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BAI TOAN HON HOP THU BA VOI PIEU KIEN BIEN
KHONG THUAN NHAT POI VOI PHUONG TRINH
PARABOLIC CAP HAI TREN MIEN LUI

Nguyén Thanh Chungl, Tran Cong Sinh?
T rwong Pai hoc Kj thudt hiu can Cong an nhéin din
2 Trwong THPT Nguyén Thi Loi, Sam Son, Thanh Héa

Tém tit: Trong bai bdo ndy ching téi di nghién civu bai todn hon hop thir ba déi véi phwong trinh parabolic
trén mién lii. Sw ton tai, ciing nhuw tinh tron theo bién thoi gian cua nghiém bai toan da dwoc thiét ldp, voi mot 56
diéu kién cu thé cia ham da cho trén bién. Mot vi du minh hoa cho két qua dat dugc ciing dwoc dua ra.

Tir khéa: Bai todn hén hop thir ba, parabolic, tinh tron, mién lii.

1. Giéi thi¢u

Phuong trinh dao ham riéng (PTDHR) khong chi 1a phuong dién giai tich cua cac md
hinh trong vat 1y, sinh hoc, kinh té, hoa hoc,... ma n6 con 1a cong cu thiét yéu cua nhiéu nganh
toan hoc khac. Sang thé ky XX, 1y thuyét PTDHR phat trién vo cing manh m& nhd cong cu
giai tich ham, dic biét 13 tir khi xuat hién mot hé thdng cong cu quan trong dugc xdy dung boi
S.L. Sobolev: Khong gian Sobolev va cac tinh chat quan trong ciia no.

Khi di nghién ctru sy ton tai, cling nhu tinh chinh qui ctia nghiém yéu cia cic bai toan
bién d6i véi PTPHR trén mién bj chin, cdu trac hoc cia bién mién do dong vai tro quyét dinh.

Trong céc bai toan bién dbi véi phuong trinh, hé phuong trinh dao ham riéng trong
mién khong tron dugc cac nha toan hoc quan tdm nghién ciru ¢ nhiéu khia canh khac nhau.
Dbi v6i phuong trinh, hé phuong trinh elliptic mot lugng 16n cac két qua sau sic da duoc thiét
lap (xem [1, 4, 7, 8, 9] va cac tai liéu tham khao trong do).

Nghién ciru bai toan gi tri bién Robin cho cac phuong trinh elliptic bac hai & nhitng mién
khong tron duoc khoi ddu bang cac cong trinh [3, 5, 10]. Cac tai lidu di dé cap nghién ctru vé
bai toan gia tri bién Robin ddi voi phuong trinh elliptic cho cac mién Lipschitz. Nhu ching ta
da biét ring toan tir nhung ly: HY(G) —L,(G) 1a compact dbi v6i cac mién Lipschitz [10] va theo
[5] toan tir nhing lo: HY(G) —L,(6G) ciing compact. Do d6 bai toan gié tri bién Robin ddi véi
phuong trinh elliptic 13 loai Fredholm cho loai cac mién nay (xem [5]).

Dbi v6i cac mién co cac diém ky di loai mién lui (khong 12 mién Lipschitz), toan tir
nhing tht hai l,; HY(G) —Ly(G) chua chic da tdn tai, do vét cia cac ham sé thude HY(D)
khong nhat thiét thudc vé khong gian L,(6G). Didu nay ¢ nghia la viéc thiét 1ap bai toan bién
Robin cho nhitng mién nay phu thudc vao cac thudc tinh ciia khong gian vét dbi véi cac ham
thudc HY(G). Mot trong cac mo ta co thé vé cac khong gian vét cho cac mién bi chin véi bién
tron ngoai trur cac diém ky di co 1ap cua loai lui da duoc dua ra trong [12, 13, 14] béi M. JU.
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Vasiltchik. DSi v6i nhitng mién nhu thé, khong gian vét cia cac ham thudc HY(G) khong nhit
thiét trung voi Lo(G) va né cé thé duoc mo ta voi sy gitp dd cia trong sé ¢ twong Gmg, trong
s6 ndy phu thudc vao cac loai diém ky di. Nhimng két qua nay cho phép thiét 1ap tinh giai dugc

cho bai toan gia tri bién Robin vdi sy giup do cua trong s6 .

