia vi du 16). Theo két qua da biét
ctia dai s6 tuyén tinh, néu A = [ajj]mxn €O hang bang r thi khong gian nhan Ker A 1a khong gian con (n
— 1) chiéu, con khong gian hang R(AT) = {x eR™ x = Ay, y eR™} 1a khong gian con r chiéu. Ngoai
ra, Ker A va R(A") 1a phan bu truc giao ctia nhau. Sau day chung ta xét truong hop r=m.

Ta di ching minh ring phép chiéu mot phan tr x € R" lén Ker A duoc
xac dinh boi: P(x) = (I- AT(AAT)-1A)x. That vidy, xét phép chiu Q lén R(A"):
Q(x) = Argmin Hx -A'u

ueR™

, trong d6 Arg min duoc hiéu la “diém dat min cua

ham ”. Vay can giai bai toan sau: Min(x—ATu)"(x—ATu) hay bai toin
Min(x"x —2x"ATu + u"AAu)vdi u eR™. Nghiém ciia bai toan chinh la diém dimg u* = (AAT)
'Ax. Viy Q(x) = Alu* (ban doc hay chon mot vi du don gian va kiém nghiém cac két luAn mot cach
cu thé). Do d6 P(x) =x — Q(x) = (I— A"(AA") 'A)x (xem minh hoa hinh VL.15). P = - AT(AAT)-1A

duogc goi la ma tran chiéu 1én KerA.
Ker A

R(A")

Hinh VI.15. Minh hoa cac phép chiéu P va Q
Do x* =x' + Ad' nén Ax* =Ax' + AAd". Do d' € Ker A nén d' c6 dang Pv, véi v € R". Ta gia
st Hd1 H =1.Pé ham muc tiéu z = ¢'x = ¢"(x' + Ad") = ¢"x' + Ac"d" giam nhanh nhat trén huéng
d"  khi dich <chuyén tr x' t6i x°, phai chon huéng cai thién

1 P(-c) ;a2 Tql TE‘AA N aks 1x L. oA
= Luicdocd =-c¢ ||Pc|| la s0 am véi tri tuyét doi lon nhat co thé dat

_ __ Pc
[P |Pd]
dugc. Trén hinh VI.16, ¢'d' = — OB, véi OB 16n nhét c6 thé dat duoc (do AB 1a ngin nhat).

A

R(A") A

Ker A

Hinh VI.16. Xac dinh hwéng céi thién
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A Pe Can chonz > <p?® A sao cho dat dugc

[Pel

Vaytacox’ =x'—

) v6i cac rang bude

Pc
Min f(x' —A—=)=c" (x'
[P |
(6.38)

’

| Pc
AX —A:—)=b
[P

N (Xi—1j SPZQZHZ(Xi_‘])ZSpZ}, (6.39)

:21

i=1

x2=xlf7»&e E'= {XER“
MR
Rang budc (6.38) da duoc thoa man do cach chon d'. Bé théa man (6.39) phéai co

i(xl2 —1)2 <p’.

i=1
2
Pc i .
< p’, hay A < p. Vay co thé chon A = p. Bang cach

Do X: =1,Vi :'I,_n, nén cd A2 ||PC||
lam nhu trén, chung ta da xay dung duoc diém trong tiép theo 1a
voi p <I. (6.40)

2
XX P g q|

Vi du 16 (tiép). V6ix' = (1,1, 1, 1) va p = 0,995, ta co

1110 ~, 13 0
A= = (AATY ' =
110 1 0 1/3
113 0 -1/3 1/3 ~1/3
S 0 1/3 -1/3 -1/3 —2/3
P=1-A"(AA")'A= = Pc=
~1/3 -1/3 2/3 0 1
1/3 -1/3 0 2/3 1/3

.
= |Pc| =1,290994 = (x*)" = (x1 —p”';—c(}”] = (1,257, 1,514, 0,229, 0,743)
trén hinh VI1.14.

