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B6 moén Ky Thuat Xay Ding
Khoa Céng Nghé, Trwong Pai Hoc Can Tho

1. HésO P/G & A/G
2. Gradient hinh hoc
3. Tinh lai suat
4. Tinh thai doan
5. Bang tinh
Arithmetic Gradie
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$700
$600 }
$500 EXAMPLE 2.8
$400 A local university has initiated a logo-licensing program with the clothier Holister, Inc. Esti-
$200 $300 mated fees (revenues) are $80,000 for the first year with uniform increases to a total of $200,000
$100 by the end of year 9. Determine the gradient and construct a cash flow diagram that identifies
[ the base amount and the gradient series.
V] 1 2 3 4 5 6 7

Do ddc gém hai thanh phan: S6 tién ban dau & lwgng gia tang (gradient)
1. 86 tién ban dau = $100
2. Sé tién gia tang (bén trén) = $100/thei doan

Ding Thé Gia, BM Ky Thuat Xay Dung, Dai Hoc Can Tho' Ding Thé Gia, BM K Thuat Xay Dyng, Dai Hoc Can Tho



Solution
The year 1 base amount is CF, = $80,000, and the total increase over 9 years is

CF, — CF, = 200,000 — 80,000 = $120,000
Equation [2.18], solved for G, determines the arithmetic gradient.
G = (CF = CF) _ 120,000

n—1 9—-1
= $15,000 per year

Ding Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tha:
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Figure 2-13

Diagram for gradient series, Example 2.8.

The cash flow diagram (Figure 2—-13) shows the base amount of $80.000 in years 1 through 9

and the $15,000 gradient starting in year 2 and continuing through year 9.

Ding Thé Gia, BM Ky Thuat Xay Dung, Bai Hoc Can Tho
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O Gia tri hién tai la diém cach mét don vi thoi gian vé phia trai cia noi co
gia tri d6 déc 0G
[ D& tinh gia tri hién tai cta s6 tién ban dau, sir dung hé s P/A (da biét)

0 Dé tinh gia tri hién tai ctia chudi d6 déc, st dung hé s6 P/G (xem phia

é%H)G\a‘ BM Ky Thuat Xay Dung, Bai Hoc Can Tha:

+ Chung ta da biét, dd déc s6 hoc gébm hai
thanh phan
1. Sé tién ban diu (Base amount)
2. Thanh phan dé déc (Gradient component)
Khi dong tién c6 do déc, hé sé P/G 1a do déc céu
thanh duy nhat

+  Ap dung hé sb P/A dbi v&i sé tién ban dau
* P =P, (base amount) + Pg (gradient)

Diing Thé Gia, BM Ky Thuat Xay Dung, Bai Hoc Can Tho
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P = G(P/F,i2) + 2G(P/F.i3) + 3G(P/F.,id) + - --
+ [(n — 2)GI(P/F,in — 1) + [(n — V)GI(P/F.in)

Factor out G and use the P/F formula.

= ! 2 3 n—2 n—1
P_G[(Hi)z TaryTary +(1+in;1+(1+i)n] [2.21]

Multiplying both sides of Equation [2.21] by (1 + i)' yields

Al — 1 2 3 n—2 n—1
P +D G[(l Ty Tasr Tary  tar2ta +i)"-1] (2.22]

Subtract Equation [2.21] from Equation [2.22] and simplify.

p—cgl1 . 1 . 1 1 _ n
’P_G[(1+i)l+(1+i)2+ ATy +(1+i)"] Gy B2

Ding Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tha:

Hé s6 dd doc A/G

Dang Thé Gia, BM Ky Thuat Xay Dung, Dai Hoc Can Tho!
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P; = G(P/G,i,n)
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As = G(AIGin)

PR \ . A
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\
Tim Ag, biét do doc G
Ag Ag - Ag Ag
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L
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CF=(i-1)G
A; = A1 (base amount) + Ag (gradient)
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Neighboring parishes in Louisiana have agreed to pool road tax resources already desig-
nated for bridge refurbishment. At a recent meeting, the engineers estimated that a total of
$500,000 will be deposited at the end of next year into an account for the repair of old and
safety-questionable bridges throughout the area. Further, they estimate that the deposits
will increase by $100,000 per year for only 9 years thereafter, then cease. Determine the
equivalent (&) present worth and (5) annual series amounts, if public funds earn at a rate
of 5% per year.

