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Chuong 1

KY THUAT PHAN TiCH, PANH GIA THUAT TOAN

1.1. Khai ni€m bai toan va d0 phuc tap dir liéu vao

1.1.1. Khai ni€m bai toan

- Thong thuOng mOt bai toan dugc cho dudi dang sau:

+ Input: Céc d{r li€u vao cUa bai toan.
+ Output: Cac d(rli€u ra thod man yéu cau cUa bai toan.

- Gidi bai todn c6 nghia 1a xudt phat tU d{r 1iéu vao, thuc hién moét day hlru han
nhiing thao tac c6 cO s& khoa hoc thich hgp d€ tim dugc dif liéu ra (két qud) theo
yéu cau cUa bai toan.

1.1.2. PO phtrc tap dir li€u vao cUa bai toan

C6 hai quan niém chU yéu:

Quan niém 1(quan niém don gian): DO phlc tap d li€u vao cla bai todn duoc
hi€u 1a s6 luong dit liéu vao cla bai toan (kich thudc cla bai todn

Quan niém 2: La tOng d0 dai clla moi dit liéu vao di dugc ma hoéa theo mOt cach
nao do.

Vi du: Cho diy sO nguyén X={X;,Xs,...,X,}. Tim gia tri Ién nhat trong day?

Bai toan dugc biéu dién nhu sau:
Input : Cho ddy sO nguyén X= {X;,Xy,...,Xa}, sO lUOng n.
Output: Tim sO 16n nhat Max cUa day X.
- Theo quan niém 1 : Kich thudc cla bai toan 1a (n+1)
- Theo quan niém 2 : Kich thu@c cUa bai toan 1a
+ SO tu nhién x; theo ma nhj phan c6 d0 dai 1a [log,x;]+1
VD: x; mai do dai
3 11 [log3]+1=2
5 101 [log,5]+1=3

+P0 dai d(r liéu cUa bai toan trén 1a: [log,xi] +log,n+n+1

i=1
1.2. Cac mo hinh tinh toan

Théng tudng ngudi ta xét d€n 2 md hinh tinh toan théng dung:
- M6 hinh li thuyét: May Turing.
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- M6 hinh Ung dung: May xU ly thuat ton vi€t bang ngon ng(r tua Algol ( cic ngdn

ng( 1ap trinh bac cao).
1.2.1. May Turing
a) Cad tao: + BO nhd: GOm mOt bang tuyén tinh v6 han & ddu phai, chia thanh
cac 6 nhé, mOi 6 chlta dugc mot ki hiéu nguyén t6. n 6 trai (n> 0) dugc ghi
cac ki hiéu cUa xau vao, phan con lai & bén phai dugc 1ap day bdi mobt ki
hiéu dac biét goi 1a ki hiéu trang B.
+ BO di€u khi€n: C6 hltu han trang théi, tai mobi thoi di€m c6 mot
trang thai xac dinh.
+ MOt dau doc/ viét, né cho phép tai mot thdi di€ém c6 thé doc hay
viét & mOt 6 trén bang.
b) Hoat dOng: Theo thoi gian “r0i rac”, dugc di€éu khi€n bdi bd diéu khién.
Tuy thuQc vao trang thai hién tai va ki hiéu doc dugc trén bing ma né ti€n hanh
mOt budc chuy€én gbm dong thdi 3 dOng tac sau:
1. DOGi trang thai trén bo di€u khién
2. Vi€t mOt ki hiéu Ién 6 dang doc
3. Chuyén dau doc viét sang phdi hay trai mOt 6 theo quy dinh cUa ham
chuyén.
MOt cach hinh thic, xem mdy Turing 1amotbd T = (3, Q, I, d, qo, B,F)
Trong do :
Q: Tap h{tu han cac trang thai.
I : Tap h(tu han cac ki hiéu trén bang
B : MOt ki hiéu dac biét thuOc I' goi 1a ki hiéu trang.
S : Tap con cUa I, khoéng ch(ra B, dugc goi 1a bd ch{r vao(ki hiéu
két thiic)
qo: Trang thai dau
FOQ: Tap trang thai két thiic.
&: Ham chuyén trang théi
0:Q xI >QxTl x {LR}

L, R 13 cac trang théi: trdi, phai
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MOt hinh trang cUa mdy Turing 1a mOt xau c6 dang #y.q Y.#, trong d6 # 1a mOt ky

hi€éu khong thubc I, # goi 1a ky hi€éu mit ; con vy, y. O, ¢ 0Q. Hinh trang dau

1a
#qow # vOi wlIY "
Vidu 1:
Thoi diém t
| Ixlz] |
C KD
p
Thoi diém t+1
| Iylz]| |
C1 KDl
q (sang phai)

Hinh 1: MOt bu'dc hoat ddng cia mdy Turing

Tai thoi di€m t may Turing & trang thai p, ddu doc /viét nhom vao 6 nhG c6 ki

hiéu 1a X. Tai thdi di€m ti€p theo t+1 (mOt don vi thdi gian) may & trang thai q,

ky hiéu X da thay bang Y, dau doc/viét chuyén sang trai hodc sang phai.

0: (p,X)-(q,Y,d) dC{L,R}

hay viét pX - qYd goi 1a mOt ménh 1énh cla may T, xau ki tu CpXD goi 1a mOt

hinh trang clia may T.

CpXD - C,qZD; goi 1a mdt budc chuyén hinh trang, néu qF thi xem nhu qua

trinh xU 1y két thiic hay C,qZD; 1a hinh trang cudi cing.

- Néu & 1a ham don tri thi T dugc goi 1a méy tat dinh(don dinh)

- Néu 8 1a ham da tri thi T dugc goi 1a may khong tat dinh(khong don dinh)

- Pon vi nhG: La 6 nhG chta moét ki hiéu, n€u ding ma nhi phan thi don vi nhé 1a

1 bit.

- Pon vi thoi gian: La thdi gian d€ thuc hién mOt budc hoat ddng co ban (budc

chuy€n hinh trang).

Nhan xét: May Turing c6 cau tao cuc ki don gidn nhung lai 1am dugc moi viéc
lién quan tdi tinh toan cac phép tinh. TU' md hinh ndy c6 th€ dinh nghia ra phép cOng
(ma héa dang nhi phan) bang cach dich chuyén dau doc 0, 1 va tlr d6 dinh nghia ra
cac phép tinh khac.
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1.2.2. May xt ly thudt toan viét bang ngon ngit tva ALGOL

- bon vi nhd: MOt 6 nhé chra tron ven mot di liéu.
- Pon vi thGi gian: Thoi gian d€ thuc hién mo6t phép tinh co ban trong sO hoc hay
logic nhu cOng, trU, nhan, chia, gan, so sanh...

1.3. Khai niém thudt toan va do phtc tap cla thudt toan

1.3.1. Thudt toan(Algorithm)

Thuat toan dugc hi€u don gidn 1a mOt diy hitu han cac qui tac. VGi cau tao va
hoat dOng clla méy Turing, ta c6 th€ dinh nghia mOt cach hinh thc thut todn chinh
13 mOt may Turing.

Ta da c6 2 m6 hinh tinh to4n 1a may Turing va may xU 1y thudt todn viét bang ngén
ng(t tuva ALGOL. Ung v6i hai mé hinh tinh toan ndy c6 2 cach biéu dién thudt toan:
+ Thudt toan dugc bi€u dién bang ngén ng(r may Turing.
+ Thudt todn dugc bi€u dién bang ngdn nglt tua ALGOL.
1.3.2 Chi phi phai tra cho mdt qua trinh tinh toan va cac khai ni€m vé dd phtrc
tap thudt toan
1.3.2.1. Chi phi phdi tra cho mét qud trinh tinh todn
ThuOng quan tdm tdi chi phi thdi gian va chi phi khong gian (b0 nhd)
- Chi phi thoi gian clla mOt qué trinh tinh toan 1a thdi gian can thi€t d€ thuc hién
mOt qud trinh tinh todn.
+ VGi may Turing: Chi phi thoi gian 1a s& budc chuyén hinh trang tU hinh trang
dau dén hinh trang két thiic.
+ V@i thudt toan tua Algol: Chi phi thoi gian 1 sO cac phép tinh cO ban can thuc
hién trong qud trinh tinh ton.
- Chi phi khéng gian clla mOt qua trinh tinh toan 1a s6 6 nhd can dé€ thuc hién mot
qua trinh tinh toan.
GOi A 12 mOt thuat toan tuong Ung v&i mOt mod hinh tinh todn
Goi e 1a b6 d{r liéu vao da dugc ma hda theo cach nao doé
Khi d6 thudt toan A tinh trén d{f liéu e can phai trd mot gia nhat dinh bao gbm 2
gia:
+ ta(e) 12 gid thoi gian
+1a(e) 1a gid bd nhé
Cung mOt thuat todn A, xU ly trén c4c bd d li€u khac nhau thi s€ c6 gia khac nhau.
Vi du 2: Cho day sO nguyén S={x,X,,...X,}, sO phan t{ n.
§)
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Tim sO 16n nhat cUa day ?

Bai toan dudc biéu dién nhu sau.
Input: Diy sO nguyén S={x1Xs,...Xa}, N
Ouput: SO 16n nhat Max=max{x;} cUa S.
Thuat toan A:
Begin  Max:=x;;
For i:=2 ton do
If x;>Max then Max:=x;;

End.

* Xét b0 dit liéu vao e;={4, 0,9, 1, 5}
1a(e;)=5+1+1+1=8 (sO bi€n vao:6, sO bi€n ra:1, sO bi€n phu:1)
tA(E1):5+1:6 Vi

max:=4 thuc hién 1 phép tinh
vl Xx,=0<max=4 nén khong lam gi thuc hién 1 phép tinh
X3=9>max=4 nén max:=9 thuc hién 2 phép tinh
x4,=1<max=9 nén khong lam gi thuc hién 1 phép tinh
xs=5<max=9 nén khong lam gi thuc hién 1 phép tinh

=TOng cOng thuc hién: 6 phép tinh
* Xét b0 d(r liéu vao e,={2, 7, 8, 11, 17} ta c6:
1a(e2)=8
ta(e2)=1+4.2 =9
Nhu vay vOi e;# e, chi phi xUr' 1y cUa A trén e, va e, 1a khac nhau.
b) Cdc khdi niém vé dé phiic tap cta thudt todn
v PO phuc tap trong trudng hop xau nhat
Cho mOt thudt todn A v&i dau vao n, khi dé:
- B0 phUc tap vé b nhd trong truGng hgp xau nhat dugc dinh nghia la:
La(n) = max{la(e) || | e | <n}
TUc 1a chi phi 16n nhat vé b nhé.
Trong vi du trén: DUt li€u vao: n+1, ra:1, phu:1 nén La(e)=n+3.
- B0 phUc tap thoi gian trong truOng hgp xau nhat dugc dinh nghia la :
Ta(n) = max{ta(e) || | e | <n}

TUc 1a chi phi 16n nhat vé thdi gian.
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Trong vi du trén Ta(n) =1+2(n-1) = 2n-1.

v' PO phuc tap trung binh
La tOng sO cac d phUc tap khac nhau Ung v&i cac b dit liéu chia cho tEng sO.
v' PO phurc tap ti€m can
Thuét toan A véi dau vao n goi 1a c6 dO phirc tap O(f(n)) néu O hang s6 C, No:
Ta(n)<C.f(n) , On=N,. TUc 1a Ta(n) c6 tOc db ting 1a O(f(n))
v' PO phuc tap da thirc(Polynomial)
Thudt toan dugc goi 1a c6 dO phlc tap da thirc n€u tOn tai da thirc P(n) ma Ta(n)<
C.P(n) , On=No.
v Thuat toan da thic
Thudt toan dugc goi 1a da thirc néu do phUc tap vé thdi gian trong trudng hop xau
nhat cla né la da thirc.
Vié€c danh gia ding d0 phUc tap cUa bai toan 1a mOt van dé hét stic phic tap. Vi
vay ngudi ta thuOng quan tim dé€n viéc danh gid dO phlc tap thoi gian trong
truOng hop xau nhat cla bai toan.
Mot s6 don vi do téc db ting:
- O(1): Hau hét cac chi thi cla chuong trinh déu dugc thuc hién mot 1an hay nhi€u
nhat chi mOt vai 1an=Thdi gian chay cla chuong trinh 1a hang s6.
- O(logN): ThOi gian chay cla chuong trinh 1a logarit, tUc 1a thOi gian chay cla
chuong trinh ti€n cham khi N 16n dan.
- O(N):ThOi gian chay la tuyén tinh. Pay 1a tinh hulng t6i Uu cho mOt thudt toan
phai xCr 1y N df liéu nhap.
- O(NlogN): Thoi gian chay ting dan 1én cho cic thudt todn ma gidi mOt bai toan
bang cach tach no thanh cac bai toan con nho hon, sau d6 t6 hgp cac 10i giai.
- O(N?): Thoi gian chay la bac 2, truOng hgp nay chi c6 y nghia thuc t€ cho cac bai
toan tuong dOi nhd. Thoi gian binh phuong thudng ting dan trong cac thudt toan
phai xUr 1y tat cd cac cdp phan t d{t li€u (2 vong 1ap 16ng nhau).
- O(N®): Thuat todn xUr ly cac b0 ba cla cac phan t& d{t liéu (3 vong 1ap 16ng nhau)=
y nghia v&i cac bai toan nho.
- 0(2"), O(n!), O(n"): Thoi gian thuc hién thudt toan 1a rat 16n do tOc db ting cla cac
ham mii.

1.4. Cach tinh d0 phuc tap
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1.4.1. Cac quy tac co ban

a) Quy tac cdng: Néu Ti(n) va To(n) la thoi gian thuc hién 2 chuong trinh P;, P, va
T.(n)=0(f(n)), TA(n)=0(g(n)) thi thdi gian thuc hién cua doan 2 chuong trinh dé
ndi tiép nhau la T(n)=0(max(f(n),g(n))

Vidu: Lénh gan x:=5 tOn mOt hang thoi gian=0(1).
Lénh doc d{f liéu READ(x) ton mOt hang=0(1).
Thai gian thuc hién cd 2 1énh trén noi ti€p nhau 1a O(max(1,1))=0(1).

b) Quy tac nhan: Néu Ty(n) va Tx(n) la thdi gian thuc hién 2 doan chuong trinh P,
P, va Ty(n)=0(f(n)), To(n)=0(g(n)) thi thoi gian thu'c hién cla 2 doan chuong trinh
dé 16ng nhau la T(n)=0(f(n).g(n)).

¢) Quy tac téng quat dé€ phan tich mdt chuong trinh
- Thoi gian thuc hién cla mo6i 1énh gén, READ, WRITE 1a O(1)

- Thoi gian thuc hién cla mOt chudi tudn tu cac 1énh dugc xac dinh bang quy tac
cOng=Thoi gian nay la thoi gian thi hanh m6t 1énh nao d6 lau nhat trong chubi
1énh.

- Thoi gian thuc hién cdu tric IF 13 thoi gian 16n nhat thuc hién cau 1énh sau THEN
hodc ELSE va th0i gian ki€m tra di€u kién, thudng thoi gian ki€m tra di€u kién 1a
o).

- Thoi gian thuc hién vong 1ap 1a tOng (trén tat cd cac 1an 1ap) thoi gian thuc hién
than vong 1dp. Né€u thoi gian thuc hién than vong 1dp khong d6i thi thoi gian thuc
hién vong 1ap 1a tich s6 1an 13p vdi thdi gian thuc hién than vong 13ap.

Vi du 3: Tinh thGi gian thuc hién doan chuong trinh:
Begin
1. for i:=1 to n-1 do {lap n-1 1an}.

2. for j:=n downto i+1 do {thuc hién (n-i)lan,m0i lan O(1)=



Gido trinh Ly thuyét thuét todn-B6 mén Khoa hoc mdy tinh-2010

O((n-1).1)=0(n-i).

3. if a[j-1]>a[j] then

begin
d6i cho (alil,aljl).
4. temp:=al[j-1]; 0(1)
5. alj-1]:=alil;
6. a[j]:=temp;
end.

End.

(n-1)

n-1
D6 phlc tap T(n)=) (n—i) =HT =0(n%).
=t

Chu y: DO phUc tap thuat toan khong chi phu thudc vao kich thudc, thOi gian ma con
phu thudc vao tinh chat cla dit liéu vao.
Vi du 4: Thuét todn sap x€p day sO nguyén tang dan. Néu diy nhap vao da cé th(r tu
thi thOi gian thuc hi€én khac vGi khi nhap vao ddy chua cé th ty

1.4.2. PO phuc tap cUa cac chuong trinh dé quy

V@i cac chuong trinh chuong trinh dé quy, truGc hét ta can thanh 1ap cac phuong
trinh dé quy, sau d6 gidi cac phudng trinh dé quy. Nghi€ém cUa phuong trinh dé quy
14 thGi gian thuc hién chuong trinh dé quy dé.

a)Thanh 18p phuong trinh dé quy:

Phuong trinh dé quy 1a mOt phuong trinh bi€u dién mai lién hé gilra T(n) va T(k)
trong d6 T(n) 1a thoi gian thuc hién véi kich thudc dr li€u nhap la n,
T(k) 1a thoi gian thuc hién véi kich thudc d{r liéu nhap la k, k<n.
DE thanh 14p phuong trinh dé quy ta cin c( vao chuong trinh dé quy.
Vi du 5: Ham tinh giai thUa vi€t bang gidi thudt dé quy sau:
Function Giai_thua(n:Integer):Integer;
Begin
If n=0 then Giai_thua:=1
Else Giai_thua:=n*Giai_thua(n-1);

10
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End.

GOi T(n) : ThOi gian thuc hién tinh n!
T(n-1) : Thdi gian thuc hién tinh (n-1)!
Truong hopn=0 P Thuchién mdt 1énh gan Giai_thua:=10 O(1)U T(0)=C,
Truong hop n>00 Goi dé quy Giai_thua(n-1) ton T(n-1) thGi gian
Sau khi c6 két qud cla viéc goi dé quy, phai nhan két qud do6 vdi n va gan cho
Giai_thua, thoi gian thuc hién phép nhan va phép gan 1a m6t hang C..
Vay ta ¢6 phuong trinh dé quy 1a :
C néu n=0
T(n)=
T(n-1)+C,  néun>0.
*Vi du 6: Xét thU tuc Mergesort sau:
Function Mergesort(L:List;n:Integer):List;
Var L,L,:List;
Begin
If n=1 then return(L)
Else
Begin
Chia L thanh 2 n(ra L,,L, ,m6i n(ra ¢6 d0O dai n/2
Return(Merge(Mergesort(L1,n/2), Mergesort(L,n/2));
End;
End;
Ham Mergesort nhdn mOt danh sach cé d0 dai n va rd vé mot danh sach da duoc
sap x€p. Thu tuc Merge nhan 2 danh sach da dugc sap Li, L, mOi danh sach cé dd
dai n/2 trOn ching 1ai v&i nhau d€ dugc mot danh sach gdm n phan tl c6 th(r tud
Thoi gian thuc hién Merge cic danh sach c6 d0 dai n/2 1a O(n).
- GOoi T(n) 1a thoi gian thuc hién Mergesort 1 danh sach c6 n phan tl
T(n/2) 1a thoi gian thuc hién Mergesort 1 danh sach c¢6 n/2 phan tl

Ta c6 phuong trinh dé quy :

11



Gido trinh Ly thuyét thuét todn-B6 mén Khoa hoc mdy tinh-2010

(of néun =1
T(n)=
2T(n/2) + Con - néun>1
Trong d6: - C; la thdi gian phdi tOn khi L c6 d0 dai bang 1
- TruOng hgp n>1 , thOi gian Mergesort duQc chia 1am 2 phan:
+ Phan goi dé quy Mergesort 1 danh sach c6 d6 dai n/2 1a T(n/2)
+ Phan th( 2 bao gdm phép th(r n>1, chia danh sach thanh 2 n(ra va
Merge, ba thao tac ndy c6 thdi gian khong d6i) Thoi gian thuc hién la
Con
b. Gidi phuong trinh dé quy:

Phuong phap truy hoi:
Ding dé quy d€ thay thé bat ki T(m) v4i m<n vao phia phai clla phuong trinh cho
dén khi tat cd T(m) véi m>1 dudgc thay thé bdi bi€u thirc cla T(1). Vi T(1) ludn 1a

hang nén ta c6 cong thic cla T(n) chlta cic s6 hang chi lién quan tGi n va cac hang

~

sO.

