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LOI NOI PAU

Ly thuyét 6tdmat ra doi xuat phat tir nhimg nhu cau cia thuc tién ky thuat, chu
yéu 1a tir nhitng bai toan vé cdu tric cua cac hé thong tinh toan va cac may bién doi
thong tin ty dong. Ngay nay, ly thuyét nay dd c6 mot co sé toan hoc ving chéc va
nhirng két qua ctia nd di c6 nhiéu tng dung trong nhiéu linh vuc khac nhau.

Song song véi 1y thuyét otomat, cac ngdn nglr hinh thirc cing dugc tap trung
nghién ciu nhiéu tir nhirng nam 50 cua thé ky 20, khi cac nha khoa hoc may tinh
mudn st dung may tinh dé dich tir mot ngdn ngit ndy sang ngdn ngit khac. Cac
ngdn ngit hinh thic tao thanh mot cong cu mo ta d6i voi cac mo hinh tinh toan ca
cho dang thong tin vao / ra, 14n kiéu céc thao tac.

Otémat va van pham sinh ra cadc ngdén ngir hinh thirc thuc chat 1a mot linh vuc lién
nganh, gop phan rat quan trong trong viéc mé ta cac ddy tinh toan va diéu khién tu
dong, dugc phat sinh trong nhiéu nganh khoa hoc khic nhau tir cac hé théng tinh
toan, ngdn ngir hoc dén sinh hoc. Khi nghién ciru véi tu cach 1a cac ddi tuong toan
hoc, 1y thuyét nay ciing dé cap dén nhiing van dé co ban ciia khoa hoc may tinh, va
cac két qua nghién ciru d3 c6 nhiéu tng dung ngay d6i voi cac nganh toan hoc triru
tuong.

Ngay nay, cac 1y thuyét vé ngon ngit hinh thirc, 6tomat va 1y thuyét tinh toan dugc
hinh thtrc hod thanh cdc md hinh toan hoc twong ting cho cac ngdn ngir 1ap trinh,
cho cdc may tinh, cho cac qua trinh xur ly thong tin va cdc qua trinh tinh toan noi
chung. Otdmat va ngdn ngit hinh thirc duwoc ap dung rong rai trong nhiéu linh vuc
khoa hoc va ing dung nhu: mé hinh hoa, mé phong cac hé théng tinh toan, cac k¥
thuat dich, thong dich, tri tu¢ nhan tao, cong nghé tri thuec, ...

Nham dap Gng nhu cau giang day, hoc tdp va nghién ctru clia cac sinh vién nganh
Cong nghé thong tin, chiing tdi bién soan gido trinh “Otémat va ngén ngir hinh
thire” theo hudng két hop ba ly thuyét chinh: 1y thuyét 6tomat, ngdn ngit hinh thirc
va ly thuyét tinh todn véi nhidu vi du minh hoa phong phu.

Gido trinh nay gidi thi€u mot cach hé thong nhiing khai niém co ban va cac tinh
chat chung cia 6tdmat va ngén ngit hinh thic.

Chuong mo déu trinh bay cac khai niém co ban, cc tinh chat quan trong cua cac
ciu trac dai sb, logic ménh dé, logic tan tir va cac phuong phap suy luan toan hoc
lam co sé cho cac chuong sau. Chuong II giGi thiéu vé 1y thuyét 6tomat, nhiing
khai ni€ém co s& va cac hoat dong cia 6tdmat. Van pham va cac ngoén ngt hinh
thirc dugc dé cap dén ¢ chuong III. Nhitng van dé lién quan dén tap chinh qui,
ngdn ngir chinh qui va 6témat hiru han dugc trinh bay chi tiét & chuong IV.
Chuong V, VI nghién ctru cac khai niém co so, mdi quan h¢ giira cac 16p ngon ngir
va céc tinh chit rit quan trong ctia ngdn ngir phi ngir canh, 6tomat day xubng. Lép
cac ngdn ngir phi ngit canh loai LR(k) ¢ nhiéu tmg dung trong chwong trinh dich,
chuong trinh phan tich ct phép dugc trinh bay trong chuong VII. M6 hinh tinh
toan may Turing, mdi quan hé twong duong tinh toan gitta cac 16p ngdn ngir dugc
dé cap ¢ chuong cudi. Trong d6 ching ta tim hiéu vé d6 phirc tap tinh toan cua cac
hé thong tinh toan, nhiing bai todn quyét dinh dugc va nhimng bai toan thudc 16p
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NP-day du. Sau mdi chuong c6 cac bai tip hé théng ho4 lai kién thirc va théng qua
mon hoc, hoc vién nim bat dugce cac khai niém co ban, ning cao su hiéu biét vé
0tomat va ngén ngir hinh thue, d6ng thoi phat trién kha nang ung dung chung trong
nghién ctru va trién khai mg dung Cong ngh¢ thong tin. Dac biét trong s6 cac bai
tap cudi chuong c6 nhitng bai duge danh ddu “*’ 13 nhitng bai kho, phan 16n 1a
dugc trich tir cdc dé thi tuyén sinh sau dai hoc (d4u vao cao hoc) nganh cong nghé
thong tin trong nhirng nam gan day. Hau hét nhing bai tp kho déu c6 1oi hudng
dan hodc gidi thiéu cach giai 0 phan phu luc de nguoi doc ¢o thé tham khao va tur
danh gia dugc kha ning nim bat, giai quyét vin dé ctia minh.

Day cling 1a tai liéu tham khéo, hoc tap cho sinh vién, hoc vién cao hgoc va nghién
ctru sinh cac nganh Toan — Tin hoc, Tin hoc tng dung va nhiing ai quan tam dén
0tdmat, ngdn ngilr hinh thirc va cadc mo hinh tinh todn no6i chung.
Mic du da c6 nhidu cd gang, nhung tai liéu nay chac van khong tranh khéi nhimng
thiéu sot. Chung t61 rat mong nhan dugc cac y kién, gop y ciia cac dong nghi¢p va
ban doc dé hoan thién hon cudn gido trinh 6tomat va ngdn ngir hinh thirc. Thu gop
y xin guri ve theo dia chi cua tac gia: BO mon Khoa hoc may tinh, Khoa Cong nghé
thong tin, Pai hoc Thai Nguyén.
Céc tac gia xin chan thanh cam on cac ban dong nghiép trong Vién Cong nghé
thong tin, Vién KH & CN Viét Nam, B6 mén Khoa hoc may tinh, Khoa CNTT,
bai hoc Thai Nguyén.

Ha Nai 2007

Chu bién

Poan Van Ban
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Otomat va ngén ngir hinh thire

CHUONG I
Mé dau

Chuong m¢ dau gioi thiéu khai quat va tom lugc lai cac khai niém co ban, cac tinh
chat va cac ky hiéu duoc sur dung trong tat ca cac chuong sau:

v' Tap hop va cac cau tric dai sd,
v Céac quan hé trén tdp hop va quan hé twong duong,

v' Xau ky tu va céc tinh chat ciia chung,

v' Logic ménh dé, tin tir va cac phép toan logic, tin tir,

v' Céc qui tic suy luin va phuong phap chimg minh toan hoc.
1.1 Tap hop va céc ciu tric dai so

1.1.1 Tap hgp va cac tap con

Tap hop 1a su két tap nhitng ddi tugng c6 ciing mdt s6 thude tinh giong nhau, vi du
tap tat ca cac sinh vién cua Khoa CNTT. Moi1 doi twong thanh vién dugc goi la
phan tir cia tap hop.
Cacchirinhoa A, B, C, ... dugc str dung dé ky hi¢u cho cac tap hop; céc chit thuong a, b, c, ...
duoc sur dung dé ky hi¢u cho céac phan tir ctia mét tap hop xac dinh. Phan tir a thugc tap A, ky
hi€ula a € A, nguoc lai, khi a khong phai la phan tir cia A, ky hi¢ulaa ¢ A.
Tdp hop c6 thé dwoc mé td theo cdc cdch sau:

(i) Pém duwoc cdc phan tir. Ta c6 thé viét cac phan tir cta tip hop theo thu tir

bét ky trong cip giéu’ngoéc {, }, vi du tap cac s tu nhién chia hét cho 7 va
nhé hon 50 c6 thé viét 1a {7, 14, 21, 28, 35, 42, 49}.

(ii) M6 ta tdp hop theo tinh chdt ciia cdc phan tir. Vi du tp céc s6 tu nhién
chia hét cho 7 va nho hon 50 c6 thé viét:
{n | n 13 s6 nguyén duong chia hét cho 7 va nho hon 50}.
(i) Dinh nghia dé qui. Cac phan tir cua tap hop co thé dinh nghia thong qua

cac qui tic tinh toan tir cac phan tir biét trude. Vi du tip cac sb giai thira
ctia n c6 thé dinh nghia:

1 f=1;f=m1)*f,n=1,2 ..}
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Tdp con va cdc phép toan trén tap hop

Tap A duoc goi 14 tdp con cua B (viét A < B) néu moi phan tir ciia 4 déu 13 phan tir
cua B.

Hai tip 4 va B 1a bang nhau (viét A = B) néu ching c6 cing tdp cac phan ti.
Thong thuong, dé chiing minh 4 = B, ching ta can ching minh A c BvaB c A.

Mot tap dic biét khong chira phan tir nao duoc goi 13 tdp tréng (rong), ky hiéu 1a &.

Trén cac tap hop xac dinh mot s6 phép toan: phép hop U, phép giao N, phép trir -
va tich Dé Cac dugc dinh nghia nhu sau:

A UB={x|x € Ahoac x € B}, goi la hop cua hai tap hop,
ANnB={x|x e Avax e B}, goi la giao cta hai tap hop,
A- B={x|x e Avax ¢ B}, goi la hiéu cia hai tap hop.

C=U-A,v61U tap vii tru tAt ca cac phﬁn tir dang xét, duogc goi la phcin bu
cua A.

Tép tdt ca cdc tdp con ciia A duge ky hidu 1a 2% = {B | B < A}, hoic @ (A).

AxB={(a,b)|acA vab eB}, goi la tich Bé Cdc ciia A va B hay con dugc
goi la tich ty nhién cuta hai tap hop.

Pinh nghia 1.1 Gia st S 1a mot tip hop bt ky. Mot ho cac tap con {Aj, Ay, ...
A,} cua S dugc goi la mot phdn hoach cua S néu:

(1) AinAj=,1# ], cac tap con khac nhau la ro1 nhau,

(i) S=A,U A,uU...UA, hop clia cic tap con d6 chinh bang S
Vidu1.1S={l,2,3,... 10} co thé phan hoach thanh hai tap A, = {1, 3, 5, 7, 9}-
tap cac sO 1é va tip cac so chan A, = {2, 4, 6, 8, 10}.

1.1.2 Tap hop va cac phép toan hai ngoi

Trudc tién chung ta xét cau trac bao gdm mot tap hop va mot phép toan hai ngdi.
Trén tap hop S (sau nay la cac bang chit) c6 thé xac dinh mot phép todn hai ngoi,
nhi nguyén thuc hi¢én gdn mot cdp phan tir bat ky a, b cia S vao mot phan tir duy
nhat ky hiéu 1a a * . Phép todn nay con dugc goi l1a phép * (phép todn sao) trén tap
hop thda man céc tién dé sau.

Tién dé 1 Tinh déng ciia * Néua,b e Sthia*b e S.

Tién dé 2 Tinh két hop. Néua,b,c € Sthi(a*b)*c=a* (b * ¢).

Tién dé 3 Phdn tir don vi. Ton tai duy nhat mot phan tir dugc goi ladonvie € S
saochovoimoix € S, x*e=e *x =x.

Tién dé 4 Phdn tir nguoc. VOi moi phan tir x € S, ton tai duy nhat mot phan tir ky
hi€u x" sao cho x * x" =x' * x = e. Phan tr nay duoc goi la phan tr nguoc cta x.

Tién dé 5 Tinh giao hodn. Néua,b € Sthia*b=a*b.

-9.-
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Luru y: C6 nhitng phép toan xac dinh trén tip hop khong thoa mén bét ky tién dé nao néu
trén. Vidy, N = {1, 2, 3, ...}- tdp céac sO tuw nhién va phép trr (a * b=a —b). D¢ dang
kiém tra dugc tat ca cac tién dé trén déu khong théa man.

Van dé ma chiing ta quan tAm 13 nhimg tip thoa mot s6 hodic tit ca cac tién dé néu trén.
Dinh nghia 1.2

(i) Tap S va phép toan hai ngdi * duoc goi 1a cdu tric nmita nhom
(semigroup), goi tat 1a nwra nhom néu thoa man tién dé 1 va 2.

(i) Tap S va phép toan hai ngdi * dwgc goi 13 monoid néu théa man céac
tién dé 1, 2 va 3.

(iii) Tap S va phép toan hai ngdi * duoc goi 13 cdu triic nhém (group) néu
thoa mantién dé 1, 2, 3 va 4.

(iv) Ntra nhém (monoid hodc nhém) dugc goi la nwra nhom (monoid hoac
nhom tuong ing) giao hoan hodc Abelian néu ching théoa man thém tién
de s.

Moi quan hé giira cac nhom, monoid va nhom, ky hiéu 1a G = (S, *), dugc thé hién
thong qua céc tién dé thoa man nhu trén hinh H1-1.

Vidu 1.2
(i) Tap cac s6 nguyén Z v6i phép + tao thanh cau tric nhom Abelian.

(i) Zvoiphép * (nhan) tao thanh ciu trac monoid Abelian (n6 khong phai 1a
nhom vi tién dé 4 khong thoa man).

(iii) 2 — tap tit ca cac tip con cua 4 (A # &) tao thanh monoid giao hodn.
(phan ttr don vi 13 tap ).

(iv) Tap tt ca cic ma tran 2 x 2 voi phép nhan 1a monoid nhung khéng giao hoan.

Tap hop (Set) Khong c6 phép toan

Tién dé 1,2

A 4

Ntra nhom (Semigroup)

Nira nhom Abelian 5 Monoid

3 Y A 4 4
Monoid Abelian Nhom (group)

\/

Nhém Abelian

Hinh H1-1 Tap hop va mt phép todn hai ngoi

-10 -



Otomat va ngon ngir hinh thirc

Cac s0 trén cac canh cua do thi trén la cac tién dé duoc thoa man, vi du nira nhém
ma thoa man tién dé 3 sé tao thanh monoid, con néu thoa man ti€n dé 5 s€ thanh
ntra nhom Abelian (nhém giao hoan).

Trong toan hoc cing nhu trong khoa hoc may tinh, nhleu khi ching ta phai giai
quyét nhitng van dé lién quan dén nhimg cdu tric gdbm mot tap horp va hai phép
toan nhi nguyén (hai ngoi). Gia sir tap S va hai phép toan *, ° ¢6 thé théa man 11
tién dé sau.

Tién dé 1-5 Phép * thoa man 5 tién dé néu trén.
Tién dé 6 Tinh dong ciia phép °. Néua,b e Sthia°b e S.
Tién dé 7 Tinh két hop ciia °. Néua,b,c € Sthi(a°b)°c=a°(b°c).

Tién dé 8 Phan tir don vi. Ton tai duy nhat mot phﬁn tor dugc goi ladonvie € S
saochovoimoix € S, x°e=e°x=xXx.

Tién d¢ 9 Néu S va * thda man céc tién dé 1-5 thi v6i moi x thudc S, x # €, ton
tai mot phan tir duy nhat x “trong S sao cho x' °x =x ° x' =¢’, trong d6é e’la don vi

o

cua °.
Tién dé 10 Tinh giao hodn. Néua,b e Sthia°b="b° a.
Tién dé 11 Tinh phdn phoi. Véimoia,b,c €S, a°(b*c)=(a°b)*(a°c).

Tap hop xac dinh voi mot hodc hai phép toan hai ngdi trén duoc goi 13 hé dai sé.
Nhu trén da dé cap, hé dai s6 c6 mdt phép toan tao thanh nhom, ntra nhom va
monoid. Sau day ching ta xét nhitng cau trac dai s6 c¢6 hai phép toan.

Dinh nghia 1.3
(i) Mot tap hop va hai phép toan *, © tao thanh ciu tric vank (goi tit 1a vanh), néu
a/ La nhom giao hoan véi phép *
b/ Phép ° thoa mén tién dé 6, 7, va 11.
(ii) ~ Vanh duoc goi 1 vanh giao hodn néu théa man tién dé giao hoan (10)
doi voi phép ©.
(i) Vanh giao hoan ¢6 don vi néu 13 vanh giao hodn va théa man tién dé
don vi (tién dé 8) ddi vai °.
(iv)  Tap hop véi hai phép toan thoa min ca 11 tién dé dugc goi la truong.
Vidu 1.3

v’ Tép cac sd nguyén N v6i phép cong va phép nhin (twong tmg véi * va °) tao
thanh vanh giao hodn c¢6 don vi (0 1a don vi cua phép cong, 1 - don vi cua
phép nhan).

v’ Tap tat ca cac s hitu ti (cac phan sb dang p/q, p, q 1a cac sb nguyén, q # 0)
vo1 2 phép cdng, nhan tao thanh truong.
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v Tap 2%, A # @ v6i hai phép U, N s& thoa man cac tién dé 1, 2,3, 5,6, 7, 8,
9, 10 va 11 nhung khong phai la nhom, khong phai 1a vanh va ciing chang
phai la truong. N6 1a monoid Abelian doi vi ca 2 phép toan.

Quan h¢ gifra cac hé dai s6 duoc mé ta dd thi nhu trong hinh H1-2.

Nhom Abelian | Tién dé 1-5

A 4

Tién dé 6,7, 11

Vanh (ring)

0=

Vanh giao hoan

—

3

Vanh c6 don vi

‘A

Vanh giao hoan c6 don vi

I-11

A 4

Truong

Hinh H1-2 Céc céu trac dai sb

1.3 Quan h¢ va quan hé twong duwong

Quan h¢ 1a khai niém co s& quan trong trong khoa hoc may tinh cling nhu trong
cudc séng. Khai niém quan hé xuét hién khi xem xét gitra cac cap d6i tu’O’ng va so
sanh mot dbi tuong nay voi d6i tugng khac, vi du, quan h¢ “anh em” gilra hai
nguoi. Chung ta c6 thé biéu dién mdi quan hé giita @ va b boi cip duogc sip xép
(a, b) thé hién a 12 anh cta b, chang han. Trong khoa hoc may tinh, khai niém quan
hé xuat hién khi can nghién ctru cac cau tric cua dit liéu.

Pinh nghia 1.4 Quan hé R trén tdp S 14 tap con cac cip phan tir cia S,R = S x S.
Khi x va y ¢6 quan hé R voi nhau ta c6 thé viét x R y hodc (x, y) € R.

Vidu 1.4 Trén tap Z dinh nghia quan hé R: x Rynéux =y + 5.

Pinh nghia 1.5 Quan hé trén tap S c6 cac tinh chat sau:

(1) Phan xa. Néu xRx véi moi x € S.

(i)  Poi xitng. Vi moi x, y € S, néu xRy thi yRx

(iii)  Bdc cau. Véimoix,y, z € S, néu xRy va yRz thi xRz.

Dinh nghia 1.5 Quan h¢ trén tap S duoc goi la quan hé twong duong néu nd ¢

tinh phan xa, dbi xmg va béc cau.
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Vidu 1.5

a/ Trén tp S, dinh nghia xRy < x = y. D& kiém tra ca ba tinh chét trén quan
hé = déu thoa man, vay = 1a quan h¢ turong duong.

b/ Trong tap cac sinh vién cia Khoa CNTT ta co thé thiét 1ap quan h¢ R: sinh
vién a quan hé R v6i sinh vién b néu ca hai déu hoc cung mdt 16p. Hién nhién quan
hé nay cling 1a quan hé tuong duong.

¢/ Trén tap S, dinh nghia xRy < x > y. D& kiém tra tinh d6i xtng khong
dugc thoa man, do d6 quan hé > khong phai 1a quan hé tuong duong.

Pinh nghia 1.6 Gia st R 1a quan hé tuong duong trén tap S va a € S. Lop cdc
phan tur tuong duwong voi a, ky hicula C,={b|b € SvaaR b}. Lop C, co thé ky
hiéu 1a [a]g.

Pinh Iy 1.1 Tap tit ca cac 16p trong duong ciia quan hé R trén tap S tao thanh mot
phén hoach cua S.

Chitng minh: Chung ta can ching minh rang

0 s=Uc,

ac$
(i) C,N C, =D néu C, va Cykhac nhau, C, # C,.
Gid strs €S va R 1a quan h¢ twong duong nén s € C; (sRs - tinh phan xa). Vi C;c | JC,

aes

nén S Uca. Mat khac, theo dinh nghia cia C,, ta luén ¢6 C, < S v6i moi a cta S.

aeS

Vay | JC, <S. Tirdo suyra (i).

ass

Trude khi chimg minh (ii), chiing ta cha y rang
C,= C, néu aRb (1.1)

Bai vi aRb thi bRa do R ddi xung. Gia sﬁ; d € Ca‘, theo dinh nghia cua C,, aRd. Hon
nita bRa va aRd, nén can ctr vao tinh chat bac cau cua quan h¢ tuong duong, ta co
bRd. Suy ra deC,. Tur d6 chiung ta c6 C, < C,. Tuong tu chung ta c6 thé chung
minh nguoc lai C, < C,. Két hop ¢4 hai ching ta c6 (1.1).
Chung ta chimg minh (ii) bang phan chimg. Gia st C, N C, # &, nghia 13 ton tai
phan tir d € C,n Cp. Khi d € C, thi aRd. Tuong tu d € C, thi bRd. Vi R d6i xing
nén dRb. K&t hop aRd, dRb suy ra aRb. Sir dung (1.1) ta c6 C, = Cy, vy mau thuan
voi gia thiét.
Két lugn: Cac 16p tuong duong 1a tring nhau hodc rdi nhau. -
Vidu 1.6

a/ Trén tap s6 tu nhién N, nRm khi m va n déu chia hét cho 2 s& c6 hai 16p
tuong duong 1a tp cac so chan va tép céc so 1é.

b/ Cac 16p twong duong cua quan h¢ twong duong trong vi du 1.5 (b/) chinh
1a cac 16p hoc da dugc xép trong mdt Khoa.
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Van dé tiép theo duoc quan tAm nhiéu khi nghién ctru cac hanh vi cia mot hé théng
tinh toan, dac biét cdc moi quan h¢ gitra cac phu thugc ham doé 1a bao dong ciia mot
quan h¢.

Cho truc quan hé R khong c6 tinh phan xa, khong bic cau; phai bo sung bao
nhiéu cip quan hé véi nhau dé R co cac tinh chat d6. Vi du R = {(1, 2), (2, 3), (1, 1),
(3,3)} trén tap {1, 2, 3}. R khong phan xa vi (2, 2) ¢ R. R khong c6 tinh bac cau vi
(1, 2), (2, 3) € R, nhung (1, 3) ¢ R. Trong s6 cac quan hé mé rong R va cé tinh
phan xa, bic cau, vi du T = {(1, 2),(2,3),(1,3), (1, 1), (2, 2), 3, 3)}, chung ta
quan tAm nhét t6i quan hé nho nhat chira R ma co céc tinh chét do.

Pinh nghia 1.7 Gia su R la mot quan h¢ trén tap S. Bao dong bdc cau cua R, ky
hiéu R" 1a quan hé nho nhat chtra R va c6 tinh bac cau.

Dinh nghia 1.8 Gia sir R la mo6t quan hé trén tp S. Bao dong phan xa, bdc cau
ctia R, ky hiéu R* 1 quan hé nho nhat chira R, c6 tinh phan xa va béic ciu.

Pé xay dung R* va R*, chung ta dinh nghia quan hé hop thanh (ghép) cua hai quan
hé R;, R,.

DPinh nghia 1.9 Gia st R, R, la hai quan hé trén tap S. Hop thanh cua R;, R, ky hi¢u
R,° R, dugc dinh nghia nhu sau.

(1) Ri°Ry={(a,c)|db €S, aR;bvabR,c}
(i) Rl2 =R;°Ry
(i) R" =R,;™'-Ry, véin>2.

Dua vao cac tinh chat cua tap hop va quan h¢, ching ta c6 dinh ly khang dinh sy
ton tai ciia bao dong bac cau ctia moi quan hé.

Pinh Iy 1.2 Gia st S 1a tap hitu han, R 13 quan hé trén S. Bao dong bac cau R ctia R lun
tdn tai va R"=R' U R*U R’... Bao déng phan xa, bic ciu cua R 1A R"=R°U R". Trong
d0 R’ = {(a, a) | a € S} 1a quan hé dong nhét.

Vidu 1.7 R={(1,2),(2,3),(2,4)} la quan hé trén {1,2,3,4}. TimR"
Chung ta tinh R'. Luu ¥, néu ¢6 (a, b) va (b, ¢) < R thi (a, ¢) € R%
R=1{(1,2),(2,3), (2, 4]
R*=R°R={(1,2),(2,3),2, 4} ° {(1,2), (2,3), (2, 4)}
=1(1,3), (1, 4);
R'=R* °R={(1,3),(1,4)} ° {(1,2),(2,3),(2, 4}
= & (khong co cip nao trong R” c¢6 thé ghép voi cac cap trong R).
R'=R’=...=0.
Vay, R"=R UR? = {(1, 2), (2, 3), (2, 4), (1, 4), (1, 3)}.
Vidu1l.8 R={(ab),(b,c),(c,a)} laquanhé trén {a, b, c}. Tim R".

Trudc tién tim R
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R = {(a, b), (b, ©), (¢, a)} ° {(a, b), (b, ¢), (c, a)}
= {(a, ¢), (b, a), (¢, b)}
R* = {(a, ¢), (b, a), (¢, b)} ° {(a, b), (b, ©), (¢, a)}
= {(a, a), (b, b), (¢, 0)}
R* = {(a, a), (b, b), (¢, ©)} ° {(a, b), (b, ¢), (c, a)}
={(a,b), (b,c), (c,a)} =R.
Doviy, R' =R°UR"=R°URUR*UR’
= {(a, b), (b, ¢), (¢, a), (a, ¢), (b, a), (¢, b), (a, a), (b, b), (¢, ¢)}
1.4 Ham sb
Kh;ii niém’ ham sé xuat hién’ khi ching ta mudn xét mdi quan hé tuwong tng duy
nhat cta doi tugng va1 mot doi tugng cho trude.

binh nghia 1.10 Ham hodc anh xa f() tir tap X vao tap Y 1a qui tic gan tuong
ung moi phan tir x trong X bang m{t phan tir duy nhat trong Y, ky hi¢u 1a f(x). Phan
tu f(x) dugc goi 1a anh cta x thong qua f(). Ham f() dugc ky hicu f: X —> Y.

Céac ham c6 thé dinh nghia boi:
(i) Tap céac anh cla cac phan ti,
(ii) Qui tac tinh twong Ung f{x) va x.
Cho trude f: X > Y va A < X. Ky hi¢u f(A) = {f(a) |a €A} C Y.
Vidu 1.9
a/ £ {1,2,3,4 —{a, b, c} c6 thé dinh nghia f{1)=a, f(2) = b, f{ 3) = f{4)=c.
b/ f: Z — Z dugc xéc dinh boi cong thirc f{x) = x° + x.
Pinh nghia 1.11 Cho truéc ham f: X —» Y.
(i) fduoc goi la don anh (one-to-one) néu x =y thi f(x) = f(v).

(ii) f dugc goi la toan anh (onto) néu moi phan tr y cua Y déu 13 anh cua
mot phan tir nao do6 cia X, nghia la f(X) =Y.

(iii) £ dwoc goi 1 song dnh néu fvira 1a don anh va 13 toan anh.

Vidu 1.10 f: Z —» Z dugc cho bdi f(n) = 2*n 1a don anh nhung khong phai ham
toan anh vi cac so0 nguyén 1¢é khong 1a anh cua s6 nao ca. f(X) 1a tap con thuc sy cua
Y.

Dinh 1y sau gitp chiing ta phan bi¢t dugc su khac nhau co ban gitra tap hitu han va
tap vo han.

Pinh 1y 1.3 (Nguyén Iy chuéng bé cdu) Gia sit S 13 tp hitu han. Ham - § — S 1a
don anh khi va chi khi 1a ham toan anh.
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Trong vi du 1.10, mién xé4c dinh cua ham khong phai 1a hiru han, nén tdn tai ham
f() 1a don anh nhung khong phai 1a ham toan &nh.

1.5 Logic ménh dé va tin tir

1.5.1 Logic ménh dé

Mot ménh dé (logic, hay toan hoc) 1a mdt phat bleu (mdt cau) hodc dung hodc sai,
nhung khéng thé 14 ca hai. Khi n6 dung ta néi rang cong thirc ¢ gia tri chan 1y 1a
dang (T — true hogc 1), nguoc lai la sai (F — False hodc 0).

Vi du 1.11 Hay xét cac cau sau:
Ha ndi 1a tha d6 cia nudc Viét Nam.

Binh phuong cuta hai 1a tam.

w b=

Logic toan 1a kho

4. Hay trat tu!
Hai cau dau 1a ménh dé vi cau mot co gia tri T (hodc gid tri 1 ), con céu thtr hai co
gia tri 1a F (hodc gia tri 0). Cau thu ba khong phai la ménh dé logic vi logic toan
c6 thé 1a kho d6i vOi mot sd nguoi, nhung lai ¢6 thé 1a khong khé d6i véi mot sd
ngudi khac. Cau cudi 1a mot ménh 1énh, khong thé gan gia tri chan 1y cho né duoc.
Ménh dé don (ménh dé nguyén tir) 1a mot ménh dé khong thé tach nho hon dugc,
nghia 1a khi bé di bat ky mdt tr nao do trong cdu thi n6 s€ khong con 1a ménh de.
Meénh dé phirc hop (goi tat la ménh dé) 1a mot ménh dé dugc tao 14p tir cac ménh
dé don va cac lién tu: va (AND), hodc (OR), phu dinh (NOT), suy ra, hay kéo theo
(IF ... THEN ...), va phép tuong d‘ang Céc lién tir trong cdc ménh dé logic con
duoc goi 1a cac phép todn ménh dé hay phép toan logic. Ta ky hiéu MP 1a tap tat
ca cac ménh deé.
(i) Phép phu dinh (NOT)
Néu P € MD thi khong P (phu dinh cua P), ky hi¢u 1a 7P (hodc P), 1a mot ménh dé
nhan gid tri T néu P ¢o giatri Fvagiatri Fnéu Pco giatri T.

Béang 1.1 gia tri cia phép phu dinh

P 1P
T F
F T

(i) Phép tuyén, phép “hoic” (OR)

Néu P, Q € MP thi tuyén ciia P va Q (P hodc Q), ky hiéu 1a P v O, 1a mot ménh dé
nhan gia tri F khi va chi khi ca Pva Q 1a F.
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Bang 1.2 gia trj ctia phép tuyén

P Q PvQ
T T T
T F T
F T T
F F F

(iii) Phép héi, phép “va” (AND)

Néu P, O € MD thi héi ciia P va O (P va Q), ky hiéu 1a P A O, 12 mot ménh dé
nhan gia tri T khi va chi khi ca P va Q 1a dung (7).

Béang 1.3 gia tri ctia phép hoi

P Q PAQ
T T T
T F F
F T F
F F F

(iv) Phép kéo theo (IF ... THEN ...)

Néu P, O € MD, ménh dé P kéo theo Q (Néu P thi Q), ky hiéu 1a P — Q, 1a mjt
ménh dé€ nhan gia tri F khi va chi khi PlaT vaQlaF.

