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3.1. Lwong tin riéng

Lwuy:
*« MOt ngudn c6 mé hinh [ mot bién ngdu nhién
* Théng tin 13 mot khai niém triPu twong mé ta sw hiéu biét vé d:éi
twong xung quanh ta. Thong tin thu dwgc théng qua sy lam mat di
sir chwa biét hay sw bat ngd (bat dinh) vé doi twong
« Lwong tin riéng cla tin s& bang do bat dinh vé tin
« Tinh toan lwong tin riéng thong qua tinh toan do bat dinh
« Lwongtin riéng 1a s6 don vi théng tin chira trong tin, hay con goi la
dd I&n théng tin cla tin
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. Do do dd bat dinh ciia mot sy kién da dwoc shannon dé xuéttlr 1948.

. Theo ly thuyét do do:

- D6 bét dinh sé ty I& nghich voi xac suat xuét hién cta s kién. Ttre né 1a ham
f(1/p(x)). P(x) Ia xac suat xuat hién clia sy kién x

- Dé& dam bao tinh tuyén tinh, d bat dinh phai dwoc do béi ham log(1/(p(x))

- Hai s kién x va y doc Iap v&i nhau c6 xac suét xuét hién ddng thoi p(x,y) =
p()p(y). Vay log(l/(p(X)p(y)) = log(L/(p(x)) + log(L/(p(y))

- 0<= p(x) <= 1 cho sw kién r&i rac nén dd bt dinh d&m bao khéng am

- Lwong tin riéng cla tin x dwoc tinh bing dd bat dinh va dwoc ky hiéu la 1(x)
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. Cho mét ngudn r&irac cé bang chir X ={x1,..,xk,..,.xm}, v&ixac
suat xuat hién ctia maoi ky ty ctia ngudn la p(X=xk) =pk, lvgng tin
riéng cua tin xk sé la: I(xk) = log(1/p(xk)) = - log(p(xk))

- Néu log cé co sb la 2, don vi sé& la bit (don vi nhi phan)
- Néu log cé co sb la e, don vi sé& la nat (don vi tw nhién)

- Néu log cé co sé la 10, don vi nay sé la Hartley.

. Cac don vitrén dugc goila cac don vi thdng tin
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3.1. Amount of information (Cont.)

Vi dy, bang dudi cho do bat ngd vé két qua ctia mot phép thir va
luong tin chua trong két qua do (chti ¥, su kién (event) 13 tap cac

CuuDuongThgnC

két qua cua phép th).

Event Probability Surprise

1=1 1 0 bits

két qua sai trong cau hoi c6 4 dap an | 3/4 0.415 bits

két qua ding trong cau hoi 2 dap an 1/2 1 bit

két qua ding trong cau hoi 4 dap an 1/4 2 bits

két qua 7 khi gieo 2 con stc sic 6/36 2.58 bits
~=1/76 million | =26 bits

Thél}ﬁg trong tro choi Jackpot
0Ng.co!
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. Lyong tin cta ban tin (chubi lién tiép céc tin) sé & tdng lweng tin riéng cha cAc tin
néeu cac tin doc lap hay khéng chlra lwgng tin cta nhau. Néu cac tin khéng déc
lap Iwgng tin cta ban tin nhé hon tong lwong tin riéng cda cac tin.

. Thuong, trong. I?/ thuyét thong tin, khi tinh lweng tin cta ban tin, cac tin cla ban
tin s€ dwoc coi [a doc lap voi nhau.

. Trong, nhiéu | trvdng hop, ching ta can x&c dinh lwong tin cta ban tin, nhwng chi
biét so tin cia ban tin ma khong blet ban tin. Trong trwdng hop nay, nguwoi ta coi
Iwong tin cdia ban tin bang s0 tin clia ban tin nhan véi lwong tin trung binh chira
trong céc tin c6 trong nguon.