Ding Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tha:

A= $500 G =$100
2 7
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Solution

(a) The cash flow diagram of this conventional arithmetic gradient series from the perspec-
tive of the parishes is shown in Figure 2-16. According to Equation [2.19], two compu-
tations must be made and added: the first for the present worth of the base amount P,
and the second for the present worth of the gradient .. The total present worth P
occurs in year 0. This is illustrated by the partitioned cash flow diagram in Figure 2-17.
In $1000 units, the total present worth is

Pr

11/18/2018

3600

Ding Thé Bia, BM Ky Thuat Xay D\mF ﬁﬁﬁ@rj‘?
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Partitioned cash flow diagram (in 31000 units), Example 2.9.
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EXAMPLE 2.10

(b) Here, too, it is necessary to consider the gradient and the base amount separately. The
total annual series Ay is found by Equation [2.20] and occurs in years 1 through 10.
Ap= 500 + 100(A/C,5%,10) = 500 + 100(4.0991)

= $909.91 per year ($909,910)

Comment
Remember: The P/G and A/G factors determine the present worth and annual series of the
gradient only. Any other cash flows must be considered separately.

If the present worth is already calculated [as in part (@)], Prcan be multiplied by an A/P
factor to get Ay In this case, considering round-off error,

Ar

Béng Thé Gia, BM Ky Thuat Xay Dung, Bai Hoc Can Tho

Pr=7 Figure 2-18
Cash flow diagram for de-
creasing gradient in $1 mil-
lion units, Example 2.10.
i = 10% per year

= 2013 2014 2015 2016 Year
= | | | | |

Ding Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tha:

The announcement of the HAC cement factory states that the $200 million (M) investment is
planned for 2012. Most large investment commitments are actually spread out over several
vears as the plant is constructed and production is initiated. Further investigation may deter-
mine, for example, that the $200 M is a present worth in the year 2012 of anticipated invest-
ments during the next 4 years (2013 through 2016). Assume the amount planned for 2013 is
$100 M with constant decreases of $25 M each year thereafter. As before, assume the time
value of money for investment capital is 10% per year to answer the following questions using
tabulated factors and spreadsheet functions, as requested below.

(@) In equivalent present worth values, does the planned decreasing investment series equal
the announced $200 M in 20127 Use hoth tabulated factors and spreadsheet functions.

(b) Given the planned investment series, what is the equivalent annual amount that will be
invested from 2013 to 20167 Use both tabulated factors and spreadsheet functions.

(¢) (This optional question introduces Excel’s Goal Seek tool.) What must be the amount of
yearly constant decrease through 2016 to have a present worth of exactly $200 M in
2012, provided $100 M is expended in 20137 Use a spreadsheet.

Ding Thé Gia, BM Ky Thuat Xay Dung, Bai Hoc Can Tho

Solution

(a) The investment series is a decreasing arithmetic gradient with a base amount of $100 M
inyear 1 (2013) and G = $—25 M through year 4 (2016). Figure 2-18 diagrams the cash
flows with the shaded area showing the constantly declining investment each year. The Py
value at time 0 at 10% per year is determined by using tables and a spreadsheet.

Tabulated factors: Equation [2.19] with the minus sign for negative gradients determines
the total present worth P Money is expressed in $1 million units.

Pr=P—F; a2l

In present worth terms, the planned series will exceed the equivalent of $200 M in 2012
by approximately $7.5 M.

Spreadsheet: Since there is no spreadsheet function to directly display present worth for a
gradient series, enter the cash flows in a sequence of cells (rows or columns) and use the
NPV function to find present worth. Figure 2-19 shows the entries and function
NPV(2%,second_cell:last_cell). There is no first_cell entry here, because there is no
investment per se in year (. The result displayed in cell C9, $207.534, is the total Py for
the planned series. (Note that the NPV function does not consider two separate series of
cash flows as is necessary when using tabulated factors.)

The interpretation is the same as in part (a); the plaﬂne(PﬁﬂWé&‘ﬁMﬁMM@M&?ﬁ?ﬂé'
$200 M in present worth terms by approximately $7.5 M. ' S
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(b) Tabulated factors: There are two eqhally correct ways to find 7AT. First, abply Equa-
tion [2.20] that utilizes the A/ factor, and second, use the P, value obtained above and
the A/P factor. Both relations are illustrated here, in $1 million units,

Pi=7 Figure 2-18
Cash flow diagram for de-
creasing gradient in $1 mil-
lion units, Example 2.10.
i = 10% per year

— 2013 2014 2015 2016 Year
- | | | | |

Use Equation [2.20]:
Ap= 100 - 25(4/G,10%.4) = 100 — 25(1.3812)
= $65.471 ($65,471,000 per year)
Use Py

Ay = 207.537(A/ P10%,4) = 207.537(0.31547)
= $65.471 per year

Spreadsheet: Apply the PMT function in Equation [2. B9[S &Ii e wafisostsn T
$65.471 per year (Figure 2-19).