Béang 1.4 gia tri cia phép kéo theo

P Q P >Q
T T T
T F F
F T T
F F T

(v) Phép twong ding (twong dwong)

Ngoai nhitng phép toan trén, nguoi ta thuong st dung phép twong dang ménh dé
(phép khi va chi khi) dugc dinh nghia nhu sau:

P < Q tuong duong véi (P > Q) A (Q — P) ¢6 cac gia tri dugc dinh nghia
nhu sau:
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Bang 1.5 gi4 trj cia phép twong ding

P Q P& Q
T T T
T F F
F T F
F F T

1.6.2 Cong thirc m¢nh dé
Pinh nghia 1.12 Bién ménh dé 1a mot ky hiéu biéu dién cho mot ménh de.
Mot bién ménh dé khong phai 13 mot ménh dé nhung co6 thé thay thé bang mot
ménh dé bat ky.
Ta thuong st dung cac chir viét hoa nhu: P, O, R, S cho cac bién ménh dé.
Pinh nghia 1.13 Mot cong thirc ménh dé (goi tdt la céng thirc) duge dinh nghia dé
qui nhu sau:
(i) Néu P 1a mot bién ménh dé thi P 1a mot cong thirc.
(ii) Néu « 1a cong thic thi 7¢ ciing 12 cong thic.
(iii) Néu o va B 1a cong thirc thi (o v B), (o A B), (a0 — B), (a0 < PB) ciing 1a
cong thuec.
(iv) Dy cac bién ménh dé 1a cong thirc khi va chi khi né dugc thiét 1ap theo
cac qui tac (1) - (i11).
Luu y:

1. Mot cong thire ciing nhu bién ménh dé, né khong phai 1a ménh d¢, nhung
néu thé cac ménh dé vao cho cac bién ménh dé twong ing trong cong thirc
thi nd s€ tréd thanh mot ménh d€. Do vay, gid tri cia mot cong thirc co6 thé
dugc tinh bang bang gia tri chan 1y khi thay céc gia tri ctia cdc ménh dé vao
chd cac bién ménh dé twong tng. Hién nhién 1a néu cong thitc o co n bién
thi bang gia tri cua o s€ ¢ 2" bd gia tri.

2. Trong cic ngdn ngir 1ap trinh, cong thirc ménh dé thudng duge goi 13 biéu
thire logic. Gia tri cua biéu thuc logic 1a gid tri kiéu Boolean (c6 gia tri T
hodc F) va dugc xac dinh tuong tu nhu do6i véi cong thire nhu trén.

Vidu 1.12 Tinh gia tri cia cong thtica=P Vv QAP ->Q)A(Q > P)
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Bang 1.6 gia tri cia cong thuc a

P Q PvQ P>Q @PvQAP->Q Q—->P «a
T T T T T T T
T F T F F T F
F T T T T F F
F F F T F T F

Ngoai phuong phap 1ap bang dé tinh gid tri nhu trén, ta ciing c6 thé suy ludn 13 o
chi diing khi cd ba cong thuc P v Q, P - Q, Q — P, nghia la khica P va Q ding.

Pinh nghia 1.14 Mot cong thirc 13 hing ding (mot tautology) la cong thirc ludn co
gia tri T (diing) voi moi trudng hop gan gié tri cho cac bién ménh dé.

Vidu: P v 1P, (P A Q) — P 1a hai ménh dé hang dung.

Pinh nghia 1.15 Hai cong thic a, B dugce xay dung tir cac bién ménh dé P, P,, ... P,
duoc goi 1a twong duong (logic), ky hiéu 1a a. = B, néu cong thirc oo < B 1a hang dung.

Sau ddy 1a cac tinh chit co ban (cac luit co sd) cia cac cong thirc twong duong
dugc st dung nhi€u trong suy ludn, chirng minh cac hé hinh thirc logic toan hoc.

Bang 1.7 Cac luat dong nhat logic

I, Luatluy dang

PvP=P, PAP=P
I, Luat giao hoan
PvQ=QvVP, PAQ= QAP
I,  Luatkét hop
Pv(QvR)=(PvQ)VR, PAQAR)= (PAQ)AR

I,  Luat phan phoi
Pv(QAR)=(PvQ)A(PVR), PAQVR)=(PAQ)V(PAR)
Is  Luat hép thu

Pv(PAQ)=P, PAPVvQ)=P
I¢  Luat De Morgan
1PvQ)=1Q A TP, 1MPAQ)=1Q V1P
I;  Luat phu dinh kép
10P)=P
Igs PviIP=T, PATP=F
b, PvT=T, PvF=P, PAT=P,PAF=F,
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Iy, P>QAP—->1Q)=1P

I;; Luat nghich ddo
P->Q=1Q—>1P

I P>Q=0PvQ)

Is; P=Q=CP->Q9AQ—->P)

Trong do, P, O, R 1a cac cong thuec.

1.5.3 Dang chuin ciia cic cong thirc

Pinh nghia 1.16 Mot fuyén so cdp 1a mot cong thie chi gom tuyén cua cac hang
thirc so cap va mot Agi so cap 1a mdt cong thure chi gom hdi cia cac hang thic so
cap. Trong d6 hang thirc so cap 1a bién ménh dé hodc phu dinh cta bién ménh de.

Vidu: Pv 1Q la tuyén so cap va 1P A Q hi so cap.

Pinh nghia 1.17 Mot ¢dng thite & dang chudn tuyén néu né 1a tuyén cia cac hoi
SO cap.

Vidu: 1P A Q) v R 1a dang chuén tuyén.

Pinh nghia 1.18 Mot cong thirc ¢ dang chudan hgi néu n6 1a hdi ciia céc tuyén so
cap.

Vidu: 1P v Q) AR 14 dang chuan hoi.

Pinh Iy 1.4 Moi cong thirc déu ton tai dang chuan tuyén (hoic hoi) twong duong.
Dinh 1y nay dé dang duoc chimg minh thong qua thuat todn sau.

Thuit toan 1.1 Chuyén mét cong thirc vé dang chudn tuyén (twong tu ddi véi dang
chuan hoi).

(i) Logi b6 cdc phép —, < (stt dung céc luat dong nhat nhu trong bang 1.6)

(i) Swr dung ludt De Morgan dé loai bo phép phu dinh 1 dung trude cac hoi
hodc tuyén ciia cac cong thic. Trong két qua, phép phul dinh 1 chi c6 thé xuat
hién trude cac bién ménh dé.

(iii) Ap dung ludt phan phoi (1) d¢ loai bo hoi cta céc tuyén (hodc hoi). Cong
thirc cudi cung s€ 1a tuyén cua cac hoi so cap.
Vi du 1.13 Tim dang chuan tuyén cta cong thirc o= (P A 1(Q AR)) v (P — Q)
Giai:

PATQAR) V(P —>Q)
=P AT1(QAR)V(PVQ) (budc (i) &p dung 1)
=P AQVIR)v(PVQ) (budc (ii) ap dung I,)

=P A1Q)V(PATR)VIPVQ (budec (i11) 4p dung 14, I5)
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Vay, dang chuan tuyén ciia o 1a (P A1Q) v (P ATR) v 1P v Q.

Luru y: Mot cong thirc ¢6 thé ¢ nhiéu dang chuan tuyén khac nhau. Vidu P A Q
ban than da 1a dang chuan tuyén (P A Q) va n6 con c6 dang chuan tuyén khac la

PAQAR)V(PAQA TR)

Mot cau hoi dat ra 1a mot cong thirc c6 thé chuyén vé mot loai dang chuan nao ma
1a duy nhat hay khong?. Céu tra 101 1a co loai dang chuan tuyen duoc goi la chudn
tuyen (hoi) chinh tdc hay chudn tuyén (héi twong vmg) day di dé biéu dién duy
nhit cho mbi cong thuc.

Dinh nghia 1.19 Mot hoi so cdp cue tiéu trén tap cac bién ménh dé P, P,, ... P, la
mot cong thirc dang QA Q2 Aol A Qn, trong do Q; la P hoac la TP Mot cong thire
0 dang chuan tuyén chinh tc (chuan tuyén day di) néu no 1a tuyén cia cac hoi so
cap cuc tiéu.

Pinh ly 1.5 Moi cong thitc déu chuyén twong duong duoc vé dang chuén tic tuyén.
Dinh ly dugc chirng minh thong qua thuét toan sau.
Thuit toan 1.2 Chuyén mét cong thic vé dang chuan tuyén chinh tic.
(i) Ap dung thuat toan 1.1 dé dua cong thirc vé dang chuin tuyén.
(ii) Loai bo di nhitng hoi so cap 1a hang dung (nhu P A 1P)
(iii) Néu P; hodc 1P; khong c6 mit trong mdt hdi so cap o thi thay o bang
(aAP) v(aATP)
(iv) Lap lai bude (iii) cho dén khi tat ca cac hoi so cAp déu 1a cuc tiéu.
Vi du 1.14 Tim dang chuan tuyén chinh tic ciia cong thirc o.= (1P v 1Q) — (P A R)
Giai:
(1Pv1Q)— (IP AR)
=1(1Pv1Q)v (1P AR)
=(PAQAR)VIP AQATR) V(IPARAQ)V(IPARATQ))
=PAQAR)VIP AQATR)VOIPAQAR)V(PATQA R).
Viy dang chuan tuyén chinh tic cta o la
PAQARIVIP AQATR)V(IPAQAR)V(IPATQAR).

Ta khang dinh, moi cong thirc déu tuong dwong v6i mot dang chuan tuyén chinh
tac duy nhat.

Mdi héi so cép cuc tiéu QAQA... AQ,co thé biéu dién thanh day a1ay...ay,
trong d6 a; =0 néu Q;=1P,vaa=1 néu Q; = P;. Do vay, dang chuén tuyen chinh tac
ctia mot cong thirc c6 thé viét thanh tong cia cac xau cua {0, 1}. Vi du, dang chuan tuyén
chinh tic cta cong thuc a ¢ vi du trén duogc viét thanh 111 + 110+ 011 + 001.
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Tir dang biéu dién nhj phan néu trén ta thiy dang chudn tuyén chinh tic va bang
gia tri chan 1y ciia mdi cong thirc c6 mdi quan hé chit chd voi nhau. Cach xac dinh
dang chuan tuyén chinh tic cta cong thirc dya vao bang gia tri dugce thyc hién don
gian nhu sau:

Trong bang gid tri cua cong thircc @, o nhitng hang ma o co gia tri dung (T) sé xdc
dinh twong vng cdc hi so cdp cuc tiéu twong iing theo dang biéu dlen nhi nguyén
néu trén. Trong do, T wng voi 1 va F ing voi 0 (sai). Chudn tuyén chinh tic ciia
cong thire chinh la tuyén ciia nhitng hoi so cdp cuc tiéu teng véi nhitng hang do.

Vi du 1.15 Tim dang chuin tuyén chinh tic cia cong thirc « duge cho nhu bang
gi4 tri sau:

Béang 1.8 Cac gid tri ciia cong thuc o
R

e

R

ST - B B I T I N e
e T I - I
M o— T o4 ™ o+ T 4
e e I B R Mo B s B

Giai:
Cong thiic o nhén gié tri dung trong cc hang thir 1, 4, 5 va 8. Cac hdi so cap cyc tiéu trong
ung voi nhimg hangdo1a (P A QA R), (P A TQ ATR), (IPAQAR)va(IP ATQ ATR). Vay
dang chuan tuyén chinh tac cua « s€ la

PAQAR) V(P ATQATR)V(IPAQAR)V(PATQATR)
Mait khac, ta d& nhan théy doi nngu cua dang chycfn tuyén sé la dang chuan hoi.
Tuong tu nhu trén, ta cé cac dinh nghia cta cac dang doi ngau nhu sau:

Pinh nghia 1.20 Tuyén so cdp cuc dai cia cac bién ménh dé Py, P,, ... P, 1a mot céng
thure dang Q1 vQv...vQ, trong do Q1 la P; hoac 1a 1P;. Mot cong thu’c O dang chudn
héi chinh tic hay (chuan hoi dau di) néu no 1a hdi clia cac tuyén so cap cuc dai.

Luu y: D& dang suy ra néu « 1a dang chuan tuyén chinh tic thi T s& la dang chuan
hoi chinh tac.

Tuong ty nhu d6i v6i dang chuan tuyén chinh tac, ta ciing khang dinh duoc la moi cong
thirc déu chuyén tiwong dong dirgc vé dang chudn hoi chinh tac va do la dang chudn
duy nhat.

Vidu 1.16 Tim dang chuan hoi chinh tic cta cong thirc =P v (Q — R)
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Giai:
Trudce tién tim Ta=1(P v (Q — R))
= 1(Pv(Qv R))
= 1PAT(0Q Vv R)
= TPAQAR) =T1TPAQATR
Vay, dang chuan hoi chinh tic cia @ s&1a 1(TPAQATR) = PvIQVR.

Mit khéc, ta ciing c6 thé dya vao mdi lién quan giira bang gia tri chan ly cua cong
thirc v6i dang chuan hoi chinh tic cta cong thirc d6 dé thiét 1ap cac tuyén so cap
cuc dai.

Trong bang gia tri cua cong thicc o, o nhitng hang ma a c6 gia tri sai (F) sé xdc
dinh twong vmg cdc tuyén so cdp cuwc dai twong ung theo dang biéu dién nhi phan.
Trong do, T wng voi 0 va F ung voi 1. Hoi chinh tdc ciia céng thirc chinh la héi ciia
nhitng tuyén so cdp ciee dai twong iing véi nhitng hang do.

Vidu 1.17 Tim dang chuén héi chinh tic ctia cong thirc o duge cho trong bang gié tri sau:

Béang 1.9 Cac gid tri ciia cong thuc o

P Q R a
T T T T
T T F F
T F T F
T F F T
F T T T
F T F F
F F T F
F F F T

Giai:

Cong thirc ornhan gia tri sai trong cac hang thir 2, 3, 6 va 7. Céc tuyén so cip cuc dai trong
ung véi nhimg hang do1a (1P v1Qv R), (1IP vQV1R), PvIQVvR)va(Pv Qv 1R).
Vay dang chuan hoi chinh tic cia o s& 1a

0P vVIQVR)A(P vVQVIR)APVIQVR)A(PV QV 1R)
1.5.4 Cac qui tic suy dién trong tinh toan ménh dé

Trong lap luan logic, ta tl}u’(‘)'ng dua vao mot s6 ménh dé duoc cong nhan (céac gie‘i
thuy€t, tién d¢) la ding dé suy dan ra nhiing ménh d€ dung khac. Nhing ménh dé
suy ra dugc goi 1a h¢ qua, cac tinh chat hay dinh ly.

Cdc qui tic suy dién chinh la cdc cong thire hang ding (tautology) ¢ dang kéo
theo: P — O, trong d6 P 14 gia thiét va O 1a két luan.

Pé phu hop hon véi cac qui tac chimg minh trong cac chwong trinh, chiing ta c6
thé viét cac cong thirc dang ménh dé Horn: P APy A ... AP, — Q dudi dang:
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Duéi day la bang cac qui tac suy dién co ban trong lap luan logic toan hoc, dugc st
dung trong 13p trinh logic, trong suy dién va chirng minh toan hoc, ...

Bang 1.10 Céc qui tic suy dién

Céc qui tac Cong thure dang kéo theo
RI: Gia tdng
P P—->PvQ)
~PvQ
RI,: Bon gian hoa
PAQ (PAQ)—>P
~.P
RI3: Modus ponens
P
P—Q PAP—>Q)—>Q
~Q
RI4: Modus tollens
1Q
P->Q QAP —->Q))—>1P
P
RIs: Tam doan luan
1P
PvQ PAPVQ)Y—>Q
Rls: Suy ludn bac cau
P—>Q
Q—>R (P> QA (Q—>R)) > (P —->R)
~P—>R
RI;: Dinh dé kién thiét
P—>Q) AR—YS)
PvR (P> QAR—>S)A(PVR)—>(QVYS)
~QvS
Rl,: Dinh dé déi thiét
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P->Q AR—>YS)
1Qvi1S (P>QAR—>S)AN(1QVIS)) = (1P VIR)
2P vIR

Vi du 1.18 Hay chirng minh rang

P—->Q
Q— 1R
Pv S
R

Giai:
Theo RI; ta ¢6

P—->Q
Q—>1R

S P—>1R
Mit khac, R =1(1R), két hop voi két luan trén va ap dung luat RI, (Modus tollens)
ta duoc

10R)

P—->1R

P
Str dung két luan nay cung véi gia thiét P v S va ap dung RIs dé suy ra diéu phai
ching minh.

1P

Pv S

N

1.6 Tan tir (vi tir) va cdc lugng tir

Trong suy luan, chirng minh todn hoc va trong qua trinh tinh toan, ta thuong su
dung nhitng ménh dé co cac bién. Vidu "x > 5", "x =y + 10". Nhirng ménh dé nay
c6 thé dang, sai tuy thudc vao cac gia tri ciia cac bién x, y. Mat khac, ménh dé
"x > 5" ¢6 hai phan:

+ x 1a bién, 1a chu diém ma ménh d¢ khang dinh,
+ "lon hon 5" - ndi ve tinh chat ctia x va con duoc goi la tan tir (hoac vi tr).

Ta c6 thé ky hiéu P(x) = "x Ién hon 5". Phat biéu P(x) con dugc goi 1a ham tan tir
hay ham vi tir. Khi d6 P(4) =F, P(8) =T.
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Tong quat hod voi n bién: x;, x5, . . . x,, P(x;, X5, . . . x,) la ham ménh dé voi bo
n-phan tr, trong do6 P 1a tan tur.

Cac ham ménh dé thuong xac dinh gid tri1 ding, sai trong mot tap cac gia tri cua cac
bién: vadi tdt ca hay voi mot so phan tu nao d6. Toan tir xac dinh s6 lugng do dugc
goi la cac luong tu. Co6 hai loai lugng tur:

+ Luwong tir tong qudt: voi moi phan tir (trong vil tru),
+ Luwong tir ton tai: véi mot phan tir nao d6 trong pham vi xac dinh cua bién.
Pinh nghia 1.21 Cho P(x) 1a ham x4c dinh trén mién gia tri D.
a/ “V&i moi x thude D, P(x)” goi 1a mot phat biéu tong quat va duoc ky hiéu:
Vx € D, P(x), trong do ky hi¢u V 1a lugng tr (luong ttr) voi moi.
Ménh dé: ¥x € D, P(x) dung néu P(x) diing vi moi x € D.
b/ “Véi x nao do thude D, P(x)” goi 1a phat biéu ton tai va duoc ky hiéu:
Ix € D, P(x), trong d6 3 1a luong tir (luong tlr) ton tai.
Ménh dé: 3x e D, P(x) diing néu P(x) diing véi it nhat mot gié tri x nao do trong D.
Vidu 1.19
a/ V&i moi sb thuc x, x> > 0 1a ménh dé hing dang, viét ngin gon
Vx e R, x*>0, voiR - tap cac s6 thuc.
b/ Véimoi s x, c6 mdt sd y, x +y =0 c6 thé viét vx € R,Jy € R, x +y=0.
Luu y:

v' Pé chimg minh Vx € D, P(x) 1a dting thi phai chi ra ring véi moi x € D
thi P(x) déu dung.
v Pé ching minh 3x € D, P(x) 1a dung thi chi can chi ra rang P(x) dung
v6i1 it nhat mgt gia tri x nao doé thudc D, nghia 1a tim dugc mot gia tri x
dé P(x) dang.
v' Pé ching minh Vx e D, P(x) 14 sai thi chi can tim ra mot gié trj x thudc
D ma P(x) 1a sai.
v Pé ching minh 3x € D, P(x) 1a sai thi phai chi ra rang vi moi x thudc D
thi P(x) déu sai.
v Khi mién gid tr1 D dugc xac dinh trudc, ta co thé viét nga‘m gon cac ham luong
tir nhu sau: 3x P(x) hodc (Ix)P(x) doi véi lugng tir “ton tai” va Vx P(x)
hodc (Vx) P(x) doi v&i luong tir “voi moi”.
Tuong ty nhu cic cong thirc ménh dé néu trén, cic ham tan tir (cong thirc tan tir)
duogc xay dyung tir cic bién ménh dé, cac phép toan logic va hai phep luong tir V, 3.
Pbi vai cac cong thirc tan tir chiing ta co cac qui tic suy dién sau.
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Bang 1.11 Céc qui tic suy dién

L4

I15

Lig
L17
Lig
Lio
Ry
Rl
RIy,
RI};

RI;;3

Phén phdi cta 3 dbi v6i phép v

Ix (P(x) v Q(x)) = Ix P(x) v Ix Q(X)
Ix (RvQx)) = RvIxQX)

Phén phdi cta V d6i véi phép A

Vx (P(x) AQ(x)) = Vx P(x) A VX Q(Xx)
VX (R AQ(x)) = R A VX Q(x)

1(3x (P(x)) = Vx (1P(x))

1(Vx (P(x)) = 3Ix (1P(x))

Ix (P(x) AR) = 3x P(x) AR

Vx (P(x) vR) = Vx P(x) vR

vx (P(x)) = Ix (P(x))

vx P(x) v ¥x Q(x) = Vx (P(x) v Q(x))

Ix (P(x) AQ(x)) = Ix P(x) A Ix Q(x)

vx P(x)

- P(c) ¢ 1a mot phan tir dé P(c) 1a dung
P(c)

s dx P(x)

Trong d6, P(x), Q(x) 1a cac ham tan tir cta bién ménh dé x co gia tri thudc mot
mién xac dinh cho trude va R 1a mdt cong thirc ddc 1ap véi cac bien ménh dé x.

Dit lai bién trong cac cong thirc tan tir va két hop hai qui tic 1,4 va I;s va ching ta

suy ra:

Vx P(x) v Vx Q(x) = Vx P(x) v Vy Q(y)

Vx (P(x) v Vy Q(y)) vi Vy Q(y) doc lap voi x
Vx Vy (P(x) v Q(y)) vi P(x) doc lap voi y.

Ix P(x) A3x Q(x) =3x P(x) ATy Q(y)

= Ix (P(x) AJy Q(y)) vi Iy Q(y) doc 1ap véi bién x
= 3x Jy (P(x) AQ(y)) vi P(x) doc lap vai bién y.

Luru y: Khi mién xac dinh D 13 hitu han, [D| = n, khéng mat tinh tong quét ta c6 thé

viet D = {xy, X», ..

., X,}. Khi do,

Vx € D, P(x) =P(x;) AP(x3) A ... AP(Xy)
dx € D, P(x) =P(x;) VP(x3) v ...V P(x,)
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1.7 Cac phuong phap chirng minh
Heé thong toan hoc bao gdm cac tién dé, dinh nghia va nhiing khai niém (thuong 1a
khong dinh nghia hinh thtrc dugc). Trong do

+ Tién dé 1a nhirng ménh dé duoc thira nhan 13 luén ding va khong can phai
chirng minh.

_ + T céc tién d& va cdc dinh nghia c6 the phat bieu thanh cc dinh Iy. Dinh
1y can dugc chirng minh dya vao cac gia thiét va céac luat suy dién twong duong néu
trén.

+ B6 dé co thé xem nhu mot dinh 1y thuong duoc sir dung dé ching minh cac
dinh 1y khéc.
+ Hé qua (két lugn) 1a ménh dé dugc suy ra tir cac dinh 1y, cac tinh chat.
Viéc khéng dinh tinh ding/sai cuia mgt ménh dé (dinh ly) duogc goi la chung minh
dinh Iy.
Vi du 1.20 Trong hinh hoc Euclide chung ta di biét co nhiing tién dé phai duoc
thira nhan nhu:
Tién dé: Cho trude hai diém phén biét trén mat phing, c6 ding mot dudng thang di
qua hai di€m do.
Khai ni¢ém diém, duong thang, ... dugc dinh nghia khong tuong minh trong cac
phat bi€u, dinh nghia, tién de.
T hé tién dé va cac khai ‘niém co s¢, nguoi ta dua ra cac dinh nghia vé nhiing khai
niém madi nhu tam giac dong dang, cac goc ke, bu nhau, ...
Dinh Iy: Néu hai canh ctia mot tam gidc bang nhau thi hai goc d6i ching ciing bang nhau.
Hé qua: Tam giac ¢ cac canh bang nhau thi cac goc bang nhau.
Tom lai, cac dinh ly thuong c6 dang:
V&1 moi Xq, Xp, . . . Xp, néu P(x1, X2, . . . Xp) thi Q(X, Xa, . . . Xy) (*)
Hay viét P(xy, Xa, . . . Xn) = Q(X1, X2, . . . X)), VOiX|,Xp, . . . Xy €D
Dé chimg minh dinh Iy (*) chiing ta c6 thé thwc hién mét trong cdc cdch sau:
v Duya vao tinh chét cia phep kéo theo trong logic ménh dé ta co: néu
P(xy, X,, ..X,) = F (gid thi€t sai) thi dinh ly (*) 1a lu6n dtng. Do vay, ta chi can
xét cac truong hop P(x;, Xa,... X) = T (gia thiét ding). Neu Q(xy, Xa, ..., Xp) =T
dugc suy ra tir cac tién de, dinh ly, hay cac dinh 1y khac da dugc ching minh
thi dinh ly trén dugc chimg minh. Phuong phap nay dugc goi 1a chimg minh
truc tiep.
v' Phuong phép thtr hai 1a chirng minh gian tiép (hay phdn chimg). Gia st
P(xy, X, ..., Xl}) =T va Q(xy, X2 v x,) = F. Lic d6 xem P, Q nhu 1a
cac dinh ly, ké} hop cac tién q‘é, dinh ly, hay céc dinh 1y khac da duoc
chung minh dé dan ra di€u bat hgp 1y (méu thuan). Dinh 1y trén dugc
chung minh vi ta da co:
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p>qelg—>lp

v' Chirg minh bang phuong phéap 1ap luan, suy dién - 1ap ludn loai trir cac
truong hop.

v Chirng minh bang phuong phap qui nap toan hoc. Gia thiét ménh dé& S(n)
xéac dinh trén moi sé nguyén duong. Dé chimg minh ménh dé S(n) ding
thi chung ta thyc hién nhu sau:

(i) [Budc co s6] Kiem tra xem S(1) = T?. Néu ding véi cc trudng
hop co so thi thuc hién budc tiép theo.

(ii) [Gid thiét qui nap] Gia thiét S(k) = T v6i moi k < n.

(iii) [Budc qui nap] Dua vao gia thiét qui nap va cic dinh nghia, cac
tinh chat dd duoc chiing minh lién quan dén ménh dé S(k + 1), néu
ching ta khang dinh duogc S(n + 1) = T thi két luan duoc ménh dé
trén dung vo1 moi #n nguyén duong.

Vi du 1.21 Hay ching minh rang:

1. Véi moi s6 thuc d, dy, dy, x néu d = min{ d,, d,} 13 gia tri cuc tiéu cua
d,dyvax<dthix<d;, vax<d,.

Chitng minh: Tir dinh nghia ctia ham min ta c6 d < d;, vad <d,. Tiép theo trx < d
vad <d; suyra x <d; vi quan hﬁf: < ¢6 tinh bac cau. Tuong tu ta c6 x < d,. Pay la
phuong phap chirng minh tryc tiép.

2. Véimoi sb thuc x, ynéux+y2 2 thi hoacx > 1, hodcy > 1.

Chitng minh: (Phan ching) Gia st két ludn 1 sai, nghia 1a x < 1 va y < 1. Khi d6
X +y < 2, diéu nay dan dén nghich Iy (p A 1p 12 ménh dé mau thuin). Do vay
ménh dé trén 1a ding.

3. Xét bai toan sau: “Chuong trinh c6 15i va 1ap trinh vién da phat hién ra:

+ L6i phat hién & module 17 hodc module 24.
+ Pay la 161 vé tinh toan so6 hoc,
+ Module 24 khéng c6 1i.

"3

Vay & module 17 ¢6 15i vé tinh toan s6 hoc!

Chitng minh: Dé chimg minh khang dinh trén chung ta st dung phwong phap 1ap
luan va suy dién dang:

Néu p; vap, va ... p, thi q.
4. Chung minhrang n! >2" 'véin=1,2,... (**)
Churng minh qui nap:
Bur6e thik co so: Kiém tra xem (**) c6 ding v6in = 1?2. Béi vi
I=1>1=2""

nén budc thir qui nap 1a dang.
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Bu6c gid thiét qui nap: Gia thiét rang n! > 2", (F**)

ta cAn ching minh rang (**) dung véi n + 1, nghia la

(n+1)! > 2" (|

That vay: Theo dinh nghia ctia giai thira ta co

(n+1)! = (n+1) *(n'!)
> (n+1) 2" theo gia thiét qui nap (***)

>2%2™  poivintl =2
Vay (n+1)! > 2". Pay la diéu can ching minh. n

Bai tip vé logic va lap luin

1.1

1.2
1.3
1.4

1.5

1.6
1.7

1.8

Cho S = {a, b} . Véimoix, y € S, dinh nghia x ° y = xy (ghép 2 chir).
(@) Scodong voi °?
(b) Phép ° c6 tinh két hop, giao hoan?
(c) S co phan tir don vi ddi véi °?

Tim quan hé 1 bao dong ddi xtng ciia R trén tap S.

Néu X 1a tap hitu han thi [2%] =2

Nhiing quan hé R sau c6 phai la quan h¢ twrong duong hay khong

(a) Trén tap tat ca cac duong thang, 1 1RL néu 1;song song voi b,
(b) Trén tap cac so tu nhién N, mRn neu m - n chia hét cho 3,
(c) Trén tip cac sb tu nhién N, mRn néu m chia hét cho n,

(d) TrénS={1,2,...,10},aRbnéua+b=10.

Cho f: {a, b}" — {a, b}" x4c dinh béi f(x) = ax, v&i x {a, b}". Hoi f() co
nhirng tinh chat gi?

Néuw e{a, b} thoa mén abw = wab, chimg minh rang [w| 1a s6 chin.
Nhitng ménh dé sau ding hay sai trong truong s thuc?

a/ 3x, Yy, néu x <y thi x> <y’

b/ Ix, 3y , néu x <y thi x* <y’

c/ Vx, Vy, néux <y thi x> <y’

d/ Vx, Jy, néu x <y thi x> <y’

Chung minh cac ménh dé sau:

a/ 5" — 1 chia hét cho 4

b/ 1+3+5+ ...+(2n-1) =n’

o  2">n’ véin=4,5,. ..
d/ 2+4+6+ ...+2n =n*(n+1)

1.9% (Dé thi cao hoc nam 2000, cau 1 mon thi co ban: “Toan hoc roi rac”)

1. Hay 1ap bang gia tri ctia cong thirc ménh dé sau: P—>((Q—R)—S)
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2. Hﬁy bién ddi trong dwong dé dua cong thirc sau ddy vé dang: khong co cac
dau twong duong (=), 'khong c6 cac dau kéo theo (—); khong ké cac dau
lwong tir thi n6 1a tuyén cta cac thanh phan ma mdi thanh phan nay lai 14
hoi cta cong thire khong chira cac ddu tuyén (v) va hoi (A):

Vx (1P(x, y) = 3y Q(y, x))
1.10* (Dé thi cao hoc nam 2001, cau 1 modn thi co ban: “Toan hoc roi rac”)

1. Cho c6ng thirc ménh A = (Vx P(x) A Vx Q(x)) > |(3x R(x) v 3x F(x))

Thyc hién cac phép bién doi tuong duong sau ddi véi A:

a/ Khtr phép kéo theo —

b/ Bua phép phu dinh | v& truc tiép lién quan t6i cac vi tir P, Q, R va F.

¢/ Pua céac luong tir 1én trudc cong thirc.

d/ Pua cong thic ding sau luong tir vé dang chuan hoi va dang chudn tuyén.

2. (3x!) P(x) 1a ky hiéu ménh dé “T6n tai duy nhat mot x sao cho P(x) la
dang”.

a/ Cho trudng gia tri ctia bién x 1a tap cac sd nguyén. Xéc dinh gia tri chan 1y
clia cac cong thire (Ix!) (x° = 1) va (Ix!) (x> - 3x + 2 =0).

b/ Biéu dién ménh dé (3x!) P(x) qua cong thirc twong duong chira luong tur
toan thé, luong tir ton tai va cac phép toan logic khac.

L.11%* (De thi cao hoc nam 2002, cau 1 moén thi co ban: “Toan hoc roi rac”) Cho
P(x) 1 vi tir mdt bién trén truong M nao d6. Khi 4y ménh dé (Vvx!) P(x) doc 1a
“Ton tai duy nhat mdt x sao cho P(x) la dung”.

1. Gia str P(x, y) 1a vi tir y = 2x trén truong s6 Z x Z, Z 1a trudng s6 nguyén.
Hay cho biét gia tri chan ly ctia cac cong thure sau:

(V)3 (P(x, y) = (Qy)(VX) P(x, y))
FyNVx) (P(x, y) = (Vx)(3y!) P(x,y))
2. Cho ménh dé (3x!)(x >2). Tim trudng ctia x d& ménh dé trén diing (ménh dé trén sai).

3. Cho céng thitc A = (3x |P(x) v (Vx 1Q(x)) = (X = (Vx P(x) A 3x Q(x))).
Dung phép bién doi trong duong logic dé dua A vé dang rit gon:

A= (Vx)3Ty) (P(x) A Q(y) v 1x), trong do P, Q 1a vi tir trén mat
bién, con X 1a bién ménh dé so cap.

