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Nhac lai

e Bai trworc:
* Muc dich cla m& héa nguon? , , ’
- Tim phwong phdp dé biéu dién ban tin v&i sO ky hi€u ma str dung la tOi thiéu (t0i thiéu tai

nguyen ma) ) ( ‘
* M3 héa ngudn dung cho kénh khéng nhiéu (Toc dob 1ap tin cua ngudn < théng lwgng cla

_ kénh) . _
* Néu (TOc do lap tin cUa ngubn > Thépg lwong cla kénh) thi moi don vi thi gian
s€ co mOt lwgng tip la R — C cua nguon tao ra khong the chuyen duwgc qua kéenh.
Khi truyen mot phan lvgng tin bl mat gay sai sO hay ndi khac kénh gay nhieu
thong tin dwgc truyen. )
* - Can mOt loai ma khac cho kénh c6 nhieu
* Ma nay dwoc goi la ma kénh hay ma chOng nhiéu
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5.1. M& dau

* Kénh chuyen tin hi€u (théng tin) vao thanh tin hieu (thong tin) ra va
gdy nhiéu tac ddng vao tin hiéu dwoc truyén
« Daura =dauvao + Nhiéu

« Nhiéu tac dOng vao tin hiéu truyén qua kénh dworc coi la cé phan bd
Gaussian

AT
l\/f,;

V=X + N
Xig@—-}; .
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5.1. Mé& dau (Cont.)

* He thOng truyen | | | |
source L—Dbit N—bit N—bit I — bit etved
- word message message

message message codeword
..abc.. 0100 010010 (" =, 'S 1011010 0100 ..abc..
Source » Channel » g : DIGITAL : é Channel » Source Receiver
Encoder Encoder = ! CHANNEL = Decoder Decoder
-’?‘- = : ! § bit errors NO errors

feedback P :
B ,
channel S erroi detected?

* BO ma hoa kénh: ‘ ......channel
* D&u vao cla bd ma hoéa kénh la d&u ra cia bd ma ngudn
* Co hai cach tO chtrc dwa céc ky hiéu vao:
* Dwa trwc tiép dau ra b6 ma ngubn vao dau vao b0 ma kénh. Cach nay dwoc,goi la ma lién tuc.
BO ma hQa kénh lién tuc nhan cac ky hieu ma vao va tao cac ky hieu ma o dau ra.
* Chia chu0i ma, & dau ra bd ma nguon thanh ttrng chudi dai L ky hi€u mad goi |a t0 ho'p mang tin
va duwa twng to hgp mang tin dai L vao b0 ma hoa kénh. Theo cach nay, ma dwoc goi la ma
. khoi (ma twng khoi L ky hi€u ma).
 Dau ra b6 ma hoa:
* VOima lién tuc thi cac ky hi€u ma dwoc tao ra lién tuc nhau .
* V&i ma khoi thi mOt khbi N ky hi€éu ma dwo'c tao ra khi dau vao la mOt t6 hop mang tin

dai L (N>L) .
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5.1. M& dau (cont.)

* BO ma hda kénh:
* Thong thwdng ma khoi dworc st dung dé trinh bay vé Iy thuyét ma hoéa kénh
* Nhiém vu cla m3 héa kénh Ia dam bao truyen tin tin cay trong triro'ng ho'p

kénh cé nhiéu (kénh gay ra sai thong tin truyén qua noé). Nhw vay ma kénh
phai dam bao phat hién dwo'c sai va stra dwoc sai gay ra bdi kénh.

e Khitoc d6 Iap tin cua nguon I&n hon théong lwong cua kénh, dé chOng mat
théng tin gay ra sai sO, can lam cham tdc dd tao tin cla ngudn. Gidi phap cua
ma hda kénh la thém vao cac ky hiéu méa khéng mang théng tin, goi la cac ky
hi€u thwra hay ky hi€u kiém tra.

e K&nh van truyén mot lwong ky hiéu m3 cb dinh trong mOt don vi thoii
gian, nhwng lwong tin trung binh chwa trong moi tin giam di do ¢ cac tin
khong chtra thong tin.
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5.1. M& dau

Coi t6 hop mang tin L ky hieu ma nguon 1a to hop ma m=(ml..mL)
véi rla co sé ma. S6 lwong td hop mang tin sé la M = r Idy thwra L.