*Vidu 7: Gidi phuong trinh:

C, néu n=1
T(n)= {

2T(n/2) + C;n - néun>1
Ta c6 T(n) = ZT%%CZn
T(n) = 2%T@H+C2 "0 6on=arH B 2cn
90 2H+ ¥ 0O
T(n) = 4%T@H+c2 "5 oe,n =stH Brac,n
B0 4H+ B0
T(n) = 2iTB£iH+iC2n
2 0
Gid st n=2" qud trinh suy rOng nay s& két thic khi i=k 0 T(n) = 2“T(1) + kC,n

Vi 2%=n O k=logn va v6i T(1) = C; O T(n) =C,n+C,nlogn )
Vay th0i gian thuc hién thuat todn 1a O(nlogn)

12
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Pinh ly: (V€ nghiém cla phuong trinh truy hoi)

Cho a, b, c nguyén, duong. Khi d6 nghi€m cUlla phuong trinh truy hoi:
nOwn=1
Tn) = ~
(n) aaTﬁ)+bn nbun>1,n=c"
c

Co dang:

[O(n) nO0wm<c
T(n) = Ep(nlogc n) ndwm=c

Ep @)  nbw>c

1.5. Thuat toan khong don dinh da thttc(Nodeterministic Polynomial NP)

V§i nhiéu bai toan t0i Uu t0 hgp van chua tim dugc cac thudt todn don dinh
chay trong thdi gian da thUc, trong khi d6 n€u cho phép dung thudt todn khéng don
dinh thi 1ai dé dang chi ra cac thut toan chay trong thdi gian da th(c. Ta xét bai
toan sau day:

Bai todn x€p balé 0-1(KNASPACK)
- Input: 1 bald c6 thé tich B; n do vat c6 thé tich aj,ay,...,a. .
- Output: Tim nhém dO vat dat vira khit balé.
*Cach 1: Phuong phép Vét toan bO can sO phép thtr cic khd ning la:
Cl+c+.Ccr'+ch = D06 phuc tap tinh toan 1a O(2™).
*Cach 2: Dién ta thut toan khong don dinh ta can ding 3 ham:
- CHOICE(a;,a,...a,): Chon mOt trong sO n gia tri.
- SUCCESS: Néu c6 mOt diéu kién thda man.
- FAILURE: Néu di€u kién khong thda man.
Khi d6 bai toan trén c6 thé dién dat nhu sau:

Liéu c6 thé tOn tai tap chi s6 TU{1,2,...,n} ma ;TCH =B
1

Thuat ton:
For i:=1tondo

x;:= CHOICE({0,1}); {phép todn lua chon mOt trong 2 gid tri}
if 3 %, =B then SUCCESS
i=1

else FAILURE;

13
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- Gi4 phai trd vé thoi gian :
+ Trudng hgp SUCCESS: Thdi gian it nhat d€ thuc hién SUCCESS .
+ Trudng hogp FAILURE: Chinh 1 thdi gian t0i da.
Thudt toén trén trd thanh khéng don dinh da thiic, sO phép tinh thuc hién 1a 2*n+2.
Bai todn Xép balé md réng (Tén trOm tham lam)
Input: MOt ba 16 c6 thé tich B, n d0 vat c6 thé tich: ay, a,,...an,
gia tri tuong Ung cla cac dO vat 1a: py, pa,...pa
Ouput: C6 tOn tai tap TU{1,2,...,n} sao cho ; aisb yy ; Pi dat max ?.
Bai todn xép bald gid tri nguyén:
Input: MOt ba 16 c6 thé tich B, n d0 vat c6 thé tich: ay, ay,...an,
gia tri tuong Ung cla cac do vat 1a: py, pa,...pa
SO lugng mOi loai do vat 1a khong han ché, x; nguyén 1a sO lugng loai
do vati.
n n
Ouput: Tim nhém do vat thod man Z a;x; <B va Z p;X; dat max ?.
=1 =1
v MOi quan hé vé tinh da thirc gilta mé hinh Turing va mé hinh tua Algol
Pinh li 1: Thudt todn trén mdy Turing la da thirc thi thudt todn trén tua Algol trong
(g ciing la da thic, ngu'oc lai chura chac.
Vidu 8: Tinh S=2%".
X:=2;
for i:=1 to n do x:=x*x;

Tacod i:=1: x°

i=2: x**x*=x?
ii=3: x** x*=x?
i=n: x?7 * x?7"=x?,

+ Trén mdy Turing : D{ liéu vao 22" ma nhi phén la: [log, 22'] +1=2", d0 phUc tap
12 0(2")
+ Thuat toan tUa Algol : PO phlc tap 2n+1=0(n) .

Pinh li 2 : Néu thut todn tua Algol la da thUrc va trong thudt todn chi cé cdc phép

todn cO ban( +, -, *, /, so sdnh,gdn, AND, OR...) va dir liéu vao phai cé dd phtc tap
14
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da thUrc theo quan niém 2(d0 dai md) thi thudt todn (trén mdy Turing) tuoOng Ung la

da thurc.
Vi du: Input: Day sO aj,ay,...an, .
Output: Sap x€p theo chi€u gidm dan.
For i:=1ton do
Begin
j=i
for k:=i+1 ton do
if a>a; then j:=k;
TAM:=a;; ai:=q;; a;:=TAM,;
End;
D6 phuc tap tinh toan:
-D{rliéu: n+1= O(n).
- BO nhé: (n+1)+4=n+5=0(n)

IR

(vao)  (i,j,ktam)
\ -1
- Thoi gian: 2((n-1)+(n-2)+...+2+1)+4(n-1) = 2n. nT +4(n-1) =n*+3n-4=0(n°).

[0 Thuadt toan la da th(c 0 Thuc t€ gidi dugc.
1.5.1. Su phén 18p cac bai toan.
V&i mOt bai toan cho trudc o 2 khd ning xay ra:
+ Khong gidi dugc hoac
+ Gidi dugc bang thudt toan.
- TruOng hgp bai toan gidi dugc bang thuat toan ciing chia 1am 2 loai:
+ Thuc t€ gidi dugc: Pugc hi€u 1a thudt toan xU 1y trong thoi gian dU nhanh,
thuc t€ cho phép, d6 1a thuat todn c6 dO phuc tap thdi gian 1a da thic.
+Thuc t€ kho gidi: Pugc hi€u 1a thudt todn x( Iy trong nhi€u thoi gian, thuc té
khé ch@p nhan, d6 1a thudt todn c6 d6 phUc tap thdi gian 1a trén da th(rc (hAm mii).
Do d6, ta c6 su phan 18p cac bai toan do 2 tac gid Cook va Karp dé xudt nim 1970-
1971 nhu sau:
- P: LalGp cac bai toan c6 thé gidi dugc bang thuat toan don dinh trong thoi

gian da thUc (Deterministic polynomial).
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Vi du: Bai toan vé tinh lién thong cUa do thi c6 thé gidi dugc nhd thudt toan véi thdi

gian tinh 14 O(n*)0J ThuOc 16p P

— NP : La 16p cac bai toan c6 thé gidi dugc bang thudt toan khéng don dinh trong

thOi gian da thlc. Hay, 1a 1Gp cac bai todn ma moi nghiém gid dinh déu c6 thé
dugc ki€m chlng trong thoi gian da thlc (Nondeterministic polynomial)..

Vi du: Bai toan ki€ém tra mOt day dinh cUa d6 thi G c6 1a chu trinh Hamilton hay
khong c6 th€ thuc hién sau thoi gian da thic 0 ThuQc 16p NP

0 PONP

Nhung hién nay chua chling minh dugc P 1a tap con thuc su cla NP, van dé P =
NP? hién 1a mOt trong sO cac van dé m& ndi ti€ng nhat va ciing dat gia nhat trong
Toéan hoc va trong Tin hoc ly thuyét.

1.5.2. Khai niém “dan vé duoc” (Phép quy dan): Cho hai bai toan A, B

Pinh nghial: Bdi todn A dugc goi la “dan vé duoc” bdi todn B sau thOi gian da
thUc néu c6 mOt thuét todn da thlrc d€ gidi bai todn B thi ciing c6 mOt thuét todn da
thUrc d€ gidi bai todn A.

Nghia la: Bai todn B “kh6 hon” bai toan A hay A “dé hon” B hay A la truGng hop
riéng cUa B. Ki hiéu A UB.

Phép quy dan c6 tinh chat bac cau: ADBvaBOCO AUC,

Tu tudng quy dan da gidi thich vai tro quan trong cUa 1Gp bai toan P. Néu ta c6 bai
toan A thuOc 16p P va mOt bai todn B c6 thé quy dan vé A, thé thi B ciing thubc vao
P. Nghia la P 1a d6ng dGi vGi phép quy dan.

Pinh nghia 2 : Bai todn A duoc goi la “khé tu'ong duong” bai todn B néu AUB va B
LIA. Ki hiéu A ~ B.

1.5.3 L&p bai toan NP - khé (NP - hard) va NP - day du (NP — Complate)

a) Bai toan quyét dinh: Bdi todn quyét dinh la bai todn ma ddu ra chi c6 th€ la
“Yes” hodc “No” (Pung/sai, 0/1, ch&p nhan/tlr choi).

Vi du: Bai toan vé tinh nguyén t0: ” HOi sO nguyén n c6 1a s& nguyén td hay khong?”.
Khi d6 ta c6 n = 23 1a b0 dir liéu vao “Yes”, con n = 24 1a bd dit liéu vao “ No” cla
bai toan.

b) Bai toan NP — Kho(NP — Hard)

Bai todn A dugc goi la NP- khé néu nhu tOn tai thudt todn da thUc dé€ gidi bai todn
A thi kéo theo sUr tOn tai thudt todn da thlc d€ gidi moi bai todn trong NP.

16
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Hay: A 1a NP — Kh6 néu nhu BL/ A, v&i moi bai todn B [0 NP

MOt cach khéng hinh thifc, c6 thé néi rang néu ta cé thé gidi dudc mot cach hiéu
qud mOt bai toan NP — Khé cu thé thi ta cfing c6 thé gidi hi€u quad bat ky bai toan
nao trong NP bang cach st dung thudt toan gidi bai todn NP-Khé nhu 1a mOt chuong
trinh con.
c) Bai toan NP - day dQ(NP — complete, NPC)
MOt bai toan quy€t dinh A dugc goi 1a NP - day dU néu nhu

i) A la bai toan trong NP,

ii) Moi bai toan trong NP déu c6 thé quy dan vé A.
Luu y: Khai niém NP - day dU doi hoi bai toan nhat thi€t phai cé dang quyét dinh.

Ta c6 buc tranh tam thdi day dU v€ phan 18p céc bai toan trén hinh sau:

Hinh 2: Su phgn 18p cdc bdi todn

- Céch 2: 4p dung b0 dé sau:
B dé: Gid s(rbai toan A 13

NPC.
°Bai toan lap lich (Bai todn PHAT):
Input: C6 n cong viéc xU 1y trén mOt may.
r;: ThOi di€m bat dau cong viéc x(rly i
d; : Han dinh hoan thanh céng viéc i.
t; : ThOi gian x(r 1y cong viéc i, t <d-r.
b; : Thoi gian bat dau x(r ly.
ci : Thoi gian két thiic cong vi€c i, t=ci-b;
17
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néu ¢;< d; , cong viécila x 1y ding han.

néu c>d; , cong viécila x(r 1y qua han(bi phat).
wi : Tién phat.
Output: Hay sap x€p cac cong viéc theo mOt th(r tu nhat dinh d€ theo d6 chd dén
luot xUr 1y, sao cho lugng tién phat 1a it nhat.
Ki hiéu U= { 0 néu ¢:< d; (ding han)
1 néu c>d; (qua han)

Khi d6 yéu cau : Z UW,: - min

[l
Ta c6 th& viét bai toan trén ngdn gon nhu' sau : 1 Z UW,; . Kihiéula PHAT.
-l

Bai toan nay rd rang la gidi dugc bang phuong phap “vét toan bd”. Nhung thuc té
khé gidi vi n6 thudc 16p NP_day du.

DE chlng minh bai toan “PHAT” 1a NP - day dU, chi can chling minh rang bai toan
KNAPSACKUO PHAT vi ta di bi€t KNAPSACK la NP_day du. Né6i mOt cach khac
KNAPSACK 1a truOng hop riéng cla PHAT.

Nhac lai bai toan KNAPSACK:

Input: n d6 vat vdi thé tich a,a,,...a, can nhét vao bald cé thé tich B.

Output: Tim nhém d6 vat c6 th€ nhét vUa khit bald trén.
(OTO{1,2,...n} ma ;‘“ =B
1

a) D€ ching minh KNAPSACKU PHAT truGc hét ta dién dat né bang ngon
ng(t cUa bai todn PHAT. Cu thé m0i vat i 8 KNAPSACK dugc xem la mOt
cong viéc trong PHAT, chiing dong thGi dugc nhap vao hé thOng. Moi cong
viéc c6 han dinh nhu nhau va bang B. Thoi gian t; thuc hién cong viéc i bang
tién phat w; va bang thé tich a, cUa vat.

Tém lai ta c6 thé bi€u dién bai toan nhu sau:

Input: - n cong vi€c dong thoi dugc xU 1y r, =0, 0i=1,2,...,n.
- mOi cong viéc i (1<i<n) dugcbiét d=B, t=w=a;, 0i=1,2,...,n.
- may lam viéc lién tuc cho dén khi moi céng viéc dugc xUr 1y xong.
- tai mOi thoi di€ém may chi x( Iy dugc mOt cong viéc.
- khi dang x(r Iy cong viéc i, khong dugc phép ngat n6 d€ thuc hién mot

cong viéc khac.
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Output: Hay 1ap lich d€ may xU 1y cac cong viéc sao cho lugng ti€én phat 1a it nhat

z ini L::l Hhé Hhé,t.
[
b) ChUng minh:
Gidi dugc PHAT bang thudt toan don dinh da thic thi ciing gidi duoc
KNAPSACK bang thudt toan don dinh da thirc va ngugc lai.

n n

°Gid sU gidi dugc PHAT tlc la lich bi€u ma ) WU la nhé nhat, vay thi: )

i=1 i=1

n

WiUi: z a; -b.

i=1

Suyra OSU{1,2,....,n} ma zﬂ U1W1=;ai :iai -b
Al ! i=1

Hay b= Z a, - ; d; :iDZT 9 v6i T={1,2,...,n}- S. Nhu vay KNAPSACK da gidi
duoc.

°Ngudc 1ai, gid s&r KNAPSACK di gidi dudc, tc 1a OTU{1,2,...,n} ma DZT a; =b
hay

%ai = Z a; - ;ai :b, nhu Véy inzlai - an ini :bD z"l ini = Z a; -b s dﬁy la lu'dng

i [

tién nhé nhat va PHAT da gidi dugc.
*Chu y: Néu tat ca n cong viéc déu qud han thi 1uong tién phat 16n nhat1a ) a; .
=1

d) Mot s6 bai toan di duoc chting minh la NP — khé , NP - day da
P& chlng minh mOt bai todn nao d6 1a NP-day dU (NP-khé) cong viéc kho khin nhat
la im dugc mOt bai toan NP-day dU c6 thé quy dan vé né. Do d6 ta can biét thém
vé nhimg bai toan da dugc chiing minh 1a NP-ddy du, cho dén nay danh muc cac bai
toan NPC trong céc linh vuc da dang :Logic Bool, d0 thi, sO hoc, 1ap lich, trd choi,
otomat...dd 1én dén hang nghin . Sau day 1a mOt sO bai todn di dugc chiing minh 1a
NPC:
@ Bui to,n 3-SAT.
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Xét cac bi€u thlc Bool 1a hoi clia cic ménh dé ma moOi ménh dé 1a tuyé€n cla ding 3

toan hang, moi toan hang 1a mOt bi€n Bool (x) hodc phu dinh cla né (X). Bi€u thlc
Bool c6 dang nhu vay dugc goi 1a cong thltic 3-CNF (dang chudn tac hdi 3 —
conjunctive normal form).
Vidu.Bi€uthtre (xDyUz)O(xUyUz)O(xUyUz)U(xUzUu)

La mOt 3-CNF ch(fa 4 bién Bun x, y, z, u.
Bdi todn 3-SAT: Cho mOt cong thic 3-CNF, hdi rang c6 ton tai mOt bd gia trj cla cac
bién sao cho biu thlrc nhan gia tri TRUE hay khong?
@ Bdi todn vé bé 10n nhat cla do thi (MaxClique):
Cho d6 thi vé hudng G = (V, E). MOt do thi con day dU cla do6 thi G dugc goi 1a be
(clique). Ta g0i kich thu@c cla bé 1a sO dinh cla né. Bé cla do thi G véi kich thudc
16n nhat dugc goi 1a bé 16n nhat(MaxClique)
Vidu:

7

Hinh 3 :

a)MaxClique kich thudc 3 b)MaxClique kich thuGc 4

Bai todn Clique: Cho d6 thi v hudng G = (V, E) va s nguyén k. HOi do thi G ¢6
chla bé v&i kich thuGc hay khong ?

®.Bai todn phu dinh(Vertex Cover- VC) : Ta goi mOt phU dinh cUa do thi vé hudng
G=(V, E) 1a mbt tap con cac dinh clia d6 thi S O V sao cho mbi canh cla db thi cé it
nhat mOt dau miit trong S. Ta goi kich thudc clla mOt phU dinh 1a s6 dinh cla né

Bai todn VC : Cho d0 thi vo hudng G=(V, E) va sO nguyén k. HAi c¢6 phu dinh véi
kich thuGc k hay khong?
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Vidu:
Hxnh 4
a) Phu dinh véi kich thudc 2 b) Phu dinh v&i kich thudc 3

1.6. Thudt toan xap xi (Heuristic)

1.6.1. Cac khai niém

NgUudi ta cho rang ngdy nay may tinh v&i tOc d0 rat 16n, khong can quan tAm nhi€u
tdi thudt toan nhanh nhung vGi su ki€m chlng sau day: Bai toan xUr 1y v&i n dbi
tuong, c6 3 thuat toan vGi 3 mUc phlc tap khac nhau, sau 1 gio xU 1y s€ chiu 3 hau

qud khéc nhau.

Thuat D0  phUc | XUly/1 gio
toan tap
A O(n) 3,6 triéu doi
tuong
B O(nlog;n) | 0,2 triéu  dobi
tuong
Trong khi d6 C 02" 21 doi tugng

nhi€u bai toan c6 ¥ nghia thuc t€ 1ai thudc 18p cac bai toan NPC va rat quan trong.
Néu mOt bai todn 1a NPC ta at khong tim mot thudt toan thoi gian da thlc . Vi vay,
c6 hai cach ti€p cén d€ c6 thé khac phuc tinh NPC:
- Néu dit liéu dau vao thuc t€ 1a nho thi mOt thudt todn c6 thoi gian
thuc hién ham mii c6 th€ hoan toan thod man.
- Tim céc gidi phap gan t6i Uu trong thoi gian da thic.
MOt thudt toan trd vé cac két qUa gan tdi uu dugc goi 1a mOt thudt toan xap xi.
Ta c6 cac khai niém sau day:
e Thudt todn t6i Uu nhanh: La thudt todn tim nghi€m t&i uu, nhung nhanh (d0 phic
tap thoi gian la da thic).
e Thudt todn t6i uu chdm: La thudt toan tim nghiém t6i Uu nhung cham (d0 phutc

tap thdi gian 1a ham mii).
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* Thudt todn xdp xi nhanh (Fasf Approximation Algorithms). La c4c thudt toan tim ra

nghiém gan diing cUa bai toan v&i dO chinh x4c ndo d6 nhung dU nhanh. Thudt todn
nhu vay con dugc goila “Thudt ton xap xi da thlic”.
Vi du 10: Bai todn phu dinh t6i uu
Input: Cho do thi vo hudng G = (V, E).
Output: Tim phU dinh t6i uu( Phu dinh c6 kich th(roc cuc tiéu) .
Bai todn VC tim ra phU dinh c6 kich c& cuc ti€u 1a NPC. Do d6 khé c6 thé tim ra 1
phU dinh t0i Uu nhung khong qua khé d€ tim ra moOt phU dinh gan t6i uu.
Sau day 1a mOt thuat toan xap xi cho két qUa 1a mOt phU dinh c6 kich ¢G khong 16n
hon 2 1an kich ¢& mot pht dinh tdi uu trong thoi gian da thic:
Procedure Approx _VertexCover;
Begin
C:= @; { C -tap phu gan t0i uu}
E:= Tap canh cla do thi G;
While EZ ¢ do
Begin
Chon (u, v) 1d mOt canh tuy y cla E;
C:=C O {u, v}; {KE&t nap hai dinh u, v vao pht dinh C};
GO bo khoi E moi canh lién thubc vi u hodc v;
End;
Return(C);
End;
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c) Chén tiOp (e,f), gi ba (e,d),(d,f)

Ké&t qud : Phu dinh C={b, ¢, d, e, f, g} gan tOi U c6 kich thudc 6.
( Phu dinh t6i uu {b, e, d} cé kich thudc 3)
1.6.2. Thudt toan € - xap xi tuy@t doi
Cho P la bai toan cuc dai hoéa:
GOoi H 1a thU tuc Heuristic, thuat todn tim mOt nghi€ém nao d6 cho P
Ki hiéu OPT(I) 1a nghiém t&i uu cUa bai todn P dOi v&i th€ hién 1.
Ki hiéu H(I) 1a nghiém gan diing cUa P do thudt todn H tim ra.
Cho €>0, thU tuc Heuristic H dugc goi 1a thuat toan € - xap xi tuyét dOi khi va chi
khi
|OPT(I)~H(I)|< € cho moi th€ hién I cla bai toan P (I: instance) v6i O bd dit liéu.
Vi du 11: Bai todn luu tr téi da sO lugng chuong trinh (maximum program stored)
Input : - n chuong trinh v&i dung lugng nhé (d6 dai) di,d,,..., da
- Hai bang nhG vGi dung luong (d0 dai) mOi bang 1a L.
Output: Hay ghi cic chuong trinh 1én 2 bang nhé véi s6 lugng t6i da, mbi chuong
trinh chi dugc ghi trén mOt bang nhd.
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Bai todn nay da dugc chling minh 1a NP - day dU. Vi vay viéc tim thudt todn da thlrc

cho no la it hi vong.

