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MUC DICH NGHIEN CUU
Muc dich ctia luan vian nay la trinh bay sau hon sau hon vé da thicc bat kha quy. Bén
canh mot hé thong ly thuyét t6i thiéu can thiét, luan van dwa ra cac dang bai tap va mot

s6 phuong phap khao sat tinh bat kha quy cta da thiec.
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BO CUC CUA LUAN VAN
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BO CUC CUA LUAN VAN

Luan van bao gom hai chuong.
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BO CUC CUA LUAN VAN
Luan van bao gom hai chuong.

e CHUONG 1. MOT SO VAN DBE CO SO
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BO CUC CUA LUAN VAN
Luan van bao gom hai chuong.
e CHUONG 1. MOT SO VAN PE CO SO

Trong phan nay chiing toi chi chi trong néu nhimg kién thiic co ban va cac két qua

ma trong chuong 2 ¢6 nhiéu ing dung.
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BO CUC CUA LUAN VAN
Luan van bao gom hai chuong.
e CHUONG 1. MOT SO VAN PE CO SO

Trong phan nay chiing toi chi chi trong néu nhimg kién thiic co ban va cac két qua

ma trong chuong 2 ¢6 nhiéu ing dung.

e CHUONG 2. MOT SO PHUONG PHAP KHAO SAT TINH BAT
KHA QUY CUA PA THUC.
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BO CUC CUA LUAN VAN
Luan van bao gom hai chuong.

o CHUONG 1. MOT SO VAN DE CO SO
Trong phan nay chiing toi chi chi trong néu nhimg kién thiic co ban va cac két qua
ma trong chuong 2 ¢6 nhiéu ing dung.

e CHUONG 2. MOT SO PHUONG PHAP KHAO SAT TINH BAT
KHA QUY CUA DA THUC.
Trong chuong nay, ching t6i dua ra bén phuong phap co ban ve khao sat tinh bat

kha quy cua da thic, do la:
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BO CUC CUA LUAN VAN

Luan van bao gom hai chuong.

o CHUONG 1. MOT SO VAN DE CO SO
Trong phan nay chiing toi chi chi trong néu nhimg kién thiic co ban va cac két qua
ma trong chuong 2 ¢6 nhiéu ing dung.

e CHUONG 2. MOT SO0 PHUONG PHAP KHAO SAT TINH BAT
KHA QUY CUA DA THUC.
Trong chuong nay, ching t6i dua ra bén phuong phap co ban ve khao sat tinh bat
kha quy cua da thic, do la:

* Cac phuong phap so cap,
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BO CUC CUA LUAN VAN
Luan van bao gom hai chuong.

o CHUONG 1. MOT SO VAN DE CO SO
Trong phan nay chiing toi chi chi trong néu nhimg kién thiic co ban va cac két qua
ma trong chuong 2 ¢6 nhiéu ing dung.

e CHUONG 2. MOT SO0 PHUONG PHAP KHAO SAT TINH BAT
KHA QUY CUA DA THUC.
Trong chuong nay, ching t6i dua ra bén phuong phap co ban ve khao sat tinh bat
kha quy cua da thic, do la:

* Cac phuong phap so cap,

* Phuong phap dua vao tinh chia hét ctia cac hé s6 caa da thic,
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BO CUC CUA LUAN VAN
Luan van bao gom hai chuong.

e CHUONG 1. MOT SO VAN DE CO' SO
Trong phan nay chiing toi chi chi trong néu nhimg kién thiic co ban va cac két qua
ma trong chuong 2 ¢6 nhiéu ing dung.
e CHUONG 2. MOT SO PHUONG PHAP KHAO SAT TINH BAT
KHA QUY CUA DA THUC.
Trong chuong nay, ching t6i dua ra bén phuong phap co ban ve khao sat tinh bat
kha quy cua da thic, do la:
* Cac phuong phap so cap,
* Phuong phap dua vao tinh chia hét ctia cac hé s6 caa da thic,

* Phuwong phap dwa vao viéc so sanh do 16n cua cac hé so caa da thice
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BO CUC CUA LUAN VAN
Luan van bao gom hai chuong.

e CHUONG 1. MOT SO VAN DE CO' SO
Trong phan nay chiing toi chi chi trong néu nhimg kién thiic co ban va cac két qua
ma trong chuong 2 ¢6 nhiéu ing dung.
e CHUONG 2. MOT SO0 PHUONG PHAP KHAO SAT TINH BAT
KHA QUY CUA DA THUC.
Trong chuong nay, ching toi dwa ra bon phuong phap co ban vé khao sat tinh bat
kha quy cua da thic, do la:
* Cac phuong phap so cap,
* Phuong phap dua vao tinh chia hét ctia cac hé s6 caa da thic,
* Phuwong phap dwa vao viéc so sanh do 16n cua cac hé so caa da thice
* Phuong phap dua vao cac tinh chat sé hoc cta cac gia tri da thic tai cac gia tri

nguyén.
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BO CUC CUA LUAN VAN
Luan van bao gom hai chuong.