Méi to hop mang tin mi la chudi dai L ky hiéu ma nguén, mdi ky hiéu
ma nguodn co chira mét lvgng tin cda nguon banglog(r) thwdng tinh
logr(r) =1 don vj théng tin tinh theo co’ s6 r, hay dang xac suat. Cac
t6 hop mang tin sé co xac suat bang nhau.

BO ma kénh chuyen méi to hop mang tin thanh dai L mét tr ma,
chong nhiéu dai N, goi la ma (N,L). Ma nay co s0 fr ma bang s6 t6
hop mang tin va moi tr ma cé cling Xac suat xuat hién.

SO lwong ky hiéu thém vao (ky hiéu thira/ kiém tra) RN = N — L.

Ty sO  gilra sO ky hiéu ma cga td hop mang tin chia cho sO ky hiéu
rr}a cua tir ma dwoc goi la tbc dd ma hda R. V&i ma héa kénh R =
L/N



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

5.1. M& dau

Mé& kénh (ma chong nhiéu) sé st dung cuing co' s6 ma r véi ma nguon. SO to
hop c6 thé cua méa chong nhiéu sé la r Gy thira N. SO tir méa la r IGy thira L.
Vi N>L nén ma chdng nhiéu ludn co té hop thira, hay sb to hop thira BN >0
Tap cac tir ma cua ma chong nhiéu ky hiéu 1a A = {ai}, ai 1a mot tir ma trong r
IOy thira L t&r mé chong nhiéu dai N ky hiéu ma. tir ma ai sé dwoc dwa vao
dau vao kénh.

T hop dai N ky hiéu ma nhan dwoc & dau ra kénh khi dwa tr ma ai vao kénh
dwoc ky hieu la b] = ai +e. To hop ma e = (el,..,eN) dwgc goi la to hop gay
sai dai dién cho nhiéu gay sai ttr ma ai thanh t6 hgp bj. méi ek la mot ky hiéu
ma&, ek = khong thi vi tri k khong bi sai, ek= 1/../(r-1) thi ky hiéu thtr k cua bj la
bkj = aki + ek. Phép cbéng theo mo dun co so .

Tap céc t6 hop nhan dwoc bj (do tr ma ai sinh ra) 1a tv ma sé dwoc ky hiéu
BM

Tap céc té hop nhan dwoc bj (do tr ma ai sinh ra) khdng phai 1a tir ma dwoc
ky hiéu B'M
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5.2. PDinh ly ma hdéa cua Shannon cho
kenh co nhieu
* Cho mOt kénh roi rac c6 thong lvgng Cva nguon vao cla nd cling roi
rac, co tOc dO lap tin R
« Néu R < C thi sé tOn tai it nhat mdt m3 dé truyén ngudn trén kénh v&i sai s6
bé tuyy
= Dinh ly nay cho phép thirc hién truyén thdéng tin cly qua kénh cé
nhiéu.
Tai sao?
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5.3. Luat giai ma

Gia s ai la tv méa dai N ky hiéu ma dwoc truyén vao kénh va
dau ra kénh sé nhan duoc t6 hop dai N ky hiéu ma b. Td hop
b c6 thé la t&r ma hodc khong.

B gidi ma sé s dung lut giai ma D(.) dé quyeét dinh co6 phai
al da dworc truyén khi né nhan dwgc b khong. Ky hiéu ai =
D(b).

Gia st p(b/ai) 1a xac suat nhan dwgc b khi dau vao kénh cé ai
duwoc truyén vao.

V&i kénh khong nh&: p(b/ai) = p(b1/ali)..p(b2/a2i). & day bj la
Ky hiéu thU’j cua td hop nhan dwoec b, aji la ky hiéu th j cla
tr ma ai.
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5.3. Luat gidi ma.
Theo cong thurc Bayes:

p(ai/b) = p(b/ai)p(ai)/p(b)

Néu bd  giai ma giai ma ra ai khi nhan dwoc b thi sé la giai ma dung. Xac
suat giai ma dung sé la p(ai/b) tinh & trén. Neu bd giai ma giai ma ra tr ma
khac ai sé la xac suat giai ma sai. Xac suat giai ma sai la 1- p(ai/b), Toi
thiéu hoa xac suat giai ma sai sé toi thiéu hoa duwoc giai ma sai. bé toi
thiéu hda xac suat giai ma sai can phai cwec dai hda xac suat giai ma dung.