Hinh chiéu cua diém x* trén Ox,x, duoc thé hién boi diém x 0

Trwong hop 2: Ta c6 bai toan xap xi: Min f(x) = ¢'x, v6i cac rang bude

Ax=Db
(6.41)
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Sau déy ta di tim huéng cai thién cho truong hop E* ¢6 dang ellipsoid c6 tam tai x* voi
khong phai tit ca cac toa do déu bang 1 (nhu trong trudng hop dang xét cta vi du 16 v6in = 4).
Luc nay (6.41) tr¢ thanh

4 (x —x2Y
E’=i{xeR*: )" 'Xz' <p’
i=1 i

(x, —1,257)? . (x, —1,514) . (X, —0,229Y . (x, —0,743) <ot (642)
1,2577 1,5142 0,229 0,7432 '

Chung ta tim mot phép bién dbi dinh lai ty 18 affine (affine rescaling) dé dua ellipsoid E?

trén dy vé dang cau. Do 1a phép bién doi:

x,| [1,257 0 0 0 X!
X, | 0 1514 0 0 X,
X, | | 0 0 0229 0 x|
X, 0 0 0 0734] (x|

C6 thé viét phép dinh lai ty 1& dudi dang x = X*x/, trong d6 X*1a ma tran dudng chéo cap n:
X = diag(xf,xg,...,xﬁ ) v6i cac phan tir trén dudng chéo chinh 13 cac toa do cia x*. Lic nay bai
toan ellipsoid xAp xi c6 dang:
Min f(x) = ¢"X*x véi cic rang budc
AX*%'=b (6.43)
4 2
X e (B = {x’ eR*: Y (x/-1) < pz}. (6.44)
i=1
Néu dat ¢"X* = (¢)" va AX* = A, thi ta d& dua dugc trudng hop 2 vé trudng hop 1. Tuong tu
nhu bién ddi (6.40) ta c6 cong thirc tim (x°) cin cir (x*) nhu sau:

P'c X?P'X?%c

) =&Y - pw Bex =x* - ,)“P/T ,voi p<1, (6.45)

trong d6 P’ = (1 - X*AT(A(X?)?A") 'AX?) 1a phép chiéu xubng Ker (AX?).

6.2. Mt s6 thuit toan diém trong

Trude hét ching ta xét khai niém phuong an € — t6i vu cia BTQHTT. Nhu di biét trong
chwong I, néu (x, y) la cdp phuong 4n cia cip bai toan dbi ngdu thi
s'x =(c— A"y)'x =c"x — y"Ax = ¢"x — y'b chinh 14 d6 léch giira gia tri muc tiéu cia bai toan gdc
va bai toan dbi ngiu, con dugc goi 1a 15 hong d6i ngu (duality gap). Theo dinh 1y ddi ngiu
manh, néu x va y 1a cic phuong 4n tdi wu cia cac bai toan gdc va bai toan dbi ngau thi s'x = 0.
Vay chung ta xét dinh nghia sau:

Pinh nghia 13. Cip phuong an (kha thi) cua cip bai toan dbi ngiu duoc goi 1a cip nghiém
gan t6i wu hay € — t6i vu néu s'x <e.
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Thudt todn ty I affine géc buwdc ngin

Buwoc khdi tao.

— Nhép dit liéu ddu vao cia BTQHTT: A, b, c.

— Chonevap e (0, 1].

— Tim mot diém trong (diém trong twong doi) x' cia mién phuong an D néu c6.
— batk:=1.

Cadc bwoc lap (bwoc lap thir k)

Bude 1. Can cir diém trong x*, xac dinh X* = diag(x'f,xg,

X4 ) la ma trgn dinh lai ty 1¢
affine va tim y* = (A(X*’AT) 'A(X¥)’c (v* c6 thé 1a mot phuong 4n cua bai toan d6i ngiu néu no
thoa man thém mot so diéu kién).

Buée 2. Tim véc to bién bu s* ctia bai toan d6i ngau ung véi y* vira tim duoc theo cong
thire s*=c — ATy".

Bude 3. Kiém tra diéu kién & — t6i wu: Néu s* > 0 (ltc nay y* dung 1a mot phuong an bai
toan d6i ngau) va (s°)'x* = (x)'s* = e"X*s* < ¢ (e la véc to don vi n toa do) thi dimg. Phuong an
x* hién c6 1a phuong 4n € — t6i wu cua bai toan gde, con phuong an y* 1a phuong 4n € — toi wu cua
bai toan ddi ngau.

Buéc 4. Kiém tra tinh khong giéi ndi: Néu —(X*)*s* > 0 thi ding, ham muc tiéu cua bai
toan gbc khong bi chin dudi (do bai toan d6i ngau khong c6 phuong an kha thi).

Buée 5. Tim phuong an tiép theo

KT = xk (X*)’s" ’ (6.46)
[X<'|

; X*P/X*
Pidu nay 13 do X" =x* —p ‘ ©

W , trong 6 P’ = (I - X*AT(A(X*’ATY'AXY).

k+1

Bude 6. Kiém tra tinh t6i wu: Néu x ;7 =0v6i mot chi s0 j ndo do thi dimg. Phuong an x*"!

hién ¢6 14 phuong 4n tdi wu ciia bai toan gdc. Néu tréi lai, datk : =k + 1 va quay vé bude 1.

