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NoOi dung chwong 3
* Gidi thiéu
* TOi wu héa tinh
* TOi wu héa ddng va phwong phap bién phan
* Diéu khién t6i wu lién tuc dung phwong phap bién

phan

*x Phwong phap qui hoach dong Bellman

* Diéu
* Uoc
* Diéu

khién tOi wu toan phwong tuyén tinh LQR
wong trang thai toi wu (loc Kalman)

hién t6i vu LQG
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&) Gidi thigu

* Diéu khién toi wu : xac dinh luat DK cho hé thdong ddng
cho trwdc sao cho toi thiéu hda mot chi tiéu chat lwong.
* DK t6i wu dwoc phat trién trén co sé toan hoc: phwong
phap bién phan (Bernoulli, Euler, Lagrange, Weiertrass,...)
* T nhirng ndm 1950, DK t6i wu phat trién manh mé va tré
thanh mot [inh vwe doc lap.
A Phwong phap quy hoach dong do Richard Bellman duwa
ra trong thap nién1950.
4 Nguyén ly cwe tiéu Pontryagin do Lev Pontryagin va
cac dong sw dwa ra trong thap nién 1950.
A Bai toan diéu chinh toan phwong tuyén tinh va loc
Kalman do Rudolf Kalman dwa ra trong nhirng
nam1960.
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Phan loai bai toan diéu khién téi wu

* C6 nhiéu bai toan diéu khién téi wu, tly theo:
A Loai dbi twong diéu khién
4 Mién thoi gian lién tuc hay roi rac
4 Chi tiéu chat lwong
4 Bai toan toi wu cé rang budc hay khdng

* DK t0i wu tinh: chi tiéu chat lwong khéng phu thudc thoi
gian
* DK t0i wu ddng: chi tiéu chat lwong phu thudc thdi gian
4 Bai toan chinh toan phwong tuyén tinh (Linear
Quadractic Regulator — LQR)
4 Bai toan diéu khién toi wu H,
A
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ng dung
* Trwde khi may tinh s6 ra doi, chi co thé giai dwoc
mot so it bai toan diéu khién toi wu don gian
* May tinh s ra do&i cho phép ng dung ly thuyét diéu
khién t6i wu vao nhiéu bai toan phurc tap.
* Ngay nay, diéu khién t6i wu dwoc (rng dung trong
nhiéu Iinh vuec:
A Khdng gian (aerospace)
A Piéu khién qua trinh (proccess control)
A Robot
A Ky thuat sinh hoc (bioengineering)
A+ Kinh té
A Tal chinh
A .- a o
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Toi wu héa tinh khéng rang budc

* Bai toan toi wu tinh khéng rang budc: tim m théng
sO thwe (hay phire) uy, U,,..., U, sao cho ham
L(uy, U,,..., u_ ) dat cuyc tiéu:

L(u)=L(u4, U,,..., u,) > min
trong d6 u=[u,, u,,..., u, |’

* Diém u’ dwoc goi la diém cwce tiéu cuc bo néu
L(u)>=L(u’) v&i moi u nam trong l1an can ¢ cla u'.

* Diém u” dwoc goi la diém cwce tiéu toan cuc néu
L(u)>L(u’) v&i moi u
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Pieu kién cwec tri khéng rang budc

* Giad st L(u) khd dao ham theo u, thi diéu kién can va
da dé u la diém cuwec tieu cuc bod la:

L(u)=0
L, (4)>0
trong 4do: OL/ou,”
I - oL _ 8L/.8u2
ou :
OL/ou,, |
, _82L/6u1u1 O°L/ouu, - @2L/6ulum |
0L : . .
L = . = ; ; ;
u
0°L/ou u, O°L/ouu, --- 0°L/ouu,

10
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Tim cwec tri khong rang buéc — Thi du 1

* Tim cwc tri ham: L(u) = 5u’ +2u; +2u,u, +8u, +3u,
* Giai: ‘

* Piéu kKién can co cuc tri:

e
=L w0 = 10u, +2u,+8=0  _ [u] =-0.7222
on | & 2u; +4u, +3=0 u, =—0.3889
 Ou, |
* Xét vi phan bac hai:
'L 0L |
° 10 2
;= ou, Ou, Ou, -~ I - L >0
uu azL azL 2 4
| Ou, Ou, ou;,

— (u,u;)=(-0.7222;-0.3889)  |a diém cuc tiéu.
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Tim cwc tri khong rang buoc — Thi du 1
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Toi wu héa tinh cé rang budc

* Bai toan t6i wu tinh c6 rang budc: tim vector thong s6
u sao cho ham L(x,u) dat cwc tieu, dong thdi thoa
diéu kién f(x,u)=0

L(x,u) — min
f(x,u)=0
trong d6 x=[x4, X5,..., X,)]”
u=[u,, U,,..., u.]"

L:R"xR" >R : ham danh gia
£ xR" - K7 diéu kién rang budc
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Ham Hamilton

* Dinh nghia ham Hamilton:
H(x,u)=L(x,u)+ A" f(x,u)

trong dé A € M? 1a vector hang so, goi la thiva s6 Larrange

Do rang budc f(x,u) = 0 nén cwc tiéu cta L(x,u) cling
chinh 1a cwc tiéu cha H(x,u).

— Bién ddi bai toan tim cwc tiéu ham L(x,u) v&i rang budc
f(x,u) = 0 thanh bai toan tim cwc tieu khéng rang budc
ham Hamilton H(x,u)

* Vi phan ham Hamilton:
OH (x,u) Ix ot OH (x,u) Iu

dH (x,u) =
(. ) OxX ou
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Thira s0 Lagrange

* Do ta qén tim cwc tri theo u nén co thé tw do chon
thtra sO6 Lagrange sao cho:

OH (x,u) _ OL(x,u) T of (x,u) _

OX OX OX

T _{8L(x, u) }{(%(x, u)}1
0x 0x

H (x,u)= 0

Viét gon lai: A" =—L [f.]"
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D6 dbc ciia ham muc tiéu véi didu kién rang budc

* Viphan ham muc tieu:  dL(x,u) = OL(x,u) dx + oL(x,u) du
0X ou
* Do fx,u) =0 nén:  df (x,u)= af(x “) i+ af(ax’ “) g =0
u
N dx:_[@f(x u)} of (x,u)
0X ou

* Thay (2) vao (1), ta dwoc:
OL(x, u){@f(x, u)}l of xow) . OL(x.u) .

dL(x,u)=—

OX OX ou ou
= dL(x,u) = [/IT o (x,u) + OL(x, u)}du = dL(x,u) = OH (x, u) du
ou ou ou

= Vi DK fix,u)=0, d6 doc cla L(x,u) theo u chinh bang H, (x,u)
— Diéu kién dé L(x,u) dat cwc tri véi rang budc f(x,u)=0 la:
H (x,u)=0
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Pieu kién can cwec tri c6 rang budc

* Két hop véi dieu kién xac dinh hang so Lagrange,
diéu kién can de L(x,u) dat cwc tri co rang budc
f(x,u)=0 la:

H (x,u)=L (x,u)+ A" f (x,u)=0
H (x,u)=L (x,u)+A" f (x,u)=0
H,(x,u)= f(x,u)=0

trong d6:  H(x,u)=L(x,u)+ A" f(x,u)
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Tim cwec tri co rang buoc — Thi du 1

* Tim cwce tri ham: L(u) = 5u; + 2u; + 2uu, + 8u, +3u,
V&i diéu kién rang budc:
fu)=u,+6u,—2=0
x Giai:
*x Ham Hamilton:
H(u)=L(u)+ A f(u)

— H(u)=5u +2u; +2uu, +8u, +3u, + A(u, +6u, —2)
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Tim cwec tri co rang buoc — Thi du 1

* Diéu kién can dé co cuwc tri:

( OH) oy +2u, +8+ 21 =0
H (u)=0 Ou,
1, () =0 = HW) 5 4 3464=0
f(u)=0 O,

f()=u,+6u,—-2=0

x Giai hé phwong trinh, ta duoc:
u =[-0.8412 0.4735] A =-0.5353
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Tim cwec tri co rang buoc — Thi du 1
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Tim cwec tri co rang buoc — Thi du 2

* Tim cwe tri ham: L(x,u) = (x—=2)" +(u —-2)°
V&i diéu kién rang budc: u = x> +3x—6
x Giai:
* Viét lai diéu kién rang budc:
u=x"+3x-6 < x*+3x—6-u=0

*x Ham Hamilton:

H(x,u)=L(x,u)+ A" f(x,u)

= Hx,u)=(x=-2"+u-2)" +A(x* +3x—6—-u)
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Tim cwec tri co rang buoc — Thi du 2

* Diéu kién can dé co cuc tri;

i
| R U) _ (- 2)+2Ax+34=0
H (x,u)=0 Ox
H,(x,u)=0 = < aH(x’u):2(u—2)—/1=0
£ (eu) =0 o
2
Sf(xu)=x"+3x-6-u=0

*x Giai hé phwong trinh, ta dwoc ba nghiém:
(x,u)=(—-4.53;0.92),(1.71;,2.04),(—1.68;-8.22)
* Thay 3 nghiém trén vao L(x,u) = (x—2)> + (u—2)°, ta duwoc
cac gia tri twong wng la: 43.78; 0.087; 117.94.