1.12* (Pé thi cao hoc nam 2002, cau 1 mén thi co ban: “Toan hoc rdi rac”)

1. Cho trude cong thire (3x)(Vx) P(x, y) xac dinh trén truong M x M voi M =
{1, 2, 3}. Hiy bién d6i twong duong cong thirc trén vé dang khong con cac
lwong tr 3, V ma chi con cac phép hoi, tuyén va cac vi tir trén trudng da
cho.

2. Cho trudce cong thure
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A= (VxPx) > Ix Q) v Ix IPX) v Ix Q) v (X = Y) A 1Y) > |1X).
Thuc hién cc phép bién dbi twong duong sau day ddi véi A:

a/ Khir phép keo theo —.

b/ Pua diu phu dinh vé tryc tiép lién quan dén X, Y, P va Q.

¢/ Pua céac luong tir 3, V 1€n dung trudce cac cong thic logic khac.

d/ Bién d6i cong thic ding sau lugng tir vé dang chuan hoi va dang chuan
tuyén.

1.13* (Dé thi cao hoc nam 2003, cau 1 mon thi co ban: “Toan hoc roi rac”)
1. Cho trudc cong thirc

A= (Vx P(x) - 3Ix Q) > (VX F(x) A Vx (R(x) > —IP(X))) Thuyc hién cac
phép bién doi tuong duong sau day doi voi A:

a/ Khir phép keo theo —.
b/ Pua dau phi dinh vé tryc tiép lién quan dén P, Q, R va F.
¢/ Pua cac lugng tir 3, V 1€n dling trudce cac cong thirc logic khac.
d/ Tim dang chuan hoi va dang chun tuyén cta A.
2. Chi ra trén truong M = {a, b, ¢} ta ludn co6:
Ix P(x) A 3x Q(x) = Ix Iy (P(X) A Q(y)
3. Suy luén dudi day c6 ding khong? Nhiing qui tic suy dién ndo duoc ap dung?

1%, v X,
X5 v X,
X, v X5
(1 X4 v Xs) A 1Xs

1.14%* (Dé thi cao hoc nam 2003, cadu 1 mon thi co ban: “Toan hoc ro1 rac”)
1. Cho cong thirc

A= (Ix (PX) A QX)) v Ix R(x)) = (Vx F(x) = (X — Y)). Thyc hién cac phep
bién doi tuong duong sau day doi voi A:

a/ Khur phép keo theo —.
b/ Pua dau phu dinh vé tryc tiép lién quan dén P, Q, R va F.
¢/ Pua céac luong tir 3, V 1€n dung trudc cac cong thirc logic khac.

d/ Tim dang chuan hoi va dang chuan tuyén cua A. Tir d6 viét dang chuan
tuyén va dang chuén hoi cua |A.

2. Pua cong thirc B = (Vx)(Jy)P(x, y) = (3x)(Vy) | P(x, y) vé cong thirc
twong duong trén truong M = {a, b} x {c, d} khong con cac lugng tu 3, V,
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chi con phep héi, phép tuyép va phép phu dinh. Phép phu dinh chi lién quan
truc ti€p to1 tung vi tr cu thé trén M.
3. a/ Chi ra 6 hinh suy dién dudi day 1a ding
Xl N\ X2
—| Xl Vv (X3 AN Xz)
—|X3 Vv ( X4 Vv X5)
1X,

o Xs
b/ Chuyén mé hinh suy dién & trén vé dang cong thirc hing dung twong
duong.
1.15* (Dé thi cao hoc nam 2004, cau 1 mon thi co ban: “Toan hoc ro1 rac”)

1. Cho mé hinh suy dién trong logic vi tir

(Vx)(1P(x) > Q(x))

() 1P(x)

(Vx)(Q(x) = R(x))

(Vx)(S(x) > |R(x)) (*)

5 (3x) 1S(x)
O day P(x), Q(x), R(x), S(x) 1 c4c bién vi tir xéc dinh trén trudng M.

a/ Viét cong thire twong duong véi mé hinh suy dién (*) néu trén va né c6 phai la
cong thurc hang ding khong?.

b/ MO hinh suy dién trén c6 ding trén truong M khong?, nhimg quy tac suy dién nao
dugc ap dung trong mo hinh suy dién do.
3. Hay dién dat dinh nghia gidi han lim f(x) = L dudi dang mot cong thire vi tr.

4. Chi ra ring cong thirc | ((vx) P(x)) trong duong véi cong thirc (3x) | P(x) trén
trlI(‘mg M= {ala A, .. an}

1.16* (Dé thi cao hoc nam 2005, cau 1 mon thi co ban: “Toan hoc roi rac”)

1. Phat biéu sau dung hay sai, tai sao?
T4t ca moi ngudi c6 bang cir nhan thi déu da tt nghiép dai hoc.
Lan c6 bang ctr nhén.
Vay suy ra Lan da tot nghiép dai hoc.

2. Hai cong thure sau c6 twong duong logic v&i nhau khong, tai sao?
A=P->QvR)vaB=P->Q)v(P—>R)

3. Cho tru6e cong thitc F = (P — 1Q) — (IP AR)

a/ Khtr phép kéo theo va rit gon cong thuc F.

b/ Tim dang chuén hdi chinh tic (chuan hoi day di) va chuan tuyén chinh tic

cuaF.
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1.17* (Dé thi cao hoc nam 2006, cau 1 mon thi co ban: “Toan hoc ro1 rac”)

1. Cho trude cong thac F=(IPv 1Q) = (IP AR)
a/ Khtr phép kéo theo va rut gon cong thuc F.
b/ Tim dang chuén tuyén chinh tic (chudn tuyén day du) cua F.

2. Hai cong thirc sau c6 tuong duong logic voi nhau khong, tai sao?
A=3x(P(x) - QX))
B =Vx (P(x) > Ix Q(x))

3. Suy luén dudi day c6 dung khong? Nhirng luat logic, qui tic suy dién

nao duogc ap dung?

P—->Q
P—->Q

_|(Q AR)
SvP
S
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CHUONG 11
Ly thuyét 6tomat

Chuong hai gi6i thiéu nhitng khai niém co sé va cac tinh chat cta Iy thuyét 6tomat.
No6i dung bao gom:

v Céc khai niém co ban va céc tinh chit cua 6tomat,

v' Céc tinh chat ctia ham chuyén d6i trang thai,

v' Su tuong duong ctia 6tdmat hitu han don dinh va khong don dinh,
v’ Mot sd van dé lién quan dén cuc tiéu hoa 6tdmat hiru han.

2.1 Otémat hiru han

Chung ta s& tim hiéu vé mot dinh nghia tong quat nhat cua 6tdmat va sau d6 thu
hep cho phu hgp véi cac ing dung cua khoa hoc may tinh. Mot 6tomat dwoc dinh
nghia nhu la mot hé tho”'ng ([2], [3], [4], [5], [6]), trong d6 nang luong, vat chat
hoic thong tin duoc bién doi; dugc truyén di va duoc su dung dé thuc hién mot sb
chtrc ning nao d6 ma khong can co sy tham gia tryc tiép clia con nguoi. Vi du nhu
may pho-té-copy tu dong, may tra tién tu dong ATM, ...

Trong khoa hoc mdy tinh, thuat nglr 6tomat c6 nghia la may xu 1y tuy dong trén dir
liéu ro1 rac. Moi 6tdmat dugc xem nhu 1a mot co ché bién doi thong tin gdm mdot
bd diéu khién, mot kénh vao va mot kénh ra.

[ A — > 0
A s 1
I Otomat 0,
............................................. ql’ qz’ - qn
[ —> O,

Hinh H2-1 M6 hinh cta 6tomat roi rac
Trong d6 c6 cac thanh phan:
1. Pau vao (input). O mbi thoi khoang (10 rac) ti, b, ... , cac dir ligu vao I, I, ...,
la nhitng s6 hiru han céc gia tri tir bang chir cai 2 ; dau vao.
2. Dau ra (Output). Oy, O,, ... Om' cac két qua xu ly cua hé thong 1a céac sb

hiru han céac gia tri xac dinh két qua dau ra.

3. Trang thdi. Tai mdi thoi diém, 6tdmat c6 thé & mot trong cac trang thai q;,
J25 --- (n-
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4. Quan hé giita cdc trang thdi. Trang théi tiép theo cua 6tdmat phu thudc vao
hién trang va dau vao hién thoi, nghia 1a dugc xac dinh phu thudéc vao mot
hay nhiéu trang thai trugce va dir 1iéu hién thoi.

5. Quan hé két qua. Két qua cua 6tdomat khong nhitng chi phu thudc vao cac
hi€n trang ma con phu thudc vao cac dau vao. Nhu vay, két qua (dau ra,
output) cua 6tdmat dugc xac dinh theo dau vao va céc trang thai thyc hién
cua no.

Luu y [4]:
»  Otdomat ma dau ra chi phu thudc vao dau vao duge goi la otomat khong
co bo nho.
»  Otomat ma dau ra phu thudc vao cac trang thai dugc goi 1a 6tomat hiru
han bo nho.

» Otomat ma dau ra chi phu thudc vao cac trang thai duoc goi la mdy
Moore.

>  Otéomat ma dau ra phu thudc vao dau vao va cac trang thai & moi thoi
diém duoc goi 1a May Mealy.

Vi du 2.1 X¢ét thanh ghi dich chuyén nhu sau

> D Q D Q D Q D Q
Efppwt Output

)

Hinh H2-2 Thanh ghi dich chuyén 4 bit st dung D-flip flaps
Thanh ghi dich chuyén trén con dugc goi 1a may hitu han trang thai co 2* = 16
trang thai (0000, 0001, ..., 1111), mét day vao va mot day ra, bang chir cai vao
(tin hiéu vao) 2. = {0, 1}va bang chir cai dau ra (tin hiéu ra) O = {0, 1}. Thanh
ghi dich chuyén 4 bit trén c¢6 thé dugc mo ta boi 6tdmat sau:

Otomat

2 | di> 92, --- qi6

Hinh H2-3. May hitu han trang thai thyc hién thanh ghi dich chuyén 4 bit.

Nhan xét: Hanh vi ciia moi may tuan tu (cac thao tac thuc hién tuan tu) déu co thé
biéu dién dugc bang mot 6tdmat.

Sau day chung ta xét dinh nghia hinh thitrc vé 6tdmat hitu han trang thai goi tat 1a
O0tomat hiru han.
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Mot 6tomat hitu han lam viéc theo thoi gian roi1 rac nhu tat ca cac mod hinh tinh
todn chu yéu. Nhu vay, ta c6 thé ndi ve thoi diém “ké tiép” khi “dac ta” hoat dong
cua mQt 6tomat htru han. Mot cach hinh thirc hon, 6tomat dugc dinh nghia nhu sau.
Dinh nghia 2.1 Ortomdt hitu han don dinh (got tat 1a 6tdmat hiru han), ky hi¢u la OTPD,
co the biéu dién dugc bdi b 5 thanh phan M= (Q, 2, G, qq, F), trong do:

(1)
(i)

(iii)

(iv)
v)

Q 1a tap hiru han khac rong céc trang thai,

> 1a tap hiru han khéc rdng cac ky hiéu dau vao (bang chit cai), véi gia
thiétQ N Y =,

c 12 anh xa tr Q x ¥, vao Q va duoc goi 13 ham chuyén trang thdi.
Ham nay mo ta sy thay doi trang thai cuia 6tdmat va thuong dugc cho
biét dudi dang bang chuyén trang thai hay do thi chuyén trang thai.

Qo € Q 14 trang thdi khéi dau,
F c Q 1a tip céc trang thdi két thiic. Tong quat: | F|> 1.

Mo hinh trén ¢ thé duge mo ta nhu trong hinh H2- 4.

Xau duge xt ly

v v

$ Béng dit liéu vao

Pau doc R

B6 diéu khién
hiru han

Hinh H2-4 So db khéi cia 6tdmat hiru han

Otomat hiru han trang thai gdm cac thanh phan sau:

(i)

(ii)

(iii)

Bang dir liéu vao. Bing dit lidu vao duogc chia thanh cac 6, mdi 6 chua
mot ky tu tir bang chir cai >, trong d6 6 dau duoc danh dau cho sy bat
dau bang © va 6 cudi dung $ dé danh dau két thuc. Khi khong str dung
cac 6 danh dau do thi bang dir liéu vao s€ dugc xem nhu c¢6 do dai vo
han.

Pau doc R. Mbi lan dau doc chi xem xét mot 6 va c6 thé dich qua phai
hodc qua trai mot 6. Dé don gian, chung ta gia thiét dau doc chi dich
qua phai sau mdi 1an xtr Iy.

Bé diéu khién hiru han. B nay diéu khién hoat dong cia 6tdmat moi
khi doc mot dit li¢u vao. Khi doc mdt ky hi€u vao, vi du a, ¢ trang thai
g 6 thé cho céac két qua sau:

(a) Pau doc R van & nguyén tai chd, khong dich chuyén,

(b) Chuyén sang trang thai khac dugc xac dinh theo o(q, a).
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Vi dy, hé théng thang may ctiia mot tod nha nhiéu ting c6 thé md hinh hoéa nhu 1a
mot 6tomat hitu han. Thong tin vao gdm céac yéu cau di 1én, di xudng tai moi thoi
diém khi nguoi st dung c6 nhu cau. Trang thai duoc xac dinh boi thong tin vé cac
yéu cau van chua dugc dap tmg (vé nhitng ting can di t6i tir bén trong thang may,
hay ¢ trén cac tang), vé nhitng vi tri hién tai cua thang may (Ién hay xudng). Trang
thai tlep theo luén dugc xac dinh boi trang thai hién tai va thong tin vao. Tu céc
trang thai hién tai cling xac dinh dugc thong tin ra mé ta hanh vi cua hé théng
thang may.

Dé hiéu duogc hoat dong cua cac 6tdmat, ching ta can phai tim hiéu cac tinh chit,
dic trung ciia ham chuyén trang thai.

2.1.1 CAc tinh chit ciia ham chuyén trang thai

Ham chuyén trang thai dugc xac dinh trong dinh nghia 6tdmat hiru han la mgt anh
xa xac dinh trén cac cdp trang thai va ky hi€u vao, do vay khong thé st dung truc
tiép dé dodn nhan cac xau, ma phai mo rong c thanh anh xa

c:QxY >0
nhd cac tinh chat sau.
Tinh chat 2.1
(i) VqeQ, o(qA)=q,voiAlatu rong. Nghia 13 trang thai ctia 6tomat chi
thay d6i khi co dir li¢u vao. 2.1)
() vweX, ael, o(q,aw)=o(o(q, a), w) (2.2a)
o(q, wa) = o(c(q, w), a) (2.2b)
Ménh dé 2.1 V&i moi ham chuyén trang thai o va voi moi xau vao x, y,
a(q, xy) = 6(a(q, x), y) (2.3)

Chitng minh: Qui nap theo |y|, nghia 13 theo sb ky tu trong y.
Co so: Khi |y| = 1, y = a, thi 6(q, xa) = 6(c(q, X), a) dung theo tinh chat (2.2b).
Gia st rang (2.3) ding v&i moi xau x va véi nhitng xau y ¢ n phan tr, | y| =n
Khi xau y ¢6 d6 dai 1a n+1, ta c6 thé viét y = y,a, v6i | y,| = n. Khi do
o(q, Xy) = o(q, Xy1a) = 6(q, X;a), VOi X; =Xy,

= o(o(q, X1), a), Theo (2.2b)

= o(a(q, xy1), a) ’

= o(o(o(q, X), y1), a), Theo gia thiét qui nap

= o(o(q, X), y1a), Theo (2.2b)

= 6(a(q, X), y)-
Do vay, tinh chat (2.3) diing v6i moi xau x, y. "
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2.1.2 Cac phwong phép biéu dién 6tomat

Cho mdt 6tomat thue chét 13 chi can cho biét ham chuyén trang thai ciia nd. Ham
chuyén trang thai c6 thé cho dudi dang bang chuyén trang thai hodc dudi dang do
thi.

A/ Phwong phdp cho bang chuyén trang théi

Bang cho trudc mot 6tomat c6 thé cho dudi dang bang chuyén trang thai

Céc trang Ky hiéu vao
thai a ar . a,
— qo o(qo, a1) ©(qo, a2) S(qo, an)
qi o(qi, a1) o(qi, az) o(q1, an)
@ o(qr a;) o(qy, az) o(qs, an)
dk
o(q, a1) o(qi, a2) o(qx, an)

trong d6, Q = {qi, Qa, ... Q}» 2 = {a1, A2, ..., 8y} va F 13 tap tat ca nhitng trang thai
qr (nhitng trang thai ndm trong hinh tron), qo 1a trang thai bat dau (c6 mii tén di
dén).

Vi du 2.2 Xét 6tomat hitu han ¢6 ham chuyén trang thai dugc xac dinh theo bang
sau

Béang B2.1 Bang chuyén trang thai cia M

Day vao
Trang thai 0 1
(@) @ q
di 3 o
q2 Jo O3
qs q @

Q ={q0> 91> 92, @3}, 2 = {0, 1} va F = {qo}, qo vura la trang thai bt dau (c6 miii tén di
dén) vira 1a trang thai két thuc (nam trong mot hinh tron).

B/ Phuwong phdp biéu dién bang do thi

Ham chuyén trang thai c6 thé biéu dién dudi dang d6 thi c6 hudng, trong d6 moi
trang thai 1a mot dinh. Néu tir ky tw vao a € Y, va tir trang thai ¢ 6tomat chuyén
sang trang thai p (o(q, a) = p) thi s€ co cung di tir ¢ dén p v6i nhén 1a a. Pinh ing
v6i trang thai bit dau (qp) c6 mili tén dén, nhitng dinh tmg véi cac trang thai két
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thic (thudc tap F) dugc khoanh trong vong tron kép, nhitng dinh con lai dugc
khoanh trong vong tron don.

Vidu 2.3 Otémét htru han ¢6 ham chuyén trang thai duoc xac dinh theo bang & vi
du 2.2 dugc biéu dién bang do thi nhu sau:

1
ev\ _/

1

01&0
N
@ W

Hinh H2-5 Biéu dién d6 thj cua 6tomat

2.1.3 Ngon ngir doan nhian dwgc cia 0tomat

Pinh nghia 2.2 Mot xau x dugc doan nhan bdi 6tdmat hiru han M = (Q, 2., o, qo, F)
néu o(qo, X) = q, voi q € F, nghia 1a o(qq, x) € F.

Pinh nghia 2.3 Tap tit ca cac xau (con duoc goi 1a ngdn ngir) duge doan nhan boi
o0tomat hiru han M = (Q, 2., o, qo, F), dugc ky hiéu la

TM) = {x € X" | o(qo, X) € F}

Vi du 2.4 X¢t 6tomat hitu han cho trude ¢ vi du 2.2. Ta dé dang kiém tra diy
110101 1a chap nhan dugc boi M. That vay,

o(qo, 110101) = o(qy, 10101) = 6(qo, 0101)
= o(qa, 101) =o0o(g;, 01)

= o(qi, 1) =0o(qo, A)  =do.
Vidu 2.5 Xét 6tomat hiru han M duoc cho nhu ¢ hinh sau
a

Noull o

b
b
Hinh H2-6 Biéu dién do thi ctia 6tdmat hitu han M cho trudce

Dua vao cac tinh chit va cach biéu dién ctia ham chuyén trang thai trén dd thi dinh
hudng, chiing ta nhan thay:
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= Mot xau (mdt tir) doan nhin duoc bai M 1a diy cac ky ty dau vao (cac nhin
trén cac cung) trén duong di tir dinh bat dau dén mot trang thai két thuc nao
do.
= Ngon ngit doan nhan duoc boi M 1a tap tit ca cac xdu dugc ghép tir cac
nhan trén tat ca cac duong di tur dinh bat dau dén cac dinh két thuc.
Twr nhan xét trén, ta suy ra ngén ngir doan nhan dugc bdi M s€ 1a

T(M) = {a(ba)"a, b™ | n >0, m> 0}

2.2 Otomat hiru han khong don dinh

Chung ta di nghién ctru nhitng 6tdmat ma tir mot trang thai (chwa két thiic) va mot
ky tu vao thi trang théi tiép theo ctia chung dugc xéc dinh duy nhat. Ti€p theo
chung ta xét truong hgp nhiing 6tdmat hiru han ma trang thai ti€ép theo nhu trén
khong xac dinh duy nhat.

Chung ta hily xét 6tdmat dugc cho boi do thi chuyén trang thai nhu trong Hinh H2-
7.

0 1

%QO 0

Hinh H2-7 Hé bién d6i biéu dién 6tomat hiru han khong don dinh

Khi ¢ trang thai qo va dir li¢u vao 1a 0, thi 6tomat chuyén dén trang thai nao?. Theo
h¢ thong trén thi n6 co thé hoac chuyén dén q; hodc quay vong tr¢ lai chinh qp.
Nhu vay, trang thai tiép theo cua 6tdomat khong xac dinh duy nhat khi nhan dir liéu
vao 0. Nhiing 6tdmat nhu vay duoc goi 1a 6tomat hitu han khong don dinh (khong
tat dinh).

Dinh nghia 2.4 Mot 6tomat hitu han khong don dinh (OTKDD), goi tat 1a 6tomat
khong don dinh, 12 bd 5 phan tit M = (Q, 2., ©, qo, F), trong d6

(i) Qlatap hiru han khic rong cic trang thai,

(ii) X 14 tap hiru han khac rong cac ky hiéu vao (bang chit ci), vdi ¥ N Q = &,
(iii) o 1a anh xa tir Q x X, vao 2% (tap tit ca cac tap con cia Q),

(iv) qo € Q la trang thai khoi dau,

(v) FcQlatap cac trang thai két thiic. Tong quat thi | F| > 1.
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Chung ta nhan thiy sy khac nhau giita don dinh (tt dinh) va khéng don dinh cia
6tomat chi 13 & ham chuyén trang thai c. Ddi v6i 6tdmat don dinh (OTPD), két
qua cta o chi 1a mot trang thai, 13 mot phan tir ciia Q; con ddi véi 6tdmat khong
don dinh, két qua ciia ham chuyén trang thai o 1a mot tip con cic trang thai cua Q.
Tuong tu nhu dbi voi 6tomat don dinh, ham chuyén trang thai duoc xac dinh trong
dinh nghia 6tomat khong don dinh 1a mdt 4nh xa xac dinh trén cac cap trang thai va
ky hiéu vao, do vay khong thé sir dung truc tiép dé doan nhan cac xau, ma phai mé
rong ¢ thanh anh xa

6:29x 3" 500

nho cac tinh chat sau.

Tinh chét 2.2
() VweY, Vw e Q, o(q w)=o({q}, ) (2.4)
(i) VScQ,o(S,A) =S, (2.5)
(iii) VScQ, VaeX, o(S,a)= |Jd(q.a) (2.6)
(iv) VScQ, Va e, Vw €Y, o(S, aw) = o(o(S, a), w) 2.7)

Pinh nghia} 2.5 Xéu w eY dodn ni{dn dwoc béi mét OTKPD M néu c(qg, W) c6
chira mot s6 (it nhat mét) trang thai két thuc.

Luu y:

= Khi M la 6tomat khong don dinh, o(qo, W) ¢6 thé c6 nhiéu hon mét trang
thai. Do vy, w dugc doan nhén boi M néu tir gy va doc dir licu vao lan luot
theo w (tir trai qua phai) ta c6 mot cach dé dat dén dugc trang thai két thuc.

= Trong dd thi biéu dién cho 6tdmat khong don dinh M, w €Y. dodn nhdn
dwoc bdi M cling chinh 1a day céc nhan trén cac cung cua mgt duong di tu
dinh bat dau dén it nhat mot dinh két thuc.

Vi du 2.6 Xét 6tomat khong don dinh dugc biéu dién bang biéu dd chuyén trang
thai nhu hinh H2-8.

Error! 0.1 0.1
1 1
(0 )—— (a0 )——>

o8

Hinh H2-8 Otdmat khong don dinh M
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Luru y: Khi & mot dinh c6 nhiéu hon mét vong khuyén (mot cung quay lai chinh no)
v6i1 cac nhan khac nhau thi c6 thé chi can vé mét vong khuyén véi cac nhan cach
nhau bang dau phay °,” nhu ¢ cac dinh qo, q;, g4 ¢ hinh trén.

Diy céc trang thai xac dinh boi ddy vao 0100 dugc mo ta qua ham chuyén trang
thai nhu sau:

6(qo, 0100) = & ({qo}, 0100) Theo (2.4)
=o(o({qo}, 0), 100) Theo (2.7)
= o(c(qp, 0), 100) Theo (2.6)

= o({qo}, 100) = o(o({qo}, 1), 00)

= o(c({qo, 93}, 0), 0)

= o(o(qp, 0) U o(qs3, 0), 0) Theo (2.6)
= 0({q4} W o(qs, 0), 0)

= 0(q4, 0) U o(c (g3, 0), 0)

= {q} Y o(o (g3 0),0)

Vi q4 14 trang thai két thiic nén day 0100 1a doan nhan duoc bai 6tomat khong don
dinh trén.

Tuong tu, day 0100 ciling chinh 1a day cia cic nhan trén duong di tr qo, qo, 93, 45
va ke thuc ¢ g4, nén n6 dugc doan nhan bd1 M (hinh H2-8).
Tu d6, ching ta co tap tat ca cac tir doan nhan bai mot 6tdmat duoc dinh nghia nhu
sau.
Pinh nghia 2.6 Tép cac xau (tr) dugc M (don dinh hodc khong don dinh) dodn
nhan 1a tap tat ca cac xau dir li¢u (day céac ky tu) dau vao dugc doan nhan boi M;
ky hi¢u T(M).

TM) = {w € ¥ |o(qo, W) " F = &}
Tap cac xau dugc doan nhan (hay dodn nhan dugc) béi mot 6tomat thé hi¢n kha
nang tinh todn ctia h¢ thong va mo ta hanh vi ciia mot 6tomat. Tap doan nhan dugc
boi mot 6tdmat thuong con duoc goi la ngon ngir duwoc dodan nhan boi otomat do.

2.3 Su twong dwong ctia 6tomat don dinh va khong don dinh
O trén chﬁngl ta dﬁ phan biét hai loai 6tdmat don dinh (OTPD) va lghf)ng don dinh
(OTKDD). Van dé quan trong la chung c6 quan h¢ voi nhau nhu theé nao?, nghia la
ngdn nglr doan nhan bdi1 OTKDD va OTPD ¢6 quan hé véi nhau hay khong?
Mot cach tryc quan ching ta nhan thiy:
> OTDD c6 thé md phong hanh vi cia OTKDD bang cach gia ting s6 cac trang thai.
Noi cach khac, OTPD (Q, Y, o, qp, F) c6 thé xem nhu OTKPP (Q, ¥, &', qo, F)
bang cach dinh nghia 6'(q, a) = {o(q, a)}, n6i cach khac OTDD la truong hop
dac biét caia OTKDD.
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> OTKDD la tong quat hon, song c¢6 veé nhu khong manh hon, nghia la tap
ma né doan nhan khong nhiéu hon OTPHD.

Piéu thir hai dugc khing dinh boi dinh 1y sau.

Pinh Iy 2.1 Vi moi OTKDD M ludn t6n tai OTPP M’ tuong dwong theo nghia
ching doan nhan cung mdt tap dir liéu, T(M) = T(M").

Chitng minh: Giél st OTKPD M = (Q, Y, o, qo, F) doan nhan L. Ching ta xay
dung moét 6tomat OTPD M’ = (Q’, 2., o', d'o, F') nhu sau:
i Q=29
(i)  qo' = {90},
(iii) F'1a tap tat ca cac tap con cia Q cé chira phan tir ctia F,
F'={ScQ|SnF=J}

Trude khi x4c dinh o', chiing ta hiy khao sat cac dic diém cua Q’, qo’ va F'. M khoi
dong tir qo va voi mot dit liéu vao bat ky, vi du a, M c¢6 thé chuyén sang mot trong
cac trang thai ciia o(qo, a). D¢ khao sat hoat dong ciia M khi xtr 1y a, chiing ta phai
X6t tht ca céc trang thai co thé dat duoc khi no xtr Iy a. Vi thé cac trang thai cua M’
s€ la cac tap con cua Q. Khi M bat dau véi do, o' dugc dinh nghia nhu trén s¢€ la
trang thai khoi dau cua M’ Mit khac xdu w € T(M) = L néu M dat dén trang thai
két thuc khi xtr Iy w. Do vay, trang thai két thiic ctia M’ (phan tir ctia F’) 14 tap con
ciia Q va ¢ chira mot sd trang thai két thuc cua M.

Tiép theo chung ta dinh nghia o:
(iv) o'({q1, 9o, ---Gi}, @) =o(qr, a) U o( g, a) U ... Uo(q;, a)

Nghia la 6’({q1, q2, ---qi}, @) = {p1> P2» ---Px} khi va chi khi

o({d1, q2, ---qi}, @) = {p1, P2, ---Pxf VOi 1, k< |Q].
Trude khi chiing minh L = T(M’), ching ta ching minh két qua bd trg:

6'(qo, X) = {q1, 92, ---q;}, khi va chi khi

o(qo, X) = {q1, Go, ...qi} VOi moi x trong Y. . (2.8)
Chung ta chtrng minh diéu kién can cua (2.8) qui nap theo |x|.

Néu 6(qo, X) = {q1, o, ---qi} thi 6'(q0’, X) = {q1, 2, --.qi} (2.9)

Khi |x] = 0, hién nhién o(qy, A) = {qo} va theo dinh nghia o', 6'(qq’, A) = qo’' = {qo},
nghia 1a (2.9) dang véi x| = 0.

Gia thiét (2.9) dang v6i moi y va |y| < n. Xét xau x c6 do dai n + 1. Ta co thé viét x = ya,
trong do [yl =nvaa € 2. Gia sir 6(qo, y) = {p1, P2, - -Px} Va 6(qo, ya) = {1y, 1o, .1} B
ly| £ nnén theo gia thiét qui nap ta cd

6'(do’s ¥) = {P1 P25 ---Px} (2.10)
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Mat khac, {r, rp, ...11} = 5(qo, ya) = c(c(qo, ¥), @) = 6({p1, P2, ---Px}» @). Theo dinh
nghia cua o',

o'({p1, P2, ---Px}> @) = {11, I, .13} (2.11)
Do vay, 6'(qo', x) = 6'(qo’, ya) = 6'(5'(qo’, ¥), @) = 6'({p1, P2, ---Px}» @)

= {1, 1, ...11} theo (2.11).

Suy ra (2.9) dugc ching minh véi x = ya.
Diéu kién du ching minh tuong tu.
Tur d6 suy ra, x € L = T(M) khi va chi khi o(q, x) chira mot trang thai cua F. Béi vi

o(qo, X) chira trang thai thudc F khi va chi khi o'(qy, x) nam trong F'. Diéu d6 khing dinh
x € TM) <> x € T(M’), d6ng nghia véi viéc M’ cling doan nhan diing L. n

Vidu 2.7 Xét 6tomat khong don dinh M = ({qo, q1}, {0, 1}, G, qo, {qo}) vO1 ham
chuyén trang thai 6 dugc xac dinh theo bang B2.2.

Béng B2.2 Bang céc trang thai cia M

Trang thai\ 2. 0 1
> Qo @
qi di o, Qi

Xay dung 6tdmat don dinh twong dwong M’ theo dinh 1y 2.1, ¢ cac thanh phan:
1) Q' ={Y, { o1}, {d1},1q0, q1}},
(i) qo' = { qo},
(1) F' = {{ qo}, { 90> 91} }, nhiing tap con céc trang thai c6 chura qo,
(iv) o’ dugc dinh nghia nhu trong bang B2.3
Béang B2.3 Bang céc trang thai cua M’

Trang thai \ > 0 1
%) %) %)
—>{qo} {qo} {qi}
{ai} {ai} {do, 1}
{qo q1} {do, a1} {90, q1}

Nhdn xét: Khi M ¢6 n trang thai, M’ tuong tng s& c6 thé c6 2" trang thai. Tuy nhién,
chung ta khong nhat thiét phai xay dung 6témat cd tat ca 2" trang thai ma chi can nhing
trang thai dat dén tir trang thai khéi dau va di dén dugc trang thai két thuc.

