B6 mén Ky Thuat Xay Dyng
Khoa Céng Nghé, Trwdng Pai Hoc Can Tho
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4. So sanh PP & CP (Equivalence Relations:
Payment period & Compounding period)

5. Quan hé P ~ F khi PP = CP (Single
cash flows with PP = CP)

6. Quan hé A ~ G ~ g khi PP = CP
(Series cash flows with PP = CP)

7. Quan hé P ~ F khi PP < CP (Single
amounts and series with PP < CP)

8. Thdi gian gop lai lién tuc (Continuous
compounding)

9. Lai suat thay ddi (varying rates)

Ky Hiéu: CP = Compounding Period (Thei gian gop ai)
PP = Payment Period (Ky han thanh toan)
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Lengths of Payme
& Compounding Period (CP)
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* Ky han thanh toan khéng phai ltc nao cling trung
khop voi ky han gop lai.

+ Néu ky han thanh toan khac véi ky han gop lai thi
can phai cé cac tinh toan hiéu chinh.

« Céc trwdong hop co thé xay ra:
PP > CP
PP = CP
PP < CP
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* Co hai cach xac dinh i & n cho quan hé khi P

- Cach 1: Tinh I4i suét hiéu dung i trong th&i doan gobp 1ai CP,
va thay thé n bang vai sé ky ghép lai gitra P va F.

* Vidu: Cho LS danh nghia la 15%/nam, gop lai hang thang
(CP=1 thang). Xac dinh P va F trong khoang thi gian hai
nam.

- Tinh LS hiéu dung hang thang: i=r/m  15% /12 =1.25%
- Téng sé Ian gdp lai: 2 nam x 12 thang/nam = 24 thang

- Str dung i=1.25% va n=24 trong cac cong thirc tinh P ~ F.
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+ Cach 2: Xac dinh 13i suat hiéu dung i cho khoang thoi gian t
ca lai suét danh nghta, va 4y n bang téng s6 thoi gian tinh
lai dwoc cong bo.

* Vidu: Cho LS danh nghia Ia 15%/nam (th&i gian tinh 1ai 1a 1
nam), gop lai hang thang. Xac dinh P va F trong khoang thoi
gian hai nam.

) . r.,
- L&i suét hiéu dung trong thi gian 1 nam la: 1 = (1+—)" —1
m

Effective % per year = (1 + %12—5)12 — 1 =16.076%
- Thoi gian tinh lain = 2
- Str dung i=16.076% va n=2 trong cac cong thirc tinh P ~ F

Dang The Gia, BM Ky Thuat Xay Dung
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Over the past 10 years, Gentrack has placed varying sums of money into a special capital
accumulation fund. The company sells compost produced by garbage-to-compost plants in
the United States and Vietnam. Figure 4-5 is the cash flow diagram in $1000 units, Find the
amount in the account now (after 10 years) at an interest rate of 12% per year, compounded
semiannually.
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Solution
Only Pand F values are involved. Both methods are illustrated to find F'in year 10.

Method I: Use the semiannual CP to express the effective semiannual rate of 6% per 6-month
period. There are n = (2) (number of years) semiannual periods for each cash flow. Using tabu-
lated factor values, the future worth by Equation [4.9] is

F= 1000(F/ P.6%,20) + 3000(F/ P,6%.12) + 1500(F/P6%.8)
= 1000(3.2071) + 3000(2.0122) + 1500(1.5938)
=$11,634 ($11.634 million)
Method 2:  Express the etfective annual rate, based on semiannual compounding,
Effective % per year = {l + (lzl_Z )2 - 1=12.36%
The n value is the actual number of years, Use the factor formula (£/F.in) = (1.1236)" and
Equation [4.9] to obtain the same answer as above.
F = 1000(F/P,12.36%.10) + 3000(F/P,12.36%.6) + 1500(F/P,12.36%.4)
= 1000(3.2071) + 3000(2.0122) + 1500(1.5938)
= §11,634 ($11.634 million)

F=?
0 1 2 3 1 5 6 7 9 10pm Year
i i f f ' I I' f f i o
$1000
$1500
$3000
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i Val e PP -
What to Find;
Cash Flow Series  Interest Rate What Is Given  Standard Notation
$500 semiannually  16% per year, Find P given 4 P = 500(P/A.8%,10)
for 5 years compounded
semiannually
$75 monthly for 24% per year, Find F. given 4  F= 75(F/A,2%,36)
3 years compounded
manthly
$180 quarterly for 5% per quarter  Find £ given A F = 180(F/4,5%,60)
15 years
$25 per month 1% per month Find P, given G P = 25(P/G,1% 48)
increase for
4 years
$5000 per quarter 1% per month Find 4; given P A = 5000(A/P.3.03%.24)
for 6 years

