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LOI NOI PAU

To4n cao cap dung cho sinh vién Cao ding nghé cua khoa Dién — Dién tir bao
gdm nhirng kién thirc co ban ctia Toan cao cap, 1a co s dé cho sinh vién tng dung hoc
tap cac mon chuyén nganh.

Pé phu hop v6i ddi twong 1a nhirng sinh vién Cao ding nghé cua khoa Pién —
Pién tir, khoa Khoa hoc Co ban di bién soan cudn gido trinh “Toan cao cip” gitip cho
nguoi hoc co tai liéu hoc tap. Gido trinh “Toan cao cép” dung cho sinh vién Cao d'fmg
nghé cua khoa Bién — Di¢n tir dugc bién soan phu hgp vdi chuong trinh hién hanh,
nhung theo hudng tiép can: Pon gian vé mit 1y thuyét, ting cudng hé thong bai tap va
huéng dan giai bai tap. Bai tap c6 tinh chat van dung va yéu ciu kha ning tinh toan.
Gi4o trinh “Toén cao cip” gdbm 3 chuong:

Chuong 1: “ Tap hop — Ménh dé. S6 phirc” Chuong niy cung cap cho nguoi
hoc khai niém co ban vé tip hop, cac phép toan cua tip hop. Ménh dé, cac phép toan
ctia ménh dé. Cot 15i ctia chuong nay can nam duoc khai niém sb phtc, cic phép toan
vé s6 phuc, nhirng kién thirc ¢ phan nay duogc trinh bay mét cach co ban voi hé thong
vi du va bai tap minh hoa gitip ngudi hoc nhén thirc duogc.

Chuong 2: “Phuong trinh vi phan”. Chuwong ndy cung cdp cho nguoi hoc nhiing
kién thirc co ban ddy du vé phuong trinh vi phan: khai niém phuong trinh vi phan,
nghiém phuong trinh vi phan; cach giai phuong trinh vi phan tuyén tinh cip 1 va
phuong trinh vi phan tuyén tinh cip 2 c6 hé s6 1a hang so.

Chuong 3: “ Phép bién d6i Laplace”. Vi muc dich tinh gian phu hop véi doi
tuong nhung van dam bao tinh khoa hoc, do vdy phan 1y thuyét chu yéu cung cip cho
ngudi hoc nhitng khai niém, céng thirc va mot sd dinh 1y ( nhung khong ching minh).
Sau mdi phan 1y thuyét ching toi dua ra hé théng vi du minh hoa dé ngudi hoc c6 thé
dé dang tiép thu nhiing van dé 1y thuyét dat ra. Cudi chuong dua ra hé thong bai tap co
tinh chat van dung, giup cho nguoi hoc hiéu va cing cb kién thirc.

Gi4o trinh dugc bién soan lan dau nén khong tranh khoi nhiing thiéu sét, chiing
t6i mong nhan dugc nhitng ¥ kién dong gop cua ban doc dé gido trinh duoc hoan thién
hon.

Nhom bién soan
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Chuong 1
TAP HQP — MENH PE. SO PHUC

1.1. Tap hop

1.1.1. Khai niém

Tap hop duge xem 1a mot khai niém ban dau cua toan hoc, dugc hiéu mét cach truc
giac khong dinh nghia. Tuy nhién ta c6 thé hiéu tong quét nhu sau:

Tap hop 1a mot sy tu tdp ciia mot s6 hitu han hodc v6 han cac dbi tuong xac dinh
nao do.

M&i ddi tuong cau thanh tap hop 13 mot phén tir cta tip hop.

Vi du 1. Tét ca nhitng ngudi Viét Nam trén thé gi6i tao thanh tap hop nguoi Viét
Nam. Mdi ngudi Viét Nam 1a mot phan tir ciia tap hop do.

Vi du 2. Tat ca nhiing sinh vién cua trudng Pai hoc Su pham K¥ thuat Nam Dinh
tao thanh tap hop céc sinh vién cia truong Pai hoc Su pham KV thuat Nam Dinh.

Vi du 3. Tt ca cac diém trong khong gian tao thanh tap hop diém trong khong gian.

Moi diém 12 mot phan tir cta tap hop do.

Néu x 1a mét phﬁn tur cua tap X ta ndi “x thugc X’ va viét xe X

Néu x khong 1a mot phan tir cua tap X ta néi “x khong thude X va viét x ¢ X

Cach mé ta mgt tap hop

DPé mo ta mot tap hop ta thudng dung hai cach sau day:

Céch 1: Liét ké cac phan tir cia tap hop do.

Vi du 1. Tap hop céac sb tu nhién:
Vi du 2. Tap hop cac sb6 nguyén:

Vi du 3. Tap hop céc sb hitu ti:

a
O =<Xfr=—
i

Céch 2: Chi ra nhiing tinh chat ma moi phan tir ctia tap hop d6 déu ¢ va chi nhiing

a,beZ, b;tO}

phan tir cia tap hop d6 méi cé. Nhiing tinh chat nhu vay goi 1a tinh chét dic trung cta
tap hop dang xét.

Vidu 1. A = {Cac s6 chin}

Nhu vaytacd 2e Ava 3¢A
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Ta biét ring x 1a mot sé chin khi va chi khi x=2k, k 1a mot sd nguyén. Do d6 ta c6
thé viét:
A:{x|x:2k, k e¢}

Chu y 1.1. Dé tién cho qua trinh sir dung, sau day danh tir “tap hop” ta s& goi mot
cach van tit 1a “tap”. Dé chi ciing mot khai niém ngoai danh tir tap ta con dung cac tir
ho, h¢, 16p,vv...

Pinh nghia 1 (Tap rong)

Tap rong la tdp khéng cé phan tir ndo.

Kihiéu : & (chit O v61 mdt gach chéo).

Vi du 1. Tap nghiém thuc ctia phuong trinh x*+1=0 la @ vi phuong trinh nay
khong c¢6 nghiém thuc.

1.1.2. Tap con

Pinh nghia 1 (Tap con)

- Néu moi phan tir ciia tdp A ciing la phan ti ciia tdp B thi ta néi A la tdp con ciia B
(hay B la tdp chira cua A).

Khi d6 ta viét
AcB hay BoA

-Néu moi phan tir cia tdp A déu la phan tir cia tdp B nhung cé it nhdt mét phan tie
ciia tdp B khong la phan tir ciia tdp A thi ta néi A la tdp con thiee sy ciia B (hay B la
tdp chira thuce sy cua A)

Khi d6 ta viét

AcB hay BoA

Hinh 1.1. Quan hé bao ham AcB
Chuy1.2.
-Kihiéu Ac B dugc hiéu réng A la tap con cua B hoac A c6 thé béng B.

- Moi tap hop déu 1a tap con clia chinh né. Tap rong la tap con ciia moi tip hop.
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- Mot tap hop A khéng rdng cé it nhat hai tp con 1a @ va chinh né. Chung dugc

goi 14 tip con tAm thudng ciia A.
Vidu 1. ¥c¢d¢coco;

Pinh nghia 2. (Sy bang nhau cua hai tap hop)

Hai tdp A va B dwoc goi la bang nhau néu A la tdp con ciia B va B ciing 1a tdp con
cua A.

Kihiéu: A=B.

Vidu 1.

Cho A={1,2,3,4,5) B={135,4,2)

Thi A=B.

1.1.3. Cac phép toan vé tap hop

1) Phép hop

Pinh nghia 1.

Hop cua hai tdp hop A va B la tdp hop gom tdt cd cdc phan tir thude it nhdt mot
trong hai tdp A va B

Ki hi¢u: AUB

Tacd (xe AUB) < (xeA or xeB).

B

A

Hinh 1.2. Hinh biéu dién AUB
2) Phép giao
Pinh nghia 2.
Giao ctia hai tap hop A va B 13 tdp hop gdm tit ca cac phan tir vira thudc tip A vira
thudc tap B.
Ki hiéu: AnB
Tacd (xe AnB) <= (xeAvaxeB).




Giao trinh Todn cao cdp

A

Hinh 1.3. Hinh biéu dién A~B

Tinh chit

Cho hai tap hop A va B. Khi d6 ta co:
AUB=BUA,
ANB=BNA,

AUA=ANA=A
(AUB)UC=AU(BUC),
(AnB)NC=ANn(BNC),
AU(BNC)=(AuUB)n(AUC),
AN(BuUC)=(AnB)U(ANC).

3) Hiéu cua hai tap hop

Pinh nghia 3.

Hiéu cua tdp hop A va tdp hop B la tdp hop gom tat ca cac phan tir thuéc A nhing

khong thugc B.
Ki hiéu: A\B
Tacd (xeA\B)<(xeAvaxegB).

A\B

Hinh 1.4. Hinh biéu dién A\B
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4) Phan bu

Dinh nghia 4.

Cho hai tdp hop A va B. Néu Ac B thi B\ A duoc goi la phan bii ciia A trong B.
Kihiéu B. Nghiala B:=B\A

Hinh 1.5. Biéu dién phan bi: ciia B trong A.
5) Pinh luat De Morgan
Véi moi AcE, B E taco
AUB=AI B, Al B=AUB
Chiing minh
Xeét xeE taco
xe AUB=x¢g AUB=(xg AxgB)=xeAl B;

xe Al I§:>(Xeﬂ;Xe§):>(xeA;xeB):>X¢AUB
= xeAUB
Vay AUB=AI B,
Ding thirc con lai dugc chimg minh tuong tu.
Vidu 1.
Cho A 1a tdp nghiém cua phuong trinh x*-3x+2=0 va B la tip nghiém cua
phuong trinh x> —6x+5=0
Khi do
A={12} B={15)
AUB={1,2,5
Al B={1
A\B={2}
B\A={5)

Tap nghiém cua phuong trinh (x2 —3x+ 2)(x2 —6x+5) =0la AUB={125}

5
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Tap nghiém cua hé phuong trinh
{X2_3X+2:O la Al B={1}
X" —6x+5=0

1.2. Ménh @&

1.2.1. Pinh nghia

Ménh dé toan hoc dwoc hiéu la mot khcfng dinh todan hoc chi cé thé dung hodc sai,
khong thé nhdp nhdng, nghia la khong thé vira ding vira sai, ciing khéng thé vira
khong dung vira khong sai.

Vidu 1.

1 <2 12 mdt ménh dé toan hoc ding.

5> 9 1a mot ménh dé toan hoc sai.

1.2.2. Cac phép toan vé ménh dé

1) Phép phu dinh

Dinh nghia 1

Phii dinh ciia ménh dé A la mét ménh dé, ki hiéu la A, dung khi A sai va sai khi A
dung.

Vidu 1.

A:=*“1016n hon 5”

A:=“10 khong 16n hon 5”

Hodc A:=“10 nho hon hoic bang 5.

2) Phép hoi

Pinh nghia 2

Ho¢i cuia hai ménh dé A va B la mét ménh @é, doc la A va B, ki hiéu la A~ B (hodc
A.B), diing khi ca hai ménh @é A, B déu diing va sai trong cdc trwong hop con lai.

Vidu 1.

A:= “1 la nghiém cua phuong trinh x*-1=0"

B:= “l 1a nghiém cta phuong trinh x*-3x+2=0"

AAB:= “l vira la nghiém cta phuong trinh x*~1=0 vira 1a nghiém cua phuong
trinh x*—3x+2=0"

Do A va B 1a hai ménh dé diing nén A~ B 1a ménh dé dung.

3) Phép tuyén

Dinh nghia 3

Tuyén ciia hai ménh @ A va B la mot ménh dé, doc la A hodc B, ki hiéu la
Av B (hodc A+B), sai khi ca hai ménh dé A, B déu sai, diing trong cdc truong hop

con lai.
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Chuy 1.3.

Dé thiét 14p ménh dé tuyén cta hai ménh dé A, B ta ghép hai ménh d6 boi lién tir
“hoac”.

Vidu 1.

A: =S4 chin 1a sb co chir sb tan cung bang 0,2,4,6 hoic 8” 1a ménh d& dung.

B: = “S6 chén 1a s6 c6 dang a = 2m vé&i m 14 s6 nguyén” 1a ménh dé dung.

Av B :=“S6 chén 1a s6 co6 chit sd tan cung bang 0,2,4,6 hodc 8 hoic sb chin 1a sd
c6 dang a =2m véi m 13 s6 nguyén” 13 ménh dé ding.

C: =“3>4” 1a ménh dé sai

D: =“3 14 s6 chn” 1a ménh dé sai

C v D:= “3>4 hodc 3 1a s6 chin” 1a ménh dé sai

Av C:= “S6 chin 1a sb c6 chit s6 tan cung béng 0,2,4,6 hoac 8 hoac 3>4” la ménh
dé dung.

4) Phép kéo theo

Pinh nghia 4

A kéo theo B la mot ménh dé, ki hiéu la A= B, chi sai khi A dung va B sai va dung
trong cac truong hop con lai.

Chuy 1.4.

Ménh d¢ A= B thuong dugc dién dat 1a: “néu A thi B” hodc “cé B khi co A” hoic
“tir A suy ra B” hodc “A 1a diéu kién du dé c6 B” hoic “B la diéu kién can dé co A”...

Vidu 1.

A:=“121a s6 chdn” 12 ménh dé dung.

B: = “12 chia hét cho 2” 1a ménh dé dtng.

A= B: =12 13 s chin nén 12 chia hét cho 2” 13 ménh dé dung.

C: = “12 chia hét cho 5” 1a ménh dé sai

A= C:= “121a s6 chdn nén 12 chia hét cho 5” 1a ménh dé sai.

5) Phép tuong duong

Pinh nghia 5

A twong duong B la mot ménh dé, ki hiéu la A< B, néu ca hai ménh dé A va B
déu diing hodc déu sai.

Chuay 1.5.

Ménh dé “A tuong duong B” thuong duoc dién dat nhu sau: “A khi chi khi B” hoic
“A néu va chi néu B” hodc “A 1a diéu kién can va di dé c6 B”.

A tuong dwong B khi va chi khi ca hai ménh d¢ A = B va B= Adéu ding.

Vidu 1.
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“A chia hét cho 2 khi va chi khi A 13 s6 chdn” 13 ménh dé dung.
1.3. S6 phirc

1.3.1. Dinh nghia s6 phire. S6 phirc lién hop

Ta biét rang liiy thira chin cua mdi sé thuc déu khong am, do d6 trong tip hop i
khong thé khai can bac chin cua mot sé 4m. Vi du phuong trinh Xx*+1=0 c6 biét )
A <0 nén khong c6 nghiém thuc. Vi vay, khi nghién ctru cac phuong trinh bac ba, nha
toan hoc Italia R.Bonbelli (1526-1572) d3 dua ra dinh nghia dau tién vé sd phuc, lic
d6 goi 1a s6 “ khong thé c6” hodc “sd 40” va cin bac hai cua -1 trong cong trinh Dai sb
(Bologne, 1572). Nam 1746, nha toan hoc Phap D’Alembert dd xdy dung dang tong
quat cta sb phirc va chip nhan nguyén 1y ton tai n nghiém cua mot phuong trinh bac n.

Pinh nghia 1. (S6 phirc)

S6 phirc 1a $6 c6 dang z = a+bi (hodc 7 = a+bj) trong d6 a,be; ,i>=-1 ( hodc

a duoc goi la phcin thuc cia s6 phirc z. Ki hiéu Rez.
b dwoc goi la phan do cia sé phirc z. Ki hiéu la Imz.

Tap hop gbém tit ca cac sd phirc thuong dugc goi 13 tip sd phirc va duoc ki hiéu 1a

Vay £ ={z=a+bi|abe; i’ =-1}

Vidu 1.
Choz=2+3i—>Rez=2,Imz=3.
Chay:
Néu a =0 thi z = bi goi la s6 thuan ao.
Néub=0thiz=alasbthyc. Viy | £ .
Pinh nghia 2. (Hai sé phtic bang nhau)
Hai 56 phirc 2, =a, +bji, z, =a, +b,i goi la bang nhau néu
a; =a,
b, =D,
Pinh nghia 3. (S6 phirc lién hop)
S6 phitc 7 =a—bi goi la s6 phirc lién hop ciia sé phitc Z=a+Di .
Vidu 2.
a) S6 phirc lién hop ciia s6 phic z=2+3i 14 Z=2-3i.
b) S6 phirc lién hop cua s6 phitc z=—-1—i 1a Z=—-1+i.
Pinh nghia 4. (S6 phirc d6i)
S6 phitc —z =—a—Di la sé phitc doi ciia s6 phitc Z=a+Di.
Vidu 3.
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a) S6 phuc ddi cua sé phirc z=2-5i 1a —z=-2+5i.
b) S6 phtrc d6i cua s6 phic z=i 1a —z=—i.
1.3.2. Cac phép toan
a. Phép cong
Ta goi tong cua hai s6 phiic z, =a, +ib;, z, =a, +ib, 14 s6 phirc
z=(a,+a,)+i(b+b,)
Ky hi¢u: z=2+2,
*) Tinh chét: vz,2,,2, € £
1) z+2,=2,+2
2) 2,+(2,+2,)=(2,+2,)+1,
Vidu 1.
(1+3i)+(2-i)=(1+2)+i(3-1)=3+2i
b. Phép truwr
Cho hai s6 phuc z, =a, +ib,z, =a, +ib,, ta goi s6 phic z 1 hiéu cia hai s6
phirc z, v z, néu z, =z, +z2
Ky hi¢u: z=z -7,
Vi du 2.
(1-i)—(2+3i)=(1-2)+i(-1-3)=-1-4i
c. Phép nhan
Ta goi tich cuia hai sb phiic z, =a, +ib,, z, = a, +ib, 1 s6 phirc z xac dinh bési
z=(aa,—bb,)+i(ab, +ab)
Ky hi¢u: z=7,.7,
*) Tinh chét: Vz,7,,2, £
1) zz,=12,2,
2) 7,(2,2,)=(2,2,) 7,

3) 7,(z,+2,) =22, +77,

4) (-1)z=-z
Vi du 3.
(2+2i).(4+3i)=(24-23)+i(23+24)=2+14i
d. Phép chia
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Cho hai s6 phtic z, =a, +ib, z, =a, +ib,, néu z, 0. Khi d6 ta c6 thé tim dugc
mdt s6 phiic z = x+Iiy sao cho z,z=1z,.

Theo dinh nghia phép nhan ta c6 hé phuong trinh:

b,x+a,y =b
Taco
-b
% 0 =a’+b? =0
bZ a2

Vi z,#0.Nénh¢ (1) c6 nghiém duy nhat. S6 phirc z goi la thuong ctia hai s6 phirc
z, va z,.
Zl

Ky hi¢u: z=-—=1
ZZ

Giai hé (1) ta duoc z= aiag +b12b2 i blag —b22a1
a, + bz a, + b2
Chuy.
Trong khi giai bai tip ta c6 thé tim thuong cia hai sé phirc z, va z, bang cach

. z .z
nhan z=- voi =2
ZZ ZZ

Vi du 4.
3-5i  (3-5i)(2-i) 1 13.

2+i  (2+i)(2-i) 5 5
e. Lily thira bic n ciia s6 phirc
Tich ctia n s6 phitc z goi la lily thira bic n ctia sd phiic z.
Ky higu: 2"
Vay 7" =z

Vidu 5.
(1-iV3) =1-3iV/3+3i% - 3\3i° = -8
f. Cin bac n ciia sé phic
Sd phuc » dugc goi la can bac n cua sb phuc z néu o" =z
Ky hi¢u: o= Q/;
Vidu 6. Cho z=a+ib. Tim vz, ap dung tim </3+4i
Giai

10
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Gia stt w=x+iy=+z =a+ib <:>(x+iy)2=a+ib

(g Nat a’+b’
2_ 2 _ B~
& {X y=a. V2
2xy =b y=+»\/—a+\/a2+b2
2
Néu b>0 thi x,y cung dau; néu b<0 thi x,y trai ddu. Do d6 c6 hai cip (x,y) thoa mén
bai toan.
Ap dung:
2 2
=+ 3+43 +4 _ 49
2
\-3+/3% + 42
== =1
2

Vay c6 hai gia tri cua <3+2i 1&; 2+i va —2—i
Vi du 7. Thuc hién cac phép tinh sau:
a)i%,i4,i°
b) (1-i)(1+i)
¢)(3+5i)+(2-3i)
d)(-2+7i)—(3-i)

24+5i

O

Giai

C) (3+5i)+(2—-3i)=(3+2)+i(5-3)=5+2i
d) (=2+7i)—(3-i)=(-2-3)+i(7+i)=-5+8i

) 2+5i_(2+5i)(1+i)_(2—5)+i(2+5)___3+zi
- @es) 2 22

Vi du 8. Tim céc s6 thuc x,y thoa man phuong trinh:

(Bx—i)(2+i)+(x—iy)(1+2i)=5+6i

11
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Giai
Bién dbi vé trai:
(Bx—i)(2+1)+(x—iy)(1+2i) =6x+1+(3x—2)i+ X+ 2y +(2x—y)i =(7x+2y +1)+(5x -y —2)i

Theo dinh nghia hai s6 phirc bang nhau suy ra:

7X+2y+1=5
5X-y-2=6
Giai hé trén ta dugc: x= & y _—%
17 17
Vi du 9. Thuc hién cac phép tinh sau:
a) il721
1-i
b) -——
) 1+i
c) (L-iv3)’
Giai
a) il721:(i2)860i:i
s 1—i 2 o a2
by 171 (1-1)  _ 1-2i+i L

1+i (+i)(1-i) 1-i?

) (1-iv3) =1-3J5i +3(3i) ~(V3i) =-8
Vi du 10. Giai phuong trinh sau: 2z°+2z+5=0
Giai

Taco A=1-10=-9=(3i)’

143
Suyra z:%

Vidu 11. Giai hé phuong trinh

z,+iz, =1
22, +7, =1+i

Giai

S 1 i
bat A=

suy ra |A =1-2i #0. St dung phuong phap Cramer ta duoc

1 i
1+i _4+3i
Lo1-2i 5

12
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1 i
2 1+i| 3+i
22: — =
1-2i 5
Vay nghiém cua h¢ 1a:
4+ 3i
1T g
3+i
w=Tg

1.3.3. Biéu dién hinh hoc ciia s6 phirc

1) Biéu dién hinh hoc cua sb phirc

Xét midt phang tuong tng v4i hé toa do Descartes Oxy va ta biéu dién sé phirc
z=a+ib boi mot diém M (a,b) trong mat phéng xOy. Nhu vay, cac s6 thuc s& duoc
biéu dién bai cac diém trén truc Ox, cac s6 thuan ao duoc biéu dién boi cac diém trén
Oy. Khi d6 mit phang xOy con goi 1a mit phang phirc, Ox goi 14 truc thyc, Oy goi la
truc ao.

Nguoc lai, voi mdi diém M c6 toa do 1a (a,b) cua mat phéng xOy ta dat tuong
g voi s6 phic z=a+ib.

Viy c6 su twong tng 1 -1 giita tp sb phitc £ va tap tit ca cac diém cua mat
phang.
Ta got:

r =|OM| 1a modun cua sb phitc z. Ky hiéu 1a |7

@ 1a gbc co canh dau 1a Ox, canh cudi 1 tia Oz goi la argument cua sb phtc z.

Ky hi¢u Argz.
S6 phirc z 0 co vo s6 argument sai khac nhau 2kr,k e ¢

Néu 0< <27 goi la argument chinh cta z . Ky hiéu argz

*)Tinh chat:
1) Hai s6 phirc bang nhau c6 modun va argument bang nhau.
2) |2|= ‘E‘
3) zz=¢

4) |z, 2, =z ]|z,
|z

12|

6) |2,+7,|<|z|+|z,]

Z

Z,

5)

Vi du 1. Tim modun ciia cac sb phirc sau:

13
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a) 1-4i

b) (2+i)(3-2i)

Giai

a) [L-4i|=\E+42 =17

0) [(2+1)(3-20)=[(2+1)(3-21) = B3 - VBB

Vi du 2. Tim modun va argument cdc sd phtc sau:

a) z, —1+i3

b) z, =-1-i3

Gial

a) Taco |zl|:,f12+(«/§)2 =2

B3

Argz, =arctan ER +2km

Vi z, & goc phan tu thir nhét

>
»>

O | X

Hinh 1.6. Biéu dién hinh hoc ciia sé phirc z=1+i/3

Argz, =%+2k7z (keg)

b) Taco

2 = (-0 +(~B) =2
-8B

Argz, = arctan — t (2k+1)7

Vi z, & goc phan tu thir ba

14
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v

Hinh 1.7. Bidu dién hinh hoc ciia sé phirc z=1-i\/3
nen
Argz, :%+(2k+1)7z (keg)

2) Biéu dién hinh hoc cac phép toan
a. Phép cong

Cho hai vécto z, =a, +ib, va z, =a, +ib, va cac vécto tuong ting \71 = aﬁ +blj ,
v, =a,i +b,].

Tong 2 s6 phic , +2, =(a, +a, ) +i(b, +D,)

TéNg 2 vécto v, +V, = (@ +a,)i + (B, +b,) j

A LR , fe s 2 v“or
Vay tong z, +z, tuong umg vo1 vécto tong Vv, +V,

O X
Hinh 1.8. Biéu dién hinh hoc ciia phép céng hai sé phirc
b. Khoang cach giira hai diém
Khodng cach giita 2 diém M, (a,,b), M, (a,,b,) bing mddun cia s6 phic z, -z,

u w

va bang |v, —Vz‘

u w
Mle :|21_Zz| =‘Vl _Vz‘ = \/(az _a1)2 +(b2 _b1)2

15
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Hinh 1.9. Biéu dién hinh hoc ciia phép liy hiéu hai sé phirc

c. Tich cua s6 phirc va so thuc

Cho z=a+ib va vécto tuong ung vV =ai +bj,l e thitich 2z=Aa+iib tuong

ung véi vécto AV =Jal + ﬂbj AE€] .

Néu 4 >0 thi Av,V cing huéng va |/1\[/| :ﬂ|\'/|

A

y

M’(a’;b’)

M(a:b)

O

B
»

X

Hinh 1.10. Biéu dién hinh hoc ciia phép ldy tich mét so phirc véi mét so thuwe 1>0

Néu 1 <0 thi Av,v nguoc hudng va |ﬂ\r/|=—i|\'/|

A

M(a:b)

M'(a’:b’)

O

v

Hinh 1.11. Biéu dién hinh hoc ciia phép ldy tich mét so phirc véi mét sé thuwe A<0

Néu A1=0 thi AV =0

Vi du. Biéu dién hinh hoc céac hé thirc sau trén mit phang phuc:

a) (5+4i)+(3-3i)=8+i

16
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b) 2(3-2i)=6-4i
Gial
a)

5+4i

5
.
S -
<
« 8+
$
R Y

0 \ g

3-3i

Hinh 1.12. Biéu dién hinh hoc ciia phép liy tong hai sé phirc z,=5+4i va 7,=3-3i
b)

O

\

6-41

Hinh 1.13. Biéu dién hinh hoc ciia phép ldy tich sé phirc z=3-2i véi sé thwe 1=2
3) Dang luong giac cua sb phirc
a. Toa dd cuwc cia sd phire
Cho s6 phiic z=x+iy, dugc biéu dién boi diém M(x,y)=0(0,0) trong mt
phang Oxy. S6 thuc r =[x’ +y* =|z| goi 1a ban kinh cyc cua diém M .
7 . Ul il
S6 do ¢ e(0,27) cua goc lugng giac (OX,OM ) la argument ctia M .
Cap co thu tu (r,¢) goi la toa d6 cuc ciia M . Ky hiéu M (r,¢).
Piém O ¢6 r=0 va ¢ khong xac dinh. D& dang ching minh dugc:
X=TCoS¢p
y=rsing
*) Tinh chat:
1) Néu x#0=tangp =" = p=arctan >+ kz
X X
Onéu x>0,y>0
k=<1néux<0
2néux>0,y<0

17
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2)Néu x=0,y=0

T
—néu y>0
> néu y
#= T
3—néuy<0
2
b. Dang lwong giac ciia s phirc
Cho sb phitc z=Xx+iy ta c6 thé biéu dién z ¢ dang z=r(cose+ising)trong
d6 r=z|,p=Argz goi la dang luong gidc cua s6 phirc z.

Vi du 1.Viét cac sb phuc sau sang dang luong giéc:

a) z,=—1-i
b) z, =-1+i\3
c) z,=1-i\/3
d) z,=2
e) z;=-3i
Giar:
a) z,=-1-i
r= (—1)2+(—1)2 :\/E
p=arctan Y + 7 —arctan1+ r = %+ 7 = 7
X 4 4
:>Z1=\/§(C085—7[+isin5—”j
4 4
b) z, ——1+i3
2
y -1 2r
@ =arctan=+ 7 =arctan —= + 7 = —
X \/§ 3
[ 2T . . Zﬂj
=7, =2| COS—+Iisin—
3 3
c) z,=1-i\3

r= () +(~VB) =2

o =arctan Y = arctan—/3 = 5?”
X

18
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( 57 .. 57;)
=7, =2| COS—+isin—
3 3
d) z,=2
r=+2"+0"=2
y 0
p=arctan==arctan—=0
X 2
=2, =2(cos0+isin0)
e) z,=-3i

r= 02+(—3) =3

c. Céc phép toan
- Phép nhan
Cho z, =r,(cose, +ising,), z, =r,(cose, +ising,). Khi do:
2,2, = 1, | cOS(¢ +@,) +isin (¢, +,) |
Vi du 2.

iz .. Irx T ... T
Z =+/2| cOS—+I1SIn— |, Z, =2| cOS—+1SIin—
' J—( 4 4) ’ ( 6 6)

23r . . 23w
2,.7, =22| cos +1sIn
. \F[ 12 12)
- Phép chia
Cho z,=r,(cose, +ising,), z, =r,(cosg, +ising,)=0. Khi do:

r .
i=—1[COS(col—(pz)Hsm((pl—fpz)]
ZZ r.2
Vi du 3.
Cho z,=1,z, =z=r(cosg+ising)
41 1 os(—o)visin(—
=2 r(cos( )+isin(—p))

- Lu§ thira ctia mot sb phirc
Dinh ly.(Cong thuec Demoivre)
Cho z=r(cosg+ising) va ne¥ taco

19
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2" =r"(cosnp+isinng)
Chtng minh
Dung cong thirc nhan vé1 z=z, =z, =...=7, ta duoc:

2" = t{{cos[%? 413¢J+isin [ﬁ? 4@0}] =r"(cosng+isinng)

n n

-\100

Vidu 4. Tinh (1+i)
Giai

. /A
1+i=+/2| cOS—+isin—
f( 4 4)

+1SINn

= (L+i)® = (\/2)' (cos

(L) (VB +i)
(—l—i\/§)10

100z . . 1007[)

Vidu 5. Tinh z=

Giai
Ta co:

i o5
= Z(COS@”SM@)

Thay vao biéu thirc ta duoc z=-1
-Can bacn
Cho z=r,(cosp+ising),w=r,(cosy +isiny )
@" =1, (cosny +isinny)

-

O =1L
l//=£+kﬁ,ke¢
n n

Vi du 6.Tim tit ca cac gia tri /i
Giai
Tacod
i :cos(%+2kﬂ]+isin(%+ 2k7zj

suy ra

= 2% (c0s257 +isin 257)

20
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ﬁ:cos(%wﬁjnsin(%wnj;k —0,+1,+2,.