Trong bang chuyén trang thai B2.3 trang thai & 1a khong dat dén dugc tir trang thai
bat dau {qo} nén co thé loai bd di. Ngoai ra, d€ cho tién loi ching ta c6 thé ky hi¢u

_45 -



Otomat va ngon ngir hinh thirc

lal tép cac trang théla vi du So = {q()}a 81 = {ql}s Sy = {q09 ql} va Q’ = { S0, S1, Sl}'
Khi d6, 6tomat c6 ham chuyén trang thai nhu trén s€ dugc viét thanh

Béng B2.4 Bang cac trang thai cua M’

Trang thai \ > 0 1
- So Sq
S| S| Sy
@ S2 52

Téng quat hoa qué trinh trén, chung ta c6 thé xay dung thuat toan thiét lap M’ nhu
sau.

Thuit toan 2.1 Xdy dung ham chuyén trang thai cia M’ twong dwong v6i M (Phép
don dinh hoa)

Input: Cho trude 6tomat M = (Q, 2., o, qo, F) khong don dinh.
Output: Him chuyén trang thai ¢’ ctia 6tdmat don dinh trong duong.
1. Xay dung o’ bat dau tir {qq},

2. Xac dinh trang thai dat dugc tir nhitng trang thai (tdp con cac trang thai cua
M) tuong ung véi cac cot dir licu vao da xac dinh tu trudc,

3. Lap lai budc 2 cho dén khi khong c6 mot trang thai maéi xuat hién trong cac
cOt ing vaéi dir liéu vao.
Vidu 2.8 Tim 6tomat don dinh tuong duong véi
M = ({90 41> 92}, {a, b}, 6, o, { q2})
va ¢ duogc cho trong bang B2.5.

Bang B2.5 Bang cac trang thai cia M

Trang thai \ > a b
> qo {Qo. 01} @
qi do qi

{do, qi }

Otomat don dinh twong dwong véi M 1a M’ = (2%, {a, b}, o', {qo}, F'), trong d6

F' = {{q}, {90, @}, {Q1> 2}> 190> Q1> G2} §- Thue hién theo thuit toan 2.1 ta thu duoc o’
nhu ¢ bang B2.6.
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Bang B2.6 Bang cac trang thai cia M’

Trang thai \ 2 a b

—> {qo} {do» a1} {2}
{q2} % {0, q1}
10, Qi } {90, a1} {q1, q2}
1q1, @2} {qo} {0, Q1 }

2.4 Cuc tiéu hoa 6tdmat hiru han

Trong phan nay ching ta xét van dé tim 6témdt c6 s trang thdi cue tiéu tiwong
duong (cung doan nhan mot ngdn ngir) voi 6tdmat cho trudce.

Trén tap cac trang thai Q ching ta dinh nghia mot s6 quan hé tuong duong.

Dmh nghia 2.7 Hai trang thai qi, va q, dugc goi la tuong du:ong, ky hiéu q; = q2,
néu ca hai o(q;, X) va o(qy, x) déu 1a nhiing trang thai két thiic hodc ca hai déu
khong két thiic véimoix € Y.

S6 cac xau (tir) duoc xay dung tir bang ky tu vao 2. thuong 1a kha 16n (c6 khi 1a vo
han), nhung trong phan nay chung ta chi xét nhirng trudng hop hiru han.

DPinh nghia 2.8 Hai trang thai q; va q, dugc goi 1a k-twong duwong ( k = 0), ky hi¢u
q1 = 9, néu ca hai o(qi, X) va o(qy, X) déu 1a nhirng trang thai két thuc hodc cé hai
déu khong két thuc voi moi x € * ¢6 do dai nho hon k.

Hién nhién, hai trang thai két thiic hodc hai trang thai khong két thic déu 1a 0-
tuong duong.

Cac quan hé trén c6é mot so tinh chat nhu sau.

Tinh chat 2.3 Hai quan hé = va = 1a cic quan hé twong duong (c6 tinh phan xa,
bac cau va doi xung).

Tinh chit 2.4 Cac 16p twong duong cua hai quan hé = va = s& tao ra hai phan
hoach mt, m, ctia Q; cac phan tir cia my l1a cac 16p k-tuong duong.

Tinh chit 2.5 Néu Q1= q; thiq = qp, véi moi k > 0.

Tinh chét 2.6 Néu qQi & 1) Q2 thi =k qa.

Tinh chit 2.7 Ton tai n d€ m, = w1

Ménh d& sau sé 1a co s& dé xay dung 6tdmat cuc tiéu.

Ménh dé 2.2 Hai trang thi q, va q, duoc goi 1a (k+1)- twong duong néu
(a) Chung 1a k-tuong duong,

(b) o(q;,a) va o(q », a) cling la k-twong dwong véi moia € ..
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Chitng minh: Ching ta chimg minh bang phan chtng. Gia str q; va q, khong phai
1a (k+1)-twong duong. Khi d6 ton tai w = aw, v6i d6 dai k+1 sao cho o(q,, aw;) 1a
trang thai két thuc nhung o(q, aw,) lai khong phai 1a trang thai két thic. Nhu vay,
o(qi, aw;) = o(o(qy, a), Wl) 1a trang thai két thuc va o(qu, aw;) = o(o(qy, a), W)
khong phai 1a trang thai két thuc. Tir d6 suy ra o(q;,a) va o(q, a) khong phai 1a k-
trong duong, mau thuin voi gia thiét (b). n

Dua vao cac tinh chit trén chung ta c6 thé xay dung cac 16p (k+1)-twong duong khi
biét cac l6p k-twong duong trén tdp cac trang thai va tir d6 xay dung dugc thuat
toan cuc tiéu hoa 6tdmat (co sé trang thai cuc tiéu) twong duong véi 6tdmat cho
trudce.

Thuit toan 2.2 Xay dung 6tdmat cuc tiéu hoa

Input: Cho trude 6tomat M = (Q, 2., o, qq, F) thuong l1a khong don dinh.

Output: Otdmat don dinh va cyc tiéu M’ = (Q', X, o', qo’, F')

1. Thiét 1ap phan hoach m,. Theo dinh nghia O-twong duong, m, = {Q,", Q,"},
trong do Q’=F (tap cac trang thai két thic), Q,’=Q-Q"

2. Xay dung m; to m. Xay dung Q1 5 1=1, 2, la cac tip con cua m va la cac
16p (k+1)-twong duwong. q; va q, nam trong Q1 néu ching 1a (k+1) — tuong
duong nghla l1a o(qy, a) va 6(qs, a) l1a k-tuong du:ong, vG1 moi a trong bang chir
vao. Diéu nay xay ra khi o(q;, a) va o(qp, a) nam trong cing 16p twong du:ong
cua m. Do vy, Q;1a 16p (k+1)-twong dwong. Thyc hién nhu trén cho dén khi
cac tap con Qik tao thanh mot phan hoach ., ciia Q min hon .

Lap lai budc 2 dé thiét lap m voi k=1, 2, ... cho dén khi m = m..

4. Xay dung 6t6mat cyc tiéu. Cac trang thai ciia 6tdmat cuc tiéu chinh 13 cac 16p tuong
duong dugc xac dinh nhu trong budce 3, do la cac phan tir cia m. Bang chuyén trang
thai thu dugc bang cach thay trang thai q bang 16p tuong duong twong ung [q].

Luu y:

1. Duya vao bang chuyén trang thai cho trudc ta dé dang xdy dung dugc cac 16p
1= {Q",Q."}, Q"=F,Q,"=Q-F;

2. Giasir dd xay dung duge i, k=0, 1, .... Vdiq, @ € QF, Qf e ni=1,2, ...
xét cac trang thai & cac cOt trong ing véi dir liéu vao a € 2, néu o(q;, a) va o(qp, a)
cung thudc mét tp con nao do cua m thi 1a (k+1)-twong duong, nghia 1a q;, q, cung
nam trong mot phan hoach ctia m.; nguoc lai s€ khong phai 1a (k+1)-tuong
dwong, nghia 14 q;, g, nam trong hai phan hoach khac nhau ctia m. ;.

3. Lip lai budc 2 cho dén khi m = ..

Vidu 2.9 Xay dung 6tdmat cuc tiéu twong duong voi 6tdmat ¢d d6 thi chuyén
trang thai nhu trong hinh H2-9.
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a

LB

a b
a a a
a
b
O ® *‘

Hinh H2-9 D6 thi chuyén trang thai ctia vi dy 2.9
Tir d6 thi chuyén trang thai & hinh H2.9 chiing ta ¢ bang chuyén trang thai.
Béang B2.7 Bang céc trang thai cia M

Trang thai\ X a b
> qo di do
qi Jo q2
S} qs ql
a3 do
d4 J3 gs
ds Je ds4
de ds de
q7 Je J3

v' Theo thujt toan trén ta c6 Q" = {3}, Q2" = { Qo, q1, G2, Gus Is, 9> G7} VA

o = {{qs}.{ 9o, d1, G2, da, G5, Ge, G7} }-

v' Chiing ta xét tiép quan hé 1-twong dwong dé tinh m,. Trudc tién ta co
Q,' = {qs}. Dua vao bang B2.7 ching ta d& kiém tra duoc qo 1a 1-twong
duong véi qi, gs, g6 Vi 0(qo, t) va o(q;, t),, 1=1,5 6 vat=a,blacung két
thic hodc cung khong phai 1a trang thai két thuc. Vay Q' = { qo, qu, s, 9} -
Twong ty ta c thé kiém tra dugc q -twong duong v6i qs va Q' = { qa, qa}-
Hién nhién con lai Q,' = {q;}. Tir d6 chung ta co
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= {{as}, { 9o, A1, 9, Qef» { D, Gt {a7} -
v Phén hoach tiép m; dé xay dung m. Q% = {q3} va vi o(qo, t) va o(qe, 1),
t = a, b déu thudc cung 16p 1-tvong duong (16p {qo, 91, 9s, 96} ) N€N qo va g
1a 2-twong duong. Vay Q,”= {qu, qs}. Nhung q va q; (qo va qs) khong phai
1a 2-twong duong vi 6(qo, b) = qo (5(q1, b) = q2, 5(qo, b) = qo, 5(q1, b) = q2)
va chung lai khong cung 16p 1-twong duong. Ki€m tra ta thay q; la 2-twong
duong vdi gs, nén Q;°= {qi, qs}. Twong ty q» van 1a 2-twong dwong véi qu,
vi thé Q4" = { g2, qa} va con lai Qs” = {q7}. Vay
M= 11355 1 o> Doty 1 1> shs { s Gas 197}
v Tiép tuc xdy dung ms. Tuong tyr nhu trén, ching ta thiy Q;°= {qs}; Q.’= {qo. g}
vi q la 3-twong duong VGi qg, twong Q= {a o} Q' = {q g} va
Qs"= {q7}. Nghia 1a 73 = {{qs}, {0, q6}» {1, 95}, {q2, qa}, {q7}}.
Vi m, = 13, nén céc 16p twong duong trong m, s& 1am co s¢ dé xay dung 6témat cuc tiéu
M'= (Q'a {aa b}’ Gra QO'> {q3}) Trong do Q, == {{q?)}a {q()a q6}a {qla q5}3 {q29 q4}’ {Cl7}}
Ham chuyén trang thai 6’ duoc xac dinh nhu trong bang B2.8.

Bang B2.8 Bang céc trang thai cia otdmat cuc ticu

Trang thai\ X a b

— {06} {d1,as)  {do, q6}
{a1, g5} {doqs) {2, 94}
{q2, qaf {9} {d1, s}
{as} {9} {do,d6}
{q7} {do, d6}  {q3}

Do thi chuyén trang thai cﬁa dtdémat cuc tiéu thu duoc sé 1a

-

o

e
> e

/—\

S~

b
Hinh H2-10 Otomat cuc tiéu cta 6tdmat & hinh H2-9

K\

e\
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Bai tip vé 6tdmat hiru han
2.1 Chimg minh ring trong 6tdmat hitu han, néu o(q, x) = o(q, y) thi
o(q, Xz) = o(q, yz) véi moi z trong Y.

2.2 Cho trudc 6tomat hitu han M = (Q, X, &, qo, F). Gia sir R 1a mdt quan hé trén
Q duogc dinh nghia nhu sau q;R @, néu o(q;, a) = o(q,, a) véia € 2. Hoi R ¢co
phai 1a quan h¢ twong duong hay khong?

2.3 Xay dyng mot 6tomat khong don dinh doan nhan {ab, ba}, va st dung né dé
tim 6tomat don dinh doan nhén cung tap do.

2.4 Xay dung mot hé bién doi doan nhan duoc cic xau co chira cat hodc rat tix
bang chita, b, c, ...

2.5 Xay dung mdt 6tomat khong don dinh doan nhan dugc tap tat ca cac xau tir tap
{a,b} két thic bang xau con aba.

2.6 Xay dung 6tomat don dinh twong duong véi

M = ({90, 91> 92> 93}, {0, 1}, ©, qo, {q3}) V61 © dugc cho trong bang

Bang B
Trang thai\ X a b
> Qo Jo> q1 do
qi q2 Qi
q2 ds Js

q2

2.7 M = ({q1, 9@ 93}, {0, 1}, o, q1, {qs}) 12 6tdmat khong don dinh, trong d6 o
duoc cho boi

o(q1, 0) = {q2, 93}, o(q1, 1) = {qi}
6(q2, 0) = {qi, @}, 6(q, ) =D

o(qs, 0)={q}, o(qs 1) ={qi, ¢}
Tim 6tdméat don dinh tuong duong véi M.

2.8 Xay dyng 6tomat don dinh trén {0, 1} dé doan nhan tit ca cac xau chtra chin
lan cac chir so 1.

2.9 Xay dung 6tdmat don dinh trén Y. = {a,, a,, ..., a,} dé doan nhén cac ngdn ngir
sau:

a) L ={xeY |xcododaile}
b) Ly={x €Y |xcodo dai chin}

¢) Ly={x € Y| x c6 d6 dai chin va 16n hon 1}
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2.10* Cho hai 6tomat sau day:

I:iioy‘ C\L)l y 9‘%@ﬁ@

M

® @<® "‘&

a/ Tim ng6n ngit T(M,) doan nhan dugc b1 M, va T(M,) doan nhan dugce bdi M,
b/ Xay dyng 6tdmat M tir M, va M, sao cho T(M) = T(M)T(M,)
¢/ Xay dung 6tdomat M tir M; va M, sao cho T(M) = T(M;) U T(M,)

2.11* Xay dung 6tdmat cyc tiéu twong dwong voi 6tdmat hitu han cho trudc
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CHUONG III
Van pham va ngon ngir hinh thirc

Chuong ba trinh bay nhirng khai niém, cac tinh chat co ban ctia van pham va ngbn
ngt hinh thire. N6i dung bao gom:

v' Céac khdi niém co ban cua vin pham va ngdn ngit hinh thirc,
Phéan loai van pham va ngon ngit hinh thirc cia Chomsky,
Céc phép toan trén cac ngdn ngit va cac tinh chat ctia chiing,
Tinh d¢ qui cua van pham cam ngir canh,

AURNIE NN

Cay dan xuat doi vé1 van pham phi ngtr canh.

3.1 Bang chir cai va cac ngon ngir

Ly thuyét ngon ngir hinh thirc 1a mot linh vye quan trong va c6 rat nhiéu tmg dung
trong khoa hoc may tinh. Ngay tur dau nhirng nam 50 cua thé ky 20, nhiéu nha ngén
nglr hoc da mong mudn va tim moi cach dé dinh nghia nhiing van pham hinh thire
(mo ta cac qui tdc cla van pham mdt cach chinh xac cua toan hoc) dé mé ta cac
ngoén ngl tw nhién (ngdén ngtr su dung giao tiép trong cudc séng hang ngay nhu
tiéng Anh, tiéng Phap, hodc tiéng Viét, ...). Theo truyén thong, 1y thuyét ngon ngir
hinh thire lién quan dén cac dic ta cu phap cua ngdn ngit nhiéu hon 1a dén nhiing
van dé ngir nghia. Nhiém vu chinh cua 1y thuyét ngon ngit hinh thirc 1 nghién ciru
cac cach ddc ta hiru han cua cac ngén ngit vo han.

Khi da hinh thirc hoa dugc cac van pham ([2], [3], [4], [5]), hién nhién 12 viéc xdy
dung cac bd chuong trinh dich gifra cac ngoén ngir sinh bdi cdc van pham doé trén
may tinh s& trd nén don gian hon. Mot nguoi ndi tiéng trong sé cic nha ngdn ngir
hoc hinh thure 1a Noam Chomsky, nguoi da dua ra mé hinh toan hoc cho van pham
vao nam 1956, tuy chwa mo td duoc hoan toan ngdn ngit tu nhién (tiéng Anh),
nhung da tao ra mo hinh cho nhitng ngdn ngir hinh thire thyc hién dé dang trén may
tinh. Thuc té, nhimg dang ky hiéu Backus-Naur (Backus-Naur Form) da dugc sir dung
dé mo ta nhitng ngdn ngit 1ap trinh nhu Algol, Pascal, C, ... ciing chinh 1a véin pham phi
ngit canh Chomsky.

Trudce khi dinh nghia hinh thirc van pham, ching ta hdy khdo sat mdt s6 mau cau
chinh trong cac ngdn ngit ty nhién. Trong ngdn ngit ty nhién, vi du tiéng Viét, co
hai mau cau chinh. Nhitng cdu ma chiing ta tap trung khao sat c6 dang <danh tir>
<dong tw> <trang tu> hodc <danh tu> <dong tr>, vi du “Ba chay nhanh” hoac
“Ba chay”. Trong cau “Ba chay nhanh” c6 cac tir “Ba”, “chay” va “nhanh” duoc
viét theo thir tu x4c dinh. Néu chiing ta thay cac danh tir, dong tir va trang tir bang
cac danh tir, dong tir va trang tir khac tuong Ung thi van nhan dugc nhiing ciu
chinh x4c vé& mit vin pham. Vi du, khi thay “Ba” bang “Nam”, thay “chay” bang
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“boi” va thay “nhanh” bang “chim” chung ta vin c6 nhitng cdu dung vin pham.
Tuong tu dbi voi nhitng cau & dang thit hai.
Luu y: <danh tuw> <dong tu> <trang tu> khong phai 1a cau ma chi 1a mo ta mdt
mau cau. Néu chiing ta thay cac thanh phin <danh tir>, <déng tir>, <trang tir>
bing cac tir trong thich thi s& nhin dwoc cac cdu dang vin pham. Chung ta goi
<danh tir>, <dgng tir>, <trang tir> 1 cdc bién (variable) hay cac ky hiéu chua
két thac va céac tir “Ba”, “chay”, “nhanh” tuong img dugc sir dung dé tao ra cac cau
cu thé 1a cac tir két thuc hodc ky hi¢u cudi. Nhu vay, mdi cau ciia mot ngdn ngir
chinh 1a mot xau duoc tao ra béng cac tir két thuc. Chung ta str dung S dé ky hiéu
cho mdt cau, khi d6 co thé tao cac qui tac dé sinh ra hai mau cau trén nhu sau:

S — <danh tu> <dong tw> <trang tu>

S — <danh twr> <dong tuw>

<danh tw> — Ba

<danh twr> — Nam

<dong tir> — chay

<dong tu> — boi

<trang tr> — nhanh

<trang tr> — cham, ...

Trong d6, — chi ra rang tu bén phai (vé phai) thay thé cho tir bén trai (Ve trai).
Chung ta ky hiéu P 1a tap tat ca cac qui tic nhu trén, duoc goi 1a cic qui tic dan
xut (goi tat 1a qui tic); Vi 1a tap cac thanh phan ciia cAu nhu: <danh tir>, <ddéng
tr>, <trang tr>) va bang tur vung la 2. bao gém nhu: “Ba”, “Nam”, “chay”, “boi”,
“nhanh”, “cham”, ... Tt d6 ching ta c6 thé dinh nghia hinh thic van pham la mot
bd 4 thanh phan G = (Vy, X, P, S), trong d6

Vy = {(<danh tir>, <déng tir>, <trang tir>} - cic ky hiéu khong két thuc,
= {Ba, Nam, chay, boi, nhanh, chdm} - cac ky hi¢u két thc.

P 13 tap cac qui tac nhu trén va S 13 ky hiéu dic biét khoi dau dé tao sinh mot cau.
Cac cau duoc tao ra nhu sau:

(i) Bat dau tir S,

(i) Lan luot thay thé cac ky hiéu chua két thuc (bién) bang nhitng ky hiéu
két thac theo qui tdc dan xuat,

(iii) Két thuc khi xau nhan duoc chi toan 1a nhirng ky hiéu két thuic.
Tong quat hda qua trinh néu trén, chung ta dinh nghia van pham hinh thire nhu sau.
Pinh nghia 3.1 Vin pham 13 mot bo 4 thanh phan G = (Vy, 2, P, S), trong d6

(1) Vy 12 tap hitu han khac rdng cac phan tir duoc goi 13 cac bién, hay cac
ky hiéu khong két thuc,

(i1) > 1a tap hitu han khac réng cac phan tir duoc goi 1a cac ky hiéu két
thic, hay bang chir cai,

(iii) Vy N X =, tap cic bién va tap cac ky hiéu két thic 14 roi nhau,
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S 14 ky hiéu dic biét cuia Vi duoc goi 13 ky hiéu bét dau,

P 1a tip hitu han céc qui tic dan xuét c6 dang o — P, trong d6 a, B 1a
cac xau trén Vy U 2 va vé trdi a co it nhat mot ky hiéu chwa ket thiic
(cac bién).

Luru y: Tap cac qui tic 1a hat nhan cua van pham va n6 déc ta ngdn ngir sinh boi
van pham d6. Pbi véi cac qui tic dan xuat ching ta luu ¥:

(i) Khong cho phép thay thé nguge. Vi du, néu S — AB 1a mét qui tic thi

ching ta co thé thay S bang AB, nhung ngugc lai khong thé thay AB
bang S dugc.

(i) Khong cho phép dan xuit nguoc. Vi du, néu S — AB thi khong du dé

c¢6 duoc qui ticAB — S.

Vidu 3.1 G=(Vy, 2, P, S) la van pham, trong d6

Vy = {<cau>, <danh tu><d0ng tu>, <trang tu>},
2. = {Ba, Nam, Hoa, chay, boi, an, nhanh, cham},
S =<cau>
= {<cau> — <danh tu> <dong tir>,
<cau> — <danh tir> <dong tir> <trang tir >,
<danh ti> — Ba, <danh tr> — Nam,
<danh tr> — Hoa, <d0ng tu> — chay,
<dong tir> — boi, <dong tir> — an,
<trang tu> — nhanh, <trang ttr> — cham }

Dbeé tién loi va don gian, trong cac phan sau ching ta str dung cac ky hi¢u:

a)
b)
c)
d)
e)

f)

Néu A 1a mot tap bét ky, A" ky hiéu tap tit ca cac xau trén A, A'=A"- A,
v6i A 1a xau rong,

Chir viét hoa A, B, A, A,, . .. ky hiéu cho cac bién (ky hiéu chua két
thiic),

Chit thudng a, b, ¢, ... ky hiéu cho cac tir két thic, cac chir cai,

X, Y, Z, W, ... ky hiéu cho cac xau gdm toan cac ky hiéu két thuc,

a, B, Y, ... ky hidu cho cac phén tir ciia (Vy U X)), cac xdu c6 ca tir két
thuc 13n chua két thuc,

X = A d6i v6i moi tap X < Vy U 2.

3.2 Cac din xuit va va ngdn ngit sinh béi vin pham

Céc qui tac dugc su dung dé dan ra mot xau trén Vy U Y tir mot xau cho trude.
Qua trinh st dung lién tuc cac qui tac dugc goi la mdt dan xuat.

Pinh nghia 3.2 Néu a. — B 13 qui tic trong van pham G va Y, § 1a hai xau trén
Vy U Y, khi d6 xau Yad s& dan xuét truc tiép ra YBS va duoc viét 1a Yad = YB3.

Truong hop dic biét, d6i voi cac qui tic dang o — B chiing ta déu b o = B trong

van pham G. Khi G di xéc dinh, ching ta c6 thé viét don gian o = p.
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Luu y: Néu a. 12 xau con cua mot xau va o, —> B 1a mot qui tic dan xuit, chung ta
c6 thé thay o bang B trong xau d6 (cac phan con lai khong thay doi).

Vidu32 G=({S}, {0, 1}, {S - 0SI, S — 01}, S} ¢ qui tic S — 0SI nén
0°S1°=0°0S11° = 0°S1°.

Dua vao dan xuét = ching ta c6 thé thiét 1ap duoc quan hé R trén (Vy U Y) nhu sau:

aRpnéua = B.

Pinh nghia 3.3 Gid st o va P 1a cic xau trén Vy U 2, chiing ta ndi rang a

X X A A * & r r X A r

dan ra (dan xuat ra) 3, néu a R . Noi cach khac, o dan ra 3 néu o = f3, trong do
G

* , . *
= la bao dong phan xa - bac cau cua quan hé¢ = trén tap (Vy U 2) .

G G
Chu y: (i) Dua vao tinh chat cua quan hé =, hién nhién o = o véi moi o

G G

*

(i1)) Khioa = B, a # 3 nghia la ton tai mot day o, ay, ..., o, n > 2 sao cho
G
a=0d; = 0y = ... =>0d,=P. Khi a = B thuc hién trong n budc dan
G G G G
xuat, ta viet . = .
G

Pinh nghia 3.4 Ngon ngit sinh boi vin pham G, ky hiéu L(G), 1 tap tat ca cac xau
trén tap cac ky hiéu két thuc dan xuat ra dugce tir ky tu bat dau S trong G. Cac phan
tor cua L(G) goi la cac xau (hay cac tir) ciia ngdn ngir d6. Hién nhién,

L(G)={we XY |S = w}
Ta noi rang ngdn ngir L (k¥ hiéu cia L(G) dugc sinh boi vin pham G hodc G sinh
ra L.

Tir cac dinh nghia d3 phat biéu, ta thiy rang ban chat cua qud trinh suy dan 1a
khong don dinh: Néu dimg din xuét tai mot budc ndo d6 thi noi chung, phan tiép
theo khong khoi phuc mot cach don tri tir phan trude d6, va cé thé thyc hién theo
nhiéu cach khac nhau. Mit khac, mot ngdn ngir co thé dugc sinh bai nhiéu vin
pham khac nhau.

Pinh nghia 3.5 Vin pham G, twong duong v6i vin pham G, néu L(G,) = L(G,).

Vidu 33 Cho van pham G, = ({S, A, B}, {a, b}, {S —> ASB, S —> AB, A —> a, B —> b}, S}
vaGy=({S", {a, b}, {S' —>aSh,S' —> ab}, '}

Dé nhan thay rang L(G,) = L(G,) = {a"b" | n > 1} va do vy hai vin pham nay
tuong duong véi nhau.
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Luu y:
1. Moi dan xuét déu phai thyc hién trén co s& sur dung cac qui tac; khi sb cac
qui tac st dung diung mdt lan thi ching ta viét a = B; khi s6 qui tac lon

hon mot 1an thi viét1a o = B.

2. Xau cudi khong chira cac bién, 1a mot x4u (cdu) ctia ngdn ngit sinh béi van
pham G cho trudce.
Ky hiéu: (a) Khi G xac dinh thi ching ta viét don gian a. = B thay cho o = B.

(b) NéuA — o, A € Vyla qui tic trong P, khi d6 chung ta goi 1a A-dan xuit.
(c) Khico A > ay, A > dy, ..., A = a,, 1a cac A-dan xuat, ching ta co
vietngan gon A = oy | oy | ... | Q.

Sau ddy chung ta xét mot s6 van pham va cac ngdn ngit sinh bdi ching.
Vidu 3.4 Cho truéc van pham G = ({S}, {0, 1}, {S — 0S1, S —> A}, S}, tim L(G).

ViS —> AnénS :G>A, nghiala A € L(G). Hon nita, véi moin > 1,
S =081 =0°S1* = ... =0"S1" =0"1"
G G G G G
Vi thé 0"1" € L(G), véin > 0.

Pé chi ra rang L(G) < {0"1" | n > 0}, chung ta bit dau xét mot cau w bat ky thudc
L(G). Néu st dung S — A (ky hiéu rdng) trude thi ta nhan duge A. Trong truong
hop nay w = A = 0°1°. Nguoc lai, khi st dung qui tic S — 0S1 thi sau d6 chung ta
6 thé hodc su dung S — A hodc tiép tuc str dung S — 0S1. Qua trinh dan xuit do

cia w ¢o dang S :G>O“SI“ :G>O“1n , nghia la
L(G) < {0"1"|n >0}
Vay L(G) = {0"1" | n > 0.

Vidu 3.5 Cho trudc van pham G = ({S, C}, {a, b}, P, S), trong d6 P = {S — aCa,
C—aCa | b}, tim L(G).
Vi S — aCa — aba, vay aba € L(G). Hon niia

S — aCa

n-1

S = a"Ca" (ap dung n-1 1an qui tic C— aCa)

= a"ba" (4p dung qui tic C— b).

Suyraa'ba” € L(G),n>1; nghiala { a"ba" |n>1} < L(G).

Mat khac, moi cau cua L(G) déu duoc dan ra va dugc bit dau béng qui tdc S — aCa. Néu
ap dung C — b thi ta nhan dugc aba. Nguoc lai 4p dung mot s6 1an C — aCa thi nhan
dugc a’Ca’, Clabién van > 1. Sau d6 ap dung C — b, chiing ta c6 a"ba”. Tir d6 suy ra
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L(G)c {a"ba" |n>1}
Két hop hai bao ham thuc trén chung ta c6
L(G)={a"ba"|n>1}
Vidu 3.6 Cho trudc G c6 cac qui tic S — aS | bS | a| b, tim L(G).
Chung ta chi ra ring L(G) = {a, b}".
Trudc tién chl’mg ta nhan xét G chi c¢6 hai ky hiéu két thuc a, b, nén L(G) c {a, b}*

Tt ca cac qui ticctia G déu 1a S-din xuit, viy A thudc L(G) chi khi S — A la mot
qui ticcua G. Nhung trong vin pham trén khong c6 qui ticdo, nén

L(G) = {a, b} - {A} = {a, b}
Pé chimg minh {a, b}" = L(G), hiy xét diy a, a, ... a,, trong do a; 12 a hoic 13 b.
Qui tdc dau tién co thé ap dung dé suy ra a;a ... a, co thé 14 S — aS hodc S — bS,
tuy thudc a; = a hodc a; = b. Tuong tu xét vo1 a,, as, ... a,.. Cudi cung doi vdi a,
chung ta ap dung S — a hoac S— b tuy thudc a, = a hodc a, = b. Vay

L(G) = {a,b}"

Vidu 3.7 Xay dung vin pham G dé sinh ra ngén ngir L = {wew' |w e {a,b}'},
trong d6 w' 13 xau soi guong cua xau w, 13 xau viét theo thir ty nguoc lai cua w,
thuong duoc goi 1a phép dao vi. Vi duy, (abede)’ = edcba.

Chiing ta c¢6 thé chimg minh duge G = ({S}, {a, b, c}, P, S), véi P = {S — aSa | bSb | ¢}
s€ sinh ra chinh ngbn ngtr L.

Vi du 3.8 Tim vin pham dé sinh ra ngén ngit L = {a"b"c'|n>1,i>0 }.
D& nhan thay L =L, U L,, véi L;= {a"b" | n > 1} (truong hop i = 0) va
L,={a""'[n>1,i>1}

Ngon ngit L, ¢6 thé duge sinh boi van pham ¢6 cac qui tic S—> A, A—> ab, A = aAbva
L, 14 két qua ciia phép ghép L, véi ¢, i > 1. Vay van pham G = ({S, A}, {a, b, ¢}, P, S),
trong do

P={S—> A, A —>ab, A—>aAb, S — Sc}

Véin>1,12>0, ching ta co

%

S =S¢ = Ac' = a™!Ab™ ¢! = a™labb™!c' = a"b"¢!

Suyra  {a""c'|n>1,i>0} < L(G).

Dé chimg minh chiéu nguoc lai, chiing ta hdy luu ¥ rang moi xau ctia L(G) déu phai bat
dau dan ra bang mot trong cac S-dan xuit, S — Sc hodc S — A. Néu bat dau bang
S — A va sau d6 4p dung mét s6 1an A — aAb r6i cudi ciing ap dung A — ab:

S —> A = a"'Ab™! = a"b" =a"b"c’ € L(G).
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Khi ching ta bat dau bang qui tic S — Sc va lip lai mot s6 1an thi s& nhan dugc
Sc'. Sau @6 ap dung céac qui tac con lai nhu trén thi chung ta c6 a"b"c' € L(G).

Két lugn: L(G)= {a"bc' |n>1,i>0}.

Vidu3.9 Cho G=({S, A}, {0, 1,2}, P, S), trong d6 P gdm S —> 0SA2, S — 012,
2A — A2, 1A — 11. Chimg minh ring L(G) = {0"1"2" |n>1}.