Trong trudng hop phuong trinh khong dung loai parabolic trén cic mién khéng tron
khéc nhau, cic bai toan bién ban dau véi diéu kién bién thuan nhit da duogc nghién ctru trong
cac cong trinh [5, 6, 7, 11]. Trong bai bao nay chung t6i xét bai toan hdn hop véi diu kién
bién khong thuin nhét ddi v6i phuong trinh parabolic trén mién 1ii. Trong do, sy ton tai duy
nhat cling nhu tinh tron theo bién thoi gian ctua nghiém duoc thiét 1ap.

2. Thiét 13p bai toan

Cho G 1a mét mién bi chan, voi bién 6G 1a mot da tap thudce 16p C' trir ra mot diém.
Dinh nghia ti€p theo 1a mo ta chinh thirc cia cac mién Iui ngoai.

Dinh nghia 2.1. Ching ta goi mién bi chin G = R" 1a mot mién thudc loai OP, néu:

1) Tdn tai diém OdG sao cho 6G \O 1a mét da tap (n-1)-chiéu thude 16p C.

2) Cho Q= R™ 1a mot mién chin thude 16p C' va e Cl([O,l]) 1a mot ham tron sao

cho ¢(0) = ¢'(0) = 0 va @'(t) >0 vé6i te(0,1) Ki hiéu 1a x* = (x_1,..., Xx_{n-1}). Khi d6 ton tai
mot lan can U cua O sao cho:

Xl
UNnG=:x=(xX,)eR":0<x,<l,——eQ
{ bes) (%)) }

v6i mot hé toa do thich hop cta gbc O trong R". Ta goi diém O & trén 1a mot diém lui ngoai.

Ki hi¢u L”*(6G) 1a khong gian ciia cac ham do duoc xac dinh trén 6G sao cho

Hf X)dS, =[]} o <o

O diy £:6G — R 1a mot ham do dugc khong am ¢ dinh, duoc goi 1a ham trong.

Cho I 13 toan tr nhung ctiia HY(G) vao trong L»(G) va I, 1am toan tir nhang tir HY(G) vao
trong L>%(6G). Theo [15] khong gian L?“(6G). chua cac vét ciia HY(G) trén 6G. Sy ton tai,
tinh bi chén va tinh nén compact cta toan tir I; dugc ching minh trong [10]. Su tdn tai va bi

chan cua |, dugc ching minh trong [12]. Tinh compact cua |, dugc chirng minh trong [2].
Chung ta ky hiéu Qr = G x (0,T), St = &G x(0,T). Xét toan tir vi phan tuyén tinh cép hai
L(x,t;D)= ZD( Dj)+2bi(x,t)Di+c(x,t),
i,j=1 i=1

&d6 D, =0, ,va a;,b;,C 1a cac ham hé sb xac dinh trén Q;.

ijr i

32



Chuing ta gia st toan tir L 13 toan tir elliptic déu theo t [0, T), c6 nghia 14, ton tai mot
hing s C >0 sao cho
n

> (a;(x1)&E;)=Cle" v (xt)eQ (1)

i j=L
voimoi EeR" £EeR",

Trong bai bao nay ching ta xét bai todn sau:

U +L(xt;D)u=f(xt), (xt)eQ; (2)
2—;+G(X,t)U=H(X,t), (X,t)GST (3)
u|t:O:0 trén G (4)
O do:
ou ou
a_N:IJZla”(x,t)—Xicos(n,x,),

Trong d6 Ti vécto phap tuyén don vi huéng ra ngoai tai diém x € 6G. Chiing ta gia sir

ham sb f va aij = aji, by, ¢ 1a cac ham trén Qr va o, p la cac ham xac dinh trén Sr.