2/24/2017



Dang The Gia, BM Ky Thuat Xay Dung

EXAMPLE 4.8

For the past 7 years, Excelon Energy has paid $500 every 6 months for a software maintenance
contract. What is the equivalent total amount after fhe last payment, if these funds are taken
from a pool that has been returning 8% per year, compounded quarterly?

Solution

The cash flow diagram is shown in Figure 4-6. The payment period (6 months) is longer than
the compounding period (quarter); that is, PP = CP. Applying the guideline, we need to deter-
mine an effective semiannual interest rate. Use Equation [4.7] with r = 4% per 6-month
periad and m = 2 quarters per semiannual period.

Effective /% per 6 months = (1 + 0—'%.]2 —1=4.04%

The effective semiannual interest rate can also be obtained from Table 4-3 by using the rvalue
of 4% and m = 2 to ger § = 4.04%.
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Khi dong ti‘én‘dué’i dang chuébi (A, G, g) va ky han
thanh toan bang hoac vwot qua thdi gian ghép lai:

+ Tim I4i su4t hiéu dung i cho méi ky thanh toan.

+ Xac dinh n |a tdng sb ky thanh toan.
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i = 8% per year, compounded quarterly

T m Years

RARRRRERRNARY

Diagram of semiannual deposits used to determine F, Example 4.8.
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The value i = 4.04% seems reasonable, since we expect the effective rate o he slightly
higher than the nominal rate of 4% per 6-month period. The total number of semiannual pay-
ment periods is 1 = 2(7) = 14, The relation for Fis

F=A(F/A4.04%,14)
= 500(18.3422)
= $9171.09

To determine the £/ A factor value 18.3422 using a spreadsheet, enter the FV function from
Figure 2-9, that is, = —FV(4.04%,14,1). Alternatively, the final answer of $9171.09 can be
displayed directly using the function = —FV (4.04%,14.500).
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_EXAMPLE 4.9

In our continuing credit card saga of Dave and his job transfer to Africa, let's assume he did
remember that the total balance is $1030, including the $30 balance transfer fee, and he wants
to set up a monthly automatic checking account transfer to pay off the entire amount in 2 years.
Once he learned that the minimum payment is $25 per month, Dave decided to be sure the
monthly transfer exceeds this amount to avoid any further penalty fees and the penalty APR of
29.99% per vear. What amount should he ask to be transferred by the due date each month?
What is the APY he will pay, if this plan is followed exactly and Chase Bank does not change
the APR during the 2-year period? Also, assume he left the credit card at home and will charge
no more (o it.
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Solution
The monthly 4 series is needed for a total of n = 2(12) = 24 payments. In this case,
PP = CP = 1 month, and the effective monthly rate is / = 14.24%/12 = 1.187% per month.

Solution by hand:  Use a calculator or hand computation to determine the A/ P factor value.
A= P(A/Pin) = 1030(4/F.1.187%.24) = 1030(0.04813)
= $49.57 per month for 24 months

Solution by Spreadsheet:  Use the function = —PMT(1.187%,24,1) to determine the fac-
tor value 0.04813 to determine A for 7 = 24 payments. Alternatively use the function
= PMT (1.187%.24,1030) to directly display the required monthly payment of A = §—49.57.

The effective annual interest rate or APYis computed using Equation [4.7] with r= 14.24%
per year, compounded monthly, and m = 12 times per year.

Effective i per year = {1 + '3—-‘1—422—” ~1=1.15207 —1
= 15.207% per year

This is the same effective annual rate j, determined in Example 4.4b.

The Scott and White Health Plan (SWHP) has purchased a robotized prescription fulfillment
system for faster and more accurate delivery to patients with stable, pill-form medication for
chronic health problems, such as diabetes, thyroid, and high blood pressure. Assume this high-
volume system costs $3 million to install and an estimated $200,000 per year for all materials,
operating, personnel, and maintenance costs. The expected life is 10 years. An SWHP hio-
medical engineer wants to estimate the total revenue requirement for each 6-month period that
is necessary to recover the investment, interest, and annual costs, Find this semiannual A value
both by hand and by spreadsheet, if capital funds are evaluated at 8% per year, using two dif-
ferent compounding periods:

Rate 1. 8% per year, compounded semianmually.
Rate 2. 8% per year, compounded monthly.