Vay i ¢6 hai gia tri la :

Z, =cos£+isin£=£(1+i)
4 4 2
Z, =c0557”+isin5—”=—§(1+i)

Vidu 7. Tinh 3-4J2 +iaJ2
Giai
Ta co:

—4x/§+i4\/§:8[¥+ig] - 23(003(377[+ k27z}+isin(37”+ kan, k=012

do d6 c6 3 gia tri cua Y42 +iaV2 I

Y-a2 +ia2 =2(cos(%+k2Tﬂj+isin[%+szﬁn,k =012

Vi du 8.Tim tat ca cac gid tri Vil

Gial
Taco
1=cos(2kz)+isin(2kz)
suy ra
Q/izcos%—”ﬂsinzk—”;k:o,il,iz.
n n
Vay U1 ¢6 n gia tri 1a
z, =c052k—7[+i sin2k—ﬁ; k=01,..,n-1
n n

4) Dang mii ctia s6 phurc
a. Khai niém
Taco e =cosp+ising ( Cong thirc Euler )
=z =r(cosp+ising)=re” goila dang mii ctia s6 phirc z.

Vi du 1. Viét cac sd phtic sau sang dang mii:

a) z=-1-i
b) z=2+2i
Giai

21



Gidao trinh Todn cao cap

a) z=-1-i
r=4(-1)° +(-2)" =2
3z
T4

—7= «E(cosf%ﬂ k2;zj+ i sin(_“%u kan

3z

=7= \/E.efi(Tkhj, ke¢
b) z=2+2i

r=y22+22 =22

_r
=7

=17= 25(C08(%+k2ﬂ]+i$in(%+k2ﬂj)
=17= Zﬁ.eiﬂTWJ, ke¢

b. Cac phép toan

1. Phép nhan

Cho hai s6 phtic 2, =r.e",z, =1, =z, =rr,e**

2. Phép chia
Cho hai s phitc z, =1,z =r,e% 20 = 2 =1 gila)
ZZ r‘2
Vi du 2. Cho 2 s6 phic 2, =—1—i,2, =2+2i. Tinh z,..z,, LY
Z2

Giai
o 3
Tacé 21:\/§.e 4z, =22 ¢

z z 1

_i . 1
=>zz,=4e 2, L="g"=
Z2

—i(z+k2x
Ee ( ), ke¢
1.4. Bai tap chwong 1
1) Bai tap vé ménh dé
1.1.Trong cac cau sau, Cau nao 1a ménh dé (néu 12 ménh dé thi xét tinh dung sai).

a)3+2=7 b) 4+x=3
Q) x+y>1 d) 2-/6<0
e) 12 <9,86 f) 5 1asévoty
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g). Bay gio 1a miy gio

1.2. Xét tinh dung sai cua cac ménh dé sau va phat biéu ménh dé phu dinh cia no.

a) 1794 chia hét cho 3 b) V2 1amotsé hiruti .

c). © <3.15 d) |[-125<0

1.3. V&i mdi cau sau, tim hai gié tri thuc cia x dé duoc mot dé dung, mot ménh dé sai

a)3x2+2x-1:0 b) 4x +3<2x -1

1.4. Cho tam giac ABC. Lap ménh dé P = Q va ménh dé dao cua

nd, rdi xét tinh dung sai cua ching véi:
a). P: “Goc A bing 900~ Q: “BC? = ABZ + AC%”

b). P: “A=B"” Q: “Tam giac ABC can”

1.5. Cho cac ménh dé kéo theo

Néu a va b ciing chia hét cho ¢ thi a + b chia hét cho ¢ (a, b, ¢ 1 nhitng s6 nguyén )
Cac sb nguyén c6 tan ciing bang 0 déu chia hét cho 5.

Tam giac can c0 hai trung tuy nb ng nhau.

Hai tam giac bang nhau c6 dién tich bang nhau.

a) Hay phét biéu ménh dé dao ctia cac ménh dé trén.

b) Phat biéu ménh dé trén bang cach st dung diéu kién du, diéu kién can
1.6. Phat biéu thanh loi cac ménh sau. Xét tinh dung sai va Iap ménh dé phu dinh cta
chang.

a) Ixe; Ix*=-1 b) Vxei IX*+Xx+2#0
c) Ixe; Ix<t d) Ixen /x* =2
X
e) Vxej /Ix*<0 f)Ixe; /x*<0
2 2
g) VXej 1 X 1:x+1 K) Ix € 1 X 1=x+1
x-1 x-1
m) Vxej /I xX*+x+1>0 n) Ixe; /xX*+x+1>0

1.7. Hay lap ménh dé phu dinh cho cac ménh dé sau:
a) Vxej Ix*+5x+2>0
b) Vxei /x?+2x+7 lasd nguyén tb
C) Vxej /5x-3x*=1
d) Vxei /x*+x+1<0
f)Vn ¥ /n?+1 khéng chia hét cho
g) Moi hoc sinh cua lép déu thich mén hoc toan
2) Bai tap vé tap hop
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1.1. Hay liét ké cac phan tir cua cac tap hop sau:

a) A={xe¥ /x<20,x\}

b) Tap B 1a c4c s6 chinh phwong khong vuot qué 100
c) C={ne¥ /n(n+1)<20}

d) D={3k-1/ke¢,-5<k<3}

f) F:{X€¢/3<|X|S%}

g) G={xej /2x*~5x+3=0}

h) H={xej /(2x°~3x°~5x)(4x"~6x*+8) =0 |
i) |={X€] /(x6+x2+x=x4—x3+l}

1.2. Xac dinh céc tip sau bang cach chi ra tinh chét dic trung:

2) A = {2, 6,12, 20,30} b) B = {1, 23, 4,612}
¢) C={3. 8, 15, 24, 35} d) D:{l,l,i,i,i}
2'6'12'20°30
ge-[2245 ) ne-hl
3'8'15'24' 35 2

g) G:{l’i'l’i1i,i}
4916 25 36

h) Tap hop cac diém M trén mat phang thudc duong tron tim O va dudng kinh 2R.

1.3. Tim cac tap con cua cac tap hop sau day:
a)A={ab,c,d} b)A={01,2 ac}

c)J

1.4. Tim céc tap con gom 2 phan tir ctia cac tap hop:
a). A={1,23,4,ad} b). A={a b,c, dl,2, 4,5}
1.5. Tim céc tap con gom 2 phan tir cta céc tap hop:
a).A={1,234,a,d} b).A={abc dl,2 45}
1.6. Xet quan hé cua cac tap hop sau:
a) A={ne¢/nlaudccuab }

{ne¢ /n lause chung cua 12va 18 |

xej Ix*-9=0
{ |

B
b) A={xe; /x*+5=0} B
B

) A={xe¢ /2[x|-6<0]} {-3-2,-1,0,1,2,3}
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d)A={X€i /x—ﬂ:o} B={xej /x*+2x-3=0}
1.7. Trong céc tap dudi day tap nao la tap rong:

a)AZ{XEi /x2+x—1=0} b) B={xe¢ /|x|<1}

¢) C={xej /x*+x+1=0] d) D={xe; /x*-2x+5=0}
e) E:{XEQ/X2—4X+2:O} f) F={xe¢ /|x-1<3}

28.ChoA={1,23,4 B={2,4,6} C={135}.
Xac dinh céc tap hop sausau:
a.ANB,AuBb).ANC AuCc).BNC,BUC

2.9. Cho tap hop

E={ab,c,d} F={b,c,e g} G={cd e f}.
Chitng minhrang: EN(FUG)=(ENF)U(ENG).
1.10.Cho A={1,2,3,4,5} B={2,4,6,8}. Tim A\B, B\A.
1.11. Cho hai tap hop A, B. Hay xac dinh:

a) (A\B)B

b) (A\B)~A

c) (A\B)uB

d) (AnB)UA

e) (AuB)NB

f) (A\B)uB

g) (A\B)N(B\A)

1.12. Cho hai tap hop A, B.

A:{n e¥ /x laboicua3va x<40 }

Bz{n e¥ /x laboicua5va x<60 |}

a) Viét A, B dudi dang liét ké cac phan tir

b) Tim AnB, AuB, A\B

1.13. Cho A={1, 2}, B={1, 2, 3, 4}. Tim tit c4 cac tdp X sao cho A U X =B.

1.14: Cho A={1,2,3,4,5,6}; B={0,2,4,6,8}. Tim tat ca cac tap X sao cho

X ¢ BvaXcA.

2) Bai tap vé s6 phirc

2.1. Hay tinh:
@+2j)°-@-jy b (1-j°-1
B+2))°-(2+j)* (1L+j)°+1
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0 @+ J:)9 d) [_E n jﬁT
1-j)’ 2 "2
2.2. Tim 2 s6 thyc x, y thdéa man:
a) 1+2)x+(3-5)y=1-3;j
b) (x+a)(b+yj)=4+3j (a blatham sd)
2.3. Hay tinh cac cin bac hai ctia cac s6 phirc sau:
a) 3-4j b) -15 + §j
c) -8 + 6] d) -3-4j
2.4. Hiy viét cac sd phirc sau ¢ dang luong giac va dang mil
a) 1 b) -1 C) J
d) -] e) 1+]j f) 1-j
0) -1+] h) -1 ) 1+jV3
D13 ) -1+j3 ) 3-]
2.5. Tim dang luong giac cia sd phirc: z = 1+ J\/g .Tinh '
V3+]
2.6. Hay biéu dién hinh hoc cua céc s6 phirc z thoa man:
a) |z|<2 b) lz-1]<1 c) z-1-j|<1
2.7. Giai phuong trinh:
a) |z|-2=1+2j b) |z|+z2=2+]
) Z+({-2z+3-j=0 d Z2-(@2+3j)z-1+3j=0
2.8. Pua sb phuc sau vé dang luong giac:
1) z=1+i
2) z=-1+i
3) z=1+i3
4) z=-1+i3
2.9. Tim dang mil cta sb phirc:
1) z=2i
2) z=-2
3) z=i+3
4) z=i—+3
2.10. Tim phan thyc va phan ao cta sd phirc
1) z= 2_3_i i
1+21 4+i

26



Giao trinh Todn cao cap

342 2i-1
S 2+i 4-i
2.11. Thyc hién phép tinh
)
(2i+5)(i—4)
(1—2i)(5+4i)?
2i-3
2.12. Tinh gia tri ctia biéu thirc

) 7= A+ (4-5)

2) z

2)

~ (2+1)(8-3i)
2) 7= (2i_+3)(1_—4i)2
(4i+5)(1-9)
3) 7= (6i_—1)2(2_’>+4i)
(21 +5)(1—6)
4) 7= 1+ 2i_)(5—i)2
21+3

2.13. Tim médun cua sb phitc z =1+4i +(1—i)3

4

2.14. Cho hai s6 phitc: z, =</3-5i; z, =+/3-i. Tinh 2L va
ZZ

Z,

2.15. Goi z; va z, la hai nghiém phtrc cua phuong trinh: z? +2z+10=0.
Tinh gi4 tri cia biéu thie A = |z,|" +|z,["
2.16. Tim s6 phtc z thda méan: ‘z—(2+i)‘ -J10 va z.2=25

2
2.17. Cho s6 phitc z = 4 - 3i. Tim 222
Z

2.18. Giai phuong trinh sau (an z): z+27 =(1+ 5i)2

2.19. Tim cin béc hai ctia s phirc sau: z = —¥+ [ %
2.20. Tim céc cin béc hai cua sd phirc: z = 21— 20i

2.21. Giai phuong trinh: 2> -2(2+i)z+(7+4i)=0

2.22. Giai phuong trinh sau trén £ (an z): z*+22° — 22 +2z+1=0
2.23. Giai phuong trinh sau trén £ (an z): 2z* —22° +22+22+2=0
Z,+72,=2+3i

2.24. Giai hé phuong trinh sau trén tap sb phtrc:
*P g PSP {Zf+222=5—4i
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2.25. Trong mit phang toa d6 Oxy, tim tip hop diém biéu dién cac sb phuc z thoa min
diéu kién

|z—(3-4i) =2

2.26. Tim tap hop céc diém biéu dién s6 phiic z thoa man diéu kién: 2|z -i|= ‘z —7+ Zi‘
2.27. Trong mit phang toa do Oxy, tim tip hop diém biéu dién cac sd phirc z thoa
mian diéu kién

|z-(5i-2)[=2

)

(1+i)5

2.28. Viét sb phirc sau dudi dang dai dinh nghia: z =

2.29. Viét dang lugng giac cua sb phirc z=1—+/3i

.\ 2010

2.30. Viét dudi dang lugng gidc roi tinh: (1+i)
1-i\3

J3+i

2.31. Tim dang luong giac clia sd phuic sau: z =

(ﬁ ~ \/gi )2008

2009
. 7T .. b«
SIN——1ISIN —
3 6)

2.32. Tim phén thyc va phan 4o cta s phuc sau: z=

2.33. Cho so phttc z=a+bi (a,be; ). Héi cic sb sau day 1a sb thuc hay sb ao:

o 22 +(7)

a) z2°—(7) b) T(zf)

2.34. Tim phan thyc va phan 4o cta s phic z = 2010i%% + 2009i%°

2.35. Giai phuong trinh sau trén tap hop s6 phtrc: z° —2(1+2i)z+8i =0

2.36. Tinhz+z vaz. z véi:

a) z=2+3i b) z=-5+3i.

2.37. Tim phan thyc va phan 4o ctia cac sd phiic sau

Q) (A—i)+(2+3)-G+i) b)) @+i)*-@1-i)* ¢ 2+i)-B-id

Q) 3-i 2+i

1+i i
2.38. Tinh :
. . 1 0\ 1 5_
2) 1+!tanx b) abi 0 (+f)7 ) (1 |)5 1
—Iitanx a—Dbi @-n (1+|) +1
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.\N i 3 i :
2.39. Tinh: a) (1+_')n_2 (v6i n 14 50 nguyén duong) ~ b) (‘%*%} [%‘?J

(1-1)
2.40. Gia sit 5=~ 2+ 331 tinh -
2 2
a) (a+bs+cs®)(a+bs’+cs)  b) (a+b)(a+bs)(a+bs®) 0
(a+bg+c$2)3+(a+ng+Cg)3
d) (a52+bg>(b52+ag)

2.41. Giai cac hé phuong trinh sau véi x, y, z 14 s6 phic

(B—i)x+(4+2i)y=2+6i 0 (2+i)x+(2-i)y=6
(4+2i)x—(2+3i)y=5+4i (3+2i)x—(3—2i)y =8

2.42. Tim céc s6 lién hop voi :

a) Binh phuong cta chinh no. b) Lap phuong cua chinh né.
2.43. Cho s6 phiic z = x + iy (x, y thuéc R). Tim phan thyc va phan 4o ciia cac s6
phtc:
a) 7% 27 + 4i ) ZFL
iz-1
2.44. Giai cac phuong trinh sau (4n z)
2+1 -1+3i AT A1
a = b) ((2— 3 — |=0.
) Tl o ) (( i)z+ +|)(|z+2ij

2.45. a) Chung minh : i*" = (=D i,k e N;i* =(-1)*,k e N.

b) Gia st z, =i% +i%*, k e N. Tinh tong z + Zys1

2.46. Thyc hién cac phép tinh :

SR LU 2 N G R
@+i@a-2i) “(3+2i) —(2+1) 2+i1)°—=(2-1)

2.47.Cho hai sd phtc z=a+bivaz =a +bi

a) Voi diéu kién nao gitra a, b, a, b thi tong cua ching la so thuc ? so a0?

c) d) 2-i)°

b) Ciing ciu hoi trén d6i véi hiduz —z .
2.48. a) Vi diéu kién ndo giira a, b thi binh phwong ciia z = a + bi 14 s thuc, s6 40?
b) Ciing cu hoi trén ddi voi 2°.
2.49. Xac dinh tap diém biéu dién sd phtic z thoa mén : a) z=a+ai,acR b)
1 ..z,
—— laso ao
Z—1

2.50. Xac dinh tap diém biéu dién sé phtc z thoa mén :
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a) z°1a sb thuc am b) |z—i+2|+|z+i|=9.
2.51. Tim tap hop cac diém biéu dién sb phirc z = x + yi véi x, y thudc R va théa mén
a) 1<|7<3 b) {Hygl

Xx=0,y>0
2.52. Chtrng minh rang :
a) Binh phuong cua hai s6 phuc lién hop ciing 14 lién hop.
b) Lap phuong cta hai s6 phirc lién hop ciing 1a lién hop.
¢) Lily thira bac n cua 2 sb phire lién hop ciing 12 lién hop.
2.53. Cho z = a + bi. Chitng minh |Z|\/§ >|a|+|b|. Khi nao thi ding thirc xay ra ?
2.54. a) Cac diém A, B, Cva A, B, C’ trong mit phang phtrc biéu dién theo thir tur cac
s&:1—i;2+3i;3+iva3i;3-2i;3+2i.CMRABCVvaABC Ia2tam gi4c c6
cung trong tam.
b) Biét cac s6 phirc biéu dién boi ba dinh nao d6 ciia mot hinh binh hanh trong mat
phang phtc , hiy tim s6 biéu dién bai dinh con lai.
2.55. a) Xac dinh tap hop cac diém M trong mit phang phirc biéu dién cac s6 phirc z =
X +vyi

X,y € R) thoa man didu kién z2+(z) =0
( )

b) Tim s6 phirc z thoa mén dong thoi cac diéu kién : 22 +(E)2 =0va z_—; =1
Z —
b) z_—:l% =1« x =2 nén co hai s6 phitc thoa man dé baila: z, = 2(1 + i) va
Z —
z,=2(1-1)

2.56. A, B, C, D 1a bén diém trong mit phing phuc theo tht tu biéu dién cac s6 :
1420, 1+3+i,1+/3-i,1-2i

Chtng minh rang ABCD 1a mot tir giac ndi tiép duong tron. Hoi tim dudng tron d6
biéu dién s phirc nao?

2.57. Tim céc can béc hai ctia s6 phitc: a) z=200 b) z=-13.

2.58. Tim céc can béc hai ctia sd phic:

a) 3+4i b) 1-2ivJ21-2i2.

2.59. Tim céc cin béc hai ctia mdi sb phirc sau:

a) —1+443i  b) -8i

2.60. Tim céc cin béc hai cia sb phirc: a) -8 +6i  b) -8 — 6i c) 8-6i
d) 8+ 6i

2.61. Goi z 1 can bac hai cia 4 +1, z la can bac hai cia 4 —i. Tinhz + z.
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2.62. Tim s6 phtrc z ma z° = -i.

2.63. Tim s6 phtc z ma z* = -1.

2.64. Cho z =a + bi ¢6 cac can bac hai 1a £(m+ni). Tim cac can béc hai cua —a — bi
vaa- bi

2.65. Giai cac phuong trinh bac hai sau ddy trong tap hop cac sb phirc C:

a) -z +2=0 b) 22°-5z+4=0

2.66. Giai cac phuong trinh :

Q) Z+z+1=0 b) z2-zJ3+1=0

2.67. Trong C hay giai cadc phuong trinh sau day:

Q) X*-B-i)x+4-3i=0 b) 3x*2-2x3++/2=0.

2.68. Giai cac phuong trinh sau: a) x>+ 3ix+4=0 b) 2xX*—(4+ i)x=1

2.69: Giai cac phuong trinh z +1 =k trong cac trudong hop sau:
z

a) k=1 b) k=2
2.70. Giai cac phuong trinh trong C:
a) 22+z2=0 b) +2?+4 +2)-12=0

b) 1,2, —1+2J§i ’—1—2\/@

2.71. Lap phuong trinh bac hai ¢6 hai nghiém: z; =6 —3iva z, = .

2.72. Chtng minh rang:

Néu phuong trinh: a,z" + a4z + ... ayz° + a1 + a9 = 0 v&i cac hé s6 thue cd nghiém
la 4 thi zy cling 1a nghiém cua phuong trinh.

2.73. Giai cac phuong trinh trong tap C:

a) X*-3x*+4=0  b) x*-30x*+289=0

2.74. Giai phuong trinh trong C: x> +8=0

2.75. Cho phuong trinh 3z* — 523 + 32 + 42— 2=0

a) Chung to rang 1 + i la nghiém cta phuong trinh.

b) Tim cac nghiém con lai.

2.76. Giai phwong trinh z* + 4 = 0 va biéu dién tap nghiém trén mat phing phtrc.

2.77. Viét dang dai s6 ctia sd phtic sau:

a) ﬁ{cos(—%)ﬂ.sin(—%ﬂ b) 2(00337”+i.sin37”j
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oy L3
2 2

2.78. Biéu dién cac s phirc sau dudi dang luong giac: a) -1 + i

C) l_iﬁ
2 2

2.79. Tim s phtic z thoa : (1 —2z)(1 + 2i) + (1 —iz)(3—4i) =1 + 7i . Viét s6 phic z

dudi dang lugng giac.

2.80. Tim mot acgumen cua mdi s6 phirc sau:

a) —sin%—icos% b) 1—Sin¢+iCOS¢(O<(p<%)
2.81. Viét duéi dang lugng giac cia cac s6 phirc:

a) 1—itan% b) 1-cosgp—ising(p#k2r,k € 2)

2.82. a) Véi diéu kién nao thi moédun ciia tong hai sé phirc bang tong cac modun cia
hai s6 hang?

b) Khi nao thi modun cua tong hai s6 phirc bang hiéu cac modun cia hai sd
hang ?
2.83. Tim hé thirc lién hé gitra hai acgumen cua 2 s6 phuc zy, Z, : Arg z;
va Arg z, trong tirng truong hop sau:

a) 212,=k, k<0  b) zyz,=-i c) z;,=-32, d) :—1:2(cosg+isin%j
2

2.84. Tim s6 phirc z théa : |z|= H =[1-¢|

2.85. Trong c4c s6 phirc z thoa man didu kién : a) |z+1-i|<1 b) |z-5i|<3
tim cdc s6 ¢6 acgumen duong nho nhat .

c A N , . ., Ao 4, . L
2.86. Viét z; va z, dudi dang lugng giac roi tinh z;.z, va —+
ZZ

a) 21:1+i\/§ va z,=1+i.Suyra: cos% va sin%

b) z,=B+ivaz,=1-i.Suyra cos 2% vasin >~
12 12
2.87. Tim vi tri ciia nhiing diém biéu dién cac sb phirc cé:
a) Modun bang 2; 3. b) Acgumen bang Z,£,—£,3—”.
6 3 4 4
2.88. Cho A, B, C D 14 b6n diém trong mat phang phirc theo thir ty biéu dién cac s :
4+ 3+ B)i;2+(B+V3)i;1+3i va3 +i

Ching minh rang bon diém dé cung nam trén mot duong tron.
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2.89. Dung cong thirc Moivre dé tinh :
5 12
a) [cos—5+|sm E) b) {EJF [ ﬁ] c) (1+i)*.

2.90. Tinh gon:

1+i)" _
a) [cosz—isinzji5(1+«/§i)7 b) (+1) - c) 7+ 2%00 biét rang
3 3 (+3+1) z
z+1:1
Z
2.91. Tinh :
. . 1 i3
a) (L+i) b) & +&" Vo __i __1 N5
) (L+1) ) & +e; VO g = 2+ , =TT
) ) 1-i J3+i
2.92. Viét dang Iugng giac cac can bac hai cia so phuc: a) 7 b)

c) —/3-i

2.93. Tim nghiém phtc cia phuong trinh : z* — 1 =i

2.94. Véi n nguyén duong nao thi sd phuc: [47%) 1a s6 thuc, s6 ao.
-3i

2.95. Biéu dién cos’x.cos’x theo coskx.

2.96. Chiing minh :

a) Cl4+C'+C] +...=%[2” +2cos(n_32)”]; b) CZ+C°+C" +...=%(2” +2cos(n_34)7zj
2.97. Cho s6 phtrc dang lugng gidc z = r(cosg+ising)

Dit € =cosp+ising. Chimg minh :

a) z=re“ ;b) (r.e“”).(r'.e“/"): rr' e ) 2" =" e ;

ip + efi(p

C) cosp= ;sin3¢=%(33ingp—sin3(p)

2.98. Viét cac sb phirc sau dudi dang dai sé:

a) 7= 2i10 + i3 b) 7= i2007 + i2008

2.99. Viét duéi dang a + bi cac sd phtrc sau:

Q) z=(1+i)~(1-i) b) z=(2+i)(-1+i)(1 + 2i)
. 3 1 1

¢) z=(1+i\3) Q) 21

2.100. Tinh: a) (1 + 2i)° by 2+i) +(2-i)

2.101. Giai hé phuong trinh v&i an s6 thuc:
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@+D)x+@+20)y+@1+3i)z+ 1L+ 4i)t=1+5i
{(3—i)x+(4—2i)y+(1+i)z +4it=2—i

2.102. Cho hai sd phtcz=a+bivaz =a +bi

V6i diéu kién nao giita a, b, a ,b thi tich z.z cua chung 13 s6 thuc ?s6 40?
2.103. Tinh: a) (V3+i) ~(v3-i) ) (i) +(E-i)
(o

(Va-i)

2.104. Tim phén thuc va phan 4o cua s6 phic: z=(x +iy)*—2(x +iy) +5 (X, Yy € R)

¢) (V3+i) ~(V3-i) d)

Vi x, y nao thi sd phirc d6 1a s6 thuc?

2.105. Cho cdc s phirc: z; = 1 +1i, 2, = 1 - 2i. Hay tinh: 22.2,2,;22, ~2,;2,2, va 2

Zl
: ] 3 1+i m a+iva

2.106. Thuc hién phép tinh: a b) — C) —(— d

1O ISR PREP ) 2 )i o im a—iva
e) a_+|\/5

iva

2.107. Phan tich ra thira sd phirc : a)a®?+ 1 b)2a®+3  c) 4a’ + 9b?
d) 3a® + 5b?
2.108. Tim tap hop cac diém biéu dién cac sd phirc z théa man cac diéu kién :
a) [z+1+2i[<0  b) (1-i)z=(1+i)z  ¢) lg|z+i|<1 d) |z-2" +|z+2" =26

2.109. Tim tap hop diém biéu dién s0 phirc z: || = H =[1-¢]
z

2.110. Cho s phtic z = a + bi . Mot hinh vuong tam la géc toa d O, céac canh song
song voi cac truc toa do c6 do dai bang 4. Hay xac dinh diéu kién ctia a va b dé diém
biéu dién ctia z:

a) Nam trong hinh vudng b) Nam trén dudng chéo hinh vudng.

2.111. X/dinh tap hop cac diém M trén mphang phirc biéu dién cac sb phic
(1+i«/§)z+2, trong d6 [z -1 <2.

2.112. Xac dinh tap hop cic diém trong mit phang phirc biéu dién cac sb phirc z thoa
mén ting diéu kién sau: a) ‘Zi —22‘ =[2z-1  b) |2iz-1=2[z+3|

2.113. Tim céc cin bac hai cua s6 phic : a) 6 b)-2 DS:a) +/6 b) +/2i
2.114. Tim céac cin bac hai ctia s6 phirc : a) -5 + 12 b) —17-20V2i

2.115. Giai cac phuong trinh trong tap s phirc: a) x>+ 81 =0 by X —~x+2=0
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2.116. Giai cac phuong trinh: 8) Z2 - (3—i)z + (4—3i) =0

b) 3ix?—2x —4+i=0

2.117. Tim s6 phtrc B dé pt bac hai z° + Bz + 3i = 0 ¢6 téng binh phuong hai nghiém
bang 8.

2.118. Lap phuong trinh c¢6 4n s6 x ma x phai thoa mén: Néu s phtic z = x + iy 1a mot

nghiém cua phwong trinh z° + pz + q = 0, trong d6 p, q 1a nhitng s thyc.
2
2.119. Giai phuong trinh: a) z* — 2° + % +7+1=0

b) (z> + 3z + 6)* + 2z(z* + 32+ 6) -3z =0
2.120. Tim diéu kién can va du vé cac sb thuc p,q dé phuong trinh: z* + pz> + q =0
a) Chi c6 nghiém thuyc. b) Khong c6 nghiém thyc.  ¢) C6 cd nghiém thuc va
nghi¢m khong thyec.
2.121. Goi j 1a sb phirc c¢6 hé s6 a0 duong va théa min j° = 1.Chtng minh rdng moi sb
phitc  z=a+ bi déu viét duoc dudi dang z = x + yj v6i x va y thyc. Néu qui tac

A \ A < A Ja e r < A A 1 re r
cong va nhan hai so phirc dudi dang do6.Viét s6 — dudi dang do.
z

2.122. Dinh a dé phuonh trinh z°> — az® + 3az + 37 = 0 ¢c6 mot nghiém bang -1. Tinh
cac nghiém z; va z, con lai trong C. V& anh A, M, N cua -1, Z;,Z,. Tinh chét ctia tam
giac AMN?

