Gido trinh Todn cao cap

LOT NOI AU
Ngay nay, nhitng tu tudng, phuong phap va két qua cta toan hoc da tham
nhap vao hau hét cac linh vyc cua doi sdng, nhu linh vuc cta co hoc, vat 1y 1y
thuyét, hoa hoc luong tt,...Toan cao cép tir 1au dd nam trong chuong trinh bit
budc cua cac truong Pai hoc ky thuat, dong vai tro then chét trong vi¢c rén
luyén tu duy khoa hoc, cung cép cong cu toan hoc dé sinh vién hoc cac mon

khac.

Cuon sach Toan cao cap nay dugc chung téi bién soan nham muc dich
cung cap tai li€u hoc tap cho sinh vién Cao dang nghé cua khoa Co khi. Gido
trinh bao gém nhiing kién thirc co ban clia mon toan cao cap, la co s¢ cho sinh

vién hoc tap cdc mon chuyén nganh.
Gido trinh gom 3 chuong:

Chuong 1: Ma tran — Dinh thirc va hé phuong trinh tuyén tinh. Chuong nay
trinh bay kién thirc co ban vé ma tran, dinh thirc, hé phuong trinh tuyén tinh,
cac phép toan vé ma tran va mot sd phuong phap giai hé phuong trinh tuyén

tinh.

Chuong 2: Phép tinh vi phan va tich phan. Chuong nay trinh bay nhiing
van dé quan trong cua dao ham, tich phan ham mot bién. Noi dung chinh cua
chuong la cac phuong phép tinh dao ham va tich phan. Pac biét, trong chuong
hai chting t6i c6 phan 1y thuyét tinh gan dung va tng dung tich phan dé tinh dién

tich, thé tich cac vat thé, phan nay st dung nhiéu cho linh vuc co hoc.

Chuong 3: Phuong trinh vi phan. Chuong nay trinh bay mot cach c6 hé
thng vé phuong trinh vi phan: khai niém phuong trinh vi phan, cach giai mot sd
dang phuong trinh vi phan cip mot va cap hai.

Do gido trinh dugc giang day cho sinh vién Cao dang nghé khong phai
chuyén nganh toan, nén chiing t6i khong di sau vao viéc chimg minh nhirng ly

thuyét toan hoc phuc tap. Thay vao d6 chung t6i dua ra nhiéu vi du minh hoa



Gido trinh Todn cao cap

véi cac budc 1am cu thé va chi tiét. Cudi mdi chuong déu c6 mot luong 16n bai

tap dé reén luyén, ngoai ra chung td61 con c6 muc dap s6 va hudng dan giai.

Mic du, di c6 nhiéu cd ging trong bién soan nhung Gido trinh khong thé
tranh khoi nhitng thiéu sot, chiing t6i rat mong nhin dwgc nhitng ¥ kién dong

gdp cua cac dong nghi¢p va doc gia xa gan.

CAC TAC GIA
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Chwong 1
MA TRAN - PINH THUC VA HE PHUONG TRINH TUYEN TiNH

1.1. MA TRAN

Khi ta c6 m x n s6, ta c6 thé xép thanh mot bang sé hinh chit nhat chira m hang, n
cot. Mot bang sé nhu thé goi 12 mot ma trdn.
1.1.1. Dinh nghia

Mot bang sé chit nhat c6 m hang, n cot

all alZ e a'ln all a12 e a'ln
Ao |B B e By hay A= a, a, .. a,
_aml amz amn_ a'ml a'm2 a'mn

goi la mgt ma trgn com x n, va ky hiéu la: A = [aij] hay A = (aij)

trong d6: a;; 14 phan tir ciia ma trgn A nam ¢ giao diém cua hang i va cét j.

a, a, .. @y .. a,
21 22 2j ottt 2n
a, a, .. &; .. a-r—> hangthui
(ila chi so hang)
a,, &, B o B |
Cot thu j

(j 1a chi s6 cot)

. 1 4 6
Vidu1l: Bangso A =
: 2 5 0
la mot ma tran ¢& 2 x 3 vai cac phan tir
a1 = 1 dip = -4 diz = 6

a21:2 322:5 a23:0

[

Vidu 2: Bang sb A= |2

SN

la mot ma tran ¢& 3 x 1 véi cac phan tir
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ap =1 apy =2 az=4
Vidu3:Bangs6 A=[2 -3 4 9]
la matran ¢& 1 x 4 véi cac phan tir
=2, ap=-3, a;z=4, au=9

5
2
8

Vi du 4: Cho bang s6 A =

~ o B

Bang s6 trén 12 ma tran ¢& 3 x 2 Vi cac phan tir 1a

a1=1, a;p=5, an=6, ap=-2, axn=7, axp=8
5
6
4

Vi du 5: Cho bang s6 A =

N O -
o O N

Bang s6 trén 12 ma tran ¢& 3 x 3 Vi cac phan tir

Az =2 ap=0 a1 =0
a11:1 3.33:8 a13:7
a12:5 3.22:6 a32:-4

Khi m = n thi ta goi ma tran A la ma tr@n vudng cdp n (goi tat 1a ma tran cap n)

all a'12 e aln

a, a, .. a . .
A= 7 "1 (so hang = so cét)

la, a, .. a,|

Q11,820 . » @y dueoC goi 12 cac phdn tir chéo.

Puwong thang di qua cdc phan tir chéo dwot goi 1a dwong chéo chinh

buong chéo chinh

buong chéo phu
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5
6
4

.
Vidu 6: Matran A= 0 | 1a mot ma tran vudng cap 3.
8

N O B

Puong chéo chinh 1a duong thang ndi cac phan tir 1, 6, 8.

DPuong chéo phu 1a dudng thang ndi cac phan tir 2, 6, 7.

Ma tran tam giac trén: 1a ma tragn vudng cap n ma tat ca cac phan ti nam ¢ dudi
dwong chéo chinh déu bang 0, tirc 1a ajj=0 néu i > j

all a12 a13 e aln
0. .a, a, .. a,
0 0 a, .. a,
0O 0 O a,,

;
Vidu7: Matran A= 0 | la mot ma tran tam giac trén.
8

o O -
o o O

Ma tran tam giac dwéi: 1a ma trdgn vudng cap n ma tat cd cac phan tiz nam & trén
dwong chéo chinh déu bang 0, tic la a; =0 néu i < j

Vidu 8: Matran A=

Ma tran chéo: 1a ma trdn vudng cdp n ma tdt ca cac phan tiz nam ngoai dwong chéo

1
2
5

0
3

-7

a, 0 0 0
21 22 O 0

a‘31 a32 a33 0

a'nl a'n 2 a'n 3 a'nn .

deubang 0, tic laa;=0néui = j

a,,
0
0

0
ay
0

0
0
a3

hay

0
0 | la mot ma tran tam giac dudi.
4
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1 0
Vidu9: Matran A=10 0 | la mot ma tran chéo.
0

o N O

-3

Ma tran don vi: 1& ma trdan chéo ma tdt ca cac phan ti nam trén dwong chéo chinh
déu bang 1 va ky hiéu 1a 1.

y |
Vi du 10: A ﬂ la ma tran don vi cdp 2.

1 0 0
2) 1=[0 1 0]lamatrandon vicap 3.
0 0 1

Ma tran khong: 1a ma trgn ma tdt ca cac phan ti cia né déu bang khong. Ma trén
khong ky hiéu 13 O.

Vidu 11l: 1) 0= 8 8 8} Ia ma tran khong cd 2 x 3
0 0] ,, A A 4
2) O= 0 O} la ma tran khong cap 2.

Hai ma tran bang nhau:
Hai ma trdn A va B dwroc goi 1a bang nhau, ky hiéu A = B, néu chiing ciing cé va cac
phan ti# ¢6 cuing v; tri bang nhau, tizc 14

A=B < {A_[a'l:lmxn . B :I:bij]mxn

a; =b, , Vi,j

. b 1 2
Vidu 12: 2 = conghiala a=1, b=2, c=3, d=5.
c d 3 5

1.1.2. Céc phép toan vé ma trgn
a) Phép cong hai ma tran cung cé:
Pinh nghia: Cho 2 matrgncungcomxn: A= [aij] ; B= [bij] TongA+Bla

mgt ma trgn C ¢ m x n ma phdn tiz ¢;; = a; + by . TavietC = A + B
A+B=[a,] ~+ [b] =[a+b]

Vidul3: Cho A:[1 4} va B:{_Z 3]
3 2 1 4
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Khi do: A+B:F—2 4+3}:{_1 7}

311 2+4| |4 6
2 -5 4 5 2 4
Vidul4: Cho A=|-1 4 -3| va B=| 4 -5 -2
3 1 2 3 1 -6

2-5 542 444 -3 -3 8
TacO A+B=|-1+4 4-5 -3-2|=/3 -1 -5
3+3 1+1 2-6 6 2 -3

Cha y: Piéu kién dé 2 ma tran cong duoc véi nhau 1a 2 ma tran cing ¢ .

Vidul5:  Cho 2 matran: A:F 4} ;B:[2 4 _3]
3 2 4 -1 5

Hai ma tran A va B khong cong véi nhau dugc vi A va B khéng cung c&, ma tran A
co2x2,matran B co 2 x 3.
Tinh chat:

« A+B=B+A (tinhgiao hoan)

e« A+0O=0+A=A (Olamatran khéng)

« (A+B)+C=A+(B+C) (tinh két hop)

e Matran-A = [—aij] duoc goi la ma tran d6i caa ma tran A.
Khi do: A +(-A) = (-A) + A=0
b) Phép nhan ma tran véi mét so:

Pinh nghia: Cho matrdgn : A= [aij] va sé thuc k.

Ta noi: Tich cua so thic k véi ma trdn A hay tich cia ma trdn A véi sé thuc k 1a mét
matrgn com x n, ky hiéu la k.A hay A.k va dwoc xdc dinh nhu sau:

kA=Ak=[ka,]

mxn

Vi du 16: Tinh
7 01 2 3
a) 2.{2 - J b) (-3). | -6 4
7 -1
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1
C) %3
2

Giai.
a)2701_2.72.02.1_1402
|2 5 4| |22 25 24| |4 10 8
2 3 (=3).2 (-3).3 6 -9

b) (-3).|-6 4|=|(-3).(-6) (=34 |=|18 -12
7 1| [(=37  (3).(-D| |-21 3

|_\
N
N |-
T
o)

O
N
I
N W
w NN
()
Il
P Nw N

N
w

N
11
NI NP N
o .
NI NP NP
N
N

N N[~

3
2

Tinh chat: Cho 2 matran A, B cuing cdp va 2 sé thuc k, h € R
1) k(A+B)=kA+kB
2) (k+h)A=kA+hA
3)  k(hA) = (kh).A
4 1LA=A
5 0A=0
Vidu 17:  Cho 3 matran:

-1 2 1 2
A=| 2 -3 : B=|-2 1 :
1 2 -1 3

Hay thuc hién céac phép tinh sau:

a) (A-B)+C b) 2A- (B +C)
c) A+B-C d) 3A-2B +4C
Giai.
-1 2 1 2 -2 1
a) A-B+C=| 2 -3|-|-2 1|+| 2 -1
1 2 -1 3 3 2
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-1-1 2-2 -2 1
=|2+2 -3-1|+| 2 -1
1+1 2-3 3 2
-2 0 -2 1
= |4 A4|+| 2 -1
2 -1 3 2
-2-2 0+1 -4 1

=442 -4-1|=|6 -5
2+3 -1+2| |5 1

-1 2 1 2] [-2 1
by 2A-(B+C)=2.| 2 -3|-||-2 1]+|2 -1
1 2 -1 3] |3 2

-2 4 -1 3] [-1 1

=14 -6/-|/0 0|=|4 -6

2 4 2 5] [0 -1

~1 2 1 2] [-2 1
) A+B-C=| 2 -3|+|-2 1]-]| 2 -1
1 2| |-1 3 3 2

-1+1+2 2+42-1 2 3
=|2-2-2 -3+1+1|=|-2 -1
1-1-3 2+3-2 -

-1 2 1 2
d) 3A-2B+4C=3.| 2 -3|-2.|-2 1|+4.

1 2] -1 3
-3 6 2 -4 4
=6 -9(+|4 -2+ —4
3 6 - 8

=|6+4+8 -9-2-4
13+2+12 6-6+8

32864+4{ 6

c) Phép nh&n ma tran véi ma tran:
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DPinh nghia: Xét 2 ma trgn: A = [aij} va B= [bij} , trong dé s6 Cot ciia ma
mxp pxn

trdn A bang sé hang cia ma tran B va déu bang p.

Ta noi: Tich cia ma trgn A.B la ma trgn C = [cij] c6 m hang n cgt ma phan t

mxn

Cij dwoc tinh bai cong thac:
p
Cij = ail.blj + aiz.sz +...+ aip.bpj = Zaik.bkj
k=1

(Cjj bang hang i ciia ma trdn A nhan véi cét j cia ma tran B)

b,;
b,,
b3J = ail.blj + aiz.sz + ...+ aip.bpj
M
b

pj_|

Nhu vay diéu kién dé ma tran A nhan duoc véi ma tran B 1a s6 cot caa ma tran A bang
s6 hang cua ma tran B.

2 4

Vidu18: Cho2 matran: A=|4 2| va B= -2 4 24
5 1 3 2 -15

Ma tran A nhan duoc voi ma tran B vi ma tran A c6 2 cot bang sé hang cua ma tran B.
Tuy nhién tich B.A khong thuc hién duoc vi s6 cot cia ma tran B 1a 4 khac véi s6
hang cua ma tran A.

1 3 5
1 2 0
Vidu19: Cho 2 matran: A= L A 7} va B=|10 8 6
0 2 4
Kich thuéc chamatran C=A.B la2 x 3.
c
Tac6C= {Cﬂ G } trong do:
C21 C22 CZS
1
ciu=hanglxcotl=[1 2 0]/10|=1.1+210+0.0=21
0
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3
c,=hanglxcot2=[1 2 0]|8|=13+28+0.2=19

2
cz=hang1lxcot3=15+26+0.4=17

1
Cr=hang2xcotl= [3 —4 7]|10| = 3.1+ (-4).10+ 7.0= - 37
0
Crp=hang2xcot2=3.3+(-4).8+ 7.2=-9
Ca=hang2xcot3=35+(-4).6+7.4=19

21 19 17
Vay C = )
-37 -9 19
2 -3 6 -3 2
Vidu20: Cho C=(4 5 7| .| 2 6
8 -9 2 5 -3

C& caa ma tran C 12 3 x 2. Trong d6 cac phan tir duoc tinh nhu sau :
-3
ciu=hanglxcotl=[2 -3 6].| 2 |=2.(-3)+(-3).2+6.5=18
5
Cp=hanglxcot2=22+(-3).6 +6.(-3) =- 32
-3
Cx=hang2xcotl=[4 5 7].| 2 | =4.(-3)+52+75=33
5
Cr=hang2xcot2=42+56+7.(-3) =17
-3
Ci=hang3xcotl=[8 —9 2]| 2 |=8.(-3)+(9).2+25=-32
5

Cs2 = hang 3 x cot 2 = 8.2+ (-9).6+ 2.(-3) = -44

18 -32
Vay C=|33 17
32 44

Vid1,121:ChoZmatraﬁn:A:[_2l O} VéB:F 2}
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Taco
[—1 1 2] [-1 -2
AB-= O. =
2 3|3 0] |11 4
BA = 1 2 . -1 0 _ 3 6
3 0]2 3 |30

Qua vi du 21 ta nhdn thdy rang phép nhan 2 ma tran khong cé tinh chdt giao hoan.
Ngay cd trong trueeng hop tich A.B va B.A déu thuc hién duwoc thi tich A.B va B.A
khéng bang nhau.

Vidu 22: Cho 2 matran: A= F 2};5:{2 _6}
' 2 4 1 3

ae=l W15 3l o
Nhuw vay khi tich A.B = O ta khong suy ra diwoc matrgn A= 0 hogc B =0.
Tinh chat:
A(B+C)=AB+AC
B+C).A=B.A+CA
A.(B.C) = (AB).C
k.(A.B) = (k.A).B = A.(k.B)
d) Ma tran chuyén vi:
Dinh nghia: Xét ma trgn A = [au]mxn' Tir ma trdn A ta @i hang thanh cét, cot thanh

hang ta dwot Mt ma tran mai goi 1a ma tr@n chuyén vi cia ma tran A, ky hiéu 1a A'.

< oar. t_
Khi do: A= [aji]nxm
5 -2
Vidu23:Cho matran: A=|-1 3|.ViétA'
2 -4

Tir ma tran A, ta chuyén hang 1 thanh cot 1 trong ma tran A', hang 2 thanh cot 2 trong
ma tran A', hang 3 thanh cot 3 ta duoc ma tran A'.

Viy Al 5 -1 2
' 2 3 -4

10
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-2 4 3]

-2 5 47 4 5 -1 3

Vidu 24: Cho A = 4 -1 2 2 g|A'= 4 2 -6
3 3 -66 9 [

4 8 9]

(hang 1, 2, 3 trong ma tran A lan luot chuyén thanh cot 1, 2, 3 trong matran A')
5 -2

Vi du 25: Cho 2 ma tran: ={-1 3 véB:{ 2 3 -5 3}
. -1 4 2 4
2 —4
Hay tinh:
Giai.
> “2lr) 3 5 3
1) AB= _21 j{—l . o 4}:((;”)3)(4

Cii=5.2 + (-2).(-1)= 12
Cip=5.3+(-2).4=7

Ci3 = 5.(-5) + (-2).2 = -29
Ca=5.3+(-2).4=7

Cor = (-1).2+3.(-1)=-5
Cp=(1).3+34=9
Crs=(-1).(-5) +3.2=11
Cu=(-1).3+34=9

Cy = 2.2+ (-4).(-1) =8
Cap = 2.3+ (-4).4=-10
C33 = 2.(-5) + (-4).2=-18
Cas = 2.3 + (-4).4 = -10

12 7 -29 7
VayAB=|-5 9 11 9
8 -10 -18 -10

11
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12 -5 8
9 -10
Do d6 (A.B)' =
29 11 -18
7 9 -10
2 -
3 5 -1 2
2) B'= : Al=
-5 2 3 -4
3 4
2 -1 12 -5 8
Blaz|d 4[5 127 |7 9 -10
' 5 2 ||-2 3 -4 -29 11 -18
3 4 7 9 -10

Tir vi du 25 ta c6 (A.B)' = B.A", Ta cong nhan dinh Iy sau.

Pinh Iy: Cho 2 ma tran: A = [aiﬂ va B= [bij} .Khi d6 (A.B)' = BLA!
mXp pXxn

1.2. PINH THUC

1.2.1. Dinh nghia
a, Dinh nghia 1( dinh nghia vé ma tran con). )
Xét ma tr@n vudng cap n: D 3
7] ap n.
: g p a, a, aZj a,,
a; a;, aij a;,
anl an2 anj ann

Tir ma trgn A, bé di hang i va cét j ta thu dwoc ma trgn vudng cap n-1. Ma tran nay
duroC goi 1a ma trgn con twong g véi phan tir a; va ky hiéu 1a M.

1 25
Vidu26: ChomatranA=|-4 0 6
2 2 3

Khi d6 A c6 cac ma tran con tuong (rng sau:

[0 6
My = ) 3} (trmatran Abo di hang 1vacotl);
-4 6| . A r 4: ba S
My, = 5 3} (termatran Abod di hang 1 vacéot 2) ;

12
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2 5 s \
My = {2 3} (trmatran Abo di hang 2 vacot 1) ;
-4 0 15 1 2
M - y M - ’ M -
5= |5 5 == 3 ==, 3
2 5 1 5 1 2
Mg, = ; Mz, = , Ms3 =
31 _0 6j| 32 {_4 6j| 33 |:_4 O:|
- 2 0 3
) ) 31
Vidu 27: Chomatran A= 0 4
340

Ta c6 cac ma tran con tuong trng sau:

0 31 5 31 5 0 1 5 0 3
Mll =|-1 0 4], M12 =6 0 4 ; M13 =6 -1 4]; M14 =6 -1 0
3 40 0 4 0] 0 3 O 0 3 4
2 0 3 -2 0 3] 2 2 3 2 2 0
sz_: -1 0 4| ; Mzzz 6 0 4 ; M23 =6 -1 44 M24 =16 -10
3 40 0 4 0 i 3 0 0 3 4
2 0 3 -2 0 3 -2 2 3 2 2 0
M3 =10 3 1 s M= 5 3 1 iMys=| 5 0 1|; Myu=|5 0 3
3 40 0 40 0 30 0 3 4

b, Pinh nghia 2( dinh nghia vé dinh thirc). Binh thirc cia ma trgn A, ky hiéu 1a
det(A) hodc |A| va dwoc dinh nghia dan dan nhw sau:

Alamatrancap 1: A = [a,,] = det(A) = [a,,| =an
, fa,, a a,, a
Alama tran Cdp 2:A=| M 12i| thi det(A) =" 2 = dq1doo — d12doq
_a21 a22 21 22
A, a, ag
Alamatrgncap3: A=|a, a, ay|thi
|8 3 Ay
a; &,
det(A) =18y Ay Ayl = a]_]_.det(M]_l) - alz.det(Mlz) + alg.det(M]_3)
aSl a32 a33

13
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— all a22 a23 _alz. a21 a23 + al3 a21 a22
83 Ay 8y g 8y Ay
A la ma trdn vudng cdp n thi:
det(A) = a;1.det(Myy) - ap.det(My) + az.det(Mys) - ... + (-1)1+”.a1n.det(M1n)

Chay: Dinh thirc cap 2 bang tich dwong chéo chinh trir i tich dwong chéo phu.
Vi du 28: Tinh cac dinh thirc sau:

2
a) 5‘:2.4—5.3:-7
3 4
-ls e 0 -3 2 -3 2 0
b) 2 0 -3 =(1). _‘-5.‘ _‘+2.‘ JJ
1 4 “l4 4 4
4 1 4
=(-1).[o-(-3)] - 5. [B-(-12)] + 2.[2-0]
=-3-100+4=-99
372 o 0 -3 2 -3 2 0
c 2 0 -3=3.1 TJ-(2.]° T +(5).
) Ll el
4 1 4
=3.[0- (-3)] + 2. [8- (-12)] - 5.[2— 0]
=3.3+2.20-5.2 =39
3 -2 5 3 -3 3 5
o sose=af bl el ]
2 2 1 2
1 2 2
=316+ 2.(-3) + 4.(-11) = -2
w3 s 2 -3 3 -3 3 -2
_2 —3=(-3). - (-5). .
e) 3 3 (3)‘2 2‘ (-5) ‘_1 ‘+4‘_1 2‘
1 2 2
=(-3).2+53+44=25
5 -2 -3 ) -
-3 2 -1=5. 3). |
f> el el ]
1 2 2

14
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=5.6+2(-5)-3.(-8)=44

3 -2 4 1 -3 2 -3 2 1
2 1 -3=3." |-(2 44,
0 R L R
1 2 2
=38+21+45=46
2 0 0 -3
1 2 1
h)
0 -1 2 0
3 0 -2 -
2 1 1 11 1 1 2 1 1 2 1
=21 2 o|l-0l0 2 o|l+0. |0 -1 0|3 |0 -1 2
0 -2 - 3 2 - 3 0 -1 3 0 -2

=2[2.(-2)- 1.1+ 1.2] + 3. [(-1).2 - 2.(-6) +1.3]
=2.(-3)+3.13=33
1.2.2. Céc tinh chat
Tinh chéat 1:
Dinh thtrc cuia ma tran chuyén vi A' bang dinh thirc cia ma tran A, tac la:
det(AY) = det(A)

1 2

Vi du 29: ‘ =2
3 4

b
2 4

Hé qud: “Mot tinh chat khi da phat biéu ding vé hang cia mét dinh thic thi né van

con dung khi phat biéu thay hang bang cot”.

Tinh chit 2

Déi ché 2 hang (hay 2 cat) ciia mét dinh thiee, ta dwoc mét dinh thizc méi bing dinh

thire cii déi ddu.

-2 5 3 4 -2
Vi du 30: 5 12 =-[5 1 2 (bbihang1vahang 3 cho nhau)
4 -2 -2
That vay, ta co
w2 03 1 2 b2 .51
5 1 2=(2) 5. “+3,
4 -2 1 4 1 4 -2

15
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=(-2).5-5.(-3) +3.(-14) =-37

4 -2 1 2 5 2 5 1
5 1 2:4.‘ ‘-(—2).‘ ‘+1.‘ ‘

5 3 2 3 2 5

~2 5 3
=4.(-7) +2.19+ 27 =37
—2 5 3 4 -2
Vay| 5 1 2 =-|5 12
4 -2 —2

Tinh chat 3: Mot dinh thic ¢ 2 hang (hay 2 cot) nhu nhau thi bang 0.
Vi du 31:

-2 5 3 -2 5 3
A=| 5 1 2=-|5 1 2 =-A (Péihang1vahang 3 cho nhau)
-2 5 3 -2 5 3

Suyra:2A=0 — A=0

a, a, .. aj .. a, i

a'21 22 e 2j e 2n
Tinhchét4: Cho A= ot L Tinh det(A)

a, a, .. a, .. a,

8, 8, . 8y o 3,

Tinh det(A) bang cach khai trién theo hang thi i:
det(A) = (-1)"* aip.det(M;y) + (-1)"2 ap.det(Mip) + . . . . . . + (-1)™ ".a;,.det(M;,)
Tinh det(A) bing cach khai trién theo cét thit j:
det(A) = (-1)™ ay;.det(My) + (-1)*7 ay.det(My) + . . . . .. + (-1)™.a;.det(My;)
-4 3 4
-2
Vidu 32: Tinh A= 0
2 3
-1 4 0

Khai trién theo hang thir 1( theo dinh nghia):

16
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2 00 0 00 0 20 0 -2 0
det(A)=(-4).| 0 2 3|-3.|5 2 3|+4/5 0 3|-1.|5 0 2
4 0 4 10 4 1 4 4 1 4

= (-4). (-2). ‘(2) j‘—3.0+4.[- -2)]. ‘_51 2‘1 [-(-2)]‘_51 é‘

=8.8+823-2.2=244

-4
Khai trién theo hang thtr 2: det(A) = (-1)*2 .(-2).| 5 2 3
-1 0
2 3 5 3 5 2
= (-2).[(-4). — 4, +1.
N A RS
= (-2).[(-4).8 — 4.23 + 1.2] = 244
Khai trién theo cot thir 3:

0 -2 0 -4 3
det(A) = (-1)"**.4./5 0 3+(-1)***2.] 0 -2 0
-1 4 4 -1 4 4

5 3 —2 o _Jo o |o -2
=4.[-(-2)]. +2. (-4 -3 +1

ean § Jea feaf 5 S

=8.23+2.[32-0-2] =244

Nhue vdy khi tinh dinh thic thi ta nén khai trién theo hang (cét) c6 so phan tiz khong
nhiéu nhat.

Tinh chat 5: Mt dinh thirc c6 mot hang (hay mot cot) toan 12 s6 khong thi bang khong.

000 2 3 5 3 5 2
Vi du 33: 5 2 3=0. -0. +0. =0
’ 0 4 -1 4 -1 0
-1 0 4

Tinh chét 6: Khi ta nhan cac phan tir cia mot hang (hay mét cot) vai ciing mot sé
thuc k thi ta dwoc mot dinh thic méi bang dinh thirc cii nhan véi k.

Hé qud: Khi cac phan tr cia mot hang (hay mot cot) c6 mot thira s6 chung, ta c6 thé
dua thira s6 chung d6 ra ngoai ddu dinh thuc.

Vi du 34 - ‘2'2 2']‘ - 2.‘2 1‘
3 2 3 2

Tinh chat 7: Mot dinh thtc ¢d 2 hang (hay 2 cot) ty Ié thi bang khong.

17
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) _ 1 2| _
Vidu35: 5 7|=o0
TacOtyle 1:3=2:6

Tinh chét 8: Khi tit ca cac phan tir cua mot hang (hay mét cot) c6 dang tong cua 2 sb
hang thi dinh thirc d6 c6 thé phan tich thanh tong cua 2 dinh thic, chiang han nhu:

a‘11 a‘12 + al12
a21 a22 +a 22

— a‘ll alZ

a a'
- + 11 12
a21 a22

a21 a'I22

Tinh chéit 9: Mot dinh thirc c6 mot hang (hay mot cot) 1a té hop tuyén tinh cua cac
hang khac (hay cot khac) thi dinh thie dy bang khong.

-1 0 2 -1 0 2
2 -1 2 -1
Vi du 36: 0 = 0 =0
’ 2 4 -1 0 2 4 -1 0

0 -1 4 3 [2(-D+2 20+(-1)) 22+0 2.1+
(hang 4 14 t6 hop tuyén tinh cia hang 1 va hang 2: hang 4 = 2 x hang 1 + hang 2)
Tinh chit 10:

Khi ta cgng bgi k cia hang nay vao hang khéc (hay bgi k cia cgt nay vao cgt khac)
thi ta dwoc mét dinh thizc médi bang mét dinh thike cii.

-1 0 2
Vidu 37: 2 -1 0
2 4 -

L4y hang 1 nhan véi 2 sau d6 cong két qua voi hang 2 ta duge dinh thirc mai bang
dinh thaec cii.

-1 0 2 -1 0 2

0 -1 4=(2 -1 0

2 4 - |2 4 -

Tinh chat 11: Pinh thirc ciia ma tran tam giac trén (dudi )bang tich cac phan ti chéo.