Dang The Gia, BM Ky Thuat Xay Dung
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A per 6 months =7

LEEELEEEEEEELELET

i]

6 months

$200,000 per year

iy = 8%, compounded semiannually
iy = 8%, compounded monthly

£ =83 million
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Solution by hand—rate 1: Steps to find the semiannual A value are summarized below:

PP = CP at 6 months; find the effective rate per semiannual period.
Effective semiannual i = 8%/2 = 4% per 6 months, compounded semiannually.
Number of semiannual periods n = 2(10) = 20.

Calculate P, using the P/F factor for n =2, 4, . .., 20 periods because the costs are annual,
not semiannual, Then use the A/ P factor over 20 periods to find the semiannual A.

2n
P= 3,000,000 + 200,000 | 2, (FXF.-!%.A—)]

=24
= 3,000,000 + 200,000(6.6620) = $4,332,400
A = $4,332.400(A/ P 4%,20) = $318,778

Conelusion: Revenue of $318,778 is necessary every 6 months to cover all costs and interest
at 8% per year, compounded semiannually.
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Solution by hand—rate 2: The PP is 6 months, but the CP is now monthly: therefore, PP > CP.
To find the effective semiannual rate, the effective interest rate Equation [4.7] is applied with
r= 4% and m = 6 months per semiannual period.

Effective semiannual § = (1 + 0—'(?3]5 — 1 = 4.067%

P = 3,000,000 + 200,000

20
2 (P/F.4.067%.4) ]

=24
= 3,000,000 + 200,000(6.6204) = $4.324,080
A = $4,324,080(4/ PA.067%.20) = $320,064

Now, $320,064, or $1286 more semiannually, is required to cover the maore frequent com-
pounding of the 8% per year interest. Note that all P/F and A/P factors must be calculated
with factor formulas at 4.067%. This method is usually more calculation-intensive and error-
prone than the spreadsheet solution.
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trwdc khi dén han tré 1ai hang quy (ky han thanh toan) tiép theo?

= Né&u han thanh toan thé tin dung clia mét ngudi la vao ngay 15 cla
thang, va néu thanh toan dwoc thyc hién day dd vao ngay 01, liéu to
chtrc tin dung cé giam lai tién |14 cho ngudi dé do thanh toan sém?
Cau tra 1&i théng thuong 1a KHONG.

+ Tuy nhién, néu khoan thanh toan hang thang I&n dén trén $10 triéu,
gop lai theo quy, khodn thanh toan dwgc thirc hién som bdi mét tap
doan I&n, nhan vién ngan hang cé thé sé khang dinh rang ngan hang
sé& giam sb tién |4i do viéc thanh toan sém.

+ Day la cac trvong PP<CP. Thoi gian giao dich dong tién gitra cac thoi
diém gop lai da dat ra cau hdi vé cach gop lai lién ky. Vé co ban, co
hai chinh sach: dong tién lién ky (1) khéng sinh 1ai, hoac (2) dwgc ghép
1ai.
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Last year AllStar Venture Capital agreed to invest funds in Clean Air Now (CAN), a start-up
company in Las Vegas that is an outgrowth of research conducted in mechanical engineering at
the University of Nevada-Las Vegas. The product is a new filtration system used in the process
of carbon capture and sequestration (CCS) for coal-fired power plants. The venture fund manager
generated the cash flow diagram in Figure 4-9a in $1000 units from AllStar’s perspective. In-
cluded are payments (outflows) to CAN made over the first year and receipts (inflows) from CAN
to AllStar. The receipts were unexpected this first year: however, the product has great promise,
and advance orders have come from eastern ULS. plants anxious to become zero-emission
coal-fueled plants. The interest rate is 12% per year, compounded quarterly, and AllStar uses the
no-interperiod-interest policy. How much is AllStar in the “red” at the end of the year?
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Solution

With no interperiod interest considered, Figure 4-9b reflects the moved cash flows. All nega-
tive cash flows (payments to CAN) are moved to the end of the respective quarter, and all
positive cash flows (receipts) are moved to the beginning of the respective quarter, Calculate
the Fvalue at 12%/4 = 3% per quarter.