Luat giai ma sé la: khi nhan duwoc b, tr ma ai sé duec chon la tir ma dquoc
truyén vao kénh sao cho circ dai hoa duoc xac suat p(ai/b). Bé tbi thiéu
hoa sai gidi ma, can cwc dai hoa xac suat giai ma dung p(ai/b).

Luat gidi ma cwe tiéu hoa sai sb, theo cong thirc bayes) sé la:

Chon ttr ma ai dwoc truyén khi nhan dwoc td hop b, néu xac suét
p(b/aip(ai)/p(b) dat cwc dai
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5.3. Luat giai ma

Luat gidi ma cwc tiéu hoa sai s6 thwérng dwoc trinh bay & dang:
Chon tr ma ai dwoc truyén khi nhan dwoc té hop ma b, néu:
p(b/ai)p(ai)/p(b) >= p(b/aj)p(aj)/p(b) v&i moi aj khac ai

p(b/ai), p(b/aj) 1a cac xac suat truyén cua kénh; p(ai), p(aj) 1a cac xac suat clia cac tr ma dwa vao kénh
(ngudn vao). p(b) la xac suat td hop nhan duo’c

Luat gidi ma cuwe tiéu hoa sai s6 chuyén vé dang sau do p(b) chung ca 2 vé:
Chon t&r ma ai dwoc truyén khi nhan dwoc té hop ma b, néu :
p(b/ai)(p(ai) >= p(b/aj)p(aj) v&i moi aj khac ai
— Luat gidi ma theo cwe daj hda twong dong giwa ai va b (Maximum Likelihood)
Thuweng p(ai) = p(aj), luat gidi ma chuyén thanh:
Chon t&r ma ai dwoe truyén khi nhan dwoc té hop b, néu:
p(b/ai) >= p(b/aj) v&i moi aj khac ali.

— Luat gidi ma theo cwc dai hda xac suat hau nghiém (Maximun Apriori Probability)
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e Vidu:

8.3. Luat giai ma (Cor - |

Code word | Py (a;)
a; = (000) 0.4
0.6 0.4] ay = Eollg 0.2
106 = (101 0.1
0.4 0.6 34 — 110} -

. Mot kénh BSC cé ma tran kénh P, L=2, N=3. Cac t» ma va xac suat xuat hién
cUa chung cho boi bang trén. TO hO’p nhan dwoc la b=111

* Tinh:

Pn(bla;) = Px(111]000) = P(1]0) x P(1]0) x P(1]0) = 0.064
Pn(blay) = Py(111]011) = P(1]0) x P(1]1) x P(1]1) = 0.144
Pn(blas) = Pn(111]101) = P(1]1) x P(1|0) x P(1]1) = 0.144
Pr(blas) = Py(111]110) = P(1]1) x P(1]1) x P(1]0) = 0.144

P M e MUZE BEGEBEEDE

e Luat gidi m3 cuc tiéu hoa sai sb

Chon a4

= 0.064 x 0.4 = 0.0256
= 0.144 x 0.2 = 0.0288
= 0.144 x 0.1 = 0.0144
= 0.144 x 0.3 = 0.0432
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5.4. Gidi ma theo da sb

* L3 phwong phép gidi ma khi truyén 13p
 Luat: ky hi€u nao xuat hién nhiéu nhat trong chubi ky hi€u nhan dwoc tw
chudi ky hiéu truyén lap cho 1 ky hi€u s€ la ky hi€u dwoc truyén.
* M3 l1ap duwoc thwe hién & dang moi ky hiéu ma dwa vao sé duwoc lap
lai chinh nd mOt sO lan.
* Ky hi€u (h,m) & day n la sO lan Iap cho mo6t ky hiéu ma, m la sO ky hiéu m3
cua ban tin.