Ngu0i ta da ding gidi phap tim thudt toan xap xi nhanh cho phép tim dugc nghi€ém
gan ding cUa né nhung chi mat thoi gian da thirc.

Sau day la thudt toan 1- xap xi tuy€t d6i: Cho két qud nghiém t0i uu va nghiém gan
ding chi chénh nhau c6 1.

Thudt toan 1- xap xi tuyét doi:

Procedure XXTD1;

Begin
1. Sép Xép cac chuong trinh theo th( tu tang dan cla d,,d,,..., d.;
2.1:=1;
For j:=1to 2 do
Begin
dodai:=0;
While (dodai+d; <L) and (i<n) do
Begin

<ghi chuong trinh i vao bang nh& j>;

dodai:= dodai+d;;

1:=i+1;

End;
End;
End;

Chti y: Muc dich mubn chi trén 2 bang nh& c6 d6 dai L ma luu tr(r dugc tOi da cac
chuong trinh. Theo suy nghi thong thuOng thi hiy Uu tién cac chuong trinh c6 d6 dai
ngan hon, vi vay dau tién 1a sap x€p cac chuong trinh theo th( tu ting dan cac do
dai cUa chiing. Ti€p theo 1an 1ugt x&p theo th(f tU ndy lén tUng bang nhé mot. Do 2
bang nh& c6 dd dai nhu nhau nén ding bang nao trudc ciing dugc . Theo thuat toan
trén thi dung bang 1 trudc. Bién “dodai” ghi 1ai tGng d0 dai bang nhG dung d€ luu
cac chuong trinh.
Bai toan nay con duQc goi 1a bai todn cat n doan sat tur 2 thanh sat c6 cung do dai L
sao cho sO lugng doan sat cat ra 1a nhi€u nhat (Chat sat - Cutting problem).
Chung minh |OPT(I) - H(I)|<1
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- Pat k = H(I) 1a nghiém cUa thudt toan Heurtstic 0 k 1a s6 lugng chuong trinh dugc

luu trir trén 2 bang nhd theo cach sap dat cla thudt toan xap xi trén.
- GOi p 1a s6 lugng chuong trinh dugc ghi trén 1 bing nhG c6 d6 dai bang 2 bang néi

trén
p
Nhu vay ksOPT(Dspva ) d, <2L (1)
i=1
Ta chUng minh [OPT(I)-~H(I)|<1 - OPT(I)—k <1 = OPT(I)<k+1 (2)

Theo (1) thi chi can chling minh p<k+1 1a d0 vi khi d6 OPT(I) < p <k+1.
Chling minh bang phan chlng:

k+2 p
Gidsip>k+l = p= k+2 = H d; <% d; <2L (3).
i=1

i=1

Goi m 1a s6 lugng chuong trinh dugc ghi trén mOt bang theo thudt todn xap xi trén.
Khi do : Zdi+dm+1>L|:| zdi+dk+1>L 4)
i=1 i=1

k k
Tuong ty trén bang nh¢2: ) d; +d,, >L 0 5 d; +d,,, >L (5)

i=m+1 i=m+1

TU (4),(5) ta co : kfdi >2L 0 mau thudn vGi (3) O p <k +1 (dpcm).
=)
DO phlrc tap thoi gian cUa thudt todn:

Thoi gian x( Iy cUa thudt todn x&p xi trén 1a O(nlog,n) (chU yé€u la phan sap
x€p cac chuong trinh theo th(r tu clla dO dai). Trong khi thudt toan chinh xac phai
can c6 thoi gian hAm mii, ma hi€u qua 1a 2 nghiém chi chénh nhau c6 1. Néu nhiing
bai toan dugc gidi tOt nhu vi du trén thi ding gidi phap € - xap xi tuyét d6i. Nhung
khong phdi khi nao ciing sudn s€ nhu vay vi cac thudt toan € - xap xi tuyét d6i tim
dugc khong nhiéu.

Hién nay phan 16n cac bai todn NP- day du thi viéc tim thudt todn € - xap xi
tuyét d6i cho ching ciing lai 14 NP- day dU. Chang han nhu bai toan x&p bald
(KNAPSACK), bai todn nguOi ban hang (Traverling Salesman Problem), bai todn
MaxClique...Chinh vi 1& d6 ngudi ta dan ra khai niém y€u hon goi 1a Thuét toan € -
Xap xi.
1.6.3.Thudt toan € - xap xi
Cho P la bai toan cuc dai hoa.

Goi H 1a thU tuc Heuristic, thudt toan xap xi tim mOt nghi€m nao d6 cho P.
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Ki hiéu OPT(I) 1a nghiém tdi uu cla bai toan P d6i v&i thé hién I (Instance).

H(I) 1a nghiém gén ding cla P do H tim ra.
ThU tuc Heuristic H dugc goi 1a thudt toan € - xap xi khi va chi khi:

OPT(I)-H(I) _
OPT(I)

cho O1.

Vi du 12: Bai todn x€p balb gid tri nguyén (Interger - Valued Knapsack)
Input: MOt ba 16 c6 thé tich B, n d0 vat c6 thé tich: ay, a,,...an,
gia tri tuong Ung cla cac dO vat 1a: py, pa,...pa
SO luong moi loai d6 vat 1a khong han ché, x; nguyén 1a s6 luong loai do

vat i.
n n
Ouput: Tim nhém d6 vat thod man Z a;x; <B va z p;X; dat max ?.
=1 =1

< . pe . d ~ DB [ _ <
Tom tat: Z X;p; — Max v0i zx,-ai <Bx, UZ0<x <b. O day b, < EW_E’ diéu nay
=1 i=1 ;

~? A ~ DB [ , ~ ~ A ~ A ’ N ~2 ’ ’ ~2 Ve
la hién nhién vi G—[ chinh la sO nguyén dO vat c6 cung the tich a; c6 thé nhét

1

dudgc vao ba 106.
Truong hop bi=1 i thi van dé trén goi 1a bai toan x€p bald 0-1, tlc 1a chi dugc x€p
nhi€u nhat 1a 1 dO vat vao bald (0-1 Knapsack)
Bai toan ndy da dugc chling minh 1a NP- day dU. Vi vay vi€c tim thudt toan da thic
cho né 1a rat it hi vong. Ngu0i ta da th(r tim thudt toan xap xi tuy€t d6i (nhanh) cho
né nhung ciing khong thanh cong vi viéc tim mOt thuat todn nhu vay ciing 1ai la NP-
kho.
Sau ddy la thudt todn 1/2 - xap xi cho bai todn x€p balb tri nguyén:
Procedure XAPXI12;

Begin
1) sap x€p ti sO pi/a; , i=1,2,..,n theo th(r tu gidm dan;
2) T:=0;
for i:=1ton do
begin
xi:=[(B-T)/ail;
T:=T+x;a;;

26



Gido trinh Ly thuyét thuét todn-B6 mén Khoa hoc mdy tinh-2010

End;
End.
ChUng minh:
A e a , B _  [BO
- VGi moOi th€ hién I ta c6 OPT(I) < P~ va pl-EFDS H(I)
1 1
B U B

Mat khac B - E);%al <5 o néu nguoc lai thi dan dén vo Iy)
1

B U 0B O

OO0 B-ag QO B
Khi d6 OPT(I)_H(I)zl_ H(I) 31—EPID: E%D:_Z:l.
OPT(I) OPT(I) E B B 2
a;

DO phlrc tap thoi gian cUa thudt todn:

Thai gian x(r Iy thudt toan xap xi trén chi 1a O(nlogn) (chd y€u la phan sdp x€&p ti
sO pi/a;), trong khi n€u duing thudt toan chinh xac phai can thoi gian ham mii.

Ngoai bai toan x&p bald (Knapsack) trén, hi€n nay nguoi ta da tim dugc thudt todn €
- xap xi cho nhiéu bai toan khéc, dac biét trong cac van dé 1ap lich.

Tuy vay vGi nhi€u bai toan NP- day dU thi viéc tim thudt toan €-xap xi cho chiing
cling lai 1a NP- ddy dU. Chang han nhu bai todn Traveling Salesman Problem(TSP),

bai toan quy hoach nguyén (Integer programming)..
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CHUONG 2
CAC THUAT TOAN SAP XEP
2.1. Bai toan sap x€p
2.1.1. Tam quan trong cUa bai toan sap x€p
Sap x€p mot danh sach cac dOi tugng theo mOt th(r tu nao d6 1la mot bai toan thuOng
dugc van dung trong cac Ung dung tin hoc, va 1a mdt yéu cau khong thé thi€u trong
khi thi€t k€ cac phan mém.
2.1.2. Sap x&p trong va sap x€p ngoai
- Sap x€p trong la su sap x€p d{r liéu dugc t6 chiic trong bd nhd trong clia may tinh,
G d6 ta c6 thé s dung khd ning truy nhap ngdu nhién cla b0 nhd va do vay su
thuc hién rat nhanh.
- Sap x€p ngoai : SU dung khi lugng dit liéu can sap x€p 16n khong thé luu trlr
trong b® nh& trong ma phai luu tr(f trong cac tap tin trén bd nhd ngoail Chi c6 thé
truy nhp tudn tu, doc tUng phan t& mOt vao bO nhd trong.
2.1.3. T@ churc dir li€u va ngon nglr cai dat
- Cac doi tugng can dugc sap x€p 1a cac ban ghi gdm mot hay nhi€u trudng, mot
trong cac dugc goi 1a trudng khoa(Key), ki€u cud né 1a mot ki€u c6 th(r tu nao dé.
Vi du:sd nguyén, sO thuc...
- Danh sach cac doi tugng can sap x€p s€ 1a mOt mang cla cic ban ghi néi trén.
Muc dich cla viéc sap x€p la t6 chirc 1ai cac ban ghi sao cho cac khéa cla ching
dugc sap th(r tu tuong Ung voi quy ludt sap xEp.
- D€ trinh bay ta st dung khai béo sau:
const N=100;
type
Keytype=Integer;
Othertype=real;
Recordtype=Record
Key:Keytype;
OtherField: Othertype;
End;
Var a:array[1..N] of Recordtype;
Procedure SWAP(var x,y:Recordtype);
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Var Temp: Recordtype;
Begin
Temp:=x; x:=y; y:=Temp;

End;
- Ta thay thU tuc SWAP 1ay O(1) thdi gian vi chi thuc hi€n 3 1énh gan nOi ti€p nhau.
- Day dich phdi thda man a; .key<a,.key<...<a,.key hodc ngugc lai.
2.1.4. Thudt toan sap xép
- Thudt toan sap x€p goi la 6n dinh néu né khong ddo 10n trat tu ban dau cla cac
khéa cting gié tri: n€u a;=a; , i<j.
- Céc thudt toan sap x€p trong can ddm bdo:

+ Chi st dung bd nh& trong
+ C6 hi€u qua, ti€t kiém bd nh& va thdi gian.
- Hai phép toan c0O s& khi thuc hién sap x€p 14 so sanh va d6i cho.
- Thoi gian thuc hién thut gidi sé do bang tEng s 1an thuc hién phép so sanh cOng
vGi s6 1an thuc hién phép ddi cho.
2.2. Cac phuong phap sap x€p don gian
2.2.1. Sap xép chon (Selection Sort)
Pay 1a phuong phap don gidn nhat dugc ti€n hanh nhu sau:

a)Gidi thuat:
- Pau tién chon phan t& ¢6 khéa nho nhat trong n phan t(r a[1] d€n a[n] va hoan vi n6
vGi phan t0r a[1].
- Chon phan t(r c6 khéa nhd nhat trong n-1 phan tU tU a[2] dén a[n] rOi hoan vi né
véi a[2]...
- O budc i, chon phén t& 6 khéa nhd nhét trong n-i+1 phan t& tU a[i] dén a[n] roi
hoan vi n6 véi a[i].
- Sau n-1 budc thi mang da dugc sap.
*Vidu: Bandau: 5 6 2 2 10 12 9 10
Bubcl: 2|6 5 2 10 12 9 10
Budc2: 2 2|5 6 10 12 9 10
Budc3: 2 2 3|6 10 12 9 10
Budc4: 2 2 3 5/ 10 12 9 10
Budc5: 2 2 3 5 6] 12 9 10

© © v v v ©
A U1 W W
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Budc6: 2 2 3 5 6 9| 12 10 9 10

Buéc7: 2 2 3 5 6 9 9|10 12 10
Bugc8: 2 2 3 5 6 9 9 10|12 10
Kétqud:Budc9: 2 2 3 5 6 9 9 10 10|12
b)Chuong trinh:
Procedure SelectionSort;
Var i,j,k:Integer; min:Real;
Begin
1.fori:=1to n-1 do
Begin
2. k:=i; min:=a[i];
3. forj:=i+1 tondo

4. If a[jl<min then {duyétcdc phantt 2 —n}

Begin
5. min:=a[j]; {phdn tUd'nhG nhdttlrj —n }
6. ki=j; {vi tri phan tU' nhG nhat}
End;
7. Swap(a[il,a[k]); {P3i chd phdn tU nhG nhét tim dugc vdi a[i]}
End;
End;

c)Pénh gia : Cac 1énh gan 1ay O(1) thdi gian, Swap ~ O(1), vong 13ap for 4 thuc hién
n-i 1an (j chay i+1 - n) mbilan1ay O(1)E L&y O(n-i) thoi gian

n-1
0 Thoi gian tinh toan 1a T(n Z (n . O(”z)

i=1

2.2.2. Sap xép chen (InsertionSort)

a)Giai thuat:

Y tuOng : Lay dan tung phan t( tU day nguOn, chén vao day dich sao cho ddm bdo
day dich c6 th( tu' . Xem phan t(r a[1] 1a mOt ddy da c6 th(r tu.

- Budc 1: Chén phan tU a[2] vao danh sach da c6 th( tu a[1] sao cho a[1], a[2] 1a mOt
danh sach c6 th(r tu .

- BuGc 2: Chén phan tU a[3] vao danh sach da c6 th( tu a[1], a[2] sao cho a[1], a[2],
a[3] 1a mOt danh sach c6 th& tu ...
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- Bu@c i: Cheén phan tU a[i+1] vao danh sach da c6 th( tu a[1], a[2],..,a[i] sao cho

a[1],a[2],..,a[i+1] 1a mOt danh sach c6 thir tu .

Phan t(r dang xét a[j] s€ dugc chén vao vi tri thich hgp trong danh sach cac phan tlr
da dugc sap trudce dé a[1], a[2],...a[j-1] bang cach so sanh a[j] vGi a[j-1] dlng ngay
truGc n6. Néu a[j] < afj-1] thi d6i cho a[j] vGi a[j-1] va ti€p tuc so sanh a[j-1] voi alj-
2] ...

Lap cho dén khi hét day i=n. Mang dugc sap x€p xong.

*Vidu:

Bandau: 5 6 2 2 10 12 9 10 9 3
Budcl: 5 6

Bubc2: 2 5 6

Budc3: 2 2 5 6

Bubc4: 2 2 5 6 10

Budc5 2 2 5 6 10 12

Budc6: 2 2 56 9 10 12

Bubc7: 2 2 569 10 10 12
Buéc8: 2 2569 9 10 10 12
Buéc9: 2 2356 9 9 10 10 12 (Kétqud)
b)Chuong trinh:
Procedure InsertionSort;
Var i,j:Integer;
Begin
1.For i:=2 to n do
Begin
2. j:=i
3 . While (j>1) and (a[j]<a[j-1]) do
Begin
4.Swap (aljl,alj-1]);
5.j:5)-1;
End;
End;
End;
c)Panh gia: - Cac 1énh (4), (5) déu lay O(1).
31



Gido trinh Ly thuy€t thudt todn-B6 mén Khoa hoc mdy tinh-2010
- Vong 1ap (3) chay nhi€u nhat i-1 1an, moi lan tén O(1)U (3) 14y i-1

thOi gian.
- Lénh (2), (3) nOi ti€p nhau, 1€nh (2) 14y O(1)C C3& 2 1énh 14y i-1
- Vong 1ap (1) c6 i chay tir 2 ~ n0 néu goi T(n) la thoi gian d€ sap n

phén 0 T{n) =3 (i-1) = it~ ofw

2.2.3. Sap x€p ndi bot(Bubble Sort)

a) Gidi thudt: Coi cc ban ghi dugc luu trong mOt mang doc. Qua qué trinh sap, ban
ghi ndo c6 khéa “nhe” hon sé nGi 1én trén. Duyét toan mang, tUr dudi lén trén. Néu 2
phan t& & canh nhau ma khong ding th( tu tlrc 1a phan t0 “nhe hon” & dudi thi phai
cho né “ndi 1én” bang cach d6i chd 2 phan t( ndy cho nhau. Cu thé:

+ Budc 1: Xét cac phan tU tur a[n] dén a[2], véi mbi phan tr a[j] so sanh khéa cla né
vGi khéa cla phan tU a[j-1] dUng ngay trudc né. Néu khéa cla a[j] nhd hon khéa
cUa afj-1] thi d6i ch6 cUa a[j] va a[j-1].

+ BUGc 2: Xét cac phan tU tUr a[n] d€n a[3], 1am tuong tu

+ BUGc i: Xét cac phan tU tU a[n] dén a[i+1]...

Sau n budc ta dugc mang da sap thir tu.

b)Vi du:
Banddu Budcl Budc2  Budc3 Budc 4

5 2 2 2 2
6 5 2 2 2
2 6 5 3 3
2 2 6 5 5
10 3 3 6 6
12 10 9 9 9
9 12 10 9 9
10 9 12 10 10
9 10 9 12 10
3 9 10 10 12

c)Chuong trinh:

Procedure BubbleSort;
Var i,j: Integer;

Begin
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{1} Fori:=1ton-1do

{2}  For j:=n downto i+1 do
{3} if a[j]<a[j-1] then
{4} Swap(aljl,alj-1]);

End;
d)Panh gia:
-Lénh {1} ton O(1) 0 O(n-i)
- Lap {2} thuc hién (n-i) 1an
. R n-1 ) _1
O {1} thuc hién (n-1)18n0 T(n) = Z(n -i) = n(n2 ) - oln?]
i=1

2.3. Sap x€p nhanh QUICK SORT(phdn doan Partition Sort):

{do A.R Hoare phdt minh ndm 1960}

2.3.1. Y tuong

Xét mang A cac ban ghi a[1],..,a[n].

- Chon mOt trong céc thanh phan cla mang lam chét (Pivot). Phan hoach mdng thanh
2 phan bang cach chuyén tat cd cac thanh phan c6 khéa > chét sang phai chét, cac
thanh phan c6 khéa < chot sang trai chdtd Két qud cla phan hoach, ch6t ding & vi
tri k va moi thanh phan clia mang con bén trdi chdt A[1..k-1] c6 khéa < chdt, moi
thanh phan clla mang con bén phai chOt A[k+1..n] c6 khéa > chot.

- Sap x€p dOc 1ap 2 mang con A[1,.k-1], A[k+1,..,n] bang cach goi dé quy thudt
toan trén.

2.3.2. Thi€t ké giai thuat

Procedure Quicksort( i,j:Integer);

Var k:Integer;

Begin
If i<j then
Begin
Partition(i,j,k); {phdn hoach 2 mang con A[i,..,k-1] va A[k+1,..,j]}
Quicksort(i,k-1);
Quicksort(k+1,j);
End;
End;

Xdy dung thd tuc Partition:
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- Van dé chon ch6t: Néu chon dugc phan tU 1am chét sao cho k€t qud phan hoach

nhén dugc 2 mang con can bang la t6t nhung sé tiéu tOn nhi€u thoi gian khong can
thi€t) Thuong chon phan t(r dau tién cla mang lam chot, tlc 1a 1dy p=A[1] lam
chot.
- Van dé phan hoach: S&r dung 2 bién :
+ Bi€n L chay tU trai sang phai bat dau tUr i.
+ Bi€n R chay tU phai sang trai bat dau tUr j+1.
Bi€n L duogc tang cho t&i khi A[L] > p, con bi€n R dugc gidm cho t&i khi A[R]<p.
Néu L<R thi d6i chd A[L] va A[R]
Lap lai qua trinh trén cho dén khi L>R.
Cu0i cing d6i chd A[i] va A[R] d€ dat ch6t vao ding vij tri.
Procedure PARTITION ( i,j:Integer; var R:Real);
Var L:Integer;
P: ki€u phan tf mang;
Begin
P:=Al[i]; L:=i; R:=j+1;
Repeat L:=L+1 until (A[L] > p) or (L >j);
Repeat R:=R-1 until A[R]<p;
While L <R do
Begin
Swap(A[L]LA[R]);
Repeat L:=L+1 until A[L] > p;
Repeat R:=R-1 until A[R]<p;
End;
SWAP(A[I],A[R]);
End;
Vi du : Phan hoach mang cac s nguyén A[1..8] nhu sau:
1 2 3 4 5 6 7 8

10{15] 4 |11| 6| 3| 5| 14
Lay chot p=A[1]=10, L=1, R=9
Tang L:=L+1 , gidm R:=R-1 cho tGi khi A[L] >10 va A[R]< 10
- Ta c6 L=2 vaR=7. ViL <R O B&i chd A[2] cho A[7] ta dugc.
1 2 3 4 5 6 7 8
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10 5| 4|11 6|3 |15] 14
$ !
Tiép tuc ting L va gidm R cho tGi khi A[L] >10 va A[R]< 10.
O Ta c6 L=4 vaR=6. ViL <R U B&i chd A[4], A[6] ,ta dugc :
1 2 3 4 5 6 7 8

10 (5 |4 |3 |6 (11 |15 | 14

TS

L R
Tié€p tuc ting L , gidm R cho tGi khi A[L] >10 va A[R]<10
O Ta c6 L=6 va R=5. Vi L>R, d6i chd A[1] va A[5]
Pat ch6t p=A[1] vao vi tri R=5, ta dugc:
1 2 3 4 5 6 7 8
6 |5 |4 |3 [10]11 |15 | 14

A A -

Nhu vay mang A[1..8] dugc phan hoach thanh 2 mang con A[1..R-1] va A[R+1..8]
tlrc A[1..4] va A[6..8]. Sau d6 ti€p tuc QUICKSORT 2 mang con trén ta sé& dugc

mang da sap xE&p.

