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Bai bao trinh bay mét s6 két qua tinh téan s6 dao dong riéng, phan tich
dap Ung tdc thdi clia chuyén vi, phan tich dang dao déng riéng cta tdm
composite I6p gdp nép c6 va khdng cé gan gia cudng bang phuong phap
phan tI hitu han. Anh hudng ctia géc gap nép, goc sgi, cach sdp x&p gan,
s6 gan cua tdm dugc lam rd qua cac két qua sd. Chuaong trinh tinh bang
Matlab dudc thiét 1p dua trén ly thuyét tdm bac nhat co ké dén bién dang
cat ngang cda Mindlin. Cac két qua s6 thu dugc co tinh tucng dong cao
khi so sanh vdi cac két qua cua cac tac gia khac da cong bo trén cac tap
chi co uy tin.

Phan tich dao dong, dap ¢’ng dong luc hoc, tdm composite gap nép co
gan gia cudng, phugng phap phan t hitu han.

This paper presents several numerical results of natural frequencies,
transient displacement responses, and mode shape analysis of unstiffened
and stiffened folded laminated composite plates using finite element
method. The effects of folding angle, fiber orientations, stiffeners, and
position of stiffeners of the plates are illustrated. The program is
computed by Matlab using isoparametric rectangular plate elements with
five degree of freedom per node based on Mindlin plate theory. The
calculated results are correlative in comparison with other authors’
outcomes published in prestigious journals.

Vibration analysis, dynamic response; stiffeners, stiffened folded laminated
composite plates, finite element method.
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INTRODUCTION

Folded laminate composite plates have
been found almost everywhere in
various branches of engineering, such
as in roofs, ship hulls, sandwich plate
cores and cooling towers, etc. Because
of their high strength-to-weight ratio,
easy to form, economical, and have
much higher load carrying capacities
than fat plates, which ensures their
popularity and has attracted constant
research interest since they were
introduced. Because the laminated
plates with stiffeners become more and
more important in the aerospace
industry and other modern engineering
fields, wide attention has been paid on
the experimental, theoretical and
numerical analysis for the static and
dynamic problems of such structures in
recent years.

The flat plate with stiffeners based on
the finite element model and were
presented in [1, 2, 3,5, 6, 7, 8...]. In
those studies, the Kirchhoff, Mindlin
and higher-order plate theories are

used. Those researches used the
assumption  of  eccentricity  (or
concentricity) between plate and

stiffeners: a stiffened plate is divided
into plate element and beam element.
Behavior of unstiffened isotropic
folded plates has been studied
previously by a host of investigators
using a variety of approaches. Goldberg
and Leve [9] developed a method based
on elasticity. According to this
method, there are four components of
displacements at each point along the
joints: two components of translation

and a rotation, all lying in the plane
normal to the joint, and a translation in
the direction of the joint. The stiffness
matrix is derived from equilibrium
equations at the joints, while expanding
the displacements and loadings into the
Fourier series considering boundary
conditions. Bar-Yoseph and Herscovitz
[10] formulated an approximate
solution for folded plates based on
Vlassov’s theory of thin-walled beams.
According to this work, the structure is
divided into longitudinal beams
connected to a monolithic structure.
Cheung [11] was the first author
developed the finite strip method for
analyzing isotropic folded plates.
Additional works in the finite strip
method have been presented. The
difficulties encountered with the
intermediate supports in the finite strip
method [12] were overcome and
subsequently Maleki [13] proposed a
new method, known as compound strip
method. Irie et al. in [14] used Ritz
method for the analysis of free
vibration of an isotropic cantilever
folded plate. Perry et al. in [15]
presented a rectangular hybrid stress
element for analyzing a isotropic folded
plate structures in bending cases. In
this, they used a four-node element,
which is based on the classical hybrid
stress method, is called the hybrid
coupling element and is generated by a
combination of a hybrid plane stress
element and a hybrid plate bending
element. Darilmaz et al. in [16]
presented an 8-node quadrilateral
assumed-stress hybrid shell element.
Their formulation is based on Hellinger

83



TAP CHi KHOA HOC VA CONG NGHE NANG LUONG (ISSN: 1859 — 4557)

