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LUAT MANH SO LON DANG (p, q)
CHO MANG KEP CAC PHAN TU NGAU NHIEN

Vi Thi Ngoc Anh
Khoa Todn, Truong Dai hoc Hoa Lu, Ninh Binh
Ngay nhan bai 26/12/2018, ngay nhan dang 14/02/2019

Tém tit: Trong bai bao nay, ching toi dua ra diéu kién can va dd dé mang
kép céc phan tit ngdu nhién tuan theo luat manh s6 16n dang (p, q) ((p, q)-type
SLLN) trong trudng hgp 1 < g <p < 2.

1 Giéi thieu
Ki hi¢u B 14 khong gian Banach thie, kha li v6i chuan || - ||. Cho {V;,, n > 1} la day cac
phan tit ngau nhién va {V,, m > 1,n > 1} 1a mang cac phan tit ngdu nhién nhan gia tri
trén B. Ki higu
n m n
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V,, hoi tu day da theo trung binh cap g (¢ > 0) dén 0 (ki hieu V,, i { 0) néu théa man
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Vinn hoi tu day di theo trung binh cap ¢ (¢ > 0) dén 0 (ki hieu V,,, i { 0) néu théa man
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Luat manh s6 16n dang (p, q) trong truong hop p = ¢ = 1 ctia day cac phan tit ngdu nhién
da dugc nghién citu vao nam 2011 béi Li, Qi, Rosalsky [4]. Nam 2015, Li, Qi, Rosalsky [5]
da xay dyng diéu kien dé S, /n'/9+t1/P hoi tu day di theo trung binh cdp ¢ dén 0 thong qua
luat manh s6 16n dang (p,q) va chiing minh luat manh s6 16n dang (p, ¢) ctia day cac phan
t1t ngAu nhién kéo theo luat manh s6 16n, trong d6 0 < p < 2 va ¢ > 0. Diéu kién can va da
dé day cac phan tit ngdu nhién tuan theo luat manh s6 16n dang (p, q) trong mot s6 trudng
hop cua (p, ¢) duge nghién citu vao nam 2016 béi Li, Qi, Rosalsky [6].
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Nam 2016, Anh, Thanh, Thuy [1] da dua ra khéi niém luat manh s6 16n dang (p, q) cho
mang kép cdc phan tit ngdu nhién va chiing minh duge luat manh s6 16n dang (p, q) kéo
theo luat manh s6 16n ctia mang kép cac phan tit ngdu nhién, trong d6 0 < p < 2 va ¢ > 0.
Nam 2017, Anh, Thuy [2] da xay dyng diéu kien dé S, /(mn)Y/9T1/P hoi tu diy dn theo
trung binh cap ¢ dén 0 thong qua luat manh s6 16n dang (p, q).

Trong bai bao nay, ching toi xay dung diéu kién can va di dé mang kép cac phan ti
ngau nhién nhan gié tri trong khong gian 6n dinh loai p tuan theo luat manh s6 16n dang
(p,q) trong truong hop 1 < ¢ <p < 2.

Dinh nghia 1.1. [1] Cho 0 < p < 2 va ¢ > 0. Gia st {Vjun, m > 1,n > 1} 1& méng cac
phan tt ngu nhién doc lap, cing phan phéi véi phan tit ngadu nhién V nhan gia tri trén
B. Tanéi {Viun, m > 1,n > 1}  tudn theo ludt manh sé lén dang (p,q) néu

Z Z — (%) < o0 h.c.c. (1.1)

m=1n=1

Dinh nghia 1.2. [4; pp. 1133] Cho 0 < p < 2 va {©,,, n > 1} 1a d&y cic bién ngiu nhien
on dinh, doc lap, c6 cting ham dac trung

P(t) = exp{—[t|"}, t € R.

Khong gian B dugc goi 1a khong gian on dinh logi p néu Y oo ; O,y hoi tu hau chic chén,
trong d6 {vy, n > 1} 1a déy cac phan tii trong B théa man Y~ ||vp||P < oco.