-1 2 4
Vi du 38: 0 -1 2/=(-1.(-1)4=4
0 0 4

1.2.3. Cdch tinh dinh thitc bang phép bién déi so cip

Ta str dung cac tinh chit cua dinh thie dé bién d6i mot dinh thirc vé dang don gian
nhu: dinh thirc ctia ma tran tam giac trén, dinh thirc cta ma tran tam giac dudi, sau do
st dung tinh chét 11 dé tinh dinh thuc.
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CAc phép bién d@6i vé hang ma ta hay sir dung:

TT Phép bién déi so cap Téc dung Ly do
1 | Nhan 1 hang véi mot sé thuc k = 0 | Binh thirc nhan véi k | Tinh chat 6
2 | Poi chd 2 hang Pinh thic d6i dau Tinh chat 2
3 | Cong k 1an hang nay vao hang khac | Binh thirc khong doi | Tinh chat 10

Vi du 39: Tinh cac dinh thtic sau bang phép bién d6i so cap:

-1 0 2
a, 2 -1 0
2 4 -
Giai. Taco
-1 0 2
2 -1 0
2 4 -1
-1 0 2
=0 -1 4/h2+2h
0 4 3h3+2n1
-1 0 2
=0 -1 4
0 0 19h3+4h2
=(-1).(-1).19=19
-1 0 2
Vay 2 -1 0| =19.
2 4 -
0 1 5
b) A=[3 -6 9
2 6
Giai. Taco
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3 6 9
A=-[0 1 5/ (ddichdhang1vahang?2)
2 6 1
1 -2 3
=(-3)|0 1 5 (dua thirasd 3 ¢ hang 1 rangoai)
2 6 1
1 -2 3
=(-3)|0 1 5| (cong(-2)lanhang 1 véihang 3)
0 10 -5
1 -2 3
==(-3)[0 1 5 | (cong (-10) lan hang 2 v&i hang 3)
0 0 -55

=-3.1.1. (-55)= 165

1 2 3 -2

2 -1 -2 -3
c)

3 2 -1 2

2 -3 2

Giai. Thuc hién cac phép bién dbi so cip vé hang ta duoc

1 2 3 -2
2 -1 -2 -3
3 2 -1 2
2 -3 2
1 2 3 -2

B 0 5 -8 1/h2-2n1

- 0 -4 -10 8|h3-3nl
0 -7 -4 5/h4-2n1
1 2 3 =2

B 0 5 -8 1

- 0 0 -18 -36/5h3—4h2
0 0 36 18|5h4—7h2
1 2 3 =2

_ 0 5 -8 1

- 0 0 -18 -36
0 0 0 90|h4+2h3
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= 1.(-5).(-18).90= 8100

2 2 -1 3
1 -2 0
d)
-2 1 2 -3
0 3 -3 0
Giai. Taco
2 2 -1 3
1 -2 0
—2 1 2 -3
0 3 -3 0
2 2 -1 3
o -6 1 -12h2-h1
0 3 1 0|h3+hl
0 3 3 0
2 2 -1 3
o 6 1 -
" o 0o 3 -12h3+h2
0 0 -5 —12h4+h2
2 2 -1 3
o -6 1 -1
0 0 3 -1
0 0 O -83h4+5h3

=2.(-6).3.(-8) = 288
1.3. HANG CUA MA TRAN

1.3.1. Dinh nghia

a'll a'12 1n

21 22 2n

Xét matran cd mxn: A

a

a a

ml m2 mn

Goi p la mot sé nguyén duwong khong 16n hon min{m,n}

a) Pinh nghia 1: Ma trgn vudng cdp p duwoc suy ra tir ma trdn A bang céch bé di m-p

hang, n-p cét va dwrot goi 1a ma trdn con cap p cua

ma tran A. Dinh thic cua ma trgn

con dé dwoc goi la dinh thixc con cdp p cia ma tran A.
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1 -3 4 2
Vidu40: Xétmatran: A= 2 1 1 4
-1 -4 3 =2

Taco: min{34}=3 - p=1,2,3
. Céc dinh thie con cap 3 cua A 1a:

Pinh thizc con cdp 3 cua A thi phdi bé di I ¢ét, sé hang giiz nguyén.

-3 4 1 -3 2
1 1=0 ; 2 1 4=0
1 -4 3 1 -4 -2
2 -3 4 2
1 4=0 : 11 4=0
-1 3 -2 -4 3 -2
. Céc dinh thac con cap 2 cua A 1a:

Pinh thizc con cdp 2 cua A thi phdi bé di 1 hang va 2 cét.

1 —3:7 ; 1 4:_7 ; 1 2:0
2 1 2 2 4
-3 4 _ 7 ; -3 2 - 14

11 1 4
b) Dinh nghia 2:

Hang cia ma tran A 1a cdp cao nhat cia cdc dinh thizc con khac khong cia A. Hang

cua ma trgn A, ky higu 1a: r(A) hogc rank(A) hogc o (A).

Chiy: p(A) = p(A)

Vidu 41l: Tu matran A trong vi du 1 ¢ trén, ta c6 hang cua matran A la p (A)=2

1.3.2. Cach tinh hang cda ma trén bang phép bién déi so’ cap vé hang

a) Ma tr@n bgc thang la ma trgn théa man 2 tinh chdt sau:
«  Tinh chdt 1 : cac hang bang khéng (tizc 1a cac phan ti ¢ hang dé
lubn bang khong) luén nam phia duwéi cac hang khac khong (tiic 1a co it
nhdt mét phan ti trong hang khéac 0)
«  Tinhchdt 2 : trén 2 hang khac 0 thi phan ti khdc 0 dau tién ¢ hang
duéi ludn nam phia bén phdi cét chiza phan tie khdc khéng dau tién cia
hang trén.
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Vi du 42: C4c ma tran nao dudi day 1a ma tran bac thang ? Vi sao ?

4 2 2 -4 4 2 2 -4
2 0 -1 1 0 -5 -1 1
A=0 0 1 3 ; B=0 0 0 O
00 0 O 0O 0 3 1
00 0 O 0 0 O O
4 2 2 -4 4 2 2 -4
08 -1 1 09 -1 1
c=/0 1 0 3 ; D=0 0 0 3
00 0 O 00 0 O
00 0 O 00 0 O

Tra loi. Ma tran B ¢6 hang 3 la hang bang khong nhung lai nam phia trén hang 4 la
hang khac khdng. Vay ma tran B vi pham tinh chit 1. Do d6 B khong phai 1a ma tran
bac thang. Cac ma tran A, C, D thoa mén tinh chat 1.

Ma tran A khéng thoa mén tinh chat 2 & hang 1 va hang 2 nén ma tran A khdng phai 1a
ma tran bac thang.

Ma tran C khong thoa man tinh chat 2 & hang 2 va hang 3 nén ma tran B khong phai 1a
ma tran bac thang.

Ma tran D 1a ma tran bac thang vi thoa man ca hai tinh chat.

b) Cach tinh hang ciia ma tran: Dung cac phép bién d6i so cap vé hang dé dua ma
tran A vé dang ma tran bac thang.

Khi d6 sé hang khac 0 ciia ma trdn bdc thang chinh 1a hgng ciza ma trgn A.

Vi du 43: Tinh hang cta ma tran sau:

1 3 0 -1 2 -3 -1
1 1 0 1
a) A:024; b) B=| 0 -1 -1 -2
1 5 4 3 4 1 5
1 1 —4 2 -5 -7 -12
Giai.
1 3 0]
a) Taco: A= 0 2 4
1 5 4
_1 1 —4_
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1
10
0
| 0
[ 1
|0
0
K
Suy ra: o (A)=2
b) B=
Vay p(B) =3.

1.4. MA TRAN NGHICH PAO

1.4.1. Dinh nghia

3 0
2 4
2 4| h3-h
—2 -4 h4-h1
3 0]
2 4
0 0|h3-h2
0 0]h4+h2
-1 2 -3 -1
1 1 0 1
0o -1 -1 -2
3 4 1 5
2 -5 -7 -12
-1 -3 -1
0 -3 0
0 -1 -1 =2
0 10 -8 2
0 -1 -13 -14
-1 2 -3 -1
0 3 -3 0
0O 0 -6 -6
0 0 6 6
0 0 -42 -42
-1 2 -3 -1]
0 3 -3 0
0 0 -6 -6
0 0 0
0o 0 0 |

Goi M, 1a tap cac ma tran vuéng cap n:

24
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11 alZ aln
a, a, .. a
Mn:{A} ,A: 21 22 2n

la, a, .. a,]

2 3 4

Vi du 44: A=10 1 2|eM; X
-3 5 7
1 00
I=]0 1 0] lamatran don vicap 3
0 0 1

Khi do: | € M;
Chay: Néul, Ae M, thi Al = LA=Avadet(l) =1
a) Pinh nghia: Xét A € M, , néu ton tgi ma trdn B € M, sao cho:
A.B = B.A =I (ma trdn don vi cdp n)
thi ta n6i A 1a ma trd@n khd ddao va goi B 1a ma tr@n nghich ddao cua ma trgn A

i.  Khimatran A kha dao thi ta n6i A khéng suy bién.

ii.  Taky hiéu matran nghich dao ciamatran A la A™* tac 1a: AAT = AT A=

2 1
12
Vi du 45: ChoA:L’ 4} thhAl=|3 1|vViAAl=ATA=
2 2

Taco thé tim A bing cach sau:

a b . ] A
Pat A'l= L d}' TacoA. A'=1nén
a=2
a+2c=1 b=1
1 2|lab 10 b+2d=0 3
= = =>3IC=—
3 4] |c d 01 3a+4c=0 2
3b+ad=1 |, _ 1
2
-2 1
Vay AT= 31
2 2

Cha y:
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Ma tran nghich dao A ciia ma tran A néu tdn tai 1a duy nhat.
Giast AvaB e M, la 2 ma tran kha dao. Khi do tich A.B ciing kha dao va
(AB)*=B'A"
& NEUAVAB e M, thi: det(A.B) = det(A).det(B)
< N&u A e M, 1a ma tran kha dao, tirc 1a ton tai ma tran nghich dao A™ thi
det(A) = 0.
1.4.2. Pinhly

Néu det(A) = 0 thi ma tran A c6 nghich dao A™ va duoc tinh bai cong thirc sau:

—Cll C21 Cnl-
-1 — 1 Ct — 1 C12 C22 Cn2
det(A) ~  det(A)
_Cln c,, - C., |

voi cj = (-1)™ det(My) dugc goi 1a phdn bu dai sé ing véi phan tir a;; (M;; 1a ma
tran con &g véi phan tir ay)

1 2 3
Vidu46:ChoA=|2 5 3|.TimA™™.
1 0 8
Giai.
Tacd
Cll C12 ClS t
_1_
_det(A) Cy Cp Gy
31 CSZ C33
Trong d6
det(A)=-1

5 3
Cy = (_1)1+1 det(M,,) = ‘O 8‘ =40

Cp, = (_l)l+2 det(Mlz) = _‘2 °

=-13
: 4

Cs = (-1 det(M,,) = ‘i ‘ =-5
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X 2 3
Cpu = (_1)2 ' det(M,,) = _‘O 8‘ =-16
) 13
Cp = (-1)** det(M,,) = ‘1 8‘ =3
1 2
Cpy=(-1 e det(M ;) = _‘1 O‘ =2

2 3
C.. = (=1)** det(M.,) = =-9
e |

1
Cyp = (_1)3+2 det(Msz) = 2 =3

1
Cyp = (-1 2 det(My,) = 2 =1

. 40 -13 -5] [-40 16 9
vayA'lz—l—la 5 2|=/13 -5 -3

-9 3 1 5 -2 -
2 5 =2
Vidu47:ChoA=|4 3 -1|.TinhA*
-1 4 5
Giai.
Tacd
Ci Cp Gyl
a1
_M C21 sz Czs
31 32 CS3
Trong d6

det(A)= 19

3 -
Cy = (_1)1+1 det(My,) = ‘4 51‘ =19

4 -
¢, = (-1)"** det(M,,) = _‘_1 51‘ =-19

) 4 3
¢ = (-1 det(M,,) =‘

=19
-1 4
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5 2
¢,y = (-1)** det(M,,) = - —_33
21 ( ) ( 21) ‘4 5
2 -2
c,, =(-1)*?det(M,,) = -8
22 ( ) ( 22) ‘_1 5
2 5
Cp = (-1)** det(M ;) = — —_13
23 ( ) ( 23) ‘_1 4
5 2
c, = (-1)*"det(M,,) = =1
31 ( ) ( 31) ‘3 _1‘
2 -2
C,, = (-1)*? det(M,,) = -6
32 ( ) ( 32) 4 _1‘
2 5
Cyy = (1)*? det(M,,) = —_14
33 ( ( 32) 4 3‘
; .33 1
. 19 -19 19 ;9 1%
VayAl= =| 33 8 -13|=|-1 = _>
Sy 19 19
[ PR S §
L 19 19
. 14 5
Vidu48: ChomatraniA=|-2 1 2 vz‘iB:{2 3 J
1 2 -3

Tim ma tran X sao cho X.A = B.
Giai. St dung tinh chit AA* = AT A=T1tadugc X=B. A vi
X.A=B.A'A=B.I=B

7 1 3
Taco A'1:%444
5 3 1
L4 s 7 1 3
X=B. A'l= Va4 4 4
2 3 -1|8
3 1
1 3 17 15 9
_1[-1 4 5 44_13430 18] |2 4 2
8| 2 3 -1 31_8211117 21 11 17
8 8 8
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1 -1 1 2 1
Vidu49: Chomatran:A=|-2 1 -1|vaB=|0 -1
1 1 -2 1 2

Tim matran X sao cho A.X=B
Giai. Sir dung tinh chat AA* = A1 A =1ta dugc X=A" Bvi
AX=A.A'B=1B=B

-1 -1 012 1 2 0
TacOoX=A1B=|-5 -3 -1|/|0 -1|=|-11 -4
3 -2 -“1|l1 2 7 -3

1.4.3. Céach tim ma trd@n nghich ddao bang phép bién déi so cip

Muén tinh ma tran nghich dao A™ cua ma tran A bang cac phép bién ddi so cip vé
hang, ta lam nhu sau:

e Lap matran [A \I] bang cach viét ma tran don vi | bén canh ma tran A.
e Ap dung céc phép bién doi so cdp vé hang dé bién doi ma tran [A \I] sa0
cho phia ma tran A c6 trong ma tran [A \ I] vé dang ma tran don vi.

Khi d6: phia ma tran don vi | ¢6 trong ma tran [A ‘I] tré thanh ma tran nghich

dao AL,

w w N

1
Vi du 50: Tim ma tran nghich dao A™ cia ma tran: A= |2
1

Giai. Viét ma tran | bén phai ma tran A ta c6

1 2 21 00
2 3 2010
1 3 -10 0 1

Str dung cac phép bién dbi so cap vé hang dé dua ma tran A vé ma tran don vi

1 2 21 00
2 3 2010
1 3 -10 0 1
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0 1 -2-2 1 0|h2-2N11
0 2 -3-1 0 1|h3-h1

2 211 0 O
1 22 1 0
0 1({3 -2 1{h3-2h2

1 221 0 O
0 1 04 -3 2|h2+2h3
0 0 13 -2 1

1 0 0-3 3 -2|hl-h2
0104 -3 2
0 0 113 -2 1

3 3 -2
VayAt =4 -3 2
3 2 1

1.5. HE PHUONG TRINH TUYEN TiNH

1.5.1. Dang téng quét cia hé phwong trinh tuyén tinh
Dang tong quét caa hé phuong trinh tuyén tinh 1a mot hé gdm m phuong trinh dai s6
bac nhét dbi véi n an:

[, x +a,X,+..+a, X =h
a, X, +a,X,+..+a, X =b,

4 21771 22772 2n“"n (I)
a_ X +a X, +..+a X =b_
trong do:
Xy, X2, ..., X, 14 CAC dn SO.
aij 12 hé s6 & phuweong trink thit i cia an thie x;
b; 1& vé phdi ciia phwong trinh thir |
cha y:

+) Néu m =nthi hé (1) tré thanh hé vudng véi n phuong trinh n 4n.

+) Néu b;=0, vi thi hé (I) goi 12 hé thuan nhat.
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Dat:

a, a, .. a, |

A=l # 7 - dugc goi 1a ma tran hé sb
la, a, a,, |
b,

b= b|\2/| =[b, b, b, ] - dugc goi 1a ma tran vé phai
_bm_
h

X = XI\2/| =[x, X, .. x]' - dwoc goi 1a ma tran an
_Xn_

Khi d6 hé (1) c6 thé viét dudi dang: A.x = b duogc goi la dang ma trdgn cua hé
(1.
Nhu vay ta ¢ thé tim ma tran an boi cong thic x = A~*h. Phuong phap tim nghiém
theo cong thae nay duoc goi la phuwong phap ma tran nghich dao.
1.5.2. H¢ Cramer

Xét hé gdm n phuong trinh n an:

(@, X, +a,X,+...+a, X =b,

12772 1n“"n

a,X, +a, X, +...+a, X =b,

] (1)
(@, X, +a, X, +....+a X =b,
Dang ma tran cua hé phuong trinh (II) la: Ax=Db
trong do:
a'11 a12 aln
a, a, .. a .
A=| & 7% 2n - Ma tran hé so
_anl anz a'nn_
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b,
b= . |_ b, b b 1t - Matran vé phai
= =[b, b, .. b,] an vé pha
_bn_
X,
X2 t A A
X = =[x, X, .. X, ]|' -Matranan
M 1 2 n
_Xn_
ay, a, aj Boag, a,
a, Ay a, j-1 bz a, j+l ay,
Aj: ) a3,j—l bs a, j+1 b3n
_anl an2 an,j—l bn an,j+l ann
Cot thi

Ma trgn A; la ma trdn dwoc thanh ldp tir ma tran A bang cach tir ma tran A bé di cot

thir j va thay vao do bang cot vé phai.

a) Pinh nghia: Hé (1I) duroc goi 1a hé Cramer néu det(A) = O.

b) Pinh ly (Pinh Iy Cramer): Hé Cramer c6 nghiém duy nhdt tinh béi cong thirc

x=A'b ticla x;= det(A,)

det(A)

Chuay: Tu dinh ly trén, ta cO phuong phap Cramer giai hé phuong trinh nhu sau:
- Tinh det(A), det(A;).

det(A;)

- Tinh nghi¢m cua h¢ bai cong thuc: x; = det(A)
g

Vi du 51: Giai hé phwong trinh sau bang phwong phap Cramer

X, +2X%; =6
—3X, +4X, +6x, =30
—X, —2X, +3X; =8

Giai. Taco
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1 0 2 6
A=-3 4 6|;b=|30
-1 -2 3 8
6 0 2
Vay A, =130 4 6| (thaycdtltrong ma tran A boi ma tran b)
8 2 3
(1 6 2
A,=|-3 30 6| (thaycot?2 trong ma tran A béi ma tran b)
-1 8 3
1 0 6
A,=|-3 4 30| (thay cot 3 trong ma tran A bdi ma tran b)
-1 -2 8

Ta tinh dugc det(A)= 44 # 0, det(Ay)= - 40, det(A,)= 72, det(A3)= 152.
Ta suy ra cac nghiém cua hé da cho 1a
__10
ST
.18
1
v =38
1l

Vi du 52: Giai hé phuong trinh sau bang phuong phap Cramer

X+2y+2=3

-2x+y=-1
2X—y+2=-2
Giail.
Taco
1 2 3
A=-2 1 yb=]-1
2 -11 -2
3 21
Vay A;=|-1 1 0] (thaycdétltrong ma tran A boi ma tran b)
-2 -11
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-1 -2

(thay cot 2 trong ma tran A boi ma tran b)

(thay cot 3 trong ma tran A boi ma tran b)

Ta tinh dugc det(A)=7 = 0, det(A,)= - 8, det(A,)= 72, det(Az)= 152.

Ta suy ra cac nghiém cua hé da cho 1a

1.5.3. Phwong phdap khir Gauss

Xeét h¢ phuong trinh:

o8
:
L
7

A Xy +a,X, o t+a, X, =b;

A, X, +a,X, +.o Ay X, =D,

QX + 85X, +e+8,,X

n =~ ~n

(1)

Ta lap ma trgn mé réng A bédng cach tir ma trén A, ta thém vao vé phdi cia ma tran
A béi cét vé phdi (ma trdn vé phdi b), tic 1a:

A=[Ap]=

11 alZ " a'ln
21 a'22 e a'2n
a'nl anz e a nn

Phwong phap khir Gauss: Ta sir dung céc phép bién dai so cdp vé hang, do la:

+ Ddi chd 2 hang (doi Vi tri 2 phwong trinh cho nhau)

+ Nhan, chia cac phan tir cia mot hang vai sé thuc k = 0 (Nhan, chia 2 vé cia phuirong

trinh véi sé thic k = 0)

+ Cong boi k hang nay vao hang khac (Cong béi k phwong trinh nay vao phwong trinh

khac)
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dé bién ddi ma tran mo rong A sao cho ma tran A c6 trong ma tran A vé dang cua
ma tran tam giac trén.

Sau d6 viét lai hé phuong trinh d3 cho Gtng v&i ma tran mo rong sau khi da bién doi,
roi giai hé phuong trinh bang cach giai nguoc tir dudi 18n.

Vidu 53 : Giai hé phuong trinh bing phuong phap khir Gauss:

— X, + X, — X, =2
X + X, + X, =1 TN T

X, +2X,=0
1) {x +2%,+3%x, =-1 2) TR
=X +2X, =2X; + X, =—T1
X, +4X, +9%, =9
2X, =X, — X3 =3
Giadi.
111 1
1)Tacomatranhé sé A={1 2 3|, matranvé phai b=|-1|.
1 4 9 -9
11 14
Do d6 ta ¢c6 ma tran ma rong A=|1 2 3|1
1 4 9]-9

Str dung cac phép bién ddi so cip vé hang dé duwa ma tran A trong ma tran mé rong A
vé ma tran tam giéc, ta c6

|

Il
T
A~ DN -
© w
=

1 1 11
2|-2 |h2-hl
0 3 8-10|h3-N

1 1 11
2|-2
0 0 2|-4|h3-3h2

Vay h¢ da cho tuong duong vai
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X +X, + X =1 X =1
X, +2X; =—2 =X, =2
2%, =—4 Xy =—2

Hé c6 nghiém x; =1, X, = 2, X3= -2.

1 -1 1 -1
. . LA £ 1 0 -1 N
2)Taco matran hg so A= , ma tran ve phai b=
-1 2 -2 7 -7
2 -1 -1 0 3

1 -1 1 -12
1 0 -1 20
-1 2 -2 7|7
2 -1 -1 043

Do d6 ta c6 ma tran ma rong A=

Str dung cac phép bién ddi so cp vé hang dé dwa ma tran A trong ma tran mé rong A
vé ma tran tam giéc, ta co

1 -1 1 -12

4|0 1 2 32|z
0 0 1 3|3/ h3+hl
0 0 -1 -1]-1|ha—2n1
1 -1 1 -12
01 —2 3|2

T o o 1 3|3
0 0 0 2|-1|h4+h3

Vay h¢ da cho tuong duong vai

X, =X, + X=X, =2 X, =2

X, — 2%, +3X, =2 X, =1
=

X3 +3X, =-3 X, =0

2X, =2 X, =-1

Hé co nghiém  Xx;=2,X,=1, X3=0, X, =-1
1.5.4. H¢ thuan nhat

a) Pinh nghia: Hé thuan nhdt 1a hé ¢ dang:
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(a, X, +a,X,+..+a,X =0

a, X, +a,X, +.+a,X =

Hé thuan nhat luén c6 nghiém x=1[0 0 ... 0]' . Nghiém nay duoc goi la nghiém
tam thwong.

Khi det(A) = 0 hé thuan nhat c6 nghiém duy nhat, nghiém nay chinh Ia nghiém tam
thuong. Do d6 ta c6 dinh ly sau.

b) Pinh ly
Hé thuan nhat c6 nghiém khong tam thuong khi va chi khi det(A)= 0.
Vidu 54 : Tim m dé hé sau c6 nghiém khong tam thuong

mx—-3y+z=0

1-m)x, +2x, =0
a 12x+y+2=0 b. (d=m)x +2x,
2%, +(4-m)x, =0
3X+2y-2z=0
Giail.
m -3 1
a. TacoA=|2 1 1
3 2 2

det (A)= - 4m — 20,
Pé hé da cho c6 nghiém khong tam thuong thi det(A)= 0 hay m = - 5.

1- 2
b. Tacod A= m
2 4—m

det (A)= (1- m)(4 - m) - 4= m’-5m

Pé hé da cho c6 nghiém khong tam thuong thi det(A)= 0 hay m = 0 hoic m = 5.
1.5.5. Hé phwong trinh tuyén tinh téng quat

Xét hé phuong trinh tuyén tinh tong quat:

a; X, +a,X, +...+a, X, =b;
A, X, +8,0X, +oa+3,,X, =D,
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trong do:

all a'12

21 22

a

ml

a

m2

b=[b, b,

x=[x, X,

A=[Al]=

a

11

21

ml

X, |

- duogc goi 1a ma tran vé phai

- dwoc goi 1a ma tran an

a'12 1n bl
22 2n b2 A 2 A
- ma tran mao rong
am2 amn bm_

Pinh ly: Hé (1) c6 nghiém khi va chikhi p(A)= p(A)

Chay: nlasé an cua hé phuong trinh (I). Khi dé:

o

o

o

p(A) = p(A): Hé vd nghiém
p(A) = p(A)=n: Hé co nghiém duy nhat

p(A)= p(A)=r<n:Hévo s nghiém

Vi du 55: Giai va bién luan sé nghiém cua hé phuong trinh:

Giai.

Taco

X+2y+mz =3
3X—-y-mz=2
2X+Yy+32=3

1 2
A=|3 -1
2 1

m |3
—-m|2
313

1 2 m |3
0 -7 —4m |-7|h2-3hl
0 -3 3-2m|-3|h3-2hl
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[ |

1 2 m |3

0 -7 —4m |7

0 O 3—gm0 h3—§h2
L 7 17

Qua ma tran bac thang nhan duoc & budc cudi cung ta co

+ Néu 3—%m:0<:>m:% thi p(A)= p(A)=2<3

+ Néu 3—§m¢o@m¢% thi p(A)= p(A)=3
Vay ta co két luan sau:
21

m # > hé da cho c6 nghiém duy nhat.

m=2=hé di cho c6 vo sb nghiém.
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BAI TAP CHUONG 1

-1 1 2 -1 2
1.1.ChohaimatranA=|2 1 -1|; B=(2 0
-1 2 2 2 -1
Tinh: 1) BA 2)  (AB)
-2 -1 2 -1 2
1.2. ChohaimatranA=|-2 0 -1|; B=(2 1
2 -1 2 0 -1
1) Viét ma tran A' va B!
2) Tim ma tran B'A
B 2 110
1.3.ChoA=|-2 ~1| ; B= {_ }
2 3 -4
2 -1 2
Tinh BA
2 4 -1 3
-1 4
L4CMA:{3 J;B: 4 1 4 -2
-2 3 3 5
Tinh: 1) AB 2) BLA'
1 -2 -1 2 0 -1
1.5. Cho A=|-2 0 3 ; B=(-1 1 -2
3 -1 32 1
Tinh: 1)  A.B' 2)
3) (A-2B) 4)
1.6. Tinh:
-5 1][1 -2
S [ P
2 4]'|3 5
-1 6 0|[ 2 55
2) 0 -2 2|.|-1 -2 4
2 05/ 0 03

40
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-1 6 0][ 4 3
3) 0 -2 2] 0 -1
2 0 5/|-2 5

2 3 5] |
4) - ]—2

3 41

- 4

2 1 1
5)[ }—10
30 -1

2 1

1 -3 2 °
6) { - }—1
-4 01

3
-1
7 3 -2 2} 2
0
2
8) -31L 0 -2 -1]
-1
1.7. Tinh:
2 -1 0of ; 6
-1 2 1 -2
1)321;2)[ };3){ }
0 1 2 -1
0O 1 -2
X - 2 . 1 -2
1.8. Hay tim f(A) voi: f(x)=x"—3x+5lvaA= ) 1
-1 6 0
1.9. Hay tim f(A) vai: f(x) =x*+5x—4lva A=| 0 -2 2
2 05
1.10. Tinh cac dinh thuc cap ba sau:
1 1 2 -3 4
1)-1 0 2) -3 0 -
-1 -1 0 1 -1 5
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-1 5 -3 4 -3
3)| 2 4 H|3 4 -5
2 -1 5 -1 -1 0

1.11. Tinh dinh thic sau:

14528 14628 246421 321
1) 25132 2503 ; 2) 1014 543 443
—-342 721 621
51 11 1 1 1 1
1 511 1 2 3 4
3) ; 4)
1151 1 3 6 10
1115 1 4 10 20
1 2 3 4 1 1 1 1
2 3 41 1 2 3 4
5) ; 6)
3 4 1 2 1 4 9 16
4 1 2 3 1 8 27 64
1.12. Tim ma tran nghich dao A~* cua ma tran A.
2 4 2 -1 3 1
DA=|-2 -1 1 2)A= |2 0 -1
1 0 -1 0 -2 2
2 1 2 1 1 -2
3)A=[1 0 1 HA=|-2 2 -1
3 2 -1 2 -1 2
-2 4 2 -1 -2 1
5)A=|-2 4 1 6)A=|0 1 -1
1 2 -1 -1 -1 2
1 2 -3 1 -1 2
1.13. Chohai matran:A=|0 1 2 : =|-1 2 1
00 2 -3 2
1) Tinh (AB)'
2) Tim (A.B)!
11 2 3 2 0
1.14. Chohaimatran: A=(2 3 2 ;. B=(2 1 3
1 3 -1 4 -2 -1

42



Gido trinh Toan cao cap

1) Tinh (AB)"

2) Tim (A.B)™*
1.15. Tim ma tran X sao cho :
, o (L0 1 2 -1 -4 1
1) x(_4 3}: 5 -3| 2) [3 0 2[X=[2 o0
2 -4 4 -2 5 -1 -3
1-12 1-10 1 0
3)| 2 32 |x=| 212 4)x(_j 3:5-3
1 3-1 4 3-2 2 -4
-1 -2 1 -1 0
1.16. Chohaimatran A= |-2 1 -1| ;B=, B=|2 -1
2 -1 2 1 -3

1) Tim ma tran A™

2) Tim matran X sao cho: A X =B

-1 -3 2
. -1 2 0
1.17.Cho haimatran A= |[-2 0 -1| ;B= [ }
4 3 5
2 -1 2
1) Tim ma tran A™
2) Tim matran X sao cho: X.A=B
-1 1 2
- A 1 2 4
1.18. Chohaimatran A= |2 1 -1| :B= [ }
-3 5 6
-1 2 2
1) Tim ma tran A™
2) Tim ma tran X sao cho: X.A =B
1 -11 1 1 1 -3
1.19.Chohaimatran A=|{-1 2 1|, B=|1 0 2 2
-2 3 1 1 -2 2 0

1) Tim ma tran A™
2) Tim ma tran X sao cho: A.X =B
1.20. Giai cac bat phuong trinh
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3 2 1 2 x+2 -1
a) 1 x -2[<0 , b) 1 1 =2/ >0
1 2 -1 5 3 x

1.21. Tim hang cua ma tran:

- . 0o 2 -4
2 4 3 10
1 2 1 -4 2 Lo
a) A= : b) B=| 3 1 7
0O 1 -1 3 1
0 5 -10
4 -7 4 -4 5
B B 2 3 0]
1.22. Giai hé phuong trinh bang phuong phap Cramer
X, +2X,+3X, = 7 X+2y+z=3 X—-y+2z=5
1) 12X, — X, +2X,=5 2) <-2x+y=0 3) -2x+y+z=-4
3X, + 2%, —4x, = 4 2X—y+z2=-2 x—2z2=0
X+2y—-2=3 X+y—-z2=7 X+2y+2=3
4) {x—-2y+2z=-5 5) <x+y-z=3 6) <2x-y-z=2
—-2X-y+z2=4 X+y=1 x-3y+2z=11
1.23. Giai hé phuong trinh bang phuong phap khtr Gauss:
2X+2y-z+t=4 2X+3y+11z+5t=2
1) 4x+3y-z+2t=9 2) X +y+52+2t=1
8Xx +5y-3z+4t=12 2X+ y+ 3z+2t=-3
3X+3y-22+2t=6 X+ y+ 3x+4t=-3
X, +2X,+3X,—2X, = 6 X, —3X, +4x, = -5
3) 2X, — X, —2X,—-3X,= 8 2 X, —2X; +3%x, = —4
3X, +2X,— X, +2X,= 4 3x, + 2%, —5x, =12
2X, —3X, +2X, + X, =-8 4%, +3X; —9%; =5
1.24. Tim m dé hé sau c¢6 nghiém duy nhat
X—y+22=2 Xx—-2y—-z=1 X—-2y—-2=2
1) <2x+my+3z=0 2) {2x+my—z=2 3) {2x+y-z=0
3X+3y+z=4 —X+Yy+2z=0 —X+my+2z=4
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1.25. Tim m dé hé sau ¢ nghiém khong tam thuong

mx—-3y+z=0 Xx—2y-2=0 X—2y—-2=0
1) {2x+y+z=0 2) <2x+ty-mz=0 3) 12x+ty—mz=0
3X+2y-2z=0 -X+y+mz=0 -X+y+z=0

1.26. Giai va bién luan:

2x-3y+az=5 mx+y+z=1

1) X+2y—-z=-3 : 2) X+my+z=m
X—5y+2z=4 X+y+mz=m’

2y—z=2
(m+Dx+y+z=1 ;Jr ;, Z7 |
_ + ———

3) X+(m+1)y+z=m ; 4) ooy iz
, -X+y+3z=6

X+y+(m+1)z=m

5x+y+2z=m

Xx+y+(1-m)z=m+2 X+y+(m+1)z=m’+3m
5) A+m)x—y+2z=0 ; 6) x+(m+1)y+z=m’+3m’
2x—my+3z=m (m+1)x+y+z=m"+3m’
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HUONG DAN GIAI VA PAP SO CHUONG 1

1.1.