2.123. Viét dang dai s6 ctia sé phuc:

a) cosx +isinz b) 2(cos%+isin4§j C) 2(cos%+isin%}

1.124.Cho z; = 5(cos%+isin§j, Z,= 2[cos37”+isin 3;) . Tinh zy, z,; |zl.zz|

va arg(z.2,).
2.125. Viét dang luong giac ctia sd phitc: —3—i;</3+i;4;-3i

2.126. Cho sd phurc 71,2, 6 mdt acgumen tuong tng 13 @, ¢, . Tim quan hé ¢, @, deé:

a)212,=k, k>0 b) 2,2, = 2i c)z;=3.2,

1

2.127. Viét cac s6 sau day duéi dang lugng gidc: a)z= ———
l+itang

b) z = 1+cosp+ising

2.128. Ching minh moi s6 phirc z #-1 ma moédun bang 1, déu co thé dat dudi dang :

Z= T—:I 2trong do t 1a mot s6 thuc nao do.
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2.129. Tim tép hop cac diém M biéu dién sb phurc z biét ring mot acgumen cua
Z+i 3

——ban

zZ—1i 3

2.130. a) Xét cac diém trong mit phang biéu dién cac sd 2 + 1, 3 + i dé chung minh
N % 1
rang néu tan a = >
tanb= Lvéia,b E(O;Z thia+b=2.
5 2 4

b) Xét cac diém trong mit phing phtrc biéu dién cac s6 2 +1, 5+ 1, 8 + i dé chung

minh rang néu

tana—ltanb—ltanc—lvcnabce[ jth|a+b+c:z
2 3 8 2 4
2.131.Tinh gon : a) (1 +1)® b) (\/§—i)n C) [l+cos%+isin%)

2.132. Tinh gon: a) (1;3/5}20 b) [1_\/§—ij24 0 ( 1+|\/_) (—1—i\ﬁ)

2 (1-i)” (1+i)”
2.133. Viét dang luong giac cac can bac hai cia sb phirc:  a) 1 +1+/3 b) _\1/;
2.134. Tim nghiém phirc cua phuong trinh: a) x° + 2i = 2 b) (x+2)°+1=0.
2.135.Choz= 11'_{5 Timn eN"dé: a)z"1a s thuc. b) z" 1a s 4o.
2.136. Tim tong hiru han: a) C —%Cﬁ +éC§3 —2—17Crf +—... b)C}+C!+C*t+—..
2.137. Biéu thi: a) sin 7x theo sinX, COSX. b) tan 6x theo tan x

2.138. Tim phén ao cta s6 phirc z biét :

(1) 1)

2.139. Tim modun cua sd phtic Z+1Z

(1-+/3i)’

1—i

Biét sb phuc z thoa man Z_

2.140. Trong mp toa d6 Oxy tim tap hop cac diém biéu dién sd phirc z thoa mén :
lz—i|=|@A+i)z|
Huéng din giai bai tap chuong 1
2.8. Pua sb phuc sau vé dang luong giac:
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1) z=1+i
Giai
Dang luong giac: = r(cose+isin g)
r=\2
{\/ECOS(DZ:L
=

\/Esingpzl

z
4

T . . T
Z=42(Ccos—+iSsin—
J2( 7 2

A

Vay
2) z=-1+i

Gial

Dang lugng giac: z=r(cosgp-+ising)
r=v2

{«/ECOS¢ =—1 37

=Sp=""
J2sing =1 4

Vay z =«/§(cos37”+isin 377[)

3) z=1+i3
Giai

Dang lugng giac: z=r(cosgp-+ising)

r=2

2cosp =1 P
=>@p=—

2sinp =3 73

Vay z=2(cosZ+isinZ
dy ( 3 3)

4) 7=-1+i3

Giai

Dang lugng giac: z=r(cosgp-+ising)

r=2

2c0sp =-1 2
> p=—

2sinp =3 Y73

Vay z= 2(cos%r+isin 2?77)
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2.9. Tim dang mil cta sd phuc:

1) z=2i

Giai

Dang mi: z=re"
r=2

{ZCOS(/’:O:NP:Z
2singp =2 2

Vay z=re?

2) z=-2

Giai

Dang mil: z =re"
r=2
2C0sp =—2

{Zsin(p:O -

Vay z=re"”

3) z=i+3

Giai

Dang mil: z =re"
r=2

{Zcow:ﬁ:(p:z
2sinp =1 6

Viy z= rei%

4) z=i-3

Giai

Dang mil: z =re"
r=2

{Zcos‘.go:—\@: (/):5_7r
2sinp =1 6

£
Vay z=re ©

2.10. Tim phan thyc va phan ao cta sd phic
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2-31 i-2

1) z= - :
1+21 4+1

Giai
,_(2-3)-2) (i-2)(4-i)
O (L+20)(1-2i)  (4+i)(4-i)
4T 6i-7
= +
5 17
_ _103_89,
85 85
103 89
Re(z)z—g, Im(z) =——
3i+2 2i-1
= Pl —
2+1  4-i

2) z

Giai
L= (Bi+2)(2-0)  (2i-1)(4+i)

2+)(2-1) (@-1)E+i1)

_ 7+4i 7i-6
5 17
_ 89 103,
85 85
89 103
Re(z)_g, Im(z)_g
2.11. Thyc hién phép tinh
) i
(2i+5)(i—4)
Giai
4-3 4-3i
(2i +5)(i—4)’ (2i+5)(15-8i)
_ 4-3i
91-10i

_ (4-3i)(91+10i)
(91+10i)(91—10i)

394 233

8381 8381

2) 1- 2i)_(5+ 4i)?
2i—3

Giai
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(1-2i)(5+4i)* _ (L-2i)(9+40i)

2i—-3 2i—-3

_ 89+22i
~2i-3
_ (89+22i)(-3-2i)

(21-3)(-3-2i)
_223_244,

13 13
2.12. Tinh gia tri ctia biéu thirc
1) Z=(1+i)_2(4—5_i)

(2+1)(8-31)

Giai

__2i(4-5i) _ 10+8i _ (10+8)19-2i) _ 206 132
T (2+0)(8-3i) 19+2i (19+2i)19-2i) 361 361

2) 7= (2i .+3)(1'— 4i)?
(4i+5)(i-9)
Giai

,_ (2i+3)(-15-8i) _ 29+54i _ (29+54i)(49-31i) _ 3095 1747
(4i+5)(i-9)  49+31  (49+31)(49-31) 3362 3362

_ (6i-1)°(3+4i)

3) z : -
(21 +5)(1—-6)
Giai
,_ —(35+121)(3+4i) _ 57+176i _ (57+176i)(-7i+32) _ 3056
~ (2i+5)(i-6) 7i+32  (7i+32)(-7i+32) 1073
2) ,_ @+ 2)E-i)’
21+3
Giai
,_ @+ 2i).(24—10i) - M+ 38i _ (44+3;8i)(§—2i) — 16421
21+3 21+3 2°+3

2.13. Tim modun cua sb phitc z =1+4i +(1- i)3

Loi gidi: Vi (1-i)’ =1 ~3i +3i ~i* =1-3i ~3+i=—2-2i

Suy ra: z=-1+2i=|z|= 1f(—l)2 +22 =5

2.14. Cho hai sb phirc: z, =+/3-5i; z, =3-i. Tinh 2 va
ZZ

Z

Z,
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Lo giai: & - V3751 (Y3-5i)(B-1) g4/ _2_ i

n i (Boi)(Br) e

2.15. Goi z; va z, 1a hai nghiém phirc ctia phuwong trinh: z°+2z+10=0.
Tinh gid tri ciia biéu thirc A = |z,|" +|z,["
Loi giai: Ta co: A=1°-10 = -9 = 9i°
Phuong trinh ¢6 cac nghiém: z; =-1-3i;z,=- 1+ 3i
Taco: |z]° +z,] =(-1)" +(-3)" +(-1)" +3* =20
2.16. Tim s6 phtc z thda méan: ‘z—(2+i)‘ =10 va z.2=25
Loi giai: Patz=a+bivédia, b e | ,tacé:
22=25 a’+h?=25 a?+b* =25
- g . = 2 2
z—(2+i)|=+10 (a-2)+(b-1)i[ =10 (a-2) +(b-1)" =10
_{a=3
a’+b*=25 b=4
& &
2a+b=10 a=>5
b=0

Vay ¢6 hai s6 phitc can tim: z=3 +4i ,z=15+ 0i

2
2.17. Cho sb phitc z = 4 - 3i. Tim 222
Z

Loi gidi: z2+2% =(4-3i)+(4+3i)° =11-27i

_ z+2° 11-27i  (11-27i)(4-3i) -37-141
7 4+3i 42 +3 25

2.18. Giai phuong trinh sau (an z): z+27 = (1+ 5i)2
Loi giai: Gia st z=a+bi; z+27 =(1+5i)’
= (*) < a+bi+2(a—bi)=1+10i + 25i°

. . 3a=-24 a=-8 .
< 3a-hi=-24+10i = —z=-8-10i

-b=10 b=-10
32 343
2

2.19. Tim cin béc hai ctia s6 phirc sau: z=— 5
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Lo giai: Taco: z=— cos—+ isin—
2 4 4

3J§+i3\/§_[\/_ \/_] ( 37[)
Suy ra z c6 hai can bac hai la:
w = f[cos(—+k2—ﬂj+isin(3—ﬂ+k2—ﬂﬂ (k=0;1)
2 8 2

. _ 37 .. 3x
+ Khi k=0=>w= ﬁ(cos?ﬂsm?]

. _ K4 .. (3rx
+ khi k=1= w= ﬁ{cos(?wzjﬂsm(?wzﬂ

= \/_[cos—ﬂsmllT”j

2.20. Tim céc cin béc hai cta sd phirc: z = 21— 20i
Lo giai:
Goi x+Vi (X yej )lamotcan bic hai cua z.
2,2 — 1
Taco: i 7 21 @)
2xy=-20 (2)

10
(2) oy=-2
X

Thay y_—E vao (1) ta dugc: x° —@:21
X X2

< x*-21x* -100=0
SxP=25<x=15
X=5=2y=-2,Xx=-5=y=2
Vay s0 phtic di cho ¢6 hai cin bac hai 1a: 5-2i va -5+ 2i
* Cach khac: z=25-2.5.2i +(2i)" =(5-2i)’

Vay s0 phtic di cho ¢6 hai cin bac hai 1a: 5-2i va —5+2i

2.21. Giai phuong trinh: 2> -2(2+i)z+(7+4i)=0

Loi giai: Ta c6: A =-35-12i. Ta tim c4c cin bac hai x+vyi cta A':
(x+yi) =-35-12i & {;‘1;5_:2_35

Do d6 ta giai dugc 2 can bac hai 1a: —(1-6i);1—-6i

nén phuong trinh ¢6 hai nghiém: z, =3-4iva z, =2+2i

2.22. Giai phuong trinh sau trén £ (an z): z*+22° - 22 +22+1=0
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Lo giai:

7' +22°-7"+22+1=0 22+i2+2(z+1j—1=0 (doz #0)
z z

< 1 1
batw = z+== 7>+ = =w’-2, ta dugc:
z z

2 2 W=1
W -2+2w-1=0w +2w-3=0<
w=-3
, 1 1
Do d6: z+==1 (1) hay z+==-3 (2)
z z
+ Giai (1) & 2°-z+1=0

Ta co: A=1_4=_3=(\/§i)2

Vay phuong trinh (1) ¢6 hai nghiém phan biét: z, = “f' 2, = 1‘—2J_?"
+ Giai (2) < 2°+3z+1=0.Taco: A=9-4=5
Vay phuong trinh (2) c6 hai nghiém phén biét: z, = _3;\/5 127, = _3_2\/5

Tém lai phuong trinh di cho c6 bon nghiém:

, LB 148 3+5. _-3-45

S S

2.23. Giai phuong trinh sau trén £ (an z): 2z* —22° +22+22+2=0

Loi giai: 2z* -22°+2°+22+2=0< 2(22 +i2j—2(z —1j+1: 0
z z

9 1 1
batw=z-==7"+= =w’+2, ta duoc:
z z

2(w2+2)—2w+1=o@2w2—2w+5=0
+ Giai: 2w* —2w+5=0(*)
Taco: A =1-10=-9=(3i)’

Vay phuong trinh (*) c6 hai nghiém phan biét: w, = 1+—23|;W2 = 1_—23I
Do do: z—lzﬂ(l) hay z—izﬂ(Z)
z 2 z 2

+Giai (1) & z2° —[1+—23|jz—1:0<:>222 —(1+3i)z-2=0

Taco: A=(1+3i)° +16=8+6i

Sb phitc z=x+Yyi (x,ye; )lacin bac hai cia A=8+6i khi va chi khi
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2_ 2 _
2* =8+6i < (x+ yi)2 =8+6i < x* —y* +2xyi :8+6i<:>{)2( y6 ’ ()
Xy =

x2—%=8 x*—8x*-9=0 x?=9

Giai (**) < o od 3 o] 3
y=> Y7X X
X
X=+3 {x=3 {x:—3
& 3 < hay
y=""ly=t"ly=-1

Suy ra c6 hai can bac hai cia A la 3+i va 3—i

1+3i+3+i L 1+3i—-3-i

Vay phuong trinh (1) c6 hai nghiém: z, = — =1+i;z, =

+ Giai 2) < 7° —(1_—23']2—1:0<:>222—(1—3i)z—2:0

Taco: A=(1-3i)’ +16=8—6i

S6 phitc z=x+Yi (x,yei )lacin bac hai cia A=8-6i khi va chi khi

2 . -\2 - 2 2 . . X2_y2=8
2 =8-6i < (Xx+Yyi) =8-6i < x*—y* +2xyi =8-6i & ) 6 (***)
Xy = —

xz—i:8 x*—8x2-9=0

2
Gidi (***) < X3 T

Xx=3
X2=9 X=%3

= 3& 3&

y:—; y=—; {X=—3
y=1

Suy ra ¢6 hai can bac hai cia A la —3+i va 3—i
Vay phuong trinh (2) c6 hai nghiém: z, = 1
Toém lai phuong trinh da cho c6 bon nghiém:

1

. 1 1., y 1 1.
z, =1+1;2, :_E+EI 2, =1-1;2, :_E_EI

Z,+7Z,=2+3i

1.24. Giai hé phuong trinh sau trén tap sb phtrc:
* P & P SOP {zf+z§:5—m

Z,+7Z,=2+3i

Loi giai: hpt <
Slat: b {zl.z2 = -5+8i

1-3i43-i _, . _1-3i-3+]
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Z, va Z, 14 2 nghiém phuong trinh: Z%- (2 + 3i)Z -5+ 8i =0
Co A = 15-20i =[5 (2-i) |

Z, =(1+\/§)+ 3—2J§i
Z, =(1—\E)+3+2\/§i

1.25. Trong mit phing toa do Oxy, tim tip hop diém biéu dién cac sb phirc z thoa mén

diéu kién
\z—(3—4i)\ =2

Loi giai: Patz=x +vyi;x,y € j , taco:

2—(3-4i)|=2 & |(x=3)+(y+4)i|=2 < |(x-3) +(y+4) =2

= (x—3)2 +(y+4)2 =2

Vay tap hop cac diém trén mit phang phirc biéu dién céc sb phirc z = x + yi théa man
diéu kién da cho 1 dudng tron tam 1(3; -4); ban kinh R = 2

2.26. Tim tap hop cac diém bicu dién s6 phurc z thoa méan diu kién: 2|z —i|= ‘z —7+ Zi‘
Loi giai: Goiz=x+yi(X,y € | )

Ta co: 2|z—i|:‘z—2+2i‘

& 2x+(y-1)i[=|(2+2y)i|

= 2\/4’x2 +(y-1) :\/(2+2y)2

1.,
= y:Zx

2.27. Trong mit phang toa do Oxy, tim tip hop diém biéu dién cac sd phiic z thoa
man diéu kién

|z (51-2)|=2

Loigiai: Patz=x+tyi(x,y € )

Tac6:z-51+2=(x+2)+(y-5)i

Suy ra: |z (5i-2)| =2 \J(x+2) +(y-5)’ =2 (x+2) +(y-5)' =4

Vay tap hop cac diém biéu dién sé phirc z 1a duong tron tim I(-2; 5), ban kinh R = 2.

(-

(1+i)5

2.28. Viét s6 phirc sau dudi dang dai s6: z =
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Loi giai: + Xét z, :(ﬁ_i):Z[g—%iJ:2{008(—%)+i5in(—%1|
=7, =29{cos(—g—”}risin(—gir }=29(cos— isin ”j
6 6 2
+ Xét 22:(1+i):\/§[i+iiJ: [cos |sm7[}
2 2 4
:zgz(ﬁ)s(cos%ﬂsm%j 4«/_(COST+IS'V‘STE)

32:2—2:64«/5{003(—3%) |S|n[ H 64J_( %—%ij:—64—64i

2.29. Viét dang lugng giac cua sb phirc z=1—+/3i

Loi gidi: 7 =1—+/3i = 2[%-?@ _ 2{cos(—%}+sin[—%)i}

)2010

2.30. Viét duéi dang lugng gidc roi tinh: (1+i

Lo1 giai: (1+i)2010 = (ﬁ)m (cos 2010” +isin 20207[)

= 21005(cos£+isin fj
2 2

— 21005 (0 + |) — 21005.i

1-i3
\/§+i

2.31. Tim dang luong giac cta sé phtic sau: z =

Loi giai:

ﬁ_z[;fi}_z[cos(’é)“sm(’éﬂzl[cos(_gjmm(-gﬂ

VB }(@ﬂ‘ 2[cosg+ismﬂ

(\/E B %i )2008

2009
. T .. b«
SIN——1ISIN —
3 6 j

2.32. Tim phan thyc va phan 4o ctia sb phirc sau: z =

-

oar ]

2009 2009
.. T .. b« T .. T
SIN——1ISIN — COS——1ISIN —
( 3 6) ( 6 6)

Loi gidi: z =

46



Giao trinh Todn cao cap

{2\/5 [cos(—’é}risin(-’;}gjzwg ] (2 ﬁ)mg {COZSO(WZO?%]”S? 0(()920(;3;;)}
EEEE e ST S

(243 2008 coS 20087 N 20097 visinf - 20087 N 20097
3 6 3 6

= %12 {cos(——%;ﬂj +isin (——6629”ﬂ =-2%1%j

Do d6: phan thyc bang 0; phan 4o bing -2°"

2.33. Cho sb phtic z=a+bi (a,bej ). Hoicac sd sau day 1a sb thuc hay s6 ao:

2 —\2
RTARY: Z +(z)
_ by -_"\%)
a) : (Z) ) 1+277
Loi giai:
a) 22—(z)" =(a+bi)’ —(a—bi)* = 4abi 1a sb a0
22+(z)° (a+bi) +(a-bi)* 2(a°+b)

= = 14 s th
1+ 77 1+(a+hbi)(a—bi) 1+a’*+b’ a 50 He

b)

2.34. Tim phan thyc va phan 4o cta sb phirc z =2010i%® + 2009i2°°

Loi giai: z =2010i +2009i%% = 2010(i?)*** i +2009(i%)'*® = 2010i — 2009

= phan thyc va phan ao

2.35. Giai phuong trinh sau trén tap hop s phirc: z —-2(1+2i)z+8i=0

2.36. Tinhz+z vaz. z véi:

a) z=2+3i b) z=-5+3i.DS: a)4val3 b) -10 va 34
2.37. Tim phan thyc va phan 4o cta cac sd phtic sau

a) (4-)+Q2+3i)-(B+i) b Q+i¥-(L-i)> ¢ @+i}¥-@-i)’

i 2 +i
d) —-——
1+i I
PS: a)lvil b)0vas c) -16 va 37 d) ﬁ2_3va Zﬁ—zl—ﬁ
2.38. Tinh :
1+itanx a+bi 1+i) 1-i) -1
a) - b - c)( _)7 d) ( _)5
1-itanx a—bi (1-i) 1+|) 1
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2 2 -
DS: a) cos2x +isin2x  b) :2 ;EZ + azzj—bbz c) 2 d) —1-32
N . 3 A 3
2.39. Tinh: a) (1+I)H (v6in 13 s6 nguyén duong)  b) —£+£ i—ﬂ .
(1-) 2" 2 )2 2

PS: a) -2i"™  b) 1*'2*5
2.40. Gia sit 6= 2+ 330 tinh -

2 2
a) (a+be+ce’)(a+bs®+cs)  b) (a+b)(a+bs)(a+bs’) )
(a+bg+c<92)3+(a+bg2 +C£)3

2 1 i\/§ R
d % +be)(be? HD: Péy: s?=—=-——"vag’=1
) (ag + 5)( & +a5) ey: ¢ > vag

a) a® + b?+ c?— (ab + bc + ac) b) a® +b?
c) 2(a° + b® + ¢*) — 3(a’b + a’c + b%a + c%a + c?b) + 12abc d) a*—ab + b?

2.41. Giai cac hé phuong trinh sau véi x, y, z 1a sb phirc
(3—i)x+(4+2i)y=2+6i 0 (2+i)x+(2-i)y=6
(4+2i)x—(2+3i)y=5+4i (3+2i)x—(3-2i)y=8

bS: a)x=1+1,y=1 byx=2+1i,y=2-1

2.42. Tim cac sd lién hop véi

a) Binh phuong cua chinh n6. b) Lap phuong cua chinh nd.
PS:a)0; 1; Ly V3.1 B gy g
2 2 2
2.43. Cho sd phtic z = x + iy (x, y thudc R). Tim phan thuc va phan ao cia cac sd
phtrc:
a) 22— 27 + 4i p) 2L
iz-1

—2xy o, yP-x*-1
2 2Va 2 2
X+ (y+1) X“+(y+1)

PS: a) x> — y? — 2x va 2(xy — y + 2); b)

2.44. Giai cac phuong trinh sau (an z) :

a) 2+_' z:_l+_3' b) ((2—i)§+3+i)(iz+i}=0. bS: a) £+ii
1-i 2+i 21 25 25

2.45. a) Chimg minh : i***" =(-1)"i,k e N;i** =(-1)" ,k e N.

b) Gia st z, =i* +i%**,k e N . Tinh tong z + Zys1 . PS: b) 0.

2.46. Thyc hién cac phép tinh :

b) -1+i
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3+i 1+2i)2 -@-i)? 2+ +(@2-i)

. _ .

) (1+i)(1—2i)'b)(3+2i)2—(2+i)2’C)(2+i)3—(2_i)3’ d @-1

DS: @) 2+2i b)) 24 2i o) -=i ) -117-44i
5 5 34 17 11

2.47. Cho hai sé phtc z=a+bivaz =a +bi
a) Voi diéu kién nao gitta a, b, a, b thi tong cua ching 1a sb thuc ? s6 40?
b) Ciing cau héi trén dbi voi hiduz — 7 .
DS:a) z+z lasdthucnbub=-b ,lasdaonéua=-a , b=-b'
b) z—z lasbthucnbub=b ,lasbaonéua=a, b=b'.
2.48. a) Vi diéu kién nao giita a, b thi binh phuong ctia z = a + bi 1a s thyc, s6 40?
b) Ciing cau hoi trén ddi voi 2°.
HD: a)z?=a?—b?+ 2abi.
72 1a s6 thuc néua=0hoicb=0hoica=b=0.
Z? 14 s6 thuan 4o néu |a =|b| = 0
b) 2% = a® — 3ab’ + (3a’b — bd)i
22 1asd thuc néu b = 0 hodc b = 3a°

Z21asdaonéua=0, b=0 hoica®=3b% b=0.

2.49. X4c dinh tap diém biéu dién sd phtic z théa man : a) z=a-+ai,acR b)
1 ..z,

——laso ao

z-i

DS: a) Puong thing y = x b) Tryuc a0 Oy trur (1)

2.50. Xac dinh tap diém biéu dién sd phtrc z thoa mén :

a) Z’lasdthucam  b) |z—i+2+|z+i[=9. DS: a) Truc thuc Ox tir gbc O.  b)

Elip

2.51. Tim tap hop cac diém biéu dién sé phirc z = x + yi véi x, y thudc R va théa man :
X+y<1

a) 1<|z|<3 b) y
Xx>0,y>0

1.52. Chitrng minh rang :

a) Binh phuong ciia hai s6 phuc lién hop ciing 1a lién hop.

b) Lap phuong cua hai s6 phtc lién hop ciing 14 lién hop.

¢) Lily thira bac n cta 2 s phuc lién hop ciing 14 lién hop.

2.53. Cho z = a + bi. Chimg minh |z|v/2 > [a] +|b|. Khi nao thi dang thirc xdy ra?  DS:
b=+a

2.54. a) Cac diém A, B, C va A, B, C' trong mit phang phtc biéu dién theo thir ty cac

A

SO :
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1-i;2+3i;3+iva3i;3-2i;3+2i.CMRABCvaABC la2tam giac cd cung
trong tam.

b) Biét cac sb phirc biéu dién bai ba dinh nao d6 cuia mot hinh binh hanh trong mit
phing phirc , hay tim sb biéu dién boi dinh con lai.

HD: b))z, +2y,-23,2,+ 23— 21,23+ 21- 25

2.55. a) Xac dinh tap hop cac diém M trong mit phang phirc biéu dién céc s6 phirc z =
X + i

X,y € R)thoa mén diéu kién 7% +(z =0
( )

’ \ \ —\2
b) Tim s6 phitc z thoa man dong thoi cac dieu kién : z° +(z) =0va

HD: a) 22 +(E)2 =2(x*-y’). Suy ra z° +(E)2 =0 x2=y?
Vay tap hop can tim 13 hai dudng thang : y= +X

Z—_:lp) =1<> x =2 nén ¢ hai s6 phtrc thoa man dé baila:z; =2(1 +i)vaz, = 2(1 -
Z_

b)

1)

2.56. A, B, C, D 1a bén diém trong mit phang phuc theo th ty biéu dién cac s6 :
1420, 1+3+i,1+3-i,1-2i

Chtng minh rang ABCD 1a mt tir giac ndi tiép duong tron. Hoi tim dudng tron d6
biéu dién s phirc nao?

HD: vi mdi cdp s6 1 + 2i, 1 — 2i v& 1++/3+i,1++/3—i 12 cdp s6 phirc lién hiép nén hai
diém A, D va hai diém B, C d6i xtmg qua Ox; phan thyc cia hai s dau khac phan
thuc ctia hai sb sau nén ABCD 1a mét hinh thang can . Do d6 no 1a mot tir gidc noi tiép
duodng tron c6 tam J nam trén truc ddi xtng Ox; J biéu dién s thuc x sao cho :

‘\L]‘X‘ :‘\LJLIJB‘ < [1-x+2i| :‘1—X+x/§+i‘ < x=1. Tir d6 suy ra tim duong tron biéu dién :
z=1

* Cach khac: AB biéu didn sé phitc </3—i, DB bidu dién s6 phirc /3 +3i. Ma

\/j;ts:' —J3inén AB.DB=0 .
T/tu (hay vi li do d/x qua Ox), DC.AC =0.Tir d6 suy ra AD la mét d/kinh cta d/tron di
qua cac diém A, B, C, D.

2.57. Tim céc cin béc hai cta s6 phitc: a) z=200 b) z=-13. DS: a) +10+/2

b) +iy13
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2.58. Tim céc cin béc hai cta s phirc:
a) 3+ 4i b) 1-2iV21-2iV2.  BS: a) +(2+i)  b) i(ﬁ—i)

2.59. Tim céc can bac hai cia moi so phire sau:

a) -1+4J3i  b) -8i. PS: a) i(\/§+2i) b) +(2-2i)
2.60. Tim céc cin béc hai ctia sd phitc: a) -8 + 6i b) -8 —6i c) 8-6i
d) 8+ 6i

bS: a) £(1+3i) b) +(1-3i) c) £(3-i) d) +(3+i)

1.61. Goi z 1a cdn bac hai cia 4 + 1, z 1a can bac hai cia4 —i. Tinhz + z.

DS: £y8+ 217, +iyJ-8+ 2417

2.62. Tlmsophuczmaz =-1i. BS: C6 3 sb phuc : i, ﬁ—l;—ﬁ—l
2 2 2 2
2.63. Tim sb phirc z ma z* = -1. PS: C6 4 s6 phtc : g(lii)vag(—lii)Z

2.64. Cho z =a + bi ¢6 cac can bac hai 1a £(m+ni). Tim c4c can béc hai cua —a — bi
vaa-— bi
bS: +(n—mi)va+(m—ni)

2.65. Giai cac phuong trinh bac hai sau ddy trong tap hop cac sb phic C:

Q) -z +2=0 b) 22°—5z+4=0 (Tt nghiép THPT 2006)
bS: a) z:lihﬁ b) z:Silﬁ
2 4
2.66. Giai cac phuong trinh :
a) Z+z+1=0 b) z2-z3+1=0 I-DS:a)z:_lle'\/§ \/_i%

2.67. Trong C hay giai cac phuong trinh sau day:
a) X -(3-i)x+4-3i=0 h) 3x*/2-2x3+2=0. BS: a)2+i;1-2i b)

£+ £
2.68. Giai cac phuong trinh sau: a) x>+ 3ix+4=0 b) 2>~ (4 + i)x =1
DS:a) x;=i;X;=-4i b) x;= % A+ \/59?;+23J+% 1+ \/59'3;—23 :
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2.69: Giai cac phuong trinh z +l =k trong cac truong hop sau:
z

a) k=1 b) k=2 bS: a) z= 1ii2\/§ b) z= 72(1ii)

2.70. Giai cac phuong trinh trong C:
a) 22+2=0 b) (Z+2)°+4(F*+2)-12=0
HD: Dit z = x + yi ddn dén hé phuong trinh hai 4n x, y:

. 1 .3 1 .43
Kétqua:z;=0;2,=-1;23= =“+i—;z,=——i—

&t qua: z; 2 3 2+ , =5 5
b) 1.2, —1+2\/23| | —1—2«/23|

2.71. Lap phuong trinh bac hai c6 hai nghiém: z, = 6 — 3iva z,=1. DS: z°— (6 — 2i)z
+6i+3=0

2.72. Ching minh rang:

Néu phuong trinh: anz" + a4z + ... ayz? + a1z + g = 0 v6i cac hé s thue c6 nghiém
la z, thi zy cling 1a nghiém cuia phwong trinh.