* Kétluan: cuctricantimla (x ,u )=(1.71;2.04)
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Tim cwc tri co rang buoc — Thidu 3

* Tim cwc tri ham: L(x,u) = x7 +3x; +u’
V&i cac diéu kién rang budc:

Cf(xu)| [ 2x +x, —4

Fxo) = Ji(x,u) _| 2Nt 0

_f2(x,u)_ X, +u+2 |

* Giai:
* Ham Hamilton:
H(x,u)=L(x,u)+ A" f(x,u)

= H(x,u)=x +3x> +u” + A4, 2x, +x, —4)+ 1, (x, +u+2)
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Tim cwc tri co rang buéc — Thidu 3

* DK can dé co cuec tri:

[ OH(x,u)/dx, =2x, + 21 + A, =0
(H ,(x,u)=0 OH (x,u)/ dx, = 6x, + A, =0
1H,(x,u)=0 = < 6H(x,u)/0u=2u+A1,=0
S(x,u)=0 fi(x,u)=2x,+x,—4=0

 HLh(xu)=x, +u+2=0

x Giai hé phwong trinh, ta duoc:
x' =[1.5714 0.8514] " =-3.5714 A=[-5.1429 7.1429]

* Do L(x,u)=x] +3x+u’ 1a ham toan phwong nén
cwe tri tim dwoc & trén cling chinh Ia cuwc tiéu

T
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VA PHUONG PHAP BIEN PHAN
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Toi wu héa dong khéng rang buéc
* Bai toan toi wu dong khong rang bugc: tim vector ham
X(t) sao cho phiém ham J(x) dat cwc tiéu:
J(x)= ff L(x,x,t)dt - min
trong  x(®)=|x,(t) x,() ... x,(1)] eR”
do: LR xR"xR >R
Chu y: Phiém ham la ham cla ham
(functional = function of function)
* Phiém ham J(x) cé cwc tiéu cuc bd tai x (r) néu
J(x(1))zJ (x" (1))
v&i moi ham x(¢) nam trong lan can scla x (¢)
Hx(t) —-x (t)H <g

T
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Tim cwec trj phiém ham?

* Nhac lai cwe tri ham:
> E)jéu kién can: dao ham bac 1 clia ham can tim cuwc tri
bang O
— diém dirng
> Diém dirng c6 dao ham bac 2 xac dinh dwong
— diém cuwc tiéu

* Cuwc tri phiém ham?
> Khai niém bién phan (variation): c6 thé hiéu 1a “dao

ham cua phiém ham”

> Phwong phap bién phan (Calculus of Variation): dwa
vao khai niém bién phan dwa ra diéu kién cuc tri clia
phiém ham twong tw nhw diéu kién cwe tri ham
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Khai niém bién phan
* Lwong gia clia phiém ham: AJ(x) = J(x + &) —J(x)

trong dé &x(¢) la bién phan ctia ham x(¢)

_ - — Xx(9)

TN - X0+ &)

Minh hoa bién phan cua ham x(¢)
* Bién phan cla phiém ham:
oJ(x)=lim AJ(x)= lim[J(x+x)—J(x)]

| x>0 | x>0

S
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Thi du tinh bién phan phiém ham
* Cho phiém hém:J(x)zsz(t)dt
* Bién phan cta phiém r;)ém dwoc tinh nhw sau:
AJ[x()]=J(x+x)—J(x) = j(x+ o)’ dt —j(x)zdt
0

0
1 1

=[x +2x8 + ()" 1dt - [ () dt = [[2x8c+ ()" 1t

0 0
1

= & (x) = lim AJ(x) = lim |[2xd + (&)>]dt

| o[>0 |02
1
= aJ(x)= I [2x0x]dt
0

S
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Cong thirc tinh bién phan phiém ham dang tich phan

* Cho phiém ham dang tich phan tong quat:

J(x)= j:L(x)dt

* Bién phan cua phiém ham dang tich phan duoc tinh nhu

. o f {[éﬂ(x)} } P
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Bién phan phiém ham bai toan toi wu déng khong rang budc

* Phiém ham: J(x) = 7 L(x, %,1)dlt
* Bién phan phiém ham:

57— tf[E?L(x, X,1) St 8L(x,.x,t) &t}dt
fo Ox OX

# Ch § rang: de(r) = [ de(r)dr +d(1,)
8x(ty) = & (t,) = 0

* Thuc hién bién d6i tich phan, suy ra:

Ly . .
57— I[GL(x, x,t) d GL(x,.x, t)

}dxdt
OX dt OX
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Dieu kién can dé phiem ham dat cwc tri cuc bo
* Diéu kién C‘én’dé phiém ham J(x) dat cwce tri cuc bd
tai x (¢) la bién phan cia J(x) phai bang 0 tai x (¢)
J(x)=0

*
X=X

— PK can dé bai toan tdi wu dong khéng rang budc co cuc tri:
OL(x,x,t) d OL(x,x,?) L0 - oL d oL _
OoX dt Ox ox dt Ox
(phwong trinh Euler-Lagrange)
* Treong hop dac biét khi L khong phu thudc twong
minh vao f, dang don gian cua pt Euler-Lagrange la:
. OL

L-x—=c (clahangso)
OX

0

T —S—S————
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T6i wu hoa dong khong rang budc — Thi du 1
/2
* Tim ham x(¢) sao cho : J(x) = j [x*(t) —x°(t)]dt = min
0
Véi dieu kién bién:x(0) =1, x(7/2) =3
* Gidi:
* Theo dé bai, ta c6: L = x* — %
* Phuong trinh Euler-Lagrange:
oL d(0JL .
_ ( _ j:o jzx_i(_zx):() — X+x=0
ox dt\ ox dt

* Loi giai tong quat: x(¢) = C, sint +C, cost
* Thay diéu kién bién, suy ra: C, =3,C,=1
* Két luan: x"(r) =3sin?+cos?
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T6i wu hoa dong khong rang budc — Thi du 2
* Tim ham x(f) sao cho phiém ham dudi day dat cuc tiéu:

2
J(x) = [{1+3*(t)dt - min  voi DK bién: x(0) =1,x(2) =0
0

* Giai: 4
* Phuong trinh Euler-Lagrange: oL _ 8[’) =0
ox dt\ ox
. PR LR
= d i =0 = L+%° =0 = ¥=0
dt\ 1+ 2 1+ x°

* Loi gidi tong quat: x(t) = C,t +C,

* Thay diéu kién bién, suy ra: C, = —% ,C,=1

* Két luan: x ()= —%t +1
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T6i wu hoa dong co rang budc

* Bai toan to0i wu dong cd rang budc: tim vector ham x(f) xac
dinh trén doan [#,, ¢] sao cho phi€ém ham J(x) dat cuc tiéu:

J(x)=| Zf L(x, x,t)dt — min
v6i diéu kién rang budc f(x,x,1) =0
va diéu kién bién: x(10)=x, X(1)=x;
trong do: x(t) =[x, (t) x,@) ... x )] eR”
L:R"XR"XR >R
f iR XR" xR >R’
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Ham Hamilton va dieu kién can de co cuc tri

* Pinh nghia ham Hamilton:
H(x,x,A,t)=L(x,x,t) + A" f(x,x,1)

trong d6 A(¢) € R” 1a vector ham, goi 1a thira so Larrange
. A c R ? tl
* Do f(x,x,f)=0 nén cuc ti€ucua J(x)= j L(x,x,t)dt
L

cling chinh 14 cuc tiéu cua J (x) = le (x,x,A,t)dt

= tim cuc tiéu khong rang budc phiém ham J (x)
* Diéu kién can dé phiém ham J(x) c6 cuc tri la:
OH(x,x,A,t) d OH(x,x,A,t)

ox  dt o

(PT Euler-Lagrange cua bai toan toi wu dong c6 rang budc)

0
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T6i wu hoa dong co rang budc dang tich phan

* Bai toan toi wu dong cé rang budc: tim vector ham x(f) xac
dinh trén doan [#,, ¢] sao cho phi€ém ham J(x) dat cuc tiéu:
t
J(x)=[" L(x,%,0)dt > min
Lo

t

" f(x,x,0)dt =¢q

va diéu kin bien: x(7y)=x, x(1)=x,

vo1 diéu kién rang budc J;

* Ham Hamilton va phuong trinh Euler-Lagrange trong
troeong hop rang budc tich phan nhu sau:

> Ham Hamilton: H (x, x,A,t) = L(x,x,t) + A" f(x,x,?)
> Phuong trinh Euler-Lagrange:

OH(x,x,A,t) d OH(x,x,A,t)

ox  dr ax
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Trinh tuw giai bai toan toi wu dng cé rang budc

* Buoc 1: Xac dinh ham muc ti€u, d.kién rang budc va diéu
kién bién: :
' J(x) = [ L(x, %,0)dt
Ly

b kién rang budc  f(x,x,7) =0 hodc j :f f(x,x,t)dt = q
Diéu kién bién x(z,) = x, vax(t F)=X
* Buwoc 2: Thanh 1ap ham Hamilton:
H(x,x,A,t)=L(x,x,0)+ A" f(x,x,1)
* Buworc 3: Viét phuong trinh Euler-Lagrange:
OH (x,x,A,t) d OH(x,x,A,t)
Ox dt  ox
* Buwoc 4: Tim nghiém PT Euler-Lagrange thoa diéu kién
rang budc va di€u kién bién
15 January 2014 © H. T. Hoang - HCMUT 38
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T6i wu héa dong c6 rang budc — Thi du 1

* Tim ham x(¢) sao cho phiém ham dudi day dat cuc tiéu:

4
J(x) = j %2(t)dt — min
0
4
vo1 di€u kién rang budc: jx(t)dt =3

0

va dicu kién bién:  x(0) =0, x(4) =0
* Giai:
* Ham Hamilton:
H(x,%,A,8) = L(x,%,0) + Af (x, X, 1)
= H(x,x,A,t)=x"(t) + Ax(¢)
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T6i wu héa dong c6 rang budc — Thi du 1

* Phuong trinh Euler-Lagrange:
OH (x,x,A,t) B d oH(x,x,A,t)

0
Ox dt OX
d (.. .
= A—E{bc(t)}:O =  A-2X%()=0 (1)
* Tim nghiém phuong trinh Euler-Lagrange:
. A
(= #0=" - xa):%ml

A
= x(2) :th +ct+c,
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T6i wu hoa dong c6 rang budc — Thi du 1