350}

1) B'A=
10 2

7 -2 9
poer-[ 20
1.2.

2 2 2 Lo o
1) A'=|-1 0 -1|; B'=
s 1 o 2 1 -1

2 BtA{_Z 1 —4}

-8 -1 1

1.3.

BAt_24—3
19 6 -7

-2 10 21 21
1) AB{ }

1.4.

-6 16 -5 15

2) Goiy: B'A'=(AB)
2 -6
10 16
21 -5
21 15

Vay B'A' =

1.5.

-1 -9 2
1) AB'=|-3 4 -7
4 0 5
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1.6.

1

o N O

— | «

N~

— o —

P Y a3 oo oo

[0
P N =
< < N

1 [ |
n o 1] [
A S ——

o < ™ I
AN < — . 1
[ ™M — 1o

5?__0 |
I
— <t ©O
| 1 1L 1

I T T 1
— ™ o o O o o D
| I
— © N O © N o
— < [ [
v — o « — o «
__ ___ ___ ]
—~ —~ —~
— o~ ™

-1

o

7 [3 -2 2{

)
n{

1

1 -3 2
0

2]
-1 0
1
-2

2 0 -4
30 6
{—1 0 2
2
3 2
0

-1 0
1

2
3 2
0 1

2
-3|h 0 -2 -1]
1

1.7.

4 -1
0
5

1
12 2
3 0

i

1

il

1 0oF
2 1| =
1 -2

2
3
0
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-1 2F 1 2P [-1 2
2)Tacé{ }:I:{ }{ }
0 1 0 1 0 1

1 =27 1 =27
3) Taco { } =—3|:>{ } =(=31)* =-271
2 1 2

I
|
@
|
1
D W
|
w o
L 1
+
o1
I
|
|
o -
g1 o
| I

1.9.
1 6 0 [-1 6 0 100
f(A)=| 0 -2 2| +5/0 -2 2|-4/0 1
2 0 5 2 0 5 00 1
1 -18 127 [-5 30 0 4 0 0

=4 4 6|+ 0 10 -10|-|0 4 O
8 12 25| |10 0 25 0 0 4

8 12 12
= |4 -10 16
18 12 46
1.10.
1 1 2 -3 4
1)1 0 1=1 2)l-3 0 -1=-32
1 -1 0 1 -1 5
1 5 -3 4 -3
32 4 1=-99 H|3 4 -5=-34
2 -1 5 1 -1 0
1.11.

1) 14528 14628 _[14528 14528+100| |14528 100
25132 25232 [25132 25132+100] [25132 100

=100 (14528- 25132) = - 1060400

48



Gido trinh Toan cao cap

3)

4)

5)

246
2) |1014
—342

427 327
543 443=
721 621

246 427 327-427
1014 543 443-543
-342 721 621-721

246 427
1014 543
-342 721

—-100
-100
—-100

246
-100|1014
—342

427
543
721

h2-hl
h3-hl

246
-100| 768
—-588

427 1
116 O
294 0

_ 768 116
~588 294

= - 100. 294 ‘768 116‘

= -29400.1000= - 29400000

11 1

= = = Ol
e A
= = =
= P U1 ™
= Ul B

8

1
=8

1

5

(IS I = Y
(31 I
NS I ==Y

15 1
11 1
11 5

=8.4.4.4=512

o O O B+
o O b~
o b~ O B+
» O O -

12 3 |1 2
=1 3 6/=0 1
1 4 100 0 1

= = = =

A W N

H

O O W -
N~

N

A W DN -

=10

r o N0 -
N oW N
N R DMoWw
S
RN W N
N R DN oW
W N BN
F = B B
N W N
N P DoWw
Ww N PN
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1 1 -3 1 1 3
=1010/1 -3 1|=100 -4 4(=10
-3 1 1 0 4 -8

‘_4 4‘ = 160
8

11 1 1] |11 1 1
12 3 |12 3
12 3 4/ [0 1 2 3
6) = —4l1 3 6[=40 1 3
1 4 9 16/ [0 2 6 12
2 9 24 [0 3 12
1 8 27 64 [0 4 18 48
1 3
=4 =12
3 12

1.12. Tim ma tran nghich dao A~* cia ma tran A.

1 4 6
1) det(A)= - 4, A*:-% 10 -2
1 4 10
2 -8 -3
2) det(A)= - 14, Alz—% 4 2 1
4 -2 -6
2 5 1
3)det(A)= 4, Al:% 4 -8 0
2 1 -1
1'3 0 3
Hdem=3, Al=712 2 3
2 10
6 8 -4
5) det(A)= - 8, Alz—% 10 -2
8 8 0
1 3 1
6) det(A)=- 2, A—lz_% 1 -1 -1
11 -1
1.13.
7 3 2 7 -18 52
1) (AB)'= |12 -4 -3 2) (AB)Y'=|4 -10 29
2 5 2 1 3 -8
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1.14.
13 20 5
1) (AB)'=|-1 3 7
1 7 10
~19 17 -10
2) (A.B)'lzi ~165 125 -71
125 -96 59

1.15. Tim ma tran X sao cho :

31
1 0 , o b0 3 4 g 21
1) X=[5 -3 =[5 -3|(-2) N
4|l 3 > 4| 2 4 -2 2
- - 5 -3
1 2 -17'[-4 4 -8 47[-41
2) X=[3 0 2| |2 :-%—79—520
4 2 5] |-1 -3 6 10 -6||-1 -3
36 -8
_ s g
4
50 12
1 -1 2771 -1 o0 1—95—81—10
3) X=|2 3 2 212:—74—32212
1 3 -1| |4 2 3 -4 514 3 -2
31 -10 26
=_Z| 6 -1 -10
15 8 -18
-1 4 =27
7 0 1 8 -30 15
4) X = 2 7 -
3 4 2 13 —44 20
-1 2 =
1 =2 1 1 0
1.16. Chohaimatran A=|-2 1 -1|; B=|2 -1
2 -1 2 1 -3

1) Tim ma tran A™
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1 3 1
at=_to 4 3
5
0 5 -5
2) Tim matran X sao cho: A X =B
6 —6
X= Ale—% -13 13
-15 20
-1 -3 2
. R -1 2 0
1.17.Cho haimatran A= |-2 0 -1|; B=
4 3 5
2 -1 2
1) Tim ma tran A™
1 -4 -3
A't=|-2 6 5
-2 7 6
2) Tim matran X sao cho: X.A=B
L[5 16 13
X=BA" =
-12 37 33
-1 1 2
. A 1 2 4
1.18. Chohaimatran A= | 2 1 -1|; B:{ }
-3 56
-1 2 2
1) Tim ma tran A™
4 2 -3
4 1
A =—|-3 0 3
3
5 1 -3
2)Tim ma tran X sao cho: X.A=B
18 6 -9
X:BA’l:1
313 0 6
1 -11 1 1 1 -3
1.19. Chohaimatran A=|-1 2 1|, B=|1 0 2 2
-2 3 1 1 -2 2 0

1) Tim ma tran A™
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-1 4 -3
Al=l1 3 =2
1 -1 1
2) Tim ma tran X sao cho: A.X =B
0 5 1 9
X=A'B=|0 3 1 7
1 11 -3
1.20.
3 2 1
a) 1 x 2/=-2X+8<0 <x>4
-1 2 -1
2 x+2 -1
b) 1 1 2/=x*-10x-24>0<-6<x<-4
5 3 X
1.21. Tim hang cua ma tran:
2 -4 3 1 0]
1 -2 1 -4 2| 2h2-hl
a) A=
0 1 -1 3 1
4 -7 4 -4 5| hd-2n1
2 4 3 1 0
0O 0 -1 -9 14 i
doi cho h2 va h3
0 -1 3 1
0 -2 -6 5
2 -4 3 1 0
o1 -1 3 1
10 0 -1 -9 4
0 1 -2 -6 5| h4-h2
2 4 3 1 0
0 1 -1 3 1
0O 0 -1 -9 4
0 0 -1 -9 4(h4-h3
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2 -4 3 1 0

01 -1 3 1

0 0 -1 -9 4

00 0 0 0

=
p(A)=3
0 2 -4
-1 4 5
b) B=| 3 1  7|dodichdhlvah2
0 5 -10
2 3 0]
-1 -4 5 |
0 2 -4
31 7 | h3+3hl
0 5 -10
2 3 0 | h5+2n1
-1 -4 5 ]
0 2 —4
0 -11 22 | 2h3+11h2
0 5 -10 | 2h4-5h2
0 -5 0 | 2h5+5h2
(-1 -4 5 ]
0 2 -4
0 0 0
0 0 0
0o 0 0
Vay p(B) =2

1.22. Giai hé phuong trinh bang phuong phap Cramer

1) |A=49;|A|=98|A |=49|A|=49
Vayx;=2,X=1,X3=1

2 |A=5A=5]A|=10]A|=-10
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Vayx=1y=2,2=-2

) [A=-n|al=-2/A|=1]A| =1
Vayx=2,y=-1,z=1

4)  |A=-5]|A|=13]|A|=-22|A|=-16

13 22 16
VayX=——,y=—,z2=—
1y S’y 5’ 5

5)  |A=2[A[=4[A[=-2]|A|=-4
Vayx=2,y=-1,z2=-2

6) |A=-20;|A|=-40;|A|=20;|A|=-60
Vayx=2,y=-1,z2=3

1.23. Giai hé phuong trinh bang phuong phap khir Gauss:

1)

h2-2hl
h3—-4h1
2h4 -3h1

w o1 W N

2 1
0 0
0 -3 1 0-4{h3-3h2
0 1

0 |2h4-h3

2 2 -1 1/4
0 -1 1 0
0
0

0 0 2/7

Hé da cho twong duong vai hé

55



Gido trinh Todn cao cap

wo 1
2
2X+2y—-z+t=4 5
—y+z=1 y=5
—27=-7 = Z_7
2t=7 2
i=!
2
2)
2 3 11 52
1 1 5 21 [2h2-h1
2 1 3 2-3|h3-h1
1 1 3 4/-3(2h4-h1
2 3 11 52
|0 -1 -1 -1)0
|0 -2 -8 -3|-5(h3-2h2
0 -1 5 38 |h4-h2
(2 3 11 5]2
0 -1 -1 -1/0
0 0 -6 -1-5
0 0 -4 48 |3n4-2h3
2 3 11 5]2
0 -1 -1 -1)0
0 0 -6 -1-5
0 0 0 14|-14

Hé da cho twong duong vai hé

2X+3y+11z+5t=2 X=-2

-y-z-t=0 y=0
=

—6z-t=-5 z=1

14t =-14 t=-1

1.24. Tim m d& hé sau c¢6 nghiém duy nhat

1 -1 2
1) A=|2 m 3] ;det(A)=-5m-4
3 3 1
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Hé c6 nghiém duy nhat khi va chi khi det(A) =0 hay m = —%

2) m=#-5
3) m= 7
1.25. Tim m dé hé sau c¢6 nghiém khong tam thuong
1) det(A)=- 4m -20
Hé c6 nghiém khong tim thuong det(A)= 0 hay m = -5

3
2 m= =
) 4

3y m=2
1.26. Giai va bién luan:
2 -3 ml5

1) 1 2 -1-3|2h2-h1
1 -5 24 |2h3-h1

0 7 -2-mi-11
0 -7 4-m @3 |h3+h2

0 7 -2-m-11
0 0 2-2m|-8

Vay m =1 hé vb nghiém

m =1 hé c6 nghiém duy nhat

2)
‘m 1 1 ]
1|m | Dbichd hlvah3
1 m|m?
I 1 mlm?]
1m | h2-ht
m 1 11 |h3—mhl
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11 m |m
10 m=1 1-m|m-m?
0 1-m 1-m?fl—-md |h3+h2

1 m m?

0 m-1 1-m |m-m?
0 0 2-m-m’f4+m-m?*-m?

Véim=1thi p(A) = p(A) =1 : hé co vd sb nghiém
m = -2 thi p(A) =2 # p(A)=3: hé vd nghiém
m=Lm=-2 thi p(A)=p(A) =3 : hé c6 nghiém duy nhat
3)

1 1 m+1|m
1 m+1 1 |m h2 -hl
m+1 1 1 1 [h3—(m+1)hl

11 m+1 |m?

0 m -m |m-m?
0 —m 1—(m+1)2 1_m2(m+1) h3+h2

11 m+l  |m?

0 m -m m—m?
0 -m 1-(M+1)’-mi1—m?(m+1)+m—m?

Véi m=0thi p(A)=1% p(A)=2:hé vd nghiém
m =-3thi p(A) =2 % p(A) =3: hé vo nghiém
m=0;m=-3 thi p(A) = p(A) =3: hé cd nghiém duy nhat
4) m=-1:hé co vd sé nghiém
m = - 1: hé v nghiém

1 1 1-mm+2
5) 1+m -1 2 |0 h2—-(m+1)hl
2 -m 3 m h3-2h1
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1 1 1-m|m+2
0 —2-m 1+m?|-(m+1)(m+2)
0 - m-2 1+2m|-m-4 h3—-h2

1 1 1-m m+2
0 —2-m 1+m® |-(m+1)(m+2)
0 0 2m-m*m?2+2m-2

Vay m= 0 hoac m=2 : hé vd nghiém
m=0vam = 2: hé c6 nghiém duy nhat
1 1 m+1m’+3m

6) 1 m+1 1 m*+3m*| h2-hl
m+l 1 1 |m*+3m?|h3—(m+1)h1

1 1 m+1 |m®+3m
0 m -m |m*+2m®-3m

0 —-m —-m*=2m|m*+2mé—4m?—3m |h3+h2

m+1 |m?+3m

[
[ —

-m  |m®+2m?-3m
0 0 -m’-3mm*+3m*—2m2—6m

Vay m= 0 hoac m= - 3 : hé ¢6 vo s6 nghiém

m=0vam = - 3: hé c6 nghiém duy nhat
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Chwong 2
PHEP TiNH VI PHAN VA TiCH PHAN

2.1. PAO HAM

2.1.1. Dinh nghia dgo ham:

Cho ham sé y = f(x) xac dinh trong mét 1an can diém xo.

Cho X, mot sb gia ax. Khi dé: Ay = f(Xo + AX) - f( Xo) dwoc goi la s6 gia cua ham s6
ng véi sb gia dbi s6 A X tai diém X .

Néu ty s6 2Y 2 TGo+ A =T(x)
AX AX

duoc goi 1a dgo ham cia ham sé fdoi véi X tai diém X, va duoc ky hiéu la £'(x,):

cd gidgi han hiru han khi Ax —0 thi gigi han @6

f(XO +AX)_f(XO) = lim f(X)_f(XO)
0 AX X—Xg X_XO

Fx)= i

Khi d6: ta ndi f( x) kha vi tai diém x, .

Vidu 1:
1) f(x)=cthi f’(x)=0vi f(x+Ax)—f(x)=c—c=0.
2) f(x)=x
f'(x) = lim XEAX =X _ i AX g
Ax—0 AX Ax—0 AX
3) y =f(x) = x?
2 2
Fr(x) = lim ZEA)T =X AXERXHAX)
AX—0 AX AX—0
4) y=f(x)=Inx, x>0.
X+ AX AX
3 In(———) Inl+—)
£1(x) = lim In(x + AX) — In(x) _ lim X" _ im —XEZE
AX—0 AX AX—0 AX AX—0 & X X
X
5) y =f(x) =sinx
X+AX+X, . X+AX—=X
. i 2cos( )sin( )
£1(x) = lim sin(X + Ax) —sin x _ lim 2 2
AX—0 AX AX—0 AX
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AX, . AX
cos(X +—)sin— Ax
= lim = lim cos(x + —) = cos X
AXx—0 AX AX—0 2
2

6) y = f(X) = cosx

sin x+g)sin&
, . COS(X+AX)—COSX . ( 2 .
f'(x)=lim = lim =—-sinx
Ax—0 AX Ax—0 AX
2
7) y=f(x)=¢"
X+AX X X AX
f'(x)=|ime € =Iime( )=exlne=e*
Ax—0 AX Ax—0 AX

Cha y: Néu ham y = f(x) c¢6 dao ham tai moi diém x ¢ ( a, b) thi ta n6i ham sé
y = f(x) c6 dao ham trén (a,b).

2.1.2. C4c cbng thirc vé tinh dao ham.
a. Pinh Iy 1: Pao ham cua mot tong hitu han cac ham sb kha vi bang téng cac dao
ham cua timng ham sé: y = f(x) £ g(x) = y’=f(x) + g’(x).

b. Pinh Iy 2: Néu hai ham f(x) va g(x) c6 dao ham tai gia tri x nao d¢ thi tai day ta cé:

[F().900] = £(x).g() + x).2°(x)
Hé qud: Mot hang s c6 thé dua ra ngoai dau dao ham: (Cy)’=Cy’  (C = const)
Chay: C6 thé mo rong dinh 1y cho dao ham caa maot tich nhidu ham sb.
(wv.w)y=u’.v.w + uv’.w + u.v.w’

c. Pinh ly 3: Néu f(x), g(x) 1 hai ham s6 c6 dao ham va g(x) =0 ta c6:

{f(x)} _F()-9()-f(x).9'(x)
g9(x) 9°(X)

Vi du 2: Tinh dao ham cua cac ham sé:
1) f (x) = tanx
2) f (x) =cotx
Giai.
sinx

1) f(x)zﬁ

Ap dung dinh ly 3 vé dao ham cua thuong ta co
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(sinx)'cosx —sinx(cosx)' cosx.cosx+sinx.sinx 1

f I(X) = 2 5 — >
COS“X COS“X COS“X
COS X
2) f(x)=—
sinx
Ap dung dinh Iy 3 vé dao ham cua thuong ta c6
F(x) = (cosx)'sinx —cosx(sinx)'  -sinXx.sinx —cosx.cosx -1
sin’x sin’x sinx

Vi du 3: Tinh dao ham cua cac ham sé sau:
1) f (x) = 2x* +5sinx
2) f(X) =(2x* -1 (x+2)
3) f (X) = (2x —5)cosx
4) f (X) =sinx.cosx
5) f (x) = (5x —6)e*

6) f(x)=5i%

Giail.
1)  Apdungdinhly 1va2tacé

f '(X) = 2(x*) '+ 5(sinx)'=4x +5c0sx

2)  Apdungdinhly 1va2taco

f'(X) = (2x* =1)'(x+2)+(2x* —=1)(x+2)'

= Ax(x+2)+2x* -1

=6Xx%+8x—1

3) f '(X) = (2x —5) ' cosx+(2x —5)(cosx)'

= 2C0SX-(2X —5)sinx

4) f '(X) = (sinx)'.cosx+sinx(cosx)"

= COS X.COSX-SiNX.SiNX=Cc0s2X

5) f'(x)=(5x—6)"'e* +(5x —6)(e")"

=5e" + (5x —6)e*

= (5x —1)e*
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(sinx)".x-sinx.(X)"  COSX.X-SiNX

2 2

6) 1= ;

d. Pinh ly 5: (Pgo ham ham hep)
% Dinhly:

Cho ham y = f(u) véi u = ¢(x), néu y c6 dao ham theo u: y’ =

f’(u), con u céd dao

ham d6i voi x: u’y = @’(x) thi ham f(@(x)) ciing c6 dao ham theo x va:

y'(x) = {flp(x)]} = y,u, = . E)

Ay _

Chng minh:
Cho x mot s6 gia Axtaco Auva Ay. Giasir Au =0, ta co: ™
X
ma u = @(x) cé dao ham nén u liéntuc, lim Au=0
AX—0
Ay Ay Au

Vay khi Ax—0thi Au—0 nén lim —=Iim —.lim —
Ax—0 AX Au—0 Au Ax—0 AX

hay  y'x=Y,u,
Vidu 4: Tinh dao ham caa ham s
1) f)=a*
Taco a*=e""®, u=xlna
Vay (@9)'=u (e"), =Inae* =a*Ina
2) y =x*
Xét truong hop x> 0, bang cach 1ay 16ga ca hai vé ta c6
Iny=alnx
DPao ham hai vé véi y 13 ham s cua x ta duoc

L:g: y':y_a:axa’l

y X X

Ay Au

AU AX

Truong hop x<0, bang phép ddi bién x= -t ta cling suy ra dugc y'=ax“*

Vay y'=ax** véi moi .
Vidu5: Tinh dao ham cua cac ham sb
1) f (X) =sin5x

2) f (X) =sin(x® —4x+5)
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Giai.

e. Pinh 1y 4: (Pao ham ham ngwoc): Néu ham s6 y = f(x) c6 dao ham f(x) =0 va
ham nguoc x =f1(y) lién tyc tai diém y tuong tng thi ham f1(y) c6 dao ham va

(F) W=

3 f(x)=e®
4) f (x) =In(cos3x —2)

1) f '(x) = (5X) 'cos5x=5c0s5x

2) f '(X) = (X* — 4x+5)'cos(x* — 4x+5)=(2x — 4)cos(x* — 4x+5)

3) f'(X)=(—4x)'e™ =—4e™

F(x) = (cos3x—2)"  —3sin3x

4) =
COS3Xx—2 COS3X —2

1
f'(x)

Vi du 6:

1) Tinh dao ham cua hamy = log, x
Taco y= log, x ¢c6 ham nguoc lax = a’
ma: x’= a’lna nén ta co:

_ 1 B 1
a’lna xlIna

y'

1

Vay: '=
4 y xIna

2) Tinh dao ham cta ham y = arcsinx.

Ta c6: y = arcsinx ¢c6 ham nguoc la x = siny

ma:

y' = (arcsin x)'= 1

Vay:

X’ = cosy nén ta co:

1 1 1 1

!

X' (siny) cosy J1-sin?y 1 x?

1

1-X

(arcsinx)’= -

3) Tinh dao ham cua ham y = arccosx.
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4) Tuong tu ta co:

z . T (4 A P4 . . , ,
Ta c0: arcsin x +arccos X = > lay dao ham hai vé ta c0O: (arcsin x)’ + (arccos x)' =0

nén (arccos x)’ = —(arcsin x)' =

(arctanx)'= 5

+ X

(arccot x)'=- !
1+X

2

1-Xx

2

Tong két cac vi du da néu o phan trén, ta c6 bang dao ham cac ham sé so cap co ban

Sau

Pao ham ciia ham sé

Pao ham cia ham heop

C’=0 (C=const)

b
(@—M

v
(JU)—M

(x*)y=ax*? (a thuc) u)y=a uvw (acR)
(@) =a*.Ina @@y =u’.a"lna
(€ =¢" (e"y =ue"
1 u'
log.x)” = s _ 4
(logax) ina (logau) -
(nx) = L (nuy’ = &
X u
(sinx)’ = cosx (sinu)’ =u’cosu
(cosx)’ = - sinx (cosu)’ =-u’sinu
| J— | J— u'
(tanx)'=—— (tanu)' = —
cos” X cos“ u
(cotx)' =— (cotu)' =——
sin®x sin‘u
. 1 . u'
(arcsinx)’ = (arcsinu)’ =
1-x? 1-u?
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_u'
(arccosx)' = (arccosu)' =
1-x2 1-u?
arctanx)'= arctanu)'=
( ) 1+ x? ( ) 1+u?
arccot x)'=- arccotu)'=-
( ) 1+ X2 ( ) 1+u?

Vi du 7: Tinh dao ham cua cac ham sb

1)
2)
3)
4)
5)
Giai.
1)

2)

3)

4)

5)

< Ap dung tinh dao ham cia biéu thirc luj thira mii.

f (X) = (3x* —4x+1)?
f(X) =X —x—-3
f (X) =sin 3x.cosx
f (x) = (2x —3)cos2x

f(x) = (4x-5)e >

f'(X) = 2(3x* —4x+1) (3x* —4x+1)
= 2(6x —4)(3x* —4x+1)

(xz—x—3)': (2x-1)
202 —x-3 2x*—x-3

fi(x) =

f '(X) = (sin 3x)'.cosx+sin3x.(cosx)"
= 3€0S3X.C0osX - Sin3x.Sinx
f '(x) = (2x —3)'cos2x+(2x —3)(cos2x)'
= 2C0S2X —2(2x —3)sin2x
f'(x) = (4x-5)'e”> +(4x-5)(e™>)"

=4e > —3(4x -5)e > = (156x -17)e >

Pé tinh dao ham céc dang: y=[u(x)]V® hodc f(x).g(X)....h(x). Ta thuc hién:

+ Lay logarit hai vé

+ Pao ham hai vé

+ Ruty’.
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Vi du 8:
1) Tinh (x*)’

Dit y = x*, Logarit hai vé theo co sb e, ta cd: Iny = xInx.

!

DPao ham hai vé ta co: Y Cnx+l. Vay y' =y(Inx +1) = x*(In x +1)
y
3/ 2 .
2) Cho y= VX IONSX iy, 4
X*.c0s° X

Logarit hai vé co s e, ta co:

%% +5.4/sinx _1

x2.cos® x

Iny =1In

In(x? +5) +%In(sin X)—2Inx —6Incos x.

Pao ham 2 V4, ta co: y_1 2 +1C95X_3+65'“X
y 3x?+5 2sinx X COSX

Ux? +54/s5inx 2X 1 2
% > + —cotgx ——+ 6tgx
X“.C0S° X 3(x“+5) 2 X

Suyra: y’=

2.1.3. Pgo ham cdp cao
Pinh nghia

Cho hamy = f(x). Néu y’ = f'(x) ¢6 dao ham thi dao ham [f(x)]” duoc goi 12 dao ham
cap hai cua dao ham y = f(x) ky hiéu y” =f"(x) = [f'(x)]

Néu f”(x) ton tai dao ham thi goi 1a dao ham cap ba cua f(x), ky hiéu:

y? =190 =(y) =(f (x)
Tong quat ta co néu dao ham cap n — 1 caa ham f(x) 1a f ™Y (x) ton tai dao ham thi goi
1a dao ham cép n caa ham f(x), ky hiéu: y™ =™ (x) =[f "V (x)]'. Khi d6 ta n6i ham
f(x) kha vi dén cap n tai x.
Vidu 9:

1) f(x)=e*tacod: fM(x)=e*

2) f(x) = cos x f'(x) = —sin x = cos(x +g)

£"(x) = —sin(x +g) — COS(X + 2%)
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£ (x) = cos(x +n g)
3) f(x) =sinx /() = cosx =sin(x+2)

f"(x) = cos(x +g) =sin(x + Zg)

™ (x) =sin(x + ng)

1 |
DI0=1x Ty
ey 1.2
Fx = (1+x)3
(n) _ (—1)”n!
f (X) (1+X)n+1
2.2. VI PHAN

2.2.1. Dinh nghia

a. Phan chinh cia sé gia ham sé

Xét ham sb y = f(x) c6 dao ham tai x, khi d6 lim A _p (x). Do d6 theo dinh nghia

AX—0 AX

gi6i han ta co: % — Fi(x) + ., trong do: @ 1avo cing bé khi  Ax—>0
X

Dodo: Ay = y’. AX+ a.AX ,trong d6: a.AX la vd cung bé bac cao hon AXx khi
AX—0

Biéu thirc £(x) Ax duoc goi la phan chinh bdc nhat (d6i véi Ax) cua s gia Ay

b. Pinh nghia: Cho ham sé y = f(x).