2.73. Giai cac phuong trinh trong tap C:

a) X'~32+4=0 b) x*~30x%+289=0 DS:a)x=i77J_rl2 b) X = +4+i
2.74. Giai phuong trinh trong C: x*+8=0
, 3 2 X=_2 X=_2
HD: Tac6: X° +8 =0 < (x+2)(X* —2x+4)=0 | ", =N
X2 —2x+4=0 | x=1+i\3

2.75. Cho phuong trinh 3z* — 523 + 32 + 42 -2 =0
a) Ching t6 rang 1 + i 1a nghiém ctia phuong trinh.
b) Tim cac nghiém con lai.
14413, _13-1
6 ' 6
2.76. Giai phuong trinh z* + 4 = 0 va biéu dién tdp nghiém trén mit phang phrc.
HD: Tacd: z'+4=(z*+2i)(zZ*-2i)=0

Nghiém cua 7> +2i=01a cAc cin bac hai cia -2i, 30 1a: zy = 1 —i, z, = -1 +i

bS: b)Zzzl—i;Zgz-

Nghiém cta z* — 2i = 0 1a cac can bac hai ciia 2i, d6 1a: zg =1 +1i, 24 = -1 —1i
Vay ' +4=0co4 nghiém z,, 2,, 23, 24 .

2.77. Viét dang dai sb ctia sd phtic sau:

a) ﬁ{cos(—%jﬂ.sin(—%ﬂ b) 2(cos%+i.sin37”j
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09 ol sl e

2
b) 2[coss—+|sm3—ﬂ =2 —ﬁﬂﬂ =2 +i2
4 4 2 2
U S , iy ., . 1 \/3_’
2.78. Biéu dién céc s phtrc sau dudi dang luong giac: a) -1 +1 b) _E+ i -
C) l_iﬁ
2 2
3 T .. T
bS: a cos—+|sm— b) 8| cos=+isin— C
) V2 cos 2 isin ¥ ) [ 0057 +isin | )
2r . . 2&
COS— +1i.5in—
3 3

2.79. Tim s6 phtic z théa : (1 —z)(1 + 2i) + (1 —iz)(3—4i) =1 + 7i . Viét s6 phirc z
dudi dang lugng giac.

3 6. 3J’

bS: ZZ_E_E' —=(cosp+ising) trong d6 : cosp=-—=

2 3z
Sinp=——r<p<—

1
5 E 5
2.80. Tim mot acgumen ctia mdi sd phic sau:

. T . T ) ] T 5 T
a) —sin=—icos— b) 1-sinp+icose(0< @<= PS:a) - = :; b) =-
) g g ) @ p(0<g 2) ) g ) 1

NS

2.81. Viét dudi dang luong giac ciia cac sb phuc:
a) 1—itan% b) 1-cosgp—ising(p+#k2r,k € 2)

HD: a) Tacé:

T Sinz 1 T T 1 T T
l-itan==1-i S _ (cos——isin—j: {cos(——)ﬂsin(——ﬂ
5 cosX  cos” 5 5 cos~ 5 5
5 5 5

b) 1-cosp—ising = 25|n2§ 2ISII‘1%COS%

2.82. a) Véi diéu kién nao thi modun ciia tong hai s phirc bang tong cac modun cia
hai s hang?

b) Khi nio thi modun cia tong hai s6 phirc bang hi¢u cidc modun cua hai s6
hang ?
PS: a) Néu hiéu hai acgumen bang 2k 7, k 12 s6 nguyén.

b) Néu hiéu hai acgumen bang =+ 2k, véi k nguyén.
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2.83. Tim hé thirc lién hé giita hai acgumen cua 2 s phuc zy, z, : Arg z; va Arg

Z,trong tirng truong hop sau:

a) 21z,=k, k<0  b) zyz,=-i c) z;=-32, d) i:Z(coszﬂsian
z, 3 3
DS: a) Argz, + Argz, =z +k27x b) Argz, — Argz, =_%+k27,
T
C) Argz, =+ Argz, + 2kz d) Argz, +Argz, =3+ K27

2.84. Tim s6 phirc z théa : |z|= H =[1-¢|

2.85. Trong c4c s6 phirc z thoa man didu kién : a) |z+1-i|<1 b) |z-5i|<3
N LA . . 1A . 12 16.
tim cac s6 c6 acgumen duong nhé nhat. BS: a)z=1 b) ?+€|

< A N , . ., X o4, . L
2.86. Viét z; va z, dudi dang lugng gidc roi tinh z;.z, va —+
ZZ

a) 21:1+i\/§ va z,=1+i.Suyra: cos% va sin%

b) 21=\/§+ivé122: 1-1i. Suyra COS% vasini—z

2.87. Tim vi tri ctia nhitng diém biéu dién cic so phirc co:
T

a) Mddun béng 2; 3. b) Acgumen bing %5—%

3z
4
DS: a) Cac duong tron tam O va ban kinh R =2, R = 3.
b) D6 1a cac tia khong ké gbe O, 1an luot 14 : Oz;, Oz,, 025, Oz,
2.88. Cho A, B, C D 1a bon diém trong mat phéng phtc theo thur tu biéu dién cac sb :
4+ 3+ 3)i;2+(B+3)i;1+3i va3 +i
Chting minh rang bon diém d6 cing nam trén mot duong tron.
HD: Céch 1: Pua vé bai toan toa do; Cach 2: Du doan tAm 1(3 +31)
Céch 3: Chung minh géc lugng giac:
2.89. Dung cong thirc Moivre dé tinh :

a) (cos%ﬂsin%)5 b) (%+I§J c) (1+i)®. PS: a) %”g b) 1

c) 256
2.90. Tinh gon:
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1 -\10
a) (COS%—iSiﬂ%)i5(1+\/§i)7 b) % c) 220+ 2%00 biét rang
3+1 z
z+1:1
Z
bS: a) 128i b) -1/16 c) -1
2.91. Tinh :
D (L+0)  b) e ael voi ot V3 1 W8 oo
2 2 2
22(cosn—ﬂ+isinn—ﬂj b) 2c0s 2%
4 4 3
, , 1—ij \/§+|
2.92. Viét dang luong giac céc can bac hai cua s6 phuc: a) — b) -

VA
c) —/3-i

bS:a) z, :cos(—z}risin(—zj va z, :—cos[—ﬁj—isin(—zj
8 8 8 8

b) z, = cos= +isin-—— VA 7, =—C0S- —isin——
12 12 12 12

Tr .. Ix R 1
C) z,=+2| cOS—+isin— va z cos—+|sm—
) & J_( 12 12] 2= \/_( 12}

2.93. Tim nghiém phtc cia phuong trinh : z* — 1 = i

2.94. Vi n nguyén duong nao thi sd phirc: ( 7+ I_j 1a s6 thuc, s6 ao.

4-3i

HD: [ 7+i_Jn :(\/E)n (cos%ﬂsin%{j

4-3

S6 @6 14 s6 thue < sinnTﬂ =0< n=4k (k nguyén duong)

Sb d6 13 s6 40 <> c0s' =0 n=4k+2 (k la sé nguyén khong am)
2.95. Biéu din cos’x.cos®x theo coskx.
DS: cos’X = %(COSSX +5c083x +10c0sX ) ; cos®x = 3—12(cos6x +6c0s4x +15c052x +10)

2.96. Chung minh :

n-2 n—4
a) Cﬁ+Cf+CZ+...=%(2”+2cos( 3)7[}; b) C§+C§+Cf+...:%[2”+2cos( 3)7[j

2.97. Cho s6 phtrc dang lugng gidc z = r(cosg+ising)

55



Gidao trinh Todn cao cap

Dit e =cosp+ising. Chimg minh :
a) z=re" ;b) (r.ei‘”).(r’.e“”') =1 @) z2" =" e"™; C)

ip + efi(p

Cosg =T;sin3 @ =%(3sin @—sin3p)
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Chuong 2
PHUONG TRINH VI PHAN

2.1. Phwong trinh vi phan cap 1

2.1.1. Khai niém phwong trinh vi phan cip 1, nghi¢m tong quat, nghiém riéng,

nghiém ky di.
Pinh nghia: Phuong trinh vi phan cép 1 1a phuong trinh ¢ dang:
F(x,y,y)=0 1)
trong do: « x 12 bién s6 doc lap

« y = f(x) 1a ham s6 phai tim
« y’ 1a dao ham cip 1 ctia ham sb y = f(x)
Chu y: Néu giai duoc phuong trinh (1) di v6i y’ thi phwong trinh s& c6 dang:
y =f(x, y) @
Vidul: 1)y + xy=xsinx 1a phuong trinh vi phan cap 1
2) yy’ + x°

Nghiém ctia phwong trinh vi phan 1a moi ham s thoa man phuong trinh Ay, tic 1a

+ y* =0 1a phuong trinh vi phan cép 1

moi ham sb sao cho khi thé n6 vao phuong trinh ta dugc mot dong nhat thirc (= 0)
Giai mot phuong trinh vi phén tire 1a tim tat ca cdc nghiém cua phuong trinh do.
Nghiém tong quat cua phuong trinh vi phan cép 1: y° = f(x , y) 1a ham s6 co

dang: y=0(x,C), CeR
Nhiéu khi ta khong tim dugc nghiém tong quéat cua phuong trinh (2) duéi dang y

= ¢(x , C) ma tim duoc mot hé thirc: d(x , y ,C) = 0, nd xac dinh nghiém tong quat

dudi dang an. Hé thire y dugc goi 1a tich phan tong quat ciia phuong trinh (2).

Khi thay C bang mdt gia tri Co xac dinh (C = Cg) thi ham s6 y = o(x , Co) duoc goi

Ia nghi€ém riéng cua phuong trinh (2).

Phuong trinh (2) ¢6 thé c6 mot sd nghiém khong nam trong ho nghiém tong quat,

nhiing nghiém ay duoc goi 1a nghiém ky di
Piéu kién y = f(x) lay gia tri yo khi X = X, dugc goi 12 diéu kién ban dau va

X=Xq = yO

Vidu2: y” + 4y =¢* 1a phuong trinh vi phan cip 2, c6 nghiém la:
y = C; cos2x + C,sin2x (Cy, C, € R)  (Sinh vién ty chirng minh)

dugc viétla: y

Luwu y: img véi mdt cdp gid tri Cq, C, ta dugc mdt nghi€ém cua phuong trinh vi
phén, nghiém nay dugc goi 1a nghiém riéng cua phuong trinh vi phin Gng véi gia tri
C.,C,.

Vi du 3: Giai phuong trinh vi phan: y’ = cosx (1)
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Giai:

Tacd:y= [ y'dx = cosxdx= sinx +C
Choy =2 khi x:% , ta co:

2:sin%+C<:> c=1

Két luan: y =sin x + 1 1a nghiém ctia phwong trinh (1) théa méan diéu kién da cho
. T

y=2khi x= r

2.1.2. Pinh Iy ton tai va duy nhit nghiém.

Cho phuong trinh vi phan cp 1: vy’ =f(x, y) (2)

Gia st f(x , y) lién tuc trong mot mién D nao d6 ctia mit phang Oxy va gia sir
(X0,Yo) 1a mot diém nao d6 thudoc mién D. Khi d6: trong mot lan can nao do cua diém
X = Xo , t0n tai it nhat mot nghiém y = f(x) ctia phuong trinh (2) 14y gia tri yo khi x =
Xo

Ngoai ra, néu dao ham riéng 2—(X, y) cling lién tuc trong mién D thi nghiém do la
X

duy nhét.
Bai toan tim nghiém cua phuong trinh (2) thoa man diéu kién ban dau, con dugc
goi 1a bai toan Cauchy cua phuong trinh (2).
2.2. Mt s6 phwong trinh vi phén cip 1
2.2.1. Phwong trinh v6i bién s6 phéan ly
Pinh nghia: Phuong trinh c6 bién sé phan li 1a phuong trinh ¢6 dang :
f(x).dx =g(x).dy
Cich giai: 14y nguyén ham 2 vé, ta duoc:
[f().dx = [g(y).dy hay F(x) =G(x) +C
trong d6: F(X) 1a nguyén ham cua f(x)
G(y) la nguyén ham cua g(y)
Vi du: Giai phuong trinh: (1 + x)ydx (1 —y)xdy =0
< (+x)ydx = (y—-Dxdy

Néu x.y=0 < x #0, y #0 >thi chia 2 vé ctia phuwong trinh cho x.y ta duoc:

et
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1 1
=N j(l + —jdx = f{l— —jdy
X y
< x+hx =y-Iny +C
< Injx] +Infy+x-y=C
< Inlxy| + x — y = C 1a nghiém tong quat cia phuong trinh
Néu x =0 hodc y =0 ciing la nghiém cta phuong trinh va 13 nghiém ky di
ChU y: Phurong trinh khuyét dang:y = f(x) hodc 'y = f(y) ciing la nhitng nghiém
ciia phirong trinh ¢é bién sé phan li.
2.2.2. Phwong trinh ding cap cip 1
Pinh nghia: Phuong trinh thuan nhat 1a phuong trinh ¢6 dang: y = f(X) 4
X
Cach giai:
bat: y_ u(x) trong dé u = u(x) la mot ham sé bién x

= y =uX,y =1f(u)
Léy dao ham hai vé theo x, ta duoc:
Y=Yy, U +Xu,
may = f(u)

Suyra: u+xu' =f(u)
= x.d—u =f(u) —u
dx

o xdu=(f(u)-u)x

Néu f(u) —u=0th —Ju 9
f(u)—u X
= Injx|=] W _ o) +Inc (C la héng 56 khéc 0)
f(u)—u
— |X| — ecD(u) +In[C]
— eln\C\ _e‘D(U)
_ ®(u) \ A N ” 1
= ‘C‘.e (®(u) 1a nguyén ham cua )
f(u)—u

= x=Ce®™
Suyra: y=ux = C.u.e®"
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: x =Ce®"
Vay: Nghiém tong quat cia phuong trinh 14 :

y =C.ue®™
Néu f(u)=u thi du=0
= u=C (Clahing sd)

= Y=c = y=Cx

X
Nghiém cua phuong trinh 1a y=Cx
Con néu f(u)=u tai mot s6 hitu han diém u =u, thi ta c6 thé dé dang chimg
minh dwgc ham sé y = u X ciing la nghiém ctia phuong trinh.
Cha y: Phuong trinh dang:
P(x,y)dx + Q(x,y).dy =0 *)
trong d6 P(X,y) & Q(X,y) la hai ham sb thuan nhét ciing bac, thi phuong trinh
(*) ciing 12 phuong trinh thuan nhat.
Changhan: 1)  (2xy—5y®)dx+(3y* —xy)dy =0
2) (x* —2y?)dx — (x* +4x*y)dy =0
Vi du 1: Giai phuong trinh : (y —x)dx+ (y +x)dy =0

= dy _x=y
dx Xx+vy

- yl:X_y
X+Yy

Pit y=ux, u=u(x)la mot ham sé bién x

y'=u+x.u' U
Taco: X—UX 1-u = U+XU'=——
'= = 1+u
X+ux 1+u
du 1-u _u*+2u-1
dx 1+u u+1

d—X+ (U+du

= —— =
X U +2u-1

LAy nguyén ham 2 vé, ta duge: Injx|+In|u? +2u -1 =In|C]

=N In([x\ql‘uz +2u —]J)z In|C|
=N [Xy/|u? +2u—1 =|C]

< [x?u? —2ux? —x?|=C?
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ma y=ux

— y2—2xy—x2‘=C2

= Yy -2xy—-x*=C (C lahingsd)

Két luan: Nghiém tong quat ciia phuong trinh 1a:

Vi du 2: Giai phuong trinh: y'=
Giai :
Taco: y'=>Y_1X
2x 2y
pit: u=2
X
Khi d6 y=ux
y'=u'x+u (%)
Theo 1 talaico: y':gu_il
2 2u
Tu (*) va (¥*) suy ra:
' 3 11
UX+u=—-u-—==
2 2u
2
= ux:l[u_l)_lu -1
2 u/ 2 u
2
= ﬂxziu -1
dx 2 u
_, 2du _dx
u?-1 X

2.2.3. Phuong trinh tuyén tinh
1) Dinh nghia:

Phuong trinh tuyén tinh 1a phuong trinh c6 dang:
y + p(x).y = q(x)

3y? —x?

2Xy

(**)

trong d6 p(x), q(x) 1 nhitng ham s lién tuc.

Vo —2xy—-x*=C

Phuong trinh tuyén tinh dugc goi 1a thuin nhat néu q(x) = 0

Phuong trinh tuyén tinh dugc goi 1 khéng thuin nhat néu q(x) = 0

2) Cach giai:

Dé giai phuong trinh (5), trudc hét ta giai phuong trinh thuan nhat tuong mg:

y +px).y=0

y=0:(5") < dy
y

")

= - p(x).dx
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d
o j7y= [-p(x).dx

e In]y| =[-p(x).dx+InC|  (C#0 la hing sb)

Y| _
Inj= =—|p(x).dx
o C‘ [p(x)
PN ‘X‘ _ e—jp(x).dx
C

< f=iged

o y=ce e

= y=C. g [P0 (6)
y =0 ciing 1a nghiém cua phwong trinh (5% va la 1 nghiém riéng cua (6)
ung véi C = 0.
Viy: Nghiém tong quat caa (5°) 1a; y =C. g [P0
Pé tim nghiém ciia phwong trinh (5), ta coi C ¢ phwong trinh (6) la

mot ham s6 d6i véi bién x (tirc 1a C = C(x)) :

Tacé: y=C.el"™"
— y'=C. e—jp(x)-dX_ C.p(x) e—jp(x).dx
Thay vao phuong trinh (5): Yy + px).y = q(x)

= e P L ep). e TP 4 p.ce TP = qrx)
= . eI =g
o C=q. ejp(x).dx
-

C= J[Q(X).ejp(x)dxjdx +K (K 12 hing s6 tuy ¥)
Thay vao (6), ta dugc: y = [I(q(x).ejp(x)dx)dx + KJ . e‘fp(x)-dx
— y=K. e—Jp(x).dx +ejp(x).dx.J'(q(x).e.‘-p(x)dx)dx
Két luan: Nghiém tong quét cia phurong trinh (5) 1a:
y =K. e Jroos ygfreon [ (CI(X)-eI p(X’dxjdx (6°)

Chu y: Phuong phép giai trén duoc goi 1a phwong phdp bién thién hang sé
Lagrange.
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Nhén xét:
S6 hang tha 2 (efjp(x)'dx : J.(q(x).ejp(x)dxjdx) trong vé phai cua (6) 12 nghiém riéng
cua phuong trinh (5) ing vo1 K = 0.

S6 hang thtr 1 (K. e_j p(X)'dx) trong vé phai cta (6°) 12 nghiém tong quat cua phuong
trinh thudn nhét trong tng (5°)

Tom lai:

Nghi¢m tong quat ciia phwong trinh tuyén tinh khéng thuin nhat bing
nghiém tong quat ciia phwong trinh thuin nhat twong \ng cong véi mot nghiém
riéng nao d6 cia phwong trinh khong thuin nhit.

Pé giai phwong trinh tuyén tinh khong thuin nhit: y’ + p(x).y = q(x) ta lam
nhuw sau:

Xét phwong trinh thuin nhat twong wng: y’ + p(x).y =0

= Tim nghié¢m tong quat ctia phwong trinh thuin nhat twong ving : y =
el

Coi C = C(x) 1a mt ham s6 bién x:

Tacs: y=C.e /P00*

= y'= . e 1PO% e px) e TP

Thay vao phuong trinh (5):  y’ + p(x).y = q(x)

= C. e PO L cpx). e PO 4 p(x).c.e P = g(x)

L g

= Tim dwge C

Két luan: Thay C vira tim dwoc vao nghiém tong quat cia phwong trinh

thuin nhat twong ng, ta dwgc nghiém tong quat ciia phwong trinh ban diu.

Vi du 1: Gidi phuong trinh: vy ‘—Ll =X+2 1)
Giai:
Phuong trinh thuan nhét tuong tng 14 :
Y
- _0
y x—1
= dy_ Y
dx x-1
= dy_ dx
y x-1

= Inly|=In|x-1+In]c|

63



Gidao trinh Todn cao cap

= In|y|=In|c|[x-1]
= y=c(x-1
Vi du 2: Giai phwong trinh :  (X*+1).y’ + x.y =- X
Ta co:
y = -1 la m4t nhiém riéng clia phuong trinh (2).
Phuong trinh thuan nhat tuong tng 1a:
(xX*+1).y’ +x.y=0
dy X

= — =-——.dx
y X“+1

= Injy| = -%In(x2 +1)+In|C|

€]

2

SN Inly| =In
X +1

1a nghiém tong quét ciia phurong trinh thuan nhat.

C
Vx?+1

Két luan: Nghiém tong quat ciia phuong trinh (2) la: y= ¢

x2 +1

Vi du 3: Tim nghiém cua phuong trinh: (x*+1).y +xy =1
thoa man diéu kién: y| =2
Giai.
Phuong trinh thuan nhat tuong tng 1a:
(x* +1).y + xy =0
dy _ X

= — =- :
y X% +1

= Inly| = -%In(xz +1) +In|C|

= Inly| = In

(C 1a hang sb)

Nghiém tong quat ctiia phuong trinh thuan nhat tuong tng 13 : y =

2)

1

x?+1

Coi C = C(x) 1a mot ham sb bién x. Ta co:
C
X2 +

y:

|
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~ y=Cc_Lt +c__*

B VX2 +1 \/(x2+1)3
Thay vao phuong trinh: (x?+1).y +xy =1

¢ =1

1 X
-C + X =
VX +1 1/(x2+1)3J VX2 +1
& Cxt+1-c =2 C =1

+ X =
Jx2 +1 Jx2+1

= (X +1){c‘

o CAx?+1=1
< C= 1

VX7 +1
o C=In(x++/x?+1)+K (K: hingsd)
Vay: Nghiém tong quat cua phuong trinh khong thuan nhat la:
y= In(x + M)+ K
X7 +1

«o=2 thay vao, ta duogc:

”_ In(0++0+1)+K
- Yo+t

Theobaira: vy

Két luan: Nghiém can tim la: y=

2.2.4. Phuong trinh Bernouli
Pinh nghia: Phuong trinh Bernoulli 1a phuong trinh c6 dang:
y +p(x)y = a(x) y* (00#0,1)
ChU y: Néu o =0 hodc o = 1 thi phuong trinh trén trd thanh phuong trinh tuyén tinh.
Cach giai:
Véi y # 0, chia2 vé cho y* ta duoc :
y ™y + p(Xx).y=qg(x) (*)
Dit: 7=y = z=(l-a)y“y
Thay vao (*) ta dugc:  zZ'+(1—a)p(X).z = (1—a)q(x)
Pay 1a phuong trinh vi phan tuyén tinh cip 1 ddi v6i z.
Giai phuong trinh nay ta tim dugc z, sau do thay vao tim y=?
V61 y =0 cling 1a nghiém cia phuong trinh (*) va l1a nghiém ky di cua phuong
trinh.
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2
Vi du: Giai phuong trinh y' + —1y + (1+x)°’y*=0
X+

Véi y # 0, chia 2 vé cho y? ta dugc:

S 2 _
Yoy o+ vy + (1+x)*=0 (1)
X+1
Dit: z=y* = z=-yly
Suyra: (1) = -z' + iz + (1+x)°=0
x+1
: 2 3
S ' - —z = (1+x) (1)
x+1

Pay 1a phuong trinh tuyén tinh cép 1.

Phuong trinh thuan nhat tuong tng 1a:

2

z' - —z=0
X+1

dz 2
& —=—12

dx x+1
P %:idx

z x+1
SN Injz| =2Injx+1+In|C|  (Cla hing sd)
o z=C.(1+x)?
Coi C=C(x) laham s bién x. Ta cé:
z=C.(1 +x)?
= 2 =C.(1+x)* + 2C.(1+X)

Thay vao (1°) ta duogc:
C*(x+1)? + 2C(x+1) - %C(Xﬂ) = (x+1)°
+

= C’ =x+1

2
= C=%+K k 1a hang sb

2
= zZ= ((X ;1) + KJ(X +1)°

4 2
- Z:(x+1) +2K(x +1)

2
4 2

Vay: Nghiém téng quat cua phuong trinh (1’) 1a: z= (x+1) +§K(X +1)
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. . 1
ma zZ=Y hay y=-=
VA

2
T (X+D)* +2K(x +1)?
V61 y = 0: cling 1a nghiém cua phuong trinh, do 1a nghiém ky di.
2.3. Phwong trinh vi phén cép 2

Suyra: y

2.3.1. Pinh nghia phwong trinh vi phin cip 2, nghiém tong quat, nghiém riéng
Pinh nghia: Phuong trinh vi phan cap hai la phuong trinh c6 dang

F(x v,y y") =0 1)
Néu giai duoc phuong trinh trén d6i v6i y", thi né sé c6 dang:
y'=f(xy, yv') (2)

Nghi¢m tong quat cia phuong trinh (2) 1a ham sé y=¢(x,C,,C,) trong d6 Cj,
C, 1a nhitng hing s.

Hé thue ®(x,y,C,,C,) = 0 x4c dinh nghiém tong quat cta phwong trinh (2) dudi
dang an, va dugc goi 1a phwong trinh tong quat ciia no.

Khi cho C; = a ; C, = b thi nghiém y=d(X,a,b) dugc goi 1a mot nghiém riéng cua
phuong trinh (2)

Vidu: 1) V.y'+ v 24y y +x2.y? =0

2) y" - 2Y = xcosx 1a phuong trinh tuyén tinh cap 2
X

2.3.2. Pinh 1y ton tai va duy nhat nghiém
Cho phuong trinh:  y" =f(x,y, y') (2)

Néu f(x,y, V') ; Z—;(X, v, V') & 88_;' (X, y, v') lién tuc trong mot mién D nao do

trong R°& néu (x,,Y,,Y,) 1a mot diém thuoc mién D thi trong mot 1an can nao d6
cia diém x = x, , ton tai mot nghiém duy nhit y = y(x) cta phwong trinh (2) thoa
min cac diéu kién: y x, = Yo : y'
Ta thira nhan dinh ly nay.
2.3.3. Phuong trinh Khuyét
1) Phuong trinh khuyéty vay’: F(x,y”) =0

X=Xg = yO

Cach gidi:
Pit: p=y = F(x,p’) = 0 Day la phuong trinh vi phéan cap 1, ta giai tim duoc p
, sau d¢ thay vao tim y ="?
Vi du: Giai phuong trinh:  x = (y?)° +y” + 1
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bat: p=y
= x=(p)’+p +1
bat p’=t
__ 2
, X=t+t+l dx = (2t +1)dt

Taco: dp

ot dp = tdx

dx
= dp=(2t* + t)dt

= p:§t3+%t2+c1

ma y =p, dx=(2t+1)dt
= y :jde

= | (§t3 +%t2 +C,)(2t +1)dt

= j(ft4+§t3 +1t2+2(:lt +C,)dt
3 3 2

= yzit5 +£t4 +lt3 +Ct? +Ct+C,
15 12 6
Viy: Phuong trinh tham sb cta tich phan tong quat cia phuong trinh di cho 1a:
X=t*+t+1
y :it5 +£t4 +1t3 +Ct? +Ct+C,
15 12 6
1) Phwong trinh khuyét y: F(x , y’, y”) =0
Cach giai: Dat y’ = p, ta duogc: F(x,p,p’) = 0 day la phwong trinh vi phan

cap 1 ddi véi p. Giai phuong trinh ndy tim p , sau d6 thay vao tim y="?
Vi du: Tim mét nghiém riéng cia phuong trinh

X2) y” _ Xyazz
théa man cac diéu kién: y| =0 ; y| =0
Gidi:
bat: y=p — y'=p' tacé: (1-x)p’-xp = 2 day la phuwong trinh tuyén

tinh cap 1 dbi voi p.
Phuong trinh thuan nhat tuong tng 1a:
(1-x)p —xp = 0
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dp xdx
= — =
p 1-x?
N In|p|=—%ln(1—x2)+ln|K| (K 13 hang sd)
= p= K
1-x?
Cho K = K(x) 1a ham s6 bién x, ta co:
2 :
K'=— = K =2arcsinx +C,

V1-x?

