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. DAO OONG UON CUA DAM MOT NHIP . . . 
CHJU TAC DVNG CUA NHIEU V~T THE~DlnQNG 

NGUY~N VAN KHANG, DO XUAN THQ, HOANG HA 

1. M& &u 

Trong cac d)ng trlnh [2, 3, 4, 6] dii xet bai toan dao di)ng cua d"in dum tac dy.ng cua rni)t v~t 
tht di di)ng. Trong [5, 6] ciing da d~ C~p de'n bai loan dao di)ng CUa d"a.m dtr6i tac dy.ng CUa nhi~U 
v~t th~ di di)ng, nhll'ng tac gia sd- dy.ng rna hlnh con tho va con ph!i. sd- dy.ng gia thi~t v~ t& cac 
v~t th~ Ia nhtr nhau. Trong cong trlnh nay tren CCI sb y tu:bng cua [1, 2, 3], chung t&i ti~n hanh 
nghien c6.-n dao di)ng ue!n cua d"a.m mgt nhjp chju tac dy.ng cua nhih v~t th~ di dgng v6i v~n t& 
khac nhau tuy y. 

2. Thanh l~p cac phtrollg trinh dao d9ng 

Xet rn8 hlnh d"im d<tn gian chih dai t, chin tac dy.ng cua N v~t th~ di di)ng (hlnh 1). 
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Gilt. thi<!t kh!li ltrqng dan vi dai cua dlm (p), d9 c6.-ng ch!lng u<ln (EI) Ia cac d~ brqng khong 
dffi. V~t th~ thU- i c6 kh!li ltrqng m; (i = 1, 2, ... , N) d~t triln lo xo c6 dg clhtg k, (i = 1, ... , N) 
va giam cMn ty I~ b¥ nUt v6i v~n te!c c6 h~ se! can nh6t Ia d; (i = 1, ... , N). V~n te!c cua. v~t 
th~ th6.- i Ia hlng se! v;. Cac v; c6 th~ khac nhau. Gilt. sd- trong qua trlnh chuy~n dqng qua dlm 
cac v~t thg khong tach khdi dlim va cac v~ t& cua chUng thda. miin di~u ki~n sao cho cac v~t thg 
khong va. d~p vao nha.u. 

f)g thi~t ~p phtr<tng trlnh chuy~n di)ng cua. h~ d"a.m va cac v~t th~ di chuygn tren no, ta ap 
d11-ng phtr<tng phap cac ci!u true con. T'ch h~ dlim - cac v~t thg di dgng thlmh N + 1 ci!u true 
con. Trong d6 ci!u true con th6.- nMt Ia dlim, N ci!u true con con I~ Ia cac v~t th~ m; (hlnh 2). 
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Ch9n h~ t<;>a d9 nhll' hlnh 2. Tn}.c Ox trung v6i t~c hlnh h<;>c ella d'am khi d'am chu-a hi vong, 
tr~c Ow h1r6ng thing d1i'llg xu5ng d1r6i. T<;>a d9 tuy~t d5i xac dinh vi tri ella v~t th~ m; theo 
ph=g thing d1lng Ia z;. 

G<;>i r; Ia then di~m v~t th~ th.r i bitt d'au vao c'au, v; Ia v~n t& ella v~t th~ th.r i (v; = const). 
Ta c6 h~ th.rc 

I'Ji = v;(t- r;). (2.1) 

f)~ thu~ ti~n ta d1la vao t<;>a d9 t1lcrng d5i ella v~t thg m; (y;) xac dinh bcl-i h~ thll-c 

zs =yi+w,,; (2.2) 

Khi tach h~ thanh cac cS:u true con, ta thay lien klrt bhg cac pUn Ivc lien kift va di"eu ki~n blng 
nhau ella cac dlch chuygn lr digm lien Mt. Lvc lien k~t tac d~g len v~t tU m; (hinh 2b) co d~ng: 

F; = lc;y; + d;y;. 

Ap d~ng nguyen ly d' Alembert, phll"<1llg trlnh vi pha.n chnygn d9ng cda v~t thg m; c6 d~ng: 

m;Z; = m;g + G; sin !p; - F;, 

trong d6 1p; = O;t + <>;. 