Néu Af(x) c6 thé biéu dién dudi dang Af(x) = £(x) AX+ a.AX (VGi a.AX 1avo clng
bé bac cao hon Ax khi Ax—0 va f(x)=0) thi phan chinh bac nhat (d6i véi AX)
£(x) AX cua s gia Ay duoc goi 12 vi phan cia ham sé y = f(x).

Ky hiéu : dy hoac df(x).

Taco : dy =y’ Ax hodc df(x) = £(x) Ax
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bac biét: Xéthamy=x = dy=dx=x"AX = dX=AX
Vay : Vi phan cua dbi sé doc 1ap chinh 1a sé gia cua ddi s6 ay. Do d6 ta cé:

dy = y’(x)dx hay df(x) = f(x)dx
Cht y
Vi phan cua ham s tai mot diém X, dwoc biéu dién qua £(x) va AX = dx ma ta chon
nén mudn tinh dy tai xo phai biét xo va sé gia dx cua nd. Ham sé c6 vi phan tai xo duoc
goi 12 ham sb kha vi tai x,. Ham y = f(x) kha vi tai moi diém xe(a , b) duoc goi 12 ham
f(x) kha vi trong khoang (a , b)
Tt cong thirc trén ta c6 thé biéu dién dao ham caa ham sé nhu sau:

d_y _df(x)
dx dx

y =f&x)=

D& dang suy ra: Di vai ham sé y = f(x) tai diém nao ham sb co d¢ao ham thi n6 kha vi
tai diém do, va nguoc lai. Vay déi véi ham mét bién so khai niém dgo ham va khai

niem kha vi la twong dwong nhau.
Cho 2hamsé: y=f(u) va u=g(x) kha vi.
Ta co0: dy = f’(u)du
du = g’(x)dx
= dy=f().v(x)dx
ma f'(x) =f{(u).u’(x)
Suy ra; dy = *(x)dx
Nghia 13 cong thirc vi phan cap mot dy la bat bién d6i véi ham mét bién.
2.2.2. C4c cdng thac tinh vi phan
Ta c6: dy = " (x)dx

Tir bang dao ham co ban, ta ¢ thé tinh vi phan cac ham sé va phan Ién céc phép tinh
vé dao ham van ding véi vi phan. Chang han:

d(u £ v) =du + dv

d [EJ _ vdu—udv _ZUdV : Voiv=0
v v
d(uv) = udv + vdu

Bang vi phan cta cac ham so cap va bang vi phan caa cac ham hop sau day:
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Pao ham ciaa ham sé Pao ham cia ham hep
d(x*) = ex“'dx, xeR du®) = au“"du
dinx) = & d(inuy = 34
X u
d(@) = a"Inadx d@") = a"Inadu
d(sinx) = cosxdx d(sinu) = cosudu
d(cosx) = -sinxdx d(cosu) = -sinudu
d(tanx) = d>2< d(tanu) = dlj
cos? X cos“u
d(cotx) = -—C:X d(cotu) = _—olu
SIn”™ X SiIn~ u
d(arcsinx) = d(arcsinu) =
1-x° 1-u?
—dx —du
d(arccosx) = d(arccosu) =
V1-x° 1-u?
dx du
d(arctanx) = d(arctanu) =
( ) 1+ x? ( ) 1+u?
dx du
d(arccotx)=- d(arccotu)=-
( ) 1+ x? ( ) 1+u?
d(e) = e*dx d(e") = e"du

Vi du 10:

1

1) d(arctanx) = 5
X

dx, tai x = 2, Ax=0,01 thi d(arctanx) :ﬁ.o,m: 0,002
+
2) d(sin(3x +g)) =(3x +§)’cos(3x +%)dx =3cos(3x +g)dx , tai X :% va Ax=0,1

— dsin(3x + g) = 3cos(3.§) = 3cos(3.% + %).0,1 ~3.(-1).01=-03

< Ap dung tinh gin diing
Taco: Ay=f)AX+ a.AX
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Néu ham s6 y = f(x) kha vi va khi Ax kha bé thanh phan « .Ax coi nhu khong dang
ké.

Ta c6 cong thuc: Ay ~dy = Ay = f'(x)dx khi AX kha nho

Do Ay = f(x+AX) - f(X) nén ta co: f(x+AX) ~ f(x) + df(x) khi Ax kha nho.

Khi Ax cang nho, d6 chinh xac ctua 2 cong thuc trén cang cao.

Vidu 11:

Mot qua cau kim loai ban kinh R = 10cm, khi nung néng, ban kinh R dai thém mot
doan, r = 0,01cm. Hoéi khi nung thé tich V cia qua cau ting thém mot lugng A v 12 bao
nhiéu?

Giai

Ta co thé tich: V= % 7R® (cm?)

Tinh Av tai R=10, AR=0,01.
Vi AR nhé nén ta c6 thé coi Av ~ dV=v’dR = (%nR?’)’

— AV ~dV=47R%R.
Thay R = 10, dR = 0,01 ta c6 luong ting thém ctia qua cau Ia:
AV ~ 4.314.10%. 0,01 ~ 12,56 cm°.
Vidu 12:
1) Tinh gan dung §/64,2
Xétham f(x) = §/x taix =64, Ax=0,2. Do Ax kha nhé nén:
f(x+ AX) =~ f(x) + df(x)

= f(x+AX) =~ ¥x+Ax ~ &% + x)dx = ¥/x + (xV)dx =¥/x + §/1_5dx.
6V X

1 1
Thay x =64, Ax=0,2 tacod: §64+———02=2+—.0,2~2,0104
Y 6(3/64)° 192

Vay:  §/64,2 ~ 2,0104.

2.2.3. Vi phan cdp cao
a. Pinh nghia

Vi phan cua vi phan ham s y = f(x) goi 1a vi phan cip 2 cua ham sb do.
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Ki hieu : d%y hay d*f(x), ta co: d?y=d(dy) hay d*f(x)=d[d(f(X)]
Tong quat:
Vi phan cta vi phan cap n-1 caa ham y = f(x) dwoc goi & vi phan cip n cua ham dé.
Ki higu: d"y = d(d"y) hay d"f(x) = d[d"*f(x)]
b. Cong thirc tinh
Taco: d’y=d(dy) = d(y’dx) =( y’dx)’dx = [y’ dx+y’d’x]dx
madx=0
Vay d’y =y dx%.
Téng quat; d"y = yPdx" hay d"f(x) = f(x)dx".
Vi du 13: Tinh d3(sin’x)
Taco: d®(sin®) = (sin3x)(3) dx® = [3sin’k . cosx]’* dx®
= [6sinx.cos’x - 3sin®k]’ dx*
= [6c0sX + Bsinx . 2cosx .(-sinx) - 9sin’x . cosx]dx’

= [6c0s®x - 21sin® . cosx]dx® = 3cosx.(2c0s*x-7sin*x)dx’

2.3. CAC PINH LY VE GIA TRI TRUNG BINH
2.3.1. Pinh ly Lagrange (Lagoring)
Néu ham f(x) lién tuc trong doan [a,b] va c6 dao ham gigi ndi tai moi diém trong
khoang (a, b) thi trong khoang (a , b) s& c6 it nhat 1 diém ¢ sao cho:
f(b) - f(a) = *(c)(b - )
2.3.2. binh ly Cauchy (c6si)
Néu hai ham f(x) va g(x) lién tuc trong doan [a,b], c6 dao ham gidi ndi tai moi diém
trong khoang (a , b) va g’(x) =0 v&i ¥ xe(a, b) thi trong khoang (a , b) c6 it nhat mot

f(b)-f(a) _f'(c)

diém ¢ (a < c < b) sao cho: - —
g(b)-g@) g'(c)

2.3.3. Cong thac Taylor

Cho ham sé f(x) lién tuc trong khoang déng [a , b] va kha vi dén cap (n + 1)
trong khoang mé (a , b). Van dé dit ra 13 ta tim mot da thic P(X) c6 bac khong vuot
qua n sao cho voi mot sé thuc ¢ e (a, b) sao cho:

f(c) = Py(c) ; £(c) =P,’(c) S ; f¥(c) = P,"(c)
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Ta s¢€ tim da thuc Pn(x) dudi dang :

Pa(X) := 8+ ay(X — €) + (X —C)° +. .. + a(x — )"

Dédangsuyra:  a,=f(c) ; a; = f 1(|C) : 2, = f"z(f)
....... 8= 1)
n!
Nhu vay, da thic Py(x) can tim la:
(n)
P =10 + T (x-) + T (k- + D oy

bat: R, (X) :=f(x) — Pn(X)

f (n+1) (E)

(x—c)"* véi ctla mot sb
(n+1)!

Nguoi ta da chiing minh dugc: R, (X) =

nam gitra X Va c.
binh ly:
Néu ham sé f(x) xac dinh c6 dao ham dén cap n lién tuc trong khoang déng
[a, b] , c6 dao ham dén cip (n + 1) lan trong khoang m& (a , b) thi véi bat ki
c e (a, b) luén co:
. " o (n+1)
0=+ L2 -9+ T o+ + Oy 4 - i‘;)( o
*)
Vv6i T la mot s nam gitra X Va c.
Khi do:
+) Cong thure (*) dugc goi la cong thic Taylor
+) Mot ham sé f(x) duoc biéu dién duéi dang cong thicc (*) duoc goi la khai trién
Taylor hitu han caa ham sb f(x) tai diém x = c.
Dic biét: Khi ¢ = 0 thi cdng thirc (*) duoc goi 1a khai trién Mac Laurin cua f(x) va
no co6 dang:

" (n) (n+1)
f(O) L@, 70 0, F7U0X) 0
2! n! (n+1)!

f(x) = f(0) +

voi 0<06 <1

Chu y: Néu dat x := ¢ + h thi cdng thirc (*) 6 dang:
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' " (n) (n+1)
f(C+h):f(C)+f(C)h+f(C)h2+.__+f (C)hn+f (C+9h)hn+1
1 21 n! (n+1)!

voi 0<6 <1

2.3.4. COng there L’Hospital

a) Cong thirc L’Hospital (L0 pitan)

Néu hai ham sé f(x) va g(x) thoa mén :
1) f@)=g(@ =0

2) Céac dao ham f(x), g’(x) xac dinh trong lan can cua a va g’(x) #0
khi x = a.
) \ .
3) Ty so ——= c6 gi6i han la A khi x—a
g'(x)
f(x) f(x) f'(x) _

thi ty s6 —— ciing c6 gidi han va lim = lim
X ag(x) xoag(x)

Chua y: Nguoi ta da chieng minh:

*Qui tic Lopitan van ding khi x — oo nghia 1a: lim ——~ U = lim f'(x)
x—0 g(X) x-og'(X)

eNéu f(a = g’(a) = 0 va f(x), g’(x) thoa man céc gia thiét cua qui tic

Lopitan thi ta cling ¢ : lim ——= f(x) =lim e _ lim f::(x)
x»ag(x) x-ag'(c) x—ag"(X)

Qui tic Lopitan van dung trong truong hop: f(X) —>oova g(x) - (khi

X—>a)
Vi du 14:
o a1
1) I|mX 1=||m ax =
x=»1 X=1 x-1 1
1
tox — X (tgx —Xx)' 2y 7 1 (1-cos®x
2) lim =lim =lim %S X _|im
x>0 X—8inX x>0 (X—sinx)' x>0 1-cosx  x->0cos® x| 1-cosx
. 1
=lim———(1+cosx)=2
x=0cos“ X
X -X X a=Xy X —x
3) lim—o —° —lim—& ) pmete”
x>0 In(e-x)+x-1 x-0(In(e—x)+x-1)" x>0 -1 1

€—X
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—lim (" +e7)(e—x) _ 2
x=>0  —1l+e-—-X e-1

sinx cos3x ,.  sinx . cos3x . sinx . (cos3x)
4) I|m i: = lim = lim = lim = lim ( )
T ng X_;r sin3x cosx ,.,m®sin3x ,,* coOSX , ,*SiN3x , ™ (COSX)

2 2 2 2 2

= lim SINX Iimm_( 1).(-3)=3
«5®siN3Xx ., © —sin
2 2

Chay: Khi % khong c6 gisi han khi X—a ta phai tim cach khac dé di dén két
g (X

luan.

Vidu15:  Tinh fim 230X

X—»00 X

Tathay: f(x) =x +sinx = f(x)=1+ cosx
gx)=x = g'(x) =1

; EX; khdng c6 gi¢i han khi x— oo , trong trudng hop nay ta giai quyét nhu sau:

lim XX i 04 ﬂ) 1 Vilsinx<1

X—0 X X

b). Cac gi6¢i han thwdng gap
» Dang 0.

Khi lim £(x) = 0 va lim g(x) = = ta c6: lim [f(x).g()] = lim () . (dang 0/0)

X—a

Q(X)
— 2 f—
Vidu16: lim (4-x)4g™ = fim 22X = jjy =2 _10
X—2 4 X—2 TIX X—2 -7 s
otg—— =
4
sin2 ™
4
» Dang oo-w

Khi lim f(x) = o, lim g(X) = «. Ta bién d6i dé dua vé 4p dung Lopitan:

1 1
im [£(x) - gO9= fim | —— 1| = tim ST
fx) 9% f(x).9(x)
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tl—cosx
Vidul7:  lim [ —tgx} = Jim |1 _ 1 |=jim
x—»= L COSX xosrlcosx 1 | m  COSX
2 2 Y 2 .
tgx tgx
~ lim (1-sinx) _ lim —c9sx 0
T (cosx)'  ,.® —sinX
2 2
» Dang 0%, 1, °:
Ba dang nay, ta bién ddi theo miu sau:
Xét ham: y=[f ()™
1) Logarit hai vé theo co sé e:  Iny = In[f()]"Y < Iny =

9(x).In[f(x)]
2) L4y gigi han hai vé: lim Iny=lim [g(x).Inf(x)]

o= g®

3) Ta &p dung dang 0. dé giai tiép

Vidu 18:
f e 42
1) Tinh lim x
x—0
] lim [x2.Inx] 9
Ta co: X0 limx* =e
x—0
1
- Inx_,._ (nx) . x . 1x* x?
ma lim [x".Inx] = lim ——=1im =lim =lim———=1lim—=0
x—0 x—0 1 x—0 ( 1 j' x>0 —2X x50 —X.2X x>0—2
XZ X2 X4
A H x2 0
Vay limx* =e =1
x—0
N
2) Tinh Iirrg(cot gx)'nx
X—
; 1 lim [Iiln(cotgx)}
Ta cO: lim(cotgx)nx = gx—>0L1X
x—0
Xét giagi han:
e S
. [In(cotg xX)]" . sin?x. .
Ilrn[ (cotg x)] _ sin xcotgx:“m(_
x>0 (Inx)' X0 1 x—0"Sin X. oS X
X
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. —X)' . -1
=lim — (=X) =lim =-1
x-0 (sin X.cos X)'  x-0 cos? x —sin? x

1
lim(cotgx)nx =e™ =
X—0

@D |-

2.4. TICH PHAN BAT DINH
2.4.1. Dinh nghia
a) Dinh nghia nguyén ham

Néu ham sé F(x) c6 dao ham F'(x) = f(x) hoac dF(x) = f(x)dx trong khoang (a,b) thi
F(x) duoc goi 1a nguyén ham cua ham sb f(x) trong khoang (a,b) do.

X3

3
Vi du 19: Ham y = x* ¢6 nguyén ham F(x) = 5 vi (X?) = x?

Qua dinh nghia ta thay, khai niém nguyén ham va dao ham 13 nguoc nhau.
b) Cac dinh ly vé nguyén ham.
< Pinh Iy 1: Néu ham f(x) c6 dao ham triét tiéu tai moi diém trong [a,b] (tuc 1a
f(x) = 0) thi f(x) bang hang s6 trong doan do.
< Pinh ly 2: Néu F(x) va ®(x) la hai nguyén ham cua f(x) trong [a , b] thi hiéu
F(x) - ®(x) 1a mot hang sé.
Nhan xét:
Néu f(x) c6 mot nguyén ham F(x) thi n6 c6 vé sé nguyén ham khac nhau mét hang sé
va biéu thic F(x) + C (C la mot hang so bat ky) bao gom moi nguyén ham ay .

c) Pinh nghia tich phan bat dinh: Néu F(x) 1a mot nguyén ham cua f(x) thi biéu thuc
F(x) + C (C la hang s6 tuy y) duoc goi la tich phan bat dinh cua ham sb f(x). Ky hiéu
la [ f(x) dx
Vay | f(x) dx = F(x) + C néu F’(x) = f(x)
DA4u [ goi 1a d4u tich phan, ham sb f(x) goi 1 ham sb duéi diu tich phan, biéu thuc
f(x)dx goi 1a biéu thirc dudi dau tich phan. Bién x (nam trong dau dx) goi la bién tich
phan
Vidu20: [cosxdx=sinx +C vi (sinx)’ = cosx
Nhan xét: Tir dinh nghia tich phéan ta co :
[] f(x)dx]’ = f(X) hay  df f(x)dx = f(x)dx
va [ F’(x) dx =F(x) + C hay |dF(x)=F(x)+C
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Nhu vay phép tinh vi phédn va tich phén la hai phép tinh nguwoc nhau.
d) C4c tinh chat caa tich phan bat dinh

< Tinh chat 1: Tich phan bét dinh caa mét tong hitu han cac ham sb bang tong
cac tich phan bt dinh cua tirng ham sé dy

[ Tf(x) + g(x) - h(x)1dx = [ f(x)dx + | g(x)dx - | h(x)dx
< Tinh chat 2: Thira s6 khong doi ¢d thé dua ra ngoai dau tich phan:
[ kf(x)dx = k | f(x)dx.
2.4.2. Bdng tich phan co bdan

Duva vao bang cac nguyén ham co ban, ta cé bang cac tich phan co ban sau:

o+l
1, jxo‘dx:x +C(a %= —1) 2, jd—lenx+c
a+l X
3, [sinxdx =—cosx+C 4, [cosxdx =sinx+C
dx dx
5, =tanx+C 6, =—cotx+C
'[COSZX + J.Sinzx "
7, Itanxdx=—|n|cosx|+C 8, Icotxdx=|n|sinx|+C
9, [shxdx =chx+C 10, | chxdx = shx+C
X
11, [ e¥dx =e* + C 12, [ a¥dx = Ia +C
na
13,] & ~ =arctanx + C 14, I%ziarctan5+c
1+X a‘+x° a a
15, jd—xzilnH—X +C 16, jd—xzarcsinx+c
a’?-x? 2a |a—-x 1 2
—X
17, jd—xzarcsin§+c 18,jd—len‘x+\/x2ia2 +C
a?—x? a x? +a’

2.4.3. Cdc phwong phdp tinh tich phén bét dinh

a) Phwong phap phéan tich

Pé tinh tich phan If(x)dx ta phan tich ham sé f(x) thanh tong hoic hiéu cua céc
ham sé co ban c6 trong bang tich phan.

Vi du 21: Tinh céc tich phan sau
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J-1+ C0S2X

1) Isinzxdx: dx:Iidx+i_[0052xdx=£x+£sin 2x+C
2 2 2 4

=tanx —x+C

X )de J' 2X+1

dx —_[(1——+—)dx

= [dx - 2] ——x oinx-L4c
X
2
J‘ (1+X) J~1+X +22X _J‘( )dX
X+ (1+ %2 ) X(1+Xx%) X 1+x?
+2 =Inx+ 2arctgx + C
I I1+x 4
(L+2x%)dx 1+ X% +x? 1 dx dx
— (= dx = _
Jx2(1+x2) jx 2(1+x? ) x=] X2 1+ x2 7 )0 szrJ.1+x2
:—1+arctgx+C
X
V24 %2 —y2-x2 V24x2 —y2-x2 1

dx = [( )dx

dx = _
I Va-—x* J‘\/2+x2.\/2—x \/2 X2  A2+4x2
dx dx . X 2
= - =arcsin——1In| x+4/2+x° |+C
j\/2_x2 J.\/2+x2 V2 | |

7 .[ xdx =.[( 1

1
— In|x+]4+—+C

X+1 (x+1) Ix+1 '[(1+x) X+1

2 H 2
8) jx +5X5'nx_1dx:ijdx+§jsinx—1 d—>(=)(——Ecosx—iln|x|+c
2X 2 2 2° X 4 2 2

9) j e d x=[@- zl)dx:jdx—zj

ax =X —2arctgx + C
X+ 1

X2 +

X +Sin X
+C

] 1 1 1
10) (sin?Xdx == [ (L+cosx)dx = = [dx + = [ cos xdx =

sin2x+coszxxj 1

11 = dx = dx =—cotgx +tgx +C
Isinzxcoszx -[ sin? cos® x coszx sin? x) Pt

b) Phwong phap déi bién sé
Gia st tich phan jf (x)dx khong tinh dwgc bang phuong phap phan tich.
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Dit: X := ¢(t), trong d6 ham s6 o(t) kha vi c6 dao ham ¢’(t) va c6 ham nguoc
t=g(x).
Taco: [f(x)dx =[flep(t)]e' (t)dt (cdng thize doi bién sé )
Chuy:
» Tich phén theo t phai don gian hon tich phan theo x

> Sau khi ldy tich phan theo t, can phai chuyén két qua vé bién x (bién cii)

Vidu 22:
3X— 2

1)  Tinh j

batt=x +1 = dt=dx;x=t-1

Taco st 2 j3(t_t1)_2t j3t 5dt_j(3——)dt

=3t-5In|t|+C =3(x+1)-5In| x+1|+C

J'X2+3

2
) x—1

dx

batt=x-1 = dt=dx;x=t+1

x? +3 _J»(t+1)2+3

Taco I dt =

t?+2t+4 4
ST T = [t 2+ Dt
| t I )

t2 ( 1)2
=E+2t+4ln|t|+C 5 ~——+2(x-1D+4In|x-1|+C

3) J.x(x+1)3dx
batt=x+1 = dt=dx;x=t-1
Tacé j x(x+1)%dx = j (t—Dt3dt = j (t* —t%)dt

5 4 5 4
=t——t—+C=(X+1) _(x+]) L
5 4 5 4
2X+ 5
4) Tinh
) JJX+
1 1
Piat t=+x+2=dt= dx = —dx = dx = 2tdt
’ 2\/x+2 2t

TacoH: t=\Jx+2=>t?=x+2=>x=t>-2
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I 2x+5

IX+2
3 3
_2(2i +t)+C= 2(2“3*2 +dx12)+C

2
jw 2tdt = 2[ (2t + 1)t

5) Tinh [(2x+5)*°dx

Bétt:2X+5 = dt = 2dx
16 1
Tacs: [(2x+8)%ax =[es. 8 = T 4 c= B0
2 32 32
6) Tinh J.x\fx+1dx
< 1 1
Dat t=x}X+1:>dt: dx = — dx = dx = 2tdt
24x+1 2t

Tach: t=Jx+lt? =x+1=>x=t*-1

jx\/x +1dx = j(t2 —1t.2tdt =2j (t* —t?)dt
ot Jx+1 ~ «\/x+13)

=2(;~;)+C=
( )+C=2( c 3
7)Tinh Itanxdx
Taco [tanxdx=[>— SInX 4
cosx

bat t=cosx = dt = - sinx dx.

sinx :J-—_dt

Taco I
cosx

=—In|t|+C =—-In|cosx|+C
8) Tinh J‘sin3 xdx

Taco Isin3 xdx = jsinz x.sinxdx :j(l—coszx)sinxdx
bat  t=cosx = dt = - sinx dx, thay vao ta c6

jsin3 xdx :j(l—coszx)s inxdx = —I (1-t?*)dt

3

= t——t+C
3

9) Tinh Iln—xdx
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2 3 3
Im—xdx:jtzdt _UicInx e
3 3

¢) Phwong phap tich phan tirng phan
Gia sir u(x) va v(x) 1a hai ham sb c6 dao ham u’(x) va v’(x) lién tuc thi
(wv) =v'.v + uv’
Theo dinh nghia tich phan bat dinh :
[(uv+vu)dx=uv+C
hay [u'vdx+ [uv'dx =uv+C= [vdu+[udv=uv+C *)
(viu’dx = du, vdx =dv)
Do hing s6 C c6 chura trong [vdu , nén tir (*) suy ra :
fudv=uv—[vdu  (Cdng thirc tinh tich phan tirng phan )

(Phuong phap tinh tich phan ting phan duoc st dung khi cic phuong phap trudc
khong c6 hiéu luc)

Cha y: Mét s6 dang quen thudc thuong gap khi 4p dung cdng thuc tich phan ting
phan.

» Dang [P(x)sinkxdx va  [P(x)coskxdx
P(x) 1a da thtrc nguyén; k 1a hang so.
batu=P(x) ;dv=sinkxdx (dv = coskxdx)

» Dang [P(x)e® dx
Patu=P(x) ;edx=dv

> Dang [P(x)Inkxdx ; Bt Inkx = u, P(x)dx = dv

Vidu 23: Tinh [xsinxdx

.. JU=X du =dx
bat . =
dv =sinxdx V = —C0SX

Taco

jxsin XdX = —Xcosx +_[cosxdx =—XC0SX +Sinx+C
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Vidy 24: Tinh [(3x+1)e™dx
Pt {u =3x+1 N {du = 3dx
dv=edx |v=——e"

Taco

j(Sx +1e*dx =—(3x+1)e " + SI e “dx

= (-3x+2)e*+C
3.1.4. Tich phan cac ham sé hiu ty
% Ham sb hiru ty

P(X)
X

Pinh nghia: Ham s6 hitu ty 12 ham s6 c6 thé viét dudi dang A’ trong d6 P(x), Q(x)

1a cac da thtrc nguy@n véi hé sé thuc (Q(x) #0) , nghia la:
P(X) = aX” + an X" + .. + X + ag
Q(X) = bpx™ + bpxX™ + ... + bix + by

> Néu bac cia P(x) nho hon bac ciia Q(x) (n < m) thi % la mot

phén thac thuc su, truong hop con lai la phan thic khong thuc su
> Phan thuc khong thuc sy bao gio ciing phan tich dugc thanh tong

cta mot da thuc va mot phanhic thuc su

6_ 2_ 2 _
23x éix 6X ox? x4+ 14— 332x +240x 14
X +3x°+2x-1 X +3x°+2x-1

Vi du 25:

X/

< Phan tich mdt phan thic thuc s thanh téng cia cac phan thic don
gian
> Phan thirc don gian cé dang:

A A ] mx +n ] mx+n

; : . Vdi (p®-4q<0
X —a (x —a)" X2 +pX+q (X2 +px+0q)~ (P 4<0)

trongd0 A, m,n,a,p,qlacacsd thuc, k 1a s6 nguyén duong
> Cac thugt toan phan tich phan thac thuc s thanh phan thire don gian
e Truwong hop : Q(X) =(X-ay)(X-ay) ...... (X - ay)
trong d6 : a; (i =1, 2, 3,....., K) 1a nghiém thuc cua Q(x) = 0 thi:

83



Gido trinh Todn cao cap

PO _ A A
Q(X) x-a, x-a, X —ay

Khi dé: Aq, Ag,........ Ay duoc xac dinh bang phuong phap dong nhat hé sd.

4x*+16x-8 _ 4x"+16x-8 A, A, | Aq
x3 — 4x X(X+2)(x-2) X X+2 x-2

Vidu 26

_ AL (X2 = 48) + A, X(X - 2) + Agx(X + 2)
x3 — 4x

& A+ 16X - 8 = A(XP- 4) + A - 2X) + A + 2X)
= (A + Ay + AXE + 2(- Ay + A - 4A;

A +A,+A; =4 A =2
< 2(-A,+A;)=16 < <A,=-3
_4A1:—8 A3=—5

. 4x° +16x-8 2 3 5
Vay ———=—- —
x3 —4x X X+2 X-2

e Trudng hop Q(x) cd chira cac thira s la luy thira cia mat nhi thirc:

Q(x) = (x - a)* , trong d6 a 1a nghiém thyc boi k ciia Q(x) = 0

Khido: 28 o A A, Al
Q(x) (x-a)¢ (x—a)* X—a
trong d6 Ax , Akl cereeees , A; duoc xac dinh bang phuwong phap hé sb bat dinh.

Vi du 27: Phan tich phan thirc sau thanh tong cac phan thie don gian

x? B x° __ A A, B
x3+5x? +8x+4  (x+2)%(x+1) (x+2)? x+2 x+1

CAL(XHD) + AL (X7 +3X +2) + B(X? +4x +4)

(x+2)%(x +1)
_(A, +B)x? + (A, +3A, + 4B)x + (A, + 2A, +4B)
(x+2)%(x +1)
A,+B=1 A, =4
A +3A,+4B=0 = {A,=0
A, +2A,+4B=0 B=1
x? —4 1

Vay

3 2 - 2 T
X +5x°+8x+4 (x+2)° x+1
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e Truong hep Q(x) co chira thira sé 1a tam thirc bac hai vé nghiém
Q(X) = (X + pix + g + px + d)......
tI'OIlg do Al = p12_ 4q1 <0 ) A2: p22 - 4(:]2 <0..