* Néu mOt ma [ap nhi phan (n,1) dwoc dung, thi mOi bit vao sé duorc,
chuyen thanh mot chudi n bit trung vOi nd. Thwong n =2t +1, t R
nguyén tuy chon.

« M3 1&p cé thé phat hién (n-1)/2 16i.
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5.4. Gidi ma theo da sb

Thuat toan giai ma cho ma nhij phan (n,1):
Vin = 2t + 1 va gia thiét sai khong vwot qua t vi tri, thi:

_ Nég tbng vi tri cta td hop nhan dwoc co gia tri bang 1, dH <t (s6 0
nhiéu hon) thi chudi (tr m&) dwoc truyén la toan 0, ky hiéu duorc
truyén la 0.

- Néu tbng dH>t (s6 1 nhiéu hon) thi ttr ma dwoc truyén 1a toan 1, ky
hiéu 1 dworc truyén.

Vi du, ma nhj phan (5,1) va té hop nhan dwoc la b = 10110.

M& nay c6 t = 2. T6 hop nhan dwoc c6 dH =3. Vay tir ma
dwoc truyén la 11111 va ky hiéu dworc truyén la 1.
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5.5. Quang cach Hamming
« Gidastrcohaitr madai N lky hfumaa a=al..aNvab =
bl..bN
« Quang cach Hamming gitra a va b, ky hiéu la d(a,b), dwoc
dinh nghia la s6 vi tri c6 ky hiéu ma khac nhau gitra hai ttr ma.
« Quang cach Hamming la do do dwoc dinh nghia trén tat ca
cac cap td6 hogp ma cung do dai.

« Quang cach Hamming théa man cac luat sau:
- d(a,n)>=0
- d(a,b) =d(b,a)

~ d(a,b) + d(b,c) >= d(a,c) (bat dang thirc tam giac)
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5.5. Quang cach Hamming (cont.)

e Vidu:choN=28

a = 11010001
b = 00010010
c = 01010011

e d(a,b) =4, d(b,c) =2, d(a,c) =2
e d(a,b)+d(b,c)=4+22>d(a,c)=2
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5.5.1. Luat giai ma theo quang cach
Hamming

So sai cua kénh, ky hiéu l1a t, dwoe dinh nghia la so vi tri sai Ién nhat
kénh c6 thé gay ra cho mot tr ma dwoc truyén qua kénh.

Gia st b 1a t6 hop ma dai N nhan dwoc khi truyén tir ma ai dai N qua
kénh. Quang cach Hamming gitra ai va b la d(ai,b) <=t. Quang cach
d(ai,b) = 0 khi ai = b hay kénh truyén khoéng gay sai.

Luat giai ma theo quang cach Hamming la khi nhan duoc td hop
ma b va tr ma dwoc truyén ai la (dwa theo luat giai ma cwc dai hoa
sw twong dong):

- Néu b = ai (d(ai,b) = 0) thi giai ma ai =b

- Néu ai khéac b thi véi moi aj khac ai sé chon aj 1a tv ma dwoc
truyen, neu

d(ai,b) <= d(aj,b), sai giai ma hay chap nhan dwong
truyén gay ra so vi tri sai t = d(ai,b) |
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5 5 1 Luat g . > mé Messag(l;:o(L = 2) | Code woor(()iO(N = 3)

01 001
10 011
. Vi du: 11 I11

e Néeunhan b=000> OeRO¢ ooXE2: oolYy,  a=000

* Néu b # 000 v@i sai quyét dinh t=1:
b = b, by03 Closest code word Action

010 000 (b9 in error), 011 (bs in error) | 1-bit error detected
100 000 (b; in error) 1-bit error corrected
101 001 (by in error), 111 (be in error) | 1-bit error detected
110 111 (b in error) 1-bit error corrected
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5.5.2. Quang cach ma

* Quang cach ma, ky hiéu d(Kn): Quang cach Hamming clrc tibu gilra
hai tr ma bat ky cua bO ma cé ttr ma dai N ky hiéu m3
e d(Kn) =min (d(a,b)); Knla bl ma co cac tir ma dai N ky hi€u ma
e Vidu: Kn:

11010001
00010010
01010011

- d(Kn) =2
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5.5.3. Phat hién sai va swra sai dung
guang cach Hamming