3. Mot sb gia thiét

Gia st mién G thudc 16p OP,,. Chung ta gid st ham s6 f € Lo(Qr) va ajj = aj, by, ¢ € LAQv).
Tiép theo chung toi di xay dung cac gia thiét cho cac ham o, p 12 khic nhau va phu thudc vao
ham o.

Céac ham o, i: St — R thoa man cac diéu kién sau day:

|G(X,t)| 2}
ess sup =M_<pg,pel ?(S
xves: (X)) ° (Sr)

O day hang sb M chi phu thudc vao ham ¢ ma mé ta kiéu ki di tai diém Oe 6G. Piéu

kién cho p 1a twong duong véi & € L2° (6G).
¢

Céc gia dinh b sung cho o, p chi phy thudc vao cac diém lan can cta cac diém ki di
Oe 8G. Nhimng gia thiét nay phai twong quan véi md ta chinh xac khong gian vét cua HY(1)
trén bién 6G. Ly do cho nhiing gia thiét d6 s& duoc 1am rd trong qué trinh chémg minh

sau nay.
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4. Nghiém yéu
Trong muc nay, ching ta ky hiéu H"(QT) 1a khong gian cac ham ueL,((0,T); HY(G)) c6
UeLo((0,T); HY(G)) v6i chuén

Julle o) = 2

Lz((O,T):H’l(G))

2

L((0T):HY(G)) +”ut
Dit
B(u,v;t) :J.(Zn:(aij (x,1) DJ.uDiv)+Zn:bi (x,t)Diuv+c(x,t)qudx,u,v eH'(G)

G\ j=1 i=1
Trong bai bao nay chung ta gia sir B(.,.;t) thoa man bt dang thirc sau dy:
B(u,v;t) 2, ||u||2H1(G) (5)
v6i ueHY(G) va te[0,T].

Dinh nghia 4.1. Mot ham ueH" " (Qr) dugc goi 1a nghiém yéu (suy rong) cia Bai toan
(2)-(4), néu va chi néu u(x,0) = 0 va dang thirc:

(U, V)+B(u,v;t)=(f ,v)LZ(G) +(ou _H'V)Lz(ae) ,aete[0,T] (6)
thoa man v6i moi v e H'(G). O do6 (,.),, ) ()1, () 1an luot 1a tich vO hudng trong La(G)

va Lo(6G)

5. Sy ton tai nghiém

Trong muyc nay ching ta di chimg minh su ton tai nghiém yéu ciia bai toan (2)-(4) véi
cac gia thiét dugc thiét lap & muyc trudce.

Dinh Ii 5.1. Gia st diéu kién (5) duoc thoa man va
sup{‘aij‘,‘aijt‘,|b,|,|c| =10 (%) eC_)T} <, =const

Khi d6 bai toan (2)-(4) c¢6 duy nhit nghiém yéu u trong khéng gian H"'(Qr) va
thda man:

Ju

ZHL*(QT ,<C (|| f ||i2(QT) +||M||iz.uw(ST))

& day C 1a hang s6 doc lap voiu, fvap

Chimng minh:

1) Lay {Wk (x)}:;l 13 mot co s& cua HY(G) va 1a co s truc chuin cia Ly(G). V&i mdi sb

nguyén duong N, chung ta dit:
N

u™ (x,t)=>_C (tw, (x)

k=1

§do C (t).te [O,T] ,k=1,...,N 1a nghiém cua hé phuong trinh vi phan:
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(U W) )+ B(U" Wit =(Fw), g +(ou™ —iw ) s

v61 diéu kién ban dau

Nhan phuong trinh (9) v6iCy' (), sau d6 ly tong theo k tr 1 dén N, ching ta

nhan duoc:
(u,u™)+B(uM,u;t)=2( f,uM)—(mu")+(ou",u"),tef0,T]

Hay

il
dt L2(G)
Str dung (5), chung ta cé

B(UN,UN;I)ZMOHUN

2
HY(G) "
Mit khac, boi bat dang thic Cauchy, véi bat ky sé duong & du bé, ta co
2
QR o P T R P T
& day C = C(g) 1a hang s doc 1ap véi u™, f.