Tinh chét ciia khong gian 6n dinh loai p, méi lien hé gitta khong gian 6n dinh loai p va
khong gian Rademacher loai p c6 thé tim thay trong [4; pp. 1134].

2 Két qua chinh

Gia st {Vyun, m > 1,n > 1} 12 mang cdc phan tit ngdu nhién doc lap, cing phan phdi véi
phan tit ngdu nhién V nhan gia tri tréen B.
bat ug =0. V6im > 1, n > 1, ki hieu

1 1
Uy, = inf {t PV <t)>1- n} = inf {t PV >t) < n}
Vé6i g > 0, ta co

1 1
inf{t P(VI[E<t)>1 - n} - inf{t PV > t) < n} _—

1
Chii g: u} 1a phan vi cap (1 — =) cta ||[V]|7.
n

Dinh 1y 2.1. Cho 1 < g < p < 2 va B la khong gian 6n dinh loai p. Khi dé {Vinn, m >
1,n > 1} tuan theo luat manh s6 16n dang (p, q) khi va chi khi EV =0 va

ud

iln(n +1) / PUP(V |7 > t) dt < oc. (2.1)

Up—1
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Dé ching minh Dinh 1y 2.1 ta can st dung 4 bé dé sau day.
B6 dé 2.2. Giasit 1 < ¢ < p < 2. Khi d6 diéu kién (1.1) théa man khi va chi khi

Z Z — < !}f:ﬁ)p) < o0. (2.2)

m=1n=1

Chaing minh. Trong chiing minh Dinh 1y 3.2 ctia Anh, Thanh, Thuy [1] da chi ra ring
(1.1) kéo theo E|V||PIn(]|V]| 4+ 1) < co. Ti Dinh ly 2.1 cia Anh, Thuy [2] truong hop
q < p ta suy ra diéu kién (2.2) théa méan khi va chi khi diéu kien (1.1) théa méan va

E|V]|PIn(]|V]| + 1) < oo. Tt d6 ta c6 diéu phai chiing minh. O
m n
Véi m > 1,n > 1, ta ki hiéu U, E S Vi (V|| < tmn,), trong do
k=1i=1

1 1
Unn = inf {t PV <) >1— } — inf {t PV > t) < } .
mn mn

Véi k 1a s6 s6 nguyén duong, ta ki hieu dj 14 s6 u6c nguyén duong ciia k.
Ki hieu C 1a hing s6 duong nhung c6 thé khac nhau ¢ mdi lan xuat hién.

B6 dé 2.3. Cho 1 < ¢ < p < 2 va B la khong gian én dinh loai p. Néu diéu kien (2.1) thoa

man, thi
EHUmn EU,,, |
E E (mn) T+ 47p < 00. (2.3)

m=1n=1

Chatng minh. Vi B la khong gian 6n dinh loai p nén ton tai p < r < 2 sao cho B ciing la
khong gian 6n dinh loai 7 [4; pp. 1134]. Ap dung B6 dé 3.1 trong [6] ta suy ra ton tai hiing
$6 0 < ¢(r, q) < oo thoéa man

q/r
E||Upnn — EUpin||? < c(r, q) (Suptr/qzzp Vil L (| Vil < tmn) > t))
k=1 I=1

q/r
e(r,q) (mn sup tr/qP(HVHq > t))

0<t<ufn
t o, 4/
<ctra)mn) | swp | [PV > s
0<t<ufn
. r/q q/r
< c(r,q)(mn)?" | sup / PUT(|V]| > z)da
0<t<ufpn

< ¢(r, q)(mn)¥/" / PYT(|V]|? > &)dz, m > 1,n > 1.
0
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1
V6in > 1, taco P(||V]|?9>t) > = véi moi t < uf, nén
n

1
pq/rfq/p(HV”q >t) < ——— vOi moi t < ul.