Dai khi cac chi phi bao quan, vai L
tang/giam theo mot ti 1€ nhat dinh, chang han 0.1%/thang
hay 3%/nam.
+ Do déc hinh hoc (Geometric Gradient)
* Chubi dung tién bat dau tw gia tri A,
* Tang/gidm mot ti 1& (14 suét) khong dbi (constant
percentage) theo thoi gian
« Ti 1&/L&i suat nay dwoc goi la:
o D6 déc hinh hoc (Geometric Gradient)
o Ky hiéu:
g = ti 1&/1ai suat, tinh bang %, theo do gia tri tvong lai
sé tang/gidm theo mai don vj th&i gian

Ding Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tha:

Geometric Gradien

Dang Thé Gia, BM Ky Thuat Xay Dung, Dai Hoc Can Tho'

Cho bigtA,, i%, va g%

,,,,,,

Aftege

Aq(1+g)
1 . o ‘e

0 1 2 3 n-2 n-1 n
Yéu cau: Tim hé s& (P/A,g%,i%,n) dung dé& chuyén d&i dong
tién hang ndm trong twong lai vé thoi diém hién tai (t = 0)

Diing Thé Gia, BM Ky Thuat Xay Dung, Bai Hoc Can Tho
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Cash flow diagram of (a) increasing and (b) decreasing geometric gradient series and present worth F,.

P,= A\(P/Agin)

1 (Liz_? )
| R
(P/A,g,i,n) i-g #1
Ding Thé Gia, BM Ky Thut Xay Dung, Dai Hoc Al g= i

1 2 3 4 1
| | Il | Jr 1 H
L_J—~L J——'/f’—, o-1
M oanea “J\ ,l’ﬁlugﬂ =8
Al+gt -1 - g2
4

L7 -9

Q Truong hop g = =

A 5 l+g)+A + g° 1+ g™!
£+ (+32 T . 0+M
l+g (U+9°, (1+g9"
=4 u+af*(+N ot U+a“]

Thay g =i vao phuong trinh trén:

Pg=A1( L 4L .41 +---+—l—)

1+ @A+ 1+ (1+ 47
n4,
Fe=T+3
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Céc luu y khi str dung hé s6 (P/A,g%,i%,n)
Q A, la gia tri khéi diém
O Bai toan nay KHONG c6 s6 tién ban dau

O Lwong tién & nhirng nam (thoi doan) ké ti€p duworc tinh trye

tigp tir A,

Diing Thé Gia, BM Ky Thuat Xay Dung, Bai Hoc Can Tho
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A coal-fired power plant has upgraded an emission control valve. The modification costs only
$8000 and is expected to last 6 years with a $200 salvage value. The maintenance cost is ex-
pected to be high at $1700 the first year, increasing by 11% per year thereafter. Determine the
equivalent present worth of the modification and maintenance cost by hand and by spreadsheet
at 8% per year.

Ding Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tha:

Figure 2-22
Cash flow diagram of a geometric
gradient, Example 2.11.
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Solution by Hand

The cash flow diagram (Figure 2-22) shows the salvage value as a positive cash flow and all
costs as negative. Use Equation [2.35] for g # i to calculate P,. Total Pris the sum of three
present worth components.

Pp=—8000 — P, ~ 200(P/F8%.6)
8000 — 1-(L11/1.08° 3
8000 — 1700 55—, | + 200(P/F.8%.6)

= —8000 — 1700(5.9559) + 126 = $—17,999

Ding Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tha:

EXAMPLE 2.12

Now let’s go back to the proposed Houston American Cement plant in Georgia. The revenue
series estimate of $50 million annually is quite optimistic, especially since there are many
other cement product plants operating in Florida and Georgia on the same limestone deposit.
(The website for the HAC plant shows where they are located currently; it is clear that keen
competition will be present.) Therefore, it is important to be sensitive in our analysis to pos-
sibly declining and increasing revenue series, depending upon the longer-term success of the
plant’s marketing, quality, and reputation. Assume that revenue may start at $50 million by the
end of the first year, but then decreases geometrically by 12% per year through year 5. Deter-
mine the present worth and future worth equivalents of all revenues during this 5-year time
frame at the same rate used previously, that is, 10% per year.