* Phat hién tw ma bij sai:
« M3 khoi, Kn, s& phat hién dwoc dén t sai khi va chi khi quing cach m3 thda man
d(Kn)>t (5.1)
« Cong thirc 5.1 12 gidi han vé quing cdch m3 clia m3 phét hién dworc t sai.
« M3 sé& cho phép phat hién dén t sai khi d(Kn) >= t+1.
« DO hinh minh hoa phat hién dén t sai khi d(Kn) = t+1:

e ai, aj 1a hai tr m3 dai N. M&i vong tron biéu thj khong gian clia cac t hop sai clia mbi ttr
ma khi bi sai <tvitri

~ —
e e
N
’ s
+1 \

! \
'a; A

= ~
/ \\
4 \
/ \
/ \
: |
! ! ! 1
\ \ b
! /
\ b t+1,
\ \ , ,
N N 7 7
~N N - P
S N -
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5.5.3. Phat hién sai va stra sai dung
guang cach Hamming

« M3 khdi, Kn, stha dworc dén t sai khi va chi khi quing cdch m3 théa man:
d(Kn) > 2t (5.2)
« Cong thirc 5.2 |2 gi®i han vé quing cich m3 dé m3 stra dwoc dén t sai.
« M3 s& cho phép slra dén t sai néu d(Kn) >= 2t + 1
« D6 hinh minh hoa m3 stra dwoc dén t sai khi d(Kn) = 2t+1:

* ai, aj 12 hai tr m3 dai N, mdi vong tron biéu dién khéng gian cac t6 hop sai clia mdi tr m3
khi bi sai <tvitri
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5.5.3.

e Vidu:
Message | Code word
00 000
01 Ol1
10 101
11 110

dkKN)=2-> [p==& Oz e

véu cau d(KN) > t, va khéng stra dworc sai vi yéu cau d(kn) >= 2t +1

KR DHERNl)

¢Io K

(t=1) vi
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5.5.3.
* Vidu Message | Code word 1

0 000
1 111

« d(KN)=3 @ Phat hién dwoc dén 2 sai, stba dworc 1 sai
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5.6. Gi&i han vé d6 dai tir ma

* Bound of length of N-symbol codeword:

* When transmitting a N-symbol codeword through channel with t-error, the number of errors
would be:
-yt L i
Nig= iz Cn(r— 1)
* The channel with t-errors, it means the codeword may has from 1 to t error-positions _
* When the codeword has i error-positions, number of received error combinations will be Cj,

. Ci _ N!
N (n—-inir

* Each error-position has (r-1) ways of errors

* To detect the error, it needs to have enough number of “don’t care” combination By
By2 Nyg2>rN-rl> ¥ ch(r—-1)¢" (8.3)

* (8.3)is bound of length of N-symbol codeword of detection code

s lfr=2:>rN-rk> ¥ CL

e Ifr=2,t=1>r"-rL>Cy - N>L +1 - only need to add one symbol to the binary message to detect

1-error

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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5.6. Gi&i han vé d6 dai tir ma

* Bound of length of N-symbol codeword:

* With correction code, received combination must be separated =>error combinations are
separated 2 number of the error combinations:

Ng=rtx Ny
Where 7% is number of codewords
* To correct the error, it needs to have enough number of “don’t care” combination By
By2 Ng > rN-rl> L ¥t Cch(r—1)
S>rN-Lo1 ¥t chr—1)!
rNb 2 Bl Cy(r = 1)
logarithm with base r: |
N-L 2 log, (BEo Chr—1))  (8.4)
« (8.4) is bound of length of N-symbol codeword of correction code
¢+ Ifr=2-> N-L 2log. (X, ChH)
« Ifr=2,t=1->N-L 2log,(Cy + Cy) =log, (1 +N)
» Eg:l=4thenN2>7
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5.7. Xay dwng ma phat hién sai/ stra sai

*s Detection code construction:
* Given Lt,r
» Step 1: use (8.3) to calculate the length of codeword. Choose Nmin

. StiP 2: Choose N-symbol combination of 0 as first codeword. Continue find
(r™ —1) N-symbol combinations as codewords so that minimum distance of code d
satisfies (8.1)