2.3.3. Panh gia d0 phuc tap

- Thoi gian thuc hién th( tuc Partition 1a thoi gian di qua mang(hai bién L,R chay tU
2 dau cho tdi khi chiing gdp nhau) va so sanh khéa clla mOi thanh phan mang vdi
khéa cla chot. Do d6 d€ phan hoach mang n phan t( ta can thdi gian O(n)=P(n)

- GOi T(n) 1a thoi gian thuc hién Quicksort thi T(n) phai 1a téng cla P(n) va thoi gian
dé qui Quicksort cho 2 mang, con trong trudng hop xau nhat 1a chon phadi phan tl
c6 khéa 16n nhat 1am chot O Viéc phan hoach bi 1&ch, tlrc 1a mang bén phdi chi gbm
mOt phan tl chOt, con mang bén trai gOm n-1 phan tU con lai. Khi d6 ta cé thé thanh

1ap phuong trinh dé qui :

néu n=1 1 néun=1
T(n)= = T(n)= {

O(n)+T(n-1) +T(1) néun>1 T(n-1)+T(1)+n néun>1
Gidi phuong trinh dé qui nay bang phuong phap truy hoi:
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Tacé: T(n)=T(n-1)+T(1)+n=T(n-1)+(n+1)
=[T(n-2)+T(1) +n-1+n+1
:T(n—2)+n+(n+1)
=[7(n -3 +T(1) +(n-2]|+n+(n+1)
:T(n—3)+(n—1)+n+(n+1)

1]
=
=
|
+
=
|
+
N
+
=
|
+
REH
+
+
=
+
=
+
=

j=h=i+2
Qua trinh trén két thudc khi i=n-1, khi d6 ta c6:

Tln) =7+ 5 J ST Mls R

Oln’)

Trudng hgp tOt nhat khi chon chét sao cho 2 mang con 6 kich thudc can bang.
0 Phuong trinh dé quy: 1 néu n=1
T(n)=
2T(n/2) + n néun>1
Gidi phuong trinh d€ quy trén ta dugc T(n) = O(nlogn).
Nhu vay trong tru0ng hgp trung binh T(n)=0(nlogn) [0 Kha hon cic gidi thuat trudc.
2.4. Sap x€p ki€u vun ddng (Heapsort)
2.4.1. Dinh nghia HEAP
HEAP 1a m0t cdy nhi phan day dU trdi ma mOi nit dugc gan mot gié tri khéa sao cho
gid tri khéa @ niit cha bao gi® ciing nhd hon hodc bang gié tri khéa G 2 it con. Do d6
trong HEAP ta c6 :
- Nt gbc c6 khba bé nhat
- Day khéa nhan dugc khi di theo mOt dudng bat ki 1a ddy c6 th( tu ting dan
NgUu0i ta con goi HEAP 13 cay nhi phan c6 th(t tu b0 phan, HEAP - tiéng Anh c6
nghia 1a “d6ng”. C6 th€ minh hoa HEAP bang hinh dnh “vun d6ng” mot déng dat da
chang han, nhitng cuc nhod nhe sé nam trén, nhitng cuc ndng hon sé & dudi.

Vi du: MOt HEAP
/ : AN

2
®
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Cau triic mang thich hop d€ bi€u dién cay nhj phan ki€u HEAP vi HEAP 14 ciy nhi
phan day dU trai. Khi d6 ta n6i mang thda man diéu kién HEAP néu mang biu dién
cay nhi phan la HEAP.

Vi du : Mang bi€u dién cay trén
1015|1254 17] 91|

- Nhu vay véi “d6ng”: néu j chi vao vi tri cla nut con thi [j/2] chi vao vi tri cla nit
cha, hay con cUa mit i 1a cac nit th(t 2i ( con trdi) va 2i+1( con phai).
- Ntit Ung vGi chi s6 [n/2] trd xubng mdi cé thé 1a cha cla cac niit khac.
Vidu : n=100 cac nit 5, 4, 3, 2, 1 mGi c6 thé la cha.
2.4.2. Sap x€p ki€u vun déng
buagc chia thanh 2 giai doan:
Giai doan 1 : Tao dong
TU cay nhi phan di cho ta bi€n d6i d€ né trd thanh mot “d6ng”.
Giai doan 2 : Sap x€p.
Nhiéu lugt x(r Iy dugc thuc hién, mOi lugt Ung véi hai phép:
- Pua khéa nhé nhét vé vi tri thuc clla né bang cach d6i chd A[1] va Aln].
- “Vun lai thanh déng” doi v4i cdy gbm cac khoa con lai (sau khi loai khéa nho
nhat ra ngoai)
*Vidu: V&iday khoa 42 23 74 11 65 58 94 36 99 87

thi cau trtic ban dau 1a cay c6 dang:

@
@ Tao dong @ a
ololo QOB
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D0i chod va sau d6 nit Ung vGi vi trf cuGi cling bi loai khoi cay.

Vun dong méi véi
>
cac nut con lai
' 1 ;
\ N _ /

Day dugc sap S=(11)

D&i chd @ v6i @ g
S = (23, 11) (750N
\ %)
~

Thiét k€ gidi thudt:

Van dé can gidi quyét trudc hét 1a: Bién doi mang ban dau A[1..n] thanh
mang bi€u dién cay th( tu bd phan(“vun dong”) nhu thé nao. Ta c6 nhan xét rang:
vGi i>n div 2 thi di€u kién “dOng” xem nhu thGa man vi 2i va 2i+1 >n. Nhu vay néu
ta chi xét i chay tU n div 2 gidm xubng 1, day A[i] xuOng vi trf thich hop trong mang
A[1..n] thi cuGi ciing s€ nhan dugc A[1..n] thda man diéu kién “vun dOng”.

0 Xay dung thU tuc Pushdown(a,b) thuc hién viéc day Ala] xuOng vi tri thich hop
trong mang Ala..b] d€ thda man di€u kién “dOng” v6i Di=a.

+Thu tuc Pushdown: Céc phan t thubc nlta sau cla mdang khong c6 con khéng
pham diéu kién HEAPO Chi can xét tU gilta mang trd vé trudc.

Procedure PUSHDOWN(a,b:Integer);

Var i.j: integer; {luu vi tri cUa niit cha, con}
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OK: Boolean; {danh d4u nh{ing niit thGa man diéu kién HEAP }

Begin
i:=a; OK:=False;
1. While (i< b div 2) and not OK do
{ chi xét cdc niit c6 con va chua thGa mén diéu kién déng}
Begin
2. If i=b div 2 then j:=2%*i { chi cé con trdi}
else if A[2*i]<A[2*i+1] then j:=2*i
else j:= 2*i+1 {néu cé con trdi<con phai thi so sdnh con

trdi v@i cha,ngu'gc lai thi so sanh con phdi vGi cha}

3. If A[i]>A[j] then
Begin { néu con <cha thi d6i chd con vdi cha}
Swap(Alil,Alj]) ;
i:=j; {ddy xubng xét ti€p}
End;
Else OK:=True;
End;

End;

*S(r dung Pushdown trong thU tuc HEAPSORT. K&t qua dugc mang A[1...n]  sap

x€p gidm dan.

Procedure HEAPSORT;

Var i: integer;

Begin
1) for i:=n div 2 downto 1 do PUSHDOWN(i,n); { bi€én d6i mang A[1..n] thanh
mang HEAP}

2) for i:=n downto 2 do

Begin
Swap (A[1],A[i]); { d6i ché gOc xubng dubi ciing}
PUSHDOWN(1,i-1); {vun lai thanh déng cdc phan tU con lai}
End;
End;

2.4.3. PO phuc tap tinh toan
- ThOi gian thuc hién Pushdown
39



Gido trinh Ly thuy€t thudt todn-B6 mén Khoa hoc mdy tinh-2010
+ Than cUa vong lap (1) 1a cac 1énh (2) va (3), mOi 1énh can O(1) U Than (1) can

o(1).

+ Sau mOi 1an 13p, bién i ting it nhat 2 1an, gia tri ban dau claila al goi klasd

lanlap 0 a2 <b0 k< IOg%ED th0i gian thuc hién Pushdown(a,b) 1a O(log(b/a))
- Thai gian thuc hién Heapsort
+Vong (1) 1ap g 1&n, moi 1an goi Pushdown can nhi€u nhéat 1a O(logn) 0 thoi

gian thuc hién (1) 1a O(nlogn);

+ Vong (2) 1ap n-1 1an, mbi 1an 1&p can thuc hién Swap va goi Pushdown 0 Can
nhi€u nhat O(logn) 0 Thoi gian thuc hién (2) nhi€u nhat O(nlogn) 0 Thoi gian thuc
hién Heapsort 1a tGng hai vong 1ap ForC O(nlogn).

2.5. Sap xép hoa nhap (Merge Sort)
2.5.1. Y tuéng: Xuat phat tir chd cac phuong phép sap x€p di xét thudng dugc lam
v0i cac file d{r liéu khong 16n. VGi céc file 16n ngudi ta thuOng phan ra thanh cac file
nho hon dé€ s dung cac thudt toan trén. Nhu vay két qua s€ cé nhi€u phan t& duoc
sap x€p theo cling mOt th(r tu. Thudt toan Merge sé hoa nhap céc file nay thanh mét
file c6 d6 dai nhu file ban dau, bang cach tién hanh tUng 2 file mOt, két qua hoa ti€p
vGi file th(r 3 va ti€p tuc nhu vay dén hét.
Gid st c6 2 day X={xy,X,,..,x.} di sap x€p ting
day Y={y1,ys,..,y;} dd sap x€p ting
Thuc hién hoa nhdp X va Y sao cho van thda man diéu kién (ting dan)
- So sanh gi(ra 2 khoa nhd nhat clla 2 ddy X va Y, chon khéa nhd hon dua vao day
m&i Z, dong thdi loai bo né khoi diy ban dau.
- Qua trinh so sanh 13p lai cho dén khi 1 trong 2 diy X va Y can. Phan con lai cla
day kia x€p nbt vao phan sau cla day Z.
svidu:  X={15, 20, 50, 76}
Y={8, 17, 92}
+Budc 1: Z={8}, X={15, 20,50, 76}
Y={17,92}
+Budc 2: Z={8,15}, X={ 20, 50, 76}
Y={17,92}
+Budc 3: Z={8,15,17} , X={20, 50, 76}
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Y={92}

+Budc 4: Z={8,15,17,20}, X={50, 76}
Y={92}
+Budc 5: Z={8,15,17,20,50} , X={76}
Y={92}
+Budc 6: Z={8,15,17,20,50,76} ...
2.5.2. Thi€t ké giai thudt
a) ThU tuc MERGE d€ hoa nhép 2 diy khéa di sap x€p X={x1,Xs,....Xn}, Y={y1,V>
...,ya}, Z 12 ddy két qud c6 dO dai khong 16n hon n+m.
Procedure MERGE (X,Y,Z,m,n);
Var i,j,k : integer;
Begin
i:=1;j:=1;k=1;
While (i<m) and (j<n) do
begin
If X[i]J<Y[j] then
Begin
Z[k]:= X[il;
1:=i+1;
End
else
Begin
Z[k]=Y[jl;
=L
End;
k:=k+1;
end;
If i>m then
Begin { hét ddy X,ndi phan con lai cUa ddy Y vao Z}
ZIK:=YIjl;
For g:=1 to n-j do Z[k+q]:=Y[j+q];
End;
Else
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Begin { hét day Y,n6i phan con lai cla ddy X vao Z}

Z[k]:=XIi];
For q:=1 to m-i do Z[k+q]:=X[j+q];
End;
End;
b) Thd tuc MERGESORT:
A 1a day khéa, B 1a day chita két qua di sap x€p, p, q tuong Ung 1a hai chi s6 dau
va culi cUa day A.
Procedure MERGESORT (A,B,p,q);
Var t: integer;
Begin
If p<q then
Begin
t=[(p+q)/2];
MERGESORT (A,B4,p,t);
MERGESORT (A,B,,t+1,q);
MERGE (B,,B,,B,t-p+1,q-t);
End;
End;
* Vidu: Sap x€p danh sach A gdbm 8 phantlr 7,4, 8,9, 3,1, 6, 2.

Mergesort nhU sau:

74893166

7 489 5 16 2

:
/\ ‘/\ /s

\/\/ W W

V4 A
4\’8 23 4 6 7 8 6
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2.5.3. Panh gia do phtrc tap: O(nlogn) (Pd ddnh gid d phdn trudc).
2.6. Cau triic dit liéu va gidi thudt x ly ngoai
2.6.1. M6 hinh xtr ly ngoai

Khi s6 lugng dit li€u vuot qua kha ning luu tr(r clla bd nhé trong (xU 1y
phi€u diéu tra dan sO toan quOc, qudn ly dat dai..), ta phdi ding b0 nhG ngoai d€ luu
tr(r va x(r 1y. Cac thi€t bi luu tr(f ngoai nhu bang tUr, dia tU déu c6 kha nang luu trlr
16n nhung ddc di€ém truy nhdp hoan toan khac b0 nhG trong. Do dé, phdi tim
CTDL&GT thich hgp cho viéc xU 1y ditliéu luu tr(t trén bd nhé ngoai.
- Kiéu dir liéu tap tin 1a ki€u thich hop nhat cho viéc biéu dién dif liéu dugc luu
trén bd nhd ngoai. Hé diéu hanh chia b nhG ngoai thanh cac khoi (block) cé kich
thudc bang nhau (tUr 512 bytes d€n 4096 bytes).
- Trong qué trinh x( 1y viéc chuyén giao d{t liéu gilta bd nhG trong va bo nhé ngoai
dudgc ti€n hanh théng qua ving nhd dém (buffer). BO dém 1a mOt ving danh riéng
cho b0 nhd& trong c6 kich thuGe bang kich thudc moOt khoi clia bd nhG ngoai.
- C6 thé€ xem 1 tap tin bao gdm nhi€u m&u tin dudc luu trong cac khoi. Moi khoi luu
mOt sO nguyén ven cac mau tin.
- Trong thao tac doc, nguyén mOt khoi cUa tap tin dugc chuy€n vao trong bd dém,
1an lugt doc cac mau tin c6 trong bd dém cho t&i khi bd dém rong thi lai chuyén
mOt khoi tU bd nhd ngoai vao b dém.
- BE€ ghi thong tin ra bd nhd ngoai, cdc mau tin dugc x€p vao bd dém cho dén khi
day bd dém thi mOt kh6i dugc chuyén ra bd nhG ngoai, khi b6 dém rong thi xEp
ti€p cac mau tin vao.

O Pon vi giao ti€p gilra b0 nhd trong va bd dém 1a mau tin, con gilta b0 dém va bo

nhé ngoai 1a kh6i. >

BO Ghi(mau tin) Ghi(kh6i) B6
nhé < > Bo dém [« > h6
trong Poc(mbildn Poc(mdi 1an ngoai
1 m&utin)  i(khOi) 1 khoi)

N
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Hinh: M6 hinh giao tiép gilta b nhd trong, b0 nh& ngodi va viing nhd dém

2.6.2. Panh gia cac gidi thudt xt ly ngoai
- BOi v&i bd nhd ngoai, thoi gian tim mOt khdi d€ doc vao bd nhd trong 1a rat 16n
so v0i thoi gian thao tac trén dt liéu trong khoi do.

Vi du: Gid st mo6t khoi luu 1000 sO nguyén dugc Iuu trén dia quay véi van tOc
1000 v/phtit thi thoi gian d€ dua dau tU vao ranh chita khoi va quay dia d€ dua khoi
dén chb dau tir hét khodng 100 miligidy. V&i thoi gian nay may c6 thé€ thuc hién
100000 1énh, dU d€ sap x€p cac sO nguyén nay theo gidi thuat Quicksort J Khi danh
gia cac gidi thudt thao tac trén bd nhd ngoai, ta tap trung vao viéc xét sO lan doc
kh&i vao b0 nhd trong va sO 1an ghi khoi ra b0 nhé ngoai goi 1a phép truy xudt khoi
(block access). Vi kich thuGc cac khoi 1a c6 dinh nén ta khong thé tim cach ting kich
thudc mét khOi ma phdi tim cach gidm sO 1an truy xudt khoi.

2.6.3. SAp xép ngoai - MergeSorting

Sap x€p d{t liéu dugc t6 chlrc nhu mot tap tin hodc tng quat hon, sap x€p dir
liéu dugc luu trén bd nhG ngoai goi 1a sap xEp ngoai.
a)Khdi niém dudng
- buong d0 dai k1a mot tap hdp k mau tin dugc sap th( tu theo khéa tlic 1a néu cac
mau tin 1, Iy,.., n 1an lUot c6 khéa 1a ki, ki,.., ke tao thanh mot dudng thi

k <k, <..<k, .

- Cho tap tin ch(fa cAc mau tin 14, 1y,.., I, ta N6i tap tin dudc tG chlc thanh dudng c6
dd dai k néu ta chia tap tin thanh cic doan k mau tin lién ti€p va mOi doan la mot
dudng, doan cudi c6 thé khong dU k mau tin, ta goi doan nay la dudi (tail).

*Vi du : Tap tin gdbm 14 mau tin c6 khéa 1a céc s6 nguyén dugc td chlc thanh 4
dudng do dai 3 va 1 dudi dd dai 2 :

[516[9 1312617158 [H2AaNRA 23 [ 25

b)Gidi thudt

DE sap tap tin F c6 n mau tin ta st dung 4 tap tin Fy, Fs, Gy, Go.

- Phan phOi cadc mau tin cla tap tin da cho F luan phién vao 2 tap tin Fy, F,. Nhu vay
2 tap tin ndy dugc xem nhu t6 chlc thanh dudng do dai 1.

+ Budc 1 : boc 2 dudng, mOi dudng c6 dd dai 1 tUr 2 tap tin F,F, va trOn 2 dudng
nay thanh mOt dudng c6 d6 dai 2 va ghi luan phién vao 2 tap tin G;, G,. PGi vai tro F;
cho Gy, F; cho Go.
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+ Budc 2 : Poc 2 dudng, mOi dudng c6 do dai 2 tU 2 tap tin F,, F, va trOn hai dudng

nay thanh mOt dudng c6 d6 dai 4 va ghi luan phién vao 2 tap tin G, G, . D0i vai tro
cUa F; cho Gy, F, cho Go.
Quaé trinh trén ti€p tuc va sau i budc thi d0 dai mOt dudng 1a 2'. Néu 2! > n thi
gidi thuat két thiic, lic d6 tap tin G,rbng va G, chlra cac mau tin da duoc sap.
c)D0 phUc tap tinh todn
Gidi thuat két thic sau i budc vdi i= logn. MOi budc phai doc tur 2 tap tin va ghi
vao 2 tap tin, mOi tap tin c6 trung binh n/2 mau tin. Gid s& mOi khéi luu dugc b
mau tin thi mOi budc can doc va ghi (2*2*n)/(2*b) = 2n/b khoi, ma can logn budc

5 2 , A .
0 Can ?nlogn phép truy nhap khOi (block access).

Vidu : Cho tap tin F ¢ 23 mau tin v&i khéa la cac s6 nguyén

F:28,31, 3,5, 93, 27, 15, 10, 40, 65, 9, 30, 39, 13, 90, 8, 10, 77, 8, 20, 69, 23
Phan ph0i cdc mau tin cUa F ludn phién vao 2 tap tin Fy, F, tO chlc thanh cac dudng
d0dail:

128|3[93]15/40]9]39|90]10[8|22]23|F,

131]5]27]10]65]30]13]8]77]20]69]F,

+Budc 1 : TrOn cac dudng c6 do dai 1 cla F,, F, dugc cac duong c6 db dai 2, ghi
ludn phién vao 2 tap G, G,

G: |28 31|27 93]40 65[13 39|10 77|22 69| F,

G.|3 5[/10 15/9 30|8 908 20|23 |F,

+Budc 2 : B6i vai trd Gicho F;, G, cho F,. TrOn cac dudng do dai 2 trong F;, F, dugc
cac dudng do dai 4 ghi luan phién vao G, G..
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13 528 319 30 40 65[8 10 20 77 | F Gi

110 15 27 93 |8 13 39 40 [22 23 69 | F, G,

+Budc 3 :

[3 5 10 15 27 28 31 93 [8 10 20 22 23 69 77 |F, G

18 9 13 30 39 40 65 90 |F, G,

+Budc 4 :
‘3589101315272830313940659093|F1

[8 10 20 22 23 69 77 |F, G

G,
+Budc 5 :
|3 58 8 9 10 13 15 20 22 23 27 28 30 31 39 40 65...