Ta d4nh gia s hang thir hai & vé phai cua [6] nhu sau:

ZUOG““NO'SX =2

LN
—ou dS,
% @

‘ N

<[

Lo 116 (0G) Ly, (0G)

Vi HY(G) dugc nhing lién tuc vao L2,,(0G) nén tir danh gia trén ta co:
N

IBG hu™dS,

Ta d4nh gia s6 hang thir ba & vé phai cta (11) nhu sau:

N 2
LGG(U )2dS,

2

2

< 2|

N
oy +efu

N < 2
sz(ﬁmuu H1<G)_C(€)||M Lol HY(G) (10)

2 2

N

2 u <2M _[u

Lo (3G) o

(11)

<2M,

H'(G)
Két hop cac danh gia o trén vai (11) ta thu dugc

2

%(Huw(.,t)ﬂLz(G))+2(uo M, —e)u" ()

<c(fen

2

Hi(e) (12)

2 "o,
Lm)(ae))JrHu (1) L(G)

e

v6i hau khap t e [0,T)

2

pat: n(t) =[u () o B =[FEOL o) ML o) t e[0T

L(G)

T (12) chon € dubé (e<p,—M_) tacod

)+ZB(uN,uN;t)=2(f,uN)—Z(u,uN)+2(cuN,uN) (8)

9)
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N (t) <m(t) + CE(t), v6i hau khip te[0,T]

Tu Bt déng thirc Gronwall-Belmann ta nhan dugc
t
(t) <C[&(s)ds,t[0,T] (13)
0
Do do tu (13) chung ta co:

T
HUN ("t)Hi(G) = CI” f
0

2 2
W Lm,(sT))'

2 2
o+l e 05 =

Lay tich phan hai vé cta bat dang thirc ¢ trén theo t tir 0 dén T, chiing ta thu dugc

o[}, <C I
Lz(Qr)

Chu y tir (12), ching ta 14y tich phéan theo t tir 0 dén T, ching ta nhan dugc

(14)

e qu,(sa)

(2 o2, a9
2
£C(”f iz(m [ iz,w(sa)“LHuN L) (16)
Vi
T d 2 N 2
Id_ L (G)dt - Hu (X’T) L,(G) 20
0
nén tir (15) véi cach chon € <p, —M_ kéo theo
T
Il ey 2t (I ) @)

& d6 C 1a hang s6 dwong khong phu thudc vao u, f va N.

Liy bit ky v e HYQ) véi ||v||21 <l vav=Vv+ Vv ovei v espan{wk} va

" )s||v||H1(Q)sl. Sur
dung (7), ching ta co
(utN,v1)+ B(u“,vl;t)=(f,vl)+(cuN —u,vl),vdi moi teT.
N

T u™ (x,t)=>_C.' (t)o,, chung ta thiy ring

k=1

(utN,v) :(utN,vl):(f,vl)—B(uN,vl;t)+(cuN —u,vl).

Hé qua 1a;

HY(Q) +||M||L2w(39))

@) <(Cll
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Vi bit dang thirc trén thoéa man véi moi ve H(Q), ||V||Hl @ S 1, do do6 n6 kéo theo

2
o Iy <1 ey # 0 y + ) (18)
Ly tich phan (18) theo t tir 0 téi T, va sir dung (17), ta thu duoc
2
Ut <C(IFIE g Il o) (19)
Két hop (17) va (19), chung ta nhan dugc
2
¥} e, <C(HEIE )+l o) (20)

& d6 C 1a hang sb khong phy thudc N.
2) Tir danh gid (20), ta thay day {u"} ~bi chan déu trong L2(0,T;HY(Q)) va day {u," b
bi chin déu trong L,(0,T;HY()).