* Xac dinh cac hang s6 dua vao di€u ki€n rang budc va dicu
kién bién:

A

x(O):Z.O+cl.O+czzO = =0
x(4)=41+4c¢, =0 \ 9
C, =—
3
4 4 =
fx(t)dt:[if—lrﬁtz} 104 g =3 o2
) 2 2 ], 3 ) ' g

« Két ludn: x°() = ——1> + 21
32 8
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T6i wu hoa dong c6 rang budc — Thi du 2

* Tim vector ham x(¢) = [x1 (1) x, (t)]T sao cho phiém ham
dudi day dat cuc ti€u:

2
J(x) = [[5(x, = 1)? + 2 Jdr — min
0
v6i diéu kién rang budc: f(x, x,t) =%, +2x, —x, =0
va dicu kién bién: x,(0) = 0;x,(2) =1
x Gidi:
* Ham Hamilton:
H(x,x,A,t)=L(x,x,t)+ Af (x,x,1)

= H(x,x,A4,t) =[5(x, =1)* + x; ]+ A(x, + 2x, — x,)
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T6i wu héa dong c6 rang budc — Thi du 2

* Phuong trinh Euler-Lagrange:
oH d oH

- =0 = 10(x;, -1)+21-41=0 (1)
ox, dt ox, G-

OH d oH _ 0 ) 10
ox, dt ox, = S TAS (2)
* Tim nghiém phuong trinh Euler-Lagrange thoa diéu kién rang budc:
@ = {;72% (3)

A=2x,
Thay (3) vao (1): 10(x, — 1)+ 4x, — 2%, =0 (4)
: =X, +2
Tu di€u kién rang budc, suy ra: {xz ).C.l ).Cl (5)
X, =X +2x,

Thay (5) vao (4): 10(x, —1) + 4(x, + 2x,) — 2(¥, +2%,) = 0
= 2% —18x,+10=0 (6)

15 January 2014 © H. T. Hoang - HCMUT 43




T6i wu hoa dong c6 rang budc — Thi du 2

Nghiém tong quat ctia phuong trinh (6)
x,(1)=Ce™ +C,e’ +0.556
Thay diéu kién bién x,(0)=0;x,(2) =1

C,+C,+0.556=0 N C, =0.5549
0.0025C, +403.42C, +0.556 =1 C, =0.0011
= x,(t) =0.5549¢™" +0.0011e™ +0.556 (7)
Thay (7) vao (5):
X, =X, +2x,

= x,(t) =—-0.5549¢7 +0.0055¢> +1.112
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PIEU KHIEN TOI UU LIEN TUC
DUNG PHUONG PHAP BIEN PHAN
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Bai toan diéu khién toi wu lién tuc

* Cho d6i tuong:  x(¢) = f(x(2),u(?))

trong d6: x(¢) = [x,(¢), x,(¢),....x,(*)]" : vector trang thai
u(t) =[u,(t),u,(),....,u, (t)]" : vector tin hiéu P

Trang thai dau: x(0) = x,, trang thai cudi: x(¢ =X

(*)

K

* Bai toan diéu khién toi vu: tim tin hiéu PK u(?) sao cho:

J () = p(x(t, )+ jL(x(t), u(t),t)dt — min

* Nghiém x7(f) ctia phuong trinh vi phan (*) tng véi tin hi€u

diéu khién t6i vu u*(r) goi 1a quy dao trang thai toi uu.
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Phan loai bai toan diéu khién toi wu

* Khoang thoi gian xay ra qua trinh toi wu 1a tr, €O thé phan loai:
A Bai toan to1 uu co t; O dinh, vi du:
» Piéu khién doan tau hoa gitra 2 ga voi lich trinl} Xac ’
dinh sao cho nang lugng doan tau ti€u thu la thap nhat;
= Piéu khién qua trinh chgyén c”I(K)i hoa hoc trong tho1 gian
cho trudc voi chi phi thap nhat
A Bai toan toi vu cé t khong ¢ dinh, vi du:
" Picu khiép tén Itra Ién d0 cao xac dinh vo1 thoi glan
nhanh nhat
= Piéu khién tau bién di dugc xa nhat voi mot ngudn ning
luong c6 dinh cho trudce
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Phan loai bai toan diéu khién toi wu (tt)

* Cac bai toan diéu khién t6i uvu dong cé trang thai dau x;,
Ch9 trude. Trang thai cudi qua trinh toi wu 1a xX=x(ty), cO
thé phan loai:

A Piém cudi tu do, vi du:
= PDiéu khién tén lira 1én dd cao 16n nhat;
= Piéu khién tau bién di duoc xa nhat véi mot nguén
ning luong co dinh cho trudc
A Piém cudi bi rang buoc, vi du:
= Picu khién tén ltra vao qui dao voi thoi gian nhanh
nhat.
A Piém cudi cod dinh cho trude, vi du:
= Piéu khién ghép noi cac con tau
= Piéu khién hé thong vé trang thai cAn bang
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Giai bai todn DK tosn t§i wu diing PP bién phan

* Bai toan DK t0i vu lién tuc cd thé phat biéu lai nhu sau:

min.J (u) = (x(t,) + fL(x(t), u(t),t)dt

véi dicu kién x(¢) = f(x(2),u(?),?)

trong do £, 1, va x(t,) = x, cho truoc

* Két hop dicu kién rang budc vao ham muc tiéu dung ham
Lagrange:

T () = p(x(t,)) + [ Lx(e),u(t). 1)+ 2 (O£ (e(0), (1)) — 5(0)
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Giai bai todn DK tosn t§i wu diing PP bién phan

* Pinh nghia ham Hamilton:
H(x,u,t,A) = L(x,u,t) + A" (¢) f(x,u,1)

= J(u) = ¢(x(t,)) + f[H(x, u,t, ) — A (t)%]dt

u=u

* Bién phan cua phi€ém ham muc tiéu:

& = Kﬁcﬁ ) jé}c} +aTa,, + | K—m (t))5x+2£§u}d

OX
-f
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Didu kién cAn dé c6 16i giai bai todn ditu khién t5i wu
* Cha y 1a 9x(¢,) = 0do diéu kién dau co dinh; ox(z,) =0

néu diém cudi rang budc, Ax (¢ ) #0 néu diém cuoi tu do

x Pé &/ (u) =0 voi moiou can cé cac dicu kién:

OH . . OH op(t,)
E:O ﬂ(t)——g At,) = axf

*x Luu y:
s 09(1,)
> Dieukién A (¢,) =

cubi tu do. Ox
> A(¢) duoc got la dong trang thai cia hé thong
oH

> A(t) = . duoc goi l1a phuong trinh dong trang thai
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Trinh ty gidi bai toan diéu khién ti wu

* Buwoce 1: Viet PTTT mo ta doi tuong: x(¢) = f(x(1),u(t),t)
* Buwde 2: Viét ham muc tiéu va DK bién tir yéu cau thiét ké

> Bai toan diém cuoi tu do:

min.J (u) = ¢(x(1,)) + fL(x(t), u(t), t)dt

Diéu kién dau: x(¢,) = x,

> Bai toan diém cudi rang budc:

m(gl J(u) = j:L(x(t), u(t),t)dt

Diéu kién dau x(Z,) = x, va dicu kién cudi x(¢ =X

f
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Trinh ty giai bai toan didu khién t6i wu
* Bwde 3: Thanh 1ap ham Hamilton: H(¢) = L(x,u,t)+ A" (t) f(x, u,t)

14
ooooo

* Buwoc 4: Vit diéu kién can dé co 1o1 giai to1 vu:

PT trang théi: ()= £(x(0), u(t),0)

‘ : oH
PT dong trang thai: A(f)=———

Ox
Diéu kién ding: 9H _
ou
Diéu kién dau: x(t,) = x,
Pidu kién cubi:  x(f,)=x, (Bai toan diém cudi co dinh)
3 a¢(tf) N - A A -
hoac A(¢,)= 5 (Bai toan diém cudi tu do)
b

*x Buwoce 5: Giai hé phuong trinh & trén sé tim duoc u’ () va x™(¢)
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Pieu khién t6i wu — Thi du 1
* Dic tinh dong hoc nhiét d6 16 say cho bai phuong trinh:
() ==2(y() - y,) +u(t)

trong do y(r) la nhiet do 1o séy vay_ = 259C la nhiét 6 moi truong;
u(t) la cuong do dong nhiet cap 10 say va ¢ 1a thot gian (g10)

* Yéu cau: Thiét ké luat diéu khién u(r) diéu khién nhiét do nhiét do 16
say sao cho sau mét gio dat dén cang gan nhiét do dat y, = 75°C
cang tot va toi1 thi€u nang lugng tiéu ton.