o CHUONG 1. MOT SO VAN BE CO SO
Trong phan nay ching toi chi chi trong néu nhimg kién thiic co ban va cac két qua
ma trong chuong 2 ¢6 nhiéu ing dung.
e CHUONG 2. M()T SO0 PHUONG PHAP KHAO SAT TINH BAT
KHA QUY CUA DA THUC.
Trong chuong nay, chiing toi dua ra bon phuong phap co ban vé khao sat tinh bat
kha quy cua da thic, do la:
* Cac phuong phap so cap,
* Phuong phap dua vao tinh chia hét caa cac hé so caa da thic,
* Phuong phap dwa vao viéc so sanh do 16m cua cac hé so cua da thie
* Phuong phap dua vao cac tinh chat s hoc cta cac gia tri da thic tai cac gia tri
nguyén.
Sau cac vi du minh hoa cho timg phwong phap, chiing toi déu c6 néu mot so bai tap

dé nghi.
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CHUONG 1: MOT SO VAN D

1.1.1 Nghiém cuaa da thic

1.1.2 Cac phép toan trén da thic
1.1.3 Cac tinh chat co ban

1.1.4 Uéc, wc chung l6m nhat

1.1.5 Pa thiic nguyén ban
1.1.6 Cong thiic néi suy Lagrange
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CHUONG 1: MOT SO VAN DK CO SO
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CHUONG 1: MOT SO VAN DK CO SO

e 1.2.1 Dinh nghia. Cho o # 0 1a mot phan ti khong kha nghich
cia mot mién nguyén D. Ta noi
i) o 1a mot phan tir kha quy trén D néu no viét duoc dudi dang tich
cta hai phan tir khong kha nghich cta D.
ii) o 1a mot phan tir bat kha quy trén D néu n6 khong phéi 1a phan ti
kha quy.
Cho f(x) € D[x]. Tandi f(x) la khd quy (twong tng bat kha quy)
trén D (hay trén D|z]) n€u n6 la phan tir kha quy (twong tng bat khé
quy).
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CHUONG 1: MOT SO VAN DE CO SO

e 1.2.1 Dinh nghia. Cho « # 012 mot phan tir khong kha nghich

ctia moOt mién nguyén D. Ta noi

i) o 1a mot phan tir kha quy trén D néu n6 viét dugc dudi dang tich
ctia hai phan t& khong kha nghich ctia D.

ii) o 1a mot phan ti bat kha quy trén D néu n6 khong phai 1a phan ti
[ GERIA

Cho f(x) € D[x]. Tandi f(x) 1a khi quy (twong tGng bat kha quy)
trén D (hay trén D|[x]) n€u n6 la phan t& kha quy (twong tng bat kha
quy).

1.2.2 Nhan xét. Cac phan ti kha nghich trén D[z] 1a cac da thic
hang f(z) = a v6i « kha nghich trén D. T d6 suy ra

i) Da thuc f(x) € Z[x] 1a bat kha quy trén Z (hay bat kha quy trén
Z|x] hay bat kha quy) néu f(x) #Z 0,41 vanéu f(z) = g(x)h(x),
voi g(x) va h(x) € Z[x] thi g(x) = £1 hoidc h(x) = +1.

ii) Da thic f(x) € Q[x] 1a bat kha quy trén Q (hay bat kha quy trén
Q[x]) néu f(x) # C (v6i C la hing s6) va néu f(z) = g(x)h(x),
voi g(x), h(x) € Q[x] thi degg(x) = 0 hodc degh(x) = 0.
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CHUONG 2: MOT S!Ai PHUONG l’llAP
KHAO SAT TINH BAT KHA QUY CUA DA THUC
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CHUONG 2: MOT S!Ai PHUONG l’llAP
KHAO SAT TINH BAT KHA QUY CUA DA THUC

2.1 Cac phuwong phap so cap
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CHUONG 2: MOT SO PHUONG PHAP
KHAO SAT TINH BAT KHA QUY CUA PA THUC

2.1 Cac phuwong phap so cap

Céc phuong phdp so cdp dé€ khao sat tinh bat kha quy cla da thic phd bién 1a: phuong
phdp phan ching, phuong phdp hé s6 bt dinh, xét gid tri cla da thic tai mot s6 diém. Cac

phuong phép nay rat thich hop cho hoc sinh phd thong.
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CHUONG 2: MOT SO PHUONG PHAP
KHAO SAT TINH BAT KHA QUY CUA PA THUC

2.1 Cac phuwong phap so cap

Céc phuong phdp so cdp dé€ khao sat tinh bat kha quy cla da thic phd bién 1a: phuong
phdp phan ching, phuong phdp hé s6 bt dinh, xét gid tri cla da thic tai mot s6 diém. Cac

phuong phép nay rat thich hop cho hoc sinh phd thong.

2.2 Phwong phap dua vao tinh chia hét caa cac hé
s0 cua da thiic
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CI!U'(D'NG 2: MOT S!Ai l’lllJ’?(VNG l’llz;l’
KHAO SAT TINH BAT KHA QUY CUA PA THUC
2.1 Cac phuwong phap so cap

Céc phuong phdp so cdp dé€ khao sat tinh bat kha quy cla da thic phd bién 1a: phuong
phdp phan ching, phuong phdp hé s6 bt dinh, xét gid tri cla da thic tai mot s6 diém. Cac

phuong phép nay rat thich hop cho hoc sinh phd thong.

2.2 Phwong phap dua vao tinh chia hét caa cac hé
s0 cua da thiic

e 2.2.1 Tiéu chuin Eisenstein
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CHUONG 2: MOT S!‘i PHUONG l’llAP
KHAO SAT TINH BAT KHA QUY CUA DA THUC
2.1 Cac phuwong phap so cap
Céc phuong phdp so cdp dé€ khao sat tinh bat kha quy cla da thic phd bién 1a: phuong

phdp phan ching, phuong phdp hé s6 bt dinh, xét gid tri cla da thic tai mot s6 diém. Cac

phuong phép nay rat thich hop cho hoc sinh phd thong.