ChU y Mn cac cong thllc (2.2), (2.3) ph1rcrng trlnh (2.4) c6 th~ vilft d1r6i d~g: 

v&i r;:5t:5T;+z;, i=l,N. 
t 

trong d6 T; Ia then gian v~t thg m; di qua c'au: T; = - . 
v; 

(2.3) 

(2.4) 

(2.5) 

Bay gic7 ta chuy~ sang xay dvng ph=g trlnh vi phan dao d9ng u5n cda d'am. Qua trlnh 
thiift l~p holm toan tll'crng tv nh1r thiift l~p phllcrng trlnh dao d(}ng u5n cda d'am chiu tac d~ng 
cda m9t v~t thg di dqng [2, 3, 4]. Kift qua ta nh~n d11"9'c ph1rcrng trlnh d~ ham rieng rna ta dao 
d9ng ugn cUa d'am: 

(a•w • a•w ) (a2w aw) 
EI a.,• + "'a.,• at + ~-' at• + 13 at = p(o:,z, t). (2.6) 

f)~ xac djnh C1lang d9 ap Ivc p(z, ~. t) (, v~ ph!i ella phllcrng trlnh (2.6) ta sd- d~ng cac ham tin 
hi~u logic va ham Denta - Dirk 
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Ha.m tin hi~ujogic L;(t) Ia ham drr9'c xic djnh b&i h~ th.rc sau: 

£; (t) = { 1 kh~ T; :::; t $' T; + T; 

0 kh1 t < r; va t > 7i + Ti, 
(2.7) 

.. . . l 
trong d6 r, Ia thiri digrn v~t th~ m; b!t d~u vao d~, T; = - Ia thai gian v~t th~ m; chuy~n d(ing 

. ~ 

tren d:'am.. D~o ham theo thai gian cda ham £; (t) Mng kh8ng. 

v6i 

Ham Denta-Dirlc o(x- ~;) Ia ham dU"9'C xac djnh bcl-i h~ thtrc sau: 

o(x- ~·) = lim o,(x- ~·) •-o 

khi lx-~;l:::;e 

khi lx-~;l>e. 

(2.8) 

(2.9) 

V6i c8.c kha.i ni~m ham tln hi~u logic va ham Denta·Diritc x3c d!nh nhu- tren, cu-Cmg d9 ci.p 
lvc cua cac v~t th~ tac d~ng len d~ c6 d~ng: 

N 

p(x, z, t) = L £; (t)[ m;g + G; sin I"< - m;z;]o(x- ~;). (2.10) 
i=l 

Nhtr tM h~ phmmg trlnh vi phan rna tA dao d(ing u5n cda dli.m d1r6i tac d~ng cda nhillu v~t th~ 
di chuygn tren d'am c6 d<}ong: 

(
a•w a5 w ) (a2w aw) 

EI ax• +a ax•at + !' at2 + {Jat = p(x, z, t) (2.11) 

(2.12) 

H~ cac ph1rang trlnh (2.11), (2.12) Ia m(it h~ h~n h9'P g~m m(it phrrang trlnh d~o ham rieng va 
N phu-ang trlnh vi phin thU"Crng. D~ giai b3i toci.n tren ta c'b bigt c3.c di'euki~n bien va ccl.c dmu 
ki~n dli.u. Cac di~u ki~n bien d5i v6i rna hlnh d~ nh11 hlnh 1 c6 d~ng: 

x=O: w(O t) = a2w(O, t) = 0 
' 8x2 

x= l: w(i t) = a2w(i,t) = 0 
' 8x2 

cac di~u ki~n d'a.u c6 dC}ng: 

t = T;: w(x,r;) = t,<'l(x), 

z;(r;) = z;,o, 

aw(x, T;) = f(2) (x) 
at • 

z;(r;) = z;,o 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

3. Bien d6i h~ ph1.rang trlnh vi phan Mn hqp (2.11), (2.12) ve h~ phmmg trlnh vi 
phan'th1.remg 

.. Ap d~ng phU'IJ"Ilg phap Ritz suy r(ing, ta tim nghi~rn cda h~ phrrang trlnh (2.11), (2.12) v6i 
cac dih ki~n bien (2.13), (2.14) du-6i d~ng: 
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Tlr d6 suy ra: 

n 

w(x, t) = L q,(t) sin r~x · 
r=l 

n 

w., = L;(t)w(x, tJI•=o. = L;(t) L q,(t) sin r1rt 
r=l 

n 
• ( ) "' ( • • T1r'li T1rV; T1r'li ) 