Procedure MERGE (K : integer; f1,f,81,8 : file of Recordtype);

{Trdén cac dudng c6 db dai k trong F,,F, thanh cdc dudng cé d dai 2k va ghi ludn

phién vao 2 tap G,,G.}

Var
Ghitap: Boolean; {néu Ghitdp=True thi ghi vao G,, nguoc lai ghi vao G.}
Ghimau : Integer; {m&u tin hién hanh ndo trong 2 tdp F.,F, s& duoc ghi ra G,
hoac G}
Used: array[1..2] of Integer;{ghi s6 m&u tin dd dugc doc trong dudng hién tai
cia F}}
Fin: array[1..2] of Boolean; {Fin(j)=True néu da doc hét cdc mau tin trong dudng
hién hanh cua F; hodc da dén cudi F; }
Current: array[1..2] of Recordtype; {Current(j) luu mau tin hién hanh cta tdp
F[jI}
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Procedure GetRecord(i:Integer);

{ Néu da doc hét cdc mu tin trong dudng hién hanh cua f; hodc cudi f; thi dat
Fin[i]=True néu khéng thi doc mét mau tin cua tap f, vao Current[i] }
Begin
Used[i]:=Used[i]+1;
If(Used[i]=k+1) or (i =1) and (eof(f,)) or (i=2) and (eof(f,)) then Fin[i]:=True
Else if i =1 then Read(f;, current[2]);
Else Read(f,, current[2]);
End;
Begin {KhJi tao}
Ghitap:=True; {ghi vao tap F,}
Reset(f;); Reset(f,);
Rewrite(g,); Rewrite(g,);
While (not eof(f;)) or (not eof(f,)) do
{ Bat ddu doc cdc mau tin tlr trong 2 dudng hién hanh cda f.,f2}
Begin
Used[1]:=0 ; Used[2]:=0;
Fin[1]:=False ; Fin[2]:=False;
Getrecord(1); Getrecord(2);
While ( not fin[1]) or (not fin[2]) do
Begin  { trén 2 dudng , chon mau tin sé duoc ghi }
If Fin[1] then Ghim&u:=2
Else if Fin[2] then Ghim&u:=1
Else if current[1]. Key< current[2]. Key then Ghimau:=1
Else Ghimau:=2;
If Ghitdp then Write(g,,current(Ghimau))
Else Write(g,,current(Ghimau));
Getrecord(Ghimau);
End;
Ghitap:=Not Ghitap;
End;
End;
2.6.4. Cai tién sap x&p trén
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- Qua trinh sap xép trOn ndi trén bat dau tU cic dudng dO dai 1 nén sau logn budc

gidi thuat mai két thiic.

- Ta c6 thé tiét kiém thoi gian bang cach chon mOt s k thich hop sao cho k m&u tin
c6 th€ da ch(a trong bd nhd trong. MOi lan doc vao bd nhd trong k mau tin, ding
sap x€p trong (Quicksort,...) d€ sdp x€p k mau tin nay va ghi luan phién vao 2 tap
F,,F, sau d6 ti€n hanh sdp x€p trOn vi cac tap tin dugc t6 chiic thanh cac dudng do
dai k.

_ Sau i buSc thi do dai m&i dudng 1a k.2' . Gidi thudt két thic khi k.2' = n hay i2

2nlog(n/k) < 2nlogn

log(n/k) O S6 phép truy xudt khoi 1a O Tang tOc d0 sap x€p

trOn.
*Vidyu : LAy tap tin Fnhuvidu 1
Gid st b0 nhd trong c6 thé chfa dugc 3 mau tin, doc 1an lugt 3 mau tin cla F vao

bd nhd trong, ding mot sap x€p trong d€ sap x€p va ghi luan phién vao F, va F,.

13 28 31[10 15 40|13 39 90 |8 20 22 |F,

|5 27 93]/9 30 65[8 10 77|23 69|F,

+Budc 1 : TrOn cac duOng db dai 3 cla F, va F, dugc cac duOng dd dai 6, ghi luan
phién vao G;, Go.

G:|3 5 27 28 31 93[8 10 13 39 77 90 |F,

G [9 10 15 30 40 65 [8 20 22 23 69 | F,

+Budc 2 : DBOi vai tro F; cho Gy, F, cho Gy, trOn 2 dudng. ..

G [359 10 15 27 28 30 31 40 65 93 |F,

G.[8 8 10 13 20 22 23 39 69 77 90 |F,

+Budc 3 ;
G [3588910 10 13... |

2.6.5. Tron nhi€u duong(Multiway Merge)
a) Gidi thuat
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Pé sap xép tap F ¢6 n mau tin ta s& dung m tap tin (m chan): F[1], F[2],..., F[m]

(néu m = 4 ta c6 gidi thudt sap xép trén binh thuong).
Path =m/2, gid st b0 nhd trong c6 th€ chita k mau tin.
- Khoi dau: M6i 1an doc tUr tap tin F vao bd nhé trong k mau tin st dung mot
sap x€p trong d€ sap x€p k mau tin nay thanh dudng roi ghi luan phién vao
cac tap tin F[1], F[2], ..., F[h].
- Budc 1: Trdn cac dudng dO dai k cla h tap tin F[1], F[2],..., F[h] thanh
dudng c6 d6 dai k.h ghi luan phién vao h tap tin F[h+1], F[h+2],...F[m]. DGi
vai tro cUa F[i] va F[h+i] (1< i £ h). Sau i bud@c thi d0 dai moi dudng la k.h'
va gidi thuat két thic khi kh' = n O Tép tin dd dugc sap 1la mOt dudng ghi
trong F[h+1].
b) DO phuc tap tinh todn
Giai thuat két thic sau i budc, kh' = n hay i = logy(n/k). MOi budc ta phai doc
tlr h tap tin va ghi vao h tap tin, trung binh mOi tap tin c6 n/h mau tin.
2.2n _2n

2b b

Gid s& mOi khoi Iuu dugc b mau tin thi mo6i budc phai truy xudt

nlog, a1 ) T 2
k phép truy xuat khOi, ro rang log,(n/
b

k) <log(n/k) va thu tuc Mergesort 1a mOt truOng hop dac biét khi h = 2.

’ < . 5 2
khOi. Vi can logy(n/k) budc O can

Vi du: Cho tap tin F nhu vi du trén

S dung 6 tap tin d€ sap x€p F. Gid s b0 nhd trong c6 thé chlta 3 mau tin, doc
1an lugt 3 mau tin cla F vao bO nhé trong, dung mot sap x€p trong d€ sap x&p
va ghi luan phién vao 3 tap tin F[1], F[2], F[3]

F, |3 28 31 |9 30 65 |8 20 22 |
F, |5 27 93 |13 39 90 |23 69 |
F; |10 15 40 |8 10 77 | |

Budc 1: TrOn cic duOng dO dai 3 trong F,, F», F; thanh cidc duong db dai 9 ghi vao
F4, Fs, Fe.
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F, |3 5 10 15 27 28 31 40 93 | F,
Fs |8 9 10 13 30 39 65 77 90 | F,
Fe |8 20 22 23 69 | Fs

Budc 2: DOi vai trd F; cho F,, F, cho Fs, Fs cho Fs . TrOn cac duOng db dai 9 trong
Fl, Fz, F; thanh c’[u’bng dé dai 23 ghl vao F..

F, [358891010...

Chuong 3

KY THUAT THIET KE THUAT TOAN
Mac du khong tOn tai mOt phuong phap van ning cé thé gitip ta thi€t k€ dugc thudt
toan gidi quy€t moi van dé, nhung cac nha nghién clu da tim ra mOt s6 phuong
phép thi€t ké thudt todn co ban con goi 1a cac chi€n lugc thi€t ké thudt toan. Do 1a
céc phuong phap: Chia d€ tri (Divide — and - Conquer), quy hoach dOng (dynamic
programming), ky thuat tham &n (greedy method), quay lui (backtracking), nhanh va
can (branch — and — bound), tim ki€m dia phuong (local search)...

Céc ky thuat nay dugc ap dung vao mot 16p rdng cac bai toan trong d6 c6 nhiing
bai toan ndi ti€ng nhu: Bai toan tim dudng di ngdn nhat clla ngudi di giao hang, bai
toan v€ cac chu trinh... Tuy nhién can luu ¥ rang, cac phuong phép trén chi la cac
chién lugc c6 tinh dinh hudng su tim toi thudt toan. Viéc 4p dung mOt sO chién Iugc
nao doé dé€ tim ra thudt todn cho mot bai todn con doi hdi nhi€u sang tao.

3.1. Chia dé tri
3.1.1. NOi dung: Pay 1a k¥ thuat t trén xudng (top — down), 1a k¥ thudt quan trong
nhat, dugc ap dung rOng rdi nhat dé thi€t k€ cac gidi thudt c6 hiu qua.

Bai todn A (kich thudc n)

A (Kt<n) A (Kt<n) A (Kt <n)

h
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Trong do:
- Ay, A,,...1a céc bai todn con cung dang véi bai todn A, kich thudc nhé hon kich
thudc bai todn A.
-a, b,... : Cac bai todn cO sq c6 10i gidi hién nhién thudc loai dé dang thuc hién.
Tém lai kY thudt chia d€ tri gdm 2 qud trinh:
+ Phan tich bai todn da cho thanh c4c bai toan c0 s0.
+ TOng hop két qua tlr cac bai toan co s& d€ 6 10i gidi cho bai toan ban dau.

- B6i v6i mOt sO bai todn, qua trinh phan tich da ch(fa dung viéc tGng hop két qua [
néu ta gidi xong cac bai todn cd s& thi bai todn ban dau ciing da dugc gidi quyét.
Ngudc 1ai c6 nhifng bai todn ma qua trinh phan tich thi don gidn nhung viéc tOng
hop két qua lai rat phic tap.
- Ky thuat nay sé cho ta mOt gidi thuat dé quy ma viéc xac dinh d6 phlc tap phai
gidi mOt phuong trinh dé quy nao do.
Lugc d6 phuang phap chia dé tri:
Procedure DivideConquer(A,x); {Tim nghiém x cUa bai todn A}
Begin

If A dU nho then Solve(A)

Else begin

Phan A thanh cac bai toan con Ay, A,,...,Aq;
For i:=1 to m do DivideConquer(A;x;);
K&t hop cac nghiém x; (i = 1, 2, ..., m) cUa c4c bai todn con A; dé€
nhan dugc nghiém x cUa bai todn A
End;

End;
3.1.2. MOt s6 bai toan ap dung
a) Gidi thuat Mergesort va Quicksort
- V&i Mergesort, ky thudt “Divide and conquer” th€ hién & qua trinh chia d6i mOt
danh sach, qua trinh nay s€ dan dén bai todn sap x€p mot danh sach c6 d6 dai bang 1
(bdi todn co s0). Viéc tEng hop két qua & day 1a “trén” 2 danh sach da sap d€ duoc
mOt danh sach c6 th( ty.
- Véi Quicksort, kY thudt “Divide and conquer” thé hién & qua trinh phan hoach danh
sach thanh 2 danh sach con “bén trdi” va “bén phdi”, sap x€p “bén trdi” va “bén phai”
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dé dugc danh sich ¢6 th( tu. Qua trinh phan chia dan dén cic bai todn sap x€p mOt

danh sach chi gdbm mot phan t hodc nhi€u phan t& cé khéa bang nhau (bai toan co
s®). V@i Quicksort khong phai tEng hop két qua vi viéc dé da thuc hién trong qua
trinh phan hoach.

b) Bai toan nhan cac sd nguyén 16n:

Cho 2 s0 nguyén n ch(rs6 X, Y,

- Theo gidi thudt nhan 2 ch{r sO théng thudng can n® phép nhan va n phép cOng U
T6n O(n?) thoi gian.

- SU dung kY thuat “Divide and conquer”:

+ Chia mo0i s6 nguyén X va Y thanh cac s6 nguyén c6 n/2 chit s0

n

X =A102 +B ] . . . x
trong do A, B, C, D la cac sO nguyén c6 n/2 chU sO.

n

Y=C.102+D
(Vidu X=1234 thi A=12 va B= 34 vi X=12.10°+ 34)
0 X.Y=A.C.10"+ (AD + BC).10"™+ BD 1)
+ Vi mOi s6 c6 n/2 chir s0, ti€p tuc phan tich theo cach trén, qua trinh phan tich sé&
dan dén mot bai todn cO sG 1a nhan cac sO nguyén chi gdm mot ch(r s6 ma ta dé
dang thuc hién. Viéc tGng hop két qud 1a viéc thuc hién cac phép toan theo cong
thirc (1).
+ Theo (1) phai thuc hién 4 phép nhan cac sO nguyén n/2 ch{t sO (AC, AD, BC, BD),
tOng hop két qua bang 3 phép cOng cac sO nguyén n ch{r sO va 2 phép nhan véi 10"
va 10™. Phép cOng cac sO nguyén n ch(t s6 chi can O(n), phép nhan vGi 10" c6 thé
thuc hién bang cach thém vao n chitsé 00 O(n).
Goi T(n) 1a thoi gian nhan 2 s6 nguyén, moi s& c6 n chif s6. Ta c6 phuong trinh dé
quy:

neun=1

T =
() %’T(Igj) +Cn neun>1

Gidi T(n) dugc T(n) = O(n?) 0 Chua cdi ti€n hon so v&i gidi thuat nhan 2 sO thong
thudng.
Do dé: + Viét (1) thanh dang

XY = AC10"+ [(A-B)(D-C) + AC + BD].10™+BD (3)
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(3) chi can 3 phép nhan cac sO nguyén n/2 chit s6 AC, BD va (A-B)(D-C), 6 phép

cOng trlr va 2 phép nhan véi 10" O 1ay O(n) 0 phuong trinh dé quy
ndwn=1

Tin) = %T(g) +Cn nO0wn>1

Gidi phuong trinh dé quy dugc T(n) = O(n"®) = O(n**)0 Gidi thuat nay cadi thién
hon rat nhiéu.

Function Mult(x,y: integer; n: integer) : integer;

Var m;,m,ms,A,B,C,D : integer;

dau : integer; {luu trir ddu cUa tich xy}
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Begin 1 néu x>0
dau :=sign(x)*sign(y); sign(x) =
1 néu x<0
x:=ABS(x); y:=ABS(y)
if n=1 then Mult:=x*y*dau
else
Begin
A:=Left(x, ndiv 2); {A: s6 nguyén cé n/2 chil' s6 bén trdi}
B:=Right(x, n div 2);
C:=Left(y, n div 2);
D:=Right(y, n div 2);
m;:=Mult(A,C,n div 2);
my:=Mult(A-B,D-C,n div 2);
ms:=Mult(B,D,n div 2);
Mult:=d&u*[(m;*10n)+(m;+m,+m;)*10n div 2+m];
End;
End;
c)Xé&p lich thi ddu th€ thao
Ky thuat “Divide and conquer” khong chi c6 Ung dung trong thi€t k€ gidi thuat ma
con trong nhi€u Ung dung khac cla culc sOng nhu : x€p lich thi ddu thé thao theo
th€ th(c ddu vong tron mOt 1ugt cho n cau thG. MOi cau thU phai dau vdi cac cau
th( khac va mOi cau thU chi ddu nhi€u nhat 1 tran mot ngay.
Yéu cau : X€p 1 lich thi dau sao cho sO ngay thi dau 1a it nhat.
- Dé thay, tOng sO trén dau cla toan gidi la n(nT—l)
O néun chanO Sap n/2 cap thi ddu mOt ngay D can it nhat n-1 ngay.
néunléd n-11a chan sdp (n-1)/2 cap thi ddu trong mOt ngayJ can n ngdy. Gid
strn=2*thi n chanC can t&i thi€u n-1 ngay.
- Lich thi d&u 1a m6t bang n dong, n-1 cOt, dong i bi€u dién cau thu i, cOt j bi€u dién
ngay thi ddu j, 6 (i,j) th€ hién cau thu phai thi dau v&i cau thu i trong ngay j.
- Xay dung lich thi d&u theo k¥ thudt “Divide and conquer” nhu sau : D€ sap lich cho
n cau thu, ta sap lich cho n/2 cau thd; &€ sap lich cho n/2 cau thq, ta sap lich cho n/4
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cau thu...dan dén bai todn co s 1a sap lich thi dau cho 2 cau thd, 2 cau thl nay sé

thi dau 1 tran trong mOt ngdy.
- T6ng hop lich thi dau cho 4 cau thd, 8 cau thq,...tUr lich thi ddu cla 2 cau thU nhu
sau:

Xuat phat tU lich thi ddu cla 2 cau thG O lich thi ddu cho 4 cau thd 1a mét bang 4
dong, 3 cOt. Lich thi d&u cho 2 cau thU 1 va 2 trong ngay 1 chinh 12 lich thi dau cho 2
cau thu (bai toan co s@) 0 6 (1,1)="2"; 6 (2,1)="1", tuong tu ta c6 lich thi dau cho 2
cAu thQ 3 va 4 trong ngay 10 6 (3,1)="4", 6 (4,1)="3".

Nhan xét: 6 (3,1)=6 (1,1)+2 va 6 (4,1)=5 (2,1)+2
PE hoan thanh lich thi ddu cho 4 cau thu ta 1dy goéc trén bén trai cla bang lap vao

cho géc dudGi bén phai va 18y géc dudi bén trai lap cho géc trén bén phai. ..

1
1 1 2 3
B 11234
2(1]4]|3
31412
413121
1234567
112]13|4/5|6|7|8
21114136587
31411(2]7|8|5]|6
41312118765
5(6|[7|8]1|2|3|4
6(5(6|7]21[4]|3
718[5(6]3|4|1]|2
8716|543 |2]1
4 cau thu
VGi kY thudt “chia d€ tri” =~ ' & tOt hon néu ta chia bai toan can gidi thanh
8 cau thu
cac bai toan con c6 kich th... _ ,... . ...g nhau

Vi dy: Mergesort phan chia bai toédn thanh 2 bai toan con c6 cung kich thudc n/2 =>
Thoi gian thuc hién 1a O(nlogn). Nguoc lai trong truOng hop xdu nhat cla
QuickSort, khi mang bi phan hoach 1énh thi thoi gian 1a O(n?).

Nguyén tac chung la tim cach phéan chia bai toan thanh cac bai toan con c6 kich thudc
xap xi bang nhau thi hiéu qud sé cao hon => Goi la bai toan con can bang(Balancing
Subproblems).

3.2. Quy hoach déng (Dynamic)
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3.2.1. NOi dung

Tu tudng chl dao clia phuong phap quy hoach dOng dua trén nguyeén li t0i Uu cla
Bellman : “Néu mGt ddy cdc lua chon la téi uu thi moi ddy con cla né ciing téi uu”.
Ta biét ki thuat chia d€ tri thuOng dan t&i mot gidi thudt dé quy. Trong cac gidi
thudt dé, c6 th€ c6 mot sO gidi thudt thdi gian mil. Tuy nhién, thuOng chi c6 mot sO
da thlrc cac bai toan con, di€u do cé nghia 14 ta phai gidi mOt sO bai todn con nao dé
trong nhi€u 1an. Thuat toan nhan dugc sé kém hi€u qud. Vi vay, d€ tranh viéc gidi
du thtra mOt sO bai ftodn con, ta ding kY thudt tU dudi 1én (bottom — up) d€ tao ra
mOt bang luu tat cé{céc két qud cUa cac bai toan con va khi can chi can tham khdo
t3i két qua dé dugc luu trong bang ma khong phdi gidi lai bai toan dé. Lap day
bang k&t qua cac bai toan con theo mOt quy ludt nao d6 d€ nhén duoc két qua cla
bai toan ban dau (ciing di dugc luu trong mOt 6 nao dé cla bang) dugc goi 1a quy
hoach dOng.
v’ Cac thao tac téng quat clla quy hoach ddng:
- Tim nghiém cUa céc bai toan con (cdc tru'Ong hop riéng) don gidn nhat

- Xay dung ham quy hoach ddng (céng thifc hodc quy tac xdy dung nghiém

cUa bai todn con théng qua nghiém cua cdc bai todn con ¢& nhd hon)

- Lap bang luu 1ai cac gid tri cUa ham.

- Dung bang luu d€ truy xudt 10i gidi téi Uu (tim nghiém cua badi todn).
v'Han ché cla quy hoach dong:
Phuong phap quy hoach dOng khong hiéu qua trong c4c tinh hubng sau:

- Su' két hop 104 gidi cla cac bai todn con chura chac da cho ta 10i gidi clia cac

bai toan 16n hon.