Hé qua 13 ton tai cac ddy con, dé thudn tién ta van ky hiéu nhu cii, va ham ue Lg(O,T;Hl(Q))
v6i UreLo(0,T;HY(Q)) sao cho:

{u“ —utrong L,(0,T;HY(Q))

) (21)
" —u, trong L,(0,T; H*(Q))

Tiép theo voi mdi m ta chon mot ham v e C* ([O,T]; H 1(Q)) c6 dang

d*( (22)

MB

k=1

& d6 d* 1a cac ham tron. Chon N > m nhan (7) vé6i d¥, sau do 1dy tong theo k =1,2,...,m, va tich
phan theo T ta dugc

T T
[ (uv)+B(uM vitdt= [ (f,v)—(rv)+(ou" vt (23)
Cho qua gi6i han dang thirc trén va st dung (21) ta thay
T T
_[0 (u,v)+B(u,v;t)dt :jo (f,v)—=(p,v)+(ou,v)dt (24)
Ping thirc trén théa man voi moi ve L,(0,T; H(Q)), vi cac ham c6 dang (22) 1a tru
mat trong L,(0,T; H'(Q)). B&i vay, trong trudng hop dic biét u thoa man (6).

T uel,(0,T;HY(Q)) véi u, € L,(0,T;H*(Q)) tanhan dugcu € C([0,T]; L, ().

Hon nita tir (20) ta nhan duoc (29).

Trong yéu cau chira U (0) =0 trude tién tir (24) ta thiy rang :

I —(v,,u)+B(u,v;t)dt _I (f ,v)—(u,v)+(c5u,v)dt+(u(0),v(0)) (25)
cho mdi Cl([O,T]; Hl(Q)) voi V(T)=0. Tuong ty nhu vay tir (23) ta ciing co:
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T N T
IO —(v,u")+B(u",v;t)dt =J'O (f.v)=(mv)+(ou™,v)dt (26)
vi v(0) bat ky nén cho N — oo trong (26) va so sanh véi (25) ta c6 u(0) = 0
Do vay u 1a nghiém yéu cua bai toan (2)-(4).

3) Cudi cung, chung ta di ching minh tinh duy nhat ciia nghiém yéu. Diéu nay tuong
duong vai viéc chirng minh bai toan (2)-(4) véi f, u, o =0 chi c6 nghiém

u=0 27)
Bang cach ldy v = u(.,t) trong (6) (véi f, p, o = 0) ta nhan dugc:

%(”u (.,t)||2)+ B(u,u;t)=0.

Tt (5), chung ta co:

d 2 ,
a(||“||L2<g))+uo Jus ., <O.aete[0T]
Tir bat dang thire nay sir dung bat dang thirc Gronwall-Belmann, kéo theo (27).

6. Tinh tron theo bién thoi gian

Dé don gian trong muc nay ta gia thiét ¢ = o(x) khong phu thudc vao t, va gia thiét cac
ham o, 1:S; — R théa man céc diéu kién sau day:
1
X 22
ess sup U0 <y e L0 (S)), (29)
ee O(X,)
Pinh li 6.1. Gia st diéu kién (28) duoc thoa mén va

sup{| 8 Lol by Llce 51, J=1...,m; (X, 1) eQ }<p,u=const,k =0,1.

Khi d6 u trong khong gian H*"(Q; ) 1a nghiém yéu ctia Bai toan (2)-(4). Thi:
U e LOT;H(G)NLOT;L(G))

va

||u||i2(0,T;H1(G)) +||ut ”iz(O,T;LZ(G)) +||ut ”iZ(O,T;Hl(G))

7 P L Ot T Y

& day C 1a hang s doc 1ap vai u, fva .

(28)

Chimg minh. C6 dinh N > 1 va dao ham hai vé ciia phuong trinh (7) theo t, chiing ta
nhan duoc:

(G, W)y, @) + B@", w,;t) + B (U™, w,;t) =

i (29)
(fo W)L o) + (00" — 1, W) ey t € (0,T) k=L, N,
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& day a" =u".