2.2 Phwong phap dua vao tinh chia hét caa cac hé
s0 cua da thiic

e 2.2.1 Tiéu chuin Eisenstein

e 2.2.2 Cac da giac Newton
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CHUONG 2: MOT S!‘i PHUONG l’llAP
KHAO SAT TINH BAT KHA QUY CUA DA THUC
2.1 Cac phuwong phap so cap
Céc phuong phdp so cdp dé€ khao sat tinh bat kha quy cla da thic phd bién 1a: phuong

phdp phan ching, phuong phdp hé s6 bt dinh, xét gid tri cla da thic tai mot s6 diém. Cac

phuong phép nay rat thich hop cho hoc sinh phd thong.

2.2 Phwong phap dua vao tinh chia hét caa cac hé
s0 cua da thiic

e 2.2.1 Tiéu chuan Eisenstein
e 2.2.2 Cac da giac Newton

2.3 Phuong phap dua vao viéc so sanh do lom cua
cac hé so cua da thic
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CHUONG 2: MOT S!‘i PHUONG l’ll[\l’
KHAO SAT TINH BAT KHA QUY CUA DA THUC

2.1 Cac phuwong phap so cap

Céc phuong phdp so cdp dé€ khao sat tinh bat kha quy cla da thic phd bién 1a: phuong
phdp phan ching, phuong phdp hé s6 bt dinh, xét gid tri cla da thic tai mot s6 diém. Cac

phuong phép nay rat thich hop cho hoc sinh phd thong.

2.2 Phwong phap dua vao tinh chia hét caa cac hé
s0 cua da thiic

e 2.2.1 Tiéu chuin Eisenstein

e 2.2.2 Cac da giac Newton

2.3 Phuong phap dua vao viéc so sanh do lom cua
cac hé so cua da thic
D€ so sanh céc hé so clia da thic va cic gid tri da thiic, ching toi thuong dung bat ding
thic chira dau gia tri tuyét d6i. Trong s6 céac vi du minh hoa va bd dé sau day, ching toi
¢6 ching minh dinh 1y Perron va dong thoi dwa ra mot s6 bai toan ung dung cta dinh ly

nay.
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CHUONG 2: MOT S!‘i PHUONG l’llAP
KHAO SAT TINH BAT KHA QUY CUA DA THUC
2.1 Cac phuwong phap so cap
Céc phuong phdp so cdp dé€ khao sat tinh bat kha quy cla da thic phd bién 1a: phuong

phdp phan ching, phuong phdp hé s6 bt dinh, xét gid tri cla da thic tai mot s6 diém. Cac

phuong phép nay rat thich hop cho hoc sinh phd thong.

2.2 Phwong phap dua vao tinh chia hét caa cac hé
s0 cua da thiic

e 2.2.1 Tiéu chuan Eisenstein
e 2.2.2 Cac da giac Newton

2.3 Phuong phap dua vao viéc so sanh do lom cua
cac hé so cua da thic

2.4 Phuong phap dwa vao cac tinh chat sé hoc caa
cac gia tri da thuc tai cac gia tri nguyén
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CHUONG 2: MOT S!Ai PHUONG l’llz?l’
KHAO SAT TINH BAT KHA QUY CUA DA THUC

2.1 Cac phuong phap so’ cap

Céc phuong phap so cap dé khao sat tinh bat kha quy clia da thic phd bién la: phuong
phdp phan chiing, phuong phdp hé s6 bat dinh, xét gid tri clia da thic tai mot s6 diém. Cac

phuong phdp nay rat thich hop cho hoc sinh phd thong.

2.2 Phuong phap dua vao tinh chia hét cua cac hé
so cua da thiic

e 2.2.1 Tiéu chuin Eisenstein

e 2.2.2 Cac da giac Newton

2.3 Phuong phap dua vao viéc so sanh do lon cua
cac hé so cua da thic

2.4 Phuong phap dwa vao cac tinh chat sé hoc ciaa
cac gia tri da thuc tai cac gia tri nguyén

® Vi cac phuong phap so cap, ching toi da dé cap dén viéc khao sat tinh bat kha
quy biang cach xét gia tri ciia da thitc tai mot s6 diém. Trong muc nay, chiing toi
ti€p tuc phat trién phuwong phap dé nhung chu yéu dua vao cac tinh chat so hoc cia
cac gia tri da thic tai cac gia tri nguyén. Cac vi du minh hoa & day bao gom cac

kién thive <o can 1310 cao can.
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Luan vidn da trinh bay mot s6 van dé co s& va bon phuong phéap khéo

A
A

sat tinh bat kha quy cta da thiic.
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e Nhitng dong gbp chinh ctia luan van la:
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@

e Nhitng dong gbp chinh ctia luan van la:

A
A

1. Trinh bay mot cach c6 hé théng nhimg khai niém, co s& va cic két qua
co béan vé céc da thuc bt kha quy trén cac vanh s6 nguyén va cac truong so
(chi yéu 1a QQ).
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e Nhitng dong gbp chinh ctia luan van la:

A
A

1. Trinh bay mot cach c6 hé théng nhimg khai niém, co s& va cic két qua
co béan vé céc da thuc bt kha quy trén cac vanh s6 nguyén va cac truong so
(chi yéu 1a QQ).