. Lwong tin trung binh cla céc tin c6 trong mét ngudn duwoc goi la lwgng tin cla
nguon’

. V&i ngudn révi rac X = xkﬁ k=1.m, p(X=xk) =pk, Iuo'ng tin trung binh dwoc ky
hiéu: I(X) = E{l(xk)} = > pk.I(xk) . Don vj tinh 1a don vi théng tin/ tin.
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3.2. Entropy

3.2.1. Dinh nghia

3.2.2. Entropy clia ngudn nhj phan

3.2.3. Entropy ddng thoi

3.2.4. Entropy c6 diéu kién

3.2.5. Quan hé giwa céac entropy

3.2.6.Vidu

3.2.7. Entropy twong hd: khodng cach Kullback-Leibler
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3.2.1.Dinh nghia Entropy

Entropy la d6 b4t dinh c6 thé dinh nghia cho méi tin va cho ngudn.
Pai lwvgng Entropy duwgc ky hiéu la H

Entropy cGia méi tin 1a dd bat dinh clia méi tin va né c6 gié tri bang
lwgng tin cua tin

Entropy cua tin x la H(x) = -log p(x)

Entropy cia nguén X= {x} [a H(X) = - ¥p(x) log p(x). Thuweng thi ly
thuyét thong tin chi quan tam dén Entropy ctia nguén va goi no la
Entropy.

Don vi cta Entrpy la don vi lwong tin

Tinh chét cta Entropy :

0<= H(X) <= H(X)max

H(X)max = log||X|| v&i diéu kién ngudn c6 phan bd xac suat déu
(bang nhau)
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Cac vi du

Ngudn X = (a,b); P(X) = 0.5, 0.5)

Entropy H(X) = 1 bit/ tin

Nguén X = a,b); P(X) = (0.25, 0.75)

Entropy H(X) = 0.75 bit/ tin

Nguén X = (a,b,c,d); P(X) = (0.25, 0.25, 0.25, 0.25)

Entropy H(X) = 2 bit/ tin

Nguén c6 Entropy I&n hon thi méi khi tao ra mét tin sé tao ra dwoc mot
lwong tin I&n hon va téc d6 truyén tin tr ngudn nay sé cao hon
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3.2.2. Entropy cua ngudn nhj phan
+ Cho mét ngudn nhi phan (ngudn c6 2 tin) va Xac suat xuat hién ctia
hai tin tuong ung la p0 va pl
« Ham Entropy cua ngudn nhi phan
H(X) = —pologpo — p1logp
—polog po — (1 — po) log(1 — po)

(] [ 02 B3 04 05 a6 oF 08 0.8

[
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3.2.3. Entropy dong thoi

(Entropy dong thdi clia mot cdp ngudn X = {x) va Y = {y) cho bdi:
*The joint entropy of a pair of random
variables X and Y is given by:

HOGY) = = 3" > p(xy) logp (x,7)

XEXyEY
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3.2.4. Entropy c6 diéu kién

* Average amount of information of a random
variable given the occurence of other

HX|Y) =— Z Z p(x,y) logp (x|y)

x EXy €Y

H(Y|X)=— Z Z p(x,y) logp (¥|x)

X €EXyEY
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3.2.5. Quan hé gilra cac entropies

« Quan hé gilba cac Entropy xac dinh trén cdp ngudn X va Y

la:
H(X,Y) = H(X)+H(Y/X)
= H(Y) + H(X]Y)
* M& rOng
H(X,Y[Z) = H(X|Z)+ H(Y|X,2)
= H(Y|Z) + H(X]Y, 2)
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3.2.5. Quan hé gilra cac entropies (Cont.)

M
H(X1, Xar oo Xm) = D HX| X1, Xj1)
=il

+ M: S bién ngau nhién
* Xj/x1,..xj-1la bién ngau nhién xj xuat hién véi diéu kién céac
bién x1,..,xj-1 da xuat hién
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3.2.6. Examples

» Source X,Y = with probability P(X,Y)=
+ Joint entropy H(X,Y)
H(X,Y) =-P(x0,y0)logP(x0,y0) - P(x0,y1)logP(x0,y1) - P(x1,y0)logP(x1,y0)
P(x1,y1)logP(x1,yl) = 4 - l0og0.25 - 1og0.25 = 2 bits/information
» Entropy H(X)
H(X) = -P(x0)logP(x0) - P(x1)logP(x1)
* P(x0) = P(x0,y0) + P (x0,y1) = 0.25 + 0.25 = 0.5 (marginal probability)
*P(x1)=1-P(x0)= 0.5
2>H(X) =2-1090.5 -10g0.5 = 1 bit/information
» Entropy H(Y)
H(Y) = - P(y0)logP(y0) - P(y1)logP(y1)
* P(y0) = P(x0,y0) + P (x1,y0) = 0.25 + 0.25 = 0.5 (marginal probability)
*P(yl) =1-P(y0)=0.5
- 10g0.5 - logO. ﬁnpsﬂ‘lfbblt/ le ation

SH(Y
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3.2.6. Examples (Cont.)