Nhan (30) véi C} va ldy tong theo k tir 1 dén N:
@', a"), e +B@",0"%;t)+B ", a%;t) = (30)

(ft,UN)LZ(G) +(cu™ —ut,UN)Lz(ﬁe),t €(0,T)

St dung nhimg danh gia nhu phan trude ta nhan dugc tir ding thirc trén danh gia sau:

(H~N( Off ) +2e-M

H(G)

(31)
<c(lf. t>||L2(G)+||ut||we))+uu GOl
v6i hau khip t [0, T].
Lay tich phan hai vé theo t trén [0,t],T<T, va sir dung (17) ta co:
H (, t)HL (G) +2(p, — _E).[ H Ht (G)
(32)
gN
<CZ(‘ foc t) L (Qr) H“tk Lm(sT)) (. t) LZ(G>
Tir Bat dang thirc Gronwall-Belmann ta nhan dugc:
T
[ ol g aseg{ineol g, +l) <33>
Tir danh gia trén két hop voi (33) véi cach chon € < 1, —M_kéo theo:
j o[}, o, dt< CZ(\ f GO+ e LM(ST)) (34)

Két hop (34) va (35) dén dén:

J.H (. t) L (G) ‘ H1 (G) Z(‘

k=0

£ GO

Hutk Lo e (S7) )

L (Qr)

& d6 C 1a hang s6 dwong khong phu thudc vao u, f va N. Qua giéi han khi N — oo ta dugc
diéu phai chtng minh.
Tir chimg minh cta cac dinh Iy & trén ta thidy néu o =0 thi ta dugc két qua twong tur

cho bai toan bién ban dau thi hai nhu sau.

Dinh Ii 6.2. Gia str p,p, €L, (S;) va
sup{| 8 LBy [lce [0, §=1...,m (X, 1) eQ.}<u,pu=const,k =0,1.

Khi d6 Bai toan bién ban dau thr hai di v6i phuong trinh (2) c6 duy nhat nghiém yéu u
trong khong gian H*"(Q;) va u, e L,(0,T;H*(G)) "L,(0,T;L,(G)) théa man:
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”u“iz(O,T;Hl(G)) +||ut "iZ(O,T;LZ(G)) +||ut||i2(0,T;H1(G))

2 2 2 2 (35)
<C(IFE ) +IFE 0 +IMIE s +IE. )
& day C 1a hang sb doc 1ap voiu, fva p.
Dé minh chimg cho két qua thu duoc ta xét bai toan sau:
u —Au+u=f(xyt), (xyt)eQ (36)
ou
5+ o(X, Y)u=pn(x y,t),(x,y,t) €S, (37)
ul,=0, G (38)

O d6 v 1a vector phap tuyén don vi huéng ra ngoai ctia S, va mién bi chin G —R? 1a

mot mién thudc loai OP,, sao cho

[1]
[2]

[3]

[4]
[5]
[6]

[7]

BO.D)NG={(x,y)e R*:0<y<L|x|<y’}

Trong truong hop nay:

B, U;t) = ulls e,

ta c6 thé chon 1, =1 va cac gia thiét cho cac ham o, nhu sau

ess sup y’o(x,y)=M_<Lup, € L, ().

(x,y)edG

Khi d6 cac dinh 1y ¢ trén dng cho bai toan (37)-(38).
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THE THIRD MIXED PROBLEM WITH BORDER CONDITIONS
INHOMOGENEOUS FOR SECONDARY PARABOLIC EQUATIONS
IN BACKWARD DOMAIN

Nguyen Thanh Chungl, Tran Cong Sinh?
1University of Logistics Techniques of Public Security
2Nguyen Thi Loi High School, Sam Son,Thanh Hoa

Abstract: In this paper we study the third mixed problem for parabolic equation in backward domain.

The existence as well as the smoothness according to time variable of the problem have been set up with some
specific conditions for the function on the boundary. An example illustrating the obtained results are also given.

Keywords: the third mixed problem, parabolic, backward domain.
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