Khi do :
P(x) _ Mjx+N, N Rix+S; N R,x+S, RiX+S,
Q(X)  XZ+px+0;  XZ+pX+0, (X*+P,X+0y)° (X% +pyx+0y)«
Vi du 28: Phén tich f thanh tong cac phan thirc don gian
(X—=2)(x° —2x+5)
Tact - 5 _ A N Cx+D =A1(x2—2x+5)+(x—2)(Cx+D)
(Xx-2)(x* —=2x+5) x-2 Xx*-2x+5 (X —2)(x* —2x +5)
A x*—2A x+5A, +Cx? + Dx—2Cx - 2D
(x—2)(x* —=2x +5)
(A, +C)x? + (-2A, - 2C+ D)x + (5A, — 2D)
(X —2).(x* =2x+5)
A, +C=0 D=0
< —2A,-2C+D=0 = <A =1
S5A, -2D =5 C=-1
Vay S 1 - X

= +
(x—2)(x? —=2x+5) X—2 x?-2x+5

D3 Quy tic tinh tich phan cac ham hiru ty

> Pua Q((x)) vé tong mot da thircva phan thirc thuc su

> Phén tich Q(x) thanh tich cac nhj thirc va tam tharc bac hai co
A < 0. Phan tich cac phan thirc thuc su thanh téng cac phan thuc
don gian

> Tinh tich phan cua tong sau khi 3 phan tich

p . 5dx dx (x—1+1)dx
Vi du 29: = — = S/ I A
o I(X—Z)(X2—2X+5) '[x 2 Ix2—2x+5 nx-2 I(x—1)2+22
_ 2(x —1)dx d(x-1)
=1 2
nx =23~ j(x 1)? + 22 I(x—1)2 +2?
x-1

In|x —2| ——In‘x —2x+5‘ ——arcthJr C
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2.5. TICH PHAN XAC DPINH
2.5.1. Khai niém vé tich phén xdc dinh
a) Bai toan din dén tich phan xac dinh

Bai toan: Tim di¢n tich hinh thang cong aABb gi6i  y 4
han boi cac duong lién tuc:

y=f(x),y=0, x=a ,x=b (a<b)

Ta chia [a, b ] thanh n doan nho béi cac diém c6 toa
do: a=Xg < X3 < X <....... < x, = h.

b X

Of a txt;x0X5 ... X, t

n-1

Tir cac diém Xo, X1, Xo, ....... , Xp dung nhirng dudng song song, chia hinh thang cong
aABD thanh nhiéu hinh thang cong nho ¢6 ddy AX; = Xis1 - X; Va chiéu cao f(t;) , véi t;
la mot diém bat ky thuoc [x; ; x,,, |

bat: S, = f(t,))Ax, + f(t)Ax, + A + f(t,,)AX,

n-1
Sn = D f(t,)Ax,
i=0

1
Khi do: S=lim > f(t)Ax,
0

e >0 &
b) Pinh nghia tich phan xac dinh:

Dinh nghia:

Cho ham sé y = f(x) x4c dinh va bi chan trén [a , b] hitu han vaa <b.
Chia doan [a , b] thanh n doan nho bat ky bai cac diém chia cé toa do:

Aa=Xg < X1 < Xp < ...... <x,=Db,

trén doan [X;, Xi+1] chon mot diém tituyy (x; <t <X.4,1=0,1, .., n-1)
Lap tong:

I = f(t,)AX, +F(t)AX, +..+F(t,)AX, , = rilf(ti).Axi - Téng tich phan.

i=0

Khi n — sao cho Max Ax; —0 ma |, tién dén mot giéi han | hitu han duy nhat

0<i<n-1
khong phu thudce vao cach chia doan [a, b] va cach lay diém t; thi gidi han 1 d6 dugc
goi la tich phan xac dinh cua ham f(x) trén [a, b]

86



Gido trinh Toan cao cap

b
Ki higu: | = [f(x)dx .

trong d6:  F(x) 12 ham duéi dau tich phan
x 13 bién Iy tich phan
a la can duéi, b la can trén.

Khi d6: ham sé f(x) duoc goi la kha tich trén doan [a, b].

Tf(x)dx: lim nZﬁlf(ti)Axi

maxAx;—0i 5

¢) Piéu kién dé ham f(x) kha tich:
Ham f(x) lién tuc trén [a, b ] hodc f(x) bi chan trén [a, b ] va ¢ mot sb hitu han diém
gian doan trén do thi kha tich trén [a,b ]
Chay:
> Tich phan xac dinh phu thudc dang ham sb va can lay tich phan

b b b
khong phu thugc bién lay tich phan [ f(x)dx = [f(u)du =[f(v)dv
a a a
> [f(x)dx =0
a

b a
> [fO)dx=~[f(x)dx (Néua<hb)
a b
2.5.2. CAc tinh chat ciia tich phin xdc dinh
> Tinhchat1:  Pua hing sé ra ngoai diu tich phan:
b b
[ KfOdx = k[ F(x)dx

> Tinh chat 2: Tich phan caa mét tong hitu han cac ham sé bang tong
c4c tich phan cuaa ting ham sé do:

T_Zn:fi(x).dx = anfi(x).dx

> Tinh chat 3: ( Doi can lay tinh phan)

b c b
Néua<c<bthi  [f(x)dx =[f(x)dx+ [f(x)dx
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Cha y: Tinh chat trén van dung khi ¢ ¢ [a,b] véi diéu kién tich phan vé phai ton tai.

b b
» Tinhchat4: Néutrén [ab] vaf (x)>e(x)thi  [f(x)dx > [e(x)dx
a a

b
H¢ qud: Néuf(x)> 0, Vx e [a, b]vaaxbthi [f(x)dx >0
a

> Tinh chat 5: Néu m va M 1a gia tri nhé nhat va 16n nhat cua f(x) trén
[a,b ] vaa <b thi:

m(b—a) < Tf(x)dx <M(b-a)

> Tinh chat 6: (Pinh Iy gia tri trung binh)
Néu f(x) lién tuc trén [a,b] thi s& ludn ton tai diém & e[a,b ] sao cho:

b
[f(x)dx = (b—a)f (&).

2.5.3. Cong tharc Newton-Leibnitz
a) Pao ham cia tich phéan xac dinh theo can trén:

binh ly:
bat I(x) = Tf(t)dt . X € [a, b], néu f(x) lién tuc thi: I'(x) = ﬁf(t).dt} =f(x)

(Pao ham cua tich phan xac dinh theo can trén bang ham sé duéi dau tich phan véi
bién duoc thay bang gia tri can trén).

b) Cong thirc Newton-Leibnitz.
Pinh ly: Néu F(x) 1a mot nguyén ham cua f(x) trén [a, b] thi:

Tf (x)dx = F(b) - F(a)

® =F(b) - F(a).

b
Ky higu: [ (x)dx =F(x)

2.5.4. Cac phwong phap tinh tich phdn xdc dinh
a) Phwong phap tong quat:
1) Tinh [f(x)dx =F(x)+C
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2)  Tinh F(b) - F(a)

Vidu 30

1 31

Ixzdx:x— 1
3|10 3

0
b) Phwong phap déi bién sé
% Dinhly:
Néu f(x) lién tuc trong doan [a, b ] va x = ¢(t) thoa man:
e o), ¢'(t) lientyc [a,B ]
e Khithién thién tir o — P thi x bién thiéntra — b (a< x<b)

e o(a)=a ,0(p)=b
Tf(x)dx = ?f[(p(t)].(p'(t)dt (Cong thie d6i bién s6)

D3 Chu y : Khi dung dinh Iy Newton -Leibnitz : Khi d6i bién ta dong thoi
d6i can nén khéng can quay vé bién ban dau.

Vi du 31: Tinh cac tich phan sau bang phuong phap doi bién

3x+4
2 I x+2

batt=x+2 = dt=dx;x=t-2
Poicanx=0=>t=2
X=2=t=4

Taco

2 4
J-3X+4dx I3(t 2)+4
X+2 >

-2, ¢, 2
dtj t dt=!(3—?)dt

0 2

4
=(38t-2In|t])| =6-In4
X2 —3x+1
)I X+3
bitt=x+3 = dt=dx;x=1t-3
Pdicanx=-1=1t=2

X=0=>t=3
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Taco

0

2 3 -\ Y _
Jx 3x+1dX:I(t 3 -3(-3)+1
2

X+3 t

312 3
[ 9t+19dt=j(t—9+$)dt
2 2

2
3
~E —ot+19mt)) ~_Biom3
2 2 2 2
1
3) j (2x = 7)(x +1)%dx
-2

batt=x+1 = dt=dx;x=t-1

Poicanx=-2=>t=-1

X=1=t=2
Taco
1 2 2
[ @x=7)(x+1)°dx = [[2(t-1) - 7]t%dt = [ (2t* - 9t°)t
-2 -1 -1
e e[z an
5 47-1 20
1
4)Tinh | x5y
YIX+2
bit t=Jx+2=dt= ! dx:idx:dx:tht
2JXx+2 2t

TacH: t=Vx+2=t° =x+2=>x=t>-2
Poicanx=-1=t=1
x=1=t=3
B a2 oy B
j thdt =2j (3t2 —11)dt
1 1

= 2(t° —11t) f:m-sﬁ
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5) |tanxdx

O | N

bat  t=cosx = dt = - sinx dx.

Poicanx=0=t=1

Taco

z z 2

4 4 2_

[tanxdx = [ 2" dx = | Xt ——in|t][ 2 =Iny2
0 0 1

3
B

2 2
Taco Isin3 xdx = _[sinz X.sinxdx
0 0

bat t=cosx = dt = - sinx dx, thay vao ta ¢

Poicanx=0=t=1
x=2X =t=0
2

T

2 0
sin® xdx = I(l—coszx)sinxdx = _[(tz ~Dydt
0 1

o=y

t* |0 2
=(—-1) ==
G )‘1 3
¢) Phuwong phap tich phan tirng phan:

b
Iudv =uv
a

Z—ivdu

2
Vidy 32: Tinh | xsin2xdx
0
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du =dx

u=x
Pbat =
' {dv:sinZde y = Sos2X
2
Taco
% XC0S2X z %c052x
Ixsin2xdx:— 2+'[ dx
0 0 0 2
__ XCos2X %+ sin 2x %_E
2 0 4 0 4

1
Vi du 33: Tinh j (x—2)edx
0

du =dx

Uu=x-2
Dét ) = G
dv =e“*dx V=— 5

Taco

I 1
[(x-2)e P dx =—=(x-2)e™
] 2

l 1
+.|'£e‘2X
042

1 1

—

1
= —Z(x-2)e*
2( ) 0 4

1 1
2X = 872_3
0 4( )

Vi dy 34: Tinh [In xdx
1

dx
. (u=Inx du=—
bat = X
dv =dx
V=X
Taco
¥ e ¢ e e
Ilnxdx:xlnx —Idx:xlnx -x| =1
19 1

1

* Ung dung hinh hec ciia tich phén xdc dinh
a) Tinh dién tich caa hinh phing
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< Dign tich hinh phdng trong hé toa dé Pé
cac (vubng goc)

Cong thure dién tich hinh thang cong gidi han

boi y=1(x),y=g(x),x=avax=>bla:

b
S = [[f(x)—g(x)|dx

Vi du 35:
Tinh dién tich hinh phang gi6i han boi
y = sinx va doan truc Ox véi 0 <X < 2m.

Ham y = sinx d6i xtng qua gdc toa dd nén dién tich
hinh phai tim bang hai lan dién tich hinh giéi han

boi y = sinx va doan truc hoanh 0<x<n

S =2[sinxdx =-2cosx|g =2+2=4 (Dvdt)
0

Vi du 36: Tinh dién tich hinh gi&i han boi duong:

y=x*+ lvax+y=3

Giai.

y=x>+1

Giai hé phuong trinh: {
X+y=3

\

= Xx’+1=3-x

X=-2

= X4x-2=0 < {
x=1

Dién tich hinh phai tim 1a :

s= (la 2 4 Dax = [ (ox? —x+ 2)dx = (X=X 1 2!
__U( —Xx)—(x? + )‘x__jz(—x — X+ )x_(?—7+ x)‘_2

= 1 8 1 5 2.4-45 BVDT)
373 2
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Chay : Trong truong hgp dién tich hinh thang cong ma phuong trinh duong cong cho
du6i dang tham sd : x = @(t) ,y=y (t) véia<t<p vagp(a)=a, ¢(B)=b

Khi d6 : Tf (x)dx = _?\u(t).(p' ()t

Vi du 37: Tinh dién tich cua hinh gigi han bai cung Xycloit:
x=a(t-sint) ,y=a(l-cost) vatryc hoanhvoi vt
0<t <2xn

g s,
2,0, 0 . s
i ’
Fa co: A\
. [Sravs
, ’

0

2n 2n
S= [[a(l—cost).a(l—cost)dt =a’ [ (1—2cost+cos® t)dt
0 0

cos 2t

23 »,3 U SN
=a’ [(Z—2cost+ Ydt =a?(=t—2sint+=sin2t)[3
12 2 2 4
= ga2.2n23a2n (BVDT)

% Dién tich hinh quat cong trong hé toa dé
cuc.

Pé tinh dién tich hinh quat cong OAB gidi
han boi duong cong r = f(e) va hai tia ¢ = «,
¢ = P ta ¢ codng thuc:

_1

B
S—2£f2(¢)d¢

Vi du 38: Tinh dién tich hinh gi¢i han boi duong
Lemniscat r = a’cos2¢

Giai:
Db thi duong Lemniscat cho bai hinh v&. Vi gL
tich chat déi xang caa hinh nén ta chi tinh 1/4 dién A
tich va ta co: "h\ .
11
YN
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T[

S=4.=|a’cos2¢dp =a’sin2¢|¢ =a* (DVDT)

I\Jll—\
o'-—.-M::

b) Tinh d¢ dai dwong cong:
Gia st can tinh d6 dai | caa mot duong cong AB c6
phuong trinh y = f(x).

Liy mot diém x e [a, b], cho x mot sé gia Ax, khi Ax
kha bé thi coi cung MN bang doan tiép tuyén MP

Do dé: I(X, X + AX) = y/dx? +dy? ma

dy = f'(x)dx nén:

>y

0 a x x+AX b

(X, X + AX) = dI = /(dx)? + 2 (x).dx?

& dl = /(dx)? + 2 (x).dx

Vay | = ?on = T1/1+(f'(x))2 dx

Chay:
e Trong truong hop duong cong cho boi phuong trinh tham sé X = o(t),
y=y(),a<t<p vaoe(a)=a, (B) =b, taco:

2 2
dl = Jdx? +dy? = %+%

Vay: E I o OF +lomF

e Néu duong cong AB cho béi phuong trinh trong hé toa d6 cuc r = f(¢) thi

X =1T1C0S N x =T(p)cosoe
y=rsine y =f(p)sing

) B B
Coi X, y la ham theo tham s6 ¢ ta c6:S = [/(X'¢)* +y'(¢).do = [/(r')* +r? do
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Vi du 39: Tinh do dai duong cong: X+ y* = R
Chu vi hinh tron x* + y? = R? s& bang hai lan do dai cua

nua phia trén duong tron tng vai y > 0.

JR? —x?

=

y

. —X

= y

D2 2
2

R
R R
X f Rdx
=41+ X =4
_([ RZ_ _('; RZ_XZ

=4.R.arcsin 1‘5 —4R.Z =2mR
R 2

—X
d
2

Vi du 40: Tinh d¢ dai duong hinh sao:
X =acost, y=asin’t

Ta chi can tinh d6 dai dudng cong trong gdc phan ti tha

nhit véi 0 < t sg

X', = -3a cos’t sint

y' = 3a sin’t cost

Do do:

/2
=4 _[ V9a2 cos? tsin? t +9a2 sin® tcos? tdt
0

nl2
= 6a [sin 2tdt =6a(—cos 2t)‘g’2 =6a
0

Vi du 41: Tim d6 dai duong hinh tim:

r=a(l + coso)

Do tinh d6i xing cua duong cong nén chi can xét trong khoang 0 < ¢

Ta co: r'=-asing

S= Zj\/a2(1+ cos)® +a”sin® ¢.do = 2a[/2(1+ cos ) .do = 4ajcosg.dcp
0 0 0
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¢

= 8asin§ o =8a (bVDT)

¢) Tinh thé tich vat thé. t
% Tinh thé tich vat thé bat ky

Cho mot vat thé gigi han boi mot mat
cong va hai mit phang x = a va x =b.

Gia st ta biét dién tich S cua thiét dién
cua vat thé trén mot mat phang vuéng
goc vai truc Ox la:

S = S(x)
trong d6 x 1a giao diém ctia mat phang véi truc OX,
gia sir S(x) 1a mot ham lién tuc trén [a, b]. Khi d6 ta
c6 ¢bng thic tinh thé tich:

V= TS(x)dx

Vi du 42: Tinh thé tich khdi cau tam O ban kinh R.
x> +y® +2° =R?

Khi ta cat khéi cau bai mot mat phang vudng goc véi truc Ox tai diém cé hoanh d6 x
thi thiét dién nhan duoc s& I1a hinh tron, tm nam trén truc Ox, cO ban kinh I
VRZ—x2 nén dién tich thiét dién 1a: S(x) = n(R? —x?) v4i —R<x <R nén ta co thé
tich hinh cau Ia:

R 4

V= [n(R?-x*)dx = —nR*

LS 3
% Thé tich hinh tron xoay.
Xét cung AB 1a db thi ctia ham sé y = f(x), véi xe [a, b]. Cho cung AB xoay quanh
truc Ox va hinh nhan duoc goi 1a hinh tron xoay. Khi ta cit hinh tron xoay nhan duoc
boi mit phang vubng goc véi truc Ox va cat Ox tai x thi thiét dién nhan duoc sé 1a
hinh tron tm ndm trén truc OX, ban kinh [f(x)| nén dién tich thiét duén s& la:
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S(x)=nf?(x), a<b

Do d6, thé tich hinh tron xoay s& dugc tinh béi: v 4

b
V = nff?(x)dx

Vi du 43: Tinh thé tich khéi tron xoay tao nén boi dudngy = 0
sinx va doan truc Ox tir 0 dén 27 quay quanh Ox.

st =n® (DVDT)

2n
Taco: V= n‘[sin2 xdx =7t

dx ==| x
0 2

Tl—cost n‘: _sinZX}
12 2
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BAI TAP CHUONG 2

2.1. Tinh dao ham cua cac ham sé sau:
1) y=(3- 4x)sin5x 2) y=(5x - 1)cos7x
3) y=(2x-1)(x*-6x+3) 4) y= (2x+5)Inx
5) y=sin3xcosx 6) y=(2x+3)e™
7) y=( 3 — 4x) tanx 8) y = (2x* —6x+5)?
9) y=+3+7x-1 10) y=In(2cosx - 4)
11) y:3x—2 12) y:s.in2x
X+1
2
13) y=e¥*(2x-7) 14) y=7% +2x
1
15) y=x*
2.2.  Chof(x) =3x-2+/x. Tinh (1), £(1)

2.3. Tinh dao ham cap 2 cua cac ham s6

2.4,
2.5.

2.6.

2.7.
2.8.

2.9.

1) y=e* 2) y=In(2x-3)
Cho f(x) = €*sinx. Tinh £(0), £’(0), £ (0)
Chirng minh ham y = C;e™ + C,e™® thoa mén phuong trinh
y’+ 3y’ +2y=0
Tinh dao ham cép n caa cac ham sé sau:
1) y=xInx 2) y=xe*
Tinh vi phan ctaa cac ham s y= X3 + 2x taix =-1, Ax=0,02.
Tinh vi phan cac ham sé sau:
1)y =+1+x?
2) y =x+Inx
3) y =sinx.Inx. Tinhd?y
Dung c6ng thirc Lopitan tim cac gidi han:

. eXsinx—x . Insin2x
1) lim "> 2) lim —
x=0 3x‘ +X x—0+0 [nsin X
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1 1 ] cos™
3) lim - 4) lim(l-x) 2
) xa3(x 3 x —X— 6) ) x—>1( )
(1) . X tglzx
5) lm(;j 6) L'Tl(tgfj
. (a
7) Xllrcno(cotgx)lnx 8) )!mxsm(;j

2.10. Tim céc giai han:

2 n_
1) lim i+i+“_+ 1 2) IimX+X +...+X n
ool 1.2 2.3 n(n +l) x—1 X —1
100 _
3) lim X 2x+1

x>1 x%0 _2x +1

2.11. Tinh céc tich phan sau bang phuong phap phan tich.

1) [ o 2) j%dx,

2.12.Tinh céc tich phan sau bang phuong phap doi bién so.

1) j(llX—S)(x—l)zdx 2) IZX+5
3x* +2
3) | ) 4){5 =

5) [xvx? +1dx 6) j de

Isin3xdx_ 8) | eXdx

Jeosx 3+ 4e*
1+Inx

9)'[ 10) j 2+3x+1

dx dx
11) | ——— 12) | ———
) IV5—4X—X2 )IJ§J1+J§

1+ 3%
_[ 2 2y OX
X“(1+2x%)

2.13. Tinh cac tich phan sau bang phuong phap tich phan tirng phan

1) j(4x—3)e’xdx 2) I xsin2xdx

3) [(x? +5x+6)cos 2xdx; 4) [(x* +De ?dx;
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5) [x®In(L+x)dx;

2.14. Tinh céc tich phan sau:

1I 5X+9d,

—-5x+6

dx;

3
3) JrCOS X

sin® x

(x? +1+ x)dx
RN e

1
7) [cos? xdx
0

6)jx3e‘xzdx;

3x° +8
2) | ————dx;
)Ix3+4x2+4x
4J— sin 2xdx

COS x+sm X

~2A8qUx? 41,
dx;
4/x

6) [

2.15. Dung céng thac Newton Leibnitz, tinh céac tich phéan sau:

2
1) j 2X+/x —1dx
1

3) j-3x2 +4

T X+1

5) j.ln Xdx
1

5
d
y+2

1+Inx

9)[

m)fmu+3mx
0

2

13) [-*=27 g,
*(x-2)% +3

2) j.x(x-Z)“dx

2x+3

| ™

@j

6) j (2x +1)e~*dx
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HUONG DAN GIAI VA PAP SO BAI TAP CHUONG 2
2.1. Tinh dao ham cua cac ham sé sau:
1) y’=(3- 4x)’sin5x+(3- 4x) (sin5x)’
= -4 sin5x — 5 (3 — 4x) cos5x
2) y’=5cos7x —7 (5x-1) sin 7x
3) y’ =2(x%-6x+3) + (2x-1)( 2x- 6)
2X+5

4) y=2Inx+

5) y’=3 cos3x cosx — sin3x sinx
6) y'= 26 -3(2x+3)e > =—e > (6X+7)

7) y'=—4tanx+—
COS“X

8) y'=2(4x—6)(2x* —6x +5)

9) y'= 6X +7
23x% +7x—1

10 yIZZii:c))(sx

12) y.=20032x2—5in2X

X

13) y'=e""(8x-26)

14) y'=2x.7In7

15) Iny="*
X
= Y 170X 426 ham hai vé)
Yy X
C1-Inx 11-Inx
Y=ty =X
X X
22, Tach F(x)=3-—=. F'(x)= —(x2) =2
2. x)=3-—,’x)= - =
x 2%
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Viy £(1)=2, £°(1)=

2.3.  Tinh dao ham cap 2 cua cac ham sb

2

1) y =2x¢e”
y = 2 (2x% +1)

2 4
2 ’ = , ,,= -

2X -3
2.4. Taco(x)= e’sinx + cosx e = £°(0)=1
°(x) = 2cosx e = (0)=2
£°(x) = -2e”sinx + 2cosx e* = £°°(0) =2
25. VGi y=Cie™*+ Ce™tach
y' =-Cie* -2Ce™; y =Ce™ + 4Ce™>
thay vao vé trai phuong trinh ta duoc
Y 43y +2y=Cie™ + 4C,e % + 3 (-C1e™ -2 Ce®) + 2(Cie™ + Ce ) =0
2.6.  Tinh dao ham cap n caa cac ham s sau:

1) y=xlInx

n
y™ =>Cox®(Inx)™ =Cx(Inx)™ +C, (In )"

k=0
. 1.,
= ()" +n(1)"
X X

nl(n 1) nz(n 2)

x(-1) +n(-1)

( 1)n -1 (n 2)

2)y = xe*
y(n) — ZC:X(k) (ex)(ﬂ*k) — Cr?x(ex)(n) +Ci (ex)(nfl)
k=0

= (X+n)e*
2.7. d(y)=(3%* + 2)dx, tai x = -1, Ax = 0,02 ta c6 d(y)= [3(-1)* + 2].0,02=0,1

2.8.  Tinh vi phan cac ham sé sau:
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1) dy= — dx

I+x~
1

2)dy =(1+=)dx
X

3) dy = (cosx.Inx + ﬂ ) dx

2.9. Dung cbng thirc Lopitan tim cac gidi han:

. e"sinx—x
1) lim——-=

x-0 3x2 +x°

(e*sinx—x) . e*(sinx+cosx) -1
-0 (B2 +Xx°)  x0 6X +5x*

[e*(sinx+cosx) -1] lim e‘cosx 1

-0 (6X +5x*) —03+10x° 3
2) lim Insm 2X

x—0+0 Insin X
_ (Insin2x) lim 23inxcos2x

x-0:0 (Insinx)  x>0+0 COSXSiN2X

. C0s2x
lim >
x—0+0 COS“X

3) lim t 1 =lim x—+l_oo
x> X-3 x°-x-6 8 X x—6

=1

Ilmcos In(l—x)

4)nqa—@m7:

In(1l— X) _ jim [ In(ll— x)]"
)

7TX
COS— COS—
2 2

- X :
Taco limcos—In(l—x)=Ilim
x—>1 2 x—1

2 COS” —
= I|mcos—ln(1 x)_—llm <
2 T x> (X—Dﬂn%?

(cos? Xy _rcos "X sin X
2 2 2 2

—lim =—Ilim =0

N (x - 1)S|n—] ot sin7r2X+7z(x 1)c052X

Vay
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liml-x)" 2 =¢° =

x—1

1
Ilmtanx.lnf
X

5) I|m( )tanx=
x=0 ¥
) Ol

Taco Ilmtanln(—)—llm X —lim—X—
x>0 cotanx x>0 (cotanx)

HY Y
sin®x . sin®x
=lim——x=1.0=0

= lim

x—0 X x-=0 X

(cos* == Xy 9 _rcos X gin X
== lim 2 — = lim—— 2 2 =0
e [(x—1)sin%]' e sin%+”(x 1)cos7

Vay

lim(= )“"‘”X_e =1
x=>0 X

Iimtan”—xln(tanﬂ—x)
—1 2 4

: X
6) leir}(tan 4) =e

/ - In(tan ’ZX) ~ [In(tan ZX)]'
Taco Ilmtan—ln(tan—)_llm =lim
x—1 2 4 x—1 TX x—1 TX
cotan—— (cotan =)
2 2
X
sin? =~

2208 cos? 7%

Vay
I|m(tan_) "y :eo _1
x—=1
R lim (cot anx)lnx ewﬁ'“@otanx)
x—0+0
. In(cotanx) . [In(cotanx)]
Taco Ilim Q: lim u
Xx—0+0 Inx X—0+0 (In X)

=-1

. X ) 2X
= lim ——=—1lim —
x—0+0 §|N XCOSX x=0+0 §jn 2X
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Vay
1
lim (cotanx)'nX =e

x—0+0

-1

. sin<
8) lim xsin(—j = lima—X*=al=a
X

X—»0 X—0

2.10.

= Iim(1—1+1—l+£—l+...+———)
2 2 3 3 4

n—o

n
=lim——
n-en 41
X+X2+...+x"—n
2) lim

x—1 X -1

| (X+X2+...+x"=n)
n—-l (X—l)l

= 1+2+3+...+n=M

—2x+1 _ o (X% -2x+1) . 50x* -1 49
X—>1x°—2x+1 o (x0—2x+1)  x130x° -1 29

2.11. Tinh céc tich phan sau bang phuong phap phén tich.

2
1) j(1+x) dXij—):ﬂ(dx=I(1+£+i2)dx:—£+lnx+x+c
X X X X

)J-(1+x) ,[1+2X+X2 dx=_[ X, 1+ x°
x(1+x) X(L+x%) X(L+x%)  x(L+x%)

_ J'( 2 . +£)dx:2arctanx+ln|x|+C
X

1+x
1+3x? 1+x% +2X° X2 1+2x°
) _[ 2 2 I z_[[ 2 N 2
X“(1+2x%) X2 (L+2x%) X“(L+2x%) x“(@1+2x%)

)dx —arctan\/_x——+C

2 X

2. 12.Tinh céc tich phan sau bang phuong phap doi bién so.