- Reissner variational principle for
bending and free vibration analyses of
structures, which have isotropic
material properties. Haldar and Sheikh
[17] presented a free vibration analysis
of isotropic and composite folded plate
by using a sixteen nodes triangular
element. Suresh and Malhotra [18]
studied the free vibration of damped
composite box beams using four node
plate elements with five degrees of
freedom per node. Niyogi et al. in [19]
reported the analysis of unstiffened and
stiffened symmetric cross-ply laminate
composite folded plates using first-
order transverse shear deformation
theory and nine nodes elements. In
their works, only in axis symmetric
cross-ply laminated plates were
considered. So that, there is uncoupling
between the normal and shear forces,
and also between the bending and
twisting moments, then besides the
above uncoupling, there is no coupling
between the forces and moment terms.
In [20-23], Bui Van Binh and Tran Ich
Thinh presented a finite element
method to analyze of bending, free
vibration and time displacement
response of V-shape; W-shape sections
and multi-folding laminate plate. In
these studies, the effects of folding
angles, fiber orientations, loading
conditions, boundary condition have
been investigated.

In this paper, the theoretical
formulation for calculated natural
frequencies and investigating the mode
shapes, transient displacement response
of the composite plates with and
without stiffeners are presented. The
eight-noded isoparametric rectangular

plate elements were used to analyze the
stiffened folded laminate composite
plate with in-axis configuration and
off-axis configuration. The stiffeners
are modeled as laminated plate
elements. Thus, this paper did not use
any assumption of eccentricity (or
concentricity) between plate and
stiffeners. The home-made Matlab code
based on those formulations has been
developed to compute some numerical
results for natural frequencies, and
dynamic responses of the plates under
various fiber orientations, stiffener
orientations, and boundary conditions.
In transient analysis, the Newmark
method is used with parameters that
control the accuracy and stability of
a =0.25and 6 = 0.5 (see ref. [24, 26]).

2. THEORETICAL
FORMULATION

2.1 Displacement and strain
field

According to the Reissner-Mindlin
plate theory, the displacements (u, v, w)
are referred to those of the mid-plane
(u(), Vo, W()) as [25]

u(x,y,z,t) = uo(xayat) + ZHX()C,)/,Z‘)
V(xayaZ,t)=Vo(xayat)+29y(xay9t) (1)
W(xayazat) = WO(xayat)

Where: ¢ is time; 6.and 6, are the
bending slopes in the xz - and yz-plane,

respectively.

The z-axis is normal to the xy-plane
that coincides with the mid-plane of the
laminate  positive downward and
clockwise with x and y.
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The generalized displacement vector
at the mid - plane can thus be
defined as

{d} :{uo,vo,woﬂx,@y}T

The strain-displacement relations can
be taken as:

0
£, +2IK,;

x T “xx

&
e =& +zK -
w T %w yo

e.=0

— .0 .
yxy_j/xy-i_Znya

0

J/yz = }/yz;
0
7/)(2 = ]/XZ (2)
Where

x oy oy o«
3)
T
0 o o7 oW, oW,
=17, =q—+60 ,—+6.
(= lrhray {210,201
and T represents transpose of an
array.

In laminated plate theories, the

membrane{N}, bending moment

{M } and shear stress {Q} resultants can

be obtained by integration of stresses
over the laminate thickness. The stress
resultants-strain  relations can be
expressed in the form:

Where
([4](51[2])=
zghkj]([g;]k)(l,z,zz iz
iLj=1,2,6 (5)
[F] :Z:fj (I:C?'l}k)dz f=5/6;
Hi, j=4,5 (6)
n: number of layers, #,_,,h : the

position of the top and bottom faces of
the " layer.

[0']x and [C'y]x : reduced stiffness
matrices of the k"' layer (see [25]).

2.2 Finite element
formulations

The governing differential equations of
motion can be derived using
Hamilton’s principle [26]:

jée j p{a}T{a}dV—él{e}T{o}dV—[ j {u}T{ﬁ,}dV+£{u}T{mdS+{u}T {fc}Ddt=0

(7)
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In which:
T=§£pwfaudv;
U =% l &} {oyav ;

W= [ty 3V + [y (f3dS +y )

U, T are the potential energy, kinetic
enelrgy; Wis the work done by
externally applied forces.

In the present work, eight nodded
isoparametric  quadrilateral element
with five degrees of freedom per nodes
is used. The displacement field of any
point on the mid-plane given by:

8

u, =Y N.(En).u,;
i=1
8

vo =Y N(& )y, ;
i=1

8
Wy = N(En).w, ;
i=1

Ni(faﬂ)-exi;

Ni(&.m).0,,

6,=3
i=1
8
0,=3 ®)

Where: N,(¢,n) are the shape function

associated with node i in terms of
natural coordinates (¢, 7).