2. Phan loai, dua ra cic phuong phap giai cung cac vi du minh hoa va cac
bai tap cho viéc khao sat tinh bat kha quy biang cac phuong phap. Dic biét
phuong phép st dung tich chap cuia hai da thitc va phuong phép st dung cac
da gidc Newton chua c6 trong cdc sach tham khao bing tiéng Viét.
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e Nhitng dong gbp chinh ctia luan van la:

A
A

1. Trinh bay mot cach c6 hé théng nhimg khai niém, co s& va cic két qua
co béan vé céc da thuc bt kha quy trén cac vanh s6 nguyén va cac truong so
(chi yéu 1a QQ).

2. Phan loai, dua ra cic phuong phap giai cung cac vi du minh hoa va cac
bai tap cho viéc khao sat tinh bat kha quy biang cac phuong phap. Dic biét
phuong phép st dung tich chap cuia hai da thitc va phuong phép st dung cac
da gidc Newton chua c6 trong cdc sach tham khao bing tiéng Viét.

3. Tir cach nhin moi, luan van dua ra ciac bai todn mai tr mot sO bai

=T
=
=
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toan thi hoc sinh gidi, hodc trén bdo Toan hoc va Tudi tré. Cu thé nhu: céic
Nhan xét 2.1.27, 2.4.6, Hé qua 2.4.7; cac Vidu 2.1.9,2.1.12,2.1.13, 2.1.17,
2.1.20, 2.1.24, 2.1.25, 2.1.30, 2.1.32, 2.1.33, 2.2.4, 2.3.6, 2.3.7, 2.4.12 va
cac Bai tap dé nghi nhw 2.4, 2.5, 2.6, 2.12, 2.14, 2.15, 2.17, 2.18.
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e Nhitng dong gbp chinh ctia luan van la:

1. Trinh bay mot cach c6 hé théng nhimg khai niém, co s& va cic két qua
co béan vé céc da thuc bt kha quy trén cac vanh s6 nguyén va cac truong so
(chi yéu 1a QQ).

2. Phan loai, dua ra cic phuong phap giai cung cac vi du minh hoa va cac
bai tap cho viéc khao sat tinh bat kha quy biang cac phuong phap. Dic biét
phuong phép st dung tich chap cuia hai da thitc va phuong phép st dung cac
da gidc Newton chua c6 trong cdc sach tham khao bing tiéng Viét.

3. Tir cach nhin moi, luan van dua ra ciac bai todn mai tr mot sO bai
toan thi hoc sinh gidi, hodc trén bdo Toan hoc va Tudi tré. Cu thé nhu: céic
Nhan xét 2.1.27, 2.4.6, Hé qua 2.4.7; cac Vidu 2.1.9, 2.1.12, 2.1.13, 2.1.17,
2.1.20, 2.1.24, 2.1.25, 2.1.30, 2.1.32, 2.1.33, 2.2.4, 2.3.6, 2.3.7, 2.4.12 va
cac Bai tap dé nghi nhw 2.4, 2.5, 2.6, 2.12, 2.14, 2.15, 2.17, 2.18.

4. Giai va phan tich mot s6 bai toan méi va kho trong [12] (tai liéu tham
khao tiéng Anh nay khong trinh bay 1&i giai). D6 1a cac vi du: 2.1.1, 2.2.3
(a, b), 2.2.11 va 2.4.10.

A
A
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e Nhitng dong gbp chinh cta luan vén la:

1. Trinh bay mot cach c6 hé thong nhimg khai niém, co s& va cac két qua
co béan vé céc da thuc bat kha quy trén cic vanh s6 nguyén va cac truong so
(cha yéu 1a Q).

2. Phan loai, dua ra cic phuong phép giai cung cac vi du minh hoa va cac
bai tap cho viéc khao sat tinh bat kha quy bang cac phuwong phap. Dic biét
phuong phép st dung tich chap cda hai da thitc va phwong phép st dung cac
da gidc Newton chua c6 trong cdc sach tham khao bing ti€ng Viét.

3. Tir céch nhin ma&i, luan van dua ra cac bai toan moi tr mot sO bai
toan thi hoc sinh gidi, hodc trén bdo Toan hoc va Tudi tré. Cu thé nhu: céc
Nhan xét 2.1.27, 2.4.6, Hé qua 2.4.7; cac Vidu 2.1.9,2.1.12, 2.1.13, 2.1.17,
2.1.20, 2.1.24, 2.1.25, 2.1.30, 2.1.32, 2.1.33, 2.2.4, 2.3.6, 2.3.7, 2.4.12 va
cac Bai tap dé nghi nhw 2.4, 2.5, 2.6, 2.12, 2.14, 2.15, 2.17, 2.18.

4. Giai va phan tich mot s6 bai todn maéi va kho trong [12] (tai liéu tham
khao tiéng Anh nay khong trinh bay 1o giai). D6 1a cac vi du: 2.1.1, 2.2.3
(a, b), 2.2.11 va 2.4.10.

S. Ching minh chi ti€t mot s¢ dinh 1i, bd dé trong [12] ma cic ching
minh nay chua xuat hién trong cdc tai liéu bang ti€ng Viét nhu: dinh Ii

Perron (dinh li 2.3.5), dinh 1i Ore (dinh li 2.4.4), vi du 2.4.3, ciac bd dé
2.3.1,2.3.2.