* Gidi:
* Budc 1: Thanh 1ap phuong trinh trang thai:
Pit bién trang thai: x(¢)=y()—y,
— Phuong trinh trang thai cua 10 say la: x(¢) = —2x(¢) + u(z)

— Trang thai cuéi mong mudn: x r=xM)=yM)-y,=y,-y,=50
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Diéu khién t8i wu — Thi du 1 (tt)

* Budc 2: Xac dinh ham myc tiéu va diéu kién bién:
Theo yéu cau thiét ké 1a trang thai cu01 x(t,) cang gan x,=50 cang tot,
dong thoi toi thiéu ning luong tiéu ton, suy ra ham muc tiéu:
4
1 1t .
J ()= plx(t,) —x, T +5Iu2(t)dt > min
0
(Pay 1a bai toan toi vu diém cudi tu do)
trong d6 p 1a trong s6 tiy chon (muodn trang thai cudi cang gan x, thi
chon p cang 16n)
Picu kién dau: x, = 0;7, =1
* Buodc 3: Pinh nghia ham Hamilton:
H(x,u,A,t)=L(x,u,t)+ A(t) f(x,u,t)

=  H(x,u,A,t)= %uz (1) + A()[2x(¢) + u(?)]
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Diéu khién t8i wu — Thi du 1 (tt)

* Buoc 4: Biéu kién can d€ c6 nghiém to1 vu

PT trang thai: x(t) = =2x(t) +u(r) (1)
PT dong trang thai: A(¢) = _%_]j = A@)=2100) (2)
bicu ki¢n dimg: 2—5 =0 =  u®)+A)=0  (3)
Diéu kién dau: x(t,)=x,=0 (4)
Dicu kién cudi: (¢ )= 0Pt = A1) = p(x(1)-50) (5)

X
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Diéu khién t8i wu — Thi du 1 (tt)

* Budc 5: Gial phuong trinh vi phan
> Nghiém phuong trinh (2):
A(t)=C,e” (6)
> Thay (6) vao (3):
u(t) = _Clezt (7)
> Thay (7) vao (1), ta duoc:
() = —2x(t) - C,&* (8)

= x(t)= —%e” +C,e™”
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Diéu khién t8i wu — Thi du 1 (tt)

» Xac dinh cac hang s6 dua vao di€u kién bién:

{x(O) =0

A1) = p(x(1)-50)
4 +C, =0

i 4

Ce’ = p(—%ez +Ce”’ —50)

\

r 50p
C=— 2 Lo 2Y/4
Ny —e +p(—e" +e ")
12.5p
G =— 2 2
—e +p(—e +e7)/4
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Diéu khién t8i wu — Thi du 1 (tt)

> Két luan: Tin hiéu diéu khién va quy dao trang thai toi wu la:
u(t) =—-C,e”

x(1) = —%62’ +C,e”

15 January 2014 © H. T. Hoang - HCMUT

59




Diéu khién t6i wu — Thi du 2

* Cho hé thong xe nhu hinh v&. Quan ()
hé vao ra cua h¢ thong mo ta boi u(?)
phuong trinh vi phan: M

M(t) = u(t) Y e

trong d6 u(¢) 1a tin hiéu vao (luc diéu khién); y(¢) 1a tin hiéu ra (vi tri

xe); m = 0.5kg 1a khoi lugng xe
* Bai toan dit ra 1a thiét ké luat diéu khién u(7) dé diéu khién xe tur
trang thai dirng yén tai goc toa do dén trang thai dirng yén tai vi tri
cach goc toa do 10cm trong khoang thot gian 1 giay, dong thoi to1
thi€u nang luong tiéu ton.
x Yéu cau:
> Hay thanh 1ap bai toan toi wu cho yéu cau thiét ké trén.
» Giai bai toan tim tin hiéu diéu khién toi wu

S
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Diéu khién t6i wu — Thi du 2

* Gidi:
* Budc 1: Viét phuong trinh trang thai cta d6i tuong
» Pit cac bién trang thai x,(¢) = y(¢),x,(¢) = y(¢)
» Phuong trinh trang thai mo ta d6i tuong
(xl(t) = X, ()
: 1
\xz (1) = M”(t)

N\

— x,(2) = x,(2)
X, () = 2u(?)
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Diéu khién t6i wu — Thi du 2

* Budc 2: Xac dinh ham myc tiéu va dieu kién bién:
> Yéu cau thiét ké la trang thai xe tai thoi dlem ty= 1 dirng yén ta1 vi

tri 10cm (diém cudi rang buodc) dong thoi toi thiéu nang luong tiéu

ton, suy ra ham muc tiéu:
1

J(u) = % | (t)dt — min
> Tu dit kién cta dé ngi, c6 thé xac dinh duogc dicu kién bién:
Picu kién dau: x,(0) = y(0)=0,x,(0)=(0)=0
Diéu kién cudi: x, (1) = y(1) =10, x,(1) = (1) =0
* Buoc 3: Thanh 1ap ham Hamilton:
H(x,u,A,t)=L(x,u,t)+ A" (¢) f(x,u,t)

(Bai toan t61 wu
diém cudi rang budc)

= H(x,u,A,t)= %zf(t) + A,x,(t) + A, 2u(t)
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Diéu khién t8i wu — Thi du 2 (tt)

* Buoc 4: Biéu kién can d€ c6 nghiém to1 vu

x,(t)=x,(t
PT trang that: _1( ) 2 () (D)
xz (¢) = 2u(?)
/1 (1) = _8_[—[ =0
PT dong trang thai: - o 2
g trang that: . oH_ (2)
? 0x, 1
A 1A e oH _
Dicu kién dung: 0 =0 = u(®)+24,(#)=0 (3)
U
Piéu kién dau: x(0) = :OQO]T (4)
Piéu kién cubi: x(1)=[10;0] (5)
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Diéu khién t8i wu — Thi du 2 (tt)

* Budc 5: Giai phuong trinh vi phan

Cn . (/11(0 =C,
> Nghiém phuong trinh (2): < (6)
A, (1) =-Cit+C,

> Nghiém phuong trinh (3):
u(t) =-24,(t)=2Ct-2C, (7)
> Thay (7) vao (1), ta dugc:
{xl(t) =X, (?)
x,(t) =2u(t) =4Ct - 4C,

. x,(¢) = %Cltz -2C,t° +Ct+C, ©)
X, (1) =2C,> —4C,t + C,
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Diéu khién t8i wu — Thi du 2 (tt)

> Thay diéu kién bién:
(x,(0)=C, =0 C,=0
x,(0)=C;=0 C,=0
4 ) =
x,(1)=2C,-2C, =10 C, =-30
x,(1)=2C, —4C, =0 C, =-15
Két luan: Tin hiéu diéu khién toi uvu 1a
u (¢) = —60¢ + 30 (7)

S
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PHUONG PHAP QUI HOACH PONG
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Nguyén ly toi wu Bellman

*x Phuwong phap qui hoach dcf)pg (pP — Dynamic
Programing) do Bellman dé xuat (1957)

*x Phuwong phap qui,hoach dcf),ng la mot thuat toejn xac dinh
day gia tri {u(k)} td6i wu deé toi thieu chi tiéu chat lwong J.

* Nguyén ly t6i wu: Méi doan cudi cla quy dao trang théi
toi wu clng la mot quy dao trang thai toi wu.

Doan 2
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Thi du tim dwéng ngan nhat dung DP

* Tim dwdng ngan nhat di tv A dén J, cho biét mang
lwol dwong nhw hinh ve.

3?1
B e
N

3
5
* Nguyén ly toi wu Bellman: tim dw&ng ngan nhat
nguwoc tr nut dich dén nut dau.
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Thi du tim dwéng ngan nhat dung DP

* Phan bai toan tim dwdng thanh cac buwdc tr 1 dén 5
* Ky hiéu N, la nut the / @ budc k
N31

s 3K NATT NG
e

Bwéc 1 Bwéc 2 Bwdc 3 Bwoc 4 Bwdc 5
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Thi du tim dwéng ngan nhat dung DP

* Ky hiéu:
L J,(N,) 1a khodng cach ngan nhét ttr nat N, dén nut dich J
£ d(N,, N, ;) lakhodng cach tir nit N, den nut Ny,

+ Phuong trinh Bellman: J;(N,,) = min{d(Ny, Ny ) + I (N )}
J

* J;(N,,) la khoang cach ngan nhat tir nat dau dén nat dich.
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Thi du tim dwéng ngan nhat dung DP

x Giai PT Bellman qua 2 vong:
> Vong nguoc: di nguwoc tir nut cudi vé nat dau tim
doan dwdng cudi ngan nhat
> Vong xudi: di tir nut dau dén nut cudi — dwong di
toi wu
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Thi du tim dwéng ngan nhat dung DP

*x Vong nguwoc:
> Bwdc 5: bat dau tir nut dich J.(N,,) =0
> Buwdc 4: doan dwdng ngan nhat tlr nat N,, hoac N,,
dén dich: . .
J4(N41)zd(N41,N51)+J5(N51):3
J:(N42):d(N429N51)+J;(N51):4

e
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Thi du tim dwéng ngan nhat duing DP (tt)

» Buwdc 3: co nhiéu lva
chon, tr nut Nj; phai
chon dwdng di dén
dich qua nut N, nao
t61 wu doan quy dao
cudi J;(N,) ?

J3(Ny) = minld (N, N, )+ (N, )}

Tir nut d(N3i9N4j)+J:(N4j) J;(N3.) ngétginh
N, N, N,, l 1dén
N3, 1+3=4 4+4=8 4 N, (H)
Ny, 6+3=9 3+4=7 7 Ny, ()
N., 3+3=6 3+4=7 6 N,, (H)
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Thi du tim dwéng ngan nhat duing DP (tt)

> Budc 2: tim dwong
toi wu tlr nat N,; dén 2
nut dich N;, (tec nut Yo
J), str dung két qua
tdi wu doan cudi tim
dwoc & budc 3

J3(N,) = minfd (N, N, )+ T3 (N, )

Tu nut d(N2i9N3j)+J;(N3j) J;(Nz.) ngétginh
Ny, Ny, N3 N3 | tden
N, | 7+4=11 | 4+7=11 | 6+6=12 11 | Ny hodce N,
N,, | 3+4=7 | 2+7=9 | 4+6=10 7 Ny,

N,; | 4+4=8 | 1+7=8 | 5+6=11 8 N, hodc Ny,
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Thi du tim dwéng ngén nhat dung DP (tt)

> Bwdc 1: tim dwong
toi wu tr nat N,, (tlrc
nat A) dén nut dich
N, (ttrc nut J), sw
dung két qua toi wu
doan cudi tim dwoc