Diing Thé Gia, BM Ky Thuat Xay Dung, Bai Hoc Can Tho
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Solution
The cash flow diagram appears much like Figure 2-215, except that the arrows go up for rev-
enues. In year 1, A; = $50 M and revenues decrease in year 5 to

Al — ™" = 50M(1 — 0.12)5 = 50 M(0.88)" = $29.98 M

First, we determine £, in year 0 using Eq. [2.35] with ; = 0.10 and g = —0.12, then we calculate
Fin year 5. In $1 million units,

P

£

F

This means that the decreasing revenue stream has a 5-year future equivalent worth of
$246.080 M. If you look back to Example 2.6, we determined that the F in year 5 for the
uniform revenue series of $50 M annually is $305.255 M. In conclusion, the 12% declining
geometric gradient has lowered the future worth of revenue by $59.175 M, which is a sizable
amount from the perspective of the owners of Votorantim Cimentos North America, Inc.

+« Khi tat ca cac gia tri dong tién dwoc biét dén hodc
da duogc wéc tinh, gia tfi i (interest rate or rate of,
return) hodc gia tri n (s6 nam) thwdng la chwa biét.

+ Vi dy: M6t cong ty dau tw vén dé phat trién mot san
phdm mai. Sau vai nam, gia tri thu nhap rong hang
nam trén thi trweéng da dwoc biét, van dé dat ra la
can xac dinh ty I loi nhuan (rate of return) trén vén
dau tw.

Ding Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tha:

& Unknown Number o

Dang Thé Gia, BM Ky Thuat Xay Dung, Dai Hoc Can Tho'

« CO vai cach dé tim i & n chua biét, thy thudc vao
ban chat clia dong tién té va tuy thudc vao phwong
phap tim.

* Cac trwdng hop tim i & n sé don gian khi chi lién
quan dén gia tri hién tai va gia tri twong lai (P & F).

« Cac trwong hop tim i & n sé phirc tap hon khi lién
quan dén A, G, va dac biétla g.

Diing Thé Gia, BM Ky Thuat Xay Dung, Bai Hoc Can Tho
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EXAMPLE 2.13

If Laurel made a $30,000 investment in a friend’s business and received $50,000 5 years later,
determine the rate of return.

Solution
Since only single amounts are involved, 7 can be determined directly from the P/F factor.

P=FPFin) = F, ]

T+
1
30,000 = 50,000 ———
(1+4°
1
0600 = ————
1+

S
17[0_6) 1=01076 (10.76%)

Ding Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tha:

EXAMPLE 2.15

From the introductory comments about the HAC plant, the annual revenue is planned to be
$50 million. All analysis thus far has taken place at 10% per year; however, the parent com-
pany has made it clear that its other international plants are able to show a 20% per year return
on the initial investment. Determine the number of years required to generate 10%, 15%, and
20% per year returns on the $200 million investment at the Georgia site.

Solution
P = =200 + 50(FP/A.1%.n) _Return; e Years:
P 10 6
(i = 10%, 15%, 20%) o ’
(P/A.%.n) = 4.00 w9

Ding Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tha:

B

0

Pyramid Energy requires that for each of its offshore wind power generators $5000 per year
be placed into a capital reserve fund to cover unexpected major rework on field equipment.
In one case, $5000 was deposited for 15 years and covered a rework costing $100,000 in
year 15. What rate of return did this practice provide to the company? Solve by hand and
spreadsheet.

Solution by Hand
The cash flow diagram is shown in Figure 2-24. Either the A/F or F/A factor can be used.
Using A/F,

From the A/F interest tables for 15 years, the value 0.0500 lies between 3% and 4%. By inter-
polation, 7 = 3.98%.

F=$100.000 Figure 2-24

Diagram to determine the rate
R of return, Fxample 2.14.
=7
1 2 3 4 5 6 7 8 9 10 11 12 13 1415
T | SN S, S S | S S | S 1

SINARERER Y

ing Thé Gia, BM Ky Thust Xay Dung, Bai Hoc Can Tho'

A4 = 35000

Céc cong thire va hé sbé dwoc thanh 1ap va ap dung
trong chwong nay giup xac dinh dwong lvong (gia tri
twong dwong) cla dong tién hién tai (P), twong lai
(F), chudi hang n&m (A), va cé chudi c6 dd dbc (G);

Cac C(:)ng there qho phép tinh toan quy déi qua lai
cac kiéu dong tién khac nhau;

Cho phép tinh 1i suét (i) va thoi gian (n);

Kha nang &ng dung cua cac cong thirc va ky hiéu co
y nghia quan trong cho cac nghién ctru kinh té ky
thuat.

Ding Thé Gia, BM Ky Thugt Xay Dymg, Dai Hoc Can Tho
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