* Correction code construction:
* Given L t,r
» Step 1: use (8.4) to calculate the length of codeword. Choose Nmin

. Stc.iP 2: Choose N-symbol combination of 0 as first codeword. Continue find
(r"™ —1) N-symbol combinations as codewords so that minimum distance of code d
satisfies (8.2)
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5.8. Ma Parity

*s Binary code may detect 1-error
* Apply (8.3), the length of parity codeword N is length of message L plus 1

* To assure that d(Kn) = 2, the added symbol must be:

* |If message has an even number of positions whose value is 1, added symbol =0
* If message has an odd number of positions whose value is 1, added symbol =1
—> All codewords has even number of positions whose value is 1 (even codeword)

* To verify a binary combination is even or not,

P = XOR;_;m;; where m;; is j*"* symbol in message m;
* fP=0:even, P=1: odd
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5.8. Ma Parity

*s Encoding algorithm:
* Calculate P of message
* Codeword is message m; plus P where P called parity bit (PB)

* Decoding algorithm:

* Calculate the syndrome S (sign to detect error, S < 0: no error, S> 0 : error)
* S=XORj_,b; where b; is j*" symbol of received word b
* S=0: Noerror
* S=1:Error
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5.8. Ma Parity

e Vidu:
e TAp ban tin (td hop cé thé): {00,01,10,11}. L =2
* 00, 11: td hop chan = P=0
« 10,01:t6 hoplé > P =1
* BOmasé la:
000,110,101,011
« Néunhantd hop 010, this=1, > ¢5¥
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8.9. Hamming code

* Linear binary block code proposed by R. Hamming
* Can correct 1-error

* Have largest length:
e According to (8.4) N-L >
e r=2,t=12>N-L>2(1+N)=> 21+N—> N -1
* Nmax= -1
* Homming code uses linear space to represent code
e Code that uses linear space called linear code
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8.9. Hamming code (cont.)

* Linear space

* A vector space over a field F is a set V together with two operations that
satisfy the eight axioms listed below.
* The first operation, called vector addition or simply addition +
e uveV>w=u+veV
* The second operation, called scalar multiplication .
s ueF,veV>w=u.veV

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

8.9. Hamming code (cont.)

* Linear space

* Axioms:
* Associativity of addition u+(v+w)=(u+v)+w
* Commutativity of addition u+v=v+u

Identity element of addition There exists an element 0 € V, called the zero vector, such
thatv+0=vforallveW.

Inverse elements of addition  For every v €V, there exists an element -v €V, called the
additive inverse of v, such that v+ (-v) = 0.

Compatibility of scalar multiplication with field multiplication a(bv) = (ab)v

Identity element of scalar multiplication 1v =v, where 1 denotes the multiplicative identity
inF.

Distributivity of scalar multiplication with respect to vector addition a(u + v) = au + av
Distributivity of scalar multiplication with respect to field addition (a + b)v =av + bv
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8.9. Hamming code (cont.)

* Linear space

* If the element of V is N-dimension vector then V is called N-dimension vector space
* a€Vthena=al,a2,..,aN
* ai has discrete values from 0 to r-1 - discrete space with base r
* Generic matrix
* Set of N independent elements of V called set of base elements
* Base elements are denoted by g1,g2,..gN
Set of base elements can generate all elements of V
Arrange each N-dimension element in one row > N x N matrix whose rows are independent.
* This matrix is called generic matrix (G)
a eVifandonlyifa=C.G > a= > a=ala2..aN
* Cis coefficient vector
In discrete space with base r: value of ciis 0/1/.../r-1
* Chas values
* a=C.Gcan generate all N-dimension elements of space
If G is unit matrix
 Gisin canonical form
* ais called systematic code
e k first symbols are carrying information symbols, remaining symbols are checked symbols
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8.9. Hamming code (cont.)

* Linear space
* L-dimension subspace (L<N) is a subspace of N-dimension space.