Khi ap dung S — 012 thi S =012, do viy 012  L(G).

Néu ap dung S — 0SA2

S = 0™'S(A2)™"  (4p dung S — 0SA2 n-1 ldn)
= 0"'012(A2)"" (ap dung S — 012)
= 0"1A™2" (4p dung 2A—A2)

= 0"1"2" (4p dung 1A — 11 n-1 lan).

Vay, 0"1"2" € L(G),n > 1.
Pé chimg minh L(G) < {0"1"2" | n > 1}, chiing ta thyc hién nhu sau: Néu dau tién
su dung S — 012 thi s€ nhan dugc 012. Ngugc lai st dung S — 0SA2 mdt s6 lan
thi s& c6 0"'S(A2)"". Dé loai duoc S thi bt budc phai sir dung S — 012 va s&
nhan dugc 0"12(A2)™'. Muén loai tiép A ching ta sit dung 2A — A2 hoic
1A — 11. Qui tic 2A — A2 chi doi chd cta A va 2. Sir dung 1A — 11 13 loai dugc
bién A. Do vay, ‘

0"12(A2)"" =0"12A2 A2 ... A2, trong d6 c6 n-1 lan cip A2.
Ap dung n-1 1an 2A — A2,

0"12(A2)"' = 0"1A™' 2"
Sau d6 ap dung n-1 1an 1A — 11 thi dugc

0"12(A2)"" = 0"1"2"
Suy ra L(G) < {0"1"2" | n > 1} va cudi cing L(G) = {0"1"2" |n>1}.
Vi du 3.10 Xay dung vin pham G dé sinhra L = {a"b"c" |n>1}.
Chung ta c6 thé xay dung van pham G dé sinh ra L bang phuong phap dé qui. Tuy
nhién, néu xay dung van pham sinh truc tiép ra L 1a twong doi kho. Vay, ching ta
c0 thé thuc hién theo hai budc.

(i) Xac dinh cac qui tic dé dan xuit ra a"a",
(ii) Chuyén o vé b"c".

Dé c6 cac xau a"a” dang (i), chung ta c6 thé sir dung nhitng qui tic don gian nhu
S — aSa | aa. Néu 0 budc (ii) chung ta sir dung ngay qui tic o — be thi s& duge
(bc)". Nhung dén day khong thé chuyén (bc)" vé dugce b'c” vi vé trai khéng c6 bién
nao ca. Do vay ta co thé sir dung o = BC, v6i B va C 1a cac bién. Sau d6 don cac
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bién B vé bén trai con bién C yé bén phai bang cach st dung qui tic CB — BC. Tt
nhiing luu y trén, chung cé thé dinh nghia G = ({S, B, C}, {a, b, ¢}, P, S), trong do

P={S —aSBC |aBC, CB — BC, aB — ab, bB — bb, bC — bc, cC — cc}

Tiép theo chung ta chimg minh ring L(G) = {a"b"c" |n>1}.
Vi S = aBC = abC = abc, nén abc € L(G).

S :> a"'S(BC)™! (4p dung n-1 lan S—>aSBC)
; a"'aBC(BC)™' (4p dung qui tic S—>aBC)
; a"B"C" (ap dung n-1 lan qui tic CB — BC)
; a"'abB™'C" (ap dung 1 14n qui tac aB — ab)
; a"b"C" (ap dung n-1 14n qui tic bB —> bb)
; a"b"'be C™! (ap dung 1 1an qui tac bC — bc)
; a'b’c" (ap dung n-1 1an qui tic cC —> cc)

Tt d6 chung ta ¢6 L(G) < {a"b"c" |n>1}.
Chiéu nguoc lai s& duoc khang dinh néu moi x4u a"b"c", n > 1 déu dan xuat ra

dugce tir S-dan xuét (S = a"b"c").

That vay, néun=1vasu dung céc qui tic S— aBC, aB — ab, bB — bb, bC — bc,
c¢C— cc thi s€ thu duoc abc.

Véin > 1 thi st dung n-1 1an S — aSBC va I lan S — aBC chiing ta s& ¢o
a"(BC)". Tiép theo ching ta c6 thé sir dung CB — BC hoidc aB — ab sau d6 thém
bB — bb, bC — be, cC —> cc. Str dung mdt trong nhitng qui tic trén chung ta s&
nhan duoc cac xau cd cac bién B, C nam ca ¢ bén phai. Khi d6 xay ra cac trudng
hop sau:

+ Néu B duoc don hét vé bén trai ctia C thi sau d6 chi c6 thé 4p dung bB — bb cho
dén khi loai hét bién B va sau d6 str dung bC — be, cC — cc dé cudi cing c6 duge a"b’c"

+ Gia sir bién C duoc chuyén thanh ¢ trude khi tat ca cac bién B dugc chuyén

thanh b, nghia 1a a"(BC)" = a"b'ca, i <n va a chira ca bién B 1an bién C. Vi trong

a"™'co. chi c6 o 1a chira cac bién chua két thuc va vi ¢ ding trudc o nén trong cac
qui tic ciia G chi ¢c6 ¢cC — cc 1a ¢6 thé duoc ap dung. Néu o khong con dan xuét
tiép duoc nita (khong c6 qui tic nao c6 thé ap dung) va bat dau bang B thi khong
thé dan xuét dugc thanh xau khong con bién. Nguoc lai, o bat dau bé“mg C thi lap
lai viéc ap dung qui tic cC — cc cho dén khi gip phai it nhat bién B, dang

a"b'c“Ba, 1, k < n. Truong hop nay cing twong tu nhu trén, khong thé st dung
dugc qui tac nao dé loai bo duoc bién B. Do vay, trudng hop thir 2 nay khong thé
dan xuat ra dugc cau cua L(G).
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Két hop ca 2 truong hop ching ta c6 {a"b"c" | n> 1} < L(G) va cudi cung 1a
{a"b"c" | n>1} = L(G)
Vi du 3.11 Xay dung vin pham G dé sinh ra {xx | x € {a, b}*}.

Chﬁng ta du (;Iozin van pham G = ({S, S|, S,, S;, A, B}, {a, b}, P, S), trong d6 P
gdm cac qui tac sau:

P: S—>S,S,8S;, Pg: Ba — aB,
PzI S]Sz e aSlA, P9: Bb —» bB,
P3I S]Sz - bSlB, Pl(): a82 - Sza,
P4 AS; — S,aS;, Py1: bS; = Spb,
P5I BS3 - Szng,, P12: S]Sz - A,
Ps: Aa — aA, Pi3: S; > Al
P;: Ab — bA,

Chii y: Trude khi khao sat ngon ngir sinh boi G chiing ta luu y mot sé tinh chat
sau:

1. Chicé P, 12 S-dan xuét,

2. Khi str dung S;S, — aS;A, chiing ta ¢ thé bd sung a (ky hiéu két thic) vao
bén trai cia S; va bién A vao bén phai. A duoc sir dung dé chi ra rang chung
ta da b sung a vao bén phai cua S;. Qui tic AS; — S,aS; duoc sur dung dé
dua thém a vao bén trai cua S,.

3. Tuong tu, st dung qui tic S;S, — bS;B dé bd sung b vao bén trai cua S; va
bién B va bén phai. Qui tac BS; — S,bS; dugc sir dung dé dua thém b vao
bén trai cua S,,

4. S, dong vai trd nhu phan tir trung tim,
5. Pé dua thém cac ky hiéu két thuc vao thi chi st dung cac qui tic P, — Ps.

6. Céc qui tac Pg - Py chi 1am nhiém vu hoan déi vi tri cia cac ky hi¢u két thac
vo1 chua két thuc,

7. Py, Py; thuc hién chuyén S, sang bén trai,
8. Py, P53 dugc sir dung dé loai bo hoan toan cac bién S, S,, Ss.

batL = {xx|x € {a, b}"}. Trude tién chung ta chi ra ring L < L(G).

Chung ta co
S = 818283 :>aSlA83 = 38182383 hOéC (31)
S = 818283 3b81B83 = bS]SZbS3 (32)

Gia suir xx, X € {a, b}". Chung ta c6 thé ap dung (3.1) hodc (3.2) tuy thudc vao ky
hi¢u bat dau cua x 1a a hay l1a b. Xét truong hop hai ky tu dau cua x 1a ab (céac

truong hop khac cling tuwong tu), chung ta co din xuit S = a$,;S,aS; = abS,BaS;

= abS;aBS; = abS;aS,;bS; = abS;S,abS;. Lap lai cach thuc hién nhu trén véi

-6l -



Otomat va ngon ngir hinh thirc

moi ky hi¢u trong x, ching ta nhan dugc x S;S,xS;, sau do st dung Py,, P3 dé suy
dan ra xx, nghia 1a L  L(G).

Pé chtng minh chiéu nguoc lai L(G) < L, ching ta hdy cha 3 budc dau ¢ (3.1) va
(3.2) ctia moi qua trinh dan xuat trong G luoén cho aS;S,aS; hoac bS;S,bS;.

Chiing ta thao ludn vé cac cach dan xudt tiép tir aS,S,aS; (trudng hop con lai twong tur) dé co
duoc mot cau trong L(G). Nhimg qui tic c6 thé p dung & day 14 $;S, - A, S; — A,
S;S, = aSjA, S;S, — bS;B. Xét cac truong hop cd thé xay ra.

Truong hop 1: St dung S;S, — A vio aS,;S,aS; chiing ta c6 aAaS; = aaS;. Tiép
theo chi c6 thé str dung S; — A décdaa e L.

Truong hop 2: St dung S; — A vao xau aS;S,aS; chung ta c6 aS;S,aA = aS;S,a.
Néu sir dung tiép S;S, — A thi két qua thu dugc 1a aa € L. Nguoc lai ¢6 thé sir
dung S;S, —» aS;A (hoac S,S, - bS;B) thi s§ nhan duoc aaSl{Xa (bbSle tuong
ing). Trong G s& khong c6 qui tac nao co thé ap dung dugc dé dan xuat tiép ma
loai bo dugc cac bién Sy, A (B tuong ung).

Truong hop 3: St dung S;S, — aS;A ddi véi aS,S,aS; chung ta co aaS;AaS;.
aaS;AaS; = aaS;aAS; = a281a82a83 = a28182a283. Pén day dé nhan ra qua trinh
dan xuat lap lai qua trinh trén dé c6 a"S;S,a"S; 161 sir dung S;S; —> A, S; — A dé
suyraa'a’ € L.

Truong hop 4: St dung S;S, — bS;B dbi véi aS;S,aS; chung ta c6 abS;BaS;. Dan
xuat trong tu nhu trén ta duoc xau abS;S,abS; va abab e L.

Tiép tuc dan xuét, thuc hién mot trong bon truong hop néu trén, chung ta s&
suy ra xau dang xS;S,xS; va do vay xx €L.

Ttr d6 két luan L(G) = L.

Vidu 3.12 Cho trude G c6 cac qui tac ddn xuat S — aSa | bSb | aa | bb | A. Hay
ching minh rang:

(i) Moi xau (cau) ciia L(G) déu c6 d6 dai chin,

(ii) SO cac xau c6 do dai 2*n 1a 2",
Ménh dé dau (i) dé khang dinh vi khi 4p dung bat ky mot qui tic ndo cua G ciing
déu thay mot ky hi¢u khong két thic (S) bang hai ky hi€u két thuc (a hodc b) (tru
S — A) va c6 nhiéu nhat mot ky hiéu khong két thiic. Do vay, qua mdi lan ap dung
mot qui tac thi 6 dai ctia xau dugc dan ra ting 1én 2 trir qui tic S — A.
Dé ching minh ménh dé (ii), chiing ta xét xau w c6 do dai 2*n. Dua vao cac qui tic
cua G, chung ta théy’w codang a; a, ... a, a, ... a; 4, a; c6 dang a hodc b. Vay so
tat ca cac xau nhu thé sé& 1a 2",

3.3 Phan loai cac ngon ngir cia Chomsky

Trong dinh nghia cuia vin pham G = (Vy, X, P, S); Vy 12 tap cac bién, X 1a tap
chit cai va S €Vy. Dé tién 1gi cho viéc nghién ctru va khao sat cac ngdn ngir dugc
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sinh ra bai vin pham, chiing ta tim cach phan loai chung. Mudn phan loai duoc cac
ngdén nglr, ching ta phai duya vao cac dang khac nhau ctua céc qui tic dan xuat.
Chomsky da chia cac qui tdc dan xuat cua van pham G thanh bon loai.

Trude khi thyc hién phan loai ngén ngit chiing ta can dua thém khai niém vé ngir
canh.

Xét qui tic dan xuit dang Ay — day, trong d6 A 1a bién; ¢ dugc goi 1a ngir canh
trai con y goi la ngit canh phai va oy 1a xau thay thé. Qua d6 chung ta hiéu 1a
chi ¢ thé thuc hién din xuit theo ngit canh va c6 duoc xdu thay thé trong ngit
canh trai va phai nhu da xac dinh.

Vidu 3.13
(i) Trong abAbcd — abBAbcd, ab 1a ngir canh trai va bed 1a ngir canh phai,
(i1)) AB —> A, A 1a ngi canh trai, A 1a nglr canh phai va o = A.

(iii) B — A, ca ngit canh trai, phai va o déu 1a A. Qui tic ndy cho phép xo04
bién B trong moi ngir canh.

Pinh nghia 3.6 (Phan loai Chomsky) Cho trudc van pham G = (Vy, 2., P, S).

1. Néu cac qui tic trong P khong co rang budc nao ca thi duoc goi la van pham loai 0,
hay con goi 13 van pham ngir cau, van pham cau tric cau ([2], [4], [6]) va ngdn ngtt
sinh boi n6 dwoc goi 14 ngdn ngit logi 0 (ngir cdu). Cac qui tac dang trén dugc goi
14 qui tic loai O.

2. Néu cic qui tic cua P c6 dang Ay — day voi o # A thi vin pham duoc
goi la loai 1 (cdm ngit canh, phu thudc vao ngir canh) va ngdén ngit sinh boi
n6 duogc goi 14 ngon ngit logi 1 (cam ngit canh). Cac qui tic dang trén duoc
goi 13 qui tic loai 1. Qui tic S — A dugc phep xuat hién trong van pham
loai 1, nhung khi d6 S khong dugc xuat hién & vé phai cta bat ky qui tic
nao khac va khi do G dugc goi la van pham cdm ngit canh suy rong.

3. Néu cac qui tic cia P co dang A > o véi A eVyva a € (VyUY) thi
van pham dwoc goi la logi 2 (phi ngir canh, khong phu thudc vao ngir canh)
va ngén ngi sinh boi n6 dugc goi la ngon ngit loai 2 (phi ngit canh). Cac
qui tic dang trén duoc goi 1a qui tic loai 2.

4. Néu cac qui tic ctia P c6 dang A — ahoic A »> aB véi A, B eVyva a €y
thi van pham dugc goi la loai 3 (chinh qui) va ngoén ngir sinh boi n6 duge
goi 1a ngon ngw loai 3 (chinh qui). Cac qui tic dang trén duoc goi 1a qui tic
loai 3. Qui tic S — A dugc phép xuat hién trong van pham loai 3, nhung khi
d6 S khong dugc xuat hién & vé phai ciia bat ky qui tac ndo khac. Van pham
chinh qui ¢ qui tic S>A duoc goi 1 vin pham chinh qui suy rong.

Luu y:

v' Trong van pham cam ngtr canh, ching ta c6 thé str dung qui taic A — A dé
x04 di mot bién A ma khong c6 diéu kién nao. Qui tic nay khong phai 1a
loai 1 ma la loai 1 mé& rong.
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v/ Tat ca cac qui tic loai 1: pAy — doy v6i o # A déu khong lam giam do
dai cua xau thay thé, nghia 13 [dAy| < |dary|. Tuy nhién, néu oo — B 1a qui
tic voi |of < [P thi chua han no 1a loai 1. Vidy, AB — BA khong phai la
qui tic loai 1. Phan sau chung ta sé& chi ra riang nhimng qui tic nhu thé c6 thé
thay bang qui tic loai 1.

v’ Vé trai cua qui tic loai 2 (phi ngir cénh) ludn 1a mot bién. Trong van pham
loai 2 (phi ngtr canh) c6 thé c6 qui tic A — A, loai qui tic rong cho phép
x6a di cac bién trong cac dan xuit.

v Vian pham chinh qui la van pham phi nglr canh; van pham phi ngir canh va
vin pham cam ngit canh 1a vin pham loai 0. Phan sau ching ta khang dinh
thém van pham phi ngir canh cling 1a van pham cam ngit canh, chinh xac
hon 1 ¢6 thé loai qui tic xo4 bién tuw do A — A dé moi qui tac loai 2 ciing
12 loai 1 ma van dam bao twong duong giita cac vin pham.

Vi du 3.14 Tim loai cao nhét c6 thé ap dung cho cac vin pham c6 cac qui tic nhu sau:

(i) S—Aa, A—c|Ba, B—abc.CacquiticS — Aa, A—Ba, B—abc
thudc loai 2 va A — c la loai 3, vay van pham chtra cac qui tic nay la loai 2.

(i) S— ASB|d, A — aA. Quitic S — ASB la loai 2, hai qui tic con lai
1a loai 3 nén van pham c6 nhitng qui tac trén 1a loai 2.

(i) S—>aA|bB, A—>bB|aS,B—->bB|bS, S—>a B—alb. D& kiém
tra tat ca cic qui tac déu loai 3 va do vay vian pham chtra chiing 1a vin

pham chinh qui.
Vidu 3.15 Cho vin pham G = ({S, A, B}, {a, b}, P, S) va P gdm nhiing qui tic sau:
S — aB A — bAA
S - bA B—->b
A—>a B > bS
A — aS B — aBB

Vién pham nay la phi ngtr canh vi tat ca ‘cac qui tac déu 1a loai 2. Ngon ngir sinh boi
van pham nay gom tat ca cac xau co sd cac chit a bang sb cac chit b. Chung ta c6
thé chimg minh diéu khang dinh trén bang phuong phap qui nap theo d6 dai cua
xau. Ngoai ra bang phuong phap qui nap ching ta c6 thé chimg minh cac tinh chat
sauvéiw e Y.

%

I. S = wnéu va chi néu w ¢6 so cac chit a bang so cac chir b,

2. A = wnéu va chi néu w c6 so6 cac chir a 16n hon sb cac chirb la 1,

3. B = wnéu va chinéu w c6 soO cac chit b 16n hon so cac chirala 1.

Chung ta chimg minh tinh chat 1.

Budce co so: |w| =1 thi chung ta chi c6 A — ahoac B — b. Do vay tur S khong thé
dan xuét ra xau nao c6 1 ky hiéu, nghia 1a tinh chit trén 1a ding.
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Gia thiét qui ngp: Gia st tinh chat trén ding voi w va |w| < k. Ching ta can chi ra
rang ching cling dang véi w voi |w| = k.

Trude tién, néu S = w thi ddy din xuét ndy phai bit diu bang qui tic S — aB

hoac S — bA. Truong hop su dung S — aB thi w = awy, vdi [wi|<kvaB = w; .

Theo gia thiét qui nap thi w; c6 s6 cac chit b 16n hon s6 cac chirala 1. T d6 suy ra
W ¢0 s0 cac chir a bang s6 cac chit b. Tuong tu do1 v qui tac thir hai.

Chung ta chimg minh diéu kién du (“chi néu”): w c6 sb cac chit a bang sb cac chir
bva|w/ =kthiS = w. Biét rang trong w chi c¢6 a hodc b, do vdy ky hiéu dau c6
thé 1a a hodc b.

+ Néu ky hiéu dau 13 a thi ching ta c6 w = aw, v6i |wi| =k -1 <k va sb ky

hiéu b trong w; 16n hon s6 ky hiéu a 1 1. Theo gia thiét qui nap thi B = wy, tir d6

* *

suyraS — aB = aw; = w,nghiala S = w.

+ Tuong tu ddi véi truong hop w bat dau bang b.
Tinh chéat 2. va 3. c6 thé ching minh qui nap twong ty nhu trén.

Vi du 3.16 Hay lap van pham phi ngitr canh sinh cac ngdén ngtr trén bang chir cai
2. ={a,b,c, d}.

L={x €Y |xcb dd dai chin, bit ddu bang abc, két thuc boi cd va chira
ding 3 vi tri cua c}.

Giai:
Xdy dung van pham phi ngit canh sinh ra L.

Xét x € L, x ¢6 d6 dai chan va phai bat ddu bang abc, két thuc boi cd. Vay phan
dau va phan cudi da chtra 2 chir ¢ va c6 tong cong 5 chir cai. Vay:

x € Lo x=abewde, w € Y v6i w c6 do dai 1a sb 16 va chira dung mot chir c.
& x=abew ewsde, wi, wa €(X - {c}) = {a, b, d}* sao cho [wy| + [w,| 14 s6 chin.
Dua trén ciu tric cua tir x ta thiét lap duoc van pham G sinh ra L c6 dang sau:
G=({S,A,B,C, D}, {a,b,c,d}, P, S), trong d6 P c6 cac qui tic sau:
P = {S— abcAcAcd | abcBcBcd,
A— aC | bC|dC,
C—>aA |bA|dA | A,
B—aD |bD | dD | A,
D— aB | bB | dB}
Vi du 3.17 Hay lap vin pham phi ngit canh sinh ra ngon ngit L = {a""'b"™ | n >0}.
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Giai:

Khi xay dung van pham sinh ra mot ngoén ngit cho trudc, can phai thuc hién theo
hai budc: phan tich cau tric cac tir cia ngén ngir va sau do tim cac qui tac dé sinh
ra cac tu do.

n+1 bn+2

(i) Phdn tich: mditrx = a c6 thé viét thanh hai phan:

+ Céq tlr con a, bzq khong phu thudc vao qtham s6 n duoc goi la phdn co dinh.
Phan n~é1y c6 thé ddt ¢ cac vi tri co thé trén co s¢ dam bao luat giao hoan.
Véi moi cach dat s€ tao ra mot van pham tuong duong.

+ Phan phu thudc vao n: a", b". Khi n thay dbi thi sb chit a, b cling phai thay
d6i nhung phai dam bao sinh ra bang nhau. Ta goi cum nay 1a cum doi
xitng. Hién nhién (e} b") 1ap thanh cum gio1 xtung. Dé dam bao tinh doi
xtmg thi mdi cum doi xing phai do mot bién riéng sinh ra ching.

Ta c6 thé viét w € L bat ky dudi mét trong bdn dang khac nhau:

w = a"ab’b" = aa"b"b’ = a"ab"b’ = aa"b’b"

(il) Xdy dwng vin pham: Tix bon dang khac nhau ciia xau x c6 bon van pham tuong
ung nhu sau:

Gl = ({S}a {aa b}a {S_>aSb | abz}a S)

G>=({S, A}, {a, b}, {S—>aAb’, A > aAb| A}, S)

G;=({S, A}, {a, b}, {S—> Ab®, A —> aAb | a}, S)

G;=({S, A}, {a, b}, {S—>aA, A - aAb|b’}, S)

Hién nhién bbn van pham ndy twong duong véi nhau: L(G,) = L(G,) = L(G;) = L(G4) = L.
Vidu 3.18 Xay dung van pham phi ngit canh sinh ra ngdn ngir sau
L — {a2n+1Cm+1d2m+1bn+2ci+2fk+la3i+2 | n, m’ i, k — O’ 1’ 2’ . .}
Mdi tir w € L déu phan dugc thanh 4 cum dbi ximg nhu sau
w=a"ac"cd B b & Ff a?ad véinmik=1,2,...
7SN
S;
S, S2
Hai cum dbi xtung (™, b") va (¢!, a*) co quan hé tich ghép, nén chung phai duoc
sinh déng thoi. Ta chon S, dé smh ra (a”, b") va S, dé sinh ra (¢!, a’ ) cung mot luc.
Cum (c™, d*™) dugc lqng trong (a™, b"), cum (fk ) 16ng trong (c', a*'). Nhitng cum
doi xtng cé quan h¢ 10ng nhau thi du:oc sinh dan tir ngoai vao trong, nghia cum bi
chtra sinh sau cum chira n6. Ta chon tiép S; dé sinh ra (c d*™), S, dé sinh ra (fY).
Khi d6 cym (a211 b") phai duoc sinh ra trudce sau méi dén cum (c™, d*™), tuc 1 S,

phai xuét hién trudc S;. Tuong tu, cum (c', a*) phai dwgc sinh ra trudce (), tuc 1a
S, phai xuat hién trudc S,.

- 66 -



Otomat va ngon ngir hinh thirc

Ngoai ra, cac ky hiéu phu S;, S,, S;, S4 d@ ddm nhén vi¢c sinh ra cac xau con cua
w, nén chung khong thé dong vai tro 1a ky tu bat dau dugc. Boi vay ta dua thém ky
tu bat dau S va van pham sinh ra L s€ c6 dang sau:

G={{S, S, S5 83, S4}, {a, b, c, d, f}, P, S), trong 46 P gdm céc qui tic sau:
S — S,S, (sinh ra 2 cum dbi xtmg tich ghép (a®", b") va (c', a’’))
S, — a’S;b (1ap dé sinh ra cum dbi xtimg (a™, b"))
S, — aS,b” (din ra S, chuén bi dé sinh ra cum dbi xtmg (2™, b*™))
S, — ¢S,a” (lap dé sinh ra cum ddi xing (c™, b*™))
S, — cd (két thiic viéc sinh ra phan dau cua xau w)
S3 — ¢Ssa’ (Iap dé sinh ra cum d6i xing (', a’’))
Sy — ¢’S,a’ (dua S, vao chudn bj dé sinh ra (f))
Sy— fSy | f
Vidu 3.20 Xay dung vin pham phi ngit canh trén Y. = {a, b, ¢, d, e} dé sinh ra ngon ngit
L={w e Y | w bit diu bang abbb, két thiic bang ccd, chtra abbed va [w] 1a chan}

Trudce khi xay dung van pham G, ta can phan tich cAu trac ctia w e L, dé trén co s&
do6 dua ra nhitng qui tac thich hop.

w e L < w=abbbxabbedyced, voi x, y €Y va |y| + [x| 1a mot sb chén.

Tong d6 dai cta x va y 13 mot sé chin lai dugc chia thanh hai truong hop: do dai cua
ching cung chan hodc cung lé. Do vay, ta c6 the sir dung chi s6 1 cho truong hop ching
c6 do dai I¢ va chi so 2 cho truong hop ching cung ¢6 do dai chan. Khi d6

abbbxjabbedyiced  véix,y € X va ki), lyi1alé (3.3)
weleow= . . .
abbbx,abbcdy,ccd Vi X, y2 € 2 Va[Xa|, [yo| la chan (3.4)
Str dung ky hiéu A dé sinh ra truong hop (3.3) va ky biéu B dé sinh ra truong (3.4). Khi
d6 van pham G c6 céc qui tac dang:
S — abbbAabbcdAccd | abbbBabbedBecd
A —aC|bC|cC|dC|eC
C >aA|bA|cA|dA|eA|A
B—aD |bD|cD|dD|eD| A
D —aB|bB|cB|dB |eB
Vidu 3.20 Cho bang chir cai 2. = {a;, a,, ..., a,}.

b . * 14 ~ N 2
} dé sinhrax;, y;€ 2. ¢6 do dai lé

, B, i ga. 4T
} dé sinhrax,, y» € 2. ¢6 d6 dai chan

(i) Ngon ngir L = Y." dugc sinh boi vin pham chinh qui
G=({S},2, {S—aS|a, 1<i<n},S).
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(il) Ngon ngir L gom tdt ca cdc tir ¢ dg dai chan dugce sinh béi vin pham chinh qui
suy rong nhu sau:

G=({S,A}LY, {S>aA|A,A—>aS, 1<ij<n},S).

(iii) Ngén ngit L gom tdt cd cdc tir ¢6 dé dai lé duge sinh boi vin pham chinh qui
suy rong nhu sau:

G=({S,A}L Y, {S>aA A—>aS|A 1<ij<n},S).

Vi du 3.21 DB6i v6i mdi s6 ty nhiénn=0, 1, 2, ... ta ¢ thé biéu dién néd dudi dang
nhi phan n = 11...1, trong d6 c6 (n + 1) chit s6 1. Khi d6 van pham chinh qui sau
s€ sinh ra tap cac so tu nhién

G=({S}, {1}, {S—>1S|1},9)

Pinh Iy 3.1 Cho trudc vian pham G. Ton tai van pham G, twong duong voi G va co
cac qui tic dang o — P, v6i o, B € Vi (ca hai vé chi chira cac bién) hoic A — a
voi A eVyvaa e Y (vé trai 1a mot bién va vé phai 13 ky hiéu két thac).

Chitng minh: Chung ta xay dung G, nhu sau: V&i mdi qui tic a — B trong G, khong
thoa diéu kién trén, nghia 1a trong o, p c6 mot s6 ky hiéu két thiic. Trong ca o va B,
thay nhitng ky hiéu két thuc, vi du a € X, twong tmg bang C, € Vy va chiing ta c6 2
xau méi o, B'. Tiép theo thay qui tic o — B bang a'—>p’ va C, — a, véi moi a
trong o. va moi a trong B. Tap cac bién ciia G, bao gdm tit ca cac bién cua G va
duoc b sung thém nhitng bién méi C,. Ky hiéu bat dau va tap ky hiéu két thic cua
G, chinh 14 ky hiéu bat dau va tap ky hiéu két thuc cia G. D& nhan thdy G, thoa
méan diéu kién néu trén va twong duong véi G (L(G) = L(G))). Tiép tuc phuong
phap trén chiing ta duwa moi vin pham vé duoc dang nhu trong dinh 1y 3.1. n

Pinh nghia 3.7 Vin pham G = (Vy, 2, P, S) 1a don diéu néu moi qui tac caa P
déu ¢6 dang o — B v6i |a| < [B| hodc S — A khi S khong xuat hién & vé phai cua
bat ky qui tac nao cua P.

Pinh Iy 3.2 Moi vin pham don diéu G déu trong duong v6i vin pham loai 1 (cam
ngtr canh).

Chitng minh: Dua vao dinh ly 3.1 ching ta xay dung dugc G, twong duong voi G.
Tiép theo ching ta xay dung van pham cam ngir canh G, twong duong véi G| nhu sau:

= Xét qui tic AjA; ... Ay — BBy ... B, v6i n 2 m trong G;. Néum = 1 thi qui
tac nay la loai 1.

= Gid st m > 2. Tuong ing voi nhitng qui tic AjA, ... Ay, = BBy ... B,mam>n,
chung ta dua thém cac bien C,, G, ..., C,, va cdc qui tic mdi.

AjAy ... Ap > CiA, ... A,

CiA; ... Ap = CiGA; ... Ay,

CiCA;s ... An—> CICC3 Ay ... A,

CCs ...Cm1Am = C1Cy ...CrBui ... By,
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CiCy ...CoBpit .. By BiCy ...C By -.. By,
B\ ...C By ... By > B1§2C3 o.CBmi1 - By,
B,B;...C Byne1 .. By—> B By ...ByByes ... By,
Trong cach xay dung nhu trén chung ta thay A; bang C,, Ay bang C, , ..., va

A bang C,, Boiy ... B, Sau d6 tiép tuc thay C, bang B, C, bang B,, ... Mdi lan
chi thay thé 1 ky hiéu va hién nhién 13 tit ca cic qui tic trén déu 1a loai 1.

Tap blen cua G2 bao gom tat Ca céc bién cua G, va céac bién moi Cy, Cz, ...; tap cac
qui tic bao gém nhimg qui tic da thudc loai 1 cia G, va nhimg qui tic méi nhu
trén. Tap cac ky hiéu két thiic va ky hiéu bat dau cia chung 13 gidng nhau.

Nhu vay, G, 1a cam ngit canh va L(G;) = L(G,) = L(G). [
Van dé quan trong tiép theo can quan tim l1a xac dinh mdi quan hé gitta cac 16p
sinh b1 céc loai van pham néu trén.

Chung ta ky hiéu £, £, £,, £5 cho tap cac ngdn ngir loai 0, ngébn nglr cam ngir
canh, ngdn nglt phi ngtr canh va ngdn ngir chinh qui twong tng.