Wo; = i; t ~ q, Sin-£- + q,-£- COS-t-

r=l 

The' bi~u thll-c (3.1) vao ph1rcmg trlnh (2.11) ta d1rgc.: 

n 4 n 4 

EI["' (r") . r1rx "'(r") . . r1rx] ~ T q,smT-t"~ T q,sinl 
r=l r=l 

[~ •. r1rx Q ~. • r1rx] ( ) +p ~q,sm-t-+,.. ~q,sml =p x,z,t 
r=l r=l 

~ ~ { .. [Ela (r")4 R]· El (r")4 } .. r1rx ~~ q,+ -- T +" q,+- T q, sm-t-
~' J.' J.' 
1 

= -p(x, z, t). 
J.' 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

Nhan d. hai ve' phllong trlnh tren v&i sin s~x rl'>i Iiiy tlch phan c! hai ve' theo x tir 0 de'n l. Do h~ 
thli-c 

II. • r'11'z • s1r::z:d { 
0 

Sin-sm- x= t 
t l -

0 2 

niu r =j:. s 

ta nh~n ~4u-o;rc tir (3.4) h~ phu-cmg trlnh vi phan: 

t 

. [Ela ('")• ]· EI('")• 21 . s1r:r: q, + --;- T + f3 q, + -;; T q, = pi p(x, z, t) sin Tdx (s = 1,n) 
0 

Tlch phan a ve' ph.U phttcmg trlnh (3.5) c6 d')<ng 

t N t I p(x, z, t) sin s~x d:r: = ?=L;(t)(m;g + G; sin~'- m;i;) lo(:r:- 'li) sin s~x dx 
0 1=1 . 0 

N 

= L L;(t)(m;g + G; sin ~i - m;i;) sin s~x. 
i=l 

Thay (3.6) vao phttang trlnh (3.5) ta c6: 

. [EI"('")• !3]· EI("")• q, + J.' l + q, + J.' l q, 

N 

= 
2LL:;L;(t)(m;g+G;sin~; -m;i;)sin 

8~" (s= 1,n) 
IJ i=l 

42 

(3.5) 

(3.6) 

(3.7) 



The' cac bi~u thltc (3.2) va (3.3) vao ph1rang trinh (2.12) ta d1tgc: 

n 

·· d" k G · '·()~(-'· · r1rry;). J?'liZi + ;z; + 1m; = fnig + ism Pi+ l.i t L.., '-"1 sm -£- q,+ 
r=l 

n 

) 
~ ( . r1rry; T7fV; T7fry;) (. -+ l;(t L.., k;sm T + d;-l-·cos -£- q, '= 1,N) (3.8) 
r=l - -

Nhlr the', nhit bi~u thrrc (3.1) ta d1ra d1rgc h~ phlrang trinh vi phS.n hBn hgp gl:.m m{it ph1rang 
trinh d\'o ham rieng (2.11) vaN ph1rang trlnh vi phS.n thl!itng (2.12) v~ h~ (n+ N) ph liang trlnh 
vi phan th1titng (3.7) va (3.8). Cac ham ch tim & day Ia q, (s = 1, ... , n) va z; (i = 1, ... , N) 

4. Phtrang phap so gi<ii h~ phtrcmg trlnh vi phan dao d.?ng 

D~ tfch phii.n bkg s5 h~ ph1tang trlnh vi phan (3.7) va (3.8) m\>t each thu~n ti~n, ta vie't h~ 
phU"ang trinh (3.8) I~ dU"<n d\1-fig nhrr sau: 

- '·( )Ln ( d; . mry;). d; . Zi = ~ t - sm -- q, - -z;+ 
m; l Tni 

r=l 

I:n ( k; . T7fry; d;r1rv; T7fry;) k; 
+ l.;(t) - sm --+--cos-- q,- -z;+ 

m; e tm; t m; 
r=l 

+g+ 0
'sin<p; (i=1,N) 

m; 

Thay ii; trong ph1rang trlnh (3.7) b&i bi~u thrrc (4.1) ta dU"gc 

~ { , [EJCY. (,.) 4 
4 f3] 2 f.'()" . srrry; . T7f1J;}. ij, = - L.., 5, -- e s + + l L..,'"' t u; sm -f.- sm -l- q, 

r=l JL J1. i=l 

2 f.,( J(d . S1r1J;). ~{<'EJ(")4 4 + r L.....J f..i t i Sill -f.- Zi - ~ Ur - f 8 