Viéc chirng minh mét cach chinh xac tinh hoi tu cta thuat toan trén (voi gia thiét moi
phuong 4n cuc bién cia BTQHTT khong suy bién) doi hoi nhiéu ¢b ging, xin danh cho ban doc
quan tim ty tim hiéu. Thuét toan diém trong nhur trinh bay trén ddy dwoc goi 1 thuat toan ty 18
affine budc ngan, vai Iy do: Khi ta xdy dung dugc cac diém trong kha sat gan phuong an cuc bién
t6i wu thi ellipsoid xap xi 1a rat det (c6 it nhat mot ban tryc rat nho) nén bude dich chuyén tiép
theo 1a rt ngan.

Pé tim diém trong xuit phat, cin xét BTQHTT ting cuong (bai toan M): Min(c'x +
Mxy1), V6i cc rang budc Ax + x,1(b — Ae)=b va (x", x,11) > 0, trong d6 M 14 s6 duwong rat 16n
va e la véc to don vi n toa d§. RS rang (XT, Xp+1) = (eT, 1)la diém trong cla mién phuong an cia
BTQHTT ting cudng. Cé thé giai duoc bai toan nay bang thuat toan ty 1¢ affine gbc bude ngin.
Hon nita, c6 thé chimg minh dugc rang néu bai todan M c6 phuong an toi wu (x', Xpr)' VO Xpiy =
0 thi x cling 1a phuong 4n tdi vu ctia bai toan gdc.
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Cdc thudt todn ty I¢ affine géc buwéc dai
Cho véc to u € R", xét cac ky hiéu sau: ||u||oc = Max|ui| va y(u) = Max{u;: u; > 0}. Dé
thdy, y(u) < ||u||w < ||u|| . Luc d6, néu thay cong thirc (6.46) trong thuét toan ty 1¢ affine budc ngin

bang mot trong hai cong thirc (6.47) va (6.48) sau day thi ta s& co dugc cac thudt toan ty 18 affine
budc dai loai 1 va loai 2:

K+l _ Uk (Xk )23k

—xk_p 2 )S 6.47
"] o
k \2 ok
xet gk p XS (6.48)
Y(X's®)

Cac thuét toan budc dai nhin chung c6 tdc do hoi tu nhanh hon thuét toan budc ngén. Hon
nita, voi diéu kién han ché p € (0, 2/3), thuat toan budc dai loai 2 hoi tu ngay ca khi diéu kién “tat
ca cac phuong 4n cuc bién cia BTQHTT la khong suy bién” khong duoc thoa man.

Can cht ¥ ring, trong ca ba thuat toan diém trong trén dy, hudng cai thién déu 1a huéng giam
nhanh nhét cia ham muc tiéu, dugc xac dinh théng qua phép chiéu 1én Ker A. Trong khi ¢ thudt toan
budc ngin chiing ta dimg lai & diém ndm trong ellipsoid xap xi, thi & cac thuat toan budc dai, dé xay
dung diém x*' chung ta van di tiép ra ngoai bién ctia ellipsoid nhung van nim & phan trong cta goc
toa do duong.

Bai tap chwong VI
Bai 1. Chimg minh cac tip hop sau 1a tap 16i, sau d6 mo ta bao déng, mién trong va bién cia
chung:
a. S={x=(x1, X x3)€ R X +x,=3,x, + X, + x3< 6},
b. S={x=(x1, X2, X3)€ R3: X12+ x22 + X32 <4,x;+x=1}.

Bai 2. Cho S = {x = (x3, X3, X3) € R x2+x°+x5°< 1, X2 — X, < 0} vay=(1,0, 2)T. Tim khoang
cach tir y dén S va diém cuc tiéu duy nhit tuong Gmg x* € S tng véi khoang cach do.
Viét phuong trinh ctia mot siéu phang tach.

Bai 3. Cho S; va S, 1a cic tap 161 roi nhau trong R". Chirng minh ring ton tai cac véc to p; va p,
khac véc to 0 sao cho p;'x' + p,'x* > 0 v6i moi x' € S; va x> € S,. Hiy suy ra két qua
tong quat hon cho trudng hop nhiéu tap 16i roi nhau.