- SO 1uong cac bai todn con can gidi quyét va luu tr(r két qua c6 thé rat 10n,

khong thé chdp nhan duoc.
3.2.2. Vi du ap dung
a) Bai toan tinh s6 t6 hop
Ta bi€t cong thiic tinh s6 tG hgp chap k cllan la

Cr’f=1 néuk =0hodck=n
CK =C!] +CF néu0<k<n

° Gidi thudt dé quy

Function Tohop(k,n : Integer): integer;
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Begin

If (k=0) or (k=n) then Tohop:=1
Else Tohop:=Tohop(k-1,n-1)+Tohop(k,n-1);
End;
- BQ phuc tap tinh todn: Goi T(n) 1 thdi gian tinh C , Ta c6 phuong trinh dé quy

C, néu k=0 hodc k=n
T(n) = {

2T(n-1) + C; néu 0<k<n
Gidi phuong trinh d€ quy ta dugc  T(n) ~ O(2").
Nhu vay gidi thuat dé quy trén c6 thoi gian thuc hién 1a ham mii trong khi chi c6 mOt
da thUrc cac bai toan con, ching t& c6 nhiing bai todn con dugc gidi nhiéu lan.

vidu: Tohop (2,4)
Tohop (1,3) Tohop (2,3)
Tohop (0,2) Tohop (1,2) Tohop (1,2) Tohop (2,2)

Nhu vay d€ tinh Tohop(2,4) phai tinh Tohop(1,2) 2 1an... Quy hoach ddng sé khac
phuc tinh trang trén bang cach xay dung m6t bang gbm n+1 dong (tU 0..n) va n+1 cOt

tUr (0..n) va dién gia tri 6 O(i,j) theo qui tac tam giac Pascal:

i
0 1 .
0(0,0)=1; O(1,0)=1;
—1 T (0,0)=1; 0(L,0)=1;
2 1121 O(1,i)=1 v&i 0<i< n
3 1[3[3]1 - . .
=0(i-1,j-1) + O(i-1
4 1 4 6 4 1 O(l’.]) O(l 5.] ) O(l 3])

v6i0<j<i On
Gi4 tri & 6 O(n,k) chinh 1a Tohop(n,k);
Function TOHOP(n,k : integer) : integer;

Var C: array[0..n,0..n] of integer;

57



Gido trinh Ly thuyét thuét todn-B6 mén Khoa hoc mdy tinh-2010
L,j: integer;

Begin

C[0,0]:=1;

For i:=1 ton do

Begin

Cl[i,0]:=1; C[i;i]:=1;
For j:= 1 to i-1 do C[i,j]:=C[i-1,j-11+Cl[i-1,j1;

End;

TOHOP:=Tohop[n,k];
End;
D06 phuc tap: T(n) = O(n?).
b) Xau con chung
Bai to4n: Cho hai xau ky tu' x va y, hdy tim xau ly tu c 1a xau con chung clla x va y va ¢
c6 d6 dai 16n nhét c6 thé duac.
Vidu: x =ab132sc vay = labdc thi c = abc
Nhén xét: Néu x vay c6 d0 dai dU nho thi c6 th€ gidi bai toan bang cach duyét moi
xau con chung va luu lai xau c6 dO dai 16n nhat. Tuy nhién cach lam nay khong thé
dap Ung vé mat thoi gian khi x va y c¢6 d0 dai 16n. Vi vay ta sé dung phuong phap
quy hoach dOng d€ gidi quy€t bai toan trén nhu sau:
Goi m va n lan lugt 1a d6 dai cUa cac xdu x va y.

- Néu moOt trong hai s6 m = 0 hodc n = 0 thi ¢ 12 xau rOng.

- Xét cac doan dau cla 2 xau x va y c¢6 d0 dai i va j tuong Ung (x1,X 5,..,X;) Va

(Y1, V2o, y;) VO 0 i<m0< j<n, Goi L(i,j) 1a dd dai 16n nhat xau con chung

cUa hai xau ndy. Khi d6 L(m,n) s€ 1a d0 dai 1&6n nhat cla hai xau x va y.
Ta c6 cach tinh L(i,j) thong qua L(s,t) v4i S <i,t < j theo quy tac sau:

+néu i=0 hodc j=0 thi L(i,j)=0.

+néui>0vaj>0vax 2y, thi L(ij) = Max{L(i,j-1), L(i-1,)}

+néui >0 vaj >0 vax =y thi L(i,j)=1+L(i-1,j-1).
- Luu cac gia tri L(i,j) vao mang L[0..m, 0..n]. TU quy tac trén ta thay n€u biét L[i,j-
1], L[i-1,j], L[i-1,j-1] ta tinh ngay dudgc L[i,j]0 C6 thé tinh dugc cac phan t& cla
mang L[0..m,0..n] tU géc trén trai 1an 1uot theo cdc duOng chéo song song.
Procedure Xau_con_chung;
Var x,y, c:String;
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L, j: Byte;

L: array[0..250,0..250] of byte;
Begin
For i:= 1 to length(x) do L[0,i]:=0;
For j:= 0 to length(y) do L[j,0]:=0;
For i:=1 to length(x) do
For j:=1 to length(y) do
If x[i] = y[j] then L[i,j]:= L[i-1,j-1] + 1
Else If L[i-1,j] > L[i,j-1] then L[i,j]:= L[i-1,j]
Else L[i,j]:= L[i,j-1]
End;

*Van dé truy xuat két qua:

TU mang L da dugc lam day, ta xdy dung xau con chung dai nhat c6 d6 dai la k =
L[m,n]. Ta x4c dinh cac thanh phan cla ¢ = (c1,C..,c) 1an 1uot tr bén phdi. Trong
bang L xudt phét tU 6 L[m,n], dat c =’ , gid st dang & 6 L[i,j] :

- Néu x;=y; thi gén c = x; + ¢, va di 1én 6 L[i-1,j-1].
-Néux; #ythi:
+hoac L[i,j] =L[i,j-1] thi di t&i 6 L[i,j-1]
+hoac L[i,j] =L[i-1,j] thi di tGi 6 L[i-1,j].

Qua trinh c( ti€p tuc khi ta x4c dinh dugc tat cd cac thanh phan cUa c (nghia 1a khi

gap 0 L[i,j] nao d6 c6 gia tri 0).
Procedure Truy_vet;
Var i,j: byte;
Begin
C:="’; i:=length(x); j:=length(y);
While L[i,j]<>0 do
If x[i] = y[j] then
Begin
C:=x[i]+c; dec(i); dec(j);
End
Else If L[i,j] = L[i-1,j] then dec(j)
Else dec(i);
Return(c);
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End;

*Vi du : Xay dung bang L[6,7]

x = abddeb

y = lab4cde
S Jol1]2]3]4]5]6
0 Jolo]o]Jo]o]o]o
1_lqrolojofololo
2 [ONgl1l1[1]1]1
3 |0 TRl 2|2]2
4 Jol1]2]2\]3]3
5 Jol1]2]2]3&]3]3
6 |ol1[2]3]]]3]3
7 lol1]2]3 4

C=‘ab4e’

Chi y

- Trén bang luy, khi truy v&t c6 th€ cé nhi€u xau con chung c6 d6 dai 16n

nhat.
- SU dung thuat toan trén k&t hgp véi cau tric dit liéu ki€u con tro ta c6 thé
m& rOng bai todn cho truGng hgp tim day con chung cUa hai day s6 nguyén c6
d0 dai 1én t&i hang ngan don vi.

3.3. Phuong phap tham lam (Greedy Method)

3.3.1. Bai toan t6i uu t8 hop

C6 dang tOng quat:

- fx) = Zn Cix; x4c dinh trén moOt tap hitu han cac phan t& D. Ham f(x) dugc
=)

g0i la ham muc tiéu.

— MOiphan t& XD cé dang X=(x1,X, ..X») dUdc goi la mOt phuong an.
- Can tim mOt phuong an XUD sao cho ham f(x) dat Min(max). Phuong 4n X
nhu thé goi 1a phuong an tdi Uu.

C6 thé€ tim phuong an tdi Uu bang phuong phap “vét can” nghia la xét tat cd
cac phuong an trong tdp D (h(tu han) d€ xac dinh phuong 4n t6t nhat. Mac du D 1a
h(tu han nhung d€ tim m6t phuong 4n t0i Uu cho mdt bai todn kich thudc n bang
phuong phap “vét can” ta c th€ sé tOn thOi gian ham mii. V3i nhi€u bai toan t0i Uu
hoa, qua 1a qua thtra khi ding quy hoach déng d€ xac dinh cac phuong an tOi uu,
thay vi thé€ ta c6 th€ dung cac thudt toan don gidn va hiéu qua hon.
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Phuong phdp Greedy Method s€ gidi bai todn t0i Uu t6 hgp ma thdi gian c6 thé

chap nhan dudgc, tuy nhién c6 thé€ chi dat dugc phuong an tOt ch(t khong phai 1a t0i
Uu.
3.3.2. NOi dung
Khéc v&i quy hoach dOng, thuOng gidi quy€t cac bai toan con tur dudi 1én, mot
chi€n lugc tham lam thuOng tién trién theo cach tU trén xubng, phuong an X dugc
xay dung bang cach 1ua chon tUng thanh phan x; cla X cho dén khi hoan chinh (d0 n
thanh phan). Vi moi x; ta sé chon x; t0i uu. V&i cach ndy thi c¢6 thé & budc cubi
cling ta khong con gi d€ chon ma phai chdp nhan mot gié tri cudi cling con lai.
Lugc do cda phuong phdp tham lam:
Procedure Greedy_ Method(A,X);
{Xay dung phuong dn X tUrtdp cdc d6i tuong A}
Begin
X:=9¢;
While A <>¢ do
Begin
x:= Select(A); {Ham chon x tOt nhat trong A};
A:=A-{x};
If XO{x} chdpnhandugc then X:=XO{x};
End;
Return (X); {phuong dn t6i uu}
End;
Ta c6 thé dé dang thay tai sao cac thudt toan nhu thé duoc goi la “tham lam”. Tai
mOi budc, né chon “miéng ngon nhat” (dugc xac dinh bGi ham chon), néu thay cé
th€ nudt dugc (c6 thé dua vao nghi€m) né s€ x0i ngay, n€u khéng né sé bo di, sau
nay khéng bao gio xem xét lai.
Can luu y rang, thudt toan tham lam trong mOt sO bai todn, néu xdy dung dugc ham
chon thich hgp c6 thé cho nghiém t&i Uu. Trong nhi€u bai todn, thudt toan tham lam
chi tim dugc nghiém gan ding v&i nghiém t6i uu.
3.3.3.Cac vi du ap dung:
a)Bai toan doi tién
Input : - C6 n loai tién, mOi loai tién c6 gid trj tuong Ung 1a dy,d,,..,dn.
- Lugng tién M dong.
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Output : POi M dOng ra tién 1€ sao cho sO loai tién doi 1a it nhat.

*Phan tich : Can phai tim 1 nghiém X = (x1,X,,..Xn) V0i x; 12 sO loai tién th( i co gia

tri d; sao cho M= 2 x,d; 0 Tim cach d6i sao cho t&ng loai tién can d6i la it nhat. Vay
i=1

ta s& bat du doi tir d6ng xu c6 gi tri 16n nhat va c gidm dan cho dén khi s6 tién

M da dugc doi hét thi thong béo 1 im dugc nghiém, ngugc lai thi théng bao khong

d6i duoc.

Ap dung tu tudng cUa thudt toan tham lam , ta c6 th€ viét nhu sau:

Function DGitién_Thamlam(M);

Const D={d,,d,,..,d.} { mang luu gia tri tUng loai tién}
Var x, sum, i; {x 12 nghiém bai todn}
Begin

- Sap x€p D gidm dan
X=@ ; sum:=@ ; i:=1;
While (sum# M) and (i <= n) do {Trong khi chua dOi hét ti€én}
Begin
xi:= (M - sum) div d; ; {SO tO ti€n loai d}

if (sum+x;*d; < M) then

Begin
X:=X+{x;};
sum:=sum-+x;*d;; {SO tién dd dbi duoc tinh dén loai tién i}
End;
1:=i+1;
end;

If sum=M then Return(X) {Tra lai nghiém cua bai todn}

Else <Thong bao khong dGi dugc>;
End;
Nhén xét: - Tinh chat tham lam th€ hién & ch0, tai mOi budc ludn chon “mi€ng dn
ngon nhat” ma khong d€ ¥ hdu qud sau ndy. Cho nén, v4i mOt sO trudng hop thuat
toan cho ta nghi€m t0i Uu, nhung trong nhi€u truOng hgp nghi€m tim dugc khong
phai 1a nghiém t&i Uu ma chi gan ding v&i nghi€m t0i Uu, thdm chi con khong tinh
dugc nghiém ding. Vi du: Néu M=13 va cic loai tién c6 ménh gia l1a: d,;=3, d,=4,
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ds=6. Can tim c4ch do6i 13 dOng sao cho sO ti€n dbi 1a it nhat. VGi thuat toan trén ta

can 2 t0 6 dong du 1 dong. Nhu vay sO tién nay sé khong d6i duoc, nhung trong
thuc t€, ta c6 thé doi dugc dé dang vdi 1 t0 6 dOng, 1 t0 4 dOng va mot tO 3 dong.

- Tuy nhién ta hoan toan c6 th€ s dung phuong phap tham lam d€ dat nghiém tdi uu
vGi mOt sO bai toan nhu : Thudt todn Kruskal tim cay khung nhd nhat,...

b) Bai toan duong di clla nguoi giao hang (TSP - Traveling Salesman Problem)
MOt ngudi giao hang can di giao hang tai n thanh phO. Xudt phat tU mOt thanh pho
nao d6, di qua cac thanh ph6 khac d€ giao hang va trd vé thanh pho ban dau. MOi
thanh phO chi dén mot 1an, khodng cach tur 1 thanh phd t&i cac thanh pho khéc 1a xac
dinh dugc (dia li, thGi gian, cuGc phi) dO dai. Hay 1ap mot chu trinh sao cho tOng do
dai cac canh 1a nho nhat.

- V&i phuong phép “vét can”, ta xét tat cd cac chu trinh, mOi chu trinh tinh tGng d6

dai cac canh r0i chon modt chu trinh c6 tGng d dai nhd nhat, do d6 can xét tat ca 1a

(n—l)!
2

chu trinh O DY phic tap O(n!). Vi vay, ta c6 thé s& dung phuong phéap tham

lam s& cho phuong an tOt (khong phadi phuong an tOi Uu) nhung chi tOn thdi gian da
thlc nhu sau:
*Thuat todn TSP Greedy:

® Tinh d0 dai cUa tat cd cic canh (c6 tat ca n(n-1)/2 canh).
@ Xét cac canh c6 dO dai tUr nhd dén 16n d€ dua vao chu trinh.
® MOt canh sé dugc dua vao chu trinh n€u canh d6 thod man hai diéu kién sau:
- Khéng tao thanh mOt chu trinh thi€u(Khong di qua dU n dinh).
- Khong tao thanh mOt dinh c6 cap = 3(tlc 1a khong dugc c6 nhiéu hon hai
canh xudt phat tr mOt dinh, vi mo6i thanh phé chi dugc dén mot 1an).
@ Lap lai budc 3 cho dén khi xay dung dugc mot chu trinh.
V&i phuong phap nay ta chi can n(n-1)/2 phép chon nén ta c6 mot gidi thudt can
O(n?) thoi gian.
MOt cach ti€p can khac cla ky thudt tham lam vao bai to4n ndy 1a:
® Xudt phat tU mOt dinh bat ky, chon mOt canh c6 dd dai nhd nhat trong tat cd cac
canh di ra tU dinh d6 d€ dén dinh ké ti€p.
@ TU dinh ké ti€p ta lai chon mdt canh c6 d6 dai nhd nhat di ra tU dinh nay thod
man hai di€u kién néi trén d€ di tGi dinh ké tiép.
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® Lap lai budc 2 cho dén khi di t&i dinh n thi quay trd vé dinh xudt phat.

Vi du : Cho bai todn TSP 5 dinh dugc bi€u dién nhu mdt do6 thi G = (V, E), va qua

trinh thuc hién gidi bai toan bang thudt todn tham lam thé hién trong hinh sau:

(. (k. (b
i e et S
Q — ) () (i)
S B o — T B —)
-
-|I-l H“'

Hinh : Qud trinh tim hanh trinh theo nguyén ly Greedy, dinh s6 1 la dinh xudt phdt
K&t qua: Hanh trinh tim dugc c6 chi€u dai 14 (Hanh trinh t6i uu la 13). PO phic tap
O(n?).
c) Bai toan x€p ba 16 (x€p balé gid tri nguyén)
- Input: MOt ba 16 c6 thé tich B, n d0 vat c6 thé tich: ay, a,...a,,
Gia tri tuong Ung cUa cac dO vat 1a: py, pa,...pa
SO luong mbi loai d6 vat 1a khéng han ché, x; nguyén 1a s6 luong

loai do vat i.
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n n
- Output: Tim nhém dO vat thod man Z a;x; < B va Z p;X; dat max ?
- -

Theo yéu cau cUa bai toan ta can nhitng d6 vat c6 gia tri cao ma thé tich nho dé€ c6
th€ mang dugc nhi€u “d0 quy”. Vi vay ta quan tam tdi don gia cla tlng loai do vat
trc 1 ty 1€ gié tri/ thé tich, don gid cang cao thi dO cang quy. Khi d6 phuong phap
tham lam dugc 4p dung gidi bai toan trén trong thoi gian da thlic nhu sau:
® Tinh don gia cho cac loai do vat.
@ Xét cac dO vat theo th(r tu don gié tur 16n dén nho.
® Véi mOi do vat dugc xét sé 1dy mOt sO lugng t0i da ma thé tich con lai
cUa bald cho phép.
@ Xac dinh th€ tich con lai cla bald va quay lai budc 3 cho dén khi khong
con chon dugc d6 vat nao n(fa.
- B4 phuc tap tinh toan: O(n?).
*Vi du: Cho bald c6 thé€ tich B=37 va 4 loai d0 vat c6 trong lugng va gia tri tuong

Ung nhu sau:
Loai dO |Thé tich | Gidtrip Do a | p | Don gia pya;
vat ai vat

A 15 30 B 10 | 25 2.5

B 10 25 ——» | A [15]30 2.0

C 2 2 - Chon B: 3 D 4 |6 1.5

D 4 6 caii OThé |_C 2 |2 1.0

tich con lai 37-3*10=7
- Chon A : =15 >7U khong dugc.
-Chon D : 1 c4i O Thé tich con lai : 7-1*%4=3
-ChonC:1cai O Thé tich con lai: 3-1*%2=1

O TOng thé tich : 3¥10+1*4+1*2=36

TBng gié trj : 3%25+1%6+1%2=83,

3.4. Phuong phap nhanh can (Branch- and- Bound)
3.4.1. NOi dung

Vi cac bai todn tim phuong an tOi Uu, n€u ta xét hét tat cd cac phuong 4n thi
mat nhi€u thoi gian, nhung néu s dung phuong phap Greedy thi phuong an tim
dugc chua chac da 1a phuong an tOi Uu. Phuong phap nhanh cén 1a mOt dang cai
ti€n cla phuong phap quay lui dugc 4p dung d€ tim nghi€m cUa bai toan tOi Uu.
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V&i phuong phip nhanh can ta sé di xdy dung ciy tim ki€m phuong an tdi U,

nhung khong xay dung toan b0 cay ma st dung gid tri can d€ han ché€ bét cac nhanh.
- Cay tim ki€m phuong 4n c6 niit gOc bi€u dién cho tap tat cd cac phuong an c6 thé
c6, mOi it 14 bi€u dién mOt phuong an nao dé. Niit n cé cac niit con tuong Ung vGi
cac kha ning c6 th€ 1ua chon tdp phuong 4n xudt phét tU n. Ky thudt nay goi 1a phan
nhanh.
- V&i mOi niit trén cay ta xac dinh dugc mOt gia tri can (la gia tri gan vdi gia cla cac
phuong an).
+ V@i bai todn tim Min ta xac dinh can dudi <gia cla phuong an.
+ V@i bai todn tim Max ta xc dinh can trén =gi cUa phuong an.
Nhu vay c6 thé néi: Phuong phap Nhanh can 1a mOt dang cdi tién cla phuong phap
“vét can”, ta c6 lugc do clla phuong phap nhanh can nhu sau:
Procedure TRY(i: integer);
Var j: integer;
Begin
For iUTap gia tri dé c do
If <chap nhanj> then
Begin
Xi:=];
if i=n then <ghi nhan>
else if g(x;,X,..,X,) < can dudi tam thOi then TRY (i+1)
End;
End;
3.4.2. Cac bai toan ap dung
a)Bai toan duong di clla ngu'di giao hang (TSP)
*Phan nhénh: Trong bai todn nay khi tim ki€m 10i gidi, ching ta s& phan tap cdc hanh
trinh ra thanh hai tap con : m6t tdp gdm nh{ng hanh trinh ch(ta m0t canh (i,j) nao doé
ciin tap kia gdbm nh{ing hanh trGnh khung ch(ta canh nay:

Tap tat ca cac hanh

Hanh trinh
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Khi d6 ta c6 thé xay dung cay tim ki€m phuong 4n 13 cay nhi phan, trong d6 :

- Nit gOc 14 niit bi€u dién cho cdu hinh bao gbm tat ca cac hanh trinh c6 thé cé.

- MOi niit ¢6 hai con, con trai bi€u dién cdu hinh bao gdm tat ca cac hanh trinh chifa
mOt canh nao d6, nit con phdi bi€u dién cau hinh bao gdm tat cd cac hanh trinh
khéng ch(ra canh d6 (cac canh xét phan nhanh dugc x€&p theo mét th( tu nao do,
chang han th(r tu tir dién).

- MOi niit sé ké thira cac thuOc tinh cUa t6 tién cla nd va c6 thém mot thudc tinh
m@i(ch(ra hay khong chlfa mOt canh nao do).

- Niit 14 bi€u dién cho 1 cdu hinh chi bao gdm 1 phuong an.