(U]

e
=
=
=
=N
=N
N
=
I
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TiCH CHAP CUA HAI PA THUC

—
.
—
-
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TICH CHAP CUA HAI PA THUC
1.2.11 Pinh nghiacho f(z) = Zaiwi,g(az) = sz—azi €

Clx] v6i anb, # 0. Tich chap cia hai da thiic ]g(x) va g(x), ki hZiéSR(f, 9),
1a mot dinh thic cia mot ma tran vudng(n + r) X (n + r) voir hang dau
bao gdm cdc hé s6 cta f(x), trong d6 moi hang trong cac hang nay chira
nhiéu hon mot s6 0 ding dau so véi hang truéc nd va véin hang cudi bao
gom céc hé s6 ctia g(x), trong d6 mdi hang trong cac hang nay chita nhicu
hon mot s6 0 dimg dau so v6i hang trude nd. Cu thé, ta viét:

Qp Gp—1 Gp—3 - ap 0 0 - 0
0 a, ap_1 -+ a1 ap 0 oo 0
0 0 Anp *++ @9 a a --- 0
0 0 0 cer Gp_1 Op_2 dp_3 --- 0
R(f,g) =
bp bp_1 bp_o --- Iy 0 0 - 0
0 by bp_1 --- b by 0 - 0
0 0 b, -+ bo b b—-0 --- 0
0 0 0 cee bpoy bp_9 bp_z --- 0
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1.2.13 Dlnh M. (Thuat todn tim s6 nguyen 16'p dé da thike f(x) la Eisenstein
lién két voi p)
Xét f(x) € Z[x] c6 bac > 2. Tinh R(f, f').
e Néu R(f, f') = 0 thi f(«) khong phai 1a Eisenstein lién két voi bat
ki s6 nguyén to nao.

—
.
—
.
—
—
—
—
—
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1.2.13 Dlnh W8, (Thuat todn tim s6 nguyen 16 p dé da thiic f(x) la Eisenstein
lién két voi p)
Xét f(x) € Z[x] c6 bac > 2. Tinh R(f, f').
e Néu R(f, f') = 0 thi f(x) khong phai la Eisenstein lién két voi bat
ki s6 nguyén to nao.

e Néu R(f, f') # 0,
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1.2.13 Dlnh W8, (Thuat todn tim s6 nguyen 16 p dé da thiic f(x) la Eisenstein
lién két voi p)
Xét f(x) € Z[x] c6 bac > 2. Tinh R(f, f').
e Néu R(f, f') = 0 thi f(x) khong phai la Eisenstein lién két voi bat
ki s6 nguyén to nao.

e Néu R(f, f') # 0,

* hdy tim tat ca cac udc nguyeén t6 cta R(f, f').
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1.2.13 Dlnh li.( Thudt todn tim so nguyén t6 p dé da thiic f(CC) la Eisenstein
lién két voi p)
Xét f(x) € Z[x] c6 bac > 2. Tinh R(f, f').
e Néu R(f, f') = 0 thi f(x) khong phai 1a Eisenstein lién két voi bat
ki s6 nguyén to nao.

e Néu R(f, f') #0,
* hdy tim tat ca cac wdc nguyén t6 cia R(f, f).

* Voi mbi s nguyen t6 p 12 wéc s cha R(f, f'), ta kiém tra ring
céac phép tinh tién f(x+a), véia € {0;1;...; p— 1}, c6 phai 1a dang
Eisenstein lién két v6i p hay khong?

** Néu c6 mot s6 nguyén t6 p va mdt sO a nhu trén sao
cho f(x + a) la dang Eisenstein lién két v6i p thi f(x) 1a da thic
Eisenstein.

** Néu khong c6 s6 nguyén td p va mot s6 nguyén a nhw
trén nao d¢ f(x + a) la dang Eisenstein lién két v6i p thi f(x) khong
phai 1a da thuc Eisenstein lién két véi bat ki s6 nguyén td nao.

Tvana 7 122EA7 Q01N11 12121411417 19Q 10 250 21
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1.2.14 Dinh li.Cho da thic f(z) = Z a;x’ € Z[x] véia, # O vap
=0

1a mot s6 nguyén t6. Néu c6 mot sO Iiguyén a sao cho p | f(a) thi céc

ménh dé sau day la dung:

i) Néu p? | f(a) vam > 2 thi f(x) khong 1a Eisenstein lién két voi

p;

f(a)

m)!

vOi

ii) Néuf () 1a Eisenstein lién két véi p van > 2 thi p |
moim € {1;2;...;n — 1};

iii) Néu f(x) la Eisenstein lién k&t v6i p va m > 1 thi p" ! |
R(f, f');

iv) Néu f(x) la Eisenstein lién két v6i p, n > 1 va p | n thi

p" | R(f, f).
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n

1.2.14 Pinh li.Cho da thic f(z) = Z a;x' € Z]x] v6i an # 0vap
1a mot s6 nguyén t6. Néu c6 mot s6 rigltl)yén a sao cho p | f(a) thi cac
ménh dé sau day la dung:
i) Néu p? | f(a) vam > 2 thi f(x) khong la Eisenstein lién két voi
p;
ii) Néuf(x) 1a Eisenstein lién k&t véi p van > 2 thip |
moim € {1;2;...;n — 1};
iii) Néu f(x) la Eisenstein lién két v6i p va n > 1 thi p" ! |
R(f, f):
iv) Néu f(x) la Eisenstein lién két véi p, n > 1 va p | n thi

p" | R(f, f').

2.2.3 Vi du. Véi méi da thiic f(x) dudi day, hay xac dinh tat ca cac s6
nguyén to p sao cho f(x) la da thuc Eisenstein lién két voi p.
a) f(z) = 2 + x2 — 2z — 1;
b) f(z) =2+ +1;
¢) f(x) = z* + 2z — 1.