& budc 2

J'(N,) = mj_in{d(zvu,zv2 D+TA(N,)}

15 January 2014

Tir d(N,;, N, )+ J5(N,,) * Quyét dinh
JI(NW | i dén
N21 N22 N23
N, | 2+11=13 | 4+7=11 | 2+8=10 10 N,
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Thi du tim dwéng ngan nhat duing DP (tt)

* Vong xudi: di tr bwdc 1 dén bwdce 5 dé rut ra dworng di toi wu
* Két luan:
Puwong di tdi wu: N, > N,, > N,, > N,, > N,
hoac: N;, > N,;, > N,, > N,, > N
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Bai toan diéu khién ti wu dong r&i rac

* Cho doi twong mo ta bdi phwong trinh sai phan:
xX(k+1) = f(x(k),u(k)) ()
trong do: x(k) =[x, (k),x,(k)....,x,(k)]": vector trang thai
u(k)=[u,(k),u,(k),...,u, (k)]": vector tin hiéu diéu khién
* Trang thai dau: x(0) = x, , trang thai cudi: x(N)=x,

* Bai toan diéu khién t6i wu: tim tin hiéu u(k) sao cho:

J=¢(N,x,)+ ]EL(x(k), u(k)) - min

Chu y: Bai toan t6i wu diém cudi tw do #(N,x,, ) =0
Bai toan toi wu diém cudi co dinh ¢(N, x, ) =0
* Y twdng gidi bai toan DK toi wu rdi rac dung nguyén ly toi wu
Bellman: tim kiem nghiém lf*(k) p,hu thuQc x*’(k) theo chiéu
ngwoc hwdng quy dao tw diem cudi x,, dén diem dau X,
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PP qui hoach dong gii bai toan PK to6i wu roi rac

* Dat ham muc tiéu t6i vu cho doan qui dao t.thai cudi ké tir diém x(k)

J(x(k))= min {¢(N, x(N)) + NZ_IL(x(i), u(i))}, (k=0,N—1)

u(k),.. .u(N-1)

* Biéu dién J, (x(k)) duéi dang:

Ji(x(k)) = min {L(x(k),u(k))+¢(N,x(N))+ ZL(x(i),u(i))}

u(k),...u(N-1) i=k+1

= J; (x(k)) = min{L(x(k), u(k)) + |, (x(k +1))]

u(k)

= J(x(k)) = min{L(x(k), u(k)) + J,, (f (x(k),u(k)))] (PT Bellman)

u(k)
x D@ thiy: J,, (x(N)) = (N, x(N)) va J; (x(0)) = min{J }

* (Gi1ai N phuong trinh Bellman theo thir tu £ = N -1 — 0 s€ tim duogc
tin hi€éu diéu khién to1 uu.
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Trinh tw giai bai toan DK téi wu ré&i rac dung DP

* Poi twong: x(k+1)= f(x(k),u(k))

* Yéu cau thiet ké: Tim tin hiéu " (k),k=0,1,..,N—1 diéu khién
hé théng ’EU’ trang thai dau {(O)zxo dén trang thai cudi x(N)
sao cho toi thiéu chi tiéu chat lwong:

J=¢(N,x,)+ NZ_IL(x(k), u(k)) — min

* Buwére 1: Viét phwong trinh Bellman:
J; (x(k)) = min{Z(x(k), u(k)) + I, (f (x(Kk), u(k)))} (k =0.L,....N ~1)

u(k)
VoI Ty (X(N)=$(N, x,)
x Bwoére 2: Giai phwong trinh Bellman qua 2 vong:

» Vong nguwoc: k=N-1—0 tim u (k) phu thudc x(k)
> Vong thuan: k=0— N -1 tinh cuthé u (k) tir d/kién dau x,
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Trinh tw giai bai toan DK toi wu r&i rac dung DP (tt)

0 Vong ngwoc: tim u (k) phu thude x(k) (k=N-1—0), gdbm cac
bwdc:
* Tim u (N —1) phu thuéc x(N —1) la nghiém bai toan toi wu:
Ty (x(N =1)) = min {L(x(N ~1),u(N 1)) + $(N, x(N))}

u(N-1)

voi rang budcf(x(N —1),u(N —1)) = x(N)
* V&i k=N-2—0:timu (k) phu thudc x(k) 1a nghiém PT Bellman:

J; (x(k)) = min{L(x(k), u(k)) + ;. (f (x(k), u(k)))

u(k)
voi J. () la biéu thirc ham muyc tiéu toi wu toi wu doan quy
dao cudi da tim dwoc & buwdc trwdc do.
ou(k)
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Trinh tw giai bai toan DK toi wu r&i rac dung DP (tt)

0 Vong xudi: xac dinh gia tri cu thé uZ(k) . Thwe hién cac buwdc
sau day voi k=0,1,2,....N-1:

> Gan x(k) vao cong thirc u (k) da tinh & vong ngugc dé
dwoc gia tri cu thé cla u’ (k)

> Thay u (k) vao mé hinh toan ctia doi twong dé tinh dwoc
trang thai toi wu & thoi diém (k+1)

x(k+1) = f(x(k),u’ (k))

S
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Piéu khién téi wu ré&i rac dung DP — Thi du 1

* Xét dbi twong la khau quan tinh bac 1 c6 mo hinh trang thai:
x(k+1)= %x(k)+%u(k)
* Xac dinh tin hiéu diéu khien toi wu de dieu khien hé thong tw
trang thai dau x(0)=4 dén trang thai cudi x(4)=0 sao cho:
J = i(xz(k) +u’°(k)) = min
« Giai: ”
* Phuwong trinh Bellman:

T (x(k)) = min{L(x(k), u(k)) + I, (f (x(k), u(k)))|

u(k)

= J (x(k)) = min{x2 (k)+u’(k)+J, ,(0.5x(k)+ O.Su(k))} (k=0->3)

u(k)

V&i: T (x(4)) =0
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Piéu khién tbi wu r&i rac dung DP — Thi du 1 (tt)

Q Vong ngwoc: Vi k = 3:
Phuwong trinh Bellman:

J(x(3)) = mini* (3) +1° (3)] (doJ;(x(4)=0 )

Diéu kién rang budc0.5x(3) +0.5u(3) = x(4) = 0
Ldi gidi: u (3)=—x(3) (dé thda man diéu kién rang budc)

=  J;(x(3)=2x"(3)
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Piéu khién tbi wu r&i rac dung DP — Thi du 1 (tt)

Q Vong ngwoc: V&i k = 2:
Phwong trinh Bellman:

J3(x(2)) = minf*(2) +17 (2) + J; (x(3))

— J3(x(2)) = min{x*(2) +1u>(2) + 2x>(3)}

u(2) . 5
= J,(x(2)) =mins x*(2) +u*(2) + 2[% x(2)+ % u(2))} }

u(2)
= J,(x(2)) = min; 3 x*(2)+x(2)u(2) + % u’ (2)}

u() | 2
oJ,(.) _ . _@
o) —8u(2) x(2)+3u2) = u (2)= :

- s 2] fi022)

= SG@) =15 )
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Piéu khién tbi wu r&i rac dung DP — Thi du 1 (tt)

Q Vong ngwoc: Vi k = 1:
Phwong trinh Bellman:
J} (x(1)) = minfe’ (1) + > (1) +.7 (x(2)}

= J; (x(1) = min{x’ () +" (1) +§x2<2>}

= Jl* (x(1)) = mins x° (1) + u’ 1)+ g [% (x(1)+ u(l))} }

u(1)

= G0 =mint 20+ 22w+ 0 |
LOS() _2 8 e x(D)
Do: e x(l)+3u(1) = u' ()= y
= J(x(1) = x2(1) +(— %”j +;‘an> —xg)ﬂ
= J(x(1)) = %f(l)
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Piéu khién tbi wu r&i rac dung DP — Thi du 1 (tt)

Q Vong ngwoc: Véi k=0:
Phwong trinh Bellman:
T3 (x(0)) = min{e® (0) +1*(0) + ] (x(1))]

= J: (x(0)) = %?{xz (0)+u>(0) + % X (1)}

= J,(x(0)) = min< x*(0) +u>(0) + % {% (x(0)+ u(O))} }

u(0)
= J ; (x(0)) = nuq((l)r)l{lz—; x”(0)+ g x(0)u(0)+ 12_61 u’ (O)}

Do: o) _ é)C(O)Jrﬂu
ou(0) 8 3

* 2 5 2 5 1 5 2
= J, (x(0)) = x (O)+(—Ex(0)j +4{2( (0)—21x(0)ﬂ
26 ,

= Jy(x(0) =72 (0)

0) = u*<0>=—%x<0>
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Thi du giai bai toan DK téi wu r&i rac dung DP (tt)

Q Vong Xuoi:

biéu kién dau: x(0)=4

N s 20
Véik=0: u (0)= x(O) 21
l : 1( 20} 32
x(l)—g(x(0)+u (O))_§(4_Ej_i
Vi k = 1: u*a)__&) 8
4 21
- fovor- i35
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Thi du giai bai toan DK téi wu r&i rac dung DP (tt)

Q Vong Xuoi:

Véik=2: u'(2) =—%2)=—%
x(3)=§<x<2>+u*<2>>=%[1221— 241]%

Vi k=3: u (3)=—x(3) =—%
x(4):%(x(3)+u*(3)):%(241— 241)20

Két luan: Chudi tin hiéu DK t6i wu la: u’ :{— I 4}

21" 217 217 21
Chi tiéu chat lwong toi wu: J = J (x(0)) = %xz(o) = %
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Qui hoach ddng giai bai toan PK toi wu lién tuc

* Cho d6i tugng mo ta boi phuong trinh trang thai:

x(t) = f (x(2), u(?),)

Trang thai dau: x(0) = x, , trang thai cudi: x(¢ P)=X;

* Bai toan diéu khién t6i wu: tim tin hiéu diéu khién u(¢) sao cho:
J () = g(x(t )+ [ L(x(t). u(2),t)de — min %)