Trong d6: (C, 14 hing sd)
2arcsinx +C,

Suyra: p=

V1-x2
2arcsinx +C,
Vay _'[ N ax (C1, C, 12 hang sd)
2SS y = (arcsinx)* + C,.arcsinx + C,
Theo bai ra:
Véi y|, =0 = C,=0
Véi y'|,,=0 = C,=0

Keét luan: nghiém riéng can timla : y = (arcsinx)2

3) Phwong trinh khuyét x:  F(y,y’,y”")=0

Cach giai: bat y'=p
. dp dpd . d d
= y'= PP y P y'=p. P
dx dy dx dy dy

Thay vao phuong trinh : F(y,p, pd—p) =0 day la phuong trinh cip 1 d6i véi p
y

Vi du: Giai phwong trinh  2y.y”’ = y’? + 1

_Gdp _dp dy p@

bat = =
' yop Cdx dy “dx dy

Thay vao ta duogc:

2.y.pg—5: p?+1
o dy _ 2pdp
y 1+p’
< Injy|=InfL+p?[+In[C,|
< y:C1(1+p2)
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= dy =2C,dp

. . dy
ma =y'=—>
p=Yy X
o = _2GPAP o6 g
P p
= dp—idx
2C,
X
=——+C
= P oc,

Viy: nghiém téng quat ctia phuong trinh 1a :

2 2
yCll(%+C2J +1}Cl+w

1 4-Cl
Dglt 2C1C2 =-a , 2C1: p

Khi d6, nghiém tong quat ciia phuong trinh c6 dang:

2p(y—§) = (x—a)?

ChU y: Nhitng phuong trinh cap 2 khuyét con duoc goi 1a nhiing phwong trinh
gidm cdp dwoc, vi c6 thé dé dang dua chung vé nhitng phuong trinh cép 1.
2.3.4. Phwong trinh vi phan tuyén tinh cdp 2 thuin nhat

Do 1a phuong trinh c6 dang: y’ + p(x).y +qx).y=0 (2)

Pinh 1y 1: Néu y,(x) va y,(x) 1d 2 nghiém cta phuong trinh (2) thi

A

C,.yi(X) + C,.y»(x) cling la nghiém cua phuong trinh d6, trong d6 C, & C, 14 2 hang
5.

Churng minh:
Vi yi(X) va y,(x) 1a nghiém cua phuong trinh (2) nén:

y’1 + p(x)y’1+ q(X). y1 =0

y’2+ p(x).y’2 + d(X). y2 =0
Nhan dong trén voi Cy va dong dudi vai C,, 161 cdng 2 vE cua chung lai, ta duoc :
= (Coyrt Coy2)” + p(x)(Coyr + Cay2)” + q(x)(Ciy1+ Cayz) =0
= C1y1(x) + C,y,(x) cling 1a nghiém cta phuong trinh (2).
Pinh nghia 1: Hai ham s6 yy(X), Ya(x) duoc goi 1a ddc 1ap tuyén tinh trén doan

[a,b] néu ti sb &(X; # k — hing sb trén doan d6. Nguoc lai, hai ham d6 goi 13 phu
Y, (X

thudc tuyén tinh.
Vi du:
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- Hai ham s6 y = sinx va y = cosx ddc lap tuyén tinh trén R

sin X

vi === =tgx # hangsd.
COS X
- Hai ham s6 y=2.¢* va y =5. €*la phuy thudc tuyén tinh
Vi 2.ex =2 hang sb.
5.
Pinh nghia 2: Cho ham sé y; (X), Y(x). Pinh thic:
y. 'y : .
yi yz = Yi¥o — Yo Ya

duoc goi 1a dinh thive Wronsky cia yy, Y, va duoc ki hiéu 1a W(y, Y,) hay vén tat
la W néu khong s¢ nham 1an.

Pinh li 2: Néu hai ham s y;1(X) va y,(x) phu thudc tuyén tinh trén [a, b] thi

W(y1, ¥2) = 0 trén doan do.

That vay, vi y, = Ky, véiklahangsénén y, =ky,, do do
Yo Yol Y. Ky, Yi Vi
Vi Yol Iye ki v ow
Pinh li 3: Cho yi, Y, la 2 nghiém cta phuong trinh tuyén tinh thuan nhat (2). Néu

W(y,.Y,) = =k =0

dinh thitc Wronsky W(y3,Yy1) khac khong tai mot gia tri X = Xo nao d6 trén doan [a;b]
(trén d6 cac hé sd p(x), q(x) 1a lién tuc) thi né khac khong vdi moi x trén doan do.
Chitng minh:
Vi yi(X), Y2(x) 1a nghiém cua phuong trinh (2) nén :
yi7 + p(x).y1” + q(x).y1 =0
Y27 + p(x).y2” + q(x).y2 =0
Nhéan dong trén voi (- Y,) va dong dudi véi (yi) , 161 cong 2 ve€ lai voi nhau, ta

duoc :
(V1-Y2 = Y2.¥1) +P(X)-(Y,Y, —Y,Y:) =0 *)
ma W=y.y,—Y,Y,
= W'=(Y,Y; —YoYs) = ViV +YaYs — (VoY +Y.Y5) = YaYs — VoY

Suyra: (*) & W’ + px).W =0

dw
< — =—p(x)dx
W =P

= InW|=—]p(x)dx~+In[C]

71



Gidao trinh Todn cao cap

= In

W X
?‘ =— j p(x)dx
- Tp(x)dx
= W=Ce © (**)
Thay X = X, ta dugc : C = W(Xo)

—jp(x)dx
Suyra: W=W(X,).e "
Theo gia thiét: W(x,)#0 = W(X)#0 , Vxe[ab] (dpcm)
Hé qua : Néu W(yy,Y,) =0 tai x=x, [a,b] thi W(y.,y,) = 0 tai ¥x e[a,b]
Pinh li 4: Néu cic nghiém y; , Y, cua phuong trinh (2) 1a doc 1ap tuyén tinh trén
[a,b] thi dinh thic Wronsky W(y1,Y») khac khong tai moi diém cua doan ay.
Chitng minh:
Gia st W = 0 tai mot diém nao d6 cua doan [a,b] theo dinh 1y 3 thi:
W=0 trén doan iy
= VY. —Y.Y, =0, vxe[ab]

Tai nhitng diém cta doan [a,b] 6 d6 y; =0 , ta co:

(y_} _YYamYY 0
Y, y: y:
= Yo _ k ,klahang sd, tai nhitng diém ay

2
Diéu nay mau thuin vdi gia thiét y; & y, doc 1ap tuyén tinh.
Vay: W =0 |, Vvxelab]

ChU y: tai nhitng diém cta doan [a,b] & d6 y; = 0, ngudi ta dd chimg minh duoc

Y2 cling 1a hang sé.
Y1
Pinh li 5: Néu yy1(X), Y»(X) 1a 2 nghiém doc 1ap tuyén tinh ctia phuong trinh (2) thi

nghiém téng quat ctia phuong trinh (2) la:

y = Cr.y1(x) + Ca.y2(X) (2’)
trong d6: Cy, C, 14 nhiing hang sb tuy y.

Theodinhli1l, y =C)y, + C,y, ciing la nghiém cta phuong trinh (2)
=y, co thé

Ta can chung minh rang véi moi diéu kién ban dau vy, xx, = Yo y' -

tim dugc nhitng héng s6 Cy, C, dé nghiém Cyy; + Cyy, tuong ing thod man céac diéu

kién ay.
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Thé cac diéu kién ban dau vao (2°), ta duogc:
{yo = Clyl(XO) +C,y, (Xo)
ylo = Clyll(xo) + Czylz (Xo)

day 1a mot hé hai phuong trinh dai sé tuyén tinh ddi v6i Cy, C,

2.1)

Ta c6: Pinh thirc ctia ma tran hé sé la:

Yi(Xo)  Y2(X)
Yi(Xo)  Y2(X,)
do chinh la gié tri cua dinh thae Wronsky W(yy , Y2 ) tai x = xo , N0 khac khdng vi yy,

yo doc lap tuyén tinh.

Suyra: D#0 = Hg(2.1)co nghiém duy nhit C; , C,

Vay: c6 thé xac dinh dugc C;, C, & Cyy, + C,y, thod man cac diéu kién ban
dau cho trude. Do d6 (27) 14 nghiém tong quat ciia phuong trinh (2).

Vi du : Phuong trinh y” + y = 0 ¢6 2 nghiém riéng la y, = cosx, Yy, =sinx, hai
nghiém 4y doc 1ap tuyén tinh.

Vay nghiém tong quat ciia phuong trinh 1a y = C,cosx + C,sinx, C; va C, la
hai hang sd tuy y.

Chu thich 1. Néu yy(X) va Y,(x) 1a hai nghiém phu thudc tuyén tinh ciia phuong
trinh (2), tic 12 y,(X) = Ky,(x) véi K 1a mot hang s6 nao d6. Do d6, biéu thic
y=(Cy,(X) +C,y,(x), C; va C, la hing sd tuy y, c6 thé viét 1a
y = (C,K + C,)y,(xX), n6 thy su chi phu thuoc mot hang sé tuy y nén khong la
nghiém tong quét ctia phuong trinh (2).

Chu thich 2. Pinh 1i 5 cho thdy muén tim nghiém tong quat cta phuong trinh
tuyén tinh thuan nhat (2), chi can tim 2 nghiém riéng doc 1ap tuyén tinh cia n6. Nhu
chung ta s& thay & phan dudi, c6 phuong phap dé tim duoc 2 nghiém riéng doc 1ap
tuyén tinh ctia phuong trinh trinh tuyén tinh thuan nhat v6i hé sé khong ddi. Nhung
d6i v&i phuong trinh tuyén tinh thuin nhit c6 hé sb bién thién, khong co phuong phap
tong quat dé giai quyét van dé do. Tuy nhién, dinh li sau day cho ta cach tim nghiém
tong quat cuia phuong trinh tuyén tinh thuan nhét voi hé sb bién thién néu ta biét trude
mot nghiém riéng khac 0 cua no.

Pinh li 6: Néu di biét mot nghiém riéng y1(X) =0 ctia phuong trinh (2), ta c6 thé
tim duoc mot nghiém riéng y,(x) ctia phuong trinh d6, doc 1ap tuyén tinh véi y(x), ¢6
dang: y»(x) = y1(X). u(x)

Churng minh.

bat y =y, (x).u(x).
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Ta can tim u(x) sao cho y = y,(X).u(x). thod min phuong trinh (2).

Taco

y=yu+yu ; y'=y,u+2y.u'+yu"
Thé vao phuong trinh (2), ta dugc:

y+py+qy=0

= (yju+2y,u+ yu)+plyiu+y,u)+ay,u=0

= YU+ 2y, +py,)u' + (iU + py; +ay;)u =0.
ma y, + py, + qy, = 0, vi y; la mdt nghiém ctia phuong trinh (2).
Suyra:

y,u" + (2y, + py,u)u’ = 0 day la phuong trinh cép 2 d6i v6i u, khuyét u
Pit u’ =v, ta duoc phuong trinh cap 1 d6i voi v:
Y.V + (2y, +py,)v=0
hay

v _ (@ pyax
1
Lay tich phan hai vé:
In|v] = —2In]y,| - | p(x)dx = —2In]y,| +¢(x)+In|C|

@(x) 1a mot nguyén ham nao do6 cua —p(X)

e(P(X) . e‘P(X)
Vay: v=_C,——=Cg(x), vl g(X) =—5-.
Y 1
Do d6
u=_C,[g(x)dx=CG(x)+C, vViw =v)

trong d6 G(x) 1a mot nguyén ham cua g(x).
Ta duoc:
y =[C,G(X) +C, ]y, = Cy,G(X) + Cyy,.
Chon C, =0, C, =], ta dugc Yy, =Yy,G(X), d6 1a mot nghiém cuia (2), doc lap

o(x)

#0

tuyén tinh véi yy, Vi (ﬁj = G'(X) =g(x) = €
y

1

2
1

Vi du: Tim nghiém tong quat cia phuong trinh
(L— x*)y" + 2xy' — 2y = 0. 3)
Dé théy réng y1 = X 1a mdt nghiém riéng. Tim mot nghiém riéng khéc, c6 dang
Yy, = X.U(X). Thé vao phuong trinh da cho, ta dugc:
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u"x(l — x*) + 2u' =0.
batu’ =v,tacd
V'X(@A-x*)+2v=0
hay
dv _ 2dx

Y x(1 -x%)

Lay tich phan hai vé, ta dugc

1-x? 1
V = KlTZ Kl(F—lj

K1 1a hang s6 tuy y. Chon K; = -1 ta duge v = 1—%, dodo u=x + 1 +K,.
X X

Chon K2=O,taduqc u:x+1 = y, =XxUu=x*+1.
X

Hai nghiém y, = X, y, = x? +1 laddc lap tuyén tinh, nén nghiém tong quat ciia
phuong trinh la
y = Cx +C,(X* +1),
Cy. C, la hai hing s tuy y.
Cha thich. Ciing c6 thé tim y, tir cong thirc (**). Chia hai vé cua cong thic ay

cho y?, ta dugc:

o (&j A A e e

ox \ Yy, A y:

L %[ Loeleranik
Y1 Yi

ma Yo u(x)
1

= ux)=] %Ce_j””‘“dwr K

Yi
Chon C=1, K=0, ta duoc
Y, =Yy,u= ylj %-ejp(xmxdx (22)
1

Nhw viy néu phuwong trinh (2) ¢6 mdt nghiém riéng 1a y,(x) thi nghiém tong

quat cia né la :
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y=Cy, +C,y, | % e 1Pe%gy (2.3)
1
Vi du: Tré lai vi du trén. Phuong trinh (1 — Xz)y" + 2y = 0, c6 mot nghiém riéng
|a y; = x. Chia hai vé ctia phuong trinh cho (1 —x?), ta théy p(x) = 13’; ~, dodo
~ [p(x)dx = [~ dx = In(x? 1)
x -1
= Y,= 'fyilze_j"“)‘“dx=j%e'”(xz‘l)dx = J'X;_ldx =X +%

Theo cong thire (2.3) ta duogc:
y =CX +Cx(x + 1) =Cx + C,(x* +1).
X
2.3.5. Phwong trinh vi phan cap 2 tuyén tinh khong thuin nhat.
Phwong phap bién thién hing s6 Lagrange
1) Pinh nghia: D¢ 1a phuong trinh c6 dang:

y* + p(x)y’ + a(x)y=*f(x) 1)
Pinh li 7: Nghiém tong quat ctua phuong trinh khong thuan nhat (1) béng tong

cia nghiém tong quat ctia phuong trinh thuan nhit twong tng (2) véi mot nghiém
riéng niao d6 cuia phuong trinh khong thuan nhat (1).
Chung minh
Goi 9 13 mot nghiém tong quat cua phuong trinh (2), tic 1a:
y'+ p(x)Y +a(x)y =0
Y 1a mot nghiém riéng nao d6 c'ta phuong trinh (1) , tic la:
Y"+p(X)Y'+q(x)Y =1(x)
baty = 9 +Y.
Tacoy'=y'+Y' ;  y'=y+Y"
Thé vao vé trai phuong trinh (1), ta dugc :
VT = y"+p(X)y' +a(x)y
= V +Y" +p(x) (y'+Y')+ q(x)(y_/+Y)
= [y + ey +a09y] + [Y" +p0) Y + a(x) Y]
Theo gia thiét:
Y+ p(x)Y +q(x)y =0
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Y'+p(X)Y'+q(x)Y =f(x)
Suyra: VT=1(x) = y"'+pX)Yy +q(x)y ="f(x)
Vay: y = )_/ + Y cling 1a nghiém ctua phuong trinh (1).
Vi 9 phu thudc hai hing sé tuy y nén y = )_/ + Y ciing phu thudc hai hing sb tuy ¥.
Do d6, c6 thé chimg minh né 1a nghiém tong quat cua phuong trinh (1) nhu trong chimg
minh dinh 1i 5.
Pinh li 8: (Nguyén li chdng nghi¢m)
Néu y,(x) 12 mdt nghi¢m riéng ciia phwong trinh:
y'+p(X)y' +q(x)y =f,(X) va y,(x) l1a m¢t nghiém riéng cia phwong trinh
y'+pX)Y +g(xX)y=F,(x) thi y=y,(X) +Vy,(X) l1a mdt nghiém riéng cuia
phwong trinh y" + p(X)y' + q(X)y = f,(x) + f,(X).
Chutng minh
Ta co:
Y'Y +a(y = (Y1 +Y,)" + p(X) (Y +Y,) +a(X) (Y, +Y,)
=[y; + PCAY, +aGIY, ]+ [ys + POV + a9y, ]
=f,(xX) +f,(x).
Vay: y= y,(X) + Y,(x) 1a mdt nghiém riéng ctia phuong trinh
y'+ Py +a(x)y = f,(x) + f,(x).
2) Phwong phap bién thién hing sb

Gia sir da biét nghiém tong quat ctia phuong trinh tuyén tinh thuan nhat (2) 1a
y=Cy, + Gy, (2.1)

trong 46 C; , C, 13 hai hang s tuy .

Bay gio, ta mudn tim nghiém ctia phurong trinh tuyén tinh khong thuin nhét (1), ta
coi C; = Cy(X) , C, = Cy(x) 1a hai ham sb bién x. Ta tim C; , C, dé cho (2.1) 1a mot
nghiém cta phuong trinh khong thuan nhét (1).

Ta co:

Yy =Cy, +Cy, +Cy, + C.Y,.
Chon C; , C, saocho: Cly, +Cy, =0
Khi d6: y'=Cy, +C,y,

= Y'=Cy, +CyY, + Cy, + C.y,.
Thé vao phuong trinh (1), ta dugc:

77



Gidao trinh Todn cao cap

C.(y: + PX)Y; +a()Y:) + C,(y; + POYY, +A(X)Y,) + Cy; + Coy, = F(X).

Vi Vi, Y, 1a hai nghiém cta phuong trinh thun nhét (2) nén cac biéu thirc trong
ddu ngoic cua vé trai bang khéng, ta duoc:

Cy, + Gy, =f(x).

Vay: ham s6 y = C,y, + C,y, la nghiém cua phuong trinh (1) néu C; , C; thoa

man h¢ phuong trinh:
{C:'Lyl + Céyz =0 (*)
Ciy, +Coy, =f(X)

DPinh thtrc ctia h¢ phuong trinh (*) chinh la dinh thirc Wronsky cua hai nghiém ddc
1ap tuyén tinh ctia phwong trinh thuan nhat (1), n6 ludn khéc 0. Vi vay hé phuong trinh
trén c6 mot nghiém duy nhat.

Giasit C; = ¢,(x), C, = 0,(x).

Lay tich phan, ta duoc

C,=0,x)+K, , C,=d,xX)+K,
trong d6: @, (X) 1a mot nguyén ham cua @, (X)

®,(X) 1a mdt nguyén ham cia @, (X)

K1, K, 13 hai hang s6 tuy y.
Vay: nghiém téng quat ctia phuong trinh (1) la:

y = K1y1 + szz + CDl(X) Y, Tt ch (X) Y,
Vidu : Giai phuong trinh
(l - xz)y" +2xy' =2y =1- Xx*
Néu x# + 1, phuong trinh c¢6 thé viét 1a
2x ., 2
1-x? 1-x?

y +

y y=1.

Ta da biét nghiém tong quat clia phuong trinh thuan nhat twong tng 1a
y =CxX + C,(X* +1)
trong d6 C; , C, 14 cac hang sb tuy y (xem vi du trang 99 - 100).
Biéu thirc 4y 12 nghiém ctia phuong trinh khong thuan nhat di cho.
Coi C; = Cy(X) , C, = Cy(x) 12 nhitng ham s6 bién x thod mén hé (*), tic la:
Cx+C,(x*+1)=0
C. +C2x =1

Giai hé nay, ta duogc
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C. :x2—1

X+

1J+Kl

Suy ra: C, = —(x X

C, =% In| x*-1] + K,

trong d6 Ky , K; 12 nhitng hang s6 tuy y.
Vay: nghiém tong quat phai tim 1a:

y=—x X +In x-1 +£(x2 +1)In|x* —1| +K x + K, (x* +1)
X+1 2

2.3.6. Phuong trinh vi phan cép 2 véi hé s6 1a hang s6
Phuong trinh thuin nhit:
Cho phuong trinh: y'+py +qy=0 (1)
trong d6 p, q 14 hai hang sd. Ta biét ring mudn tim nghiém tong quat cta nd, chi

can tim hai nghiém riéng ddc lap tuyén tinh. Ta s€ tim nghiém riéng cua né dudi dang:

y =e* (1.1)
trong d6: k 1a mot hang s6 nao d6 ma ta s& tim.
Tacoy' = ke ; y"= k"

Thé vao phuong trinh (1), ta dugc :
e (k* + pk+q)=0
Vi € = 0 néntaco:
k> +pk+q=0 (1.2)

Suy ra: néu k thod man phuong trinh (1.2) thi ham sé y = e** 1a mot nghiém cia
phuong trinh (1).

Phuong trinh (1.2) dugc goi 1a phwong trinh dic trung cua phuong trinh vi phan
(1). 6 1a mot phuong trinh bac hai, né ¢6 hai nghiém ki, k, thuc hay phirc. C6 thé
xdy ra ba truong hop :

Hai s6 k; , k, thuwe va khac nhau:

Khi 4y phuong trinh (1) c6 hai nghiém:
yl — eklx : y2 — ek2x
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a2 . Y K~k C
— Hai nghiém 4y doc 1ap tuyén tinh vi ~—— = gllariol o hang so.

2
Suy ra: nghiém tong quat cta phuong trinh (1) 1a:
y = Ce + Ce*
C1, C, 12 hai hang sé tuy ¥.
Vi du: Tim nghiém ctua phuong trinh
y'+y -2y =0
thod mén cac diéu kién
Yoo =0 Y|i =1
Phuong trinh dac trung ctia phuong trinh da cho la k* + k —2 =0, n6 co6 hai
nghiém phan biét k, =1 ; k, =-2.
Vay nghiém tong quat cta phuong trinh da cho 1a
y = Ce* +Ce™.
Suy ra:
y'=Ce* —2C.e .

Tir cac dicu kién ban dau ta dugc:

C,+C, =0
{Cl -2C, =1
Dodo C, :1 N O =—£
3 3
Vay: nghiém riéng phai tim la
yole Lo
3 3

k; = k; 12 hai s6 thuc trung nhau k; = Kj:
Ta da c6 mot nghiém riéng cia phuong trinh (1) 1a y, = e
Ta s& tim mot nghiém riéng y, doc 1ap tuyén tinh vai y; dudi dang:
y, =Yy, U(x) = u(x)e<*

Ta co:

y, = u".e" + kue

y, = u"e’ + 2k u'e" + kZue"*
Thé vao phuong trinh (1), ta dugc

gl [u"+ (2k, + p)u' + (k? + pk, + q)u] =0
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Vi ki 1a nghiém kép cuia phuong trinh dac trung:  kZ + pk, + q =0
nén ta co:

k1:—E = 2k, +q =0

Suyra: e“*u"=0 = u"'=0
= UuU=Ax+B ,

trong d6 A, B 13 nhirng hing s6 tuy .
ChonA=1,B=0tadugc: u=x = Y,(X) = x"*
Nhu vay hai nghiém doc 1ap tuyén tinh ciia (1) 13 y,(X) =€ * va y,(x) =xek *.
Két luan: nghiém tong quat ciia phuong trinh (1) 1a:

y = el (C, + C,x)
Vi du: Giai phuong trinh

y'—6y' +9y =0
Phuong trinh déc trung ciia né la k* +6k +9 = 0, né c6 mot nghiém kép k=3
= nghiém tong quat cta no la:

y =e*(Cx +C,).

ki va K, 1a hai s6 phitc lién hop: k, =a+ip ; Kk, = a—ip
Hai nghiém riéng cua phuong trinh (1) la:

?1 _ e(a +ip)x  __ eocxei[?)x

y_2 _ e(a —ip)x  __ eocxe—in

Theo cong thirc Euler: €™ = cosPx + isinx
e "™ =cospx —isinpx
Suy ra: y, = e (cosPx + isinpx)
y, = e* (cospx — isinpx).

Néu y_l,y_2 1a hai nghiém cta phuong trinh (1) thi:

yl — yl + y2 — eax COSBX
2
y_l_y_Z aX o
= =€ SInpX
Y. % p

cling la nghiém cua phuong trinh (1).
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h = cot g fX

ma Y khac hing sb

= Hainghiém yl vay2 doc lap tuyén tinh.

Két luan: nghiém tong quat cia phuong trinh (1) 12

y = e*” (C,cospx + C,sinpx)

Chu thich : Ddi v6i phuong trinh tuyén tinh thuan nhat c6 hé s6 khong dbi cap
cao hon hai, phuong phap giai ciing twong tu nhu ddi v6i phuong trinh cap hai.

Vidu I: Giai phuong trinh y”” — 4y’ =0.

Phuong trinh dac trung cuano 1a k® — 4k = 0, nd ¢6 ba nghiém lak =0, k=2,

k = -2. Do d6 nghiém tong quat cia phuong trinh da cho 1a:

y =C, +Ce* +Ce™

Vi du 2: Giai phuong trinh y® + 2y" +y = 0.

Phuong trinh dac trung k* +2k? +1=0 hay (k* +1)> =0

c6 hai nghiém kép k=1vak =-1.

Do d6 nghiém tong quat ciia phuong trinh da cho la:

y = (C, + C,x) cosx + (C, + C,x)sinx.

Phuwong trinh khong thuan nhat:

Cho phuong trinh: y’ + py + qy = f(x) (2)

trong d6 p, q 1a nhitng hing sb.

O trén, ta d3 tim duoc nghiém tong quat ctia phwong trinh thudn nhit twong Gng
(1). Vay chi viéc ap dung phuwong phap bién thién hang s dé tim nghiém tong quat cua
phuong trinh khong thuan nhat (2). Nhung ddi voi mot s6 dang dic biét cua vé phai
f(x), ta c6 thé tim duoc mot nghiém riéng ctia phuong trinh (2) ma khong can mot
phép tinh tich phan nao. Chi cin cong nghiém riéng iy vao nghiém tong quat cia
phuong trinh thuan nhat twong tmg (1), ta s& duoc nghiém téng quat cua (2).

Ta s€ tim nghiém riéng cia (2) trong hai truong hgp sau:

Truwomg hgp 1: f(X) =e*.P_(X)

trong do6 P,(x) 1a mdt da thirc bac n, a 1a mot héng $0.

Néu o khong phai 1 nghiém cua phuong trinh dic trung cua (2), ta tim mot
nghiém riéng cua (2) c6 dang:

Y =e*Q,(X) (2.1)

trong do Qn(x) 1a mot da thure bac n.

Mudn xac dinh Q,(X) ta phai xac dinh (n + 1) hé s6 cua nd va duge xac dinh nhu
Sau:
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Taco
Y' = 0Q, (e + Q,(x)e”
Y" =a’Q, (X)e™ + 2aQ, (X)e™ + Q. (x)e™.
Thé vao (2), ta dugc
e*[Q, (%) + (20 +P)Q, (X) + (& + par + Q)Q, (¥)] = &P, (X)
= Q,(X) + (2o +p)Q, (X) + (a* + pa + A)Q, (X) =P, (X) ()

Vi a khong 13 nghiém ciia phuong trinh dic trung ctia phuong trinh thuan nhat (1),
nén a? + pa +q # 0, do d6 vé phai cua dang thirc (*) ciing 12 mot da thirc bac n, cling
bac véi da thirc & vé phai Pp(x).

Béng cach déng nhat hé s6 cua cac sd hang cung bac ¢ hai vé cla déng thuce (*),
ta duoc (n + 1) phuong trinh bac nhit cia (n + 1) an, véi 4n 1a cac hé sé cia Qu(X).
Phuong phap tim cac hé sé cta Qu(X) néu trén duoc goi 13 phwong phdp hé sé bit
dinh.

Néu o 1a nghiém don cta phuong trinh dic trung thi

o’ +pa+q=0
(2o +p) =0

Khi d6 vé trai cua dang thire (*) 1a mot da thirc bac (n — 1). Ta nang béc ciia nd
1én mot don vi ma khong ting s6 cac hé sd ciia nd, mudn vy chi viéc thay Qu(x) bdoi
X.Qn(X).

Trong truong hop nay, ta s€ tim mot nghi¢m riéng cua (2) c6 dang:

Y = xe*Q, (x) (2.2)

Néu a 1a nghiém kép ctia phuong trinh dic trung thi

o’ +pa+q=0
2o +p)=0

Vé trai cia dang thuc (*) 12 mot da thire bac (n-2). Ta nang bac ctia né 1én 2
don vi ma khong ting sb cac hé sé ciia né, mudn vay chi viée thay Qn(x) boi x%.Qn(X).

Trong truong hop nay, ta tim mot nghiém riéng cia (2) c6 dang:

Y = x%e*Q, (X) (2.3)
Vi du 1: Giai phuong tinh y’’ + 3y’ —4y =X
Phuong trinh dac trung k* +3k —4 = 0 ¢ hai nghiém donk; = 1vak, =-4.
Vay nghiém tong quét ciia phuong trinh thuan nhat tuong tng 1a
y=Ce* +C,e™

Vé phai ciia phuong trinh c6 dang e P, (x) trong @6 oo =0 , P,(X) = X.
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Vi a =0 khdng la nghiém cta phuong trinh dac trung, vay ta tim nghiém riéng
cua phuong trinh da cho c6 dang:
Y = Ax + B.
Thé vao phuong trinh trén, ta dugc
-4AX + 3A-4B = X.