(m)
—f fa) voi
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GIAL
a) Vi f(x) =23 + 22 — 2z — 1tacod f'(z) = 322 + 22 — 2 va

—
.
—
-
—
-
—
—
—
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GIAL
a) Vi f(x) =23 + 22 — 2z — 1tacod f'(z) = 322 + 22 — 2 va

1 -2 -1 0 1 1 -2 -1 0
1 1 -2 -1 o 1 1 -2 -1
2 -2 0 0 0 -1 4 3 -3
-2 0 0 0 4 3

0

2
3 2 -2 0o 3 2

3
0

1 1 -2 -1
-1 4 3 -3
0 4 3
o 3 2 =2

—
.
—
-
—
-
—
—
—
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GIAL
a) Vi f(x) =23 + 22 — 2z — 1tacod f'(z) = 322 + 22 — 2 va

-2 -1 0 1 -2 -1 0
1 -2 -1 1 1 -2 -1
-2 0 0 -1 4 3 -3
2 -2 0 0 4 3
o 3 2 =2

1

0
0
0

Vi 7 1a s6 nguyén td nén ta chi xét d€n s6 nguyén t6 p = 7. Do
7| f(2)vaT | f/(2) néntaxétda thic f(z+2) = 23+72°+142+7

—
.
—
.
—
—
—
—
—
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GIAL
a) Voi f(z) = a3 + 22 —2x —1tacod f'(z) = 32> + 22 — 2 va
11 -2 -1 0 1 1 -2 -1 0
01 1 -2 -1/ o 1 1 -2 -1
R(f.f)={32 -2 0 0|=f0 -1 4 3 -3
03 2 =2 0 o 0o -1 4 3
oo 3 2 =2 o o 3 2 =2
1 1 -2 -1/ 1 1 -2 -1
b 1 —4
-1 4 3 -3 0 5 I —4
— = =|-1 4 3|=-7
0 -1 4 3 0 -1 4 3
3 2 =2
0o 3 2 =2 0 3 2 =2
Vi 7 1a s6 nguyén td nén ta chi xét d€n s6 nguyén t6 p = 7. Do

7| f(2)vaT | f'(2) nénta xétda thic f(z+2) = 23+72°+142+7
Vay da thic f(x+2) la dang Eisenstein lién két v6i 7. Suy ra f(z+2)
1a bat kha quy trén Q va f(x) ciing vay.
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GIAL
a) Véi f(z) =23+ 22 — 2z — 1tacod f'(x) = 322 +2x — 2 va

11 -2 -1 0 1 1 -2 -1 0

01 1 -2 -1 o 1 1 -2 -1
R(f,f)=3 2 -2 0 0|=|0 -1 4 3 -3
03 2 =2 0 0o 0 -1 4 3
00 3 2 =2 0 0 3 2 =2
1 1 -2 -1/ 1 1 -2 -1
5 1 —4
-1 4 3 -3 0 5 1 -4
— = =|-1 4 3|=-7
o -1 4 3 0o -1 4 3
3 2 =2
0 3 2 =2 (I 2 -2
Vi 7 1a s6 nguyén td nén ta chi xét d€n so6 nguyén t6 p = 7. Do

7| f(2)vaT | f'(2) nénta xétda thic f(z+2) = 23+72°+142+7
Vay da thic f(x+2) 1a dang Eisenstein lién két voi 7. Suy ra f(z+2)
la bat kha quy trén Q va f(x) ciing vay.

Vi (z) = 23 + 2? — 2 — 1 1a mot da thic nguyén ban nén n6 sé bat
kha quy trén Z.
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CAC PA GIAC NEWTON
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JAC DA GIAC NEWTON

1.2.15 Dinh nghia. Cho da thic f(z) = Zaixi € Z[x] véi
i=0
apan, 7 0 va p la mot s6 nguyén t6. Voi ¢ € {0;1;...;n}, ta dat

r;=ivay € ZT U {0} U {+oo} sao cho p¥ | an_i, p¥ 1 ¥ an_;
néu a,—; % 0 vay; = 400 néu a,—; = 0. Vi vay ta c6 mot tap hop

diém S = {(zo;v0);...; (Tn;yn)} trong mit phing duoc m& rong.
Ta xét cac canh dudi doc theo bao 16i clia cac di€m nay thda mén cac
diéu kién sau:

i) Canh bén trai nhat c6 mot diém muit 12 (xo; yo) va canh bén phai
nhat c6 mot diém mut 1a (xy; yn);

ii) Cac diém muit ctia moi canh déu thudc tap S;

iii) Néu (z;; yi) va (z;; y;) 1a hai diém mit cia mot canh nhw vay thi
moi diém (xy; yy), v6i ¢ < w < j, ndm trén hodc & phia trén dudong
thang di qua hai diém (z;; y;) va (z;;y;).

Puong di duoc tao thanh bdi cac canh nay duoc goi la da giac Newton
cia f(x) lién két voi p.


http://www.qnuniv.vnn.vn

AC PA GIAC NEWTON

n

1.2.15 Pinh nghia. Cho da thic f(z) = Z a;x’ € Z[x] véi
aoa, 7 0 va p la mot s6 nguyén t6. Voi 4 EZ ?O; 1;...;n}, ta dat
z;=ivay; € ZT U {0} U {+oo} sao cho p¥ | an—i, p¥ " { an_;
néu a,—; # 0 vay; = 400 néu a,—; = 0. Vi vay ta c6 mot tap hop
diém S = {(zo;v0);...; (Tn;yn)} trong mit phang duoc m& rong.
Ta xét cac canh dudi doc theo bao 16i clia cac di€m nay thda man cac
diéu kién sau:
i) Canh bén trai nhat c6 mot diém muit 1a (xo; yo) va canh bén phai
nhat c6 mot dieém mat 1a (xy,; yn);

ii) Cac diém muiit ctia moi canh déu thudc tap S

iii) Néu («;;yi) va (z;; y;) 1a hai diém mut cia mot canh nhw vay thi
moi diém (xy; yu), v6i ¢ < u < j, ndm trén hodc & phia trén dudong
thang di qua hai diém (x;; y;) va (z;;y;).

