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B6 mon Ky Thuat Xay Dyng
Khoa Cong Nghé, Truvong Dai Hoc Can Tho

Chudi déu nhay (Shifted Uniform Series)

2. Chudi déu & gia tri dan bat ky (Uniform-
Series and Randomly-Placed Single Cash flows)

3. Chudi d6c déu/khdng déu nhay (Arithmetic
or Geometric Shifted Gradients)

4. Chudi d6c giam nhay (Arithmetic or Geometric
Shifted Decreasing Gradients)
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) X — + Gia tri th( nhat ctia chudi déu luén xuat hién ngay sau fuong
* Luong PW cta chudi nhay KHONG bat dau tai thoi P, mot don vi thoi gian, bat k& chudi xuét hién trong quang
diém t=0. thoi gian nao.

By=t

ST O P
EEREERRERE

A = 5§50

- Gia tri cudi ciing clia chudi dé,u ludn xuét hién cung thoi diém
véilwong F,, bat ké chudi xuat hién trong quang thai gian nao.

F=7

1] 1 H Z! l !| |l T L } m n 12 1y
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- C6 thé xuét hién trwéc hodc sau thoi diém t=0.

-—
—
o1 I

A= 550

T T

<

Po Fa E A = $-500/year
Lwong twong dwong & thei diém nam thir 2 (t=2) 1a P, hoic F, P, P,
) 3 « F & thoi diém t=6: Fe = A(F/A,i%,4)
P, =-500(P/A,i%,4) hoacF, R . .
* P, & thoi diem t=0: P, = -500(F/A,i%,4)(P/F,i%,6)
P, = P,(P/F,i%,2) hoac F,(P/F,i%,2)
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- V& so db dong tién d& mo ta van dé - 2 .
The offshore design group at Bechtel just purchased
upgraded CAD software for $5000 now

and annual payments of $500 per year for 6 years

starting 3 vears from now for annual upgrades.

+ Dinh vi tri cac gia tri P va F cla cac chubi A

* Xéc dinh gia tri n cho mdi chudi A bang cach danh sb
lai dong tién

* V& lai so do dong tien véi cac gia tri P, va F, moi What is the present worth in year 0 of the payments

- Giai bai toan véi so d6 dong tién mai if the interest rate is 8% per year?

Solution
P=?
@ o i = 8% per year The total present worth is determined by
P=7 2‘ adding P, and the initial payment P, in year 0.
4 : 2;; k? ‘: ? ? T ? Year PT - PO =t PA
0 ll zl 31 41 51 sl " = 5000 + 500(P/A.8%.6)(P/F.8%.2)
A = $500 = 5000 + 500(4.6229)(0.8573)
Fo= 55000 = $6981.60
P, = $500(P/A.8%.6) P, = Py(P/F.8%.2)



Recalibration of sensitive measuring devices costs
$8000 per year. If the machine will be recalibrated
for each of 6 years starting 3 years after purchase,

calculate the 8-year equivalent uniform series at 16%
per year.
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EXAMPLE 3.2

Solution

Present worth method. (Refer to Figure 3-5a.)
Calculate P, for the shifted series in year 2,
followed by Py in year 0. There are 6 years in the A series.

P, = 8000(P/A,16%.6)
Py = P,(P/F.16%.2) = 8000(P/A.16%.,6)(P/F,16%.2)
= 8000(3.6847)(0.7432) = $21,907.75
The equivalent series A" for 8 vears can now be determined
via the A/P factor.
A'= P, (A/P.16%.8) = $5043.60

Pr=? P=7? F=1 i= 16% per year
Opm 128 3 4 5 6 ?31! ¢ 1 2 3 4 5 6 7 8
| O TR LR A - | Lyl e . i
\AAAAAA A
A = $8000 A=7?

=
E
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Future worth method. (Refer to Figure 3-5a.)
First calculate the future worth F in year 8.

F = 8000(F/A.16%.6) = $71.820

The A/F factor is now used to obtain A’ over all 8 years.