Chung ta co céc tinh chat sau:

Tinh chat 3.1 Tir dinh nghiasuyra £5c £5; £, £,va £, C £

Tinh chat 3.2 £, c £,

Quan hé bao ham thtrc nay khong truc tiép suy ra dugc tir dinh nghia ctia vin pham
phi nglr canh va cdm ngtr canh cua Chomsky vi trong van pham phi ngt canh cho
phép st dung A — A, ngay cd khi A # S, con van pham cam ngtt canh chi cho
phép S — A. Trong chuong 5 chung ta s€ chiing minh rang van pham phi ngtr canh
G ¢6 chua qui tac dang A — A 1a tuong duong v6i van pham phi ngt canh G,
khong chira cac qui tac nhu thé (ngoai trir S — A). Hon ntra, khi G; c6 S —> A thi S
khong duoc xuat hién ¢ vé phai ciia bat ky qui tic ndo khac. Do viy, G, 1a van

pham cam ngit canh, nghia 1a ngdn nglr phi nglr canh cling 1a ngdn nglt cam ngtr
canh.

Két hop 2 tinh chat trén chung ta co.
Tinh chat3.3 £5c £, £, C £
Chinh x4c hon, ta co:

Tinh chat3.4 £ic £, £, C £,

Trong chuong 4 chung ta s& chi ra rang ton tai nhitng ngdn ngit phi ngit canh
nhung khong phai 1a chinh qui; c6 nhitng ngdén ngitr cdm ngt canh nhung khong
phai 1a phi ngt canh (chuong 5) va nhiéu ngon ngir loai 0 nhung khong xay dung
dugc van pham cam ngir canh dé sinh ra chung.
Chu y:
(1) Céc van pham cho ¢ céac vi du 3.1, 3.2, 3.5 1a phi nglt canh nhung khong
phai la chinh qui; van pham & vi du 3.6 1a chinh qui.
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(i) Van pham xay dung ¢ vi du 3.10, 3.11 khong phai la cam ngir canh (truc
tlep dwra vao cac qui tic) song chung 13 don diéu nén theo dinh 1y 3.2 ¢6
thé xay dung duoc vin pham cam ngit canh tuong duong.

(iii) Hai van pham thudc hai loai khac nhau c6 thé sinh ra cing mot ngén ngi.
Vi dy, van pham G; c6 S — aS | bS | a | b 1a chinh qui, con van pham G,
c6 S — SS|aS|bS|a|bkhong phai chinh qui (phi nglt cdnh) nhung
sinh ra cung ngdén ngit L = {a, b} " vi S — SS khong din xuat thém duoc
xau nao khéac va ngdén ngir s€ c¢o loai cung loai vo1 van pham cé loai cao
nhat, tirc L 1a chinh qui.
(iv) Loai cia mot van pham cho trudc co thé dé dang xac dinh dugc dua vao
ban chét cua cac qui tac dan xuét. Tuy nhién, kiéu cua mot tap con cia Y.
thi kho xac dinh hon nhi€u. Trong chu y (iii) ching ta da thay co nhiing
tap cac xau dugc sinh bdi nhi€u van pham co6 kiéu khac nhau. BE chung
minh duge mot ngdén ngir cho trude khong phai 1a chinh qui, hay khong
phai 1a phi ngit canh thi phai st dung cac bo dé Bom (Pumping Lemma)
dugc gidi thi€u ¢ cac chuong sau.
Ngoai cach phan loai van pham, ngén ngt hinh thirc cua Chomsky, nguoi ta con
phén ra loai van pham tuyén tinh va khong tuyén tinh.
Dinh nghia 3.8 Vian pham phi ngtr canh ma mdi qui tic cta no co vé phai khong
qua mot ky hiéu khong két thuc (bién) duoc goi 14 van pham tuyén tinh.
Dinh nghia 3.9
(i) Vian pham tuyén tinh ma mdi qui tic c6 ky hiéu khong két thic nam &
phia bén phai cua vé phai, dugc goi la tuyén tinh phdi.
(ii) Van pham tuyén tinh ma mdi qui tic co ky hiéu khong két thiic nam ¢
phia bén trai cua vé phai, dugc goi 13 tuyén tinh trdi.
Vi du 3.22
(1)  Van pham phi ngit canh G, ¢6 cac qui tic S — aCa, C — aCa|b la vin
pham tuyén tinh.
(i) Moi van pham chinh qui déu 1a van pham tuyén tinh phai. Vi dy vin
pham chinh qui G, ¢6 cac qui tic S — aC, C — aC | a.
(iii) Van pham phi ngit canh G c¢6 cac qui tic S — Aa, A — ¢ |Ba, B — abc 1a
van pham tuyén tinh trai.

3.4 Tinh d¢ qui va cac tap d¢ qui

Khai niém tap d¢ qui dugc str dung trong nhiéu linh vuc khac nhau. Dé dinh nghia
tap dé qui ching can nhac lai khai niém thu tuc va thuat toan.

Mot thii tuc dé giai mot bai toan 1a mot ddy cac cau 1énh xur 1y cac dit liéu vao (diy
vao) dé cho ra céc két qua (output) mong muodn. Tap dir licu vao co thé 1a tap rong.

-70 -



Otomat va ngon ngir hinh thirc

M0t thudt todan 1a mot tha tuc duogc thue hién va két thuc sau hitu han cac bude dbi
vo1 moi dir liéu vao.

Dinh nghia 3.10 Téap X l1a dé qui néu c6 mot thudt todn kiém tra dugc mot phﬁn
tor co thugc X hay khong.

Pinh nghia 3.11 Tap X 1a duwoc dinh sé dé qui néu cb6 mot thi tuc kiém tra dugc
mot phan tir c6 thudc X hay khong.

Hién nhién 13 tdp dé qui sé dwege danh sé dé qui (con goi 13 dé qui dém duoc).
Pinh ly 3.3 Ngo6n ngir cam ngit canh l1a dé qui.

Chirng minh:  Cho G = (Vy, X, P, S) 1a ngén ngit cam ngit canh va w € Y .
Chung ta can xay dung thuit toan kiém tra xem w € L(G) hay khong.

Néuw=A,we L(G) <= S>> A c6 trong P. Viéc kiém tra xem S — A c6 trong P
luén thuc hién duoc sau hitu han 1an vi lyc luong cia P 1a hitru han.

Gia st [w| =n > 1. Thuat toan s& duogc thiét 1ap dua trén viéc xay dung ddy céc tap
con {W;} ctia Vy U Y. W, don gian 1a tap tat ca cac xau dan xuat ra & bude thir i va
co do dai nho hon hoac bang n. Day nay dugc xay dung dé qui nhu sau:

i) Wo={S},

() Wi =W,U{Be(VyUX) |Ja e W;saochoa = pval|p|<n},
Céc tap W; thoa min céc tinh chét sau:

(1)  W; < Wiy, voimoii=> 0,

(iv)  dk sao cho Wi = Wy,

(v)  Néuk 1a s6 nguyén nho nhat dé W\, = Wy, thi

Wi={ae(VyUY) |S = avila <n}

Tinh chét (iii) suy ra tir (ii). Dé ching minh (iv), chiing ta xét N 13 s tét ca cic xAu trén
VnU Y ¢6 d6 dai nho hon hodc bang n. Néu [VyuUY|=mthiN=1+m+m’+ .. + m"
boi vi m' 12 86 céc xau ¢6 do dai i trén Viy U Y. N duge xac dinh va né chi phu thudc vao
n va m. Hién nhién 1a [W;| <N, v&i moi i. Tir d6 suy ra (dwa vao nguyén Iy chudng bd
Céll) Wk: Wk+1, volk <N.

Tu (i) ye‘l tr (iv) Wi = Wy kéo theo Wy, = Wy, Vay chung ta ching minh dugc
tinh chat (v) vi

{oe(VyUY) [S=avala/<n} =W, UW,U...U W, UWg ...
=W, U W,uU...u W, =W, (tu (i1)).

Tinh chét (v) khang dinh w € L(G) (S = w) khi va chi khi w € W,. Chiing ta da biét

la W{,W,, ..., W duoc tao ra sau hiru han budc.
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Thuét toan kiém traw e L(G) duoc thuc hién nhu sau:
1. Xaydung W, W, , ..., W nhu trong (1) va (ii) va Wi, = Wy,.
2. Néuw e Wy thi w € L(G), nguoc lai w ¢ L(G). -

Vl'qdl_l 3.23 Cho van pham G ¢c6 S — 0SA;2, S — 012, 2A; > A2, 1A; —>11.
Kiém tra

a/ 00112 e L(G)?. P& kiem tra w = 00112 € L(G) hay khong, ching ta hay
xay dung Wi, W, , ..., Wi biét rang |w| = 5.

WO = {S}a
W, = {012, S, 0SA,2},
W, = {012, S, 0SA 21,

W, =W, va nhu vy k = 2 (mic di 0SA;2 = 0012A,2, nhung khong thé bo sung
0012A,2 vao W, vi n6 ¢6 do dai 16n hon 5). 00112 khong ndm trong W, vay no
khong dugc sinh béi van pham trén.

b/ w=001122 € L(G)?. Vi |w| = 6 nén chlng ta co6

Wo={S},
W, =1{012, S, 0SA,2},
W, =1{012, S, 0SA,2, 0012A,2},
W3 =1{012, S, 0SA,2, 0012A,2,001A,22},
W, =1{012, S, 0SA;2, 0012A,2, 001A;22, 001122},
W5 =1{012, S, 0SA;2, 0012A,2, 001A;22, 001122},

Dé kiém tra duoc 001122 € W, , suy ra w € L(G).

Dinh 1y sau kha tht vi vé mit 1y thuyét tap dé qui va cac ngdn ngit hinh thirc.

Pinh 1y 3.4 Ton tai tap dé qui nhung khong phai 13 ngdn ngit cam ngit canh trén
tap {0,1}.

Chung minh:

Piat Y. = {0, 1}. Cac phan tir (xau) ctia Y. dugc viét thanh ddy w;, i= 1, 2, ... va duoc danh
s0: A, 0, 1,00, 01, 11, 000, ... Vi du wyo =010 1a phan tir thir 10 ctia day.

Biét rang moi van pham déu c6 tap cac ky hiéu (chua két thuc va két thuc), tap cac
qui tac 1a hiru han, nén tat ca cac van pham cam nglr canh xac dinh trén 2. c6 thé
viet thanh day Gy, G,, ... sao cho Gjc6 chira w;.

Chung ta dinh nghia X = {w; € X" | w; ¢ L(G;)} va ching minh ring X 1a dé qui.
Néuw e Y thi ching ta co thé tim duogc i dé w = w.. Qua trinh tim 7 luon két thac
sau hitu han budc kiém tra (s6 budc phy thudc vao |w|). Vi du, w = 0100 thi
W = Wy, 1 = 20. Vi Gy la van pham cam ngir canh, do vdy chung ta (c6 thuat toan)
kiém tra dugc xem w € L(Gyp) hay khong (theo dinh 1y 3.3), suy ra X 1a dé qui.
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Van dé con lai 13 ching minh X khong phai 14 ngén ngir cam ngit canh. Chung ta
chting minh bang phan chtng. Gia thiét ton tai n sao cho X = L(G,). Xét phan ttr
thetn caa Y (ttc w,). Theo dinh nghia cua X, w, € X kéo theo w, ¢ L(G,). biéu
nay mau than voi X = L(G,). Nguoc lai, néu w, ¢ X s& kéo theo w, € L(G,), lai
mau than véi X = L(G,). Do d6 X # L(G,) vi moi n va X khong duoc sinh boi vin
pham cam ngit canh nao ca. "

3.5 Cac phép toan trén cac ngon ngir

Ngoai nhitng tinh chat cta cic 16p ngdn ngit nhur di khao sat & phan trude, nhiéu
tinh chat khac nhu kha niang thyc hién cac phép toan tap hop trén cac ngon ngwr
(xem nhu tap cac xau, hay cac t) cling rit quan trong va c6 nhiéu tng dung trong
viéc nghién ctru hanh vi ciia cac hé théng, trong d6 co 1y thuyét chuong trinh dich.

Gia st A va B 12 hai tip cac xau bat ky. Ghép ctia hai tdp A, B1a AB = {uw | u €A
vaw €B} (uw la ghép hai xau nhu ¢ chuong 1 da dinh nghia). Cho trudc tap A céac
xau,

A’ = A (tir rOng)

Al =A,

A" = A" = AA", v6imoin > | va

A" = {u"|u e A} —tip cac tir d3o vi (soi guong) cla A.
Gia st L 12 ngdn ngit trén Y, phin bu cta L 13 ngén ngit, k§ hiula L= X' - L.
Pinh nghia 3.12 Ta néi ngdn ngi £; dong v6i phép toan ® néu

VL,L, e £thiLi@L,e £,1=0, 1, 2, 3.

Pinh Iy 3.5 Cac 16p ngon ngit £y, £,, £,, £5 dong ddi véi phép hop L.

Ching minh. Giast Ly, L, € £,1=0, 1, 2, 3. ap dung dinh 1y 3.1 ching ta xay
dung duoc hai vin pham G1 = (Vy', 21, Py, S1), G2 = (Vi 22, Pa, S,) thudc loai
i dé sinh ra L;, L, twong tng. Cac qui tic trong Py, P, c6 dang o — B, voi o va B
chi chtra cac bién hodc c6 dang A — a, vi A 13 bién con a 13 ky hiéu két thuc.

Khong mat tinh tong quat, chung ta c6 thé gia thiét V' N Vy* = & (bang cach dit
tén cac bién khac néu chung xuat hién trong ca hai tap).

Chung ta dinh nghia van pham méi
G= (Vx' UV U {S}, X, U, P, S), trong do

S 1a ky hiéu méi khong thude V' U Vi va
P=P,UP,U{S—>S,S—>S,} v6ii=0,1,2

Riéng dbi véi trudng hop cac ngdn ngit chinh qui (i = 3) thi
P=P,UP,U{S—a|bA,S—>c|dB}néucdéS, —>a|bAvaS,—>c|dA

P=P,UP,U {S—aS,S—>bS}néucd S; - aS; va S, > bS,
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Chung minh L(G) =L, U L, c6 thé tién hanh nhu sau: Néuw e L, U L, thi S; =W

hoac S, = w.Vico S > S; vaS— S,,nén S = S;= w hoac S=S, = w,
G2 G Gl G G2

suyraw € L(G),nghiala L, U L, < L(G).

bé chtirng minh chiéu nguoc lai L(G) < L; U L,, hay xét cau w € L(G), S = w.

Néu str dung qui tic S — S, thi cac budc dan xuat sau do chi st dung cac qui tic
trong G1 vi cac bién c6 thé xuat hién & ve trai dé dan xuat dugc cia hai van pham
1a ro1 nhau. Do vay

S = S, = W,suyraw e L,.
Tuong tu dbi vai truong hop khi st dung S — S, s& dan ra
S=S,=>wvawel,.
G G2

Cudi cung chung ta c6 L(G) =L, U L,.

Hon nita, d& nhan thdy, néu G1 va G2 la loai 0 hay loai 2 thi G ciing 1a vin pham
thudc cting loai vi tat ca cac qui tic trong P cling loai v6i Py va P,. Néu A ¢ LU L, va
G1, G2 cung loai 1 hodc 3 thi G cling s€ cung loai do. Khi A € L, U L, va G1, G2
cung loai 1 hodc 3, gia st A€ L, (twong tu ddi voi A € L,) thi chiing ta dinh nghia

G= (V' UV U {S}, >, Uy, P, S), trong d6
S 12 ky hiéu méi khong thude V' U Vi® va

P=P;-{S;2>2A})UP,-{S; > A})U{S—>S;,S—>S,,S>A}.
Hién nhién 1a A € L(G) va G ciing sé& cung loai véi G1 va G2. =
Pinh Iy 3.6 Cac 16p ngodn ngir £, £,, £,, £5 dong d6i voi phép ghép .

Chung minh: Gia su L, va L, 1a hai ngdbn ngﬁ’ loai1,1=0, 1,2, 3. Giéng nhu trong dinh
1y 3.5 c6 thé xay dung hai vin pham G, = (VN , 21, P1, Sy), G, = (Vi 2o, Pa, S,) thude
loai i dé sinh ra L, L, trong ing. Chung ta s& ching minh rang L,L, ciing 14 ngon ngir
loai 1.

Vian pham mai dugce dinh nghia nhu sau:
Ge= (VW' UV U (S}, X, U, Pe, S), trong dé
S 1a ky hiéu méi khong thude V' U Vi va
Pc=P,UP,U{S—S$S,} v6ii=0,1,2
Riéng d6i v6i truong hop chinh qui (i = 3) thi

Pc=P,UP, U {S—>aS, |aS,} néucd S, — aS, | a
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Truéc tién cin chirng minh L,L, = L(G¢). Néuw = w,w, € L,L, thi S, = Wi va
S, = Wa. Vi S — §;S; ¢6 trong P, nén S = SiS, = WIW,= W, Suy raw e L(Go).

Do do L] L2 c L(G)

Dé chirng minh chiéu nguoc lai, hiy xét w e L(Gc), S = SiS, >W. ViV n V=g
nén w =w;w, va S, = Wi vas, = Wa. Twrdé suy ra LiL, =L(Gc).

Van dé con lai 1a chitng minh G cung loai i voi G, va G,.

Néu G, va G, cung loai 0 hoac 2 thi tat nhién G cling cung loai do.

Truong hop A ¢ L, U L, va Gy, G, cung loai 1, 3 thi hién nhién G¢ ciing s& clng
loai giong nhu G, va G,.

Xét truong hop A € L hoac A € L, va Gy, G, cung loai 1 hoac 3. Bat L, = L, - {A},
Ly =1,{A}.Khido
L,'L, UL, nfuA el vaA ¢ L,
LL,={L/Ly UL/ ntuA gL vaAel,
L/'Ly UL/ UL U{A} néuAelL;vaAel,
Nhu da ching minh ¢ dinh 1y trude, cac 16p ngon ngir déu dong véi phép hop, nén
L,L, s€ la loai 1 hay 3 thuy thuoc L, va L, 1a loai 1 hay 3 tuong Ung. n
Chu y:
» Phép ghép cac ngon nglr khong giao hodn, nghia la L, L, #L,L;.
= Phép ghép c6 tinh két hop voi phép hop va phép giao

L(L,uL;)=L,L,UL,L;
(L ULy)L;=L,L; UL,L;
Li(L,nL;)=L,L, "L,L;
(LA LyL;=L,L; N L,L;
Pinh Iy 3.7 Cac 16p ngon ngit £y, £,, £,, £5 dong ddi véi phép dao vi.

Chimg minh. Gia st G = (Vy, 2., P, S) la van pham loai i, i =0, 1, 2, 3 va
L = L(G). Chiing ta can chi ra rang L" ciing 14 loai ngon ngi i.

Xay dyng van pham G' = = (Vx, >, P! , S), trong d6 P" gém nhiing qui tic tir P va
dao nguoc lai ca vé trai va vé phai cua chung

p' ={a —)[3 |laa—> B € P}

Nhu thé néu G 1a loai 0, 1, 2 thi kiém tra ngay duoc G' cling la loai 0, 1, 2. bdi vai
van pham chinh qui chiing ta chirng minh & chuong sau. n

Nhgn xét: Tur tinh chat déng cua cac 16p ngdn ngir d6i voi phép dao vi, ta dao
nguoc tuyén tinh trai sé tao ra tuyén tinh phai va nguoc lai.
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Riéng dbi véi phép giao va phép 14y phan bu cua cac ngdn ngir thi tinh dong 1a kho
xac dinh hon. D€ tham khao ¢ day chung ta chi néu két qua con phan ching minh
c6 the tham khao ([4], [6]).

DPinh ly 3.8
6)) Céc 16p ngodn ngit £, £,, £5 dong d6i véi phép giao.
(i)  Lép £5 dong voi phép lay phan bu.
(iif)  Lop cac ngon ngir phi nglr canh khong dong voi pheép giao va phep lay
phan bu.
Tinh déng cua £ ddi v6i phép giao va phép ldy phan bu s& dugce ching minh &
chuong sau.
Vi du 3.24 Giao cta hai ngdn ngit phi ngit canh c6 thé khong phai 1 phi ngit canh.
Xét hai ngdn ngi:
L, ={a"" |n,i>1}
L,={a"b'c'|n,i>1}
L,, L, 12 hai ngdn ngit phi ngit canh vi ton tai hai vin pham phi ngit canh
G = ({S, A}, {a,b,c}, {S>A | Sc, A>ab |aAb}, S) va L(G;) =L,
G,=({S,A,B}, {a,b,c}, {S> AB,A —>a|aA, B —bc|bBc}, S) vaL(Gy) =L,
Tuy nhién, L; N L, = {a"b"¢' | n,i> 1} N {a"b'c' |n,i>1} = {a"b"c" | n > 1} khong
phai 1a ngén nglt phi ngilr canh (xem vi du 5.12).

Vi du 3.25 Phan bu ctia ngdn ngit phi ngit canh c6 thé khong phai 1a phi ngit canh.
That vay, xét hai ngon ngtr phi ngir canh L, L, dé cho ¢ vi du 3.24. Néu ngon ngir
phi ngit canh dong v6i phép lay phan bu thi L, L, s& 1 cac ngon ngit phi ngit
canh. B&i vi 16p cac ngdn ngir phi ngit canh déng véi phép hop nén L,© U L,°
ciing 14 phi ngit canh. Twong tw, suy ra (L, U L,%) 12 ngdn ngit phi ngit canh.

Mait khac, theo luat De Morgan's thi L, " L, = (L1C U LZC)C, vay mau thudn véi két
luan néu trén, vi & vi du 3.24 da khang dinh L, N L, khong phai 13 phi ngit canh.
3.6 Ngon ngir va 6tomat

Trong cac chuong sau chiing ta s& khao sat va xay dung 4 loai thiét bi: mdy Turing,
0tdmat tuyén tinh gio1 ndi, 6tomat day xuong va 6tomat hiru han dé doan nhan cac
16p ngén ngir loai 0, cam ngir canh, phi ngir canh va chinh qui twong tng ([2], [3],
[4], [5], [6])- Hinh H3-1 mo6 td moi quan hé gitra cdc ngdn nglr va cac 6tomat.

-76 -



Otomat va ngon ngir hinh thirc

Loai 0 < > May Turing
] ., < Iy A4 A , A
Error! Cam ngit canh Otrorna‘F ’"ljuyAe.n
tinh gidi ndi
Phi ngir Otomat day
canh xudng
Chinh qui Otomat
“ hiru han

Hinh H3-1 Cac ngon ngir va cac 6tomat tuong trng
Bai tip vé vin pham va cic ngdn ngir sinh
3.1 Tim ngo6n ngtt sinh béi cac van pham sau:
(a) S—>O0SI1|0Al, A> 1Al
(b) S—>0S1|0A|IB|0|1,A—0A|0, B> 1B|1
(c) S>0A|1S|0]1, A—>1A|IS|1
(d S—>0A|1S|0|1,A—>1A0|1IS|1
3.2 Xay dyng vin pham dé sinh ra cac ngdn ngit sau:
(a) Tap tat ca cac xau trén {0, 1}, trong d6 s6 cac chit sb 0 bang s cac chir s 1.
(b) {0"1™0™1" |m,n>1}
() {0"1*"|n>1}
(d {0"1"|n>1} U {170" | m>1}
3.3 Xay dung van pham G sao cho L(G) = { a"ba™ |n, m > 1}.
3.4 Néu G c6 qui tic S — aS | a hdy chi ra rang L(G) = {a} .
3.5 Tim vin pham dé sinh ra ngén ngit L = {a"b"c" [n>1,k >0}
3.6 Xaydung
(a) Van pham cam ngir canh nhung khong phai la phi ngit canh,
(b) Van pham phi ngir canh nhung khong phai 1a chinh qui,
(¢c) Vin pham chinh qui dé sinhra {a" |n>1}.
3.7 Xay dung vian pham phi ngir canh dé sinh ra:
(@ {0™1" |[m#nvam,n>1}

(b) {0™1"|1<m<n}
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(c) {ab™c"|l+m=n}

3.8 Xay dung vin pham chinh qui dé sinh ra:
(@) {2 |m 21}
(b) Tap tat ca cac xau trén {a, b} két thuc bing a
(c) Tap tat ca cac xau trén {a, b} bit dau bang a
(d) {a'b™c"|L,mn>1}

3.9 Chtng minh rang G, = ({S}, {a, b}, P, S), trong d6 P, = {S — aSb | ab} 1a
tuong duong voi G, = ({S, A, B, C}, {a, b}, P,, S), vo1 P, = {S —> AC,
C—>SB,S—> AB,A —>a,B—>b}.

3.10 Xay dyng vin pham dé sinh ra {(ab)" |n>1} U {(ba)" |n>1}.

3.11 Ching minh ring vin pham gdm céc qui tic A — xB |y, trong d6 x, y €Y
va A, B 1a cac bién la tvong duong vdi van pham chinh qui.

3.12* (Dé thi cao hoc nam 2000, cau 3 mon thi co ban: “Toan hoc ro1 rac™)
Cho ngén ngit phi ngit canh L = {a"0"0, ¢™1*d™ |n>0, m >0, k > 0}
(i) Hay tim van pham phi ngit canh sinh ra L.

(ii) Hay dua ra dan xuét chimg to tir a’b”0, ¢’1'd’® duoc sinh ra béi van pham
tim dugc trong cau (1).

3.13* (Dé thi cao hoc nam 2000, cau 3 moén thi co ban: “Toan hoc rodi rac™)
Cho ngdn ngit phi ngit canh L = {a"0*b"c™d™ |n> 0, m > 0, k > 0}
(1) Hay tim van pham phi nglt canh G sinh ra L.
(ii) Hay kiém tra xem cac tir a°0’b’c*d*, a’0°b*c’d c¢6 dugc sinh ra boi vin
pham G tim duogc trong cau (i)?

3.14 Chi ra rang tap {abc, bca, cab} 13 ngdn ngit sinh cia mot van pham chinh qui
co bang chir céi la {a, b, c}.

3.15 X4y dung vin pham dé sinh ra
(i) L, = {(ab)" |n> 0}, L, = {(ba)" | n> 0}
(i) L=L, UL,
(i) L=L,L,

3.16 Gia su G = ({A, B, S}, {0, 1}, P, S), trong d6 P c6 cac qui tic S — 0AB,
A0 — SOB, A1 — SB1, B — SA | 01. Chi ra rang L(G) = &.

3.17 Nhitng phat biéu sau dung hay sai, tai sao?
(a) Néu G, va G, twong duong v6i nhau thi ching cting mét loai.
(b) Néu L 1a tap con hiru han cia X* thi L 13 ngon ngir phi ngit canh.

(c) Néu L 14 tap con hitu han cia >* thi L 1a ngdn ngir chinh qui.
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3.18" Xay dung vin pham sinh ra tit ca cac s6 chin nho hon 998.
3.19" X4y dyung vian pham phi ngir canh sinh ra ngén ngir
L= {x € {a, b}"|sd 1an xuat hién ctia a 16n hon s6 1an xuit hién b trong x}
3.20" XAy dung van pham phi ngir canh trén > = {a, b, ¢, d, e} sinh ra ngén ngir
l. L={we > | w be’it dau bang abc, két thuc bang cde, chira ding 3 vi tri ciia
c vaw c6 do dai chan}
2. L={w e Y | w bit diu bang abc, két thuc bang cde, chira dung 3 vi tri cia
b vaw co do dai 1¢}
3. L={we Y |wkhong chira tir bed}
3.21° (Dé thi cao hoc nam 2001, cau 3 moén thi co ban: “Toan hoc roi rac”)
Cho ngén ngit L = {a"cb™cd" |n>m >0, k> 0}
1. Xay dung vin pham G c6 loai cao nhat dé sinh ra L
2. Chi ra mét dan xuét trong G chimg té cbbedd 1a dugc sinh ra boi G.
3. Xay dung 6tdmat day xudng dé sinh ra L.
3.22° (Dé thi cao hoc nam 2002, cau 3 moén thi co ban: “Toan hoc roi rac”)

Cho trude 6tomat M duge biéu dién dudi dang do thi chuyén trang thai nhu hinh sau:
=Gl W I
(W—

a/ Tim ngon nglr dodn nhan dugc béi M

b/ Xay dung vin pham chinh qui G d¢ sinh ra ngon ngit duoc doan nhan boi
otomat néu trén.

¢/ Xau w = labba c6 duogc sinh ra trong G hay khong?, tai sao?

3.23" (Dé thi cao hoc nam 2004, cau 3 moén thi co ban: “Toan hoc roi rac”)
Cho trude ngdn ngit L = {a"cb"c, a"cb™d, | m, n > 0}
a/ Tim van pham G c¢¢ loai cao nhét sinhra L, G 1a van pham loai nao?
b/ Xay dyng 6tomat M twong duong véi G dé doan nhén L.
¢/ Chi ra rang xau aacbbbd 13 duoc doan nhan bai M.

3.24° (Dé thi cao hoc nam 2006, cau 3 mon thi co ban: “Toan hoc roi rac”™)
Cho trudée ngdbn ngit L= {a™b" | 1 < n<m}
a/ Tim van pham G ¢6 loai cao nhét sinh ra L.
b/ Tim dang chuan Chomsky ctia van pham G sinh ra L.

¢/ Xay dung 6tdémat M twong duong v6i G dé doan nhéan L.
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CHUONG IV
Tap chinh qui va van pham chinh qui

Chuong bbn dé cap dén:
v Tap chinh qui va 6tdmat hitu han trang thai,
v' Céc tinh chit dong cta cac tap chinh qui,

v" Quan hé giira tdp chinh qui va van pham chinh qui.

4.1 Céc biéu thirc chinh qui

Biéu thirc chinh qui thudng duoc st dung dé biéu dién tip cac xau trong cac ciu
tric dai s6. Bi€u thic chinh qui moé ta nhitng ngdn nglr doan nhan dugc bo1 6tomat
hiru han trang thai.

Pinh nghia 4.1 Biéu thirc chinh qui trén bang chit Y, duoc dinh nghia dé qui nhu
sau:

1. Moi ky hiéu két thuc a € ¥, A va & (tap rong) déu la biéu thirc chinh qui. Khi
mot ky hiéu a € 3 thi biéu thire chinh qui twong Gng s& dugc ky hiéu 13 a.

2. Hop cua hai biéu thirc chinh qui R, va Ry, ky hiéu 1a R; + R,, ciing 13 biéu
thirc chinh qui,

3. Ghép hai biéu thirc chinh qui R, va R,, ky hiéu 1a R;.R,, ciing 1a biéu thirc
chinh qui,

4. Bao dong bic cau (goi tit 13 bao dong) cuia mot biéu thirc chinh qui R, ky
hiéu la R, cling 1a bi€u thic chinh qui,
5. Néu R 1a mot biéu thtrc chinh qui thi (R) ciing 1a biéu thic chinh qui.

6. Biéu thirc chinh qui trén bang chit X' 1a tip tit ca cac hang thic dugc xay
dung mot cach d¢ qui trén co s chi dp dung cac qui tac tir 1 — 5 néu trén.

Chu y:
(i) Chting ta ky hiéu x (in ddm) cho biéu thic chinh qui dé phan biét voi ky
hiéu (hodc xau) x thong thuong.

(ii) Cap ngodc don “(* va °)’ trong qui tic 5 duoc st dung dé xac dinh thu tu
thuc hién cac phép toan cua cac bi€u thirc chinh qui.

(iif) Khi khong co6 cac cdp ngodc don thi thir tu thuc hién trong biéu thirc
chinh qui dugc qui dinh nhu sau: Bao dong, phép ghép roi den phép hop.

Pinh nghia 4.2 Tap biéu dién cho mot biéu thirc chinh qui duoc goi 1a tap chinh
qui. Néua, b € X thi
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. Biéu thtrc chinh qui a x4c dinh tap {a}, néi cach khac tip {a} duoc biéu

dién boi a,
Bicu thitc chinh qui a + b xéc dinh tap {a, b}, hodc {a, b} duoc bicu dién béi
bicuthica+b

. Biéu thirc chinh qui ab xac dinh tip {ab}, hodc {ab} duwgc biéu dién boi

biéu thirc ab

< A ’ 7 . * r . A =
Biéu thirc chinh qui a xac dinh tap {A, a, aa, aaa, ...}, hoac {A, a, aa, aaa,
.2 3 b e %
...} duogc biéu dién bdi a

. Biéu thirc chinh qui (a + b)" x4c dinh tap {a, b} , hodc tap {a, b} duoc biéu

dién boi (a +b) .

Pé hiéu rd hon viéc tinh toan cac biéu thirc chinh qui ching ta can xét k§ hon ba
phép toan néu trén. Gid st Ry va R, 1a hai biéu thirc chinh qui.