"= 1000[—150(F/ P3%.4) — 200(F/FP3%,3) + (—175 + 180)(F/P.3%.2)
+ 165(F/P,3%,1) —50|
= $-262.111

AllStar has a net investment of $262,111 in CAN at the end of the year.

Dang The Gia, BM Ky Thuat Xay Dung
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- Néu PP < CP va gop lai lién ky dwoc ké vao, khi d6
dong tién sé& khong dich chuyén, cac gia tri P, F va A
duoc xac dinh bang cach st dung I4i suat hiéu dung
cho méi ky han thanh toan PP.

+ Khi d6, cac quan hé KTKT dugc xac dinh twong tw
nhw cac tinh toan cuda trwong hop PP = CP.

+ Cong thire tinh Ié‘i suét hiéu dung s& c6 mét gia tri m<1
do chi c6 mét phan cia CP dwgc chira trong PP.
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* Vidy: Dong tién tinh theo tuan (PP) va ky gop lai theo
quy (CP) sé cé so ky gop lai m=1/13 (cGia mét quy)

+ V6i lai suat danh nghia 12%/nam, gop l&i hang guy
(twong dwong 3%/quy, gop lai theo quy), lai suat hiéu
dung theo tuan dwoc xac dinh nhw sau:

i%/tuan = (1.03)"13 - 1 = 0.228% /tuan
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- Lai kép dwoc xac dinh bang cong thirc:
i=(1+r/mm-1

- Viéc gi sé xay ra néu sb ky gop lai 1a vo han (m=«)?
Nghia la:
« S6 ky gop lai trong mot thdi doan tinh 13i 1a vo han, va
» Thoi gian gitra mbi ky tinh 13i 1a zero.

- Lai kép gop lién tuc la 13i suat co6 thdi gian tinh 1a VCB
va sO ky gop lai la vo han.
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- Lai suét hiéu dung i dwoc n
viét lai nhw sau: a+ly 1= (1+Lj’ _1
m m

» Khi cho m Ia gia tri v
han, i sé dat dén gia tri . -
giéi han clia biéu thire khi ! = (1+—)" -1
cho m—= m

h
* Theo dinh nghia cia gia i\, 1+l —e=2.71828
tri e (hang sb toan hoc - h .

e rEutery tared:

- Khi d6: i = lim (1+1j’ “1=¢ 1.
m—>00 m

- Lai suét lién tuc hiéu dung sé la: i=e -1

- Lai suat lién tuc danh nghia: r=In(1+7)

Dang The Gia, BM Ky Thuat Xay Dung

Compounding Frequency
000 — Continuonshy
— Monthly

5000 Cuanerly
Yearly

5000

4000

3000

2000

T Hiéu qua cla viéc hudng tién 151 hang nam 20% trén mat dau t
ban déu 1.000 dd-la v&i cac tin sudt tinh 131 kép khac nhau

a) For an interest rate of 18% per vyear,
(a) pery

compounded continuously, calculate the effective

monthly and annual interest rates.

(b) An investor requires an effective return of
at least 15%. What is the minimum annual
nominal rate that is acceptable for continuous

compounding?
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(a) The nominal monthly rate is r = 18%/12 = 1.5%, or 0.015 per month.
tion [4.11], the effective monthly rate is

%6 per month = ¢ — 1 = " — 1 = 1.511%

By Equa-

Similarly, the effective annual rate using r = 0.18 per year is
P peryear = & — | = 1% - 1 = 19.722%
() Solve Equation [4.11] for rby taking the natural logarithm.

e -1=0.15
=113
Ine’ =1Inl.15

r=0.13976

Therefore, a rate of 13.976% per year, compounded continuously, will generate an effec-
tive 15% per year return. The general formula to find the nominal rate, given the effective
continuous rate f, is r=In(1 + 7.

Dang The Gia, BM Ky Thuat Xay Dung
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EXAMPLE 4.13

Engineers Marci and Suzanne both invest $5000 for 10 years at 10% per year. Compute the
future worth for both individuals if Marci receives annual compounding and Suzanne receives
continuous compounding.