Each element of L are N-dimension elements
Has maximum L independent elements

e Can be considered as set of base elements of subspace
Generic matrix has L rows, N columns (
One elementa € ifandonlyifa=C. while C=clc2...cL
Number elements of subspace is
is in canonical form when its first (L x L) submatrix if unit matrix

* N-L dimension subspace:

its elements are orthogonal with N-dimension subspace
Called orthogonal space
Generic matrix has (N-L) row, N columns ()
e . =0
e a€ ifandonlyifa. =0
* s called “check parity matrix”
is in canonical form when its first ((N-L) x (N-L)) submatrix if unit matrix
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8.9. Hamming code (cont.)

e Linear code:

* One codeword of linear code is mapped to one element of L-dimension
subspace

* Other elements of N-dimension space which don’t belong to L-dimension
subspace is “don’t care combination”

* With linear code: if a is codeword then a is generated by a =C.G

or g satisfies a. =0
* To simplify is denoted by G, is denoted by H

* To decode: when receive b, calculate syndrome S = b.
* S=0:noerror
* S>0:error
 Sinceb=a+ewheree={,.., }is “error combination”, S = e.
—> e can be calculated using S


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

8.9. Hamming code (cont.)

* Homming code:

* To build Hamming code or to decode a codeword of Hamming code, Hamming
uses only “check parity matrix” H

Hamming proposes: each column of check parity matrix is a (N-L) binary
number
* The value of binary number = order number of column

Hamming code is binary code that can correct 1-error
Length of Hommingcode N= -1

To build: Solve a=0 to determine codeword a

* If a=is codeword needed to be built then a=0
* a=0is matrix equation which generates system of (N-L) first-order equations
* ai =0 when hiis the i-th row of matrix H
» Systems of equations can only determine (N-L) ai, other L symbol ai of a will be given parameters
* Given parameters are L-symbol message
* Qaiare given parameters
* Its position corresponds with column order of matrix H
e The column has only value 1
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8.9. Hamming code (cont.)

* Hamming code:

* To decode:

* Let bis received combination, need to calculate syndrome S =
* IfS=0-> noerror

 IfS#20 > S=e. = where isith column of matrix H with the wrong position is i
* binary number that has value =i = Syndrome indicates wrong position
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8.9. Hamming code (cont.)

* Example
e L=4,t=1,r=2
* Let message m ={m1,m2,m3,m4}
* NiscalculatedbyN= 22 (L-1)-1—> N=7
* Check matrix (check parity matrix):
e H=[]000 1 1 1 1]
0 1 1 0 0 1 1
1 01 0 1 0 1
e Position 1,_2,4 of matrix H has on_ly one position that has value =1
—2a =(x,yyml,z,m2,m3,m4)
—>then a = {z+t+m2+m3+m4, y+m1l+m3+m4,x+m1+m2+m4} = {0,0,0}
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8.9. Hamming code (cont.)

*Xx=ml+ m2+ m4

*y=ml+m3+m4

e z=ml+m2+m3

-2 a={ml+m2+m4, ml+m3+m4, m1,ml1+m2+m3,m2,m3,m4}

This gives us the code

{ DO, OO LLL, DO L O, D L IO, L Onn, 010 ol L ion1 L, 111100,
LOUDLOTL, OO0, TOLOT0L, TOTTOL0, TR0, 1101001, LTI, 1111111 ¢

To illustrate the error-correction procedure, suppose the thard bit of the code word
L100110 gets corrupted. giving 1110110, The svodrome 18 1110110447 U1l
indicating the thard bit, as expected.

Simularly, the syndrome of 1TL1O0L0 18 1110010 | 11, indicating that the sixth
bit has been corrupted, and that the correct code word 1= 11 LU,
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* Input: L-symbol message
* Qutput: N-symbol codeword

8.10.Cyclic code

* 3.8.1
* 3.8.2
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8.8.1 Galois field

* Field: field is a set of elements and operations of addition and
multiplication. The operations must follows rules below

* Closed: Closure impliles that the sum and product of any two elements in
the field are also elements of the field

« Commutative (ab = ba and a+b = b+a)
Associative (a(bc) = (ab)c,anda+ (b +c)=(a+b) +c)
 Distributive law relates multiplication and addition: a(b + c) = ab + ac.

* Has additive and multiplicative identities (0 and 1) such thata + 0 =a and 1a
= a for any element in the field.