Suyra: -4A=1 , 3A-4B=0
4 16
X 3
= =_2_ =
4 16
Nghiém tdng quat phai tim la: ~ y=y +Y = Cie* + Coe™ - % i %

Vi du 2: Tim nghiém tong quéat cia phuong trinh:
y’ -y =e(x+l).
Phuong trinh dic trung k* — k = 0 ¢6 hai nghiém k; =0, k=1
Vay nghiém tong quat ctia phuong trinh thuan nhat tuong tng 1a
y = C; + C,e*. V& phai cua phuong trinh da cho ¢6 dang ¢**P;(X)
Vi o =1 la mdt nghiém don cua phuong trinh dac trung nén ta tim mot nghiém
riéng cua phuong trinh da cho c6 dang:

Y = xe*(Ax + B) = e*(AX? + BX).
Taco:

Y’ = *(Ax* + Bx) + e“(Ax + B)

Y = *(Ax? + Bx) + 2*(Ax + B) + e*.2A
Thé vao phuong trinh di cho, ta dugc

e (2Ax + B + 2A) = e*(x + 1).
Suyra: 2A=1 , B+2A=1

- A=l | B=0

2

= Y= lxzex
2

Nghiém tong quat phai tim 1a :

y=y +Y=C;, + Cef + %xzeX

Vi du 3: Giai phuong trinh y” — 6y’ + 9y = xe>*
Phuong trinh dac trung ¢6 nghiém kép k; =k, =3

— nghiém tdng quat cua phuong trinh thudn nhét trong tng 13 y = (C;x + C,)e*
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V& phai cua phuong trinh dd cho c6 dang e** Py(X)

Vi a = 3 1a mét nghiém kép ctuia phuong trinh déc trung nén ta tim mot nghiém
riéng cua phuong trinh da cho c6 dang:

Y = xX%e¥(Ax + B) = e*(Ax® + BX?)

Taco:

Y’ =3e*(AX® + Bx?) + e*(Ax? + Bx),

Y7 = 9e*(AX + Bx?) + 6 e*(3AX? + 2Bx) + e¥(6AX + 2BX).

Thé vao phwong trinh di cho, ta duworc:

e*[(6A — 10B) x + 2B] = xe**

Suy ra: 6A-10B=1 , B=0
- A=l B=0
6
X ax
= Y=—e
6
Nghiém tong quat cua phuong trinh dé cho 1a :

y=y +Y=(Cx+Cple™ + % e

Truong hop 2: f(X) = Pr(X) cospx + P,(X) sinpx, trong d6 Pp(X), Py(x) 12 nhirng
da thirc bac m, n ; B 13 hing so.

Ngudi ta chirng minh dwoe rang:

Néu + ip khong la nghiém ciia phwong trinh dic trung thi ta c6 thé tim mét
nghiém riéng cia phwong trinh (2) c6 dang:

Y = Q;(x) cospx + Ry (X) sinpx (2.4)

trong d6 Q, (X) , R (x) 1a nhitng da thirc bac 1 = max (m, n)

Néu + ip 1a nghiém ciia phwong trinh dic trung thi ta c6 thé tim mot
nghiém riéng cia phwong trinh (2) cé dang:

Y = X[ Qi (x) cospx + R (x) sinBx] (2.5)

Vi du 1: Giai phuong trinh y” + y = x.sinx.

Phuong trinh ddc trung kK*+1=0c¢o nghiém k;, = £i = Nghiém tong quat
cta phuong trinh thuln nhét twong tmg 14 y = C, cosx+ C, sinx

Vé phai ciia phuong trinh dd cho c¢6 dang Ry(X) sinPx, trong d6 Ry(X) = X, p = 1,
nhung +if3 = +i la nghiém cua phuong trinh dac trung, nén ta tim mdt nghiém riéng cua
phuong trinh da cho c6 dang:

Y = X[(Ax + B) cosx + (A;x + B;) sinx]

Tinh Y’, Y” rdi thé vao phwong trinh di cho ta dwoc:
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[4Ax + 2(A + By)]cosx + [-4AX + 2(A; — B)]sinx = xsinx
Suyra: 4A;=0 , A+B;=0 , -4A=1 , A,-B=0

—~  A=- ,Blzi,Alzo,B:O

1
4
= Y = %(Sinx — XCOSX)

Viy nghiém tong quat ctia phuong trinh di cho 1a :
y=y + Y =Cicosx + Cpsinx + %(Sinx — XCOSX)

Vi du 2: Giai phuong trinh y” -y’ = 2c0s°X
Giai
Phuong trinh dic trung k? — k = 0 ¢6 hai nghiémk; =0, k, = 1
= Nghiém cua phuong trinh thuan nhat twong tng 13 9 =Cy + Cpe*

Vé phai cua phuong trinh dé cho 12 f(x) = 2cos’x = 1 + cos2x.

Theo nguyén 1y chong nghiém, ta tim dugc mot nghiém riéng cta phuong trinh
da cho dudi dang tong Y1 + Y,

trong do: Y, nghiém riéng cua phuong trinh véi vé phai fy(x) = 1

Y, 1a nghiém riéng ctia phuong trinh voi vé phai f5(X) = cos2X.

Vi fi(x) =1 =e* véi a = 0 1a nghiém cua phuong trinh dic trung nén Y, c6
dang Y; = Ax. Thé vao phuong trinh ta duoc: A=-1 = Y;=-X

Vi fy(X) = cos2x ma +2i khong la nghiém ctia phuong trinh dac trung nén Y, =

B cos2x + C sin2x. Thé vao phuong trinh ta duoc : B = % C= % —~ Y, =-

icost —isin2x.
10

10
Két luan: Nghiém tong quat phai tim 12

_ 2 1 .
=y +Y,;+Y,= C; + Ce*—X- =c0s2X - —sin2x
y=y Nt =t e 10 10

Chu thich 1: Néu f(x) = e™[Pm(X) c0s Px + Pn(x) sin Px], ta cO thé dua vé
phuong trinh véi vé phai c6 dang da xét & trén bang cach dat y = e™*z.
Vi du : Giai phuong trinh y” + 2y’ + 2y = xe~sinx
bit: y=¢”z
Tacd: y=¢"2-€"z
y’ =€’ -2e77 + e’z
Thé vao phuong trinh, ta dugc :
7’ + z = xsinx

Nghi¢m tong quat ciia phwong trinh nay Ia:
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z = C,c0o8X + Cosinx + %(Sinx — XCOSX) (xem vi du 1)
Vay : nghiém tong quat cta phuong trinh di cho 1a
y = e [ Cycosx + C,sinx + E(Sinx — XCcosX)]

Chu thich 2: Dbi v6i phuong trinh tuyén tinh than nhat, c6 hé s6 khong ddi, cap
cao hon hai, cling c6 thé tim nghiém riéng twong ty d6i véi phuong trinh cép hai.

Vi du : Giai phuong trinh y(4) + 2y” +y = cosx

O vi du trén, ta thdy nghiém tong quat ciia phuong trinh thuin nhét twong tmg 1a:

y = (Cy + CyX) cOsX + (Cg + C4X) sinx

Vi phuong trinh dic trung k* + 2k? +1 = 0 ¢6 hai nghiém kép k; = i va k, = -i. V& phai
ctia phuong trinh dé cho 14 cosx, do do ta tim nghiém riéng ctia phuong trinh khéng thuan
nhét c6 dang : Y = x*(Acosx + Bsinx)

Thay vao phwong trinh da cho ta tim dwgc:

A:-%, B=0 = Y:-%xzcosx

Vay nghiém tong quat ciia phwong trinh da cho la:
Y=y +Y=(Cy+CX) cosx + (Cs + CaX) Sinx -%xzcosx

2.4. Bai tap chwong 2
2.1. Giai cac phuong trinh dang cap cap 1 sau:

.3 2 _x? Xy — 2 Coxy— 2
1) y'== 2) y=3— 3) y =27
Xy X°—2Xxy X
z 2 2 2
. X+ yerx . OX°+2 . 2X
4) y' =218 5) y'=2 =Y 6) y' =Y
¥ 4xy 3X
X — yex
. x-3 . X+4 . 3y?—x?
7 y=""" 8) y'=—""" 9) y =~
X X 2Xy
2 2 J
LOXy— CoXy— X+ yex
10) y ==Y 17) y =22 12) y =22
X® —2Xxy X 2
X —yex
13) %:2xy Pap s6 : y=ke*
X

14) 3—y:3x2ey Pap s6 : y=In(x* +¢e?)
X

15) %:Zx(yzﬂ) Pap s : y=tg(x’+C)
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16) (1+x)dy—ydx=0 DPap 86 : y=C(l+x)

17) Y _=X Pap sb: X +y =C?
dx vy
18) (ezy—y)cosx%zeysin 2x, y(0)=0 Dap sd: e’ +ye” +e” =4—2cosx
X

19) (:I_)t/+ dy=ye'+4) Papsd:y=ce®"

dx ) (A ré
20) = =r*(1+x%) Dap s0 : x=tg(—+C)

dr 3

dy LA
21) x* 2 +y*=0;,y1)=3 Papso: y=
) X TV =0y psoly=—
22) % =¥ Pap s6 : -3¢ =2e> +C
X

23) (e’ +1)%eVdx+(e*+1)°e*dy =0 Pap s6 : (€ +1) 2 +2(e’+1)*=C

24) dy _ xy+3x-y-3

= DPap s6 : (y+3)°e* =c(x+4)°%’
dx xy—-2x+4y-8 P ¥+3) ( )

25) %zxa/l— y’ DPép s6 : y:sin(%x2+C)
X
dy 2+sinx (o x :

6) 2~ = ; y(0)=2 Pap s6 : y=1+(2x—-cosx+2)3

) ax  3(y 1) y(0) p y ( )

! Xsy_y . . AL 4 2 4

27) y'=——>-"—; y(0)=1 Déap s6 : y* -2y’ +4In|y|=x"-4x-1

y' -y +1

Hwéng din giai mot sd bai tap

7) y'= x=3y Pit u= Y. Thay vao phuong trinh ta duge : u'x = 1- 4u
X
A aRe X \ re 1A A 1A du dx
Bién doi vé phuong trinh v41 bién so phan ly: TR
—4u X
Giai phuong trinh vé6i bién s6 phan ly ta duoc: —%In |1-4u|-In|x|+C=0

Thay u:% ta dugc nghiém tdng quat cia phuong trinh 13

“Linj—aY 2y x[+c =0
4 X

, X+4
8) y'=- 2"
X

bit u=%. Thay vao phuong trinh ta duoc : u'x =- (1+ 5u)
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Bién d6i vé phuong trinh véi bién s6 phan ly: __du
1+5u X
Giai phuong trinh vé6i bién s6 phan ly ta dugc: —éln |1+5u|—=In|x|+C =0

Thay u= % ta duoc nghiém tong quat cta phuong trinh 13

a5y —ingx+c =0
5 X

G
9) y ==~
2Xxy

< y . . Lo ur-1

bat u==. Thay vao phuong trinh ta dugc : u'x = 5
X u

A aAs A \ RS S 2udu  dx

Bién do1 vé phuong trinh voi bién so phan ly: 1"
u’-1 x

Giai phuong trinh v6i bién sb phan ly ta duoc: In|u*-1|-In|x|+C =0

Thay u= % ta duoc nghiém tong quat ca phuong trinh 13

In|(X)?-1|-In|x|+C =0
X

2

10) y'= szy__zz(y

bit u:%. Thay vao phuong trinh ta duogc : u'x = 1322u

Bién ddi vé phuong trinh véi bién s6 phan ly: ﬂ—jﬂ = d_;(

Giai phuong trinh vé6i bién s6 phan ly ta dugc: —%_2"‘ [ul=In|x|+C =0

Thay u= % ta duoc nghiém tong quat ciia phuong trinh 1a:

X oY j<In|x|+C=0
Yy X

2

11) y' — Xy—y

X2

Pt u=7. Thay vao phuong trinh ta dugc : u' x = -u?
X
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Bién déi vé phuong trinh véi bién sé phanly: -4 - &
u X
Giai phuong trinh véi bién s6 phan ly ta dugc: ™ |X|+C =0
u

Thay u= Y ta dugc nghiém tong quat ctia phuong trinh 1a X i |x|+C =0
X y

y

X+ yex
12) y - XY
X — yex
bit u=Y. Thay vao phuong trinh ta duogc : u'x = iu
X e
Bién doi vé phuong trinh véi bién sd phan ly: e'du = o
X

Giai phuong trinh v6i bién s6 phan ly ta duoc:
Thay u= % ta duoc nghiém tong quat ctia phuong trinh 14
y

eX—In|x|+C =0

2.2. Giai cac phuong trinh tuyén tinh cap 1 sau:

1) y— Y —x42 2) y-Y _x-2 13) y- Y —xi2
x-1 X+1 x-1
yy-——T —ox-3 4y-—— _3x2 14) y—— Y _x24
)Y 2(x—2) )Y 2(x+1) )Y 2(x—2)
1 2y ' 2y 2 ' y 2
5) y—Y = x? 4+ x-1 6) y'— <L =x*—2x+3 15) y'- =X -
)Y X X )y x—1 X T )Y 2(x+1)
7) y'+L:x—l 8) y'+L:x+3 16) y'—ﬂ:x2+x—1
X+ 2 X+4 X
9) y'+i:2x+1 10) y'—L:x 17) y'—ﬂ:x2—2x+3
2X X+3 x-1
. y Y Y
11 = 12) y———= 18 L —x-1
) er2(x—1) X )Y X+3 X ) erx—2 X

Huéng dan giai mot s6 bai tap

12) y—_ Y _
)y X+3 X
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Giai phuong trinh: y '—Lg =0 tadugc y=C(x+3)
X+

Coi C la C(x) thay vao phuong trinh thu duogc:

X
C'(x)=——
9 X+3

=C(x)=x-3In|x+3|+C
Vay nghiém tong quat ctia phuong trinh 1a:

y =(X+3)(x—-3In|x+3|+C)

13) y w42

x-1
Giai phuong trinh: y'—% =0 taduoc y=C(x-1)
Coi C l1a C(x) thay vao phuong trinh thu duogc:

X+2
C'(X)=——
(X) 1

=C(x)=x+3In|x-1|+C
Vay nghiém tong quat ciia phuong trinh 1a:

y=(X+3In|x-1|+C)(x-1)

14) y'- y X’ —4

20x-2)
Giai phuong trinh: y'- X y 2 =0 tadugc y=Cyx-2
X_
Coi C 1a C(x) thay vao phuong trinh thu dugc:
2X—-3
C'(x) =
() s

= C(x) =g«/(x— 2)} +2dx=2+C
Vay phuong trinh ¢6 nghiém la:

y= (ga/(x— 2)* +24x—2 +C)/x-2

15) y——Y _—x_1
) Y20~
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Giai phuong trinh: y'- Y __0 ta dugc y=Cyx+1

2(x+1)
Coi C la C(x) thay vao phuong trinh thu duoc:
3X+2
C'(x) =
) Jx+1

= C(x) = 2/(x+1)° —2x+1+C

Vay phuong trinh ¢6 nghiém la:

=y = (2(x+1)° —2dx+1+C)Vx+1

16) y‘—ﬂ:x%x—l
X

Giai phuong trinh: y 2 0 ta duoc y=Cx?
X

Coi C la C(x) thay vao phuong trinh thu dugc:

x*+x—1
XZ

C'(x) =

:>C(x):x+ln|x|+1+C
X

Vay phuong trinh c6 nghiém la: 1
y=(x+In| x|+;+C)x2

17) y'—%:x2—2x+3

2

Giai phuong trinh: y '——yl =0 taduogc y=C(x-1)°
X J—

Coi C la C(x) thay vao phuong trinh thu dugc:

X2 —2x+3

C ="y

:C(x):x—il+C

Vay phuong trinh c6 nghiém la:

y = (X——2—+ C)(x-1)*
x-1

18) y+— —x-1
8)y+X_2 X
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y

Giai phuong trinh: y '+—2 =
X —

0 taduoc y=L
X—2

Coi C la C(x) thay vao phuong trinh thu duogc:
C'(x)=(x-2)(x-1)
3 2

:C(x):%—3%+2x+c

Vay phuong trinh c¢6 nghiém la:

X3 X 1
=(—-3—+2x+C)——
Y (3 2 )x—2
19) y +—L =x+3
)y X+4
o . C
Giai phuong trinh: vy +—— =0 ta duoc y=——
P 8 Y X+4 ey X+4

Coi C 1a C(x) thay vao phuong trinh thu duogc:
C'(x) =(x+3)(x+4)

3 2
= C(x) :X?—?X?+12x+c

Vay phuong trinh ¢6 nghiém la:
x> _x° 1
=(—-7—+12x+C)—
y=( 3 2 ) X+4
20) y'r L = 2x+l
2X

Giai phuong trinh: y '+2l =0 tadugc y= i<
X

IX
Coi C 1a C(x) thay vao phuong trinh thu duogc:

C'(x) = (2x+D/x
= C(x) :%\/x_5+§\/x_3+c

Vay phuong trinh c6 nghiém la:
y:(g\/x_?’+§\/x_3+C)i
X

IX
21 1 y —
AT
. C
Gial phuong trinh: vy’ Y __x taduo -
iai p g trin y+2(x_1) x taduogc y —
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Coi C la C(x) thay vao phuong trinh thu duoc:
C'(x) =xyx—1

— C(X) :é\/(x—l)s +§J(x—1)3 +C

Vay phuong trinh ¢6 nghiém la:
2 2 1
= (EJ(x-1)° + 2 J(x-1)® +C)——
=+ S+ 0=

2.3. Giai cac phuong trinh vi phan cép 2 voi hé s6 hang sau:
1) y"-3y'+2y=e*(x+1)
2) y"-3y'+2y=e*(x+1)
Phuong trinh dac trung: k*-3k+2=0
Nghiém ctia phuong trinh thuan nhét : y=Ce* +C,e*
Dang tong quat cia nghiém riéng :

y" =x(ax+b)e*
Thay y* vao phuong trinh ta tim dugc :

« 1

=X(—=x- 2)e*
y =x(=5x2)
Nghiém tong quat ctia phuong trinh 1a:
y=Ce*+C,e*+ x(—%x- 2)e”

3) y"+7y'=4x-3
Phuong trinh dac trung : k* +7k =0
Nghiém cua phuong trinh thuan nhit : y=C, +C,e™
Dang tong quat cia nghiém riéng :

y" = x(ax+b)
Thay y* vao phuong trinh ta tim dugc :

. 2 25

=X(=X- —

y (7 49)

Nghiém tong quat ctia phuong trinh 1a:

2 25
=C,+Ce "+ x(=x- =
Y= G 49)
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4) y"-4y'+3y =e*(x-1)
Phuong trinh dac trung : k* -4k +3=0
Nghiém ctia phuong trinh thuin nhét : y=Ce* +C,e*
Dang tong quat cia nghiém riéng :
y" = x(ax +b)e*
Thay y* vao phuong trinh ta tim dugc :
\ 1 1.,
=X(-=x- >)e
y =x(=7% )
Nghiém tong quat ctia phuong trinh 1a:
X X 1 1 X
y=Ce*+Ce¥+ x(—zx- Z)e
5) y"-5y'+6y=e*(x+2)
Phuong trinh dac trung : k* -5k +6=0
Nghiém cua phuong trinh thudn nhét : y=Ce* +C,e%
Dang tong quat cia nghiém riéng :
y = (ax +b)e*
Thay y* vao phuong trinh ta tim dugc :
T A
=(=X+—)e
y =Gx+7)
Nghiém tong quat ctiia phuong trinh 1a:

X X 1 7 X
y=Ce” +C.e¥+ (§x+z)e

6) y"'-4y'+4y =¢e*(x—-2)
Phuong trinh dac trung : k* -4k +4=0
Nghiém ciia phwong trinh thudn nhét : y=Ce> +C,xe*
Dang tong quat cia nghiém riéng :
y = (ax +b)e*
Thay y* vao phuong trinh ta tim dugc :
y = xe*

Nghiém tong quat ctia phuong trinh 1a:
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y=Ce* +C,xe™+ xe*
7) y"+4y'+4y =e*(2x-1)
Phuong trinh dac trung : k* +4k +4=0

X

Nghiém ctia phuong trinh thuin nhét : y=Ce™? +C,xe?
Dang tong quat cia nghiém riéng :
y = (ax +b)e*
Thay y* vao phuong trinh ta tim dugc :
L2 T
=(=x——)e
y (9 27)
Nghiém tong quat ctia phuong trinh 1a:
2 7
=Ce +C,xe >+ (= x———)e"
y 1 2 (9 27)
8) y"+6y+9y=e"(3x+1)
Phuong trinh dac trung : k> +6k+9=0
Nghiém cta phuong trinh thuin nhét : y=C,e® +C,xe™
Dang tong quat cia nghiém riéng :
y = (ax+b)e*

Thay y*° vao phuong trinh ta tim dugc :
. 3 1.,
=(=x--—)e
Y (16 32)
Nghiém tong quat ciia phuong trinh 1a:
3 1
=Ce ¥ +Cxe ¥+ (=x- —)e*
y=C 2 (5% 35

9) y'—-4y'= x?+1
Phuong trinh dac trung : k> -4k =0
Nghiém ctia phwong trinh thun nhit : y=C, +C,e*
Dang tong quat cia nghiém riéng :

y" = x(ax* +bx+¢)
Thay y° vao phuong trinh ta tim dugc :

) 1, 1 9
y ( 12 16 32)
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Nghiém tong quat ctia phuong trinh 1a:

1 1 9
=C,+Ce"+ X(——=X*——Xx——
Y=t ( 12° 16 32)

10) y"+3y'=x"—2x
Phuong trinh dac trung : k* +3k =0
Nghiém ctia phuong trinh thun nhét : y= C,+Ce™
Dang tong quat cia nghiém riéng :
y = x(ax® +bx+c)

Thay y* vao phuong trinh ta tim dugc :

. 1, 4 8
=X(=XP——X+—
y (9 9 27)
Nghiém tong quat ctia phuong trinh 1a:

1 4 8
=C,+Ce ¥+ Xx(EX* —=X+—
y=C+C, (X —g**+57)

11) y"—y'—2y =-4x"+4x+10
Phuong trinh dac trung : k> —k-2=0
Nghiém cuia phuong trinh thuan nhét : y=Ce™ +C,e*
Dang tong quat cia nghiém riéng :

y =ax’ +bx+c
Thay y* vao phuong trinh ta tim dugc :

y =2x*—4x-1
Vay phuong trinh ¢6 nghiém la:

y=Ce*+C,e”+ 2x* —4x-1

12) y"+3y'+2y =x*+3
Phuong trinh dac trung : k* +3k+2=0
Nghiém cua phuong trinh thuan nhét : y=Ce™+C,e >
Dang tong quat ciia nghiém riéng :

y =ax®+bx+c

Thay y* vao phuong trinh ta tim duogc :

97



Gidao trinh Todn cao cap

13) y -6y +9y=2x+1
Phuong trinh dac trung : k> -6k +9=0
Nghiém ctia phuong trinh thuin nhét : y=Ce* +C,xe*
Dang tong quat cia nghiém riéng :
y =ax+b
Thay y* vao phuong trinh ta tim dugc :

9" 27

Nghiém tong quat ciia phuong trinh 1a:

2 7
=Ce¥+Cxe¥*+ Sx+—
Y= 2 9" 27

14) y"-2y'+y=2x-1
Phuong trinh dac trung : k> -2k +1=0
Nghiém cua phuong trinh thuan nhét : y= C,e*+C,xe*
Dang tong quat cia nghiém riéng :

y =ax+b
Thay y* vao phuong trinh ta tim dugc :

y =2x+3
Vay phuong trinh c6 nghiém la:

y=Ce*+C,xe*+ 2x+3

15) 3y"-2y'-y=>5¢*
Phuong trinh dac trung : 3k* -2k -1=0

X

_ 1
Nghiém cta phuong trinh thuan nhat: y=Ce 3 +C,e
Dang tong quat cia nghiém riéng :

y =axe
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Thay y* vao phuong trinh ta tim dugc :

Vay phuong trinh ¢6 nghiém la:

1

y=Ce 3 +C,e+ %xeX

16) 4y"-3y'-y=7e*
Phuong trinh dac trung : 4k* -3k -1=0
Nghiém ctia phwong trinh thudn nhit : y=Ce* + Cze_%X
Dang tong quat cia nghiém riéng :
y = axe
Thay y* vao phuong trinh ta tim dugc :

y =—xe

Vay phuong trinh ¢6 nghiém la:

1

y=Ce o +Ce"+ gxeX
17)y"-6y'=3x+2
Phuong trinh dac trung : k? -6k =0
Nghiém cta phuong trinh thuan nhét : y=C, +C,e*
Dang tong quat cia nghiém riéng :
y = x(ax +b)
Thay y* vao phuong trinh ta tim duoc :
« 1 5}
=X(—=X- —
y ( 4 12)
Nghiém tong quat ctia phuong trinh 1a:
1 5
=C,+Ce¥+ x(-=x- —
Y=t VIETY

2.5. Hay dua vé dang phuong trinh vi phan tuyén tinh cdp 1 va im nghiém:

—3X

1) y'+3y=3 DPép s6: y=Ce

2) % =-2xy; y(1) =1 Dép s6: y=¢"*
X
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3) y'=y+x% y(0)=1
4) ﬂ—y:x2+2
dx
5) xd—y—4y:x4eX
dx
6) (x2—9)ﬂ—xy=0
dx

1 0<x<1

Yoy S () =
7) dX+y_f(x) Voi f(x)_{o,X>1

8) x’y'—+xy=1

9) xﬂ—y: X% sinx
dx

10) x°y'+x(x+2)y=¢€*
11) ydx—4(x+y®)dy=0

12) cosxﬂ+(sinx)y:1
dx
13) xy'+y=¢e*; y@)=2

14) (x+1)%+y:|n; y(1) =10

;y(0)=0 Dap $6: yz{

Dap s6: y=3e"—(x* +2x+2)

Pap s6: y=Ce* —x* —2x—4

Dap so: y=x%"—x"e* +cx*

Dap sb: y=

1-e*;0<x<1
(e-De™; x>1

Pap s6: y=x"Inx+c™*;x>0
Dap s0: y=cx—xcosx;x>0

, ) 1 C
Pap s0: y=——e*+—=e ;x>0
p y 2x? NG

Péap s6 : x=2y’ +cy?;y >0

, A . T T
Dap s6: y=sinx+ccosx; —5 < x<E

Pap so: y:e—+£; 0<x
X X

bap sO: (x+1)y=xInx—x+2L 0<x

2.6. Hay tim nghiém cta phuong trinh vi phan sau néu c6 dang vi phan toan

phan:
1) 2xydx + (x* —1)dy =0

Pép s6: x’y—y=0

2) (%Y —ycos(xy)) dx+ (2 xe*¥ —xcos(xy) +2y)dy =0

Pap s6: xe? —sin(xy)+y> +c=0

dy xy?—cosxsinx
3) *= ; y(0)=2
) dx y(1—x%) yO)

4) (2x+2y2)+(4xy+3y2)% =0
X

5) @xy+1)+(x*+4y)y'=0

6) (2x+1+2y?)+(4xy+3y?)y'=0;y(0)=-1

7) 2xy—(4y* +xy)y'=0

Pap s6: y?—(1-x2)—cos’ x=3

DPap s6: x> +2xy°+y*=C

Dap s6: Xy +x+2y>=C

Dap s6: 2xy? +y* +x2 +x=-1
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Pap an: Khong c6 dang vi phan toan phan.

dy e X2y
8) e*+x)+y—=2=0 Pap s6: e*+=—+2-=C
) (€"+X) Y p >
9) (xX*+4y)y =2xy+1
Pap an: Khong c6 dang vi phan toan phan.
dy dy e y?

10) (3 -3y?X)—2==y>—3x’y—y—= Pap so: X*y—-xy*+21-=C

) ( Y =Y Y=Y, p y=xy*+

11) xcos(xy)dy + (ycos(xy) —2x)dx =0; y(1) =2 bap s6: sin(xy)— x> =sin2—1

2

12) (sint+tzey—3)%+(ycost+2tey):O; y(%):o Pap sb: ysint+t2ey—3y:%
X

13) (Bt°x—x*) - (t*+3x’t)y'=0
Pap an: Khong c6 dang vi phan toan phan.

2.7. Hay tim nghiém cua phuong trinh vi phan sau néu c6 dang phuong trinh vi

phan ding cap:
1) y_x=y Pap s6: x> —2xy—-y*>=C
dx x+vy
2) Xzﬂ:yz—xy+x2;y(1)=2 Dap s6: y=x -t
dx In|x| -1
dx ALY
3) vy =(xy—x*)— bap so: = -In|y|=C
) ¥ =0y -) p 50z ——In[y
ds t*+S? t, 1
4) s> — -5(2) =1 Pap an: s@t) =t| In(=)*+=
) p " (2) p (t) [(2)+4j
5) x%:Zy%+x—3
dy dy

Dap an: Khong c6 dang dang cap
6) % _ cos(xy)—1

dy Xy
Pap an: Khong c6 dang dang cap
7) t%:t+2x Pap s6: x=ct’ -t
8) (x*+y?)dy +2xydx =0 Pap s6: y*+3yx* =C
1 4
9) ﬂ:y_—GX;y(O) =1 Dap s0: (y—3x)5(y+2x)5 =1
dx 2x-y
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10) x? %—(4x2+ xy+y?) =0;y() =-1

2.8. Gidi cac phuong trinh Bernaulli:

1) xﬂ+y=x2y2
dx
dy 1
2) x—>+y="
) ax Y y?
d
3) d—y= y(xy’~1)
X

4) t2%+ y’ =ty

5) XZ%‘2><V=3>/“:y(1)=1
X 2

Dap sb: y = 2xtg (xln|x| +acrtg (%D

bap s0: y=—
—X* +cX

Pap s6: y* =1+cx®

Pap s6: y° = x+%+ce3X

t
Dap s0: e’ =ct

1 9 49
Pipso; yi=—=x'+—x*
p y 5 5
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Chuwong 3
PHEP BIEN POI LAPLACE

3.1. Phép bién doi Laplace
3.1.1. Pinh nghia phép bién doi Laplace
Pinh nghia 1. Phép bién doi Laplace ky hiéu: L 1a mot quy luat lién két ham
f(t) vé1 mot ham F(s) xac dinh boi:

+00

F(s)= L{f(t)}=[ f(t)edt )

0
F(s) goi 1a bién d6i Laplace ctia ham f (t)

f (t) goi la bién d6i Laplace nguoc cua ham F(s)
Cap f(t),F(s) goi 1a cip bién d6i Laplace.