I(1+ 2x°
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1) j(11x—5)(x—1)2dx
bitt=x-1 = dt=dx;x=t+1

11t*

Tacé j (11X —5)(x —1)dx :j (113 + 6t2)dt = 5 2t° +C

_1(x-1)°*

+2(x-1)°+C

2x+5
2)]
batt=x-1 = dt=dx;x=t+1
Taco

2X+5
j L —I(2+—)dt_2t+7ln|t|+C 2(x=1)+7In|x-1|+C

3x? +2
3
) I X+1

batt=x+1 = dt=dx;x=t-1

Taco
2
jBX *2 i x=[(3t-6+ —)dt—%—6t+5ln|t| 1o = 30D 1) 45| x+1]+C
X+1
4 .
) JS 2x’

batt=5-2x= dt = -2dx

Taco
| 1 ox=- $=—1|n|t|+C=—3|n|5—2x|+c
5-2x 2t 2 2
5) [xvx*+1dx
Patt=vx*+1 = tdt=xdx;x=t-1
Taco
3
3 2
PNXZ+MX:ﬁ%ﬂ:%+C: X3+1+C
2
dx
6)]
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Patt= x*=  dt=3x%dx

Taco
x2dx Clpodt 1 J§+t|
J5o s e N 5—t\+c &/’ f
-3
7 sin xdx;
) J«/cosx

batt=cosx = dt = - sinxdx

Taco

Isin3 xdx Ism xdt _J-(l—\;:_)dt Zj(t_; —tg)dt

\/COSX

5 5
= 25t _ofi+c=2 c;)s X _2Jcosx +C

eXdx
8 j3+4eX

batt=3+4¢* = dt = 4e*dx

Taco
X
[ X 9Ly tfec = Lin|3+4er | +C
3+4e* 4t 4 4
\/1+Inx
9) [—-d
. _ dx
batt=1+Inx = dt=—
X
Taco
I%/mnx jtg it 3( 35/(1+|nx)4+C
X 4
10)Ta co
\/g X
dx dx 1,12
jx2+3x+1; I 325 5|5
(x+2) 2 7+x

dx

11) JJLZ -] 2
5-4x—-x J9-(x+2)

:arcsinx%z+c
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dx
12) [————
J.\/;.\/1+\/;
Patt=1++/x —  2tdt = dx

Taco

2t Zdt_4\/_+C 41++/x +C
\/_\/1+ X I

2.13. Tinh céc tich phan sau bang phuwong phép tich phan tirng phan
2.13. Tinh cac tich phan sau bang phuwong phap tich phan timg phan
1) [(4x-3)e dx

_ |(u=4x-3 du = 4dx
Dat —
dv =e™"dx v=—e"

Taco
J(@x-3)e dx=—(4x-3)e " +4[e ™ dx

= —(4x-3)e*—4e* =—(4x+1) e~
2) jxsin 2x dx

du = dx

u=x
Pbat —
' {dv:sinZde v:—COSZX
2
Taco
J-XSinZXdX:_XCOSZX 1[0052xd xcost_sterC
2 4
3) [(x? +5x+6)cos 2xdx;
Dit u = x*+5x+6 =>du = (2x+5)dx
dv = cos2xdx =>v= %sin 2X

Taco: | = %()(2 +5X+6)sin 2x +%j.(2x+5)d(cos 2X)

%()Q +5X+6)sin2x += (2x+5) cost——fcost 2dx

-

= Z(X2 +5x+6)sin 2x + = (2x+5) cost——jcost d(2x)

N
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%(XZ +5x +6)sin 2x +%(2x+5).0032x—%sin 2X+C

%(x2 +5x+1—21)sin 2x+%(2x+5) cos 2x+C

4) [(x* +De *dx
Pat u=x*+1 => du=2xdx

e¥dx=dv =>v= —%e‘zx
4. 2 —2X — 1 2 —2X 1 —2X
Ta co: [(x* +1)e*dx = _E(X +1)e —J'(—E)e 2xdx

— 1 2 —2X —-2X — 1 2 -2X 1 —2X
=T (X +De T+ |le T xdx = —=(xX“+De " + | xd(—=e
2( ) I 2( ) j ( 5 )

—%(x2 +1)e —%xezx —j(—%ezx)dx

1 2 —2X 1 -2X 1 —2X
——(X“+De " —=xe " —=|e"d(-2x
2( ) 5 4I (—=2x)

= —l(x2 +1).e7% e Lo
2 2 4
_ e‘zx( 2X°—2-2X 1) _ e‘zx( 2X° —2X 3)+c
4 4
5) [xZIn(L+x)dx
bat: u = In(1+x) — du = _dx
1+X
2 x°
xX“dx = dv = v= —
3
3 3
. dx
Ta co: x2 I+ x)dx = 2 In(L+x)— [ 2.2
I ( ) 3 ( ) I 3 1+x
x3 1. x3dx
= —.Inl+x)—=
3 ( ) 3J- 1+Xx
3 3,4
=X n@+ x)—ljx+—11.dx
3 37 1+x

3 1 1
- X?In(1+ X) —gj{(x2 —x+1) —m}dx
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3 3 2
:X—In(1+x)—x—+x——§+ln|x+]4+c
3 9 6 3

6)jx3e‘xzdx;
Diat t =x? = dt = 2xdx = J. x3%e ™ dx =£Ite“dt
2

_ fu=t du =dt
Dat =
dv=e'dt |v=—e"

Taco

'|-x3 e dx = —%(t+1) e'+C

2.15. Dung cong thirc Newton Leibnitz, tinh céc tich phan sau:

2
1) J.ZX«/X —1dx
1

Pit t =JXx-1=1* =x—1= 2tdt = dx

Poicanx=1=t=0, x=2=t=1

2 1
j 2x/x —1dx = 4 j (t*+ t2)dt =%
1 0

2) Ix(x— 2)*dx

batt=x-2 = dt=dx ,x=t+2

Poicinx=0=t=-2, x=1=t=-1

-1
j (t° +2t*)dt = -2, 29

3x? +4
3)-[ X+1

batt=x+1 = dt=dx,x=t-1

Poicinx=1=t=2, x=3=>t=4

33x2+4 t3t2—6t+7
ot |

4
dt=j(3t—6+z)dt:6+7ln2
X+1 > t

2
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4) I2x+3

o NX+1
it t =X+1=1% = x+1= 2tdt = dx

Pdicinx=0=t=1, x=3=t=2

3 2 2
[ 28 - jz l)+32to|t=j(4t2+2)dt=3—4
o NX+1 1 1 3
5) J‘Inxdx
1
. Ju=Inx du:%
bat = X
dv = dx
=X
Taco
e e e
Ilnxdx=xlnx —Idx:l
1 1

0
6) [ (2x+1)e ™ dx
-1
_ (u=2x+1 du = 2dx
bat =
dv=e7dx |v=—e"

Taco

0 0 0
.|.(2x+1) e “dx=(2x+1)e” l+ Zje‘X dx=e-3

ty°dy
) Iy+2

batt=y+2=dt=dy,y=t-2

5 3
AL j(t 2)"dt = [ t* ~10t* + 401’ —80t+80——)dt_@—32I 3
_1y+2 1 30

y2dy
y +

8)

ot—,r
t‘
aN

Patt=y* = dt=3y?dy
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1

dy _J-

1 2

I y

;In|t+«/t+| 1 16

2y +4 ,13«/t2+4 -14+5
«/1+Inx
9)[
dx
batt=1+Inx =dt=-—"=
X
e 4 1 E
J-'\/l+|nXdX:J't4dt:£
1 X 0 S
4
3 dx
10) [——
ixVx2+1

4

Patt=1+ x* = dt = 2xdx

4 2
S jitzdt_i
IxVx2+1 2 12
2 16

3
11) [In(x +3)dx
0
it u=In(x+3) . du=——
dv =dx

3

3
3
Taco [In(x+3)dx =xIn(x+3)| - X dx
9 0 §x+3

= xIn(x+3) —j(l——)dx

=6In6 — 3In3 - 3

5x% +3 : 2
12) j—d X = !(2x2—3)dx:§
2
13) 6227 4
*(x-2)% +3
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Dit x—2=t®= dx =3t’dt
2

29 _7\3 3 14 3:4 3
[T ok —a[ L at =3[ 2 gt 3] (e -3+, o
3 < 7 +3 A 1 t°+3
(x—2)% +3

3 3
=(t——3t+3\/§arctani) =&+§
3 B 2 3
In2

14) [ +eX —1dx
0

X 2
Pat t=+ve*-1=dt= € dx=t +1dx
2e* -1 2t

In2

1 2 1 1
[ VeX —1dx =Zj Zt dt =2'f(1— 21 )dt = 2(t —arctant)[ =2~
2 o 17 +1 0 t°+1 0 2
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Chwong 3
PHUONG TRINH VI PHAN

3.1. PHUONG TRINH VI PHAN CAP MOT
3.1.1. Mgt sé khai niégm mg dau.
Pinh nghia: Phuong trinh vi phan cip mét 1a phuong trinh c6 dang:
Fx,y,y)=0 (1)
trong do: « x 1a bién sb doc lap
« y = f(x) 1a ham s phai tim
« y’ 1a dao ham cap 1 cua ham sb y = f(x)
Cha y: Néu giai dugc phuong trinh (1) d6i véi y’ thi phuong trinh s& c6 dang:
y =f(x,y) ()
Vidu 1: 1)y’ + xy=xsinx la phuong trinh vi phan cip mot
2)yy’ + x* + y? =014 phuong trinh vi phan cip mot
Nghiém cta phuong trinh vi phan 12 moi ham s6 thoa man phuong trinh ay, tic 14 moi
ham s6 sao cho khi thé né vao phuong trinh ta dugc mot dong nhat thire (= 0)
Giai mot phuong trinh vi phan tic 12 tim tat ca cac nghiém cua phuong trinh dé.
Nghiém toéng quat ctia phuong trinh vi phan cap mét 1a ham sé ¢6 dang y = ¢(x, C)
trongd6 Ce | .
Nhiéu khi ta khong tim duoc nghiém tong quét caa phuong trinh (2) dudi dang y =
o(x , C) ma tim dugc mot hé thirc: d(x , y ,C) = 0, nd xac dinh nghiém tong quat dudi
dang an. Hé thic Ay duoc goi 1a tich phan téng quéat cua phuong trinh (2).
Khi thay C bang mot gia tri Co xac dinh (C = Co) thi ham sé y = ¢(x , Co) duoc goi la
nghiém riéng cua phuong trinh (2).
Phuong trinh (2) ¢6 thé c6 mot sé nghiém khdng nam trong ho nghiém tong quat,
nhitng nghiém ay dugc goi la nghiém ky di.
Diéu kién y = f(x) lay gia tri yo khi x = X, duoc goi la diéu kién ban dau va duoc

vietlayl, . =VY,.

Vidu2: y + 3y =0 laphuong trinh vi phan cdp mét, c6 nghiém Ia
y=Ce®™ (Ce ;)

That vay, thay y = Ce™ vao vé trai cia phuong trinh ta co
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y’ + 3y=-3Ce™¥+ 3 Ce® =0 (dpcm)

Lwu y: tng voi mot gia tri caa C ta dugc mot nghiém cua phuong trinh vi phan,
nghiém nay dugc goi la nghiém riéng ctua phuong trinh vi phan tng vaéi gia tri C.

Vi du 3: Giai phuong trinh vi phan: y’ = sinX (1)
Giai:
Ta c0: y= J. y’dx
= [ sinxdx
= -cosx +C

Choy=2 khi x:% , ta co:

2= -c0s = +C
2
< C=2
Két luan: y =-cos x + 2 la nghiém caa phuong trinh (1) théa mén diéu kién da cho

y=2khi x=

(RIS

3.1.2. Binh ly tén tai va duy nhdt nghigm.

Cho phuong trinh vi phan cip mot y* = fi(x , y) (2)

Gia st f(x , y) lién tyc trong mot mién D nao d6 cua mat phang OXy va gia st (Xo,Yo)
la mot diém nao d6 thuoc mién D. Khi do: trong mot 1an can nao d6 cua diém x = xo ,
ton tai it nhat mot nghiém y = f(x) ciia phuong trinh (2) 14y gid tri yo khi X = Xg

Ngoai ra, néu dao ham riéng éi(x, y) ciing lién tuc trong mién D thi nghiém d6 1a duy
X

nhat.
Bai toan tim nghiém cua phuong trinh (2) thoa mén diéu kién ban dau, con dugc goi la
bai toan Cauchy cua phuong trinh (2).

3.2. MOT SO PHUONG TRINH VI PHAN CAP MOT

3.2.1. Phwong trinh véi bién sé phan ly

Pinh nghia: Phuong trinh vé6i bién s6 phan ly 1a phuong trinh c¢6 dang :
f(x).dx =g(x).dy

Céch giai: 1ay nguyén ham 2 vé, ta duoc:
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[f00.dx =[g(y)dy hay F(x)= G(y)+C
trong d6: F(x) la nguyén ham cua f(x)
G(y) la nguyén ham cua g(y)
Vi du 4: Giai phuong trinh: (1 + x)ydx+ (1 —y)xdy =0
< (L+x)ydx = (y—Dxdy

Néu x.y#0 < x #0, y #0 >thi chia 2 vé caa phuong trinh cho x.y ta duoc:

[1 + %jdx . (1 - ady
= j(l +3dx = j(l—ady

< x+In)x =y-Iny +C
< Injx| +Injyj+x-y=C
< Injx.y] + x — y = C la nghiém tong quat cua phuong trinh
Néu x=0 hoic y =0 ciing 1a nghiém ciia phwong trinh va la nghiém ky di
ChU y: Phuong trinh khuyét dang:y = f(x) hodc y = f(y)ciing la nhitng nghiém cua
phwong trinh c¢6 bién so phan ly.
3.2.2. Phwong trinh dang cdp cap mét

Pinh nghia: Phuong trinh dang cap cip mot hay con goi 1a phuong trinh thuan nhét Ia

phuong trinh c6 dang: y = f(x) 4)
X
Cach giai:
bat: y_ u(x) trong d6 u = u(x) 1a mot ham s bién x
X

= y =uXx,y =f(u)
L4y dao ham hai vé theo x, ta dugc:
Y=Y, U +XU,
may = f(u)

Suyra: u+ xu' =f(u)
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< x.d—u =f(u) —u
dx

< xdu=(f(u)—u)dx

Néu f(u) —u=0thi a4 X
f(u)—-u X
du S S £ ‘
= Injx =] = ®(u) + In|C] (C la hang sé khac 0)
f(u)—u
- ‘X‘ — e(b(u) + In|C|
— eln\C\ .e@(u)
=[Cle®® (®(u) la nguyén ham cua )
f(u)—u

= x=Ce®®
Suyra: y=ux=C.u.e®"

X = Ce®W

Vay nghiém tong quat cua phuong trinh 12 :
y =C.ue®™

Néu f(u)=u thi du=0

= u=C (C lahang sd)
y _ _
= ==C = y=0Cx
X

Nghiém cta phuong trinh la y=Cx
Con néu f(u)=u tai mot s6 hitu han diém u =u, thi ta cd thé d& dang chiing minh
dugc ham sé y = u x ciing 1a nghiém ctia phuong trinh.
Chu y: Phuong trinh dang:
P(x,y)dx + Q(x,y).dy =0 *)

trong d6 P(X,y) & Q(x,y) la hai ham sé thuan nhét cung bac, thi phuong trinh (*)
cling 1a phwong trinh thuan nhat.
Chéang han: 1) (2xy —5y2)dx + (3y? —xy)dy =0

2) (x? =2y*)dx — (x* +4x°y)dy =0

Vi du 5: Giai phuong trinh : (y — x)dx + (y+x)dy =0
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=

!

X-y

X4y

1+u

Pit y=ux, U= u(x)la mot ham s bién x
y'=u+xu' 1
Taco: , X—-ux 1-u = u+x.u'=
CX+ux 1+u
du 1-u u?+2u-1
f— _— — - @
dx 1+u u+1

=

%+ (u+)du
X u*+2u-1

Lay nguyén ham 2 vé, ta duoc: In|x|+In \/ju? +2u—1] = In|C|
In([xMu2 +2u —q)z In|C|
21 -

‘xzu2 —2ux? —xz‘ =2

R

=

Y = U.X

ly? —2xy —x?|=C?

y2—2xy—x*=C (Clahing sd)
Két luan: Nghiém tong quat caa phuong trinh 1a:
3y2 _ XZ
2xy

Vi du 6: Giai phuong trinh: Y'=

Giai :

Khi dé y=ux

y'=u'x+u

™)
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Theo 1 ta lai ¢6 : y':gu_ll *%)

2U
Tur (*) va (**) suy ra:
, 3 11
UX+Uu=—U—-—=
2 2U
1 1) 1u®-1
= UX=—|U-——|——
2 u 2 U
2
— ﬂxziu _1
dx 2 U
2udu  pdx pludu  cdx
= J.u2_1:.[7fu2—1_“r.x
= Inju®*-1j=In| x| +C
= Yy 12
In| (<) -1=In|x|+C
X

3.2.3. Phwong trinh tuyén tinh
1) Pinh nghia:
Phuong trinh tuyén tinh 12 phuong trinh c¢6 dang:
Yy + p(x).y =qx) (5)
trong d6 p(x), q(x) 1 nhitng ham s lién tuc.

Phuong trinh tuyén tinh duoc goi 1 phwong trinh tuyén tinh thuan nhat néu vé phai
bang khéng hay q(x) = 0

Phuong trinh tuyén tinh dugc goi 12 phwong trinh tuyén tinh khong thuan nhat néu
vé phai khéc khdng hay q(x) = 0

2) Cach giai:
Dé giai phuong trinh (5), trudc hét ta giai phuong trinh thuan nhit twong ng
Yy +px).y=0 (5)

y=0:5) < d—;/ = - p(x).dx

d
o jﬁ: [-p(x).dx

< Iny| =[-p().dx+In[C|  (C0 lahing sb)
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= In

%‘ = [ p(x).dx

X‘ PO

=
¢

< lyl=lce

- y— Ce—Jp(x).dx

— y=C. g Jpooox (6)

y = 0 ciing 1a nghiém cua phuong trinh (5°) va 1a mét nghiém riéng cua (6) tng Vi
giatriC=0.
Viy nghiém téng quat ciia (5°) 1a; y = C.e 1"

Pé tim nghiém ciia phwong trinh (5), ta coi C ¢ phwong trinh (6) 1a mét ham sé
ddi véi bién x (tic 14 C = C(X)) :
Ta co: y =C. g [P0

= y=C". g [Peaex_ C.p(x) g [peax

Thay vao phuong trinh (5): y + p(x).y =q(x)
= e P icp). e TP 4 p.ce TP = g
= €.l =g

(x).dx

= C=qX). ejp

= C= I(Q(X).ejp(x’dxjdx +K (K 1a hing sé tuy y)
Thay vao (6), ta duocC: y = U(q(x).ejp(x)dxjdx+ K} _ e‘fp(x)-dx
_ ~[peoax | ~[poo.dx [px)ax
= y=Ke +e Jla)e dx
Két luan: Nghiém tong quét cia phuong trinh (5) la:
y=K. e P e oo (q(X)-eI "‘X"’*)dx ")

Cha y: Phuong phap giai trén dugc goi 1a phwong phdp bién thién hang soé
Lagrange.
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Nhan xét:

S6 hang thir 2 (e /P9 [ [q(x).ej p(X)dx)dx) trong vé phai ciia (6°) 1a nghiém riéng ctia
phuong trinh (5) tng vai K = 0.

56 hang thir nhat (K. e 7"°%) trong vé phai cita (67) 1a nghiém téng quat ciia phuong
trinh thuan nhét twong tng (5°)

Tom lai:

Nghiém tong quét caa phuong trinh tuyén tinh khéng thuan nhat bang nghiém téng
quat cta phuong trinh thuan nhat twong ung cong véi mot nghiém riéng nao d6 cua
phuong trinh khong thuan nhat.

Dé giai phuong trinh tuyén tinh khéng thuan nhat: y> + p(x).y = q(x) ta lam nhu sau:
Xét phuong trinh thuan nhit tvong tng: y’ + p(x).y =0

= Tim nghiém téng quat cta phuong trinh thuan nhat twong tng :y = C. g Jproox

Coi C = C(x) la mot ham sé bién x:

Ta co: y=C. e fPwe

- y=C. o Jpoaax_ C.p() IO

Thay vao phuong trinh (5): y + p(x).y =q(x)

. e PO epm). e PO 4 p).ce TP = g

— O =qx). elPo

=  Tim dwgc C
Két luan: Thay C vira tim dwoc vao nghiém tong quat cia phuong trinh thuan nhat
tuong tng, ta dugc nghiém tong quat cua phuong trinh ban dau.

Vi du 7: Giai phuong trinh: y'—L1 =X+2 (1)
X_

Gidi:
Phuong trinh thuan nhat twong (g 1a :

1 y
—-———=0
y x-1

- W

Yy
dx x-1
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o Wy dx
y x-1
= J'd_y: ax
y x-1
= In|yl=In|x-1|+In|C]|

= Inly| - In[x-1| = In|C]|

= | |=n|c|
x-1
O B
x-1
= y = C(x-1)

Coi C = C(x) l1a mot ham s6 bién x. Ta c6 y= C(X)(x-1)
Thay vao phuong trinh (1) ta duoc

C'0 =22 oy = (B _y L 3in|x-1]+K
x-1 x—1

Vay nghiém cua phuong trinh da cho la
y=(X-1)(x+3In|x-1|+K)

Vi du 8: Giai phuong trinh: y‘—ﬂ =In®x (1)

In x

Phuong trinh thuan nhat twong tng 1a :

Y= =0
In x
= y'_ﬂ
Inx
L Wy 2y
dx Inx

d 2d
-

= In|y|=In|In*x|+In|C]|
= y=ClIn®x
Coi C = C(x) 1a mot ham sb bién x. Tacd y=C(x)In?x

Thay vao phuong trinh (1) ta duogc
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C'(x)=1=C(x) = [dx=x+K
Vay nghiém cta phuong trinh da cho la

y =(x+K)In*x
Vi du 9: Giai phuong trinh: y'—y = x%” (1)

Phuong trinh thuan nhat tuong tng 1a :

y—-y=0
= y'=y
dy
= —_—=
dx y
dy
= —=|dx
o

= Inly|l=x+C,

= y= Ce*
Coi C = C(x) la mot ham s6 bién x. Tacod y = C(x)e*
Thay vao phuong trinh (1) ta duoc

X3

C'(x) = x? :>C(x)=fx2dx:€+K

Vay nghi¢m cta phuong trinh da cho la

X et
y= (?Jr K)e
Vi du 10: Giai phuong trinh : (xX*+1).y’ +x.y=-X
Ta co:
y = -1 la mét nhiém riéng cia phuong trinh (2).
Phuong trinh thuan nhat twong tng la:
(x*+1).y’ +x.y=0

o W x
y x> +1

. dx

= Injy| = -%In(x2 +1)+In[C|

€]

X2 +1

< Inly =1In
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= y= la nghiém tong quét cta phuong trinh thuan nhét.

C
Vxi+1

Két luan: Nghiém tong quat cua phuong trinh (2) 1a:  y = ¢

x? +1

-1

Vi du 11: Tim nghiém cua phwong trinh: (x* +1).y +xy =1

thoa man diéu kién: |, _,=2

Giai:
Phuong trinh thuan nhat tuong tng la:
(x* +1).y +xy =0

dy - X

—.dx
y X“+1

=

= Inly|= -%In(x2 +1) +In[C|

< Inly| =In

X% +1
C
x2+1

(C 1a hang s6)

Nghiém tong quat ctia phuong trinh thuan nhat tuong tng 1a : y = ]
X2 +

Coi C = C(x) l1a mot ham sé bién x. Ta co:

= y=C +C
VX2 +1 \/(x2+1)3

Thay vao phuong trinh: (x*+1).y +xy =1
1 _c X ry C
NXxZ+1 (X% +1)° X +1

o Cixi+1-c -2 ¢ 1

+ X =
Jx2+1 Jx2+1

=1

NG +1)[C'

o CAWx?+1=1
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o C=In(x++x?+1)+K (K:hang sd)
Vay: Nghiém tong quét caa phuong trinh khong thuan nhat 1a:

_ In(x+«/x2 +1)+ K
Y VX2 +1

=2 thay vao, ta duogc:

5_ In(O+M)+K

Theobaira: vy

J0+1
= K=2
/2
Két luan: Nghiém can tim la: y = In(x+ ); +1)+2
X +1

3.2.4. Phwong trinh Bernoully

Pinh nghia: Phuong trinh Bernoully 1a phuong trinh c6 dang:
y +p(x)y = g(x) y* (a#0,1)

Chu y: Néu a =0 hoic a =1 thi phuong trinh trén trd thianh phuong trinh tuyén tinh.

Cach giai:

Véi y = 0, chia 2 vé cho y* ta duoc :

yy+ p().y e =q(x) (*)

pat: z=y* = z=({l-a)y“y

Thay vao (*) ta dugc: Z+(1—a)p(x).z=(1-a)q(x)

Pay la phuong trinh vi phan tuyén tinh cip 1 d6i véi z.

Giai phuong trinh nay ta tim dugc z, sau d6 thay vao tim y="?

Vi y =0 ciing la nghiém cua phuong trinh (*) va la nghiém Ky di ctia phuong trinh.
. 2
Vi du 12: Giai phuong trinh y' + —vy + (1+x)°’y*=0
x+1
Véi y # 0, chia 2 vé cho y? ta dugc:

o 2
yy' o+ X—+1>/->/l + (1+x)°=0 (1)
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bt z=y* = z=-y’y
. 2 3
Suyra: Q1 = -z' + —z + (1+x)’=0
X+1
. 2 3
& 70 - —z = (1+x) (1)
x+1

Pay la phuong trinh tuyén tinh cap 1.

Phuong trinh thuan nhat tuong tng 1a:

z' - LZ:O
X+1
dz 2
= —=—1Z
dx x+1
P %:idx
z X+1
< InzZ=2Injx+1+In|C| (C 1a hang s6)

&  z=C.(1+x)°

Coi C=C(x) laham sb bién x. Ta co:
z=C.(1 +x)?

=  7=C.(1+x)?%+ 2C.1 +x)
Thay vao (1°) ta duogc:

C*(xH1)? + 2C(x+1) - %C(Xﬂ) = (x+1)°
+

= C’ =x+1
2
= c= D ¢ k 1a hang s
2
= z= [(X J;l) + Kj(x +1)
4 2
N - (X+D* +2K(x +1)
2
4 2
Vay: Nghiém tong quéat caa phuong trinh (17) 13: z = (x+1) +§K(X+1)
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N |~

ma z=y hay y

2

Suyra: =
y y (x+1)* +2K(x +1)?

Véi y = 0: cling 1a nghiém cta phuong trinh, d6 1a nghiém ky di.
3.3. PHUONG TRINH VI PHAN CAP HAI
3.3.1. M4t sé khai nigm mé dau

Pinh nghia: Phuong trinh vi phan cap hai 1a phwong trinh c6 dang

Fx, y.y" . y")=0 1)
Néu giai duoc phuong trinh trén déi véi ", thi né s& c¢é dang:
y'=f(xy, yv') (2)

Nghiém téng quat ctia phuong trinh (2) 1a ham s6 y=¢(x,C,,C,) trong d6 Ci, C, la
nhitng hang so.

Hé thirc d(x,y,C,,C,) = 0 xac dinh nghiém tong quét ciia phuong trinh (2) dudi dang
an, va dugc goi 1a phwong trinh téng quat cua no.

Khi cho C; = a; C, = b thi nghiém y=¢(X,a,b) duoc goi la mot nghiém riéng cua
phuong trinh (2)

Vidal3: 1)  y.y"+y2+y.y +x2y2 =0 laphuong trinh vi phan cap 2

2) y" - 2Y = xcosx la phuong trinh vi phan cap 2
X

3.3.2. Pinh ly tén tei va duy nhdt nghiém
Cho phuong trinh:  y" =f(x,y, y') (2)

f A 3
pw (X, y, y") lién tuc trong mot mién D nao do
Yy

trong R*& néu (X,,Y,,Y,) 1a mot diém thuoc mién D thi trong mot 1an can nao do

£ : of , .
Neu f(x, y, y") ; E(X, y, y') va

cia diém x = x, , ton tai mot nghiém duy nhat y = y(x) caa phuong trinh (2) thoa

wxe =Yoo Yo, = Yo

min cac didu kién: y,

Ta thara nhén dinh ly nay.

128



Gido trinh Toan cao cap

3.3.3. Phwong trinh vi phan cdp hai c6 thé giam cdp dwoc

1) Phuong trinh khuyéty vay’: F(x,y”) =0

Céch giai:

bat:p=y = F(x,p’) = 0 . Pay la phuong trinh vi phan cap mot, ta giai tim
dugC p, sau do thay vao tim vy .

Vi du 14: Giai phuong trinh:  x = (y")? +y” + 1

bat: p=y’

=  x=(p)+p+1

bat p=t
__$2
, X=U+t+l dx = (2t +1)dt
Taco: dp
— =t dp = tdx
dx

= dp=(2t* + t)dt
2 1
= =—t’+=t*+C
p 3 > 1
ma y =p,dx=2t+1)dt
= y = J.pdx

= | (%t"* +%t2 +C)(2t +1)dt

= J.(ﬂt“+§t3 +£t2+2C1t+ C,)dt
3 3 2

yzit5 +it4 +1t3 +Ct*+C,t+C,
15 12 6

Viy: Phuong trinh tham sb cua tich phan tong quat cia phuong trinh d3 cho 1a:

X=t"+t+1
y:it5 +£t4 +1t3 +C,t?+C,t+C,
15 12 6

2) Phwong trinh khuyéty: F(x,y’,y”) =0

Céch giai:

Dity’ =p, taduoc: F(x, p, p’) = 0 day la phuong trinh vi phan cap mot ddi vai p.
Giai phuong trinh nay tim p , sau do thay vao tim vy .
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Vi du 15: Tim mot nghiém riéng ctia phuong trinh
150y~ xy'=2
théa man cac diéu kien:  y|,_,=0 ; Y|0=0
Gidgi:

bat: y=p — y'=p' tacdphuong trinh

(1-x*)p- xp = 2
day 1a phuong trinh tuyén tinh cap mot doi véi p.
Phuong trinh thuan nhat twong tng 1a:

(1-x*)p’—xp = 0

dp _ xdx
p 1-x?
= In|p| = —%In(l—xz) +In|K]| (K 12 hang sb)
= p= K
1-x2

Cho K = K(x) la ham sé bién x, ta co:

K':L = K =2arcsinx +C,

V1-x?
Trong d6: (Cy la hang sd)

2arcsinx +C,

Suyra: =
y p T
jZarcsmx + C
Vay N (C1, C, la hang sd)
S y = (arcsinx)® + C,.arcsinx + C,
Theo bai ra:
Véi y|,,=0 = C,=0
Véi y'|,,=0 = C,=0

Két luan: nghiém riéng can tim 1a : y = (arcsinx)?
3) Phwong trinh khuyét x:  F(y,y’,y”) =0
Céachgiai: bat y’=p
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Thay vao phuong trinh : F(y,p, p%) =0 day la phuong trinh cip mot di vai p.
y

Vi du 16: Giai phuong trinh 2yy =y + 1

._dp_dp dy dp

bat = = = =—
' yop dx dy dx dy

Thay vao ta dugc:

2.y.p3—5= p? +1
. dy_2pdp
y 1l+p’
< Injy|=InfLl+p?[+In[C,|
< y=C,(@1+p’)

= dy=2Cdp

\ . d
ma p=Y=d—i
= dx=ﬂzmz2£l.dp
P P
= dp= 1 dx
2C,
X
= +C
= P oc,

Vay: nghiém téng quét cua phuong trinh 13 :

2 2
y:C1 L+C2 _|_1 :C1+M
2C, 4C,

bat. 2C,C,=-a , 2C;= p

Khi d6, nghiém téng quat ctia phuong trinh c6 dang:

20(y - 2) = (x-a)’

Chu y: Nhitng phuong trinh cap 2 khuyét con dugc goi 1a nhiing phwong trinh giam
cdp dwoc, Vi c6 thé dé dang dua chung vé nhirng phuong trinh cap 1.
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3.3.4. Phwong trinh vi phén tuyén tinh cdp 2 thuan nhat
Phuong trinh vi phan tuyén tinh cip 2 thuan nhit 1a phwong trinh c6 dang:

Yy’ + p(x).y +q(x).y=0 (2)
pinh Iy 1. Néu y,(x) va y,(x) la 2 nghiém caa phuong trinh (2) thi
C,.yi(x) + C,.yx(x) cling 1a nghiém cia phuong trinh do, trong d6 C, va C, la 2
hang sd.