- Trong qud trinh phan nhanh phai ddm bdo cac di€u kién rang budc cla bai todn [
tai mOi nit ta cdn quy dinh trén nguyén tac 1a moi dinh trén chu trinh déu c6 cap 2 va
khong tao ra mOt chu trinh thi€u.

*Tinh cdn dudi: DAy la bai toan tim Min nén ta st dung can dudi. Can dudi tai mOi

nit 1a s6 nhd hon hodc bang gia cla tat ca cac phuong an bi€u dién bdi nit dé. Gia
cUa mOt phuong 4n 1a tong d0 dai 1 chu trinh.

- Tinh c&n dudi cho nit gdc : mOi dinh chon hai canh c6 d6 dai nho nhat. Can dudi
cUa nit gO&c bang tOng dd dai tat ca cac canh dugc chon chia cho 2.

- Cac nit khéc : Lua chon 2 canh c6 dd dai nhd nhat thda man di€u kién rang budc
(ch(ra canh nay,khong chlra canh kia).

*KYV thudt nhanh can: K&t hgp hai k¥ thudt trén d€ xay dung cay tim ki€m phuong
an theo quy tac sau:

- Xay dung ntt gOc, bao gOm tat ca cac phuong an, tinh can dudi cho nit goc.

- Phan nhanh cho m0i nit, tinh can dudi cho cd 2 con.

- Néu can dudi clla mOt nit con 16n hon hodc bang gia nho nhat tam thoi clia mot
phuong an di dugc tim thay thi khong can xay dung cac nhanh con cho niit nay nita
(cat tia).

- Néu c3 hai con déu c6 can dudi nhd hon gid nhd nhat tam thdi cla mOt phuong
&n da dugc tim thay thi nit ndo c6 can dudi nhd hon sé dugc uu tién phan nhanh
trudc.
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- M0i 1an quay lui d€ xét it con chua dugc xét cUa mOt niit ta phdi xem xét 1ai nuit

con d6 d€ c6 thé cat tia cac nhanh cla n6 hay khong, vi c6 thé mot phuong an cé gia
tri nhd nhat tam thdi chua dugc tim thay.

- Sau khi tat cd cac con da dugc phan nhanh hodc bi cat tia thi phurong 4n cé gid nho
nhat trong cac phuong an tim dugc 1a phuong 4n tOi Uu.

Trong qua trinh xdy dung cay c6 thé ta di xay dung dugc mdt s6 nit 1a (mt phuong
4n). Gia nhd nhat trong sO cac gid cla cdc phuong 4n nay dudc goi la gia nhd nhat
tam thoi.

*Vi du : Xét bai toan TSP c6 5 dinh:

Céac canh theo th(r tu tUr di€n: ab,ac,ad,ae,be,bd, be, cd,ce,dc.
— Phan nhanh: Xudt phat tlr niit goc ch(a tap tat cd cac hanh trinh, nit con trai 1a
héanh trinh ch(fa canh ab, nit con phdi la hanh trinh khéng ch(fa canh ab,...
- Can dudi: bugc tinh nhu sau
Tinh CD cho niit gOc:
+dinh a chon ab, ad.
+dinh b chon ba,be.
+dinh c chon ca,cb.
+dinh d chon da,dc.
+dinh e chon eb,ed.
O T6ng 1a 350 cén dudi cla nit gbe A 1a 35/2=17,5.
Tinh can dudi cho nit D: Di€u kién rang bulc : ch(fa cd ab, ac, khong ch(a ad, ae.
+dinh a chon ab,ac.
+dinh b chon ba,be.
+dinh c chon ca,cb.
+dinh d chon de,dc.

+dinh e chon eb,ed.
68



Gido trinh Ly thuyét thuét todn-B6 mén Khoa hoc mdy tinh-2010
— TOngla 410 can dudi cla D 1a 20,5.

tuong tu cho cac nut con 1ai ...
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Tat cd cac hanh trinh

CD: 17,5
ab
CD: 17,5 CD: 18,5
acC
CD: 20,5 CD: 18 CD: 18,5 CD: 21
y ¢ / A
CD: 18 CD: 23 CD: 18,5 CD: 235
/ L
Ehll trinh: a,b,c, e, d, a Chu trinh: a, b, e, ¢, d, a Chu trinh: a, ¢, b, e, d, a Chu trinh: a, ¢, e, b, d, a
Gia: 23 Gia: 21 5id: 19 Gia: 23

Sau khi phan nhanh va cat tia ta tim dugc hanh trinh t6i uu 13: a, ¢, b, e, d, a v&i chi
phi nhd nhat 19 (Phuong phap tham lam 1a 21).
* Phu'ong phép cai dat:

- Xay dung th( tuc rit gon ma trdn chi phi d€ tinh can dudi.

- X4y dung thU tuc chon canh phan nhéanh.

- Xay dung th( tuc ngin cdm tao thanh hanh trinh con.

- Xay dung thU tuc dé quy TSP- nhénh can tim hanh trinh ti uu.

b)Bai toan x€p ba 16

Ta xét bai toan x€p bald gid tri nguyén da néu & phan trudc va phuong phap nhanh

can gidi bai todn nay:

n n
T6m tat bai todn: Y x;w; <B, > xip; ~ Max
=1 i=1
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Phuong phap Nhanh can gidi bai todn ndy nhU sau:
Ta thdy day 1a mOt bai toan tim Max. Danh sach cac d6 vat dugc sap x€p theo th(r tu
gidm cUa don gia d€ xét phan nhanh.
1. Niit gOc biu dién trang thai ban dau cla balé(chua chon mdt vat nao). TOng gia
tri TGT=0; can trén cUa niit gOc : CT= B*don gid Max.
2. Nt gOc c6 cac niit con tuong Ung v&i cac khd ning chon db vat theo don gia 16n
nhat. VGi mOi nt con ta tinh 1ai cac thong sO:

TGT = TGT(cii)+(sO do vat dugc chon)*(gia tri mOi vat)

B = B(cii) - (s0 d6 vat dugc chon)*(trong luong moi vat).

CT = TGT + B(mdi)*(don gia vat k€ ti€p).
3. Trong cac nit con, ta s& Uu tién phan nhanh cho nit con nao ¢ can trén 16n hon
trudc. Cac con cla nit ndy tuong Ung v3i cac kha niang chon do vat c6 don gia 16n
ti€p theo. V&i mOi it phai xac dinh lai cac thong s6 TGT, B, CT .
4. Lap lai budc 3 vGi chii y: v6i nhiing niit c6 can trén nho hon hodc bang gia 16n
nhat tam thai clla mOt phuong 4n da tim thay thi khéng can phan nhanh cho nit dé
n{fa(cat tia).
5. Néu tat cd cac mit déu da dugc phan nhanh hodc bi cat bd thi phuong an cé gia tri
16n nhat 1a phuong 4n can tim.
*Vi du: Cho bald c6 thé€ tich B=37 va 4 loai d0 vat c6 trong luong va gia tri tuong

Ung nhu sau:
Loai do | Thé tich| Giatrip, PO a |p | Don gid p/a
A 15 30 B 10 | 25 2.5
B 10 25 —Pp» | A 15[ 30 2.0
C 2 2 GOI X1, X2, X3, D 4 6 1.5
D 4 6 xlas6lugng | C [2 ]2 1.0

can chon tuong Ung cla cac d6 vat B, A, D, C.
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TGT=0; B=37; CT=92,5

X1:3 X1:2 X1:1 X]Z 0
TGT=75 TGT=50 TGT=25 TGT=0
B=7 B=17 B=27 B=37
CcT=89 CT=84 CT=79 CT=74

X;=0 X,=1 XA0
TGT=75 TGT=80 TGT=50

B=7 B=2 B=17 g
CT=85,5 CT=83 CT=75,5 ;
Xs=1 =0
TGT=81 TGT=75
G| B=3 B=7 AR
CT=84 CT=82 . ’
Al

72



Gido trinh Ly thuyét thuét todn-B6 mén Khoa hoc mdy tinh-2010
Chuong 4

LY THUYET LAP LICH
Lich bi€u (Schedule) 1a mOt loai k€ hoach dé€ thuc hién mot cong viéc nao dé. Vi
vay viéc 1ap lich (Scheduling) gdp hang ngay, vi du: 1ap lich d€ cac 6td vao nha may
s(ra chifa, 1ap lich d€ sdn xudt cac bO phan mdy bay, 1ap lich d€ sap x€p cong viéc
hang ngady... Tém lai, 1ap lich 1a rat can thi€t d€ cac cong viéc khi x(r 1i khong bi
chong chéo, khong bé sét. Khong nhiing thé, viéc 1ap lich phdi dép Ung nhiing yéu
cau cao hon nhu: nang cao hi€u qud cong vi€c, nang cao ning sudt lao dOng, gidm
thdi gian chO dgi, gidm chi phi phai trd...Do d6 can phai tim ra cic thudt toan, danh
gid cac thudt toan d6 d€ tim ra nhiing thudt toan t0i Uu hodc gan t0i Uu gidi quyét
cac bai toan 1ap lich thOa mén yéu cau trén.
Bai toan 1ap lich c6 2 dang chinh: Cho n cong viéc x( ly trén mdy
- Bai toan 1ap lich dang tinh (Static): Cac cong viéc va may da biét trudc.
- Bai toan 1ap lich dang dOng (Dynamic): Cac cong viéc va may chua biét
trudc.
4.1. Van deé 1ap lich t6i uu
4.1.1. Bai toan
C6 n 6 t6 san sang truGe nha may d€ vao sUa chlfa, nha may dugc biét vé moi 6 to
qua 2 tham s0:
- Han dinh ma n6 phai slra xong.
- Thoi gian can thi€t d€ sta ch(ta 6t do.
Nha méy lam viéc khéng nglmg cho dén khi moi 6 t6 sfa xong. Tai mOi thdi
di€m, nha mdy chi x li dugc mOt 6 t6, stta xong 6td ndy mdi sUfa 6 6 khéc.
Hay sap x€p cac 6 t6 theo mOt th(r tu nhat dinh d€ theo d6 chd dén luot stra chira,
sao cho sO 1ugng 6 td dugc slra diing han 1a nhi€u nhat.

Biéu dién bdi todn:

* Input:
- n oo, thdi diém co thé bat ddu x{ 1i 1a nhu nhau:

r,=0,0i=12,...n.

Han dinh sUta chita: d; (due date).

Thoi gian can thiét d€ sUa: t; (time).

Nha mdy lam viéc lién tuc.
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- MOi thoi diém chi x{r li dugc mot 6 to.
- Stra xong 6 to ndy mGi dudc stra 6 t6 khac: khong cho phép ngat.
* QOutput:
Ki hiéu b; : thdi di€m bat dau thuc sy x1i 6 4 i.
¢; : thoi di€m slra xong 6 16 i.
;=d; : dung han
{1 >d;: qua han.
W, : Tién phat
Tim lich bi€u S sao cho s lugng 6 t6 dugc s(fa ding han 1a nhi€u nhat (LUgng
tién phat nhé nhat).
* Vi du: Cho c4c tham s6 dudi dang bang sau:

0t0 | Han dinh | ThOi gian t;
d;
X1 7 3
Xo 5 2
X3 8 4
X4 12 4
Xs 17 6
X6 9 2
X7 20 3

NE€u sUfa chita theo thi' tU S = (X1, X2, X3, X4, X5, X6, X7 ) thi sO lUOng 6 t6 dugc slra
ding han chi c6 2. Vi sau khi sUfa xong 6 t6 x;, X, thi 6 t0 x3 da bi qua han (do t;+6+t3

>ds) ti€p theo 4 6 tb sau ciing bi qua han.

Né€u slra chita theo thir tU S = (X3, X1, X, X4, Xs, X3, X7 ) thi sO luQng 6 t6 dugc sra
dang han la 5.

4.1.2. Nhan xét

- Bai toan trén thuOc loai 1ap lich t6i uu, v4i chudn t6i uu 1a s6 lugng 6 t6 dudc

n
sUa ding han 1a nhi€u nhét (hay 1ugng tién phat 1a it nhat : ) w; — Min)
A
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- Bai toan ludn gidi dugc vi né thuOc loai bai toan t6 hgp h(tu han phan tU nén c6

th€ ding phuong phap “vét can”: 1ay tat cd cac hoan vi clla n 6 o, chon hoan vi ndo
ma theo th(r tu d6, sO luong 6 td dugc stta diing han 1a nhiéu nhat.
- Bai toan trén c6 th€ c6 nhiéu lich bi€u t0i uu, tlc 1a c6 nhiéu th( tu clan 6 to
thda mén chudn toi uu.
- Bai toén trén da dugc chitng minh 1a NPC. Néu ding phuong phép “vét can” thi sé
tOn rat nhi€u thoi gian (ham mii). Do d6 ta can tim cach xay dung duagc lich bi€u tOi
Uu trong thOi gian da thiec.
4.1.3. Tinh hinh gidi bai toan 1ap lich hién nay
Ly thuy€t 1ap lich hién nay da, dang , va sé gidi quy€t dugc cac van dé:
- Phan loai bai to4n 1ap lich.
- Nghién cltu cach th(ic xay dung lich bi€u t6i Uu theo mdt tiéu chudn nao dé va
hon nifa lam sao d€ tao ra né that nhanh (Thudt toan don dinh, da thc).
- V@i nhiing bai toan chUa tim ra thuat todn nhanh, xét xem n6 c6 thudc 16p
NPC?
- Vi nhing bai todn thudc 16p NPC thi tim ra thudt toan da th(c d€ tao ra lich
bi€u gan t0i Uu.
- Tim cac Ung dung cUa bai toan 1ap lich trong thuc té: cong nghiép, giao thong
van tai, hé diéu hanh may tinh...
Vi du : Ngu0i ta da tim ra mOt thuat todn Heuristic gidi bai ton trén nhu sau:
Thudt toan Moore : Tim lich bi€u trong thoi gian da thirc
® Sap x€p cac 6 t6 theo th(r tu khong gidm cUa cac d;: ThF tu cac 60 X, X,,. ..
X, ma d;<d, <...<d, ta goila day hién thoi.
@ Trén day hién thoi, tim 6 t6 dau tién qua han, gid st d6 1a 6 t6 th( q. Trong
sO q 6 td dau tién hdy loai ra 6 to nao c6 thdi gian stra ch{fa t nhi€u nhat (néu
c6 nhiéu 6t6 nhu vay thi chi chon mot).
® Budc 2 dugc lap lai cho dén khi trong day hién thoi khong con 6 td
nao qua han.
@ Céac 6 t6 bi loai ra trudc d6 dugc x€p vao sau day hié€n thoi tai cudi
budc 3.
Sau budc 4 ta c6 mOt th(r tu cac 6 t6 (lich bi€u) can tim trong thoi gian da thifc
(phu thuOc budc sdp x€p cac cong viéc O(n?))
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Tém lai: Cac doi tugng dugc x( li nhu “6 t8”, “chuong trinh”... dUgc quy v€ tén

chung 1a “cong vi€c” (job). Cac phuong tién xU li nhu' “nha may”, “mdy tinh”..., k€
ca con ngUOi co tén chung la “may” (machine). Khi do ta c6 cic quan niém rOng hon
v€ bai toan 1ap lich.

4.2. Phan 18p bai toan 1ap lich dang tinh

Gia st ¢6 n cong viéc J; (i=1,2,...,n) dugc xU 1 rén m may M, (j=1,2,...,m)

Gid thiét rang tai mOt thoi di€m, moi cong viéc duge xUr 1i trén nhi€u nhat 1a 1 may
va mOi may c6 thé x(r 1i nhi€u nhat 1a mOt cong viéc.

Khi d6 bai toan 18p lich 6 thé mé t dudi dang mo hinh chung : a|B|y

trong d6 @ : Bi€u dién mo6i quan hé gila cac mdy.
B : Bi€u dién moi quan hé gilta cac cong viéc.
Y: Tiéu chudn tdi uu cla lich bi€u can tim.
4.2.1. Thong tin vé cong viéc
VGi mOi cong viéc J; c6 cac tham sO sau:
m; : sO may can thi€t d€ x(r i cong viéc J; .
m; : thGi gian x(r 1 cong viéc J; .
t; :thOi gian x( li cong vi€c J; trén may M, .
r; :thOi diém c6 th€ bat dau x(r li cong viéc J; .
di : han dinh ma tai d6 J; phdi hoan thanh.
W, : trong sO cUa cong viéc J; (tién phat, tién thudng,...).
b; : thoi di€m bat dau thuc su x(r i cong viéc J; .
¢ : thOi di€m hoan thanh cong viéc J; .
Gid thi€t cac tham sO déu la bi€n nguyén (Integer).
4.2.2. Quan hé giita cac may
Tham sO a =a,a, chi mOi quan hé gi(fa cic may.
a) Truong hop a, 0{g,P,Q,R}
+ a,=¢ : dugc hi€u 1a hé thOng chi c6 mOt may vat; =t .
+ a,=P : hé thGng gbm m mdy song song dOng nhat t; = t;, i=1,2,...m.
( Parallel - shop: mOi cong vi€c c6 thé xr li trén mOt trong s6 m may gi®ng nhau).
+ a,=Q : hé thdng gbm m may song song dOng déu t; =t *q;, q; 1a tOc dO cUa
may m;.
+ a,=R : hé th6ng gdm m may song song dOc 1ap (khéng dong déu)
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b) Truong hop a,=0, hé thOng goi la “Open Shop”:

Trudng hop nay khong quan tdm dén th(r tu thuc hién cac cong doan clla mobi
cong viéc, trong do:
- MOi cong viéc J; déu gdm c6 m cong doan: {Oy;,0a,...,0m} .
- Mobi cong doan Oy dugc x(r 1i trén may M, trong thdi gian t;; .
c) a,U{F, J}
Trudng hop nay phai quan tdim dén th( tu’ thuc hién cac cong doan clla moi cong
viéc
+ a,=F: hé thOng goi 1a “Flow shop”.
(Hé day chuyén: moi cong vi€c x( li trén tat cd cdc may theo cling mOt th(r tu).
Trong d6 : - MOi cong viéc J; gdbm tap m; cong doan {04;,0a,...,0m}
- MO6i O; dugc xU li trén may M, trong thdi gian t; .
+ a,=J, hé thOng dugc goi la “Job shop” ( mOi cong viéc c6 mbt tap cong doan
riéng), trong do:
- MOi cong vi€c J; gdm mOt tap m; cong doan : {Oy;,0;,...,0m}
- MO6i Oy dugc xU li trén may M; trong thdi gian t; , Miy; # M;.
d) Truong hop a, la s6 nguyén, duong thi m 1a hang s6 va m=a, (biét s6 lugng
may cuU thé)
+ o, # @: m 1a bién thay doi.
Hién nhién a,=1 = a,=® (vi chi c6 1 may nén khong chi ra m6i quan hé gilta cac
may).
4.2.3. Quan hé giita cac cong viéc

Tham s6 B ={B.,B,. 55, B, Bs } chi mOi quan hé gilta cac cong viéc dugc xac dinh
nhU sau:

a) B, U{Put., ¥}

+ B,=Pyt, : mOt cong vi€éc dang dugc thuc hién cé th€ bi ngat d€ uu tién
(Preemption) thuc hién moOt cong viéc khac va sau dé né dugc ti€p tuc xU i tai cac
thGi di€m ti€p theo cho dén khi hoan thanh.

+ B,=¢ : chi sy thuc hién cong viéc khong bi ngat.
b) B, O{Prec, Tree, ¢}
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+ [3,=Prec: th(f tu’ uu tién thuc hién cic cong viéc dugc bi€u dién bang mot do thi

dinh hudng vGi tap dinh {1,2,...,n}. Néu G la mOt dudng dinh hudng tUrj - k thi ta
viét
J; <Ji va doi hoi J; phai dugc két thic trudce khi J, bat dau.

+ fB,=Tree: th(r tu Uu tién thuc hién cac cong viéc dugc bi€u dién nhu mot cay.

+ B,=¢: Khong c6 th( tu' Uu tién.
C) ,83 D{T‘j = 0,§0};

+ 1,20 nghiala r#r; , Oi# j: cac cong viéc nhdp vao trong hé thOng 14 khong
dong thoi.

+ B; =@ nghiala r; =0,1j : cac cong viéc nhdp vao trong hé thGng la dong thoi.
d) B, 0{m, <7, ¢}

+ m; <m : chi c@n trén cUa m; (cho trudng hgp @, =J)

+f3, = @: khong chi ra can trén.
e) B; U{t;=1, tst; <t, 9}

+ t; =1: chi mOi cong doan thuc hién hét mot don vi thoi gian.

+t<t; <t : chi ra can dudi va can trén cUa t; .

+ 5 =@ : khong chi ra 1 can nhu vay.
4.2.4. MOt s tiéu chudn tdi Uu

1. Cmax =Max{C;} Thoi di€m cuc dai két thiic moi cong viéc.

1 N ~? ~n N
2. C=(- >*) G Thoi di€m trung binh két thiic moi cong viéc.
3. Fi=Ci-n Thoi gian 1uu 1ai céng viéc i trong hé.

]_ \ N . ~ « A
4. F =(; )*Z Fi Thoi gian luu 1ai trung binh mOi cong viec.