Pinh nghia 2.(Ham gdc)
Ham bién thyc f(t) goi 1a ham gdc néu né thoa min cac diéu kién sau:

1) f(t)=0,vt<0
2) f(t) lién tuc tirng khuc khi t >0
3) f(t) khong tang nhanh hon ham mi khi t — oo, nghia la:

(3M >0)(s, >0)(Vvt>0) sao cho ‘ f (t)‘ <Me™', s, goi la chi sb ting ctia f(t).
Vi du 1. Ham

u(t)=

Onéu t<0
1néu t>0

13 ham gbc.
That vay, vi ‘u(t)‘ <1 nén diéu kién 1, 2 dugc thoéa man. Chon M =1,5,=0 d&
dang kiém tra duoc diéu kién 3 cling théa man.

4
ulr)

>
>

) [

Hinh 3.1. Biéu dién dé thi ham sé
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Vi du 2. Ham
Onéu t<O0
sintnéu t>0

f@)zu(USmt:{
1a ham gbc.
That vy, vi [u(t)sint|<1 nén diéu kién 1, 2 dugc théa man. Chon M =15,=0

de dang kiém tra duoc di€u ki€én 3 cling thda man.
ulr)sin/

:
/.
0 \/ l

Hinh 3.2. Biéu dién do thi ham sé

Vi du 3. Ham

f@)=uﬁﬁ2={

la ham goc.

Onéu t<0

t>néu >0

That vay, vi ‘u(t)tz‘ <2e' nén diéu kién 1, 2 dugc thoa man. Chon M =2,s,=1

dé dang kiém tra duoc diéu kién 3 cling thoa man.

/.

O {

B
[ (1

Hinh 3.3. Biéu dién dé thi ham sé
3.1.2. Piéu kién di dé ton tai phép bién doi Laplace.
1) Piéu kién can
Phép bién d6i Laplace ton tai néu tich phan (1) hoéi tu khi s & trong mot khoang
nao do (goi la khoang hdi tu)
2) Piéu kién da
Pinh ly. Néu ham f(t) lién tuc timg khuc trén moi khoang hitu han 0<t<N va

c¢6 hoanh do hoi tu s, khi t> N thi bién d6i Laplace F (s) cuano ton tai Vs >s,.
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3.1.3. Phép bién @6i Laplace ciia mdt s6 ham s6 co ban.

Giai

Giai

1) Ham bic thang don vi u(t)
Pinh nghia. (Ham bac thang don vi)

Ham u(t):{

D4 thi caa u(t) 1a hinh 3.1

Onéut<0 R R .
ne,u dugc goi 1a ham bac thang don vi.
Inéut>0

N 1
Ta co: L{u(t)}_l'l.e dt=—,5>0

2) Him mii e ™

_ T 1
L{e at}:J;e ) Stdt:m,s>—a

Vay L{e™} =$,s>—a

Vi du 1. Tim bién d6i Laplace cia cac ham sau:
1

a) e b) e* c) e?
a) L{e*“}:i,w—s

S+5
b) L{e?’t}zi,s>3

s—-3

1

c) L g2 ot 2 ,s>1

1 2s-1"7 2

2

3) Ham lwong giac cosat, sinat

L {cosat) = | cosatedt=— > 550
{cosat} !cosae KEwCIbly
{sinat) = [ sinate“dt=— 2 550
{sinat} !smae o S

Vi du 2. Tim bién d6i Laplace ctia cac ham sau:

a) sint b) cos2t c) sin(-3t)
a) Lisint!= ,$>0

) L{sint} 71 S >

b) L 2t = ,$>0

) L{cos2t} xBwibhe
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c) L{sin(-3t)} =Sz_—i’9,s >0

4) Ham lity thira t",ne¥

L{t“} = +ft”e‘“dt BN
0

Sn+1 !
Vi du 3.Tim bién dbi Laplace ctia cic ham sau:
a) f(t)=1 b) f(t)=t c) f(t)=t*
d) f(t)=4t*-3cos2t+5¢™ €) f(t)=t—e*sin4t
Giai

1
a) L{l} :g,s >0

1
b) L{t} :—2,3 >0

S

31 6

c) Littl==""=—"s5>0
) Lep=2-8
d) Ta co:
2 ~
L{tz}:s—3 L{COSZI}ZSZ+4 L{et}:m
A 8 3s 5
vay L{f(t)i=—— —_— 0
1y { ()} 2 $?2+4 s+1 s>
e) Tacé
1
L{t}:s—2 L{Sm4t}_sz+16
2L{e‘215in4t}= 42 =— 4
(s+2) +4%> s°+2s+20
A 1 4
Va L{f(tl==-——5>0
1y { ()} 5?2 §°+2s+20 s>

3.1.4. Phép bién ddi Laplace nguoc
1) Dinh nghia
Pinh nghia. Cho ham F(s) néu ton tai mot ham f (t) sao cho L{f (t)}=F(s) thi

f(t) goi la bién ddi Laplace nguoc clia ham F(s). Ky higu f (t)= L‘l{F (s)}

-

Vidu. Taco L{e"“} :LB =L {%}zem
S+ S+

2) Cac tinh chit ciia phép bién doi Laplace nguoc
a) Tinh chit tuyén tinh
Pinh Iy 1. L {¢F,(s)+c,F,(s)} =c f (t)+c,f, ()
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4 3s 5
- +
s—2 s*°+16 s*+4

Vi du 1. Tim bién doi Laplace ngugc clia ham F (s)=
Giai

Ll{F(s)}:Ll{ 4 238 + 25 }:4e2t—3cos4t+Esin2t

s—2 s°+16 s°+4 2

b)Tinh chit doi thir nhit (doi theo s)

Pinh Iy 2.

L {F(s+a)}=ef(t)=e"L"{F(s)}
hay L*{F(s)} =e™L™{F (s-a)]
1

Vidu 2. Tim L‘{ }
s2-25+5

Giai

F(s)=

1
- -  -E N=——
(s-1)°+2* (s )=g2

3 1. ) 1, .
Ll{F(s+l)}:Esm2t:>Ll{F(s)}:EetSInZt
¢)Tinh chét doi thir hai (doi theo t)

Pinh Iy 3. L*{e *F(s)} = f (t-a)u(t-a)

-5s
Vidy3. Tim 012
(s-2)

Giai

L 1 _ e’t’ _ 1e2tt3
(3_2)“ 31 6

d) Tinh chat doi thang do

Dinh Iy 4. L {F (as)} =§ f Gj (a>0)

Vi du 4. Tim Ll{ 28 }
45”16

Giai

L= > = cosdt = f(t):lcosﬁzlcosm
s°+16 2 2 2

107



Gidao trinh Todn cao cap

e) Bién ddi Laplace nguoc ciia dao ham

Pinh Iy 5. L*{F"(s)} = (-1) 'L {F (s)}

hay L {F (s)} =(t—? LH{F" (s)]

Vay dé tim bién d6i Laplace nguoc cuia dao ham ta thyc hién theo cac budce sau:
1) Tinh dao ham cép n cua F(s)

2) Tim bién d6i Laplace ngugc cua dao ham d6

(G0
-

3) Nhan két qua tim dugc véi

Vidy 5. Tim f(t) néu F(s)=In "

Giai

= L {F (5)} = (-2sht) -

f) Bién d6i Laplace nguoc ciia tich phan

+00

Dinh ly 6. Ll{! F(u)du}:%Ll{F(s)}

oy L (6) -t [ (o]

S

Vidu 6. Tim f(t) néu F(s):( - 1)2
S J—

Giai

L {ﬁ} =%sht = L*H{F(s)} =%t sht

g) Nhan véi s"

Pinhly 7. L' {s"F(s)} = £ (t) = .
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Vidu 7. Tim Ll{ S }
s°+4

Giai

L‘l{ 1 }z%sinth f(t)

s°+4

2

f'(t)=cos2t = Ll{
s°+4

} = C0S2t

h) Chia cho s"

Pinhly8. L*

7
Vi du 8. Tim Ll{ 1 }
|

Giai

m) Tich chap
Pinh Iy 9. Neu L*{F(s)} = f (t);L*{G(s)} =g(t) thi

LHE(5)6(5) = T (1)*9 (1)

. 1
Vidu9. Timp*d— -
o {<s—1>(s—z>}
Giai
Taco
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3.2. Céc tinh chit clia phép bién ddi Laplace
3.2.1. Tinh chit tuyén tinh
Pinh 1y 1. Néu F(s),F,(s) lan luot 1a bién doi Laplace ciia cac ham f,(t), f,(t) va

c,,C, =const. Khi do

L{c,f,(t)+c,f, (1)} =c,Fi(s)+C,F, (s)

Chirng minh

Lc,f,(t)+c,f, (1) ]j[cf t)+C, 1, (t)]edt =

clj f,(t)e™dt+c, j f,(t)e~dt =c,F, (s)+c,F,(s)
0

0
Vi du 1.Tim bién d6i Laplace ctia ham f (t)=4t>—3cos2t +5e "
Giai: Ta co
L{f(t)}= L{4t* —3cos2t+5e*} =4L{t’} -3L{cos2t}+5L{e"}.

Ma
L{t }_33’ L{cosZt}_Sz+4,L{e }_s+1
Vay
2! S 1 8 3s 5
MO S e e °°

Viduy 2. Tim bién doi Laplace cia ham f (t) =2t* —e* +%sin 3t
Giai: Taco

L{f(t)}= L{th —e? +%sin 3t} = 2L{t2} - L{e‘(‘z)t}+% L {sin3t}

ma:

20 (. 1. 3
L{tz}:§,L{e(2)‘}:E,L{sm3t}zsz+9
4 1

Suyra L{f(t)}=5-———+5—,5>2

Vi du 3. Tim bién d6i Laplace ctia ham  f (t) =3t* —2t° +cos2t —%e‘
Giai

L{Bt“} _gM_12. L{2t3} _,3 12

s° 0 st ¢
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3 3s-1

1 11
L{—e‘}z—— s>1 L{cos2t} =
s*+4

72 12 S 1

= - ,s>1
s s sz+4 3(s-1) >

Suyra L{f(t)}=

3.2.2. Tinh chit doi thir nhét (doi theo )
Dinh Iy 2. Néu L{f (1)} =F(s) thi L{e™f(t)}=F(a+s)}

Chirng minh

L{e’atf (t)} = I e f(t)edt= I e f (t)e’(s“‘)‘dt =F(a+s)
0

0

at

Dinh Iy nay dugc dién ta nhu sau: bién doi Laplace ciia e nhan véi mot ham

f(t) s& bang bién d6i Laplace F(s) cua f(t), véi sthay boi s+a. Tir do, ta cd
cac cong thirc quan trong sau:

L{e‘at cos bt} - 3%t <. 3

(s+a)2 +b?

L{e’at sin bt} :L, s>-a
(s+a)2 +b?

n!
S>-a

n+l?

Lie™t"}= (

Vidu 4. Tim L{ t% St}

s+a)

Giai

, §>3

I B
(s-3)" (s-3)

Vi du 5. Tim bién d6i Laplace ciia ham f (t) =t

L {tze3t

—Ee‘3t +cos2t

Giai
2 2
Lit?l === Lit’e'l=
L{Ee‘m}:EL L{cos2t} =—
2 2s5+3 s°+4
2 3 S

L{f(t)}= -

L) (s+1)’ 2546 5 +4
Vi du 6. Tim bién dbi Laplace ctia ham f (t) =€ sin4t
Giai
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Taco L{sin4t}=

s? + 42
4 4

L{e?sin4t! = =
suy ra {e sin } (s+2)2+42 T

Vi du 7. Tim bién d6i Laplace ctia ham f (t)=e" cos2t
Giai

Taco L{cos2t}=

s + 42
s+1 s+1

L{e ‘cos2t! = =
suy ra {e'cos2t} 1 i Fraselt

3.2.3. Tinh chit doi thir hai (doi theo 1)
Pinh ly 3. Néu L{f (t)} =F(s) thi L{f(t-a)u(t—a)}=e*F(s)
trong do u(t—a)= {(1)2;1: ::
Ta thir xét xem dd thi cia ham f (t—a)u(t—a) duoc suy ra tir d6 thi cia ham f ()
nhu thé nao. Dé dinh vi tri, xét ham f (t) =t c6 d6 thi nhu sau:

fit) 4

\ /
\ /
|/

O d t

Hinh 3.4. Biéu dién dé thi ham sé ()=t
Ta c6 dd thi cia ham f(t—a)=(t—a)? &

f(t-a)

LS

——

O a (

Hinh 3.5. Biéu dién d@é thi ham sé f(t-a)=(t-a)*
Nhu vay, tir dd thi cia ham f (t) =t doi mot khoang 14 a ta dwoc do thi cua

ham f(t—a)=(t—a)?. Mit khac, d6 thi cia ham u(t—a) la
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u(t-a)

Hinh 3.6. Biéu dién do thi ham sé u(t-a)
Nhan ham (t—a)* v6i u(t—a) ta dwoc ham f(t—a)u(t—a)

| f(t-a)u(t-a)

Hinh 3.7. Biéu dién do thi ham sé f(t-a)u(t-a)
Viy tir d0 thi ctia ham f (t) ta doi mot khoang 1 a rdi cét bo phia trai thi dugc
dd thi ctia ham f(t—a)u(t—a)
Vidu 8. Tim F(s) néu

[ 27[] . 27
cos| t—— |néut >—
3 3

f(t)=
Oné’ut<2—7[
3
_2ms
.y S se 3
Giai: L tl = Lif(t)=
iai {cost} ) suy ra { ()} i

3.2.4. Tinh chat d6i thang do

Dinh Iy 4. Néu L{f ()} =F(s) thi L{f(at)}==F

L (ij a>0
a \a

Chtrng minh

bat x:at:dt:%. Ta co:

L{ f (at)} :T f (at)e *dt =1T f (x)e%xdx 1k (ij
. ay a la
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Vi du 9. Blét L{Sltit} :arctanl’ tim L{Slrlat}
S

Giai

Ta co: L{Smat}:EL{Smat}zlarctan L =1arctang.
at a t a (s/a) a S

. in
Viay L{SI tat} —arctan2
S

3.2.5. Bién d6i Laplace ciia dao ham
Pinh ly 5. Néu L{f (1)} =F(s) thi:
L{f'(t)}=sF(s)-f(0)
L{f"(t)} =s’F(s)—sf (0)— f'(0)
L{f® (1)} =5"F (s)-s""F (0)-s"2f"(0)—.— £ (0)
Vidu 10.Tim L{sinat}
Giai
f (t)=sinat= f'(t)=acosat, f"(t)=-a’sinat
suyra f(0)=0;f'(0)=a

a

s?+a’

Vay L{-a’sinat} =s°F (s)-s0-a=F(s)=

3.2.6. Bién ddi Laplace ciia tich phén

Pinh ly 6. Néu L{f (1)} =F(s) thi L{if(u)du}z Fis)

Chimg minh
DAt 9(1)- [ £ (u)du='()= 1(1).5(0)~0 suy 1
L{g/(1} =56 (s)-(0)=5C () =L {1 (1)} = F(5).

Vay 6(s)= ) hay L{! f (u)du}: F(s)

S S

t .
Vi du 11. Tim L{[wdu}
u
0

Giai
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- t s
L{ﬂ} _ arctan = L{J‘wdu} _Larctant
¢ s u s s
suy ra

3.2.7. Nhan véi t'

Pinh Iy 7. Néu L{T ()} =F(s) i H{"F (0 =(-1)" (= F(8)=(-2) F(s)

Chiurng minh

Tac6 F(s)=[ f(t)edt

0

Dung quy tic dao ham dwéi dau tich phén:

F’(s)=% f(t)edt= | %[f (t)e ™ ]
0 0

= [—tf (t)edt =L {tf ()}
0
Vay cong thirc ding véi1 n=1. Dung quy nap suy ra dinh 1y dugc ching minh.
Vi du 12. Tim bién doi Laplace ciia ham f (t) =tsinat
Giai

L{tsinat}:—i( Za 2): 288 5
ds\s”+a (52 n az)
Vi du 13. Tim bién d6i Laplace cia ham f (t) =t2cosat

Giai

2 3 _pa2
L {t?cosat} - dz( : s zjz 2s 6a§
ds“\s” +a (32 + az)
3.2.8. Bién d0i Laplace ciia tich chép
Pinh nghia. Cho hai ham f (t),g(t), t>0. Tich chdp cua f va g la mot ham
ky hiéu 1a
f * g xéac dinh bdi cong thuc:
t
f*g :I f(u)g(t—u)du

*) Tinh chat cta tich chap:
D f(1)*9(1)=0()*1 (1)

2) Néu f(t) va g(t) la cac ham gbc thi f (t)*g(t) cling la ham géc.
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Pinh 1y 9. Néu L{f (1)} =F(s) va L{g(t)} =G(s). thi
L{f(t)*g(t)]=F(s)G(s)

Vidu 16. Tim L{t*sint}

Giai

. . 1 1 1
L{t*smt} - L{t} L{smt} :s_2 s? +1: SZ(S2 +1)

3.2.9. Bién ddi Laplace ciia ham tuin hoan

Pinh ly 8. Néu f (t) 1a ham tuan hoan véi chu ky T >0 thi

T

[etf(t)dt

Lif(t)=t—r—
{ ( )} 1_ efsT
Vi du 14. Tim bién ddi Laplace ctia ham gdc tudn hoan véi chu ky 2a sau:

Giai
2a a 2a (e—as _1)2
e f (t)dt=[edt— [e™dt=— L suyra
I stf()d J. Std ‘[ std
0 0 a

(e—as _1)2 _l 1_g™
s(l—efzas) s lve™

L{f ()=

f(t)

1

0 a 2a 3a  4a t

Hinh 3.8. Biéu dién do thi ham sé f(t)
Vi du 15. Cho
; (t): Sint,né'u0<t <z
Onéurz<t<2r
V& do thi ciia f(t) (dudng sin chinh lwu ban séng) va tim L{ f (t)}
Giai
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f(t) A

NN

0
Hinh 3.9. Biéu dién do thi ham sé f(t)
Ta co:

1+e™
s +1

Te‘“ f(t)dt= ]Ze‘St sintdt + Te‘“ odt =
0 0 V4

Suyra

1 1+e™ 1
L{ f (t)} = 1_e?™ 211 = (1—6_”5)(32 +1)

3.3. Cach tim ham gbc va g dung

3.3.1. Sir dung tinh chit ciia bién d6i thuin va tinh duy nhat caa bién doi

nguoc
Vidy 1. Tim L-l{z“—“‘}: f(t)
s°—4s+20
Giai
— 6(s—2)+8 —
Taco 684—()Jr—65'2+2 4

s°-45+20 (s-2)°+16 (s—2)+4 (s—2)+4

suy ra f(t)=e” (6cos4t+2sin4t)

—5s
Vi dy 2. Tim Ll{( : 2)4}= f(t)
S_

Giai

Giai
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Taco F’(s)z_—zz—z{1 > }

s(s*+1) s s2+1
L {F'(s)} = -2[u(t)cost]
= L*{F(s)} :_Tl LH{F'(s)} = Z[U(t)t_COSt]

3.3.2. Khai trién Heaviside.
Mot van dé quan trong 13 tim bién d6i Laplace nguoc cia phan thic hitu ti

F(s):%, trong d6 degP(s)<degQ(s). Tuong tu nhu phuong phép khai trién

phan thirc khi tinh tich phan, ta khai trién % thanh tong cic phan s so cip rdi im
bién ddi Laplace ctia cic phan sé so cap d6. Phuong phap tim bién d6i Laplace nguoc
nhu trén goi 1a phuong phap khai trién Heaviside (Oliver Heaviside (1850-1925) la
mot k¥ su ngudi Anh).
1) Truong hop : Q(s) chi ¢c6 nghiém don

Pinh 1y 1. Cho P(s), Q(s) 1 hai da thirc degP(s)<degQ(s). Gia sit Q(s) c6 n

nghiém thuc phan biét a, a,,.,a, . Khi do:

ool Sy

2
Vidul.Tim (%] S*2
s(s+1)(s+2)

Giai
Ta c6 P(s)=s"+2 Q(s)=s(s+1)(s+2) c6 3 nghiém thuc phén biét 1a
§s=0;s=-1s=-2
P(0)=2;,P(-1)=3;P(-2)=6
Q'(s)=3s*+65+2 =Q'(0)=2Q'(-1)=-1Q'(-2)=2
= f(t)=1-3e"+3™

Vi dy 2. Tim L-l{f’s—”}
s°—2s-3
Giai
Taco P(s)=3s+2, Q(s)=s"-25-3 ¢ 2 nghiém thyc 1a s=-1; s=3

Q(s)=25-2 =Q(-1)=-4Q(3)=4
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P(-1)=-1P(3)=11
= f(t)=1e +11 3
4
Vi du 3. Tim bién d6i Laplace nguoc cia ham
2s° —4
F =
)= -263)

Giai

Ta co:

P(s)=2s*-4;Q(s)=s’-4s’+s+6 €0 3 nghiém thuc phan biét Ila

s=-1s=2;5s=3
Q'(s)=3s*-8s+1
Q(-1)=12Q(2)=-3Q'(3)=
P(-1)=-2;P(2)=4;P(3)=14

-1 4 7
Vay f(t)=—e"'——e” +-¢&*
y 1 (1) 6 3 2
2) Truwong hop : Q(s) co nghiém thuc boi

Pinh ly 2. Gia str Q(s) c6 nghiém thyc s=a bdi m (nghia la Q(s) chira thira s6
(s—a)™). Khi d6 s6 hang ciia f(t) ing véi (s—a)" la:

" Altm_l Aztm—Z
° {(m—l)!+(m—2)!+'+A“}

trong d6 A = “m{(k 11)| (;jkk_ll [(s a)" F(s)}} k=12,,m

Vidud4.Tim L {(Sssil)l(%zl)l}
Giai

P(s)=5s%~155-11, Q(s)=(s+1)(s—2)’ =s* 55>+ 65> + 458
Q'(s)=4s°—15s* +125+4

Véinghiém s=-1

Q'(-1)=-27;P(-1)=9

S6 hang ciia f(t) Gtng véi s=-1 Ia: %e :_31e

Véinghiém s=2 (bdi 3)
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2
taco (s—2)° F(s):—55 _515i —11
+
d 3 5s° +10s — 4
—|(s=-2) F(s)|=—"——
(-2 FE==

O O

(S+l)3

A= lim L 58" ~155-11 _

5201 s+1

2 —_—
A, = |imlw=4
s—»>2 11 (S+1)

1 18 1

-7

m— -
552 21 (s+l) 3

Suy ra s6 hang cua f(t) Gmg véi s=2 la:
742 _7¢2

| T A L e 2 L
2 11 3 2 3

_ 742
Viy £()= e et Do raed]

3) Trwong hop: Q(s) c6 mot cap nghiém phirc don lién hop
Gia str Q(s) c6 mot cap nghiém phirc don lién hop s=—-a=+ib (nghia la Q(s) chura
thira sb

(s+a)2 +b?). Khi d6 s6 hang cua f(t) ang voi (s+a)2 +b? la:

—at

eT(¢,m cosbt + ¢, sinbt)

trong d6 ¢, ¢, 1an luot 1a phan thyuc va phan do cia sb phic ¢(-a+ib) voi

#(s)=| (s+a)"+b* | F(s)

Vidu 5. Tim L > .
(s +25+10)(s+2)

Giai
Tace F(S):((s+l)2+32)(s+2)2
#(s)=| (s+2) +3 | F(s)=——

(s+2)
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—atib=-1+3i :>¢(—:|.-|—3i)=_:L;s)lz:E_ii = e :Ei(bm :__9
(_1+ 3i +2) 50 50 50 50

-t
Do d6 s6 hang cta f(t) ung vdi (s +1)2 +3 la: %{%coﬁt—%sin 3t}

, . S -1
+ A= lim——> .
) Taco: A SIL—232+25+1O 5

s +25+10—5(2s+2
Azzlimi(—z 25 10) jim 525 +10-5(25+2) _ 3
s2 4+ 25+

=% (s2+25+410) 50

Suy ra s6 hang cua f(t) ung vdi sé hang (s+ 2)2 la:

e—2t (__11. +ij _ (3_101: je—Zt
5 50 50
-1 L
Vay f(t) =(3—0t)e‘2t +e—{—gcos3t “Bin Bt}
50 3150 50
3.3.3. Ung dung giai phwong trinh vi phén.

1) Ung dung giai phwong trinh vi phan tuyén tinh véi hé sé hing
Giai phuong trinh

a X" (t)+a, X" () +.+ax () +ax(t)= (1) (2)
théa mén cac diéu kién ban dau:

x(0)=x%; X' (0)=x;; X" (0)=x,,, 8 %0  (3)

Ham f(t), nghiém x(t) cung voi X (t),k=12,,n 1a cac ham gbc.
Céch giai:

+) Buéc 1: Dung phép bién ddi Laplace dua phuong trinh (2) vé phwong trinh

dai s0 bién s.

Pt X (s)= L{x(t)}, F(s)= L{1 (1)

Ap dung cong thirc bién doi Laplace cta dao ham véi diéu kién ban dau (3) ta co:
L{ax(t)} =a,X (s)

L{ax(t)}=a,[sX(s)-x, ]

L{anx(”) (t)} =a,[s"X (8) ="y —. =X, , =X, |

Thay vao phuong trinh (2) ta dugc:

(a,8"+a, "+ +as+3,) X (s)

=F(s)+%(as"" +a,,s"* +.+a)
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+x (28" +a, 8" .48, ) +.+ X, 48,
< A(s) X (s)=F(s)+B(s) (Phuong trinh anh)
X (5)=8)*FBE) (SZ\(ZE;(S)

+) Bude 2: Anh nguoc x(t)=L" {X (s)} 1a nghiém can tim.
Vi du 1. Giai phuong trinh: y"+y=t; y(0)=1y'(0)=-2
Giai

Lay bién do1 Laplace hai v€ cua phuong trinh :

Y (5)-5y(0)-¥'(0)+Y (5)= 5
Theo gid thiét ta c6: y(0)=1,y'(0)=-2 suy ra
1

SZ

1 . s-2 1 s 3
82(52+1) s?+1 s s%+41 s?+1

s?Y (s)—s+2+Y(s)=

do d6 Y (s)=

= y(t)=L"{Y(s)} =t+cost—3sint
Vidu 2. Giai phuong trinh: y"-2y"+y'=4; y(0)=1y'(0)=2;y"(0) =-2
Giai
Lay bién d6i Laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc:
L{y(t)} =Y (s);L{y'(t)} =sY(s)-1
L{y"(t)} =Y (s)-5-2 L{y"(t)} =5 (5)—s* — 25+ 2; L {4} =§
Thay vao phuong trinh ta dugc

Y(s)(s3 —2s? +s):§+s2 -5

suy ra
s° 5% +4
Y(s)=——
s°(s—1)
Lay bién d6i Laplace nguoc ta dugce nghiém cua phuong trinh 1a
Y (s)=3+4t—4e'
Vi du 3. Giai phuong trinh: y"-3y'+2y =4e”; y(0)=-3,y'(0)=5
Giai
Lay bién d6i Laplace 2 vé ctia phuong trinh :
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[ (5)-sy(0) - y'(0)]-[3s¥ (s) - y(0) ]+ 2¥ (s) :S%
Thay y(0)=-3,y'(0)=5 va giai theo Y (s) ta duoc

s?+25+3
s,2+23+2)(s2 +23+5)

Y(s):(

= y(t)=L{Y(s)} =%e‘t (sint+sin2t)

Vi du 4. Giai phuong trinh: y® —3y"+3y’'—y=t’%"; y(0)=1,y'(0)=0,y"(0)=-2
Giai
Lay bién d6i Laplace 2 vé ctia phuong trinh:

[S3Y (s)—s’y(0)—sy'(0)- y”(O)] —3[52Y (s)—sy(0)— y’(O)]
a[s¥ (5)-(0)]-Y (5)-

Thay y(0)=1,y'(0)=0,y"(0)=-2 va giai theo Y(s) ta dugc

1 1 1 2
YO ey o ooty

24t 54t
:>y(t):Ll{Y(s)}:et—tet—tze +t6—g

Vi du 5. Giai phuong trinh y"+4y=2sin2t véi y(0)=-1y'(0)=0
Giai
Lay bién d6i Laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc:

L{y(O) =Y (s):L{y (1)} = (s) +siL {2sin2t} =~

Thay vao phuong trinh ta dugc
4 s
(s2+ 4)2 s?+4
Lay bién d6i Laplace nguoc ta dugc nghiém cta phuong trinh 13
sin2t (t+2)cos2t
y(o)=3r2 -2
4 2

Vi du 6. Tim nghiém tong quat ciia phuong trinh y”+2y' +y =te™
Giai
Pé tim nghiém tong quat ctia phuong trinh ta dit y(0) = C,;Y'(0)=C,

(32 +4)Y (S): 3214 :>Y(s):

Lay bién doi Laplace 2 vé ciia phuong trinh ta duoc:
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1
s?+2s+1)Y (s)—(s+2)C,-C, =
(425 (0)-(s+2)00C=
Suyra
V(s)=— L GG G

(s+1)" (s+1) s+l
Lay bién d6i Laplace nguoc ta dugce nghiém cta phuong trinh 1a
y(t) :%ﬁe‘ +(C,+C)e
Vi du 7. Giai phuong trinh vi phan x"+5x"+6x= f(t),t >0
Vol
()= 3 né’u, 0<t<6
0 néu t>6

va thoa man diéu kién ban dau x(0) =0, X'(0) =2
Giai
. ) 3 3
Taco f(t)=3[u(t)-u(t—6)]nén F(s)= L[f(t)]zg—ge :
Gia st
L[x(t)]=X(s) = L*[X(s)]=x(t)
Lay bién d6i Laplace ca hai vé cta phuong trinh da cho ta duoc
L[x"(®)]+5L[X'(t)]+6L[x(t)]=L[f ()]
< 87X (s) —sx(0) — x'(0) + 58X (s) —=5x(0) +6 X (s) = g —ge‘“

—6s
 X(5)(s” +55+6) = >+ 2.
S S

25+3 e 3
s(s+2)(s+3) s(s+2)(s+3)

= X(3) :(ELEL_LJ_E& (£1_§L+ ! j

< X(9) =

2s 2s+2 s+3 2SS 2s+2 s+3

Lay bién d6i Laplace ngugc hai vé cua dang thirc cudi cung ta cé

LY [X(s)]= (%%t —e‘3tj—(%—ge‘2““” +e7%9 ju(t -6) (t=>0)

Vay nghiém cua bai toan la

11 -3t 1 3 —2(t-6) —3(t-6)
Xt)=| —+=t—e"7 |—-| =——e +e u(t-6) (=0
(t) (2 5 ] [2 5 (t-6) (t=0)

Vi du 8. Gidi phuong trinh vi phan x"+5x"+6x = f (t)+3f'(t)
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v6i f(t)=e"u(t) va cac diéu kién ban dau déu bang 0.
Giai
Tacé f(t)=e"u(t) nén F(s)=L[f(®)] :il
S+

Gia sir L[x(t)] = X(s) = L[ X(s)] = x(t)

Lay bién doi Laplace ca hai vé ctia phuong trinh da cho ta dugc
L[x"(®)]+5L[x'(t)]+6L[x(t)]= L[ f(t)]+3L[f'(t)]
&> 82X (8) —sx(0) — x'(0) + 55X (s) —5x(0) + 6 X (s) = F(s) +3sF(s) —3f (0)

< X(s)(s* +5s+6) =i+£
s+1 s+1
_ 3s+1 _ 1,4 .5
(s+D(s+2)(s+3) s+1 s+2 s+3
Lay bién d6i Laplace nguoc hai vé ciia dang thirc cudi clng ta cd

L[ X(s)]=x(t) =—e" +4e* —5e* (t>0)

< X(9)

Vay nghiém cuia bai toan la
Xx(t)=—e"'+4e* -5e* (t>0)

Vi du 9. Giai phuong trinh vi phn X"+ A%x = cos At

v6i diéu kién ban du x(0) =1, x(%) =1

Giai

Gia sit L[x(t)]= X (s) < L*[X(s)] = x(t)

Lay bién doi Laplace ca hai vé ctia phuong trinh da cho ta dugc
L[x"(t)]+ A*L[x(t)] = L[cos At]
< 87X (s)—sx(0) - X'(0) + A°X (s) = L [cos At ]

Keét hop vdéi diéu kién ban dau cia bai todn ta co

(s* +A*)X(s) =s+Xx'(0)+

s+ A7
S S x'(0)
& X(S) = +
®) (s*+A%)? s°+A* P+ A7
& x(t):itsin ﬁt+cos/1t+&sin At
21 A
Laico
1=x(Zy=% X0
207 44 A
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- x'(0) 1 7r2
A 41

Khi do

T
/12

x(t):%tsinﬂt+cos&t+(1— jsin At

Viy nghiém can tim 1a
1. . T
X(t) = —tsinAt+cos At +| 1——— Isin At
24 42
Vi du 10. Giai phuong trinh vi phan

, {sint néu 0<t<r
X"+ X =

0 néu t>r
v6i diéu kién ban dau x(0) = x'(0) =0
Giai: Gia st L[x(t)] = X (s) < L*[X(s)] = x(t)

Lay bién d6i Laplace ca hai vé ctia phuong trinh da cho ta duoc

L[x"(®)]+ L[x()]= Te“ sintdt

_—e” (s.sint+cost) T_&" + 1
s2+1° 0 s?+1 s?+1
2 ' e—ﬂ'S 1
< 5°X(s)=sx(0) = x'(0) + X (8) =—5—+—
s°+1 s°+1

1 N e
(s +1)*  (s*+1)?
St dung két qua bai toan: Néu f (t) =sint(l—u_(t)) =sint+u_(t)sin(t — )

1 e—?Z'S
+

s+1 s°+1

L[ f(®)]=
ta tim duoc

x(t) :%(Sint—tcost) +u_(t) B(sin(t —)—(t—r)cos(t —ﬁ):l
Vay nghiém cua bai toan la

1 . .
=(sint—tcost) néulO<t<rxz
X(t) =

1 .
—EﬂCOSt néut > .