Puong di duoc tao thanh bdi cac canh nay duoc goi la da giac Newton
cua f(x) lién két voi p.

1.2.16 Nhfln X€t. Do doc (hay hé s6 goc) ciia cac canh luon ludn ting
thyc s khi tinh tir canh bén trdi nhat dé€n canh bén phai nhat.
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Vi du. Néu f(z) = 228 + 24 + 222 + 4 + 4
(ag = 2,a5 = 0,a4 = 1,a3 = 0,a2 = 2), thi da gidc Newton ¢
f(z) lién két voi 2 bao gdom hai canh, mét canh tix (0; 1) dén (2;
va canh kia tr (2; 0) dén (6; 2)
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Vi du. Néu f(z) = 228 + 2* + 222 + 42 + 4
(a6 = 2,a5 = 0,a4 = 1,a3 = 0,a2 = 2), thi da gidc Newton c
f(x) lién két voi 2 bao gom hai canh, mot canh tix (0; 1) dén (2;
va canh kia tir (2;0) dén (6;2)

B o
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Pa giac Newton cua tich hai da giac

—
.
—
.
—
-
—
—
.
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1.2.17 Djnh li (Pinh Ii Dumas).

—
.
—
.
—
-
—
—
.
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1.2.17 Dinh li (Binh ii Dumas).
Cho g(z), h(x) € Z[x] v6i g(0)h(0) # 0 va p 1a mot s6 nguyén to.
Cho k 12 mot s6 nguyén khong am sao cho p* chia hét hé s6 bac cao

k+1 thi khong. Khi d6 cac canh clia da gidc

nhat cia g(x)h(z) nhung p
Newton ctia g(x)h(x)lién két voi p c6 thé duoc tao thanh bang cach
dung duong di cta da gidc bit dau tai diém (0; k) va tinh tién céc canh
ctia da giac Newton ctia g(x) va h(x) lién két v6i p, can tinh ti€n mot
cach chinh xdc mdi canh ctia cac da gidc Newton tuong tng voi g(x)
va h(z). Diéu can thiét 1a cac canh dugc tinh ti€n nhe phuong phéap
phai tao thanh duong di ctia mot da gidc voi do doc ting dan ciia cac
canh.
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Vi du. Xét hai da thic g(z) = 2% + 322 + 12z + 9 va h(z) =
222 + 9z + 3 va sd nguyén td p = 3.
) !
Pa gidc Newton ctia g(x) gom hai canh, mot canh véi do doc — va

canh kia véi do doc 1. Da gidac Newton cta h(x) chi c6 mot canh voi

1
do doc —
2


http://www.qnuniv.vnn.vn

Vi du. Xét hai da thic g(z) = 23 + 322 + 122 + 9 va h(z) =
222 + 9z + 3 va sd nguyén td p = 3.

2

T— 1 /*
£ i

o 1 2 3 o 1 2

1)

Da gidc Newton ctia g(x)h(z) = 2z° + 152 + 54 + 13522 +
117x + 27 gdom hai canh, mot canh véi do doc — va canh kia véi
do doc 1 (viéc tinh tién cac canh cla cac da gidc Newton cla g(x)
va h(x) v6i do doc — phai hop lai thanh mot canh don trong da gidc

Newton ctia g(x)h(x)).


http://www.qnuniv.vnn.vn

Vi du. Xét hai da thic g(z) =

222 + 9z + 3 va sd nguyén td p = 3.

1)

x? + 3x% + 12z + 9 va h(z)

]

L

2
11—
_0/123
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Vi du. Xét hai da thic g(z) = x* + 322 + 122 + 9 va h(z) =
222 4+ 9z + 3 va sd nguyén té p = 3.

2

1)

o 1 2 3 o 1 2
3 o
2
1 F—e
/
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.2.19 Hé qua Cho da thic f(z) € Z[z] c6 bac n véi f(0) # 0
va gid st rdng c6 cac da thic g1(x), g2(x),..., gr(x) € Z[x] (khong
nhat thi€t bat kha quy) sao cho f(z) = gi1(x)g2(x)...g-(z). Cho p
la mot s6 nguyeén t6 va cac di€m (xy;yp), (T1;Y)), -y ()5 y;,) VO

A

i 0B R R R R EE

zy, = 0 < z; < ... < x, = n la mot danh sich day du cac
diém nguyén trén da gidc Newton cta f(x) lién két voi p. V6i j €
{0;1;...;k}, dit b; = x; — ;. Khi d6 ton tai & ; € {0; 1}, trong
doi € {1;2;..;r} vaj € {1;2;...; k} sao cho v6i mdi j, c6 mot

k
va chi mot 7 d€ g; ; = 1 va voi moi 4 thi deggi(z) = g gi.;bj.
J=1

.2.12 Vi du. Xét tinh bét kha quy trén Z cta da thic f(x) = x +
2475 + 1223 — 18z + 36.