* Conditional entropy H(X|Y)
H(X]Y) = - P(x0,y0)logP(x0|y0) - P(x0,y1)logP(y1|x0)
- P(x1,y0)logP(x1|y0) - P(x1,y1)logP(x1|y1)

P(x0|y0)== =0.5
P(xO|yl)== =0.5
P(x1]y0)== =0.5
P(x1]yl)== =0.5

= H(X]Y) =4 x10g0.25 - log0.5 = 1 bit/information
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3.2.6. Examples (Cont.)

* Conditional entropy
H(Y|X) = - P(x0,y0)logP(y0|x0) - P(x1,y0)logP(y0|x1)
- P(x0,y1)logP(y1|x0) - P(x1,y1)logP(y1]|x1)

P(y0|x0)== =0.5
P(yO|x1)== =0.5
P(yl|x0)== =0.5
P(yl|x1)== =0.5

= H(X]Y) =4 x10g0.25 - log0.5 = 1 bit/information
* H(X,Y) = H(X) + H(Y|X) = 1 + 1 = 2 bit/information
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3.2.7. Entropy quan hé: Quang cach
Kullback-Leibler

* La d6 do quang cach gilra hai phan bd xac suat

* Entropy twong hd gilra hai ham mat do xac sut pX(x) and gX(x)
dduwwocj dinh nghia:

D(px (x)llax(x)) = > px(x)log (3

xeX

* D(pX(x)/ | aX(x)) =0 néu va chinéu pX(x) = gX(x)

* D(pX(x)[ [ aX(x)) D(aX(x)/] pX(x))
* Dcang lon, pX(x) qX(x) kha nhau cang nhleu
+ pX(x) : phan bd xéac suat tha nhat trong mién X
+ gX(x) : phan b xac suit ¢6 quan hé voi pX(x)
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3.3. Lwong tin twong ho

* The mutual information of two random variables X and Y
is defined as the relative entropy between the joint
probability density pxy (x,y) and the product of the

marginals px(x) and py(y )

I(X;Y) = Dipxy(x ¥)llex(X)py(y))
- ZZPXY(X.y)logM

Kt o px(x)py(y)

*0<I(X)Y) < HY)

» Mutual information with X as input, Y as output of a
channel is the information that X transfersto Y or the
information can be transmitted through the channel
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3.3. Mutual information (cont.)

Reducing uncertainty of X due to the knowledge of Y:

(]

I(X: Y) = H(X) — H(X|Y)

Symmetry of the relation above: /(X;Y) = H(Y)— H(Y|X)

@ Sum of entropies:
I(X;Y)=H(X)+ H(Y)—-H(X,Y)
o “Self” Mutual Information:

1(X: X) = H(X) — H(X|X) = H(X)
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3.3. Mutual information (cont.)

H(X) H(Y)

H(X.Y)

I(X:Y)=H(X)-HX|Y)
=HY)-HY|X)
—H(X)+H@)-H(X,Y)
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3.3. Mutual information (cont.)

M6 rong:
e Conditional Mutual Information:
I(X;Y|Z)=H(X|Z)— H(X|Y,Z)

@ Chain Rule for Mutual Information
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Exercises:

1)XY={xiyj} i=1.3;j=1..3
P(X,Y) = {P(xi,yj)}
Calculate entropies and mutual information?

2) A source can generate only one message that have content:
“information theory” is represented in form of a string without
space between words, case insensitive. Each character in the
message is an information. Probability of each information is
calculated using ratio of the number of occurrences of information in
the message divided by the total number of information in the
message. Calculate entropy of the source and amount of information
of the message ?
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Solution

1) Joint entropy
H(X,Y) = - P(x0,y0)logP(x0,y0) - P(x0,y1)logP(x0,y1) - P(x0,y2)logP(x0,y2)
- P(x1,y0)logP(x1,y0) - P(x1,y1)logP(x1,y1) - P(x1,y2)logP(x1,y2)
- P(x2,y0)logP(x2,y0) - P(x2,y1)logP(x2,y1) - P(x2,y2)logP(x2,y2)

H(X) = -P(x0)logP(x0) - P(x1)logP(x1) - P(x2)logP(x2)
P(x0) = P(x0,y0)+ P(x0,y1) + P(x0,y2)

P(x1) = P(x1,y0)+ P(x1,y1) + P(x1,y2)

P(x2) =1-P(x1)—P (x2)

H(Y) = -P(y0)logP(y0) - P(y1)logP(y1) - P(y2)logP(y2)
P(y0) = P(x0,y0)+ P(x1,y0) + P(x2,y0)
P(y1) = P(x0,y1)+ P(x1,y1) + P(x2,y1)
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Solution (cont.)