(1) Mot xau trong Ry + R, 1a mgt xau trong Ry hodc R,.
(11) Mot xau trong R{R; 1a mot xau trong Ry dugc ghép véi xau cua R,.
(iii) Mot xau trong R* 1a mot xau dugce xay dung tir phép ghép n cac phan tir
cua R, véin > 0.
Tom lai:
(i)  Tap duoc biéu dién boi Ry + R, 13 hop ciia hai tap biéu dién boi R, va boi R,.
(i)  Tap duoc biéu dién boi RyR, 1a ghép ciia hai tip biéu dién boi R, va boi R,.
(iii)  Tép duoc biéu dién bai R” 14 {w,;w, ... w, | w;1a tip con biéu dién bai R van > 0}.

Vidu 4.1 Xéc dinh cac biéu thire chinh qui biéu dién cho céc tap sau:

(i)
(ii)
(iii)
(iv)
(V)
(vi)
(vii)

Tap {101} dugc biéu dién béi biéu thirc 101,

{abba} duoc biéu dién boi biéu thic abba,

{01, 10} duoc biéu dién boi biéu thire 01 + 10,

{A, ab} dugc biéu dién bai biéu thirc A + ab,

{abb, a, b, bba} duoc biéu dién boi biéu thirc abb + a + b + bbaa,
{A, 0, 00, 000, ... } dugc biéu dién boi biéu thic 0°,

{1, 11, 111, ...} duoc biéu dién boi biéu thire 1(1)".

Vi du 4.2 Xac dinh céc biéu thirc chinh qui biéu dién cho cac tap (ngdn ngir) sau:

(1)

(i1)

(iii)
Gidi:

L,l1atap tat ca cac xau chira 0, 1 va két thuc bﬁng 00,
L, 14 tap tat ca cac xau chtra 0, 1 duoc bat dau bang 0 va két thiic bang 1,
Ly={A, 11, 1111, 111111, ...}
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(i) Mot x4u bat ky coa L, s& duoc xay dung tir phép ghép cua xau xac dinh
trén {0, 1} voi xau 00. {0, 1} biéu dién cho 0 + 1. Vay, L; dugc bi€u dién
b&i (0+1)"00.

(i) MOi phéan tir cia L, déu nhan dugc tir phép ghép 0 v6i céc xau xdc dinh trén
{0, 1} va ghép ti€p voi 1, nén L, s€ dugc biéu dién boi 0(0+1) 1.

(ii)) Moi phén ttr ctia L; hodc 1a A, hodc 13 xau chtra chin 1an céc sd 1, nghia la
nhitng xau c6 dang (11)", n > 0. Vay Ls c6 thé dugc biéu dién bai (1 1)*.
4.2 Su twong dwong ciia cac biéu thire chinh qui

Dinh nghia 4.3 Hai biéu thire chinh qui P, Q duogc goi la fwong dwong, (ta viét 1a
P = Q) néu P va Q cung bicu dién cho cung mdt tap cac xau.

Céc biéu thirc chinh qui c6 céc tinh chat sau:
I, J+R=R
I, OR=RZ=0C
I; AR=RA=R
L A=Avag =A

Is R+R=R
I, RR =R’
I, RR =RR
L, (®) =K

I, A+RR =A+RR=R

Iy (PQ)P=P(QP)

Iin P+Q) =QP)=P +Q)

I, (P+QR=PR+QRvaR(P+Q)=RP+RQ

Luu y: Can phan biét A voi &, A ky hiéu cho mot xau (tir) rong (mdt sb tai lidu
khac str dung & dé ky hiéu cho xau rong), con @ ky hiéu cia tap rong).

Dinh 1y sau day réat hitu dung trong viéc xac dinh cac biéu thirc chinh qui twong
duong dua vao phép thay thé.

Pinh 1y 4.1 (Pinh 1y Arden) Gia sir P va Q 1a hai biéu thirc chinh qui trén . Néu
P khong chtra A thi phuong trinh sau

R=Q+RP (4.1)

c¢6 nghiém duy nhit 1a R = QP

Chirng minh: Thay R = QP” vio vé phai va theo tinh chit Iy chung ta co
Q+(QP)P=Q(A +P'P)=QP

Nghia la R = QP thoa mén déng thirc (4.1).
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Dé chirng minh tinh duy nhat cua R, ching ta hiy thé R bang Q + RP mét sb lan
nhu sau.

Q+RP=Q+(Q+RP)P
= Q+ QP + RPP
= Q + QP + RP*

= Q+ QP+ QP*+...+ QP +RP™
= Q(A+P+P*+...+P) +Rp"
Vay tur (4.1) chiing ta c6
R=Q(A +P+P*+...+P) +RP" 4.2)

Néu R thoa mén (4.1) thi n6 ciing thoa man (4.2). Gia sir w 1 mot xau c6 do dai 14 i trong
tap R. Khi do w s& thudc tap duge xac dinh boi Q(A + P + P*+ ...+ P') + RP™. Boi vi
P khong chira A nén RP™' s& khong ¢ cac xau co do dai i. Do vy, w phai thudc
Q(A +P+P*+...+P"), nghia la thuoc QP’.

Nguoc lai, xét xau w thude QP’k , trc la w thude QPk, véi k > 0, tir @6 suy ra n6 cling
thuc Q(A + P+ P>+ ..+ P).

Nhu véy ching ta da chimg minh dugc la R va QP biéu dién cho cing mot tap hop. Piéu
nay khang dinh tinh duy nhat cta 101 giai phuong trinh (4.1). n

Vidu 4.3 Chimg minh ring R=A +1°(011) (1°(011)") va (1+ 011)" 1a twong duong.
Thét vy, dit P=1(011)  ching ta co:

R=A+PP =P (theo I)
= (1°(011)") (Ap dung dinh 1y 4.1 v6i Q=A)
=P, P;)" Pat P=1,P, =011)
= (P +Py) (theo I)
=(1+011)°

Vi du 4.4 Hay chi ra rang
(1+00°1) + (1+00'1)(0+10'1) (0+10 1) =0"1(0 + 10'1)"
Bai vi (1+00°1) +(1+00'1)(0+10°1) (0+10°1) = (1400 1)(A+(0+10'1) (0+10°1) (theo I,,)

= (14+001)0+10'1)" (theo 1)
= (A+00)1(0+10'1)
=0100+101) (theo I)

4.3 Otomat hiru han va biéu thirc chinh qui

Chuong hai ching ta d nghién ciru cac tinh chat cua 6tomat hitu han, trong do
ham chuyén trang thai chi thay do6i trang thai khi c¢6 dir liéu dau vao va chi c6 mot
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trang thai bat dau. Dé phu hop cho viéc md hinh héa cac biéu thirc chinh qui,
chung ta mé rong 6tomat hitu han thanh h¢ chuyén trang thai (Transition System).

Pinh nghia 4.4 Hé thong chuyén trang thai (goi tat 1a hé chuyén trang thdi) 13 bd
§=(Q, 2, 5, Qo F), trong do

(@) Q, Y. va F — Q la tap hitu han trang thai khac rong, bang chit vao va tap
hitu han trang thai két thuac,

(b) Qy, = Q la tap céc trang thai khoi dau, khac rdng, |Qo| > 1

(¢c)o: Qx >" — Q. Noi cach khac, o (qi, W) = q, nghia la trén do thi
chuyén trang thai c6 mot dudng di bat dau tir q; dén q, va cic nhan cia
céc cung ghép lai thanh w, w c6 thé 13 A..

Luu y: Hé chuyén trang thai c6 ham chuyén trang thai duoc md rong nhu &
(c) chuyén tir mot trang théai sang trang thai khac ngay ca khi khong nhén
dugc dir liu dau vao (truong hop w = A).

Dinh nghia 4.5 H¢ chuyén trang thai S = (Q, X, 6, Qq, F) chdp nhdn (doan
nhan) x4u w trong Y. néu

(a) C6 mot duong di trén d6 thi trang thai, bat ddu tir mot dinh khoi dau (ndm
trong Q) va két thuc tai mdt dinh két thiic (dinh thudc F),

(b) Cac nhan trén céc cung trén duong di d6 ghép lai tao thanh w.

Pinh nghia 4.6 Ngon ngilr gioén nhan duoc bdi hé chuyén trang thai S = (Q, 2., o, Q,,
F), ky hi¢u 1a L(S), 1a tap tat ca cac xau doan nhan dugc boi S.

L(S)={w e Y |3q € Qo o(q, w) " F = &}

L(S) 1a tap tat ca cac day ky tu vao trén tit ca cac dudng di tir mot dinh bat dau dén
mot dinh két thuc.

Vi du 4.5 Cho trude hé chuyén trang thai duoc mé ta nhu hinh H4-1.

1
;- v
NN NN

Hinh H4-1 D6 thi chuyén trang thai ctia hé chuyén trang thai S
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Trong d6 Qp = {qo, qi} va F = {q;}. D& nhan thiy hé théng trén doan nhan diy
w = 1100 vi ¢6 duong di ttr qg, qo, 92, g3 S€ ¢O cac nhan ghép lai thanh w. Ngon ngix
doén nhén dugc boi S1a L = {1"01™0, 1"01™11, 101, 1 | n, m > 0} duoc biéu dién
béi biéu thirc chinh qui 170170+ 1701711+ 1701 + 1.

Luru y: Moi 6témat hitu han M = (O, 3, o, qy, F) déu cé thé xem nhw mot hé chuyén
trang thai § = (Qa za o 5 QOa F)s trong do QO - {qO} va o' = {(qa w, G(qa W)) | qe Q:
we }.

Nhung nguoc lai thi khong duoc, vi du khi hé chuyén doi co tap cac trang thai khoi
dau nhiéu hon 1. Tuy nhién, & phan sau chiing ta s€ chi ra rang cho truéc mdt hé

chuyén trang thai S chung ta c6 thé xiy dung duoc mot 6tdmat hitu han M tuong
duong v6i S (cung doan nhan mot ngon ngir L(S) = T(M)).

4.3.1 Cac hé bién d@6i va cac biéu thirc chinh qui

Pinh 1y sau khang dinh méi quan hé giira cac hé bién ddi va cac biéu thirc chinh qui.
Dinh ly 4.2 (Thuat toan Thompson) Moi biéu thie chinh qui déu doan nhén duoc
bo1 mot hé chuyén trang thai, nghia 1a néu w 1a mdt xau trong tap R thi ton tai mﬁ)t
duong di tur trang thai bat dau dén trang thai cudi véi gid tri 1a w trén do thi chuyén
trang thai.

Chd’ng minh: Ching minh dinh 1}'/ qui nap theo s6 cac ky tu trong R K)ﬁ fur cua
biéu thirc chinh qui R, chiing ta hiéu 12 gdm céc phan tir ciia Y, @, A, ., *, +

Vidu, R=A+ 10°11 0, cocackytu A, +,1,0,* 1,1, *, 0 va s cac ky tus€lao.

Co 56 qui nap: Gia st s6 cac ky ty cia R1a 1. Vay, R=A, R =&, hoic R = a;,
a; € Y. Cac hé bién d6i ¢ hinh H4-1 s& doan nhén cac biéu thic c¢6 1 ky tu.

i
R=A R=O R =g

Hinh H4-2 Cac hé bién doi doan nhan cac tap chinh qui co s
Budoc qui ngp: Gia thié‘g rang dinh 1y trén ding v6i nhimng biéu thirc chinh qui ¢6 s6
ky tu nho hon hodc bang n. Chung ta phai chimg minh rang n6 ciing ding voi
nhirng biéu thirc R c6 n+1 ky tu.
Theo dinh nghia ctia biéu thirc chinh qui thi

R =P+ Q, hoic R=PQ, hoic R=P"
Trong d6 P, Q 1a hai biéu thirc chinh qui c6 nhiéu nhat 1a n ky fi. Theo gia thiét qui
nap, P va Q 1a dugc dodn nhén bdi hai hé chuyén trang thai G va H nhu trong hinh
H4-3.

Hinh H4-3 (a) Hé chuyén trang thai G doan nhan P
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Chiing ta c6 thé xay dung nhimg hé chuyén trang thai dé doan nhan R nhu cac hinh H4-3
(c),4-3 (d)va4-3 (e).

A A
G
i A
&_} A
X A
Hinh H4-3 (c) H¢ chuyén trang thai doan nhan P + Q
A A
—>( F----- /_\_> G lA___3 ¥ ---- /_\_> H [ A___= @
\A A A A

Hinh H4-3 (d) Hé chuyén trang thai doan nhan PQ

O A O A >O

P

-

Hinh H4-3 (e¢) Hé chuyén trang thai doan nhan P

Do vay, dinh 1y d3 duoc chimg minh bang qui nap va k¥ thuat xay dung cac hé
chuyén doi trang thai twong Uing. "
Trong chimg minh dinh 1y 4.2, ching ta da dua ra cach xay dung mot hé chuyén
trang thai dé doan nhan mot tap chinh qui.

Nhdn xét: Hé chuyén d6i trang thai va 6tdmat hitu han khac nhau ¢ chd db thi biéu
dién hé chuyén dbi trang thai c6 cc cung v6i nhan rdng A va sé lugng cac trang
thai bat dau c6 thé 16m hon 1.

Tiép theo, chiing ta s& nghién ctru cach dé chuyén mot hé chuyén doi trang thai
doén nhan biéu thirc chinh qui vé 6tdmat hiru han (bang cach loai bo di nhitng cung
c6 nhan 1a A) dé doan nhan chinh biéu thirc d6. Nghia 13, néu P 1a biéu thirc chinh
qui thi luén xay dung dugc mot 6tdmat hiru han trang thai M dé doan nhan biéu
thirc chinh qui do.

- 86 -



A

Otomat va ngén ngir hinh thire

Trudc tién ching ta can xac dinh moi quan h¢ gitra 6tomat hitu han va biéu thuc
chinh qui.

Dinh 1y 4.3 Moi ngon ngtr doan nhan boi 6tomat hiru han M déu biéu dién dugc
bd1 mot bi€u thire chinh qui.
Chirng minh: Gia st M = ({qy, G2, .-, qm}» 2, 8, qu1, F).

Néu w €X" dugc doan nhan boi M, nghia 1a c¢6 mot duong di tir g dén mot trang
thai két thiic ma gid tri trén duong di 1a w. V&i mdi trang thai két thuc qj, S€ xac
dinh twong Ung mot tdp con cua Y. céac gia tri trén dudng di tir q; d&én q; (day cac
nhan trén duong di). Cac tap con dé ludn biéu dién duoc bai cac biéu thirc chinh
qui.

Gia st Pijk ky hiéu cho tap tat ca cac gia tri cua cac duong di tir g; dén q;- Pijk duoc
xay dung d¢ qui nhu sau:

Py’ ={a €X|5(qa)=q; (4.3)

P’ ={a eX|8(q,a)=qi} U {A} (4.4)

P = Pu ' (Pu) Py U P! (4.5)
Duya vao qui nap, ching ta c6 thé ching minh dugc cac tap xac dinh tur (4.3), (4.4)
va (4.5) biéu dién dugc dudi dang céc bi€u thirc chinh qui. n

4.3.2 Loai b6 cac A- dich chuyén trong cic hé thong bién do6i trang thai

Céc hé chuyén trang thai ¢ thé ¢ nhitng A- dich chuyén (c6 nhﬁng cung v6i1 nhan
A trong do thi chuyen trang thai). Nhing dan xuét loai ndy co thé xuét hién khi ap
dung véi hé thong khong c6 dit liéu dau vao.

Trong thuc té, chung ta co thé chuyén mot hé chuyén trang thai co chua cac A-
dich chuyén vé h¢ thong tuong duong ma khong c6 cac A- dich chuyén.

Thuat toan loai bo A- dich chuyén tr dinh v, dan ti v, duoc thue hién nhu sau:
Thuét toan 4.1: Loai bd A- dich chuyén tir dinh v, ddn 16i v, trén d6 thi chuyén trang thai.
1. Loai bo A- dich chuyén tir dinh v; ddn t6i v, va tim tit ca cac cung xuét phat tir v,

2. Sao dup tat ca cac cung tim thdy ¢ budc 1, sang bat dau tir v; v6i nhan
khong thay doi dén cac dinh twong Gng.

3. Néuv, la trang thai bat dau thi v, cling dugc xem nhu 1a trang thai bat dau.
4, Néuv,la trang thai két thac thi v, cling dugc xem nhu 1a trang thai két thuc.
Vi du 4.6 Hay loai bo cac A- dich chuyén trong 6tomat hitu han sau:

1 2

0
Ny S B o

Hinh H4-4 Otomat hitu han c6 chira A- dich chuyén
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a/ Trudc tién ta loai A- dich chuyén tir gy dén g;. C6 hai cung bét dau tir ¢, tir g; t6i
chinh n6 c6 nhdn 1 va tir ¢; dén ¢, c6 nhin A. Theo budc 2, tir qo s& sao dip cung tir qq
dén q; ciing nhan 1 va tir qo dén q, ¢6 nhan 1a A. Vi qq 14 trang thai bat dau nén q, cling
s& trd thanh trang thai khoi dau. Hinh H4-5 (a) cho két qua vira thuc hién.

0 1 2

! ) 5

:
>
v
@
>
v

Hinh H4-5 (a) Loai bé A- dich chuyén tir qodén q;

b/ Tuong tu, loai bo A- dich chuyén tur qo dén q, duoc két qua nhu hinh H4-5 (b).
2

=R SR
\/W

Hinh H4-5 (b) Loai bo A- dich chuyén tir qodén g

¢/ Cubi cing loai bé A- dich chuyén tir q; dén q, dugc két qua nhu Hinh H4-5 (c).

0 1 2

Hinh H4-5 (c) Loai bé A- dich chuyén tir q; d&én qp

4.3.3 Chuyén cac hé chuyén trang thai khong don dinh vé hé thong don dinh

Pé chuyén mot hé chuyén trang thai khong don dinh (trén do thi chuyén trang thai, tir
mdt dinh c6 nhiéu hon mot cung di ra ¢6 cung nhén va c¢6 thé co nhiéu dinh bt dau) vé
hé chuyén trang thai don dinh, s€ dugc thuc hién twong tu nhu thuat toan chuyén
OTKPD vé OTDD tuong duong, ching ta cé thé thuc hién theo thuat toan sau.

Thuit toan 4.2: Chuyén hé chuyén trang thdi khéng don dinh vé hé chuyén trang
thai don dinh.

1. Chuyén hé chuyén trang thai cho trudc sang bang chuyén trang thai, trong
d6é moi trang thai ung véi hang va céc ky hi¢u vao g véi cot,

2. Xay dung bang chuyén trang thai tiép theo cta phan tir tir bang trudc bang cach
xac dinh tat ca cac tap con cac trang thai dat dugc tir tap cac trang thai khadi
dau,

3. D6 thi chuyén trang thai img véi bang chuyén trang thai thu duoc s& cho hé chuyén
trang thai don dinh twong duong. Nhiing trang thai két thiic ctia h¢ chuyén trang thai
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don dinh la nhing trang thai c6 chira it nhét mot trang thai két thuc cua hé chuyén
trang thai khong don dinh ban dau. Néu hé chuyén trang thai thu dugc chua cuc tiéu
thi 6 thé str dung thudt toan cuc ti€u hoa dé loai bé nhing trang thai du thira.
Luu y: Viée xdy dung cac bang chuyén trang thai thuc hién twong tu nhu déi voi 6tomat
khong don dinh chuyén vé don dinh., chi khéc 1a trudc day ta bat dau tir {qo} thi ¢ day ta bat
dau tir mot tap cac phan tir khoi dau.
Vi du 4.6 Cho truée hé chuyén trang théi khong don dinh c6 d6 thi chuyén trang thai nhu Hinh
H4-6.

Hinh H4-6 D6 thi chuyén trang thai S khong don dinh

Trude tién chung ta xdy dung bang chuyén trang thai ctia hé thong bién doi néu
trén.

Bang 4.1 Bang chuyén trang thai Gmg véi dd thi H4-6

Trang thai \ > a b
—>(w) 1> Q2
—> qu do

Qo i

Tiép theo, ta xdy dung bang chuyén trang thai tir cac phan tir ké tiép, bat dau tir tap
hai trang thai bat dau {qo, q;}, ky hiéu 1a [qo, q;]. Ttr bang 4.1 chung ta thay, tir [qo,
qi] c6 thé di dén duoc [0> 91, 92] qua cac cung véi nhan b, va khong c6 duong di
bat dau bang cung nhan a. Tuong tu, [qo, qi, qo] di theo cung c6 nhan a thi dén
duoc [qo, qi] va di theo cung c6 nhén b thi quay lai chinh né. Véi mdi phan tir
a € Y, ta cho tuong tng Q, dé c6 bang chuyén trang thai tiép theo.

Bang 4.2 Bang chuyén trang thai tiép theo

Q Qa Qb

— [qo, q1] %) [0, 915 92]
[do, 1 92] [do» A1l [9os Q15> 92]
%) %) %)

Dua vao bang 4.2 chiing ta xiy dung hé chuyén trang thai don dinh nhu sau.
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@ [d0,91,92]

Hinh H4-7 Hé chuyén trang thai don dinh twong dwong véi hé & hinh H4-6
Luu y:

a/ bo thi 5:huyén trang thai cua hé chuyén trang thai c6 thé c6 nhiéu hon mot
dinh bat dau, con do thi cua 6tdmat hiru han trang thai thi chi c6 mdt dinh bat
dau.

b/ Hé chuyén trang thai don dinh ¢ hinh H4-7 tuong duong véi hé chuyén
trang thai khong don dinh cho trudc. No ciing chinh la 6tomat hitu han don
dinh. D& nhan thay, trang thai @ 13 du thira boi vi tir trang thai bat dau [qo, qi]
di qua dinh & thi khong thé di tiép dé dén dugc dinh két thuc 1a [90,91,92], do
vy c6 thé bo nd di dé c6 dugc 6tomat cuc tiéu. Ngoai ra, ta cling co thé dat
tén lai cac trang thai, vi du thay [qo, q;] bang P va [qo, q;] bang Q chung ta
duoc:

b b

—@ : @0

Hinh H4-8 Otomat don dinh cuc tiéu twong duong véi
hé chuyén trang thai S & hinh H4-6

4.3.4 Phwong phap dai so img dung dinh 1y Arden
Dinh 1y Arden néu & phan trude co thé s dung dé xac dinh biéu thirc chinh qui
dugc doan nhan bdi 6tdmat hiru han trang thai.

Ap dung nhiing thuat todn néu trén, chung ta hiy xét 6tomat hiru han duogc biéu
dién bang do thi chuyén trang thai voi nhitng gia thiét nhu sau:

(i) Khong co A-dich chuyén trong do thi chuyén trang thai

(ii) C6 mot trang thai bat dau 1a q

(iii) Tap cac dinh la q, qo, ..., qn

(iv) Ky hiéu q;, i = 1, 2, ..., n 13 nhiing biéu thl'xg chinh qui dai, dién cho cac
day doan nhan dugc bdi 6tdmat ngay khi di dén trang thai két thuc q;.

(v) a; ky hi€u cho biéu thirc chinh qui dai dién cho tdp cac nhan trén cac

cung tr q; to1 g, 1,j =1, 2, ..., n. Néu khéng c6 cung nao ndi giira chiing
thi ajj = .
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Dua vao do thi chuyén trang thai, ching ta c6 thé xac dinh duogc hé phuong trinh
theo qq, q2, «+5 qu, VO1 q; 12 trang thai bat dau nhu sau:

Q= qiag T Qqaay + ...t qu t A

Q=qaptqan t..+qmp

q = qlaln + anZn .t qnn

Thyc hién lap lai mot sd lan phep thé va sir dung dinh 1y Arden (dinh Iy 4.1), ching
dé dang biéu dién duogc q; bang cac biéu thirc a; va cac phép toan (+, ., *).

Nhan xét: Tdp dodn nhdn dwoc boi 6tomat hitu han sé twong dwong voi biéu thirc
chinh qui la hop ciia tdt ca cac biéu thirc q; vng véi tat cd cde trang thdi két thiic
cua otomat.

Vi du 4.7 Xay dyng biéu thirc chinh qui twong (g véi biéu d trang thai sau

0

A
D

Hinh H4-9 Cho trudc do thi trang thai

Dua vao d6 thi chuyén trang thai, ching ta co thé xac dinh duoc cac phuong trinh
theo cac trang thai nhu sau:

Q1= qi0+q30 + A, (4.6)
©L=qil +q1 +qsl, 4.7)
4G =q20 (4.8)

Thay (4.8) vao (4.7) ching ta duogc
@=qil + @l +(q0)1 =q;1 +qx(1 +01)
Ap dung dinh 1y 4.1
@=ql(1+01) (4.9)
Tuong ty q;=q,0 +q30 + A= q,0+ q,00 + A. Thay (4.9) vao ta co6
=q0+q1(1+01)°00 +A
= qu(0 + 1(1 +01)"00) +A
Lai 4p dung dinh 1y 4.1
Q=A@+ 1(1+01)00)" = (0+ 1(1 +01)°00)
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Boi vi, q la trang thai két thiic nén biéu thirc chinh qui twong tng voi hé chuyén
trang thai c6 do thi trang thai nhu Hinh H4-8 sé 1a (0 + 1(1 + 01) 00) .

Vi du 4.8 Cho trudc 6tdmat hiru han trang thai M duoc mo ta bai d6 thi chuyén
trang thai nhu hinh H4-10. Hay chimg minh rang M doan nhan tat ca cac xau trén
{a, b} co sd céac chir a bang s0 cac chit b va trong moi day dau cta moi xau thi
hoic s6 cac chit @ hon sb cac chit b nhiéu nhat 12 1 hodc sb cac chit b hon sb céac
chit @ nhiéu nhat 13 1.

Hinh H4-10 Otomat hitu han M
Gidi: Ap dung phuong phap néu trén, chiing ta c6 hé phuong trinh sau:
Q=qb+qatA
Q2= qi1a
QB=qib
q4= q2a + qsb + qu(a +b)

Boi vi q; 1a trang thai két thuc, vay ta s& giai hé phwong trinh trén dé tim q;. Thé qu,
g3 vao phuong trinh dau tién chung dugc:
q1= qiab + q;ba+ A
Ap dung dinh 1y Arden, ta c6
q;= A(ab+ba) = (ab + ba)’
Pay chinh 1a biéu thitc chinh qui biéu dién cho tat ca cac xau doan nhan duoc boi
M, trong d6 thoa man tat cd nhiing di€u can phai chiing minh. That vay, néu day x
dugc doan nhéan bdi M thi n6 s€ dugc tao ra tur cac day ab va ba ghép vdi nhau,
trong d6 s6 cac chir a ludon bang s6 cac chir b. Moi ti€p dau ngit x; ciia xau x thoa
man céc tinh chat sau:
= C6 sb cac ky hiéu 1a chin thi d& nhan thiy ching c6 sé cac chir a ludn
bang s6 cac chit b,
= Hoic cb s6 cac ky hi€u la I¢ thi ta co thé viét x, = ay, hay x; = by. H1en

nhién y c6 s cac ky hiéu 13 chin, vay chung c6 sb cac chit a luon bang sb
cac chir b.

Twr d6 suy ra moi day dau ctia moi xau dugc doan nhan bdi M, thi hodc so cac chir
a hon s6 céc chir b nhi€u nhat 1a 1 hodc s6 cac chit » hon s6 cac chir a ciing nhi¢u
nhat chi la 1.
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Vi du 4.9 Tim biéu thic chinh qui doan nhan boi 6tomat

s 0 @0,1

Hinh H4-11 Otémat M c6 hai trang thai két thic

Tuong tu nhu trén, ta thiét 1ap duoc hé phuong trinh sau:
Q=q0+A
©=q1+ql
Q=20 +q3(0 + 1)

Ap dung dinh 1y 4.1 vao phuong trinh dau tién, ta thu duoc
Q=q0+A=q0+A=0

Thay vao phuong trinh thir hai
Q=ql+ql=01+ql=0D1

Phuong trinh tng vé&i qs khong can thiét phai giai vi no khong dat dén duoc tir
trang thai két thuc.

Viy, biéu thic chinh qui doan nhan dugc boi 6tomat M & hinh H4-10 1a
G+e=0+0DI"=0"+011)=0(A+11)=01 (ang dung L)

Noi cach khac, cac tir doan nhan duoc boi M 1a tat ca cac xau co cac tiép dau ngir

gom cac chitr s6 0 vai sO lugng bat ky sau do 1a day cac chit s0 1 tuy ¥ (co thé 1a

rong).

4.3.5 Thiét 1ap 6tdmat hiru han twong dwong véi biéu thire chinh qui

Cho trudc mot biéu thirc chinh qui, ching ta ¢ thé xdy dung mot 6tomat hitu han
trang thai twvong duong, nghia 1a ngén ngt n6 doan nhan bi€u dién cho biéu thirc
chinh qui cho truéec.

Thuit toan 4.3 Xay dung mot 6tdmat hitu han trang thai twong duong véi biéu
thtrc chinh qui cho trude.

1. Thiét 1ap do thi trang thai (hé chuyén trang thai) twong duong véi biéu
thirc chinh qui cho trudce (str dung dinh 1y 4.2).

2. Xay dung bang chuyén trang thai theo phuong phap di gidi thiéu & muc 4.2.2.

3. Thiét lap 6tomat hiru han (don dinh) tuong duong va loai bo nhing trang
thai du thura.

Vi du 4.10 Xay dung 6tdmat hitu han M tuong duong véi biéu thirc chinh qui sau:
(0+1)(00+11)(0 + 1)
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Gidi:
Buée 1: Xy dung d6 thi trang thai twong duong c6 chira cac A- dich chuyén theo dinh
Iy 4.2 va sau d6 str dung thuat toan 4.1 dé loai di cac A- dich chuyén s& thu dugc
(0+1)°(00+11)(0 + 1)
—{(q) >
Hinh H4-12 (a) Otémat M twong duong véi (0 + 1) (00 + 11)(0 + 1)°

+ Loai bo di nhirng phép ghép trong biéu thirc chinh qui bang cach thém hai trang
thai q, va g3 s€ thu duoc:

(0;1):@(00“1):@ 0+1) :@

Hinh H4-12 (b) Otémat M twong dwong véi (0 + 1)°(00 + 11)(0 + 1)°

+ Loai bo phép lap (bao dong) cta do thi Hinh H4-12 (b) bang cach thém hai trang
thai J4 va gds.

0+1

0+1
L,_A__.@ LN :

Hinh H4-12 (c) Otémat M twong duong voi (0 + 1) (00 + 11)(0 + 1)
+ Loai b6 tiép cac phép ghép va phép hop + trong biéu do trén bang cach thém hai

trang thai q¢ va qy.
QO, 1
A

()

0,1

Hinh H4-12 (d) Otémat M twong dwong véi (0 + 1) (00 + 11)(0 + 1)°

+ Cubi cung loai bo di cac A- dich chuyén theo thuat toan 4.1 s& thu dugc 6tomat
hiru han (khong don dinh). Luu y, céc trang thai c6 the dat lai tén tuy y cta ban.

Hinh H4-12 (¢) Otdmat M twong duong véi (0 + 1)°(00 + 11)(0 + 1)
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Buéc 2: Xay dung bang trang thai dé chuyén 6tomat khong don dinh vé& 6tomat
hiru han va don dinh (thuat toan 4.2).

+ Trude tién chiing ta xay dung bang chuyén trang thai tng véi do thi trén.

Bang 4.3 Bang chuyén trang thai img v6i d6 thi H4-12 (e)

Trang thai\ X 0 1
—> (@
. o, q1 o> 92
qQi qdr
qQz qdr
qr qr

+ Tiép theo xay dung bang phan tir ké tiép tir trang thai bat dau tir [q,]. Tir bang
4.3 ching ta théy [qo] di theo cung c6 nhan 0 thi dén duoc [qo, q;] va di theo cung
c6 nhan 1 thi dén duoc trang thai [qo, q»]. Twong tw, [qo, q] di theo cung c6 nhén 0
thi dén duoc [qo»> 91, ] va di theo cung c6 nhan 1 thi dén duoc trang thai [qo, q2].
Tir trang thai [qo, q»] di theo cung c6 nhén 0 s& chuyén dén [qo, q;] con di theo cung
c6 nhan 1 s& dén [qo, qu, q¢]. Tiép tuc xét su chuyén trang thai tir [qo, qi, qf theo
cung c6 nhin 0 s& dan dén chinh n6 con di theo cung c6 nhan 1 s& dén [qo, Q. q4.
Tuong tu voi trang thai con lai, [qo, q2, qr]. Vi mdi phan tir a € Y, xac dinh tuong
g Q, dé c6 bang chuyén trang thai tiép theo.