A'= F(A/F,16%.8) = $5043.20

3-16
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An engineering company in Wyoming that owns 50 hectares of valuable land has decided to
lease the mineral rights to a mining company. The primary objective is to obtain long-term
income to finance ongoing projects 6 and |6 years from the present time. The engineering
company makes a proposal to the mining company that it pay $20,000 per year for 20 years
beginning 1 year from now, plus $10.000 six years from now and 513,000 sixteen years from
now, If the mining company wants to pay off its lease immediately, how much should it pay
now if the investment is to make 16% per year?
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Quy déi vé P

Xac dinh vi tri phi hgp va tinh P cho chudi, dung quan hé
P/A. Sau d6 chuyén P ctia chudi vé vi tri t=0

Chuyén céc gia tri gon vé vi tri t=0 theo quan hé P/F
L&y tbng dai sb cac gia tri P tai t=0

Quy déi vé F
Thyc hién twong tw, nhwng dung quan hé F/A hoac F/P

L&y tbng dai sb cac gia tri F tai t=n
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Solution
$15,000
$10,000
1 A = 820,000
l | | l

| g
w1 T T 1 ! I 3/ T ! i T
Ogey 1 2 3 4 5 6 7 15 16 17 18 19 20 Year
Pr=? 1= 16% per year
PT
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A design-build-operate engineering company in Texas that owns a sizable amount of land
plans to lease the drilling rights (oil and gas only) to a mining and exploration company. The
contract calls for the mining company to pay $20,000 per year for 20 years beginning 3 years
from now (i.e., beginning at the end of year 3 and continuing through year 22) plus $10,000 six
years from now and $135,000 sixteen yeurs from now, Utilize engineering economy relations by
hand and by spreadsheet to determine the five equivalent values listed below at 16% per year.

1. Total present worth Py in year 0

. Future worth F in year 22

. Annual series over all 22 years

. Annual series over the first 10 years
. Annual series over the last 12 years

L P

Solution
1. P, in year 0:
P} = 20,000(P/A.16%.20)
P, = Py(P/F.16%.2) + 10,000(P/F.16%.6) + 15,000(P/F,16%.16)

= 20.000(P/A.16% 20)(P/F.16%.2) + 10.000(P/F.16%.6)
+ 15,000(P/F,16%,16)

= $93.625
2. Fin year 22:

|
|

15,000

Lol L |L

Pp=593,625

rr
T T 1F

5 i} ': ‘,O 21 ZI Year
{ = 16% per year

F=7
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F=%52,451,626

F=%2451 626
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3. A over 22 vears:
A, = Pr(A/P.16%.22) = 93,625(0.16635) = $15,575

A,y = F(A/F.16%.22) = $15.575

4. A over years 1 to 10:

5. A over years 11 to 22:
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(Arithmeti

tri t=0

01 23 4567 8910

+ Chubi déc déu nhay: Gia tri P, clia chubi dich chuyén khdi vi
tri t=0

o - - —»D
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(Arithmeti

+ Dbi v&i chubi doc déu:

- Gia trj thtr nhat cGa thanh phan chudi d&u (A,) xuét hién
ngay sau thoi diém t=0 mét don vi thoi gian.

+ Gia tri thir nhét ctia thanh phan gia tang (G) xuét hign A2

ngay sau thoi diém t=0 hai don vi thdi gian.
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A+(n-1)G

7 N

B LTI .A.;-i.-.Z.G. .................................
A
-~
Sé tien ban ll{;+G \
dau =A, |
r~\ U
I AN S47
L l y
I |\| 7 1
0 a7 2 3 n-1 n

+ VAn dé quan trong la xac dinh vi tri diém gbéc va

dé dai cta chudi déc déu
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Fujitsu, Inc. has tracked the average inspection

cost on a robotics manufacturing line for

8 years. Cost averages were steady at $100 per
completed unit for the first 4 years, but have
increased consistently by $50 per unit for each

of the last 4 years. Analyze the gradient increase,
using the P/G factor. Where is the present

worth located for the gradient? What is the

general relation used to calculate total present worth

in year 07
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(Find A for an Ar

+ Tim gia tri P cGa chudi & thoi diém “t=0"
+ Chuyén P thanh A

P.=?