Chiing minh:
Vi yi(X) va y,(x) la nghiém cua phuong trinh (2) nén:
y’1+ p(x).y’1+ q(x).y1 =0
Yy 2+ p(x).y’2 + d(X).y2 =0

Nhan dong trén véi C; va dong dudi véi C,, roi cong 2 vé cua ching lai, ta duoc :
= (Cuyi+ Coyo)” + p(X)(Coyr + Coy2)” + q(x)(Cry1i+ Cayz) =0
= C1y1(X) + C,y,(x) cling 1a nghiém cta phuong trinh (2).
Pinh nghia 1: Hai ham s6 y;(X), Y2(x) duoc goi la déc 1ap tuyén tinh trén doan [a,b]

, I X 3 1 . . PN
neu ti so % # K — hang so trén doan d6. Nguoc lai, hai ham d6 goi la phu thugc
Y, (X
tuyén tinh.
Vi dy 17
- Hai ham s6 y = sinx va y = cosx doc lap tuyén tinh trén R
vi M —tgx = hing sé.
COS X
- Hai ham s6 y =2.¢* va y =5. €*la phu thudc tuyén tinh

2.e” _2 . 4
== hang so.
5 5

Vi
Pinh nghia 2: Cho ham sé y; (X), Y.(x). Pinh thic:

Yi Yo

Tl =Y, - VLY,
yl yz 17 2 271

duoc goi 1a dinh thiec Wronsky cua vy, Y, va duoc ki hiéu 1a W(yy, y,) hay vén tat 1a
W néu khéng s¢ nham Ian.

Pinh Ii 2: Néu hai ham sé y;(x) va y,(x) phu thudc tuyén tinh trén [a, b] thi
W(y1, Y>) = 0 trén doan do.
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That vay, vi y, = ky, Véiklahangsénén y, =ky,, do do
y: ky,
y: Ky,
Pinh Ii 3: Cho vy, Y, la 2 nghiém cua phuong trinh tuyén tinh thuan nhat (2). Néu

dinh thuc Wronsky W(y,,y1) khac khéng tai mot gia tri X = Xy nao do trén doan [a;b]
(trén d6 cac hé sé p(x), q(x) 1a lién tuc) thi né khac khdng véi moi x trén doan do.

Vi yi(X), Y2(X) la nghiém cta phuong trinh (2) nén :

Yi Y

:k ) i
Yi Vu

Y. Yo

1 2

W(yﬂyz) = =0

yi7 + px)y1’ + q(x).y1 =0
y2" + p(x).y2” + q(x).y2 =0
Nhan dong trén véi (- y,) va dong dudi vai (y1) , roi cong 2 vé lai véi nhau, ta dugc :
(Y1Y2 =¥2¥1) +P()(Y,Y, —Y.Y,) =0 *)
ma  W=yy,-y,y
e A A A A S A A VAR A EAVES AT
Suyra: *) © W + px).W =0

dw
< —=—p(x)dx
W =P

= Injw|= —JX' p(x)dx + In|C|

= In

%‘ = —XJX;p(x)dx

- Tp(xx
= W=Ce (**)
Thay x = X, ta dugc : C = W(Xo)
—jp(x)dx
Suy ra: W=W(x,)e *
Theo gia thiét: W(x,)#0 = W(HX)#0 , Vxe[ab] (dpcm)

Hé qua : Néu W(y4,Y,) = 0 tai x =x, e[a,b] thi W(y1,y») = 0 tai Vx e[a,b]

Pinh Ii 4: Néu cac nghiém y; , y, cta phuong trinh (2) 1a doc 1ap tuyén tinh trén [a,b]
thi dinh thac Wconsky W(y1,Y») khac khong tai moi diém caa doan ay.
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Chitng minh:
Gia st W = 0 tai mot diém nao d6 cua doan [a,b] theo dinh Iy 3 thi:
W=0 trén doan iy
= V.Y, —Y,Y: =0 , Vxe[ab]

Tai nhimg diém cua doan [a,b] 6 d6 y; #0 , ta co:

(y_J YWYV 0 g

Yi y: y:
= Ye_y  kIa hang sé, tai nhitng diém iy
Y.

Diéu ndy mau thuan véi gia thiét y; & y, doc lap tuyén tinh.
Vay: W =0 , Vxela,b]

Cha y: tai nhitng diém cta doan [a,b] ¢ d6 y; = 0, nguoi ta dd chimg minh duoc Yo

Y1
cling 1a hang so.
Pinh Ii 5: Néu yi(x), y»(x) 12 2 nghiém doc lap tuyén tinh cua phuong trinh (2) thi
nghiém tong quat cia phuong trinh (2) 1a:
y = Cr.yi(X) + Ca.ya(x) 2°)
trong d6: Cy, C, la nhitng hang sb tuy y.
Chizng minh.
Theo dinh li 1, y =Cy, + C,y, ciing la nghiém cta phuong trinh (2)

Ta can ching minh rang véi moi diéu kién ban dau y|,., =V, Y|, =Y, 0 thé tim

duoc nhitng hing s6 C; , C, dé nghiém C,y; + C,Y, tuong tng thod mén cac diéu kién
ay.
Thé cac diéu kién ban dau vao (2°), ta duoc:

{yo =C,y,(X,) + C,y,(X,) 2.1)

ylo = Clyll(xo) + Czy‘z (Xo)

day 1a mot hé hai phuong trinh dai sé tuyén tinh déi véi Cy, C,
Ta c6: Dinh thuc cua ma tran hé s6 I
yl (XO) y2 (XO)
Yi(Xo) Y, (%)
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do chinh la gié tri cua dinh thac Wronsky W(y; , y. ) tai X = Xo , n6 khac khong vi y;,
yo doc 1ap tuyén tinh,

Suy ra: D#0 = Heg(2.1)coénghiém duy nhit C, , C,
Vay: ¢6 thé xac dinh duoc C,, C, dé C,y, + C,y, thod mén cac diéu Kién ban dau
cho truéc. Do d6 (2°) 1a nghiém tdng quét cua phuong trinh (2).
Vi du 18 : Phuong trinh y” + y = 0 ¢6 2 nghiém riéng la y, = cosx, y, =sinx, hai
nghiém ay doc lap tuyén tinh.
Vay nghiém tong quat cua phuong trinh 14y = C,cosx + C,sinx, C, va C, la hai
hang sé tuy y.
Chu thich 1. Néu y;(X) va y,(x) 1a hai nghiém phu thudc tuyén tinh ciia phuong trinh
(2), tac 1a  y,(X) =Ky,(x) véi K la mot hang sé6 nao d6. Do do, biéu thic
y=(Cy,(X) +Cy,(x), C; va C, la hing s6 tuy y, co thé viét la
y = (CKK + C,)y,(x), n6 thy sy chi phu thusc mét hang sé tuy y nén khong la
nghiém tong quat cia phuong trinh (2).
Chu thich 2. Binh 1i 5 cho thady mudn tim nghiém téng quét ciia phuong trinh tuyén
tinh thuan nhat (2), chi can tim 2 nghiém riéng doc 1ap tuyén tinh cia nd. Nhu ching
ta s& thiy ¢ phan dudi, c6 phuong phap dé tim dugc 2 nghiém riéng doc 1ap tuyén tinh
cua phuong trinh trinh tuyén tinh thuan nhét véi hé sé khong doi. Nhung ddi Voi
phuong trinh tuyén tinh thuan nhat c6 hé sé bién thién, khong co phuong phép tong
quat dé giai quyét van dé d6. Tuy nhién, dinh li sau day cho ta cach tim nghiém tong
quat ctiia phuong trinh tuyén tinh thuan nhat vai hé sé bién thién néu ta biét trudc mot
nghiém riéng khac O cua no.
Pinh 1i 6: Néu da biét mot nghiém riéng y;(x) =0 cua phuong trinh (2), ta c6 thé tim
dugc mot nghiém riéng y,(X) cua phuong trinh do, doc lap tuyen tinh véi yi(x), cé
dang: y,(x) = yi(x). u(x)
Chaeng minh.

bat y =y, (x).u(x).
Tacan tim u(x) sao cho y = y,(x).u(x). thod min phuong trinh (2).
Taco

y=yu+yu ; y'=yu+2yu+yu"

Thé vao phuong trinh (2), ta dwoc:
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y+py+qy=0

= (ylu +2y,U' + y,ut)+ p(y'lu - ylu')+ qy,u=0

= YU+ 2y, +py,)U' + (YU + py, +ay;)u =0.
ma y, +py, +qy, =0, viy; la mot nghiém cua phuong trinh (2).
Suyra:

y,U" + (2y, + py,u)u’ = O day la phuong trinh cap 2 ddi véi u, khuyét u
Pit u’ = v, ta duoc phwong trinh cap 1 d6i véi v:

Y.V + (2y, +py,)v =0

hay

W@ pyax

1
LAy tich phan hai vé:
In|v| =-2Inly,| - I p(x)dx = —2In|y,| +¢(x)+In|C|

¢o(x) 1a mot nguyén ham nao d6 cua —p(x)

. e‘P(X) L. e‘P(X)
Vay: v=C,——=Cg(x), Vol g(x) =—-.
Y1 1
Do dé
u=_C,[g(x)dx=CG(x)+C, vViw =v)

trong d6 G(x) 1a mot nguyén ham cua g(x).
Ta duoc:
y = [C,G(x) + C,ly, = Cy,G(X) + C,y,.
Chon C, =0, C, =1, ta dugc Yy, = y,G(X), d6 1a mot nghiém cua (2), doc lap tuyén

, . . y2 . e‘P(X)
tinh vaiy,, vi| =% | = G'(X) = g(X) = ¥ =0

1 1

Vi du 19: Tim nghiém tong quat cia phuong trinh
(L - x*)y" + 2xy' — 2y = 0. 3)
D& thay ring y; = x 1a mot nghiém riéng. Tim mot nghiém riéng khac, c6 dang

y, = X.U(X). Thé vao phuong trinh da cho, ta duoc:
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u"x(@ — x*) + 2u' = 0.
batu’ =v,tacd
V'X(1—x*)+2v=0
hay
dv 2dx

Y x(1 -x%)

LAy tich phan hai vé, ta duoc

1-x? 1
VvV = KlTZ Kl(F—lj

K, 1a hang s6 tuy y. Chon Ky = -1 ta dugc v = 1—%, dods u=x + = +K,.
X X

Chon K, =0, ta dugc u:x+1 = Yy, =XU=Xx*+1.
X

Hai nghiém y, = x, y, = x2 +1 la doc lap tuyén tinh, nén nghiém tong quéat cua
phuong trinh 1a
y =Cx +C,(x* +1),
Cy. C, la hai hang s6 tuy y.
Chu thich. Ciing c6 thé tim y, tir cong thic (**). Chia hai vé cia cong thuc 4y cho

yZ, ta dugc:

o (hj B A TSl B SR LR

ox \ Yy, y: y:

L %[ Loeleranik
Y: Y:

ma Yo u(x)
1

= ux)= iCe_f”(”“*dXJr K
y2
1

ChonC=1, K=0, ta duoc
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y, =y,u= yljy e 1" dx (2.2)
1

Nhu viy néu phuwong trinh (2) ¢6 mdt nghiém riéng 1a y;(x) thi nghiém téng quat
caanola:

y=Cy, +C., | iz T (2.3)
Yi
Vi du 20: Tré lai vi du trén. Phuong trinh (1 — x2)y" + 2y = 0, ¢6 mét nghiém riéng

la y; = x. Chia hai vé ciia phuong trinh cho (l —Xz), ta thay p(x) = 12—X2, do do

~ [p(x)dx = | Xf’i dx = In(x 1)

x* -1 1

LRl e e P g

Theo cong thire (2.3) ta duoc:
y =CX +Cx(x + l) =Cx + C,(x* +1).
X

3.3.5. Phwong trinh vi phén cép 2 tuyén tinh khong thuan nhat.

1) Pinh nghia: Phuong trinh vi phan cap 2 tuyén tinh khdng thuan nhat 1a phuong
trinh ¢c6 dang:

y* + pXxy' + a(x)y=F(x) (1)

Pinh 1i 7: Nghiém tong quat ciia phuong trinh khong thuan nhat (1) bang téng cua
nghiém tong quét cua phuong trinh thuan nhat twong Gng (2) véi mot nghiém riéng
nao do6 cta phuong trinh khong thuan nhat (1).

Chung minh
Goi § la mot nghiém téng quét cia phuong trinh (2), tic 1a:
y'+p(x)Y +q(x)y =0
Y la mot nghiém riéng nao do6 c'ua phuong trinh (1) , tc la:
Y"+p(X)Y'+q(x)Y =Tf(x)

Pity=y+Y.
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Tacdy'=y'+Y' ;  y'=y+Y”
Thé vao vé trai phuong trinh (1), ta dugc :
VT =y + p(x)y' + a(x)y
= V' +Y" +p(X) (?'+Y')+ q(x)(§/+Y)

Y + POy +a09y]+ [Y* +pe) Y + () Y]

Theo gia thiét:
Y+ p(x)Y +a(x)y =0
Y'"+p(X)Y'+q(x)Y =Tf(x)
Suyra: VT=1(x) = Vy"+pX)Y +ax)y="f(x)
Vay: y = 3_/ + Y cling 1a nghiém cua phuong trinh (1).
Vi y phu thudc hai hing sé tuy y nén y =y + Y ciing phu thugc hai hing sé tuy ¥. Do

d6, c6 thé chang minh nd 1a nghiém tong quét cia phuong trinh (1) nhu trong ching
minh dinh Ii 5.

Pinh Ii 8: (Nguyén Ii chéng nghiém)
Néu y,(x) 1a mgt nghiém riéng ciia phwong trinh:
y'+p(X)Y +q(x)y =f,(x) va y,(x) la mot nghiém riéng cia phwong trinh
Y '+ pX)Y +gxX)y =f,(x) thi y=y,(X)+Vy,(X) la mét nghiém riéng cuia
phwong trinh y" + p(X)y' + q(X)y = f,(x) + f,(X).
Ching minh
Ta co:
Y'+p(X)Y +a(X)y = (Y, +Y,)" + P(X) (Y. +Y.) + a(X) (Y, +Y.)
=[y: + P9Iy, + a0y, ]+ [y + POYY, + a0y, ]
=f,(xX) +f,(x).
Vay: y = y,(X) + Y,(X) lamdt nghiém riéng cua phuong trinh
y*'+ p(x)y' + d(x)y = f,(x) + f,(x).
2) Phwrong phap bién thién hing sé Lagrange

Gia sir da biét nghiém tong quat ctia phuong trinh tuyén tinh thuan nhat (2) la
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y = Clyl + Czyz (2-1)
trong d6 C; , C, 1a hai hang s6 tuy y.

Bay gid, ta mudn tim nghiém cta phuong trinh tuyén tinh khong thuan nhat (1), ta coi
Ci = C4(X) , C, = Cy(x) 12 hai ham sé bién x. Ta tim C, , C, dé cho (2.1) 1a mét
nghiém cua phuong trinh khong thuan nhét (1).

Ta co:
Yy =Gy, + Gy, +Cy, + Cyy,.
Chon Cy, C, saocho: Cy, +C,y, =0
Khi do: y'=Cy, +C,y,
= Y =Cy,+CyY, +Cy, + Cy,.
Thé vao phuong trinh (1), ta dwoc:
C.(¥; +POQY: +d()Y,) + C, (¥, +POOY, +A()Y,) + Cy, + Coy, = F(X).

Vi vy, ¥, la hai nghiém cia phuong trinh thuan nhat (2) nén céc biéu thuc trong dau
Ngoac cua Vé trai bang khong, ta duoc:

Cy, + Gy, =f(x).
Vay: hamsé y = C,y, + C,y, la nghiém cua phuong trinh (1) néu C; , C; thoa mén

hé phuong trinh:

Cy,+Cy, =0
{11 272 (*)

Cy, +Cuy, =f(x)

binh thac cua hé phuong trinh (*) chinh 1a dinh thiee Wronsky cua hai nghiém doc lap
tuyén tinh ciia phuong trinh thuan nhat (1), né ludn khéc 0. Vi vay hé phuong trinh
trén c6 mot nghiém duy nhat.

Giast C, = ¢,(x), C, =o,(X).
L4y tich phén, ta dugc

C,=9o,x) +K, , C, =0d,(x)+K,
trong do: @, (X) 1a mot nguyén ham cua @, (X)

@, (X) 1a mot nguyén ham ciaa @, (X)

Ki , K, 1a hai hing sb tuy y.
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Vay: nghiém téng quét cua phuong trinh (1) 1a:
y =Ky, + Ky, + ©.(X).y, +D,(X).y,
Vidu 21: Giai phuong trinh
(1 - xz)y" +2xy' =2y =1- Xx?
Néu x# + 1, phuong trinh c6 thé viét 1a

N 2X y - 2
1—x2 1-x?

y" y:l.

Ta da biét nghiém tong quat cia phuong trinh thuan nhat twong tng 1a
y=Cx + C,(x* +1)
trong d6 C, , C, 1a cac hang sé tuy y (xem vi du trang 99 - 100).
Biéu thirc 4y la nghiém cua phuong trinh khong thuan nhét da cho.
Coi C; = C4(X) , C, = Cy(X) 1a nhitng ham s6 bién x thod man hé (*), tac Ia:
{C'lx +C,(x*+1D) =0
C, +C,2x =1

Giai hé nay, ta dugc

Suy ra: C, = —[x Ik
X +

1J+Kl

C, =% In| x*-1] + K,

trong d6 K, , K5 12 nhitng hang s tuy y.
Vay: nghiém téng quét phai tim 1a:

y=—x x+In x-1 +1(x2 +1)Injx? —1| +K X + K, (x? +1)
X+1 2

3.3.6. Phwong trinh vi phén cdp 2 véi hé sé 1a hang sé

Phwong trinh thuin nhat:
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Cho phuong trinh: y'+py +qy=0 (1)

trong d6 p, q la hai hang s6. Ta biét ring muén tim nghiém tong quét cua no, chi can
tim hai nghiém riéng doc lap tuyén tinh. Ta s& tim nghiém riéng ctia n6 dudi dang:

y =e¥ (1.1)
trong d6: k 1a mot hang s nao d6 ma ta s& tim.
Taco y' = ke*™ ; y"= k"™
Thé vao phuong trinh (1), ta duoc :

e (k® +pk+q)=0
Vi e # 0 néntacé:

k> +pk+q=0 (1.2)

Suy ra: néu k thod man phuong trinh (1.2) thi ham s6 y = e 1a mot nghiém cua
phuong trinh (1).

Phuong trinh (1.2) dugc goi |a phwong trinh dac trung cta phuong trinh vi phan (1).
D6 1a mot phuong trinh bac hai, nd c6 hai nghiém ky, k, thuc hay phtc. Co thé xay ra
ba truong hop :

Hai s6 ki , k, thuc va khac nhau:
Khi 4y phuong trinh (1) ¢6 hai nghiém:

y1 — eklx , y2 — ekzx

. . 1 / , R y k, —k 3 ,
— Hai nghiém 4y doc lap tuyén tinh vi = = gllariol = hang so.

2

Suy ra: nghiém tong quat ciia phuong trinh (1) 1a:

y = Ce" + Ce*
C., C, la hai hang s6 tuy y.
Vi du 22: Tim nghiém cta phuong trinh

y'+y -2y=0
thod mén cac diéu kién

Yeo=0, Y| =1

Phuong trinh dac trung cta phuong trinh da cho la k* + k — 2 =0,
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phuong trinh nay c6 hai nghiém phéan biét k, =1 ; k, =-2.
Vay nghiém tong quat cia phuong trinh di cho 1a

y = Ce* +Ce™.
Suy ra:

y'=Ce* —2C.e™.

Tur cac diéu kién ban dau ta duoc:

C,+C,=0
C, -2C, =1
Do d6 C, :% N O :—%

Vay: nghiém riéng phai tim la

y_lex_le—ZX
3 3

k. = Kk, 1a hai s6 thuc tring nhau k; = ks:
Ta dd c6 mot nghiém riéng cia phuong trinh (1) 1a y, = €
Ta s& tim mot nghiém riéng y, doc 1ap tuyén tinh véi y; duéi dang:
Y, = Y,:U(X) = u(x)e"*
Ta co:
y, =u'.e“ + kue
y, =u"e!* + 2k u'e"™ + kZue"”
Thé vao phuong trinh (1), ta dwoc

el [u"+ (2k, + p)u' + (K2 +pk, +q)u] = 0

Vi ky 1a nghiém kép ctia phuong trinh dac trung: k? +pk, +q=0
nén ta co:
k,=-2 o 2, +q=0
1 = 2 1 q -
Suyra: e“*u" =0 = u'=0
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trong d6 A, B 1a nhiing hang sé tuy y.
ChonA=1,B=0tadugc: u=x = Y,(X) = xN*
Nhu vay hai nghiém doc lap tuyén tinh caa (1) 1a y,(X) =e"“* va y,(x) =xek*,
Két luan: nghiém téng quét cua phuong trinh (1) 1a:
y = el * (C, + C,Xx)
Vi du 23: Giai phuong trinh
y'—6y' +9y =0
Phuong trinh déc trung ctia la k?* + 6k +9 = 0, phuong trinh nay ¢6 nghiém kép k = 3
= nghiém tong quat ciia phuong trinh da cho la:
y =e¥*(Cx +C,).
k; va k, lahaiso phirc liénhgp: k, =a+ip ; Kk, = a—ip

Hai nghiém riéng ctia phuong trinh (1) la:

y]_ — e(a + i) X — eocxein
y_2 _ e(a —ip)x __ eOLXe—iBX
Theo cong thirc Euler: e™ = cospx + isinpx

e ™ =cosBx —isinPx
Suy ra: y, = e (cosPx + isinfx)
y, = e (cosPx — isinBx).

Néu y,,y, 1ahai nghiém cia phuong trinh (1) thi:

yl — yl + y2 — eocx COSBX
2
y_l_y_Z aX o
= ———==€e7SInpx
Y, > p

cling 1a nghiém caa phuong trinh (1).

N , \Y A
ma f = cotanfix khac hang s6

= Hainghiém yl va y2 doc lap tuyén tinh.
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Két luan: nghiém tong quat caa phuong trinh (1) 1a
y = e” (C,cospx + C,sinpx)

Vi du 24: Giai phuong trinh

y- 2y’ 45 =0
Phuong trinh dic trung cta la k* —2k +5= 0, phuong trinh nay ¢é nghiém phuc la
ki=1+2ivak,=1-2i= nghiém tong quéat cua phuong trinh da cho Ia:

y =e*(C, sin 2x+C,c0s2x)
Chu thich : Déi véi phuong trinh tuyén tinh thuan nhat cd hé sé khong doi cap cao
hon hai, phuong phép giai cling trong ti nhu ddi v6i phuong trinh cap hai.
Vidu 25: Giai phuong trinh y”” — 4y’ = 0.
Phuong trinh dac trung cua la k® — 4k = 0, phuong trinh nay cé ba nghiém la k = 0,
k =2, k =-2. Do d6 nghiém tong quét cia phuong trinh da cho la:

y =C, +C,e* +Ce™

Vidu 26: Giai phuong trinh y® + 2y" +y = 0.
Phuong trinh dic trung k* +2k* +1=0 hay (k* +1)*> =0
cé hai nghiémkép k =ivak=-1.
Do d6 nghiém téng quat ctia phuong trinh di cho 1a:

y = (C, + C,x) cosx + (C, + C,x)sinXx.
Phwong trinh khong thuan nhat:
Cho phuong trinh: y” + py’ + qy = f(x) 2
trong d6 p, q 1a nhitng hang sd.
O trén, ta da tim dwoc nghiém tong quét cua phuong trinh thuan nhat trong tng (1).
Vay chi viéc &p dung phwong phéap bién thién hang sé dé tim nghiém téng quét cua
phuong trinh khong thuan nhat (2). Nhung ddi véi mot sé dang dic biét cua vé phai
f(x), ta cO thé tim duoc mot nghiém riéng caa phuong trinh (2) ma khong can mot
phép tinh tich phan nado. Chi can coéng nghiém riéng iy vao nghiém tong quét cua
phuong trinh thuan nhat twong ung (1), ta s& duoc nghiém téng quét cua (2).
Ta sé tim nghiém riéng cua (2) trong hai truong hop sau:
Trwong hop 1: f(x) =e*.P (x)

trong d6 P,(X) 1a mot da thic bac n, o 1a mot hang sé.
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Néu o khdng phai la nghiém caa phuong trinh dic trung cua (2), ta tim mot nghiém
riéng cua (2) co dang:

Y =e*Q,(X) (2.1)

trong d6 Qn(x) la mot da thurc bac n.
Muén xac dinh Q,(x) ta phai xac dinh (n + 1) hé sb cua n6 va dugc xac dinh nhu sau:
Taco

Y' = aQ,(x)e” + Q,(x)e”

Y" =a’Q, (x)e™ + 20Q. (X)e™ + Q. (X)e™.
Thé vao (2), ta dugc

e [Q; (%) + (20 +P)Q, (X) + (a? + pat + Q)Q, ()] = e*P, (x)
= Q,(X) + (20 +p)Q, (X) + (&® + pa + 4)Q, (X) =P,(X) (*)

Vi o khong la nghiém caa phuong trinh dic trung cta phuong trinh thuan nhat (1), nén
a? + pa +q = 0, do d6 vé phai cua dang thirc (*) ciing 1a mot da thirc bac n, cung bac
V6i da thic o vé phai Py(x).
Bang cach dong nhat hé s6 cia cac s6 hang cing bac ¢ hai vé cua dang thuc (*), ta
duoc (n + 1) phuong trinh bac nhat cua (n + 1) an, véi an 1a cac hé s caa Qu(X).

Phuong phap tim cac hé sé cua Qu(x) néu trén duoc goi 12 phwong phdp hé sé bt
dinh.

Néu a l1a nghiém don ctia phuong trinh dic trung thi

o’ +pa+q=0

2o +p) =0
Khi d6 vé trai cia dang thirc (*) 1a mot da thic bac (n — 1). Ta nang bac cia nd 1én mot
don vi ma khong tang s6 cac hé sé cua nd, mudn vay chi viéc thay Qn(x) boi X.Qn(X).
Trong truong hop nay, ta s€ tim mét nghiém riéng cua (2) c6 dang:

Y = x Q. (X) (2.2)

Néu o 1a nghiém kép cua phuong trinh dic trung thi

o’ +pa+q=0

(2o +p)=0
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Vé trai cua dang thuc (*) 12 mot da thirc bac (n-2). Ta nang bac caa nd 1én 2 don vi
ma khong tang s cac hé s cua nd, muédn vay chi viéc thay Qu(x) béi x2.Qn(X).

Trong truong hop nay, ta tim mét nghiém riéng cua (2) c6 dang:
Y = x%e*Q, (x) (2.3)
Vidu 27: Giai phuong tinh y’” + 3y’ —4y =X
Phuong trinh dac trung k? +3k —4 =0 c6 hai nghiém donk; = 1vak, =- 4.
Vay nghiém tong quat cia phuong trinh thuan nhat trong Gng la
y=Ce* +Ce™
Vé phai cua phuong trinh c6 dang e P,(x) trong d6 oo =0 , P,(X) = X.

Vi o = 0 khéng la nghiém cta phuong trinh dac trung, vay ta tim nghiém riéng cua
phuong trinh da cho c6 dang:

Y = Ax + B.
Thé vao phuong trinh trén, ta dugc

-4AX + 3A - 4B = X.

Suyra: -4A=1, 3A-4B=0
-~ aA-1 -2
4 16
X 3
p— [N,
4 16
Nghiém téng quat phai tim 1a:  y=y +Y = C;e* + C,e™ - % - %

Vi du 28: Tim nghiém tong quét ciia phuong trinh: y»> — y’ = *( x+1).
Phuong trinh dic trung k? — k = 0 ¢6 hai nghiemk; =0, k, =1
Vay nghiém tong quat cia phuong trinh thuan nhat teong ang 1a
y = Cy + Cpe*. V& phai ctia phuong trinh dd cho c6 dang e®*P;(x)
Vi o = 1 la mét nghiém don cua phuong trinh dac trung nén ta tim mat nghiém riéng
cua phuong trinh da cho c6 dang:
Y = xe*(Ax + B) = e*(AX? + BX).
Taco:
Y’ = *(Ax® + Bx) + e*(Ax + B)
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Y = *(Ax? + Bx) + 2*(Ax + B) + e*.2A
Thé vao phuong trinh di cho, ta duoc :
e"(2Ax + B + 2A) = e*(x + 1).
Suyra: 2A=1 , B+2A=1

= = Ly
2

Nghiém tong quat phai tim 14 :

y=y+Y=C, + Ce* + %xzeX

Vi du 29: Giai phuong trinh y” — 6y” + 9y = &%

Phuong trinh dac trung c6 nghiém kép k; =k, =3

= nghiém tdng quat ctia phuong trinh thuan nhét twong tng 13 y = (C1x + C,)e™*

Vé phai cua phuong trinh da cho ¢6 dang €** P(x)

Vi a = 3 la mot nghiém kép cta phuong trinh dic trung nén ta tim mdt nghiém riéng
cua phuong trinh da cho c6 dang:

Y = x%¥(Ax + B) = e¥(AX® + BX?)

Taco:

Y’ =3e*(Ax® + Bx?) + e™(AX? + Bx),

Y7 = 9e*(AX + Bx?) + 6 e*(3AX? + 2Bx) + e*(6Ax + 2BX).

Thé vao phuong trinh da cho, ta duoc:
e*[(6A — 10B) x + 2B] = xe*

Suy ra: 6A-10B=1 , B

0

-~ A=l  B=0
6

Nghiém tong quat cia phuong trinh di cho 1a :

y=§+Y#Qx+Qm”+§e“
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Trwong hep 2: f(x) = Py(X) cospx + P,(X) sinfx, trong do Pn(x), Pn(X) 1a nhitng da

thirc bac m, n ; B 1a hing so.

Nguoi ta ching minh dwogc rang:

Néu + ip khong 1a nghiém cta phuong trinh dic trung thi ta c6 thé tim mot nghiém

riéng cua phuong trinh (2) c6 dang:

Y = Q,(x) cospx + R, (x) sinpx (2.4)

trong d6 Q, (X) , R, (X) la nhiing da thirc bac | = max (m, n)

Néu + ip la nghiém ciia phwong trinh dic trung thi ta c6 thé tim mot nghiém riéng cua

phuong trinh (2) c6 dang:

Y = X[ Qi (x) cospx + Ry (X) sinpx] (2.5)

Vi du 30: Giai phuong trinh y’’ +y’ = - sinx.