Bang 4.4 Bang chuyén trang thai tiép theo

Q Qo Q

[do] [qo, qi] [dos q2]
[90, q1] [90, q1, ] [dos 92]
[0, 92] [0, q1] [0, 92 gt
[90, 915 qt] [90, 91, qe] [0, 925 Gt
[0, 92, qt] [90, 91, 9] [0, 925 Gt

Duya vao bang 4.4 chung ta xay dung 6tomat hitu han don dinh tuong duong.

0
[d0-q1,91]
0

qo,92,91]

(51

Hinh H4-13 (a) Otémat don dinh twong duong véi (0 + 1) (00 + 11)(0 + 1)
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+ Cudi cing chung ta thir t6i gian cac trang thai néu ¢ thé. Ngay trong bang 4.4 ching ta
thay hai dong tmg voi hai trang thai [qo, qi, qel, [do, 2, q¢ 18 nhu nhau, do vay co thé dong
nhat ching lam mat. Otomat hiru han i gian tuong duong Vo1 Otomat & Hmh H4-12 (e),
hodc twong duong véi biéu thirc chinh qui (0 + 1) (00 + 11)(0 + 1) duoc mo ta &
hinh H4-13 (b).

Hinh H4-13 (b) Otomat hitu han tdi gian twong duong vai
(0+1)°(00+11)(0 + 1)

4.3.6 Su twong dwong ciia hai bi¢u thirc chinh qui

Hai biéu thirc chinh qui P va Q 13 twong dwong néu ching biéu dién cho ciing mot
tap hop. Noi cach khéc, hai bi€u thirc chinh qui twrong duong véi nhau khi va chi
khi cac 6tdmat hiru han tuong ting dodn nhan cung mgt ngon ngir.

Pé chung minh biéu thic P twong dwong véi Q, chiing ta ¢ thé thyc hién mot
trong ba cach sau:

+ Hai tap dugc xac dinh tuong Gmg 1a bang nhau,
+ Sir dung céc tinh chat vé su twong dang dé chimg minh ching twong duong,

+ Xay dung hai 6tomat hitu han M;, M, tuong trng va chirng minh chung
tuong duong vdi nhau.

Vi du 4.11 Chting minhring (a+b) =a (ba’)".
Gidi: Ky hiéu P va Q 1a hai biéu thirc (a +b) , a'(ba’)” tuong tng.

Str dung cac thuat toan néu trén dé xay dung 6tdémat hitu han doan nhan P:

a,b ab
| ()
OoaH g —O

Hinh H4-14 (a) Otémat cho biéu thic P= (a +b)"

Tuong ty 6tdmat hiru han cho biéu thirc a*(ba*)* duoc thiét 1ap theo thuat toan, sau
do6 loai bo cac A - dich chuyén thi nhan dugc 6t6mat & Hinh H4-13 (b):
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) a

a,b

a :A /(A ( )
"81\ g\ A O

Hinh H4-14 (b) Otomat cho biéu thirc a’(ba")’

D& nhén thay, hai 6tdmat cudi cung néu trén 1a twong duong (ching gidng nhau).

Chung ta két thic phan nay bang dinh 1y Kleene.
Dinh ly 4.4 (Kleene’s Theorem) L&p céc tip chinh qui trén bang chit ~ 1a 16p R
nho nhét chira {a} véi moi a € X va dong véi phép hop, phép ghép va lay bao dong
phan xa, bac cau cua X.
Chitng minh: Tap {a}, a € ¥ duoc biéu dién bai biéu thire chinh qui a. Vay {a} 1a
tap chinh qui véi moi a € Z. R la 16p nho nhat chira cac tap chinh qui, va dong véi
phép hop, phép ghép va lay bao dong. Theo dinh nghia cua tdp d¢ qui suy ra R
nam trong 16p cac tap chinh qui.
Mit khac, néu L 1a mot tap chinh qui thi can chi ra répg L ciing nam trong R. L 13
tap chinh qui, do vay ton tai mot 6tomat hiru han M d€ doan nhan L, nghia la

L= T(M), M = ({qla d2, --es Qm}: Z) 8) o, F)
Theo dinh 1y 4.3

n

L= UIPI’;/ , trong d6 F = {q¢, qp, . - -, Q) VA Pl’; nhan duoc tur cac
P

phép hop, ghép, phép l1ay bao dong ddi véi tirng phan tir ctia . Tir d6 suy ra L nam
trong R. ]
4.4 Bo dé¢ Bom ddi voi cac tip chinh qui

Tiép theo chung ta xét didu kién cin dé kiém tra xem mot xau dau vao c6 nim
trong tap chinh qui (v6 han) hay khong, nghia 1 tap cho trude c6 phai 1a chinh qui
hay khong. D6 chinh 1a “bo dé Bom”, né con dugc str dung dé chi ra nhiing tap hop
khong phai 1a tap chinh qui.

Luu y: Moi tap hitu han luon la tap chinh qui.

Pinh ly 4.5 (B6 @& Bom) Gia thiét M = (Q, 2, §, q, F) 1 6tdmat c6 n trang thai
va L 1a tap chinh qui doan nhéan dugc boi M. Gia st w € L, [w| > m. Néu m > n, thi
ton tai X, y, z sao cho w = xyz véiy # A va x yz € L véi moi i > 0. Day chinh 1a
dicu kién can dé doan nhan ngdn ngir v han la chinh qui.

Chung minh: Giastw=aja,...a, m>n

8(qO’ dq1a . .. ai) =dqi Vé,l 1= 17 27 ey M Ql = {qu 925 - - qm}
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Trong d6, Q, 1a diy cac trang thai tudn tu trén dudng din dé sinh ra w = aja, . . .
am. Vi M chi c6 n trang thai khic nhau, vay theo nguyén 1y “Chudng bo ciu”
(nguyén 1y Dirichlet) phai co it nhat hai trang thai cia Q, trung nhau. Trong s6 cic
cdp trung nhau d6, ta chon cip dau tién, qj va qx (gj = qx)- Khong mat tinh tong quat
chung ta c6 thé gia thiét 0 < j<k <n.

Xau w do vay c6 thé tach ra thanh ba xau con:

X= a2 ... 4
Y = 811812 ... 4, vij<knény=A.
Z = AQ+1Ak+2 - - - Aq

Béi vik <nnén [xy| <n.

Puong dan dé sinh ra w ¢6 thé minh hoa nhu Hinh H4-15.

y
@— s G (W)
—/\/\/\/\/\_>
Hinh H4-15 Cac xau doan nhan dugc boi M

D& nhan thay 1a tir trang thai bat dau q, di dén q; xac dinh duoc x, duyét tiép theo y
s€ dat duoc dén trang thai qi (q; = qx). Nhu vay, néu cur tiép tuc duyét theo y', voi
i >0 s& van di dén qj, sau do co the ti€p tuc duyét theo z dé di dén trang thai ket
thiic qy,. Piéu nay khang dinh xy'z € L v&i moi i > 0. n
4.5 Ung dung ciia bé dé “Bom” (diéu kién cin ciia ngdn ngir chinh qui)

Dinh 1y 4.5 co thé mg dung dé kiém chtng nhitng tap cho trudc khong phai 1a tap
chinh qui. B¢ khang dinh mdt tap (v6 han) khdng phai 1a chinh qui, chiing ta c6 thé
thuc hién theo thuat toan sau.

Thuit toan 4.4: Kiém tra mot tap khong phai 1a chinh qui
1. Gidasu L la chinh quivanla s6 trang thai cia 6tomat hiru han doan nhan L.

2. Chon mot xau w € L sao cho [w| > n. Sir dung b6 dé Bom d¢ viét w = xyz,
voil [xy| <nwvaly| > 0.

3. Tim mot s6 nguyén i sao cho xy'z ¢ L. Diéu nay méu thudn véi gia thiét,
tur do suy ra L khong phai 1a chinh qui.

Vidu 4.12 Chimg minh ring L= {a" |i> 1} khong phai la tip chinh qui.
Giai:
(i) Gia st L 1a chinh qui va tdn tai 6tomat hitu han co n trang thai dé doan
nhan L.

(ii) Pit w= a" . Hién nhién |w| =n’> n. Theo b6 dé& Bom chung ta co thé
viet w=xyz voi |xy| <nvaly|>0.
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(iii) Xét xy’z. Hién nhién, [xy’z| = |x| + 2|y| + |z| > |x| + |y] + |z] vi|y| > 0.
Nghia la
n’ = |xyz| = x| + |y| + |z| < |xy’z|. B&i vi [xy| <n va |y| <nnén
xy’z| = [x| + 2|y + [2] = ()| + [y| + |2]) + |yl <n’+n. Tird6 suyra
n’<[xy’z|<n*+n< n*+n+n+1=@+1)
Vin® <|xy’z| < (n+1)% suyra sb cac ky tu cta xy’z khong thé 13 binh phuong cua
mdt s6 nguyén, nghia 1 xy’z ¢ L, diéu nay méau thuin véi gia thiét.
Vidu 4.13 Chimg minh rang L = {a”| p 1a s6 nguyén t6} khong phai 1a tip chinh
qui.
Giai:
(i) Gia sir L 1a chinh qui va ton tai 6tomat hitu han c6 n trang thai dé doan
nhan L.
(ii) Chon p 1a sb nguyén té 16n hon n. Pit w = a’. Hién nhién |w| = p > n.
Theo bo dé Bom chung ta c6 thé viét w = xyz véi |xy| < n va |y| > 0. Cac
Xau X, y, z duoc thiét 1ap tir mot phan tir ¢, nén c6 thé viét y=a" voim > 1
vam<n.
(iii) Pati=p+ 1. [xy'z| = [xyz| + [y"'| =p + (i - )m = p(1 + m). Theo b6 d&
Bom thi xy z e L. Nhung xy'z| = p(1+m) va p(n + 1) khong phai 1a nguyén
t6 nén xy'z ¢ L, diéu nay mau thudn voi gia thiét.

Vi du 4.14 Ngon ngit L = {a™ | n > 1} ¢6 phai la chinh qui khong?

Gzaz Ta c6 thé viét a”™ = a(a®)'a, véii=n - 1. Biét réng {@)' i 0} biéu dién cho
(a®)" 1a chinh qui. Vay, ngon ngit L biéu dién bai biéu thic a(P) a, 1a chinh qui,
trong d6 P biéu dién cho {a’}.

4.6 Cac tinh chat dong ciia cac tip chinh qui

Trong muc 4.1 di khang dinh 16p céc tap chinh qui (ngdn ngir chinh qui) dong voi
cac phép hop, phep ghep va phép lap (lay bao dong bic ciu). Cac tinh cht nay
cling c6 thé suy ra tir sy twong duong cta van pham chinh qui voi biéu thire chinh
qui va cac tinh chat déng 16p cac ngdn ngit chinh qui.

Luru y: Ta c6 thé tong quat héa vi du 4.14. Néu L 1a tap chinh qui bat ky thi
L"=JL" cling 1 tap chinh qui .
n=1

Thét vy, ta d& dang nhan thdy L™ = LL". Tir tinh dong cua tap chinh qui ddi véi
phép ghép suy ra L" 1a chinh qui.

O day chung ta chirng minh céc tinh chit d6 dwa vao su tvong duong cia otdmat
hiru han va biéu thue chinh qui.

Pinh 1y 4.6 Néu L 14 chinh qui thi L" ciing 1a chinh qui.
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Churng minh: Khi L 1a chinh qui thi né s€ dugc doan nhan boi 6tomat hiru han
M=(Q,Z, 9, qo F), T(M) = L.

Dua vao d0 thi cta 6tdmat M chung ta thiét 1ap hé chuyén trang théi S, trong d6
cac cung lay chiéu nguoc lai ciia cic cung twong Gng cia M va F tré thanh tap cac
trang thai khoi dau con qq lai tré thanh trang thai két thic duy nhat. Nghia 1,
S =(Q, 2,8, F, {qo}). Néuw e T(M), tirc chiing ta c6 mot duong di tir qo dén mot
trang thai két thac thudc F voi cac nhin tao thanh w. Bang cach di nguogc lai dudng
di d6 thi chiing ta c6 dudng di trong d6 thi cua S va co duge w' € L(S).

Tuong tu chiéu nguoc lai, néu w € L(S) thi w' € T(M). Tir d6 suy ra L(S) 1a chinh
quiva L' =L(S). n
Luu y: Trong chuong 3 ching ta dad néi van pham chinh qui (theo dinh nghia
Chomsky) 1 van pham tuyén tinh phai. Tir dinh 1y 4.6 suy ra, vin pham tuyén tinh
trai (1a dao vi cuia vin pham tuyén tinh phai) c6 cac qui tic dang A — Ba | a c6 thé
xem nhu 13 van pham chinh qui va tit nhién n6 sinh ra tap chinh qui.

Vi du 4.15 X¢ét 6tdmat M dugc cho nhu sau:

%@ 0’1(11
0 -~

Hinh H4-16 Otémat M cho trudc

Ap dung phuong phap giai h¢ phuong trinh nhu da thuc hién ¢ vi du 4.9, ta nhan
duge T(M) = {0'’ | i, j > 0}. Ngbn ngit nay biéu dién cho biéu thirc chinh qui 0°1".

Viy, M) = {110 | 1, 120} Hé chuyén trang thai S duoc xdy dung bang cach dao
chiu cac cung trong d6 thi nhu sau:

—~—

O

9@ 0’11
g

Hinh H4-17 Hé chuyén trang thai S doan nhan T(M)"

Tuong tu nhu trén, ap dung thuit toan 4.2 dé chuyén hé chuyén trang thai S vé
otomat don dinh cuc tiéu M’ twong duong.

0 1

)
@

Hinh H4-18 Otémat cyc tiéu M’ doan nhan T(M)"
Pinh Iy 4.7 Néu L 1 tap chinh qui trén 3 thi £ - L ciing ta tip chinh qui.
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Churng minh: Khi L 132 chinh qui thi né s€ dugc doan nhan boi 6tomat hiru han
M=(Q,Z, 9, qp F), T(M) = L.

Chung ta thiét 1ap 6tomat M’ = (Q, Z, 9o, qo, F'), vo1 F' = Q — F. Vay M va M’ chi
khac nhau ¢ céc trang thai két thac. Mot tran thai két thac cua M’ thi lai khong két
thiic cia M va nguoc lai. Do thi cia hai 6tdmat d6 nhu nhau va chi khac & cac
trang thai két thic.

w € T(M’) khi va chi khi 8(qy, w) € F' = Q — F, nghia 1a w ¢ L. Diéu d6
khing dinh rang T(M') =Y - L 14 chinh qui. "

Pinh ly 4.8 Néu X, Y 1a chinh qui trén  thi X N'Y ciing ta tip chinh qui trén X,

Churng minh: Theo luat De Morgan trén cac tap hop,
XNY=3-(C-X)uE -Y)).

Theo dinh 1y 4.7, 2" - X va £" - Y 1a chinh qui nén (2" - X) U (2" - Y) la chinh qui.

Mot lan nira &p dung dinh 1y 4.7 suy ra X N'Y ciing 1a chinh qui. n

4.7 Cac tap chinh qui va van pham chinh qui

Chung ta di chimg minh duoc rang céac tap chinh qui chinh xé4c 12 dugc doan nhan
duoc bdi 6tomat hitu han don dinh. Phan ti€p theo chung ta chi ra rang 16p céc tap
chinh qui trén X cling chinh 1a cac ngén ngit chinh qui trén bang chir cai két thuc X.

4.7.1 Xay dung viin pham chinh qui twong dwong v6i OTPPD cho truée

Cho truéec M = (Q, %, 0, qo, F) 1a 6tomat don dinh hiru han trang thai. Vi Q 1a tap
hitu han nén ta c6 thé viét Q = {qo, q1, G2 » - - -, dn}. Néu w 13 mot tir trong T(M) thi
n6 s& nhan duoc tir cac phép ghép cac nhan ctia mot sé cac phép chuyén trang thai
tu trang thai q dén mot trang thai két thac nao d6 trong F. Tuong tu, mot xau dugc
sinh ra trong mot van pham ciing duoc xay dung dya trén cac chit cai va cac qui tic
dan xuét lién tiép tir ky tu bat dau. Do d6 chung ta c6 thé xdy dung vin pham G dé
sinh ra T(M) nhu sau:

G=(Ap AL A, .., A}LZ P Ay
Trong d6, P gdm cac qui tic:
(i) Aj—>aA; e Pnéud(q,a)=q ¢ F
(i) Aj—>aA;vaAj—>aeP néu 8(q;, a) = q €F .

Chung ta c¢6 thé st dung cach thiét ké P dé chi ra rang L(G) = T(M). Theo cach
thanh lap P thi:

A;= aA, khi va chi khi 3(q;, a) = q;
A;= akhi va chi khi 6(q;, a) =q; € F
Do Vé.y, Ao = alAl = 3132A2:> R — alaz...ak_lAk = 21Q)...aK 19 khi va chi khi

d(qo, a1) = q1 » O(qu, @) = q, O(qy, a3) = q3, ..., 6(q, a3) € F.
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Diéu nay khing dinh w = a,a,...a, € L(G) khi va chi khi 8(qo, a,a,...a,) € F, nghia
1a khi va chi khi w € T(M). n

Vidu 4.16 Xay dyng van pham chinh qui dé sinh ra tap chinh qui duoc biéu dién
bi E=a’b(at+b)".

Gidi: Trudce tién chung ta xay dyng 6tdmat hiru han M dé doan nhén E.
a a,b

: IS SIS WNCEINS TN g

Sau khi loai di cac A- dich chuyén, ching ta dugc 6tomat don dinh hitu han nhu &
hinh sau:

a a,b

A

b
Hinh H4-19 Otomét hiru han M doan nhan a'b(a+b)”
Pit G = ({Ao, A1}, {a, b}, P, Ay), trong d6 P gdom:
Ag > aAy, Ay > bAl, Ay —> b, Ay —>aA, A > bAl, Al —>a A > b

Hién nhién, G 1a vin pham chinh qui, sinh ra ngon ngit chinh qui va ngén ngit d6
cling chinh 1a tap chinh qui E.

4.7.2 Xay dung OTPD hiru han twong dwong v6i vin pham chinh qui G
Cho trudce van pham chinh qui G = ({Ao, A1, Ay, .. ., A}, Z, P, Ag). Otémat hitu
han M= ({qo, 41, @2, - - - qw» Gf}> Z, B, Qo {q¢}) twong duong dugc xay dung nhu sau:
(1) Tap cac trang thai 1a tap cac bién (ky hiéu chua két thuc),
(i)  Trang thai khoi dau 1a A,,
(1))  Aj—aA; e Pthi 6(q,a)=qj¢ FvaA;—aePthi d(q;,a)=qr
Tir cach xay dung nhu trén d& nhan thay:

A= A = a A= ... = a4 A = 212,...8.13 trong van pham G
khi va chi khi ton tai mot duong dan trong do thi M di tr Ay dén trang thai két thuc
gr dé c6 dugc a;a,...a; 8. T do suy ra L(G) = T(M).

Vidu 4.17 Cho trudec G = ({Ao, A1}, {a, b}, P, Ay), trong do
P= {AO —>aA, Al > bA], A - a, A > bAo}
Xay dung 6tdmat hiru han M dé doan nhan L(G).

Giai: DBat M = ({qo, 41, q¢}, {a, b}, 8, qo, {qr}), trong d6 qo, q; 12 hai trang thai
tuong Umg voi cac bién Ay, A; va gy la trang thai két thic méi duge bo sung. Theo
cach xay dung nhu trén ching ta c6 6tomat M nhu sau:
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b

—{(q9) - :qu) 2 >
b

Hinh H4-20 Otomat doan nhan L(G)

D& nhan ra L(G) = (ab) b a.
4.8 Diéu kién can va di ciia ngén ngir chinh qui
Trong phan nay ching ta xét cac diéu kién can va du ctia ngdn ngit chinh qui (tap
chinh qui).
4.8.1 Quan hé twong dwong bat bién phai
Giasu tap X = .
Dinh nghia 4.4 Quan h¢ nhi nguyén R trén tap X, R < X x X, dugc goi la quan hé
bat bién phai néu:

VX,y,z € X, xRy = xzR yz

binh nghia 4.5 Quan hé nhi nguyén R trén tap X dugc goi la quan hé twong
duong bat bién phai néu R 1a quan hé twong duong va 1 bat bién phai.

Trong chuong I (dinh 1y 1.1) dd khang dinh 1a cac 16p twong dwong ctia mot quan
hé tuong duong s€ tao ra mot phan hoach cua tap X.

Pinh nghia 4.6 S cac 16p twong duong ciia quan hé twong R duoc goi 13 chi s6
tuwong duwong cua R trén tap X.

4.8.2 Piéu kién cin va di: Pinh Iy Myhill - Nerode

Dinh ly 4.9 (DPinh 1y Myhill — Nerode)

Ngon ngit L la chinh qui khi va chi khi n6 la hop cua mot s6 16p twong dwong bat
bién phai voi chi so twong dwong la hitu han.

Churng minh:
a/ Piéu kién can
Gia str L 14 ngon ngf chinh qui. Khi do ton tai mot 6tdomat don dinh day dii (ham chuyén
trang thai xac dinh d6i vai moi phan tir ctia Q) M =(Q, 2., 8, qo, F) doan nhan L, T(M) = L.
(i) Xdy dung quan hé tirong dirong bat bién phdi véi chi sé hitu han.
a/ Trén tap > x4c dinh quan hé R nhur sau:
Vx,y e X\ xRy < 8(dn %)= 8(dn )

, ‘b/ Quap hé R duoc dinh nghTa nhu trén 1a twong duong. Tinh phan xa, dbi xung va
bac cau la hién nhién (suy tryuc ti€p tir cac dinh nghia).
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¢/ R 1a bat bién phai. That vay,
VX, y,z € X, xRy < 8(qo, X) = 8(qo, ¥)

= 8(qo, X2) = (3 (o, X), Z) = 8(8 (qo, ¥)» 2) = (qo, X2)
& xzRyz

Vay R 13 bat bién phai.

d/ R ¢6 chi s6 twong duong hitu han.

Gia su tap X duogc phan hoach thanh X, X, . . ., X, cdc lop twong duong cta R.

Véi mdi trang thai q € Q, xac dinh tap

D(g)= {x X[ 8(anx) =1}
Xét X, voii=1,2,...,m Do X; # @ nén Iy € X;. Vi otomat M 1a day du nén

39’ € Qdé 8(qo, y)=q'. Khi d6 Vx € X, ta c6 8(qo, X) = 8(qo, y) = q', nghia 1a x € D(q").
TudosuyraX; < D(q).

Nhu vay, moi 16p tuong duong trong phan hoach trén déu chira trong mdt tap D(q)
vdi q la trang thai nao do6 ciia Q. Ma ta biét rang tap cac trang thai 1a hitu han, vy suy ra
m < |Q|, nghia Ia chi s trong dwong cta R 13 hiru han.

(ii) L la hop ciia mét s6 I6p twong dirong.

m

ViLc Y va UX = Y nén L phai chira trong hop ciia mét s 16p twong duong
trong phan hoach trén.
Giasit X, , X, ,... X, lanhimg I6p tuong duong trong céc 16p phan hoach cuia
> ma c6 giao voi L khac trong. Khi d6 hién nhién la:
k
U X, 2 L

n=1

k
Chiing ta can chimg minh chiéu nguoc lai [ )X, < L. (4.10)

n=1

Thatvay, vi X, NL #@,véi 1 <n<knénIx e (X, NL).Suyra

xe X, NL # @, véi 1 <n<k, (4.11)
Vix € Lnéntaco: d(qo, x) € F. (4.12)
Giastady e X, ,vo1 1 <n<k.Khido theo (4.11) va (4.12) ta co:

0(qo, X) = 0(qo, y) € F
nény e T(M). Dodéy € L. Boivay, X, cL,n=1,2, ...,k Tirdé tasuyra (4.10).

b/ Piéu kién di

Gia str R 14 quan hé twong duong trén Y. va L 13 hop ciia cac 16p twrong duong
X, X, .0 X, 4.13)
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Theo ky hi€u cua cac 16p tuong, néux e X,i=1,2,...,n,thi X;= [x].
(i) Xay dung otomat hitu han trang thai:
M= (Qa Z) 89 CIO, F)

Trong do: { X1, X, o X b, néu A € L

Q= .
{[A]ﬂ Xl) XZ: ceey Xn}a néUA & L

qo=[A]

F = {[x] € Q]|x € L} va ham chuyén trang thai dugc dinh nghia nhu
sau:

8([x],a)=[xa] v6iVae Y va Vx e . (4.14)
(i) Chung minh M dodn nhan L
a/ Qui nap theo do dai ctia y, chung ta c¢6 thé chimg duoc ring
8([x], y)=[xy] v6iVy e X va Vx e Y. (4.15)
That vay, néuy|=1,nghialaiy=a €Y. Theo (4.14) ta co
8([x], y) = 8([x], a) = [xa] = [xy]
Gid s (4.15) ding véi moi tiry 6 d6 dai [y| < k. Xéty=y'a, trongd 6 |y'| =k.
8([x], y) = 8([x], y'a) = 8(5 ([x], ¥'), a) (theo tinh chét ciia ham &)
=3([xy'], a) (theo gié thiét qui nap)
= [xy'a] =[xy ]
Tét nhién khi x = A, thi tir (4.15) suyra 8(qp, y)=[y], véimoi try e X".  (4.16)
b/ Chitng minh rang T(M) = L.
Gia st x 1a tir bat ky thude Y.
+Néu x|=0,nghialix=A.DoA e L& qo=[A] e Fnéntaco A € TM) <= AeL.
+ Néu |x| > 1 thi tir (7) ta suy ra x € T(M) < 8(qo, X) = [x] € F < x € L. Do d6,
T(M) =L, nghia 1a L 14 ngbn ngit chinh qui. .
Bai tip vé biéu thirc chinh qui
4.1 Biéu dién cac tap sau bing cac biéu thirc chinh qui
i {0,1,2}
(i)  {w e {a, b} | w chi chira mdt lan xuit hién a}
(i) {a*a’, a’ ..}
(iv)  {a"|n chia hét cho 2, 3 hodcn =5}

(v)  Tap tat ca cac xau trén {a, b} ma bat dau va két thic bang a.
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4.2 Tim tat ca cac xau c6 do dai bang hodc nho hon 5 trong tap chinh qui duoc biéu
dién bang:

(i (ab+a)(aa+b)
(i) (a*b+b*a)'a
(iii) a" +(ab+a)
4.3 Chung minh dang thirc sau:
(a*ab + ba)*a* =(a+ab+ ba)*
4.4 Xay dung 6tomat hiru han turong ng véi cac biéu thirc chinh qui sau:
i) (ab+¢c)'b
(i) a+bb+baba
(iii) (a+b)‘abb
4.5 Tim céc hé chuyén d6i (hodc 6tomat hiru han) tuong duong véi cac biéu thic
¢ bai tap 4.2.
4.6 Tim céc biéu thirc chinh qui biéu dién cho cac tap sau:

(a) Tap tat ca cac xau trén {0, 1} c6 nhiéu nhat mot cap sd 0 hodc nhiéu nhat
mot cdp so 1.

(b) Tap tat ca cac xau trén {a, b}, trong do sd cac 1an xuét hién cua a chia hét
cho 3.

(c) Tap tat ca cac xau trén {a, b}, trong d6 c6 it nhat hai 1an xuét hién cia b
gitra hai ky tu a.

(d) Tap tat ca cac xau trén {a, b} két thuc bang 00 va bit dau bang 1.

4.7 Hay chi ra rang khong ton tai mot 6tomat hitu han dé doan néan tit ca cac tur
Palindromes trén tap {a, b}.

Luu y: Palindrome 1a mot xau ma viét xudi va viét theo thur ty nguoc lai déu nhu

nhau, vi du “malam”. Néu mot palindrome c6 do dai chan thi c6 thé nhan duoc tir

phép ghép cia mdt xau vdi ddo vi cua xau do.

4.8 Tim biéu thirc chinh qui twong Gmg véi dd thi trang thai sau

4.9 Loai bé A- dich chuyén trong 6tomat hiru han sau:
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1:@():@1:

4.10 Chimg minh rang L = {ww | w € {a, b}*} khong phai 1a tap chinh qui.
4.11 Chirng minh rang céc tip sau khong phai 1a tip chinh qui

(i)  {a"™|n>0}

(i) {a'"|0<n<m}

(iii)  {a"d"|n> 0}

(iv)  {a"b™|n, m 1a nguyén té cung nhau, UCLN(m, n) = 1}

4.12 Cho trudc van pham G c6 cac qui tic dan xudt S — aS | a, tim 6ttomat M dé
doan nhan L(G).

4.13 Xay dung mot 6tdomat hiru han dé doan nhan L(G), khi G ¢6 cac qui tac din
xuat: S —> aS |bA|b, A—>aA|bS|ava A—>aA|bS|a

4.14 Xay dung 6tomat don dinh hiru han twong dwong vé6i vin pham co cac qui tic
sau: S—»>aS|aA, A— bB,B—aC,C—> A

4.15 Nhirng khang dinh sau dung hay sai, néu dung thi chtrng minh, con sai thi cho
vi du,

(1) Néu L, U L, la chinh qui va L; chinh qui thi L, 1a chinh qui,
(i) NéuL,L, la chinh qui va L, chinh qui thi L, 14 chinh qui,
(iii) Néu L’ 1a chinh qui thi L chinh qui.
4.16 Cho ngdn ngir chinh qui trén bang chir cai {0, 1}, g0m tat ca céc tir chtra hai
ky hiéu 0 dung lién nhau.
(i) Hay biéu dién ngdn ngit 6 boi biéu thic chinh qui
(i1) Hay tim van pham chinh qui sinh ra ngon ngtr 46
(ii1) Hay xay dung 6tomat hiru han doan nhan cung ngon ngir trén.

4.17 Xay dung 6tdmat hiru han don dinh twong dwong véi biéu thirc chinh qui
10+(0+11)°1.

4.18 Cho ngon ngit L trén bang chit {0, 1} ¢ cac tir chira chin 1an s6 0 va chan
lan s6 1.

(i) Tim biéu thirc chinh qui biéu dién cho L.

(i1) Xay dung van pham sinh ra ngoén ngtr L.
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4.19* (Bé thi cao hoc nam 2002, cau 3 mon thi co ban: “Toan hoc roi1 rac”™)
Cho ngén ngit L = {x"(10)"y* |n, k> 1, m > 0}
(1) Hay tim van pham chinh qui G sinh ra L (L(G) =L).
(1) Xay dung 6tomat hiru han trang thai M sao cho T(M) = L(G).

(iii) Hay kiém tra xem céac xdu xx10y, x101 ¢ duogc sinh ra boi vin pham G
va dugc dodn nhan béi 6tomat M ¢ trong cau (i), (i1)?

4.20* (Dé thi cao hoc nam 2002, cau 3 mon thi co ban: “Toan hoc roi rac”™)
Cho vin pham chinh qui G = (Vy, 2, P, S), v6i tap cac qui tic
P = {S—aA | bE, A—>xB | b, B>yC, C—>zA, E—aF, F->b}
(1) Tim ngdn ngir L(G) sinh ra béi G.
(i1) Xay dung 6tomat hiru han trang thai M sao cho T(M) = L(QG).

(111) Cho xau w = axyzb. Hay chi ra G sinh ra xau w va w con dugc doan
nhan boi M.

4.21* (Dé thi cao hoc nam 2003, cau 3 mon thi co ban: “Toan hoc roi1 rac”™)

Cho 6tomat hiru han M vdi ham chuyén trang thai dugc cho nhu hinh sau:

1 y
— (@) 0 ) {0
0 y X
ds - @

(i) X4y dyng vin pham chinh qui G dé L(G) = L(M).

(11) Hay chi ra G sinh ra w; = 1xyyx, w, = Oyx va M cling dodn nhan dugc wy,
Wj.

4.22% (Dé thi cao hoc nam 2005, cau 3 mon thi co ban: “Toan hoc roi rac™)
Cho trude bang chir cai 2. = {a, b}.

(i) Xay dung 6tomat hiru han trang thai M trén Y. dé doan nhan tit ca cac xau
c6 cac chir a 1a s6 chan va 16n hon 0.

(i1) Xay dung van pham chinh qui tuong duong v4i M ma anh (chi) da chi ra.

(iii) X4c dinh biéu thtc chinh qui trong dwong voi ngdn ngit sinh boi G.
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