JL i=l r=l JL 
N 

2 ~ ( ( r1rv; , S1rf1i T1f'TJi • S'IrTJi . T'lrTfi } + l L.., l; t) d; -l- Sln -l- cos -l- + k; sm -f.- sm -f.- q, 
/J i:::l 

(4.1) 

N 

+ l2 
Ll.;(tJ(k;sin '7')z; (s = T,n) (4.2) 

JL i=l 

Trong cac phU"ang trlnh (4.1) va (4.2): 

5' = { 1 
' 0 

Ne'u ta dU"a vao ky hi~u 

khi r = s 

khi rf. s 

thi h~ cac phuang trinh (4.2) va (4.1) c6 thi vie"t d1t6i d\'ng rna tr~n nh1r sau: 

f= B (t)~+ C (t)q+ J\t), 
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trong d6 B (t) va C (t) Ia cac rna tr~ vuong ci(p (n + N), con i{t) Ia vee tcr c6 (n + N) phRn tti:. 

N . 

b _ _ c• [Ela (:!:) 4 
4 "]- _!." '·( )d· . 811'Vi(t- r,) . r1rvi(t- ri) 

ar - vr f S + ~ l L.., -t.i t ~ Sin l Sln 1 

JL JL i=l l 
(s,r= 1,n) 

b . _ _!.,·(t)d· . S11'Vi(t- ri) 
a,n+l - lp. ~ 'Sln l J 

b . _ '-( ).!!!_ . mvi(t- r,) 
n+1,r - ~ t sm 0 1 

l'1lj < 
(i = 1, N, r = 1, n) 

b c; d; (' ' 1 N) n+i,n+i = -ui- 1 l 1 J = 1 
l'1lj 

Ma tr~n C (t) c6 d~ng 

Cn+I,n+N 

Cn+N,n+N 

vCri 

N 
2 "'-( ) [" r11'Vi r1rvi(t- ri) c .. mv,(t- r;)] . ·"·:..:'v"-'i("-t _-_:cr,"-) 

Car=-- L..,<-i t Ui-- cos + rv1 sm Sin-
l!i- l l l l 

i=l 

,EI(")< 4 -- 6. j; t s , (s, r = 1, n) 

2 ( )k , S11'Vi(t-r;) ( - . -) 
~ ... ,n+i =:--eJ.L!.;, t ism l , s = 1, n; t = 1, N 

'-( l[d; r1rv; r1rv;(t-r;) k, . r1rvi(t-r,)] 
Cn+i,r = <t.i t --,-cos 0 +-sin D , 

• l'1lj < < l'1lj < 

i ki --
Cn+i,n+j = -5-i -, (i, i = 1, N) m, 

vee tcr /(t) c6 d~ng: 

v&i /, = 0, (s = 1,n), a, . (n l fn+i=g+-sm it+a.;:, 
l'1lj 
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Tren cct s& thu3.t toan trinh bAy&- tren, mQt h~ ch1rcmg trinh tfnh toci.n dao d9ng uO'n cda d'a.m 
du-&:i tac d1,mg cda ~hih v~t thS di di)ng da du-7c xay dvng. Tren hlnh 3 cho ta kilt quit tinh toan 
d9 vOng d9ng h:fc t~i m~t cit giira d'a.m khi c6 m9t xe va. khi c6 d"Ong thOi hai xe qua d'am v6i. cac 
v~n t5c khac nhau. Tren hinh 4 Ia ke't quit tinh toan li-ng suii:t di)ng h,rc t~i m\[t d.t giih dfun. 

so Lrtu DAU vAo 
L = 32,400 m <>=0 

/3=0 p, = 2532,00 kg/m 

Mku = 0,6223 m3 

EI = 13 410 508 000 Nm2 

m 1 = m 2 = 2543 kg 

k, =·k2 = 3 500 000 N/m 

d, = d2 = 420 000 Ns/m 

G, = G2 = 0 N btg = 1000 
n, = 112 = 0 rad/s 

g = 9,810 m/s2 • 

r1 = 0.777 (s} 

I I 
I .t I 

lj I : : 

1_ .. I I l 
~~ 1--.. / 

1
1 ...,...V 1 JC , .. )<~,. ... ~ .t..·· .......... 11 • fts) 