H(X]Y) = - P(x0,y0)logP(x0|y0) - P(x0,y1)logP(x0]|y1) - P(x0,y2)logP(x0|y2)
- P(x1,y0)logP(x1|y0) - P(x1,y1)logP(x1|y1) - P(x1,y2)logP(x1|y2)
- P(x2,y0)logP(x2]y0) - P(x2,y1)logP(x2|y1) - P(x2,y2)logP(x2|y2)

P(x0]y0) = P(x0|y2) =

P(x1]y0) = P(x1]y2) =

P(x2]y0)=  P(x2]y2) =
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Solution (cont.)

M(X|Y) = - P(x0,y0)logP(x0|y0) - P(x0,y1)logP(x0]y1) - P(x0,y2)logP(x0|y2)
- P(x1,y0)logP(x1|y0) - P(x1,y1)logP(x1|y1) - P(x1,y2)logP(x1]y2)
- P(x2,y0)logP(x2|y0) - P(x2,y1)logP(x2|y1) - P(x2,y2)logP(x2|y2)

P(x0,y0 P(x0,y1 P(x0,y2
P01y0) =75 P(x0ly2) =07 P(xoly2) =
P(x1,y0 P(x1,v1 P(x1,y2
POcLIY0) =250 POyl =5 T P(xtly2) = o
P(x2,y0) P(x2,y1) P(x2,y2)
P(XZ'YO] =W P(XZlyl] =W P(XZ'YZ] =W
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Solution (cont.)

H(Y|X) = - P(x0,y0)logP(y0|x0) - P(x0,y1)logP(y1|x0) - P(x0,y2)logP(y2|x0)
- P(x1,y0)logP(y0|x1) - P(x1,y1)logP(y1|x1) - P(x1,y2)logP(y2|x1)
- P(x2,y0)logP(y0|x2) - P(x2,y1)logP(y1]|x2) - P(x2,y2)logP(y2|x2)

P(y0|x0) = P(y2|x0) =

P(y0|x1) = P(y2|x1) =

P(yO|x2)=  P(y2|x2) =
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Solution (cont.)

M(Y|X) = - P(x0,y0)logP(y0|x0) - P(x0,y1)logP(y1]|x0) - P(x0,y2)logP(y2|x0)
- P(x1,y0)logP(y0|x1) - P(x1,y1)logP(y1|x1) - P(x1,y2)logP(y2|x1)
- P(x2,y0)logP(y0|x2) - P(x2,y1)logP(y1|x2) - P(x2,y2)logP(y2|x2)

P(x0,y0 P(x0,y1 P(x0,y2
P(y0|x0) =—§‘Ex3’)) P(y1|x0) = f(xg’)) P(y2|x0) =—§‘Ex3’))
P(x1,y0 P(x1,y1 P(x1,y2
P(y0|x1) =7§‘Exi’) L p(y1]x1) =7§‘Exi’) L p(y21x1) =7§‘Exi’) )
P(x2,y0 P(x2,y1 P(x2,y2
P(y0[x2) =% P(y1[x2) =% P(y2(x2) =%
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Solutions (Cont)

I(X5Y)T H(X) H(X]Y)
THY)TH((Y|X)
SH((X)TH() H(X,Y)

XGY) = 38, P (s, y)log o
=ZiZjP(xi:J’j)108P(xi|)’j)
- i 0 P(xi, yj)logP(x;)

= -H(X|Y) + H(X)
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Solution (cont.)

?) Message “informationtheory”
X = {iJanJOJerJaJtJhJeJrJy }
P(X) = {2/17, 2/17, 1/17,3/17,2/17,1/17,1/17,2/17,1/17,1/17,1/17}

H(X)=-3x(2/17) xlog, (2/17) -6 x (1/17) log, (1/17) - (3/17) log,
(3/17) (bit/information)

Amountof information of message is estimated by
I(message) = 17 x H(X) (bits)

+ 17 is number of the information in message

+ H(X) is average amount of information contained in an information
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