* Dit: Him muc tiéu toi wu doan quy dao cubi tir thoi diém t,, trang
thai x; dén tho1 diém cudi 1, trang thai cudi x(7)) la

T (1) = min{ ¢(ax(t,) + [ LCe(0),u(o). 0 |

* Néu ton tai 101 giai toi uu ctia bai toan (*) thi ham muc tiéu t6i vu doan quy
dao cudi phai thoa man phuong trinh Hamilton-Jacobi-Bellman:

_ aJ " (t, x) - min{L(x, u,t)+ {(’H*a(t,x)} f(x, u,t)}
X

ot o)
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PIEU CHINH TOAN PHUONG TUYEN TINH
(Linear Quadratic Regulator — LQR)

T
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Bai toan LQR lién tuc

* DOoi tugng tuyén tinh mo ta boi phuong trinh trang thai:
x(t) = Ax(t)+ Bu(?) (*)
trong d6: x(¢) =[x,(¢), x,(¢),...,x,(¢)]" : vector trang thai
u(t) =[u,(t),u,(t),....u, (t)]" : vector tin hiéu diéu khién

* Bai toan dit ra 1a tim tin higu dicu khién u(#) diéu chinh h¢ thong tir
trang thai dau x(0) = x, bat ky vé trang thai cudi x(t;) = 0 sao cho
toi thiéu chi tiéu chat lugng dang toan phuong:

J(u) = %xT (¢, )Mx(t, )+ % [l ®0x(0) +u" () Ru(r) s

trong do6 Q va M la cac ma tran trong s6 ban xac dinh duong
R 1a ma tran trong s6 xac dinh duong

* Bai toan trén duogc goi 1a bai toan diéu chinh toan phuong tuyén tinh.
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Didu kién cwe tri bai toan LOR lién tuc

* Ham Hamilton:
H = % [xT (H)O0x(t)+u" (t)Ru(t)]+ A ()| Ax(t) + Bu(?)]

ooo

PT trang that: x(t) = Ax(t)+ Bu(t) (1)
PT dong trang thai: A(¢) = —2_H =—-0x(t)— AA(?) (2)
X
o A . A N aH T
DPiéu kién dung: P Ru(t)+ B A(t)=0 (3)
u
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Cich tim 161 giai t6i wu

x Rat u(f) tr 3):

u(t)=—R"'B"A(¢) (4)
* Thay (4) vao (1), ta dugc
x(t)=Ax(t)-BR'B"A(¢) (5)

* Két hop (5) va (2), ta dugce phuong trinh vi phan:

x(1)| _| A -BR'B’ {x(z)} (6)
A |-0 —A A(?)

* (Gia1 phuong trinh vi phan (6), tim duoc x(¢) va A(¢)

14
---

T
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Loi giai bai todn LQR lién tuc

* Tin hiéu diéu khién téi vu: wu (¢) = —K()x(?)
trong do: K(t)=R'B"P(¢)
va P(¢) 1a nghiém ban xac dinh duong cua phuong trinh vi phan Ricatti:

—P=PA+A"P+Q-PBR'B'P
Pt )=M
* Lo1 giai phuong trinh Ricatti:

> Truong hop hé bac 2: ¢o thé giai bang tay
> Truong hop tong quat: tham khao thém trong tai liéu
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Bai toan LQR lién tuc thoi gian vo han

* Doi tugng tuyén tinh mo ta boi phuong trinh trang thai:
x(t) = Ax(t)+ Bu(t)

* Chi tiéu chat luong dang toan phuong, trong d6 thoi diém cuoi t 700
J(u) = % [l @0x(0) +u” (1) Ru(t) i
0

* Tin hiéu diéu khién toi vu:  u (¢) = —Kx(t)
trong d6: K=R'B'P
va P 1a nghiém ban xac dinh duong cua phuong trinh dai so Ricatti:
PA+A"P+0—-PBR'B'P=0
* Chu y: trong truong hgp nay K va P la khong phu thudc thot gian

* Gia tri cuc tiéu cua chi tiéu chat lugng: J . =x"(0)Px(0)
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Diéu khién LQR lién tuc — Thi du 1
* Cho hé tuyén tinh bac 1 khéng 6n dinh mé ta boi PTTT:
x(t) =3x(t)+ 2u(t)

* Yéu cau: Thiét ké luat diéu khién u(r) dé hé kin on dinh va t6i thiéu
chi tiéu chat luong:

J = %I(xz (1) +5u’(2))dt

* Gidi:
* Phuong trinh dai s6 Ricatti: PA+ A" P+Q—PBR'B"P=0
= P.3+3.P+1—P.2%.2.P: 0 = %Pz ~6P-1=0

= P =7.663 (chon nghiém xac dinh duong)

. 1
* D¢ loi hdi tiép trang théi: K = R'B'P = K = 2:7:663) =3,065

* Luat diéu khién téi wvu: u(t)=—-Kx(t) = u(t)=-3,065x(¢)
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Diéu khién LQR lién tyc — Thi du 2

, X X

* Cho hé tuyén tinh bac 2 mo ta béi PTTT: { ' 7

X, =U

* Yéu cdu: Thiét ké luat diéu khién u(f) dé hé kin on dinh va t6i thiéu
chi tiéu chat luong:

J = %I(zxf (1) +2u’(2))dt

x Gidi:
* Viét lai phuong trinh trang thai: ).Cl(t) — 0 1= + 0 u(t)
X, (1) 0 0] x,(2) 1
" ——
A B

* Viét lai chi tiéu chat lugng:

15 2 0 x 5
J_E-([[xl xz]{o O}Lz}rl%u (1))dt

%/_J

0
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Diéu khién LQR lién tyc — Thi du 2

* Phuong trinh dai s6 Ricatti:
PA+A"P+0—-PBR'B'P=0

= + +
p, p; |0 O 1 0| p, p; 0 0

el

:{0 pl}{o 0}{2 0}_1{ p; Py
0 p, P P 0 0] 2\ p,p; p;

1 1
2—51922 P~ PaPs
= i i =0
__ 2p. —— p?
_pl 2p2p3 P> 2173_

}o
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Diéu khién LQR lién tyc — Thi du 2

2—— 220 4
2]92 p1=2\/5
1 W22
= PP =0 = p,=2 = P=
2 \/— 2 2\/5
1 Py =22
2p,——p; =0
\ 2
* Do 1g1 hoi ti€p trang thai:
K=R'B'P = K=1[0 1] 222 | K=[1 2]
2 2 22

* Luat diéu khién to1 uu:

(1) = —Kx(t) =1 ﬁ]{xl (ﬂ = u () = —x, ()25, (1)

X, (¢
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Diéu khién LQR lién tuc — Thi du 3

* Cho hé tuyén tinh bac 2 mo ta bo1 PTTT:

e R I e S C
50| -1 2] x50

A B

* Yéu cdu: Thiét ké luat diéu khién u(f) dé hé kin 6n dinh va t6i thiéu
chi tiéu chat lugng:

o0

Jod j [2x2 () + X2 () +u (1)]dt
x Gidi: 25

* Viét lai chi tiéu chat lugng:
1% 2 0 x )
2!([1 21{0 Ju ! (1))
%/_/
0
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Diéu khién LQR lién tuc — Thi du 3

* Phuong trinh dai s6 Ricatti:
PA+A"P+0—-PBR'B'P=0

P P 0 1} {O _1}{171 pz} {2 0]
= - +
[pz pj{—l -2 1 =2 p, p; 0 1_
_|:p1 pz}[o]o 1]{171 pZ}:()
P, D 1) P, Ds
:{_pz p1_2p2:|+|: — P — Ps }{2 O}_{ p; pzljﬂzo
-ps P2ps| |P—2p, pPa—2p;) |0 1] | ppy D

:{ ~2p, +2-p;3 p1—2p2—p3—pzp3}0
—p3s+ P —2p,— P, 2p2_4p3+1_p32
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Diéu khién LQR lién tuc — Thi du 3

—2p,+2-p; =0 (P =2.403
=2 =0 )73y (choncic
—ps+ P —2p,—p,p; =0 _0.542 nghiém duong)
2p,—4p,+1-p; =0 SE
2.403 0.732
—> P =
0.732  0.542

* Do loi hoi tiép trang thai:
2.403 0.732

K=R'B'P = K=[0 1]
0.732  0.542

} — K =[0.732 0.542]
xl(t):|

* Luat dieu khién t0i wu: u"(¢) = —Kx(¢) = —[0.732 0-542]{ (t)
Xy

= u (1) =-0.732x,(t) - 0.542x, (¢)
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Bai toan LQR rdi rac

* Cho doi tugng tuyén tinh roi rac mo ta bi phuong trinh trang thai:
x(k+1)=A,x(k)+ B, u(k) (*)
trong do: x(k) =[x, (k), x,(k)....,x, (k)]": vector trang thai
u(k) =[u,(k),u,(k),...,u, (k)] vector tin hiéu diéu khién
* Bai toan dit ra 1a tim tin hiéu diéu khién u(k) diéu chinh hé thong tur
trang thai dau x(0) = x, bat ky v¢ trang thai cudi x(/V) = 0 sao cho
to1 thiéu chi ti€u chat lugng dang toan phuong:

J(u) = %xT (N)Mx(N) + % Z X" (k) Ox (k) + u” (k) Ru(k)]

trong d6 Q va M la cac ma tran trong s6 ban xac dinh duong
R 12 ma tran trong s6 xac dinh duong
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Loi giai bai toan LQR roi rac

* Tin hiéu diéu khién t6i vu: u (k) = —K (k)x(k)

trong do: K(k)=|B'P(k+)B, + R BT P(k+1)A,

va P(k) 1a nghi€ém ban xac dinh duong cua phuong trinh Ricatti:
P()=A" (P(k +1)— P(k+1)B,(B/P(k+1)B, + R) B! P(k + 1)}401 +0
P(N)=M