FullSc

Quit
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Giai.
Taco f(x) = 20+ 242° + 1223 — 18z + 36 = 293020 423312 +
22313 — 21322 + 2232, Pa gidc Newton ctia f(x) lién két voi p = 2
¢6 hai canh, mot canh tir (0;0) d&n (5;0) va canh kia tir (5;0) dén
(6;2).

—
.
—
-
—
-
—
—
—
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Giai.
Taco f(x) = 20+ 242° + 1223 — 18z + 36 = 293020 423312 +
22313 — 21322 + 2232, Pa gidc Newton clia f(x) lién két voi p = 2
c6 hai canh, mot canh tir (0;0) dén (5;0) va canh kia tir (5;0) dén
(6;2).

N
-2
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Giai.
Tacé f(x) = x5+ 24x° 4+ 1223 — 18z + 36 = 29320 4233125 +
223123 — 21327 + 2232, Pa gidc Newton cla f(x) lién két véi p = 2
¢6 hai canh, mot canh tir (0;0) dén (5;0) va canh kia tir (5;0) dén
(6;2).

N
-2

Theo dinh li Dumas, da thic f(x) la bat kha quy trén Q hodc f(x) la
tich ciia mot da thic tuyén tinh va mot da thic bat kha quy trén Q co
bac 5.
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Mat khéc, da giac Newton ciia f(x) lién két v6i 3 chi c6 mot canh véi

1
do doc — < —
3 2

—
.
—
-
—
-
—
—
—
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Mait khac, da giac Newton ctia f(x) lién két voi 3 chi c6 mot canh voi
1 1

do doc — < —
3 2

‘ 1
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Mait khac, da giac Newton ctia f(x) lién két voi 3 chi c6 mot canh voi
1 1

do doc — < —

3 2

2 .
//'
1 3 /I/
e
-

00 1 2 3 4 5 6

dp dung bd dé 2.2.9 v6i p = 3 ta suy ra f(x) khong c6 mot nhan ti
nao voi bac trong doan [1; 2].


http://www.qnuniv.vnn.vn

Mat khéc, da gidc Newton cta f(x) lién két v6i 3 chi c6 mot canh voi

1
do doc — < —
3 2

2 l/-o
/
./

1 §
e
.
e

00 1 2 3 4 S5 6

ap dung b d€ 2.2.9 v6i p = 3 ta suy ra f(x) khong c6 mot nhan ti
nao voi bac trong doan [1; 2].

Vay da thic f(x) 1a bat kha quy trén Q. Hon nira, do f(x) 1a mot da
thic nguyén ban nén né bat kha quy trén Z.
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TAI LIEU THAM KHAO
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1.2.3 Dinh li. Cho f(z) € Z[z]. Néu f(x) bat kha quy trén Z[x] thi
f(x) bét kha quy trén Q[z]. Nguoc lai, néu f(x) bat kha quy trén
Q[z] va la da thic nguyén béan thi f(x) bat kha quy trén Z|[z].

1.2.4 Pinh li. Moi da thic monic khac hing thuoc F[z] déu c6 duy
nhat mdt cach phan tich thanh tich ctia cac da thiic monic bat kha quy
trong F'[x] khong ké dén thi ty clia cdc nhan t.

1.2.5 Pinh li. Cho f(x) € R[z]. Khi d6, diéu kién can va di d&& f(z)
bat kha quy trén R 1a degf = 1 hodc f(x) 1a mot da thic bac hai
khong c6 nghiém thuyc.

1.2.6 Nhan xét. Moi da thiic c6 bac > 2 tréen C[x] déu kha quy trén C
va moi da thic trén R[x] v6i bac 16m hon 2 déu phan tich duge thanh
nhan t& bac nhat va bac hai nén ciing ¢6 thé coi 1a kha quy trén R. Vi
vay, tinh bat kha quy ctia da thic thuc chat chi cé y nghia trén Q va Z
hodc trén L véi L 1a tap con thuc sy cua R.
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1.2.7 Pinh li (Tiéu chudn Eisenstein) . Cho da thitc f(x) = Z ai S
i=0

Z|x] vdi n la mot s6 nguyén dwong. Néu ton tai mot s6 nguyén to
psaochoptan plaVi=0,..,n—1vap?{ag thi da thic
f(x) la bat khd quy trén Q.

1.2.8 Dinh li(Tiéu chudn Eisenstein mé rong). Cho da thiic f(x) =

Zaixi € Zlx] voi an, # 0van > 1. Gid sik ton tai mot so
i=0

nguyén té p théa man p { an,, Ik € 2,0 < k < n sao cho
pla Vi=0,1---,kvap?{ ao thi da thic f(zx) phdn tich
duoc thanh tich cia hai da thitc thudc Z|x) voi bdc ciia mot trong
hai da thiic do khong nho hon k+1. Voi kK = n — 1 ta dwoc tiéu
chudn Eisenstein quen biét.

1.2.9 Dinh nghia. Cho da thiic f(x) = Z a;x' € Z[x], véi n la
i=0

mot s6 nguyén duong va cho mot s6 nguyén to p.

Da thitc f(x) goi la dang Eisenstein lién két voi p néu cé6 mot s6
nguyén to0'p sao cho pt an,p | a; Vi =0,...,n — 1 va p? 1 ao.
Da thitc f(x) goi la Eisenstein (hay la Eisenstein lién két voi p)
néu coé mot sé nguyén a va mot sé nguyén té p sao cho f(x + a)

la dang Eisenstein lién két voi p.
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