I -nt~ "'• • l\1' -' /r. _,,!><• ....... ··· 1 df= 0,35(S) 

0{mm) ' t!o : (mi(n) 
' 

_g)_ • Mgt xe qua dli.m v~ t5c v = 30 km/h 

}f.~x; • Mc}t xe qua d'a.m v~n tOe v = 20 km/h 

..@__ • Hai xe qua dli.m v~n t5c v1 = v2 = 30 km/h 

.. q) ... • Hai xe qua dfun v~n t5c v, = 30 km/h, v2 = 20 km/h 

Yei.J fo Tru-1rng hw 

l<h.ios./r D011 vi 
1 2 3 

-- -- -- --
M\(t cilt m 16,200 16,200 16,200 
Dmax mm 1,363 1,346 2,534 
ThCri di~m h1t6-c 511 493 377 

il 

il 
I 

4 
--
16,200 
2,244 
366 

Hinh 9. f>9 vOng d9ng Ivc t~ m~t clt gifla dlm x = 16, 200 m 
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s6 LI:f;u DAU vAo 
L = 32,400 m 

J1. = 2532,00 kg/m 
Mku = 0,6223 m 3 

k1 = k2 = 3 500 000 Nfm 
d1 = d2 = 420 000 Ns/m 

G1 = G2 = 0 N 
EI = 13 410 508 000 Nm2 

m1 = mz = 2543 kg 

n, = 11z = 0 rad/s 

g = 9,810 m/s2 

' ' ' .. 

' ' ' ' 
' ' S ( Njm ~ t!s = f!JIJtltl~ 1#/m ') 

-~-• Mo}t xe qua d'am v~n tik v = 30 km/h 

,.~,.• M9t xe qua d'am v~n tOe v = 20 km/h 

' ' ' -- ,_ 

' 
' ' ' ' ' ' ' 

® • Hai xe qua d'am v~n t5c v1 = v2 = 30 km/h 

.. ---

... 

.. 0 .. • Hai xe qua d'am v~n t5c v1 = 30 km/h, vz = 20 km/h 

a=O 

{3=0 

btg = 1000 

rz = 0.777 (s) 

' 
' I, 

I 

' 
' ' 

' ' -- - ' r·-
:! ' 

' ' i 
' 
I ,I 

:I 

Yeu 1o' Tnrirng hqp 

kha'o sar Dan v! 
1 2 3 4 

--- --- --- --- ---
M~t c~t m 16,200 16,200 16,200 16,200 

-

Smax Nfm2 30 2053,79 298 662,06 543 591,37 453 267,37 
Thiri di~m bu-6-c 511 493 377 366 

Hlnh ... KSt qua. tinh toan ling suat d9ng 1\I'C t~ m~t d.t 16,200 m 

Ke't lu~n 

Trang bai baa nay sd- d11ng phtrO'llg phap cac c~u true con da thii!t l%p h~ phtrO'llg trinh dao 
dgng cda dll.m d1r6i tac d11ng cda nhih v%t thi1 di dgng. Ap d11ng phm:rng phap Ritz suy rgng 
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dii dua h~ phu=g trlnh h~n h91> d~o ham rieng va vi phan thuang v~ h~ phlrO'llg trl~h vi phan 

thulrng. 
cac tlnh tocl.n blng sg cho. th3:y d9 vOng cda d'am khi c6 nhi~u v~t th~ di chuy~ tren n6 l&n ' 

hO'n nhi~u so vOi. d9 vOng cda d~m khi chi c6 rn(]t v~t th~ di chuy~n. 

Cac Ut qui nghien cw thu duqc Ia cas&- cho vi~c tinh toan d9ng h,rc ·h9c cltu d"am du-qc xii.y 
du-ng kha nhi~u &- Vi~t N am. 

Gong trlnh nay dugc holm thanh v6i s1f trq giup kinh phi cda Ch=g trlnh nghien c1lu khoa 

h9c ccr ban. 

D!a chi: Nh.qn ngay 17/9/1997 
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SUMMARY 

ON THE TRANSVERSE VIBRATION OF BEAM UNDER 
THE ACTION OF SOME MOVING BODY 

In this work the structure method is applied for establishing the vibration equations of beam 
under the action of some moving body. An algorithm is build to solve the vibration equations of the 
considerable system. From this algorithm a computer program is set up with TURBO PASCAL 
6.0 language. 
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