na/r—a/p
Do do6
Uhn
E”Umn - EUmn”q /T
2312:1 n)l+a/p c(r, q) 2:12:1 (mn) 1+q/p a/r / PUT([V]|T > t)dt

uq

o0 d k

k .
= ¢(r, q)Zkl—f—q/p—q/r/Pq/ (IV][* > t)dt
k=1 0

= g >Zk1+q/p q/rz / PV > e

3>QH

U

Q/T' q
c(r,q ZZ k1+q/p a/r / PUT(([V||7 > t)dt

n=1k=n ul
Up 1

In( 1)
<CZ n(n + /PQ/T V9> )t

na/p—a/r

n—l

q

<C’Zlnn—|—1 /Pq/p (IV |9 > t)dt

n=1 ul
Up—1
< 00 (do (2.1)).
O

B6 dé 2.4. Cho 1 < ¢ < p < 2 va B la khong gian én dinh loai p. Néu diéu kien (2.1) thoa
man, thi

Z Z E||[(Smn — Unn) — E (Smn — Upn) || < 0. (2.4)

1
m=1n=1 (mn) .
Chitng minh. Vi B 1a khong gian 6n dinh loai p va 1 < ¢ < p < 2 nén B la khong gian
Rademacher loai ¢ [4; pp.1134]. Do d6 tit Dinh ly 2.1 trong [7] ta c6

q
E||(Smn = Umn) = E (Smn — Una) | = ZZ VidL (|[Viall > tmn) — EVigI(|[Via|| > Umn))

k=1 1=1
< CmnE||V|TI(|V]] > umn), m>1,n>1.
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Suy ra

E mn — Umn) — E (Smn — Upn) || E[[V]aI(|[V Umn
ZZ 1(S ) —E( )l SCZZ VLV > wmn)

14+
m=1n=1 (mn) afp

m=1n=1 (mn)q/p
> DB VI IV > )
q
o [e.e]
Cqu/p/ (V|7 > uf) dt+CZk/p/P V]2 >t)d
CZ k1+q/p ug + CZ kq/p/ (V%> ) dt. (2.5)
k
1
Vé6il > 1, taco 7 < P(|[V]|? > t) v6i moi ¢t < uj. Do d6
q _ a_ 4 \_ q_ 4
Z lirq/puk - Z k1+a/p Z(ul o ulfl) - Z <Z k1+q/p> (ul B ulfl)
k=1 k=1 =1 =1 \k=l
]
n(l+1), 4 4 - /
<oy M- w ) <oy i) / PPV > ) dt
=1 =1 ¥
-1
< (do (2.1)) (2.6)
1
Véil>1,taco P(|V|7>1t) < 7V 6i moi ¢ > uf, nén
1
1—q/p q 51 moi q
P (VT >t) < e/ v6i moi ¢t > ;.
Do d6
uq
oo d o0 o0 d oo 41
k k
Zm /P(HV\‘] > t)dt = Tl / P(|V]|9 > t)dt
k=1 o k=1 I=k
k l
00 l d i1 In(l + 1) wiy
k n(l +
-y (Z W) / POV > t) dt < CZ el / POV > t)dt
I=1 \k=1 o o
1 l
q
s Uit
< CZln(l +1) / PUP(|V||7 > t)dt < oo (do (2.1)). (2.7)
=1 b
Tt (2.5), (2.6) va (2.7) ta suy ra (2.4). O
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B6 dé 2.5. Gia st 1 < ¢ < p < 2. Néu diéu kién (2.2) théa man, thi diéu kien (2.1) thda
man.

Chaing minh. Gia {V', V! . m > 1,n > 1} 1a mang cAc phan tif ngdu nhién doc 1ap copy
cia {V,Vin, m > 1,n > 1}. Dat

m

n
VZV_V,; ‘/}mn: mn mn> ZZVkl>m>1n>1
k=1 =1

Ap dung Bét ding thic Lévy ta suy ra, véi moi m > 1,n > 1 va moi ¢t > 0 ta c6

P | max IVal9>t ] =P [ max |[Vigl| >tV | < 2P(||Spnll > t/9) = 2P(||Spn|? > ).
1<k< 1<k<m
1<l<n 1<i<n