* Nghiém phuong trinh Ricatti roi rac: lan luot thay & = (N —1) — 0
vao phuong trinh Ricatti s€ tim dugc P(k)
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Bai toan LQR roi rac thoi gian vo han
* Doi tuong tuyén tinh mo ta boi phuong trinh trang thai roi rac:
x(k+1)=A,x(k)+ B, u(k)

* Chi tiéu chat lugng dang toan phuong, trong d6 thoi diém cudi N=co:

J(u) = %i [x" (k)@x (k) +u” (k) Ru(k)|

* Tin hiéu diéu khién t6i vu:  u (k) = —Kx(k)
trong do: K= [B;PBd + RFBgPAd
va P 1a nghi€ém ban xac dinh duong cua phuong trinh dai so Ricatti:
P=A (P ~PB,(B'PB, +R) B/ P}ztd +Q
* Chu y: trong trudng hop nay K va P 1a khong phu thudc &

* Gid tri cuc tiéu cua chi tiéu chat lugng: J . =x"(0)Px(0)
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Loi giai bai toan LQR thoi gian vo han dung Matlab

* Nghiém phuong trinh dai s6 Ricatti lién tuc (continuous algebraic
Ricatti equation — care)

>> P=care(A,B,Q,R)

* Lot giai bai toan LQR (Linear quadratic Regulator — LQR) lién tuc
>> K=Iqr(A,B,Q.R)

* Nghiém phuong trinh dai s6 Ricatti roi rac(discrete algebraic Ricatti
equation — dare)

>> P=dare(A,B,Q,R)

* Lot giail bai toan LQR (Linear quadratic Regulator — LQR) ro1 rac
>> K=dlqr(A,B,Q,R)
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Loc Kalman lien tuc

X(£) = Ax(t)+ Bu(t) + w(t)
(1) = Cx(t)+v(t)

Trong d6: w(¢) 1a nhiéu hé thong; v(¢) 1a nhiéu do ludng.

* Xét hé tuyén tinh lién tuc: {

Gia st nhiéu hé thong va nhiéu do ludng c6 phan bé Gauss, khong
trong quan, co trung binh bang 0 va phuong sai la:

Elww'1=0, E[w']=R,

* B loc Kalman lién tuc: {;C(t) = [Ax(t) + Bu(t)]+ L y(1) - ¥(1)]
y(t) = Cx(1)
Trong do L 1a do 1¢i cua bd loc Kalman:
L=TIC'R}/
vo1 IT 1a nghi€ém cua phuong trinh Ricatti:
ATT+T14" -TIC'R;/CT1+Q, =0
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So d6 khoi bo loc Kalman lién tuc

uw®) ooy = axt)+ Bu 2] ¢ Q
i L [~ -

J:_> B J‘ x(1) I c | .

| y(?)

z R

« B loc Kalman: {fc(r)=Af(r)+Bu(t>+L<y<r>—f<r»

Trong do:

15 January 2014

y(1) = Cx(1)

L=TIC'R;/
AII+TIA" -TIC'R;/CTI+Q, =0
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Bo loc Kalman lién tuc — Thi du 1

* Cho hé tuyén tinh bac 2 mo ta bo1 PTTT:
x(t)= Ax(t)+ Bu(t)+w(?)
y(t) =Cx(t)+v(t)

[0 1 _[o _
Trong do: A_[_l _2} B_m C=[1 0]

E[ww']=0, = {0(')2 091} E[w']=R, =0.01

* Yéu cau: Thiét ké bd loc Kalman udc lwong trang thai cua hé théng
trén tur tin hi€u do y(¢).

* Gidi: .

x(t) = Ax(¢) + Bu(t) + L(y(1) — y(1))

y(t) = Cx(t)

L=TIC'R},
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Bo loc Kalman lién tuc — Thi du 1

* Trong d6 IT 1a nghiém ciia phuong trinh dai so Ricatti:
A[T+IT1A" +0Q, -TIC'R,/CII=0

0 1 | p pz} |:p1 pz[o _1} {0-2 O}
= + +
{_1 _2}L72 P3 p, pi| 1l =2 0 0.1
_| P pz}{l} 1 [1 O]|:p1 pz}:()
P> Ds 01]0.01 P, DP;
3{ P> Ps }_I_{pz _p1_2p2}+{0-2 O}
—-p—2p, —p,—2p; Dy — P, —2p; 0 0.1
_100|: p12 p11272:|20
PP, P
:{ 2p, +0.2-100p; ps—p1—2p2—100p1p2}20
ps—p—2p,—100pp, —2p,—4p;+0.1-p,
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Bj loc Kalman lién tuc — Thi du 1

(2p, +0.2-100p2 =0 (1)
= D= P —21?2 _100171172 =0 (2)
k—2p2—4p3+0.1—p22=0 (3)

2) &3)= p>+400p p,+4p +10p,—0.1=0 (4)
(1) &(4) = (50p2 —0.1)> + (50 p> —0.1)(400 p, +10)+4p, —0.1=0

= 2500 +20000p’ +490p> —36p, —1.09 =0

(p, =0.0441

pj:0.0262 - 1=0.00279  0.0262

—

I\

.

* D0 11 bo loc Kalman: L=]]C' R},

_ ;[ 00441 —0.00279T17 1 _ g _[4400
~1-0.00279  0.0262 ||0|0.01 0.279
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Loc Kalman ro1 rac

x(k+1)= A,x(k)+ B,u(k) + w(k)
(k)= C x(k)+v(k)

Trong d6: w(k) 1a nhiéu hé thong; v(k) 1a nhiéu do ludng.

* Xét hé tuyén tinh roi rac: {

Gia st nhiéu hé thong va nhi‘éu do ludng c6 phan bé Gauss, khong
twong quan, co trung binh bang 0 va phuong sai la:
Elww'1=0, E[W']=R,
* B0 loc Kalman ro1 rac:
{fc(k +1) =[A,x(k)+ B,u(k)]+ L [y(k+1)— p(k +1)]
y(k) = C x(k)
Trong do L 1a do 1o1 cua bo loc Kalman:
L(k) = ATI(k)C (C TI(k)C] + R, )

vo1 IT 1a nghi€ém cua phuong trinh Ricatti:

I(k+1)=ATI(k)A, +Q, - ATI(k)C,R,'C II(k)A,
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So' do khoi bo loc Kalman roi rac

u(t t
o | x (k+1) = A, x (k) + B —] ¢ Y0
i L -
: x(f) |
-1 B -1 > : >
i d Z Cd i )A/(t)
i Ad -— i

x(k+1)=[A,x(k)+ B,u(k)]+ L [y(k+1)—p(k+1)]

* BoO loc Kalman: !~ -
S {y(k)=CdX(k)

Trong do: L(k) = ATI(k)C} (C,TI(k)C] +R,, )
[I(k+1)= AII(k)A, +Q, — AJI(k)C) R,/ C T1(k)A,
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Loi giai bo loc Kalman dung Matlab

* Lo1 gid1 bo loc Kalman lién tuc:
>> L =1ge(A,G,C,QN,RN) %G ma tran don vi
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Bai toan diéu khién LQG (Linear Quadratic Gaussian)

* Xét hé tuyén tinh lién tuc bi tac dong bai nhidu Gauss:
x(t) = Ax(t) + Bu(t) + w(t)
y(t)=Cx(t)+v(t)
Trong d6: w(¢) 1a nhiéu hé thong; v(¢) 1a nhiéu do ludng. Gia su
nhiéu khong twong quan, cé trung binh bang 0 va phuong sai la:
E[wa]zQN E[w']=R,
* Bai toan dat ra Ia tim tin hi¢u diéu khién u(?) diéu chinh hé thong tir

trang thai dau x(0) = x, bat ky vé trang thai cudi x(t,) = 0 sao cho
t6i thiéu chi tiéu chat lugng dang toan phuong:

J(u)=FE {%T [xT (H)O0x(t) +u' (t)Ru(t)]dt}

trong d6 Q 1a cac ma tran trong s6 ban xac dinh duong
R 1a ma tran trong s6 xac dinh duong

15 January 2014 © H. T. Hoang - HCMUT 118




Nguyen ly tach roi

* Nguyén 1y tach roi: Bai toan toi wu LQG c6 thé giai bang cach giai
riéng bai toan diéu khién to1 vu tién dinh va bai toan uéc lugng trang
thai to1 uu.