Bai 4. Tim cac di€m cuc bién va hudng cuc bién cua cac tap 10i da dién sau:
3
a. S={x=(x1, X x3)€ R”: x; +x, + x3 < 10, —X; + 2x, = 4, X1, X2, X3 = 0}.

b. S={x=(x1, X2, X3)€ R3: X1+ 2%, 22, X + X2 =4, X1, X2 > 0}.
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c. S={x=(X1,Xz X3)€ R —x; +2x, < 3, x1+x2<52, xp<1, x4, X2 >0}, sau dé
biéu thi diém (1, 1/2) thanh t6 hop 16i cta cac diém cuc bién va huéng cuc
bién.

Bai 5. Néu f: R — R 1a ham kha vi cdp mot thi ta goi xap xi tuyén tinh cta nd 1a biéu thirc
f(X)+ VF(X)" (x —X) .Tuong ty, néu f 1a ham kha vi cip hai thi ta goi xdp xi toan phuong

ctiané 1a f(x) = f(X) + VF(X) (x —Y)+%(x ~X)"H(X)(x - X).

Cho f(x) = exp(x,® + x,°) — 5x; + 10x,, hily tim cac biéu thirc x4p xi tuyén tinh va x4p xi
toan phuong cua f(x) va cho biét chung 1a ham 16i hay ham 16m hay khong 16i khong 16m, tai
sao?

Bai 6. Xét bai toan tbi wu:
Max f(x) =3x; —x, + X32, v6i cac rang budc
{ X1 + X2 + X3 <0

—X; + 2%, +X32:0.
Hay phat bicu dicu kién Kuhn — Tucker cho bai toan trén va dya vao d6 tim
phuong 4n toi wu cta no.
Bai 7. Xét bai toan téi wu:
Min f(x) = (x; — 9/4)* + (x, — 2)%, V6i cac rang budc
X2+ X, 20
X, + X £6
X1, X2 2 0.
Hay phat biéu diéu kién Kuhn — Tucker cho bai toan trén va chimg t6 rang diéu kién nay
dugc thoa man tai X = (3/2, 9/4)".
a. Minh hoa diéu kién Kuhn — Tucker tai X bang d6 thi.
b. Chung t6 rang X 14 diém t5i wu toan cuc.
Bai 8. Dung phuong phap Frank — Wolfe giai cac bai toan quy hoach 16i sau:
a. Min f(x) = -2x; — 6x, + xi2 + xzz, véi cac rang bude
X+ 2x, <5
X, + X, <3
X1, X 2 0.
b. Min f(x) = (x; — 5/3)* + x> + (x3 —1/3)?, vdi céc rang budc
X1+ Xo — x3 £2
X+ X <12
2%, +4x, +3x3 £2

X1, X2, X3 > 0.
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Bai 9. Hiy tim hiéu co s& 1y thuyét va phat biéu chi tiét thuat toan Frank — Wolfe. Sau dé lap
chuong trinh méy tinh bang ngén ngir Pascal hodc C va chay kiém thir cho bai tap 7 trén

day.
Bai 10. Xét cac bai toan tbi uu
a. Min f(x) =— 6x; — 2xp — 12x3 + x12 + 2)(22 + XXz, VO1 cac rang bude
X+ Xp X3 =2
—X; + 2%, <3
X1, X2, X320
b. Min f(x) =x; —2x, — x>+ X;° + 2X5°, Vi céc rang budc
X; +2X, £6
—X;t2%x, <3
Xy, X2 2> 0
Hiy giai cac bai toan trén bang phuong phép gradient rut gon va phuong phap don hinh 16i
Zangwill.
Bai 11. Hay stra chinh phuong phap don hinh 16i Zangwill dé giai truc tiép bai toan Min f(x) véi
cac diéu kién rang bugoc Ax =bvaa<x<b.
Sau d6 4p dung dé giai bai toan: Min f(x) = 4x; — 6x + X;> — X1X2 — 3X2” + exp (X))
véi cac rang bude
2x; + X, <8
—-x1+ x, £2
1 <xq,x,<3.

Bai 12. Hiy 1ap chwong trinh may tinh cho cac thudt toan gradient rat gon va don hinh 10i

Zangwill (co chinh sira), sau d6 chay kiém thir cho cac bai tap 8 va 9.
Bai 13. Thyc hién ba budc lap dau tién cua thuat toan ty 1¢ affine géc budc nga‘in cho BTQHTT

sau:
Max f(x) = —4x; + 0x, + X3 — Xy,
vdi cac rang budc
22X+ 2%, +X3—%x4=0
X1+ X+x3+txs=1
X1, X2, X3, X4 = 0

Bai 14. Sir dung ngdn ngit Pascal hay C hiy lap trinh trén may tinh thuét toan affine gbc budc
ngan va budc dai, sau d6 chay kiém thtr trén cac BTQHTT da giai bang phwong phéap

don hinh.
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