The element stiffness matrix given by:

[k, = J([8]" )iz,

(3

©)

Where [H] is the material stiffness
matrix given by:

[4] [B] 0
[#]=|[8] [D] O
0 0 [F]

The element mass matrix given by:
[m]. =] p[ N, 1[N Jd4, (10)
4e

With p is mass density of material.

Nodal force vector is expressed as:

/.= J[Ni T qdA,

AC

(11)

Where ¢ is the intensity of the applied
load.

For free and forced vibration analysis,
the damping effect is neglected, the
governing equations are:

[M1{u} +[K]{u} = {0}

or {[M]-w’[K]}={0} (12)

And [M1{u} +[K1{u} = £(t) (13)

In which {u}, {ii} are the global vectors

of unknown nodal displacement,

acceleration, respectively.
[M].[K], f(t)are the global mass

matrix, stiffness matrix, applied load
vectors, respectively.

Where

n n

[ar]= 3l : [K]- 30K :

)= 410} (14)

With 7 is the number of element.
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When folded plates are considered, the
membrane and bending terms are
coupled, as can be clearly seen in Fig.1.
Even more, since the rotations of the
normal appear as unknowns for the

u Loy ly’x L
v lx y ly’y lz y
w _ L. ly'z L.
6. 0 0 0
0, 0 0 0
0. |0 0 0

Where: [T ] is the transformation matrix.

lij: are the direction cosines between

the global and local coordinates.

Fibers orientation

Stiffeners x’

Fig.1. Global (x,y,z) and local (x’,y’z’) axes
system for folded plate

Reissner-Mindlin ~ model, it is
necessary to introduce a new unknown
for the in-plane rotation called drilling
degree of freedom.

0 0 0 ||u
0 0o 0 ||V
0 0 0 ||w (15)
lyy _IX’y IZy 0,
ol L. |6
ly. . L.]lg

e

3. NUMERICAL RESULTS

3.1 Free vibration analysis of
two folded laminated plates

In this section, free vibration analysis
of the unstiffened and stiffened two
folded composite plate (illustrated in
Fig. 2) has been carried out for various
folding angle a=90°, 120°, 150°. The
plate made of E-glass epoxy composite
material (given in Table 1) and
geometry parameters given in Fig. 2.

Table 1. Material properties of E-glass Epoxy composite [19]

E] (GPa)
60.7

Eg (GP(Z)
24.8

G]g (GP(Z)
12.0

G; (GPa)
12.0

V2

0.23

Fig.2. Geometry of two folded composite plate
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Four cases are recalculated for various
folding angle o = 90° 120° 150° of
laminated plates. The geometries of
studied plates are shown in Fig.2 with
the fiber orientation of [900,900,900].
The added stiffening plates taken equal
to 100mm for case 2-4, the length of
the plates L = 1.5m and thickness
t=0.02L.

Case 1: Unstiffened two
composite plate (Case 1 - Fig.2).

folded

Case 2: Three stiffeners are attached
below the folded plate running along
the length of the cantilever (Case 2-
Fig.2) with a total mass increment of
20%.

Case 3: Five stiffeners are attached
below the folded plate running along
the length of the cantilever (Case 3 -
Fig.2) with a total mass increment of
33.33%.

Case 4: Two stiffeners are attached
below the folded plate along transverse
direction (Case 4- Fig.2) with a total
mass increment of 11.55%.

* Natural frequencies:

Firstly, to observe the accuracy the
presented theoretical formulation and
computer code, the natural frequencies
of case (1-4) are calculated and
compared with the results given by
[19]. The folded plate is divided by 72
eight nodded isoparametric
quadrilateral elements. The stiffener
running along the length of the
cantilever and transverse direction are
divided by 4 and 8 -elements,
respectively.

The results are present in Table 2,
Table 3 and compared with the results
given by [19] for cross ply laminate
plates (in two first columns for
[0°0°0°]). The results for the
unstiffened plates made of four plies
angle-ply off axis and four plies cross-
ply in axis are listed in four next
columns of Table 2. Table 3 shown
natural frequencies of stiffened plate
with fiber orientation of [90°/90°/90°].

The results (listed in Table 2, 3) shown
that the five natural frequencies are in
excellent agreement.

Table 2. First five natural frequencies of two folded composite plate for folding angle
=90°120°,150°, thickness t=0.02L, L=1.5m.