0 2 3 4 51' 6 T 8 L] 10 Year

1 -

I I I I

I + ; + } UT T 2 3 4 5| Gradient n
$10 $10 $10 810 $10

G=515

$50 [
§65

$80 Y
§95 ¥
$110

B 20 o
m 1 2 3 4 5 B 7 8 Yewr
I | 1 I 1 1 I L 1
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A= 5100

ST

$150
= 550 sz00

B=

o ] 2 3! 4 5 6 7 & Year
 — '
0 1

Set up the engineering economy relations to compute the equivalent annual series in years |
through 7 for the cash flow estimates in Figure 3—12.

fi
1

=~

870

1 2 3 1 3
| 1 | | I
§50 350 $50
390
s110
130
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IS iE aEm gE 4R R 4% gR e
1- ul- 14 2 3| Fl 3| Gradient n
$50  $50 850 e l -

A= 300 " $90
- T

Py = 20(P/G.i.5)

Py = PAPIF.i2) = 20(P/G.i5)P/F.i2)

Ag = PyA/PiT)

333

EXAMPLE 3.7

Chemical engineers at a Coleman Industries plant in the Midwest have determined that a
small amount of a newly available chemical additive will increase the water repellency of
Coleman’s tent fabric by 20%. The plant superintendent has arranged to purchase the ad-
ditive through a 5-year contract at $7000 per year, starting | year from now. He expects
the annual price to increase by 12% per year thereafter for the next 8 years. Additionally,
an initial investment of 535,000 was made now to prepare a site suitable for the contractor
to deliver the additive. Use i = 15% per year to determine the equivalent total present
worth for all these cash flows.

$35.000

12% increase
per year

g] - o 06 7 & 9 1011 12 13 Year
O T T A o o S
lJlU]ZB‘iSETBQ Geometric
o, L8 _!__* ‘ 1 l gradient

]
i $7840
$17,331
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(Shifted De

+ Thanh phan khéng déi A (d6i véi déc hinh hoc) hodc A,
(déiNvé’i déc s6 hoc) cé gia tri Ién nhat & vi tri bat dau cla
chudi.

+ Thanh phén d6 déc (lwvong tang/giam) dwoc triv dan
(khéng cong thém) vao nhirng nam tiép theo

« Cac gia tri tinh toan twong rng la —G hoac —g trong cong
thire tinh toan.

* Gia tri Pg hoac Py & vi tri trwdc gia tri dau tién cda chudi
2 don vi thoi gian.
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Morris Glass Company has decided to invest funds for the next 5 years so that development of
“smart” glass is well funded in the future. This type of new-technology glass uses electro-
chrome coating to allow rapid adjustment to sun and dark in building glass. as well as assisting
with internal heating and cooling cost reduction. The financial plan is to invest first, allow ap-
preciation to occur. and then use the available funds in the future. All cash flow estimates are
in $1000 units, and the interest rate expectation is 8% per year.

Years | through 5: Invest $7000 in year 1. decreasing by 51000 per year through year 5.

Years 6 through 10: No new investment and no withdrawals.

Years 11 through 15: Withdraw $20.000 in year 11, decreasing 20% per year through year 15.
Determine if the anticipated withdrawals will be covered by the investment and appreciation
plans. If the withdrawal series is over- or underfunded, what is the exact amount available in
year 11, provided all other estimates remain the same?
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Investment series:

The net total present worth is
P, = —[7000(P/A.8%.5) — 1000(P/G.8%.5)]

= $—20,577 Pr= —20.577 + 25,707 = $+5130
Withdrawal series: The initial withdrawal series to result in P, = 0
P,o= P, (P/F.in) = A(P/A.g.in)P/F.in) let A; be an unknown and set P,, = —Pg = 20.577.
1 14 (_0_20)]5 20,577 = A,(2.7750)(0.4632)
B A, = $16,00 i 1
= 20,000 | 553 I_T —()60280) (0.4632) | = $16,009 in year
' ' The geometric series withdrawal would be 20% less
= 20,000(2.7750)(0.4632) cach year
= $25,707
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+ Chuwong trinh bai cach tinh toan cho nhirng chubi nhay
khéi vi tri t=0

« Trinh bay cach tinh toan PW va FW cla cac chudi tang
twong trng

+ Chudi déu
+ Chudi déc déu (Arithmetic gradient)
- Chudi déc khdng déu (Geometric gradient)
+ Trinh bay cach tinh toan cta chudi déc gidm
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