Solution

Marci: For annual compounding the future worth is
F= P(F/P.10%,10) = 5000(2.5937) = §12,969
Suzanne: Using Equation [4.11], first find the effective 7 per year for use in the £} P factor.
Effective % = " — 1 = 10.517%
F= PUF/P.10.517%,10) = 5000(2.7183) = $13,591

Continuous compounding causes a 3622 increase in earnings. For comparison, daily com-
pounding yields an effective rate of 10.516% (F = $13,590), only slightly less than the
10.517% for continuous compounding |
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« Trong thuc té, Iai suét khong c6 dinh theo thoi gian
trie khi dwoc quy dinh trong hgp dong

+ Viéc co6 nhirng “phéat sinh" ctia 1ai suét theo thoi gian
la diéu binh thwong

+ Khi d6 phai xt ly nhw thé nao?

Dang The Gia, BM Ky Thuat Xay Dung
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+ To find the present worth:

* Bring each cash flow amount back to the desired point in time at
the interest rate for each period according to:

P= F,(PIEi,1) + F,(P/Ei,1)(P/Ei,1) + - - -
+ F(P/Ei,1)(P/Eiy) - - - (P/Ei,1)

n

P= F,(P/Ei,))(P/Ei) - - - (P/Fi,1)

n
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EYAMDPDIE A 1A
| EXAMPLE 4.14

CE, Inc,, leases large earth tunneling equipment. The net profit from the equipment for each of
the last 4 vears has been decreasing, as shown below. Also shown are the annual rates of return
on invested capital. The return has been increasing. Determine the present worth Pand equiv-
alent uniform series A of the net profit series. Take the annual variation of rates of return into
account.

Year 1 2 3 4
Net Profit £70,000 $70,000 £35,000 $25,000
Annual Rate % 7% 9% 10%
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170,000

$35.000
£25.000 ‘
I
=
I
3 | 2

T % 9% 10%

P=17 $172.816
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= 0>
Solution

P = [T0(P/A,7%.2) + 35(P/ E,1%,2)(P/F.9%,1)
+ 25(P/F.1%.2)(P/F.9%.1) (P/F.10%,1)] (1000)
— [70(1.8080) + 35(0.8013) + 25(0.7284)] (1000)
= $172,816

$172,816 = A[(1.8080) + (0.8013) + (0.7284)] = A[3.3377]
A= $51,777 per year
Comment
If the average of the four annual rates, that is, 8.25% is used,

the result is A = $52,467. This is a $690 per year overestimate
of the equivalent annual net profit.
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- Khi c6 dong tién tai thoi diém t=0 va lai suat thay ddi,
dong tién nay can dwoc ké dén khi tinh P. Trong cac
tinh toan cho chudi A, bao gdm ndm ‘zero’, cin phai ké
dén dai lwong tai ndm ‘zero’ nay.

- Viéc nay dwoc thuc hién bang cach nhan thém hé s
(P/F,ip,0) trong cong thire tinh A. Hé s6 nay ludn c6 gia
tri bang 1.

- Twong tw dbi v&i tredrng hop tim At gia tri F & ndm
the n. Trong trwdng hop nay, gia tri A duwgc xac dinh
bang cach dung hé sb F/P; gia tri F dwoc ké dén bang
cach nhan véi hé sé (F/P,i,,0)=1.00
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- Chuing ta hiém khi danh gia md hinh van d& voi Iai
suét thay ddi, ngoai trir vai trwong hop déc biét

+ Néu can thiét, tét nhat nén 1ap bang tinh riéng

- Lai suét thay ddi dwoc thwe hién kha céng phu
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- L&i suét danh nghia va lai suét hiéu dung dwoc dung
nhiéu trong cac rng dung;

- V6&i mét lai suat danh nghia cho trwdc — can phai biét 1
suat twong rng véi sO ky han thanh toan;

- Biét cach tinh 13i suat hiéu dung cho céac ky han thanh
toan khac nhau;

- Khi so sanh cac Iai suat cé ky han thanh toan va ky han
gop l1ai khac nhau, phai tinh toan lai suat hiéu dung i mé&i
c6 thé so sanh mot cach chinh xac cac giatriP, F, A.
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- Moi gia tri thoi gian cla cac hé sb 1ai suat déu yéu cau

- Lai suat i va thoi han thanh toan can phai cung don vi

- Khi so sach cac murc 13i suat khac nhau, can mot chudi

st dung mét 1ai sut dinh ky hiéu dung (effective periodic
interest rate);

thoi gian;

cac murc |&i suét cho tirng thoi ky.
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