10000 Present: . Presen.t: .
a | w; Angle-ply off axis Cross-ply in axis
Present [19] [45°/-45°] | [45°/-45°] . | [90°/0°]; | [90°/0°] .
1 63.3 63.6 68.7 71.49 66.4 73.5
2 69.7 69.8 75.6 73.18 69.5 73.9
90° | 3 150.5 152.7 155.3 157.8 149.9 146.1
4 156.7 158.3 159.5 161.2 156.3 156.1
5 203.9 201.9 183.5 183.6 190.8 194.6
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10000 Present: . Preser%t: .
a | w; Angle-ply off axis Cross-ply in axis
Present [19] [45°/-45°] | [45°/-45°] . | [90°/0°]; | [90°/0"] .
1 59.5 59.3 56.2 57.1 56.8 57.7
2 63.1 63.4 73.3 72.7 66.1 73.1
120°| 3 150.3 152.5 154.0 157.1 149.7 146.1
4 153.9 155.0 156.1 158.0 153.1 152.2
5 193.5 190.9 167.4 168.1 175.2 176.0
1 42.3 42.3 40.2 40.7 39.7 38.9
2 60.7 60.8 66.5 66.4 62.3 67.5
150°| 3 133.2 131.5 119.0 119.1 122.5 125.1
4 144.9 145.6 143.0 144.2 142.9 138.7
5 149.9 151.8 153.9 157.2 149.3 145.9

Table 3. First three natural frequencies of stiffened two folded composite plate for
folding angle a=90°,120°,150°, fiber orientation of [90°/90°/90°].

Case 2 Case 3 Case 4

¢ “ Present [19] Present [19] Present [19]

1 69.54 69.6 72.73 72.2 95.12 95.6

90° 2 73.98 73.9 81.55 81.1 119.36 122.5
3 183.82 181.4 173.19 171.0 195.42 199.1

1 65.36 65.0 74.28 73.8 67.63 67.3

120° 2 69.80 69.9 77.04 76.2 112.11 109.6
3 176.95 174.7 161.28 160.4 180.36 182.5

1 52.86 524 66.29 65.3 42.27 42.5

150° 68.54 68.5 76.27 75.7 93.15 93.5
3 125.16 123.5 133.12 131.4 148.21 147.9

The first five mode shapes of the
unstiffened and three cases of stiffened
composite plate are plotted in Fig. 3 for

folding angle a=120", fiber orientation

of [45°,-45°/45°].
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fi= 151.23(Hz) fi= 154.40(Hz) fi= 156.98(Hz)

> OS> S
BTN A A,
5 S\ S s

fi= 58.49(Hz) f= 76.83(Hz) fi= 153.74(Hz) fi= 179.81(Hz) fi= 203.02(Hz)

f,= 74.92(Hz) fi= 162.41(Hz) fi= 170.58(Hz) fi= 263.54(Hz)

f= 60.17(Hz) = 117.62(Hz)  fi= 163.84(Hz) fi= 186.21(Hz) fi= 201.80(Hz)

Fig.3. First five mode shapes of the unstiffened and three cases of stiffened composite
plate, for folding angle Q=120°; fiber orientation of [45°,-45°/45°].
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Fig.4. Effects of fiber orientation & on the first five natural frequencies for folding angle
a=90° and a=150°, [9°/9°/9°], thickness t=0.02L.
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Fig.3 shows that the stiffeners do not
make any change in getting mode
shapes of presented plates (mode
shapes make this study interesting,
useful in dynamic analysis of the

plates, but any generalized
recommendation is very difficult
without undergoing numerical
experiments).

* The effects of fiber orientations on
natural frequencies:

Secondly, the effects of fiber
orientations on the first five natural
frequencies of two folded composite
plate made of [6°/6°/6°] has been carried
out for various folding angle a. The
results are plotted in Fig. 4a and Fig.4b

Face (1)

(a)- Two folded composite plate.

g 0 ;

for folding angle a = 90° and a = 150°,
respectively.

3.2 Transient analysis.

We consider a cantilever two folded
composite plate with the same
dimension and material properties of
section 3.1 for unstiffened and three
cases of stiffened composite plates. The
folded plates subjected to a uniformly
distributed step loading of intensity
go = 10kN/m? on face (1) for all cases.
The location of point A (central point
of top face) is shown in Fig.5a, analysis
time step of A¢=0.0005ms, duration
time of 7' = 0.025 (sec). The loading
condition scheme is shown in Fig.5b
with ¢; = 1ms, ©, = 2ms, t3=25ms.

q(t)
Qo | :

Time (s)

tt ot t3

(b)- Triangular step loading scheme.