LQG =LQR + Loc Kalman
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Lo giai bai toan diéu khién LQG
* Tin hiéu diéu khién téi wu LQR:
u (t)=—-Kx(t)
v&i d0 loi hoi tiép trang thai: K = R'B” P

trong dé P la nghiém ban xac dinh dwong cua pt dai so Ricatti:
PA+A"P+Q0—-PBR'B'"P=0

* B6 loc Kalman:

{:i:(r) =[A%(0) + Bu()]+ L{y(t) - $(1)]

y(t) = Cx(2)

voi do loi woc lwong: L=TIC'R}/

trong d6 I1 1a nghiém ban xac dinh dwong cua pt dai s Ricatti:
AIT+TIA" -TIC'R,/CTI+Q, =0
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So dd khédi bo didu khién LQG lién tuc

t
r(t) @ u(t) L0 = A+ Ba) x(t) o y(f)

e L |- ;
i £(0) :
_P | A
L2 I €50
i Al
K -
* Bo6 diéu khién LQR * B6 loc Kalman
u'(t) =—Kx(t) x(t) = Ax(t) + Bu(t) + L(y(t) - (1))
K=R'B'P P(t) = Cx(t)
PA+A"P+Q—-PBR 'B'P=0 L=TIC'R;

T T p-1
ATI+TIA" -TIC"R/CTI+Q, =0
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Doi twong diéu khién: hé con lac ngwoc

* Thoéng sb hé con lac nguoc
M =1.0 kg: trong luong xe
m=0.1kg : trong luong con ldc
[ = 1.0 m: chiéu dai con ldc
u: luc tac dong vao xe [N]

g : gia toc trong truong [m/s2]

X :vitri xe |m]

0: gbc gitia con ldc va phuong
thang ditng [rad]

* M6 hinh toan hé con lac nguwoc

o u+mli(sin 6)6°> —mg cos fsin &
M + m—m(cos )’

YA

Isin @

<

>

g

I —

=Y

S

. ucos@—(M +m)g(sin@)+ml(cosGsin )0

9 2
mi(cos@)” — (M +m)l
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PTTT phi tuyén cua hé con lac nguwoc

* Dat cac bién trang thai x, =0,x, =0,x, =x,x, = %

* Phwong trinh trang thai phi tuyén

X
% | | ucos x, —(M + m)g(sinle) +ml(cos x, sin x, )x,
Xy | mi(cosx,)’ —(M +m)l
X | X4
, u +ml(sin x,)x; —mg cos x, sin x,
I M +m—m(cosx,)’ |

* Yéu cau: Thiét ké bo diéu khién gilr can bang con lac quanh vi
tri thang dwrng
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PTTT tuyen tinh ctaa hé con lac ngworc

* PTTT tuyén tinh héa quanh diém can bang thang ding (goc
léch &nhd hon 10°)

* Thay cu thé théng s6 clia hé con lac ngwoc:

15 January 2014

0 1 0 O
M +m
0O O
M ©
0 O 0 1
m
e O 0 O
Mg _
0 1 0 O
10,78 0 O O
0 O 0 1
—098 0 0 0]
A
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Thiét ké bé diéu khién LQR
* Gia thiét:
> Pac tinh dédng cla hé con lac ngwoc co thé duwoc md ta
b&i hé phwong trinh bién trang thai tuyén tinh. Diéu nay
chi dung khi géc léch 6 nho.
> Hé thdng phan hdi trang thai day da, nghia la cé thé do
dwoc 4 bién trang thai (géc Iéch 6, van tbc géc, vi tri xe X,
vén toc xe)
> Khong co nhiéu tac ddng vao hé thong.

* Thiét ke dung Matlab:
> >> K =Igr(A,B,Q,R)
> Tuy theo dd I&n twong doi gitra trong s6 Q va R ma hé
thong cé dap tng qua dd va nang lwong tiéu ton khac nhau.
> Mubn trang thai dap rng nhanh tang thanh phan Q twong
ng
> Mubn gidm nang lwong tdng R
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Két qua mé phéng dieu khién LQR hé con lac ngwoc

0.5, \
& — 0
3 e -==
— — = OF”” T ————naoa —
100 0] 3% >
Q_ O 1 0 O 03, : 2 3 4 5 6
O 01 O a
0 0 0 1 %
R=1
z
Géc léch con lac ® : 2 3 4 5 6

Time [s]

dwoce gilr can bang
tot, tuy nhien vitrixe  k=[-343620 -10.7009 —-1000 —2.4109]
dao déng kha Ion
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Két qua mé phéng dieu khién LQR hé con lac ngwoc

10 0 0] %
0~ 01 0 0
|0 0 100 0 ~
00 0 1 3
- - £
R=1 o 1 2 3 4 5 6
20 ]

Tang trong sO Qa4
(twong wng vaoi vi tri
xe) = vi tri xe it dao ..

dong hon, tuy nhién

nang lwong tiéu ton K=[-701356 —-221091 -10.000 -11.0514]

tang Ién

[N]
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Két qua mé phéng dieu khién LQR hé con lac ngwoc

10 0 0] %
o1 0 0
2= 0 100 0 ~
00 0 I £
- - £
R=1

Khuyét diém cla bd =
diéu khién LQR la

néu cé nhiéu do

lwdng thi chat lwong
diéu khién bi anh K=[-70.1356 -221091 -10.000 —-11.0514]
hwéng dang ké
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Thiét ké bé diéu khién LQG
* Gia thiet:
> Hé thdng hoat dong trong mién tuyén tinh
» Gia st chi do dwoc gbc léch va vi tri xe
> CO nhiéu tac doéng vao hé thong. Nhiéu do vi tri xe co
phwong sai la 0.01; nhiéu do goc lIéch con lac co phwong
sal 0.001
— Dung loc Kalman dé wédc lwong trang thai va loc nhiéu

* Thiét ke dung Matlab:
» >>K =Iqr(A,B,Q,R)
» >> | =lIge(A,G,C,QN,RN) %G la ma tran don vi
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Thiét ké bd didu khién LQG
* Bo diéu khién LQR

'\

1 0 0 O

0- 01 0 0
00 100 0| » = K=[-701356 -221091 -10.000 —11.0514]
00 0 1

R=1

* BO loc Kalman

0, =0.0000017 [ 6.5617 —0.0571]
21.5437 —-0.1876

[ =
{0.001 0 } —0.5713  0.1470
0 0.0l |-1.9568  0.0271 |

N

~

(Do ta gia st khong cé nhiéu hé thong nén chon Q, rat bé. Hai
thanh phan cda Ry chinh la phwong sai clia nhiéu do lwdong)
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M6 phéng diéu khién LQG hé con lac ngwoc

E) LQG_InvertedPendulum_HNoise |Z| |E| E|

File Edit Wwiew Simulation Format Tools  Help

O =zE& 4 B <2 » |N|:|rmal ﬂ 32 = E '

Inverted Pendulum
L

YYYYY

Ready 125%: ode5
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Két qua mé phéng dieu khién LQG hé con lac ngwoc

[rad],[rad/s]

[m],[m/s]

Time [s]

B6 loc Kalman u’c’)’c; Iwo’ng trang thai va Ig_)c nhiéu, nhe’ vay ma
dap rng cua hé thong dieu khien LQG t6t hon LQR trong
tred'ng hop hé thong co nhiéu
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MOT SO CONG THU'C CAN NHO’
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Nghiém cua phwong trinh vi phan bac 1

* Phwong trinh vi phan bac 1 déng nhat : x(¢) + ax(¢) =0
—at

* Nghiém téng quat: x(¢) = Ce

* Hang s6 C dwoc xac dinh dwa vao diéu kién bién.
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Nghiém cua phwong trinh vi phan bac 1 (tt)

* Phwong trinh vi phan bac 1 khéng dong nhat :
x(t)+ax(t)=>b

X —at b
* Nghiém téng quat: x(t) =Ce -

* Hang s6 C dwoc xac dinh dwa vao diéu kién bién.
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Nghiém cua phwong trinh vi phan bac 1 (tt)

* Phwong trinh vi phan bac 1 khéng dong nhat :
x()+ p(D)x(t) =q(?)

Juog(ydr +C

H(2)
j p(t)dt

* Nghiém tong quat: x(¢) =

trong do:  wu(t)=e

* Hang s6 C dwoc xac dinh dwa vao diéu kién bién.
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Nghiém cua phwong trinh vi phan bac 2

* Phwong trinh vi phan bac 2 déng nhat ;  ai(¢t) + bx(t) + cx(¢) = 0

* Nghiém tong quéat:
> Trweong hop 1: A=b*—4ac >0
x(t)=Ce” +Cye™  V&ip,, =(~b+A)/(2a)
> Trweong hop 2: A=b*—4ac=0
x(t)=Ce” +Cte” vOi p=-b/(2a)

» Truwong hop 3A=h* —4ac <0
x(t) = C,e” sin St + C,e™ cos ft

V&i a=-b/(2a) VA B=+-A/2a)

* Hang s6 C, va C, dwoc xac dinh dwa vao diéu kién bién.
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Nghiém cua phwong trinh vi phan bac 2

* Phwong trinh vi phan bac 2 khéng dong nhat :
ax(t)+bx(t)+cx(t)=d

« Nghiém téng quat: x=z+%
C

trong dé z(t) 1a nghiém cua phwong trinh vi phan ddng nhat:
az(1)+b2(t) + cz(£) = 0

* Hang s6 C, va C, duoc xac dinh dwa vao diéu kién bién.
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Nghiém cua phwong trinh trang thai

* Phuwong trinh vi phan bac 1: x(¢) = Ax(¢) + Bu(t)
Piéu kién dau: x(z,) = x,

trong do: x(¢) =[x, (t), x,(?),...,x, (£)] € R"
A e mnxn

* Nghiém : x(t) = d(1)x(z,) + j (¢ - 7)Bu(r)dr
* Trong do: d(¢) = e™ 0
Cach 1: 0(t) =™ = £ {(sT - 4)"'|

Cach 2:0(r)=e* =C I+ C|A|+C,|A} +...+C _ [A]"

thay cac tri riéng 4, cua ma tran A (nghiém cua det(AI —A4)=0 )
vao phwong trinh trén sé tinh dwoc cac hé so C,
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Nghiém cua phwong trinh trang thai (tt)

*x Cac trwdng hop riéng cua phwong trinh vi phan bac 1:
> Néu B=0: x(t) = Ax(?)
x(1) =D()x(¢,) = eA(t_tO)x(to)

> Néu u=1: x(¢t)= Ax(¢t)+ B

x(t)=D(t)x(t,)+ j O(t—7)Bdrt
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Téng ket chwong

Sau khi hoc xong chuwong 3, sinh vién phai cé kha nang:

* Gidi bai toan toi wu déng khdng rang budc va co rang budc

* Thanh Iap céac bai toan diéu khién t6i wu déng

* Gidi bai toan t6i wu déng lién tuc dung phwong phap bién
phan

* Gidi bai toan tdi wu roi rac dung phwong phap qui hoach
doéng

* Thiét ké bo diéu khién LQR, bo loc Kalman, bd diéu khién
LQG
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