* Elements of a field must have additive and multiplicative inverses. The
additive inverse of a is an element b such that a+b = 0 and the multiplicative
inverse of a is an element c such that ac = 1.

* E.g:

* set of real numbers and addition, multiplication creates field.
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8.8.1 Galois field

* Finite field:
* Denoted by Zp that contains
* The set of integers {0, 1, .., p—-1}
* Modulo p arithmetic.
* pisaprimenumber

* Galois field: GF () contains
* pisprime number
n is arbitrary positive integer

* Each element is denoted by polynomial a1+ a2+....+ aN where the coefficients ai take on
values in the set {0, 1, ..., p — 1}.

* To add two polynomials, for each power of x present in the summands, just add the
corresponding coefficients modulo p

* a(x)=al+a2+...+aN
e c(x) =a(x)+b(x) =(albl) + (a2b2)x + ...+ (aN bN)
* ai=ai+biif ai+bi <p
= ai +bi —p if ai+bi >=p
e Multiplication of two polynomials is done by multilication in modulo where is modulo
polynomial a(x) x b(x) modulo () = reminder of ((a(x) x b(x))/ )
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8.8.2 Definition

» Cyclic code uses Galois Field GF()

Codeword a is considered as polynomials
e F.g.a={,..,}is considered as a(x)=+ +....+

Multiplication is calculated in modulo 1

Multiple with x is equivalence to right shift its coefficients
xa(x) = a0 + alx™1 + a2x"2 +....+a(N-1) +aN(x"n -1)
xa(x) modulo(x”n -1) = aN + aOx"1+a1xA2 +....+ a(N-1)

Cyclic code is a linear code with the property that any cyclic shift of a code word is
also a code word

A cyclic code has a unique non-zero polynomial of minimal degree
* This polynomial is called generator polynomial with degree r:
g(x) = g0+ glx"1 +..+ grx’r
* g(x) is the generator polynomial of a cyclic code if and only if it is a factor of (X*N-1)
* The remainder of division between arbitrary codeword and g(x) =0
* If c(x) is codeword then c(x) = m(x) g(x)
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8.8.2. Definition(Cont.)

e Generator matrix:

-go gL -.. Gy 0 0 ... O
0 go ---Gr—1 gy 0O ... 0

0...0 g0 g1... g O
_0 0 0 go - -. gr—1 gr |

* Gis a cyclic matrix (each row is obtained by shifting the previous row one
column to the right).
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8.8.2. Definition(Cont.)

* Since g(x) is the factor of -1), that

-1) = g(x) h(x)
Where h(x) is called check parity matrix

* If c(x) is codeword then c(x) h(x) = m(x) g(x) h(x) modulo -1) = 0
* h(x)= x+...+

e Check parity matrix H: is a cyclic matrix (each row is obtained by
shifting the previous row one column to the right).
* First row is h(x)
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8.8.3.Encoding and decoding

* Encoding process is multiple generator polynomial g(x) with carrying
information (message) polynomial m(x)

* c(x) = m(x) g(x)
e Decoding process:

* Syndrome S is remainder of division between received polynomial r(x) and
g(x)
* S=r(x) mod g(x) modulo -1)
* |[fS=0 -2 codeword
* IfS 0> S=e(x) modg(x) modulo -1)
* Can find error polynomial e(x) from S
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8.8.3.Encoding and decoding (Cont.)

* If generator matrix G is transformed into canonical form, codeword is
in systematic form
* ¢(x) = m(x) + d(x)
Where d(x) is a polynomial has degree of n-k-1

* Since c(x) mod g(x) modulo-1) =0,
then d(x) = m(x) mod g(x) modulo-1)
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8.8.4. Cyclic Redundancy Check Codes

* |s cyclic systematic code
e Used for send or store the information

e Codeword c(x) = m(x) — crc
e crc = m(x) mod g(x) modulo —1)

e Decoding

e Let r(x) = m’(x) — crc’ where m’(x) = m(x) + (x); crc’=crc+ (x)
e (x) first L symbol of e(x)
* (x) remaining N-L symbols of e(x)

* S=m’(x) mod g(x) modulo —1) —crc’
 S=0 - no error
* SO>S =(x) mod g(x) modulo —1) - (x)

* Calculate (x), (x) from S
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