Fig.5. Two folded composite plates with folding angle a subjected
to uniformly step loading

Fig.6a, 6b, 6¢ and 6d plotted the effect
of folding angle a on displacement
responses measurement at point A of
the plate which having the fiber
orientation [45%-45%/45%-45°] for case
1, case2, case3 and case 4, respectively.

From Fig.6, it can be observed that the
displacement responses of folding

angle a =90° and a =120° are closed to

each other, the displacement response
of o =150° is extremely higher than the
others. The different become more
rapidly for Case 1. The displacement
amplitude and wave of Case 4 change
more dramatic in the early time.
Furthermore, there is a significant
increase of vibration frequencies when
the plates having clamped at edges.
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0.005 0.01 0.015 0.02 0.025 0 0.005 0.01 0.015 0.02 0.025

Time (sec) Time (sec)

Fig.6. Effect of folding angle O on transient response, [45°/-45°/45°/-45°].

(b)

, Deflections(m)

—+— Case 2

Case 4

0.005 0.01 0.015 0.02 0.025 ] 0.005 0.01 0.015 0.02 0.025
Time (sec) Time (sec)

(a)- Folding angle a=90°: (b)- Folding angle a=150°

Fig.7.Comparision of transient response for different stiffener conditions
of composite folded plate, [45°/-45°/45°/-45°]
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Fig. 7a and Fig. 7b plotted comparison
of transient response of the composite
folded plates for different stiffener
conditions for @ = 90° and a = 1500,
respectively. It is revealed that the
stiffness of the structure gradually
reduces such as casel— case2—
case3—  case4. With  stiffener
conditions, the deflection reduces and
smallest amplitude in Case 3.

To observe effect of fiber orientation
on transient response of the plates, we

8

~
oo

N

)

N

, Deflections(m)

—a—1[90/0°/90°/0°]
| f

-8 . .
0 0.005 0.01 0.015 0.02
Time(sec)

0.025

compared the response of two fiber
orientation  ([45%-45°/45%-45°]  and
[90°/0°/90°/0°]) for four cases: Case 1-
Case4. The result is given in Fig. 8. In
which: Fig.11a, 11b, 1Ic and 11d
plotted the displacement responses
measurement at point A of the plates
(which have the folding angle a = 120"
for: Case 1, Case2, Case3 and Case 4,
respectively.

, Deflections(m)

) et
—o—[45"/-45"/45° /- 45"]

id 8— [90°/0°/90° /0°]
L

-6 = L L L
0 0.005 0.01 0.015 0.02
Time(sec)

0.025

Fig.8 (a, b). Comparing effect of fiber orientation on transient response of the plate

for different stiffener condition: Case 1 and Case 2, folding angle ot =120°

)

—e—[45" /- 45" /45" /- 45"]

3

I/

5 ‘ —8—[90°/0°/90°/0°] O ‘
0 0.005 0.01 0.015 0.02 0.025

Time(sec)

—o—[45" /- 45° /45" /- 45"]

' ' ' '
a1 e w N

—a—[90°/0°/90° /0°]

0 0.005 0.01 0.015

Time(sec)

0.02 0.025

Fig.8 (c, d). Comparing effect of fiber orientation on transient response of the plate

for different stiffener condition: Case 3 and Case 4, folding angle ot =120°

93



TAP CHi KHOA HOC VA CONG NGHE NANG LUONG (ISSN: 1859 — 4557)

Fig.8 shows that the transient response
of the laminate plates does not change
in significant for angle-ply off axis and
cross-ply in axis fiber orientation.

4. CONCLUSION

In the present study, a finite element
method using an eight nodded
isoparametric plate elements, based on
the first order shear deformation theory
were investigated for analysis of free
vibration and the transient response of
the unstiffened and stiffened folded
laminate composite plate.

The effects of various parameters as
folding angle, fiber orientation on
natural frequencies, dynamic responses
and mode shapes of unstiffened;
stiffened folded laminate composite

plates were indicated by some
numerical results.
The applicability of the present

approach covers a wide range of forced
vibration problems, geometric features,
and boundary conditions.

The results of this study will serve as a
benchmark for future research for
designing folded composite structures

Good agreement is found between the  gnd sandwich structures made of
results of this technique and other composite materials, as it was
published results available in the extremely quick and reliable in
literature. producing design results.
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Gigi thiéu tac gia:
Tac gia Bui Van Binh hién dang cong tac tai Khoa Cong nghé cg
khi - TruGng Pai hoc Dién luc.

Hudng nghién clu chinh trong 5 nam gan day: mo hinh hoa va tinh
toan so két cau composite IGp.
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