5. Li=Gi-di MUc cham tré so v&i han dinh cla cong viéc i.
6. Lox=Max{L;} MUc cham tré cuc dai.
- 1 . ¢ , A x .
7. L=( *y Li MUc cham tré trung binh.
i=1
8. T, =Max{0, L;} Mdc chdm tré khong am.
9. Tma=Max{T;}  MUc chdm tré khéong am cuc dai.
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n
10. Z WU, Ludgng tién phat (w; — tién phat cla cong viéc i)
=
trong do néu diing han
Ui =

1 néuqué han
4.2.5. MOt s vi du
1) Hé 1| Preq Lina
Cuc ti€u héa mUc chdm tré cuc dai clla moi cong viéc trén mOt may. Bai toan nay
c6 th€ gidi trong thOi gian da thirc.
2)HER| Puts ) G
Cuc ti€u héa thoi di€m két thiic toan bd cong viéc trén hé m may song song ddc
14p trong truGng hop ngat.
3)HE 3| t; =] Cx
Cuc ti€u héa thoi di€m cuc dai két thic moi cong viéc trén hé 3 may vGi thoi
gian x(7 li mOi cong doan bang m6t don vi thoi gian.
4.2.6. MOt s6 thudt toan 1ap lich
- Thudt toan 1ap lich t0i Uu cham: La thudt toan tim lich bi€u tGi Uy, nhung thoi gian
xU 1i cham (PO phitc tap ham mil).
- Thudt toan 1ap lich tdi Uu nhanh: La thuat todn tim lich bi€u t0i Uu nhung thoi gian
xU 1i nhanh (D6 phuc tap da thirc).
- Thudt toan 1ap lich xap xi nhanh: La thuat toan tim lich bi€u gan ding nhung thoi
gian xU 1i nhanh (B0 phuc tap da thic).
N6i chung da s6 cac bai toan 1ap lich thuOc 16p NPC, nén chi c6 mot sO it gidi dugc
bang thudt toan t&i U nhanh, con lai phai ta phdi tim cac thudt toan xap xi nhanh dé
tim lich bi€u gan diing trong thoi gian da thic.
4.3. MOt sO bai toan 1&p lich gidi bang thudt toan 1ap lich t6i uu nhanh
4.3.1. Hé 1,n [TIC s
a) Bai toan:
- Input: Cho n cong viéc 1, 2,...,n xU'ly trén mOt may, vGi 3 tham s6
=0, d;, t;, di=1, 2,...,n.
- Output: Lap lichbi€u'S c6 Cpa nhd nhét.
b) Thiét ké thudt toan:
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Pé thOi diém cuc dai két thiic moi cdng viéc 1a nhd nhat doi hdi moi cong viéc

nhap vao hé thOng phai dugc thuc hién ngay. Nghia 1a cong viéc nhdp vao phai
dugc thuc hién sdm nhat tai thoi di€m t=0. MOi hoan vi cla tap {1, 2,..., n} cong
vi€c cho ta mOt lich bi€u. Thi¥ tu thuc hién cac cong viéc 1a n0i ti€p nhau, thda man
diéu kién: Thoi di€m két thiic cong viéc truGe trung vdi thoi di€ém bat dau thuc
hién céng viéc ti€p theo. Tém lai lich bi€u tOi Uu phai cé tinh chat:
- ThOi di€m bat dau b = 0.
- Lién tuc (khong cho phép ngat cong viéc).
- Lién thong (mdy lam vi€c khong ngung).
Thuét toan: Tao lich biéu tdi uu S
LAy ngay S v0i tap 1ap bi€u dugc 1a {1, 2,..., n}. Cac thuc hién dugc xac dinh
nhU sau:
Begin
bi:=r,:=0;
C1:=by+ti:=ty;
For i:=2 to n do
Begin
bi:=ci.i;
Ci:=bi+t;;
End;
End;
c) ChUng minh tinh ding dan:
Phai chi ra rang lich biu theo cach xay dung nhu trén cé 3 tiéu chudn thuc su
cho Cua 12 nhO nhat.

n
That vay: Lich bi€u S theo cach xay dung trén c6 (Cuay)s = Z t;
-

Gid s c6 lich bi€u S’ khac lich bi€u S thi (Cuax)s<(Cmay)s (hi€n nhién).
d) PO phurc tap: Phu thubc vao kich thudc cla bai toan [ O(n).

e) Vi du: Xéthé 1 [3 vGi cac tham sO cho trong bang:
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T/s I di t
0
C/viéc
1 014 |2
2 0|18 |5
3 01210

MOi hoan vi cho ta mOt lich bi€u t6i uu O vGi hé 3 cong viéc sé 6 6 lich biéu ti

uu.
Lich bi€u S(x1,X5,X3)
Tis|n|d |t |bi|a

5
Crviée
X1 04 {2 |0]2
X2 0|8 |5 |2]7
X3 0112107 |17

Cnax=Max{C;}=17
Tuong tu: TGB S=(x1,X2,X3) €O Crax=17.

4.3.2. Nhém hé 1, n[TLpa va 1, n D ax
a) Biéu dién bai todn

* Bai toan 1,n[T1L .«

- Input: Cho n cdng viéc 1, 2,...,n v&i 3 tham sO r,=0, d,, t;, 0i=1,2,...,n.
- Output: Lap lich bi€u c6 Ly, 12 nhd nhat.

Trong d6: Li=C;-d; 1a m(tc cham tré so v&i han dinh cla cong viéc i.

L= ng {L:} 1a mUc chdm tré cuc dai so vGi han dinh cUa cong viéc i
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*Bai toan 1, n [T

- Input: Cho n cong viéc 1, 2,..., n vGi 3 tham s0 r;=0, d;, t;, 0i=1,2,...,n.
- Output: Lap lich bi€u c6 Trenhd nhat.
Trong d6: T=Max{0,L;} 1a m{fc cham tré khéng am cUa cong viéc i.
Traw=Max{T;} 1a mUc chdm tré khong am cuc dai.
* BO dé: Bai toan 1 ,n[T 1., tuong dudng da thic v&i bai todn 1,n[I T .
ChUng minh: Ta biét Tp.,=Max;{T:} va T:=Max;(0,L))
Vay Tua=Maxi{Max(0, L;)}= max{Max;(0, L)}= max(0, Lmax)
Do vay néu tao dugc lich bi€u c6 T 12 nhd nhat thi L. cling nhd nhat va nguoc
lai
U Bai todn 1 ,n[TLy. va 1,n[IT . 1a tuong duong da thlc. Vi vay ta chi can xét

mOt bai toan.

b) Bai toan 1,n[T1L.x
* Thiét k€ thudt toan: Lich bi€u S 1a t6i uu néu né lién tuc, di€ém bat ddu b=0 va

lién thong, dOng thdi cac cong viéc dugc sap x€p theo th(r tu khong gidm han dinh
cUa ching, nghiala d;<d, <...<d..
Begin
1. Sap x€p cac cong viéc theo th(r tu khéng gidm cac han dinh cla ching
2. Tao céac thuc hién
b1:=0; ci:=b;+t;;
Li:=c;-d;;

For i:=2 ton do

Begin
bi:=Ci.1; Ci:=bi+t;
Li:=ci-d;;
End;
For i:=1 to n do L.:=Max{L;};

End;
ChUng minh tinh diing dan: Chlng minh rang lich bi€u theo cich xay dung trén sé&
cho L. nhO nhat.
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Ta sé st dung mOt kY thuat chling minh cO ban trong ly thuyét 1ap lich: Thu thudt

hodn vi @€ chmg minh tinh ding dan cla thudt toan trén
- Gia st S 1a lich bi€u ma cac cong viéc khong duoc sap x€p theo th(f tu ting dan
cUa han dinh. Nghia 1a Ok sao cho di>dis1 (*). Ta s& chUng minh c6 lich bi€u S’ tOt
hon S .

- Gid sU X, va X1 1a hai cong viéc Ung v&i 2 vi tri k va k+1 trong lich biéu S.

- Xét lich bi€u S’ khac S & chO: Trong S’ cac cong vi€c x, va X1 dugdc thuc hién
tuong Ung & cac vi tri k+1 va k.

- Trong cd hai lich bi€u S va S’: Th( tu thuc hién (k-1) cong viéc dau va n-(k+1)
cong viéc cudi 1a nhu nhau.

- Trong cd hai lich bi€u S va S’, di€ém dau va di€m cubi cla n — 2 cong viéc 1a nhu
nhau 0 MUrc chdm tré cla cac cong viéc ciing nhu nhau. Ta g0i mUc cham tré 16n
nhat cla n-2 congviéc do 1a L.

Céan chitng minh: Max{L, Ly, Ly }s < Max{L, Ly, Lis1}s trong d6 L; va L. 1a mUc

cham tré cla cong vi€c xi va X1

k-1

That vay: Dat T= z t; , khi do ta co:
i=1

Li(S)=T+t-dx (1). S:
Lixa(S)=T+tx k- diar (2). S’:
L(S’) = T+tHter-de  (3).

Lxa(S’) =T+txir- dn  (4).

TU (2) va (3) ta c6: Li(S)<Li1(S) vidi>diss  (5).
T (2) va (4) ta c6: Li(S7)<Lici(S) (6).
TU (5) va (6) 0 Lir(S) > Max{Li(S’),Lica(S’)}

0 Max{L, L, L1 }sS Max{L, Ly, Li«}s

dy,>dx+1

dy+1,<dx

Qua d6 ta thdy S’ tot hon S. Né€u xét lich bi€u S’ ma mOt cdp cong viéc nao dé
thda mén (*) thi ta dugc S” tOt hon S°....
Sau hCtu han budc ta dugc S* 1a tot nhat va S* 1a lich biéu t6i Uu can tim.

DO phic tap: Phu thudc vao budc sap x€p cac cong viée : O(n?)

Vidu: Xéthé 13 vGi cac tham sO cho trong bang sau:
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T/s|n|t|d
of
C/ viéc
X1 0134
Xo 0(2|8
X3 013

- Sap x€p cong viéc theo d;: Xs, X1, X2 €6 L= 012 TGB t6i Uu can tim.
43.3.Hé 1,00r;20 [Cpox

Hé c6 n cong viéc dugc xU 1i trén 1 mdy, cac cong viéc nhap vao trong hé 1a khong
dong thoi (=0, Oi=1, 2,...,n). Lap lich bi€u d€ thdi di€m cuc dai két thic moi
cong viéc 1a nhé nhat

Input: ncong viéc 1, 2,..., n, vOi cac tham sO =0, d, t, Ji=1, 2,...,n.

Output: Lap lich bi€u 6 Cpay nhd nhat, Crax=Max;{Ci}.
a) Thiét ké thudt todn

DPE thoi di€m cuc dai két thiic mQi céng viéc 1a nho nhat ta sap x€p cac cong
viéc theo th(t tU khong gidm cla cic ri: <1, <...<1, . NhU vay, xay dung lich bi€u
t0i Uu 1a sdp x€p cac cong viéc theo th(f tu khong gidm thoi di€m c6 thé bat dau
thuc hién ching.

Begin
1. Sap x€p céc cong viéc khdng gidm theo thoi diém c6 thE bat dau cac cong
viéc : n<np <..<rt,

bi:=r1y; ci:=by+ty;

For i:=2 to n do

Begin
bi:=Max(Ci.1, I);
Ci:=bi+t;;
End;
End;
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b) Chling minh tinh ding dan:
Ta chiing minh rang: Néu sap x€p cac cong viéc theo th(r tu khong gidm cla cac r;
thi Crax 12 nh& nhat.
That vay: Goi S 1a lich bi€u khong theo th(r tu trén. Tc 1a Uk: re<nc (*)
Mt K Ce(S)
S: ; l |

R l_k_‘ C(S)

kK CS)

Ikt | i
S’

h )

Gid sir'S’ khac S & chd k va k’ dugc thuc hién G vi tri k+1 va k tuong Ung. Trong
ca 2 lich bi€u th( tu thuc hién (k-1) cong viéc dau va n-(k+1) cong viéc cudi la nhu
nhau. Trong cd 2 lich bi€u di€ém dau va di€m cudi clia n-2 cong vi€c 1a nhu nhau: Ta
phdi chUng minh (Crax)s € (Crnax)s
That vay:

Trong S:  Ci(S) = Max(Cx.1, ry)+tx
Cie(S) = Max(Ci(S), i)+
Trong S’:  C(S’)=Max(Cy.1, 1)+t
Ck(S’)=Max(Cy/(S’), r)+tx
Néu Cy.i<ry thi: C(S)=ri+t,
Ci(S)=ri ity
Ci(S8’)=Max(C.1, Ii+1) s <ttty
Ci(S”)<TiHter i
0 Ci(S)<Ci(S)D (Coads' < (Crman)s
Néu Ci1 21 U (Cran)s=(Crmax)s
[l Rorang S’ tot hon S.
Néu trong S’ xét cap cong viéc nao dé thGa mén (*) va chltng minh tuong tu ta dugc
S” tdt hon S’, c(r ti€p tuc nhu vay thi sau hitu han budc ta sé dugc S* tot hon ca va
S* 1a lich bi€u t0i Uu can tim.
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c) B0 phUctap: Phu thudc vao budc sap x€p cic cong viéc : O(n?)

d) Vidu:

T/gian |1 | di |t

C/ vié

U WIN =
Sl N[O
Ul (W |ul
=T W =W

%ﬁn r|di|t|a

Wb |IN[U =
AW IN[O|O
W[ |ur|u
WUl [~ W

O Lichbi€u S (1,5, 2, 4, 3) 6 Crnx=13 nho nhat.
4.4. Bai toan lap lich gia cong trén 2 may, thudt toan Johnson
4.4.1. Bai toan 2; F[i; 200C,,..x
Input:
- Chon chi tiét Dy, D,,...,D, 1an luot gia cong trén 2 may A, B.
- ThOi gian gia cong chi ti€t D; trén A la t,;, trén B 1a ty;
- Trinh tu gia cong c4c chi ti€t trén 2 may 1a nhu nhau.
Output: Tim lich bi€u(trinh tu gia cong) cac chi ti€t trén 2 mdy sao cho viéc hoan
thanh gia cong tat ca cac chi ti€t 1a sém nhat c6 thé dugc (Cra dat Min)
4.4.2. Thi€t ké thudt toan
a) Phan tich bai toan
- M6i lich gia cong tuong Ung vGi mOt hoan vi cla céc chi tiét 77 = (71(1), 71(2),..., 71())
- Kihiéu bx : Thoi di€m bat dau chi tiét j trén may X
Cix : Thoi di€m két thic chi tiét j trén may X.
(X=A,B;j=1,2,...,n)
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- May A bat dau thuc hién cong viéc tai th0i di€m b,, =1, =0. Cac cong vi€c

dudgc thuc hién ndi ti€p nhau: Crjna <bgya ,j=2,3,..., 0. (D).

- May B c6 th€ bat dau thuc hién cong viéc (1) ngay sau khi may A két thiic cong

viéc gia cong 71(1) vao thOi di€m: byys = Crgya ().

va bat dau gia cong chi tiét 71k) ( k=1, 2,..., n) sau khi cong vi€c nay dugc thuc

hién xong trén may A va dong thoi phai hoan thanh gia cong chi ti€t 71k —1) trc la:

brgys 2 MaxX(C oo pstrins) , k=2,3,. (3).

- Thoi gian hoan thanh viéc gia cong tat cd cac chi tiét trén 2 may 1a C(7D) =C, 5 .
R rang vGi 7T ¢8 dinh, C(77) dat min khi tat ca cic dau bat dang thic & (1), (2),

(3) dugc thay bang dau déng thlc:

b
Brn = Cn(k ok =230
bzr(l)B = Crr(l)A
bn(k)B _Max(crr(k)A’ (k- 1)3) k=23,...,n

Cac may s€ thuc hién ngay cac cong viéc mOt khi diéu kién cho phép.
b) Thiét ké thudt toan
- Néu thuc hién viéc gia cong cac chi ti€t theo lich hoan vi cic cong vi€c trén may
A, sau d6 thuc hién v@i trinh tu twong Ung trén mdy B thi trén may B sé& c6 nhi€u
thdi gian chét.
- N&u d€ 2 may hoat ddng lién tuc thi phdi don thdi gian chét trén may B vao doan
dau (di€u nay khong lam tang thoi gian hoan thanh lich gia cong). May A bat dau vao
thoi di€ém bs=0

O C(m) =by,, + z ty
7=

D& thdy by =Cryat ) thOi gian chét trén mdy B
O Tim Min{ bsn }?
* B6 dé 1: Gia st 1= (m(),...., i(k =1), 71(k), 71(k +1),....,71(n)) 1a mOt lich gia cong
con 77 1a lich gia cong thu dugc tir 77 bang cach hoan vi 2 phan t& 7(k) va mk +1):
1= (71D, ..., 7(k = 1), 77(k +1), 77(K)), ..., T(n)) .
Khi d6 n€u Min(a,y,bneny) S Min(bg, @) thi g < by
*BO dé 2: NEui,j, kla3 chis6 thda min
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rnin(ai, bJ) < min(aj, bl)

min(a;, by)<min(a, b;)
thi min(a;, by) <min(ax, bi)
* Dinh ly Johnson (1954):
C(7) dat gid tri nhd nhat khi gia céng 7= (1(1),7(2),...,71(n)) théda man

min(a, > bgesny) € Min(b 5 @,p0y) VOi MOi k=1, 2,..., n-1.

TU d6 ta c6 cd sG d€ xdy dung thudt toan nhu sau:

Gid sir ¥ =min (@) x4t 2 trudng hop:

Iisn
1. Néu x=a,, k tiy y O min(a, b)) < min(b, a;), 0j #k O Chi tiét D, phdi
dudc gia cong dau tién trong lich bi€u toi uu.
2.Néu x=b, vGi p nao d6 O min(a,, b)) = min(b,, a)) 0j # p O Chi tiét D,
phai dugc gia cong culi cling.
* Thudt todn Johnson:
®. Chia céc chi ti€t thanh 2 nhém:
- Nhém N, gOm cic chi tiét D; thda man a;<b; tUc 12 min(a;, bi)=a..
- Nhém N, gom céc chi ti€t D; thda man a;>b; tUc 1a min(a;, b))=b:.
Céc chi tiét D; thda man a=b; x€p vao nhém nao ciing duoc.
®@. Sap x€p cac chi tiét trong N; theo chi€u ting cUa a; va sap x€p cac chi
tiét trong N, theo chiéu gidm b
®. NOi N, vao dudi N, day thu dugc (trdi —phdi) 1 lich gia cong tOi uu.
Vi du: Cho 5 chi tiét phai gia cong trén 2 may . ThOi gian gia cong cac chi ti€t trén cac
may dugc cho trong bang sau:
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Chi tiét D, D, Ds D, Ds
May

A 3 4 6 5 6
B

SO d0 Gantt cUa lich biéu sau khi thuc hién thudt toan Johnson nhu sau:

May

D, Dy D; Ds Ds;
Dl D4 D2 D5 ])3

v v

Ké&t qud: Thoi gian hoan thanh viéc gia cong 14 Cpa, = 26.

Chi y:

C6 th€ c6 nhiéu lich bi€u t6i Uy, ching c6 thé khac nhau v€ thoi di€m bat
dau clla may B nhung déu chung nhau mot thdi di€m két thic (lich biéu 1
=(Dg, Dy, Ds, Dy, Ds)).

C6 thé chimg minh dugc rang viéc tim lich gia cong dudi dang moi may
mOt trinh tU gia cong riéng khong dan tGi viéc hoan thanh gia céng cac chi
ti€t sém hon. Vi vay thudt toan Johnson van cho két qua diing cUa bai toan
ma khong can c6 gid thi€t rang trinh tu gia cong trén hai mdy phai nhu
nhau.

Khong thé thu dugc dinh 1y tuong tu nhu dinh ly Johnson cho truOng hop
bai toan 3 may hodc nhi€u hon. Trong trudng hop tOng quat, hién nay chua
c6 phuong phap hitu hi€éu nao d€ gidi ching ngoai viéc s& dung phuong

phap “vét can” hodc nhanh can.

4.4.3. MOt s trudng hop riéng cé6 thé dan ve bai toan 2 may

Xét bai toan gia cong n chi ti€t trén 3 mdy theo th(r tu' A, B, C v&i bang thdi gian a;, b;,

G,i=1,2,...,nthod mdn: maxb; < min a hodc maxb; < min ¢

TUc 14 thOi gian gia cong cUa mdy B kha nho so vdi A hoac C.

89



Gido trinh Ly thuyét thuét todn-B6 mén Khoa hoc mdy tinh-2010
Khi d6, lich gia cong trén 3 may sé€ tring vdi lich gia cong t0i Uu trén hai mdy: may

th( nhat v&i thoi gian a; + by va may th(r hai v&i thdi gian b; + ¢; (Iuu ¥ chi ¢4 lich toi

uu cUa chiing 13 tring nhau con thOi gian gia cong cUa chiing 1a khac nhau).
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Vi du: ThOi gian gia cong 5 chi ti€t trén cdc may A, B, C cho bdi bang sau:

Chi tiét D, D, Ds D, Ds
May
A 7 11 8 7 6
B 6 5 3 5 3
C 4 12 7 8 3

Ta thdy: max b; = 6 < min a; =6, do d6 bai toan dugc dan vé viéc tim lich gia cong tOi
Uu trén hai may A’, B’

Chi tiét D, D, Ds D, D
May

A’ 13 16 11 12 9

B’ 10 17 10 13 6

Lich gia cong tdi uu tim dugc 1a = (D4, D,, D, D5, Ds) véi thoi gian hoan thanh
Cuax =49.
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