Vi du 11: Str dung phép bién d6i Laplace giai phuong trinh:
y"-y=€iy(0)=y'(0)=y"(0)=0
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Lay bién ddi laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc

phuong trinh anh la

1
(52 +s+1)(s—
P(s)zl
(s)=(s"+s+1)(s—
Co6 nghiém thuc bdi 2 1a s=1 va 2 nghi¢m phtrc lién hop 1a s= —%i?i
S6 hang ciia y(t) mg v6i nghiém boi 21 s=1 13 ¢ (%H%j
S6 hang cua y(t) ung voi 2 nghiém phtcs ——%+§| la ﬁez (%cosguisin?tj

Vay nghiém cua phuong trinh 1a y(t) :%eit {%cos?tﬂsin ?t}-l—et (%H%)

Vi du 12. Sir dung phép bién doi Laplace giai phwong trinh:
y"-3y'+2y =4e*; y(0)=-3,y'(0)=5
Lay bién ddi laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc
phuong trinh anh Ia
S?Y (5)+3s—5-3sY (s)+9s+2Y (s) :siLZ

-7 4 4
+ +
s-1 s-2 (5_2)2

Y(s)=

Vay nghiém cua phuong trinh la
2) Ung dung giai hé phwong trinh vi phan tuyén tinh véi hé s6 hing
X'=f(x,y)+a(t)
y'=9(x,y)+b(t)
x(0) =%y, ¥(0) =y, . Ham a(t),b(t) , nghiém x(t), y(t) 1a cc ham goc.

Xét hé phuong trinh: { thoa méin cac diéu kién ban dau:

Céch giai:
+) Budce 1: Thuc hién phép bién doi Laplace hai vé cac phuong trinh ctia hé
Dt X (5)=L{x(v)}. Y (5)=L{y(v)}
Hé phuong trinh s& tuong duong véi mot hé dai s6 tuyén tinh cia X (s),Y (s).
Giai h¢ dai s6 tuyén tinh d6 ta tim duge X (s),Y (s).
+) Budc 2: Nghi¢ém cua hé (1) la:
X(1)=LH{X (s)]
{y(t) =LY (o)}
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X =2X75Y (i didu kign ban dau la: x(0)=8,y(0)=3

Vidu 1.Gi1a1 h¢ {
y'=y-2x

Giai
Lay bién d6i Laplace 2 vé ctia cac phuong trinh ta dugc hé phuong trinh:
sX (s)-8=2X(s)-3Y(s)
sY (s)-3=Y(s)-2X(s)

Giai hé phuong trinh nay duogc
X (s)=—+ 3
s+1 s-4
3) 2

Y = =
(S) s+1 s-4

Léy bién ddi Laplace nguogc ta dugc nghiém cua hé ban dau 1a

x(t)=5e" +3e"

y(t)=5e" —2e"

; A s X43x+y=0_ . 5 . X

Vi du 2. Giai h¢ phuong trinh vi phan Vo xty=0 voi diéu kién ban dau
—X+V=

la x(0)=1, y(0) =1
Giai
Lay bién d6i Laplace 2 vé ctia cac phuong trinh ta duogc hé phuong trinh:
{ (s+3)X(s)+Y(s)=1
—-X(s)+(s+1)Y(s)=1
Giai hé phuong trinh nay dugc
S
(s+ 2)2
s+4
(s+ 2)2
Lay bién d6i Laplace nguoc ta dugc nghiém ctia hé ban dau 1a\\

{uu=u—mwﬂ

y(t)=(1+2t)e™

X(s)=

X'—=2y=0 . 3
Vi du 3. Gidi hé phuong trinh vi phan {y, 2’)’( V6 didu kien ban diu 1a
+ =

x(0)=y(0)=0

Giai
Lay bién d6i Laplace 2 vé cila cac phuong trinh ta duge hé phuong trinh:
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sX (s)—-2Y(s)=

2X (s)+sY(s)=

U’M||_\ n |

Giai hé phuong trinh nay dugec:
% +2

X (8)=———

-1

Y(S):(sz+4)s

L'Qiy bién ddi Laplace nguoc ta dugc nghiém cta hé ban dau 1a:

t sin2t
x(t):§+ 1

y(t)Z%(l—COSZI)

X' =—X+y+e'

Vi du 4. Gidi h¢ { voi diéu kién ban dau 1a: x(0)=1 y(0)=1

y'=-3x+2y+2¢'
Giai

Lay bién d6i Laplace 2 vé clia cac phwong trinh ta duoc hé phuong trinh:
1

(s+1)X(s)—Y(s):a+1

2
3X (s)+(s—2)Y(s)—3=a+1

Giai h¢ phuong trinh nay dugc

Y(s)= i
Lay bién d6i Laplace nguoc ta dugc
{x (t)=¢'
y(t)=¢
Vi du 5. Giai h { X4y x=15e
y" —4x"+3y =15sin 2t
v6i didu kién ban dau 1a: x(0)=35,x'(0) =48, y(0)=27,y'(0)=-55
Giai
Lay bién doi Laplace hai vé ciia cac phuong trinh ta dugc hé
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15
24+3)X Y =355-21+ —
(s n ) (s)+sY (s)=35s tog
30
—4sX 2413)Y =275-195
S (s)+(s + ) (s)=27s t o2

Giai hé nay bang quy tic Cramer ta dugc
X(s): 32’05 B 42153 N 3 N 2Zs
s+1 s°+9 s+1 s°+4
30s 60s 3 2
Y(s)= - - +
(5) s$°+9 s°+1 s+1 s*+4

Lay bién d6i Laplace nguoc ta dugce nghiém cua hé 1a:

x(t)=30cost—15sin3t+3e™ +2cos 2t
y(t)=30cos3t—60sint—3e™ +sin 2t

Vi du 6. Tim nghiém tong quat ctia hé {
Giai
Dé tim nghiém tong quat cta hé phuong trinh ta gia sir x(0) =C,; y(0) =C,

Lay bién d6i Laplace hai vé ctia cac phuong trinh ta dugc hé

{sX(s)—Y(s):g

X (s)+sY(s)=C,

Giai hé nay ta duogc

Cs+C
X(s)= ls2 +12

Cs-C
Y(s)= ;2 +12

Lay bién d6i Laplace nguoc ta dugc nghiém cua hé 1a:
x(t)=C,cost+C,sint
y(t)=C,cost—C,sint
y'(t)+z'(t)+ y@)+z(t) =1
y'(t)+z(t)=¢
v6i diéu kién ban dau y(0)=-1, z(0)=2
Giai

Lay bién d6i Laplace hai vé clia cac phuong trinh ta dugc hé

Vi du 7. Giai h¢ phuong trinh {

SL[y®]+1+sL[z()]-2+ L[y®)]+ L[z(t)]:%

SL[y(®)]+1+ L[z(t)]=$
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Giai hé trén ta duoc

—s’+s+1 1 2 1
e T
s(s-1)> s s—1 (s-1)°

L{y@)]=
< y(t) =1-2¢" +te'
va 2(t) =€' - y'(t) =2¢' —te'
—_1_ t t
Vay nghiém cta bai toan 14 : yn =1 2te +tte
z(t) =2e" —te".

3.4. Bai tap chuwong 4
1. Tim bién d6i Laplace cia c4c ham sau:
a) 2e*
b) 5t-3
Cc) 2t*—e
d) 3cosbt
2. Tim bién doi Laplace cta cac ham sau:
a) t’e™
b) e cos2t
c) 3t* —2t°* —2sin5t
d) 4t —3cos2t+5e™
e) 2t —e? +%sin3t

) 2t—e* +sint
3.Cho f (t)={2tnéu,0£t <1
t néut >1
a) V& d6 thi cia f (t)
o) Tim L{1 (1)
OTim L{1()
s?—s+1 o
4. Cho Lif(t){= .Hay tim L{f(2t)!.
) (2s+1)°(s-1) y {f(20))
-1

5.Cho L{f (1)} =%. Hay tim L{e™f (3t)}

6. Tim bién doi Laplace ngugc ciia cac ham sau:

a) 2s+1
s(s+1)
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3s-8
4s? +25
35+2
4s® +12s+9

d 2

s2+2s+2

b)
c)

2

3s+2
4s* +125+9

9)
7. Dung phuong phép khai trién Heaviside tim bién d6i Laplace nguoc ctia cac ham
Sau.
2s-11
(s+2)(s—3)
19s+37
(s+1)(s—-2)(s+3)
S+5
(s+1)(s*+1)

a)

b)

8. Dung phuong phép khai trién Heaviside tim bién d6i Laplace ngugc cua cac ham
Sau.:
2s” -9s+19
(s-1)"(s+3)
2s+3
(s +1)2 (s+ 2)2

11s* —47s* +56s5+4
(s— 2)3 (s+2)

9. Giai cac phuong trinh vi phan sau:
a) y"+9y=cos2t;y(0)=1y'(0)=-1
b) y"+4y=9ty(0)=1y'(0)=7
c) y¥-y=¢;y(0)=y'(0)=y"(0)=0
10. Giai cac phuong trinh vi phan sau:
a) y'—3y'+2y=4t+12e";y(0)=6,y'(0)=-1

c)

b) y"—4y'+5y=125t*y(0)=y'(0)=0

c) y“ +2y"+y=sint;y(0)=y'(0)=y"(0)=y®(0)=0

11. Giai cac hé phuong trinh vi phan sau:
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X +3x—4y=9" . _
b {2X+y’—3y:3em voi x(0)=2;y(0)=0

12. Giai cac hé phuong trinh vi phan sau:

X'—2x—4y=cost . B B
: { y +x+2y=sint x(0)=y(0)=0

y'—Xx'—2y+2x=sint . _ =v'(0) =
b){ V42X +y=0 voi x(0)=y(0)=y'(0)=0

X'+2y"=e" .
C 0)=y(0)=y'(0)=0
) (X TBTE wi x(0)-y(0) -y (0

13. Cho ham f(t) co6 d6 thi

[
Lad

o 1
-1

Hinh 3.10. Ham séng vubng
Viét phuong trinh ctia f (t) va tim L{ f (t)}
14. Cho ham f(t) co6 d6 thi

fit)

Hinh 3.11. Ham song rang cuwa
Viét phuong trinh ciia f (t) va tim L{ f (t)}

15. Cho ham f(t) co6 do thi
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fit)

0 | : J 4 5 6 t

Hinh 3.12. Ham song tam giac
Viét phuong trinh ciia f (t) va tim L{ f (t)}
16. Cho ham f (t) c6 do thi

Hinh 3.13. Ham song chir nhdt
Viét phuong trinh ctia f (t) va tim L{ f (t)}

17. Cho ham f(t) co6 d6 thi
fit)

-

Hinh 3.14. Ham song tw do
Viét phuong trinh ctia f (t) va tim L{ f (t)}

18. Xac dinh F(s) cua cac ham f(t) sau:
a) f(t)=(5e"—2e" +e' u(t)
b) f(t)=
c) f(t)=u(t)-2u(t-1)

19. Tim bién d6i Laplace ctia c4c ham sau:
a) 105(t+4)

(5 +e' Ju(t+1)

b) 5@ (t-1)+5(t)+5u(t)
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) e u(t)]
d) %[etCOSZt u (t)]

Huéng din giai mot so bai
20) Tim bién d0i laplace ctia ham : f (t)=t> —3cos2t +sin3t
Giai
2 3s 3

2 . . : 3 .
L{t2}25—3 ,L{COSZt}z Sz+4, L{S|n3t}: 52+9 y L{f (t)}:?—m"rm

Piéu kién chung : s >0

b) Str dung phép bién d6i Laplace giai phuong trinh:
y"+y'+y=cost—sint; y(0)=y'(0)=1

Giai

Lay bién d6i laplace 2 vé cta phuong trinh va thay diéu kién ta dugc phuong trinh anh

Bién d6i L nguoc hai vé ciia phwong trinh trén ta duoc
y(t) = cost +sin t

Vay nghiém cua phuong trinh 1a : y(t) = cost + sin t

21.

a) Tim bién ddi laplace ctia ham : f (t)=t* —4e* +%sin3t

Giai

2. . .
L{tz}zs_w L{sm3t}=sz+9,

et
Vay L{f(t)}=2-— v

s s-2 s$%+9

Piéu kién chung : s > 2

b) Str dung phép bién d6i Laplace giai phwong trinh
y'+y=t; y(0)=y'(0)=0

Giai
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Lay bién d6i laplace 2 vé ctia phuong trinh va thay diéu kién ta dugc phuong trinh

anh la
1

e
1 1

Y(s)=2-

2 s%+1

Bién d6i L nguoc hai vé ctia phuong trinh trén ta dugc

y() =t-sint
Vay nghi€m cia phuong trinh 1a : y(t) =t - sin t
22.

a) Tim bién doi laplace ctia ham : f (t)=5t> - 2t° + cos 2t —%e"

Giai

Piéu kién chung : s > 0
b) Sir dung phép bién ddi Laplace giai phuong trinh:
y"+y+y=t+1; y(0)=0, y'(0)=1
Giai
Lay bién d6i laplace 2 vé ctia phuong trinh va thay diéu kién ta duoc phuong trinh
anh la

1+s
S2

+1

Y(s)(s®+s+1) =

1
<2

:>Y(s)=5

Bién d6i L nguoc hai vé ciia phuong trinh trén ta dugc  y(t) =t

Vay nghiém cua phuong trinh 1a : y(t) =t

23.
a) Tim bién d6i laplace ctia ham : f (t) =2t —e* +sint
Giai
2. gt gemo b
L{Zt}_SZ ; L{S|nt}_sz+1, L{e }_5_2
2 1 1

AR iy p

Piéu kién chung : s > 2

b) Str dung phép bién d6i Laplace giai phwong trinh:
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y+y=t; y(0)=1, y'(0)=-2
Giai
Lay bién d6i laplace 2 vé ctia phuong trinh, va thay diéu kién ban dau ta dugc phuong
trinh anh la

1 1 s 3
sZY(s)—s+2+Y(s)=S—2 :Y(S)ZS_Z+m_sz+1

Bién d6i L nguoc hai vé ciia phwong trinh trén ta duoc
y(t)=t+cost—3sint

Vay nghiém cua phuong trinh 1a y(t)=t+cost-3sint

24.

a) Tim bién ddi laplace ctia ham : f (t)=t> +e cos2t

Giai

s+1 s+1

:L{e"cosZt}: _ -
(s+1)° +4° s +2s+17

2.
L{tz} -5 L{cos2t} = "

Vay Lt} e

Diéu kién chung : s > 0

b) Str dung phép bién d6i Laplace giai phuong trinh

y"+4y'-5y=3;y(0)=0,y'(0)=0

Giai

Lay bién d6i laplace 2 vé cta phuong trinh, va thay diéu kién ban dau ta dugc phuong
trinh anh 1a

~ 3
 s(s—1)(s+5)

Y(s)

Bién d6i L nguoc hai vé ciia phwong trinh trén ta dugc

3.1, 1 &
t)=—"+-e'+—e
y() 5 2 10
Vay nghiém cta phuong trinh 1a : y(t)= _§+§et +%e‘5‘
25.
a) Tim bién ddi laplace ctia ham : f (t)=t—sin4t+e".cost
1 . 4 s+1
L{tt==" L{sindtl=——— L{e'costt=——
i s { } s*+16 { } (s+1)*+1
A 1 4 s+1
Va Lif(t) ==- +
4y ) s s?+16 (s+1)°+1

Diéu kién chung : s > 0
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b) Str dung phép bién ddi Laplace giai phuong trinh:
y"+2y'+y=te";y(0)=0,y'(0)=1
Giai
Lay bién d6i laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc phuong
trinh anh 1a

_1
(s+1)2

1 1

s?Y (s)-1+2sY(s)+Y(s)= WJFW

Y(s)=

Bién d6i L nguoc hai vé ciia phuong trinh trén ta dugc

Vay nghiém ctua phuong trinh 1a : y(t)= %ﬁe*t +te
27. Tim bién d6i laplace ctia ham : f () =t%* —e " +sint
Giai

e} = St =g Het =g = HIO- e

Piéu kién chung : s > 3
b) Str dung phép bién d6i Laplace giai phwong trinh:
2y'-y=4;y(0)=0
Giai
Lay bién d6i laplace 2 vé ctia phuong trinh, va thay diéu kién ban dau ta dugc phuong
trinh anh la

_ 4
s(2s-1)

=Y(s)

Bién d6i L nguoc hai vé ciia phuong trinh trén ta duoc

Y= Ll{s@: —1)}

Ll{ 4 }L{E}L{ 8}
s(2s-1) S 2s-1

lt
Suy ra y(t)=—4+4e?
Vay nghiém ctua phuong trinh la ~ y(t)=t+cost-3sint

28.

/4 2. N N . 1
a) Tim bién d6i laplace ctia ham : f (t)=3t* —2sin5t + te?

Giai
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72, : 10 . = 1
L{3t4}:s—5, L{25|n5t}:m, L{tez}:—

7210 1
s° s*+425 ( 1)2

Vay L{f (1))

Diéu kién chung : s > 1/2
b) Str dung phép bién dbi Laplace giai phwong trinh:
y+y=1;y(0)=1 y'(0)=2
Giai
Lay bién d6i laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc phuong

trinh anh la

1 2
Y(s)=
(s) s s?+1
Bién d6i L nguoc hai vé ciia phwong trinh trén ta duoc
1 2 .
t)=L"1=+ = 1+2sint
y(v) {s s? +1}
Vay nghiém cta phuong trinh 1a y(t)=t+cost-3sint
29.
a) Tim bién d6i laplace ctia ham : f (t)=t?™ +e* sin4t+e'.cos4t
Giai
L{t2 3‘}=—3; L{e’2t sin(4t)}: 42 == 4 : L{e’t cosZt}:zs;l
(s—-3) (s+2) +16 s°+4s+20 s +2s5+5
A 2 4 s+1
Va L{f(t) = + +
24 ) (s—3)° s°+4s+20 s’+2s+5

Piéu kién chung : s > 3
b) Str dung phép bién d6i Laplace giai phuong trinh:
2y'-y=t; y(0)=0
Giai
Lay bién doi laplace 2 vé ciia phuong trinh va thay diéu kién ban dau ta dugc phuong
trinh anh 1a

1
Y(s)= s?(25-1)

Bién d6i L nguoc hai vé ctia phuong trinh trén ta dugc

a1 1
y(H=t {52(23—1)}
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y(t)=2e" -t-2

Vay nghiém cua phuong trinh 1a y(t)=t+cost-3sint

30.
a) Tim bién ddi laplace ctia ham : f (t)=3t> +t%* +cosat
Giai
2y _6 . sy 6 __S
L{3t }_53 Lt o = L{cos3t} =
Vay L{f(t)}:%+ 6, ¢

Piéu kién chung : s > 0
b) Str dung phép bién d6i Laplace giai phwong trinh:
y'-2y+y=te* ; y(0)=y'(0)=0
Giai
Lay bién d6i laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc phuwong
trinh 4nh la

1
" ey

Bién d6i L nguoc hai vé ciia phuong trinh trén ta dugc

4 1
o=t {(5_1)2(5_2)2}
y(t)=€'(t+2) + e”(t-2)
Vay nghiém ctia phuong trinh 1a : y(t)=e'(t+2) + e?(t-2)
31.

a) Tim bién doi laplace ctia ham : f (t)=3t* —t’ —%e" +cos2t

Giai

4 _E 3 _E — 1 -t :li
L{3t }_35’ L{t }_54, L{cos2t} =——; :>L{3e } ]
Viy LS gt

s° st 3(s-1) 244
Diéu kién chung : s > 0
b) Sir dung phép bién ddi Laplace giai phuong trinh:
y"-3y+2y=1;y(0)=0, y'(0)=0
Giai
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Lay bién dbi laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc phuong
trinh anh 1a

- 1
s(s—1)(s—2)

Y(s)

Bién dbi L nguoc hai vé ciia phuong trinh trén ta duoc

CRr= =1
y(t)=1/2 —¢' +1/2¢
Vay nghiém ctia phwong trinh 13 : y(t)=1/2 —' +1/ 2e?
32.
a) Tim bién ddi laplace ctia ham : f (t)=t%" —%e*‘ +cos2t
Giai

2 3 3
Lit’e™! = Do LdZe®l=—"":L{cos2t! =
ey e

s°+4

2 3 N S
(s+1)’ 2s+6 s°+4

Vay L1 ()=

Piéu kién chung : s >0
b) Str dung phép bién ddi Laplace giai phuong trinh:
y'—3y'+2y =82 ;y(0)=0, y'(0)=0
Giai
Lay bién d6i laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc phuong
trinh anh 1a

V()=
S (s+2)(s-1(s-2)

Bién doi L nguoc hai vé ciia phuong trinh trén ta duoc

a1 1
)=t {<s+2><s—1><s—2)}
y(t)=-8/3 ' + 2e*" + 2/3¢™

Vay nghiém ctia phwong trinh 14 : y(t)=-8/3 &' + 2e” +2/3e™
33.

4 s 1

a) Tim bién d6i Laplace nguoc clia ham: F(s)=——-—>_ -~
s—2 s°+16 s

Giai

Ll{iz}z%z‘; Ll{ 23316}:3cos4t; Ll{iz}zt
S— S™+ S
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Vay L*{F(s)}=4e* —3cos4t -t
b) Str dung phép bién d6i Laplace giai phwong trinh:
y"+3y"+3y'+y=te™; y(0)=0,y'(0)=y"(0)=0
Giai
Lay bién d6i laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc phuong
trinh 4nh 1a

1
(s+1)2

1

$°Y () +3s%Y (s)+3sY (s)+Y(s)= m

Y(s)=
Bién d6i L nguoc hai vé ciia phuong trinh trén ta dugc

VO = ] = v e

(s+1)° 24

Vay nghiém ctua phuong trinh 1a y(t) :2—14t“e*t

34.
a) Tim bién d6i Laplace nguoc cia ham : F(s) =ﬁ
ST —4S+
Giai
CoO F(s)= R JF(s+1)= :>|:1{F(s+1)}=lsin2t
§°=25+5  (s-1)° +2? s2+4 2

Ap dung tinh chat doi thir nhat,suy ra:
L {F(s)}= %e‘ sin 2t
b) Sir dung phép bién ddi Laplace giai phuong trinh:
y"+2y'+2y=2t+2;y(0)=0,y'(0)=1
Giai
Lay bién d6i laplace 2 vé ctia phuong trinh va thay diéu kién ban dau ta duoc phuong
trinh anh la

25+2

SZ

1
<2

%Y (s)+2sY (s)+2Y(s)= 5

+1=Y(s)=

Bién d6i L nguoc hai vé clia phuong trinh trén ta duge: y(t)=t

Vay nghiém cua phuong trinh 1a :  y(t)=t

35.
a) Tim bién d6i Laplace ngugc cia ham :
1 s 1
= +
F(s) s 1 514 41
Giai
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Ll{il}:el; Ll{ S 4}=0052t; Ll{%}zsint
S— S™+ "+

Vay L*{F(s)}=e"+cos2t + sint

b) Str dung phép bién dbi Laplace giai phwong trinh:
y"+4y'=1y(0)=0,y'(0)=y"(0)=0
Giai
LAy bién doi laplace 2 vé ciia phuong trinh va thay diéu kién ban dau ta dugc phuong

trinh anh la

3 1 _ 1
s’Y (S)+4SY (S) =g Suy ra Y(S) —m
11 1 1

YO =3¢ i

Bién doi L nguoc hai vé ciia phuong trinh trén ta dugc:

a1 a 1
y{H)=t {E}_L {4(52+4)}

Vay nghiém ctua phuong trinh 1a ~ y(t)= %t —%sin 2t

36.
a) Tim bién d6i Laplace nguoc cua ham :
S
FO)= 5t
s—2 s-1 s“+4
Giai

Vay L*{F(s)}=e* —e'+ cOS2t
b) Str dung phép bién d6i Laplace giai phuong trinh:
y"+y=t ; y(0)=y'(0)=0
Giai
Lay bién dbi laplace 2 vé cta phuong trinh va thay diéu kién ban dau ta dugc phuong

trinh anh la

1
Y= s*(s*+1)

Bién d6i L nguoc hai vé ctia phuong trinh trén ta dugc:
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a 1
y(t)=L {—52(52+1)}

L { 1
(s* +1) s?(s*+1)

= y(t) = -sint +t

Vay nghiém cta phuong trinh 1a : y(t) = -sint +t

Pap sb ciia mdt sé bai tip chwong 4

1.

2
a JE—
) 4

S
S

2

b)

eS+l
s+1
6.
a) 1+e*
b) it?41
c) P
2
1.
a) 3e—2t e3t
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10.

11.

12.

b) —2e -3¢ +5e*
c) 2e ' +3cost—2sint

a) (3t—2)e' +4e™
b) t(e*—e*)
c) (2t —t+5)e* +6e™

4cos3t 4sin3t cos2t
+ +
5 5 5

a) y(t)=
b) y(t)=t

c) y(t) zé(l—et)cost +%(1+ 6e')sint

a) 3e' —2e” +2t+3+2e™
b) 25t +40t + 22+ 2e* (2sint—11cost)

c) [( t?)sint - 3tcost]

=(1-2t)e™
=(1+2t)e -2t

_ At 2t
b){ijztim
3) X =4t +2—2cost — 3sint
y = =2t + 2sint
= —écost—%smH;te
b) 1 1
‘t——e2t+ te™
9 3
x=1+e ' - g™
c)
y=1+e"'—be ™ —ae™
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