Suy ra, v6i moi m > 1,n > 1 ta c6

E | max [[Vig|? | < 2E| Sl (2.8)
1<k<m
1<l<n

Tu (2.2) ta suy ra

Két hop véi (2.8) ta c6

[e.o] [e.o]

q
E E 1+q/p max 1Vial|? | < 0. (2.9)
m=1 n:l 1<i<n

Véim>1,n>1,taco

| = q _ _ pmn(T/]19 <
B max [Tl ) = [P { max [Vl > ¢ | de= [ (1= P <o) ar
1<I<n 0 1<I<n 0
:/ PV > )™ dt>/(1_exp(_mnp(||x7\|q>t))) dt.
0 0

Gia st m(||V]) 1a median ciia |V|. Ap dung Bét ding thitc dbi xitng yéu ta c6
P IV = m(IVI)| > &) <2P (IVI - [V'I] > £) < 2P(7] > ) v6i moi ¢ > 0.

Do do R
P(IV[ > t+m(|V])) <2P(|V]| > t) v6i moi t > 0.

10
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Suy ra
o0
~ mn
E a| > (1— M v > ¢ )dt.
e [Vl | = € [ (1= exp (= "3 POV > 0)
1<i<n 0
Pt
o0

m=1n=1 0

T (2.9) va (2.10) suy ra T' < oo.
1
Véi k> 1, ta co P(|[V|?1>1t) < Z v6i moi t > uj nén

1

—P(|[V]|T>1t) < 5 v6i moi t > uj.
1 néu x = 0,
Dat h(:l?) = 1—e® .
neu x > 0.
x

Do h(x) la ham gidm va (2.11) suy ra, véi k > 1 ta c6

k
1—exp(— §P(HV||q > t) > CEP(||[V[|? > t) v6i moi t > uj.

1 1
Véin > 1, tacé P(||V|?>t) Z > o Z+1a nén
1
1—q/p q s q
P (V17 >1) chlfq/p v6i moi t < u) ;.
Suy ra
TS (e (= Epgvirs 1)) @
— kl+a/p
oy 1 —exp (= SP(IV]e > 1) ) dt
- kl+a/p
k=1 2
k

'n+1
P(|V]|? > t)dt = CZ Z P(|V]|?>t)d
k;Q/P ka/p

n+l

n=

> lnn+1
_ q q
=C 1( l{:q/P> /P|V|| > t) t>CE a1 /P||VH >t)d

(2.10)

(2.11)

11
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q
Up 41

>C> In(n+1) / PYP(||V]|7 > t) dt.

n=1 q
Un

Do d6 ta thu duge (2.1). O

Chtng minh Dinh 1y 2.1:

* Diéu kién can. Tt Dinh 1y 3.2 cia Anh, Thanh, Thuy [1] va Dinh ly 1.2 ctia Giang
[3] ta suy ra EV = 0. Mat khéc, tit BS dé 2.2 va B6 dé 2.5 ta suy ra (2.1).

* Dieu kién di. Do EV = 0 nén ta c6

Smn = (Umn - EUmn) + (Smn - Umn - E(Smn - Umn))a m Z 17” Z 1
Do do, tur (2.3) va (2.4) ta suy ra (2.2). T (2.2) ta suy ra (2.1).

T Dinh 1y 2.1 va B6 dé 2.2 ta c¢6 hé qua sau day.
Hé qua 2.6. Cho 1 < ¢ < p < 2 va B la khong gian 6n dinh loai p. Khi d6

L g ol

(mn)l/‘ﬁ‘l/p mn
khi va chi khi EV = 0 va diéu kién (2.1) théa man.

Loi cam on: Tac gia bai viét xin giii 10i cdm on dén PGS. TS. Lé Van Thanh (Vién Su
pham Ty nhién - Trudng Dai hoc Vinh) vé nhitng déng gop rat hitu ich cho bai viét.
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SUMMARY

ON THE (p,q)-TYPE STRONG LAW OF LARGE NUMBER FOR DOUBLE
ARRAYS OF RANDOM ELEMENTS

In this note, we provide the necessary and sufficient conditions for double arrays of
random elements satisfying the (p, ¢)-type SLLN for the case 1 < ¢ < p < 2.
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