Phuong trinh dic trung k* + k = 0 ¢6 nghiém ky =0, k, = -1 = Nghiém téng quét cua

phuong trinh thuan nhat tuong tng 13 y = C;+ C, e >

Vé phai cia phuong trinh di cho ¢6 dang Ry(X) sinpx, trong d6 R4(x) = -1, B = 1, nhung
+if3 = +1 khong la nghiém cua phuong trinh dac trung, nén ta tim mot nghiém riéng cua

phuong trinh da cho c6 dang:

Y = Acosx + A; sinx

Tinh Y’, Y” rdi thé vao phuong trinh da cho ta duoc:

[4Ax + 2(A + By)]cosx + [-4Ax + 2(A; — B)]sinx = xsinx

Suy ra: 4A; =0 , A+B;=0 , -4A=1 , A;-B=0

= A:-—,B]_: ,A1:0,B:O

N

= Y= g(sinx — XCOSX)
Vay nghiém tong quat ciia phuong trinh di cho 1a :
y=y + Y =Cicosx + Cosinx + g(sinx — XCOSX)

Vi du 31: Giai phuong trinh y” + y = x.sinx.
Phuong trinh dic trung k* + 1 = 0 ¢6 nghiém ki, = £i = Nghiém téng quat cua

phuong trinh thudn nhat twong tng 13 y = C; cosx+ C, sinx
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Vé phai cia phuong trinh da cho ¢6 dang Ry(X) sinBx, trong d6 Ry(X) = X, B = 1, nhung + ip
= + i la nghiém cta phuong trinh dac trung, nén ta tim mot nghiém riéng cia phuong trinh
da cho c6 dang:

Y = X[(Ax + B) cosx + (A;x + By) sinx]

Tinh Y’, Y” rdi thé vao phwong trinh d3 cho ta duoc:

[4Ax + 2(A + By)]cosx + [-4AX + 2(A; — B)]sinx = xsinx

Suy ra: 4A; =0 , A+B;=0 , -4A=1 , A;-B=0

= A:-—,B]_:%,A]_:O,B:O

= Y= %(sinx — XCOSX)
Vay nghiém tong quat ctia phuong trinh di cho 1a :
y=y + Y =Cicosx + Cosinx + %(sinx — XCOSX)

Vi du 32: Giai phuong trinh y” — y* = 2cos’x
Gidi

Phuong trinh déc trung k> —k=0c0 hai nghiémk; =0,k, =1

— Nghiém cua phuong trinh thudn nhét twong tng 12 y = C; + C,e*
Vé phai cia phuong trinh da cho 13 f(x) = 2cos’x = 1 + C0S2X.
Theo nguyén ly chong nghiém, ta tim dugc mot nghiém riéng cua phuong trinh di cho
dudi dang tong Y, + Y,
trong do: Y, nghiém riéng caa phuong trinh voi vé phai fy(x) = 1
Y, la nghiém riéng caa phuong trinh véi vé phai f,(X) = cos2x.

Vi fi(x) =1 =e* véi a = 0 la nghiém cua phuong trinh dic trung nén Y, c6 dang Y,
= AX. Thé vao phuong trinh ta duwgc: A=-1 = Y;=-X

Vi fy(X) = cos2x ma +2i khéng la nghiém cta phuong trinh dac trung nén Y, =B
cos2x + C sin2x. Thé vao phuong trinh ta duoc : B = % . C= % ~ Y,=-
2

—C0S2X -isin2x.
10 10

Két luan: Nghiém tdng quat phai tim la
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_ 2 1 .
=y +Y;+Y,= C; + Cg—Xx- =c0s2Xx - —sin2x
y=y Nt =ttt 10 10

Chu thich 1: Néu f(x) = e™[Pm(X) cos Bx + Pn(X) sin Bx], ta c6 thé dua vé phuong
trinh véi vé phai ¢ dang da xét & trén bang cach dit y = e™z.
Vi du 33: Giai phuong trinh y” + 2y’ + 2y = xe™sinx

bity=¢e"z

Tacd: y = ez —e>z

y” — e-XZ” o 2e-XZs + e-XZ
Thé vao phuong trinh, ta duoc :
z” + z = Xsinx
Nghiém tong quat ciia phuong trinh nay 14
z = C4cosX + C,sinx + E(Sinx — XcosX) (xem vi du 1)
Vay : nghiém tong quat ciia phuong trinh di cho 1a
y =e™ [ C,cosx + Csinx + %(sinx — XCOSX)]
Chu thich 2: DBi v6i phuong trinh tuyén tinh than nhat, c6 hé s6 khong ddi, cap cao
hon hai, ciing c6 thé tim nghiém riéng twong tu ddi v4i phuong trinh cap hai.
Vi du 34: Giai phuong trinh y* + 2y” + y = cosx
O vi du trén, ta thiy nghiém tong quat cia phuong trinh thuan nhét twong tng la:
y = (C; + C,X) cosxX + (C3 + CyX) sinx

Vi phuong trinh dac trung k* + 2k* +1 = 0 ¢6 hai nghiém kép k; = i va k, = -i. V& phai cia
phuong trinh da cho 13 cosx, do d6 ta tim nghiém riéng ctia phuong trinh khong thuan nhit
c6 dang : Y = x*(Acosx + Bsinx)

Thay vao phuong trinh da cho ta tim duogc:

A=-L , B=0
8

- Y= -%xzcosx
Vay nghiém tong quat ciia phuong trinh di cho la:

y=y +Y =(Cy+Cyx) cosx + (Cg + CsX) Sinx -%xzcosx
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1) dy 2Xy
dx

3) dy _ 2x(y? +1)
dx

5) dy _-x
dx vy

7) ox_ r?(1+x?)
dr

3.2. Giai cac phuong trinh dang cap cip mot sau:

. 3y?—x?
1) y'=2
2xy
Xy -y
3) y =27
X
o 2xy -y’
5 =
)y o
: X+4
7) y =22

3.3. Giai cac phuong trinh tuyén tinh cap mot sau:

1) y'—lzlnx
X

3) y'-y=2x%"

5) y'+y=>5¢e*

7) y'—ﬂ=x2+x—1
X

9) y'+L: x—1
X+2

11) y'+l= 2x+1
2X

LY
13 =
)y 2x-1)

15)  xy'+(x+1)y =3x%"
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BAI TAP CHUONG 3
3.1. Giai cac phuong trinh vi phan sau:

2) Y _ 3x%e™
dx
4) (1+x)dy—ydx=0

6) z—)t/+4y =y(e" +4)

8) ﬂ=e3x+2y
dx
XYy
2)y'= x> —2xy
X2+ 2y?
Hy'= 4xyy
, X=3
6) y'= " y
2) y'—$:x2+x

4) y'-2y =(x*+1)e*

B6) y'+2y=(2x-1)e™

8) y'—ﬂzx2—2x+3
x—1

10) y'+L:x+3
X+4

12) y'—X—J>:3=x

14) (xy'-DInx =2y
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16) (1+x?)y'—2xy =1+x?
17) x’y'—(2x-1)y=x?
3.4. Tim nghiém cta cac phuong trinh vi phan thoa man diéu kién cho truéc:

1) (e¥-vy) cosx% =e’sin2x, y(0)=0
X

dy 2+sinx .
2) == >
dx 3(y-1)

y(0)=2

3

LXy—y
)y =T - y0)=1
)Y Voyiil y(0)

2
4) y'- Y —xinx ; y‘xze:e—
xInx 2

x2ﬂ+ y*=0; y()=3
5) dx

6) y'=y+x* y(0)=1

3.5. Giai cac phuong trinh vi phan cap 2 véi hé sé hang sau:
1) y"—3y'+2y =4e*

2) y"-2y'+2y=2e*

3) y"—4y'=5e*

4) y'+7y'=4x-3

5) y"-4y'+3y=e*(x-1)

6) y"'-5y'+6y=e"(x+2)

7) y'—4y'+4y =e*(x-2)

8) y"+4y'+4y=¢*(2x-1)

9) y"+6y'+9y=e"(3x+1)

10) y'-4y'=x*+1

11) y"+3y'=x"-2x

12) y"—y'-2y =—4x* +4x+10
13) y"+3y'+2y=x"+3

14) y' -6y +9y=2x+1
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15) y"-2y'+y=2x-1

16) 3y"-2y'-y=>5¢"

17) 4y"-3y'—y =7¢"

18) y"-6y'=3x+2

19) y’ +y’ — 2y = COSX

20) y’ + 2y’ — 3y = sinx

3.6. Hay dua vé dang phuong trinh vi phan tuyén tinh cap 1 va tim nghiém:
1)y’ (x+siny) =1

2) 0C+X)y+3xy =+x?+1

4) xﬂ—4y = x'e"
dx

5) (x* —9)ﬂ—xy=0
dx

6) X°y'—+xy=1

7) xﬂ—yz x? sinx
dx

8) X°y'+x(x+2)y=¢"
9) ydx—4(x+y®)dy=0

10) xy'+y=¢e*; y@) =2
1

11) y'+ =0
)Y 2x —y?
3.7. Hay tim nghiém cuia phuong trinh vi phan sau néu c6 dang phuong trinh vi phan
dang cap:
) W_x=y
dx x+y

2) x2%=y2—xy+x2;y(1)=2

3) y? =(xy—x2)%
dy
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4) x%:Zy%+x—3
dy dy
5) dx _ cos(xy)—1

dy Xy
6) (x*+ y*)dy+2xydx =0

dy y-6x
7) 2L = 1y(0) =1
)dx 2x_y y(0)

3.8. Giai cac phuong trinh Bernoully:

1) Y y =X’y
dx

2) xd—y+y:i
dx

2
d
3) d—y =y(xy’-1)
X
2 Y 2y =3ytym=1
dx 2

5) y+y=xy*

6) xy'+y’=xy
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HUONG DAN GIAI VA PAP SO BAI TAP CHUONG 3
dy _ dy _
1) &_2xy:>j7_j2xdx
Pap sb : y=ke*
dy _
2) o 3x%e’ = jeydy = j3x2dx
Pap s6 1 y=In(E +e?)

dy
3) =L =
)dx

:j2xdx
Pap s6 : y=tg(x*+C)
dy
4) 1+x)dy—ydx =0
) (L+X)dy-y @j f”l
Pap s6 : y=C(1+Xx)
dy X
9) —=-— dy =—| xdx
) 3 y:Iyy |
Pap sb: x*+y =C?
6) ﬂ+4y =ye'+4) = J ydy =Ie_tdt
dt

Papsd: y=ce®"

dx dx
7)) —= = | r’dr
) dr +X2 I

3

Pap s6 : x=tg(%+C)

8) e & Ie 2y = jesxdx

Pap s6: —3e 2 =2e*+C
3.2. Giai cac phuong trinh dang cip cp 1 sau:

1) bat u= y . Thay vao phuong trinh ta duoc :

u?-1
2u

u'x=

Bién d6i vé phuong trinh véi bién s6 phan ly:
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2udu _ dx
u? -1 x

Giai phuong trinh v6i bién sé phén ly ta dugc:

In|u®>=1|=In|x|+C =0

Thay u= Y ta duoc nghiém tong quét cta phwong trinh 13 :
X
Y2 _
In|(£)?=1|-In|x|+C =0
X

2) bat u=2. Thay vao phuong trinh ta dugc :
X

Bién doi vé phuong trinh véi bién sé phan ly:
(1-2u)du _ dx

u? X

Giai phuong trinh vai bién s6 phén ly ta duoc:

—£—2In|u|—ln|x|+C=0
u
Thay u= 2 ta duoc nghiém téng quét cia phuong trinh 1a :
X
X o <In|x|+C=0
y X

3) bat u==. Thay vao phuong trinh ta duoc :
X

u'x =-u?
Bién doi vé phuong trinh véi bién sé phan ly:

_du_x

TR

Giai phuong trinh vai bién s6 phan ly ta duoc:

l—In|x|+C=O
u

Thay u= Y ta duoc nghiém tong quét cta phwong trinh 13 :
X
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X In|x|+C =0
y

4) bat u= Thay vao phuong trinh ta duoc :

1-2u?

u'x=
4u

Bién ddi vé phuong trinh véi bién s6 phan ly:

%_J‘ 4udu
x J1-2u°

Giai phuong trinh vai bién s6 phan ly ta duoc:

In|x|+In|1-2u®*|+C =0

Thay u= 2 ta dwoc nghiém téng quét ciia phuong trinh 1a :
X
Y2 _
In|x|+In|1-2(2)?|+C =0
X

5) bat u=" Thay vao phuong trinh ta dugc :
X

, -3
u'x=—
u®+u
Bién doi vé phuong trinh vai bién sé phan ly:
dx _  3du
A B e
X J.u2+u J.u+1 u)

Giai phuong trinh véi bién sé phan ly ta dugc:

In|x|+In|——|+C =0
1+u
Thay u= y ta duoc nghiém téng quét cia phuong trinh 13 :

In|x|+In|

Y_|+C=0

+ty

6)bat u = Y Thay vao phuong trinh ta duoc :
X

u'x=1-4u

Bién d6i vé phuong trinh véi bién s6 phan ly:
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du _ dx
1-4u X

Giai phuong trinh v6i bién sé phén ly ta dugc:
—%In |1-4u|-In|x|+C =0
Thay u=7 ta duoc nghiém tong quét cta phuong trinh 13 :
X
“Linj—aYcingx+c =0
4 X
7) bat u=-=. Thay vao phuong trinh ta dugc :
X
u'x =-(1+ 5u)

Bién doi vé phuong trinh véi bién sé phan ly:

_du_dx
1+5u X

Giai phuong trinh vai bién s6 phén ly ta duoc:

—%In |1+5u|—In|x|+C =0
Thay u= Y ta duoc nghiém tong quét caa phuong trinh 12 :
X

“LinjaesY < x|+c =0
5 X

3.3. Giai cac phuong trinh tuyén tinh cap 1 sau:

y

1) Giai phuong trinh: y'-==0 tadugcy=Cx
X

Coi C la C(x) thay vao phuong trinh thu duoc:

2

In x In° x

CX)=—=C(x) = +K
X 2
Vay nghiém tong quat ciia phuong trinh 13 In? x
y=( + K)x
2
2) Giai phuong trinh: y'—ﬁ =0 tadugcy =C (x+1)
+

2

Coi C la C(x) thay vao phuong trinh thu duogc: C'(X) =x=C(x) = X?+ K
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Vay nghiém tong quat cua phuong trinh 1a W2
y= (?+ K)(x+1)

3) Giai phuong trinh: y'—y=0 ta dugc y=_Ce*

3
Coi C 1a C(x) thay vao phuong trinh thu dugc: C'(x) =2x* = C(X) = 2% +K

Vay nghiém tong quét ciia phuong trinh 13 253
y=(—+K)e*
3
4) Giai phuong trinh: y'=2y =0 ta dugc y=Ce*
3

Coi C 1a C(x) thay vao phuong trinh thu duoc: C'(x) = x* +1= C(X) = X?-i- x+K

Vay nghiém tong quét cua phuong trinh 1a W3
y= (?+ X+ K)e*

5) Giai phuong trinh: y'+y=0 tadugc y=Ce™”

e2x

Coi C la C(x) thay vao phuong trinh thu duoc: C'(x) =5e** = C(x) =5 5

+K

Vay nghiém tong quat cua phuong trinh 1a 52t
y=(
2

+K)e™

6) Giai phuong trinh: y'+2y=0 ta dugc y=Ce ™
Coi C la C(x) thay vao phuong trinh thu duoc: C'(x) =2x+1=C(x) = X" +x+K

Vay nghiém tong quat cua phuong trinh 1a Y= (¢ +x+K)e?

7) Giai phuong trinh: y'—ﬂ =0 ta dugc y=Cx?
X

Coi C la C(x) thay vao phuong trinh thu duoc
2
c') =X e = x| x|+ 2+ K
X X
Vay nghiém tong quat cua phuong trinh 1a

y=(x+|n|x|+1+K)x2
X

8) Giai phuong trinh: y ._2_yl =0 ta dugc y=C(x-1)
X -

Coi C la C(x) thay vao phuong trinh thu dugc
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x?—2x+3
(x-1)

Viy nghiém tong quat ctia phuong trinh 1a

C'(x)= :C(x):x—i+K
x—1

y:(x—l)z(x—i+ K)
x-1

9) Giai phuong trinh: y'+i =0 taduocy = C

X+2 X+2

Coi C la C(x) thay vao phuong trinh thu duoc:

3 2

C'(X) = (x—1)(x+2) = C(x) :X?+X?—2x+ K

3 2

Vay nghiém tong quat ciia phuong trinh 13 XX oK
y-3 2
X+2
. Y _ C
10) Giai phuong trinh:  y+——=0 tadugcy = —
X+4 X+4
Coi C la C(x) thay vao phuong trinh thu duoc:
, X3 7X
C'(X)=(x+3)(x+4)=C(x) :§+7+12X+ K
Vay nghiém tong quat ctia phuong trinh 13 )§+7;2+12x+ K
V= X+4
. .2y C
11) Giai phuong trinh: y'=—==0 tadugc y=—1
x &
Coi C la C(x) thay vao phuong trinh thu duoc
5 3
C'(x) = (2x+Dx = C(x) = 4*{5 + 2*{5 +K

Vay nghiém tong quat ciia phuong trinh 13

5 3
4\ﬁ +2\/; +K
y=—2—23
Jx
12) Giai phuong trinh: g Y g ta duoC y — c(x+3)
X+3
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s . . oy X
Coi C 1a C(x) thay vao phuong trinh thu dugc: C'(x) =13 =C(xX) = x—3In|x+3|+C

Vay nghiém téng quét cia phuong trinh 13
Y 94 P 8 y =(X+3)(x—3In|x+3|+C)

Y __o ta duoc y=

13) Giai phuong trinh: "+
) Gl phuone Y2 =

Coi C 1a C(x) thay vao phuong trinh thu dugc

5 3
2Jx—1 +2Jx—1 .\
5 3

C'(X) =xJx—-1=C(x) = K

Vay nghiém tong quat cia phuong trinh 1a

5 3
2dx-1 N 2dx-1 K

___5 3
y Jx-1
14) (xy'-DInx=2y < y'- 2y _1
xInx x
Giai phuong trinh: y'— ?r?/ =0 taduoc y=C(Inx)?
xInx

—C(X)=—— 1K

Coi C 1a C(x) thay vao phuong trinh thu dugc C'(x) = 5
x(Inx) In x

Vay nghiém tong quat cia phuong trinh 13 y = (—Ii+ K)(In x)*
nx

15)  xy'+(x+1)y=3x%"

Giai phuong trinh: xy'+(x+1)y=0 tadugc y=C ¢
X

Coi C 1a C(x) thay vao phuong trinh thu dugc C'(X) =3x* = C(X) = x> +K

Vay nghiém tong quét cua phuong trinh 1a o
y=(x}+K)
X

16) (1+x%)y'—2xy =1+x>

Giai phuong trinh: (1+x?)y'-2xy =0 ta dugc y=C(1+Xx?)

Coi C la C(x) thay vao phuong trinh thu dugc C'(x)=1=C(x) =x+K
Vay nghiém tong quat cua phuong trinh [a  y = (K +Xx)(1+Xx?)

17) x?y'—(2x -1y = x*
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1
Giai phuong trinh: x*y'—(2x-1)y=0 ta duocC y = Kx%e*
1 1

Coti C la C(x) thay vao phuong trinh thu dugc C'(x) = izef; —=C(x)=e *+K
X

Vay nghiém tong quat ciia phuong trinh 13 yo (e% . K)xzeé

3.4. Tim nghiém cua cac phuong trinh vi phan thoa mén diéu kién cho trugc:

1) ”-y) cosx% =e’sin2x, y(0)=0
X

Papso: e’ +ye”? +e¥ =4-2cosx

dy 2+sinx .
2) == >
dx 3(y-1)

y(0)=2

1

Pap s6: y=1+(2x—cosx+2)3

3

XY=y
3 :—’ O :1
)y v yiil y(0)

Dép s0 @ y*' -2y’ +4In|y|=x" —4x-1

y

=0 taduogc y=C Inx
xInx

4) Giai phuong trinh: y'—

2

Coi C la C(x) thay vao phuong trinh thu dugc C(x) = X? +C

Viy nghiém tong quat ciia phuong trinh 13 W2
y= (? +C)Inx

Z L a4 P n |x=e 62 ez 62
Két hop vai dieu kién y :?:(E+C)Ine:?:C:O

2

Vay yzx?lnx

x2ﬂ+ y>=0; y()=3
5) dx

3X
4x -3

6) y'=y+x* y(0)=1

Paps6: y=
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Dap s6 y=3e"—x2—2x-2

3.5. Giai cac phuong trinh vi phan cap 2 véi hé sé hang sau:

1) Nghiém cta phuong trinh thuan nhat : y = Ce* +C,e*

Dang téng quat cua nghiém riéng : y* = axe®

Thay y* vao phuong trinh ta tim dugc : a =4

Nghiém tong quat ctia phuong trinh 1a: y = Cie* +C e+ 4xe®
2) Nghiém cua phuong trinh thuan nhat y =e*(C, sinx +C,cosx)

Dang tong quat cua nghiém riéng : y* =ae™
Thay y* vao phuong trinh ta tim dugc : a =g

X

Nghiém téng quat ctia phuong trinh 1a: y =e*(C, sinx +C,cosx) +ge3

3) Nghiém ciia phuong trinh thuan nhat : y =C, +C,e*

Dang tong quat cua nghiém riéng : y* =ae*
Thay y* vao phuong trinh ta tim duoc :a = —%

X

Nghiém téng quat ctia phuong trinh la: y =C, +C,e* —ge

4) Nghiém ctia phuong trinh thuan nhat : §/ =C,+Ce ™

Dang tong quat cua nghiém riéng y* = x(ax +h)

Thay y~ vao phuong trinh ta tim dugc y* = x(%x - %)
N A z 5 \ \ —7x 2 25
Nghiém tong quat cua phuong trinh [ay =C, +C,e "+ x(7x - 4—9)

5) Nghiém cua phuong trinh thuan nhit : )_/ =Ce* +C.e*

Dang tong quat cua nghiém riéng y* = x(ax +b)e*

Thay y* vao phuong trinh ta tim dugc y" = x(—%x- %)eX

Nghiém tong quat ctia phuong trinh 1a y =Ce* +C,e> + x(—%x- %)ex
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6) Nghiém caa phuong trinh thuan nhat : y = Ce* +C.e*

Dang tong quat cua nghiém riéng y* = (ax +b)e*

Thay y* vao phuong trinh ta tim dugc y" = (%x +£)eX
= A A 4 " 3 h\ 2x 3X 1 7 X
Nghiém tong quat cua phuong trinh la y=Ce** +Ce™ + (EX +Z)e

7) Nghiém cuia phuong trinh thudn nhit : y =Ce? +C,xe>
Dang tong quat cua nghiém riéng y* = (ax +b)e*

Thay y~ vao phuong trinh ta tim dugc y” = xe*

Nghiém tong quat ctia phuong trinh 14 y =C,e? +C,xe? + xe*
8) Nghiém cua phuong trinh thuan nhat : §/= Ce?+Cxe™

Dang tong quat cua nghiém riéng y* = (ax +b)e*

Thay y* vao phuong trinh ta tim dugc y* = (g X —2—77)eX

Nghiém tong quat ctia phuong trinh 1a y =C,e ™ +C,xe 2"+ (é X —%)eX

“n ) \ A ’(t _
9) Nghiém cua phuong trinh thuan nha y=Ce ¥ +C,xe ™

Dang téng quat cua nghiém riéng y™ = (ax +b)e*

Thay y* vao phuong trinh ta tim duoc y* = (%x - %)eX

Nghiém tong quat cia phuong trinh [ay = Ce ™ +C,xe > + (%x ) 3_12)ex

10) Nghiém cua phuong trinh thuan nhat : ;/ _C,+Ce"

Dang tong quat cua nghiém riéng y* = x(ax? +bx +c)

. x 1 1 9
Tha vao phuong trinh ta tim dugC y" = x(-—x* ——Xx——
yy phuong 0C Y =X X e X))
Nghiém tong quat ciia phuong trinh 1a y =C, +Ce* + x(—ix2 —ix—i)
' o 127 16 32
11) Nghiém cua phuong trinh thuan nhat : §/: C +Ce™
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Dang tong quat cua nghiém riéng : y* = x(ax? +bx+c)

Thay y~ vao phuong trinh ta tim dugc y* = x(%x2 —g X +%)
2 L . \ _ax 1., 4 8
Nghiém tong quat cia phuong trinh 1a y=C, +C,e ™+ X(§X _§X+E)

12) Phuong trinh ddc trung : k> —k—-2=0

Nghiém ctia phuong trinh thuan nhat : ;/= Ce *+Ce”
Dang tong quat cua nghiém riéng y™ =ax? +bx+c
Thay y* vao phuong trinh ta tim duoc y" =2x*-4x-1

Vay phuong trinh ¢6 nghiém l1a y=Ce ™ +C,e”*+ 2x* —4x-1

13)Nghiém cua phuong trinh thuan nhat : §/ =Ce*+Ce™
Dang tong quat cua nghiém riéng y™ =ax? +bx+c

Thay y~ vao phuong trinh ta tim dugc y* = %xz —g X +%

Vay phuong trinh cé nghiém la y=Ce™ +C2e—2x+ lxz _§x+E

2 2 4
14) Nghiém cua phuong trinh thun nhat : y =C,e® +C,xe*

Dang tong quat cua nghiém riéng y" =ax+b

Thay y* vao phuong trinh ta tim dugc y" = %x + %
= A A 7 5 N N ax 3x 2 7
Nghiém tong quat cia phuong trinh 1a y =Ce™ +C,xe™ + §x +E

15) Nghiém ctia phuong trinh thuan nhat : y = Ce* +C,xe*
Dang tong quat cua nghiém riéng y" =ax+b
Thay y* vao phuong trinh ta tim duoc y" =2x+3

Vay phuong trinh ¢6 nghiém la y=Ce" +C2Xex+ oy +3

B S
16) Nghiém ciia phuong trinh thuan nhat: y=Ce ® +C,e*

Dang tong quat cua nghiém riéng y" =axe”
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X

Thay y~ vao phuong trinh ta tim dugc y” = % G

Vay phuong trinh ¢6 nghiém la Ly +
yp & Ehis yZCle 3 +Czex Exex
4

1

17) Nghiém cia phuong trinh thudn nhdt: y=Ce*+C,e
Dang tong quat cua nghiém riéng y* = axe”

Thay y* vao phuong trinh ta tim dugc y* = % Xe

Vay phuong trinh ¢6 nghiém la 1y +
5

18) Nghiém ctia phuong trinh thuan nhat : )_/ =C,+C,e™
Dang tong quat cua nghiém riéng y" = x(ax +b)

- . . . 1 5
Thay y* vao phuong trinh ta tim dugc y™ = X(_ZX - E)

Nghiém tong quat ctia phuong trinh [a y =C, +C,e® + x(—%x - %)

19) Nghiém ctia phuong trinh thuan nhat : )_/ =C, +Ce¥

Dang tong quat cua nghiém riéng y" = x(ax +b)

Thay y* vao phuong trinh ta tim dugc y* = x(—%x - %)
ié 5 2 ¥ 1 A 6x 1 5
Nghiém tong quat cua phuong trinh la y=C, +C,e”™ + x(_ZX - E)

20) Nghiém cua phuong trinh thuan nht : y= C,+C,e*

Dang tong quat cua nghiém riéng y* = x(ax +b)

Thay y* vao phuong trinh ta tim dugc y* = X(—%X - %)

Nghiém tong quat ctia phuong trinh 1a y =C, +C,e™ + x(—%x - %)

3.6. Hay dua vé dang phuong trinh vi phan tuyén tinh cp 1 va tim nghiém:

)y (x+siny)=1
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Phuong trinh da cho tuwong duong vai c;_x =X+siny < x'-x=siny, day la phuong
y

trinh tuyén tinh.

Xét phwong trinh thuan nhét twong tng x'—x =0 <> x = Ce’

—e Y (siny+cosy) LC
2

Coi C 13 ham s6 bién y ta dugc C(x) =

—(siny+cosy)

Vay nghiém cia phuong trinh da cho 1a x = +Ce’

2) Xét phuong trinh thuan nhat twong tng (% +x)y'+3x?y =0 ta dugc y = %
«f(x +1)

r 4 X2
Coi C la ham so bién y ta dugc C(x) :?+In | x|+C

X2

—+In|x|+C

Vay nghiém ctua phuong trinh da cho la y = 2
(x> +1)°

3) y'=y+x% y(0)=1

Dép an: y=3e* —(x* +2x+2)
4) ﬂ—y=x2+2

dx
Dap an: y=Ce* —x*-2x—4
5) xﬂ—4y:x“eX

dx
bap an: y=x%"—x"e* +cx*

6) (x° —Q)Q—xyzo
dx

Dap an: y=

x* -9
8) X’y'—+xy=1

bap an: y=x"Inx+c ;x>0
9) xﬂ—y:xzsinx
dx

Pép an: y=cx—xcosx;x>0

168



Gido trinh Toan cao cap

10) X°y'+x(x+2)y =¢€*
1 C
bap an: y=—e*+—e ;x>0
P Y=ot e
11) ydx—4(x+y®)dy =0
Dép an: x=2y*+cy*;y>0

13) xy'+y=¢* y@) =2

X

bap an: y :e_+ﬁ; 0<x
X X
14)
Phuong trinh di cho twong duwong véi (;I_x =y —2x < x'+2x = y?, day la phuong trinh
y

tuyén tinh.

Xét phuong trinh thuan nhét twong ang x'+2x =0« x=Ce ™

2
Coi C 1a ham sé bién y ta dugc C(x) =e2y(y?+%+%)+c

2

Vay nghiém cta phuong trinh da cho 1a x = y7+%+%+Ce2y

3.7. Hay tim nghiém cua phuong trinh vi phan sau néu c6 dang phuong trinh vi phan
dang cap:

2 2

1) Pap an: x“—2xy—-y“=C

1
2)ybap an: y=x|1-————
)Pap an: y x[l In|x|—1}

3) Pép 4n: L —In|y|=C
X

4) Pap an: Khong c6 dang dang cap
5) Pap an: Khong c6 dang ding cap
6) Bap an: y* +3yx*=C

1 4
7) Pap an: (y—3x)5(y+2x)® =1

3.8. Giai cac phuong trinh Bernoully:

1)Pap én: y=

—X? +¢X
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2) bap an: y*=1+cx®

3) Bép an: y‘3=x+%+ce3X
4)DPap an: yP=—=x'+—x
. 1
5) bap an: x+§+Ce

6) Pap an: Cx =¢’
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